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ABSTRACT

FINITE ELEMENT FORMULATION OF THE
THERMO-HYDRO STRESS PROBLEM
IN SOYBEANS

By
Kamyar Haghighi

The objective of this study was the formulation of a
finite element model that could be used to analyze the
stress crack formation in soybean kernels resulting from
temperature and moisture gradients during the drying pro-
cess. The soybean kernel was taken as an isotropic sphere,
symmetrical with respect to its center and a two dimen-
sional axisymmetric grid was used to model the temperature
and moisture gradients.

The finite element method was used to obtain numerical
solutions to the simultaneous moisture and heat diffusion
equations describing moisture removal and heat intake pro-
cess for the soybean model. All material parameters of the
soybean were assumed to be independent of temperature and
moisture content. The distribution and gradients of tem-
perature and moisture developed inside the kernel during
the drying process were established. The simulated drying

curve for the soybean model was obtained and compared



favorably with the experimental results reported in the
literature.

The calculated temperature and moisture gradients
were used in a finite element analysis of the thermo-hydro
viscoelastic boundary value problem to simulate the
stresses in soybeans under the thermo-hydro loads. The
kernel was assumed to have no initial stress and free ex-
pansion and contraction of the kernel was allowed. Due to
lack of information on viscoelastic properties of the soy-
bean, the simulated results reduced to an elastic stress
analysis. Tangential stress was shown to change from com-
pressive to tensile stress as it approaches the surface.
It reaches its peak value at the surface in one hour and
then decays slowly. The effect of different drying con-
ditions on the stresses was studied and the results were
discussed. It was found that the magnitude of peak tan-
gential stress is directly proportional to the step in-
creases in temperature and the time to reach its peak value
is independent of the change in drying temperature.

This study concludes with suggestions regarding the
need for additional investigations on viscoelastic pro-
perties of the soybean and the master curves to represent
these properties over the entire drying period. This

information will improve the soybean model and allow the
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establishment of specific guidelines for crack free drying

of soybeans.
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1. INTRODUCTION

The field harvesting of soybeans at a higher than

optimal moisture content necessitates the artificial drying
of this product. During drying, temperature and moisture
gradients are superimposed within the soybean kernel, both
resulting in volumetric change. Expansion occurs in heat-
ing and shrinkage or contraction occurs because of mois-
ture removal. The stress states arising throughout the
thermal and hydro-loaded material often results in the
initiation of cracks.

Stress crack phenomena is one of the most important
problems in grain drying. The cracks lead to splits,
decreased storage life and lower germination. Thompson
and Foster (1963) reported that stress cracks develop on
heating or cooling of corn kernel when the thermal and
hydro stresses exceed the failure strength of the material.
Overhults et al. (1973) noted severe physical damage to
soybeans during their drying tests. They believed these
cracks occured because the seed coat shrank before the
endosperm had begun to dry. Milner and Shellenberger (1953)
has studied the formation of stress cracks in wheat through
the use of radiography. High moisture content or high
drying temperature gave visible fissures.

Soybeans initially damaged during harvest are likely

to be more susceptible to damage from subsequent handling

1



and processing. Mechanically damaged beans, including
those which are split or have seed coat checks, are of
less commercial value because of reduced canning and cook-
ing quality. Mechanical damage not only affects market
value of the bean but also impairs germination vigor.

Increased concern has been shown by bean growers,
processors, and shippers, to minimize the mechanical dam-
age to beans caused by artificial drying and impact load-
ing during harvesting and handling.

The stress crack phenomenon is a function of rheoloi-
cal properties of the material like bulk, shear and tension
moduli, Poisson's ratio, failure stress and time-tempera-
ture and time-moisture shift factors. In order to apply
the theories of engineering mechanics to the solution of
stress field equations, it is necessary to know the
rheological properties of the stressed material as affected
by time, temperature and moisture content.

It is apparent that physical properties and more impor-
tantly viscoelastic properties of the soybean kernel are
required with respect to the important variables such as
temperature and moisture content. There is a physical basis
for assuming that the soybean kernel behaves in a similar
manner as other viscoelastic materials and that similar
mathematical techniques may be employed to define the be-
havior of the soybean kernel under the influence of external
loads.

The basic unit of a kernel is the living cell. The



cell consists of wall and protoplasm. The cell walls are
composed of cellulose microfibrils embedded in an amorphous
matrix. The cell walls exhibit a high degree of elasticity.
Inside the cell, protoplasm consists of cytoplasm, nucleus
and vacuoles. The cytoplasm shows both elastic and vis-
cous properties. Vacuoles are made up of droplets of
solution called cell sap. While the elasticity of the cell
walls is the main factor responsible for the elasticity of
the kernel, the cell sap is responsible for exerting a
hydrostatic pressure called turgor pressure on the cell
walls. The combined effects with the elastic cell walls
determine the viscoelastic properties of soybean kernel.

Based on experimental evidences due to Zoerb and Hall
(1960), Mohsenin (1968), Timbers (1964) and Morrow (1965),
agricultural products are viscoelastic.

The soybean is processed in large quantities. Besides
its 0il which is used for different kinds of o0il products
and protein rich livestock feed, the soybean has been used
in the production of synthetic food in recent years.

Stress cracks, in fact, account for increased break-
age during storage, handling and processing. Such damage
contributes to susceptibility to molds and insect damage
and to the production of low quality and high cost soy-
bean grains and soybean products.

It is hardly possible to give a dollar value to the
damage resulting from thermo-hydro stress cracks. Martin

and Stephens (1976) reported that corn initially consisting



of 2% breakage had 15.7% breakage after 21 handling opera-
tions.

If the stress state arising from both temperature and
moisture gradients could be determined, and if the nec-
essary material properties are known or could be evaluated,
a failure criterion could be established which would de-
fine the critical temperature and moisture gradients. This
would enable drying facilities to adjust ambient tempera-
tures and relative humidities to soybean moisture content
in order to minimize stress crack formation in soybean
kernel.

The objective of this work was to develop a numerical
technique that could be used to analyze the stress crack
formation in the soybean kernel resulting from temperature
and moisture gradients during the drying process. The
specific objectives were:

(1) To numerically study the phenomenon of coupled

moisture and heat diffusion within the soybean kernel

by use of finite element method.

(2) To determine the stress state due to the tempera-

ture and moisture gradients inside the soybean kernel,

using computer simulation.

The basic assumption of isotropy, continuity and homo-
geneity which is a good macroscopic approximation was made

in order to solve the theoretical stress analysis problem.



2. REVIEW OF LITERATURE

The cracking phenomena is of great concern to soybean
industry. Cracked kernels are objectionable because they
are quite susceptible to breakage during handling and cause
problems in storage, manufacturing processes, grading and
shipping.

Over much of the moisture content range encountered in
grain drying, a kernel will shrink as heat is applied and
water is removed. In this process, a moisture gradient
and a temperature gradient are established with the outer-
most layers of the kernel. The outer layer thus tends to
skrink more causing tensile stresses tangent to the surface.
These stresses in the outer layers increase as the moisture
and temperature gradients increase. Kernel breakage re-
sults if the magnitude of the moisture and temperature
gradients are such that the outer layers are stressed

beyound their ultimate strength (Hammerle, 1970).

2.1 Development of Stress Cracks

Under favorable weather conditions, soybeans dry in
the field to moisture levels safe for storage. Soybeans
require lower moisture content than corn or other cereal

grains to store safely under similar conditions (Hall, 1961).



However, the soybean stalks and pods become brittle at a
moisture content of 11 per cent, resulting in high harvest
losses. Byg and Johnson (1970) reported 8 per cent shat-
tering losses when soybeans were harvested at a moisture
content of 10 percent as compared with only a 2 percent"
loss when harvested at 17 percent. Harvesting soybeans
at moisture contents much above 11 percent would require
conditioning the beans to a lower moisture for safe stor-
age (Alam and Shove, 1972).

The actual mechanisms for mechanical breakdown of
seed coat and loss of seed viability during drying are com-
plicated and frequently involve the previous history of the
seed including any mechanical damage and disease infection.

Seed coat cracking induced by drying is associated
with the drying rate imposed upon the seed and with the
corresponding rate of shrinkage as well as the level of
moisture content. Thus the high percentage of cracking
associated with the conventional drying method is essentially
due to the high percentage of the overdried seed. Sabbah,
et al. (1976) achieved a great reduction in percentage of
the overdried seeds by reversing the air flow. The use of
the reversed-direction drying method also resulted in more
uniform final bed moisture contents, with less seed coat
cracking and germination loss than with the conventional (one-
direction-air-flow) method.

Overhults et al. (1973) determined thin-layer drying



characteristics of soybeans as affected by harvest moisture
content and drying air conditions.

In a study by Ekstrom (1965) certain physical pro-
perties of corn kernels related to stress cracking were
investigated and an attempt was made to determine whether
or not stress cracks can be caused by temperature gradients
alone.

Zoerb (1958) concluded that moisture content has the
greatest influence on the mechanical properties of grain
and that all of the strength properties generally decrease
in magnitude as the moisture increases. He further con-
cluded that initial rate of deformation has more effect
on the rate of stress relaxation than moisture content or
the initial amount of deformation.

Goncharova (1962) studied the dependence of structural
strength characteristics of grain on humidity, temperature,
and the speed of loading. His results were in agreement
with the conclusions from the the work of Zoerb (1958) and
Chizhikov (1960).

Extensive studies of the causes of stress cracks and
breakage in artifically dried corn were made by Thompson

and Foster (1963), who found that drying speed, expressed

in percentage points of moisture removed per hour, was the
most significant factor in stress crack development. The
amount of drying, as well as the rate, also appeared to
affect stress crack development.

According to Chizhikov (1960) stress crack formation



in corn can be blamed on the compact construction of the
shells of the kernels. This structure makes evaporation
difficult since the main channel through which moisture

can leave during the drying process is located around the
germ. He further observed that when the drying temperature
was increased, the structural strength decreased.

Henderson (1954) observed that the cracking in rice
standing in the field began at the center of the kernel and
progressed toward the minor circumference. He concluded
that stress cracks resulted from an increase in either
temperature or moisture.

Kunze and Hall (1965) investigated the effects of
relative humidity and moisture gradient on stress cracking
in brown rice. They found that a thermal gradient of 17°C
did not producc¢ fissures in rice as long as the grain were
maintained at a constant moisture content.

In a study of the penetration of wheat grains by
water, Grosh and Milner (1959) concluded that the forces
which produced cracking as a result of tempering might
have two causes: a residual stress set up within the wheat
endosperm during the maturing stage of kernel development,
and a gradient of swelling forces produced when the moisture
is absorbed into the wheat kernel.

Ekstrom et al. (1966) and Mannapperuma (1975) con-
cluded that stress cracks in shelled corn and brown rice,
respectively, probably are not caused exclusively by tem-

perature gradients alone in the kernel. Therefore moisture
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gradients or a combination of moisture gradients and temp-
erature gradients appear to produce greater stresses than
those caused by thermal gradients alone. Arora et al.
(1973) also found the temperature gradient in the rice
kernel is dependent upon the moisture gradient.

Milner and Shellenberger (1953) detected an increased
number of fissures in weathered wheat under increased
initial moisture content and elevated temperature. The
cracking was primarily due to stresses arising from unequal
moisture gradients.

Wang (1956) used intermittent application of dry air
in a test to dry pea beans. He was interested in seed coat
cracking as well as splitting.

Perry (1959) noted in examining the checked beans that
the cracks '"seemed to radiate from the hilum" creating a
common check pattern.

The analysis of navy bean seed coat strength and maxi-
mum shear stress acting on the bean was studied by Hoki
(1973) based upon the thin ring theory and Hertz's contact
theory, respectively. He concluded that Young's moduli
and ultimate stresses increased with decreasing moisture

content for both the seed coat and cotyledon.

