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ABSTRACT

ELEMENTARY SCHOOL TEACHERS' CONCEPTIONS 0F MATHEMATICS CONTENT

AS A POTENTIAL INFLUENCE ON CLASSROOM INSTRUCTION

By

Therese M. Kuhs

Within an interview format, l9 teachers of grades three, four, and

five were asked to describe the mathematics they hoped students might

learn over the course of a full school year. The teachers were selected

through the use of a questionnaire that asked faculty and administrators

in a suburban school district to nominate teachers who might have strong,

but different views about mathematics instruction. From the list of

nominees, teachers were chosen so that a variety of viewpoints about

mathematics instruction, and a distribution of building and grade level

assignments were represented. The teachers each used one of five differ-

ent commercially published mathematics programs in the classroom.

The purpose of this research was to describe: 1) the content areas

teachers used to describe mathematics curriculum; 2) the topics teachers

recognized as mathematics content; 3) the priorities teachers held for

student learning in mathematics; and 4) the mathematics topics teachers

associated with specific instructional activities. These dimension,

collectively called a teacher's conception of mathematics content, were

of interest because they were hypothesized to affect teachers' decisions

about what to teach. The goal was to determine the extent to which

teachers' conceptions of content were alike, and whether or not teachers'

conceptions of content were consistent with modern trends in mathematics

education.



Therese M. Kuhs

The data for this study were verbatim transcripts of a 2 to 4 hour

interview with each teacher. The analysis was conducted in three stages

and made use of a Taxonomy of Elementary School Mathematics Content to

classify teachers statements about content. The taxonomy served as a

standard for the comparison of content described by different teachers.

Similarities and differences in teachers' statements about mathemat-

ics instruction led to three general conclusions. First, elementary

school teachers are primarily concerned with teaching content related to

the arithmetic operations of addition, subtraction, multiplication, and

division. Second, within general areas of mathematical content (e.g.,

multiplication, problem solving) teachers' perceptions of specific t0pics

that should be taught vary. Finally, differences that were identified in

teachers' conceptions of mathematics content suggested that content de-

cisions teachers make, may result in variation in the content of instruc-

tion across classrooms, even when the same textbooks or instructional

program is in use.
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Chapter 1

Statement of the Problem
 

The autonomy teachers exercise in determining routines and activi-

ties for their classrooms has been characterized in recent research (e.g.

Lortie, 1975; Jackson, 1978). These studies reveal that teachers receive

few directives and little supervision in matters related to the daily in-

struction they present to children. Yet relatively little is known about

how teachers use their autonomy to affect classroom lessons.

Research on classroom instruction in elementary school mathematics

(e.g. Suydam 8: Osborne, 1977; Stake 8: Easley, 1978; Knappen & Floden,

1980) suggests that teacher autonomy may affect the content that is

taught to students. In the classrooms studied, modern curriculum mater-

ials were in use. But the challenging and interesting topics presented

in the modern materials were selectively omitted, as teachers emphasized

traditional topics related to the skills of arithmetic. Further, within

the narrow range of arithmetic content, different teachers sometimes were

seen to teach different t0pics. Even in classrooms where the same mathe-

matics textbook was used as the primary source of instructional material,

Knappen and Floden (1980) found that teachers' reports of the content

taught varied.

Observation of teachers' selective use of segments of written curri-

<:u1a suggests that the goals of a curriculum might be modified as

teachers emphasize some topics and omit others. The failure of past

attempts to influence the mathematics content taught in classrooms may be
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based on a failure to recognize the potential impact of teachers' autono-

my in content selection. Innovative curriculum programs are likely to be

modified by the teachers who use them, particularly when there is little

consistency between teachers' instructional priorities and the goals of

the newly developed curriculum.

The National Council of Teachers of Mathematics (NCTM) has recently

announced recommendations for a major revision of the school mathematics

curriculum (NCTM, 1980). These: recommendations propose that problem

solving become the focus of mathematics instruction, and that the acqui-

sition of computational skills should no longer be the primary goal for

classroom learning. The NCTM's formalized statement about the importance

of problem solving content summarizes the rhetoric of the past decade

(e.g., Conference on Basic Mathematical Skills and Learning, 1975; Na-

tional Council of Supervisors of Mathematics, 1976). Yet little is known

about whether or not teachers will accept problem solving as an important

component of elementary school mathematics curriculum.

The success of the NCTM recommendations, and any future attempts to

change school mathematics instruction, confronts two issues. First,

widespread implementation of new curricula seems to require some level of

consistency between the goals of the new programs and what teachers gen-

erally accept as important content to be taught. Second, dramatic dif-

'Ferences in teachers' selection of topics for instruction may result in

r’andom modifications of new curricula that affect students in different

(Vlassrooms in various ways. The importance of these issues can be con-

s‘idered through a study that reveals whether or not different teachers

Se'lect the same topics for mathematics instruction, and if topics

teachers select reflect concerns that are consistent with modern trends

‘Vl nuthematics education.



Conceptual Model

Over the past three years, the Content Determinants project in the

Institute for Research on Teaching at Michigan State University has been

investigating factors that influence the content of instruction in ele-

mentary school mathematics. A model of the teacher as a political broker

has guided the consideration of teachers' decisions about the content of

instruction (Schwille, Porter, Gant, 1980). From this point of view,

teachers are thought to have enough discretion about their teaching to be

influenced by their own beliefs about what schooling ought to be. But

teachers may also choose (or be constrained to choose) to follow certain

suggestions or pressures from without (e.g., school district instruc-

tional objectives).

The model for the study of content determination (Figure 1) con-

siders three sources of influence. First, a formal component that trans-

mits content decisions made by higher authorities in the school district

includes such influences as school district instructional objectives and

other guidelines and policies set by principals, curriculum coordinators,

and the like. Second, other influences involve the recommendations of

what to teach by those outside the classroom (e.g. the NCTM recomenda-

tions)and by conditions within the classroom (e.g. student's readiness or

ability). The third component of the model recognizes the influence of

the teacher's own conception of what are desireable and feasible goals

for instruction.

Teachers' conceptions of content are hypothesized to be a signifi-

cant variable in content determination. Influence from higher authority

and from others, may have a direct effect on what students learn in
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classrooms (e.g., a mandated test may offer a particular learning

experience to the students who take the test); but usually ’these

influences communicate their recommendations to the teacher (e.g., school

district objectives suggest what should be taught in the classroom).

Thus, teachers' conceptions might result in the rejection or modification

of the content implied by the message, before the message is translated

into classroom instruction, or the teacher's conception itself may

change.

Definitions

This study examines teachers' statements about mathematics instruc-

tion to consider the extent to which teachers' conceptions of mathematics

content are alike, and whether or not teachers' conceptions of content

are consistent with the curriculum prescribed by others who might influ-

ence the content of classroom instruction. The following definitions

serve to elaborate the focus of this investigation.

.1) Content of Mathematics Instruction is defined as those ideas,

skiTTs, andTperformances students might learn from

particular experiences with mathematics in the classroom.

2) Topic is defined as a single idea, skill or performance that

students might learn.

3) .A Content Area is made up of a collection of topics that rep-

‘resent some subdivision of the total subject-matter of

rnathematics.

 

4) #[nstructional Strategy, refers to any classroom activity or task

assigned to students. Instructional strategies are also charac-

tzerized by the way in which the activity of task is presented (e.g.,

éis independent work, or as the focus of group discussion).

1The researcher agrees with Skemp (1979) that content can be viewed

from several perspectives. The teacher, the student, and outside observ-

ers might all identify different learning outcomes for the same mathema-

t‘CS 1 esson.



6

5) Curriculum includes the collection of specified topics as well as the

Thstructional strategies that are associated with the various

topics.

 

6) Teacher's Conception of Mathematics Content is defined to include

severaT difiensiOns, each ofTThich any influence classroom instruc-

tion. These dimensions are: a) the content areas a teacher uses to

describe mathematics curriculum; b) the topics a teacher recognizes

as mathematical content; c) the priorities a teacher holds for

student learning in mathematics; and d) the mathematical topics a

teacher associates with specific instructional strategies.

Some of the specified dimensions of a teacher's conception of mathe-

matics content have obvious implications for content selection. For ex-

ample, the topics a teacher recognizes as nethematical and a teacher's

priorities for student learning, both imply a judgement that might influ-

ence instructional content. The recognition of content areas and the in-

structional strategy dimensions, however, need some elaboration.

A 'teacher's recognition of content areas within the curriculum

might affect content selection by identifying the parameters of what

might be taught in mathematics. An obvious case of influence would occur

if a teacher failed to accept an area of content as part of what students

should learn in elementary schools. For example, if a teacher thinks

geometry is too difficult or that graphing is not really mathematics,

tourics in those areas might not be taught in that teacher's classroom.

Also, a teacher's judgement about what is content (i.e. what stu-

dents should learn) and what is strategy (i.e. ways to teach the content)

leIIt: further affect content selection. For example, when using a pub-

IlShed curriculum, teachers may identify certain aspects of the program

as content and others as strategies. A textbook lesson might suggest

that tnie teacher ask students to guess the weights of various objects and

then measure the weight on a balance scale. One teacher might decide

thAt, 1From the lesson, students should learn to estimate the weight of an
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object. The use of balance scales could be seen as a strategy to

heighten student interest in the lesson. Another teacher might consider

the lesson as useful for teaching children to use a balance scale and

ignore the content, estimating weights of objects.

On the basis of these varying judgements about the lesson's content,

students might be taught different topics. The first teacher could omit

the weighing activity and merely tell students when their estimates are

correct. The second teacher, on the other hand, would have students

weigh objects, but might fail to ask them to estimate the weight of the

objects. Nhile yet a third teacher, who follows the textbook closely,

would teach both topics to students.

Research Questions
 

The particular research questions that are addressed in this investi-

gation of teachers' conceptions of mathematics content are:

01: What content areas do teachers recognize as

important components of the elementary school

mathematics curriculum?

02: Within selected content areas, what topics do

teachers recognize?

(Q3: What mathematical t0pics do teachers view as

important for students to learn?

()4: What mathematics topics do teachers associate

with the instructional strategies they

describe?

05: What variation in the content of classroom

instruction is implied by differences in

teachers' conceptions of mathematics content?
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Although teachers' remarks about mathematics instruction are likely

to reflect conceptions of content that are idiosyncratic, some aspects of

teachers' conceptions would be more likely to affect classroom instruc-

tion than others. Since teachers who use the same textbook or teachers

who teach a particular grade level might be expected to teach the same

content, the variables "text used" and "grade taught" may define groups

of teachers who would discuss the same instructional content. Thus dif-

ferences in remarks made by teachers within each text or grade level

group would be of special interest. Such within group differences would

reveal instances when teachers' conceptions of nmthematics content are

apt to result in the modification of written curricula and/or variation

in the content of instruction across classrooms. Also, evidence that

teachers who use different textbooks, or teachers who teach at different

grade levels, discuss the same mathematics content suggests cases where

teachers' content selections might not be influenced by a text or grade

level effect. The consideration of teachers' conceptions of mathematics

content will therefore be focused on identifying differences within

groups of teachers who use the same textbook or teach at the same grade

level, and 'hi describing similarities that are evidence across such

groups of teachers.

General Procedures
 

Within an interview format, teachers of grades three, four and five

‘were asked to describe the mathematics they hoped students might learn

over the course of a full school year if instruction was 100% effective.

The interview schedule that was used required extensive probinq to allow

the content of classroom instruction to be described from the teacher's
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perspective. The interviews were conducted by' seven researchers who

participated in the deveTOpment of the interview schedule as well as

three stages of pilot interviews.

The teachers for this study were selected from a suburban school

district with an enrollment of 4,825 students. A nomination question-

naire that was designed to identify teachers who have distinctive views

about mathematics instruction was sent to teachers and administrators in

the school district. From the list of nominees, subjects were selected

for this study to represent a variety of views and a reasonable distribu-

tion of grade level (3 to 5) and building assignments in the district.

The data for this study were verbatim transcripts of the audio taped

interviews. These transcripts were verified by the persons who conducted

the interviews. The analysis of transcripts was completed by the author

of this study and focused on the research questions that have been speci-

fied.

Purpose and Significance
 

The purpose of this research is to describe teachers on certain

dimensions, collectively called their conceptions of mathematics content.
f

These dimensions are of interest because they are hypothesized to affect

 
 

 

the selection of content for classroom instruction. This investigation

does not result in a summative description of individual teacher's

conceptions of mathematics content. Rather, it reveals differences among

'teachers that suggest the effect of teacher autonomy on classroom

instruction.

mun..-‘
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This research should be viewed as an effort designed to inform future

attempts to study or improve mathematics instruction. The examination of

teachers' conceptions of nethematics content provides insight into the

I

issues that are confronted by those who wish to change elementary school

mathematics curriculum.iiThe identification of teachenstmggflsmand~prggrin

ties for mathematics instruction reveals the particular aspects of a writ-

  

-—-___ —C"- .~

-~.--—.-. m._.,_

ten curriculum that mightflbeflmodified.as.teachensmimplementethe instruc-_i
_________fl,_______.

tional program. Further, the description of variation in teachers' con-

 

 

rceptions of mathematics content suggests those areas of mathematics curri-

cula that are most difficult to standardize across classrooms.

The insights gained from this study serve several purposes. The

study reveals content that might be more explicitly specified by future

curriculum deve10pment projects. It also suggests areas of mathematics

that might receive increased emphasis in preservice and in service teacher

education. Finally, the evidence that the content of instruction may be

affected by teachers' conceptions of content suggests the significance of

.__._.Ar—

 

that teacher variable for future studies of mathematics learning.

Overview

In this chapter the rationale and conceptual model for a study of

teachers' conceptions of mathematics content has been presented. In Chap-

ter 2 literature related to teachers' selection of content and teachers'

beliefs and understanding of mathematics curriculum will be reviewed.

Chapter 3 will describe the methods used for the study. The analyses of

teachers' interviews will be presented in Chapter 4 and Chapter 5 com-

pletes the dissertation with conclusions, recommendations and suggestions,

for further research.



Chapter 2

Review of Literature

This chapter is divided into two sections“ The first section con-

tains a review of research in the areas of classroom instruction and

teacher dection flaking. The literature discussed describes the teacher

as decision maker, and considers factors that influence teachers' deci-

sions. In the second section, the review focuses on research investiga-

ting teachers' beliefs about curriculum and mathematics. The research in

this area considers differences in teachers' beliefs that may affect

classroom instruction.

3.

Curriculum and Teacher Decision Making

The content of elementary school mathematics is often considered as

being non-controversial and clearly defined. Yet the various reports on

the status of curricula in schools suggest that teachers use written math-

ematics programs in ways that result in the nmdification of the intended

content.

A national survey involving 1,220 responses from teachers of grades

two and five (Price, Kelley & Kelley, 1977) found that 82% of the teachers

reported relying exclusively on some single source for instructional

material in mathematics. Yet only 53% responded that they followed a

textbook closely, and more than half the teachers claimed their students

read less than two-fifths of the material presented in texts. The re-

searchers concluded in a description of the "median" classroom,
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it seems likely that the text, at least as far (as

students are concerned, is primarily a source of

problem lists. Teachers are essentially teaching the

same way that they were taught in school. Almost none

of the concepts, methods, or big ideas of modern mathe-

matics programs have appeared in this median class-

room. (Price et a1., 1977, p. 330).

The absence of modern concepts in classroom instruction was also

noted in a National Science Foundation project examining the status of

mathematics education in the United States (Stake & Easley, 1978). In

that effort, a national survey was supplemented by field observation in

ten school districts selected to represent the spectrwn of school size,

geographic locations, community types, and curricular orientation. Stake

and Easley reported various characteristics of the schools studied, in-

cluding the observation that the content of mathematics courses from

grades two to twelve focused primarily on computation. Further, noting

the discrepancy between instructional goals expressed by the teachers'

supervisors and the instruction that occurred in classrooms, the research-

ers commented that teachers had considerable autonomy in deciding what to

teach and how to present the content in their classrooms.

Teacher autonomy is frequently cited as a factor that inhibits change

in schools. Goodlad, Klein and Associates (1970) reported this finding

from an investigation of the status of classroom curricula in 158 primary

classrooms (grades K-3), within 67 schools in 26 school districts from 13

geographically distributed states. The study involved a series of class-

room observations and interviews with principals and teachers.

The data were collected during the 60's, yet the impact of curriculum

'trends of that era was not apparent in the classrooms studied. The

effects of a thrust for discovery learning, focus on the structure of the
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subject-matter, and the development of students' higher level cognitive

skills were not witnessed in the research.

The cognitive involvement called for was overwhelming-

ly the recognition of factual material... When higher

intellectual processes were sought or elicited, they

usually involved some display of reading or

mathematical comprehension. There was little

exploration, hunching, guessing, supposing, at any

grade level (Goodlad et al., 1970, p. 53).

The innovative materials and curriculum guides were in use in classrooms,

but the conventional instrhction that was presented indicated that real

change had not occurred. Reporting that the form but not the substance

of new curricula was observed, the researchers suggested teachers' com-

mitment to the familiar may have led to this incongruity.

At all grade levels, teachers viewed themselves as

having considerable flexibility with respect to curri-

cular adaptation, especially with selecting activities

to deal with bodies of content... Our impressions

from conversations with teachers was that they felt

free to adopt (sic) and enrich within a generally pre-

scribed broad framework. (Goodlad et al., 1970, pp.

64-65

The researchers' view of teacher autonomy in the classroom was re-

flected in interviews with the principals. About one principal in ten

reported they had problems "getting teachers to abandon outmoded programs

and practices“. At the same time, teachers often expressed a desire for

Eggs freedom to adapt the curriculum. Attempting to explain teacher re-

sistance to change Goodlad et a1. comment,

...many of the assumptions underlying recent efforts

at curriculum change run smack into long-established

assumptions and procedures built into schooling as

virtually a way of life. Thus, for example, the

notion that the most important learnings are the

fundamental concepts and processes to be developed

over several years of inquiry tends to be negated by

an emphasis on facts and t0pics "to be covered" in a

semester or a grade (Goodlad et al., 1970, p. 103).
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Teacher Decision Making
 

Each of the three studies that have been discussed suggest that teach-

ers adapt the curriculum programs they use. The research on teacher deci-

sion making provides insight into how such adaptations occur. Although the

literature in this relatively new area of research is limited, a review by

Clark and Yinger (1977) identified a few efforts that have implications for

a study of content decision making (e.g., Zahorik, 1975; Yinger, 1977).

Such investigations have often asked whether or not teachers follow

the end-means model of curriculum decision making that is advocated by cur-

riculum theorists (e.g., Tyler, 1950; Taba, 1962). The theorists employ a

narrow definition of "content" and contend that content should be a neans

to accomplish an instructional objective; rather than being the goal of in-

struction. Hence, the end-means model recommends that decisions about the

obiectives of a lesson should precede the selection of content for instruc-

tion.

The end-means model, however, is based (N1 a particular belief about

what is to be learned in classroom lessons. Taba, in discussing the role

of knowledge in learning and curriculum, explains that "each area of know-

ledge--a subject or a discipline--has at least two main characteristics:

it has its own fund of acquired information (i.e., content) and a special-

ized method of inquiry" (Taba, 1962, p. 172). She explains that curricu-

lum controversy today, sometimes results from chferent viewpoints about

the role of subject matter in curriculum. One extreme considers the facts

of subject matter as the goal for learning. At the other extreme, the

method of inquiry that is used in a discipline, is the expected learning

outcome.

Zahorik (1975) assessed teacher adherence to the end-means model

through a study of their planning routines. He addressed the questions:
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(1) what planning decisions do teachers make, and (2) what decisions are

made first and most frequently. Teachers were asked to write a list of

decisions they make before classroom instruction and to identify the de-

cision that they consider first. These lists were anlayzed using eight

classification categories, i.e. objectives, content, activities, mater-

ials, diagnosis, evaluation, instruction, and organization. Decisions

classified as "objectives" related to goals, aims, or purposes of in-

struction while content decisions were about “the nature of the subject

matter to be taught, such as the identification of facts, events, or

other aspects" (Zahorik, 1975, p. 36).

Analysis of the lists written by 63 elementary school teachers re-

vealed that no one decision type was listed by all of the teachers. The

decision types most commonly listed were: activities, 81%; content, 68%;

and objectives, 56%. Further, 46% of the teachers described content as

the first area of decision making, while only 25% reported objectives as

the focus of initial decisions. These findings suggested that, in many

cases, a teacher's first concern in planning lessons is to identify the

"facts" of the subject matter to be learned. Zahorik concluded,

If proposed planning models are to become helpful

tools for teachers, perhaps the place of content in

the planning models ought to be more clearly deline-

ated (Zahorik, 1975, p. 138). ‘

A later Survey of Teacher Planning Practices (Clark & Yinger, 1979)

used the same content-objective distinction in the analysis of

teacher responses. This four part survey of 78 elementary school

teachers who were enrolled in graduate courses at Michigan State Uni-

versity asked the subjects to describe various aspects of their planning

practices. In one part, teachers were asked to write detailed
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descriptions of three actual plans they had made and implemented in the

classroom. The results of this study suggested, among other things that:

- learning objectives are seldom the starting point for

planning. Instead, teachers plan around their students

and around activities.

- the most common form of written plans was an outline

or list of topics to be covered, although many teachers

reported that the majority of planning was done mentally

and never committed to paper. (Clark & Yinger, 1979, p.15)

Recognizing that many teachers may place a high priority on determin-

ing what content is to be presented in a lesson, it is important to con-

sider various factors that influence teachers' content decisions. Yinger

(1978), conducted a five month study of one (first-second grade) teacher's

planning decisions investigating the mental processes engaged in while

planning. Over a 12 week period, 40 full days of classroom instruction

were observed using ethnographic methods. Later in the year the research-

er observed the teacher's planning behavior and conducted additional

classroom observations and interviews.

Two models of planning were developed from this research. The first

model described planning at five levels: 1) yearly, 2) term, 3) unit, 4)

weekly, and 5) daily. At the yearly level, the teacher was seen to esta-

blish the general scope and sequence of content to be presented during the

school year. The second model characterized the teacher as problem solver

and described three stages within the planning process: the Problem Find-

ing stage, the Problem Formulation stage, and the Implementation, Evalua-

tion, and Routinization stage.

Several factors were described by Yinger as influencing the Problem

Finding Stage of planning. Two of these factors, the teacher's goal con-

ceptions and the teacher's knowledge and experience, were of particular

interest.
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.."teaching goal conceptions“ refers to the teachers' anti-

cipatory notions of what effective teaching might be for

a specific group of students, including conscious, expli-

citly stated goals and objectives (both cognitive and affec-

tive. It also refers to vague intutions, disposition or

attitudes, toward teaching that a‘teacher might have.

Knowledge and experience as portrayed in this model, re-

fers to: (1) the ways in which the teacher has learned to

perceive problem situations, and (2) the knowledge and

methods the teacher can draw from hisoher memory.

(Yinger, 1978, p. 11).

Yinger explained that‘these two factors served as “filters“ for the

teacher in the Problem Finding Stage of planning. Thus the focus of plan-

ning was directed to "problems" the teacher was prepared to solve. The

teacher was seen to rely, to a great extent, on past experience. Yinger

reported that, for the most part, planning censisted of the elaboration or

modification of lessons that had been used in previous years. Content was

identified as a salient focus in the teacher's planning and, although the

school district's performance objectives were seen to influence the

teacher's plans for instruction, she did not consult them while planning.

Rather, her own knowledge about the content described in those objectives

was the guiding factor for instructional planning.

What was observed in this teacher's planning practice was consistent

with the conclusions of studies of classroom curricula that were dis-

cussed earlier in this chapter (e.g., Goodlad et al., 1970). The litera-

ture repeatedly identified teachers' reliance on past experience and their

perceptions of what is to be learned as dominant influences on the content

of classroom instruction. Yet it is hard to imagine that teachers deli-

berately inhibit attempts to improve or change instructional practices.

In fact, a series of interrelated studies that examined the effect of

various hypothesized influences on teachers' content decision
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(Porter et al., 1979), suggested teachers believe they are more compliant.

