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ABSTRACT

BIFURCATION AND OSCILLATION
FOR SYSTEMS OF EQUATIONS

By

Beth A. Barron

This thesis concerns the system of differential

equations

X + g(x,y) = u £y (8) + x_lfc

Y + hix,y) = wf,(t) + Ay
when the parameters “1'“2'*1'*2 are small. It is
assumed that all functions are smooth, that f1 and f2
are periodic of period T, and that for
(ul,uz,hl,hz) = 0, there exists a periodic solution

(p(t) ,g(t)) of least period T. We investigate the
existence and bifurcation of T-periodic solutions near
(p(t+a) ,g(t+a)) (¢ in [O0,T]) when (ul,gz,hl,xz) is
near the origin.

In the first part of the thesis, we assume that the
corresponding linearized homogeneous equation has a one-
dimensional null space and in sectorial regions of a

neighborhood of the origin in ]R4 obtain results on the

existence and numbers of solutions which reduce to



Beth Angela Barron

(p(t+a) ,g(t+a)) (a € [0,T]) at the origin. In the second
part we assume a two dimensional null space and that
Al = kz = 0. We then describe regions in the My —Ha
plane in which there exist solutions which reduce to

(p(t+a) ,g(t+a)) (a € [0,T]) at the origin.
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CHAPTER I

INTRODUCTION

Problems in nonlinear oscillation arise frequently
in the study of mechanical and electrical systems. Such
problems have been studied extensively, but due to their
complexity, most of the knowledge of these problems is
applicable only in specific cases.

Perhaps the best known example of nonlinear
oscillation is the simple pendulum [ 9], for which the
equation is

m22§ + mgf{ sin x = O
where m is the attached mass, £ the length, x the
angular displacement, and g the acceleration of gravity.

Many other examples are discussed by Andronov, Vitt, and

Khaikin in Theory of Oscillators [1]. The general

equation
(1.1) X + g(x) =0

describes many such oscillatory motions which occur with
no external forcing or damping. In practice damping, such
as friction, and external forcing will be present, at
least in small amounts. This may be represented by the

eguation

(1.2) X +g(x) = uf(t) + A%



where A and | are near zero. It is usually assumed
that (1.1) has a periodic solution xo(t) of the same
period as f(t).

In recent papers, Loud [ 7] and Hale and Taboas [ 6 ]
have considered this equation where A and u vary
independently. For (u,A) near the origin and in a
sectorial region about a certain line in the u-A plane,
Loud observes solutions near xo(t+c) for small values
of a. He also observes that these solutions are dis-
continuous at the origin [ 7].

Hale and Taboas [ 6] use a different method to obtain
bifurcation curves and a characterization of the number of
solutions in an entire neighborhood of the origin in the
u-A» plane. It is important that these solutions do not
remain close to xo(t+ao) for a particular value of a,
but rather to a family {xO(t+a)] where a varies over
a compact set. Thus the classical perturbation method
cannot be used to investigate:- these solutions in an entire
neighborhood of the origin. Also the solutions will not
be continuous at the origin.

In this thesis, we examine the system of equations

X + glx,y) = ujf,(t) + xlﬁ

y + hix,y) M E, () + ngf
which describes a coupled system of oscillators. 1In
Chapter II, we assume that the homogeneous linear equation

has a null space of dimension one. Our method is similar

to that of Hale and Taboas [ 6]. We obtain results for



(ul,uz,kl,kz) in a neighborhood of the origin in ]R4,

where we allow the parameters to vary independently in

the spirit of Chow, Hale, and Mallet-Paret [ 2,3 ]. Results
for a single equation may be obtained as a special case of
the main theorem of Chapter II.

In Chapter III, we consider the more complex case
where the homogeneous linear equation has a two dimensional
null space. This case is not meaningful for a single
equation, but can be considered for a system of equations.
We consider this case without damping, and find that for
(ul,uz) near O, solutions near a known solution of the
homogeneous equation occur only on manifolds or in certain

narrow regions, which we describe precisely.



CHAPTER II

ONE DIMENSIONAL NULL SPACE

§1. Introduction

In all that follows we will be considering the coupled

system of second order, scalar equations

X + g(x,y) o)

(1.1)
o

y + hix,y)

and certain perturbations of this system. We will assume
that g, h and all other functions introduced are as smooth
as is required.

We also assume that (p(t),g(t)) 1is a periodic solution

of (1.1) of least period T > O; in particular,

p(t) + g(p(t).q(t)) =0

(1.2)

d(t) + hip(t).q(t)) =0

hold for all t. We will consider the existence of T-periodic

solutions near (p,g) of the perturbed system

X + h(x,y) plfl + xli

(1.3) ) .
Yy + hix,y) = u2f2 + hzy

where fl(t) and fz(t) are T-periodic and ul,uz,kl,kz

are near zero. Whenever we refer to a solution, it will be

understood that we mean a solution near (p,q).



§2. Change of Coordinates

System (1.3) can be rewritten in the form

Xy = X,

X, = -g(xl.yl) + “lfl + AX,
(2.1) ,

¥, 7Y

Yo = “h(xpay)) + Mpfy + Ayy,.
The quadruple (p,p.qg.q,) is a solution to this system when
u1=u2=).l=h2=0. Let ,
T= {(p(t),p(t).q(t),g(t)): O L t<T) SR . T is the orbit
generated by the periodic solution (p,p.q.,q) and is a Jordan
curve. We are seeking periodic solutions whose initial values
are near T, and thus our problem will be much easier if we
introduce a new coordinate system in a "tubular" neighborhood
of T. 1In Hale [5], a method is described for defining such
a "moving orthonormal system along T." By this result, any
T-periodic solution (xl(t),xz(t),yl(t),yz(t)) of (2.1) has

a unique representation of the form

xl(t) = p(t+a) + z(t)

xz(t) = p(t+a) + z(t)
yl(t) = q(t+a) + w(t)
y,(t) = g(t+a) + w(t),

where O ( a ¢ T and

(2.2) [z(0),2(0),w(0),w(0)][p(a),p(a),d(a),dg(a)]* = O.



Substituting this in (1.3), we obtain the following

equations:

p(t+a) + z(t) + g(p(t+a),q(t+a)) + g, (P(t+a) ,q(t+a))z (t)

H and G

T-periodic

[as

now use (1.

(2.3) (a)

where

(2.3) (b)

lwl +

A

+ gy(p(t+a).q(t+a))W(t)

G(t,z,w,a) + u £, () + Al[ﬁ(t+a)+é(t)]

+ w(t) + h(p(t+a) ,g(t+a)) + hx(p(t+a),q(t+a))z(t)
+ hy(p(t+a).q(t+a))W(t)

H(t,z,w,a) + uyf,(t) + A, [d(tra)+w(t)].

are smooth functions of t,z,w,a and are

or equivalently

(2.4)

in t. Moreover, H and G are O(|w|+|z])
|z| + 0) uniformly in t and in « € [0,T]. We
2) to rewrite the system as follows:
. [z (t)]
+ [gx(p(t+0).q(t+d)).g (p(t+a) ,q(t+a)) ] =
Y L w(t)
[z (t)]
+ [h (p(t+a),q(t+a)) ,h (p(t+a),q(t+a))] =
Y Lw(t)a
9 = G(t,z,w,a) + plfl(t) + Alp(t+c) + Alz(t)
= H(t,z,w,a) + pf,(t) + Aq(t+a) + A w(t):
- 0 1 0 0] le’ [0 7
-gx 0 --gy 0 Z, | &l
- ! | - R
O 0 o0 1 i Wy o)
_-hx O -h O d(p(t+c),q(t+a))- w2- I $2J

©

6



where ¢, ,®, are as in (2.3)(b) with z(t) ,w(t) replaced
by zz(t),wz(t) respectively.

Thus, because of the change of coordinates, it is
sufficient to look for a, w(t) and z(t) which satisfy

(2.2) and either (2.3) or (2.4).

§3. Liapunov-Schmidt Method and Scaling

We will next consider the corresponding homogeneous

equations
[z (£)]
£ + [g, (p(t+a),q(t+a)) ,g (P (t+a) ,q(t+a))] =0
Y [w(t)]
(3.1) -
. [z (t)
w + [h (p(t+a).q(t+a)) h_(p(t+a) ,q(t+a))] =0
o [w(t)]
and
(2,1 [0 1 o 0] le'
z, -gx o] -gy o] z,
(3.2) - = 0
v,y O O O 1 Wy
-wz- L—hx (0] -hy O- (p(t+a) ,g(t+a)) —WZJ

Differentiation of (1.2) with respect to t shows that for

all a, (p(t+a),g(t+a)) is a T-periodic solution of (3.1).
We will need some additional notation. Let GT be the

space of smooth T-periodic functions from IR to RA with

the norm -] given by !xi' = sup |x(t)|. Let 7 & €
O<Lt(T
be the space of solutions of (3.2), and let m be the

dimension of 7.



Our procedure for arriving at necessary and sufficient
conditions for an arbitrary function (21'22'w1'w2) to be
a solution of (2.4) will be essentially the same as that in
Hale [ 5] (pages 262-266). We define the 4 x m matrix
$(t) to have as its columns a basis for 7, with the first
column [p(t+a),p(t+a),g(t+a),g(t+a)]*. Let {(t) be an
m X 4 matrix whose rows form a basis for the solution
space of the equation which is adjoint to (3.2). We define

the projection operators P and Q on 6& as follows:

T 1 T
2(-)0 J #x(v)a(r)at]l [ [ &(t)*e(t)at]
o) o)

Pe(-)

T 1 T
D[ v e atl Tl [ou(e) s(t)dae].
0 (0]

Qe(-)

P 1is a projection of G& onto 7 and Q of ¢y onto
the space spanned by the rows of .

