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ABSTRACT

FINITE CYCLIC GROUP ACTIONS ON Slen

By

Richard Lanham Fremon

This thesis is a study of the ways in which a homeo-
morphism of finite period can act on Slen.

In chapter I we show by an elementary argument that
the cohomology groups of the fixed point set of such a
homeomorphism are quite restricted. It is shown that they
must be either those of a sphere, two spheres, or of Slxsk.
From this it follows that there are only ten possible fixed
point sets of dimension two or less.

In chapter II we classify those actions on Slx52

with two dimensional fixed point sets: there are only four.
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INTRODUCTION

The study of finite period transformations began in
1938 with the discovery by P. A. Smith that when a prime
period homeomorphism acts on the three-sphere the fixed
point set must be So, Sl, or a (Cech) homology two-sphere.
Since then various authors have made improvements on the
methods and results. Most of the work has been concentrated
on actions on spheres, projective spaces, and products of
these. In 1964 J. C. Su extended a technique of R. G. Swan
to characterize the cohomology groups of the fixed point
sets of zp actions on Smxsn. Recently K. W. Kwun proved
that a piecewise linear involution on S]')(S2 is unique up
to equivalence if it fixes a torus or two two-spheres. In
this thesis we use very basic tools to simplify Su's result
for the case m = 1 and we prove that when there is a two
dimensional component in the fixed point set of an involu-

1. .2

tion on S7xS the action is determined by that fixed point

set.






CHAPTER I

FIXED POINT SETS
BASIC CONSTRUCTIONS

We shall begin by defining certain basic tools which
will be useful throughout., Let h : Slxsn e (n>1l) be
the transformation satisfying nP =1 (p prime) and F =
Fpo= (x € slxs? | h(x) = x) # & or slys™, As most of the

work is done in the universal covering space we define

1 2Tix

P = ExpxI : Rxsn + S*xs"™ where Exp(x) = e ; and Py *
rxs" @ by Py (%,2) = (x+k,2).

We lift h to Rxs" as follows. Pick X5 €F and
Yo € p-l(xo). Then let }:yo : (Rxsn,yo) o be the ux:ique
lifting of ph through p fixing go. Thus ph = hyop.
When there is no ambiguity "h" and "F" will be used to denote

h

hy and F; . The uniqueness property guarantees that P
o Y
(o]

= I.

We will also make use of the usual construction, P(X,x)
= [1,1,0:X,X,x], of the universal covering space of a con-
nected, locally path connected, semilocally l-connected space
X. Details of the topology on P(X,x) will not be needed in
the sequel., Observe that P(X,x) is a functor and let f*
denote P(f)., Let ¢ : P(X,x) #+ X be the projection defined
by e([w]) = w(l). Then, as RxS" is simply connected, ¢ :
P(nxsn,yo) -oRxSn is a bijection. As p :nxs“ - S]'xsn is
a covering projection p* H PCRxSn,pk(yo)) - P(slxsn,xo) is

2
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also a bijection for any k. Thus we can define q = p;*l 3

p(slxs“,xo) + P®xS",p, (v,)). Then ph = hp yields the rela-

tion ;1* = qohﬂp* : P(RxSn.yo) o and h= e;l el eqohﬂp#‘e'l.
Using this fact we can show that h and Py commute

up to sign : ﬂpk = p*kl;. Pick vy eRrxs"™ and let [@] =

e-l(y). That is a(0) =y, and a(l) =y. Also let [w] =

¢ lo(vy). Then [uw-(peea)] = ¢"lipy(y)) and hpy(y) = I
“Gghypyla ()] = eao(ypylu) Hypy(m ) = egonylpeul: g

h,HP*[ﬁ]). As puw(0) = pw(l) = x, hﬁ[pow] depends upon how
h acts on wl(slxsn) = Z, There are two cases : h* = I :

1 ..n
1r1(S xS") o.

CASE I: INVOLUTIONS WITH h* = =I

Assume hy[pew] = -[pew]. We will need B € PRxs",y,)
satisfying B(l) = p_k(yo). w-(pkoB) is null homotopic; so
0= P*[w'(pkt’ﬁ)] = P*[w]'P,“[Pk“B] = P,H[w]'Pﬂ[ﬁ]. Hence
P,H[ﬁ] = -Pﬂ[w] = hﬂ[pcm]. Consider the path B-(p_joy)
where [Y] = aghypyla] = qghy(pea]. pylB-(p_yev)] = pylB].
p#[p_kov] = hﬂ[pow]-h*[poa]. Therefore 'hpk(y) =
€qgPy[B- (P_yo¥)] = e[ (p_yov) ] = e[P_yov] = Py ¥(1) =
p_ke[y] = p_keqohﬂpﬂ[a] = p_kh(y). In short hpk = p-kh‘

B ®xs":2z,) = B'(s":2,). So, from Smith Theory [p. 43, 1]
we know that H‘(;:zz) =) H'(Sk;zz) for some O =k = n;
also [p. 76, 1] F must be a zz—orientable cohomology manifold.
;xpm = p_ml.'; tells us that when i is extended to the two

point compactification of Rxs"™ the resulting map does not
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fix the added points. Hence E is a compact k-cohomology
manifold. It is also known [p. 72, 1] that ;‘ is c:l::z2
which implies it is HIC. Hence AH*(;;ZZ) = u"(Fiz,) and
; must be path connected or So.

