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ABSTRACT
THEORY OF SPLINE REGRESSION WITH APPLICATIONS TO TIME
SERIES, LONGITUDINAL, AND CATEGORICAL DATA, AND DATA
WITH JUMPS
By

Shujie Ma

Modern technological advances have led to the explosion in the collection of complex data
such as functional/longitudinal, nonlinear time series, and mixed data, and data with jumps.
In recent years, there has been a growing interest in developing statistical tools to analyze
these data primarily due to the fact that traditional parametric methods are unrealistic in
applications. Non- and semi- parametric methods as alternatives have been widely recognized
as powerful tools for complex data analysis, which relax the usual assumptions of parametric
methods and enable us to explore the data more flexibly so as to uncover data structure that
might otherwise be missed.

This dissertation develops statistical theories and methods in spline regression for those
complex data mentioned before, with applications to medical science, finance and economics.

In Chapter 2, procedures to detect jumps in the regression function via constant and
linear splines are proposed based on the maximal differences of the spline estimators among
neighboring knots. Simulation experiments corroborate with the asymptotic theory, while
the computing is extremely fast. The detecting-procedure is illustrated in analyzing the
thickness of pennies data set.

In Chapter 3, asymptotically simultaneous confidence bands are obtained for the mean
function of the functional regression model, using piecewise constant spline estimation. Sim-

ulation experiments corroborate the asymptotic theory. The confidence band procedure is



illustrated by analyzing CD4 cell counts of HIV infected patients.

A spline-backfitted kernel smoothing method is proposed in Chapter 4 for partially linear
additive autoregression model. Under assumptions of stationarity and geometric mixing,
the proposed function and parameter estimators are oracally efficient and fast to compute.
Simulation experiments confirm the asymptotic results. Application to the Boston housing
data serves as a practical illustration of the method.

Chapter 5 considers the problem of estimating a relationship nonparametrically using
regression splines when there exist both continuous and categorical predictors. The resulting
estimator possesses substantially better finite-sample performance than either its frequency-
based peer or cross-validated local linear kernel regression or even additive regression splines
(when additivity does not hold). Theoretical underpinnings are provided and Monte Carlo

simulations are undertaken to assess finite-sample behavior.
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Chapter 1

Introduction

1.1 Nonparametric Regression

Regression analysis is one of the most widely used tools in data analysis. Regression anal-
ysis models and analyzes the relationship between a dependent variable Y and a vector
of independent variables X. Most commonly, regression analysis estimates the conditional
expectation of the dependent variable given the independent variables. Classic parametric
models, although their properties are very well established, need restrictive assumptions,
which have encountered various limitations in applications. Mis-specification in parametric
models could lead to large bias. Nonparametric modelling as an alternative reduces modeling

bias by imposing no specific model structure and enables people to explore the data more

flexibly.

We begin by considering the nonparametric regression model



where the error term e contributes a roughness to the raw data, and functional form m (-) is

unknown and satisfies m (x) = E (Y |X = x).

In many cases, the unknown function m (-) is a smooth function, then we can estimate
it nonparametrically by such methods as kernel and spline smoothing. For example, Figure
(1.1) shows a nonparametric smoothing curve fitted by quadratic polynomial spline as well
as the data points for a fossil data. The data contains ratios of strontium isotopes found in

fossil shells millions of years ago, which can reflect global climate.

In other cases, however, the unknown function m (-) is not smooth. Ignoring possible
jumps in the regression function m () may result in a serious error in drawing inference
about the process under study. In Chapter 2, we propose procedures to detect jumps in the
regression function m (-) via constant and linear spline estimation methods in a random-
design nonparametric regression model for i.i.d. case. The detecting procedure is illustrated

by simulation experiments and by analyzing a thickness of pennies data set.

In Chapter 3, we consider a sparse functional data case which has the form {Xz' i Y; j}’
1 <i<mn1<j<N;, in which N; observations are taken for the z'th subject, with Xz'j
and Yz’j the jth predictor and response variables, respectively, for the ith subject, and IV;’s
are i.i.d. copies of an integer valued positive random variable. Asymptotically simultaneous
confidence bands are obtained for the mean function m (-) of the functional regression model,
using piecewise constant spline estimation. For illustration, Figure (1.2) shows a confidence

band and confidence interval at 95% confidence level, and the estimated function by piecewise

constant spline for a spinal bone mineral density data set.
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Figure 1.1: Spline estimate plot for the regression function of the fossil data

Note: the quadratic spline estimator (solid line) and the data points (circle) for ratios of
strontium isotopes over time. For interpretation of the references to color in this and all
other figures, the reader is referred to the electronic version of this dissertation.
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Figure 1.2: Confidence band plot for spinal bone mineral density

Note: the constant spline estimator (middle curve), the confidence band (solid line) and
the confidence interval (thin line) at confidence level 95% for spinal bone mineral density
over age.



1.2 Partially Linear Additive Models

Nonparametric modeling imposes no specific model structure and enables one to explore
the data more flexibly, but it does not perform well when the dimension of the covariates
is high, and the variances of the resulting estimates tend to be unacceptably large due
to the sparseness of data, which is the so-called ”curse of dimensionality”. To overcome
these difficulties, many different semi-parametric models have been proposed and developed,
among which partially linear additive model is becoming very popular in data analysis, which

are important multivariate semiparametric models by allowing linearity in some variables.

A partially linear additive model (PLAM) is given as

d d
Y =m (X, Tp) + 0 (X, Tj) gom(xt) = oo + 3, L e+ 2 ma(wa)  (1:2)

n n
in which the sequence {Y%,XZT,TZT}_ 1= {Y%’Xil’ "'7Xz'd27Tz'17 . 'Tidl}- % The func-
1=

1=
tions m and o are the mean and standard deviation of the response Y; conditional on the

predictor vector {X;,T;}, and ¢; is a white noise conditional on {X;, T;}.

From equation (1.2) we observe that a PLAM consists of a linear part and a nonpara-
metric additive part, which retains the merits of both additive and linear models, see Stone
(1985) and Hastie and Tibshirani (1990) for additive models. It is much more flexible than
parametric models, since it eschews many assumptions, such as finitely many unknown pa-
rameters imposed on the model and presumed distribution structure set on the data, and
meanwhile it is more interpretable than nonparametric regression surfaces. It avoids the
so-called "curse of dimensionality” for high dimensional models, since the unknown func-

tions are one-dimensional. Moreover, PLAMs are more parsimonious and flexible and easier



interpretable than purely additive model by allowing a subset of the independent variables
to be discrete, while additive models only admit continuous predictors, as well as allowing
the intersection terms among the elements of the additive part to enter as the linear part of

the model.

In Chapter 4, we extend the ”spline-backfitted kernel smoothing” (SBK) of Wang and
Yang (2007) to partially linear additive autoregression models. It establishes the uniform
oracle efficiency of the estimators by "reducing bias via undersmoothing (step one) and
averaging out the variance (step two)” via the joint asymptotic properties of kernel and
spline functions. The proposed SBK estimators satisfy (i) computationally expedient; (ii)

theoretically reliable; and (iii) intuitively appealing.

1.3 Polynomial Splines

Polynomial splines have been widely accepted as an appealing and effective tool for non-
parametric regression estimation because of its great flexibility, fast computation, simple
implementation and explicit expression, and they have been applied to a wide range of sta-
tistical problems such as hazard regressions, derivative estimation, semi-parametric models,
longitudinal, functional and high dimensional data analysis, jump detection, etc. In this

section, I will introduce polynomial spline functions.

Without loss of generality, we take the range of X a univariate predictor to be [0, 1]. To
introduce the spline functions, divide the finite interval [0, 1] into (N + 1) equal subintervals
XJ = [tj,tj+1), J=0,...,N—-1, xy = [tN, 1}. A sequence of equally-spaced points

6



{t J}yzb called interior knots, are given as
t020<t1<'-'<tN<1:tN_|_1, tJ:Jh, J=0,....N+1,

in which h = 1/ (N + 1) is the distance between neighboring knots. We denote by G (r=2) =
G —2) [0, 1] the space of functions that are polynomials of degree p — 1 on each x j and has
continuous (p — 2)-th derivative. For example, G(_l) denotes the space of functions that
are constant on each y y, and G(O) denotes the space of functions that are linear on each

X,y and continuous on [0, 1].

Denote by ||¢||o the theoretical L? norm of a function ¢ on 0, 1], Hng% =k {¢2 (X)} =
1.2 _ 2 2 n—ls™n 2 (y.
Jo 9% (x) f (x) do = fO ¢* (z) dz, and the empirical L norm as Hgb||2 n= S (X;)-

Corresponding inner products are defined by

/fb dx—/ 6 (2) ¢ (x)dx = B {6 (X) ¢ (X)},

(D, 0)y, = n1 Z?ilzl ) (Xz> © (Xi)’ for any L2-integrable functions ¢, ¢ on [0, 1]. Clearly
E{¢,0)y, = (&,9). We now introduce the B-spline basis {bJ,l (), 1=-p<J< N} of
G (p _2), the space of splines of order p, for theoretical analysis. The B-spline basis of G <_1>,
the space of piecewise constant splines, are indicator functions of intervals x y, b J1 (x) =
Ij(x) = IXJ (x), 0 < J < N. The B-spline basis of G(0>, the space of piecewise linear

' N
splines, are {bJ,Z (x)}J:—l

bro(x) =K TTUALY << N for K (u) = (1 — Ju])
, h ) = = ) —+

7



In Chapters 2, 3, and 4, polynomial spline techniques are applied in different circum-

stances.

1.4 Tensor Product Splines

In section 1.3, we introduced spline smoothing and B-spline functions for univariate variables.
In this section, we generalize B-spline to functions of multivariate variables by the tensor

product construction.

Let X = (X 1r--- ,Xq)T be a g-dimensional vector of continuous predictors. Assume for
1 <1 < g, each X is distributed on a compact interval [al, bl] , and without loss of generality,
we take all intervals [al, bl} =1[0,1]. Let G} = Gl(ml_z) be the space of polynomial splines
of order m; and pre-select an integer Ny = N, ;. Divide [0,1] into (N; 4 1) subintervals

n,
Ly = |thaty1d)s S =0 Ny =1 Iy g = [ty 401, where {tJljl}]};l:l is a

sequence of equally-spaced points, called interior knots, given as

Lmy—1)0 = =l = O<tyg<-<ing<l=tn410=""=INpmyl

in which tJl’l = Jihy, Jp = 0,1... N+ 1, hy =1/ (Nl+1) is the distance between
neighboring knots. Then G} consists of functions @ satisfying (i) @ is a polynomial of
degree m; — 1 on each of the subintervals [‘]lﬂl’ Jy=0,...,Ny; (ii) for my > 2, @wis m; — 2
times continuously differentiable on [0, 1]. Let K; = Ky, | = Nj+my, where Np is the number
of interior knots and my is the spline order, By (a:l) = {B‘]l’l (:pl) 1l—m;y < J < NZ}T be
a basis system of the space ;. We define the space of tensor-product polynomial splines by

8



g = ®§]:1Gl. It is clear that G is a linear space of dimension Ky = H?:l K. Then
=B (21)®---®Bg (zq) (1.3)

is a basis system of the space G, where x = (xl)lq:

1
In Chapter 5, tensor product splines and categorical kernel functions which will be in-

troduced in this chapter are applied to study nonparametric regression with multivariate

continuous and categorical variables.



Chapter 2

A Jump-detecting Procedure based

on Polynomial Spline Estimation

2.1 Introduction

This chapter is based on Ma and Yang (2011a). In application of regression methods, ignoring
possible jump points may result in a serious error in drawing inference about the process
under study. Whenever there is no appropriate parametric method available, one may start
from nonparametric regression. Two popular nonparametric techniques are kernel and spline
smoothing. For properties of kernel estimators in the absence of jump points, see Mack and
Silverman (1982), Fan and Gijbels (1996), Xia (1998) and Claeskens and Van Keilegom
(2003), and for spline estimators, see Zhou, Shen and Wolfe (1998), Huang (2003) and Wang

and Yang (2009a).

One is often interested in detecting jump points and estimating regression function with

n

jumps. We assume that observations {(szYz) i—1 and unobserved errors {gi}?:l are

10



i.i.d. copies of (X,Y¢) satisfying the regression model

Y =m(X) + oe, (2.1)

where the joint distribution of (X, ¢) satisfies Assumptions (A3) and (A4) in Section 2.2.
The unknown mean function m (z), defined on interval [a, b], may have a finite number of

jump points.

Jump regression analysis started in the early 1990s and has become an important research
topic in statistics. See for instance, Qiu, Asano and Li (1991), Miiller (1992), Wu and
Chu (1993), Qiu (1994) and Qiu and Yandell (1998) for procedures that detect the jumps
explicitly before estimating the regression curve, Kang, Koo and Park (2000) for comparing
two estimators of the regression curve after the jump points are detected, Qiu (2003) and
Gijbels Lambert and Qiu (2007) for jump-preserving curve estimators, Joo and Qiu (2009) for
jump detection in not only the regression curve but also its derivatives. For a comprehensive
view on jump regression, see Qiu (2005).

Jump detection has been tackled with many techniques, including local polynomial
smoothing [Qiu (2003) and Gijbels et al. (2007)], smoothing spline [Shiau (1987)], wavelet
methods [Hall and Patil (1995), Wang (1995) and Park and Kim (2004, 2006)], and for two-
dimensional cases, see Qiu (2007). We propose a spline smoothing method to detect jumps
by solving one optimization problem over the range of = instead of each point, which is com-
putationally more expedient than kernel-type method in Miiller (1992). Spline method was
also discussed in Koo (1997), which proposed estimating discontinuous regression function
without providing theoretical justifications. In contrast, asymptotic distributions in Theo-

rem 2.1 are established by using the strong approximation results in Wang and Yang (2009a),

11



Normal Comparison Lemma in Leadbetter, Lindgren and Rootzén, H. (1983), and a conve-
nient formula from Kilig (2008) for inverting tridiagonal matrix. The automatic procedures
proposed for detecting jumps are based on implementing the asymptotics of Theorem 2.1.
This chapter is organized as follows. Section 2.2 states main theoretical results based
on (piecewise) constant and linear splines. Section 2.3 provides steps to implement the
procedure based on the asymptotic result. Section 2.4 reports findings in both simulation

and real data studies. All technical proofs are contained in Appendices.

2.2 Main Results

We denote the space of the p-th order smooth functions as c(p) la,b] = {gp ‘go(p) € Cla,b) },
for p = 1,2. Without loss of generality, we take the range of X to be [0, 1]. We use the spline

functions introduced in Section 1.3 of Chapter 1. Define the spline estimator based on data

{(X;,Y;) }?:1 drawn from model (3.3) as

N . n 2
(@) = segmin oy ST (Yimo (N} o2 (22

The unknown function m (z) in (3.3) may be smooth, or have jump points {Ti}le, for

O=79<7] < <7 <Tpy1 =1 Technical assumptions are listed as follows:

(A1) There exists a function mq(v) € c(p) [0,1] and a vector ¢ = (cl,...,ck) of jump
magnitudes such that the regression function m (x) = ¢; +mq (x),x € [Tl, Tl+1) , for
[= 1k = Lm(2) = mg (z) a € [r0.71) (@) = e + mp (@) .2 € [rpmppy]-

(A2) The number of interior knots N = o <n1/<2p+1)+19> for any ¥ > 0 while N—1 =

0 (n_l/(2p+1)/log n)

12



(A3) X is uniformly distributed on interval [0,1], i.e. the density function of X is f(x) =

I(0<z<1).
(A4) The joint distribution F (z,e) of random variables (X, ¢) satisfies the following:
(a) The error is a white noise: E(e|X =x2) =0, F (52 | X = :L‘) =1.

(b) There erists a positive value 1 > 1and finite positive My such that E|€|2+77 < My

and SUPe0,1] E <|€]2+77 | X = x) < Mp.

Assumption (A1) is similar to Miiller and Song (1997). Assumption (A2) is similar to
the undersmoothing condition in Claeskens and Van Keilegom (2003), thus the subinterval
length h = o (n_l/(2p+1)/log n) whileh~1 =0 <n1/<2p+1)+0) for any ¥ > 0. A uniform
distribution of X in Assumption (A3) is for the simplicity of proofs, which can be relaxed to
any distribution with continuous and positive density function on [0,1]. Assumption (A4)
is identical with (C2) (a) of Mack and Silverman (1982). All are typical assumptions for
nonparametric regression, with Assumption (A4) weaker than the corresponding assumption
in Hérdle (1989).

We use the B-spline basis introduced in Section 1.3 of Chapter 1 for theoretical analysis.

Define next the theoretical norms of spline functions

2 1 1
CIn = Hb‘LlHQZ/O Ig(a:)d:v:/o Ij(z)de="h, 0<J <N,

2 1 r—t 2h/3,0<J<N-1

2 J+1 5
b = ol [ () |
0 h/3,J = —1,N
1 (o—t; z—t g h/6 J—J’):l
= T JH RERPED O I 7
<bJ,2,bJ/’2> = /()K( N )K( N )da; O‘J J/‘ 1 (2.3)
S =T >



N
We introduce the rescaled B-spline basis {B Jp (x)}J 1 for G (P—Q),
Y fr— —p

—1
By, (2)=by, (x)HbjypHQ J=1—p,..N. (2.4)

N
The inner product matrix V' of the B-spline basis {B J.2 (x)}J_ ] is denoted as

N N
V= (UJ’J>J,J’:—1 B (<BJ”2’BJ72>>J,J’=—1

1 V2/4 0

V2/4 1 1/4
_ /4 1 (lzk)(_]\lf+2)><(]\7+2)’

1/4
1/4 1 V2/4
0 VIE L) (e (va2)

(2.5)

which computed via (2.3). Denote the inverse of V by S and for J =1,..., N, 3 x 3 diagonal

submatrices of S are expressed as

5(J=2),(J—=2) *(J=2),(J—-1) *(J-2),J
~1
S:<SJ’J>J,J’:—1:V ST = S(J=1),(J=2) 5(J-1),(J=1) 5(J-1),J

S1,(J—2) SI(J—1) SJ.J
(2.6)

To detect jumps in m, one tests the hypothesis Hp: m € c(P) 0,1] vs Hy: m ¢ C'[0,1].

1/2
Denote by ||c||g = (c% +-+ c%) / , the Euclidean norm of the vector ¢ of all the £ jump

14



magnitudes, then under Assumption (Al), one can write alternatively Hq : |[c[lg = 0 vs

H1 :|lc|lp > 0. For myp (z) given in (2.2), p = 1,2, define the test statistics

Ty, = maxg< j< 101, 617 = |1 (ty1) =y (tg)] /o1,

Ty, = maxj< j<N 32J, 32] = HmQ (tJ—i—l) + g (tJ—l)}/Q — Mg (tJ)‘ /Un,2,J’

(2.7)
1
where 072171 = 202/ (nh), ‘7721,27J = o2 (8nh/3)_1 CTSJC, (=1 -2 (2.8)
1
with S ; defined in (2.6). To state our main results, denote
-1 1 1
dy (a) =1—{2log N} log —§log(1—a) +§{10glog(N)+log47r} : (2.9)

THEOREM 2.1. Under Assumptions (A1)-(A4) and H,

limp 00 P [Tpn > {2log (V — 2p + 2} 2dy o, 9 (@)] = o p=1.2.

A similar result by kernel smoothing with fixed-design regression model exists in Theorem
3 of Wu and Chu (1993). The proof of that result, however, does not contain sufficient details
for us to further comment. It is feasible to derive similar asymptotic result for Tpn under

H1 but that is beyond the scope of this chapter so we leave it to future work.
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2.3 Implementation

In this section, we describe how to implement in XploRe (Héardle, Hlavka and Klinke (2000))

the jump points detection procedures by using the results in Theorem 2.1.

Given any sample {(X;,Y;) }?:1 from model (3.3), denote X, );;, = min (X7q,..., Xp) and
Xmax = max (X7, ..., Xp). Then we transform {Xi}?zl onto interval [0, 1] by subtracting

each X; from X

min, then dividing by Xmax — X

min- The definition of myp (z) in (2.2)

entails

myp (z) = ZJ 1 p)‘J,p Jp @), p=12, (2.10)
</ ./ T
where coefficients {Al—p,pa iy A N,p} are solutions of the following least squares problem

n

A g AT , N 2
{All_p’p, e /\QV,p} = argmin Z {Yz — Zle—p )‘J,pr,p (Xz)} .

{Al_pm,...,)\N’p}eRNﬁLp i—1

By Assumption (A2), the number of interior knots N is taken to be N = [ 1/3 (logn) /5]
for constant spline (p = 1), and N = [nl/ 5 (log n)2 / 5] for linear spline (p = 2), in which
la] denotes the integer part of a. Denote the estimator for Y; by ?i,p = my (X;), for

i=1,---,n, with my given in (2.10), and define the estimator of o as

1/2

o= {50, (V- ¥ip) /- N =)

Basic spline smoothing theory as in Wang and Yang (2009a) ensures that 6% —p 02, asn —

oo, hence Theorem 2.1 holds if one replaces o by ¢p. The asymptotic p-value pyajye p are

obtained from solving the equation Tpp = {2log (N —2p + 2)}1/2 dN—2p+2 (pvalue p)’
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p = 1,2 with Tpp, defined in (2.7) and estimated by replacing o2 with 6]2), then

Pvalue,p = 1 = &P [_2 P [2 log (N = 2p +2) {1 — {2log (N — 2p+2)} /2 Tpn}

—o~1 {loglog (N — 2p + 2) + log 47T}H : (2.11)

When the p-value is below a pre-determined «, one concludes that there exist jump
points in m. The jump locations and magnitudes are estimated as follows. We use the
BIC criteria proposed in Xue and Yang (2006) to select the ”optimal” N, denoted N opt’
from Héml/?’] + 4, min ([10711/3} ,[n/2] — 1)}, which minimizes the BIC value BIC (N) =
log (&%) + (N +1) x log(n)/n. By letting p = 1 and replacing 77,, with 51J, for 0 <
J < N —1in (2.11), we obtain the p-value Pyalue,1,J for each 31J. The jump locations
75,1 < i < k are estimated by 7; = (tli +tli+1> /2, for Pyalue, 1,1, < a, with ¢; =
mq (tli—i-l) —mq (%) as the estimated jump magnitudes, for 0 </q,...,[p < N —1. Tt is

apparent that for 7, € [tli’tli+1]’ 7, > 75,1 <1<k, asn — oo.

2.4 Examples

2.4.1 Simulation example

Here, we examine the finite-sample performance of the procedure described in Section 2.3
where m (z) has at most one jump. The data set is generated from model (3.3) with
X ~U[-1/2,1/2],e ~ N(0,1), and with m (z) = sin(27z) + ¢ x I(1] < = < 1/2),
for 71 = \/5/4 The noise level 0 = 0.2,0.5, sample size n = 200,600, 1000 and sig-
nificant level a = 0.05,0.01. Let ng be the number of replications. Denote the asymp-

totic powers based on constant and linear splines by Bp (¢), p = 1,2, calculated from

17



¢ o samplesizen [y (c) B9 (c) 31 (¢) 31 (¢)
a=005 a=001 a=005 a=0.01

200 0.100 0.032 0.640 0.280

0.2 600 0.062 0.014 0.390 0.140

0 1000 0.046 0.010 0.220 0.050
200 0.058 0.012 0.220 0.070

0.5 600 0.054 0.006 0.180 0.040
1000 0.050 0.010 0.120 0.030

200 1.000 0.998 1.000 1.000

0.2 600 1.000 1.000 1.000 1.000

2 1000 1.000 1.000 1.000 1.000
200 0.942 0.776 0.890 0.680

0.5 600 1.000 0.980 1.000 0.970
1000 1.000 1.000 1.000 1.000

Table 2.1: Power calculation for the simulated example in Chapter 2

Note: powers calculated from the test statistic Tpy defined in (2.7) by constant and linear
splines, respectively, over ng = 500 replications.

Bp (c) = 2221 I [Tn,qu > {2log (N —2p + 2)}1/2 dN_9pt2 ()| /ns, where Ty p g is the
g-th replication of Tpp, with Tpp given in (2.7), and dp (o) given in (2.9), for p = 1,2.

Table 2.1 shows values of Bp (c) for c =0 and ¢ = 2.

In Table 2.1, Bp (2), p = 1,2 approach to 1 rapidly. Meanwhile BQ (0) approaches « as
the sample size increase, which shows very positive confirmation of Theorem 2.1, in contrast
to Bl (0), the convergent rate of which is much slower, indicating that the linear spline
method outperforms the constant spline method. Table 2.1 also shows the noise level has
more influence on the constant spline method than the linear spline method. Table 2.2 shows
the average computing time (in seconds) of generating data and detecting jump by constant

and linear spline methods, which are comparable.

There are 500 replications for n = 200, 600 satisfying pyjye.0 < @ = 0.05, with py 1462

18



sample size n constant linear

200 0.04 0.06
600 0.21 0.30
1000 0.55 0.60

Table 2.2: Computing time for simulated example in Chapter 2

Note: computing time (in seconds) per replication over ng = 500 replications of generating
data and detecting jump by constant and linear spline methods.

given in (2.11), when ¢ = 2, ng = 500. Figures 2.1 and 2.2 show the kernel estimators of
the densities of 71 and ¢; given in Section 2.3 with sample size n = 200 (thick lines) and
n = 600 (median lines) at o = 0.2.