The Fredholm alternative implies that for a fixed
¥ = [O,wl.o,mzl* € G&. equation (2.4) has a solution if
and only if Q¥ = 0. Thus for © € (I—Q)é& there exists
a particular solution
Vo (t:®) = [vg, (£,0),vg, (£,9),v,(t,9) v, (t,®)]* of
(2.3) (a). Since (I-P)vo(t,w) is also a solution of
(2.3) (a), we may assume with no loss of generality that
on(',w) = 0. The general solution of (2.3)(a) will be of
the form
m.

vit) = $(t)B + v (t,&) for B € R

o)

In order to satisfy condition (2.2) it is necessary that

[2(0)B +v,(0,%) 1* [p(a) ,p(a),q(a),d(a)]* = O.



If m= 1, this becomes
812(0) 12 + v (0,9)*8(0) = O,

which uniquely defines B as a function of ¢. 1In this

case we define the operator X: (IdQ)@T - OT by
(x®) () = &(-)B(0) + vo(°.w).

If m# 1, B cannot be uniquely defined. Thus for a
given function B: (I—Q)?T + R™ for which B(0) = 0, we

define the operator Xb by
(3.3) (}gw) (+) = 8(-)B(®) + vy(-,®).

We may now state the following result, the proof of which

is in Hale [5].

Lemma 3.1. Let P,Q, and Xb be as defined above.
Then (2.4) has a T-periodic solution [zl,zz,wl,wzl* which
is O when wl = wz = O if and only if [zl'ZZ'wl'WZ]*

satisfies the equations

-211 'o -
22 % wl
(3.4) (a) b= Xb(IAQ) ,
fw, (0]
1
| Y2 | 2]
for some function B: (I—Q)é& + R" such that B8(0) = 0

and

[2(0)B (&) + v (0,%) 1*[p(a) B(a) §(a) G(a)l* = O
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and
- o) -
%
(3.4) (b) Q = 0,
0

where wl and wz are as defined in (2.3) (b).

In this chapter, we are concerned only with the case
m=1, in which B and X are uniquely defined. For

any a. € [0,T], the Implicit Function Theorem now

(0]
guarantees the existence of E(t,pl,uz.hl.hz.a),
W(t,Hy.HyeAysh,y,a)  which satisfy (3.4) (a) for
(pl,uz,xl,hz,a) in a neighborhood in :R4 x [0,T] of

* ~
[O,O,O,O,GO] . For such a,ul,uz,kl, and A z and

2
W will be the unique solution of (3.5)(a) in a neighbor-
hood U € ¢, of [0,0]*; moreover Z and W will depend
smoothly on all parameters. In addition, Zz and W are
o(luy I+ T I+ In I+ 1A, 1) [as  (u,u,.a00,) = 0]
uniformly for a € [O,T].

Therefore the problem is reduced to one of locating
values of a for which the operator Q and the functions
®, and ©,, defined by replacing 2z and w by z and
W in (2.3) (b), satisfy (3.4) (b). Using the definitions
of Y and Q and denoting by
[r (t+a) ,r (t+a) ,s (t+a) ,s (t+a)] the vector t((t), we may

rewrite (3.4) (k) as
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] M
(3.5) L (a) + K + E(ul,uz.kl,kz.a) =0
2] (M
T T
where L(a) = [ j' r(t+a) £, (t)dt j‘ s (t+a) £, (t)dt],
(0] (0]
T T
K= [ [ r(t+a)p(t+a)dt J s(t+ra)q(t+a)at],
(0] (0]
and E(ul,uz.kl,hz.d) =
T . .
= j‘ (r(t+a) [ z+G(t,z,w,a)] + s(t+cx)[h2w+H(t,'Z,\7,a)]}dt.
(o]
We note that since G and H are o(lz|+ |w|) and Z,w,

and hence % and w are O(lull + !uzl + ]All + Ikzl), E
must be o(]ul| + qul + I).ll + lkzl) .

We hope to solve equation (3.5) for a in terms of
“1'“2'}‘1')‘2 in a neighborhood of the origin in ]R4.
However, the Implicit Function Theorem cannot be used with
equation (3.5) in its present form. Therefore we shall make
a change of scale on the variables pl,p.z,kl,hz. In order
to guarantee that our results on the scaled problem will be

applicable to the original problem, we prove the following

lemma.

Lemma 3.2. Let F: R x R" = R™ be smooth and
£(a,n) = B(a)n + E(a,n) where n € R",a € R,B(a) is an
m x n matrix and E(a,r) = O0(!r|) uniformly for
a € [0,T]. Let == ¢ and Fla,u,€) = € YF(a,zu).

n

Suppose there exists wq and an open set U in R’ x R

containing (w_.0) and (-x_,0) and a function a(w,f)
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defined on U such that a(wo,o) = 5(—wo,0) = O and
d(w,€) is the unique solution of F(d(w,€),w,€) = O for
(w,€) € U. 1If (wl,el) and (w2,€2) €U, § # O and

Ew, = €

Proof. Let E(a,w,€) = €-2E(a,Ew). Then the first
of the following statements is true by hypothesis and the
others are equivalent.

B(G(wl.él))elwl + E(d(wl.él),élwl) =0
B(a(w,,€))€,w, + E(a(w;,€y),€5w,y) = O
By our hypothesis, a(wz,ez) is the unique solution of
F(a,wz.ez) = O and thus a(wl,el) = a(w2,€2). C
The import of this lemma is that we can define da(n)

to be a(w,€) for any (w,€) such that m~ = €w # O,

and d(mn) will satisfy F(a(m),n) = O.

For the remainder of this chapter, we will consider

the problem
o4 A
(3.5) L(a)( eyt
|2 A2

as already reformulated in this section with the change of

+ E(d,ul,uz.kl.lz) =0

scale suggested above.
We let = ¢x and | = ¢v where « and Vv are
o by
2 L 2

-
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in IR2, and define
E(a,w,Y,€) = 6-2E(a,€w1.€w2.évl,€y2). Then (3.5) may be

rewritten as
(3.6) F(d,w,Y,€) = L(a)w + Ky + €E(a,w,v,€) = O.

Because of Lemma 3.2, solving (3.6) for d(w,Y,€) is
equivalent to solving (3.5) for a(ul,uz,hl,Az) in the

appropriate neighborhoods.

34. Local Results for Some Specific Cases

Before stating a general result, we examine a couple
of specific cases. For the remainder of this chapter, we
will assume that (wo,Yo) is a point in n(l of magnitude
one, and that for all a, L(a) # [0,0].

First we suppose there exists a point (ao,wO,Yo)
such that L(ao)wO + Ky, = O and L'(cxo)wO # O. In terms
of F, this means that F(ao,wo,yo,o) = O and
D F (@5, w5 Y O) # O. Thus by the Implicit Function Theorem,
there exists a unique function da(w,v,€) defined in a

neighborhood V(Go'wo'yo) of (mO.YO,O) such that

~ _ - . _
a(o,0,0) aq and F(a(w,Y,€),w,Y,€) O in V(ao'wo’yo).

We may take V(a to be of the form BX(-€ )

'E

where B 1is a ball about ( ) in ZR4. The value of

W5 Yo

EO will of course depend on (ao,wo,yo).

Next we suppose instead that (co,wo,yo) is a point

which satisfies the conditions L(co)wo + KYO = O;
n"

L'(ao)wo = 0; L”(co)wo # O. We will assume L (@y)ug < O:

the result will be similar if L”(co)wo > 0. 1In terms of
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F, we have

F (a /Yg+0) = O; D_F(a ,0) = O; DéF(a ,0) < O.

o'% 0'%"*Yo 0'%o’ Yo

If we assume F is a C° function, we may apply the
Malgrange Preparation Theorem [ 4 ]. This theorem implies
that in a neighborhood of (co,wO,YO,O), F may be

expressed as
F(G,(D,Y,e) = q(d,wanE) [c2+crl(w'YI€) + rz(waYré)]

for some C° functions ry.r, and g where
q(ao,wo,yo,o) # 0. For almost every (wo,yo,o), there
will be either two values of a or no values of a for
which F(a,w,v,€) = O.

This is essentially the result in which we are
interested, but in order to obtain more specific infor-
mation, we will prove this by a more direct method.
Moreover our proof will not require F to be a c”®
function.

By the Implicit Function Theorem, there exists a
neighborhood V of (wO,YO,O) and a unique function
a(w.Y.G) defined on V such that E(wo,yo,o) = 04 and

DQF(a(w.Y,E).w.Y.E) =0 for (w,v,€) € V.
We define M: V « R by

M(w,Y,€) = Fa(w,Y,€),w,v,€).

For fixed (w,v,€) in V, M(w,Y,€) 1is a local maximum

of F(a,w,v,€) with respect to a.
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Let
7= ((w,v,€) € V: M(w,v,€) = 0.

Since M(wo,yo,o) = F(ao,wO,YO,O) = 0, it follows that
(wo,yo,o) € M, and it is easily seen that 7 1is a
manifold of codimension one. We may assume V is chosen

sufficiently small for the following to hold:

(4.1) There exists an interval I about g such that
F(a,w,v,€) < M(w,v,€) for all (w,Y,€) €V and a € I;
moreover if a € I - {ao} and (w,Y,€) € V, then

L(a)w + My # O.