2.2 Process of Moisture Movement

Sarvacos and Charm (1962) and Chirife (1971) have

studies the diffusion process in fruits and vegetables and
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have indicated that the linear diffusion equation does not
apply over the entire period of drying.

Chen and Johnson (1969) gave a mathematical analysis
of moisture diffusion assuming thermal diffusion to be
negligible.

The removal of moisture from grains has been the sub-
ject of considerable research. However, most of this re-
search has been devoted to a study of bulk or batch drying
in which only the average effect on a relatively large
quantity of material has been considered. In order to
understand better the effects of certain drying and curing
practices, it is important that more emphasis be placed
on moisture movement within individual kernels. There-
fore, the drying rate of the whole bed, as well as that of
each layer, depends upon the accurate description of mois-
ture movement from a single kernel which is fully exposed
to drying air of a changing temperature and relative
humidity.

Moisture movement has been described reasonably well
with the diffusion equation when the kernel temperature
does not change substantially. Becker and Sallans (1955),
Hustrulid and Flikke (1959), Henderson and Perry (1967),
and others treated a grain kernel as an isotropic sphere,
symmetrical with respect to its center and used the diffu-
sion equation to describe moisture movement, without regard
to the kernel temperature. Chittenden and Hustrulid (1966)

and many others found that the diffusion coefficient varied
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with the initial moisture content of corn and concluded
that diffusion coefficient must depend on moisture con-
centration. Whitaker, et al., (1969) solved the equation
for a non-homogeneous sphere with a moisture and position
dependent diffusion coefficient and a non-uniform initial
moisture concentration drying under changing air conditions.
They concluded that the diffusion coefficient was dependent
more on temperature than on moisture and that the moisture
diffusion equation alone is inadequate for describing the
process completely.

Wang and Hall (1961) used the diffusion equation to
characterize heat and moisture transfer in a corn kernel
assuming constant boundary conditions. They pointed out
that the effect of temperature changes due to moisture
vaporization within the kernel is important and has a pro-
found influence on the rate of moisture diffusion.

Whitaker and Young (1972) evaluated the diffusion
equation, characterizing moisture movement in a homogeneous
body, as a model to describe the drying rate of peanut
kernel and further studies are needed to evaluate the
diffusion equation characterizing moisture movement in a
composite body as a method of predicting the drying rate
of peanut pods.

Young and Whitaker (1971) listed the solutions of the
diffusion equation characterizing moisture transfer in
plane sheets, infinite cylinders, finite cylinders and

spheres, for the constant boundary conditions.
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The influence of a temperature gradient as a moisture-
driving potential was investigated by Whitney and
Porterfield (1968) as a means of controlling the moisture
gradient during the drying process. The investigations
revealed a net moisture transfer in the direction of de-
creasing temperature. They further concluded that after
a given amount of water has been removed, the moisture
gradients are similar whether or not a temperature gradient
(resulting from internal heating) exists in the same direc-
tion as the moisture gradient and this can be used to de-
crease the total drying time, without increasing the
shrinkage stresses in the solid due to the moisture grad-
ient.

Absorption or evolution of water by solid results in
evolution or absorption of heat, respectively. This heat
diffuses through the solid, causing changes in temperature,
which affects the ability of solid to absorb or evolve
water (Whitney and Porterfield, 1968). Thus the transfer
of moisture and heat are coupled together and in general,
should be considered simultaneously.

Young (1969) described a mathematical model for a
drying porous sphere using the diffusion equation for both
moisture and heat transfer assuming that moisture diffu-
sivity is linearly function of moisture. He defined a
modified Lewis number and suggested that the moisture diffu-
sion equation alone is sufficient if the number is greater

than 60 (negligible temperature gradient).
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Singh, et al. (1972) solved the simultaneous heat
and moisture diffusion equations under continuously
changing boundary conditions. This study improved the
kernel model by using a more accurate heat conduction
equation, but did not account for the temperature dependence

of the moisture diffusion coefficient.

2.3 Properties of the Soybean Kernel

Swelling and shrinkage are natural occurring phenomena
as biomaterials are heated, cooled, or absorb and deabsorb
moisture. This movement of the material results in internal
strains causing formation of stress cracks which reduce the
quality of the product, permit excessive loss of moisture
and provide accessability for disease.

The differential expansion of a composite body ex-
periencing a thermal gradient has been known for a long
time. The stresses which result from a thermal gradient are
called thermal stresses and their calculation is discussed
by several authors including Timoshenko and Goodier (1970).
The mass transfer due to moisture loss (or addition) also
produces stresses in composite bodies. These stresses are
called hydro stresses. The combined existence of thermal
and hydro (thermo-hydro) stresses requires a modification
of the theory for thermal stresses as outlined by Timoshenko
and Goodier (1970). This modification was performed by

Hammerle (1972) who expanded the basic theory to include
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the viscoelastic nature of agricultural products and the
expansion or contraction resulting from a change in mois-
ture content. The solution of this theory will give the
stresses in the endosperm and seed coat or hull. An
analysis of stresses would indicate what temperature and
moisture conditions give rise to stresses that are likely
to crack the seed coat or hull. A knowledge of failure
stresses of the hull or seed coat must also be known in
order to make this decision.

An important contribution of Hammerle's work is the
indication of which material constants must be determined
before an analysis can be performed. Several are required
and they include the viscoelastic modulus and the coeffi-
cients of thermal and hydro expansion of each material com-
ponent. If there are temperature and moisture gradients
within the kernel, then the theories governing the tem-
perature and moisture distributions must also be considered.
These theories require a knowledge of the thermal conduct-
ivity and specific heat of each material as well as the
moisture diffusion coefficient.

Several of the required constants have been determined
but some such as the moisture diffusion coefficient and
thermal properties of the individual material coponents
have not been determined and no specific standard or pro-
cedure exists for their determination.

Alam and Shove (1972) obtained a linear relationship

between specific heat and moisture content of soybean which
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is in agreement with the results obtained by Bellinger
(1964) and Watts and Bilanski (1970). Jasansky and
Bilanski (1973) found a linear relationship between soy-
bean thermal conductivity and kernel temperature at 11.2%
moisture content (wet bulb) using transient heat flow
measurement method. They further indicated that the ther-
mal conductivity of soybean is dependent upon its particle
size, moisture content and temperature. Their results for
whole soybean thermal conductivity compare favorably with
those of Watts (1967), even though his conductivity evalua-
tion was calculated from measurement of density, specific
heat and thermal diffusivity. Using the method of transient
heat conduction, Watts and Bilanski (1973) found an average
value for soybean thermal diffusivity. A small inter-
action between temperature and moisture content was noted
but was not considered. The coefficient of linear thermal
expansion of soybean was found by Bacchus (1971). He
further studied the effect of moisture on this property and
concluded that this property is linearly related to kernel
moisture content. Paulsen and Brusewitz (1976) determined
the coefficient of thermal expansion for spanish peanut
kernels (ak) and skin (as) and as drying occurs, ag de-
creases with moisture loss more than does op- As further
drying continues there would be a greater tendency for the
kernel to expand more than the skin causing an increased
stress on the skin. It also appeared from their work that

peanuts and possibly other oilseed grains would have
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expansion coefficients larger than those of grains con-
taining relatively low amount of oil.

The values of the different properties of soybean
which are available in the literature are tabulated in

Table 2.1.

2.4 Structure of the Soybean Kernel

2.4.1 Description

According to the botanical classification, soybean
is a member of the family Leguminosae, subfamily Papilion-
oideae and its genus is Glycine (L.). Wilson (1955) men-
tions the correct botanical name as Glycine Max (L.)
Merrill.

Classification relating to the life of the plant and
its response to its environment i.e. on the basis of its
growth habit describe the plant as a summer annual with a
maturity requirement of approximately 75 days for the early
varities to 200 days or more for the very late varities.

According to the market classification, there are
five market classes of soybeans based on the color of seed:
yellow, green, brown, black and mixed soybeans.

The chemical composition of the soybean kernel is,
protein 33.98 percent, fat 16.85 percent, nitrogen free
extract 28.89 percent, fiber 4.79 percent, ash 4.69 per-

cent and water 10.80 percent (Saxena, 1972).
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2.4.2 Morphology and Anatomy

Most mature seeds are made up of three basic parts:
the seed coat, the embryo, and one or more food storage
structures. The soybean seed has only two parts. Its
two food storage structures, the cotyledons, are part of
the embryo. That is, the embryo of the soybean seed con-
sists of two thick, fleshy cotyledons which account for
most of the bulk and weight of the seed (about 90 percent).
They contain nearly all the oil and protein in the bean.
The seed coat is relatively thin and protects the embryo
from fungi and bacteria before and after planting. If
this protective coat is cracked, the seed has little chance
of developing into a healthy seedling.

A variety of distinct layers can be recognized in the
seed coat and cotyledons. The outermost layer, the epi-
dermis, remains uniseriate and develops into the palisade
layer characteristic of leguminous seeds. The palisade
cells have a definite cuticular layer (Smith and Circle
1976). Two palisade layers and a compact group of trach-
eids of unknown role occur in the hilum region. The
palisade layer has attracted much attention because its
structure in certain hard legume seeds such as soybean
is assumed to be connected with their high degree of imper-
meability and thus germinability (Esau, 1960). The column
cells are hourglass or I-shaped, similar to those of other

beans, but in soybeans theyare thicker and longer. They
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vary from 30 to 70 microns in length and from 16 to 36
microns in width. The spongy parenchyma consist of 6 to

8 layers of thin-walled, somewhat compressed, boxlike,
empty cells ranging in width from 20 to 120 microns but
mostly 40 to 60 microns. One of the most characteristic
features of the soybean seed is the presence of the endo-
sperm. This is represented by a layer of aleurone cells
and several layers of thin-walled cells which have been
crushed by compression. The aleurone cells are rather
thick-walled and are filled with dense protein. The sur-
face of the cotyledons are covered with a typical epidermis
made up of small cubical cells filled with grains of aleu-
rone. The remainder of the cotyledon is largely made up
of layers of elongated palisadelike cells with thin walls
and filled with aleurone and oil.

The hard legume seeds such as soybean achieve and
maintain a very low percent moisture which is not affected
by fluctuations in moisture content of the surrounding
air. The attainment of this high degree of desiccation
is ascribed to a combination of intensely impremiable testa
with valvular action of the hilum (Hyde 1954). The hilum
is said to act like a hygroscopic valve. A fissure occurs
along the groove of the hilum. This fissure opens when the
seed is surrounded by dry air and closes when the outside
air is moist. Thus the entry of moisture is prevented but
loss of moisture is permitted. The occurrence of highly

impermeable seed coats is one of the important factors in
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delayed germination of seeds in Leguminosae. In this
connection the occurrence of cuticular layers in seeds is
of particular interest. Some good pictures of the soybean
seed structure are shown by Esau (1960) and Smith and

Circle (1976).

2.5 Viscoelastic Characterization as Affected by Tempera-
ture and Moisture Gradients

In recent years the subject of viscoelasticity has
received considerable attention from both theoreticians
and experimentalists, which is evident in the reviews of
Hilton (1954), Lee (1964) and Morland and Lee (1960).

Within the engineering requirements of accuracy many
material have been found to satisfy the assumption of
thermorheologically simple behavior. Morland and Lee (1960)
have shown how this assumption can be used to derive iso-
tropic constitutive equations with transient temperatures.
Hilton (1954) has investigated the thermal stresses in

thick walled incompressible cylinders exhibiting temperature
dependent viscoelastic properties of the Kelvin type.