This was evidenced in a policy-capturing study investigating teachers'

perceptions of the effects of six sources of pressure to alter the content

of fourth-grade mathematics (Floden et. al., 1979). Sixty-six teachers

from five metropolitan areas in Michigan were asked to respond to

descriptions of hypothetical situations in a school district that

suggested either the inclusion or exclusion of certain topics of

instruction. The sources of content messages considered were: (1)

textbooks, supplied to the teachers, (2) standardized tests with results

being published ‘Hl a local newspaper, (3) school district instructional

objectives, (4) pressure from upper grade teachers, (5) suggestions by the

school principal, and (6) pressure from parents.

In response to a series of vignettes written to systematically vary

the presence or absence of the six pressures in the hypothetical setting,

teachers reported willingness to change what they teach, whatever the

source of pressure. However, teachers did not seem to consider new topics

as necessarily supplanting old ones. Although they reported that they

were "fairly certain" to teach new topics, they still indicated that they

would continue to teach all that had been taught before.

From a series of case studies, Knappen & Floden (1980) reported on

teacher content decisions in a natural setting. The content of mathemat-

ics instruction for a full school year was monitored in seven classrooms

located in six different schools within three school districts. Data for

a case study of each classroom included daily logs kept by the teacher,

supplemented by weekly debriefing sessions and a series of extensive in-

terviews with the teacher, the principal and other influential persons in

the school district (e.g. curriculum coordinators).
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The preliminary report of this research revealed that, at the same

grade level, different teachers reported teaching different mathematics

content during the first 18 weeks of school. Even in classrooms where the

same textbook was used as the primary source of instructional material,

the content teachers said they taught differed.

Such studies of what occurs in classrooms, and the studies of teacher

planning, imply that content decisions, or at least selections, are made

by classroom teachers. In his discussion of teacher decision making,

Shavelson (1976) explains that in planning, the teacher is essentially

functioning as an instructional designer. Borko, Cone, Russo and Shavel-

son (1979) tested a model of preinstructional decisions in four laboratory

studies. The factors that were considered as potential influences on

teachers' decisions were: information or cues about students, teacher's

inferences or estimates about students, beliefs and attitudes about educa-

tion, the nature of the instructional task, and the availability of alter-

native strategies and materials.

One test of the model investigated teachers' planning decisions in

reading and mathematics. The purpose of the study was to determine how

student cues, teacher beliefs (as measured by a questionnaire), and lesson

types, affect teachers' preinstructional decisions. Lessons were speci-

fied by the researchers and teachers were asked to make decisions about

how the content would be presented. This procedure precluded the investi-

gation of content decision making, but teachers' beliefs were seen to

affect the selection of instructional strategies for the presentation of

the lessons.
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Summary

The research that has been discussed in this section suggests the

potential influence of teachers' conceptions of content on classroom in-

struction. The studies of classroom curricula witnessed a modified ver-

sion of the written programs teachers were using. The researchers con-

tended that the autonomy teachers had in the classrooms allowed the dis-

tortion of the goals of written curricula.

The discussion of research on teacher decision making provided in-

sight into how such adaptations occur. Since the interest in teacher

thinking is relatively new, much of the work has been focused on the de-

velopment and testing of various conceptual models. Teachers were found

to consider the "facts" of the subject matter as an important focus for

instructional planning, a view not commonly held by curriculum theorists

who advocate a end-means model of curriculum development and who do not

see the learning of facts as the goal of instruction.

Several factors have been found to influence content selection.

Yinger's model of teacher planning indicates teacher goal conceptions and

their knowledge and experience are influences. Teachers also report a

willingness to comply with recommendations from outside sources (e.g.

textbooks). However, they are also inclined to continue past classroom

Practices. In short, the literature suggested that teachers' conceptions

0f subject matter are likely to interact with any other factor that

attempts to influence classroom instruction.
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Teachers' Beliefs and Understanding
 

When the National Council of Teachers of Mathematics presented re-

commendations for school mathematics in the 1980's a concern was express-

ed by Max Bell.

There is too little expertness in mathematics itself

or in its teaching, directly available to working

elementary school teachers. Furthermore, prospective

elementary school teachers often begin their career

so poorly trained in mathematics as to be already

incompetent in ,the emphases that must come to

characterize elementary school work. (Bell, 1980)

Research in mathematics education has often reflected this concern by in-

vestigating elementary teachers' levels of expertise and competence with

the subject matter. However attempts to study this teacher variable do

not agree on what might be a useful or appropriate index of “expertness”.

Most often, some test of mathematics achievement is used to assesss

teachers' preparation for teaching the subject, (e.g. Glennon, 1949;

Callahan, 1967; Pigge et a1, 1978). But such measures of mathematical

achievement tell little about what a teacher might consider when deciding

what to teach to students. This discussion will therefore focus on those

few studies that investigated teachers' subject unatter knowledge, or

understanding, or beliefs using methods other than testing.

Bussis, Chittenden and Amarel (1976) investigated teachers' under-

standing and perceptions about curricula, students and schools. The re-

searchers interviewed 60 elementary school teachers who were involved in

the implementation of open or informal instructional approaches. An in-

terview schedule ‘was developed to get at the subjects' internalized

assumptions about teaching. The transcripts of these interviews were

coded using a specially devised classification system. Although this

study did not focus on mathematics curriculum in particular, it provides
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a useful background to consider the other studies of mathematics.

The researchers examined two levels of teachers' "Curriculmn Con-

struct System". Teachers' descriptions (Hi observable activities and

events in the classroom were used to describe the "surface content". The

"organizing content" consisted of the Cpncerns and learning priorities

teachers held for students, and was inferred from the teachers'

statements in the interview. Classification of the organizing content

resulted in the specification of three categories.

Narrow priorities, for the most part are tuned in to

a relatively narrow band of behavior that the teacher

hopes children will exhibit, the behaviors in

themselves constituting major goals of instruction.

Middle-range, priorities, on the other hand, are

characterized by an interest in behavior as it

reflects some internal state or quality of the

child...(e.g. confidence and initiative).

 

...the teacher expressing comprehensive concerns

reveals a higher order (presumably more synthesized

and integrated) concept of internal resources. Thus,

ideas of awareness, purpose, understanding,

reflection, sensitivity and reciprocity appear in the

thinking of these teachers. (Bussis et al., 1976, p.

54

 

Analysis of: (l) the type of priority that characterized each

teacher's compents, and (2) the surface content the teacher mentioned,

resulted in the identification of four groups of teachers. Group 1

teachers (12% of the sample) expressed narrow priorities, and described

classroonl instruction that evidenced little: experimentation or change

from what they had done in past years. Group 2 teachers (22%) also ex-

pressed narrow priorities but were seen as cautious experimenters with

the activities they mentioned. Both Group 3 teachers (39%) and Group 4

teachers (27%) described surface content that the researchers character-

ized as "potentially rich". The teachers in Group 3 most frequently
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Inentioned Iniddle-ranged priorities but also discussed priorities that

were classified as narrow. The priorities expressed by teachers in Group

4, on the other hand, were characterized as comprehensive or

middle-ranged and evidenced little concern for the narrow priorities that

were at least mentioned by teachers in each of the other groups.

The teachers' ability to articulate the connection between their

priorities and the surface content was also considered in the analysis.

Teachers from Groups 3 and 4 did this most often; but the teachers in

Group 4 were more inclined to talk about the connections between

priorities and activities than teachers in the other three groups.

Group 4 teachers also gave clearer descriptions of the connections

between the surface and organizing contents.

In the sample of teachers interviewed, there was a wide range of

variability in the priorities that were expressed, i.e. from narrow to

comprehensive. The findings also suggest that many teachers (33% in

Groups 1 and 2) were seemingly cornnittted to a narrow view of what

students might learn, and to using the instructional strategies they had

used in the past.

The variation in teachers' priorities noted by Bussis et al. was

also evidenced in four case studies of preservice teachers of secondary

mathematics conducted by Shirk (1973). Using ethnographic methods the

subjects were observed while student teaching. The first teacher's goals

for instruction were described in a way that suggested "narrow-ranged

priorities".

Tom's conceptualizations were based on the premise that

there existed a well ordered system of propositions

which made up the field of mathematical knowledge and

that it is the function of the teacher to transmit this

system to students (Shirk, 1973, p. 160).
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Two other teachers in the study seemed to have the same conception about

the subject matter to be taught but one of these teachers, Lisa, did not

press to "cover" all material. The fourth teacher, however, seemed to

have a more comprehensive view of curriculum.

Sally's objectives were more global, reflecting her

conceptualization that it was her task to educate

the "whole" person with mathematics being the particular

vehicle whereby this could be accomplished (Shirk, 1973,

p.163).

Since the teachers were described on the basis of both interview data

and observations of their teaching, this research suggests that varying

priorities can be reflected 'hi the lessons teachers present. Thus an

understanding of teachers' priorities, could provide insight into con-

tent decisions that might eventually affect classroom lessons.

One investigation of sixth grade teachers' priorities for student

learning made use of a survey asking teachers about their beliefs con-

cerning the importance of certain content in mathematics and the amount

of time they spent teaching those content areas (O'Neil, 1971). The re-

searcher wanted to identify teachers' priorities and examine the rela-

tionship between particular demographic characteristics and teachers'

perceived priorities. Teachers were asked to respond to items describ-

ing eight content strands in mathematics: Sets-Numbers-Numerals, Opera-

tions and Properties, Numeration Systems, Geometry, Measurement, Mathe-

matical Sentences and Problem Solving, Graphing and Functions, and Prob-

ability and Statistics.

In general, the priorities teachers expressed were found to be re-

markably similar. Only a few of the demographics considered were found

to correlate with teachers' priorities. For example, teachers with less

than seven graduate credits in mathematics or mathematics education
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reported spending more time on teaching concepts from the Sets-Number-

Numeral Strand, and placed greater importance on the teaching of measure-

ment concepts, than did teachers with more graduate course work. Also,

teachers from districts with larger pupil enrollment said they spent more

instructional time on concepts in the Mathematical Sentences and Problem

Solving strand than did teachers from districts with smaller enrollment.

Although the textbook used by the teacher was considered as a possible

influence, the effect of that variable was not found to be significant.

O'Neil reported,

The responses of all teachers indicated the assignment

of a greater degree of importance to traditional mathe-

matical content than to new content. Traditional con-

tent generally was rated very important or important.

New content was generally rated important or somewhat

importance. (O'Neil, 1971, p. 4845)

The repeated verification of teachers' conservative view of the

goals of mathematics instruction raised questions about teachers' per-

ceptions of the "modern" components of the elementary school mathematics

curriculwn. The apparent rejection of the importance of some "modern"

content, by teachers, could be deliberate because this content is not

valued by them. However, teachers might not present the activities re-

lated to modern goals for instruction, only because they do not recognize

those activities as critical components of a modern mathematics program.

Collier (1970) conducted a study of "beliefs" about mathematics and

mathematics instruction to determine if the preservice elementary school

teachers' beliefs were consistent with "modern mathematics" thought. Re-

cognizing that mathematics curricula were shifting from the traditional

orientation that emphasized the "formal" content of mathematics to a view

that children should experience the creative and imaginative side of
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mathematics (an informal view), Collier devised a questionnaire to assess

beliefs of preservice teachers as either "formal”, “informal" or

"neutral".

Using a design that considered the level of course work in mathemat-

ics education that was completed, mathematics achievement, and the parti-

cular course section in which students were enrolled, the researcher

found that the college course work seemed to influence preservice teach-

ers' beliefs. The students who were just beginning college course work

in mathematics and mathematics education were found to have neither for-

mal nor informal views about the content or about how it should be

taught. Students who had completed two content courses still had neutral

beliefs about mathematics instruction but high achieving students' be-

liefs about mathematics were "slightly informal". After completing two

content courses and a methods course, students had "moderately informal"

beliefs about mathematics instruction and a "slightly informal view" of‘

mathematics.

Another study investigating teachers beliefs about modern mathemat-

ics (Murphy, 1973) addressed two guesitons. First, do teachers and "ex-

perts" in mathematics education agree about what should be included in a

program of modern mathematics instruction? Second, do teachers teach

those concepts and ideas that they recognize as being "modern"?

A questionnaire was developed to ask if certain ideas and procedures

were recognized as components of a program of modern mathematics. Eight

college professors in mathematics education and 80 teachers completed the

questionnaire. Murphy found,

There is a significant difference between what experts in

mathematics education believe is modern ideology concern-

ing classroom instruction, and what a randomly selected

sample of teachers believe. (Murphy, 1972, p. 80)
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The teachers in this study also completed a second questionnaire that

asked about their use of the ideas and procedures that had been on the

first instrument. The teachers' responses did not always evidence

compliance with their perceptions of modern trends. Those ideas and

approaches that the teachers viewed as being part of a modern mathematics

progrmn were not always the ones they said they would present in their

classrooms. Those who would be concerned about teachers' failure to comply

with the instructional procedures in written curricula might be skeptical

about teachers' mathematical knowledge. Research often supports this

skepticism. The studies that involve the use of tests to assess teachers'

ability (e.g. Croswell, 1964; Pigge et al., 1978) have identified defi-

ciencies in teachers' mathematical knowledge and provide some insight into

how teacher's mathematical competence nfight influence classroom instruc-

tion.

A study of preservice teachers' learning of the mathematics concepts ‘

they would someday teach to children (Eisner, 1974) revealed critical de-

ficiences in their understanding of the concepts. A sample of 16 student

volunteers, enrolled in the first term mathematics course that was part of

the required elementary education program at Michigan State University,

participated. Eisner reported that students in the sample were better than

average in mathematical ability when compared to other students in elemen-

tary education.

On a bi-weekly basis throughout the term, Eisner conducted unstructur-

ed interviews with each of the subjects. These sessions focused on a dis-

cussion of the concepts that had been taught in the preceding weeks of the

mathematics class. A clinical problem solving exercise was included in

each of the interviews.
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The purpose of the research was to examine students' level of attain-

ment of concepts presented in class. However some of the behaviors Eisner

noted during the interview provided insight into beliefs and dispositions

held by these preservice teachers. First, he found them to be disinterest-

ed in learning new algorithms for the arithmetic operations. They prefer-

ed to rely on familiar methods. Second, in several topic areas (e.g.

finding the greatest common factor) the perservice teachers understanding

was purely functional. In other words, they were able to complete the

problems without difficulty; but they were unable to explain the procedures

used in solving the problems. Also, the subjects often over-estimated or

inflated the value of certain teaching methods. They often expected geo-

boards or set language to be useful in providing explanations when such

strategies inappropriately represented the concepts being discussed. The

content preservice teachers associated with these instructional strategies

was poorly described by the illustrations and examples they gave during the 1

interviews.

Summar

The research related to teacher beliefs about curriculum suggests the

significance of teachers' conception of content as an influence in content

selection. Bussis et al. and Shirk have suggested the variability in

teachers' perceptions of what should be taught to students. Murphy's re-

search identified discrepancies between the views of mathematics experts

and the views of the teachers in his study about the make-up of a nodern

mathematics program. Further, the teachers in that study did not always

report compliance with their view of modern thought as they indicated what

was done in their classrooms.
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The influence of tradition and past experience on teachers' beliefs

about mathematics learning was evidenced in the misconceptions identified

by Eisner in his study of preservice teachers. O'Neil, also found that

teachers reported traditional views about what should 'be taught to

children.

The research reported 'ni the first part of this chapter suggested

that content decisions are‘made by teachers. The studies of classrooms

revealed that written curricula undergo adaptations that sometimes modify

the goals of the program. The studies of teacher planning and decision

making have indicated that content selection may be influenced by

teachers' conceptions of the goals of instruction and by their past know-

ledge and experience with subject matter and teaching. Recognizing that

teachers make content selections when new curricula are implemented, a

study of teachers' conceptions of mathematics content can be seen as

potentially useful to understanding why the content of instruction varies

in elementary school classrooms.



Chapter 3

Research Design and Descriptive Data
 

A description of the procedures used in the research is provided in

this chapter. The first section details the method used to identify

teachers who would be interviewed and describes the teachers who were

selected to participate. The next section explains the development of an

interview schedule and the data collection effort. Finally, in the last

section the procedures followed for data analyses are outlined.

The Sample
 

The teachers for this study were selected from a single suburban

school district that serves a university community. Selection of parti-

cipants was accomplished through the use of a questionnaire designed to

identify teachers who might have strong but different views about mathe-

matics instruction. Respondents to the questionnaire were asked to give

the names of as many teachers of grades 3 through 5 as possible, in con-

nection with twelve characteristics including:

- has strong opinions about what should be taught in

elementary school mathematics

- is very much against the back to basics in mathematics

- believes that one of the main benefits of mathematics

for children is learning how to follow directions

- thinks mathematics is very well suited for creative

children

Appendix A contains the questionnaire and cover letter as well as a

followup letter that solicited response from those who had not completed
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the nomination after the first request. The questionnaire was sent to

all teachers of grades three through five in the school district, to

their building principals, and to three members of the school district

central staff.

While the nomination survey identified a sufficient number of

teachers for the interview study, the percentage cfi’ questionnaires re-

turned was low. Thirty-five percent of teachers, 56 percent of princi-

pals and 100 percent of central administrators responded. hi all, 40

teachers were nominated, though two were not elementary school teachers

and seven were not teaching in grades 3 through 5. TWenty-eight of the

40 teachers were nominated by only one person. The largest number of

people to nominate a particular teacher was 15, but only two other

teachers were nominated by more than four respondents.

From the nominations, 21 teachers were selected with attention given

to the characteristics they represented, their building, and their grade

level assignment. For each characteristic, at least three teachers were

included in the sample. Eight of the nine elementary schools in the dis-

trict were represented and several teachers were selected from each of

grades three through five. Teacher 11, who was selected initially, did

not agree to participate in the study and the sample was reduced to

twenty subjects.

A description of teachers who were interviewed is presented in Table

l. The column labeled "Grade 78-79" identifies the grade level the

teacher taught during the year in vmich the interviews were conducted.

The column labeled "Interview Focus" records the grade level the teacher

discussed during the interview. Since teachers were requested to focus

their remarks on the mathematics taught at a single grade level, teachers
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Table 1

Description of Teachers Interviewed
 

 

Teacher

I.D. Sex

1 F

2 F

3 F

4 F

5 F

6 M

7 F

8 F

9 F

10 F

12 F

13 F

14 M

15 F

16 F

17 F

18 F

19 M

20 M

21 F

*entries are grade level

Grade

78-79
 

4

1-2-3

4-5

2-3

 

Interview Years of

Focus* Experience

(4) 10

(3) 4

(3) 11

(3) 8

(4) 15

(5) 5

(5) 5

(4) 8

(5) '7.5

(4) 22

(5) 26

(3) 7

(4) 6

(5) 6.75

(l) 4

(3) 17

(4) 19

(4) 4

(5) 21

(3) 18

 

School

A

B

'
r
i
n
m
n
r
n
o
o
o

c
a
m

O
I

le_x_t_

DMP

SF

SF

SF

SF

SF

SRA

SF

CPL

DMP

HRW

DMP

SF

SF

SF

CPL

DMP

SF

SF

pup
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assigned to a combination or split grade class only referred to one of

the grades in the combined class setting during the interview. However,

Teachers 6, 7 and 10 had just completed their first year's assignment at

a new grade and each asked to discuss levels at which they had had more

experience.

The remaining columns of Table 1 provide further information about

each teacher. The number of years of classroom experience ranged from

four to 26 years. Each teacher had taught at several different grade

levels and four teachers (Teachers 9, 12, 14 8. 20) indicated having

taught middle school or high school mathematics. As was mentioned

earlier, the subjects were selected from eight of nine elementary build-

ings in the district. They were not all, however, using the same in-

structional materials in their classrooms. Five teachers were using the

Developing Mathematical Processes Curriculum (DMP), copyright 1976;

eleven used the Scott Foresman Mathematics series (SF), copyright 1978;

one teacher used a Science Research Associates mathematics book (SRA),

1976; one teacher used the Holt School Mathematics program (HRW), copy-
 

right 1978; and two teachers used the Continuous Progress “Lab (CPL),
 

copyright 1976, for mathematics instruction.

The Interview
 

The interview schedule used in this research was designed to ask

teachers what they hoped students might learn in nmthematics over the

course of a full school year, if instruction was 100% effective. It

started with some brief quesitons about teacher background, then asked a

series of open-ended questions including:
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What in your opinion are the most important reasons for

teaching mathematics in the elementary school;

What do you hope students will learn in __ grade mathe-

matics;

What other things could be taught in __ grade mathema-

tics?

The complete interview schedule is contained in Appendix B. Throughout

the interivew, required and optional probes were specified to direct the

line of questioning. If the respondent used certain a priori identified

terms for describing content, the interviewer was to ask for a

definition. Since relationships among t0pics were of particular

interest, the interview schedule included a list of teacher statements to

be pursued by further questions because these statements may have been

indicative of relationships. A193, special instructions were provided

for pursuing what teachers meant when they used the word "understanding"

in reference to the content of mathematics.

The interview closed with questions designed to elicit teachers'

thoughts about the structure of mathematics content they teach, i.e.,

what are the various content areas and how are these areas interrelated.

This was accomplished by asking the teacher to think of all the content

they teach and divide it into just a few categories. The question was

repeated as many times as necessary until the teacher failed to suggest a

new set of categories. Then the interviewer asked if the teacher could

mention any common threads that run through most of the content they

teach. The final question was designed to identify relationships

teachers recognize that nfight In; a part of the content of instruction.

This series of questions will be referred to as the "category questions"

in future discussion.

The interview schedule used in this research went through a number
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of revisions based on pilot studies. The first pilot focused on assess-

ing the clarity of questions. The seven researchers each interviewed one

teacher and then suggested modifications in the schedule of questions.

In cases where all of the teachers interviewed had difficulty understand-

ing or responding to an inquiry, the question was revised or deleted.

The difficulties reported by only a few researchers were considered in

light of the strategies used by the interviewer. Discussion centered on

how questions were asked and which probes were most useful. The same

procedures were employed during a second and third pilot of the interview

schedule. Transcripts of the audio taped interviews were also used to

determine if researchers were using the same strategies in asking

teachers questions.

The seven researchers who deve10ped and piloted the interview sche-

dule conducted the interviews for this study (six conducted three inter-

views; one conducted two). Each interview was audio tape recorded. The

basic data were verbatim transcripts from each interview. These tran-

scripts were verified against the tapes by the persons who conducted the

interviews. Fourteen of the interviews were completed in a single two-

hour session. Six of the interviews lasted three to four hours and re-

quired two interview sessions.

Analysis of Interview Data
 

The analysis of interview transcripts for this research was con-

ducted in three stages. The goal at each stage was to develop summaries

of each teacher's statements that were: (1) representative of the re-

marks the teacher made about content or activities; (2) descriptive of

the context in which the remark was made, i.e. what was the general
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topic of discussion when the teacher mentioned the content or activity;

(3) reduced to a form that provided a basis for comparing the remarks made -

by different teachers; and (4) explicit enough to identify similarities and

differences between the views expressed by teachers and the views of others

in the field of mathematics education (e.g. curriculum writers).

The first stage of data analysis was planned to organize the inter-

view data for further analyses. The interview schedule was specifically de-

signed to avoid imposing a particular structure on teachers' remarks about

mathematics. Also, the interview schedule required that, at certain inter-

vals, content the teacher mentioned previously would be introduced into the

discussion again, if the teachers' initial remarks were ambiguous or cur-

sory. As a result, conversations within the interview often shifted from

topic to topic. During the first reading of the transcripts, comments

bearing on a particular theme were collected on pages coded with that theme.

For example, if the interviewer asked, "Would you tell me more about what

you teach in multiplication?“, the teacher's verbatim response was added to

the page containing his or her earlier remarks about multiplication. The

original transcript page was recorded on each entry. Teachers' conments

that had no direct bearing on the research interest were eliminated from the

data. The types of discussion that were accepted as relevant were: remarks

about mathematical content or classroom activities; comments about factors

that might influence content selection (e.g., textbooks); and comments about

student learning. Examples of remarks that were eliminated are: descrip-

tions of individual students who were disciplinary problems, elaborate de-

scriptions of classroom events outside of mathematics instruction, and

statements a teacher made but later retracted when clarifying the meaning of

his/her earlier comments.
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The second stage of analysis was designed to provide a description

of the mathematical content mentioned by teachers, from the researcher's

perspective. The reduced form of the transcripts (from stage one) was

used to compile lists of the ideas, skills and problem types teachers

reported presenting to the students in their classrooms. The entries on

the lists were then analyzed using a taxonomy of mathematics content that

will be described in the next section of this chapter.