(4.2) M divides V - 7% into exactly two simply connected
regions, V1 and V2, such that in Vl' M(w,Y,€) < O

and in V2: M(m:Y:e) > 0.

(4.3) a(V), the image of V wunder a, is contained in

I, and the distance from a(V) to the complement of I is

at least as large as sup \/%B_lM(w.Y,é) where B
(0] (0]
(w: A\ E) €V

is a positive lower bound for —D§F(a.w,Y,€) in I x V.

(4.4) VvV 1is of the form B x (—EO,EO) where B 1is a ball
about (wo,Yo) in n#*. The value of 60 again depends
on (co,wo,vo).

Under these assumptions on V, we can prove the

following theorem.

Theorem 4.1. Let F: IR XIRS <+ IR be a C2 function

" 1 £ 1
and (ao,¢o.yo,0) a point for which



16

F(agy,wg:Yg:0) = O; D F (A5, w5, vy,0) = O; DéF(aO'wo'YO'O) < O.
Let the interval I and neighborhoods V,Vl,V2 be as
defined above and satisfy conditions (4.1) - (4.4). Then
there exist exactly two functions 81 and 82 defined

on Vé and distinct in V, such that for i = 1,2,

&, (wyr¥g:O) = a5 and F(&; (w,¥,€),w,v,€) =0, (w,v,€) €V,.

If (w,v,€) € Vo, then F(a,w,Y,€) # O for all a € I.

Proof. First let's suppose (w,Y,€) is in Vi and

let a € I. 1In this case we know
F(a,w,Y,€) < M(w,Y,€) < O.

Therefore F(a,w,v,€) < O for all points (a,w,v,€) in

I xV, and so there is no solution of F(a,w,Y,€) = O.
Next let's suppose (w,Y,€) 1is an arbitrary point

in V2. Recall that BO is a positive lower bound for

-DéF on I xV. For any a € I the following is true.

M(wlYie) - F(alwlYlE)

F(a(w,Y,€),w,Y,€) - F(a,w,Y,<)

a
= I DGF(a:LUrYtE)da
a(w,y,€)
a —
= "j [DGF(G(WvVJE)thYIE)
a(w,v,c)
a
+ I DOF (b, w,v,€)dblda =

a(w,v,€)
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a a
= [ [ ! -D, (b, w, v, €)db]da
alw,y,€) a(w,y,€)
a a
> I [ j Bodb]da

G_(w.Yae) a(w,Y,E)

[a-a(w,Y.E)]zﬁo/z-
By hypothesis (4.3), I contains values for which
[a -a(w,v,€)185/2 > M(w,v,€).
Since
F(a,w,Y,€) < M(w,v,€) for all a € I,

it follows that there exist cl,a2 € I such that

a, < a(w,Y,€) < A, F(ai.w,Y.E) = O,DaF(ci.w.Y.G) # 0
for 1i=1,2.

Since (w,Y,€) was an arbitrary point in Vs and

D F (@) w,Y,€) # O, i = 1,2, the Implicit Function Theorem
implies the existence of functions al(w,v,e) and
Ez(m,y,E) defined on V, such that

F(d, (w,v,€),w,v,€) = O for all (w,v,€) in V and

i=1,2. Moreover,

lim A, (W, v,€) = alwy,Y,,6,), i =1,2.
(w.Y,E)é(wl,Yl,El)éM 1 177171

and d

Limits may now be used to define al , on X
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All that we've done in this section has been for a
neighborhood about a particular (ao.wo.yo) which sat-
isfies L(ao)wo + Kyo = 0. For the remainder of this

chapter, we will use the notation V

(a ) and

0'%"’ Yo

Ia to refer to the neighborhood V and interval I
o

described above.
We have assumed that L”(ao)wO < 0. If

L”(ao)wo > 0, a similar argument shows that our results

hold with Vl and V2 reversed.



19

§5. The Undamped Problem

In this section we consider the special case in which
there is no damping. This case is of interest both in its
own right and also because the proof, while very similar
to the one in the general case, is more easily visualized
than in the higher dimensional case.

This case corresponds to letting vy = O in (3.6).
Thus in this section we will assume that Wo is a point

in R2 of magnitude one and consider the equation
(5.1) F(a,w,€) = L(a)w + €E(a,w,€) = O
under the following hypotheses:

(5.2) L(a) is never O.

(5.3) The set Q = {(ao,wo): L(ao)w0 = 0 and
/ = o o . I’
L (co)wo O} is finite and L (ao)wO # 0 for all

(a 0) € Q.

O:U)
(5.4) For a given Woe there is at most one as for

which (ao,wo) € Q0.

Each of these hypotheses is generic; moreover (5.4) is
actually unnecessary as we shall see in the proof, but it
simplifies the counting procedures.

Let O, = fa € [0,T): (a,w) € & for some al.
Hypothesis (5.3) implies Qa is finite. Let n be the
cardinality of Co Since (ao,wo) € 0 1if and only if

(a ) € G, it follows that ¢ has 2n elements.

o’ Yo
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For a given w there are two possibilities:

Ol
(5.5) L(cx)wO # O for all a, or

(5.6) the set Sw = {a:L(a)w. = 0} is finite and each

0]

Ay € Sw satisfies exactly one of the following:
0]

(0]

(5.6) (a) L'(ao)wo # 0
(5.6) (b) (0 ) € O

with at most one %y € Sw satisfying (5.6) (b).
(0]

First we consider an wo

Since L(a)wy is never zero, the function \F (o, wy,0) |

which satisfies (5.5).

achieves a positive minimum for some a € [O,T]. Therefore

there exists a neighborhood Vw of (wo,o) such that
(0]

F([O,T] x Vw ) 1is bounded away from zero. We may take Vi,
(0]

to be of the form Bé(wo)(wo) X (-E(wo),é(wo)) where

o)

. . . 2
Bé(wo)(wo) is a ball of radius é(wo) about Wy in R,

For points (a which satisfy (5.6) (a) or (5.6) (b),

OI wo)

we define V ) to be the projection of the

v

defined in the previous section into the space 'y = 0}.

We may assume that the neighborhoods V(a about points

OIWo)
(ao,wo) in (Q are disjoint, so that the function M,

which has already been defined for each V(a e )" will be
(ohiale}
well defined on & \Y% . We may also assume
(ay.uy) € G0’
o’'*o’ ~*
that V(ao’wo) and V(GO'_mO) are symmetric with respect

to the origin. Then for Uo satisfying (5.6) we may define
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\Y% ’
(ao ’ UJO)

which will then also be of the form

2

Now for each w. € IR with norm one we have defined

o]

a neighborhood Vw . The set {Vw } forms an open covering
(0] o

of the set {|w| = 1}, and thus there is a finite sub-

covering, (Vv ,v ,...Vv._]. Let
wy' W w.
1 2 j

W= {w.\vw is in the finite subcovering)

Uw|(a,w) € @ for some a}. Furthermore, let

A= ((w,€):1-5,< |w|l <1+8451€] < €]
where
€ < min(E(wo)\wo € W),
and 60 is chosen small enough that A will be contained
in w%& Vwi. Note that Eo and 60 must be positive but

can be chosen as small as desired. Thus no contradictions
will arise if EO and 60 must be decreased to satisfy
an additional condition which will be specified later.

We will next state seven lemmas which outline our
results for this problem. We will then summarize these

results in a theorem, which will be proved by proving the

seven lemmas.

Lemma 5.1. Let (ai,wi) be in ¢ and let the map
M. and the 2-manifold %i passing through (wo,o) be

as defined in (4. (Actually this is a reduction of what



22

was done in ¢4 to the case where Yy = 0.). Then each mi
intersects the boundary of A in a closed curve which is

not contractable to a point in the boundary of A, and the

2n

2n manifolds mi divide A - U mi into 2n connected
i=1

components.
Lemma 5.2. The number of solutions a (w,€) of (5.1)

is constant in each component, and these d's can be

defined smoothly on the entire component.

Lemma 5.3. The number of solutions changes by two as

(w,€) moves across Mi from one component into another.

Lemma 5.4. Let (wl,el) and (w2,€2) be two points
in A such that €1w1 = €w, and ¢ # 0. If a solution

a is defined for either point, it is defined for both, and

m

(wl,él) = a (wz,ez). If M is defined for both points,
then €M (wl.él) = €2M (wz,ez).

Let N bDe a ball of radius 60 about the origin in
R%, and define a map P which maps A onto a neighborhood

containing N by P(w,€) = €w. Let Ci = S(mi). Then the

following will be true.

Lemma 5.5. There are exactly n curves Ci given by

c. = E(mi), each continuous and passing through the origin.

Lemma 5.6. For each (ai,wi) € 0, exactly one of the
curves Ci is tangent to the line u = twi (t £ R) at the

origin.
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Lemma 5.7. The n curves Ci divide N into
exactly 2n regions. The number of solutions a of the

equation

M
(5.7) L(a) u, + E(G,pl,pz) =0

is constant in each region and is the same as the number in
the diagonally opposite region and in the corresponding

region of A.

The following Theorem and its Corollaries summarize

the results and will be proved by proving Lemmas 5.1 - 5.7.