The vertical lines at v/2/4 and 2 are the standard lines for comparing 71 to 71 and ¢ to
c1 respectively. One clearly sees that both of the centers of the density plots are going toward
the standard lines with much narrower spread when the sample size n is increasing. The
frequencies over 500 replications for 71 falling between t; 1 and 1; 1+1 described in Section
2.3 are 0.994 and 1 for n = 200 and 600 respectively.

For visual impression of the actual function estimates, at noise level o = 0.2 with sample
size n = 600, we plot the spline estimator 79 (x) (solid curves) for the true functions m (x)

(thick solid curves) in Figures 2.3 and 2.4. The spline estimators seem rather satisfactory.

2.4.2 Real data analysis

We apply the jump detection procedures in Section 2.3 to the thickness of pennies data
set given in Scott (1992), which consists of measurements in mils of the thickness of 90 US

Lincoln pennies. There are two measurements taken as the response variable Y each year,
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200
T

0.35 0.4 0.45

Figure 2.1: Kernel density plots of 71 in Chapter 2

Note: kernel density plots of 71 over 500 replications of sample size n = 200 (thick solid)
and n = 600 (solid) for which Hy) is rejected.
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Figure 2.2: Kernel density plots of ¢1 in Chapter 2

Note: kernel density plots of ¢1 over 500 replications of sample size n = 200 (thick solid)
and n = 600 (solid) for which Hy) is rejected.
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n=600, c=0

-0.5 0 0.5

Figure 2.3: Plots of the spline estimator for ¢ = 0 in Chapter 2

Note: plots of the true function m () (thick solid curve), spline estimator 79 (x) (solid
curve) and the data scatter plots at o = 0.2.
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n=600, c=2

[q\=

-0.5 0 0.5

Figure 2.4: Plots of the spline estimator ¢ = 2 in Chapter 2

Note: plots of the true function m () (thick solid curve), spline estimator 79 (x) (solid
curve) and the data scatter plots at o = 0.2.
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from 1945 through 1989. Penny thickness was reduced in World War II and restored to its
original thickness sometime around 1960 and reduced again in the 70’s. The asymptotic
p-value Pyvalue,2 < 10720, Two jump points are detected with the p-values 0.014468 and
0.00077337, located around the year 1958 with increased magnitude 2.80, and around the
year 1974 with decreased magnitude 3.75, respectively, which confirms the result in Gijbels
et al. (2007). Figure 2.5 depicts the data points and the spline estimator 7o (x) (solid
line), which confirms visually these findings. Findings from both simulated and real data
demonstrate the effectiveness of our approach in detecting the existence of jumps. The plots
of mgy () in Figures 2.3 and 2.5 give an outline of the true function, without breaking the
curve at the jumps. Obtaining jump-preserving spline estimator of the true non-smooth
function is beyond the scope of this chapter, but makes an interesting topic for further

research.

2.5 Appendix A

2.5.1 Preliminaries

Denote by |[|-||oo the supremum norm of a function r on [0,1], i.e. [|r|y = SUP e [0,1]
|7 (x)]. We denote by the same letters ¢, C', any positive constants without distinction. The
following extension of Leadbetter, Lindgren and Rootzén, H. (1983), Theorem 6.2.1 is a key

result on the absolute maximum of discrete time Gaussian processes.

() ) . (n) ()
LEMMA 2.1. Let 51 sy &n 7 have jointly normal distribution with Efi =0, F fl. =
1, 1 < i < n and there exists constants C > 0, a > 1,r € (0,1) such that the corre-

lations r;j = r;;l) = E§§n>§§”>, 1 <i# j < n satisfy ‘Tij’ < min <T, Ca‘|i—j|> for
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HXK

1950 1960 1970 1980
X

Figure 2.5: Spline estimator for the thickness of pennies data

Note: the thickness of pennies data (points) and the spline estimator 1o ().
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()

1 <11 +# j <n. Then the absolute mazximum Mnﬁ = max{‘ggn)’,..., n

} satisfies for
any T € R, P (Mn§ <rT1/an+ bn> — exp (—26_T> , as n — 0o, where ap, = (210gn)1/2,

bp =an — %aﬁl (loglogn + log 4m).

Proof. Take € > 0 such that (2 —¢) (1—1—7“)_1 = 1+ 0, for some § > 0. Let 7y =

T/an + bp, then T%/ (2logn) — 1, as n — oo, so for large n, T% > (2—¢)logn. By

()"

Ca— =7l (1 -2 172 Let M, = m h i.id
. n,n = max{[ny|,...,|npl}, where nq,...,n, are iid.

the condition

il < min (7", Ca_‘i_ﬂ) < 1 for ¢ # j, one has rij Tij
copies of N (0,1). By Leadbetter, Lindgren and Rootzén (1983), Theorem 1.5.3,
P (Mn,TI < Tn) — exp (—26_T>, as n — 00. The Normal Comparison Lemma (Leadbetter,

Lindgren and Rootzén, H. (1983), Lemma 11.1.2) entails that

‘p(_m<§§">gmforjzl,...,n>—P(—m<njsTnforj:L...,n)

—1/2
rijf) exp{—T%/ <1+Tij>}.

< (4/2m) Zl§j<i§n ‘”j‘ <1 -

for large n, hence P (Mnf < Tn> — exp (—26_7), as n — 00. 1

We break the estimation error my () —m (z) into bias and noise. 7p () defined in (2.2)

. . . T
can be written as mp (z) = Z{}le_p AipBip (x), where coefficients {/\l—p,pﬂ o )‘N,p}
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are solutions of the following least squares problem

n N 2

~ N T .
{x\l—p,p, ey )\N,p} = argmin Z Yz — Z /\ijBpr (XZ)
{—pprAny feRNTPi=1 J=1-p
(2.12)

Projecting the relationship in model (3.3) leads to the following decomposition in G (r—2)

A~

- N : . N .
mp (r) = Zle—p AipBip (z), &p(x) = Zle—p aynBiy, (x). (2.14)

~ ~ T T
The vectors {Al—p,pv s )‘Np} and {&1—p,p7 s &Np} are solutions to (2.12) with Y;
replaced by m (Xz) and o¢; respectively.

Next lemma is from de Boor (2001), p. 149 and Theorem 5.1 of Huang (2003).

LEMMA 2.2. There are constants Cp > 0,p > 1 such that for any m € c(p) 0, 1], there exists
a function g € G(r—2) [0,1] such that ||g —m||5c < Cp Hm(p)H hP and m (x) defined in
00

(2.14), with probability approaching 1, satisfies Hmp (x) —m (x)”oo = O (hP).

2.5.2 Proof of Theorem 2.1 for p=1

For = € [0, 1], define its location and relative position indices J (x),d (z) as J () = Jp (z) =
: B -1 :
min {[z/h],N},d(x) = {x—tj(x)}h . It is clear that tJn(iL‘) <z < tJn(x)—i—l’ 0 <
d(x) < 1,Vx €10,1), and 0 (1) = 1. Since <BJ, 1,BJ1> = 0 unless J = J/, for Bjq(»)
) ? n )

given in (2.4). &1 (x) in (2.14) can be written as

-2 _ n
2,71’ 631 =N 1 ZiZl BJ,l (XZ) og;-

27
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Let &1 (z) = Z]}[:O ‘g?},lBJ,l (x), it is easy to prove that E {1 (a:)}2 = 02/ (nh) and for 0 <

J<N-1,E{& (tJ+1) - &1 (tj)}Q = 202/ (nh), which is a% 1 defined in (2.8). Define for

~ —1 =~ - ~ —1 1A N
0<J<N=LE&yq 7=0,7{81(ty1) —E1 ()} Snpg = o1 {81 () &1 (t) -

LEMMA 2.3. Under Assumptions (A2)-(A4), as n — oo, sup ‘En 1.7 _én 1 J‘ =
OSJSN—]. 5Ly yLy

Oa.s (n_1/2h_1/2 log n> = 0q.s (1).

N-—1
LEMMA 2.4. Under Assumptions (A2)-(A4), there exist { gz % J} Jk=1,2,3 such that
J=0
. A(1 (2 (3
asn — 00, Supg< J<N—1|En,1,J ég)l J‘ +supg< J< N — 5( )LJ - £n7)17J = oa.s (1)

{§n717J}J:0 has the same probability distribution as {fn , and {f LJ}

18 a Gaussian process with mean 0, variance 1, and covariance

Lemmas 2.3 and 2.4 follow from Appendix A of Wang and Yang (2009a).

Proof of Theorem 2.1 for p = 1: It is clear from Lemma 2.4 that the Gaussian process

N-1
& (3) satisfies the conditions of Lemma 2.1, hence as n — oo,
n,1,J J—0

P{(supOSJSN_ 7(1>1 ‘gr/aN+bN)}—>exp(—2e—T>.

By letting 7 = —log {—(1/2)log (1 — a)}, and using the definition of apr, bpr and dpr ()
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we obtain

limp— 00 P {SupogjgN—l ‘éfl?j)l,J‘ < —log{—(1/2)log (1 — )} (210gN)—1/2

+ (210gN)1/2 —(1/2) (QIOgN)_1/2 (loglog N + log47r)} =1-a.

. ~(3
limp,— 00 P {SUPO§J§N—1 5517%7J‘ < (QIOgN)l/2 dn (a)} =1-a.

By Lemmas 2.3 and 2.4, we have

. : 1/2
lim P sup ’f ‘ < (2logN)* /“dn (o) p =1 —«q,
n—00 {OSJSN—I n,1,J N

which implies for 0 < J < N —1

. —1 -1/2 -1 - ~ _
lim P<da (o 2log N o sup g1 (t —&1(t <lp=1-a.
i { N (@) ( ) n’10§J§N—1| 1 (ty1) —E1(ty)] }

Lemma 2.2 entails that under H supg< j<y—1 |y (ty) —m (tj)]| = Op(h) and
supg< < N—1|m (t741) =m (t7)| = Op(h),
which imply that

~1 ~1/2
o1 (log N) sup m(t —m(t
n,l 0§J§N—1| ( J-I—l) ( J)‘

= Op {(nh)1/2 (log N)_1/2 h} = op {(logn)_Q} :
By (213), sy (t41) = i () = {1 (t51) = m (b0 = (e (6) = {3} +
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{m (tJ+1) -m(ty)}+{& (tJ+1) — &1 (t7)}, then for dpy (o) defined in (2.9),

1imn_>oop{sup0§J§N_1 |m1 (tj+1) —mq (tj)‘ < Tn,1 (210gN)1/2 dN (a)} =

limn%mP{supOSJSN_l |§1 (tJ-I—l) - &1 (tJ)| <op1 (2logN)1/2 dn (a)} =1—a O

2.6 Appendix B

2.6.1 Preliminaries

The following lemma from Wang and Yang (2009a) shows that multiplication by V defined
in (2.5) behaves similarly to multiplication by a constant. We use |T'| to denote the maximal

absolute value of any matrix 7.

N
LEMMA 2.5. Given matriz Q@ =V + 1", in which I" = (7 , .,> ,
I3 J ) ==1

)J — J/‘ > 1 and |T| B0, Then there ewist constants ¢, C > 0 independent of n and I, such

satisfies v..p =0 1
fi 7t f

that with probability approaching 1
clel < |0¢l<clel, o tgl < ‘Q_lﬁ‘ <clig|, ve e RNTZ. (2.15)

To prove Theorem 2.1 for p = 2, we need the result below (Corollary 16 of Kili¢ (2008)),

which gives explicit formula for the inverse of symmetric tridiagonal matrix.

1 Y1

g1 *2
LEMMA 2.6. For any symmetric tridiagonal matriz Gpn, = , the

Yn—1

Un—1 In
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inverse of the matriz G, GT_L1 = [wz‘j] s given by

_ <C§?>_1 i (C/Zi)_l =t (ef) - v, i=J
Z] <_1)i+J {Hi;}] <C£)>_1 yt} wi;, 1> J

-1
in which C’Zl) =7, qu?b =an — (Cb 1) y%_l, n=23,...

LEMMA 2.7. There exists a constant Cs > 0, such that Z]f:_l ‘SJ/J‘ < Cs, and 17/16 <

< 5/4, where s 0<J,J <N -1, is the element of S defined in (2.6).

557 J'J

~ N ~ -~
Proof. By (2.15), let EJ/ = {sgn <SJ’J>}J:_1’ then Z{}f:_l ‘SJ/J‘ < ‘SEJ/‘ < Cs )EJ/‘ =
Cs,¥J' = —1,0,...,N. Applying Lemma 2.6 to V with z_1 = --- =z =1, y_
4 N 1k 1
yN_1 = V2[4 = =ynoy = Y= (CY) + % (Cb) ( ) i

k=J+1
By mathematical induction, one obtains that 9/10 < C’S <1, for 0 < J § N — 1. So,

1
1< (Cf}) <10/9, and for 0 < J < N — 1,

. N k—1 9 (k—J)
sij 21+ 2 gy Ly =1+ Zk J+1 160 = 17/16,

577 <10/9 + (10/9) Zk:JH (1/9)F =7 < 5/4.

2.6.2 Variance calculation

T
Vector a9 = (&_172, NN 2) given in (2.14) solves the normal equations,

N

(B2 BJ/72>n)]J\jJ/:—1 By = (T L Baa () es)
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\—1 N
for B9 () in (2.4). In other words, a9 = (V + B) <n_1 Z?:l Bja (X;) Jgi)J:—l’

~ N ~
where B = <<BJ72, BJ,72>n> JJ=1 — V satisfies B‘ =0Op <\/n_1h_1 log (n)) accord-

ing to Subsection B.2 of the supplement to Wang and Yang (2009a).

T -1
Now define ag= (d_172, NN 2) by replacing (V + B) with V™1 = S in above

formula, ie., a9 = (Z]}[:_lsjljn_l Z?:l Bjo (X;) U&“Z') Fe 1 N and define for

Ty

x € [0,1]

X N . N -1\
g9 (v) = ZJ:—l ajoBja(r)= ZJ,J’:—l Sy " Zizl B2 (Xi) ociB 1 o (@),

0.7 = {52 (tys1) +&2 (U—1)}/2 —&(ty) 2<J<N-1, (2.16)
01 -2 1 00

D= | . (2.17)
00 1 210

(N—2)x (N+2)

1
has covariance matrix

LEMMA 2.8. With S and D given in (2.6) and (2.17), {gzaj}JZQ

[cov (éQ,J’éZJ’ﬂ ]j}LQ — 52 (8nh/3)—1 psD! (2.18)
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Proof. For0 < J,J' < N+1, €9 (tJ) = Z;ﬂvk/:—l Sk/kn_l Z;?ZI Bk,2 (Xz) agin/’Q (tJ)

N _ n
=y Y By (X)) eis(j—1) kB2 ()

. N
Blea(ty) e (ty)] = o®E {Zk:_l n IS Bro (Xi)eis o1 kBr—12 (tj)}
N
X [Zk/:_l Iy By o (Xi)€is g1y 1B yr_y (U’)}

2 —1\¢NV
=Y e 1 Bro12 () Byl o (t ) SJ—1,k5 J1—1 1 EBk,2 (X) By o (X)

2 -1y
= S 1 B2 () By () sv st

2 —1 N N
=0 n By (t)) Byr_19 (ﬁﬂ) Zk/:_1 SJ -1k Zk:_1 ST-1E kK

- N
=o' 1By 14 (t)) By 12 (U’) POV LI Y

2 -1 9 —1,-1/2 —1/2
= By 10 () By (1) sy g = 1nTp ) pS s —1,0-1

By definitions of 52 J»dj, in(2.16), (2.3), for 2 < J, J<N-1E <§2 JEQ J’) is
2 (g1 13y—1 B
0" @nhf3) sy gty g =2 g gty oty g g9

SR b [ B Bk (0 S Ty 48J’—1,J—1>

Spl—2.J—2 S —2.J-1 5J/—2.J T
:UQ(th/3)_1(1 —2 1) SJ/_1 J—9 SJ/_l J—1 SJ/—IJ 1 -2 1> .

Sptg—2 S rlg-1 gL
/ 2 s N-1 p 1 T
Therefore, for 2 < J..J) < N — 1, [cov (gZ’J@Q J,)] g1y =0 (snh/3)7 DSDT . g
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LEMMA 29. For2<J <N —1, 0% o j defined in (2.8) satisfies that co (8nh/3)_1 o2 <

02 o ;< Co(8nh/3)" o2, for cg = (65/8) (17/16), Co = 100/9.
Proof. 1t follows from (2.18) that 0%2 J = Eé%jj. Then by Lemmas 2.6 and 2.8, for

1
2<J<N-1, {02 (8nh/3)—1} 02, s

SJJ 45y g—1+2s g ot4sy 1 51457172t 57-2J-2
b
=sj-2,J-2 T4 { (CJ—2>

{2 (09_209_1>_1 vj—2yj-1+4 (Cf)f—l)

yj—o+ 1} SJ—1,J—17F

yj—1+ 1} ST

thus, 0%,2,J < {1+4(1/3+ 1)+ (2/9+4/3+1)} (5/4) 02 (8nh/3) "1
= (100/9) (8nh/3) "L o2,
0%,27{] > {1+4(1/4+ 1)+ (2/16 + 1+ 1)} (17/16) 02 (8nh/3) "1

= (65/8) (17/16) (8nh/3) "1 o2.

2.6.3 Proof of Theorem 2.1 for p =2

~

Several lemmas will be given below for proving Theorem 2.1 for p = 2. With &9 (z), 9 5

)

and o), o 7 defined in (2.14), (2.16) and (2.8), define for 2< J < N —1
s -1 = ~ N A 1
$n,2,J = Tn 2. [{52 (tj+1) +&9 (tJ_1> } /2 —&9 (tj)} » €no.g = 0n727j§27J, (2.19)
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LEMMA 2.10. Under Assumptions (A2)-(A4), as n — oo, sup én 9. ]~ En 9.7 =

2<J<N-1
Oa.s ( logn/ (”h)> = 0q.s (1).
LEMMA 2.11. Under Assumptions (A2)- (A4) there exist { } Jk=1,2,3, such
J=2
R 2) R
that asn — oo, SUP9< J< N—1 gn,Q,J ‘ SUP9< < N—1 7(1 —¢£ % ‘ = 0q.5 (1).

:(2)

5(1) has the same probability distribution as n.2

2.J {5 5 J} 18 a Gaussian process with
mean 0, vartance 1, covariance r§ cov é( ) é (3) =0 —1 0—1 E (g é )
' ’ JJ n,2,J">n 2. J! n,2,0%p 2 g1 \52,J52 J!

for which there exist constants 0 < C,0 < r < 1 such that for large n,

J-7| ,
2<JJ <N-1.

TJ’J/ < min (r, c3

Tg, J!

2.11 follow from Appendix B of the supplement to Wang and Yang (2009a). By (2.18),

- J—J"
Proof. We only prove < min (r, C3 ‘ ) Lemma 2.10 and the rest of Lemma

—2 15 (2 ¢
(8nh/3)" " E <£27J52,J/> =spgtsp o g2 gt oty o5 9

g1y g9 T2 g2 g gyt s gy

—1 _
By Lemma 2.6, for —1 < J/ < J < N, s = (—1)J+J/ JH cb ! s;:, then for
-V, = = ) J,J/ p t yt ]]7
t=J
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2< J,J <N-1and J—J > 2, by Lemma 2.7,

{o? (8nh/3)_1}_1 £ (2,785 1|
Jen () o2 () )

p -1
x 5J—2,J-2+2<CJ_2) yj—28j-1,J-1%

S =3
(ch 5% ) Z/J—23/J—15J,J} H/(C) vt
=7

< G/ /3 +2/3+ 1) {142/3+ (1/3%) i T G

By Lemma 2.9, {02 (8nh/3)_1}_ cr% o g = (65/8) (17/16), for 2 < J < N — 1. Therefore,
/ : ¢ (-7 |
for 2 < JJJ' < N—1and J—J > 2 TJJ/§C3 < r <1, with C =

40 (8/65) (16/17) and r = 40 (8/65) (16/17) /33 < 1. For J — J' = 1,2, the result can be

proved following the same procedure above. g

Proof of Theorem 2.1 for p =2: It is clear from Lemma 2.11 that the Gaussian

N-1
process {523)2 J} satisfies the conditions of Lemma 2.1, hence as n — oo,
) J=2

(3 _
P (SuPQSJSN—l ‘52’)2”]‘ < T/CLN + bN) — exp <—26 T) .
By Lemmas 2.10, 2.11, with 7 = —log {— (1/2)log (1 — @)} and definitions of ap; and by,
l P : < {2log (N —2)}1/24 —1-
imp—o0 P (supo< j< N1 |8p,2.7| < {21og ( )} dy o (@) a,

for any 0 < a < 1, én 9.7 and dp () defined in (2.19) and (2.9). By (2.13) and (2.16),
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{1y (t 1) +1ma (ty1) } /2= 1mg (2) s

{ing (tys1) = m (tyg1)} /24 {img (ty_1) = m (ty_1) } /2= {img (tg) = m (1))}

+[{m ) +m (ty0) b2 =m ()] + 80,y
Now Lemma 2.2 implies that under Hy, |9 — m||5, = Op (h2), hence

(nh)Y/2 flog (N — 2)}~1/2 «

D JEN_1 ){ﬁm (tyo1) —m(tyei1)}/2+ {m2 (tJ_1> m (tj_1>}/2

—{img (tg) = m (1)} = Op |(n1) V2 {log (W = 2)} 712 12| = 0 { (10gm) 3}

By Taylor expansion, supy< j<n_1 Hm (tJ—l—l) +m (tj_1> } /2—m (tj)’ = Op <h2>

under H(), as n — oo. Hence

(n)!/? {log (N — 2)} 7 1/2 yo JuB {m () +m (ty_1) f 2= m (1)

= Op [M{log (N — 2)}_1/2 hz} = op {(logn)_?’}.

By above results, for Ty,, defined in (2.7),

limp— 00 P {TZn < {2log (N — 2)}1/2 dn_9 (a)} =1-a. O
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Chapter 3

A Simultaneous Confidence Band for

Sparse Longitudinal Regression

3.1 Introduction

This chapter is based on Ma, Yang and Carroll (2011). Functional data analysis (FDA)
has in recent years become a focal area in statistics research, and much has been published
in this area. An incomplete list includes Cardot, Ferraty, and Sarda (2003), Cardot and
Sarda (2005), Ferraty and Vieu (2006), Hall and Heckman (2002), Hall, Miiller, and Wang
(2006), Izem and Marron (2007), James, Hastie, and Sugar (2000), James (2002), James and
Silverman (2005), James and Sugar (2003), Li and Hsing (2007), Li and Hsing (2010), Morris
and Carroll (2006), Miiller and Stadtmiiller (2005), Miiller, Stadtmiiller, and Yao (2006),
Miiller and Yao (2008), Ramsay and Silverman (2005), Wang, Carroll, and Lin (2005), Yao
and Lee (2006), Yao, Miiller, and Wang (2005a), Yao, Miiller, and Wang (2005b), Yao (2007),

Zhang and Chen (2007), Zhao, Marron, and Wells (2004), and Zhou, Huang, and Carroll
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(2008). According to Ferraty and Vieu (2006), a functional data set consists of iid realizations
{¢; (z),2 € X},1 <i < n, of a smooth stochastic process (random curve) {¢ (z),z € X}
over an entire interval X'. A more data oriented alternative in Ramsay and Silverman (2005)
emphasizes smooth functional features inherent in discretely observed longitudinal data, so
that the recording of each random curve &;(x) is over a finite number of points in X', and

contaminated with noise. This second view is taken in this chapter.

A typical functional data set therefore has the form {X@'j’ YZJ} 1<i<n1<5 <N,
in which N; observations are taken for the ith subject, with Xz'j and Yz’j the jth predictor
and response variables, respectively, for the ith subject. Generally, the predictor Xz'j takes

values in a compact interval X = [a,b]. For the ith subject, its sample path {Xijv YZ]} is

the noisy realization of a continuous time stochastic process §;(z) in the sense that
Yij=¢& (ij) +0<Xz'j> €ij (3.1)

with errors £;; satisfying E (%’j) = O,E(é%) =1, and {¢;(z),z € X} are iid copies of a

process {£(z),x € X'} which is 2 ie., E [y fQ(x)da: < +o0.

For the standard process {£(z),z € X'}, one defines the mean function m(z) = E{{(x)}
and the covariance function G (m, :13’) = cov {f(x), f(x/)} Let sequences {/\k}zozl,
{wk(x)}zozl be the eigenvalues and eigenfunctions of G <x,:v/ >, respectively, in which
M > A >0 >0, Zzoz]_ A < 00, {1/)1{:}120:1 form an orthonormal basis of L2 (X)
and G <x,x/> = Zzozl AU ()Y, (x’), which implies that [ G (x,x/> () <x/> do! =
Ap¥r ().
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The process {gi (x),x € X } allows the Karhunen-Logve L2 representation

Ei(e) =ml(@) + > Erop(a), (3.2)

where the random coefficients £;;. are uncorrelated with mean 0 and variances 1, and the
functions ¢, = /ApYp. In what follows, we assume that A\, = 0, for k > x, where £ is a
positive integer, thus G(z,z') = le::l ¢1.(2) 91 <x’> Based on (3.2), the data generating

process is now written as

Vij=m (Xij) + 22 Ganon (Xij) + o (X55) <45 (3:3)

The sequences { AL } 221 , {(;5 () } 221 and the random coefficients §;;. exist mathematically,

but are unknown and unobservable.