After' completing 'the second stage of analysis, the decision to

eliminate Teacher 16's interview from further analyses was made. Teacher

16 had focused her remarks on mathematics taught at the first grade

level. The content she discussed was often different from that mentioned

by other teachers. However, because no other teacher had been

interviewed regarding first grade mathematics, it was impossible to

assess if the unique aspects of Teacher 16's remarks were due to the

grade level she described or indicative of her own conception of

mathematical content.

The third stage of data analysis focused on particular subsets of

the collected data. Considering only the summaries from the first two

stages that dealt with multiplication, division, problem solving, and

mathematical understanding, and teachers' responses to the categories

questions, the teachers' comments were compared to identify variation in

different teachers' conceptions of mathematics content. The rationale

for the selection of these particular areas for in-depth analysis will be

discussed in the following section of this chapter. The comparison of

teachers' remarks was focused to address the research questions:

What content areas do teachers recognize as important

components of the elementary school mathematics curri-

culum?
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Within the content areas Inultiplication, division,

problem solving, and mathematical understanding, what

topics do teachers recognize?

What mathematical t0pics do teachers view as impor-

tant for students to learn?

What mathematics topics do teachers associate with

the instructional strategies they describe?

What variation in the content of classroom instruc-

tion is implied by differences in teachers' concep-

tions of mathematics content?

Since data was collected from only a single interview with each

teacher, significant components of mathematics curriculum, from the

teachers' perspective, may have been omitted from the discussion for a

variety of reasons. The teacher's disposition and experiences on the day

of the interview, the type of probes used by the interviewer, the

teachers' interpretations of the line of questioning, all could have re-

sulted in different omissions in each teacher's remarks. For this reason

the analysis was focused on what each teacher mentioned, rather than on

what the teacher failed to mention.

Identification of Areas for In-depth Analysis
 

The particular areas that served as a focus for the third stage of

analysis were selected after second stage summaries were completed, but

the selection was also informed by the review of literature. The appar-

ent failure of teachers to implement modern curricula, as indicated in

the literature, suggested that some component of modern programs should

serve as a focus of analysis. Since stage 1 and 2 analyses revealed that

"understanding" was frequently mentioned in all of the interviews, consi-

deration of this area seemed promising. Further, understanding was seen

by the researcher, as a learning outcome in mathematics that crosses most

conventionally recognized content areas.



39

The review of the literature also suggested a second area of focus

for the analysis. The consistent findings, that teachers place high pri-

ority on computation, suggested an investigation of teachers' remarks

about one of the arithmetic operations. Multiplication was selected as

the particular area to be considered because: (1) It was mentioned by

every teacher in the study during the discussion of categories of mathe-

matics, and (2) multiplication was the only operation that all teachers

at the various grade levels described as being a significant part of

their instructional progrmn. Thus, both within and across grade level

comparisons could be considered.

Several teachers, however, combined multiplication and division as a

single category of mathematics content when responding to the categories

questions. Others had mentioned the relatedness of operations as a com-

mon thread through mathematics content. Thus, the decision was made to

analyze the combined content area, multiplication-division, to determine

if teachers who suggested a recognition of the relationship between the

operations, had different views than those who did not.

Finally, problem solving was selected as an area of special interest

because it provided an opportunity to consider how teachers have inter-

preted the recent thrust for the study of problem solving in mathematics.

The National Advisory Committee on Mathematics Education (1975) and the

Euclid Conference on Basic Mathematical Skills and Learning (1975) both

identified problem solving as an area of the elementary school curriculum

that should be expanded. More recently, the National Council of Teachers

of Mathematics (1980) announced that problem solving should be the focus

of school mathematics in the 80's.
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The stage 1 and 2 analyses revealed that teachers thought of this

content area in different ways. For example, responding to the categor-

ies questions, some teachers mentioned problem solving as a common thread

in mathematics content, others mentioned "story problems" or "applica-

tions" or "problem solving" as categories of content, while some teachers

did not mention the area at all. Also, since several teachers in the

study were using the DMP curriculum, which emphasizes the development of

problem solving skills, the teachers' interpretation of that curriculum

could be analyzed.

Taxonomy of Elementary School Mathematics Content
 

To identify unique aspects of teachers' conceptions of mathematics

content, and to facilitate the comparison of different teachers' state-

ments, some standard description of elementary school mathematics was

needed. A taxonomy of elementary school mathematics content (Kuhs et

al., 1979) that had been used to analyze the content of textbooks and

standardized tests of mathematics, was selected as the standard.

An outline of the taxonomy is provided in Table 2. The taxonomy is

formed by the intersection of the three factors shown in Table 2, and re-

sults in 1170 possible cells. Each cell was viewed as a topic of mathe-

matical content from the researcher's perspective.

When using the taxonomy to classify content, one level from each

factor is recorded. For example, the problem 1/2 + 1/3, would be classi-

fied as (4,7,3). At Factor I, the general intent was to develop a skill

(level 4); at Factor II, the problem dealt with common fractions having

unlike denominators (level 7); at Factor III, the operation was to add

without carrying (level 3).
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Table 2

Taxonomy of Elementary School Mathematics Content

General Intent

Conceptual Understanding with Concrete or Pictorial Models

Conceptual Understanding Without Pictorial Models

Skill in Reading Graphs, Tables, Measurement Devices

Computation/Numeration Skills

Applications Involving Graphs, Tables, etc.

Applications Without Graphs, Tables, etc.

Factor II: Nature of Material

Single Digits or Basic Number Facts

Single & Multiple Digit Numbers

Multiple Digit Numbers

Number Sentences/Phrases

Algebraic Sentences/Phrases

Single or Like Fractions

Unlike Fractions

Mixed Numbers

Decimals

Percents

Measurement

Essential Units of Measurement

Geometry

Other

Factor III: Operations

Identify Equivalents

Order

Add Without Carrying

Add With Carrying

Column Addition

Subtract Without Borrowing

Subtract With Borrowing

Multiply

Divide Without Remainder

Divide With Remainder

Combination

Apply Concepts (terms)

Apply Properties

Identify Place Value

Estimate
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Classification Conventions for Interview Data
 

Teachers' comments in the interview were not always sufficient to

allow complete classification of the content. Several conventions were

developed for use in the coding of the interview data.

Convention 1: If a teacher did not make any reference to

one of the three factors, a zero code was used for the factor

not mentioned.

Convention 2: If in discussing lessons to develop concep-

tual understanding, the teacher's remarks were unclear about

whether or not pictorial models were used, the entry on the in-

terview summary was coded 1' at Factor I, (i.e., the entry may

or may not involve pictorial representation).

Convention 3: When describing the "nature (Hi material)‘ if

the teacher did not specify which level of whole numbers might

be involved, the entry was coded 1' at Factor II to indicate

some type of whole numbers. If the types of fractions were not

specified the entry was coded 6' at Factor II to indicate some

type of fractions.

Convention 4: The prime notation was also used to indicate

generic categories in Factor III. In discussing operations, if

the teacher did not specify a particular level of addition, the

Factor II code was 3'. If the type of subtraction (with or

without borrowing) was not mentioned, a 6' code was used at

Factor III. If division problems were not described as having

remainders or not, the entry was coded 9' at Factor III.

Convention 5: When the teacher discussed computational

problems or arithmetic operations, the comment was classified

as a skill (level 4) at Factor 1, unless understanding or

application was specifically mentioned as the intent of the

lesson. I
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The analysis of teachers' responses to the category questions was com-

pleted separately. First, teachers' responses to the category questions

were coded to describe the particular factor of the taxonomy that included

the content description implied by the teacher's response. Thus, if the

teachers' response was descriptive of the General Intent as described by

Factor I of the taxonomy, the response was coded “I". If the response

identified the Nature of Material involved in the content area, i.e., the

types of numbers or whether it was geometry or measurement, it was coded

"II". Finally, when the teachers' remarks focused on attributes of content

that are described by Factor III of the taxonomy, i.e., operations the stu-

dent would perform, the response was coded “III”. Those categories

teachers mentioned that were not descriptive of any of the factors of the

taxonomy were coded "O“ to indicate that other dimensions of content were

implied by the teacher's response.

Sometimes the categories teachers provided included descriptions that

incorporated two different levels of the taxonomy (e.g. addition of whole

numbers). For this reason, multiple classifications were allowed for a

given response.

When teachers' categories were not consistent with labels in the tax-

onomy, the teachers' discussion about what would be included in that cate-

gory was considered to facilitate appropriate classification. Thus certain

categories (e.g. “computation" or "story problems") were accepted as syno-

nyms for levels of the taxonomy (e.g. skills or applications) if the teach-

ers' description of the category was consistent with a level specified by

the taxonomy. After this initial coding of teachers' categories the analy-

sis was directed to identify the particular levels within each factor of

the taxonomy that were mentioned by teachers.
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Analysis of Interviews
 

The analysis of teacher interviews is presented in this chapter.

First is a discusSion of the content areas inferred from teachers' respon-

ses to the category questions. This analysis identified the content areas

teachers recognized as important components of the elementary school mathe-

matics curriculum. Sections two through four present a comparative analy—

sis of teachers' conceptions of content in selected areas of the mathemat-

ics curriculum: section two, understanding in mathematics; section three,

problem solving; and section four, multiplication and division.

In these three sections, the analyses considered compents made by

teachers as representing individual viewpoints, but contrasts were also

made to examine views expressed by different groups of teachers. Such com-

parisons deal with teachers grouped according to the grade level they were

discussing or by whether or not they used the DMP curriculwn. In other

cases, comparisons of the content described by different teachers vfithin

such groups are discussed. The comparisons that are reported represent

those instances when striking similarities and differences were evidenced

by the remarks made by teachers in particular groups.

Instances are also cited when teachers' discusSions of particular in-

structional strategies implied that content of instruction, from the

teacher's perspective, was broader or narrower than the content from the

perspective of the researcher. hi other words, the discussion, in these

cases, focuses on situations when the researcher and teachers do not agree

on the content of particular classroom activities. At other times differ-

ent teachers' discussions of an instructional strategy are compared to
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illustrate variation among teachers' perspectives of the content associated

with instructional activities.

The chapter concludes with a summary of the data reported in earlier

sections. Although this summary is organized to address the research ques-

tions for this study, interpretation of the analysis is left, for the most

part, to the final chapter.

Content Areas
 

The category questions in the interview schedule were designed to elic-

it teachers' thoughts about the various areas of content in the mathematics

curw~iculiun and how these areas were seen to be related. Teachers were

asked to think of all the content they teach in mathematics and divide it

into categories. The question was repeated as many times as necessary un-

til teachers failed to suggest a new set of categories. Then, they were

asked to mention any common threads that run through most of the content

they teach.

The analysis of teachers' responses to the category questions provided

a description of content areas that teachers recognized as important com-

ponents of the mathematics curriculum in elementary schools._ By identify-

ing the attributes of mathematics content that were salient in teachers'

specifications of categories, the analysis revealed characteristics that

teachers used to define segments of content. Then consideration of the

particular categories teachers mentioned, identified areas that dominated

teachers' comments when they thought about the subject matter holistically._

Teachers' reactions to the request that they subdivide the content
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they teach in several different ways often indicated rigidity in their

thinking about the subject matter. In other words, the content was per-

ceived by Inany teachers as being clearly’ delineated by' some single

schema. Only eight teachers (Teachers 1, 2, 3, 4, 12, 14, 15 & 21) re-

flected some level of flexibility in their thinking about mathematics by

providing more than a single set of categories. Three of these eight

teachers (Teachers 1, 13 & 21) were only able to describe two sets of

categories. The reaction of the 11 teachers who had difficulty respond-

ing with more than one set of categories is characterized tn/ a remark

made by Teacher 9.

Whole numbers--adding, subtracting, multiplying,

dividing, and then fractions and decimals. I guess

that's it... That's basically the curriculum in my

head with all those little parts thereof that I've

already talked about.

The later categories provided by those teachers who gave third and

fourth responses to the question usually provided no additional insight

into their recognition of characteristics of mathematics content. Often,

previously mentioned content was given a new label. ‘For example, Teacher

14 replaced "computation" and "conceptual" from his first set of categor-

ies, with "operating" and “conceptualizing" to form a fourth set. Two

teachers made use of schema that focused on instructional concerns to

create additional category sets. Teacher 15, in a final response to the

question, divided content according to the type of student that should

study it, i.e. content for accelerated, average, or low achieving

students. In stating a third set of categories, Teacher 14 characterized

content as central, border, or peripheral, delineating his priorities for

student learning.

The only teacher who focused on different descriptions of content in
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a third set of categories was Teacher 12. This teacher's first set of

categories described mathematical operations including addition, subtrac-

tion, multiplication, and division. The second set given by Teacher 12

included categories that referred primarily to skill development and app-

lications, thus characterizing the general intent of content. hi the

third set, Teacher 12 focused on the nature of material giving fractions,

decimals, money, and measurement as categories within the set. She had

referred to the nature of material, however, in earlier sets mentioning

"algebra" as a category in her first response and "measurement," in the

second response. Since no additional information about characteristics

of mathematics content was provided in any teachers' third and fourth

sets of categories, further analyses focused only on the first and second

responses teachers gave to the question. Appendix C summarizes the mul-

tiple sets of categories given by each teacher.

Attributes Used to Describe Mathematics Content
 

The taxonomy of elementary school mathematics described in Chapter 3

(see Table 2) is comprised of three factors that encompass four descrip-

tors of content. Factor I both describes the general intent of the con-

tent, i.e., whether the content deals with concept development, skill

acquisition, or the application of concepts or skills, and incorporates a

distinction between concrete (or pictorial) and symbolic modes of presen-

tation. Factor II of the taxonomy characterizes content according

to the nature of material involved (e.g., does it deal with whole num-

bers, geometry). Finally, the operations students are to perform (e.g.

add, identify place value) are described by Factor III of the taxonomy.
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The analysis of teachers' categories first identified the factors of

the taxonomy that include the attributes used when teachers specified a

category of mathematics. The description of attributes used by teachers

in either their first or second response to the categories question is

summarized in Table 3. In general, categories given by the teachers were

consistent with the characteristics of content that are described by the

various factors of the taxonomy, i.e. general intent, nature of material,

and operations. However, only seven teachers (Teachers 1, 2, 3, 4, 12, 19

& 20) made use of all three factors in their category labels. Further,

only one teacher (Teacher 14) mentioned the distinction between the con-

crete and abstract in his description of categories of mathematics.

Every teacher did not mention categories from all three factors of

the taxonomy. Teachers 5, 7, 8, 9, 10, and 18 did not describe the gener-

al intent of content within their responses. Teachers 6, 7, 15, and 17

gave no category that characterized the nature of material. Finally,

Teachers 6, 13, 14 and 21 failed to describe specific operations in their

sets of categories of mathematics. However, each of the teachers in this

final group gave a category that suggested the general intent of content

as skill development; Teachers 6, 13, and 14 mentioned "computation" and

Teacher 21, "arithmetic". When asked to subdivide these categories, each

of these teachers specified the operations that were given as categories

by other teachers.

The two teachers who mentioned categories of mathematics that were

not consistent with descriptions provided by one of the factors of the

taxonomy (Teachers 15 & 20) each focused on different aspects of content.

Teacher 20 included content from the affective domain, specifying

"appreciation of mathematics" as a category of content that was necessary
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T BLE

Description of the Attributes used by Teachers'

in Their Lists of Categories

 

  

1 General Nature of Operation Other

Teacher I.D. Intent Material

2 X X X

3 , X X X

4 . X X X

17 X X

13 X X

21 X X

5 X X

8 X X

14 X X

19 X X X

1 X X X

10 X x

18 X X

6 X

15 X X X

20 X X X . X

9 X X

7 X

12 X X X

1

All tables in this chapter were organized to cluster teachers by grade

level and textbook within grade level. The grade level and text variables

are identified only when those factors were important to the interpretation

of the data



50

for students to learn. Teacher 15 gave "content situation" as a descrip-

tive feature of content. She explained this category telling the inter-

viewer that the context of problem situations (e.g. problems about buying

groceries) might be used to categorize mathematical content. These were

the only two cases when the content areas suggested by teachers' respon-

ses to the category questions involved descriptions of content outside

those provided by the taxonomy.

Content Areas Recognized as Important
 

The second issue addressed by the analysis of teachers' responses to

the category questions was to identify the particular areas of mathemati-

cal content that were incorporated in teachers' sets of categories. This

information provided some indication of the content areas that dominated

teachers' thinking about mathematics curriculum.

Although most of the categories mentioned by teachers were described

by levels of the taxonomy, not all levels in the taxonomy were recognized

in the teachers' responses. For the most part, teachers' remarks classi-

fied at Factor I, general intent, involved the skills and applications

levels. Categories that focused on the nature of material, Factor II,

most often referred to measurement, geometry, or fractions. The levels

of Factor III, Operations, that were descriptive of several teachers'

categories were the arithmetic operations (e.g. addition), and place

value. Other levels of the taxonomy (e.g. estimation, whole numbers,

conceptual understanding) were only mentioned by a few teachers, and some

levels (e.g. properties) were not mentioned as a category by any teacher.



51

A summary of categories mentioned by four or more teachers in their

first or second response to the question about categories of mathematics

is presented in Table 4» Categories that were commonly mentioned, for

the most part, referred to arithmetic operations. In fact, every teacher

in the study included some characterization of computational skills in

their lists of categories. Some teachers gave a single category includ-

ing all the computational skills, while others gave each operation as a

separate category. Geometry was mentioned as a category by only four

teachers and these teachers were each discussing third or fourth grade

mathematics. None of the fifth grade teachers included geometry as a

category of the content they teach. Another category, measurement, was

mentioned by only one teacher discussing grade 5 mathematics, while nine

teachers from the grades 3 and 4 mentioned measurement as a category of

content.

The table reports that eight teachers mentioned "problem solving“ as

a category of mathematics. These teachers, however, used a variety of

referrents (e.g. story problems or practical math). Because their dis-

cussions suggested some level of agreement about, at least, the instruc-

tional activities included in that category, it is reported as a gener-

ally recognized content area.

Although a great deal of similarity was noticed in teachers' respon-

ses to the category questions, the content suggested by some teachers'

lists of categories was sometimes unique. For example, Teacher 12 de-

scribed "algebra" as a category that included missing factor or missing

addend problems. Within the interviews many teachers discussed missing

factor or missing addend problems; however, they did not refer to them as

a separate content category’ in this part of the interview. Three



Categories Mentioned By More Than Three Teachers

W

Computation

Problem Solving

Addition

Subtraction

Multiplication

Division

Add. & Subtraction

Multiply & Divide

Fractions

Measurement

Geometry

Gr.3
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TABLE 4

Number of Teachers

Gr.4 Gr.5

3 5

1 3

1 3

1 3

3

2 3

3 1

3 O

6 2

4 1

2 0

Total

13

0
'
5
m
e

0
'
1

10
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teachers referred to content related to money problems in their discus-

sion of categories but later incorporated them under more general head-

ings. Teacher 12 mentioned "money" as a category, while Teacher 3 in-

cluded “money“ under a category labeled "other". Finally, despite the

. current thrust for teaching skills of estimation, only two teachers men-

tioned estimation in this final stage of the interview. Teacher 2 gave a

category "estimation" and Teacher 5 mentioned "estimation and place

V

value" as a common thread. .

Understanding in Mathematics
 

Throughout the interviews, teachers frequently described ii concern

that students “understand" various aspects of mathematics. The analysis

of such remarks identified the topics teachers included in the discussion

to determine what teachers meant when referring to understanding in math-

ematics. The instructional activities teachers described as being relat-

ed to the development of understanding in mathematics were also analyzed

to determine if the content of these activities, from the teacher's per-

spective, was consistent with the researcher's perspective of content.

Finally, teachers' views about the importance of topics and activities

related to mathematical understanding were also examined. In the discus-

sion that follows, the results of each of these analyses will be repor-

ted.

Topics Teachers Related to Mathematical Understanding

Consideration of the ideas, skills and performances that teachers

described in connection with the understanding of mathematics evidenced

that teachers interpret "understanding" in different ways. Teacher 10
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summarized three different dimensions to the concept when she was asked,

"what would be involved in understanding multiplication?".

I can see at least three different things. Understand

ing multiplication as a short cut way of adding...the

next thing is mechanically, how you do it...the third

thing, of course, is knowing when to use it.

Most teachers, when discussing understanding in some area of mathematics,

focused their attention on only one of the dimensions outlined by Teacher

10. Some discussions about understanding described concept learning as

the content. Other remarks equated getting correct answers with under-

standing. Yet a third type of comment stressed the ability to use mathe-

matics in given situations as the key to understanding. Further, an in-

dividual teacher's interpretation of understanding sometimes changed as

the teacher discussed different content areas. The examples that follow

are presented to illustrate the various interpretations of understand-

ing.

Teacher 14 made a clear distinction between understanding, as con-

cept learning, and other content he described during the interview. When

asked what he meant by "concept," he responded,

I guess I mean it is an idea as opposed to a skill-~the

idea of --oh, the concept of fraction being part of

something, whereas the skill of working with fractions

would be writing the fraction, as opposed to recogniz-

ing what it stands for. Where the concept of division

would be repeated subtraction, or dividing something

into a certain number of groups as opposed to the skill

of actually being able to do it.

As was mentioned in the analysis of content areas, Teacher 14 was theact

only teacher who mentioned the distinction between concrete and abstrhe

content in his discussion of categories of mathematics. Throughout t the

interview, the teacher's discussion of lessons offering experience in-

concrete and pictorial levels indicated a concern that students under

stand concepts of mathematics.
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Teacher 12 also described instructional content that would be char-

aCterized as concept learning. Her interest in structuring activities,

however, was focused on providing opportunities for students to verbal-

ize their understanding of concepts. She criticized the use of self-

paced instructional strategies in mathematics because such strategies do

not encourage students to discuss the concepts they are studying.

I think when students go at their own pace as fast as

they can, page by page--zoom through the book--they

lose the verbal aspect of math where you need to be

able to explain to somebody else so they can under-

stand. Back to the old "what it is, I understand, and

I can teach you.

Teacher l's comments reflected a different view of "understanding.“

Unlike Teacher 12 who held verbal expression of concepts as a crucial

element of classroom activity, Teacher 1 was a skeptic regarding child-

ren's ability to verbalize concepts. When asked what her students might

say if they were asked to explain division, Teacher 1 corrmented, "..I

have to say that you would have probably get (sic) as many answers as

you have kids". Her explanation of what she meant when she said a stu-

dent understands something was,

Well, I guess, the fact that he would be able to take

what he has learned, and be able to apply it somewhere

else--would lead me to believe that he understands

that. I guess, feeling that children learn certain

things in isolation, I don't think it has much meaning

to them--when a concept begins to have some meaning,

where they can take that concept, apply it to whatever

they might find a way .to apply it, then I think you

have a true understanding of that concept.

Although Teacher 1's view of understanding also focuses on concept

learning, her expectation for student performance was extended to include

the use or application of the concepts.

Another teacher (Teacher 2) described the use-interpretation of

understanding as a starting place for concept development. In describing
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the sequence of instruction on multiplication, Teacher 2 explained,

Well, usually it's not introduced at all much before

the third grade level so the first thing is really

getting them to understand what it's for--to know why

you would multiply, showing the usefulness of that

and doing just beginning multiplication problems.

Another teacher's remarks (Teacher 3) reflected the view that understand-

ing is synonomous with getting right answers.

Interviewer: Is there any way that you have that

helps you to know when a child is

understanding what he is doing?

Teacher: Oh, yes. But I don't really know

'that I can tell you what it is: I

guess it's more about how he looks.

Interviewer: Well, perhaps we can make it more

specific. How would you know that a

child understands, let's say,

fractions?