Theorem 5.8. Consider the problem

X + g(x,y) = “lfl

(5.8) 5
Y + h(XoY) = p‘zfz

where g, h, fl' and £, are smooth and f£,, and f,
are T-periodic functions of +t. Suppose that (p(t),q(t))
is a solution of (5.8) and that (p(t),qg(t)) is the unique,

up to constant multiples, T-periodic solution of

X + g, (p(t),alt))x + g (p(t),q(t))y = O
(5.9) .
y + hy(p(t).a(t))x + h,(p(t).q(e))y = O,
T T
Let L(a) = [ [ r(t+ta)f, (t)dt [ s(t+a)f,(t)dt] where
o) 0

[r(t),s(t)] 1is the T-periodic solution of the adjoint

equation. Suppose further that L(a) is never zero; the set

o= ! - . - / R = j . . .
9 |(Go,wo). L(Go)uo 0 and L'(ayluwy = O is finite

(of cardinality 2n) and L'(a.)w. # O for all
Oo" 70
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(a o) € Q; and for a given there is at most one

woo
) € Q. Then there exists a neighbor-

Olw

a for which (a

o) o’'%
hood N of the origin in ]R2 and exactly n curves c,
which pass through the origin and divide N into 2n
regions such that the number of T-periodic solutions of
(5.8) is constant in each region and changes by two as u
crosses one of the Ci from one region into another. For
each Wo such that (ao,wo) € Q, there is exactly one of

the Ci which is tangent to the line u = tw, (t € R) at

(@)
the origin.

Proof. This theorem follows immediately from Lemmas

5.1 - 5.7, which will be proven in the next section. O

Under the same assumptions, the following corollaries

are true and follow from the proofs in the next section.

Corollary 5.9. If the winding number of the closed

curve L(a) (0O L a T) in R2 is nonzero, then for éach
M € N, there exist at least two T-periodic solutions of

(5.8) .

Corollary 5.10. If ( is empty, then there exist

exactly two T-periodic solutions of (5.8) for each u in

N-{O}.

§6. Proofs of Lemmas
In this section we will prove the seven lemmas stated

in §5.



25

Proof of Lemma 5.1. Let (a

O’wO) € Q, and consider
the function M(w,€) as defined in §4. The set

{(w,€): M(w,€) = 0} 1is the manifold 7i; passing through
(w5.0) . DwM(wO.O) = L(ay) and D M(wy,0) = E(w,.9,.0)
which is bounded. Thus the 3-vector [L(ao),E(wO,ao,O)]
is normal to mi. Now since L(ao) is orthogonal to Wg
it follows that 7, intersects the curve { lwgl=1,€=0]
transversally. Thus for EO and 60 chosen sufficiently
small, mi is homeomorphic to a disc which intersects the
boundary of A 1in a closed curve which is not contractable
to a point in the boundary of A. For each point (ai.wi)

in (Q, the point (ai,-wi) is also in Q. Since Oy has
cardinality n, Q has cardinality 2n. For each of the
2n values (ai,wi) in Q there exists a manifold mi of

the form just described. We can choose EO and 60 as
small as necessary to insure that each of the manifolds
intersect the boundary of A appropriately and that no two
of the mi intersect in A. 1If follows that the mi will
divide A into 2n connected regions.

Before continuing, let us prove the following lemma,

which will be of use both here and in the next sections.

Lemma 6.1. Let O be an open connected subset of

R" and F(a,z) a Cl function from [O,T] x & 1into R
which is T-periodic in a. If

(6.1) |DaF(a,z)| + IF(a,2)! # 0 for (a,z) € [0,T] x &,
then the number of solutions «a(z) (a(z) + nT considered

the same for all integers n) of F(a(z),z) = O is
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constant in O, and these functions may be defined as
continuous functions of 2z in O. If

s = ((a,z) € [0,T) x O: D_F(a,z) = 0}, then the number of
solutions ai(z) for which (ai(z)-+nT,z) € s for all

z € & 1is constant.

Proof. By the Implicit Function Theorem, a solution
at any point at which D F # O 1is defined uniquely in a
neighborhood of that point and may be continued into over-
lapping neighborhoods unless DGF(a(z),z) approaches zero
at the edge of some neighborhood. Therefore a(z) may be
defined continuously in any open subset of (¢ in which
DF (a(z) ,2) # O, and the number of solutions may change
only at a point for which DaF(a,z) = 0. Thus the number
of solutions for which DaF(a(z),z) # 0 in O is

constant. ]

Proof of Lemma 5.2. This follows directly from

Lemma 6.1 since each region satisfies condition (6.1) on

0. C
Proof of Lemma 5.3. Let (zO,EO) € mi and let ao
be such that (ao,zo,eo) satisfies
F(ao,zo'co = QO; DaF(aO,zo,Go) = 0.

We have seen in §4 that there are two solutions
a(z) of Fl(a(z),z) = 0O, c(zo) = 0y on one side of mi
and none on the other. All other solutions satisfy the

conditions of the lemma and so their number is constant.
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Therefore the total number changes by two as mi is

crossed. O

Proof of Lemma 5.4. Let (wl,él) and (w2.€2) be

two points in A such that €, = €0, and € # 0.

First suppose that both (wl,él) and (wz,Ez) are

in one of the neighborhoods V for which

(a o) € Q. By our results in §4, functions a and M

Olw
are defined on V, and Lemma 3.2 may be applied to the

function a on V. Then for i =1 or 2,

M(wi,éi) L(a(wi,éi))wi + EiE(wi.a(wi.éi),Ei)

-1 — -
éi [L(a(wi,éi))eiwi + E(Giwi,a(wi,ei)).

Since a(ml,el) = a(wz,ez) by Lemma 3.2 and Elwl = szz,
it follows that €1M(w1.€l) = €2M(w2.€2). If M 1is defined
for both (wl,él) and (w2,€2), and they are not in the

same V then it must be that (wl,El) EV

(a (a

and (w2,€2) € V(co'_wo). In this case we consider a as

o.wo) J V(ao,-wo)

proof is identical.

defined on V and the remainder of the

(a

Because of what we have just proved, all (wl,el) and
(wz,Ez) for which Elwl = €2w2 will be on the same or

antipodal manifolds mi or will be in the same or anti-

2n

podal components of A - U 7%,. Thus if a is defined
i=1

for (wl,El), it is defined on the entire component con-

taining (wl,él) and on the antipodal component, one of



28

which contains (wz.ez). Therefore, we may apply Lemma 3.2

and this completes the proof. O

Proof of Lemma 5.5. We have seen that if Elwl = Ezwz.

then and (wl,El) is on one of the manifolds, (w2,€2) is

on the same or antipodal manifold. Thus each manifold is

mapped by P to a curve in ]R2 . Moreover manifolds which

are antipodal are mapped by P to the same curve Ci.

Thus there are exactly n curves Ci' each given by
Ci = F(mi). For each mi. there is some Wq for which
(wo,o) is on mi and so each Ci passes through the

origin. O

Proof of Lemma 5.6. Let C, = 5{%1) where 7, is

the manifold passing through (wO,O). Recall that

M. (w,0) = O only for w = w., and thus lim W= w..
i o €20 0]
(w, €) €M,
This implies that
lim (u/lul) =  lim  B(w,€)/|P(w,€) ! = tug -
U0 €40
ueci (w.é)émi

Therefore Ci is tangent to the line u = tw. (t ¢ IR)

o
at the origin. C

Proof of Lemma 5.7. From the above description of

the Ci' we know that they intersect only at the origin
and there transversally, and that each intersects the
boundary of N twice. Thus they must split N into

exactly 2n regions. Corresponding to each solution



29

& (w,€) defined in A, we may define & on N-/0) by

E(Jl.uz) = d(w,€) where €w = u.

e}

is well defined on N-{0] by Lemma 5.4 and is a solution
of (5.7) by the way it is defined. Clearly there are no
additional solutions of (5.7) in N-/0), since a corre-
sponding solution could be defined in A. Therefore a
region in N has the same number of solutions as the
corresponding region in A and in fact, diagonally opposite
regions in N correspond to the same region in A, one for
€ > 0, the other for € < O. Therefore diagonally opposite

regions have the same number of solutions. a

Figure 1. L(a) and the corresponding bifurcation curves.
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§7. The Theorem for Four Parameters

Next, let us consider a point (ao, ,0) at which:

Yor Yo

L(Go)wo + My, 0

L'(ao)wo =0

L”(ao)wo o)

L"(ay)wy # O
m

Without loss of generality we may assume that L (ao)UJ < 0.
O

Recall that }wO,Y0} = 1. By arguments similar to those in
§4 we can show that there is a unique function a(uw,vy,€)

2 =
such that DGF(a(w,Y,G),w,Y.E) =0 for all (w,Y,€) in a
neighborhood V, of (wo,yo.o) and a(wo,yo,o) = a,.
Define M(w,Y,€) = DaF(a(w.Y,G),w,y,e), and

M= {(w,vy,€) € V|M(w,v,€) = 0}). Let ¥V, ¥,, and ¥, be

2
analogous to V, V,, and V, 1in §4. For (w,v,€) € Gl,
there is no solution a to DaF(a,w,Y.G) = 0 and for

(w,v,€) € v there are two solutions, Ei(w,Y.E) such

2’
that Fa(ai(w.Y,e),w.Y,e) = O and ai(wo.yo,o) = Qg
i=1,2. Next we define M, on 62 UZ by

M, (w,y,€) = F(ai(w,y,E),w.Y,G) and define

s; = [(w,Y,€) € v Llﬁlmi(w,y.e) =0)]. Let 7 =8, Us,.

