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ABSTRACT

SELECTING FOR LACTATION CURVE SHAPE
AND MILK YIELD IN DAIRY CATTLE

by

Theodore A. Ferris

Efficiency of production has not been included in selection
of dairy cattle. Feeding efficiency in lactating cows is greatest
in the early stage of lactation followed by a gradual decline,
but health care costs also follow a similar trend. Potentially,
then, it may be desirable to select for cows which either produce
more in the early part of lactation to take advantage of feeding
efficiency, or to select for cows having lower lactation peaks
to reduce stress and health care costs. This study determines
whether the shape of the lactation curve can be changed, in what
way, and to what extend the change would affect 305-day milk yield.

An equation by Wood, Ve = atbexp(-ct), was used to depict
the shape of the lactation curve. Estimates of curve parameters,
for initial yield (a), the ascent (b) and the decline after peak
(c) were obtained for first lactations for each of 5,927
Michigan Holsteins on DHIA in 557 herds.

The model for variance component estimation included effects
for herds which were absorbed into seasons and sires. Mixed model
equations with Best Linear Unbiased Predictor (BLUP) solutions
were used with restricted maximum likelihood estimators to compute

variance components in an iterative process. The heritabilities
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for these lactation curve characteristics were .06, .09 and .15
for a, b and c, respectively. The genetic correlations for
305-day milk yield with a, b, c and peak yield were -.367, .397,
.004 and .911, respectively and the phenotypic correlatioms
were .17, .071, -.107 and .849, respectively.

To examine the potential of changing the shape of the
lactation curve in conjunction with selecting for 305-day milk
yield, selection indexes were set up for three strategies:

1) To increase the ascent to peak production and increase peak
yield. This would shift more of the lactation production to the
early stage where cows have higher feed efficiency and thereby,
potentially increase overall efficiency of production. 2) To
delay the time of peak and to decrease the slope to peak

while either ignoring or considering persistency. This effort
is directed toward reducing stress and health care costs in the
early stage of lactation. 3) To flatten the lactation curve by
decreasing the peak yield, then at the same time increase the
initial yield and persistency which would make up for some of the
loss in yield due to decreasing peak yield.

Results from indexes in the first strategy suggested that
selecting for both an increase in ascent and peak yield was
successful and did not decrease 305-day milk greatly. Sire
rankings on these indexes were very similar to their rankings
on 305-day milk alone. The second strategy was slightly successful
in delaying time to peak and in decreasing the ascent to peak but

it decreased the genetic gain in 305-day milk to between -38 and 76 lbs



Theodore A. Ferris

per generation. This is compared to a gain of 359 1bs when 305-day
milk is selected alone. For indexes of the third strategy, selection
resulted in flattening the lactation curve, but doing so at a

great loss in genetic gain of 305~-day milk. Generation gains ranged
from -282 to 6 1bs. The use of indexes in the first strategy

were most desirable from the standpoint of changing the shape of

the curve in the desired direction without decreasing 305-day milk
appreciably. Indexes in strategies two and three could possibly

be useful if more weight were applied to 305-day yield. However, the

desired change in the curve shape would be much slower.
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I INTRODUCTION

Selection of dairy sires has primarily been based on single
trait evaluation of the total lactation milk production of daughters
and/or butterfat yield, and in some cases, type traits. These
traits are also considered in cow selection. More recently, milk,
fat and overall type have been considered in an index as an alter-
native or supplemental method of ranking sires.

Total merit of an individual, in the strict sense, refers to
the genotype for a particular trait or group of traits weighted
according to their economic value. Selection index is referred
to when the phenotypes of a number of traits, usually of economic
importance, are considered jointly. The index of a particular
individual may be defined in as many ways as there are indexes
combining a number of traits by various weights.

In the broad sense, total merit of an individual represents
its overall economic value genetically plus the return over costs
generated by the individual. This would include total value of
milk, meat and offspring minus any costs associated with the out-
puts. One may consider such variables as feed costs, costs of
reproduction, health care costs, and loss of production due to
disease and physical characteristics. Presently, it is difficult
to get information on many of these traits in order to determine
genetic parameters and include them in a total merit scheme.

Efficiency of production is defined as dollars of output divided
by dollars of input. Cows with greater efficiency of production

would produce a larger net return. Selection on 305-day milk and



fat yield is essentially selecting for gross milk income per
lactation. Efficiency at which lactations are produced has been
ignored, partly due to the difficulty of obtaining data on inputs.
However, it is known that cows utilize feed more efficiently in
early lactation. Granting, that part of this efficiency is due
to catabolism of body fat. Cows producing more in the early
stage of lactation may be more efficient, i.e., produce the same
amount of milk for less cost.

On the other hand, health care costs are typically greater in
early lactation. These costs may be related to the stress associated
with high production and the cow's inability to consume enough feed
to meet her requirements. Then,it may be advantageous to select
individuals which do not peak as high and are more persistent.

To better define merit, then, it would be more desirable to
consider the efficiency of production. This efficiency is likely
to be related to the manner in which a single or several lactations
of a cow are produced. That is, the shape of a cow's lactation
curve is probably strongly related to the magnitude of total out-
puts minus total inputs or overall efficiency. Also the shape
of one lactation may influence the following lactations or life-
time productivify.

Without addressing the question of what would be the optimum
shape of the lactation curve, one first needs to know if the
shape is heritable. Then second, how can the shape be altered.

A number of studies have dealt with fitting mathematical

equations to lactation curves. Several researchers have estimated



heritabilities of parameters within the equations used. To change
the shape of the lactation curve, one would select for curve
characteristics (parameters) of the equation along with total
yield in a selection index. An added gain would occur if measur-
able lactation curve characteristics are more heritable and are
highly correlated genetically to 305-day milk yield. Then, they
can be used in a selection index to increase genetic gain in
305-day milk, as well as change the curve shape.