Teacher: Well, I guess I would give him some

fraction to do and see if he could

do it.

Comments by Teacher 19, also evidenced this "doing it" interpretation of

understanding. He described the understanding of large numbers as being

"able to read and do calculations with those numbers". This perception

of the content related to understanding is distinctly different from that

expressed by Teacher 2 who explained, "they (students) have a hard time

understanding large numbers...we do some things just getting them to con-

ceptualize how big a million would be, you know, talking about how high

a million sheets of paper would be".

From the perspective of the taxonomy and in the view of curriculum

writers, this "doing it" interpretation of understanding does not incorp-

orate topics related to mathematical understanding. Yet for two teachers,
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(Teachers 3 & 19), students' demonstration of facility in completing pro-

blems precluded the need for fhrther instruction related to concept de-

velopment. Explaining that he did not require students to complete prob-

lems using a division algorithm that is intended to help understand why

the algorithm works (the ladder method)], Teacher 19 told the interviewer,

There's some kids that come to school understanding

how to divide the way I divided when I was in school.

But the way that they're taught how to divide in our

new textbook is totally different, so it leads me to

believe that they're getting some help from Mom and

Dad, which is fine. I don't require them to do it the

way that it is in the book, as long as they're coming

up with correct answers.

The examples that have been cited illustrate how the topics teachers

mentioned when discussing the understanding of mathematics reflected dif-

ferent interpretations of mathematical understanding. Although a teach-

er's remarks about understanding mathematics could sometimes be uniquely

described by one of the categories discussed above, a teacher's view some-

times changed from content area to content area. Some of the inconsisten-

cies evidenced in teachers' discussions about understanding in different

content areas were influenced by their own mathematical understanding.

This was noted in the interview with Teacher 15.

Throughout the interview, Teacher 15 expressed a concern that stu-

dents learn why things work. For example, she explained that when teach-

ing division of large numbers, she would begin with a discussion about the

basic concept of division to be sure that students understood that divi-

sion means the creation of equal groups. However, when this teacher

1The ladder method of division, requiring the repeated subtraction of the

divisor or subtraction of multiples of the divisor, is recognized by the

taxonomy as a procedure to develop understanding of the division

algorithm.
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described lessons and activities dealing with the content area of

fractions, the concern for concept development seemed to disappear. As

"understanding" took on a "being able to do it" dimension in her

description of classroom lessons, the teacher recognized the change in her

orientation. She then explained to the interviewer,

By the time I got to fractions in Junior High (as a

student), it was strictly, "Here's the way they're

done. Do them." Very little background.

Earlier in the interview, this teacher had expressed the opinion that stu-

dents might not "really understand" the concept of fractions until they get

to higher levels of math. The teacher's remarks evidenced her awareness

that understanding of fractions was not a part of the content of instruc-

tion in her classroom.

The Content of Classroom Activities
 

The review of the literature reported an observation by Goodlad et

a1. (1970), that "the form, but not the substance," of modern curricula

had reached the classroom. This finding was apparent in the analysis of

teachers' discussions of the various activities that they used to promote

understanding of mathematics. For example, different teachers viewed les-

sons involving the use of concrete materials as having different purposes.

For some, like Teacher 14 whose views have already been discussed, such

lessons represented a unique mathematical content to be learned.

Teacher 6's remarks about understanding in mathematics were similar

to comments made by Teacher 14. When asked what he meant by basic under-

standing of fractions, Teacher 6 responded, "Well, I guess by example--to

understand that when you have one-third of something, you have one of three

parts, for instance. And you know what both of the numbers of the fraction
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stand for." But unlike Teacher 14, Teacher 6 was somewhat skeptical of the

need for activities involving the use of manipulatives. He explained that

the use of pictures accomplished "almost the same kind of thing". He then

added, "Unfortunately, a lot of things that you do in the classroom-~effi-

ciency is a prime consideration."

This perception, that activities involving the use of manipulatives

represented a strategy to teach content related to understanding, was also

expressed by Teachers 12 and 17. Teacher 12 questioned the need for such

activities, explaining that it would have been done at lower grade levels.

Teacher 17 told the interviewer,

I feel that they have so many things that they could

do... I'm thinking of an example, using Cuisenaire

rods to teach fractions. This could be used, you know.

There are a lot of gimmicky type things that I have

never...that I just never find time to do. There is so

much crowded into a day's time if they are going to get

the basic skills that I think they need in third grade

math, that I just have never found time to bring a lot

of additional things.

Teachers' comments indicating that activities involving the use of

manipulatives were not presented because such materials were inefficient,

used in previous grades, or gimmicks, demonstrated that these teachers did

not recognize the content of such activities as unique from content pre-

sented in other lessons. The manipulatives were viewed as an instructional

strategy and teachers felt free to exercise professional judgement regard-

ing their use.

Teachers' discussions about understanding measurement evidenced the

same variation in view points. Seven of the 19 teachers referred to par-

ticular concrete experiences to help students understand units of measure-

ment. These included such things as: filling a box with cubes to estab-

lish the concept'of cubic units; estimate distances and then pace them



60

off; and marking off the area units when learning to find the area of

shapes. For Teacher 17, however, such "strategies" were viewed as a last

resort for students who could not learn to calculate conversions of

measurement units. Teacher 17 told the interviewer,

So they have to recognize the equivalent that four

cups is equal to a quart and four quarts to a gallon.

And they convert from one to the other. And we have--

for a child that just cannot see this all, you know

there are really good pictures and equivalents in

their book. Then we actually have all those bottles..

and even some of them go to such lengths as pouring

one from the other...

From the interviews it was impossible to conclusively determine the

particular activities that might be modified for classroom use because

teachers did not recognize the content implied by the activity. Examina-

tion of the priorities teachers expressed, however, gave some indication

that such modifications occur.

The Importance of Mathematical Understanding
 

All of the teachers interviewed reported teaching lessons to help

AStudents understand mathematics. But the preferences they discussed con-

cerning certain types of activities, and the priorities for student

learning the teachers expressed, indicated that such lessons are viewed

as being more important by some teachers than others. In the preceding

discusion several teachers (Teachers 6, 12 & 17) were reported as viewing

lessons involving the use of concrete objects as strategies that could be

replaced by other activities. Yet eight other teachers (Teachers 2, 4,

7, 8, 10, 13, 15, & 18) characterized activities with concrete objects as

an essential part of the mathematics curriculum in their classrooms.

Teacher 7 explained that she sometimes had difficulty justifying such
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activities when parents questioned her. But her discussions of instruction

in the areas of subtraction and multiplication reflected a concern that

students acquire understnading of those mathematical concepts at the con-

crete level. Teacher 8 told the interviewer, that if students were working

on materials independently without much help from the teacher, "they

wouldn't have all the manipulatives that I scrounge around for to make them

better understand what they're doing...". It was not clear from these two

teachers' discussions that work with concrete manipulatives was a separate

content area. It was clear, however, that activities using manipulatives

were considered an important part of the mathematics program.

The two teachers whose remarks frequently indicated an interpretation

of understanding related to the use of concepts (Teachers 1 & 2) each view-

ed such lessons as an important part of the curriculum. The three teachers

who offered elaborate descriptions of understanding as concept learning

(Teachers 8, 13 & 14) also placed a high priority on the content related to

understanding. Teacher 13 said, "I feel strongly that children should be

taught why they're doing what they're doing. I mean, they should under-

stand the process, not just memorize it."

Remarks made by Teachers 3 and 19 indicated less commitment to teach-

ing the content of mathematical understanding. Teacher 19 explained that

he taught lessons on place value only because such lessons appear :1 the

textbook he uses. A stronger statement of compliance with the textbooks'

views on the "alue of understanding was expressed by Teacher 3.

There was a time, before I'd taught too long, where I

thought we ought to eliminate almost everything we

teach in math--because I couldn't see where some of it

was going to matter to them. But for some reason, I'm

very willing to teach them the theory that we teach

them.
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This teacher's inclusion of “theory" in mathematics instruction was at a

conscious level. Her first response to the categories questions was

"theory" and "computation". However, she never described a rationale

other than one of compliance, for teaching the lessons on understanding

of mathematics.

Teachers' remarks about when lessons on conceptual understanding

should be presented, also reflected their priorities and suggested that

different teaChers attached different purposes to such lessons. Teacher

2 suggested a priority as she described her sequencing of such topics.

I do want them to come up with the right answers and

knowing (sic) which order to do this and that. But

before I get into that I want them to understand why

you'd be doing that in the first place, and what it

means to be doing that.

Her plan for instruction is the reverse suggested by other teachers (e.g.

Teachers 14 and 9). Teacher 9 commented,

I have found that the most success I have with kids

in teaching them concepts is first to teach them to

compute--to be able to do the problem. Once they feel

good about that which means that they can do the test

problems--they can do the pages of whatever they're

supposed to do. Then they are wide open to examining

the concepts and the beauty of what they are doing.

Five teachers' interpretations of understanding (Teachers 4, 7, 10,

18, & 20), and their statements about the importance of the content,

varied considerably as they discussed different content areas. For ex-

ample, when talking about teaching fractions, Teacher 10 stressed the im-

portance of students' learning the concept of fraction. She wanted them



63

to also understand why fractions were manipulated as they are in finding

equivalents. In discussing multiplication of large numbers, however,

Teacher 10 expressed less interest in students' understanding.

When you're multiplying large numbers, you have to

put them in certain boxes and show the sub-products

are this and this and this. I'm not so concerned

about whether they understand. I don't know what the

value of that is. If they are able and they use it

in a situational problem where they have to solve it,

I'm not so sure they have to go back and analyze...

Some of the inconsistencies in teachers' remarks may be due to the

fact that “understanding" is not typically recognized as a content area.

Responding to the category questions, only three teachers (Teachers 3,4,&

14) mentioned "understanding" as a category of mathematics. The eight

other teachers who mentioned this aspect of the content in response to

the category questions, described it as a common thread that runs through

most of what they teach. Thus, the designation of the importance of un-

derstanding in mathematcs was considered further in the analysis of par—

ticular content areas, i.e. problem solving, multiplication and division.

Problem Solving
 

The investigation of teachers' conceptions of problem solving fo-

cused on their comments about three different types of activities.

Teachers' descriptions of activities designed to teach the applications

of mathematics in some situational context, their statements about "story

problems"1, and teachers' remarks about non-computational problem

1The label "Story problem" will be used in this discussion to refer to

written problem statements that described situations and do run: specify

the arithmetic calculation that must be used to solve the problem. This

type of problem is typically presented in textbooks, and is often called

a "word problem" or "verbal problem". The “story problee" label is used

here because it was the referent teachers used in the interviews.



64

solving content were analyzed. In the earlier discussion of the analysis

of content areas, the similarity in activities teachers described under

these three titles was reported. The analysis reported here reveals dif-

ferences in the topics and learning outcomes the various teachers described

as the activities were discussed.

Problem solving was selected as an area for in-depth analysis for two

reasons. First, five teachers (Teachers 1, 10, 13, 18 & 21) had been using

a published curriculum (DMP) that stressed the development of problem solv-

ing content. Second, the area of problem solving has been identified re-

cently by mathematics educators as a part of the curriculum in elementary

schools that should be expanded. The analysis reported here compared the

remarks made by different teachers who used DMP. It also compared the con-

tent of problem solving described by DMP teachers, to that mentioned by

teachers who used other instructional programs. These comparisons sugges-

ted the influence DMP might have (n1 teachers' beliefs about content and

identified ways in which different teachers interpreted the DMP curriculum.

However, the question of whether teachers used DMP because it suited their

beliefs, or their beliefs were influenced by the DMP, was not addressed.

Topics Teachers Related to ”Problem Solving"
 

A summary of teachers' statements about problem solving is presented

in Table 5. Section 1 of the table includes those ideas and performances

that teachers associated with learning to analyze problems. The taxonomy

classification for this section would be at the conceptual understanding

level of Factor 1. Section 2 details the various sources of problem solv-

ing experiences that teachers used to describe their activities. (Most of

these entries would not be classified in the taxonomy.) Section 3 reports



T
e
a
c
h
e
r
s
'

D
e
s
c
r
i
p
t
i
o
n
s

o
f

C
o
n
t
e
n
t

a
n
d

A
c
t
i
v
i
t
i
e
s

i
n

P
r
o
b
l
e
m

S
o
l
v
i
n
g

T
e
a
c
h
e
r

I
.
D
.

S
e
c
t
i
o
n

I
-

P
r
o
b
l
e
m

A
n
a
l
y
s
i
s

W
r
i
t
e

o
p
e
n

s
e
n
t
e
n
c
e

f
o
r

s
t
o
r
y

p
r
o
b
l
e
m

T
A
B
L
E

5

t
h
i
r
d

r
a
d
e

 

f
i
f
t
h

r
a
d
e

s
—
i
s
—
z
o
-
g
‘
c
p
‘
fi
i

*
t

 L
e
a
r
n
:

t
o

r
e
a
d

s
t
o
r
y

p
r
o
b
l
e
m
s
 

h
o
w

t
o

l
o
o
k

a
t

s
t
o
r
y
i
p
r
o
b
l
e
m
s
 

 
i
d
e
n
t
i
f
y
w
h
a
t

i
s

k
n
o
w
n

 

 
 

 i
d
e
n
t
i
f
y
g
w
h
a
t

1
5

u
n
k
n
o
w
n

 

d
e
t
e
r
m
i
n
e

i
f

i
n
f
o

i
s

s
u
f
f
i
c
i
e
n
t

i

 

i
d
e
n
t
i
f
y

o
p
e
r
a
t
i
o
n

n
e
e
d
e
d

 

d
i
f
f
e
r
e
n
c
e

b
e
t
w
e
e
n

+
a
n
d

-

 

d
i
f
f
e
r
e
n
c
e

b
e
t
w
e
e
n

x
a
n
d

:

 

d
i
f
f
e
r
e
n
c
e

b
e
t
w
e
e
n

a
a
n
d

-

 

c
l
u
e

w
o
r
d

f
o
r

o
p
e
r
a
t
i
o
n
s

 

t
e
r
m
i
n
o
l
o
g
y

 

 i
d
e
n
t
i
f
y

e
x
t
r
a
n
e
o
u
s

i
n
f
o
r
m
a
t
i
o
n

 E
x
p
r
e
s
s

r
e
l
a
t
i
o
n
s
h
i
p
s

w
/
i
n
e
q
u
a
l
i
t
i
e
s

 L
o
g
i
c
a
l

p
r
o
c
e
s
s

f
o
r

s
t
o
r
y

p
r
o
b
l
e
m
s
 R
e
p
r
e
s
e
n
t

p
r
o
b
l
e
m
s

i
n
p
i
c
t
u
r
e
s

 A
d
d

"
d
i
f
f
e
r
e
n
c
e
"

t
o

c
o
n
c
e
p
t

o
f

s
u
b
t
r
a
c
t
i
o
n

 D
i
f
f
e
r
e
n
c
e

b
e
t
w
e
e
n

x
a
n
d

-
o
f

f
r
a
c
t
i
o
n
 

S
e
c
t
i
o
n

I
I

-
S
o
u
r
c
e

o
f

P
r
o
b
l
e
m

F
r
o
m

t
e
x
t
b
o
o
k
s
:

 

t
e
x
t
b
o
o
k

w
/
g
r
a
p
h
i
c

r
e
p
r
e
s
e
n
t
a
t
i
o
n
s

 

c
l
a
s
s
r
o
o
m

s
i
t
u
a
t
i
o
n
s

 

o
t
h
e
r

s
i
t
u
a
t
i
o
n
s

I

 

n
e
w
s
p
a
p
e
r

a
d
s

 N
o
n
-
s
t
o
r
y
p
r
o
b
l
e
m
s

 T
r
u
e
-
f
a
l
s
e

p
r
o
b
l
e
m

s
t
a
t
e
m
e
n
t
s

 L
o
g
i
c

p
r
o
b
l
e
m
s

(
n
o
t

i
n

t
e
x
t
)

 P
u
z
z
l
e
s

w
i
t
h
o
u
t

w
o
r
d
s

 P
r
o
b
l
e
m

s
o
l
v
i
n
g

w
/
c
u
i
s
e
n
a
i
r
e

r
o
d
s

 

  

d
b
l
e
m
s
 

 

w
/
n
o
.

g
i
v
e
n

y
t
e
a
c
h
e
r

 
i
n

c
l
a
s
s
r
g
fi
m
’
l
a
b

e
x
p
e
r
i
e
n
c
e
s

 
 

 
 
 C
?

D
M
P

T
e
a
c
h
e
r

*
'

E
n
t
r
y

M
e
n
t
i
o
n
e
d

65



T
A
B
L
E

5
c
o
n
t
'
d

 

S
e
c
t
i
o
n

~
~

T
e
a
c
h
e
r
.
1
.
0
.

I
I
I

-
F
a
c
t
o
r

I
I

5
I
I
I

D
e
s
c
r
i
p
t
i
o
m
g

'

‘
t
h
i
r
d

d
e

2
3

I

f

U
s
i
n
g

p
r
o
p
o
r
t
i
o
n
s

 

f
i
f
t
h

r
a
d
e

2
0

9

 W
i
t
h

o
n
e

o
r

t
w
o

s
t
e
p

s
o
l
u
t
i
o
n
s
 W
i
t
h
w
h
o
l
e

n
u
m
b
e
r

 A
d
d

 S
u
b
t
r
a
c
t

 M
u
l
t
i
p
l
y

 

.
D
i
v
i
d
e

g

a

taxa-

«I

a

i i

* ¥ i

 W
i
t
h

e
a
s
y

a
n
d

h
a
r
d

n
u
m
b
e
r
s

 W
i
t
h

n
e
a
s
u
r
e
m
e
n
t

 W
i
t
h

d
e
c
i
m
a
l
s

 W
i
t
h

f
r
a
c
t
i
o
n
s

 W
i
t
h

m
o
n
e
y
 W
i
t
h

t
w
o

u
n
k
n
o
w
n
s

665

 W
i
t
h

c
o
l
u
m
n

a
d
d
i
t
i
o
n

 W
i
t
h

m
i
s
s
i
n
g

a
d
d
e
n
d

 F
i
n
d
:

d
a
y
,

h
o
u
r
,

m
i
n
u
t
e

i
n

o
n
e
y
e
a
r
 

I

a
v
e
r
a
g
e
s

 

y
o
u
r

a
g
e
 

h
E
T
Q
h
C

O
f

t
e
l
e
p
h
o
n
e

p
o
l
e
 

d
i
s
t
a
n
c
e

o
n

m
a
p
,

s
c
o
r
e
s

i
n

p
h
y
s
.

e
d
.
 

c
o
s
t

o
r

m
e
a
l

h

 g
g
g
d

m
e
n
u

-
c
o
m
p
a
r
e

c
o
s
t
s
 

S
e
c
t
i
o
n

I
V

-
O
t
h
e
r

l
e
a
r
n
i
n
g

o
u
t
c
o
m
e
s

S
o
l
v
e

o
p
e
n

s
e
n
t
e
n
c
e
 L
a
b
e
l

a
n
s
w
e
r
s
 A
s
s
e
s
s

s
o
l
u
t
i
o
n

 G
i
v
e
s

s
t
e
p
s

f
o
r

s
o
l
u
t
i
o
n
 L
e
a
r
n
:

m
e
c
h
a
n
i
c
s

o
f

o
p
e
r
a
t
i
o
n
s
 

r
e
i
n
f
O
r
c
e

s
k
i
l
l
s

l
e
a
r
n
e
d

I

 

 

s
e
e

p
u
r
p
o
s
e

i
n

c
o
m
p
a
t
a
t
i
o
n

 
 

 
 

C
D

D
M
P
T
e
a
c
h
e
r

*
E
n
t
r
y

M
e
n
t
i
o
n
e
d

 



67

teachers' comments that would be classified at Factor II (nature of

material) or Factor III (operation) of the taxonomy. Finally, Section 4

describes learning outcomes teachers associated with this content area,

with the exception of those outcomes that are listed in section 1. Because

teachers' remarks rarely contained sufficient information for more complete

classifications, complete taxonomy coding is not recorded on any section of

the table.

The data recorded in Section 1 of Table 5 illlustrated several differ

ences between the content described by teachers using the DMP program

(Teachers 13, 21, l, 10, & 18) and the content mentioned by other teachers.

This section of the table reports the content teachers said they taught re-

lated to the analysis of problem solving situations. The content mentioned

by DMP teachers defined procedures for analysis of problems more specifi-

cally than content mentioned by other teachers. The procedures DMP

teachers said they wanted students to learn were: identify what is known

(Teacher 1 & 18); identify what is unknown (Teacher 21); and identify ex

traneous information (Teacher 10). Although the DMP program contains ac-

tivities dealing with each of these analysis procedures, no one DMP teacher

described all of the steps for analysis as content. Furthermore, DMP

Teacher 13 did not mention any of these procedures. However, with the ex-

ception of “identifying what is known" (mentioned by non-DMP Teachers 4 &

15), these procedures were not mentioned by teachers using other instruc-

tional programs.

Teachers using DMP also mentioned strategies that specifically

applied to story problem solutions. For example, most of the" (Teachers

13, 21, l 8. 10) wanted students to learn to identify the operation to be

used in solving a problem, and all of them reported that students should

learn to write an open sentence to represent a story problem situation.
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Procedures of analysis that were mentioned by non-DMP teachers were

usually less prescriptive than those mentioned by teachers who used DMP.

For example, Teacher 2 told the interviewer students should learn to "write

an open sentence" and “identify the operation needed", but she did not de-

scribe the procedures students would use to complete these performances.

Also, the analysis procedures mentioned by non-DMP teachers usually applied

only' to problems ‘that require an arithmetic calculation for solution.

Among the procedures mentioned by teachers not using DMP were: writing an

open sentence, identifying the operation to be used, and associating vari-

ous terminology with the arithmetic operations. Only one non-DMP teacher

(Teacher 7) mentioned teaching procedures of analysis that might apply to a

broader range of problem types. Yet when Teacher 7 discussed that proce-

dure, i.e., representing problems in pictures, her remarks focused on pic-

tures that represented story problems.

Teachers who discussed tapics related to problem analysis, from both

the DMP and non-DMP groups, all mentioned or implied that students must

learn to differentiate problems that dealt with the various operations.

Teachers 7 and 19 mentioned the task of determining the operation to be

used. Three teachers (Teachers 10, 7 & 12) mentioned teaching "clue words"

or "key words" that can be used to signal the operation to be used in the

solution (e.g. "difference" means subtract; "total" means add). Teachers

13, 14 and 15 also mentioned vocabulary building, but they wanted students

to develop an understanding of the terminology used in problem statements,

not just memorize the clues.

Further differences between teachers who used the DMP, and those who

did not, are evidenced in section 2 of Table 5. Each DMP teacher mentioned

some type of problem that would require other than an arithmetic



69

calculation; while, with only two exceptions, the 14 teachers not using DMP

only described problems that dealt with the calculation of some solution.

Teacher 8. the first exception; mentioned problem solving involving Cuise-

naire rods. The teacher's discussion of the Cuisenaire rod activities was

too brief, howe"er, to determine if the activities fit the noncomputation

problem category. The second non-DMP teacher who described non-computa-

tional problem solving was Teacher 15. She mentioned "logic problems that

are not in the text" as part of the instructional program in her class-

room.

In short, with the exception of those teachers who had used the DMP

program, there was little indication that teachers recognized topics within

the area of problem solving other than those represented by the typical

textbook problem. The examples discussed by non-DMP teachers, for the most

part, were either story problems, or situations that could be written as

story problems.

The Purpose of Problem Solving Lessons
 

In the analysis of teachers' discussions about understanding in mathe-

matics, it was possible to contrast the content of particular activities

from the perspectives of different teachers. The descriptions teachers

gave of problem solving activities, however, were not as detailed as their

descriptions about activities used to teach for understanding. The analy-

sis of teachers' perceptions of the purpose of problem solving activities,

therefore, addressed the generalized question, what do teachers see as the

purpose of lessons on problem solving? Further insight into teachers' re-

cognition of tapics to be learned was gained through the analysis. Indivi-

dual teachers were found to have dramatically different views about what
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students should learn when studying problem solving in an elementary school

mathematics class. ~The different viewpoints will be illustrated in the

discussion that follows.