Sharma (1964) and Rosen (1964) have discussed in detail
the time-temperature dependence of linear viscoelastic
materials and the Boltzman superpostion theory. Verifica-
tion of these principles by experimentation has been done
by Ferry (1961), where the transient tests described are

basically creep and relaxation for various shaped specimen.
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The experimental determination of stress relaxation moduli
from tensile stress-strain curves at various temperatures
has been discussed by Sharma (1964). Hammerle and Mohsenin
(1970) determined the stress relaxation modulus of corn
at varicus temperature and moisture levels. Muki and
Sternberg (1961) have worked on the theoretical analysis
of thermal stress distribution within infinite and finite
viscoelastic plates, and viscoelastic spheres. The time
dependent yielding for the above problems was investigated
by Landau et al. (1960). Bland (1960), Ferry (1961) and
Sharma (1964) have arrived at the relaxation integral laws where
deviatoric and isotropic stresses are given as a function
of strain-time loading. Utilizing the constitutive laws
of a continuous Maxwell model and the superposition method,
Rao (1971) arrived with the solution of the stress state in
a viscoelastic cylinder subjected to transient temperature
and moisture gradients. Later on Rao et al. (1975) solved
the same problem for a viscoelastic sphere subjected to
radially symmetric temperature and moisture gradients.
They further concluded that this approach is applicable
to approximately spherical seeds or formed foods.

Studying the physical properties of small grains by
a triaxial testing method, Stewart (1964) found that an
interrelationship exists between their moisture content
and their viscoelastic properties.

Bacchus (1971) studied the mechanical properties of



22

soybean by assuming Hookean behavior using the Hertz con-
tact theory for convex bodies. He concluded that yield
point, Young's modulus and maximum compressive strength
decreased with an increase in moisture content and initial
rate of deformation had more effect on the rate of stress
relaxation than moisture level or initial amount of de-
formation. He also found that the coefficient of linear
thermal expansion has a linear relation with the kernel
moisture content and the assumption that soybean is a
sphereholds good for all practical purposes.

Silberstein and Rao (1976) evaluated the uniaxial
modulus of elasticity at constant loading rates for
Florruhher peanut variety. The time-temperature and time
moisture shift factors were evaluated and a three element
Maxwell model was found to adequately apprximate the pea-
nut behavior. This information is vital for stress analy-
sis of peanut kernels to determine the stress cracks and
shrinkage. Herum et al. (1973) evaluated the time depen-
dent uniaxial moduli of intact soybeans, determined by re-
laxation tests in parallel plate compression, at four tem-
peratures and four levels of moisture content. They con-
cluded that the time scale shift factors were not constant
but were sufficiently similar to permit description of
intact soybeans as thermo-rheologically and hydro-rheolo=
gically simple. This means that viscoelastic properties
such as uniaxial modulus function of the soybean can be

described by one master curve. This curve allows the
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calculation of the viscoelastic modulus over the range of
temperatures and moisture contents which would be en-
countered during the drying process. Further, they found
that an increase or decrease of 1% in moisture content,
computed on the dry basis, has approximately thirteen times
as much effect on the uniaxial modulus in compression as
does a 1° Fahrenheit increase or decrease in temperature.
Saxena (1972) reported that the soybean kernel behaves as a
viscoelastic material in response to the applied forces and
is characterized by a generalized Maxwell model having as
few as three Maxwell elements and one spring in parallel.
He further observed that the orientation of stress cracks
depends on the test position of the kernel and also there
was no way to ascertain whether seed coat or the cotyledons

cracked first.






3. SIMULTANEOUS MOISTURE AND HEAT DIFFUSION

3.1 Governing Equations

Since the temperature distribution within the soybean
kernel may not be uniform during the initial stages of
drying, simultaneous equations of moisture and heat diffu-
sion are needed to describe moisture movement within the
soybean kernel. Crank (1964) gave the mathematical model
characterizing moisture and heat diffusion, in a sphere

(in cylinderical coordinates) as follows:

2
oM _ 1 3 aM 3°M
ot r Jr (rD or *D A (3.1)
9z
¢ 3T o1 0 (e 3Ty 4 o 2’1 + Lo oM (3.2)
Y r Jr ar az2 e 3 ’
where
M = mositure concentration, % dry basis
T = temperature, °C

r = radial coordinate, z = vertical coordinate
t = time, sec.
D = moisture diffusivity, mz/sec.

K'= thermal conductivity, w/m°C or J/m sec. °C

c = specific heat, J/kg°C
p = density, kg/m3
L = latent heat of vaporization of water, J/kg

24
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Parameters D, K', p and ¢ are in general functions of
local temperature and moisture values inside the kernel.
No analytical solution to this complex problem has been
found. Computer solutions would also be extremely hard to
obtain, especially when the nature of some of these pro-
perties such as D is not known. It is felt that consider-
able information on the model about temperature and mois-
ture distribution within the kernel could be gained by
treating p, ¢, D and K' as constants in a finite element
analysis. Therefore this study assumes that p, c, D and
K' do not change substantially in the temperature and
moisture ranges under consideration.

Equations (3.1) and (3.2) now reduce to

2 2
oM _ y3°M DM, 3M
5T D - * T AT D g;j (3.3)
2 2
3T _ vy 8°T . K' 3T y 9T oM
pc &= = K + = 2+ K + Lp &= (3.4)
ot ar? r 3 aZZ ot

3.2 Initial and Boundary Conditions

(1) Kernel is at uniform temperature and moisture

initially






26

for t>o and at thc surface (r=R)

where h

where h

3M

5z ) =0

=R m ‘surf. = Meq.

n - mass transfer coefficient, m/sec.

and at the surface (r=R)

5?)[ r=R *h(Tgyre, = Teq) =0

= heat transfer coefficient, W/m2°C or
-]
.°C

Finite Element Formulation of Coupled Heat and Mass

Diffusion

In most problems the integral of a functional is

minimized.

This functional possesses the property that

any function which makes it a minimum also satisfies the

governing differential equation and the boundary conditions.

As for this case, the functional form of the governing

equations (3.3) and (3.4) by use of variational calculus may

be written as

n
+ 1o - Mm)zds (3.5)
S

-
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a{T},2 a{T})z - 2Lp (a{M}){T}

xp = Igl Bh® ki

© 20 AL may + G g - T%s (3.6
S

where M_ and T denote ambient moisture content and tem-
perature respectively. V is the total volume of the body
and S is the boundary. The solution of the boundary value
problem stated in (3.3) and (3.4) can be obtained by finding
the stationary value of the functionals X1 and X7, in (3.5)
and (3.6) with respect to the set of nodal values {M} and
{T}. The finite element method can be used as a numercial
technique based on the minimization of these functionals.

Define four matrices:

{gl}T [%% ’ %%] (3.73)

{gz}T = [%} , %%] (3.7b)

[D] = [? 1 (3.8a)
oD

[k] = [" 9] (3.8b)
o K

Equations (3.5) and (3.6) can be written as

X1 = %[{gl}T[D]{gl + 22 (1

Ay

e B2 - oM+ MD)ds (3.9)
S
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xp < Figt gyt - 2t Bh T+ zoc i (myyav

[N ey

.2
(T

+ / - 2T T + Ti)ds (3.10)
s

The volume and surface integrals in (3.9) and (3.10)
can be expressed as a sum of integrals over a set of sub-

regions or elements.

3M(e)

5T {M(e)}dv

I _1_{ (e)}T D(e) { (e)}d I
o-1 v(e)z gl [ ] gl v + V(e)

(e)
h
O ) (Eulas

(e)
S (3.11)

E
am(e) p(e)
Xy = I I(e)%{gge)}T[k(e)]{gge)}dv S Lol M T av

e=1 v Y

(e) (e)
ﬁ%ff— tr®yav + s B
(e) (e)

S

+pcs (r{elrle) -

A"

21{®)1le) 4 rle)rle)yas (3.12)
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where the superscripts e indicate the elements or sub-
regions and E is the total number of elements. These two

equations can also be written as

E
x, = xI e xf2r e k(B 1x§e) (3.13)
e= :
E
X2 = Xgl) + ng) + ... XEE) = 3 . Xge) (3.14)
e:
(e)

where y; is the contribution of a single element to Xy

. (e)
and similarly for X3 | The minimization of X

X
1 and 2
occurs when
(e)
9X E E dX
1 = ) 5 X](.e) = T —-—]: = O (3.15)
(M} 9{M} e=1 e=1 3{M}
E E (e)
IX2 X
-2z x{® - x 2 - (3.16)
o{T} 90{T} e=1 e=1 3{T}
g 3x5°)
The derivatives ———— in (3.15) and can not be
5 {M} 9{T}

evaluated until the integrals in (3.11) and (3.12) have

been written in terms of nodal moisture contents and tem-
peratures, {M} and {T}. The moistures and temperatures in
each subregion or element are approximated by algebraic poly-
nomials relating them to moisutres and temperature of nodal

points of that elerment (Zienkiewicz, 1971) or
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M) - vy g (3.17)

(e - x(e)y (13 (3.18)

[N(e)] is the matrix of shape functions relating moistures and
temperatures in the element, M(e) and T(e), to the nodal
moistures and temperatures, {M} and {T}.

The similarity between the axisymmetric and two
dimensional problem makes the solution of the axisymmetric
problem quite straight forward. An example of an axisym-
metric element is given in Figure 3.1. Equations (3.17)

and (3.18) can be written as

MC®) = N, 4 MMy + N (3.19)

T(®) -y

+

iTi NjTj + Nka (3.20)

where

+
o'

1
N;j = 7z (a3 + byr + c;2)

-1 ,
Nj = >x (aj + bjr + cjz)

+
o’

R ckz)

1 .
N = 7x (g

A is total area of the triangular element and constants a,

b and ¢ are defined as
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Simplex Triangular Axisymmetric Elements



1 i7k X%j j x°i ki
b1=zj-2k bj=zk-zi
c; = Tg Ty ¢j =Ty - Ty

a, = rin - T.Zg
bk =z; - zj
Cx =Ty 7T

We can now evaluate (3.7a) and (3.7b) which along

with (3.19) and (3.20) can be substituted in (3.11) and

(3.12).
oM} [anfe) anfe) nfe)] (n,
{gie)} =/aT _| ar orT or M.
j
(@l an{®) anfe) snie) "
dz 35 3z 9% K

3¢ oy (3.21)

and similarly

859y = 3% () (3.22)
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Element integrals in (3.11) and (3.12) now become

x,(© = s 2ooTEE) T E a0y + 1 @00
v(€) v(e)

h
n(©) 200 gy . / )—%{M}T[N(e)]T[N(e)]{M}ds :
(S

S

h M_ .\ (e)
g(e) m e [N/ ] {M}ds (3.23)

x,(¢) = 5 Tl Tl pqrrav - Lor  (N(®D)
v(e) v(€)

{T}[N(e)]§%¥} dv + pc/S [N(e)]{T}[N(e)]i%%}dv +
' (e)

Vv

s B Tne) ) TN yiryas - s onr n(®) iThds
(e) s(e)

S (3.24)

where [B(e)]T

is the transpose of matrix [B] and element
superscripts are going to be deleted for clarity from now
on. The order of integration can be changed. Performing
differentiation in (3.15) and (3.16) for the purpose of

minimizing X1 and X7 in (3.23) and (3.24) yields
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IX
= T a2 ey s1av + sm T N]ds)
M} v v s

™M} - shoM_[N]1Tds = 0 (3.25)

S

3 X

—2 = (e s NIan AT (Los Ny TNy avy 2N

3{T} \ v

+ (/[B1T[k1[B1aV + sh(N]JT[N]ds) {T} - shT_[N]Tds = 0
\" S S

(3.26)

Evaluating the integrals in (3.25) and (3.26) (Segerlind,

1976) yield

21A 5{M} . .2mED
(5gp [ci3D) ¢ * (Fgx | bybj*eicy bjy+cy

} =0 (3.27)
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ot 4A
2,2 7
bi+ci 27hL . o o o
b.b.+c.c, blrc + Kk Jo Sty Ter
17 "17j] j 7] or.’r re+3
.. ° 2 2 12 j 'k j
iPx*CiCkPPr ek Prtey
2rhL ., T o o ol (r.
Ty - —3k= o 2 1f Jri[ =0 (3.28)
o 1 2 ri
_ TLHTL Ty
where v = —+J X
3
ij = length between nodes j and k of the triangular
element where convection takes place.
and
[Cij] = (1 + 5ij)(3r g rj) (Brocci, 1969)
where Sij = Kronecker delta

(3.27) and (3.28) can be written in condensed form

[C 148 + (k1o - (£) =0 (3.29)

(6188 + 16,08 + 1x,,14m) - (£,) = 0 (3.30)

and in matrix form

C 0 M K 0 M f
11 L1t - )= o (3.31)
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where [Cyy], [Cppls [Cypls [Kppls [Kppl,{fj}and {f,}

are appropriate coefficients in (3.27) and (3.28) and

*. _ o{M} ri= 0{M}
{M} = —% {T} 3T

b

Equation (3.31) can also be written as
M M
[CI1¢.} + [KI] - {F}y =0 (3.32)
T T
Note that this equation is for one element and for the

whole body a summation over all the elements must be

carried out.