The objectives of this study are:

1) Compute the genetic parameters of the lactation curve
characteristics and 305-day milk yield, their heritabilities, and
genetic and phenotypic correlations;

2) Devise selection index criteria for lactation productivity
using the curve parameters and 305-day milk yield;

3) Compare the genetic changes in 305-day milk yield and the
curve characteristics achieved by these indexes with progress
when selecting for milk only;

4) Compare sire rankings by these indexes and their ranking

considering 305-day milk yield alone.



ITI LITERATURE REVIEW

The merit of a sire or a cow can be defined many ways, depending
upon the traits under consideration. For the context of this study,
merit will be a function of 305-day milk yield and desired change
in the shape of the lactation curve. However, the optimum shape
of the curve will not be defined. Productivity will be defined
as the amount of milk yield achieved in a 305-day lactation by
any selection index used to change milk yield and the shape of
the production or lactation curve.

The shape of the lactation curve can be defined by an appropriate
mathematical expression. Change in the shape will be a function of
the change, due to selection, in the constants of the mathematical
equation used. These concepts will be used to determine the flex-
ibility of the shape of the lactation curve and the influence
of change in shape on 305-day milk production.

The review background covered,will then include discussions
on efficiency of production,which may suggest how the shape of
the curve should be altered, merit, mathematical descriptions of
the shape of lactation curves, selection index and genetic progress

through selection.

II.1 Merit
Everett (1975) developed equations to predict differences
between sires in return over investment for milk sold and percent
return on investment for heifer and milking cow sales. Pearson (1976)

discussed including sire's conception rate with a sire's predicted



difference dollar value (PD$) to estimate the profitability of an
ampule of semen. This was an attempt to express the joint effects
of these two traits in deviations between sires. McGilliard (1978)
computed net returns for genetically superior sires when considering
income of milk and fat for daughters. Semen cost per ampule was
included for each sire, while a number of other variables were
simulated, suéh as conception rate, probability of female calves and
age at freshening. These simulated variables were included to

map out the income function, for all lactations over a number of
generations, derived from the initial ampule of semen of a sire.
Everett (1975) and McGilliard (1978) were computing by various
methods, a more precise value of semen for a particular sire by
considering the sire's genetic merit (Predicted Difference) and

semen cost. This is reflected by income over semen cost. By

doing so, they suggested a number of variables that influence the
profitability of a sire's daughters. They did not address the
sires' genetic merit for these traits.

Bakker et al. (1980) derived a profitability index for sires
which included milk, fat yield and stayability, .i.e., how long
daughters remain in the milking herd. This is an attempt to
expand the genetic merit of sires to traits other tham milk, fat
and type as was Pearson's (1976) work.

Shanks et al. (1978), Hansen et al. (1979) and Shanks et al.
(1981) investigated the effect of selection for milk production
on reproduction, health and health care costs of daughters. These

studies suggest there is a positive correlation between milk
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production and health care costs. However, the higher production
more than paid for the cost of health problems. Shanks (1979)
further computed heritabilities and genetic correlations for some
health problems. Total health costs and total health disorders
had heritabilities of .03, .12, .11 and .02, .11, .05 for lactations
1, 2 and 3, respectively. Mammary cost and mammary disorders both
had heritabilities of .11 for first lactation cows. Heritabilities,
in general, were low for health problems. The genetic correlations
between first lactation mature equivalent (ME) milk and total
health costs was .07, ME milk and total health disorders -.22 and
ME milk and mammary costs was -.47. The highest genetic corre-
lations with ME milk, outside of those computed to be greater
than 1, were .76 with locomotion disorders and .69 with locomotion
costs. Five variables associated with reproduction had genetic
correlations of greater than 1 with ME milk. However, these traits
had heritabilities of less than .02.

Work by Shanks et al. (1978), Shanks (1979), Hansen et al.
(1979) and Shanks et al. (1981) suggest merit of sires can be
expanded to encompass other traits which reflect losses or gains
in economic value of their offspring. This would better indicate
the productivity of daughters in terms of total output and the
net income of daughters,i.e., outputs minus inputs. Efficiency
of daughters can also be determined by dividing output by units

of input and then put into terms of merit.
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Hooven et al. (1968) found the genetic correlation between
feed efficiency and milk production for their data was .92, with
heritabilities of .46 for feed efficiency and .62 for milk production.
Miller and Hooven (1969) further found that feed efficiency is
greatest during early lactation and decreases throughout lactation.
Part of this efficiency in early lactation is attributed to
catabolism of body fat. With feed efficiency the gréatest in early
lactation, it may be desirable to select for individuals which pro-
duce more of their milk during this period of lactation.

Hansen et al. (1979) and Shanks et al. (1981) on the other
hand, found health costs were greatest during higher production in
early lactation. Therefore, one may want to select cows with lower
peaks to reduce stress and possibly lower health costs. The above
two cases would consider merit either in terms of net income or
efficiency of production within a lactation. Then, the manner in
which a cow produces a lactation may influence the efficiency for the
overall lactation. This would lead to the importance of the shape
of the lactation curve, which reflects the distribution of milk

production during a lactation.

I1.2 Mathematical Expressions of Lactation Curves

The curve of a typical lactation by a dairy cow can be de-
scribed as having three stages. The first stage is an incline
in production after freshening, followed by the second stage,
peak production, which occurs 4 to 8 weeks after calving. The

third stage is a steady decline after the peak.



Numerious studies have dealt with describing the shape of
lactation curves for milk production in dairy cattle, and several

are reviewed in the following sectionms.

I1.2.1 Work by Wood

Wood (1967) stated that a number of factors may influence the
total yield for a single lactation, but the general shape of the
curve remains substantially unaltered. He believes that the
shape of the curve is economically important and suggests that
cows which produce at a moderate level throughout a lactation
are to be preferred to those which produce much at their peak and
little thereafter. But no reasons for these arguements were given.