Two distinct types of functional data have been studied. Li and Hsing (2007), and Li
and Hsing (2010) concern dense functional data, which in the context of model (3.1) means
minlgign N; — oo as n — oo. On the other hand, Yao, Miiller, and Wang (2005a),
Yao, Miiller, and Wang (2005b), and Yao (2007) studied sparse longitudinal data for which
N;’s are ii.d. copies of an integer-valued positive random variable. Pointwise asymptotic
distributions were obtained in Yao (2007) for local polynomial estimators of m(z) based on
sparse functional data, but without uniform confidence bands. Nonparametric simultaneous
confidence bands are a powerful tool of global inference for functions, see Claeskens and
Van Keilegom (2003), Fan and Zhang (2000), Hall and Titterington (1988), Hérdle (1989),
Hérdle and Marron (1991), Huang, Wang, Yang, and Kravchenko (2008), Ma and Yang

(2010), Song and Yang (2009), Wang and Yang (2009), Wu and Zhao (2007), Zhao and
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Wu (2008), and Zhou, Shen, and Wolfe (1998) for its theory and applications. The fact
that a simultaneous confidence band has not been established for functional data analysis
is certainly not due to lack of interesting applications, but to the greater technical difficulty
in formulating such bands for functional data and establishing their theoretical properties.
Specifically, the strong approximation results used to establish the asymptotic confidence
level in nearly all published works on confidence bands, commonly known as “Hungarian

embedding”, are unavailable for sparse functional data.

In this chapter, we present simultaneous confidence bands for m(z) in sparse functional
data via a piecewise-constant spline smoothing approach. While there exist a number of
smoothing methods for estimating m(z) and G (m,x/ ) such as kernels (Yao, Miiller and,
Wang (2005a); Yao, Miiller, and Wang (2005b); Yao (2007)), penalized splines (Cardot,
Ferraty, and Sarda (2003); Cardot and Sarda (2005); Yao and Lee (2006)), wavelets Morris
and Carroll (2006), and parametric splines James (2002), we choose B splines (Zhou, Huang,
and Carroll (2008)) for simple implementation, fast computation and explicit expression, see
Huang and Yang (2004), Wang and Yang (2007), and Xue and Yang (2006) for discussion

of the relative merits of various smoothing methods.

We organize this chapter as follows. In Section 3.2 we state our main results on confi-
dence bands constructed from piecewise constant splines. In Section 3.3 we provide further
insights into the error structure of spline estimators. Section 3.4 describes the actual steps
to implement the confidence bands. Section 3.5 reports findings of a simulation study. An
empirical example in Section 3.6 illustrates how to use the proposed confidence band for

inference. Proofs of technical lemmas are in the Appendix.
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3.2 Main Results

For convenience, we denote the modulus of continuity of a continuous function r on [a, b]
— B / . 9
by w(r,d) = maxx,a:’e[a,b],h—ﬂ‘gé ‘7‘(:1:) r <x )‘ Denote the empirical L® norm as
_ N;
HQH%,NT = NT 1 Z?ZI ijzl g2 (Xi ->, where we denote the total sample size by Np =
2?21 N;. Without loss of generality, we take the range of X, X =[a,b], to be [0,1]. For

any (3 € (0,1], we denote the collection of order § Holder continuous function on [0, 1] by

< 400 p,

B /
%P 0,11={o: ¢l B= sup d)(T) gb/}(; )‘
’ x#x/’x7x/€[0,1] Tr—X

in which [|¢l|q 3 is the Y8 _seminorm of ¢. Let C'[0,1] be the collection of continuous
function on [0,1]. Clearly, V.8 0,1 € C[0,1] and, if ¢ € c0.p [0,1], then w(¢,0) <

l¢ll,g5”-

We use the piecewise constant spline functions introduced in Section 1.3 of Chapter 1
with the number of interior knots denoted as Ns. Let hs = 1/(Ns+ 1) be the distance

between neighboring knots. The mean function m(x) is estimated by

m(z) = argmin Z:,L:l Zj\lel {YZ] —g (Xz' ) }2 : (3.4)
geG(_l)

The technical assumptions we need are as follows
(A1) The regression function m(z) € ¢%1 [0, 1].

(A2) The functions f(x),o(x), and ¢p.(z) € c0.5 0,1] for some 5 € (2/3,1] with f(z) €
[Cf,Cf} ,o0(x) € [co,Cql,x €10,1], for constants 0 < cf < C’f <00,0<cg <Cq <
0.
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(A3) The set of random wvariables (Ni)?zl is a subset of (Ni);.il consisting of inde-
pendent variables N;, the numbers of observations made for the i-th subject, i =
1,2,..., with N; «~ N, where N > 01s a posilive integer-valued random wvariable
with E{NQT} < 7’!07]”\,,7’ = 2,3,... for some constant cpy > 0. The set of ran-

d abl N sub % in which
om variables (Xij7yij75ij>l~:17j:1 s a subset of (Xij,Yij,eij)i:szl 1 whic
00,00 y _ ‘ :
<X' i Ej > , . . areitd. The number k of nonzero eigenvalues is finite and the ran-
1] =1 i=1,5=1
dom coefficients §;1.,k = 1,...,k,4 = 1,...,00 are iid N (0,1). The variables (Ni);‘)ila
00,K 00,00 0,00 .

(gik')z'zl,kzl’ <Xij)i:1,j:1’ <€ij>i:1,j:1 are independent.

(Ad) As n — oo, the number of interior knots Ns = o <n19> for some ¥ € (1/3,26 — 1)

while NS_1 =0 {n_l/?’ (logn) _1/3}. The subinterval length hs ~ Ns_l.

(A5) There exists r > 2/{8 — (14+9) /2} such that Elejq|" < .

Assumptions (Al), (A2), (A4) and (A5) are similar to (Al)-(A4) in Wang and Yang
(2009), with (Al) weaker than its counterpart. Assumption (A3) is the same as (Al.1),
(A1.2), and (A5) in Yao, Miiller, and Wang (2005b), without requiring joint normality of

the measurement errors € g

We use the B-spline basis of G(_l), the space of piecewise constant splines, denoted as

{b J(x)}jjvio for theoretical analysis. Define

1
o =013 = [ b @de, T =0, s 35

0% (z) = var(Y |X =) = G (z,2) + 0>(z),Va € 0,1],
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2.\ _ =2 1) E{N (V] - D} &
) =52, BV Gy / o 0
+ /X 0% (u) f (u) du p . (3.6)

J ()

L —1
In addition, define Qp 11 (@) =bng41 — aNS+1log{—(1/2)log(1 —a)},

log (QWa%VSJrl)

, (3.7)
2a Ng+1

1/2
ang+1 = (2log (Vs + DH/2 by iy —anyy -
for any a € (0,1). We now state our main results.

THEOREM 3.1. Under Assumptions (A1)-(A5), for any o € (0,1),

lim P {Supxe[()’l] i) —m(x)| fon(z) < Qi1 (a)} —1-a,

lim P {|m(x) — ()| Jon(z) < Zl_a/z} =1—a,Vze[0,1],

where op(z) and Q Ny () are given in (3.6) and (3.7), respectively, while Zl—a/2 is the

100 (1 — oz/2)th percentile of the standard normal distribution.

The definition of oy (z) in (3.6) does not allow for practical use. The next proposition

provides two data-driven alternatives

PROPOSITION 3.1. Under Assumptions (A2), (A3), and (A5), as n — oo,

o {Jont@oyp@) = 1] + o L@, Lona@ - 1]} = 0 ().
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in which for x € [0,1], Jn’HD(x) =oy(z) {f(a:)hsnE(Nl)}_l/2 and

1/2
E{Ny (N — G(x,z) f(x
raonat =t {1+ ELALN, Sl

Using o, 11p () instead of oy () means to treat the (X; YZ]> as iid data rather than as

j )
sparse longitudinal data, while using o, 10N () means to correctly account for the longi-
tudinal correlation structure. The difference of the two approaches, although asymptotically
negligible uniformly for z € [0, 1] according to Proposition 3.1, is significant in finite sam-

ples, as shown in the simulation results of Section 3.5. For similar phenomenon with kernel

smoothing, see Wang, Carroll, and Lin (2005).

COROLLARY 3.1. Under Assumptions (A1)-(A5), for any o € (0,1), as n — oo, an asymp-

totic 100 (1 — ) % simultaneous confidence band for m(zx),z € [0,1] is

m(z) £+ on(z)Q Nyt (@),

while an asymptotic 100 (1 — ) % pointwise confidence interval for m(z),x € [0, 1], is m(x)=+

an(m)Zl_a/Q.

3.3 Decomposition

In this section, we decompose the estimation error m(x) —m(z) by the representation of Y; j
as the sum of m (Xz'j)> 2221 &1L <Xij>7 and o (Xij) €ij-
We introduce the rescaled B-spline basis {B J(x)}]}[io for G(_l), which is B j(r) =
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by(z)||bsllz .7 = 0,.... Ns. Therefore,
J=0,...,Ns. (3.8)

It is easily verified that HBJH% =1,J=0,1,..., Ng, <BJ, BJ/> =0,J # g

The definition of m(z) in (3.4) means that

i) = 30 Wby (a). (3.9)

with coefficients {)\0, vy A Ns} as solutions of the least squares problem

2
~/ ~/ T . n N; NS
{)\0, ...,)\NS} = argmin Zz‘:l ijll {YZJ —2_ -0 Ajby <Xz'j)} )
{Ao,...,ANS}ERNS_Fl

~ ~ ~ T
Simple linear algebra shows m(x) = Z]jio AjB j(x), where the coefficients {)\0, o )‘Ns}

are solutions of the least squares problem

T _ N, N, 2
{/\O, s )‘Ns} = argmin Z?:l ijll {YZJ — Ji() AjB (X@'j>} )
{)‘0""7)‘NS}€RNS+1

(3.10)
Projecting the relationship in model (3.3) onto the linear subspace of RNT spanned by
{BJ <Xij>}1§j§Ni,1§i§n,O§J§Ns’ we obtain the following crucial decomposition in

the space G(=1) of spline functions:

m(z) = m(z) + &(z) = mx) +3(z) + Zzzl &, (2), (3.11)
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m(m) = J=0 )‘JBJ@j)v E(;c) = J=0 CLJBJ(x),
Gl =Y"0% Fp sBw) (3.12)

~ ~ T T
The vectors {Aq, ..., )\NS}T, {50, ...,ENS} , and {?k 0 Tk Ns} are solutions to (3.10)
with Yz’j replaced by m (Xz'j)v o (Xij> €ij> and &0} (Xij)v respectively. We cite next
an important result concerning the function m(x). The first part is from de Boor (2001), p.

149, and the second is from Theorem 5.1 of Huang (2003).

THEOREM 3.2. There is an absolute constant Cyg > 0 such that for every ¢ € C'[0,1], there
exists a function g € q(=1) [0, 1] that satisfies ||g — P|loe < Cyw (¢, hs). In particular, if
o€ 0.8 [0,1] for some B € (0,1], then ||g — ¢|lno < Cy H¢H0,B hsﬁ Under Assumptions
(A1) and (A4), with probability approaching 1, the function m(x) defined in (3.12) satisfies

[ () = m(z)]loo = O (hs) .
The next proposition concerns the function e(z) given in (3.11).

PROPOSITION 3.2. Under Assumptions (A2)-(A5), for any T € R, and on(x), apNg+1. and

bNg41 as given in (3.6) and (3.7),

n1i>moop {Supx€[071] )an(x)_lg(x) <T/angyq+ sz—l—l} = exp <—2e_T> :

3.4 Implementation

In this section, we describe procedures to implement the confidence bands and intervals
)NZ',TL
j=1,1=1

Y. .

given in Corollary 3.1. Given any data set (Xija ij

from model (3.3), the spline

estimator m(x) is obtained by (3.9), and the number of interior knots in (3.9) is taken
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to be Ng = [CN%/ 3(logn)], in which [a] denotes the integer part of a and c¢ is a positive
constant. When constructing the confidence bands, one needs to evaluate the function a%(x)
by estimating the unknown functions f(x), 0%/@), and G (z,x), and then plugging in these

estimators: the same approach is taken in Wang and Yang (2009).

The number of interior knots for pilot estimation of f(x), O'%/(l’), and G (z,z) is taken
to be N§ = [nl/?’}, and hd =1/ (1 + NS*) The histogram pilot estimator of the density

function f(z) is

o) = {30 ST by (X MG N

T

N 2
Defining the vector R {RZJ}1<]<N 1<i<n = { (YZ] - m<Xij)> }1<j<N‘ L<icn the
=) IVt

estimator of a%/( ) is a%/( ) = Zji() p.b 7(x), where the coefficients {p), "”b\NS* }T are

solutions of the least squares problem:

. 2
{750, ""ﬁNS*}T = argmin 2?21 Zj\[:ll { ZJ OprJ ( )} :

{/ﬁo,...,/ﬁNS* }6RNS+1

The pilot estimator of covariance function G <:1:, ! ) is

) ST (oo ()
G <x7x) = arg min (_1) lel Z‘]?j,:]_’j?é]/ Czjj/ g XZ]7XZJ/ )

gEG(_1)®G

where O/ = {Y-'—ﬁl(Xij>}{YZ.j/—ﬁ1<Xij/>},l < j.j <N;j1<i<n The
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~ 1/2
~ ~ G(x,x)~
Un,LONG<x) = Jn,HD@C) {1 + (ZZL:1 N@Q/NT — 1) A2x >f<1->hs} .

We now state a result. That is easily proved by standard theory of kernel and spline

smoothing, as in Wang and Yang (2009).

PROPOSITION 3.3. Under Assumptions (A1)-(A5), as n — oo

SUP € [0,1] {‘8n,HD(55)0',;hD (z) — 1) + ‘8n,LONG($>‘7¢_LiON(;(l’) - 1‘}

O (1 2 ) 2).

Proposition 3.1, about how o, 1p(#) and o,, 10N (7) uniformly approximate oy (x),
and Proposition 3.3 together imply that both &, ;yp(z) and 7, 1 oNG () approximate
on(z) uniformly at a rate faster than (n_1/2+1/3 (10gn)1/2_1/3>, according to Assump-

tion (A5). Therefore as n — oo, the confidence bands

m(&:) + 8n,HD(:C)QNS+1 (Oé) s (3.13)

m(z) =0, LONG (@)@ Ng+1 (@) (3.14)

~

with @y, 41 () given in (3.7), and the pointwise intervals m(z)+0,, 11p (x)Zl_a/Q, m(z)+
o LONG(®)Z1_, /2 have asymptotic confidence level 1 — a.
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3.5 Simulation

To illustrate the finite-sample performance of the spline approach, we generated data from

the model
2 . .
Yij=m (Xij> +Zk:1 ik Pk <Xij> +ogi, 1 <j<Njl<i<mn,

with X ~ Uniform[0, 1], ;. ~ Normal(0,1),k = 1,2, ¢ ~ Normal(0, 1), N; having a discrete
uniform distribution from 25, --- 35, for 1 <i <n, and m(z) = sin {27 (x — 1/2)}, ¢1(x) =
—2cos {7 (x — 1/2)} /V/5, ¢o(x) = sin{m (z — 1/2)} /V/5, thus A\ = 2/5, 9 = 1/10. The
noise levels were o = 0.5, 1.0, the number of subjects n was taken to be 20, 50, 100, 200, the
confidence levels were 1 —a = 0.95,0.99, and the constant ¢ in the definition of Ng in Section
3.4 was taken to be 1,2,3. We found that the confidence band (3.13) did not have good
coverage rates for moderate sample sizes, and hence in Table 3.1 we report the coverage

as the percentage out of the total 200 replications for which the true curve was covered by

(3.14) at the 101 points {k/100,k = 0,...,100}.

At all noise levels, the coverage percentages for the confidence band (3.14) are very close
to the nominal confidence levels 0.95 and 0.99 for ¢ = 1,2, but decline for ¢ = 3 when
n = 20, 50. The coverage percentages thus depend on the choice of Ng, and the dependency
becomes stronger when sample sizes decrease. For large sample sizes n = 100, 200, the effect
of the choice of Ng on the coverage percentages is insignificant. Because Ngs varies with N,

for 1 <1 < n, the data-driven selection of some ”"optimal” Ng remains an open problem.

We next examine two alternative methods to compute the confidence band, based on

the observation that the estimated mean function m(z) and the confidence intervals are
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Table 3.1: Uniform coverage rates in Chapter 3

o n l—« c=1 c=2 c=3
20 0.950 0.920 0.930 0.800
0.990 0.990 0.990 0.900

05 | 50 0.950 0.960 0.965 0.910
0.990 0.995 0.995 0.965

100 0.950 0.955 0.955 0.955
0.990 1.000 1.000 0.985

900 0.950 0.950 0.965 0.975
0.990 0.985 0.985 0.990

90 0.950 0.935 0.930 0.735
0.990 0.990 0.990 0.870

10l 50 0.950 0.975 0.960 0.895
0.990 0.995 0.995 0.980

100 0.950 0.950 0.940 0.935
0.990 0.995 0.990 0.990

200 0.950 0.940 0.965 0.960
0.990 0.985 0.995 0.995

Note: uniform coverage rates from 200 replications using the confidence band (3.14). For
each sample size n, the first row is the coverage of a nominal 95% confidence band, while
the second row is for a 99% confidence band.

step functions that remain the same on each subinterval y 7, 0 < J < Ng. Follwing an
associate editor’s suggestion, locally weighted smoothing was applied to the upper and lower
confidence limits to generate a smoothed confidence band. Following a referee’s suggestion
to treat the number (Ns + 1) of subintervals as fixed instead of growing to infinity, a naive

parametric confidence band was computed as
m(x) £, LONG(#)Q1—q. Ng+1 (3.15)

in which . =7 is the (1 — a) quantile of the maximal
Q1—a.Ns+1 L (1) /(1)1 (1-a)q

absolute values of (Ng + 1) iid N (0,1) random variables. We compare the performance of
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the confidence band in (3.14), the smoothed band and naive parametric band in (3.15).
Given n = 20 with Ng = 8,12, and n = 50 Ns = 44 (by taking ¢ = 1 in the definition of Ng
in Section 3.4), ¢ = 0.5,1.0, and 1 —a = 0.99, Table 3.2 reports the coverage percentages 16,

~

ﬁnaive’ Pinooth and the average maximal widths W, W} 2iver Womooth ©f Vs + 1 intervals
out of 200 replications calculated from confidence bands (3.14), (3.15), and the smoothed

confidence bands, respectively.

Table 3.2: Uniform coverage rates and average maximal widths in Chapter 3

n | o | Ns P Phaive | Psmooth w Whaive | Wamooth
201 0.5

8 0.820 0.505 0.910 1.490 1.210 1.480
12 0.930 0.765 0.955 1.644 1.363 1.628
3 0.910 0.655 0.970 1.725 1.401 1.721
12 0.960 0.820 0.985 1.937 1.606 1.928
50 [ 0.5 | 44 0.990 0.960 0.990 1.651 1.522 1.609
1.0 | 44 0.990 0.975 1.000 2.054 1.893 2.016

1.0

Note: uniform coverage rates and average maximal widths of confidence intervals from 200
replications using the confidence bands (3.14), (3.15), and the smoothed bands respectively,
for 1 — a =0.99.

~

In all experiments, one has P, 0ot

~

b > P> Phaive and W > W ooih > Whaive: The

aive-
coverage percentages for both the confidence bands in (3.14) and the smoothed bands are
much closer to the nominal level than those of the naive bands in (3.15), while the smoothed
bands perform slightly better than the constant spline bands in (3.14), with coverage percent-
ages closer to the nominal and smaller widths. Based on these observations, the naive band is
not recommended due to poor coverage. As for the smoothed band, although it has slightly
better coverage than the constant spline band, its asymptotic property has yet to be estab-

lished, and the second step smoothing adds to its conceptual complexity and computational

burden. Therefore with everything considered, the constant spline band is recommended for
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its satisfactory theoretical property, fast computing, and conceptual simplicity.

For visualization of the actual function estimates, at ¢ = 0.5 with n = 20, 50, Figures 3.1
and 3.2 depict the simulated data points and the true curve, and Figures 3.3, 3.4, 3.5 and 3.6
show the true curve, the estimated curve, the uniform confidence band, and the pointwise

confidence intervals.

3.6 Empirical Example

In this section, we apply the confidence band procedure of Section 3.4 to the data collected
from a study by the AIDS Clinical Trials Group, ACTG 315 (Zhou, Huang, and Carroll
(2008)). In this study, 46 HIV 1 infected patients were treated with potent antiviral therapy
consisting of ritonavir, 3TC and AZT. After initiation of the treatment on day 0, patients
were followed for up to 10 visits. Scheduled visit times common for all patients were 7,
14, 21, 28, 35, 42, 56, 70, 84, and 168 days. Since the patients did not follow exactly the
scheduled times and/or missed some visits, the actual visit times Tj j were irregularly spaced
and varied from day 0 to day 196. The CD4+ cell counts during HIV/AIDS treatments are
taken as the response variable Y from day 0 to day 196. Figure 3.7 shows that the data
points (dots) are extremely sparse between day 100 and 150, thus we first transform the
data by X; j= T:/ 3. A histogram (not shown) indicates that the X j—values are distributed
fairly uniformly. The number of interior knots in (3.9) is taken to be Ng = 6, so that the
range for visit time 7', which is [0, 196], is divided into seven unequal subintervals, and in
each subinterval, the mean CD4+ cell counts and the confidence bands remain the same.
Table 3.3 gives the mean CD4+ cell counts and the confidence limits on each subinterval

at simultaneous confidence level 0.95. For instance, from day 4 to 14, the mean CD4+ cell
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Figure 3.1: Plots of simulated data for n = 20 in Chapter 3

Note: plots of simulated data scatter points at ¢ = 0.5, n = 20, and the true curve.
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Figure 3.2: Plots of simulated data for n = 50 in Chapter 3

Note: plots of simulated data scatter points at ¢ = 0.5, n = 50, and the true curve.

95



counts is 241.62 with lower and upper limits 171.81 and 311.43 respectively.
Table 3.3: Confidence limits for CD4 data set

Days Mean CD4+ cell counts | Confidence limits
[0,1) 178.23 [106.73,249.72]
[1,4) 200.32 [130.51,270.13]
[4,15) 241.62 [171.81,311.43]
[15,36) 271.87 [194.70, 349.04]
[36,71) 299.51 [222.34, 376.68]
[71,123) 280.78 [203.50, 358.06]
[123,196] 299.27 [221.99, 376.55]

Note: the mean CD4+ cell counts and the confidence limits on each subinterval at
simultaneous confidence level 0.95.

Figure 3.7 depicts the 95% simultaneous (smoothed) confidence band according to (3.14)
in (median) thin lines, and Figure 3.8 depicts the pointwise 95% confidence intervals in thin
lines. The center thick line is the piecewise-constant spline fit m(z). It can be seen that
the pointwise confidence intervals are of course narrower than the uniform confidence band
by the same ratio. Figure 3.7 is essentially a graphical representation of Table 3.3; both
confirm that the mean CD4+ cell counts generally increases over time as Zhou, Huang, and
Carroll (2008) pointed out. The advantage of the current method is that such inference on

the overall trend is made with predetermined type I error probability, in this case 0.05.

3.7 Discussion

In this chapter, we have constructed a simultaneous confidence band for the mean function
m (z) for sparse longitudinal data via piecewise-constant spline fitting. Our approach extends
the asymptotic results in Wang and Yang (2009) for i.i.d. random designs to a much more

complicated data structure by allowing dependence of measurements within each subject.
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Figure 3.3: Plots of confidence bands at 1 — o = 0.95,n = 20 in Chapter 3
Note: plots of confidence bands (3.14) (upper and lower solid lines), pointwise confidence

intervals (upper and lower dashed lines), the spline estimator (middle thin line), and the
true function (middle thick line) at 1 — a = 0.95,n = 20.
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Figure 3.4: Plots of confidence bands at 1 — o = 0.95,n = 50 in Chapter 3
Note: plots of confidence bands (3.14) (upper and lower solid lines), pointwise confidence

intervals (upper and lower dashed lines), the spline estimator (middle thin line), and the
true function (middle thick line) at 1 — a = 0.95,n = 50.
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Figure 3.5: Plots of confidence bands at 1 — o = 0.99,n = 20 in Chapter 3
Note: plots of confidence bands (3.14) (upper and lower solid lines), pointwise confidence

intervals (upper and lower dashed lines), the spline estimator (middle thin line), and the
true function (middle thick line) at 1 — a = 0.99, n = 20.
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Figure 3.6: Plots of confidence bands at 1 — o = 0.99,n = 50 in Chapter 3
Note: plots of confidence bands (3.14) (upper and lower solid lines), pointwise confidence

intervals (upper and lower dashed lines), the spline estimator (middle thin line), and the
true function (middle thick line) at 1 — a = 0.99, n = 50.
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Figure 3.7: Plots of confidence bands for CD4 data
Note: plots of the piecewise-constant spline estimator (thick line), the data (dots),

confidence band (3.14) (upper and lower solid lines), and the smoothed band (upper and
lower thin lines) at confidence level 0.95.
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Figure 3.8: Plots of confidence intervals for CD4 data
Note: plots of the piecewise-constant spline estimator (thick line), the data (dots),

pointwise confidence intervals (upper and lower thin lines), and the smoothed band (upper
and lower thin lines) at confidence level 0.95.

62



The proposed estimator has good asymptotic behavior, and the confidence band had coverage
very close to the nominal in our simulation study. An empirical study for the mean CD4+
cell counts illustrates the practical use of the confidence band.