We now solve (3.29) for g%%} or

a{My. _ 1 N
ot | Tegq] ({(£f13-[K;71(MD)

inserting this in (3.30) yields
. _ 1 .
[sz]{T}+ [KZZ]{T}‘{fz}‘[CZI][TCIIT({fl}'[Kll]{M})] =0

After simplification and substitution of (3.29) the equations

become
[Cy1] M3+ (K1 (M}-{£7) = O (3.29)
[Co 1 AT+ Ky, 1{TI-{£,} + Lo ([Ky,1{M}-{£;}) = 0 (3.33)

Equation (3.33) indicates that the moisture values
{M} are needed for every time step in order to obtain the

temperature values for the same time step
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3.4 Finite Difference Solution in the Time Domain

To solve the linear differential equations (3.29)

and (3.33) to obtain the values of {M} and {T} at each

point in time, a central finite difference technique to

approximate the time derivatives is used (Segerlind, 1976).

Given two points on a curve (Figure 3.2) an approxi-

mation for the first derivative at the midpoint of the

increment is

. {M}. - {M}.
(M)} = d{M}_ i+l i

dt At

{T}, - {T}.
v d{T}_ i+l i
{T}= dt At

(3.

(3.

Since {M} and {T} are evaluated at the midpoint of the

time increment, we should also evaluate {M}, {T}, {fl}

{f,} at this point. So we have

*_ 1
M} = 5 (M}, +{M}))
* _ 1
{1} = 5 ({T};,; +{T};)
* _ 1 _
(£} = 5 ({f7};, + (£73)) = {f))
* 1 _
{£,}° = 5 ({f,}5,, + {£53;) = {£,}

(3.

(3.

(3.

(3.

34a)

34b)

and

35a)

35b)

36a)

36b)
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Figure 3.2.
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t; ti+1

Numerical Determination of the First
Derivatives of {M} and {T}
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since {fl} and {fz} are constant and do not vary with time.
Substitution of (3.34a), (3.35a) and (3.36a) into the

differential equation (3.29) gives

([Cyq) + ASIK 1My, = ([C1;1-850K 1) (M), + at (£}

(3.37)

Given the nodal moisture values at time t, equation (3.37)
can be solved to yield the nodal moisture values at the
time t+At. The column vector {fl} consists of known para-
meters; hence, its evaluation at t and t+At can be carried
out before (3.37) is solved.

Let us rewrite equation (3.33) as

[Cp Ty + [Kypl(T} - {£3) = 0 (3.38)
where
{£3} = {f,} - Lo([Ky;1{M} - (£;}) (3.39)

using (3.34b), (3.35b) and (3.36b) equation (3.38) may be

written as

([sz] + A_tz [KZZ]){T}i"‘l = ([sz] - %[KZZ]{T}]'. +

at (£33 (3.40)
where
* 1 '
(521 = 7 (Wighiey * 1523y) (3.41)
{£3}i,1 = {£3) - LpC([Ky 1M}, - {£;D) (3.42a)
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and

substituting (3.41), (3.42a) and (3.42b) in (3.40) yield
([Cy) + 25 1Ky, 1) (Th,; = ([C,,0 - 250K, 1)(T}, +
B50WE,) - Lo([Kyq (MY, - {£,1)) + ({£,) - Lo([Ky;]
M}, - {£,10)]
Simplifications gives
([Cpp) + 230Kyl (Th, = ([C,,] - 22Ky, 1Ty +
DEI{E,} + Lotf ) - FRIK 11 (Mb,,; + (M})] (3.43)
This equation along with equation (3.37) defines the
process of coupled heat and mass diffusion inside the soy-

bean kernel.

3.5 Computer Implementation and the Soybean Model

A finite element method for the solution of coupled

moisture and heat diffusion within a spherical body was
presented in the previous sections. A computer program for
two dimensional transient field problem such as the one

described by equation (3.37) was written by Segerlind (1976).
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This program was modified to incorporate the coupling
effect of moisture content and temperature for each time
step. Modification also included a change to axially
symmertric triangular elements.

The modified program first solves equation (3.37)
for a given initial nodal values. For every time step
At and given {M}i values, a set of nodal moisture values
{M}i+1 will be obtained and stored on a tape. Then the last
term of equation (3.43) was evaluated and stored. Fin-
ally equation (3.43) was solved for a given initial values
of {T}i to yield the new nodal temperature values {T}i+1'
Ninety six iterations were calculated using a time step
At, of 10 minutes. Total drying time was 16 hours. Nodal
moisture and temperature values were printed for one hour

intervals for 16 hours.
3.5.1 The Soybean Model

The following assumptions for the soybean model were

made:

(1) Soybean kernel was taken as an isotrpic sphere
symmetrical with respect to its center. A two
dimensional axisymmetric finite element grid as
is shown in Figure 3.3 was used. This was due to
the fact that no knowledge of temperature varia-

tion within the soybean kernel was available.
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Some researchers such as Whitaker et al. (1969),
Misra and Young (1978) assumed a uniform tempera-
ture variation, solved only the moisture diffu-
sion equation and used a one dimensional model.

The finite element grid that was used in this

model consists of 255 elements and 152 nodes.

The thickness of the soybean skin is incorporated
in the grid and the computer program has the option
of having different material properties for the
skin and the cotyledones.

(2) Moisture removal and heat intake take place by
convection process through the whole surface area
of the kernel skin as was shown in section 3.2.
It is noteworthy to mention that some unsuccess-
ful attempts were made to incorporate the effect
of the hilum in the process of moisture removal.
Failure was due to the fact that there was no
way to find what percentage of moisture was re-
moved from the kernel through the hilum region
even though some preliminary tests proved that
more moisture was removed through the hilum than
through the skin.

(3) All material parameters of the soybean kernel
were assumed to be constant for two reasons:

(1) it was felt that considerable information

on the model about temperature and moisture
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distribution within the kernel could be gained.

(2)

material properties of the soybean as most of

There was a lack of information on the

the properties which where needed for this model
are functions of temperature, moisture, time, etc.
Some of these properties as are available in the
literature are tabulated in Table 2.1. The values

of the different material properties which were

used in this model are presented in Table 3.1.

Values of the different material properties
of the soybean used in modeling the kernel

Material Property Value Dimension
Diffusion coefficient (D) 7.0)(10'11 mz/sec.
Thermal conductivity (K') 0.1 w/m-°C
Specific heat (c) 2000.0 J/kg-°C
Density (p) 1200.0 kg/m>
Heat convection coefficient (h) 60.0 w/m2-°C
Mass convection coefficient (hm) 0.05 m/sec.

3.5.2

Mass Average Moisture and Temperature

In order to have a measure of the kernel moisture

content and temperature as a whole, rather than the nodal
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moisture and temperature values, the concept of mass
average moisture and mass average temperature was used.
Mass average moisture and temperature of a body are de-

fined by (Segerlind, 1976)

J M(r,z)dm
"

for every time step (3.44)
idm

ST(r,z)dm
A%

T = for every time step (3.45)
J dm
v

where dm is an element of mass. Using (3.19) and (3.20) and

after some simplification (3.44) and (3.45) yield

E (e
mA
£=1 —— [(Zri+rj+rk)Mi+(ri+2rj+rk)Mj+(ri+rj+2rk)Mk]
M=
E (e)
21A
L (r;+r.+r.)
=1 3 k (3.46)

E (e
A
§=1——3—~[(2ri+rj+rk)Ti+(ri+2rj+rk)Tj+(ri+rj+2rk)Tk]
T=
E (e)
5 ﬁr_%___(r.+r.+rk)
e=1 ] (3.47)
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Both equations are applicable only for the axisymmetric

triangular simplex element.

3.6 Distribution of Moisture and Temperature within the
~Kernel and Drying Curves

Based on the results for M, a drying curve was obtained
and compared with the experimental results from two diffe-

rent sources, as is shown in Figure 3.4. The simulated
drying curve is between the two experimental drying curves
and agress very closely with the results given by Overhults
et al. (1973). Figure 3.5 shows the variation of the ker-
nel mass average temperature vs. drying time. It is
obvious from the figure that there is very sharp increase
in simulated mass average temperature of the model in the
first hour of drying. Mass average temperature reaches the
equilibrium temperature (drying air temperature) in about
one hour and then stays constant for the rest of the drying
period. Distribution of the nodal moisture content of the
soybean model at different radii for the whole drying per-
iod is shown in Figure 3.6. It is apparent from the figure
that nodes which are located on the skin reach the quili-
brium moisture content much faster than the internal nodes.
It was also felt that there is a need to monitor the nodal
moisture distribution for the first few hours of drying since
according to several researchers such as Misra (1977) this
is the period in which stress cracking occurs. This is

shown in Figure 3.7.
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1-SABBAH et al., 1976
2-OVERHULTS et al., 1973
3-FINITE ELEMENT SOLUTION

Figure 3.4.
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Drying Curve for the Soybean Model Compared
with Experimental Results
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4. SIMULATION OF THERMO-HYDRO
STRESSES

It is assumed that the total stress at a point is some
combination of the thermal and hydro stresses superimposed
upon whatever stress may exist due to mechanical loading.
The thermal and hydro stresses may arise from either
tension or compression, and it might be expected that since
both high temperature and high moisture content cause
swelling or expansion of the soybean kernel and since tem-
perature and moisture gradients are of opposite sign in a
heated material undergoing drying, a very complicated
tension-compression state may occure within the kernel.
This complicated stress state, when it exceeds some

critical state at a point, results in internal failure.