Wood (1967) mentioned Gaines' (1927) formula as one of the
first attempts to describe lactation curves by a mathematical
function. Gaines' (1927) formula was:

Y= ae-Kt

(II.2.1)

where y is yield to week t; e is the base of natural the logarithm
and a and K are constants. This equation was an attempt to
describe the decline in production after peak. The log-linear
form of the equation was fit using a hand drawn approximation

of the regression line. Wood also mentioned Nelder (1966) who
described an inverse polynomial:

1% + bzxz) (1I1.2.2)

where Vg is the yield at week x; and bo, b1 and b2 are constants.

Ve ™ x/(bo +b

Expected maximum yield occurs when x equals the square root of
(b0/b2) and this yield is:

-1
(2/bghy) + b)) 7.



Wood (1967) believed that because the lactation curve
initially rises to a peak following calving and then declines
gradually, that the shape is essentially a gamma curve:

Y. = atbexp(—ct) (11.2.3)
where exp(-ct) represents the base of the natural logarithm
and can be written as e—Ct, and yt is the average daily yield in
week t and a, b, and ¢ are constants. Wood defined two other
curve characteristics, each as a function of these constants:
Peak yield occurs when t = b/c

and
Peak yield is Ymax a(b/c)bexp(-b).

Wood (1972) later mentioned that a is a constant and a
general scaling factor indicating the average daily yield at the
start of lactation; that b is a parameter representing the rate
of increase to peak yield; and that c represents the rate
of decline after peak. The parameter a will be underlined
when it appears in a sentence.

Wood (1967) also took the integral of average daily yield to
estimate total yield to the t-th week:

y, = ag/t tPexp(-ct) dt, (I1.2.4)

t
which can be evaluated using tables of the incomplete gamma function.
Total yield is then:

y=a/”lre+1) (I1.2.5)

where ' is the gamma function.
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b
Because Y, = a when t exp(-ct) = 1, then for lactations
starting at the same level, Wood (1967) has suggested that the

-+ 1). He defined

total yield, y, becomes a function of ¢
this function as "persistency", and referred to it as the extent
to which peak yield was maintained. Wood symbolized his term

of persistency as S which will be used in this text to indicate
c-(b + 1).

To estimate the parameters, Wood (1967) used a log-linear
form of equation (II.2.3) which was solved by multiple linear
regression:

1n v, = Ina+blnt - ct (1II1.2.6)
where 1n symbolizes the natural logarithm. Multiple linear re-
gression establishes the regression line with minimum residual
error or sum of the squared deviations between the data points
and the regression line. For regression, the equation takes the
form:

1n Ve = Ina+blnt-ct+e (1I1.2.7)

t

where e, refers to the descrepency between the observed and
estimated yleld at week t. Equation (II.2.6) is deterministic,
i.e., having no error, and (II.2.7) is probablistic which accounts
for error of measurement. Hereafter, equations which are
deterministic will be referred to as equations and those that

are probabilistic will be referred to as models.

Wood's 1969 study investigated further the characteristic

of (II.2.7). Noting it compared favorably to Nelder's inverse
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polynomial curve. He showed that it accounted for 95.47% of the
variation in monthly yield against 84.4% for the inverse polynomial.
This comparison was made, however, with a small set of data.

Wood (1967) used weekly samples of 859 Friesian lactatioms
classified by parity and month of calving. The parameters a, b
and c of (II.2.6) are evaluated for each cow's curve. Goodness-of-fit
for the natural logarithm form of the equation was determined by
the amount of variation of weekly yield accounted for by the
function, i.e., the square of the multiple correlation coefficient
(Rz). Nelder (1966), however, argued the inability of R2's to .indicate
the best model. Nelder pointed out, that for the known model,

y = Xz, that using values of X = 1, ..., n, a straight line fit
yielding an R2 greater than .93 could be obtained.

Using Fisher's Z-transformation of the multiple correlation
coefficient, Wood (1969) showed that an analysis of variance of Z
for individual cows indicated more variation between months of
calving than within months. The equation accounted for 73.8 to
91.2% of the variation in log weekly yield with 82.3%Z as an
average for these cows.

Wood (1976) suggests it is possible to estimate b and c only
by reference to the whole population when monthly weights are used,
because there would be too few points to provide any precision on
individual cows. However, Wood remarked that the deviations of
individual cows from a general equation with population values

for the parameters (a, b and c) can provide an estimate for
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goodness-of-fit. It would be necessary, however, to find estimates

for individual cows to determine genetic parameters for a, b and c.

I1.2.2 Comparison of equations used to fit lactation curves

I1.2.2.]1 Weighted vs. unweighted log-linear form of Wood's equation

Comparing the log-linear form of Wood's (1967) equation using
weighted and unweighted regression, Shimizu and Umrod (1976) indicated
the weighted regression equation provided a better fit. Equation
(II.2.7) is the unweighted form.

The weighted regression equation was:

in Ve = Ina+blnt - ct+ et/yt (11.2.8)
where the inverse of the observed variable, Yo is the weight.

Results from Shimizu and Umrod (1976) suggest the weighted equation
provided better fit in the early stage of lactation and the unweighted
equation produced better fit in late lactation. This was determined
by calculating mean deviations from the computed regression line for
each cow. The weighted equation had slightly fewer abnormal curves.

Abnormal curves being those with either a negative b or c.