Clearly the simultaneous confidence band in (3.14) can be improved in terms of both the-
oretical and numerical performance if higher order spline or local linear estimators are used.
Constant piecewise spline estimators are less appealing and have sub-optimal convergence
rates in the sense of Hall, Miiller, and Wang (2006), which uses local linear approaches.
Establishing the asymptotic confidence level for such extensions, however, requires highly
sophisticated extreme value theory, for sequences of non-stationary Gaussian processes over
intervals growing to infinity. That is much more difficult than the proofs of this chapter.
We consider the confidence band in (3.14) significant because it is the first of its kind for
the longitudinal case with complete theoretical justification, and with satisfactory numerical
performance for commonly encountered data sizes.

Our methodology can be applied to construct simultaneous confidence bands for other
functional objects, such as the covariance function G (:v, 2! > and its eigenfunctions, see Yao
(2007). It can also be adapted to the estimation of regression functions in the functional
linear model, as in Li and Hsing (2007). We expect further research along these lines to yield

deep theoretical results with interesting applications.

3.8 Appendix

Throughout this section, an ~ bp means nli>moo bn/an = ¢, where ¢ is some nonzero constant,
and for functions an(x),bn(x), an(x) = u{bp(zr)} means an(z)/bp(x) — 0 as n — oo

uniformly for x € [0, 1].
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3.8.1 A.l. Preliminaries

We first state some results on strong approximation, extreme value theory and the classic

Bernstein inequality. These are used in the proofs of Lemma 3.7, Theorem 3.1, and Lemma

3.6.

LEMMA 3.1. (Theorem 2.6.7 of Csérgé and Révész (1981)) Suppose that &;,1 < i < n
are ud with E(§1) = O,E(f%) =1, and H(x) > 0 (x >0) is an increasing continuous
function such that x_z_VH(x) 15 increasing for some v > 0 and x_llogH(aE) 1s decreasing
with EH (|£1]) < oo. Then there exists a Wiener process {W (t),0 <t < oo} that is a
Borel function of §;,1 < i < n, and constants C1,C9,a > 0 which depend only on the
distribution of &1, such that for any {zn}%ozl satisfying g1 (n) < zp < Cy (nlogn)1/2
and Sj. = Z,lf:l &,

1
P Sy — W (k)| > an $ < Con {H .
{éﬁn‘ g — W (k)| fﬂn}_ on {H (azn)}

LEMMA 3.2. Let fgn),l < i < n, be jointly normal with §§n) ~ N(0,1). Let rgl) =

Egz(n)én) be such that for v > 0,Cyr > 0, Tl(;l) < Cr/nl,i#j. Then for T € R, as n —
(n) }

n
PROOF. Let {772'}?:1 be ii.d. standard normal r.v.’s, u = {ui}zn:pv = {Uz’ ?:1

0, P{Mn,E <r7/ap + bn} — exp <—26_T>, in which Mn,§ = max{'f(ln)' e

and an,bp, are as in (3.7) with Ns + 1 replaced by n.

be vectors of real numbers, and w = min (Juq|,...,|un|,|v1],...,|vn]). By the Normal

Comparison Lemma (Leadbetter, Lindgren and Rootzén (1983), Lemma 11.1.2),

‘P {—vj < £(n>

j Suj forjzl,...,n}—P{—vj<nj§uj forjzl,...,n}
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g I\l o)
1+7”Z-j
Ifuy =---=up=vy = =vn =7/an+bpn = Tn, it is clear that T%/ (2logn) — 1,asn —
2 B , Com2 72
00. Then 75 > (2 — ¢) logn, for any € > 0 and large n. Since 1 T8 >1—(Cy/nT)? =1
as n — 00,1 # j, for i # 7, 3C,.9 > 0 such that 1—r(n>2>C >Oand1+r(n) <1l+e
) J J, 32 ij =2 ij
for any € > 0 and large n. Let Mp pn = max{|n{[,...,|nn|}. By Leadbetter, Lindgren and

Rootzén (1983), Theorem 1.5.3, P{Mn,n < Tn} — exp <—2€_T> as n — oo, while the

above results entail

2\ —1/2 2
4 (n) (n) —w
1<J 1+T2’j
4 o —1/2 —(2—¢)logn /2 y—(2—¢)(14€) 1
<= v —lezelogn | 7—(2—¢)(1+e)
<o Zl§i<j§n Crn Cr2 exp{ T e < Cpn — 0
as n — 00. HenceP{Mng ng} — exp (—26_T), as n — 00. O

LEMMA 3.3. (Theorem 1.2 of Bosq (1998)) Suppose that {gl}/’?zl are iid with E(§1) =
0,02 = E¢2, and there exists ¢ > 0 such that forr = 3,4,.... E 1§1" < cr_Qr!Ef% < +o00.
Then for each n > 1, t > 0, P(|Sn| > /not) < 2exp <—t2 (4+2ct/\/ﬁa)_1), in which

LEMMA 3.4. Under Assumption (A2), as n — oo for cj,, defined in (3.5),

Cin = f (tJ) hs <1 —|—TJ7n> ,<bJ,bJ/> =0,J #.J, wheremaxOSJSNS ij’ < Cw ([, hs).
There exist constants CB >cp >0 such that cBh;_r/2 <K {BJ (Xz'j> }T < CBh%_T/2
forr=1,2,...and 1< J < Ns+1,1<j<N;,1<i<n.
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PROOF. By the definition of ¢ j,, in (3.5),

“In = /b‘](x)f(x)(m B /[tj,tJJrﬂ floyte =) et /[tJ,tJJrﬂ V=t

Hence for all J = 0, ..., N, ]cm —f(t)) hs‘ < f[tﬂ”ﬂ (@) = £ (t))|dz < w(f, hs) hs,
Pan| = |eqn = £ () s {7 (£)) hs} TN < Cw(fhs) T =0, Ns. By (38),

—r/2 1—r/2 —
58, (%)} = (cm) " Pos@ f@yte = (cg) 7 0T a

or

PROOF OF PROPOSITION 3.1. By Lemma 3.4 and Assumption (A2) on the continuity

of functions gbl%(x), 02(37) and f(x) on [0, 1], for any z € [0, 1]

@S [ o sl s os ) hs =0 (1),

<w (o} s ns)hs =0 <h;+ﬁ> .

/J(x) {0%/(96)f(96) — a%/ (u) f (u)} du

Hence,

-2 —1 2
n (nEN7) /J(:c) oy (u) f (u) dux

K 2 -1
E{Ny (N - 1)} ) f () dug o2 () £ () du
{1+ o g(/}(J(x)¢k<>f<>d) {/J(I) y()f()d} }

- {f( )hS+U< Hﬁ)} (nENy)~! {%(@f( )hs—I-U< HB)}{H

E{NlEﬁii‘”Z{ s+ 0 ()} o @stons v (1)} }
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_ K 2(20) f(z hs
— (f(@)hsnENT) "L o3-(x) {1 + E{NIE(% b} Zkzlf%’;((x;f( ) } {1 +U (hsﬁ)}

= U%,LONG(x) {1 +U (h?)} = U%,IID(@ {1 +U (h?) } 0

A.2. Proof of Theorem 1

_1/92 ~ - .
Note that Bj(l,)(l‘) = CJ(Q:/),n’x € [0,1], so the terms &.(x) and £(x) defined in (3.12)

are

zzv By@) 18133, ZZBJ( Xij) o (Xij) ik

lel

SUREO LI MR 1ZZBJ ) (Xi) o (%) i

1= j—

50 =<5 By ¥ IZZBJ ) (Xi) 7 (X ) i

i=1j=1
Let

7 2 < ~1/2 -

E(e) = HBJCv)Hz,NT $plw) = CJ(;I:/),nNT ! ?:1 Rik ¢ J(x)Sik:

_ 2 o2 ~

B HBJ<33)H2,NT #lz) = CJ(a:),nNT i=1 Zj:zl Rij,s,J(a:)eij7 (3.16)
where

Rikg,1 = Zj\[:zl By (Xij> Ok (Xij> Rijeg=DBg (Xij> o (ij> 0<J<Ns.
(3.17)
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LEMMA 3.5. Under Assumption (A3), for e(x) given in (3.11) and fk( x), e(x) given in

(3.16), we have

{Zm)%w} < An (1= An)” ka e@)) e 0.1]
k=1

where Ap = SUPOSJSNS ‘”BJH%,NT — 1‘. There exists C' 4 > 0, such that for large n,

P (An > CA\/W) <2n 3. Ap = Oq.s. ( log(n) / (nhs)> as n — oo.

See the Supplement of Wang and Yang (2009) for a detailed proof. O

LEMMA 3.6. Under Assumptions (A2) and (A3), for Ry ¢ Big g i (3.17),

ER%MJ - cj;l [E (Nl)/bj (u) 6% (u) f (u) dut

E{Ny (N1 = 1)} (/bJ (u) o, (u) f (u) dU>2] :

ERlleJ_CJn/bJ( )o? (u) f (u)du,0 < J < N,

there exist 0 < cp < Cp < oo, such that Ele;gJ’ R%lgj € [CR,CR} for0 < J <
Ns, supg< j< Nq ‘n_lz?_ R%kf] Ele;fJ‘ = Oa,5,< logn/ (nhs)>, 1 <k <k,

—1
sup Z 123 1 12ng ER%lg(]‘ Oa.s.( logn/ (nhs)> asn — oo.

0§J§Ns
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PRrROOF. By independence of le, 1 <j < Ny and Ny and (3.8),

ER g = B B (¥05) By (%) o (415) o (1) 0
_ E{Zjvll E{B%(X1;) 6} (X15) Iy }} +
B {r (%15) B (%1y0) o () o (X, ) 1
=y A EOD [0 006 @5 () dut

B (4 = 0} ([0 W 0 w0 £ ) du)Q} .

It is easily shown that 4 0 < cp < CR < 0o such that cp < ER%]@&J < C’R,O < J < Ns.

Let Ci,J = Ci,k,J = R?k’&J,C;J = Ci,J —F (CLJ) for r > 1 and large n,
E(Gy) =F {Zj\f_ll By (xi;) o, (X ~)}2r <c¥E {ZN_Z B (Xij>}2r
V1+---+I/NZ,:27“
cgrE{ 3 ( . ) HE{BJ( K }

0§1/1---1/NZ,§27“ N; j=1

Ofb?“OBcg“Vr!hg—r = Certhd ™",

by Lemma 3.4. So {E (CLJ) }T ~1, F (CZ-’J>T > {E (CLJ> }T for r > 2, and EIC’é >
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1 1 2 1/2
¢ > 0 such that Clhg! > ag* > dhgt for opx = {E( ;J) } . We obtain

1
2
E C;"J‘r < C£_2T!E <C;k’(]> with cx = (Cg/Cé)TTZ hs_l, which implies that {C* }

1=1
satisfies Cramér’s condition. Applying Lemma 3.3 to 2?21 C;‘ I for r > 2 and any large

enough 6 > 0, P {n_l ’2?21 C;J) > §4/logn/ (nhs)} is bounded by

—§2 (C’é>_1 (logn)
442 (Cc/clg)% ) (C/C>_1 h;/2 (logn)1/2 n—1/2

2exp

0% (logn) < on~3,

4! -
¢

< 2exp

00 00
2Ns
Hence Z P sup Z le & ER%I@,{,J > §+/logn/ (nhs) p < Z 3 < 00

a1 |0<I<Ns |

Thus, supg< j< N ‘n_l 2?21 Rzzk,ﬁ,J Ele{‘J‘ = Oa.s. ( logn/ (nhs)> as n — 0o

by Borel-Cantelli Lemma. The properties of R;: . j are obtained similarly. 0

17,€,

Order all X

Z‘7,1 <J < N;,1<¢<n from large to small as X(t)’ X(l) >...0> X

and denote the €j corresponding to X(t) a8 £(4): By (3.16),

20 = N e b (X0) 7 (X)) <
= il Z 0 (Y) o (¥0) 151 =St}

where Sg = Zg:1 g(t) @ > 1 and Sy = 0.

LEMMA 3.7. Under Assumptions (A2)-(A5), there is a Wiener process {W (t),0 <t < oo}

independent of {N X

Zj,lSjSNi,fik,lngH,lgign},suchthatasn—)oo,
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sup ‘3(0) (x) —?(ac)’ = 0q.s. <nt) for some t < —(1—19) /2 <0, where §(O>(:E) is
z€l0,1]

(ch,@),nzvrf)_1 ZiV:Tl br(a) <X<t)) - (X(t)> (WE) —W(t—1)},2e0,1. (3.18)

PROOF. Define MNT = MaX] << Nip ‘Sq -W (q)|, in which {W (¢),0 <t < oo} is the
Wiener process in Lemma 3.1 that a Borel function of the set of variables {5(t) 1<t< NT}
is independent of {N le’l <j< Ni,gik, 1<k<k1<i< n} since {5(75) 1<t < NT}

is. Further, SUPL€[0,1] ‘%\(0)(37) —E(x)‘ equals to

P01 (e) VT ‘b‘](l") (X(NT)) 7 (X(NT)) {W (V) - Sy }
0 ) (K) 7 (K) =) (K)o (X)) v o - St}\

11
< Nty (x X
0<J<Ngt1 I T {‘]( (NT))O( (NT))

N
A bs (X)) 7 (X)) =07 (Xierny) o (X<t+1>)’} Ay

|
S SR £ S D DI U CT) R Gt
1<t§NT—1,X(t)EbJ

which, by the Holder continuity of ¢ in Assumption (A2), is bounded by

1 _ g
N MNT0<JH<1% +1 J” 3Co + ol 2 ‘X(t)_x(tﬂ)‘ =
1§t§NT—1,X(t)EbJ
5
N M maxeTt L 3C + o] ntp Z )X - X )
T N7 % n g 0,5"J (t) (t+1)

1§t§NT—1,X(t)€bJ
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1-8
—1 -1 B
< N+ M max 3Cs + ||o h max n
=0T AT (0<J<N +1 J”) 7+ 17l s <O§J§NS+1 J)

N:
where n; = Zt:Ti I <X(t) € XJ) ,0 < J < Ns + 1, has a binomial distribution with
parameters <NT7 pJ n) , where p y ., = fX 7 x)dx. Simple application of Lemma 3.3 entails
/
MaxX(< J< Ng+17J = Oa.s. (NTNS 1). Meanwhile, by letting H(z) = 2", zp = nt ,

"€ (2/r,8 — (1+1)/2), the existence of which is due to the Assumption (A4) that r >

N
2/{p — (1 +9)/2}. Tt is clear that {6(t)} T satisfies the conditions in Lemma 3.1. Since

/
_n___grplert — o (n_71> for some 1 > 1, one can use the probability inequality
H(axn)
/
in Lemma 3.1 and the Borel-Cantelli Lemma to obtain MNT = Oas. (tn) = Oas. <nt )

Hence Lemma 3.4 and the above imply

refo.1] @) ~2@)| = Ons (Nsntl_l) {1 + 857 (Np NS—1>1—6}

/ /
= Oas. (Nsnt 14 Nenf 1 x Ns_lnl_ﬁ>

/ ! /
= Oa.s. (Nsnt -1 + Nsnt _6> = 0a.s. <nt _B—i_ﬁ)

since t < 8 — (14 19) /2 by definition, implying ¢/ — 1 <t/ — 3 < — (1 + ) /2. The Lemma
follows by setting ¢t = ¢/ — 8+ 0. O

Now

20 =3y NS b (o) 7 (X)) 20

:Cj(l)n i Z—lzj by (X)) o (X55) 2y, (3.19)
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X

ij> N; are in-

where Z(t) = W(t) - W(t— 1),1 <t< NT, are i.i.d N(O,l), flk’ZZj’

dependent, for 1 < k < k,1 < j N;,1 <4 < n, and Ek(x),g(())(m) are conditional

IA

independent of X, N;,1 < j < N;,1 <4 < n. If the conditional variances of Ek(x),/é(o)(a:)

7

on <X~ 2 (x), agjn(x), we have

)
W) 1<j<N; 1<i<n M TEm

1/2
~1 2N\~ p2
() = {CJ(x),nNT i=1 Rik,g,J(:c)}

— — n Ni 1/2
oen(z) = {CJ(lx),nNT 2 Zizl ijl R?j,e,](x)} , (3.20)

where Rik,f,J(x)’Rij,g,J(:c)’ and € J(x)n 3¢ given in (3.17) and (3.5).

LEMMA 3.8. Under Assumptions (A2) and (A3), let

~

with agk’n(:p),aan(a:),gk(x),g(O)(x), and ¢ y() , given in (3.20), (3.16), (3.18), and (3.5)
Then n(x) is a Gaussian process consisting of (Ns + 1) standard normal variables {n(]}(]]vio

such that n(z) = J(z) for x € [0,1], and there exists a constant C > 0 such that for large

n, SupOSJ#J/SNs ‘EUJUJ/‘ < Chs.

PRrROOF. It is apparent that £ {77J ‘ (Xz'ijz'> A<i<N;,1<i < n} = N(0,1) for
0<J<Ns,s0L{n;} =N(01),for 0<J<Ns. For J # J, by (3.17) and (3.8),
Rij,g;JRij,g,J/ = BJ (XZ]> BJ/ (XZj> O’2 <X2]> = 0, along with (3.19), (3.18), the condi-
tional independence of Ek(as),?(o)(:v) on Xij> N;,1 <7< N;,1<i<n, and independence
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Offik,Zij,XZ'j,Ni,l <k<k,1 SjSNZ',l <1< n, E(UJUJ/) is

N —1/2
E {{2?21 {Zzzl R 2 Rzzj,a,J}} {Z?:1 {22:1 Rzzk,g,J’+
N —1/2 .
Zj:zl R?j,s,]’}} E {Zzzl {Z:’L:l Rik,f,ink} {Zizl Rik’f’J/fik} +
N; N;
{2?21 20k Rz’j,e,JZz'j} {ZL > Rz‘j,g,J’Zij} (x5 M) }}

= FEC

n,J,J/!
1w "o N; 2 e
. . o — 7
imwhich G, 5 7= Np 21 kZRz’k,g,fFZFlR@,g,J x
ol
~1/2
. n K 5 Nz’ 5 / . K n
N 21 kZlek,g,J’“Llez‘j,e,J’ N 22Rik,£,JR¢k,g,J/

Note that according to definitions of R,}. ¢ R and Lemma 3.5,

17,€,J>

NT ! 2?21 {2221 Rzzk:,f,J + Zj:z1 Rzzj,a,J}

_ N;
2 C%-]\/‘T1 Z:,L:l ijll B(QJ <XU> = C(Qj HBJH%,NT Z Cg- (1 — An), fOI' 0 § J § Ns,

) n K 5 N; 5
P inf NP R eg+ 2 B X
/ T Zki?ga‘] Z]’€7J
0<J#J'<Ns =1 \ k=1 j=1

. n K ) N; ) 4 log (n) . 3

_ _ 26\ >1—9n"
Nep 21 kz:le'k,ﬁ,J’+Z:1Rij,€,J/ 2o (1= Ca\ = s =1
1= = J=

74



3

by Lemma 3.5. Thus for large n, with probability > 1 — 2n™°, the numerator of Cn T is

uniformly greater than cg /2. Applying Bernstein’s inequality to

NT—1 {Z’ijl Z?:l Rik,f,JRik;,g,J’}’ there exists Cy > 0 such that, for large n,

1K n _3
P sup ‘N ) S RipegR. ,‘gChs >1—2n73.
T = —1 "k, & T k€T 0
0<J£J'< N k=1 £—i=1 &Mk E,

-1
Putting the above together, for large n, C7 = C <c%/2> ,
< Cihs) 2 1-an,

P (SUPOSJ#J’gNS ’Cn,J,J’

Note that as a continuous random variable, sup0<(]7’£(]/<NS ‘Cn T J" € [0,1], thus

1
E (SUPOSJ%J’SNS‘%J,J’D = /0 P <SUP0§J7AJ,§NS On,J,J" > t) dt.

For large n, C1hs < 1 and then E (Sup0<J7éJ’<Ns Cn JJ/D Is

/Clhs 1
P sup ‘C /‘>t dt—l—/ P sup ’C’ /‘>t dt
J,J J,J
0 0<JAJ <N ' Cihs | o<g£g/<Ns' 7
Clhs 1 3 3
< / 1dt +/ dn=°dt < Cihs +4n" ° < Chs
0 C1hs
for some C' > 0 and large enough n. The lemma now follows from
SUPG< j£ 7' < Ng | & (Cn,J,J’)’ =E <SUPO§J#J’§NS Cn,J,J’D <Chs. U
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By Lemma 3.8, the (Ns 4 1) standard normal variables 7, ..., 7 N satisfy the conditions

of Lemma 3.2 Hence for any 7 € R,

nli)mooP <supx€[0’1] In(@)] < 7/ang41 + sz—H) = exp (—2€_T> . (3.22)

For x € [0,1], Ry . Rij -7 given in (3.17), define the ratio of population and sample

quantities as r(x) = {nE (N7) /]\/T}l/2 {Rn(l')/R(x)}l/27 with

) = N {0 (Chs B+ o e

R(z) = (BN) "1y 1ER%k£J( )+ER11 ()

LEMMA 3.9. Under Assumptions (A2), (A3), for n(x),on(x) in (3.21), (3.6),

on@) Y G@ + 2@ @) = @) — U@ (3.23)

as = 00, SUPy () ] {aNS+1 |rn () — 1|} = Oq.s. <\/{Zog(Ns + 1)} (logn) / (nhs)).

PROOF. Equation (3 23) follows from the definitions of n(z) and op(x). By Lemma 3.6,

sup,.e(0,1] |V ZZ ; B )~ ER ) = Oass. (V/Iogn/ (nhs))

-1 K n 2 —1 K 2
SUP . [0,1] ‘NT Dt it Bikg gy~ BNDT D ERYy ¢ g, )’
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< SUPe[0,1] (EN7) 1Zk 1‘ _122 1 zk:fJ( ) ER%kf J(x )‘
+supyefo 1) (END) ™ >t ‘” (END N3 - 1‘ ‘n_l >im R?kf"](l“)’
— O ( logn/ (nhs)) + Oas, (n—1/2> — Ous. ( logn/ (nhs)) ,

and there exist constants 0 < ¢ < C'p < oo such that for all z € [0,1], ¢ < R(z) < Cp-

Thus, SUPL.€(0,1] |Rn(m) — R(z)| is bounded by

SUP[0,1] ‘N 1Zk > zk§J (ENl)_lzZ 1ER%/<:§J( )‘

-1 Z 9 B

Thus sup ‘{Rn }1/2 {R }1/2’< sup |an —R(x)‘ sup {R(x)}_l/z
z€(0,1] z€(0,1] z€[0,1]

= Oga.s. < logn/ (nhs)>. Then SUPL.€(0,1] {aNs-i—l Irn(z) — 1|} is bounded by

S T e L N R e i)

1/2 _ _ _ _
< N1 {{nE(Np p ) S 1A /2 e {Rn(@)}? — {R@)}?|

1/2

+ ‘1 - {nE (Nq) /NT} } — Oas. <\/{log (Ns + 1)} (logn) / (nhs)) . O

PROOF OF PROPOSITION 3.2. The proof follows from Lemmas 3.5, 3.7, 3.9, (3.22), and

Slutsky’s Theorem. O
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PROOF OF THEOREM 3.1. By Theorem 3.2, [|[m(z) — m(z)| oo = Op (hs), so

N1 s%)”agl@)ym@)_m@)\ = Op { (nhs)!/2 /1og (Ns + T)hs } = op (1),
xel|U,

angs1 | swp op (@) li(e) —m@)| — swp op (@) | E(2) + @) | = op(1).
z€0,1] z€[0,1] k=1

Meanwhile, (3.11) and Proposition 3.2 entail that, for any 7 € R,

K

. 1 ~ - _

nli>moop ang1 | sup op(2) E (@) +E(@)| —bygqp | S7p =exp (—26 T> :
z€[0,1] k=1

Thus Slutsky’s Theorem implies that

. -1 ~ _
AP nser | s o (2) [7(x) = m{@)] = bygsy | <7 p =exp(-2e7T).
x ’

Let 7 = —log 4 — 1log (1 — «) ¢, definitions of a ,b , and @ () in (3.7) entail
2 Ns+1:YNg+1 Ns+1

lim P {m(x) € M(z) £ on(2)Q Ny 1 (@) Yz € [0, 1]}

= nli>moo P Q]_V;—i—l (a) sup agl(x) le(x) +m(z) —m(z)| <1p=1—a.
z€(0,1]

by (3.11). That an(x)_l {m(z) —m(z)} =4 N (0,1) for any x € [0, 1] follows by directly

using n(z) ~ N (0,1), without reference to SUPe[0),1] In(x)]. O
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Chapter 4

Spline-backfitted Kernel Smoothing of

Partially Linear Additive Model

4.1 Introduction

This chapter is based on Ma and Yang (2011b). Since the 1980’s, non- and semiparametric
analysis of time series has been vigorously pursued, see, for example, Tjgstheim and Auestad
(1994) and Huang and Yang (2004). There are few satisfactory smoothing tools for multi-
dimensional time series data, however, due to the poor convergence rate of nonparametric
estimation of multivariate functions, known as the “curse of dimensionality”. One solution
is the partially linear additive model (PLAM) studied in Li (2000), Fan and Li (2003) and

Liang, Thurston, Ruppert, Apanasovich and Hauser (2008)

d d
Y =m (X, Ty) + 0 (X, Ty) eomi(xt) = cop + 3, L coptp+ D 2 ma(wa)  (41)
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in which the sequence {YZ-,X,'Z.T, TZT}?:l = {Yi>Xz'1v ""Xz'd27Ti17 .. 'Tz'dl }?:1. The func-
tions m and o are the mean and standard deviation of the response Y; conditional on the
predictor vector {X;,T;}, and ¢; is a white noise conditional on {X;, T;}. For identifiabil-
ity, both additive and linear components must be centered, i.e., Emg (Xz' ) =0,1<a<
do, ET;; = 0,1 <[ < dj.

n

If parameters cp; = 0,1 < [ < dy, (Tﬂ, .. 'Tid1> are redundant. {Yi>Xz'17 "'7Xid2}2~:1

follow an additive model. For applications of additive model, see, Nacher, Ojeda, Cadarso-
Sudrez, Roca-Pardinas and Acuna (2006), Roca-Pardinas, Cadarso-Sudrez, Nacher and Acuna
(2006), Gonzalez-Manteiga, Martinez-Miranda and Raya-Miranda (2008). Additive model,
however, is only appropriate to model nonparametric effects of continuous predictors (X“,

s X d2> supported on compact intervals. The effects of possibly discrete and /or unbounded
predictors can be neatly modeled as some of the variables <TZ~1, Ty 1) in the PLAM (4.1),
see the simulation example in Section 4.3 where T}1,T;9 are normal conditional on X, T;5
is discrete and T4 has positive density over a compact interval, and Section 4.4 which shows
that the simpler PLAM fits the Boston housing data much better than an additive model.
For general references on partially linear model, see Schimek (2000) and Liang (2006). For

applications of partially linear model to panel data, see Su and Ullah (2006), while for data

with measurement errors, see Liang, Wang and Carroll (2007) and Liang et al. (2008).