We claim 7 is a 3-manifold containing (wO.YO,O).
Referring again to the analogous argument in {4, we

see that lim - a:(w,Y,E) = a(wz.Y2.€2)7
(W, v, €) 2wy, vy, €,) €M

thus on 7, a; = a,
7 = N7 =
Sl 7 82 n° Sl

= Q. Therefore

™ s, M7, which is nonempty since
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(wO,YO.O) € S1 N s, N 7. Let

Fo(@(w,¥,€) ,w,Y,€)

[

G(LU:Y:E) —
F(a' (w,Y,E) lwlvle)

rL'(ao) 01

oG
———— t (WarYA:,0) =i
o(w,Yy) a o’''0 » !
(L) K
which has rank two unless K = [0,0]. We will consider

this possibility later, so for now we may suppose
K # [0,0]. Thus Sl ~ 7%, the zero set of G, has
codimension two. Furthermore if (wl,vl,el) is a point
such that o (w;,Y;.€)) = o (w;,v,,€;) then at
(wl.Yl,El) we also have
day da. 9
30,y 6 (wy,v,,€) = RG] (wy,vy.€) -

Since each Si is a manifold of codimension one, 7 1is
a manifold of codimension one in ]Rs, that is, a
4-manifold.

As in ¢{5, we may now show that there are two solutions

,0) = a., on one side

a(w,v,€) of F(a,w,v,€) = 0, af o

wO'YO
of 7, and none on the other.

In the above, we made the assumption that K # [0,0].
Let us now consider this case under the additional
(generic) assumption that L”(ao)wo # O whenever
L(ag)wy = O and L'(ao)wo = 0. This case now essentially
reduces to the case in §5. For each curve Ci in space
A= 0) defined in %5, we will now have a 3-manifold

containing Ci and tangent to the hyperplane

b= two (t € R).
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Finally, we will state a theorem concerning the

bifurcation surfaces in the general case.

Theorem 7.1. Consider the problem

x + g(x,y) Wy Ey + M

(7.1)

y + hix,y) = Hofy + Ay

where g, h, £ and f£ are smooth and f and f,

1’ 2 1
are T-periodic functions of t. Suppose that (p(t),g(t))
is a solution of (7.1) and that (p(t),q(t)) is the

unique, up to constant multiples, T-periodic solution of

X + g, (P(£),q(t)x + g (P(t),q(t))y = O
¥y + By (p(£),q(£))x + h (p(t),q(t))y = O.
T T
Let L(a) = [f r(t+a)fl(t)dt j s(t+a)f2(t)dt . Suppose
o o

also that K has a null space of dimension one; L(a)

is never zero; the set Q= {(a ) : L(ao)wo + Ky, = O,

0’'%* Yo
¥ - n" - . o o

L (ao)wo =0, and L (ao)wo = 0} is finite and
" . .

L (ao)wo # 0 for all (ao,wo,yo) € 0; for a given

(wO.Yo) there is at most one aq for which

(a ) € Q. Then there exists a neighborhood N of

o0'%’ Yo
the origin and a 3-surface S & N (i.e. a "surface" of
codimension 1) which is symmetric with respect to the
origin and consists of the origin and the union of
3-manifolds, each of which passes through the origin. 1If
+ Ky

(ao,wo,yo) satisfies L(co)w = 0,

0] o)

L'(ao)wo = 0, and g~ ~ + v =1,
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then the line t(wo,yo) is tangent to S at the origin.
The number of solutions of (7.1) is constant in each
connected component of N - S and changes by two as S

is crossed transversally.

Proof. We begin by defining
C = {5, g:0) s ¥ 2 < gl 2+ 1vg1% = 1, L@ ug+Kyg = ©
and L'(a)wO = 0 for some a}. C is a 2-surface on
83 x {0}, and each point on C is described by either
the results in this section or the second case in §4.
Thus through each point (wO,YO,O) € C, there is a
4-manifold which divides a neighborhood V of (wo,YO,O)
into two parts, one in which there are two solutions
a(w,Y,€) of F(a,w,Y,€) = O, a(wO’YO'O) = a, (where «a
is the value for which L(ao)wO + Ky, = O and

o)

L'(ao)wo = 0) and the other in which there are none.
Now let (wo,yo) be an arbitrary point on 53.

Exactly one of the following is true:
(7.2) There is no value of a for which L(a)wO + KYO = 0.

(7.3) s {aiL(a)wO4-KYO = 0] 1is nonempty and

(wo, YO)

finite. Each a, satisfies exactly one of the

€S
(wooyo)

following.

(7.3) (a) L’(ai)wo # 0

(7.3)(b) L'(a.)u. = O, L”(ai)wo # 0

(7.3)(c) L (Gi)w

n
o
&
)

’—l.
&

o

I
o
e
Q

'—l-
&

(7.4) '~ =0 and Mv. = O.
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We have just discussed cases (7.3) (b) and (c) and
we dealt with case (7.3)(a) in §4. We may define neighbor-

hoods of the points satisfying case 2 by

v

(UJOI YO)
intersections as in §6. Case (7) is analagous to the
corresponding case (5.5) in §5, and in the same manner

as there, we may define a neighborhood V of

(wO,Yo)
(wo,Yo,o) in which (3.5) has no solution.

We now delete from S3 x IR arbitrarily small balls

Nl and N2 about (O,Yo,o) and (O.-YO,O). where
(O.Yo) satisfies (7.4). What remains, S3 x {0} = (NlLJNZ),
is a compact set of points about which we have defined

3

neighborhoods We may cover S~ x (0} - (NlLJNz)

v .
(wo.Yo)

with a finite set of V in which we include a

(wgr Yg) ’
covering of C - (NllJNz). Let €, be such that if

A= ((w,v,€) € R%: d((w,y:6) W) < Eo}; the finite covering
also covers A. Let 60 also be small enough to guarantee
that each component of the set where C intersects itself
has an element for which € = 0 (That is € intersects
itself only when C does). Because the functions

a(w,Y,€) which are the basis for defining the manifolds
which comprise C satisfy the conditions of Lemma II.2
where the F in the lemma is DcF' the a are defined
continuously in a neighborhood of C except at points

at which Dg(d,w,Y,E) = 0. We have already shown that there
is a single manifold at these points, and so C 1is itself

a manifold through C except at points of intersection

where it is locally the intersection of two manifolds.
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Now let N be a ball about the origin in ]R4 of

radius €., and let P: A 4 R° be defined by

P(w,v,€) = (€w,€y). P maps A onto a neighborhood of
the origin which contains N, and P maps C onto a
3-surface which we shall call S, and P(Nl UNz) contains
the intersection of the manifolds which make up S. We
may again use Lemma 3.2 to define solutions a(u,v,Kl,hz)
in N. Moreover if (wo.YO,O) €C, (4,0 = t(wo,yo) is

tangent to S. The proofs are similar to those in {5 and

86.



CHAPTER III

TWO DIMENSIONAL NULL SPACE

§1. Preliminaries

In the last chapter we assumed that the equation

. z ()N
z + [gx(p(t+c).q(t+a)).g (p(t+a),q(t+a)][ =0
Yy w(t)]
(1.1)
. 2 (£))
w o+ [hx(p(t+a) ,g(t+a)) ,h_(h(t+a) ,q(t+a)][ =0
b4 w(t).

had a T-periodic solution (é(t+a),d(t+a)) which was unique
up to constant multiples. In this chapter, we will assume
that (1.1) has exactly two linearly independent T-periodic
solutions, (p(t+a),q(t+a)) and (r(t+a),s(t+a)), and we
will consider the equation

X + g(x,y) = w £y
(1.2)

y + h(x,y) u2f2

where My and Moy are near zero.

We recall that by Lemma II.3.1, the conditions

’zl’ 8 o) B
z, glfl(')-+G(',z,w,a)
(1.3) (a) = %B(I—Q)
w ) (0]
1
sza L_'*'y‘?_fz(.) +H(.I2IWIG).‘

36
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for some B: (I-Q)OT - ]R2 such that

[2(0)B() +Vy(0,®)][p(a) P(a) g(a) qla)]* = 0; B(O)
1

o,

[ 0

(1.3) (b) u £ () G, z,w,a) !

| =0
o |
|
£, () +H(.lz'wlc)l
L 272 Jd
are necessary and sufficient for (1.2) to have a

T-periodic solution. Moreover such a solution must be

of the form

x(t)

p(t+a) + z(t)

y(t) g(t+a) + w(t)

where (z,z,w,w) satisfy (1.3).

As in the previous chapter, the Implicit Function
Theorem implies the existence of EB(t,ul,uz,a) and
GB(t,pl,uz,a) which satisfy (1.3) (a) for
(ul,pz,a) in a neighbornood of [O,O,aO]* in
:Rz x [0,T] . Note that in this case, PB(%) cannot be defined
uniquely as in Chapter II, and so z and W will depend
on B. This gives rise to a one-parameter family of

solutions z and W of (l1.3)(a). For now, we will

assume that we have chosen a particular B which satisfies
(1.4) [8(0)B(®) +V(0,8)]¥p(a)p(a)q(@)d(a)]* = 0; B(O) = O.

In §6, we will discuss the results if B 1is allowed
to vary. Let {(t) Dbe the matrix whose rows span the

solution space of the adjoint homogeneous eguation
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corresponding to (II.3.2). Let

fl(t+a) rl(t+a) s‘l(t+c) sl(t+a)

v(t) = .
fz(t+a) r, (t+a) éz(t+a) sz(t+a)‘

Then we may rewrite (1.2) as

b |
(1.5) L (a) + E(4y,1,,0) =0
5|
where
K T )
Jrj(ra) £ (1At [ s (t+a) £, (E)dt,
0 0
[ ry(tra) £ (B)at s, (tra) £, (t)aty
LO Y J
and
[E (Mq r My Q)
E(My,H,,0) = ‘ 1712 ]
_Ez(“l'“z"’J
T

Ei(pl,uz,a) = g [ri(t+c)G(t,z,w,a)4-si(t+a)H(t,z,w,a)]dt

§2. Scaling

As in the previous chapter, we will want to use a
scaling procedure, but the type of scaling used here will
vary. The following lemma will guarantee that the results

of the scaled problem may be used to solve the original.