IT1.2.2.2 Linear vs. nonlinear form of Wood's equation

Kellogg et al. (1977) investigated the assumption Wood (1967)
made in using the log-linear equation. Wood (1967), by using the
logarithm transformation of (II.2.3), made the assumption that as
daily milk yield increased (peaked), the variance increased.
Therefore, it was assumed that a logarithm transformation was needed
to achieve homogeneous variance. Kellogg et al. (1977} used a nonlinear

method of Marquardt (1963) to obtain deviation estimates in the
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untransformed form of Wood's equation (II.2.3). With 36 cows
having four lactations, Kellogg and coworkers then found, with
certain considerations, the scatter of data around the estimated
lactation curves appeared uniform. This supports the use of a non-
linear equation and indicates logarithm transformation may not

be appropriate. They also found the variance in the first month
was smaller than for some later months but otherwise no differences
among variances were observed. They suggest then, this supports the
assumption of homogeneous variance for months 2 to 10 using un-
transformed data. Kellogg and coworkers' data consisted of monthly
weights except for weekly averages used in the first two months

of lactation. They were able to compare variances from month to
month because all cows were tested close to the same times pcst-
partum.

Kellogg and coworkers suggested that besides random variation
contributing to comparison of wvariances over lactation curves, two
other factors are involved.

"Cows have different lactation curves so individuals

following different curves will differ much more at the

second than the eight month. Secondly, the actual days

postpartum for the second record of monthly production can

range from about 35 to 70."

The authors concluded from this that there is more diversity in
stages of lactation represented in early months than in later
months. They also suggested that the nonlinear form of Wood's

equation (II.2.3), using intrinsic nonlinear regression, accounted

for both these factors.
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Cobby and LeDu (1978) also fitted data to the untransformed
equation (II.2.3) and compared results to fitting by unweighted
leasts-squares of the logarithm form (II.2.7). With their data,
they found unweighted leasts-squares accounted for 94.2% of the
variation. Plotted residuals showed a positive to negative trend
from week 2 to 18, and the estimated curve overestimated the data
between the 2nd and 10th week of lactation. The curve estimated
by the nonlinear regression fit the data better and produced residuals
that were more uniformly distributed. Cobby and LeDu (1978) indicated
there was an average reduction in residual mean square of 14% when
using nonlinear techniques as opposed to linear regression on the
logarithm transformed equation. It 1is noted that the reduction
was due to minimizing squared deviations from y, instead of natural
logarithm of y.which is the case with linear regression on the
log-transformed equation. To compare MSE's, Cobby and LeDu first
untransformed the residuals of the log-linear model and then
computed a new MSE. Anderson (1981) alluded to the fact that
this comparison is meaningless because untransformed residuals
after a log-linear fit should not produce a smaller MSE when
the nonlinear fit is expected to produce the minimum MSE for the
untransformed data set.

Guest (1961) pointed out that for nonlinear equations which
are transformed by logarithms, the appropriate weight for weighted
least-squares is proportional to the square of the dependent variable.
This gives an approximation of the nonlinear model. Cobby and
LeDu (1978) used such a model:

2
Y. =1na+b In t - ct + et/yt (11.2.9)
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and found the weighted log-linear equation produced a curve similar

to that of the nonlinear equation.

IT.2.2.3 Comparisons of other equations

Further comparisons between equations were done by Yadav
et al. (1977), using 745 lactation records from 249 cows in two
breeds (Hariana and Friesilan-Hariana crosses). Four equations were
examined:

the exponential function

Y, = A exp(—Kt) (II1.2.10)
the inverse quadratic polynomial
2
Ve t/(b0 + blt + bzt ) (1I1.2.11)

the gamma-type equation

Ve = Atb exp (-ct) (I1.2.12)
the parabolic exponential function

Y. = A exp(bt + ctz) (I1.2.13)

Using the R-square value as a measure of fit, they found that
the inverse quadratic polynomial and the gamma-type equations gave
better descriptions of the lactation curves. The transformed
versions of these four functions were explored by Basant and Bhat
(1978) who used weekly milk production records of 1,202 Hariana
cows to compare the relative efficiencies of the functions. After
transforming the observed milk (yield, yt) to allow for linear
multiple regression methods the equations become respectively:

Iny =1nA-Rt (11.2.14)

2

In y_ = by + bt + byt (I1.2.15)
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1n Y, = InA+blnt —-ct (1II.2.16)

In Y, = In A + bt + ctz (I1.2.17)

Using the R-square obtained as a measure for relative
efficiencies of these functions, the authors concluded that for
those first lactations that were 44 weeks in length, the gamma-type
equation (II.2.16) fit the best, while shorter length lactations
were best fitted by the parabolic exponential function (II.2.17).
For lactations two through six the average weekly yield was best
fit by the inverse polynomial (II.2.15).

Schneeberger (1981) used two models to estimate lactatiomn
curves for Swiss Brown cows:

1n (yi) = In (a) + b 1In (ti) - ct:i + ey (I1.2.18)

1In (yi) = 1n (a) + b 1In (ti - to) - c(ti - to) + ey

(1I1.2.19)
where to indicates the time of initiation of lactation which
occurs prior to calving. Equation (II.2.19) gave smaller mean
squared errors than (II.2.18).

Schaeffer et al. (1977) compared a nonlinear technique for
predicting 305-day lactation production with methods using multi-
plication or extension factors and regression coefficients. The
authors describe their equation as a one-compartment open equation
which is:

yij = A exp(-B (1 - to)) [1 - exp (-8B (1 - to))]/ B exp(eij)

(11.2.20)
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where y; 5 is the amount of milk given on the i-th day of the
lactation of the j-th cow;

to is a lag time parameter and may indicate when a cow's udder
begins to lactate prior to calving;

B is the slope of the lactation curve during the increasing pro-
duction stage.

A 1s associated with peak production;

B 1s the slope during the decline in production after the peak;

€13 is a residual effect which subsequently was split into:
exp(ei ) = exp(y1i sin (ip)) exp(e;;) where
i sin(ip) “1s a periodic effect served 1n the initial analysis
and correspond biologically to a seasonal effect in the curve.