Teacher 7 did not mention problem solving in her discussion of cate-

gories and common threads in mathematics. She did, however, mention

story problems within the interview. When asked what she hoped students

would learn from story problems, she responded,

How to apply...they've learned-the mechanics of the

operation. 50 now...you try to correlate it as you

go along. Like you don't teach them all the mechan-

ics, and say, "here is a problem to apply it to." As

you are learning, you are using written problems as a

reinforcement activity of The skills that they are

Tearnin so they can take it and‘uselit in concrete

situations. Taking what they've learned and applying

it. Seeing why you have to learn how to do pages and

pages of multiplication.

 

Thus Teacher 7 expressed the view that problem solving is a subset of the

content to be learned when studying the arithmetic operations. The

teacher's remarks suggested that the study of story problems provides some

motivation and justification for acquiring computational skills.

Another teacher (Teacher 2) explained that story problem activities

were helpful in assessing students' ability to £53 the computational

skills they have learned. In a discussion about multiplication, Teacher 2

commented,

The first thing is really getting them to under-

stand what it's (multiplication) for--to know why you

would multiply, showing the usefulness of that and

doing just beginning multiplication problems. I

guess what some people would call basic facts. And

that's a good part of the third grade content level.

Also, um, being able to use that in practical situa-

tions--story problems or other kinds of just situa-

tional kinds of things that I might describe to them

and see if they can come up with an answer.
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These remarks by Teacher 2, relate to the observation already made

about this teacher,- that she viewed "understanding" in an "applied"

sense, i.e. to understand means to know how to use it. She also was a

teacher who viewed "applications" as a high priority in her classroom.

Yet the problem solving strategies she described as content students

should learn, only involved writing an open sentence and identifying the

operation to be used.

None of the other teachers interviewed discussed the purpose of

story problems from the limited perspective expressed by Teachers 2 and

17. Four teachers (Teachers 1, 4, 13, & 21) who described "steps for

solution" as content students should learn when studying problem solving

are identified in section 4 of Table 5. This group of teachers is made

up of three of the five teachers who used DMP, and one of the 14 teachers

who used another type of instructional material. Problem solving, from

the perspective of these teachers, included something more than the use

of computational skills. The steps for solution, at least, represented

additional content to be learned. However, each of these teachers also

had unique views about the content of problem solving.

The solution steps suggested by Teacher 4 were: 1) identify numbers

involved; 2) decide if the problem involves a comparison or a combination

of quantities; 3) decide on the operation needed (comparisons require

subtraction and combinations involve addition); 4) form a number sen-

tence; and 5) get an answer and label it. These steps for solution were

described as learning outcomes for students. Although the range of

topics Teacher 4 discussed in the content area of problem solving was

limited to story problems, this teacher recognized lessons on problem

solving as having a purpose other than the extension of computational
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skills. Teacher 4 wanted students to learn to analyze and solve a story

problem.

The three DMP teachers also gave steps when referring to the

specific area, story problems, which is only a subset of the problem

solving content of the DMP curriculum. While each of these teachers

seemed to be influenced by DMP, their comments demonstrated ways that

different teachers interpret a written curriculum.

In the earlier discussion, Teacher 13 was identified as the only DMP

teacher who failed to nention procedures for the analysis of problems

that might generalize to non-computational problem solving. The steps

for solution mentioned by Teacher 13 would also be useful only for solv-

ing problems that involve computation. These steps were: (1) set up a

number sentence, and (2) solve it.

~ During the interview, Teacher 13 praised the DMP curriculum because,

"...an awful lot of the (DMP) approach is story problems". The first

evidence of her interpretation of the curriculum was reflected in her

attempt to equate story problems with problem solving. When asked what

students might learn from story problems she responded,

I think a lot of this is problem solving. They have

to, uh, I mean it's not just set down for them, they

have to think through it--and think about--what do I

know in this, this situation. What am I looking for

and how do I go about finding that out.’ I think it

involves analyzing.

After Teacher 13 had described several types of story problems she pre-

sented to students when using the program, the interviewer asked her if

she used any problem-solving activities other than story problems. She

responded,
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I guess the story problem is the basic format. 1h,

it just depends, sometimes you know, there are a lot

of different ways that they might approach solving the

problem. It might involve addition of a, you know,

quite a few numbers. It can involve a lot of different

things, but I guess the basic format would be a story

problem.

Later, Teacher 13 explained her goal for student learning in the content

area of problem solving; "...one thing that I want the kids to be able to

do at the end of the year is to be able to look at a story problem and

decide whether--what operation has to be used.“

Teacher 13's only discussion of the non-story problem situations

that were mentioned by other DMP teachers, occurred in the context of her

explanation of the "Movement and Direction" unit contained within the DMP

materials. In this case the teacher did not characterize the lessons as

providing a problem solving experience. Rather, she suggested that

students would learn to graph, to use a unit measure, and to know direc-

tion on a number line.

The solution steps mentioned by Teacher 1 were less focused on com-

putational problems than the steps Teacher 13 described. The solution

steps Teacher 1 wanted students to learn were: 1) how to look at it and

break it down; 2) how to set up an equation; 3) how to decide if the an-

swer makes sense. Although step 2 would apply to the more restricted

problem type, the other steps could be viewed as more generalized problem

solving strategies.

Teacher 1 also mentioned a broader range of problem solving activi-

ties than Teacher 13. When asked what she meant by problem solving

Teacher 1 said,
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Nell,.I guess where children are given some informa-

tion where they have to know a piece of what's missing.

Maybe it's not a computational kind of problem. Some-

times they don't have words in them. But they're given

certain pieces of a puzzle and you know they have to

figure out what is missing, or figure out what is--how

to put it all together, so to speak.

Yet the learning outcomes she described as the goal for instruction were

much like those Teacher 13 had mentioned. Teacher 1 explained the types

of problem solving experiences presented in her classroom.

I think, for the most part, the--I guess I have to

think of the problem solving based on what the func-

tions are that we're going through. The addition and

subtraction problem solving and then they're combined..

being able to tell the difference between an addition

problem and a subtraction problem. I guess feeling

that they had a good handle on that. There wasn't any

confusion when they got to the multiplication and divi-

Sion...

When asked how problem solving in the DMP curriculum differed from

what was presented in other programs, Teacher 1 responded that there were

more problems in DMP and that the focus was on how to look at story

problems. Reflecting on how her teaching had changed in using the DMP,

Teacher 1 explained,

I have to say that there are things that are differ-

ent. Things that I'm teaching children are different.

It's sort of like, a means to get at what I was teach-

ing before. And that's, I think primarily what those

things are. I feel like I'm doing much more teaching

than I was before. Much more of, um, just much more of

giving kids the skills to figure out problems... Maybe

my goal is the same, but the way I'm getting at that

goal seems to be much more systematic... I don't

think'that the things are different, it's Just maybe a

different way of QEtting kids'to look—at you.

 

 

 

 

The steps for solving story problems that were given by Teacher 21

could also apply to problems other than those that use computation: 1)

reading and deciding what to do, 2) solving and assessing solutions.
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What distinguished this teacher from the other teachers that have been

discussed, was her recognition of other content to be learned through the

DMP activities. In other words, Teacher 21 associated unique learning

outcomes with such activities. Some of these outcomes were: ordering,

drawing facts out of given information, knowing what constitutes a fact,

finding unstated facts, learning strategies for games, thinking and rea-

soning, taking turns. This teacher viewed problem solving as being pri-

marily associated with the computational content areas but she gjg_

recognize content from the broader spectrum of the area of problem solv-

ing as being mathematical content students should learn.

Teacher 21 also discussed computational story problems extensively,

explaining that such problems were useful to expand students' understand-

ing of the arithmetic operations. She expressed the view that story

problem activities were often helpful in assessing students' understand-

ing of mathematics.

You get a lot more information as a teacher when

you see a child with a problem like that of the boys

walking the blocks and the child who subtracts, who

takes nine minus six and tells you they walked three

blocks--It gives me more insight into how their

mathematical background is, than to just have--When

you give a child a page of facts, and I don't use

facts disparagingly--I mean I just-~unrelated to any-

thing else, if you get them all right, all you really

know is that they know these. You don't know...any

of the thought process that goes on. Whereas, if you

take something that is related more to what we used

to call a story problem, you can get a lot of insight

into: 1) can they read; 2) can they set up the

problem; 3) do they know which-what computation skill

to use in solving it? Are they accurate in using

that skill? And then, do (they) just understand

mathematics enough to know, does that make sense.

As in the case of Teacher 1, discussed earlier, this view of using story

problems to assess students' knowledge of arithmetic operations is
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consistent with Teacher 21's perception, that understanding requires

correct use of a concept.

The detailed discussion of DMP teachers' conceptions of content in

problem solving focused only on the three teachers (Teachers 13, 21 & 1)

who had described steps for solution as a learning outcome. Table 5

evidences that the other two teachers using DMP (Teachers 10 & 18) were

also concerned about students' learning how to solve story problems.

These two teachers also included non-textbook logic problems in their

discussion of content in problem solving.

The investigation of teachers' views of the purpose of problem solv-

ing activities evidenced teachers' interpretations of the goals of the

DMP in different ways. The occurrence of such interpretations may be ex-

plained by Teacher 10's description of the confusion teachers and

students confronted in using DMP.

And the thing is, in the DMP program, a lot of kids

couldn't relate to this/that--it was math, because

there weren't very many numbers--And this is what one

new teacher who didn't want to do the program was

saying "(name), I really--they keep saying when are

we going to do arithmetic" or math is what they call

it. So you see, I think kids orientation, too, is

manipulation of a lot of numbers. And, I like a lot

of that too, but I like this other aspect of using

numbers in some situations where you have to think

out or analyze a problem.

The Importance of Problem Solving Content
 

Although the area of problem solving seems to be narrowly defined by

most teachers, it is one that was viewed as important. hi response to

the questions about categories of mathematics and the comnon threads

through the content, three teachers included "applications" in their re-

sponse, one Teacher referred to "practical math", two teachers mentioned
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"story problems" and five teachers gave "problem solving". Teacher 14, who

is not included in these groups, expressed the importance of this content

area in his interview.

About a third of what we do is...applied...applying

computational skills or concepts to particular situa-

tions where it would be used. What word problems

are, the most typical example, I guess, are story

problems. Uh, creating situations that call for math

and then figuring out, "Oh, what are you going to do

to figure this out?".

Several teachers demonstrated their concern for students' learning

problem solving and expressed frustration with the lack of instructional

materials in this area. Teacher 20 told the interviewer,

I think it is a serious omission in most textbooks.

Like somebody said, "there's a crying need for a book

to be published--just a story problem book"...I'm

sure other people feel as I do, that you can't add

columns and subtract columns and play with fractions

page after page without knowing when, and why, and

how.

Teacher 2, when asked to detail her reference to teaching "applica-

tions", explained,

I think that's probably the weakest area in my in-

struction. It's the area...that I feel is the most

important; yet the weakest just because there's such

a shortage of materials to use with that kind of

thing. You really have to come up with your own

thing. Math books and other materials really stress

computation such a lot.

Teachers' remarks about the nature of material and the operations

students are to perform in problem solving activities (summarized in Table

5, section 3), also provided some insight into the particular topics that

were viewed as important. For the most part, teachers characterized

problem situations where solution required students to add, subtract,

multiply, divide, or compare numbers. But they sometimes gave more

detailed descriptions of these problems.
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For example, seven teachers described particular contexts that framed

the tasks by describing individual activities related to measurement

problems (e.g. finding aoes or distances), or by referring to consumer

situations (e.g. finding the cost of a meal in a restaurant). Teacher 19

differentiated textbook story problems according to whether they did, or

did not offer graphic representations. Teacher 20 discussed problems in-

volving map reading. Two teachers, (Teachers 21 & 6), reversed the problem

situation for students by asking students to write their own story

problems. Teacher 6, to illustrate this, explained that he gave

students a set of numbers, like 4, 6, and 24 and asked students to vnjte

a story problem involving the numbers that were given.

It was not clear in the interviews whether or not teachers viewed the

setting of a story problem as descriptive of unique content. For example,

was the calculation of the total cost of a meal in a restaurant, somehow

viewed as different by teachers from finding the cost of groceries. Only

Teacher 15, who gave "content situation" as a category of mathematical con-

tent clearly described the context as a descriptor of content.

From 'the perspective of ‘the taxonomy, however, the setting of a

problem type does not characterize separate topics. The variety of differ-

ent experiences teachers described to teach a single topic, from the taxon-

omy's perspective, might be viewed as an indication that such topics are

seen by teachers as being important.

The data reported in section 3 of Table 5 reflects considerable agree-

ment among teachers that the important problem solving topics involve situ-

ations where students add, subtract, multiply, or divide. More distinct

descriptions of topics were provided by two teachers (Teachers 6 8: 20),



79

who mentioned that problems involving two-step solutions, and Teacher 12

who discussed story problems involving fractions as part of the content

taught at the fifth grade level. Teachers 2 and 4 explained that story

problems that require multiplication are only introduced, or are provided

as experiences for accelerated students, at the third grade level. Thus,

within the domain of problem solving experiences that require computation

for solution,' some problems were designated as more appropriate for

students at particular grade.levels.

Multiplication and Division
 

Teachers' descriptions of instruction in the areas of multiplication

and division were analyzed to investigate teachers' views about content

within computational areas. As in the analyses of other content areas,

the questions addressed were: what topics do teachers recognize; and

what are teachers' priorities for student learning.

The selection of multiplication as an area for analysis, allowed

consideration of both between and within grade level contrasts of

teachers' statements since all the teachers described nmltiplication as

an important part of the curriculum in their classrooms. The between

grade level comparisons investigated the assumption that teachers at dif-

ferent grade levels would teach different content, while the within grade

level comparison examined whether or not teachers agree about what should

be taught in a given grade.

By also considering teachers' statements about division content, the

analysis identified teachers who recoqnized the relationships between
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arithmetic operations as content to be taught. For this analysis, con-

trasts between DMP and non-DMP teachers and comparison of statements made

by teachers within the DMP group revealed differences. The findings of

these analyses are presented in the discussions that follow.

The content and activities teachers mentioned when describing multi-

plication and division lessons are summarized in Table 6. To the left of

an entry in the table the appropriate taxonomy classification is record-

ed. The conventions and notation used in this coding were described in

Chapter 3. When more than one entry fits a given classification, the

code is not repeated. Thus when lines are not coded, the classification

for the preceding entry applies. An asterix (*) indicates an entry that

was mentioned by the teacher as something done in his or her classroom.

"A" codes specify items that a teacher said might be presented to

accelerated students or used for enrichment lessons when students are do-

ing well in mathematics. When the teacher reported that an entry was

something to be "introduced" in the classroom to prepare students for

further work on that topic in the next grade, an "I" code is used. "N"

indicates entries that were mentioned by the teacher and described as

topics not taught in that teacher's classroom.

The table is also divided into two sections. Section 1 contains a

summary of remarks made during discussions about nmltiplication. The

summary of teachers' comments about division is presented in section 2.

Throughout the following discussion the taxonomy codes will be referenced

to direct the reader's attention to the entries on Table 6 that are being

considered.
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Topics Teachers Recognized in Multiplication
 

Teachers' comments about multiplication skills, (coded II in Factor

1) revealed differences and similarities in the content at different

grade levels. Every teacher talked about the need for students to learn

basic multiplication facts (code 4, l, 8). But they differed in their

expressed concern over speed and memorization, as well as in the number

of basic facts they expected students to master. The school district ob-

jectives indicated that third grade students should learn basic facts

through the three tables (i.e. multipliers 0 through 3, multiplicands

through 9). Two third grade teachers (Teacher 13 & l7) set their expec-

tations at the district standard, while two other third grade teachers

set higher requirements. Teacher 2 wanted students to learn facts

through 10 x 10 and Teacher 13 set facts to 5 x 9 as the goal. Teachers

from other grade levels often did not specify their exact goals for

students regarding the memorization of basic facts.

As indicated in Table 6, there were both between and within grade

differences in teachers' emphasis of computational skills involving both

single-digit times multiple-digit, and multiple-digit times multiple-

digit problems (codes 4, 2, 8 and 4, 3. 8). In the third grade group,

the teachers using DMP (Teachers 13 & 21) did not specify any multiplica-

tion problems beyond the basic facts. Teacher 2, on the other hand, said

she teaches carrying within a multiplication problem and talked about

problems having 3-digit numerals in the multiplicand. Teachers 3 and 17

also mentioned 3-digit type problems but it was not clear whether or not

carrying was taught. Teacher 4 mentioned 2-digit times l-digit problems

but did not go beyond this level in her description of multiplication

problems.
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Most fourth grade teachers indicated a wdder range of topics than

third grade teachers. Five of the seven fourth grade teachers expanded

the discussion of topics in this area to include two-digit multiplica-

tion, but they initiated the discussion of multiplication skills with the

basic facts just as third grade teachers had.

At the fifth grade level, Teacher 6 mentioned only two topics, basic

facts and problems with 3-digit multipliers. These two topics were de-

scribed by all fifth grade teachers, except Teacher 20, as being appro-

priate for their students, but other teachers also "motioned subtopics

(e.g. 2-digit multipliers) within the 4. 3. 8 code. Teacher 15 went be-

yond this to discuss 4-digit multipliers as content taught at the fifth

grade level.

The analysis of these two topic areas (codes 4, 2, 8 and 4, 3, 8)

called attention to differences among teachers in the level of detail

used to distinguish topics. For example, Teacher 18 limited the content

under code 4, 3, 8 to problems involving 2-digit multipliers, while the

taxonomy includes larger multipliers as well. Other teachers identified

additional subtopics within the two cells of the taxonomy. For example,

the distinction made by some teachers between multiplication problems

where carrying is or is not required, is not represented in the taxo-

nomy.

There was reasonable consistency among the third grade teachers in

the way whole number multiplication problems were described. Those who

described topics other than the basic facts, specified the number of

digits in both the multiplicand and multiplier for each problem type. In

the fourth grade group, Teachers 1, 14, 18 and 19 described problems in

terms of the multiplier only, i.e. one or two-digit multipliers; while
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only Teacher 10 made a distinction between problems with or without

carrying and specified the number of digits in both factors. Teacher 5 did

not describe topics in these two areas of the taxonomy and Teacher 8 only

mentioned multiplication by powers of ten.

Analysis of fifth grade teachers' discussions of tapics described by

taxonomy codes 4, 2, 8 and 4, 3, 8 identified two teachers (Teachers 7 &

20) who gave especially detailed descriptions of the topics they mention-

ed. Teacher 7 was the only fifth grade teacher who distinguished prob-

lems that require carrying from those that do not. The three other

teachers characterized multiple-digit multiplication problems by the

number of digits in the multiplier, while Teachers 7 and 20 identified the

number of digits in both the multiplier and the multiplicand. One fifth

grade teacher (Teacher 12) did not mention content in this area of the

taxonomy.

The question of whether or not teachers who failed to make content

distinctions include all of the problem types in their classroom lessons,

can not, of course, be addressed by this study. The focus here is on how

teachers identify topics for a lesson and describe learning outcomes.

The analysis revealed that teachers' specifications of distinct problem

types were reasonably consistent with lessons presented in elementary

school textbooks.

One teacher (Teacher 9). however, criticized such compliance with

the text authors' conceptions of content.

Well, generally the textbooks as I say, they package

things in, you know, these neat little things...I

just throw them in all the time. There isn't any

progressing from neat little 2-digit numbers to add

up first and one-digit numbers to add, then you add

the 2-digit numbers, then you add three. I just

throw them all in a big pot and we have fun with them.
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The teacher was talking about problems where the two addends had differ-

ent numbers of digits. She explained, "What I was trying to do was break

down a fear of large numbers that I think textbooks foster..." Although

these remarks were responses to questions about addition, this theme of

objection to segmentation of content was frequently suggested by the

teacher's discussion. It is further evidenced by the level of generality

used in her description of problem types in both multiplication and divi-

sion.

Comparing Teacher 9's specification of topics to those described by

the taxonomy revealed that she sometimes described topics that included

fewer problems. For example, the taxonomy's multiplication of nmltiple

digit numbers was limited to two-digit multipliers by Teacher 9. Yet,

she rarely defined more than one topic within a taxonomy category. Her

topics were generally characterized by the most difficult problem in the

taxonomy cell that she presented in the classroom.

Purpose of Activities and Lessons on Multiplication
 

Different teachers often mentioned using the same activities in the

classroom lessons on multiplication. The analysis revealed, however,

that teachers had different views about the content of such activities.

At the same time, instances were also identified when several teachers

recognized the same content that should be taught to students, and yet,

they each described different purposes for students learning that con-

tent. Examples of both of these inconsistencies will be reported in the

discussion that follows.
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The use of counting sequences (code 2,0,8) during the instruction on

multiplication provides an example of a topic serving different purposes.

Two third grade teachers (Teachers 4 8. l3) referred to students having

learned to count by 2'5, 3'5, 5,'s and 10's and using this knowledge dur-

ing lessons on multiplication. One of the teachers (Teacher 13) stated

that counting was only introduced as a substitute until students memor-

ized their multiplication facts. The other teacher (Teacher 4) discussed

counting as a way students come to understand multiplication. She comment-

ed, "Once they understand it, they can count by 3's seven times--- They've

done 3 x 7 and that's the answer“.

Every teacher discussed the content of basic facts for multiplication

(code 4, 1, 8). Within the various teachers' remarks about this topic

three different purposes for having students learn the multiplication facts

were expressed. Seven teachers placed an emphasis on speed and talked

about using timed tests where students compete against themselves to im-

prove their speed. Such teachers usually explained that not knowing the

basic facts interferes with further progress. Teacher 17 expressed this

view as follows.

Now in their daily work, I let them use a multiplica-

tion chart. I say, they can't use it on a test, so

they are just going to have to learn their multipli-

cation facts. But so their daily work isn't slowed

down, I do let them resort to the chart that is in

the back of their book.

The strategy of allowing students to consult a table of basic facts was

not mentioned by the other seven teachers but their purpose in having

students memorize the basic facts was essentially the same. i.e. knowing

the basic facts will aid progress on other topics.
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Two teachers, however, had a broader hope for the outcome of learn-

ing basic facts. Teachers 10 and 18 spoke of students acquiring a "feel-

ing". Teacher 18 suggested that learning the nmltiplication facts is

more than memorization, that the memorization led to understanding.

I want them to understand it--that they see it, that

the--to me the understanding is a visual concept. Be-

cause 3 x 4, they can mechanically say, “that's

twelve", ", or they can look at a multiplication fact

chart...But to really see, and understand that I mean

three groups of four--I want them to see it and

visually have this feeling about it. So that when I am

doing it, I am not just-—it is not just a mechanical

process of cold memorization that really means nothing.

I really want it to be imprinted more than that because

then I think they will learn it better and they will

know it better.

Teacher lO's discussion of the "feeling" she hoped students might acquire

from studying basic facts was not focused on understanding and suggested

a third purpose for learning basic facts.

with multiplication facts would help students estimate answers.

I just think it (drill & practice) makes you a better

math student in anything you den I mean--it's just

like basic drill in athletics. It's--for some kids

it's dull--but the outcome is that when you're

working on a problem, if you know the relationship of

numbers and your facts, you have a much closer feel

of whether you're on the right track or not.

She recognized that fluency

The methods teachers' described using to teach students to multiply

represented an area where teachers recognized different content. Some

textbooks teach students to multiply problems that require carrying (e.g.

52 x 8) using a partial product approach.

follows:

The problem would be done as
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Four of the six third grade teachers discussed this technique (code 2, 2,

8). Collectively they suggested two different interpretations of the

purpose of using the method. Two teachers (Teachers 4 & 18)

characterized the method as an easier algorithm that eliminates the need

to carry numbers. Teacher 18 described the method saying,

First they start out with nmltiplying. They multi-

ply their ones and they put it down. Then they mul-

tiply their tens and put it underneath the ones. And

then they add them together. So they are not really

actually regrouping there.