Lemma 2.1. Let F: IR X R2 - ]R:2 be a smooth map

given by F(a,v) = B(a)r + E(a,r) where - ¢ R’, a £ R,

B(a) is a 2 x 2 matrix, and E(a,7v) = O(]|r]|) as
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n =0 uniformly for a € [O,T]. Let n = [Ewl €1+A

1+

UJZ]*

= = _ .-l
and F(a,w,€) = F(a,wl,wz,é) = € F(G,Ewl.é wz) for a

fixed A\ > O. Suppose there exists (a ) such that

o’ %
F(ao,wo,o) = 0.

I. Suppose there exists a neighborhood U in ZRZ
of (wzo,o) and a unique pair of smooth functions,
a(wz.E) and wl(wz.é), defined in U such that

F(d(wz.é). wl(wz.é). wz.é) = 0,
w, (w, ,0) = w, , and a(w, ,0) = a_.
1 2O 10 2O o]
If (w(l),el) and (w(z),ez) are both in U and
I+A (1) _ 1+ (2) (1) - (2)
el w, = € wy " then 1 1(w , € ) 62 l( 5 ,62)
and for El,é # 0, a(w(l) € ) = a(w(z),ez).
2

II. Suppose there exists a neighborhood U in R
of (wlo ) and a unique pair of smooth functions, a(wl,E)
and wz(wl,é) defined in U such that

F(a(wl.E).wl.wz(wl,e).E) = 0, wz(wlo.o) = wzo and

- (1) (2) .
a(wlo.o) = 0q- If (w1 ,El) and (w ,62) are points
. (1) _ (2)
in U such that Elwl = Ezwl , then

l+k (l) _ 1+x (2) _
a(w(l) €)= a(w(z) €,) .
Proof. 1If El = 62 = O, the result is clear, so

let's assume ¢ <5 # 0, and let the conditions of the

lemma hold as in I. Then the first of the following
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statements is true by our hypotheses and the others are

equivalent.

[ (1) ]
w, (w $€5)
Bla(uy, ey | T2 T

A (1) 5
€192 ]
+ € E(wl(w(l) € ) w(l),c(wél).€l).€l) =0
(1)
(w /€9)
E1+>.w(l)
1 %2
+ € E(wl(w(l) € ) w(l),a(wél),el),él) =0
(1)
6 (e, E )w (w $€5)
Bla(wi . e)) : xz( :
+ 2
€ u,
+ E(e, (5] )(wl(w‘l’ e et §2).a(w(l) €)) =0
-1, (1)
€ (w €.)
Bla(wil),€))) : 1(;) .
+A
€ Tw,
= -1 (1) l+k (2) (1) _
+ €2E(€2 lwl(w . € ) E w, ,a(w el),ez) =0
Therefore
atws? e = awi ey, ana Srejw i e = w

since these are the unique functions defined in U and
satisfying the last equation. An analagous proof shows

IT. =
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%* ’
§3. The Case for [JL(ao)] L (ao)wo # 0
The L(a) we have defined is a 2 x 2 matrix which
is a T-periodic function of a. Let
Q= {al,az...cn} = the set of values of a for which

L(a) 1is singular. We will assume that

L(a) # [g 8] for all a, though it would not affect the

local analysis for a particular a € QO if L(a) = O2x2
for a different a € (.
In this section, we will consider values ao £ 0

for which

* /
(3.1) [JL (ay) 1*L " (aj)wy # O
where Wo is a unit eigenvector for L(ao) and
J = [_? é] . In this case, we let

M1 | = -2

= € = €w, and let E(w,a,€) = € "E(€w,,Cw,.,q).

01 w 1 2
2 2

Our problem can then be reformulated as

(3.2) F(w,a,€) = L(a)w + €E(w,a,€) = O.
For notational convenience, we will let

Ll(a) 12(0)

23(a) 24(0)

L(a) =

We have

F(wo,ao,o) =0 and D F( ,0) = L' (a )u £ O

Yor O
by (3.1). Therefore by the Implicit Function Theorem, there
exists a neighborhood V of (wo,o) and a unique function

a(x,€) defined on V such that
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a(wo,o) = a, and Fi(w,a(w,é),é) = 0 for all (w,€) €V

for either i =1 or i = 2. Let's assume i = 1. (For
i = 2, the same result is true by a similar argument.)
Then for a given w, (3.2) will have a solution if and only
if

Fz(wla(wle)le) = 0.
We know that

Fz(wola(wolo) IO) =0
and that

~ 4 7
Dsz = Dwa(wo,o)[z3(ao) 24(a0)]wo + [LB(GO) 24(c0)]

Since Fl(w,a(w,e),E) = 0 for all (w,€) € V, it follows
that
~ ! ’

Dwa(wo.O) ”1("0) Lz(ao)]wo + ["1("0) ﬂz(ao)] = 0.
Thus

Dwa(wO.O) = -[zl(co) zz(ao)]/[zl(ao) £, (ag) Jug
which implies

D JFy = -[4;(ay) £y (aq) 11 144 (ag) 24(d0)]w0/[£1(a0) Ly (aglug:

+ [23(ao) 14(a0)].

We have assumed [li(do) Eé(ao)]wo # 0, and so Dsz =0

if and only if

2 (@g) o2, (ag) 114, (ag) o4, (ag) Jug + [égy(ag) £, (ag))
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’ ’
which is equivalent to

' '
£3(a0) —Zl(ao) Ll(ao) Lz(ao) o 40
' ’ (0]

or to
(o L(ao)]*L’(ao)wo £ 0.

This is our assumption and thus D,Fa # O. Therefore,
by the Implicit Function Theorem, we may solve uniquely

for wl(wz,é) in a neighborhood of (w2 ,0) or for
o

wz(wl,E) in a neighborhood of (wl ,0) or for both to
(0]
solve (3.2). Suppose we have defined wl(wz,é). Then
S (wyswys€) = T (W) (wy,€) 0y, €) = F(w,y,€)

is a function of w, and €, and since a(wl,wz,é) and
w; (w,,€) were uniquely defined, a(wz,e) and  w, (w,,€)
are the unique pair of functions satisfying

F(wl(w2.€).w2.a(w2,€),€) = 0O, wl(w2 ,0) = wlo,d(wz ,0) = «

o) 0]

Therefore we can apply Lemma 2.1 with A = 0 to
guarantee that the functions

| _ Ewl(wz.é) where sz = uz
ul(uz) =
O 1if uz =0

and a(uz) = 5(&2,6) where Cwy = | are well defined

=2
in a neighborhood of origin.

A similar argument may be used to define pz(gl) and

~

a(ul) in the case that wz(wl,E) is defined such that

o-
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~ c = .
F(wl,wz(wl,é),c(wl,wz(wl,‘),6),6) O. In either case,
we get a curve C through the origin in the My =M, plane

on which a solution d to (1.3) may be defined. Since

Moy sz wzo
lim —= = lim . (0..0) = m ’ the vector Wo
u20 M1 cao “W1'¥or 1o

ponC

is tangent

to C at the origin.

Figure 2. Curve on which solutions are defined.

*71,/ =
.84 . The Case for [JL(aO)] L (ao)wo 0.
In the previous section, we considered solutions of
the system under the condition L(co)wo = O and

[JL(ao)]*L'(ao)wo # 0. 1In this section, we suppose

[JL(ao)]*L'(ao)wo = O and see what possibilities exist.
Yo

Let Wy = 1 be a unit eigenvector for L(ao), and
w
L 02

let B be a 2 x 2 matrix such that Bwo = (é} and

det B = 1. We note that

T L [b, b,]
b, b,|l1 o tb3 b4J
o) b2b3-blb4| !o -1 .
= J*
1 o '
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and so B*J* = J* B">. Thus the following are equivalent
*x7,’/ -
[JL(ay) 1*L (ag)wy = O
L(a.)*J*B"1BL/ (a )8 Bw. = 0
(0] (o] (0]
(8~1)*L (0 ) *B*J*BL’ (0 ) B 1By = O
(0] (0] (0]

(JBL (ag) B~ 1) * (BL' (@) B™) (Buy) = O.

ra (a) a,(a)
Let A(a) = BL(cl)B'1 = | 1 2
La3(a) a4(a)-

We have

1 = - -
A(ao)[o] = 0, and so a,(a,) = aj(ay) =0, and
’ 1] _ . . .
[JA (ay) 1*A (ao)[o] = O which implies

o) o) ai(ao) aé(ao)
a4(a0) -az(ao) a;(aoo a;(ao) (o]

' ’ _ . _ 11
Thus a4(ao)al(ao) - az(ao)a3(ao) = 0. Since Bwo = [ ].

o)
b,w + b,w = O and
1 Ol 2 O2
b3wo + b4wo = 0, but
1 2
b1b4 - b2b3 =0
and so we get b4 = wlo and b3 = -w20. Moreover

L(ao)wo = 0O, and so

Ly(a )b, = £4(a

0P, )by = 0

o
It will be useful to specify as much as possible about the

form of A. We know
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A(ao)

(b b 4 +b.b.4 -b.b. L. -b.b. L. -b.b 4. -b24_ +b24_ +Db.b.4 )

1Pg 4y ¥ PPty =Dy R4y = By05 4y, 1P2%y ~Paly + b4, +bybo L,
= 2 2

b4, +bihy ~b3L, ~bb, ~4, b4 ~byb, t +bb L +Db b, i,
(0 b.i_ +b.b. (L, -4.) -b2L
142 ¥ PPy (£y=4y) =boly
0 441,

where zi = zi(ao).
Since b1 and b2 need satisfy only the condition

b,b, - b,b, = 1, we may choose bl and b such that

1Pq ~ PoP3 2
(4.1) bizz(ao) + bby (4, (ag) - 4, (ag)) -b§£3 (ag) = b # 0.