Satisfactory estimators of functions {mq ($O‘)}i2:1 and constants {COZ}EE() in model
n

(4.1) based on {YivX@T’ TZT} ) should be (i) computationally expedient; (ii) theoretically

1=
reliable and (iii) intuitively appealing. Kernel procedures for PLAM, such as Fan and Li
(2003) and Liang et al. (2008) satisfy criterion (iii) and partly (ii) but not (i) since they

are computationally intensive when sample size n is large, as illustrated in the Monte-Carlo
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results of Xue and Yang (2006). It is mentioned in Li (2000) that the computation time of
estimating a PLAM is about n times of estimating a partially linear model with do = 1 by
using the kernel marginal integration method. For discussion of computation burden issues
by kernel methods, see Li (2000). Spline approaches of Li (2000), Schimek (2000) to PLAM,
do not satisfy criterion (ii) as they lack limiting distribution, but are fast to compute, thus
satisfying (i). The SBK estimator we propose combines the best features of both kernel and
spline methods, and is essentially as fast and accurate as an univariate kernel smoothing,

satisfying all three criteria (i)-(iii).

We propose to extend the “spline-backfitted kernel smoothing” (SBK) of Wang and
Yang (2007) to PLAM (4.1). If the regression coefficients {COZ}EZO and the component

d
functions {mﬁ (a:ﬁ> }52 B were known by “oracle”, one could create {Yioinoz}?zl
=1, (0%

with Yo =Y; — ¢ — Z?il corTit — 2%2:1, Bta™B (Xw)

= Mg (X m) +o (Xi7 Tz’) g;, from which one could compute an “oracle smoother” to estimate
the only unknown function mq (zq), bypassing the “curse of dimensionality”. The idea was
to obtain approximations to the unobservable variables Y;, by substituting m 3 (Xi 5)’
1<i<n, 1< B <dy, B# o, with spline estimates and argue that the error incurred by
this “cheating” is of smaller magnitude than the rate O <n_2/ 5) for estimating mq (zq)
from the unobservable data. Lemmas 4.9, 4.14, 4.17 and 4.18 establish the estimators’
uniform oracle efficiency by “reducing bias via undersmoothing (step one) and averaging
out the variance (step two)”, via the joint asymptotics of kernel and spline functions. A
major theoretical innovation is to resolve the dependence between T and X, making use
of Assumption (Ab), which is not needed in Wang and Yang (2007). Another significant

innovation is the y/n-consistency and asymptotic distribution of estimators for parameters
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{COZ}EE()’ which is trivial for the additive model of Wang and Yang (2007).

This chapter is organized as follows. The SBK estimators are introduced in Section 4.2
with theoretical properties. Section 4.3 contains Monte Carlo results to demonstrate the
asymptotic properties of SBK estimators for moderate dimensions. The SBK estimator is
applied to the Boston housing data in Section 4.4. Proofs of technical lemmas are in the

Appendix.

4.2 The SBK Estimators

For convenience, we denote vectors as x = (21, ...,z d)T and take || -|| as the usual Euclidean

norm on RY, i.e., x|l = ”Zg:1 22, and ||-||oo the sup norm, i.e., x| oo = SUp] << |Tal-

We denote by Iy the r x r identity matrix, 0, % ¢ the zero matrix of dimension r x s, and
n
=1

diag(a, b) the 2 x 2 diagonal matrix with diagonal entries a,b. Let {Yz’ XZ.T, TZT} be a

sequence of strictly stationary observations from a geometrically a-mixing process following
model (4.1), where V; and (X;, T;) = {<Xz'17‘"7Xz'd2>Tv(Tilv . ‘Tidl)T} are the i-th
response and predictor vector. Denote Y = (Y7, ..., Yn)T the response vector. Without loss
of generality, we assume X is distributed on [0,1],1 < a < dy. An integer N = Ny ~
nl/ 4 logn is pre-selected. Denote the class of Lipschitz continuous functions for a constant

C > 0 as Lip([0,1],C) = {m| ‘m@) —m(:vl)‘ < C‘x—x/’ N, 2 e [0,1]}.

We use the second order B spline (or linear B spline) basis by (v) = bjo (7), 0 < J <
N + 1 which is defined in Section 1.3 of Chapter 1. Let the distance between neighboring

interior or boundary knots be H = Hp = (N + 1)_1. Define next the space G of partially

82



linear additive spline functions as the linear space spanned by
{1,tl,bJ(xa),1 <l<djl<a<dyl< J§N+1},

and let {1, {Tl,bj (Xm) }?:1 1<l < d171 <a<dy,1<J <N+ 1} span the space Gy, C
R™ . As n — oo, with probability approaching 1, the dimension of G, becomes

{1+dy+dy(N+1)}. The spline estimator of m (x,t) is the unique element 7 (x,t) =
mn (x,t) from G so that {m (Xi, Tz’) }?Si <n best approximates the response vector Y. To

be precise, we define

i . dy d N+1 .,
i (x,8) = éoo+ g L ot + D 2 D o Eraby (Ta), (4.2)

where the coefficients (éoo, col> é‘]70‘>1<l<d1 |<J<N+1,1<a<ds minimize

n d d N+1 2
22'21 {YZ ‘0~ Z[il 'l — Za2:1 J=1 cJaby (Xia)} -

Pilot estimators of ¢ = {COZ}?EO and mq (zq) are el = {éOZ};ii() and 7hy (T) =
Zyill Craby (xar) — n—1 Py 2]}2—11 Craby (X;q), which are used to define pseudo

~

responses Yj,, estimates of the unobservable “oracle” responses Y;

. . dy . d i
Yia =Yi =00~ >,y 0Tt - 252:175#@ mg (Xw) :
Y;

d d
ia =Yi—co0— 2,2 coiTit - 252:1,57&04 mg <Xw> : (4.3)

~

n
Based on {Yz’ow Xia} 1 the SBK estimator mgpg  (za) of ma (2¢) mimics the would-be
1= )
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Nadaraya-Watson estimator my o (za) of ma (za) based on {Y;,, Xia}?:la if the unob-

servable responses {Yia}?zl were available

A

with Yj,, Y, in (4.3), falza) = n—1 2?21 K}, (X;q — za) an estimator of fo (za).
Without loss of generality, let & = 1. Under Assumptions A1-A5 and A7, it is straight-

forward to verify (as in Bosq 1998) that as n — oo,

5P, e[, 1—h ‘an,l (1) —mq (ml)‘ = op <n_2/5 logn> ,
Vil Linge 1 (1) = my (1) = by (e 22} BN {003 o)}
where, by (z1) = /uQK(U) du {mlll (1) f1 (21) /2 +m/1 (xl)f{ (9‘71)} fl_l (z1),

v? () = /K2 (u) duE [02 (X, T)|X] = :vl] i ). (4.5)

It is shown in Li (2000) and Schimek (2000) that the spline estimator 71 (21) in the first step
uniformly converges to mq (1) with certain convergence rate, but lacks asymptotic distribu-
tion. Theorem 4.1 below states that the difference between rgpy 1 (1) and my 1 (1) is
op (n_Q/ 5) uniformly, dominated by the asymptotic uniform size of my 1 (z1) —mq (7).

So g 1 (#1) has identical asymptotic distribution as my 1 (7).

THEOREM 4.1. Under Assumptions A1-A7, as n — oo, the SBK estimator mgpg 1 (21)
. . . . N B _92/5 .
given in (4.4) satisfies SUP,. €[0,1] |SBK, 1 (1) — MK 1 (5171)‘ = op (n / ) Hence with
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by (z1) and U% (1) as defined in (4.5), for any x1 € [h,1 — h],

m{mSBK,l (z1) —mq (z1) — by (27) h2} BN {O,U% (I1)} :

Instead of Nadaraya-Watson estimator, one can use local polynomial estimator, see
Fan and Gijbels (1996). Under Assumptions A1-A7, for any o € (0,1), an asymptotic

100 (1 — &) % confidence intervals for mq (xq) is

mgpK.1 (#1) — by (z1) h? & Zo/201(21) (nh)~1/2 (4.6)

where by (1) and @%(xl) are estimators of by (x1) and v% (x1) respectively.
The following corollary provides the asymptotic distribution of 7gpy (x). The proof of
this corollary is straightforward and therefore omitted.
COROLLARY 4.1. Under Assumptions A1-A7 and the additional assumption me € c(2) 0,1],2 <
dg dg 5 9
a < dg. Let mgpK (x) = Zl mSBK,@ (za), b(x) = Zl ba (za), v°(x) = Zl va (Ta),
o= o= o=

for any x € [0, 1]d2, with SBK estimators mSBK,a (za),1 < o < dy, defined in (4.4), and

ba (zav), v% (xqy) similarly defined as in (4.5), as n — oo,

Vnh {mSBK (x) — 222_1 ma (za) — b (x) h2} Dy {o, V2 (x)}

Next theorem describes the asymptotic behavior of estimator ¢ for c.

THEOREM 4.2. Under Assumptions A1-A6, asn — oo, ||€¢ —c| = Op (n_l/z). With the

T
1 0 -~
additional Assumption A8, \/n(€¢ —c) =4 N 0,0(2) dy , for ¥ = cov (T)
0, =7
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with random vector T defined in (4.10).

To construct confidence sets for c, X is consistently estimated by
- 7 . e dy N+1 »
1 Z Z,l,n 1/ p 10 which 17 ,, = Tl—za Z + Jabj (x), where b?},a (xq) =
by (ra) — n_l Z?zl b (X;q) is the empirical centering of b ; () for the a-th variable X,

defined in the Appendix and (dJoz> L<J<N+ll<a<d minimize
) S < s _a_ 2

2
d9 N+1
7= S 0 et o

4.3 Simulation

In this section, we analyze some simulated data examples to illustrate the finite-sample
behavior of SBK estimators. The number of interior knots N in (4.2) is given by N =
min ([cln1/4 log n] + 9, [(n/2 —1—dq) d2_1 - 1}), in which [a] denotes the integer part
of a. In our implementation, we have used ¢y = c9 = 1. The additional constraint that
N < (n/2-1-dy)dy 1 _ 1 ensures that the number of terms in the linear least squares
problem (4.2), 1 + dy + d9 (N + 1), is no greater than n/2, which is necessary when the
sample size n is moderate.

The i.i.d. data {YZ, X, Tz} —1 is generated according to the partially linear additive

model (4.1), which satisfies Assumptions A1-A5, and A8

d d :
Y; =2+ Zlil T + Za2:1 ma (X;q) + 00gj ma (z) = sin (2rz) ,1 < a < dg,

where o) = 2, ¢, ~ N (0,1) is independent of (Xi7 Ti)’ T, = (Tilv T;9,T;s, Ti4) such that

T:

73 T4, (T1, Tjo) are independent, T;3 = £1 with probability 1/2, T;4 ~ U (—0.5,0.5),
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(L1 Tig) ~ N ((0.0),diag (a (X;1) 0 (Xj2)) ) a ) = Ziﬁ—giﬁi;

X. — (X d
{

i lOé)a2:1 is generated from the vector autoregression (VAR) equation X, =

1/2
d { <1 — a2) / Zm} —1/2,1 < o < d9 with stationary distribution

2= (ZioZigy) ~ N (04 (1-0%) ' )

—1
Z, ~ N(Od2,<1—a2> E),Zi:aZZ-_1~|—sZ>,sZ~NN(O,E),QSZ'SH,

S = (1) Tgydy gyl 0<a<1.0<r <1,

So {Xi}?zl is geometrically a-mixing with marginal distribution U [—0.5, 0.5].

We obtained for comparison the SBK estimator mqpy , (7o) and the “oracle” smoother
MK, o (xq) by Nadaraya-Watson regression using quartic kernel and the rule-of-thumb band-
width. To see that mgpy , (za) is as efficient as My o (zq) for numerical performance, we

define the empirical relative efficiency of mgpg , (¥a) with respect to my o (za) as

2?21 {mK,a (za) — ma (Xz' )}2 v

S {imgpK o (@) = ma (X )}2

effo = (4.7)
Theorem 4.1 indicates effy, should be close to 1 for 1 < o < dy. Figures 4.1, 4.2, 4.3,
and 4.4 provide the kernel density estimates of 100 empirical efficiencies a = 2,3, sample
sizes n = 100 (solid lines), 200 (dashed lines), 500 (thin lines) and 1000 (thick lines) at
oyg = 2, dyo = 3, and do = 30. The vertical line at efficiency = 1 is the standard line for
the comparison of mgpK (za) and m o (za). One clearly sees that the center of the
density plots is going toward the standard line at 1 with narrower spread when sample size

n is increasing, confirmative to Theorem 4.1.

87



Efficiency of the 2-nd estimator

2.5

0 0.5 1 15 2 2.5

Figure 4.1: Kernel density plots for o = 2,dy = 4,d9 = 3 in Chapter 4

Note: kernel density plots of the 100 empirical efficiencies of gk , (za) to MK o (za),

computed according to (4.7) for sample sizes n = 100 (solid lines), 200 (dashed lines), 500
(thin lines) and 1000 (thick lines) at o = 2,dy = 4,dy = 3.
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Efficiency of the 3-rd estimator

2.5

Figure 4.2: Kernel density plots in Chapter 4

Note: kernel density plots of the 100 empirical efficiencies of gk , (za) to MK o (za),

computed according to (4.7) for sample sizes n = 100 (solid lines), 200 (dashed lines), 500
(thin lines) and 1000 (thick lines) at o = 3,dy = 4,dy = 3.
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Efficiency of the 2-nd estimator
>.
o —
0 0.5 1 15 2 25
X

Figure 4.3: Kernel density plots for o = 2,dy = 4,d9 = 30 in Chapter 4

Note: kernel density plots of the 100 empirical efficiencies of gk , (za) to MK o (za),

computed according to (4.7) for sample sizes n = 100 (solid lines), 200 (dashed lines), 500
(thin lines) and 1000 (thick lines) at o = 2,dy = 4, dy = 30.
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Efficiency of the 3-rd estimator

2.5

0 0.5 1 15 2 2.5

Figure 4.4: Kernel density plots for o = 3,d; = 4,d9 = 30 in Chapter 4

Note: kernel density plots of the 100 empirical efficiencies of gk , (za) to MK o (za),

computed according to (4.7) for sample sizes n = 100 (solid lines), 200 (dashed lines), 500
(thin lines) and 1000 (thick lines) at o = 3,dy = 4, dy = 30.
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To see that ¢(); is as efficient as ¢(;;, we define the asymptotic efficiency of ¢;; with respect
2 1/2
100 J ~
2i=1 {COZ,t—COZ} /100

2
100§,
12 for o} /100

t-th replication in the simulation. For n = 200,500, dy = 3, Table 4.1 lists the frequencies

to ¢y as eff] = , Where 5Ol,t’ éOl,t are values of ¢qy, ¢y for the

of 95% confidence interval coverage of the SBK estimators for the regression coefficients
d . .

{CO I } li0’ the sample mean squared error (MSE) and the asymptotic efficiency. The coverage

frequencies are all close to the nominal level of 95%. As expected, increase in sample size

reduces the sample MSE and increases the asymptotic efficiency.

Table 4.1: Estimation of parameters for the linear part in Chapter 4

r | a | 95% CI coverage MSE Asymptotic
frequency Efficiency

00 0.92(0.92) 0.0241 (0.010) | 0.8806 (0.8406)
¢oo | 03] 0 0.92(0.91) 0.0264 (0.0095) | 0.8403 (0.8588)
0 (0.3 0.89(0.92) 0.0263 (0.0096) | 0.8446 (0.8536)
0.3 0.3 0.89(0.92) 0.0282 (0.0103) | 0.8146 (0.8270)
00 0.95(0.90) 0.0330 (0.0152) | 0.8795 (0.8892)
¢9p | 03] 0 0.99(0.91) 0.0297 (0.0143) | 0.9217 (0.9069)
0 (0.3 0.98 (0.95) 0.0296 (0.0121) | 0.9157 (0.9949)
03103 0.96 (0.94) 0.0336 (0.0134) | 0.8635 (0.9491)
010 0.96 (0.95) 0.0306 (0.0115) | 0.8809 (0.8659)
oo 03] 0 0.97(0.97) 0.0378 (0.0118) | 0.7914 (0.8553)
0 (0.3 0.95(0.95) 0.0329 (0.0112) | 0.8523 (0.8757)
03103 0.97 (0.97) 0.0336 (0.0104) | 0.8397 (0.9039)
010 0.96 (0.97) 0.0259 (0.0087) | 0.8892 (0.8983)
¢o3 03] 0 0.92 (0.98) 0.0301 (0.0074) | 0.7527 (0.9327)
0 (0.3 0.93(0.96) 0.0362 (0.0078) | 0.8264 (0.9178)
03103 0.96 (0.97) 0.0258 (0.0078) | 0.8919 (0.9101)
00 0.95(0.96) 0.4006 (0.1229) | 0.7873 (0.9181)
coq 03] 0 0.94 (0.95) 0.3771(0.1111) | 0.8117 (0.9661)
0 |0.3 0.92(0.95) 0.3867 (0.1154) | 0.8019 (0.9470)
0.3 0.3 0.93(0.96) 0.3533 (0.1138) | 0.8388(0.9537)

Note: estimation of ¢ = (600, €01, €02 €03 004)/ with do
parentheses), n = 500 (inside parentheses).
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For visualization of the actual function estimates, at noise level o) = 2 with sample size
n = 200,500, we plot M o (za) (thin curves), MSBK a (xq) (thick curves) and their 95%
pointwise confidence intervals (upper and lower medium curves) for meq (dashed curves)
in Figures 4.5, 4.6, 4.7, and 4.8. The SBK estimators seem rather satisfactory and their

performance improves with increasing n.

4.4 Application

In this section we apply our method to the well-known Boston housing data, which contains
506 different houses from a variety of locations in Boston Standard Metropolitan Statis-
tical Area in 1970. The median value and 13 sociodemographic statistics values of the
Boston houses were first studied by Harrison and Rubinfeld (1978) to estimate the hous-
ing price index model. Breiman and Friedman (1985) did further analysis to deal with the
multi-collinearity for overfitting by using a stepwise method. The response and explanatory
variables of interest are:

MEDV: Median value of owner-occupied homes in $1000’s

RM: average number of rooms per dwelling

TAX: full-value property-tax rate per $10, 000

PTRATIO: pupil-teacher ratio by town school district

LSTAT: proportion of population that is of "lower status” in %.

Wang and Yang (2009b) fitted an additive model using RM, log(TAX), PTRSATIO
and log(LSTAT) as predictors to test the linearity of the components and found that only
PTRATIO is accepted at the significance level 0.05 for the linearity hypothesis test. Based

on the conclusion drawn from Wang and Yang (2009b), we fitted a partial linear additive
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n=200, Estimation of component #2

Figure 4.5: Plots of the estimator for the nonparametric part at o = 2, n = 200

Note: plots of the oracle smoother my q (za) (thin curve), the SBK estimator
MSBK o (zq) (thick curve) defined in (4.4), and the 95% pointwise confidence intervals

constructed by (4.6) (upper and lower medium curves) of the function components
ma (za), @ = 2 (dashed curve), dy = 4,dy = 3.
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n=500, Estimation of component #2

Figure 4.6: Plots of the estimator for the nonparametric part at o = 2, n = 500

Note: plots of the oracle smoother my q (za) (thin curve), the SBK estimator
MSBK o (zq) (thick curve) defined in (4.4), and the 95% pointwise confidence intervals

constructed by (4.6) (upper and lower medium curves) of the function components
ma (za), @ = 2 (dashed curve), dy = 4,dy = 3.

95



n=200, Estimation of component #3

0 05

Figure 4.7: Plots of the estimator for the nonparametric part at o = 3, n = 200

Note: plots of the oracle smoother my q (za) (thin curve), the SBK estimator
MSBK o (Tar) (thick curve) defined in (4.4), and the 95% pointwise confidence intervals

constructed by (4.6) (upper and lower medium curves) of the function components
ma (za), @ = 3 (dashed curve), dy = 4,dy = 3.
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n=500, Estimation of component #3

Figure 4.8: Plots of the estimator for the nonparametric part at o = 3, n = 500

Note: plots of the oracle smoother my q (za) (thin curve), the SBK estimator
MSBK o (zq) (thick curve) defined in (4.4), and the 95% pointwise confidence intervals

constructed by (4.6) (upper and lower medium curves) of the function components
ma (za), @ = 3 (dashed curve), dy = 4,dy = 3.
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model as follows:

MEDV = ¢ + ¢g1 X PTRATIO + m7 (RM) 4+ mg9 (log(TAX)) 4+ mg (log(LSTAT)) + ¢.

As in Wang and Yang (2009b), the number of interior knots is N = 5.

In Figure 4.9, the univariate nonlinear function estimates (dashed lines) and correspond-
ing simultaneous confidence bands (thin lines) are displayed together with the ”pseudo data
points” (dots) with pseudo response as the backfitted response after subtracting the sum
function of the remaining covariates as in (4.3). The confidence bands are used to test the
linearity of the nonparametric components. In Figures 4.9, 4.10 and 4.11 the straight solid
lines are the least squares regression lines through the pseudo data points. The first figure
confidence band with 0.999999 confidence level does not totally cover the straight regression
line, i.e, the p-value is less than 0.000001. Similarly the linearity of the component func-
tions for log(TAX) and log(LSTAT) are rejected at the significance levels 0.017 and 0.007,
respectively. The estimators ¢y and ¢y of ¢y and ¢ are 33.393 and —0.58845 and both
are significant with p-values close to 0. The correlation between the estimated and observed
values of MEDV is 0.89944, much higher than 0.80112 obtained by Wang and Yang (2009b).
This improvement is due to fitting the variable PTRATIO directly as linear with the higher
accuracy of parametric model instead of treating it unnecessarily as a nonparametric vari-
able. In other words, our simpler partially linear additive model (PLAM) fits the housing

data much better than the additive model of Wang and Yang (2009b).
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Confidence Level = 0.999999

60

Y hatl

.

Sse

. Secasla
o« e O

Figure 4.9: Plots of the estimators for RM for Boston housing data

Note: plots of the least squares regression estimator (solid line), confidence bands (upper
and lower thin lines), the spline estimator (dashed line) and the data (dot).
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Confidence Level = 0.983

20

10

Y hat2

55 6 6.5
log(TAX)

Figure 4.10: Plots of the estimators for log(TAX) for Boston housing data

Note: plots of the least squares regression estimator (solid line), confidence bands (upper
and lower thin lines), the spline estimator (dashed line) and the data (dot).
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Confidence Level = 0.993

Y hat3

0.5 1 15 2 25 3 35
log(LSTAT)

Figure 4.11: Plots of the estimators for log(LSTAT) for Boston housing data

Note: plots of the least squares regression estimator (solid line), confidence bands (upper
and lower thin lines), the spline estimator (dashed line) and the data (dot).
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4.5 Appendix

Throughout this section, ay, > bn, means lim by /ap = 0, and anp ~ bp means lim by /a
g y An n s n/ n ) n n s n/ n
= ¢, where ¢ is some nonzero constant.

We state the following assumptions.

Al. Given 1 < a <dy,mq € c(2) [0, 1], while there is a constant 0 < Cso < 00, such that

m/ﬁ € Lip([0,1], Cx0), V1 < f < d9 and S # a.

00
A2. Vector process {Zt}?g_oo = {( ;Er, T;‘r,st>} is strictly stationary and ge-
= 00

ometrically strongly mixing, that is, its « -mixing coefficient a (k) < Koe_)‘ok , for

Ky, A\g > 0, where
a(k) = SUPBEU{Zt,tSO},CEU{Zt,tZk‘} |P(BNC)— P(B)P(C)|. (4.8)

A3. The noise ¢; satisfies F (51' ‘.7-"@) =0,F (522 ‘.7-"2> =1, F (|5i|2+5 |]:z> < Mg < 400
for some § > 2/3, Mg > 0, and o-fields F; = o { <Xi” Tz”) ,

il < €l i <i—1,1<i< n} Function o (x,t) is continuous with

0 < cg <inf (x,t) <sup (x,t) < Cp < 0.

xe[0.192 terd1 7 xe[0,1]%2 terN 7

A4. The density function f(x) of X and the marginal densities fo (xq) of Xq satisfy

fEC[O,l]d2,0<Cf§ian€ d2f(x)§sup .