Y represents the amount of periodic effect in a particular set
of records, and p is 27 divided by the length of the period
which could differ among lactation groups.

The authors commented that the compartemental equation allows
the possibility of studying the persistency in milk production
after the peak production stage using parameters already in the
equation. They briefly discussed estimation using nonlinear equations.
remarking that it is often more difficult than from linear equationms.
First, observations were converted to natural logarithms to 1linear-
ize the equation. Then for each day of the lactation from the 6th
to the 305th day, the average and variance of the logs for milk
and fat were calculated over cows in each of the 24 lactation
groups. These averages then became the observations to estimate
the parameters and the reciprocal of the variances used as weighting
factors for the analysis. Days for which only a few records were
available would have a smaller weight than those with many records.
By using this method all parameters are estimated simultaneously
for an entire group of cows at one time, instead of by individual
cows.,

Schaeffer and coworkers mentioned one drawback of this method

was that biases due to differences in management, disease and/or
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persistency among cows that influences B, B, to, p and Y are
ignored. This is because application of the nonlinear equation for
extending records in progress requires the assumptions that these
parameters are constant for all cows in a group. Therefore, this
method only estimates the parameter which is peak yield, for each
cow.

Schaeffer et al. (1977) used standard errors of prediction
(SEP) for comparison of the three methods. Their results indicated
that the nonlinear method was similar to the multiplicative factors
in Holsteins but slightly more accurate in Jerseys.

Congleton and Everett (1980a) investigated the error and bias
in using the incomplete gamma function to describe lactation curves.
A total of 653 lactations, each was at least 305-days long, were
fitted by linear regression after a log transformation of Wood's
(1967) equation (II.2.7). The authors noted the bias and error
for predicting daily milk, during the first week of lactation,
were high and then declined. This was similar to reports by
Schneeberger (1981). When incomplete gamma curves were fitted
to montly observations of daily milk over the entire 305-day period,
the authors noted the error in predicting 305-day cumulative yield
(183.5 Kg) was comparable to the prediction errors for the test
interval and centering date methods. This was comparable to the
standard error of estimation of cumulative milk (142 Kg) by
O0'Connor and Lipton (1960) and Everett et al. (1968) (144.1 to

154.6) using the test interval and centering date methods.
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Congleton and Everett (1980b) noted that using bias, i.e., the sum
of deviation between observed and expected, and root mean squares,
that extension factors did not come as close to predicting cumulative

yield as the incomplete gamma technique.

II.2.3 Problems in fitting lactation curves

One problem in generating lactation curves by a log-transformation
of the incomplete gamma function (II.2.7) was the initial positive
bias or over estimation due to curves with a predicted inflection
point prior to freshening (Cobby and LeDu, 1978). Also noted by
Cobby and LeDu (1978) was the difficulty in describing the initial
rise in daily milk production following calving, before much
information or data points are available. Congleton and Everett
(1980a) mentioned that if the initial rising portion of the curve
is short or information is lacking on this portion of the curve,
linear regression on the log-transformed equation (II.2.7) would
give a negative estimate for b. With positive values for a and c,

both the t? and e St

components will decrease with large values of
t. Therefore, the curve will have a negative slope for all days

in lactation, and peak production (b/c) will be estimated to have
occurred before calving. The authors noted that curves of this
shape were responsible for a large amount of the bias in predicting
daily milk during the first week. Congleton and Everett (1980a)
noted that this may not be the case with nonlinear techniques

used by Kellogg et al. (1977), where they reported deviations for

actual minus predicted milk yield for the first month following



20
freshening. Schaeffer et al. (1977), Shanks (1979) and Schneeberger
(1981) made adjustments to overcome this problem while using a
linear model.

If c alone is negative, estimated peak yield will occur also
before calving. Negative estimates for b and c were much more
common for lactations with a first test day 30 days or more
after freshening than for initial tests within 10 days of calving

(Congleton and Everett, 198035.

II.3 Environmental Effects on Lactation Curve Characteristics

Wood (1969) noted significant changes in a, b and c due to
both parity and season of calving although seasonal effects were
for only one year's data. Wood (1970) reported further work
using records on animals having completed four or more lactations
in 10 herds, between 1952 and 1964. This totaled 1,567 lactatioms
of 336 cows by 89 sires. The constants a, b and ¢ were classified
in a hierarchy of parity, cow, sire and herd. A method for estimat-
ing components of variance and covariance for non-orthogonal data
was claimed to have been used. The method and model for the
analysis of variance was not discussed. Analysis of variance
indicated the constants were significantly different from parity
to parity within cows. The sire effect was significant (P < .05)
for the constants but not for S. He remarked that the curve con-
stants differed between cows and progeny groups but after removal
of parity effect, S was unaffected. He also found 77.47% of the

variation in shape (b and c¢) was due to parity and season of
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calving, but only 5.4% due to herd differences and 17.2% due to
between cows. It is noted that this adds to 100% of the variance
being accounted, which is unlikely. Madalena et al. (1979)
found a, b and ¢ were influenced by season of calving and year
by season interaction, with parity only influencing a, and breed
type affecting only a and c. They found that other two way
interactions (year x parity, year x breed, season x breed,

season X parity, breed x parity) were not significant.

Congleton and Everett (1980b) remarked that days open signifi-
cantly affected c in lactation one and both b and ¢ for second
lactations. However, they concluded parity and season of calving
influence the shape of the curve more than days open for all
lactations.