Another teacher (Teacher 2) said she did flgt_teach this method, and was

even more careful in her explanation of the second partial product,

"...then, knowing that the "5“ in 52 is really fifty they would then do

50 x 8 and write "400...". Teacher 2 viewed the partial product method

as leading toward an understanding of carrying in multiplication and

chose not to separate instruction related to understanding carrying in a

problem and the actual doing of it. She continued,

I make sure my children understand, you know, that

the "5" is fifty and not five. But I...teach them to

carry with it because it gets very bulky...I skip

over the way they (textbooks) suggest presenting it

and present it my own way and use their pages to

practice.

Some of the activities teachers viewed as useful for drill and prac-

tice often had content implications the teacher did not mention. In such

cases the activity was viewed as a strategy to make drill more interest-

ing for students and the methods taught to students within the activity

were not recognized as content. For example, the use of Napier's Bones

could be viewed as content to be learned; but both teachers who talked

about using Napier's Bones in the classroom (Teachers 15 & l9) explained

that it was a "fun" activity used to drill basic facts. As Teacher 19
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explained, "I don't show this to the class so they remember it. It's

more of an enjoyable thing than it is a --used for multiplication. They

get reinforcement of the facts is the main goal". Other practice activi-

ties (code 4, 3, 8) for multiplication that were described as having this

purpose included: Magic Squares, mentioned by Teacher 8, and special

tricks discussed by Teacher 20. In each of these cases the method used

in the activity' was considered secondary' to the drill and practice

students would experience in the "fun" context.

Two teachers using the DMP program (Teacher 10 & 21) remarked that

students enjoyed drill and practice experiences in that program. Within

such activities students solved a set of problems, then were asked to

find a numerical pattern in the answers. A set of problems where every

product had the same digit in the first and last place (e.g., 242), was

one example given. During the discussion the teachers did not describe

the activity as teaching students to recognize patterns. Rather, the

activity was viewed as especialy good because of its motivational value,

and because it helped students quickly spot problems where they may have

made an error.

The strategies different teachers described when they talked about

teaching students to multiply by 10's, 100's and 1000's (code 4, 3, 8)

also implied different content. Although six teachers (Teachers 3, 4, 5,

l7. 8 & 19) discussed this topic, only three of them also mentioned that

students should understand the use of zero as a factor. When talking

about this, Teacher 17 also described the concept of an identity for

multiplication, explaining,

They have to know the concept of multiplying one by

any number is one, or anything multiplied by zero is

zero. We stress that. And when we get into tens and

hundreds, they realize that anything multiplied by a

hundred, they add two zeros.
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This teacher's discussion illustrated her interest in students learning

about both the properties of zero and one as well as how to multiply by

powers of ten. Such an approach was focused on students' understanding the

process of multiplication by powers of ten. Another teacher's approach

(Teacher 3) to this topic was more rule oriented.

Oh, another thing they learned in third grade is how I

to multiply by lO's, 100's, and lOOO's---adding

zeros...see before you can do this well, you really

need to know that when you multiply by 100, all you

do is add two zeros...And so I try to make them (stu-

dents) really appreciate what a favor I'm doing them

(by showing this to students)...

Teacher 4, like Teacher 17, talked of teaching about zero as a fac-

tor. Although her discussion of lessons to teach multiplication by

powers of ten reflected some confusion about how such problems are

solved, she described such lessons as teaching more than a "trick".

If you're multiplying 700 x 800, instead of writing

all that out, (students learn to) understand if you

put 7 x 8 you'd get 56 and all the zeros would work

out and there's kind of a process that I can't really

explain right now, but it's very clear in their books

of how you do it. They take 700 and they put "7“ in

the hundreds column eight times and then you add it

all up...

A fourth teacher's description (Teacher 8) of lessons on this topic

associated a different learning outcome with the instruction. For Teach-

er 8. the purpose of the lesson on multiplication by powers of ten was

beyond that problem type itself. The teacher viewed it as a skill that

would allow students to find estimated products.

They get into nmltiplication computation again relat-

ing to numbers multiplied by 100's, 10's and 1000's.

Learning to estimate within multiplication..If it's 98

'times three, and you don't need an exact answer-~how

can you quickly get that answer.
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Five teachers' discussions about instruction related to the commuta-

tive property for multiplication also reflected recognition of different

purposes. Three teachers talked about showing students that the property

applies to some Operations but not others. However, Teacher 21 said she

taught children the commutative property of multiplication because a

"hard problem" like 9 x 3 =? can be made shorter, i.e. 3 x 9 =? (the

students were using the repeated addition model). Another teacher

(Teacher 9) explained that she wanted students to learn to “appreciate"

mathematics. This goal was reflected in her discussion of instruction on

commutativity.

...the fact that it's (multiplication) conmutative

which I think is beautiful...any kind of a concept

there that I think is really beautiful I always start

out by telling them to think that mathematics is

beautiful...I think...the whole concept of mathemat-

ics even at the lower grades is really like a sym-

phony. It is just beautiful the way it inter-

relates.

T0pics Teachers Recognized in Division
 

Table 6 shows that, at every grade level, teachers discussed topics

related to understanding the concept of division (code 1 or 2 in Factor

1). However, differences among teachers at different grade levels were

identified in their discussion of division skills (coded 4 in Factor 1).

Only two third grade teachers (Teachers 3 81 4) talked about students

learning the basic division facts (code 4, l, 9); and the only algorithm

third grade teachers discussed was the use of a method of repeated sub-

traction. Problems involving multiple-digit divisors (code 4,3,9) were

mentioned as introductory or enrichment topics by fourth grade teachers

and were part of the content all fifth grade teachers said they taught.
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Such differences indicated that teachers did not expect students to mas-

ter division of whole numbers before the fifth grade level.

Teachers sometimes expressed different expectations for student

learning when discussing instruction on the division algorithm. Five of

the nine teachers who mentioned teaching the long division algorithm, re-

flected a traditional approach. Despite any concerns they may have ex-

pressed related to understanding the concept of division, or the process

of dividing, the final stage of the instruction they described, evidenced

an attempt to "program" students to compute. Three teachers (Teachers

19, 15, & 7) described the "goes into" method as the ultimate performance

they expected students to learn. In this, a problem such as 42 divided

by 3 would be completed by finding how many times "3 goes into 4“. The

recognition of "4" as representing 40 was not a concern for these teach-

ers in the deve10pment of the students' computational performance.

Teachers 5 and 18 further explained how they define the pattern of rules

for students by specifying a sequence of steps. For Teacher 5, the pat-

tern was "Divide-Multiply-Subtract," while Teacher 18 used the memory de-

vice "Dumb Men Sink Boats" to remind students of a pattern, "Divide-Mul-

tiply-Subtract-Bring down."

Only four of seven teachers at the fourth grade level (Teachers 4,

19, 10, & 18) and two of the six from the fifth grade (Teachers 15 & 20),

specifically discussed the need for students to learn how to estimate

quotients while learning the algorithm. Teacher 20 also discussed topics

dealing with how to round numbers as part of instruction related to

division. Teacher 1, who cited a tapic where students learned to do

repeated subtraction using groups equal to multiples of the divisor (code

2, 2, 9'), suggested this would help them understand how to estimate
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quotients later. A similar topic (code 4, O, 9') was mentioned by

Teachers 4, 3, and 12 in their discussions of skills students should

learn. The first entry in section 4, 3, 9' of Table 6 also could be

construed as content related to the estimation of quotients. However,

teachers' descriptions of this topic revealed a perception of division by

powers of ten as "easy" cases of multiple-digit division problems.

Although teachers may have failed to stress estimation and content

related to why the division algorithm works, they often recognized

skills and performances students must learn that are not generally speci-

fied in written curricula. Teacher 20 explained a difficulty encountered

when students learn the long division algorithm.

I think one of the hardest things that people don't

think about when you're dividing, traditionally, we

have previously just done multiplying. Say it's "6"

times "16" and the answer is "96". They go up and

they put in their "six" (in the product) and carry

their "3" and then they come down with a "96". All

of a sudden you have this same problem and what

you've got, for instance, is say a 16 out here (the

divisor) and you've chosen "6" up there as a possible

quotient answer there. They suddenly have to make

themselves see that it's the same thing as they just

previously did...I find this to be one of the nost

difficult things for kids to perceive. They pre-

viously can do this kind (the multiplication problem)

of thing over and over without a mistake. Put it in

a division problem--it's suddenly a new problem-~a

difficult one.

This explanation, that the notation or form used in presenting a problem

implies something to be learned, guided the teacher's instruction. He

told the interviewer..."readiness in math must be just the same thing as

readiness in reading. It's symbology; and it's either there or it

isn't."
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Other teachers identified similar concerns for the content related

to mathematical symbols by describing recognition of numerals (Teacher

15) or learning different symbols (Teacher 9) as common threads in the

content of mathematics. Teacher 21 was also sensitive to the importance

of learning notation. After using the DMP program with her third grade

students, she commented that they had learned a great deal about division

without having seen a division problem. Before administering the stan-

dardized achievement test at the end of the year, she "taught“ the divi-

sion symbol, telling students the division frame was a special way to re-

present a partitioning problan. During the interview she described her

satisfaction in seeing students complete these problems on the test using

repeated subtraction. A second DMP teacher (Teacher 13) had not antici-

pated this possibility and did not "teach" the symbol to her class. She

expressed surprise that some of her students had been able to make the

connection themselves and complete the problems.

To identify teachers who specified topics with a narrow range of

problem types, i.e., at a finer level of distinction than the taxonomy,

the teachers with the largest number of entries in this part of Table 6

were considered. At the third grade level, Teacher 4 had eight entries,

but each of them was classified with a different code. Teachers at the

fourth grade level, for the most part, also mentioned topics that were

coded as separate topics from the perspective of the taxonomy.

As the fifth grade level, Teacher 7 was found to describe narrowly

defined topics (as she had done in multiplication). The sequence of

division skills she described included: '(1) one-digit divisor, small

dividend, no remainder; (2) one-digit divisor, no remainder, no subtrac-

tion within the problem (e.g., 22 / 2); (3) problems with no remainder
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but subtraction within the problem (e.g.. 56 / 4); (4) problems with re-

mainders and problems with larger divisors” Other teachers did not

identify topics like numbers 3 and 4 in this teacher's list. Such prob-

lems were included as examples in more generally described topics given

by other teachers.

Purpose of Activites in Division
 

As in the previously considered areas of content, teachers sometimes

disagreed about the content or purpose of various activities they de-

scribed. However in this area, the analysis also identified differences

in teachers' recognition of t0pics related to the concept of division.

Textbooks on the methods of teaching elementary school mathematics

(e.g. Copeland, 1972) frequently suggest that students should ing taught

two interpretations of the concept of division. First, division can be

thought of as partitioning a set of objects into a specified number of

subsets (the parative model); the quotient tells how many elements are in

each set. The second interpretation refers to finding how many subsets

can be created having a given number of elements (measurement model).

One teacher (Teacher 1) described this duality within the concept and ex-

plained the need to! illlustrate two models of the concept of division,

she explained,

If you had 32 objects, how many different groups of

eight could I make (measurement model). Of if I put

them in eight groups. how many would be in each group

(the parative model). So it would be grouping things

into,_g£ putting so many items into groups.

Teachers' descriptions of activities used to teach the division con-

cept were analyzed to determine if they mentioned using both the parative
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and measurement models in the classroom. Since this distinction is not

represented in the taxonomy, teachers' comments about activities with

concrete objects based on either model are recorded in the section of

Table 6 coded l, O, 9'. The situations teachers described to children in

verbal problem statements to illustrate either model are coded 6. O, 9'.

With the exception of Teacher 1, teachers did not refer to the two models

as distinct interpretations of the division concept. The analysis merely

considered if the activities discussed by a teacher were biased toward a

particular interpretation of the concept.

Only Teachers 8, 5, 9 and 1 described individual activities using

concrete objects that could clearly be classified as representing one or

the other model. Other teachers' descriptions of activities were classi-

fied in other lines of l, O. 9' for they were not complete enough to de-

termine whether the activity was one of finding an unknown number of

groups, or finding the number of objects that would be contained in a

given number of groups. Only two teachers (Teachers 8 & 1) described an

activity from both of the models.

The description of teachers' references to situations they might de-

scribe to students to illustrate the concept of division (code 6. O, 9')

revealed that only two of the five teachers who described this topic

(Tearhers 4 8. 12) mentioned examples that illustrated both models.

Teachers who have learned about the two models of division may view them

as strategies for instruction, as does the taxonomy, and not recognize a

potential content implication. Thus, the nmltiple interpretations of

such division concepts may not be the focus of instruction.

The potential significance of ignoring the multiple interpretations

of the division concept was suggested by a fifth grade teacher's report

(Teacher 12) of students' failure to recognize the multiple interpreta-
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tions of another operation, subtraction. Teacher 12 remarked, “The con-

cept of subtracting is taking away something to a kid. If you're going

to subtract it, you're going to take it away." Teacher 12 explained that

when students were asked to find a difference, they did not realize that

subtraction should also be used when making comparisons. Despite her re-

cognition of the various functions of the subtraction operation, however,

Teacher 12 did not discuss instruction in the area of division in suffi-

cient detail to determine whether or not she recognized both aspects of

the division concept.

Relatedness of Multiplication and Division as Content
 

The analysis of content areas found that 10 of the 19 teachers

either mentioned the relatedness of operations as a conmon thread in

mathematics content, or gave categories of mathematics that combined two

Operations. This observation raised two questions. First, do teachers

giving such responses recognize the relationships between operations as

content that should be taught to students; and second, are these teach-

ers' conceptions of content 'hi any way different from teachers who did

not make such statements in their discussion of categories of mathemat-

ics?

In order to address these questions the analysis focused on certain

entries in Table 6. Considering the first entry under 2, O, 8 (multipli-

caation as repeated addition) and the line coded 2. O, 9' (division as re-

peated subtraction) revealed that all third and fourth grade teachers

mentioned one or both of these topics. Because these models are commonly

used to teach the concepts of multiplication and division, however, the

teachers' discussions of these topics might not indicate deliberate in-

terest in teaching the relatedness of operations.
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teachers' discussions of these topics might not indicate deliberate in-

terest in teaching the relatedness of operations.

The code 2, 4, 13 (which is found in the part of the table that re-

cords teachers' comments about multiplication and appears again in the

section reporting teachers' discussions of division), was also consider—

ed. Although six teachers (Teachers 2, S, 8, l4, 1, & 10) mentioned

teaching students that division is related to multiplication during their

lessons on division, only three teachers (Teachers 21, 5, & l) discussed

this topic in the context of their remarks about teaching multiplica-

tion. Two of these teachers (Teachers 21 & 1) also discussed the concept

of division as a missing multiplier (code 2, 5, 9') as did Teachers 4 and

15.

Two of the five fifth grade teachers (Teachers 15 &19) did not men-

tion teaching the basic division facts. However, both teachers talked

about lessons on the inverse relationship of multiplication and division.

Teacher 15 explained,

They (the text) don't teach division facts exactly

although they spend time in the introduction and re-

versing the multiplication facts. Then division...

they use it more in terms of large numbers being

divided up and mostly with things--recognizable

things--objects at that level and then just straight

use of problems. ’

Of the four teachers who gave the relatedness of operations as a

comnon thread (Teachers 5, 19, l, 8. 15) and the five who specified a

category of mathematics as "Multiplication and Division" (Teachers 2, 4,

5, 8, & 1), only Teachers 5, l, 15 and 21 talked about more of these

topics than other teachers. Two of the teachers (Teachers 21 & 1), who

seemed to be especially interested in teaching the relationship between
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operations, were using the DMP program. DMP does not refer to multipli-

cation and division separately, the content is presented in a Unit en-

titled, "Grouping and Partitioning". Thus, examination of DMP teachers'

discussions illustrated their interpretation of the program's attempt to

teach the relatedness of operations.

Throughout the interview Teacher 21 spoke of multiplication and di-

vision together. There was never a period when she went into elaborate

remarks about one Operation. She even used the title “Grouping and Par-

titioning" regularly, often translating it for the interviewer.

...grouping and partitioning which, in the third

grade, is important because this is the introduction

to multiplication and division.

Teacher 21 also made frequent defensive remarks about the program's fail-

ure to keep pace with traditional programs in teaching computational

skills. When talking about the Grouping and Partitioning unit she ex-

plained, "And I say it's important because I think parents are very used

to having their children learn to multiply in the third grade. If you

didn't do it then, they would be very nervous."

The other DMP teacher (Teacher 1) who emphasized relationships in

her remarks, applauded the concept development that occurred in the

Grouping and Partitioning unit saying, "They've (DMP) gone about things

in a whole different fashion, and I think that the kids have really

gained just a better understanding of it." But when talking about

division she commented,

You know, I still--when I think about long division--

you should never teach long division that way...I hope

that they're (the students) going to be able to follow

the process that they learned.

A third DMP teacher (Teacher 10) was also cautious in her endorse-

ment of the new program. For her, the language, “Grouping and
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Partitioning", was always her second referent when it was used. She most

frequently discussed the Operations using the traditional titles, and her

discussions were easily separated by their focus on one or the other

operation. Teacher 10 endorsed the DMP curriculum because of its' em-

phasis on story problems, yet she was skeptical about the instruction on

computation presented in the program. She expressed concern over the

limited development in computation saying,

In fourth grade, we didn't have very much (division)

really at all. We just simply--if you know how to do

it in the inverse, or they would simply be able to

write it two ways--as a multiplication sentence or a

division...They had very little tacked in there.

That's why I don't know, cause when we did tradi-

tional fourth grade before, the kids had to do a lot

of algorithms.

She went on to explain that she was reserving judgement about the program

until this year's standardized test scores were returned. Then she would

know if the scores on the applications subtest had improved and would

learn if the new program resulted in poor student performance on the com-

putation subtest.

DMP Teachers 13 and 18 had failed to express topics that indicated

an interest in teaching the relationship between multiplication and divi-

sion. Neither teacher's responses to the category questions suggested a

focus on relationships as content in mathematics. In fact, both Teacher

13 and 18 evidenced a rather traditional view of content in the areas of

multiplication and division.

Importance of Multiplication and Division Content
 

Some of the teachers' comments that have already been reported sug-

gest the importance placed on the content of multiplication and division

in general, and also various topics within that content area. They also
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suggested that teachers most often viewed the areas of multiplication and

division separately with only a few who treated the relatedness of these

Operations as the approach to develop an understanding of both

operations.

The analysis of teachers' statements that implied priorities within

this instructional area, addressed questions related to the expectations

for student learning and emphasis placed on topics. Variation was noted

among teachers at each grade level and across the three grades.

Certain paradoxes were evidenced in this comparison of teachers' ex-

pectations and priorities. Teacher 17, who was cited as mentioning that

the use of concrete objects seemed "gimmicky" and who said she usually

didn't have time for such activities, did express a priority for the de-

velopment of understanding. "I mean, this is what they see multiplica-

tion as at the beginning. It's a series of additions and this is the

only way they can multiply is to see it." When considering division,

however, her view focused primarily on the content area as a skill, where

multiplication is the prerequisite.

They do get into some division but...that's not as

important in third grade because they will--they know

their multiplication facts in third grade, learn

their basic facts. But I tell them they can't do di-

vision until they've learned to multiply.

Later in the interview she remarked, "...if they get multiplication we

feel they've accomplished a lot in 3rd grade. And I don't worry too much

about it. Division and fractions, I feel they can begin next year."

Teacher 4, on the other hand is a third grade teacher who was less

intent on the mastery of certain areas at the cost of experience with

other content.

I feel very strongly that kids ought to be exposed to

as many different kinds of experiences in math as

they can, not for mastery, but simply for exposure
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for developmental purposes-~50 that math will have con-

tinuity for them if they can build upon experience,

rather than have them wait till say sixth grade to en-

counter fractions for the first time. That they have

to be exposed to these periodically and increasingly

over time.

On the other hand, Teacher 21, who discussed the relatedness of multipli-

cation and division and seemed to think of "Grouping and Partitioning" as

a unified content area, had different expectations. In her discussion of

teaching the division sign before the standardized test she explained, "I

mean, they don't really know how to divide but they know...they knew how

to solve it. So, to me, the understanding of the solution was more im-

portant than having the formal algorithm of how do you divide".

Consideration of the fourth grade teachers' expectations and priori-

ties reflected the same variation of thought among teachers. Teacher 5,

was much like Teacher 17. She seemed to focus on multiplication as a

prerequisite to divison saying, “I think they need to know their multi-

plication first." At the same time, Teacher 5 mentioned a narrower range

of problem types for multiplication than other teachers.

Teacher 1 was another teacher using DMP who did not associate con-

cept deve10pment with skill acquisition. She admitted the influence of

the new curriculum on her priorities saying,

I have to say my thinking has changed a great deal

with this program this year. Because in the past, up

to this year, I have spent most of my time doing just

computational math. We had really--I had, I guess

gone ‘the full gamut of having kids introduced to

theory that I never felt carried over to what they

were doing in computation...So I think in the last

couple, maybe three years, I have really run a pretty

computational kind of thing...Well. this program has

really gotten me to rethink the whole thing.
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The discussions of fifth grade teachers reflected expectations and

priorities that seemed to be influenced more by tradition than by beliefs

about the subject matter and learning. Teacher 12 explained,

I think I am not satisfied to leave long division at

all until they can do it well and accurately. I want

them to be able to--so that if they see those big

numbers sometime, and somebody says, divide this for

me, they can to that. And I won't leave it until

they can.

Teacher 15 confessed the influence of tradition on her beliefs about what

students should learn.

I think I've been programmed so strongly through my

education and my experience--through my own elemen-

tary school experience that is when I was in elemen-

tary school, and through my teaching experience that

that's (division) what fifth graders do. It's like

fourth graders learned how to multiply. Fifth

graders learn how to divide. Sixth graders learn how

to do fractions. And that's unfortunate that we've

gotten that much of a mindset, but I think that's

really true.

Evidence Of "mindset" was presented earlier in the interview vmen

the teacher explained problems done by students in her class. “Then we'd

go through multiplication probably three by four-place, and I'm not--I

think there's a case where I teach that mainly because I learned that

when I was in school. I'm not sure of the value of that, but there

seems to be one...“

Summary of Findings
 

01: What content areas did teachers recognize as impor

tant components of the elementary school mathematics

curriculum?
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The category questions in the interview schedule asked teachers to

think of all the mathematics content they teach and divide it up into a

few categories. Then teachers were asked to mention common threads they

saw running through the content. The analysis of teachers' responses to

these questions identified the content areas that came to teachers' minds

when they thought of the mathematics curriculum holistically.

Agreement between the researcher's and teachers' methods of describ-

ing content areas was demonstrated by a high level of consistency between

teachers' characterizations of content and the taxonomy. Teachers' cate-

gories were, for the most part, descriptive of the general intent, the

nature of material, and the operations involved in the content. However,

some of the content areas specified within these factors of the taxonomy

were not mentioned by any teachers, while other content areas were‘men-

tioned by only a few teachers. The categories teachers mentioned sug-

gested content areas teachers viewed as important.

Teachers' categories specifying the general intent of content usu-

ally referred to the content areas of skill deve10pment and applications.

However, the referrent they used in mentioning the area of applications

differed, i.e., problem solving, or story problems, or applications.

Only three teachers mentioned a category describing conceptual under-

standing as content, but eight other teachers described "understanding"

as a common thread that runs through most of the content of elementary

school mathematics.

Categories mentioned by at least four teachers to describe the

nature of material in content were geometry, measurement, and fractions.

However, no fifth grade teacher and only two third and two fourth grade

teachers gave "geometry" as a category. Of the nine teachers who
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described "measurement" as a category of mathematics, only one was dis-

cussing the content of fifth grade mathematics.

Every teacher whose categories did not describe a unified area of

skill development, (e.g., using labels "computation" or "arithmetic")

mentioned the arithmetic operations, i.e., addition, subtraction, multi-

plication, division, in their sets of categories. Five teachers mention-

ed categories combining two operations (e.g. multiplication and divi-

sion), while seven teachers described each operation as a separate cate-

gory. The only other levels of the operations factor of the taxonomy

that were mentioned by teachers as categories of mathematics were "place

value," mentioned by' three teachers, and "estimation," given by' one

teacher.