We also note that
’ - ’ ] ’ _ ’
al(ao) = bl[b4£l(ao)-+b3£2(ao)] + b2[b4£3(c0) b3L4(cO)],
and so as long as

[ ' 4 ’
(4.2) b4£1(ao)+b3£2(ao) + b4JL3(C(O) -b3l4(cxo) # 0,

we may choose b1 and b2 so that (4.1) holds and

ai(ao) # 0. Condition (4.2) is the same as L’(ao)wo # 0.

vl

Furthermore L(a)[ul} + E(ul,uz.a) = 0 if and only if
2

- S

bpiL (c)[ 1

o)

] + b—lE(ul,uz,a) = 0, so we may assume that
L2

o 1

Ala.) =
o} -1

O b (Ll(co) + 24 (ao))

by replacing E with a multiple of E. Using this and

7 ’ — (.
the fact that a4(ao)al(co) - az(ao)a3(ao) = 0, we arrive

at the following form for A(a):



47

aa + azml (a) 1+ am,, (a)
A(a+a0) = 2 2
aca + a m3(CI) c+da+a m4(c1)

where mi(a) = 0(l) as a = 0.
We may now simplify the original problem as follows.

The next four equations are equivalent

- -
M
L(Cl) U’z + E(Ulouzla) =0
L 2]
-1 r“1W _
L(a)B B + E(M,,4,,a) = O
iy 172
- 1 vy -
b lBL(a)B lB 1 + b lBE(u JMa,a) = O
uzJ 1’72
My ] 1
A(a)B + b "BE (M, ,M,,Q) = O
”2 1°72
Moreover
A (af ))B "1 + b lBE ( A(u,,4,)) =0

if and only if

My

~ —l ~~ -
A(a(ul,u2)+ao)B[u2] + Db E(ul.uz.a(ul.u2)+ao) =0

where

Aao(c) = A(a+co) and an(ul.pz,a) = E(ul,uz.a+ao).

Therefore a(ul,uz) solves

U
A (a)B[ l} + b
% ) b

1
BE_ (u,,u,,a) =0
ao 1’72

) + a solves

if and only if E(ul,u o

2
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1

BE(ul.uz,a) = 0.

In the next section we will consider solutions of the

problem (1.5) if L (a)

aa + azml(a)

aca

discussion shows that we will be able to obtain from this

+ a2m3(a) c + da + a2 m4(a)

has the form

1 + amz(c)

results for all cases in which

§5.

(5.1)

The preceding

[JL(ag) 1*L (ay) wy = O.

Conditions for Existence of a Solution to the

Reduced Problem

In this section, we consider the problem

L(a)[u

L(a) =

My

2

2

aa + azml(c)

aca + a m3(a)

mi(a)

E(ul,uz.a)

a #

0(1),

Since E = o(|u; |+ |u,1),

(5.2)

E(ul.uz,c) =

N

D

N N

N+

] + E(ul.uz.c) = 0,

1l + amz(a)

c + da + a2m4(a)

)

i

=1, 4

= 0(‘“1‘ + ‘U-Z‘) .

2 2
D(0,0,a)ul + D D

ul 1 v.ll 04
2 2.1

DHZE(O,O,G)...2 + 6 D

D> D E(0,0,c)piuz
1 %2

D D E(0,0,a). .2
Ly u A B

1

2

E(0,0,a) ., ,u
2 1

ﬁ E(0.0,c)ui
=2

+

2



49

1 .3 3
+ 3 DuzD(O,O,a)u2

l 4 4
+ 54 DulE(O,O,a)pl +

As before we wish to use a scaling procedure to
convert (5.1) into an equation to which the Implicit
Function Theorem may be applied, but a different change

of variables is more useful in this case. We let

My Cwy A
= where & = ¢ for A >0 and A will be
My €6w2
chosen so that the scaled equation may possibly have
solutions. (5.1) now becomes
[w) —
(5.3) L (a) sw. |+ €E (w,a,8,€) = O,
Lo,
where

€2E(w,a,6,€) = E (€w) . €6u,,a) .

Using (5.2), we see that

€%E(w,a,6,€) = = D% E(0,0,a)€%w® + D D E(0,0,a)<%6uw,w
2 Ty 1 My Hs 2
1 2 2.2 2 1l _3 .3 3
+ 5 Dqu(0,0,a)G ) w, + 3 DulE(0,0,a)c wy
1 .2 3. 2
+ 5 DulezE(0.0.a)E 6w1w2
1 2 3.2 2
+ > Du Du E(0,0,a)€78 Wy Wy
1 "2
+ % D3 E(O,O,a)€363w3
Ko 2
1 4 4 4
sy Du E(0,0,a) ¢ wy +

"1
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2 2 2

Thus €E(w,a,8,€) = €A,  + €6A;, + €6°A , + €A ) + €%8A,,
+ 6252A12 + 6263A03 + €3A40 + ... where

Ne
A,. = 13 ! is a function of w,,w,,0. We may now rewrite
i) (2) 1°72

13 J

(5.3) in the following form:

(5.4) () [(aqw +buw)) + (c2m1 (@) wy +abm, (@) w,) ]

+ el +5A1(i) 52a éé)]

+ 62[A3((]5) +6A2(i) +62 ](é) +6 o(;')]
3ra(l =

+ € [A£O)+ ..+ ...=0

(5.4) (b) [ (acclwl + c6w2) + (c:(:zm3 (a) w + daéwz) + a26m4 (a) wz) ]

(2) 2 (2)
11 T8 Ay ]

(2) 2. (2)
21 T A,

(2)

+ G[A20

+ 0A

(2)]

+ € [A(z) 5A +5°A

+ €3 [A(Z)

40 +...]+ ... = 0.

We will now apply the method of Newton's Polygon as
described by W. D. MacMillan [8]. The slopes of the lines
in the polygons represent values of A for which
a = E)'E(E) and 6 = €M may possibly solve (5.4).

It is reasonable to hope that solutions of this type
may exist. Equation (5.4) is solved by € = 0, a = O,
and 6w2 = O, and so if we solve for a and 5w2 as

functions of £ 1in a neighborhood of zero, we expect «a

and 6w, to have a power of < as a factor. Let X
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be the highest power of € contained in both. Then

o = ¢’g(€) and b, = eH

w2(€). We could use the Implicit
Function Theorem to verify this if the Jacobian matrix of

equations (5.4) with respect to a and (6w2).

aw, l]

acw, cJ
were nonsingular. Since it is not, we do not necessarily
expect unique solutions of (5.4) in an entire neighborhood

of zero, but solutions of the type described above may be

possible under some conditions.

a,t
NS
N ™
\\‘\~\
e \;. e =
(a) first equation
Gl\:- GI{}
N
N\
RN
N
~ NN
S o ANGIN
> R - \.)s. .
(k) second eguation if ¢ # O (c) second equation if ¢

Figure 3. Newton's polygons for equations (5.4).
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The solid lines in the diagram indicate possible

values of A if DzEl(O,w ) # 0 for (a) and
2
u 2
indicate possible values of A if these and perhaps other

(o, Wy ) # 0 for (b) and (c). The dotted lines

derivatives of E wvanish at (O,w If ¢ # 0, A will

0)'
equal one generically, but may be an integer greater than
one if appropriate derivatives vanish as indicated above.
If c =0, A may equal one or one half generically, but
may equal an integer multiple of one half if the appro-
priate derivatives vanish at (O,wo).

We will look only at the cases where B =1 or B = %
are possible solutions. These will be the only possibilities
with probability one, and the other cases could be dealt
with in the same manner as the ones we will discuss.