[0,1]
c@o,1].

Ab. There exist constants 0 < cs < C’5 < 400,00 < cQ < CQ < oo such that
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es < B (TP X =x) <G5, v w e 0,1)%, 1< U< dpand eql(g, 4 1)x(dy11)

S
T
Q(X)SCQI(d1+1)x(d1+1)>WhereQ(X)ZE{(1 TT> (1 TT |X—X}-

A6. The number of interior knots N = Np ~ n1/410gn, ie., an1/4 logn < N <
CNn1/4 log n for some positive constants cpr, C'p.

A7. The kernel function K € Lip([—1,1],Cxo) for Coo > 0 is bounded, nonnegative,
symmetric, and supported on [—1,1]. The bandwidth h ~ n_1/5, ie., chn_1/5 <

h < C’hn_l/5 for positive constants Cy,, cp,.

Assumption A1 on the smoothness of the component functions is greatly relaxed and
is close to being the minimal. Assumption A2 is typical in time series literature while
Assumptions A3-A5 are typical in nonparametric smoothing literature, see for instance, Fan

and Gijbels (1996).

For ¢, ¢ on |0, 1]d2 X Rdl, define the empirical inner product and empirical norm as

(6 ohp = n I 16 (X ) o (X, Ty) LMol = n~ 10 62 (X, Ty). I 6, are

L2—integrable, we define the theoretical inner product and theoretical L2 norm as (9, ) =

E{6 (X, T) ¢ (X5, Ty}, 6% = B {6? (X;,T;) } and denote Eno = (6, 1) 6 is em-

pirically (theoretically) centered if Ep¢ = 0(E¢ = 0). For theoretical analysis, define the cen-

tered spline basis as b7 ., (ra) = b (ver) — bj_1(za),VI<a<dy,1<J< N+,

Ja
€J—1,«
where ¢ 7, = Ebj(Xa) = [b](za) fa (va) dze. The standardized basis is

B (ta) =by4(2a)/ HbmH WI<a<dy1<J<N+L (4.9)

103



For the proof of Theorem 4.2, define the Hilbert space

H = {p (x) = Ziilpa (za) . Epa (Xa) = 0, E2pa (Xa) < oo}

of theoretically centered Lo additive functions on |0, 1]d2, while denote by Hy, its subspace

spanned by {BJa (za),1<a<dy,1<J< N+ 1}. Denote

Pl"Oij Tl = P (X) = argminpeq_lE {Tl —p (X)}2 ’Tl = Tl — Proij Tl’

. . 2 & .
PI‘OJHn T, = argmlnpeHnE {Tl —p (X)} ’Tl,n =T - PrOJHn 17,

for 1 < 1 < dy, where Projy/T; and Proan Ty are orthogonal projections of T; unto

subspaces H and Hp, respectively. Denote next in vector form

Tn = {Tlv”}lglgdl = {Tl}1§l§d1 ' (4.10)

The next assumption is needed for the second part of Theorem 4.2.
A8. Functions p; € C'[0,1]92 1 <1 < dj while o (x,t) = 0, (x, t) € [0,1]92 x RIL.

m (x,t) can be expressed in terms of the standardized basis

. . di . d N+1 |
i (x,t) = ¢gp + Zzi1 cort + Zole L eraBra @), (4.11)

where <COO=COZ76J,a>1§l§d1 1<J<N+1,1<a<dy minimize

n d d N+1 2
Zizl {YZ T~ Zlil aly = Za2:1 J—1 STabBra (Xz'a)} : (4.12)
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While (4.2) is used for statistical implementation, algebraically equivalent (4.11) is for math-

ematical analysis. Pilot estimators of mq (z¢) and ¢l are

o (za) = ]}”Fll 07y (wa) el = {coo,cm}l . (4.13)
where Bikl,a (za) = By (xa) — EnBjo =B, (xa) = n—1 > Bja (X;q) is the em-
pirical centering of Bj , (za). The evaluation of 7 (x,t) at the n observations results in an
n-dimensional vector {m (Xi> Tz’) }?SZ <n’ the projection of Y onto Gy, with respect to the
empirical inner product (-, -),,. In general, for any n-dimensional vector A = {Ai }1T§Z < WE
define Pp A (x, t) as the projection of A onto (Gp, (-, )y, ), i-e., PnA (x,t) = 5‘04'2521 S‘Ztl+
Z "1 ZN+1 AJaBJa (zq), with Y replaced by A; and coefficients {5\0, j‘lv S‘J,a} given
n (4.12). Define the empirically centered additive components as
Py oA (o) = ZN+1 >‘Ja Ta (za),1 < a < do, and the linear component as (Pn,cA)T =
{5\0, S‘l}lglgdl' Rewrite estimators m (x), mq (zq), € defined in (4.11) and (4.13) as
m(x,t) = PpY (x,t),mq (va) = Pn.aY (za),€ = Py Y. The noiseless and noisy com-

ponents are

ﬁ’L (X, t) = an (X, t) ,ma (.flfa) = Pn7am (.Qfa) ,am = Pn7cm,

5 (X, t) = ].)7]/]37 ga ({Ea) = Pn’aE (Zlfa) ,65 = Pn’cE, (414)

for m = {m (X T, ) i—1 B = {a (Xi’Ti) Ei}?:l' Linearity of Pp, Pn.c, Pn,a, 1 <a <

d9, and the relation Y = m + E imply a crucial decomposition

m(x,t) =m(x,t) +&(x,t),ma (xa) = ma (za) + a (za) , € = Em, + Ce. (4.15)
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- (. T L
Let a = (ao, ar, a‘LO‘)1§l§d1’1§J§N+1,1§&§d2 be the minimizer of

n d d N+1 2
> i {0 (X;.Ty)eg—ag =y L Ty =D 2 > agaBrg (Xm)} :
(4.16)

- - (. . . T L
Similarly, ¢ = (Coo,COZ,CJ7a>1<l<d1 1<J<N+1,1<a<dy minimizes

" d d N+1 2
Zizl {m (Xz’, Ti) — ¢ — Zlil oty — Zole -1 CJ70zBJ,oz (Xia)} . (4.17)

1
Then 2 (x,t) = 4! B (x,t) 4 = (BTB) BT'E, with matrices

T

T
,B={B(X;,T; o
1<i<d,1<J<N+1,1<a<dy {B (X i) Heizn

(4.18)

B(x,t) = {1,tl7BJ7a (xa)}
and a, the solution of (4.16), equals to

1 EnT, EnBj,

<EnTl/>T <Tz” Tl>n <Tl/, BJ,a>n

T
\ (EnBJ/’O/> <BJ’,a”Tl>n <BJ/,O/’BJ’O‘>n ) 1</ <dy,1<a,0/ <d9,
1<J,J'<N+1

¢
n_l 2?21 o (Xi> Ti) &;

—1
X n 2?21 TZ'ZO' (Xi7 TZ‘) 6Z' (4'19)

—15n
r B X; X;,T;)e;
| Zzzl J,a( Za)U( 1 z) € ) 1<I<d,1<J<N+1,1<a<dy

Bernstein inequality below under geometric a-mixing is used in many proofs.
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LEMMA 4.1. [Theorem 1.4, page 31 of Bosq (1998)] Let {&4,t € Z} be a zero mean real
valued a-mixing process, Sp = 2?21 &t. Suppose there exists ¢ > 0 such that for t =
1,...,nk = 3,4,...,E|§t|k < ck_2k!Ef% < 400 (Cramér’s condition) then for n > 1,

integer q € [1,n/2], e >0 and k > 3

P(|Sp| > ne) < aq exp <_$> tay(K)a ([ n D%/(Qlﬁtl)’

25m% + 5ee q+1

where a(-) is the a-mizing coefficient defined in (4.8) and

5mzk/(2k+1)

2
),aQ(k)—lln 1+ —E |,

3

25m% + 5ce

a1—29+2<1+
q £

with my = maxy <;<p 1§/l 7 > 2.

LEMMA 4.2. Under Assumptions A2, A/, AG, CfH/2 < cjo < C'fH and (i) 3 con-
2
stants cq (f),Co(f) depending on fo (va),1 < o < do, such that cq (f) H < HvaO‘H <
Co(f)H. (i) uniformly for 1 < J,J' < N+1,1 < a,a’ < dZvE’BJ,a (Xa)‘ < CH1/2,
2 9 k
B|B o (Xia) Byt o (X0 )| 2 ¢fC72 > 0B |B o (Xia) Byt oo (X )| <

CRE2=F k> 1. (iii) uniformly for 1 < J,J' < N+1,1< a < do,

(

1 J =17
E{BJ,a (Xia) Byt 4 (Xm)} ~4 —1/3 (J’ - J‘ —1,

| 1/6 ‘J’—J‘:Q

X

(8%

p | < ckpt-k ‘J’—J‘ <2
‘ k> 1

BB o (Xia) By o (
0 ’J’ . J‘ >
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LEMMA 4.3. Under Assumptions A2, A4, A6 and A7, denote
wa (Xpa1) = Ky (X = 21) Bro (Xja) e (@) = Boo (Xper), (420)

as n — oo, Supxle[O,l] Sup1§a§d2,1§J§N+1 ’“J,oz (xl)‘ =0 (\/ﬁ) )

LEMMA 4.4. Under Assumptions A2, A4, A6 and A7, as n — oo,

—1\"
sup sup )n W Xp,rq) — (1) ) = Op logn/\/ﬁ :
21€[0,1] 1<a<dy 1< J<N+1 S wsa (X)) = ngq @)} { }

where W o, (X, 21) and 1 (1) are given in (4.20).

LEMMA 4.5. Under Assumptions A2, A4-A6, as n — oo,

An,l =sup j ‘EnBJ’a‘ =Op (n_1/2 log n> , (4.21)

An2 = e (BraBya), ~ (BraBya)|=0p{nm) ™ Plogn},  (422)
Ap3 = SUP Lo/ ‘<B=Ja04’ BJ’,O/>n - <BJa04’ BJ’,a’>) =Op (n_l/Q IOgn) o (423)
An,4 = sup; J g ‘<Tl, B‘]’O‘>n — <TZ>BJ,a>‘ =Op (n_1/2logn> ) (4.24)

LEMMA 4.6. Under Assumptions A2, A4-A7, denote
G (X1, Ty w1) = Ky (Xn — 1) Ty g (1) = BG (X1, Ty 1) (4.25)
as n = 00, SUPY <1<y vy €[0,1] 1y (z1)] = O (1), while

AR —1/2;—1/2
SUP1<[<dy,z1€[0,1] ‘” 122:1 {G (X¢1,T¢z,x1)—ul(x1)}‘=Op{n /2h /logn}-
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For proofs of Lemmas 4.2-4.6, sece Ma and Yang (2011b). Let <U(J/ o) (Ja)) =
<BJ’,a”

By4) . (vr)) = (1.1}). (vl,xla}) — (13 By,). (U(J,u,)?l) — (B 1})- De-

note by V the theoretical inner product matrix of the standardized basis

{1,tl,BJ7a(xa),1Slgdl,l§J§N—|—1,1§a§d2},i.e.

T T
! 03, Oy (N+1)
V= Odl (Ul/,l> (Ul’,(J,a)) . (4.26)
Ody(N+1) <U(J’,o/),l> (“(J’,o/),(J,a)) 1<l <dy,1<a<a/<ds,
1<JJ'<N+1
Denote by S the inverse matrix of V
T T
! Od1 OdQ(NH)
S = Odl (sl/,l> (Sl’,(J,Oz)> . (4.27)
Ody (N+1) (S(J’,o/),l> (S(J/,a/),(J,a)> 1<,l'<dy,1<a<a<dy,
1<J,J'<N+1

Next, we denote by V the empirical version of V, i.e.

0 EnT, EnBj,

V= <EnTl,>T <Tl”Tl>n <Tl/,BJ’a>n
<EnBJ/’O[/>T <BJ’,O/’Tl>n <BJ’,0/’ BJaOZ>n 1§l,l/§d1,1§a§a/§d2,

1<J.J/<N+1
(4.28)
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LEMMA 4.7. Under Assumptions A2, A}-A7, for matrices V, S and V defined in (4.26),

(4.27), and (4.28) (i) there exist constants Cy, > cyy >0, Cg = c‘_/l,cs = 0‘71 such that

Vhgd +dy(N+1) = V=Cvligg 1do(N+1)

SMydy+dy(N+1) = S =CsTipa 1dy (V1) (4.29)

(ii) Define An = supg, oo cr [(91.92)n = 91,92 g1l llgall =1, then

Ap = Op (n_1/2H_1 log n) (111) With probability approaching 1 as n — oo,

IN

VIitd +dy(N+1) = V=COvig o (N+1)

o1
cShtdi+dy(N+1) = V' = CsTipgrdy(N+1) (4.30)

LEMMA 4.8. Under Assumptions A2-A7, as n — oo,

— n _ n
‘n 1 ZiZl o (Xi7 Ti) 82" + Hjaoii ’Tl 1 ZiZl BJ,a (XZOé> o (Xi7 T’i) 82"

—i—mlax ‘n_l Z?:l T;0 (Xi= Ti) 52" =Op <n_1/2 logn) .

For proofs of Lemmas 4.7 and 4.8, see Ma and Yang (2011b).

COROLLARY 4.2. Under Assumptions A2-A7, as n — oo,

Hn_lBTEH = Op(n_1/2N1/2 logn), Hn_lBTEHOO = Op(n_1/2 logn).

Corollary 4.2 follows from Lemma 4.8 directly.
Next we study the difference between mgpy (1) and my 1 (x1), both given in (4.4).
Denote ¢ = {COZ}?EO’ the decomposition (4.15) implies that my 1 (z1) — mgpK (1) =
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{Urp (1) + Wy (21) + Uy (21) + Wy (1)} / 1 (21), where

Wy (1) =n" ! 2?21 Ky, (X;1 — 1) (1, T;—F) (&m —c), (4.31)
Uy () = I Ky (X1 - ) (1T ) &,
Uy () =n ! Z: Kp, (Xj1 — 1) ZO?:Q {ma (Xia) = ma (Xia) }
WIS Ky (X =) Y02y a (Yia) (4.32)

First we show Wp (x1) is uniformly of order Op (n_1/2> for 1 € [0, 1].
LEMMA 4.9. Under Assumptions A1, A2, A4-A7, asn — oo,
—1/2 2 —1/2
SUP €0,1] ’\I/b (x1)| =0Op (n 121 g ) =0Op (n / ) :

LEMMA 4.10. Under Assumptions A1, A2 and A6, there exist functions go € G,1 < a < d9,

Enga(Xa)|| = Op (n_1/2 + H2), where g(x,t) =

n

d d ~ :
coo + Zlil corty + Zazzl ga(re) and m is defined in (4.14).

2
such that as n — oo, o—1

For proofs of Lemma 4.10 and Lemma 4.9, see Ma and Yang (2011b). Next we show Uy (z7)
in (4.32) is uniformly of order op (n_2/ 5). For aj, given in (4.19), define an auxiliary
entity

- N+1
63 = J=1 aJOéBJ()é (xa) (433)

The Zq (zq) in (4.14) is the empirical centering of &5 (29), i.c

o (2a) = 25 (za) —n ! ZL 5 (Xi,) - (4.34)
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According to (4.34), we can write Wy (1) = \111(12) (1) — \Ifq(jl) (x1), where

o @) =n VY K (X ) 2 Y R (XGe) . (439)

wi?) (ay) =07t > K (X —a1) ng 50 (X1a) (4.36)

for &}, (X;,) in (4.33). By (4.19) and (4.33), \IIQ(JQ) (z1) can be rewritten as

\111()2) (1) = n1 Zd Zl 1 Z]J\H_ll QW] Xl, :1:1) (4.37)

for wy o (X;, 1) given in (4.20). \115,1) (1) and \11,52) (xq1) are of order

Op {Nn_1 (log n)2} and Op <n_1/2 log n) uniformly, given in Lemmas 4.12 and 4.13. The
T

next lemma provides the size of a* a, where a is the least square solution defined by (4.16).

LEMMA 4.11. Under Assumptions A2-A6, as n — oo,

51 5 N+1 .
a a= + Za 1 J=1 CL%O[_Op{NTL 1(logn)2}. (4.38)

Proof. By (4.18), (4.19), (4.30), with probability approaching 1 as n — oo, ||a]| Hn_lBTEH >
al <n_1BTE> =alVa> cy ||:‘§1||2 with Corollary 4.2 imply ||r?1||2 < c‘_/1 l|a|l Hn_lBTEH =
c‘_/1 la|| x Op {]\71/271_1/2 logn} . Thus ||a|| = Op {N1/2n_1/210g n}, n — 0o. 1
LEMMA 4.12. Under Assumptions A2-A7, as n — oo, \111()1) (1) in (4.85) satisfies

1 (331)‘ =Op {Nn_1 (logn)Q} :

(
o o

For proof, see Ma and Yang (2011b). The vector a in (4.19) is

a= (V) - (n_lBTE> . (4.39)
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Next define theoretical versions & of a and \ifq(?) (1) of \111(12) (1) in (4.37) as

a=v1 <n—1BTE> _ (n_lBTE> , (4.40)

. _ N+1 |
\117() (z1) 1 Zz—l Za . 71 aJanoz (XZ, xl) (4.41)

LEMMA 4.13. Under Assumptions A2-A7, as n — oo, \111()2) (1) in (4.86) satisfies

SUP,. €[0,1] ‘\111(12) (xl)‘ =0Op (n_1/2 logn> =o0p (n_2/5> :

Proof. According to (4.39) and (4.40), one has Va = (V) a, which implies (V - V) a=
V (a4 — &). Using (4.21), (4.22), (4.23), (4.24) one obtains that |V (a — &)|| = H(V V) H
< Op (n_l/QH_llogn> llal|. According to Lemma 4.11, ||a]| = ( —1/251/2 logn>,

soasn — oo, [V(a—a)|| <Op {n_1N3/2 (log n)2} By Lemmas 4.7 and 4.11, as n — oo,

la—a] =0y {n—1N3/2 (log n)2} , (4.42)

Jall < lla— & + iall = Op (n /2N 2 10gn) (4.43)
@, @ Loxgto oy o

sup  |[Wy ' (z7) — Wy (xl)‘ < sup >y (aJ,a - aJ,a) nt Y wy (X, 2)
x1€[0,1] z1€[0,1] |a=2 J=1 =1

= \Jda (N + 1)0p (0 B3 1087 1) 0p (H/2) = 0y (nLH 3210 n) . (4.4)

dy N+1

Note that [i47) (u1)| < @1 (1) + @p (). where @1 ) = | > attia ),
a= =

N+1 _
2(71) 'Za 2 J+1 @ Jam 122— {wJa(Xz’xl) Mj,a@l)}‘-
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Using the discretization idea, we divide interval [0, 1] into My, ~ n equally spaced intervals
with disjoint endpoints 0 = Il 0 < <z, =1 then SUP;. €[0,1] Q1 (xq) < Ty + 1Ty,

where T = maxy <<\, Z ZN+1 aJah o <x1’k> , Ty equals to

222:2 ]jill {dJ,Oz“J,a (z1) — &Jja,u(],a <$1,k>} )

supxle[l’l’k_l,ajl k],lﬁkSMn

| dy N+1

A= 20 (X Z il5(Ja)l T Z 2 Byt ot ( ’>S(J,&),(J’>O/) ’
i=1 =1/=1 )
N+1,

J—1 ATakJa (fﬁ k> —n~! Zz’,l,J o (l“uc) s(1a),1Tio (X Ti) &

! 2ol gy e (C’flk) S(1a), (1) Bt o (Xm/> o (X;.Tj) e

—1
Define next Woz,l = max|<p< ), |7 ‘ § 1 > J 1 1o <:E1 k) S(J,a),lTila (Xz”Ti) €;
—1 ST X X

d d d :
So Ty < Eo?zl (Zlil Wa,l - ijl Wa,a’)' Supy | Wa,l is bounded by

—1 N+1
sup; [n Z Tyo (X4, Tj) e maxy < < Az, W | D 71 Ao (T18) S(1a)
J 1 ) )

=0Op (n_l/Q logn) Op (1) =0Op (n_1/2 logn> ,

which follows from Lemma 4.8 and Lemma 4.3. Let Dy = 90, (2+ 5)_1 < Oy < 3/8,

where ¢ is the same as in Assumption A3. Define
52._’D =¢;1 (|g;| < Dn) . gz—'i,_D =¢;1 (|g;| > Dn) . eiD = 51._’D —F <€i_,D ‘XZ,TZ) ,

T T
Ui?k = Ha (JJL]{) {S(J,a)’((]/’o/) }1§J J/§N+1 {BJ/,O/(XZ'O/)}(]/J (XZ’T ) Z D
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Denote WD ) =  max ‘n_l Zn—l Ui k“ as truncated centered version of W ,. To
o, 1<k<Mp =" a,x

show ‘Wa,o/ — Wclz)o/ =Up (n—1/2 log n), note

Y

W —wP
o, a,Q

<A1+ A9,

1 —
Al = HII?X ﬁ Z//“LJ,OJ (xlyk) S(J,a),(J/,a/) BJ/,O/ (Xio/> o (XZ7TZ) E <€iaD ‘XZ',TZ')
1,J,J

Ag = 15;?%}](\4 n ;sz/ul]a (951 k;) S(Ja),(J a )BJ’,o/ (Xio/> o (X;,T;) 5;,FD .

T
Let po (l“m) = {Ml,a (ﬁk) O EN4 L (xu{;)} , then

T
Ko (wl,k> {S(Jﬂ),(ﬂ’o‘/) }J’J/
I Bt (Xiar) o (5T B (27 p XT3 ) }J’]

A = maxy << My,

< maXlSkSMn

P <$1,kz>T“a ($1k> [{S(Jﬂ),(J/vO/) }1§J,J’§N+1 "

(10 By, (Xm/)a(X@'aTz')E<6;D’X17Ti>}J/]T[{s({]’a)’(J,ﬂ/)}LJl
N+1H1/2

—1 -
s {” Yit1 By o (Xz'o/> 7 (X, Tj) B <€z‘,D ‘Xi’Ti)}J =1 =

5y 1/2

C‘/S« Hlan Z M%,a <$1,k> %ZBJ/70/ (Xz'o/) (XZ" Ti) E (e’:‘;D ‘XZ'7TZ'>
2

7.7

—(149)

By Assumption A3, ‘E <€i_,D |XZ-7T1->’ = ‘E (5ZD |Xi>Ti>‘ < MgDy, . By Lemma
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4.1, SUPJ/,O/ n_l 2?21 BJ/,O/ (XiOé/> g (Xi’ TZ)‘ = Op (n_1/2 log n) So

sup A < CSM(;DT:<1+6)
/

n
1
Nmaxsup‘,uja (931 k)) sup |— ZB N <X. /> J(Xi,Ti)
o0 k J,CY ) ) ,]/,O/ nZ:1 J Ne’ (16}

=Op {Nn_lD,;(H_é) log2 n} =0Op {(logn)2 Nn_3/2} ’

where the last step follows from the choice of Dy,. Meanwhile

00 o0 246 00 E(E|en?T0 Xy, T 00

E|5n| - ( n n, +tn M5
§:P<|5n|2Dn>§ E W— E 240 < g D2+5§OO’
n=1 n=1 n n=1 n n=1*%n

since § > 2/3. By Borel-Cantelli Lemma, for large n, with probability 1,

_ N+1
" ! Z?zl Zj’i_]zl HJa (xlak’> S(J,oz),(]’,o/) BJ/,O/ (Xio/> g <Xi’ Ti) 52‘D =0,

supa@/ Wa,a’ —wP | < Supa,o/ A+ Supa,o/ Ay = Op <(log n)2 Nn_3/2>. Next we

D _ —-1/2 : :
show that Wa,o/ =Up <n / log n) The variance of Ui,l{: is

T

”l’ (:L’ >T S TN var {B /(X /)} O—(X,T) €>.k
@ Lk (J,Oz),(J e ) J.J! J,a 100 1<J<N+1 v =) =, D

T
x {S(J,a),(J/,o/) }1§J,J’§N+1 Ha <$1k> :

By Assumption A3, 0(27 (U<Ja/) (J’ o/)) is bounded by

1<J,J <N+1

T 2
var ({BJ,a/<Xia/)}1§J§N+1 7 (Xi’Ti)) =Co (”(J,a’),(J’,a’)) 1<J.J <N+1
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T
var (Ui,k> ~ Ha <x1,k) {S(J,oz),(J’,o/) }1§J,J’§N+1 <U(J,a’),(J/,a’)>1§J7J/§N+1

T
8 {S(Jua)a(J,7O/) }1§J,J/§N—|—1 Pa <x17k) V57D ~

T T
Koy (ﬁ,k) {S(Jja)’((]/p/) }J’J, {S(J,a),(J’,o/) }J’J/ Koy <$1,k> V&D,

where Vg,D = var {521) |XivTi}' Let w <x1’k> = {Ma <x17k>Tua (ka) }1/2,
cgcg {/i (xl,k;> }2 Ve, p < var <Ui,k> < CgCg {/{ (;pl’k)}Q Ve D

. T _1/2 r—2 2 n
Since ‘Uz’ JARES {Col’€ (Il k) DnH } r'E ‘Ui k‘ < +4o0, for r > 3, {Ui k} .
) ) ) ’ 1=

satisfies the Cramér’s condition with Cramér’s constant

cx = CcOK (ml k) DnH_1/2, hence by Lemma 4.1

2 6/7
-1 dpn, n
P > < —
n E Ui k| = Pn ¢ < a1exp ( 25m%+5c*pn> + a9 (3)a([q+1D ;

1/3
where m% ~ K2 (:1:17k> V&D, mg < {cm?’ (:1:17k> H_1/2DnV€’D} / , pn, = plogn/y/n,

6/7
2 om
al = 2% +2|1+ 2’.# ,ap(3)=1n |1+ ——3 | Similar as in Lemma 4.4,
25m5+-5¢xpp, Pn
2
qu cn log n1 (pn_1/2 logn)
n > ~ logn, as n — oo,

25m% +5cxpp,  25cF + ok <:L‘Lk> DnH_l/Qpn_l/2 logn
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Taking c(, p large enough, one has

n
1 _ _ —
Pl - E Ui 1| > pn 1/210gn gclognexp{—Cszlogn}+Cn2 6)‘060/7§n 3,
n )
1=1

for n large enough. Hence Z%il P ( Wolzjo/

> pn_1/2 log n) is bounded by

M _
22021 k£1p(‘” 12?21 Ui

> pn_l/QNl/zlog n> < Z;O—l Mnn_3 < 0.