Finally, some categories that are not recognized by the taxonomy

were mentioned by a few teachers. One teacher focused on affective

outcomes specifying "appreciation of math" as a category; one teacher

gave problem context as a category of content, and "time" and "money"

were mentioned as categories by two teachers.

Q. Within the content areas of mathematical understanding,

problem solving, multiplication, and division, what topics did

teachers recognize?'

Teachers' discussions of the topics they associated with mathemati-

cal understanding suggested three different interpretations to under-

standing in mathematics. The content described by some teachers focused

on concept learning, and one teacher expressed specific concern that stu-

dents learn to verbalize concepts. When other teachers described lessons

to develop understanding they indicated a focus on students learning to

use or apply' concepts. These teachers described methods to assess
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whether or not students "understand" mathematics that were based on acti-

vities requiring the use of concepts. Yet a third group of teachers

accepted students' facility with computational algorithms as an index of

understanding. Individual teacher's interpretations (H’ understanding,

however, sometimes varied from content area to content area.

The analysis of teachers' statements about problem solving evidenced

differences between tOpic recognized by teachers using the DMP program

and topics described by teachers who Used other instructional materials

.in their classrooms. The DMP teachers described learning outcomes relat-

ed to problem solving analysis in a more prescriptive and generalized

format than other teachers. In other words, the strategies DMP teachers

said students should learn specified how students would conduct the prob-

lem analysis, and also were strategies that could be used on problems

other than those requiring computations for solution. There was little

evidence that non DMP teachers recognized topics other than those dealing

with problems solved by computation. Only two non DMP teachers mentioned

other types of problems. One teacher mentioned logic problems. The

other teacher discussed problems using Cuisenaire rods. but this

teacher's disussion did not detail what would be involved in solving such

problems.

In the area of multiplication, the skill topics teachers specified

were defined at a finer level of detail than the taxonomy's topics.

Topics specified by teachers were consistent with problems that appear in

textbook lessons. For example, teachers used the number of digits in the

multiplier (sometimes the multiplicand also) and the need to "carry" in a

multiplication problem to distinguish topics. One teacher, however, was

critical of such segmentation of content. The analysis also identified
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differences in tOpics mentioned by teachers at different grade levels.

Teachers in successive grades expanded the content to be learned by dis-

cussing problems involving larger numbers, i.e., numbers having more

digits. Further, the distinction between problems with or without carry-

ing was made by four of six third grade teachers, three of seven teachers

Of fourth grade, and only one of the six fifth grade teachers.

Grade level differences were further evidenced in teachers' comments

about division. These differences revealed that teachers did not expect

mastery of division before fifth grade. Although teachers at every grade

level discussed teaching students to divide, third grade teachers only

mentioned the method of repeated subtraction and fOurth grade teachers

described problems involving multiple-digit divisors as enrichment topics

at grade four. Three of the six fifth grade teachers and two of seven

teachers from grade four communicated a rather traditional view of the

content, describing mechanical algorithms as the ultimate expectation for

student performance. Only six teachers (four fourth-grade and two fifth)

discussed estimation of quotients in their description of division

topics. Three fifth grade teachers and one at third grade teacher de-

scribed topics not recognized by the taxonomy, explaining that notation

land symbols used in division muSt be taught.

The analysis also considered whether or not teachers viewed the re-

lationship between multiplication and division as content. The nine

teeachers whose responses to the category questions suggested recognition

(VF topics dealing with the relatedness of operations, failed to discuss

toDics that reflected a unique recognition of relationships as content.

Offly four of these nine teachers described more topics dealing with rela-

‘titanships than other teachers and. although the DMP 'focuses on the
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multiplication-division relationship, only two DMP teachers expressed

particular interest in teaching the relatedness of Operations.

Q3: What mathematical topics did teachers view as impor-

tant for students to learn?

Teachers' views about the importance of mathematical understanding

often varied. Some teachers thought it was important for students to

ljrujerstand an arithmetic operation before teaching the skill, while

others believed that if students first learned to compute accurately they

would then be able to have a richer experience in exploring the under-

l;ying concepts of that operation. On the other hand, two teachers ad-

nritted that they only taught lessons on understanding because such les-

scnds were in the textbook. For those two teachers, students' facility

vvith the algorithm was the dominating priority. Both teachers felt that,

if’ students could find answers to problems, the alternative algorithms

(‘leading to the understanding of the process), were not necessary experi-

ences for students. Finally, a teacher's perception of the importance of

uruderstanding in mathematics sometimes varied from content area to con-

tent area.

There was greater agreement among teachers about important topics in

Drwoblem solving. Every teacher's discussion about problem solving, spe-

Cified the same limited subset of tOpics as the focus of instruction.

Topics related to the use of arithmetic operations in a problem solving

COntext were stressed in all teachers' remarks. Although seven teachers

made particular reference to the need to present computational problem

SOlving experiences from a variety of contexts, the analysis was not

COnclusive about whether or not teachers saw context as a descriptive

1reature of topics. However, three of the seven teachers confessed
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frustration with the lack of instructional materials that offer problem

solving experiences in a variety of contexts. Despite DMP teachers' de-

scription of a broader range of problem solving that dealt with computa-

tion, the DMP teachers' remarks identified problem solving that dealt

vvith computation, as the most important component of the problem solving

content area.

Every teacher discussed multiplication and division as an important

cxmnponent of the curriculum in the classroom. As was mentioned earlier,

iri the discussion of tOpics teachers recognized, grade level differences

were evidenced. Third grade teachers did not describe instruction on

division as extensively as other teachers; and teachers in successive

grwades described different problem types as the focus of instruction.

Although every teacher discussed multiplication and division as im-

portant areas in the curriculum, differences in the content teachers

nright teach were suggested by teachers' priorities for student mastery.

'TvK) teachers expressed strong convictions about a hierarchy of prerequi-

Site skills. These teachers said they would not progress to division, or

to more difficult topics in mulitiplication, until certain topics had

been mastered by students. One teacher, on the other hand, was particu-

larly committed to exposing students to the whole spectrum of topics in

the content area. The scope of this teacher's instructional program was

"Cit. prescribed by assessments of student mastery of individual topics.

1116: dominating priority expressed by fifth grade teachers was students'

facility with the long division algorithm. Three of the six fifth grade

teachers described mechanical steps for dividing ignoring the modern ori-

entation, that students should understand the algorithms used for compu-

tation.
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04: What mathematics topics did teachers associate with

the instructional strategies they described?

When discussing understanding 'hi mathematics teachers' discussions

(of the purpose of instructional activities suggested varying perceptions

(of the content to be learned from the activity.. For some teachers the

ladder method of division was an alternative algorithm students might

ltearn to use when having difficulty with the traditional algorithm. For

other teachers, the ladder method was a strategy to teach content related

‘tca understanding the division process. Finally, in two instances, teach-

ers explained that they taught the ladder method in an effort to comply

vrith the design of the instructional materials used in schools. These

tvwa teachers' discussions did not reveal a recognition of any particular

content that might be taught when the ladder method was presented in a

classroom lesson.

The analysis of teachers' statements about the content of problem

scilving lessons focused on identifying teachers' justifications for the

types of problem solving experiences they described. Some teachers saw

problem solving in an applied sense, as the extension of the study of

ar‘ithmetic operations. One of these teachers explained that story prob-

1ems would motivate students to learn the arithmetic operations. Six

teachers, on the other hand, saw the lessons dealing with story problems

as the opportunity to develop problem solving strategies, and mentioned

topics related to problem solving skills. Only four of these six teach-

EY‘S, all of whom were using DMP, discussed activities that incorporated

PY‘Oblems that did not require the student to do a calculation. But only

One of these four teachers described more generalized problem solving

S'f-V‘ategies as learning outcomes for such activities.
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The activities teachers mentioned in the discussion of instruction

on multiplication were often associated with different content by differ-

ent teachers. Considering the two teachers who described the use of

counting sequences, one teacher viewed the activity as helping students

understand the multiplication concept, while the other teacher saw count-

ing sequences as an aid to learning the basic facts. Although every

teacher expected students to learn the basic multiplication facts, only

seven teachers placed an emphasis on speed and accuracy, explaining that

mastery of the basic facts was essential to future work in mathematics.

Two teachers, on the other hand, felt students might acquire a "feeling"

for mathematics when learning basic facts that would lead to better

understanding of mathematics or be useful in the estimation of answers.

Teachers' descriptions of other activities in multiplication in-

struction demonstrated their failure to acknowledge the implied content

of the activity. Two of the three teachers who described the partial

product method for single and multiple-digit multiplication saw the ac-

tivity as eliminating the need to carry in a multiplication problem.

Although, the third teacher recognized the method as a strategy to help

students understand carrying in multiplication, this third teacher ex-

plained that she did not use the method because it was cumbersome for

students. Various drill and practice activities teachers discussed,

1-9. , Napier's Bones and searching for patterns in answers, were always

described as motivational strategies ignoring the method of Napier's

Bones or the search for patterns as content students should learn.

Finally, of the six teachers who told the interviewer they taught the

toplc. multiplication by powers of ten, only three teachers included the
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of zero and one as factors. The other teachers described a

rule oriented algorithm in discussing the topic.

The strategies teachers mentioned using for instruction on the divi-

sion concept generally illustrated failure to recognize two interpreta-

tions of division, i.e. parative model and measurement model. Only one

teacher explicitly described each interpretation as a distinct topic.

Further, both interpretations were illustrated by only two of the four

teachers who described concrete activities in sufficient detail to assess

their interpretation of the concept, and by only two of the five teachers

who gave story problems illustrating an interpretation of the concept.

Although this distinction is not recognized by the taxonomy, it is one

frequently made in mathematics education. And, in a discussion about

subtraction, one fifth grade teacher mentioned students' failure to re-

cognize multiple interpretations of subtraction, as a weakness in stu-

dents' background.

05: What variation in the content of classroom instruc-

tion was implied by differences in teachers' concep-

tions of mathematics content?

For the most part, this research question will be addressed in the

chapter that follows. At this point, however, the question offers a

structure to summarize all that has been reported. Consideration of the

five dimensions that were specified in Chapter 1 as defining a teacher's

conception of mathematics revealed:

1) In general, those characteristics of mathematics

that teachers used to describe content areas in the

curriculum were consistent with the dimensions and

levels of the taxonomy. However, their failure to

mention certain levels within each dimension demon-

strated that the arithmetic operations were seen by

teachers as the most important content areas.
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2) Different teachers were seen to hold different be-

liefs about what is to be learned within a content

area. This was illustrated by differences: a) in

teachers' interpretation of understanding in mathema-

tics, b) in the learning outcomes teachers described

for problem solving, c) in the level of detail teach-

ers used to specify topics for multiplication and

division, and d) in teachers' attention to the relat-

edness of operations as instructional content.

3) Within each content area, some teachers were found to

have unique priorities. However, in the areas of

multiplication and division, fifth grade teachers ex-

pressed a dominating concern about students develop-

ing facility with the division algorithm.

4) Teachers' descriptions of instructional strategies

often suggested differences in the content they asso-

ciated with classroom activities. This was evidenced

by teachers' explanations of the purpose of various

classroom lessons and activities in each content

area.

The analysis of teachers' descriptions of what they hoped students

would learn in elementary school mathematics evidences similarities among

teachers conceptions of mathematics content. However, the differences

that were identified among teachers suggested that the teachers probably

differed also in the content of their instruction.



Chapter 5

Summary, Conclusion, and Implications
 

The purposes of this research were to describe: 1) the cggtent areas
 

elementary school teachers used to describe mathematics curriculum; 2) the

topics teachers ogggggig§d__as—anathematical content; 3) the priorities

teachers held for student learning in mathematics; and 4) the mathematical

topics teachers associated with specific instructional strategies. These

dimensions were collectively called teachers' conceptions (Hi mathematig;
\___,.__.

content. The study examined teachers' statements about mathematics

instruction to consider the extent to which elementary school teachers'

conceptions of mathematics content were alike. and whether or not teachers'

conceptions of content were consistent with current trends in mathematics

education.

Teachers were selected for the study through use of a questionnaire

that asked faculty and administrators in a single school district to nomi-

nate teachers who might have strong, yet different, views about mathematics

instruction. From the list of nominees, teachers were chosen to represent

a distribution of nominating characteristics, building, and grade level

assignments, i.e., grades 3, 4 and 5. The data for the study were verbatim

transcripts of an interview with each teacher that lasted from two to foUr

hours.

The data analysis made use of a taxonomy of elementary school mathema-

tics to describe the mathematics content mentioned by each teacher. The

taxonomy served as a standard to identify similarities and differences in
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the teachers' discussions about mathematics curricula. However, content

teachers mentioned that was not consistent with topics in the taxonomy

was also considered in the analysis.

Findings and Conclusions
 

Similarities and differences in teachers' statements about mathemat-

ics instruction led to three general conclusions. Each of the

conclusions is reported below with a summary of the findings that support

the conclusion.

1. Elementary school teachers are primarily concerned with

presenting instrucion they believe will result in students learning the

arithmetic oper9t1005__9f_addjtion. subtraction, “multiplication, and

division.

a) When teachers were asked to subdivide all the mathe-

matics they teach into categories, every teacher's

response identified the arithmetic operations as a

primary component of the mathematics curriculum.

b) Other content areas (e.g., geometry, measurement,

estimation, place value) were only mentioned as cate-

gories of content by a few teachers.

c) Regardless of the text used or grade level taught,

teachers expressed a strong concern that students

learn basic arithmetic facts and algorithms.

d) Although the content descriptions teachers used were

consistent with the dimension of the taxonomy of con-

tent used in this research, most teachers did not dis-

cuss certain topics the taxonomy specifies that are

outside the area of computational skills.
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Teachers specified tOpics related to arithmetic calcu-

lations at a finer level of detail and therefore,

identified more distinct topics in that area than the

taxonomy describes.

Teachers' descriptions of tOpics in the problem solv-

ing content area 'focused on 'the solution of story

problems that require a calculation for solution.

2. Within content areas, teachers' perceptions of topics

should be taught to students vary.

a)

b)

Although all teachers identified the arithmetic opera-

tions as important content to be taught, some teachers

expressed concern that students "understand" the con-

cepts and algorithms associated with each operation

while others did not.

Instances were cited where some teachers said they did

not require students to learn algorithms presented in

textbooks, and where some teachers described modifica-

tions of the prescribed scope and sequence of school

district objectives.

Within grade level variation was found as teachers de-

scribed topics taught in lessons on problem solving,

understanding mathematics, multiplication and divi-

sion.

that

3. Teachers' var in interpret ' f the content associated with

instructional strategies and the goals of written curricula may result in

variation in the content of instruction across classrooms.

61)

u—4

Teachers' descriptions of the content taught when particu-

lar instructional activities are used varied.



120

b) Teachers using the same instructional materials in

their classrooms, often discussed different topics

as the content they hoped students would learn.

c) Teachers' discussion of lessons to teach problem

solving and inathematical understanding suggested

that some teachers thought they would be teaching

topics in those areas when curriculum writers and

experts in mathematics education might not agree

that the topics were being taught.

Implications and Recommendations
 

In Chapter 1, teacher's conception of mathematics content was hy-

pothesized as a variable that might affect the content of mathematics in-

struction in elementary schools. Based on research that revealed that

teachers are autonomous in matters related to classroom instruction, two

conjectures were suggested. First, widespread implementation of new

curricula seems to require some level of consistency between the goals of

new programs and the topics teachers generally accept as content that

should be taught to students. Second, dramatic differences in teachers'

selections of topics for instruction could result in random modifications

of written programs that affect students across classrooms in various

ways. .

Although this study did not assess the effect of teachers' concep-

tions on content “hi classroom situations, the investigation identified

considerable variation in teachers' descriptions of what should be taught

in elementary school mathematics lessons. Thus the study provides



121

insight into the particular aspects of the mathematics curriculum that

may be most difficult to influence on any widespread basis. Those in-

sights can be described by an examination of recent recommendations of

the National Council of Teachers of Mathematics (NCTM, 1980).

In April, 1980, the NCTM presented An Agenda for Action:
 

Recommendations for School Mathematics in the 1980's. Consideration of
 

the NCTM recommendations regarding problem solving and basic skills, in

particular, highlights the discrepancy between what teachers, as a group,

see as important and what is advocated by NCTM. The first recommendation

in the Agenda for Action states:

Problem solving must be the focus of school mathemat-

ics in the 1980's. The mathematics curriculum should be

organized around problem solving.

- The current organization of the curriculum

emphasizes component computational skills

apart from their application. These skills

are necessary tools but should not determine

the scope and sequence of the curriculum...

- Mathematics programs of the 1980's must be

designed to equip students with the mathema-

tics methods that support the full range of

problem solving...

(NCTM, 1980, p.2)

The focus and reorganization of curriculum proposed by NCTM repre-

sents a rejection of the goals and priorities expressed by every teacher

interviewed in this study. Not only did all teachers view elementary

school mathematics as primarily the study of arithmetic operations, many

teachers also judged facility with computational algorithms as the most

important outcome of mathematics instruction. Thus, from the perspective

of these teachers, the content of mathematics is organized around the

arithmetic operations.
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The analysis also identified aspects of teachers' conceptions that

varied from teacher to teacher. The varying viewpoints have further im-

plications for the NCTM's agenda. Teachers who interpreted understanding

in mathematics as being able to £8 concepts, and those who comnented

about the need for more materials to teach applications, may have views

that are somewhat consistent with the NCTM recommendation. However, the

priorities specified by those teachers also were dominated by a concern

that arithmetic skills must be taught. For example, one teacher, who de-

scribed the area of applications as the most important area of mathema-

tics content, told the interviewer she refused to use DMP because the

program doesn't emphasize computation. Teachers who view mathematical

applications as tOpics embedded in content areas defined by arithmetic

operations, are apt to reject or modify a curriculum organized by areas

of problem solving.

The DMP curriculum is in many ways consistent with the NCTM recom-

mendations. Problem solving experiences are a major component of the

program and the curriculum is not organized around the separate arithme-

tic operations. The interviews with teachers who used the DMP program

demonstrate the modifications that occur as teachers use a curriculum

that does not focus on computation. Only one of the five DMP teachers

mentioned non-computational problem solving activities as content and de-

scribed unique learning outcomes that are incorporated in the DMP pro-

gran. The other teachers' discussions of activities and learning out-

comes did not reflect an interest in problem solving topics other than

those dealing with the solution of problems using computation. Further,

every DMP teacher described activities they used to supplement DMP so

that children would learn to compute.



123

The DMP teachers' remarks also evidenced a rejection of content

areas as specified by the DMP curriculum. Only one of the five teachers

described the unified content area of multiplication and division that is

implied by the DMP "Grouping and Partitioning" unit. For that teacher,

the relationship between the multiplication and division was content to

be taught. Further, only that teacher seemed to realize that students

might learn the concepts and master the skills of both multiplication and

division through the unified lessons. The one other DMP teacher who

spoke of the relatedness of operations as content, discussed the need to

teach the algorithms separately.

The various teachers' interpretations of the DMP program demonstrat-

ed that a curriculum package alone does not result in major revision of

teachers' priorities. Although each DMP teacher explained that the cur-

riculum had been selected because of its' focus on problem solving, use

of the program did not circumvent the influence of teachers' conceptions

of mathematics content.

Teachers' views of the importance of the arithmetic operations is

challenged also by the second NCTM recommendation:

The concept of basic skills in mathematics must en-

compass more than computational facility.

(NCTM, 1980. p.6)

The "Position Paper on Basic Skills", written by the National Council of

Supervisors of Mathematics (NCTM, 1976), is described by NCTM as identi-

fying the nucleus for a new definition of basic skills. However, the

study of teachers' conceptions of content illustrates the limited in-

fluence of that earlier document.

The NCTM paper defined basic skills to include estimation and ap-

proximation, geometry, measurement, and the broader view of problem
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solving. Yet the teachers interviewed did not describe estimation, or

geometry, or measurement as a basic component of the instructional pro-

gram in their classrooms. Further, the broader view of problem solving

was only evidenced in one teacher's discussion of that content area.

The second NCTM recommendation further suggests a decreased emphasis

of classroom activities that were described by teachers as a major part

of the classroom curricula. NCTM advocates a deemphasis of:

-Isolated drill with numbers apart from problem contexts

-Performing pencil and paper calculations with numbers

of more than two digits.

(NCTM, 1980, p.7)

The deemphasis of these problem types challenges teachers' narrow

specifications of topics. The in-depth analysis of nmltiplication and

division revealed that teachers described skill topics at a finer level

of detail than the taxonomy. Further, teachers's descriptions of the

difference in nmltiplication topics from third to fourth grade, and in

division topics from Grade 4-ix> Grade 5, involved teaching students to

deal with problems when numbers were greater than 99. Thus, the NCTM re-

commendation suggests the deemphasis Of problem types that the teachers

saw as separate topics to be learned at a particular grade level.

In requesting teachers to change their priorities. redefine content

areas, and rethink the specification of tOpics, the Agenda for Action

suggests a revolution in nethematics education that parallels the "New

Math" of the 1960's. Yet, teachers' varying interpretations of

understanding in mathematics demonstrate that the goals of the curricula

of the 60's were translated in different ways by classroom teachers. It

is ironic that the thrust of the NCTM proposal for the 80's is based on

problem solving, another area that was subject to diverse interpretations

by teachers in this study.
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Efforts to change mathematics instruction often focus on the devel-

opment of instructional materials and textbooks. Yet programs that pre-

sent clever activities are often perceived by teachers as offering inno-

vative instructional methods to teach traditional content. If teachers

modify or skip such activities, the goals of the program might be deva-

stated. Yet, teachers might see themselves as implementing the program,

and only exercising professional judgement about strategies that will

help students learn.

1t) counteract 'this dilemma, textbooks and instructional programs

must be written to more clearly define the content to be learned. More

explicit descriptions of the purpose of instructional activities must be

presented, and a clearer distinction should be made between the intended

content of written lessons and the recommended instructional strategies.

When the purpose of an activity is related to other than traditional

goals, alternative instructional methods should be described that would

allow teachers to adapt the curriculum for classroom use in ways that

would not modify the goals of the program.

Teachers cannot be criticized for the ways they have interpreted in-

novative curricula in the past. Perhaps, the traditional view of mathe-

matics content is perpetuated, not by teachers' mathematical ignorance,

but by the continual reinforcement of that traditional view by those who

hold teachers accountable. Although the NCTM recommendations also chal-

lenge the focus of current standardized test instruments, until these

achievement measures are changed, teachers' traditional conceptions of

mathematics content will continue to receive support. Those who write

innovative curricula should provide standardized instruments to supple-

ment or replace the tests teachers now administer to their students.
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Further, these new measures of student learning must be accepted as

legitimate by administrators who evaluate curriculum programs and super-

vise classroom teachers.

Teacher Education
 

Repeatedly, teachers in this study described classroom activities

without alluding to content implied by the activity. Frequently, two

teachers' discussions of the same classroom activity communicated differ-

ent perceptions of the content to be learned in the lesson. Although a

particular instructional procedure may serve multiple purposes, teachers'

discussions of most activities suggested that, the full range of outcomes

associated with particular activities were not recognized, or viewed as

important.

Current debate in mathematics education recognizes this deficiency

in teacher preparation. When considering ways to improve teacher educa-

tion, one faction advocates preservice programs that combine courses in

mathematics content with courses in methods of teaching mathematics.

Others hold to the separation of content and methods courses with addi-

tional content courses as the recommended action to be pursued. The evi-

dence that teachers do not recognize the implied content of some class-

room activities gives some support to the idea of combined content-

methods courses. tbwever, the study also identifies a third critical

dimension to the mathematical preparation of teachers. That third dimen-

sion involves the recognition of what students should learn in elementary

school mathematics. The specification of teacher competencies should be

expanded to include recognition of the goals of instructional programs

and the purpose of instructional activities as a fundamental component of

subject matter competence.
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The assumption that elementary school teachers have a deficient

background in mathematics sometimes fosters attempts to "program" teach-

ers' behavior in classrooms. Workshops focus on providing the teacher

with something to do in the classroom the next day. Such practices only

add to the teachers' collection of activities without purpose. Programs

of inservice education should focus less on how to use the instructional

materials and more on what is to be learned from the classroom lessons.