First we consider the case A = 1. We then have

8§ = € and a = €a, and so equation (5.4) becomes
- —2 - — -
(5.5) (a) [(aawl4-w2)4-Ea-ml(éa)wl4-éam2(éa)w2]

(1)
+ 20 + €A

(1)
11

(1) A1) (l)]

(1)
] + 6 [A 21

+A

2 =2

(5.5) (b) [(acdw, +cu,) + (Ea—2m3(€a)w + €3du,) + €4a%m, () w,)

(2)

20 ’m.) (ZH-+E%AQ)+AQ)+AQ)]

+ A 230 02 21

+ ... =0

which we denote by Gl(a,wl,wz,é) = 0. We are hoping for

a solution for values of £ in a neighborhood of zero and
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so a necessary condition for a solution is the existence

and a (Recall

of w w = 1) such that
20 0 lO
Gl(doll.wz 00) = 0; 1i.e.
(0]
—_ (1) —
aa. + W + A, (l,w, ,0) =0
o] 2o 20 2O o]
aca. + cw. + A‘zhl w. ,a.) =0
(o] 20 201 20' 0
or ag. + w. + LDp%E (0,0,0) =0
o] 2O 2 My 1t
aca. + ¢ + 1p%p (0,0,0) = 0
(o] wa 2 Tu,2 :
0 1
This will be satisfied by any w, and
) (o]
ab = -(Za)-HD E, (0,0,0) +aw, ) if and only if
Ml 25
2 2
My 1l My 2

However in this case, the Jacobian matrix,

D G(l,w, ,a.,0)
(wl.wz,c) 2O o}
_ aao4-Eluu(0,0,0) l1 a
acao4-E2uu(O,O,0) c ac

has rank 1, and so the existence of solutions to (5.5)
will depend on the higher order terms.
Next we consider the case A = %- which is possible

when ¢ = 0. In this case,

6 = €1/2 ana a = 61/23, and equation (5.4) becomes
- J1/2=2 , 1/2= . _1/2— ,.1/2—
(5.7) (a) [(aaul4-w2)4-\ a ml(\ a)¢l4-: amz(\ c)uzl
1/2.. (1) L~ (1) 23/2, (1) (1) _
+ [A20 ] + M[All ] + < [A02 -+A3O 1+ ... =0
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(5.7) () [(@my (€1/28) wy + dduy) + €2/ %%, (e1/%8) u,)
(2) 1/2, (2) (2) , (2) 3/2,(2)
+ A20 + € A, # e[A ] + € Al

+ ... =0

which we shall refer to as

recall that w, = 1,
(0]
existence of w2 and GO
(0]
or
aco 4+ w
2 (0) + da w
O 3

This will be satisfied by

which satisfies ag(m3
one exists.

of this type is that either

Wy

(0) -ad)

Gz(wllwzlale) = 0.

such that G2(l,w

+

Again we

and so a necessary condition is the

Ia IO) = O'
20

(0]
A2 -

(0]

O and an 56 # 0
% il 2(0,0,0) = 0 if

Thus a necessary condition for a solution

2 .
(5.8) —DulEz(0,0,0)/Z (m3 (0) —ad) > O
(m3(0) -ad # 0)
or

m3(0) -ad =0

The Jacobian matrix

,

G (1,w.
(wl,wz,a) 2O (0]
_ aao
i (0) + E (0,0,0)
o™3 2 PP

2

and Du E2(O,O,O) = 0.

2a_m. (O) + Qg

[}
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Note that the determinant of the submatrix consisting

of columns two and three is 2a.m.(0) + dw, - aa.d
03 20 (o]

= 2a0m3(0) - 2aaod = 2ao(m3(0) -ad) and will be nonzero
if m3(0) # ad. The determinant of the submatrix con-

sisting of columns one and three is

2 — —2 2
2ad m, (0) + aaodwzo - ad;m, (0) - anulnz(o,o,m

-2
32(0.0.0)]

_ -2 2
= a[c(om3 (0) -aaod -Du'l

= a{ag[m3(0) -ad] - Di EZ(O,O,O). This cannot be zero if

1

2 , _

DulEz(0,0,0) # O since Ay

+ %Dz D. (0,0,0) = O. Therefore
My 2

must satisfy ag(m3(0) - ad)

2

(m3(0) -ad) # 0O and (m3 ) —aa) < o)

will be sufficient conditions for a solution. 1If
m3(0) - ad = 0, the existence of a solution depends on

the higher order terms.

§6. Statements of Results

In the previous sections, we have considered B to
be a fixed map from (I-Q)@T to ]Rz which satisfied
condition (1.4). In this section, we will discuss the
result of allowing B8 to vary. This will allow us to
state theorems which have been proved for the most part

in §3 or in §5.
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Theorem 6.1. In the equation

x + g(x,y) ulfl

(6.1)
f

y + h(x,y) U,

2'
we assume that g, h, fl' f2 are smooth and fl' f2
are T-periodic functions of t.

Suppose that (p(t).,g(t)) 1is a T-periodic solution

of

0

X + g(x,y)

0]

y + h(x,y)

and that there are exactly two linearly independent,
T-periodic solutions of

z(t)]
z + [g_(p(t+a) ,q(t+a)) ,g  (p(t+a) ,q(t+a)) ]
* Y | w(t)

k: (t)}

Lw(t)

(6.2)
W+ [h (p(t+a) ,q(t+a)) /h (p(£+0) g (t+a)) ]

Let (rl(t+a),sl(t+a)) and (r2(t+a),sz(t+a)) be the

solutions to the adjoint equation, and let

[T T
g ry (t+a) £, (t)at g sl(t+a)f2(t)dtw
pled =g T
g r2(t+a)fl(t)dt $ sz(t+a)f2(t)dt
Suppose that
(6.3) L{agluy = 0; [JL(a) 1*L (a)wy # 0 |ugl =1

[o 1]
where J = ! .
-1 o)
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Then there exist two curves Cl and C2 in a
neighborhood of the origin in ]R2 such that for u between

cy and C,, there exists a solution to (6.1). ¢, and
(:2 intersect at the origin where both are tangent to

L= twg (€ IR)

we

— A

Figure 4. One region in which solutions exist.

Proof. L(a) is independent of B, and so for

each B which satisfies (1.4) we have already shown

there exists a curve CB tangent to u = two (t € R)
at the origin such that (6.1) has a solution for u
on CB. It is clear from the definition of F{B (LT 313

that 2, W, and thus a depend on B smoothly. Thus

U C’3 is a region of the form described
B satisfies (1.4)
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and so curves Cl and C2 which bound this region exist

and are as described in the theorem. ad

Such regions will exist for each (ao,uo) which
satisfies (6.3) and so there may be several regions in which

solutions exist.

Figure 5. Solution regions when [JL(aO)]*L'(aO)wo #£-0

Next, let's look at what was required for a solution
under the conditions imposed in 34 and §5. All of the
conditions depended on L(a) or on second or higher
order derivatives of E. L(a) 1is independent of B8,
and so it remains to see how E and its derivatives
depend on B.

Recall that

(6.4) Ej(a,u,uy) = [ r, (e+a)G(£,2,W,a) + s, (t+a)H(t,2,W,a)dt,

o—H

i =1,2, where 2z, w are functions of t, Sy g
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In fact,
z (1) Wy £y + Gtz (W), Wik ,a)
(6.5) - = 2(0)B(®) + V (£, IQ ).
w (W) Mof, +H(E, z(L) ,w(K),a)

From (6.5) we see that the derivatives of z and W
depend on the derivatives of B at u = 0. Therefore
the derivatives of E depend on B also. Therefore in
considering the existence of solutions to (6.1) where
[JL(ao)]*L’(c(o)wO = 0, it is necessary to consider all
functions B(¥) which satisfy (1.4).

Thus we have the following theorems.

Theorem 6.2. For the equation

X + g(x,y) = ulfl

(6.1) .
v + hix,y) = pzfz,

we assume that g, h, fl' f2 are smooth and fl’ f2 are
T-periodic functions of t.
Suppose that (p(t),qg(t)) 1is a T-periodic solution

of

X + g(x,y) o)

o)

y + h(x,y)

and that there are exactly two linearly independent,

T-periodic solutions of

. [z(t)
z + [gx(p(t+a),q(t+c)),g (p(t+c),q(t+c))][ =0
Yy w(t)
(6.2)
. fz(t)]
w + [h_(p(t+a) ,g(t+a)) ,h (p(t+c),q(t+a))], I = 0.
x Yy Lw(t),'
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Let (rl(t+a),sl(t+a)) and (rz(t+a),52(t+d) be the

solutions to the adjoint equation, and let

[ ]

(t+a)fl(t)dt s (t+a)f2(t)dt

i ]
r
0] 1 o 1
L(a) = T ?
grz(t+a)fl(t)dt gsz(t+c)f2(t)dt
and
T
Ei(BlalHllUZ) = g ri(t"'G)G(tlzBovaa) + Si(t+G)H(taZBowB:G)dt
where EB' Gb are functions of t, u which satisfy
[ 2] i 0 T
é’ Hlfl(') +G(*,z,w,a)
= XB(I -Q)
w o
2 | My E, (1) + G (-, 2,w,a) |

for a function RB: (I -Q)9T - ]R2 such that

(1.4) [2(0)B(®) +V (0,®)]¥p(a)p(a)g(a)g(a)]*= 0: B(O) = O.
(See §II.3.) Suppose L(a) has the form
aaA-azml(c) 1-+am2(c)
L) = 2 2
aca +a m3(a) c+da+a m4(a)
where a # O and for i=1 - 4, mi(c) = 0(l) as a = O.

Then equation (6.1) will have solutions only in

regions which are bounded by curves given by

— .. n/2 - 2/n
= cpl + h.o.t. or My 2

where n 1is an integer greater than one.

= Ccu + h.o.t. where
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For such a region to exist where n = 2, it is
necessary that

D2 E,(B,0,0,0) = CD2 E, (B,0,0,0) .
My 2 My 1

for some B which satisfies (1.4). This "region" may
be just the curve which is its bound.

For n =1, a necessary condition is that
(0) -ad=o0 and D E,(8,0,00) =0
for B satisfying (1.4), or c = O,
m (0) - ad # 0 and DilEz(B,O,O,O)/(mB(O) -ad) <0

for B satisfying (1.4). The second set of conditions

is also sufficient.

Proof. This follows from §5 just as Theorem 6.1

followed from §3. 5]

Figure 6. Solution regions when [JL(uO)]*L’(covuo = 0.
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This theorem summarizes the results of §5; however
it applies to very few cases. It is the results of §4
which allow us to apply this theorem to most problems

for which

L( = 0; [JL(aO)]*L'(ao)wo =0 lwol =0

~e

%) ¥
for some (ao.wo).

When the appropriate derivatives of E vanish at
zero, it is necessary to consider higher order terms in

order to determine whether solutions may be possible.

that case, the method of §5 may be extended.

In
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