Schaeffer et al. (1977) noted differences due to age and sea-
son in nearly all estimates and also that the slope for the declining
production stage became steeper in later lactations. This slope
was steeper for cows calving in March and August than for those
calving in winter months (September-February). Congleton and
Everett (1980b) presented seasonal effects on the parameters in
table form. They noted a reached a maximum in the early summer
while b and ¢ peaked in the winter. The effect of fall calving
was less than reported in England by Wood (1969). The seasonal
effects of 305-day milk production found by Congleton and Everett
(1980b) , Wood (1969), and used in USDA-DHIA factors (Normal et al.,

1974) generally agree. Keown and Van Vleck (1973) on the other hand,
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found cows freshening in May through August had the highest average
production and those calving in January through April had the
highest peak production. Wood (1969) reported daily yield decreased
during winter months and was stimulated in spring. This was
independent of stage of lactation.

Congleton and Everett (1980b) calculated persistency as
Wood (1967) defined it, i.e., persistency (S) is c—(b+1). They
reported that S is larger for the third (762.5) than the second
lactation (628.3) while the first lactation was most persistent
(898.6). The authors noted that although the slope following peak
production remained relatively constant regardless of milk yield,
the persistency index (S) was higher for high producing cows and
herds. Kellogg et al. (1977) noted the same relationship between
slope after peak and lactation number.

Higher production usually has been associated with a more
rapid decline after peak as reported by Appleman et al. (1969),
Gooch (1935), Lamb and McGilliard (1960), Madden et al. (1955),
and Mahadevan (1951). Madelena et al. (1979) reported cross-breds

had both higher production and slower decline after peak than

purebred cows.

I1.4 Genetic Parameters for Lactation Curve Characteristics

Shanks (1979) computed genetic correlations and heritabilities
of the parameters in the logarithm form of Wood's (1967) equation
(II.2.7). 1Individual cow's lactations were fitted, and method 3

of Henderson (1953) was used to estimate sire components of variance
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and covariance for the estimation of heritabilities and genetic
correlations. He used a mixed model: y = XB + Zu + E; where
y is a matrix of lactation curve estimates of all cows for the
parameters of Wood's equation; X and Z were the known design
matricies for the fixed and random effects, respectively; B included
the fixed effects of the mean and herd-year-season; u represented
the random sire classes; and E was a vector of random error.

Estimates of heritabilities, genetic and phenotypic correlationms
for first lactations reported by Shanks et al. (1980) are in
table II.4.1. Heritabilities for peak yield and c were the highest.
The correlation between c, a measure of decline after peak and S,
Wood's definition of persistency, was —-.68. A negative correlation
would be expected since a decrease in c would represent a increase
in the slope after peak.

Schneeberger (1981) used a modified version of the
log-linear form of Wood's (1967) equation to fit individual
lactation curves (II.2.19). In his mixed model for variance
components estimation, sires and error were random factors and
lactation, service period group, calving season, region, herd and
interval between calving and 1lst recording were fixed factors.
Herds were nested within region. Harvey's (1972) method was
used to compute variance components.

Schneeberger (1981) used three measures of persistency as
defined in methods of Johansson and Hansson (1940), which

were P2:1, P3:1, and P3:2, where Pk:1 refers to the yield in k-th
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Table II.4.1 Genetic and phenotypic correlations
among lactation curve parameters
for first lactation™ by Shanks et al,

1980.

In a b c S week of peak

peak yield
In a .10¢.01)°  .02(.13) .15(.10) =-.19(.20) =-.23(.20) .82(.04)
b -.49 .06(.01) .62(.07) -.33(.24) -.16(.22) .40(.09)
c -.09 .76 .14(.02) -.68(.23) -.98(.26) .04(.08)
S -.06 -.06 -.13 .02(.01) .94(.06) -.03(.19)

weak of

peak -.19 .02 -.18 .90 .02(.01) .23(.17)
peak yield .65 .21 .21 -.03 -.02  .23(.02)

A - The diagonals are the heritabilities, genetic correlations are
the above diagonals and phenotypic correlations are the below
diagonals. If the absolute value of the phenotypic correlatioms
> .04 then (p < .05).

B - Values in parenthesis are standard errors.
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hundred days of lactation as a percentage of yield in the 1l-th
hundred days. The heritability estimates for these measures of
persistency ranged from .19 to .29 with the largest for P3:l.
Genetic correlations were .05 to .16 for persistency measures
and 305-day yield, and -.23 to -.35 for persistency measures

and 100-day yield. The c was not genetically correlated with
305~-day yield but positively correlated with 100-day yield. The
author reported that a genetic relationship between b and c, and
305-day yield was non-exsistent. However, the genetic correlations
among 305-day yield and measures of persistency ranged from .05
(305-day fat yield with P2:1) to .16 (305-day milk yield with
P2:1). There were positive genetic correlations for b and ¢
with 100-day milk yield, .24 and .29, respectively.

Schneeberger (1981) concluded that the genetic correlations
between 100-day yield and c, 100-day yield and measures of
persistency, 305-day yield and ¢, and 305-day yield and measures of
persistency suggest that breeding for high yield at the beginning
of the lactation would lower persistency as he measured it, while
genetic improvement of the standard (305-day) lactation would
not affect it negatively. These conclusions agree with those by
Gravert and Baptist (1976) who found a negative genetic correlation
between initial yield and persistency measured by the slope of
the lactation curve. Shanks and coworkers (1980) also found a
low negative genetic relationship between initial yield and S.

Shanks (1979) adjusted the early part of the lactations

by modifing Shook's (1975) factors to compute yield on day six.
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Using Shook's factors the yield on day six is always going to be
less than the first monthly test after day six. This was done
to reduce the number of atypical lactations shapes, i.e., negative
b's. Shanks reported less than 1% atypical curves. Schneeberger
(1981) on the other hand used a parameter tos (I1.2.19), for the
same purpose. Schaeffer and coworkers (1977), also used to,
where to indicates the time of initial lactation but used it
in a different equation (II.2.20). This is assumed to be some
point prior to freshening, where the lactation process starts. These
adjustments insured a curve which increases from day one to a
peak. Therefore, a negative b is not possible, i.e., an ever
decreasing curve.