Such inservice should focus on identifying critical components of the

curriculum, i.e., content areas, topics and priorities. Teachers should

also be provided with criteria to determine whether or not they modify

the goals of a program when prescribed activities are adapted for use in

the classroom.

Classroom Instruction
 

Teachers' descriptions of what they hOpe students will learn in

mathematics revealed important differences in teachers' views. Although

this research did not involve the observation of classroom lessons, the

findings suggest that the content of mathematics instruction may vary

.across classrooms where teachers have different conceptions of mathemat-

ics content. Variation was found in the priorities teachers expressed,

the content teachers associated with classroom activities, teachers'

interpretations of understanding in mathematics, and their recognition of

the scope and purpose of problem solving. Each of these factors is

likely to translate into differences in the content of mathematics

lessons.

The effect of priorities is evidenced by the teacher who didn't re-

quire students to use alternative algorithms as long as the students

could get correct answers. The students in that teacher's classroom
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might never be taught why the algorithms work. Yet other teachers de-

scribed work with alternative algorithms as a major focus of instruc-

tion.

Different teachers' recognition of the implied content of classroom

activities may also result in differences in instructional content. The

teachers who viewed concrete objects as a strategy to develop understand-

ing might choose to skip such activities, while one teacher clearly de-

scribed these activities as unique content to be learned by students.

Furthermore, those teachers who interpret understanding in terms of the

use of concepts might be more inclined to skip the concrete activities to

allow more time to discuss situations where the concepts are employed.

Finally, the contrast between teachers using the DMP curriculum and

those who did not, revealed differences in the scope of activities teach-

ers might present in their classrooms. Yet the differences among DMP

teachers' views of the purpose of problem solving activities evidence the

translation of written curriculum that could result in variation in the

content of instruction in different classrooms when the same curriculum

is used.

Future Research
 

This study of teachers' conceptions of mathematics content has re-

vealed that teachers think about the content of mathematics curricula in

different ways. Focusing on only a few dimensions of the total elemen-

tary school mathematics curriculum, the findings indicate considerable

discrepancy in teachers' selection of topics for instruction. Teachers'

beliefs about what should be learned in elementary school mathematics

curriculum should be explored further. The failure of efforts to change
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classroom instruction that was reported in the review of the literature,

may be due in part to teachers' priorities and their interpretations of

the curricula they use. The improvement of mathematics instruction may

require changes in the beliefs teachers hold, despite their willingness

to comply with new programs. A first step in changing teachers' beliefs

is to understand what they are.

Research on classroom instruction should also recognize the poten-

tial influence of teachers' conceptions of content. The review of the

'1iterature on teacher planning evidenced the impact of teachers, prior

experiences and teachers' instructional goals on the preactive decisions

teachers make. Although the teacher is usually recognized as a variable

in classroom research, characteristics of teachers that correlate with

student achievement have not been identified. The research on teacher

decision making is pursuing a whole range of teacher variables that have

not been explored previously. Teachers' conceptions of content in

subject areas should not be ignored. The effect of teachers' conceptions

of content on classroom instruction should be explored.

Finally, this research evidences the complexity of content as a var-

iable in classroom research. The study made use of a taxonomy that was

usually consistent with teachers' descriptions of content. Teachers did,

however, describe content and instructional goals that could not be de-

scribed using the taxonomy. Better measures for the content of classroom

instruction should be deve10ped. And, considering the discrepancies

among teachers when describing the content of a particular activity, re-

search should not assume that the content of instruction is the same in

different classrooms, only because the same instructional materials are

in use. Content, from the teachers' perspective, may be a critical
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variable. Further, the investigations of the students' perspectives of

content may also have implications for studies of classroom learning.

This study examined only a few aspects of teachers' conceptions of

mathematics content. In many ways, the findings of this study will come

as no surprise to mathematics educators who are critical of elementary

school teachers' mathematical competence. The research, however,

suggests new dimensions of teachers' subject matter expertise that should

be considered by those who wish to study or improve mathematics instruc-

tion in elementary school classrooms.
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APPENDIX A

Dear Educator:

You are invited to participate, through responding to the enclosed brief

questionnaire, in one of the studies being conducted by the Institute for

Research on Teaching (IRT). The Institute was established in 1976 as a

national center for research on teacher perception and judgment. A

better understanding of these processes, we believe will lead to improve-

ments in teaching and teacher preparation. The Institute is funded by

the National Institute of Education.

The study in question is one of a series which ask what factors influence

teacher decisions to teach one set of tOpics rather than another. This

focus is based on the belief that differences in content account for a

good deal of the variation in student achievement froni classrooni to

classroom.

One of the problems we face is to devise a precise measure of content.

Our tentative solution to this problem is a method for classifying ele-

mentary school mathematics at a very detailed level. Before using this

classification in further research, it is important to find out whether

it takes into account the various ways in which teachers think about the

content of mathematics. We therefore would like to interview some teach-

ers in grades 3—5 who have strong and distinctive views on mathematics

instruction. Your help in identifying such teachers would be greatly

appreciated. The teachers you nominate would, of course, be under no ob-

ligation to participate. They would decide for themselves after learning

about our research.

If you are willing to assist us, please take a few minutes now, or at

your earliest convenience, to fill out the questionnaire and return it in

the envelope provided. This task should take no more than ten to fifteen

minutes of your time.

Note that you are not to sign the questionnaire; the responses will be

processed anonymously. The questionnaire itself and our invitation to

you have been approved by the (school district's) Superintendent's

Office.

I very much hope to receive your help.

Sincerely,



MICHIGAN STATE UNIVERSITY

INSTITUTE FOR RESEARCH ON TEACHING

TEACHER NOMINATION QUESTIONNAIRE

Instructions:

- Please look over each of the following characteristics of

teachers and consider whether you are aware of any teacher

in the elementary school who fits the description parti-

cularly well.

- If you do, write in the teacher's name and school next to

the characteristic.

- If you have no name to suggest, simply skip that character-

istic.

- If a particular teacher fits more than one of the charac-

teristics, list this person more than once.

- Likewise, if you can think of more than one teacher to fit

any given characteristic, list as many persons as come to

mind.

- Do not be concerned about your attitude toward the charac-

teristic in question. We are interested in obtaining a

wide variety of views. even if some of the views are not

widely endorsed by other professional educators.

A-2



CHARACTERISTIC NAME

A teacher who comes to mind when

you think of teaching mathematics
 

in elementary school

A teacher who has strong opinions

about what should be taught in

SCHOOL

 

 

elementary school mathematics

A teacher whom colleagues consult

when trying to get new ideas or

 

 

help for mathematics class

A teacher who believes that one

of the main benefits of mathema-

tics for children is to develOp a

 

 

systematic approach to problem

solving

A teacher who to an unusual ex-

tent teaches without the use of

published texts or curricula
 

materials

A teacher who believes that one of

the main benefits of mathematics

for children is learning how to

 

 

follow directions

A teacher who often attends math

conferences and/or workshops
 

A teacher who is noted for tell-

ing children why mathematics is

 

 

important

A teacher who thinks mathematics

is particularly well suited for

 

 

creative children

 



CHARACTERISTIC NAME

A teacher who is very much against

back to basics in mathematics
 

A teacher who is very much in favor

of back to basics in mathematics

SCHOOL

 

 

There may be additional character-

istics that we should have given to

facilitate your identifying teach-

ers with distinctive points of view

regarding the teaching of mathema-

tics. Please briefly describe any

important characteristics you feel

we have overlooked and indicate

teachers' names and schools if

appropriate.

 

 

 

  

 

 

 

 
 

 

 

 

A-4

 



Dear Colleague:

About three weeks ago you received a short questionnaire asking for nom-

inations of teachers with distinctive views on the teaching of mathema-

tics. Since the winter months are a very busy time in schools, we are

not surprised that a number of teachers have not been able to complete

the questionnaire. However, it is important to our project to receive as

many completed questionnaires as possible.

Therefore, we are sending a second request to all the teachers and prin-

cipals who were given the earlier questionnaire. Note that, because of

the need for anonymity, we do not know who has responded and who has not.

Please disregard this letter if you have already mailed your question-

naire.

Completing this questionnaire will take but a very few minutes of your

time. We would very much appreciate your help and hope that you can re-

spond within the next few days. We realize that some teachers may have

no persons in mind who fit the characteristics on the questionnaire. In

that case or if you have another reason for not completing the question-

naire, simply return a blank questionnaire with a note on it saying why

the questionnaire was not appropriate for you. An extra copy of the

questionnaire and return envelope are enclosed in case you no longer have

the one sent earlier.

We will be very grateful for your help in locating teachers who can help

us learn more about what is involved in teaching mathematics in elemen-

tary school.

Sincerely,

A-S



APPENDIX 8

Michigan State University

Institute for Research on Teaching

Teacher Survey of Mathematics Content

Instructions to Interviewers

General Instructions
 

The primary purpose of the interview is to obtain as complete a

statement about the content of elementary school mathematics as seen by

the respondent as is possible. Of particular interest are: l) the level

of detail (fineness of distinction) made when describing content, 2) con-

tent which would not be well described by the current version of the tax-

onomy, 3) the meaning teachers give to certain key terms, and 4) rela-

tionships among topics. A secondary interest is to become more knowledge-

able about several external factors which might influence teachers' deci-

sions about what to teach. Finally, there are a host of questions about

which we hope to become more knowledgeable through these interviews, but

which are not given explicit attention in the interview schedule, e.g.,

the content/strategy distinction, reasons other than external factors

that teachers give for making decisions about the content of instruction.

In pursuing these multiple ends, the interviewer is given some latitude:

1) All questions in the interview schedule are to be asked in

the order given;

2) Variation in the wording of these questions is allowed;

3) All questions are to be asked in reference to the subject's

current teaching assignment. When the assignment involves

multiple grades, greatest attention should be given to the

grade level closest to fourth grade;

4) From Section III on, all statements about content should be

probed until the subject can think of nothing further to

say;



5) The interviewer must decide on a case by case basis whether or

not to pursue areas other than content and which are not expli-

cit in the interview schedule. The primary concern in these de-

cisions should be centrality to the objectives of the Content

Determinants Group and interview time. The following are some

general guidelines:

a) the impact of external factors should not be pursued,

although if a subject reports not making decisions con-

sistent with an "external factor“, the subject should

be asked why;

b) subjects should not be asked to describe content for

grade levels they are not currently teaching;

c) time permitting, statements relevant to the con-

tent/strategy distinction should be pursued;

The interviewer may wish to make note of interesting points which

might be pursued at the end of the interview given sufficient time.

At the start of the interview the following should be done:

1) Have the subject complete the statement of informed consent,

complete with social security number and address;

2) The subject should be told that the session will be audiotaped.

Since a transcript of the audio tape is the basic data, the

interview should be terminated immediately if the subject

objects to the session being taped.

The interview is to last approximately two hours or less. If at the

end of two hours the subject is still providing useful data, a second

interview should be scheduled, unless the interview can be completed in

15 minutes.
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Interview Schedule
 

I am primarily interested in understanding the content of mathemat-

ics which you teach to children in your classroom. One way of thinking

about this is to answer the question, "What would a youngster have

learned if instruction was 100% effective for him?" While I am

interested in the full school year, I realize that a complete description

for that period of time might be difficult to provide. Thus, I will try

to stimulate your thinking by asking questions.

Let me first ask a few questions to put your description of content

into perspective.

This section of the interview (prior to III) is not designed to

elicit detailed statements about the content of instruction. With that

in mind, the following rules apply:

1) Probe for the meaning the teacher gives to any key

terms which you do not find self-explanatory, e.g.,

 

concepts basic number facts

understanding basic skills

skill problem solving

applications properties

place value relationships

measurement transfer

geometry , - concept

estimate ' concept of’ .

basics enrichment program

processes enrichment activities

story problems comprehension

2) Probe no further on content in this section. Instead list

topics or areas of content the are volunteered by the sub-

ject so that these may be pursued in later sections of the

interview.

3) If "understanding of __ ..T is mentioned by the sub-

__ject, it should be prObed7in depth. '
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I. Background

A) Teacher background

1) How many years have you taught in elementary school?

2) At what grade levels have you taught?

3) What grade levels do you currently teach?

B) When is mathematics taught?

1) Are regular time periods set aside for math instruction each

day? When do these time periods begin? How long do they

last?

2) Are there other times that students might be studying mathe-

matics?

II. Teacher's reasons for teaching mathematics

A) What in your own Opinion are the most important reasons for

teaching mathematics in elementary school:

Probe: You say mathematics should be taught because

How is the importance you put on this reason reflected

in your own teaching? 00 you try to get children to

understand the reasons you have just given?

 

This should not be probed too hard at this point. The purpose of put-

ting the why questions here is to attempt to create a context for what

follows that will generate responses that may push our boundaries for

what constitutes content. After learning what is taught we may decide to

ask teachers to relate that content to their answers here.

111. Teacher's descriptions of math content

A) Skip the following transition and ask the next question if the

teacher has not mentioned any math content up to this point.

Transition: "In our conversations so far you have mentioned a num-

ber of things in mathematics that you hope students

learn. for example--(interviewer gives a few examples

from his notes). I would like to get a complete list

of the things you hOpe students learn in _grade

mathematics. If you think that it would beeasiest,

you could start with some of the topics that you have

already mentioned. My question is:

Question: What do you hope students will learn in grade math-

ematics?
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1) Attempt to get as complete and detailed a response to

this general question as is possible. The following

two probes should be used:

a) Tell me all the different ways that comes up

in the content that you teach.

The probe should be used with the four main arithmetic operations

and selectively with other general content areas about which you

would like the subject to say more, e.g., fractions.

2)

3)

4)

5)

6)

b) What are some other things that you hope students

will learn?

Keep a list of all areas of content that have been

satisfactorily described. (This list will be given

orally to the subject just prior to the external fac-

tors section of the interview.)

Probe when any of the key words listed earlier are

used by the subject;

Probe "understanding of " whenever it is volun-

teered. If "understanding of " is not volunteer-

ed but "understanding" is mentioned, make a note,

since questioning at the end of this section is condi-

tioned on past use of "understanding". '

Probe all areas of content mentioned regardless of

whether it is content taught;

Be particularly sensitive to any indications of rela-

tionships among topics:

a) When a teacher has indicated a relationship among

topics or a structure for topics, the teacher

should be asked for the logic behind that rela-

tionship or structure only once, i.e., the inter-

viewer is to accept that teachers first response

to a probe for the underlying logic to any indi-

cated structure or relationship. ‘

b) When probing the logic behind a relationship the

following should be used, "How would you explain

why a student would have to f 7".

c) Be alert for indications of topics which are

crossed or nested within each other and look for

indications of prerequisites. Probe the teacher

on the following terms or phrases:
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B)

C)

D)

E)

common thread instructional sequence

difficulty concrete to abstract

easy ’ basic

reach a certain point cuts across

up through links

take them further tied

transfer to coupled

inverse operations

What other things could be taught in grade mathematics?

(Ask this question once.)

The following are a list of optional probes that may be used

to encourage teachers to expand their remarks about content:

1) How do you feel with the area in your teaching?

2) How do (would) the children proceed through this area?

How is it (would it be) sequenced?

3) What kinds of assignments do (would) the children do and

how do (would) these assignments differ in content?

4) What do (would) you hope the students learned?

5) What is it that students find difficult about this area?

6) If you had less time to teach the area, what would you

omit?

7) If you had more time to teach this area, what would you

add to increase the depth of coverage?

8) Can you tell me what you mean by that (their response)?

9) What kinds of errors do students typically make on ___j

10) Can you give me an example of a problem that illustra-

tes ? (Number the examples given and state

number for tape. )

Bring up any topics mentioned prior to III and that were not

adequately described in III.

Attempt to summarize content that the teacher has mentioned up

to this point and ask: "Are there any other areas of content of

grade mathematics that come to mind?"

If "understanding of " has not yet been sufficiently ex-

plored in the interview,

1) but "understanding" has been mentioned one or more times by

the teacher without reference to a particular area of con-

tent, say:
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You mentioned "understanding" earlier in the interview.

How does understanding come up when you are teaching a

particular area like fractions?

If the subject does not respond, the question should be

repeated. If the subject still does not respond, the ques-

tion should be dropped.

93.". 2) If "understanding" has not been mentioned by the teacher,

says

Earlier in the interview, you mentioned some things you

hope students learn having to do with (fractions). I'd

like to go back there for a minute to ask a further

question. How do you know when a student understands

(fractions)?

F. External Factors

The primary purpose for asking the six sets of questions on ex-

ternal factors is to elicit more descriptions of content. At the

same time. however, responses may provide further understanding of

the external factors. With this secondary purpose in mind, the

following should serve as guidelines to the interviewer:

1) Do not ask questions about the impact of external factors;

2) Do not ask questions designed to identify additional ex-

ternal factors;

3) If the subject mentioned something that sounds as though it

might be an additional external factor, it is up to the in-

terviewer to decide whether to probe. If the decision is in

favor of probing, the following should be used to determine

whether or not the teacher thinks of as_an external

factor: ' ‘ ‘

"Is something you might think about when trying

to deciae What to teach?"

4) The interviewer must decide whether or not to find out how

external factors are conmunicated. Communication is of

greatest interest for the three personal factors, i.e.,

teachers, parents, school officials. If communication is to

be pursued, the following questions may be helpful:

"Who initiated the communication?"

"Have there been other similar incidents?"

5) It is up to the interviewer to decide whether or not to

press the subject on how knowledgeable they are about the

content of tests and objectives.
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IV.

A)

3)

C)

D)

E)

What advice or suggestions have you received from parents about

what you teach in mathematics?

1) What mathematics have parents asked you to stress in your

instruction?

2) What mathematics have parents asked you to delete from your

instruction?

3) Are there any aspects of mathematics about which you feel

strongly but about which parents are apathetic?

What suggestions have you received from other teachers about

what should be covered in mathematics?

1) Do they place higher priority on some mathematics than you

do?

2) Is there mathematics which you teach that they would not?

Has anyone on the school district staff given you advice or di-

rection on what to cover in mathematics?

1) Have you been advised to provide more coverage of certain

areas of mathematics than you do now?

2) Is there mathematics which you teach that they have suggest-

ed might be omitted?

What materials are you using this year?

1) What mathematics is included that you don't teach?

2) Is there mathematics not covered which you wish were?

3) Do you re-order the presentation of material?

4) Would good students learn the same mathematics if they work-

ed by themselves on the materials with hardly any help from

you?

Does your district have a set of objectives for mathematics at

your grade level?

1) Which objectives do you wish were deleted?

2) What objectives would you like to see added?

3) Are you expected to teach the objectives in a particular

order? If yes, what changes, if any, would you like to see

made in the sequencing of objectives?
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IV.

F)

4) Are there objectives that you would like to see made more

detailed and explicit?

What tests in your school are expected or required to be given?

1) What do you want your students to learn that is not reflected

on these tests?

2) Is there mathematics tested which you do not teach?

Teacher's Structures of Mathematics

A)

B)

If you had to divide (up) all the mathematics that you teach

into just a few categories, which categories would you choose?

1) How would you subdivide the content within each of these

categories?

2) Can you think of another set of categories that might be

used? If yes, repeat (1) above and follow with (2) again

until the respondent is done.

00 you see any conmon threads that run through many of the

topics you teach? For each thread identified, ask the

respondent to describe and indicate which topics.
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APPENDIX C
 

 

Summary of Teachers' Responses to Category Questions

Teachers Using Scott Foresman Textbook
 

#2 (Grade 3)

OR OR

(I) Computation (III) Addition & subtraction (I) Computation

(II) Measurement (III) Multiplication & division (III) Estimation

(1) Applications (11) Whole # & their relations (Teacher unable to

(III) Place Value (II) Measurement complete this set)

Common threads: (III) basic operations; (II) numbers

#3 (Grade 3)

OR

(1) Theory (III) Addition

(1) Computation (III) Subtraction

(III) Multiplication

(III) Division

(II) Other (Measurement, Roman Numerals, Money)

Common threads: (II) addition

#4 (Grade 3)

(I) Concept (III) W/regrouping (+,-) (III) Addition &

formation multiplication

(I) Computation (III) W/out regrouping (+,-) (III) Division &

subtraction

*(II) Time (III) Multiplication & division (II) Divide by size

(II) Money # used

(II) Measurement

(11) Fractions

*In discussion of the first two categories teacher commented that those two

encompass the last three

Common threads: (III) place value; (II) fractions to money or time

#5 (Grade 4)

(III) Addition & subtraction

(III) Multiplication & division

(II) Measurement & graphing

(II) Fractions & decimals

(III) Place value

Common threads: (III) (I) relatedness of operations;

(II) fractions to money or time



#8 (Grade 4)

(III) Multiplication & division

(III) Review add, subtract, place value

(II) Measurement

(II) Fractions

Common threads: (1) problem solving; (I) learning to reason

#14 (Grade 4)

(I) Computation (11) Whole numbers (0) Central (I) Operating

(1) Conceptual (II) Fractions (0) Border (I) Conceptualizing

(I) Manipulative (II) Decimals (0) Peripheral

(II) Number theory

Common thread: I) hands on to abstract; doing things in sequence;

I

(

(I I) (1) relationships

#19 (Grade 4)

(III) Multiplication

(III) Division

(II) Fractions

(III) Addition

(III) Subtraction

(I) Problem solving techniques

Comon thread: (III) (I) relatedness of operation

#6 (Grade 5)

(I) Computation

(I) Applicatin

Common thread: (None given)

#15 (Grade 5)

\

(I) Process (doing problems) (III) Addition (0) Chapters in Book

(0) Content situation (III) Subtraction OR

(I) & Applications of (III) Multiplication For accelerated students

(III) +,-,x,fiA (III) Division For average students

For low achieving students

Common thread: (11) recognition of numerals; (III) (I) relatedness of

operation
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#20 (grade 5)

(II) Fractions

(1) Computation

(II) Decimals & percents

(III) Addition & subtraction

(O) Appreciation for math

Teachers Using Continuous Progress Lab
 

#17 (Grade 3)

(III) Subtract

(III) Multiplication

(I) Story problems

Common thread: (I) (III) understanding place value

#9 (Grade 5)

(II)& Whole # (+.-,x, '/.)

(III) Fractions

Decimals

Common threads: (III) +,-,x,'. ; (III) (II) comparative size;

(II) different symbols

Teacher Using SRA
 

#7 (Grade 5)

(III) Addition

(III) Subtraction

(III) Multiplication

(III) Division

Common thread: (II) whole numbers, fractions, decimals, percents,

negative numbers

Teacher Using Holt Textbook
 

#12 (Grade 5)

(III) Addition (II) Measurement (II) Fractions

III) Subtraction (I) Computation (II) Decimals

III) Multiplication (I) Practical math (II) Money

(III) Division (11) Measurement

(II) Algebra (I) Practical things

(When asked to subdivide categories, teachers gave third list as crossing

the first set given.)

Common thread: (I) (II) understand number language; (0) math is either

right or wrong
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Teachers Using DMP
 

#13 (Grade 3)

(I) Computational skills

(1) Story problems

(II) Measurement

Common thread: (0) my approach to teaching

#21 (Grade 3)

(I) Problem solving (II) Measurement

(II) Measurement (II) Geometry

II) Geometry (II) Fractions

(1) Arithmetic

(II) & (I) Numeration

Common threads: (I) understanding numbers; (I) concrete experiences;

(III) computation

#1 (Grade 4)

(III) Place value (1) Measuring

(III) Addition & sub- (I) Computing

traction

(III) Multiplication &

division

(II) Fractions

(II) Geometry

Common threads: (I) (III) relatedness of operations; (I) problem solving

strategies

#10 (Grade 4)

(II)& Whole number operation

(III)

(II) Fractions

(II) Measurement

Common threads: (0) appreciation; (1) problem solving strategies

#18 (Grade 4)

(III) Multiplication

(III) Division

(III) Addition & subtraction (w/place value)

(II) Fractions

(II) Geometry

(II) Measurement

Common threads: (I) preparation for life; (I) drill & computation; (O)fun
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