B Let cxo be the path component of xe in F. Clearly
P(F) o Ci - Suppose p were not 1-lon F. Let w bea
path in F with pw(0) = pw(l). Then [pew] is an element

of the image of 1r1F - wlslxsn. Consider the following dia-

gram,
i* 1..n
1r1F___,1rlS xS
I h* = -I
3
4 1 a0
wlF_____»ﬂrlS xS
Its commutativity yields [pow] = -[pow] : pow =~ O and w(0)
= w(l). Therefore every path component of ;' projects homeo-

morphically and every component of F is a cohomology sphere
or a point,

We would like to show that the discrete points of F
pair off to make F the union of cohomology spheres. We

will say that two such points are related, X Rx,, if hy (YZ)
1

-1 for some choice of Y; € p-l(xi) . As each lifting
hy is uniquely determined by the points it fixes hy =
g 1.
hyz and R is symmetric. Suppose xIRxZR.x3. Then hyl =
h, and h SR R, B -

v, Pe(vy) T vyt vy T My, T Pk (v, Pk

p—khyapk=hp_k(y3)' So hyl fixes Yy, Yy and p_k(y3).
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If these points were distinct Fﬁ and Cx would be coho-
bS1
mology spheres of positive dimension. Hence two of the Y

must be identical; the same is true for the x;. Thus the
equivalence classes contain at most two points.

Suppose that one of the equivalence classes was a single-

ton. As F is a cohomology sphere ﬂy must fix some point,
o

pk(yo): but h 1(pk(yl)) = p_k(yl). Therefore the discrete

b4
points come in pairs and we could redefine Cy to include
0

both equivalent points.
Suppose now that F includes three distinct cohomology

-1

spheres cxl, cxz, Cxa. Choose Y €p (xi) as before and

define kij by hyi(yj) = pkij(yj). 1f kij were even

) = h, (yy) = h .)). This would put

PL (vy) P Yi(YJ) Yi(plk (y5)) P

273 2715 2%i5

Plk (yj) in Fo and xj € Cxi. Hence kij must be odd.

215 Yi

By uniqueness of liftings h = h . So (yq) =
v T PRy Y, RUPRE

: §

ﬂ(y)=p h, (vy) =P P, (vj) =P (yy). This
¥y k12 ¥2 73 K12 K333 (kyptkp3) 3
is impossible as it would require that k13 = k12 + k23'

We have shown that when hﬂ = =I 3 wl(slxsn) =] Fh is

the disjoint union of at most two cohomology spheres. Further-
more, as the codimension of ; can be odd if and only if ﬂ
and h reverse orientations [p. 58, 1], when F has more
than one component they must be both odd or both even dimen-

sional cohomology spheres.






CASE I1I: h* =1

Just as in case I we can use Smith Theory to conclude
that H*(Fyzp) £ H*(Sr:zp) for some O = r = n; but in this
case the dimension of I-: is not so easily determined.

Let ¥ be the two point compactification of Rxs" and
let A extend h to T. Using an argument like the one
above one can show that hp, = p,,h when h% = I. Hence
- A =
h(ze) = 2« and F = F U {(#=). As ¥ is an (n+l)-sphere we

A
can again use Smith theory to characterize F : H*(Q;zp) £
*
H (Sé:zp). as £ must be zp-orientable [p. 76, 1] ﬁ and
F ‘must be £ cohomology manifolds. By Poincaré duality
[p. 210, 2] we have
zz when q é
A= A= =
HU(F,Fiz ) = Hp_ (F-Fiz ) = } P
P 4 P o otherwise.,
When this information is combined with the long exact se-
quence for the cohomology of a pair it is seen that
= Z for q = O,Q-l
o(r;z ) =} P
P o otherwise

when {:\> 2, Otherwise Pusl or s? ana F n®rxs® or

b A
RxSl. Thus, in general, F is an r cohomology manifold

and an (Q-l)-(co)homology sphere.
Now we can characterize F. Consider y € p-]'F and
A oy ~p-1 g s
define k by h(y) = py(y). ¥ =1Tp(y) = py(y) inplies