4.1 Equations of the Linear Theory of Viscoelasticity

4.1.1 Viscoelastic Constitutive Equations

The theory of viscoelasticity is adequately described
by several authors such as Flugge (1975), Christensen (1971),
and Ferry (1961). There are several equivalent forms of
the constitutive equations of viscoelastic materials:

hereditary integral forms, differential operator forms, and
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complex modulus form. The integral form of the constitu-

tive equations can be written as (Christensen, 1971)1

o ) t dei'(r)
i~ {w Gy (t-1) -—3%——— dt (4.1)

t de
- _ kk(1)
T1k S Gz(t T) —Ir dt

- 00

(4.2)

where Gl(t) is a relaxation function appropriate to states
of shear and Gz(t) is a relaxation function appropriate
to states of dilatation. The deviatoric stress and strain

tensors are

— 1 _
and
- 1 -
®ij T fi5 ° 3 Gijekk » €33 = 0 (4.4)

respectively with o.. stress tensor

1]
€ij = strain tensor
655 = Kronecker delta, zero for i#j and
I 8. .28, 46, 48,, = 3
11 11 "22 "33

Oxk = first invariant of the stress tensor

€xk = first invariant of the strain tensor

In order to use the same notation as in elasticity, the
relaxation functions in simple shear and dilatation are

taken as

1The standard indicial system for a rectangular Cartesian re-
ference frame is employed whenever applicable: Repeating
the subscripts i, j, k or 1 implies summation, Kronecker's
delta is denoted by § differentiation with respect to

space is indicated ble’subscripts preceded by a comma.
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61 (1)

G(t) = - (4.5)
G, (t)

K(t) = S (4.6)

These relaxation functions are equivalent to the elastic
shear and bulk moduli, respectively.

An alternate form of the stress-strain relation is
obtained by using creep functions to represent the current
strain as determined by current value and past history

of stress (Christensen, 1971)

(]
|

- F (t-1) d;}m dt 4.7)
ij 1 T :

t do (T)
Ekk = [ Jz(t‘T) - dt (4.8)

- 0o

where Jl(t) and Jz(t) are creep functions for states of

shear and dilatation. They can be related to the relaxation
functions by use of Laplace Transforms or other interconver-
sion techniques. Shear and bulk modulus are two indepen-
dent constants characterizing a homogeneous elastic solid,
and the relations between these and more commonly used
engineering parameters like Young's modulus and Poisson's
ratio have been established. Similar relations exist between

the Laplace Transforms of the viscoelastic
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relaxation functions (Christensen, 1971).

A widely used form of the relaxation function is an
exponential series representation known as the generalized
Maxwell Model
G.e t/1; (4.9)

J

n
G(t) = I
j=0

where Gj and Tj are the shear moduli and relaxation times

for each element in the model. 1In a similar manner the
time dependent bulk modulus K(t) could be defined for the
dilatational response (or volume change).

Creep functions are sometimes approximated using
elastic elements and viscous elements in parallel, as
represented by the series (Gradowczyk and Moavenzadeh,

1969)

m
J(t) = 3 Jj(1-e't/Tj) (4.10)
3=0

4.1.2 Laplace Transform of Viscoelastic Equations

The convolution integral form of the Vviscoelastic
constitutive equations was given in the previous section,
equations (4.1)-(4.8). The relationship between the
different relaxation and creep functions can be established
by introducing the Laplace transformation. Let f(t) be

a continuous function over o<t<». The Laplace transform
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of this function 1is
£(s) = L[£(t)] = f:f(t)e'St dt (4.11)

Application of the transformation to the convolution

integrals (4.1), (4.2), (4.7) and (4.8) yields (Christensen,

1971)
éij(s) = s Gy(s) éij(s) (4.12)
614 (8) = 5 6,(5) € (s) (4.13)
éij(s) = s J,(s) éij(s) (4.14)
Ex(8) = 5 T5(8) Ty (s) (4.15)

It follows from (4.12)-(4.15) that

1oz, (4.16)

- 2= -
Jy = (57Gy)
The solution in the time domain can be obtained using
the inverse transform of a function. This is given by
1 a+ie

£(t) = LI[f(s)] = = 7 E(s) eStas (4.17)
2mi  a-iw



56

The inverse Laplace transform of several common
functions can be obtained from a table of Laplace trans-
forms and a partial fraction expansion of %(s). An approxi-
mate numerical method to evaluate the inverse Laplace
transform is discussed by Miller and Guy (1966) and uses

an orthogonal polynomial series expansion.
4.1.3 Viscoelastic Boundary Value Problem

A viscoelastic boundary value problem is governed by
the following relations which have to be satisfied, gnd
which are similar to the elastic boundary value relations
(Christensen, 1971):

(I) Equilibrium equations
+ F. =0 i,j=1,2,3 (4.18)

g.. .
1]),) 1

where a comma denotes a differentiation and Fs is a body

force vector.

(I1) Constitutive eguations

(t-1) —L—— dr (4.19)

where
Gijkl ‘3‘[G (t) -G (t)]G dkl l(t) [Gik5j1+6il6jk]

(4.20)
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Using convolution notation (4.19) can be written as

= *
Oij Gijkl €x1 (4.21)
(III) Strain displacement relations
_ 1
€5 = Y(Ui,j+Uj,i) (4.22)
(IV) Prescribed boundary values
Gijnj = Si on Bo (4.23)
Ui = 4A; on Bu (4.24)

Bo is the part of the bounardy on which the tractions S;
are prescribed and By is that part on which the displace-
ments A; are prescribed. n; denotes the components of the

J
unit normal vector to the boundary.

4.2 Thermo-Hydro Viscoelastic Constitutive Equations

The constitutive laws discussed in the preceeding
section rest on the assumption that the entire body 1is
permanently maintained at a uniform temperature and mois-
ture content. Accordingly, the response functions GB(t)
and JB(t)’ as well as the material parameters are to be
regarding as having been determined at the relevant fixed

"base temperature'" and ''base moisture content' which are
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designated by T  and M;. Unfortunately, however, such

a treatment, which disregards the influence of temperature
and moisture upon the basic response characteristics of

the material, is remote from physical reality; for it is
well known that the rate processes of viscoelasticity are
highly sensitive to temperature changes. Such a temperature
dependence is schematically shown for relaxation function

in Figure 4.1 (Christensen, 1971).

4.2.1 Thermo-Hydro Rheologically Simple Materials and
Shift Factors

In general, an increase in temperature increases the
rate of creep, that is, the rate of change of the creep
function and relaxation modulus with time (Morland and
Lee 1960). There is a special class of viscoelastic
materials which exhibit approximately a particular simple
property with change of temperature. This is a transla-
tional shift - no change in shape - of the relaxation
modulus plotted against the logarithm of time at different
uniform temperature, which leads to an equivalence re-
lation between temperature and 1n t. It has also been
reported by many researchers that a change in the experi-
mental time scale in viscoelastic small deformation tests
at elevated temperatures is equivalent to some corresponding
temperature change. That is, data measured over a limited

time scale at a series of temperatures can be combined to
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Figure 4.1.

In t

Temperature Dependence of Relaxation
Function
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give a master curve which represents the behavior of the
material at some selected temperatures, but over an ex-
tended time scale. Use of thisconcept, to extend the time
scale of experimental data was first proposed by Leaderman
(1943). Such a material has been classified as '"thermo-
rheologically simple'" by Schwarzl and Staverman (1952),
who show that all the characteristic functions of the
material must obey the same property.

To relate time to temperature, a dimensionless time-

temperature shift factor, a is defined as (Hammerle, 1968)

T’

tr

T t, (4.25)

ty = time required to observe some phenomenon at
temperature T,

t = time required to observe the same phenomenon at
the reference temperature To'
For a biological moisture-sensitive material, an

increase in moisture content would yield similar results
and, hence, the time-moisture shift factor ay is defined
similar to time-temperature shift factor. Therefore,
following a temperature superposition, a corresponding
moisture content superpoistion can be made. In this manner
a material property which is both temperature and moisture
content dependent, can be reduced to simple time dependency

over a very long time period.
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Since the thermorheological nature of a material in-
dicates that an increase in temperature corresponds to an
increase in time, by the same reasoning in a "hydrorheolo-
gically simple material" an increase in moisture content
would correspond to an increase in either temperature or
time.

We now turn to the modifications arising in the
stress-strain law if the temperature and moisture fields
are variable with position and time. With a view toward
the analytical formulation of the time-temperature-mois-
ture equivalence hypothesis we focus our attention at first
to the effect of a uniform temperature and moisture change
and second to the case of nonconstant temperature and mois-

ture states.

4.2.2 Constant Temperature and Moisture States

The mathematical description of the temperature and
moisture dependence of thermo and hydrorheologically simple
materials will now be formulated for constant temperature
and moisture states. We designate the isotropic relaxa-
tion and creep functions at the base temperature T=To by

Ga(t) and Ja(t)’ T=To

where a=1,2 throughout. Based on the work of Muki and

Sternberg (1961), if ga(t,T) is the relaxation function at
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constant temperature T, then
8,(t:Tg) = G () (4.26)

We change the independent variable in Ga(t) such that

G (t) = L (gnt) (4.27)
[0 a

Since the material is assumed thermorheologically simple,
any viscoelastic property, here the relaxation modulus,

can be expressed as
ga(t,T) = L [ent + £(2)] (4.28)

where the "temperature shift function" f(T) obeys the

relations

df (T)

£(T) =0,
° aT

>0 (4.29)

f(T) is measured relative to some arbitrary temperature

To’ Since the rate of change is increased with increase of

temperature, the modulus curve will shift towards shorter

times with increase of temperature, as illustrated in
Figure 4.1. We introduce a change of variable in shift

function by setting
f(T) = gn aT(T) (4.30)

or in another way the ''temperature shift factor" aT(T) is
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ap(T) = exp [£(T)] (4.31)

Relation (4.29) now implies that

dar(T)
ar(T)=1 , ap(T)>0 , _—gEf_' > 0 (4.32)

The temperature shift factor is therefore a positive,
monotonically increasing function of T throughout the
range of validity of equation (4.28) (Muki and Sternberg,
1961).

Substituting equation (4.30) into (4.28), the relaxa-

tion modulus can be expressed as

ga(t,T) La[lnt + 2n aT(T)]

Lazn[t-aT(T)] (4.33)
Now, recalling (4.27), (4.33) is written as

g, (t,T) = 6 [t ap(T)] = G_(&) (4.34)
provided the '"reduced time' is defined by

£= tran(T) (4.35)

Thus, the relaxation function ga(t,T) at any temperature
can be obtained directly from the relaxation function

Gu(t) at base temperature T, by replacing t with £ from

(4.35) or once the temperature shift function f(T) 1is
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known for the temperature range considered. The tempera-
ture shift function £(T), and hence the temperature shift
factor aT(T), represents an inherent property of the visco-
elastic material. Christensen (1971) describes the experi-
mental technique for determining the shift functions and
hence, the shift factors. The viscoelastic mechanical
property when plotted versus the logarithm of time can be
superimposed to form a single curve merely by shifting the
various curves at different temperatures along the logarithm
of time axis. If the curves do coincide within experimental
error, the basic postulate of thermorheologically simple
material is verified. He further discusses that there are
no general inclusive guidelines that can be given to answer
the question as to winether a given material can be expected
to exhibit the thermo-rheologically simple type of be-
havior. The only safe and certain answer lies in experi-
mentally verifying or invalidating the shifting procedure
for every material of interest.

Based on temperature shift factor, an analogy is es-

tablished for the moisture shift factor, ay- It is also

defined as
ay(M) = exp[£(M)] (4.36)

where

f(M) = moisture shift function
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From the development of a time-temperature shift factor the

relaxation modulus can now be expressed by

Gy (t,T,M) = £[Gq(t), ap(T), ay(] (4.37)

where the concept of a time-moisture shift factor is in-
cluded. Equation (4.37) actually means that, by knowning
any material property (here relaxation modulus) at the base
temperature and moisture and also knowning temperature
and moisture shift factors, one can get the relaxation
modulus at any constant temperature and moisture content.

The thermo-hydrorheologically simple postulate is
also sometimes referred to as the time-temperature-mois-
ture superpostiion principle, or the method or reduced
variables.