Thus, Borel-Cantelli Lemma entails Wolz)a/ = Up <n_1/2 log n), as n — 0o. Note

W —wb
o,x a,Q

)

dg dy do
Zazl <Zl:1 WO&J + Z:()/:1 Wa,o/)’

= Up ((logn)2 Nn_3/2>’ then Wa,a’ = Up(logn/y/n). Thus T <

So as n — oo, T1 < d10p (n_1/2 log n) + d220p (n_1/2 logn) =0Op (n_1/2 logn) .

Employing Cauchy-Schwartz inequality and Lipschitz continuity of kernel K, Assumption

A5, Lemma 4.2 (ii) and (4.43) lead to

Ty < dyOp (n~ /2N 2 10gn) { fjvill EBY, (X12)}1/2 <h2Mn>_1 = op (n71/2).

Therefore, 5P €0,1] Q1(x1) LTy +TH=0p <n—1/2 log n) Noting that

sup @y 1) = Op (V2N togm ay 2N/ 201201 o) = op (wY/2)
z1€[0,1]

by Cauchy-Schwartz inequality, (4.43), Lemma 4.4, Assumptions A6 and A7. Thus
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< (2 — -
sup \111() ) (xl)’ < sup {Qq(z1)+Q2(z1)} = Op (n 1/2 logn) = op <n 2/5).
z1€[0,1] z1€[0,1]

The desired result follows from the above result and (4.44). 1

LEMMA 4.14. Under Assumptions A2-A4, A6 and A7, as n — oo,
—1/2 -9
SUPy1€[0,1] (Vo (z1)] = Op (n / 10gn> = op (n /5> ’

Lemma 4.14 follows from Lemmas 4.12 and 4.13. Next we bound 6% - cT7 EZ defined

in (4.17), (4.16). Denote by I.,, ; the matrix ( Ir 0,4 )
LEMMA 4.15. Under Assumptions A1, A2, A4-A7, asn — oo, ||&m —c| = op <n_1/2> )

Proof. By the result on page 149 of de Boor (2001), 3 Coo > 0 such that for mqg €
/
cl [0,1] with m,, € Lip([0,1],Cxo), there is a function go € G such that Egq (Xq) =

H2, 1 <a <dy. Then

/
0, g — mallag < Coc Hma

) 1
em = =114 {dy(v+1)) % (BTB) BIm—c

-1 d d
=14d)) x{dy(N+1)} (BTB> B! {Co > aTy+ Y2 9a (Xig) }KK” —c
-1 d d
(1 4dy) x {do(N+1)} (B7B) B! {Zle ma (Xia) =22 1 9a (Xia)

N d
=(14dy)x{dy(N+1)} V0 BY [Z(le {ma (Xia) — 90 (Xm)}}

}1§i§n
1<i<n

with V defined in (4.28). So by Lemma 4.7, ||&nm, — cH2 is bounded with probability ap-
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proaching 1 by v—1,~1BT [2?21 {ma (Xia) — Jo (Xi )}}

1<i<n

< 3[BT [ fme (Xia) — 00 (Xia)}

1<i<n

2 2
d d d _
< €3 (021 low—mallos )+ O3 L) (202 oo~ mallogn™ S |7

d N+1 (~d -
O3 7 T (Za221 lga = malloo n ™t 24 ‘BJJJ/ (XZ'O/> D
2
] B 2
<% (Zazzl lge = mo‘"oo) {1 +y (s <y<gy 7 T [Tal)

2
151
+ (N +1)dy (Suplga’gdz,nggNH" =1 ‘BJ,O/ <X@'O/>D }

—1<xn _ 1/2
TP1<a/<dg 1<T<N+1" S |B s (Xir)| = Oas. (HY/2),

SUP] <<dy n—1 Z?:l |T;;| = Oaus. (1), so as n — oo,
2
- d
fem = eI ~ |02 o = malloo| = 0p (i1%).
LEMMA 4.16. Under Assumptions A1-A7, as n — oo, ||ce|| = Op <n_1/2> :

Proof. Let (Q1,Q9) = I(1+d1)x{d2(N—|—1)} (a,a—a). By (4.40), (4.42), (4.27)

& =11 d)) e fdy (N41))3 = Q1+ Q2. (4.45)

0 [Qall = Op {n=IN3/2 (1og )2}, while

(-1 T e p 1S !
Q= (n Zi:l o (XZJTZ) gy N Zi:l gil/)lgl’gdl (4.46)
in which gzl/ = {El Sl/lT@l + ZQ’J Sl/,(J,CK)BJ7a (XZOZ)} o (XZ’ TZ) €;- Clearly Ele/ =0
2
while Eg?l, < C’%E Hzl syl + Za,J Sl/7(J7a)BJ,Qg (Xa)H < 03 (0, 5117 Sl’,Uﬂ)) X
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2

T
\% (O’Sl/l’sl/,(J,a)) < C’gCV ‘(O’Sl/l’sl/,(J,a)) < CgC’VCL%. It is easily checked
E (gilléjl’) = 0 for i # i/ thus by Markov Inequality, suplgl/gd1 n—1 2?21 &1t
Op(n_1/2). Likewise n 1 2?21 o (X;,T;)e; = Op(n_l/Q). Then, Lemma 4.16 follows

from the above results. §

LEMMA 4.17. Under Assumptions A1, A2, A4-A7, as n — oo, SUP 1 €[0,1] |\I/Tb (x1)| =
op (1/v/n).

For proof, see Ma and Yang (2011b). Define a theoretical version of

Uy (o) =0 S 8 (X ) (a0 + Sty ) o

Uy (21) = agn L Sy Ky, (X —21) + Z?il a1 ¢ (X, Ty -

LEMMA 4.18. Under Assumptions A1-A7, as n — oo,

SUPy, €[0,1] U, (21)] = Op {n_1/2 (log n)4} =op (n_2/5> .

For proof, see Ma and Yang (2011b).

~ \—1
LEMMA 4.19. Under Assumptions A1-A6 and A8, (sl/ l) = cov (Tn> and as n — 00,

cov (’i‘n>_1 — cov (T)_l, where (Sl/,l> defined in (4.27), Ty, and T defined in (4.10).

~ \—1
Proof. (81/ l) = cov (Tn) is induced by basic linear algebra. By the result on page 149
of de Boor (2001), there is a constant Coo > 0 and functions g; (x) € Hp,1 < a < do
such that SUP] <|<dq Hgl — leoo = 0(1). Since Proern T = Proan (ProjH Tl), for V1 <
2
[ < dy by Hilbert space theory, £ <Proan 17 — Projy Tl) <FE {gl (X) — Projy Tl}2 =

~ \—1 -1
E{g; (X) —p (X)}2 =o0(1), as n — oco. Thus cov (Tn) — cov <T> ,asn — oo. 1

Proof of Theorem 4.1. The term Wy (21) in (4.31) has order Op(n_1/2) and other

terms have order op(n_2/5) by Lemmas 4.17, 4.18, 4.9, 4.14. Standard theory ensures that
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fi(zq) = -1 Z L1 Ky, (X;1 — =1) has a positive lower bound. Theorem 4.1 then follows.

Proof of Theorem 4.2. The first part of Theorem 4.2 follows from Lemmas 4.15 and 4.16.
By (4.15), (4.45) and Lemma 4.15, y/n (€ —c) = y/n€s + /n(Em —c) = vn(Q1 + Qo) +

V1 (Em —c) = /nQq +op {1}. It is easily verified £ (1/nQq) = 0. By (4.46), Lemma 4.19,

var (vnQq) =n x ‘7(2)1(1+d1)><{d2(N+1)} var <55T> I(T1+d1>><{d2(zv+1>}

- ~1,2 T
—nxn 001(1+d1)x{dz(N+1)}SI(1+d1)x{dz(NH)}

T T
10 10
:0(2) dy —>0(2) dy 1 ,as n — oo.
0g, (o ,l> 0g, cov (%)

Theorem 4.2 then follows by applying Theorem 1 of Sunklodas (1984). O

122



Chapter 5

Spline Regression in the Presence of

Categorical Predictors

5.1 Background

This chapter is based on Ma, Racine and Yang (2011). Applied researchers must frequently
model relationships involving both continuous and categorical predictors, and a range of non-
parametric kernel regression methods have recently been proposed for such settings. These
developments have extended the reach of kernel smoothing methods beyond the traditional
continuous-only predictor case and have had a marked impact on applied nonparametric
research; see Li and Racine (2007) for examples and an overview. Though kernel methods
hold much appeal for practitioners, many in the applied community continue to resist their
use, often for valid reasons. In particular, nonparametric kernel methods are local in na-
ture, bandwidth selection can be fragile and numerically demanding, interpretation can be

challenging, while imposing constraints on the resulting estimate can be difficult.
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Regression spline methods, on the other hand, are global in nature and involve straightfor-
ward least squares solutions hence unconstrained and constrained estimation is much easier
to handle and faster to compute. Furthermore, their least squares underpinnings render
the methods immediately accessible to those who routinely use least squares approaches. As
such, regression splines provide an immediately accessible and attractive alternative to kernel
methods for the nonparametric estimation of regression models. For excellent overviews of
spline modeling we direct the interested reader to Stone (1985), Stone (1994), Huang (2003),
and Wang and Yang (2009a). For applications of spline approaches, see Huang (1998) for
functional ANOVA models, Huang and Yang (2004), Wang and Yang (2007) and Xue (2009)
for additive models, Wang and Yang (2009a) and Wang (2009) for single-index models, Liu
and Yang (2010) and Xue and Liang (2010) for additive coefficient models, and Ma and
Yang (2011) for jump detection in regression functions. However, just like their traditional
kernel-based continuous-only predictor kin, regression splines are limited by their inability
to handle the presence of categorical predictors without resorting to sample-splitting which
can entail a substantial loss in efficiency. In this chapter we consider a regression spline alter-
native motivated by recent developments in the kernel smoothing of relationships involving
categorical covariates. The proposed spline approach possesses intuitive appeal by produc-
ing a piecewise polynomial, computational expedience as discussed before and theoretical
reliability according to the mean square and uniform convergence rates, and the pointwise

asymptotic distribution results established in this chapter.

The remainder of this chapter proceeds as follows. Section 5.2 outlines the framework
and presents theorems detailing rates of convergence and the asymptotic distribution of the

proposed approach. Section 5.3 considers cross-validatory selection of the spline knot vector

124



and kernel bandwidth vector. Section 5.4 examines the finite-sample performance of the
proposed method versus the traditional ‘frequency’ (i.e. ‘sample-splitting’) estimator, the
additive regression spline estimator, and the cross-validated local linear kernel regression

estimator, while proofs are to be found in the appendix.

5.2 Methods and Main Results

In what follows we presume that the reader is interested in the unknown conditional mean

in the following location-scale model,
Y=9g(X,Z)+0(X,Z)¢, (5.1)

where ¢(-) is an unknown function, X = (X 1s--- ,Xq)T is a g-dimensional vector of contin-
uous predictors, and Z = (Zq,. . ., Zr)T is an r-dimensional vector of categorical predictors.
Letting z = (28)7;:1’ we assume that zs takes cg different values in Dg = {0,1,...,cs — 1},
n

s=1,...,r,and let cg be a finite positive constant. Let (YZ',X;F, Z?) ] be an i.i.d copy

1=

of <Y, XT, ZT>. Assume for 1 <[ < ¢, each X is distributed on a compact interval [al, bl],

and without loss of generality, we take all intervals [ay,b;] = [0, 1].

In order to handle the presence of categorical predictors, we define

1,when Zg = zg

Z<Z87287)\8): )
Ag, otherwise.
L L 1(Zs#zs)
L(Z,z,A) = [[ 1(Zs.zs.0s) = [] 257777, (5.2)
S:l 3:1
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where [(+) is a variant of Aitchison and Aitken (1976) univariate categorical kernel function,
L(-) is a product categorical kernel function, and A = (A, g, ..., )\r)T is the vector of
bandwidths for each of the categorical predictors. We use the tensor product splines intro-
duced in Section 1.4 of Chapter 1. Let B = |[{B(Xy),...,B (Xn)}T nxK,,’ where B (x) is

defined in (1.3). Then g (x,z) can be approximated by B (X)T B (z), where (3 (z) is a Ky x 1

vector. We estimate (3 (z) by minimizing the following weighted least squares criterion,

- o 2
f(z) =arg  min Y, - B (XZ)TB (z)p L(Zj z,N).
B(z)eRKn z—z1{ }

Let £, = diag{L(Zy,z,\),...,L(Zn,z,\)} be a diagonal matrix with L (Zi,z,)\),

1 <7 <n as the diagonal entries. Then /B(z) can be written as

3 (z) = (n_lBTﬁzB) - (n_lBTEZY> , (5.3)

~

where Y = (Y7,... ,Yn)T. g (x,z) is estimated by g (x,z) = B (X)T B (z).
Given any z €D, for any u € (0, 1], we denote by 0. [0, 1]9 the space of order p Holder

continuous functions on [0,1]7, i.e.,

o(x,2) — ¢ (x/, z)
Iy

V110,107 =6 (16ll iz = sup

< +00
x#x! x,x'€[0,1]4 [x —x

1/2
in which ||x[jo = (Z?:1 a:l2> / is the Euclidean norm of x , and ||¢||O,,u,z is the COH

-norm of ¢. Let C'[0,1] be the space of continuous functions on [0,1]9. Given a ¢-tuple

a = (aj,...,aq) of nonnegative integers, let [a] =aj + -+ + ag and let D denote the
o
differential operator defined by D& = %. For positive numbers ap, and by,
:L‘ ces m
1 q
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n > 1, let ap =< by mean that limp—so0 an /bn = ¢, where ¢ is some nonzero constant. The

assumptions employed for the asymptotic results are listed below:

(A1) For any given z €D, the regression function satisfies D®g € cV.1 [0,1]9 , for all «

with [a] =p—1 and 1 <p < min (mq,...,mq).

(A2) The marginal density f(x) of X satisfies f(x) € C[0,1]9 and f(x) € [cf,C'f]
for constants 0 < cy < Of < oo. There exists a constant cp > 0, such that

P(Z=1z|X)>cp forall z €D.

(A3) The noise ¢ satisfies E (¢|X,Z) =0, E (62 | X, Z) = 1. There exists a positive value
0 > 0 and finite positive Mg such that SupXE[O,l]q,zeDE (|5’2—|—5 X =x,Z = z) <
Mg and E <|5|2+5) < Myg. The standard deviation function o (x,z) is continuous
on [0,1]9 x D for D=Dy x -+ x Dy and 0 < ¢g < infxE[O 1] 2eD 0 (x,2) <
SUPye(0,1]4,2€D © (x,2) < Cy < 0.
o , 1
(A4) The number of interior knots Ny, 1 <1 < q satisfy as n — oo, max) <j<q (Nl > =
o{n_l/(2p+Q)}, quzl Ny = o{n(logn)_l} , and the bandwidths Ag,1 < s < r

1/2
satisfy as n — oo, 2221 As =0 { (n_l quzl Nl) / }
THEOREM 5.1. Under assumptions (A1)-(A4), as n — oo,

q

T —_
sup 9 (x,2) — g (x,2)| = Oq.s. Z + Z As + {% (H?:l hl) ! logn}
s=1

x€(0,1]9,zeD =1

1/2

THEOREM 5.2. Under assumptions (Al1)-(A4), for o an (x,2) in (5.14), as n — 0,

6'\771 (x,2) {9 (x,2) — g (x,2)} — N(0,1). For any given (x,z) € [0,1]4 x D, c;§n_1 X
—1 —1

<H?:1 hl) < 8% (x,2z) < C’;n_l (ngl hl) , for some constants 0 < ¢ < Cpy < oc0.
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Proofs of these theorems are presented in the appendix. Having outlined the theoretical
underpinnings of the proposed method, we now consider an illustrative simulated example
that demonstrates how smoothing the categorical predictors in the manner prescribed above

impacts the resulting estimator §(x, z).

5.3 Cross-Validated Choice of N and )\

Cross-validation Stone (1977) has a rich pedigree in the regression spline arena and has
been used for decades to choose the appropriate number of interior knots and is the basis for
Friedman (1991) multivariate adaptive regression spline (MARS) methodology among others;
see Wahba (199) for an overview in the spline context. It has also been used extensively for
bandwidth selection for kernel estimators such as the local linear kernel estimator proposed
by Li and Racine (2004) that appears in the simulations in Section 5.4 (see also Racine
and Li (2004) for the local constant counterpart). Following in this tradition we choose the
number of interior knots (i.e. the vector (N)) and smoothing parameters (i.e. the bandwidth

vector A) by minimizing the cross-validation function defined by

CV(NN) =01 S - Bn(X) T B_i(2))%, (5.4)
=1

where _;(Z;) denotes the leave-one-out estimate of 3.

To illustrate the behavior of the data-driven cross-validated selection of N and A, we
consider two simple data generating processes (DGPs) and plot the resulting cross-validated
regression estimate based on the popular cubic spline basis. For each figure we regress Y; on
X; and Z; using the proposed method. Figure 5.1 presents four simulated data sets and the
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cross-validated values of N and A (maximum N is 15, n = 500, A € [0, 1]).

N =0, A =0.0012 N=0,x=1
v _|
N T
Yo
N <3
> > _
Yo
o S
T o]
T T T T T I TN T T T T I
00 02 04 06 08 1.0 00 02 04 06 08 1.0
X X
N =3,A=0.0015 N=3 A=1
v _|
AN - 'o'.?-n
Yo '..
b | o' -
> > _
© 1
2 (o
| R ":; 50"
N 0 n - :‘;v"., ":}"’"
T E— T T T by — T T T
00 02 04 06 08 1.0 00 02 04 06 08 1.0
X X

Figure 5.1: Example with n = 500 and a variety of DGPs in Chapter 5
Note: for the lower left DGP there is no difference in the function when Z = 0 versus

Z =1 and cross-validation ought to select A =1 (/N the number of interior knots, A the
bandwidth).

Figure 5.1 illustrates how the cross-validated choices of N and A differ depending on the
underlying DGP. For instance, the plot on the upper left is one for which Y; = cos(7X;) +¢;
if Z; =0andY; =1+ cos(nX;) +¢; if Z; = 1. It is evident that N ~ 0 and A ~ 0.0012

is appropriate here. The figure on the upper right is one for which Y; = cos(nX;) + ¢;
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regardless of the value taken on by Z;. Those on the lower left and right are similar but use
cos(4mX;) instead. For both the lower and upper figures on the right, N ~ 0 and N ~ 3
appear to be appropriate while A ~ 1 and A =~ 1 are also appropriate since Z; is independent
of Y;. These simple examples serve to illustrate how cross-validation is delivering values of

N and X that are appropriate for the DGP at hand.

Before proceeding, a few words on the numerical optimization of (5.4) are in order.
Search takes place over N7,...,Ng and Aq,...,A\r where the A\ are continuous lying in
[0,1] and the N are integers. Clearly this is a mixed integer combinatorial optimization
procedure which would render exhaustive search infeasible when facing a non-trivial number
of predictors. However, in settings such as these one could leverage recent advances in mixed
integer search algorithms which is the avenue we pursue in the Monte Carlo simulations
reported below. In particular, we adopt the ‘Nonsmooth Optimization by Mesh Adaptive
Direct Search’” (NOMAD) approach (Abramson, Audet, Couture, Dennis Jr., and Le Digabel
(2011)). Given that the objective function can be trivially computed for large sample sizes
as it involves nothing more than computing the hat matrix for weighted least squares, it
turns out that the computational burden is in fact nowhere near as costly as, say, cross-
validated kernel regression for moderate to large data sets. As such, the proposed approach
constitutes a computationally attractive alternative to multivariate cross-validated kernel
regression. In addition, in the next section we shall also see that the proposed approach
constitutes a statistically attractive alternative as well, at least from the perspective of

finite-sample square error loss.
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5.4 Monte Carlo Simulations

In this section we consider a modest Monte Carlo experiment designed to assess the finite-
sample performance of the proposed method. We consider two DGPs with ¢ = 2 continuous

predictors and r = 2 categorical predictors given by

DGP-M: YZ = COS(Q?TXM) X SiH(??TXZ'Q) + (Zil + ZZ'2)/1O +¢€;,

DGP-A: YZ = COS(27TXZ'1) + Sin(27TXZ'2) + (Zil + Zi2)/10 +¢€5, (5.5)

where the continuous predictors are drawn from the uniform (X j~ Ul0,1], j = 1,2), the
categorical predictors (Z jrJ =1 2) are drawn from the rectangular distribution with equal
probability (zs € {0,1,...,cs — 1} where cg is the number of categorical outcomes, cg > 2,

s =1,2), and € ~ N(0, 02) with o = 0.1. For what follows we set cs = ¢, s = 1,2. Observe

that DGP-M is multiplicative in the continuous components while DGP-A is additive.

We draw M = 1,000 Monte Carlo replications and for each replication we compute the
cross-validated frequency estimator (i.e. that based only on the (Y, X) pairs lying in each
‘cell’ defined by Z), the proposed cross-validated categorical regression spline estimator, the
cross-validated additive categorical regression spline estimator Ma and Racine (2011) and
the cross-validated local linear kernel estimator that is often used to model continuous and
categorical predictors in a manner similar to that undertaken here (note that the local linear
kernel estimator is minimax efficient and has the best boundary bias correction properties
of the class of kernel regression estimators; see Li and Racine (2004) for details). For the
regression spline estimators we set the spline degree vector equal to (3, 3) (a popular choice)

and cross-validate the number of knots vector (N1, Ng) and the bandwidth vector (Aq, A9).
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We then compute the MSE of each estimator based upon (5.5) for each replication and report
the relative median MSE over all M replications in Table 5.1. Table 5.2 reports a summary

of the smoothing parameters chosen by cross-validation.

Table 5.1: Relative median MSE in Chapter 5

DGP-M: Multiplicative Specification DGP-A: Additive Specification

n ¢ Frequency Additive Kernel n ¢ Frequency Additive Kernel

500 2 0.591 0.008 0.487 500 2 0.554 2.028 0.489

500 3 0.572 0.014 0.618 500 3 0.488 1.939 0.593

500 4 0.519 0.020 0.718 500 4 0.434 1.788 0.702
1000 2 0.745 0.004 0.403 1000 2 0.776 2.072 0.417
1000 3 0.591 0.008 0.494 1000 3 0.518 2.096 0.494
1000 4 0.609 0.013 0.585 1000 4 0.523 2.072 0.571
1500 2 0.815 0.003 0.359 1500 2 0.822 2.053 0.381
1500 3 0.636 0.006 0.446 1500 3 0.660 2.119 0.446
1500 4 0.626 0.010 0.518 1500 4 0.520 2.176 0.514
2000 2 0.838 0.002 0.337 2000 2 0.852 2.087 0.368
2000 3 0.722 0.005 0.408 2000 3 0.754 2.143 0.418
2000 4 0.628 0.008 0.480 2000 4 0.572 2.226 0.478

Note: Relative median MSE of the proposed proposed spline regression estimator versus
the frequency regression spline, additive regression spline, and local linear kernel regression
estimator. Numbers less than one indicate superior performance of the proposed spline
estimator. ¢ denotes the number of outcomes for the discrete predictors, n the sample size.

Table 5.1 illustrates how, for a given sample size, the relative performance of the proposed
approach that smooths the categorical predictors versus the frequency approach that breaks
the data into ¢y x c9g = (4,9, 16) subsets improves as ¢ increases, as expected (each categorical
predictor takes on ¢; = cg = ¢ = (2, 3,4) values). Furthermore, for a given ¢, as n increases
the proposed estimator approaches the frequency estimator since A — 0 as n — oo. Table
5.1 further illustrates how the proposed cross-validated method dominates the popular local

linear kernel estimator for all sample sizes and values of ¢ considered.
Often additive spline models are recommended in applied settings due to the curse of
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dimensionality (the property that the multiplicative tensor regression spline has a rate of
convergence that deteriorates with the number of continuous predictors, ¢). Observe, how-
ever, that even in small sample settings such as n = 500, if the additive model is used
when additivity is not present, the square error properties of the additive regression spline
model can be orders of magnitude worse than the multiplicative tensor regression spline
model (the tensor model has roughly 1/100 the MSE of the additive model for DGP-M).
Naturally, if additivity is appropriate the additive model that incorporates this information
will have better finite-sample properties (the tensor model has roughly 2 times the MSE of
the additive model for DGP-A, the additive DGP). Simulations not reported here for space
considerations indicate that the finite-sample mean square error improvement over the ker-
nel regression estimator holds a) whether or not there exist categorical predictors, and b) in

higher-dimension settings than those reported here.