3

k=0 and y € F, Hence F=p "F and F is the orbit

space of (pk}kez acting on F, If ;‘unxso F must be

X 9 = " A
either one Sl or the disjoint union of two. For r = 2 we
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Will use a spectral sequence argument [p. 343, 10].
When 2 operates properly on a pathwise connected space,
X, there is a first quadrant spectral sequence, E, with
2 = . . .
Eij = Hi(Z,Hj(X,zp)) = H(X/Z,Zp).
Because 2Z is free Hi(27-) =0 for all i » 1 [p. 458, 6];
so Eij =0 unless i=0,1 and j = 0,;. It is known
[p. 457, 6] that when the action of 2 on the coefficient
group is trivial, for example when j =0 or p = 2,
Hi(zmj(f’zp)) E] Hj(F;zp). When this action is not trivial
H, (278 (Fiz,)) = H (S'/U) where W is a local system of
coefficients with stalks le = Hj(l;:zp) and the action of
1 = 5 3
1r1(S ,1) on Hj(l-‘;zp) is determined by [Pk)kez' Hence (see

Hilton and Wylie— p. 351 for the construction) Ei; = E(z);

=0 s
i s 3 S
L - ker(Ejy 2 Bi g jis-1) _ s
i3 T HolBioe, yee-1) = o LN i3
i+s,j-s-1 ij
1». i=0
s PR |
Eoz Eig
S
El-s,s-l =19 &
. \
BB
-} S
E
joo 10 ey
FIGURE I

THE E° LEVEL






C AR |
Therefore Eij = Eij'
=0
it+j=¢ 1 AN
] AN
N N
\lE \, E
ooz Nl
N N
i+j=1 e i+j=f
\\
@
4 Eo1
N
N
N
N
\\
E> Nz BY,
00 10 j=0
FIGURE II
THE E” LEVEL
As qu = H(F;zp) E® is the graded module associated with

some filtration of H,(F:Z,). That is E;,k-i =

H (F:2Z )1/Hk(F7zp)i-1' Hence HA(F:Z,) = Ei;. This group
must be non-zero as F is zp-orientable; so the action
induced by [pk) on Hj(;’zp) must be trivial. In this
case HQ(F;ZP) o~ Eii" b
When f > 1 the complexes E:’g_* and EL_*’ _s have only

) H;(F;zp) El zp: clearly Ho(Fyzp) > Z

2 .
one non-zero group: Hl(F,Zp) El Elo El zp and Hf(F,zp) E}
Ei!’ - zp. When f = 1 we have the short exact sequence

2 2 s
0 4+ Elo - Hl(F;zp) -+ Eol" 0. Hence, in every case H.(F;ZP)

- ﬂ*(slxs’;zp) . We have proven the following.






THEOREM: Suppose h

X,. k
s 1Us 2, or siysk!

kl =k, (mod 2).

# Slxsn then the cohomology of F

9

:Sl

where O sk, k

1

and k2

XSnp so that WP =1

and g # F

is either that of s¥,

=n and






CHAPTER II

ACTIONS ON SIXS2

1.2

When we restrict our attention to S xS the distinc-
tion between cohomology manifold and manifold disappears:

each component of F is locally Euclidean. Hence we are

left with the following possible fixed point sets P
5
h preserves orientation h reverses orientation e
hy = I slis? slxst
st Klein bottle
hy = -1 slist s2s?
st sOus?
SOL'JSO
S0
TABLE I

POSSIBLE FIXED POINT SETS

To construct examples of the above actions we need the
following maps. Define C : I ¢ by C(x) =1 - x, This in-

duces conjugation on Sl c € when O and 1 are identified.

Use the standard embedding of S° c E> y
2

T : S" @ by Rl(xl,xz,x3) = (-xl,-xz,x3), Rz(xl,xz,x3) =

to define Rl' R

(xl,-xz,-x3), and T(xl,xz,xa)”= (xl,xz,-x3).

Examples of F w Sl

duced on SleZ by IXR, 3 Ix82<p when OxS2 is identified

or Sl[.JS1 with h# = I can be in-

10
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with 1xs? by either I or R Similarly we get F wm

T
Slxsl and K from IXT : Isz P. Examples of the other
two-dimensional fixed point sets are found by considering

CXI : Ix52 P. chl induces an action with fixed point set

SOUSO. It is suspected, but not known, that involutions

1l

with fixed point set S and hﬂ = -I are non-existant,
A simple application of the Lefshitz fixed point theorem to
the compliment of any So (—~ Slxs2 shows that no homeomor-

O fixed.

phism leaves just S
It is known [8] that in the piecewise linear category

actions with F wm Slxsl or Fwm sszSz are unique up to
equivalence: any involution with one of these fixed point
sets must be a conjugate of the standard action above (i.e.
h= fhsf-l for some £ : slxs? o). We will now show that
this is also the case for the other two-dimensional fixed
point sets K and 82(152.