Saxena (1972) experimentally verified that the soy-
bean grain is both thermo and hydrorheologically simple.
Herum, et al. (1973) found the temperature and moisture

shift factors as

2n aT(T) -.049(T-32.2) (4.38)

in aM(M) = 1.61-.63(M-16.5%) (4.39)

where base temperature and moisture content were assumed to
be 32.2°C and 16.5% (dry basis) respectively. His results

for the mean values of arg and ay are tabulated in Table 4.1.
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Table 4.1 Mean values of temperature and moisture shift
factors for soybean (Herum, et al., 1973).

Temperature Mean ap Moisture content (%d.b.) | Mean ay
s
21,1 88 1] 500
3212 1.0 16,5 1.0
43.3 .38 2153 .045
54.4 .14 30.2 .0017

Comparing equations (4.30) and (4.38) we see that for soy-

bean

£(T) = -an ag(D)

or

ap(T) = exp-[£(T)]

this would change the equation (4.33) to

g, (£,T) = L [ent - gn ap(m)] = Lann[%ﬁ)]

and relation (4.34) becomes

t
ga(t,T) = Gu[E;TT)] = Ga(i)
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where now
g= _t
aT(W)
The '"shifted time" (which relates the physical time and
shift factors) incorporting and summing the time-tempera-

ture and time-moisture shift factors (aT and aM) which

are superimposed can be written as (Rao, et al., 1975)

e= = (4.40)

Equations (4.37) and (4.40) enable us to pass from
equations (4.1) and (4.2), which hold at the base tempera-
ture and moisture to the corresponding relaxation integral
law applicable at any constant temperature and moisture.
This transition is evidently effected by replacing Ga(t’T)
in (4.1) and (4.2) with Ga(g-gﬁ, where ¢ is given by
g=§ and gE%. provided the body (in the absence of loads) is
considered to be in the unstrained state at the uniformtem-
perature T.

The preceeding section described the equivalence re-
lation for the body held at different uniform temperatures
and moistures, and this must now be extended to cover the

case of a general temperature and moisture fields (also
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dependent on space coordinates), T(r,t) and M(r,t).

First consider the temperature and moisture dependent only
on the space coordinates, T(r) and M(r), a steady state
temperature and moisture fields, then assuming that the
shift law applies to each particle independently, the re-
lation (4.35) holds for each particle with a pseudo-time
(reduced time) which depends on its position. The stress-
strain law again has previous form (Ga(t-T) replaced by

G (£-£') in equation (4.1) and (4.2) where now g=D). It
should be noted that okk(r,g) and similarly for gkk(r,g),
means the mapping of the function Gkk(r’t) from (r,t)
plane into the (r,%) plane, and not the same function with

z replacing t (Morland and Lee, 1960).
4.2.3 Nonconstant Temperature and Moisture States

It is of interest to extend the results just described
for dependence of mechanical properties upon constant tem-
perature and moisture states, to model material behavior
under nonconstant, nonuniform temperature and moisture
states. The reason for considering this extension would
be as an application in solving thermo-hydro-viscoelastic
boundary value problems. The effects to be studied here
are outside the scope of the first order linear theory,
and consequently, a coupled thermo-hydro-viscoelastic

theory which includes the nonconstant temperature and
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moisture dependence of mechanical properties is necessarily
nonlinear (Christensen, 1971).

Starting with the general nonlinear theory Morland
and Lee (1960) arrive at the stress-strain relations for
nonconstant temperature and moisture states with two basic
modifications. First to allow for the temperature and mois-
ture dependence of the response functions in the presence
of a time-dependent temperature and moisture distributions,
the definition (4.35) of the reduced time ¢ must be
generalized consistant with the assumed time-temperature-
moisture equivalence. Second, since constitutive law for
bulk response governs the dilatational response (or volume
change), it is necessary to incorporate the temperature
and moisture induced expansion. The generalized relaxation

constitutive equations are

t sess(r,t)
sGy(g-gty 217

= oo

Sij(x»t) ST dr (4.41)

t
o (T>t) = 76, (E-8") &= [egy (r,7) - 30aT(r, 1) -38aM(r, 1) 1d1

- 00

(4.42)

where
a = coefficient of thermal expansion, constant

B = coefficient of hydro expansion, constant

AT(r,1)

AM(r’T)

temperature deviation from the base temperature To

moisture deviation from the base moisture MO
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and according to Hammerle (1972)

o+

t
dt" dt"
el t) = /g T, eT L ay M, ] (4.43)
and
T dt" T dt"
' =
6 (r»‘l‘) éaTIT(r,tn)] + ,cf; aM[M(r,t"ﬂ (4-44)

Note that o and g were taken to be constant throughout this
study. For a thermo-hydrorheologically simple material (aT

and ay= constant), relation (4.43) reduces to

t t t
g(t) = =+ = = = (4.45)
ar ay a
where
a..a
T “M

Relation (4.45) is comparable to relation (4.40). Since
both t and g are involved in equations (4.41) and (4.42),
a reduced form for these stress-strain relations involving
only £ is obtained. Relation (4.43) may be inverted with

respect to t, so that

t = g(r,g) (4.46)

Also by (4.43) and (4.46), using only a temperature gradient,
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3E _ 1
5% - ap[T(r,87

at - (3gy-1
= =GP (4.47)

Suppose F(r,t) is any function of position and time.
Then, to avoid ambiguity, we shall consistently adopt the

notation
F(r,t) = F(r,g(r,z)) = F(r,&) (4.48)

Using (4.46), a different stress, strain, temperature, and

moisture functions are defined as

e33(T 1) = e55(r,8(r,8)) = e5;(r,8) (4.49)

035 (Tt) = 035 (r,8(r,6)) = 05;(r,8) (4.50)

T(r,t) = T(r,g(r,£)) = T(r,£) (4.51)
and

M(r,t) = M(r,g(r,g)) = M(r,z) (4.52)

Through the use of (4.49)-(4.52) and taking into account
the relations (4.5) and (4.6), (4.41) and (4.42) become

£ A '
Zg G(i’E')afiiég;E_)dg' (4.53)

§ij(r,g)

. £ R .
ok (Ts8) = 3£K(E'£')5%T[€kk(r,£')'3aAT(T,£')
-SBAﬁ(r,g')]dg' (4.54)
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where strain history before time zero was neglected for
simplicity. Relations (4.53) and (4.54) now involve con-
volution integrals, and because of this, it would seem that
the Laplace transform might conveniently be used to solve
boundary value problems involving thermo-hydrorheologically

simple materials. Performing the Laplace transforms we have

Sij(r,s) ZsG(s)eij(r,s) (4.55a)

;kk(r,s) = SSk(s)[gkk(r,s)-SQA%(r,s)-33Aﬂ(r,s)]

(4.55b)

or more simply
;ij = Zsééij (4.56a)
;kk - 3sk(ékk-3aAé-36A§) (4.56b)

In general, by incorporating the temperature and mois-

ture effects, constitutive equatoin (4.19) becomes

A

o e _13,\ 1 - 1 1
55 7 L6151 (6 fplen (21 -aaTy (£) -Bay (87148

(4.57)

which by using convolution notation, may be written as
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4.3 Finite Element Formulation in Thermo-Hydro Visco-
elasticity

Constitutive relations governing a viscoelastic boun-

dary value problem were presented in the previous sections.
These equations are essential for the analysis of the be-
havior of these materials under different loading con-
ditions.

A finite element method for solving thermo-hydro
loaded viscoelastic boundary value problems in now pre-
sented. Finite element methods have already been used by
several authors in solving these kind of problems. Thé
following derivations are similar to those by Taylor et
al., (1970), Heer and Chen (1969) and De Baerdemaeker

(1975).
4.3.1 A Variational Theorem

Let V be a functional defined as (Christensen, 1971)

1

- 1 x -
MY 2 ST S UM E B ST

* * -
ijk1 e8Ti5 % &g

Gs 4 % - % - %
ijk1 BAMij * ¢ Fi Ui]dV S (Si Ui)da (4.59)

1
k y

where it is assumed that the displacement boundary conditions
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are satisfied. V is the total volume of the solid. It
can be shown that the first variation vanishes when the
equilibrium equations and boundary conditions are satis-
fied. 1In other words, the solution of the boundary value
problem stated in (4.18), (4.19), (4.22) and (4.23) can
be obtained by finding the stationary value of the func-
tional V in (4.59). The finite element method can be
used as a numerical technique based on the minimization
of this functional. Note that in equation (4.59) AT and
AM are prescribed functions of time and place associated
with a solution of the simultaneous heat and mass diffusion

boundary value problem for the body.
4.3.2 Radially Symmetric Viscoelastic Solids

In this section the previous results are specialized
for a particular class of problems for isotropic solids.

Consider a solid sphere subjected to an arbitrary radially
symmetric temperature and moisture distribution. The

sphere is assumed to be istropic, continuous and homo-
genous, and let the origin be at the center of the sphere.
Because of symmetry, Figure 4.2, using spherical coordinates,
the displacements are

Ur = Ur(r,t) ; Uy = U¢ =0 (4.60)
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Stresses in Radially Symmetric Problems

Figure 4.2.
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The strains therefore, are

£ = EHE . € = HE = ¢ (4.61)
rr  3r ’ 68 T g9
Ere = €e¢ = eér =0 (4.62)
The dilatational strain 1is
e = (e +e  +e ) (4.63)
T g6 P9
The deviatoric strains are
e . = _-e=3% %;(;1) (4.64)
eee = e¢¢ = %1 %_(gﬁ) = -%err (4.65)

Again, because of symmetry there will be three non-
zero components of the stress tensor, the radial component

o and two tangential components o

IrY

56 and 0¢¢ such that

Oee = O¢¢ (4'66)
while

Gre =Oe¢ = O¢r =0 (4.67)

Now, decomposing the stress tensor into a uniform nor-
mal stress term (spherical or isotropic part) and a pure
shear term (deviatoric part), one finds the isotropic stress

is
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_ 1 1
o = 3(°rr+066+0¢¢) = g(orr+2066) (4.68)

The deviatoric components of the stresses are

_ _ 2 _
Srr = 0.." 0= F(Grr oee) (4.69)
S.. =5, = -1is (4.70)
66 Y 2°rr :
and
Sre = Se¢ = S¢r = 0 (4.71)

Combining (4.57) and (4.20) the constitutive equations are

£ 1 de

= } d , rr d
°rr T é[g(Gz Claem(Err*eee*®pg)* C1arm - G2z
(aAT+BAM) ]dg"’ (4.72)
or

_ 1 - % 1 - - *
Orr ~ 3[(62 G1)+3G1] Err+§(G2 Gl)*(see+€¢¢) GZ

aAT - G,*BAM (4.73)
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Equation (4.73) can be rewritten as

= 4 * _E * ~ _2 * - * -
Opp = (KegG)¥e  +(K-36)*c +(K-36)*e -3K*qaT

3K*BAM (4.74)

Similar expressions can be derived for the other stress com-

ponents S and Oy The expression for the functional

(4.59) becomes

- 1 * * - * * - * * -F*
Vv é[zAij £3*e;-3K*aAT e, - SK*BAM, *e; -F*U] AV

-/ (s*U)da (4.75)

B
g

where

i’j=1’2’3

Aij is a 3x3 symmetric array whose components are

>

Sy
11°A57Az3=K+3G

(4.76)
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4.3.3 Discretization of a Region

A. Nodal Displacements

The volume and surface integrals in (4.75) can be
expressed as a sum of integrals over a set of subregions

or elements

E E e
1 Ca *®)av- I Cxzgx v
Vv = g i e) (Ei Aij Ej)d =1 f(e)(si 3K aATi)d

=17 7
? e e % expe E
& - * -
L1/ (eS*3kxsaMpav- I, S ey US*ESYAV- Ty
v(e) v
e e
fB(eJ (U~*s%)da 4.77)
[e2

where the superscript e indicates the element and E is the
total number of elements in the body.