Shimizu and Umrod (1976) noted 34% while Schneeberger (1981)
noted 227 atypical lactation curves. Schneeberger (1981) noted
that for both of his models the percentage of atypical curves
decreased as lactation number increased. Atypical shapes were
greater for flat curves (42%). On the other hand the smallest MSE
was for first lactation and greatest for second lactations. Both
percentage of atypical shapes and MSE was lower in the second model
(I1.2.19) which included toe For Schneeberger's data, the majority
of the atypical curveswould probably be negative c's since esitmating
ty should eliminate most negative b's.

Schneeberger (1981) remarked that when estimates for 305-day
and 100-day yield were computed by integrating the estimated

lactation curve, the heritabilities were high (.4). The heritabilities
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for b was .15 for milk and .12 for fat, and for ¢, .20 and .18
for milk and fat, respectively. A summary table of mean values
for curve parameters is included in .the Results and Discussions

section (Table IV.3.4).

II.5 Selection Index Method

Smith (1936) first applied selection index theory to plant
breeding while Hazel (1943) applied the theory to animal selection.
The principle mathematical results and many of the mathematical
and statistical difficulties involving the construction and use
of selection indexes are discussed by Cochran (1951). Henderson
(1963) provided proofs for a number of the properties of selection
index criteria and also expressed the selection index procedure
with matrix notation for practical computation.

Selection index refers to selecting individuals from a popu-
lation based on a criterion for the purpose of making genetic
gain in a single trait or a number of traits. The phenotypic
observations of the particular traits of interest are combined by
computed weights (b's) which will be noted as a vector by the
underscore character, ~ i.e., E. This is also to differentiate
it from the parameter b of Wood's equation. All vectors will be
denoted as underscored lower case letters, while upper case under-
scored letters will represent matrices.

The goal is to predict the total merit, or aggregate genotype
of an individual using the selection index. For total merit,
the aggregate genotype is

T= g'g (I1.5.1)

~
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where a is an k x 1 vector of relative economic weights, g is a

-~

k x 1 vector of additive genetic values expressed as deviations
from their means of the k economically important traits. Equation
(II.5.2) demonstrates the form of an index. This is the estimator
of total merit, the selection index:

I=b'p=ac'®Plp (I1.5.2)
where E' is a m x 1 coefficient vector which is equated to
g-lgg from the equation Pb = Ga, where g-l is the inverse of the
m x m phenotypic variance-covariance matrix P, G is a k x k
matrix of genetic variances and covariances and pisanmx1
observation vector of phenotypes expressed as deviations from
the mean of the estimated fixed effects (x - gh).

The selection index equation for unrelated animals can be
written as gi = 91?1 Pys where for the i-th animal, 84 is the
vector of additive genetic values of the traits considered, and Py
is the vector of corresponding phenotypic deviations where E(Eigi,) =
gi’ and E(gigi.) = Ei' In the case where all animals are assumed

unrelated i.e., when E(§i§i.) = 0 and E(pipi') =0 for 1 # 1', then

the matrix form is:

-1
) ( ) Y s )
8, G, 0 . . oy o . . 0} fp
g, o 6 . . offo B, . . 0] |p,
g o 0 . . G0 o . . Pgop]| -
oy L J ;U
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To achieve the total merit model, elements of g are linearly
combined by relative economic weights (3), so for a single animal,
omitting subscript i, the index is then of the form of equation
(II.5.2) and total merit is equation (II.5.1). The form of
the selection index for which the simultaneous equation for solving
P becomes

EP = Ga. (I1.5.3)

Substituting 9 for 9 in equation (II.5.2) gives the general
case and can be used for several purposés; some of which Henderson
(1963) listed for animal breeding. They were:

1) selection for a single trait, using information on the individual
and certain of its relatives;

2) selection for two or more traits, using the individual's records;

3) selection on two or more traits, and using observations on
individuals as well as on relatives; and

4) selection of line—crosses, using data in addition to that on
the specific cross.

It is noted, that for different cases, there are modifications

necessary for the diagonal and off-diagonal elements in g and/or c.

These are dictated by the number of records for the individual

and each relative, and the number of animals in each relative

group, and depending also upon any inbreeding. The adjustments

made for these cases are described by Henderson (1963).

Mao (1971) showed the procedure to find the form of the
predictor, 8> with regard to selection indexes in the context
of a general linear model:

YT+
where: y is an observation vector of N x 1;
¥ and Z are known design matrices of orders N x p and N is q,

respectively;
h is a p x 1 vector of fixed effects;
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f is a q x 1 unknown vector which contains random effects from which
the solutions are of importance and are selection criteria when
referring to the animal's breeding values; and

e is an N x 1 random sampling error vector.

For the selection index process using this model, both f and e are
assumed to be multivariate normally distributed, random variables,
with zero means, variance-covari#nce matrices E and B, respectively,
and E(gs') = (0,

Mao (1971) supposes that for each animal, the model underlying
the k-th record of the j-th relative of the i-th trait is:

h +

Yige ™ iy ¥ 8y

where hij is fixed, gij 1jk

denotes any other causes of variation which include non-additive

ijk’

is the additive genetic value, and e

genetic, environmental and sampling variation. Then:

P h

19k T Vi3 T Pay T Byy o egye
where pijk is the phenotypic deviation from the mean. Referring

back to one of the assumptions usually made in selection indexes,

it is then assumed that gij’ gi'j’ gij" §i'j" Sijk’ si'jk’ Sjk'k’

" and e (where 1 # 1 and j # § and k # k)

$1'3'k’ S5k S 1'3 'k’
follow a multivariate normal distribution with means and all co-
variances zero except those between g's. Also it is assumed that

2 2 2 2

the variance of is 07, and 0. = 0_ + O _.
e P g e

Sk
The use of selection index also requires the assumption that

one starts with an unselected initial population with no inbreeding.