Consider first the case of F m~ K. Suppose that Slx52
has been triangulated so that h is simplicial. Let X be
the orbit space of h with the induced triangulation and

2

let q : slxs + X be the identification map: q(x) = qh(x).

1.2

The triangulation of S xS also induces a local polyhedral

structure on mxsz, the covering space. As F is two dimen-
sional h must be an involution and q|slxs?-F must be a
two to one covering projection. Recall that in this case
6 ~ 52. When h is piecewise linear 9 is locally polyhe-

dral except at zw, J. C. Cantrell has shown [4] that the

complimentary domains, A and B, of 9‘ cCIwm S3 are open
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three cells. Thus either component, A, will be a universal

covering space for Slxsz-F and X-qF. The translations of

ap|A : A + X-qF form a subgroup of those of p : RxS% +

slys2; hence, as the latter is infinite cyclic, the former

and wl(X) o vl(x-qF) e Z, This suggests that X fibers

over Sl. All that needs to be shown is that each tame two

sphere in X bounds a three cell (i.e, X is irreducible).
As X is homeomorphic to the compliment of an open collar
of the boundary we need only worry about spheres interior

to X. These can be lifted to- A which is irreducible.

1l 2

Hence [13] X fibers over S~ with fiber D°, As h re-

verses orientation X must be the non-orientable disc bundle

over Sl.

Now consider two involutions h and h' with F ~ F'

~ K and the corresponding identifications q : Slxs2 -+ X

and q' : Sle2 <+ X, Using the lifting theorem we get a

homeomorphism £ : Slxsz-F - SleZ-F' satisfying q =q'f.

ah "len = q'h'fh = q'fh = gh = q; 8o, by uniqueness of

liftings f = h'"lfh and h' = fhfl. £ extends trivially

to slxs? as q"lq is singlevalued on F, Thus h and
h' are equivalent,

Uniqueness of actions which fix SOCJS2 is still simpler
20 and their
fixed point sets Fy and F,. Cutting along the 82 c F,

to prove. Consider two such actions, h1 and h

Yields two connected, compact manifolds X with boundary
Szﬁsz. The xi are connected because the two spheres can

not separate; otherwise they would bound cells. As hi
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reverses orientation on Sle2 it must switch the sides of
the 82 c Fi and hence the induced map on xi switches the
boundary components. Thus when we cone over each 82 c axi
to attach two balls Bi and Bi to xi forming Yi =
inalBanzBi the extention, hi : Yi'p, of this induced map
switches the Bz g hiBi = Bi. As Yi ~ S3 [proof to prop. 4,
8] and Ehi = So, (and if G. R. Livesay's proof [9] is cor-
rect) hi is equivalent to T : S3<p by T(xl,xz,x3,x4) =

1

(-xlo -x20°x31x4) H hl = f: Tfl.

If f£,By = £,8) for j = 1 or 2 we would be done; in
this case f;lfllxi would induce the equivalence between h,
and hz. When lei c szg the proof is almost as easy.
1l

Suppose this is true for j =1 and let Bl = lel' 32 =

sz%, and B,y be a derived neighborhood [16] of B, in s3.

Define g : S3 © as follows, On B let g be a homeo-

3
morphism fixing aB3 and carrying 82 onto BI; let

g|TB3 = TgT‘TB3; and let g|S3—B3-TB3 = I. Then gT = Tg
and h! = flqf.h:f g lf.. Furthermore f.lg lf Bl =
1 1 9520252 9 %y 29 515
-1 -1, _ -1, _ .1 -1 -1 : .
f2 g "By = f2 B, = B, and f2 g fl induces the required

equivalence between h1 and h2 on Slxsz.

For the general case we will construct a third pair
of balls, .N and TN, associated with an action equivalent to
. . 1 j s
both h; and h,. If £,87 N £,B; #d4 for j=1lor 2 1let N
be a ball in the intersection; otherwise construct N as

follows. Let N, be a derived neighborhood of T(B,UB,) and

N a three ball neighborhood of B1U82 in S3-N To obviate

2
NNTN # ¢ let N

ll

3 be a derived neighborhood of TN2 and N
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a three ball neighborhood of B,UB, - this time in S3—N .

3
// Ny

oD

FIGURE III

CONSTRUCTION OF N

[.] [.]
Now remove N and TN from S

by T to form a space 2Z w~ Slxsz. T induces an involution

3 and attach &8N to TN

on Z which, by the above argument, is equivalent to hl and
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hZ' Thus hl and hz are equivalent and we have proven

the following.

THEOREM: Let h be a piecewise linear involution of Slxsz.

If any component of the fixed point set of h is two-dimen-

sional then it uniquely determines h up to equivalence.
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