Table 5.2 reveals how the cross-validated bandwidths tend to zero as n increases. These

findings are consistent with the theoretical properties detailed in the appendix.

In the above simulations the tensor-based multivariate regression spline approach dom-
inates the popular local linear kernel regression approach for the range of sample sizes and
number of predictors considered. However, we caution the reader that this is not guaranteed
to always be the case. The dimension of the tensor spline basis grows exponentially with
the number of continuous predictors for a given order/knot combination for each predictor.
Thus, for a fixed sample size n, as the number of continuous predictors ¢ increases degrees
of freedom will quickly fall and the square error properties of the resulting estimator will
naturally deteriorate. So, in small n large q low degrees of freedom settings one could readily

construct instances in which the kernel regression approach will display better finite-sample
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Table 5.2: Median values for smoothing parameters in Chapter 5

DGP-M: Multiplicative Specification =~ DGP-A: Additive Specification

n c Ny No N A9 n c Ny No N A9
500 2 2 3 0.16 0.16 500 2 2 3 0.16 0.16
500 3 2 3 0.11 0.11 500 3 2 3 011 0.11
500 4 2 1 0.07 0.08 500 4 2 3 0.09 0.09
1000 2 2 3 0.10 0.10 1000 2 2 3 0.10 0.10
1000 3 2 3 0.07 0.07 1000 3 2 3 0.07 0.07
1000 4 2 3 0.05 0.05 1000 4 2 3 0.05 0.05
1500 2 2 3 0.07 0.07 1500 2 2 3 0.07 0.07
1500 3 2 3  0.05 0.05 1500 3 2 3 0.05 0.05
1500 4 2 3  0.04 0.04 1500 4 2 3 0.04 0.04
2000 2 2 3 0.06 0.06 2000 2 2 3 0.06 0.06
2000 3 2 3 0.04 0.04 2000 3 2 3 0.04 0.04
2000 4 2 3 0.03 0.03 2000 4 2 3 0.03 0.03

Note: Median values for the number of interior knots and bandwidths for the proposed
spline regression estimator. ¢ = ¢; = c9 denotes the number of outcomes for the discrete
predictors, n the sample size, N fi the number of interior knots for continuous predictor X i
7 =1,2, and )‘j the bandwidth for continuous predictor 7., j =1, 2.

behavior than the regression spline approach. We therefore offer the following advice for the

sound practical application of the methods proposed herein:

1. The proposed methods are best suited to settings in which ¢ is not overly large and n

not overly small.

Our experience shows that for a range of DGPs the regression spline outperforms kernel

regression when n > 500 and ¢ < 5.

One practical advantage is the reduced computational burden of cross-validation for
regression splines versus their kernel counterpart, and in large sample settings (say,

n > 10,000) one can push the dimension of ¢ much higher than that considered here.

2. Of course, when the dimension of the multivariate tensor spline becomes a practical

barrier to their sound application, one can always resort to additive spline models; see

134



Ma and Racine (2011) for details. The drawback of the additive spline approach is
that if the DGP is non-additive, the inefficiency of the additive spline approach can be
much worse than the multivariate kernel approach as clearly demonstrated above. Of
course, it is a simple matter to compare the value of the cross-validation function for
each of the tensor-based, additive-based, and kernel-based cross-validated approaches
and it is perfectly sensible to use this as a guide in applied settings. But our experience
is that the tensor-based multivariate regression spline will indeed be competitive and

ought to be part of every practitioners toolkit.

In summary, the simulations outlined above indicate that the proposed method is capable
of outperforming the frequency estimator that breaks the sample into subsets, while it pro-
vides a compelling alternative to kernel methods when faced with a mix of categorical and
continuous predictors and to additive regression spline models for general nonlinear DGPs

for which additivity is not fully present.

5.5 Concluding Remarks

Applied researchers frequently must model relationships containing categorical predictors,
yet may require nonparametric estimators of, say, regression functions. The traditional ker-
nel and spline estimators break the data into subsets defined by the categorical predictors
and then model the resulting relationship involving continuous predictors only. Though
consistent, these approaches are acknowledged to be inefficient. In this chapter we provide
an approach that combines regression splines with categorical kernel functions that is capa-
ble of overcoming the efficiency losses present in the traditional sample-splitting approach.

Furthermore, the proposed approach constitutes an attractive alternative to cross-validated
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kernel estimators that admit categorical predictors. Theoretical underpinnings are provided
and simulations are undertaken to assess the finite-sample performance of the proposed
method. We hope that these methods are of interest to those modelling regression functions

nonparametrically when faced with both continuous and categorical predictors.

5.6 Appendix

For any vector ¢ = ({q,...,(s) € R, denote the norm ||¢||,, = (|¢1|" + -+~ + |C3|r)1/r 1<
r < 400, |[€l|loo = max(|(1],...,|¢s]). For any functions ¢, ¢, define the empirical in-
ner product and norm as (¢, ), p. = n—1 S 0 (X)) ¢ (Xy) L(Zg,2, M), ”(b“%,ﬁz =
n—1 2?21 gz52 (Xz) L (ZZ-, z, )\). If the functions ¢, ¢ are Lo-integrable, we define the theo-
retical inner product and the corresponding norm as (¢, ) o = E{¢ (X) ¢ (X) L (Z,2, A)},
Hgb||%z =F {¢2 (X)L (Z,z,)\)}. We denote by the same letters ¢, C', any positive con-
stants without distinction. For any s x s symmetric matrix A, denote its Ly norm as

Let Is be

—1
A, = MaxecRS ¢=£0 IACI 1€l Let [|Allog = maxi <;<s Z‘;‘Zl ‘Az’j :

the s x s identity matrix.

~

3 (z) can be decomposed into Bg (z) and B (z), such that § (z) = Bg (z) + B¢ (z), and

~

_ -1/, _ ~ _ -1/, _
By(z) = <n 1BT£ZB) (n 1BTL’Zg> B (z) = (n 1BT[,ZB> <n 1BT£ZE> ,
(5.6)
where g = {g (le Z]_) N (Xna Zn>}T ) E= {CT (X]_7 Zn) €15--, 0O (Xm Zn) En}T Then

g(x,2z) = gg (x,2) + ge (x,2), in which

Gg(x.2) =B(x) LBy (2). G (x,2)=B(x)! B (2). (5.7)
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Next we cite a result in the Appendix of Huang (2003).

LEMMA 5.1. Under assumptions (A2), for any a E]RKn, there exist constants 0 < cg <

Cp < oo that do not depend on n, such that for any z € D
q 2 q
eg (TT7_ ) lell3 < B {{QTB (X)} ] < g (TI7_ 1) el
Since

E{Lk(Zz)\)|X :E IT »s ZS#ZS)LX >P(Z=12z|X)>cp>0,
s= 1

E{Lk (Z,2,\) |X}<1 (5.8)

for any integer k > 1. Thus, for Cp = C and cg = ¢pcp, one has

< |{aTBe0)] < op (T, 1) Il
22 > pl [{aTB (X)}Z} >cp (H?Zl hl> leell3 . (5.9)

LEMMA 5.2. Under assumptions (A2) and (A4), as n — oo ,

max max <B~ By ‘/> — <B~ - By ./>
. C . J15e-] J15--+20q°
2€D jy gy | N VT T g b Jpeda/
B 1 (7714 1/2
~Ons [ {n = (TT1y ) o} ]
Proof. Let (. o y . =B ; B. 2 (X)L (Z;,z,\) —
TOOf le?-.nquia“'a]é?z ']]-”jq( Z) :/la 7j/< 2) ( ¢ )

E {le,---,jq (XZ) B]{,,jé (XZ) L (Zi,z,)\)} . When ’jl —jl/‘ <mj;—1 forall 1 <[ <gq,
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by the properties of the B-spline basis, there exist constants 0 < cg ;. < Cpg . < oo and

k
B <

0 < c/ < C'/B < o9, such that CB,k (ngl hl) < E‘ler_.,jq( Z)B i é(XZ)

k
CB,/C (H?:1 hl) and C/B (H?=1 hl) < ‘E {ij Jq (X )B i j/ (Xz)}‘ <

k ]]_7 ) q
s (qu:1 hl> , thus by (5.8),

2 2 2
EC~ o E B% . (X)) B~ 4 (X
C]la"':](]a]ia 7.7qa Cp { J1>- 7](]( l> ]i”jé< 2)}
— |E<B; - (X . H
2B 0y,
q ! q
> ‘r¢B,2 <Hl:1 hl) B( ) 2 <Hl:1 hl)’
2 2 2 q
B¢,y S ESBT B X;)¢p <C hr),
Cﬂ,,..,jq,ji,...,jé,z_ { ]1,..-,jq( ) jl’ ]C/]( z)}— B2 <Hl:1 l)
k
E'le,...,jq (X; )BJi’ i (X;) L(Z@',z,A)‘

g]lan](])]iaa]éal

k
By oy o0 2}

<2t (CBJC < ?:1 hl) +0p (H;}:l hl>k) = Cck (H;}:l hl) ‘

k
<chlBEC2
j]_?"'aj(]a]la"'?](]?z

< 00, for k > 3. Then by Bernstein’s inequality (p.24, Theorem 1.2, BOSQ(1998)),

. -1
There exists a constant ¢ = ¢ _.j.c o, such that £ |C . .y .
Ck <2 ‘ 17"'7]Qa]17"'7](]7z

- (o ([T o))

-1 n
P{n . . . g
( ’Z@:1 le,...,jq,ji,...,]é,z
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n (quzl hl) logn

4Cp on (ngl hl) + 2c {c’n (ngl hl) log n}l/z

< 2exp{ —

(1052) "
on “WCB2)

=2n 2n_4, for any d > 16Cp 9,

—15n
Z =1 gjlr"a]q»]i?“wj(/]’z

which implies Z%O_l P {maxzep male ol
- geeey q, 17...’ q

r
> {c/n_l (H;]:l hl) logn}l/z} < 22;0:1 (1%1?%7" cs) K%n_4 < 00.

Thus, the Borel-Cantelli Lemma entails that

ons { [ (I, ) 1ogn}1/2] .

max ma); /
ZeDJ]_)J(]:]l::.]q

1
lel C]la"'a](]?]i:"'ﬂ(/]az

When ‘jl—jl/‘ >my — 1 for some 1 <1 <gq,

B: . B, . —{B: . .B, . = 0.
<J1,...,Jq ji,...,j(/]>n7£2 <Jla---7]q ji,...,]é>£z

LEMMA 5.3. Under assumptions (A2) and (A4), as n — oo,

(ot 0T ) e}

(5.10)

(71:72) —{71:72)
Ap = sup sup n.Ly Lz

= OCL.S.
2€D1,79€G Ivillg, 2z,

Proof. Any 71,79 € G can be written as 1 (x) = a1B(x), 79 (x) = a9B(x) for some
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K K i
vectors a] = (O‘jl,...,jq,l) ERP, g = (ajl,...,jq,2> €R®. (71,720, 18

n
-1
Z 77]Q718]177]q Z Oé 1:- 7]Q72 ]]_, ) L(ZZ’Z7A)
i=1 117 -J J12Jq

:Z_

L an ey o (B B, ,>
.717"'7]Q7j/17"'7.7(/] ]17’]Q71 7]17---aJQa2< J1>- 7jq ]17 -5J Tlﬁz

<’Y ,’}/> = . . . Qg ; a .y ./ <B ; B/ ./> .
L27L, Zjl,...,jq,jl,...,jq J1r-5Jgo1 J1oe g2 J1se-0dq’ Jrdal g,

According to (5.9), one has for any z € D, there exist constants 0 < ¢; < €] < oo and 0 <
1/2 1/2
¢ < Cy < o0, such that ey (TT1_; i) llelly < Iallg, < €1 (TTF_y 7)™ Nl o,
1/2 1/2
e (T} 1) " lealla < Ihall g, < Co (TTF_y ) llevgll, thus

109 (ngl hl) lella llealla < lvillz, il < C1C9 (H?Zl hl) laq [l [lea]lo. Hence

ley[l2 llexallo

Ap <
c1ea (T, 1) ey llo lexall

max max <B~ By .,> —<B- - By ./>
Coomax B J1ediq P
2€D ) g gy | N VI N RV
-1 1/2
=Oa.s. {n_1< L) logn} ]
|
Let

By -/> ,
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szn == <B ) ,B./ ./> . (512)

A result in Demko (1986) is described as follows, which plays an essential role in the proof

of Lemma 5.5.

LEMMA 5.4. For positive definite Hermitian matrices A such that A has no more than k

54 \i1/4

nonzero entries in each row, then HA_1H <33k HA_1H2 A5
00

LEMMA 5.5. Under assumptions (A2) and (A4), there exists a constant 0 < Cypp < o0
—1
depending only on m;,1 <1 < g, such that sup,p HVZ_TllH < Cm (H?—l hl) , where
Y m =

Vzn is defined in (5.12)

Proof. For any vector w cRKn cp (ngl hl) ||w||% < WTVz’nW <Cp (ngl hl) ||W||%
which follows directly from (5.9), and it is clear that Vz n is symmetric, thus Vgz n is a

positive definite Hermitian matrix .

-1
Similarly HVZ_’}LHZ < cél <qu:1 hl) . By tensor spline properties, Vz n has no more

than q_ 2m; — 1) nonzero entries in each row, thus
=1\

q 4 15/4
i om0 vz

1/4

1
q

H\f;;%/ —Cm [ T by where
2 =1

w-co|[vib], <

q
Cm =33, | TT (2m; —1)epCxt.u
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LEMMA 5.6. For ffz,n defined in (5.11), and for n large enough, sup,-p H{/'Z_%H <
oo

-1
2Cm (H?:1 hl> in which Cyy, > 0 is the constant in Lemma 5.5.

Proof. By Lemma 5.2, as n — o0,

sup HVz,n - Vz,n
zeD

‘ 0

Sup . max. <3' g Bt -/> —<3' wjor B ./> <
2ED J1rJg ./Z./ J15+++5]q J1r0dq n.Lo J15--Jq J1rdg L.
J15-+-Jq
q
H (2ml — 1) sup max <B- - By .,> — <B~ - By .,>
. . . . j 7"‘7.] ’ ] 7,,,7j )
=1 ZED]l,...,jq,ji,...](/] 1 7 J1Jq n,LCy 1 T J15Jq L.

=Oq.s. {{n_l (quzl hl> logn}l/z} ) (5.13)

Let £ = Vg yn, for any given vector n with dimension Kp x 1, then for any given
2 eD, HVZ_}ZEHOO < HVZ_}L ’OO 1€lloe < Cm (quzl hl>_1 1€]lo by Lemma 5.5, and thus
HVz,nUHOO > 077_11 (quzl hl) [I7]|0c- By (5.13) and H <\Afz,n - Vz,n) nHoo <
|Van = Van|_ Imllog. for n targe enough |[Van| = (1/2) it (T ) Imloc

~ —1 )
Vanér| < 20m (T 1) I€llos for any given

Let 51:\7’Z,nn, then we have

z € D and n large enough. Therefore the result follows.

LEMMA 5.7. Under assumptions (A2)-(A4), as n — oo,

sup o BTz = on (o (TTL ) osn) ).

Proof. Let Dy = nﬁ, with 9 < 1/2, 9(24+6) > 1, 9 (1 + ) > 1/2, which are satisfied
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by 6 > 0. We decompose the noise variable €; into a truncated part and a tail part ; =
D D D D D Dp D

ai’{‘ + 52'7271 +5i,??’ where gi,ln =¢;1 (|g;| > Dn), 52',271 =¢;1 (|g;| < Dn) — €Z~7??, 52.’?? =

E{eil (|ei] < Dn) [X;.2; ). Since |20 < (Blei*T01%;,2;) /DET = o (n71/2),

then

AN : . : -7 Dn| _ —1/2
sup )n . B X)L (Z;,z,\) 0 (X,;,Z;) € —o(n )
ZED;]l;)jq Zz_l jl, 7jq ( 2) ( ' ) ( ' 2) 7/73

The tail part vanishes almost surely, since >°>° | P ([en| > Dn) < Mg3"0° 4 n—9(2+9)

0o. The Borel Cantelli Lemma implies that

swp YT B (X0 (232 A) 0 (X3 Zi) e = O (n7F) for any k> 0.

ZGD?jla"'ajq 1=1

For the truncated part, using Bernstein’s inequality in Theorem 1.2 of Bosq (1998), one has

— n D
SUPZED j1.....3q )n 1 Zizl ler--Jq (X;) L (Zj,2,A) 0 (X;,2Z;) 51.72”‘

- [{n_l (H?Zl hl> IOgn}l/Q}

as n — 0o. Therefore the result of Lemma 5.7 follows from above. 1

LEMMA 5.8. Under assumptions (A2)-(A4), for ge (x,z) in (5.7), as n — oo,

(@) e}

SUWPxe(0,1]9,zeD |9e (x,2)| = Oa.s.

Proof. By Theorem 5.4.2 in DeVore and Lorentz (1993), Lemma 5.6, Lemma 5.7 and the
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definition of ge (z,z), one has

o [, = s 95 (5"

< sup H{/'Z_}LH sup Hn_lBT[,ZEH
zeD zeD o0 00

HOO z€D z€D

(o (01 ) o) ]

= O(Z.S.

ap < sm [~ 0w ({7 (ITLym) o}

x€(0,1]9,zeD zeD

Let ¥z = <B~ By ‘,> , where
{ jl)"’),]q j17...7]q -WZ KnxKn

' ‘ _ ' _ 2 2
<B]1’_._7jq,Bji’m,j(,1>wz E{8) 5y 0By (01222 3) 0 (X.2) |

W = L.diag {02 (X{,Z1),....0% (Xn, zn)} L.

- diag{L2 (Z1,2,X) 02 (X1,21).,..., L% (Z1.2,\) 02 (Xn,Zn)} .
For (x,2z) € [0,1]9 x D define
6% (x,2) =n 1B(x)1 V122V, 1B (x). (5.14)

LEMMA 5.9. Under assumptions (A2)-(A4), for ge (x,z) in (5.7) and 8% (x,2) in (5.14), as
n — 0o, 37;1 (x,2) {ge (x,2)} — N (0,1). For any given (x,z) € [0,1]9 x D,

—1 —1
c§n_1 (quzl hl) < E% (x,z) < C’f;n_l (ngl hl) , for some constants 0 < cjy <

C¥ < 0.

Proof. For any given z € D, by the definition of Bg (z) in (5.6), for any ¢ € REN with
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|cllo = 1, we can write CTB€ (z) = Zznzl a;e;, where

of =n 2TV B (%) B (X)) 17 (2;.2.0) 0% (X)) Vg he

IN

For any given z € D, by Lemma 5.6, as n — oo with probability 1, maxj«,; <, az2

—2
C’g (QC'm)2 n=2 (ngl hl) . As n — oo with probability 1,

Z?—l > Ca (Hl 1 hl) 2 n=2 Z?:l {CTB (Xi)}Q L? (Zi7 zZ, )\)
> dog? ( zq:1 hl)_Qn_lE [{CTB (X@)}2 L’ (zl-,z,x)} (1— An).

the proof of which follows the same pattern as in Lemmas 5.1 and 5.3, thus as n — oo with
a n 2 —1 (14 -1 :
probability 1, Z»:l as > C'n (lel hl) . Hence for any given z € D,

—1
121232(71 CL2/ZZ_1 as = Oq.s. {n_l (ngl hl) } = Oq.s. (1) . Given any £ > 0, one has

i a3 2> a2 {2 (|age| > €allo) }
P

< limllally? >0 a7 <E|5!2+5>2/<2+5){ (el > €aj;? ||a\|2)}5/(2+5>

- n—oo

2/(246) . . /(2+8) _
M ngmoo1gll?§n{13<|g|>gak allo } 0,

thus, the Lindeberg condition is satisfied. By the Lindeberg-Feller CLT, as n — oo,

Sy agei/ (S e?)
N (0,1).

— N (0,1). Therefore, [Var {ge (x,2) |X,Z}]™ 1/25 Je (x,2) —

Var {G: (x,2) X, Z} =0 1B (x) L Vi i3 vy iB(x) L
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where

B - B )
oy s

_ n 9
T Zizl ley--qu (%) Bji""’jé] (X;) L (Zi,2,X) 07 (X;,Z;)

. By Lemma 5.3, one can prove that
and cy (qu:1 hl> Iwl? < wls.w <Cyx (qu:1 hl> w2, thus

—1
WiV, SV, hw<Cy (Hz 1hl> WiV, bV, iw SCEC( — 1hz> lwl?,

-1
wivg sV awzes ([T ) wivadvanw 2es 0 (TTL ) Iwii?.

1
For any given (x,z) € [0,1]9xD, 37% (x,2z) < 1020 (Hl 1 hl) Hlev'“’jq (X)H2 <

—1
C;n_l (ngl hl) , where 5% (x,z) is defined in (5.14), and similarly one has 8% (x,2) >

1
con” (Hl 1hl) for some constants 0 < ¢} < CF < oo. For any given (x,z) €

0,1)9 x D,

limy— o0 [[Var (G (x,2) X, ZY/2 (G (x,2)} 1] = 1, since

Var {G: (x,2) X, Z} < B(x)1 V1.V, LB (%) (1+ Ap) (1 - Ap) ™2,

Var {Gz (x,2) [X,Z} > B(x)1 V1.V, 1B (%) (1 - Ap) (1+ Ap) 2.

Thus, the result in Lemma 5.9 follows. g
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LEMMA 5.10. Under assumptions (A1), (A2) and (A4), for gq (x,2) in (5.7), as n — oo,

SUPy < [0,1)9, 26D ‘ﬁg (x,2) — g (x, z)| =0q.s. <Zlq:1 hle + Zgzl )\5) .

Proof. For 1 <i<mn,1<s<r,let Z_;, be the leave-one out vector of Z;, then

(Z;,2,\) H/\ Zistzs) _ 1(2;=2)+
ZZzl Asl (Zis # 28, L_jg = Z—is) +o (Z::1 )‘5> :

Denote Lz =L, 1+ L, 9+ L, 3, where £, | =diag{1(Z] =2),...,1(Zn =2)}, L, 9 =

r r
diag{ S A1 (Zyg# 25,2 15=2_1g),---, 2 As1(Zns # 25, Z_pg = Z—ns)} and

s=1

1
r
L,3=o0|( > As|In. Thus by the definition of gg (x,2) in (5.7),
. B 3 To—1( —1nT B _
gg (x,2) —g(x,2) =B(x)" Vg (n "B Lrg) —g(x,2) =111 + 11y + I3,

where II] = B (X)T \Afz_}L (n_lBTﬁzﬂg) —g(x,2),

Y

g = B(x) T Vi (n 1B, 0g) 13 = BT Vi (n !B, 38)

Y

By Theorem 12.8 and (13.69) on p. 149 of de Boor (2001), for any z €D, there exists
p(z) € RKn, such that SUPy c[0,1)4 ‘B(X)Tﬂ( ) —g(x,2 ‘ =0 (Zl 1hp>‘ Let gz =
X Xn,2)} T, 11y = Bx) TV} (n~1BTL - — 11y +11
{9(X1,2),...,9(Xn,2)} ", 11y (x)" Vzn(n 218z) —9(x,z) = 11 + 119,

where 11 = B(x)T Vo [n71BTL. 1 {gz — BB (2)}] .

IIi9 =8 (X)Ti\/—z_}b {n_lBTﬁz’lBB (z)} —g(x,2).
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< o [0, o o187 330 <

<sup (]V;%)]oo>{su% ||gz—B/3<z>||oo}(Hn‘lBTﬁz,lHoo)=0a-s- ).
=1

Xe[(),Sll]lg,zE'D [yl < Zslelp HVz n [ 1Bl (g, - Bz )}] ”oo = Oq.s. (Z?Zl hﬁ;) ’

by Theorem 5.4.2 in Devore and Lorentz (1993), Lemma 5.6 and properties of the B-spline.

T
e (0,119 zep T2l < 0Pycio 10 5ep [BO)T B () — 9 (2| +

SUPy (0,1 2D )B (X)T \A/'Z_’qlz {n_lBT (EZ,Q + Ez,?)) Bg (Z)H

<0 () + s [Vanll sup = BTBa 0| 0 (3 %)

By Lemmas 5.1 and 5.2 and , one has sup, p Hn_lBTBH = 0Oq.s. (H?—l hl) , then
50 =

qa ,p
SUPy c(0,1)¢,zeD 12/ < O (Zg:1 hl) T
T T
subgep |7 BB subyep 16 2)le O (320 As)

:Oa.s.< =1 l+z_1)\3)

-1
wep [Van|,

SUPye(0,1)9,zeD M1l = 85Uy 10 110 zep (M11] + [H12]) = Oaus. (2?21 o+ AS) -

SUP, D HVE; (n_lBT£Z72g) Hoo < SUP,p HVE)Z SUp,p (|1 H BTEZ 2gH
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< sup HVﬁé

—1T r r
o7 O(Zmrte) =0 (Eyys).
sup Hn oozsg%llgHoo 28:1 s a.s. Zs:l s

zcD X zeD
thus,  sup  |gg(x,2) —g(x,2)| < sup  (|[Ij]+ ||+ |II3))
x€[0,1]9,zeD x€[0,1]7,zeD

q P T
= Oa.s. Zhl+ Yo As |-
=1 s=1
Proofs of Theorems 5.1 and 5.2. Theorem 5.1 follows from Lemmas 5.8 and 5.10 directly,

while Theorem 5.2 follows from Lemmas 5.9 and 5.10 and assumption (A4) directly. n
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