The displacement in each element are approximated
by algebraic polynomials relating them to displacements

of nodal points of that element (Zienkiewicz, 1971) or
{U®) = [N®1{U} (4.78)

An example of radially symmetric element is given
in Figure 4.3, where each line element represents a con-
centric shell. The shape functions for the one dimensional
element, written in terms of the radial coordinate r are
(Segerlind, 1976)

o R ) r-ri
N, = al;- N, = —= (4.79)
i rj Ty 2 j rj T;
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The strain vector is obtained by appropriate space

differentiation of (4.78)

qu aN._ 1 1.

ST T T L

N. N. U. N. N. | {U.

ey =| = I 2 I M 3¢ j{u}

T T Uj r T Uj

N. N. N. N.

ot _J 2 J

-T r J -T r 4

(4.80)

where L=rj—ri is the length between nodes i and j of the
line element. The evaluation of the [é] matrix is no
longer a simple procedure since [é] matrix contains terms
that are functions of the coordinate r. One procedure to
evaluate the [é] matrix is by using the r values at the
center of the element.

Also note that in (4.77) terms AT and AM are

]
l
I

AT = [T(r,t)-T(r,0)] [T(r,t)-T,] {6}

and (4.81)

AM

[M(r,t) ’M(T,O)]

M(r,t)-M,] = {m)
So {6} and {m} are prescribed functions of place and time
associated with a solution of the simultaneous heat and
mass diffusion boundary value problem for the body, which
are already obtained from Chapter 3. Recalling (3.17) and

(3.18), we may write
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e, _
{6%)= N;0; + N.o.

(S
505 = IN°1(0)

(4.82)

(m%y= N;mg + N.m.

53 [N®T{m}

where the matrix of shape functions [N®], relates tempera-

tures and moistures in the element to the nodal temperature

and moisture values.

Substitution of (4.78), (4.80), (4.81) and (4.82) into
(4.77) and the use of matrix notation instead of indicial

notation and also taking (3! = [111] , yields

- - E -
7 rauy BI AT #[B1 (U AV = ()BT
A%

=1 e=1 v

E -
3K*a{ 1) [N]{6))aV - = F({uy T B T*3K*g {1} [N]{m})dV
e= v

E
sy T Tsrpav - 0 5 (T Ny TE{s))da
v e=1 B0

1
o ™M m

=1
(4.83)

where the element superscripts are deleted for simplicity.
The order of integration can be changed. The integration

over space is performed first, then the convolution. Hence,
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K[B] {I}[N]{0O}dV] - ¢ {U} *[3gsK[B] {I}[N]{m}dV]
e= A

1
(4.84)

where the last two integerals were dropped since it 1is
our assumption that the body is only under thermal and
hydro loads and there are no body and external forces

involved. This functional can be written in a simpler

form as
Vo= Z{U}TR[K]E(UY - (U)TRR) (4.85)

where the stiffness matrix [K], is

7 8817 [A] [B®)aV (4.86)
A\

and the force vector is

E E “e T R
{R} =1 {r®} =1 (3as _K[B) {I}[N®]{O}aV + 3g
e=1 e=s1 V
7 k[B®1TLI}[N®] {m}av) (4.87)
\4

It should be noted that the displacement vector {U} now

contains all the nodal displacements of a region and {R}
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is the vector of the nodal thermo and hydro forces.
Taking the first variation of (4.85) and setting

it equal to zero yields

5V = S{U}TH[K]*{U} - s{U}T*{R} = 0

or

[K]*{U} - {R} =0 (4.88)

Equation (4.88) is very similar to the finite element
equations of elasticity. However, the explicit form of

(4.88) contains a time integral"

t

S [K(g-g")]d{U(t)} = {R(t)} (4.89)

=0
where, K 1s an assemblage of element stiffness relaxation
functions for the body, and R is an assemblage of thermo-
hydro loads. The solution of equation (4.89) yields the
nodal point displacements. The strains and stresses can
then be computed from equations (4.61) and (4.74).

The integral equations in (4.89) can be solved numeri-
cally by the use of time increments (Gupta and Heer, 1974).
Rewriting the integral in (4.89) as a summation over time

steps, results in

™3

[K(E,-€ ){8U(t)} = {R(t)) (4.90)
=1

=)
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where {AU(tm)} is a vector of displacement increments from
time t to toe1> approximated as a displacement at the
beginning of the time increment.

The last displacement increment can now be found from
the previous displacement increments and a possible initial
step displacement {UO} at time t=0. This is done by re-

arranging the terms in the summation in (4.90)

n-1

[K(g -gn) 1{aUCt )} = {(R(t D} - ¢ [K(E -8 )1{aU(t )}
m=1

-[K(E ) 1{U,} (4.91)

Therefore the equation for the first few time steps are

[K(0)1{Ug} = {R(ty)}
[K(0)1{aU(t])} = {R(t;)} - [K(E)I{U,} (4.92)

[K(0)1{aU(t,)} = (R(t,)} - [K(£)1{aUCt))} - [K(£,)1{U,)

A disadvantage of this method is that the number of
terms on the right-hand side in (4.92) increases with an
increasing number of time steps. If the stiffness matrix
for each time interval is stored, an enormous amount of
computer storage space is required. An alternate method
is to rebuild these stiffness matrices each time they are

used. This procedure, however, rapidly increases the
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required computer time, and, therefore, the cost. The
latter method was used in the computer programs written

for the study of stresses in viscoelastic materials with
constnat temperature (De Baerdemaeker, 1975). The same
method with some modification in the computer program to
incorporate the temperature and moisture effects on the
force vector R, was used in this study. Another approach
is the use of logarithmic time increments which can be
organized such that only one stiffness matrix has to be
stored at each moment (Gupta, 1974). Using Zak's method,
White (1968) arrived at a relation where only the immediate
past two solutions were required to be saved to account

for memory effect. More simplifications could be made in
the case of exponential series representation of relaxation

functions (Taylor et al., 1970; Heer and Chen, 1969).

B. Element Stresses

In order to derive the stresses in each element, first

by combining (4.74), (4.76), and (4.81), we may write

(6%} = [A]*{e®} - 3K*{a®6%} - 3K*{gm®) (4.93)

Substitution of (4.8Q) yields

{6} = [AI*[B®1{U®} - 3K*{a0®} - 3K*{gm°}
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or

(6%} = [AT[B®1*%{U®} - 3K*{06%} - 3K*{gm®} (4.94)

Writing (4.94) as a convolution integral and dropping the

superscript notation gives

t i t
{o(t)} = s[ACE-E')][B]A{U(T)} - 3asK(E-&'){6(1)}
(o)

o

t
-3 sK(g-€"){m(1)} (4.95)
o
Replaceing the integral by a summation over discrete time

steps yields the stress as a function of the temperature,

moisture and displacement increments

- n -
(ot )} = [ACE)TIBI(U} + £ [ACE_-£)B]{(aU(t,)}

m=1
n n
30z [K(E-g)KB(t )} - 38 T [K(E -g )1{m(t,)}
m=1 m=1

(4.96)

Note that the calculation performed in (4.96) has to be re-
peated for each element. Maximum shear stress for every

element at every time step was also calculated from the

relation

tnax, (F>8) = 710 (1,8) = o4 (r,0)| (4.97)






5. RESULTS AND DISCUSSION

Finite element formulation as it applies to the
solution of thermo-hydro viscoelastic boundary value pro-
blems was presented in the previous chapter. De Baerde-
maeker (1975) modified an existing finite element program
for two-dimensional elasticity to accomodate the uniform
temperature and moisture viscoelastic problems related to
the loading of apples. The modification included a change
to axially symmetric triangular elements, allocation of
computer storage for the displacement increments calculated
during each time step and the recalculation of the force
vector on the right hand side of the equation (4.92) after
each time step.

For stress analysis of soybean, however, due to some
existing difficulties and exceptions, the above mentioned
computer progrom had to be modified to accomodate the
special case of the soybean model. These difficulties and
exceptions were: (1) even though soybean is reported to
behave viscoelastically (Saxena, 1972), due to lack of in-
formation on most of its material properties such as visco-
elastic shear and bulk modulus as they vary with time, the
computer program reduces to the one for elastic stress
analysis. (2) from the reuslts of chapter 3, since the

distribution of moisture and temperature was assumed radially
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symmetric with respect to the geometrical center of the
soybean model, every radius which extends from origin to the
surface is representative of the whole two-dimensional

model and so the formulation reduced to the one-dimen-
sional case and this was also incorporated in the com-

puter program. (3) the existing program was also modified
to accomodate the effect of varying temperature and mois-
ture on the nodal displacements, resulting force vector and
the final outcome of the stresses.

The resulting computer program that was used to
analyze the stresses in the soybean model (STRESS) as well
as the program to determine the moisture and temperature
distributions (SIMHMTR) are listed in Appendix A. The
program STRESS has the option of having different material
properties for the skin than the kernel itself. The
stresses were simulated only for the first four hours of
drying since it has been reported by several researchers
such as Misra (1977) that most of the cracking occurs during
the first few hours of drying. The kernel was assumed to
have no initial stress and free expansion and contraction
(skrinkage) of the kernel was allowed. Therefore all
stresses within the kernel were due only to the temperature
and moisture gradients occuring within the kernel.

The values of the material properties of the soybean

which were used in analyzing the stresses are tabulated in

Table 5.1.






90

Table 5.1 Rheological properties of the soybean
used in stress analysis

Material Property Value Dimension
Poisson's Ratio (u) .4 -
Elastic Modulus (E) 100 MPa
Skin Elastic Modulus (ES) 800 MPa
Elastic Bulk Modulus (K) 166.7 MPa
Elastic Shear Modulus (G) 35.7 MPa

5.1 Discussion on the Failure Criteria

Because of thc unknown nature of cracking process and
the small size and cellular structure of the soybean kernel,
the conditions under which cracking occurs were studied
rather than the mechanics of the cracking itself. Failure
is characterized by exceeding a critical state of stress and
since the stresses for the soybean model are available, it
is necessary to apply the knowledge of the entire stress
distribution to prevent the critical state of stress at
which failure will occur. Basically there are four types
of failure as determined from: normal stresses, shear
stresses, energies, and normal strains (Dal Fabbro, 1979)
which may exist for uniaxial, biaxial, or triaxial states

of stress or strain.
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It is reported by Miles and Rehkugler (1973) that
shear stress is the most significant failure parameter
for apples. Fridley et al. (1968)in conducting compression
tests on peaches and pears, found that bruises occured in
the area of maximum shear stress. Rao et al. (1975) re-
ported that, although the numerical values of radial and
tangential stresses will be greater than the shear stresses,
the shear stress failure theory is probably suitable for
many biological materials. In the latest study on failure
of soybeans, Misra (1977) also assumed the maximum shear
stress to be the criteria for failure.

Drying is a very different phenomenon than bruising,
and grain materials may fail in tension. Studying the
failure in a viscoelastic slab subjected to temperature
and moisture gradients, Hammerle (1972) reported.ithat
since no shear exists it seemed reasonable to apply a
tensile failure criterion instead of a shear criteria.
Misra (1977) also reported that most stress cracking is
expected at the surface of the soybean where tangential
stress is twice that of the maximum shear stress if the
soybean is a perfect sphere. Perry (1959) noted in
examining the navy beans that the cracks '"seemed to radiate
from the hilum" creating a common check pattern. He further
observed that under end loading conditions of the beans, the
two cotyledones tended to separate, subjecting the :seed

coat to a tensile stress. Ultimately this led to failure
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of the coat in the form of cracking. Because of greater
strength of the seed coat in the hilar region of the beans,
the cracks tended to turn away from this region, producing
the various check patterns often observed on damaged beans.
Doing compression tests on soybeans, Saxena (1972) re-
ported that the orientation of cracks depends on the test
position of kernels. Soybeans in their most stable position
(long axis horizontal and hilum on the side) did not split
into two cotyledons, but the crack started from the sur-
face at the hilum and oriented perpendicularly to the
pre-existing failure plane of the specimen.

From the works of Hammerle (1972), Perry (1959),
Saxena (1972), Misra (1977), and the results of this study
(which will be discussed in the next section) it was con-
cluded that, in the drying processes, tensile stress is the
most significant factor to be studied in relation to the
failure of grain materials. In this study, tangential
stress was assumed to be the criteria for failure during
drying of the soybean kernel. Principal stresses for this

problem can easily be shown to be

op = c¢¢(r,t) = cf(t)
orr = ose(r,t) = °¢¢(r’t) = og(t) (5.1)

o111 = Irr (15 1)
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where of(t) is the time dependent failure stress.

Because of the temperature and moisture loading con-
ditions, the effects of the time-temperature and time-
moisture shift factors must be included modifying equation

(5.1) to

o¢¢(r,t,T,M) = Uf(r:t,aT(T)aaM(M)) (5.2)

5.2 Analysis of the Results

Simulated maximum shear stresses at different radii in-
side the kernel and at the skin are plotted in Figures 5.1
and 5.2, for the first 4 hours of drying. As we see in
Figure 5.1, maximum shear stress is always zero at the
center of the kernel and increases as we approach the sur-
face. 1In comparing Figures 5.1 and 5.2, a sudden jump in
the magnitude of the maximum shear stress at the surface is
very noticable. This is due to stiffer properties at the
skin in compare to the rest of the kernel. At all different
radii, maximum shear stress reaches a peak value in about an
hour and then decays slowly. With the elastic solid assump-
tion, the dried soybean will always have some stress, as was
discussed by Misra (1977). With the viscoelastic assumption,
the stresses reach a maximum and then relax slowly, approaching
stress free conditions after a long period of time. This

type of behavior is typical for a Maxwell model. The



94

0.10

A=RADIUS OF SOYBEAN

0] R=A/4
O R=A/2
A R=3A/4

|

0.08

0.06

1

SHERAR STRESS (MPR)
0.04

MAX .
0.02

o0

A 00 40.00 80.00 102.0 160.00
TIME (SECONDS) =10

Figure 5.1. Simulated Maximum Shear Stress at Different
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maximum shear stress in the skin element reached its peak
value of 1.06 MPa in one hour.

The simulated radial and tangential stresses along
the radius at the time the tangential stress reaches its
maximum are plotted in Figure 5.3. The radius of the
soybean was divided into 16 elements and all the stresses
were evaluated at the center of the elements. It is clear
from the figure that radial stress was negative or com-
pressive all along the radius. It reached a maximum at
about the mid-radius and approached zero at the skin element.
Tangential stress on the other hand, was compressive in the
first thirteen interior elements and became tensile be-
tween elements 13 and 14 and then experienced a sudden jump
at the most outer element. It reached its peak value of
2.056 MPa at the skin element. The change of tangential
stress from compressive stress to tensile stress indicates
that the 3 outer layers were shrinking faster than the 13
inner layers as expected. The same trend of variation in
radial and tangential stresses along the radius of soybean
has also been reported by Misra (1977).

Since it was assumed that failure is due to tensile
stresses and tangential stress is the only tensile stress

which occured in the 3 outer layers of the soybean model,

so it became necessary to monitor the variation of the tan-
gential stress as a criteria for failure. Figure 5.4 shows
the variation of the simulated tangential stress with time

for the skin element where the big jump takes place in the
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value of P The shape of the curve is very similar to
the one for maximum shear stress. Tangential stress is
reaching its peak value of 2.056 MPa is one hour and

then decays slowly. Again with the viscoelastic assumption,
this stress should approach zero after a long period of
time in order to make the dried soybean to reach a

stress free condition. However, due to a lack of visco-
elastic material properties, existing elastic propcrties
were used and the solution actually reduced to an elastic
one and, therefore, it is expected that the dried soybean
will always have some stress.

Drying air temperature, relative humidity of the
surrounding air and the equilibrium moisture content of
the soybean used in the simulation of the stresses which
are plotted in Figures 5.1 through 5.4 were 35°C, 65%

(dry basis) and 11% (dry basis) respectively.

The effect of different drying conditions on simulated
tangential stress at the surface was also studied and is
shown in Figure 5.5. Two observations about the effect of
increase in drying air temperature can be made from the
model results. First the magnitude of peak tangential
stress and the maximum temperature and moisture differnetials
across the kernel are both directly proportional to the
step increases in temperature. Second, the time to reach
the peak tangential stress value is independent of the
change in temperature. Gustafson et al. (1977) observed
similar effects of temperature in studying the stresses in

the corn kernel. It can be observed in Figure 5.5 that
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as Affected by Drying Temperature



101

the slope of the tangential stress curve increases with an
increase in temperature. Based on his experimental results,
Misra (1977) related this increase in the slope of the
stress curve to the higher percentage of cracked soybeans.
That is, there was less cracking at lower temperatures.

Soybeans fail (crack) if stresses due to thermal and
hydro loading exceed the ultimate strength of the kernel.
Even though the ultimate strength of the soybean is not
available, for a given value of this property, it is
apparent from Figure 5.5 that for higher drying temperatures
the material will fail in shorter periods of time, if it

fails in tension.



6. SUMMARY AND CONCLUSIONS

A numerical technique for the analysis of the stress
crack formation in the soybean kernel resulting from tem-
perature and moisture gradients during the drying process
was developed by using finite element method. This tech-
nique first solves the simultaneous moisture and heat
diffusion equations for the soybean model to obtain the
distribution and gradients of moisture and temperature
developed inside the kernel during the drying process.
Then, the temperature and moisture gradients are used in
a thermo-hydro viscoelastic finite element analysis to
simulate the stresses in soybeans under thermo-hydro 1loads.

The following conclusions can be drawn from this

study:

(1) The simulated drying curve agrees closely with
the experimental results in the literature.

(2) Mass average temperature of the kernel reaches
equilibrium in about one hour and then stays con-
stant for the rest of the drying period.

(3) External layers reach the equilibrium moisture con-
tent much faster than the internal layers.

(4) Within the assumed model, the distribution of
temperature and moisture are symmetric with respect

to the center.
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(5) The maximum shear stress is always zero at the
center and reaches its peak value of 1.06 MPa at
the surface in one hour.

(6) Tangential stress reaches its peak value of 2.056
MPa at the surface in one hour and then decays
slowly.

(7) Radial stress is negative or compressive through-
out the kernel and approaches zero at the surface
after reaching its maximum value at about mid-
radius.

(8) Tangential stress changes from compressive to
tensile stress as it approaches the surface which
means the outer layers are shrinking faster than
the inner layers.

(9) The magnitude of peak tangential stress and the
maximum temperature and moisture differentials
across the kernel are directly proportional to
the step increases in temperature.

(10) The time to reach the peak tangential stress value
is independent of the change in temperature.

(11) For a given ultimate strength of the soybean, the
material will fail in shorter periods of time for

higher drying temperature if it fails in tension.






7. SUGGESTIONS FOR FUTURE RESEARCH

A specific recommendation for crack free drying ca
not be made from the results of this study. This was
primarily dué the lack of information on most of the
material properties of the soybean kernel. In general
this dissertation was able to introduce a new concept
for attacking the stress cracking problem in grain dryi
This study formulated the development of temperature an
moisture gradients and the state of stress arising from
them. With the required material properties in hand, s
specific temperature and relative humidity guidelines
could have been developed for crack free drying. This
research has built a sound theoretical basis for such a
study. Some of the important areas and material para-
meters related to stress cracking of the soybean which
be investigated are as follows:

(1) The dependence of parameters such as ¢, p, K' and
on temperature and moisture content was discussed
chapter two. In the drying process, any specific

corresponds to some specific levels of moisture co

n
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tent and temperature inside the kernel. For a finite

element analysis of coupled heat and mass diffusion,

the values of these parameters are needed at some

specific increments of time. Therefore these
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parameters should be represented either as functions

of local temperature and moisture content or time.
Amoung these parameters, the diffusion coefficient (D)
needs additional study because this investigation showed
that D is the most dominant factor in the diffusion
process.

(2) Additional study is needed to determine whether a
significant amount of moisture diffuses through the
hilum region of the seed coat. This will help to im-
prove the model and may eventually result in a nonsym-
metric distribution of moisture within the kernel.

(3) Due to lack of information on viscoelastic properties
of soybean, stress solutions were reduced to the one
for elastic analysis. Two specific properties of
soybean that are needed to obtain viscoelastic solutions

are viscoelastic shear and bulk moduli.
Similar to the well-known relationships between

the various moduli for isotropic elastic materials,
there exist corresponding relationships between the
various moduli for isotropic linear viscoelastic
materials. That is to say, if any two of the seven
characteristic functions of isotropic materials (Heer
and Chen, 1969) are known from experiment, the others
can be determined analytically. The interrelationships
among four primary mechanical properties, bulk modulus
(K), extension or tensile modulus (E), shear modulus

(G) and Poisson's ratio (u) are given by (Muki and
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Sternberg, 1961)

_ 9G()K(t . E(Y)
(0 - spegeech 0 KO 7 srmte

_ 3K(t)-26(t _ Bt
u(t) = 2[3K)(t)+(g(2c)] » 6(8) = o) %]

Note that in the above relations, if the value for the
required property is desired at a specific time, the
two properties used in the calculation must be the
values at that specified time.

Due to temperature and moisture content dependency
of these viscoelastic properties, time-temperature and
time-moisture shift factors, ag and ay, are needed to
relate the behavior of these properties over the range
of temperatures and moisture contents which would be
encountered during the drying process. This is re-
presented by master curves for different viscoelastic
properties and its concept was discussed in chapter
four.

For soybean, the parameters ar and ay are avail-
able (Herum, et al. 1973 ) but no attempt has been
made for the determination of the four primary pro-
perties (E, u, G and K). Saxena (1972) determined a
"modified uniaxial compression modulus'" (compressive
force divided by constant deformation, kg/cm) for
soybeans and presented the master curve for this

"property'", which has no use in this study.
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It is clear that experimental determination of
any two of the four primary properties is very essential
for a successful study of this kind. With required
properties in hand, their master curves could be
obtained by using ar and ay- From these curves, spec-
ific values of the viscoelastic shear and bulk moduli
corresponding to specific time increments could be cal-
culated and used in the finite element analysis and
the computer program STRESS to give the resulting state
of stress.

(4) Because of a different cellular structure, soybean skin
has different material properties than the cotyledons.
The soybean model and the computer programs SIMHMTR
and STRESS used in this study have the option of in-
corporating this factor, but again due to lack of
information on the properties of skin, the same mate-
rial properties were used as for cotyledons. More
research is needed to evaluate the material para-
meters for the skin and this will help to improve the
soybean model.

(5) Determination of the ultimate tensile strength of the
seed coat is another subject for further research.
Using elastic thin ring theory Hoki (1973) calculated
the ultimate tensile strength of the navy bean's seed
coat. The same method is applicable to soybeans, if

the viscoelastic behavior of the skin is considered.
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The effect of initial moisture content, air flow rate
and the relative humidity of the drying air on the
drying process and the formation of cracks must be
studied and incorporated in the model. Two recent
studies by Ting et al. (1978) and White et al. (1978)
indicated that drying damage is highly dependent on

initial moisture content, relative humidity and air

flow rate.
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