Henderson (1963) pointed out some of the unsolved problems of

selection index. First, the consequences of non-normality on the

efficiency of an index are not known when the index is constructed
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as though y and T have a multivariate normal distribution. Second,
the consequences of using variance and covariance estimates, in
place of the parameters, upon the effectiveness of selection and
estimating genetic gain are not known. And third, it is not
known how indexes should be constructed to maximize genetic
progress when the assumptions of normality and/or known parameters
do not hold. Mao (1971) explored the consequences of using estimates
in place of parameters in selection index. He remarked that the
influence of sampling error upon the efficiency of an index was large,
but with more data available a more effective selection index can
be constructed. Also, inclusion of a correlated trait was, in
general, more effective, if the genetic correlation was high-positive,
the environmental correlation was high-negative and the heritability
was high.

Mao (1971) summarized the optimum properties of selection indexes:

1) The correlation between total merit and the index is
maximum (Kempthorne, 1957; Henderson, 1963).

2) The expectation of the squared difference between merit
and the index is minimum (Tallis, 1962; Henderson, 1963).

3) The probability of selecting one of the largest sample
values of total merit by selecting the largest value of the index
criteria is maximum (Williams, 1962).

4) The genetic progress in any one-round selection by the
index is maximum (Henderson, 1963).

The first two properties hold true regardless of the distributional
properties of the index and total merit. However, (3) and (4)
require assuming a multivariate normal distribution of g and P

used in (II.5.1) and (II.5.2), respectively. Therefore, the

index (II.5.2) is the best for ranking individuals for total merit,
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regardless of unequal amounts of information. It is noted that all
these properties exist only when the parameter values of the variances

and covariances are known.

I1.6 Genetic Progress Using Selection Index

The change in total merit, T, can be represented by AT such
that:

AT = bTIAI (I1.6.1)
is the regression of merit on the index and here AT is the difference
in merit between the entire population before selection, i.e.,
Urs the population mean, and the mean of the selected individuals.
At the same time, AI represents the change in index values,
which is the selection differential or a measure of selection
applied. The linear regression coefficient of merit on the index

is b Equating AT = E(T|I) - ups and AT = I - uy, then (II.6.1)

TI®
can be written:

E(T|I) = up + bpp (I - up), (¥1.6.2)
where uy is the entire population mean for the index and E(T|I)
represents the conditional mean of T, given I.

Henderson (1963), defines the expected genetic progress in

one cycle of truncation selection on an index as:

C.
TI
AT 2

Oy

o (1I1.6.3)

or

On = DO, (11.6.4)
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The ordinate, z, is from the unit normal distribution at the point

of truncation for selection; q is the fraction of the original
population which is kept; and Trp is the correlation coefficient
between the index and merit. When the distribution of the selection

criterion is normal, z/q is appropriate, else D is used when the

population distribution is not known or is not normal. Henderson

(1963) wrote the following equations in matrix form to be solved

for b:
- 52
blo + bzo + ... + bNo =g I
Y1 Y1Y2 Y% YiT o1
b.0 4+ b.0% 4 ... +b.o =g °§ (11.6.5)
I'yyy, 27y, Nyoyy  Yor .
b.,o + b,0 y,,+ + b 02 = 02 U%
Lyyyy  2y,N N INT G

In (II.6.5), G%/OTI does not influence the proportionality
of the b's and has no effect on Trp and therefore can be set to 1.

In matrix notation (II.6.5) becomes:

Pb =t (I1.6.6)
where P is the variance-covariance matrix of y's (phenotypes); b
is the N x 1 solution vector (N = number of traits) and t is the
vector of oyT's or the covariance between genetic merit and the
phenotype of a trait.

Using (I1.6.6) to determine B, then the expected genetic

progress in one cycle of truncation selection by a set of selection
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criterion can be computed by (II.6.3) or (II.6.4). Needed to

2

compute AT in (II.6.3) are O__ and GI which computationally are:

TI
Opp = bloyn + ...+ chyNT (I1.6.7)
and
o biof'l * oo, ket b§ °>2'N. (11.6.8)
For (II.6.4):
r,f.I = b1°yIT +...+b GVNT (11.6.9)
g

where O% can be completed by:

N

+ 2L bbog o (I1.6.10)
i Yoy

i7]

2
iG

N

0.§=2b
i

Y1

and Gyi represents the genotypic variance of trait yi, and bi
is the i-th solution from Pb = t.
If selection is based on the optimum index, then:
Opy = Ea'gpb) = a'Gb = p'Bb = o7, (11.6.11)
therefore bTI = OTI/°§ =1,
then AT = AI.
Mao (1971), using matrix notation, describes the computing formula
for AT, the true genetic progress when using the optimum index
is
AT = /BB D = /a'GP lGa D (11.6.12)
when constructed with known parameter values and with phenotypic

observations on all the traits in the total index.



35

When population parameters are not known, as in practice,

and the optimum index is not available, then one uses estimates
of the optimum weights, b, obtained from the equation: Pb = Ga or

AN

Cb = t. Mao (1971) notes that when truncation selection is performed

~n ~

utilizing such an index involving b, i.e.,

I=b'p
the improvement in T will be:
N o -1 -1 -1
AT' = rT;DoT = (a'Gb/vb'Pb)D = (a'Gp Ga/¥a'Gp ~pP ~Ga)D.
(1I1.6.13)

The selection intensity for upper truncation selection in a
normal distribution would be D = z/q and for lower truncation
selection D = -z/q. Therefore, AT is the maximum attainable
progress and -AT is the minimum. Harris (1963) stated that a
population of AT' values exists with upper and lower limits of +AT
and -AT. He further remarked that with repeated estimations,
different AT' values giving a "population" of AT' values will
be distributed closer to the AT or true values. This occurs
as the accuracy of estimation improves.

In the practical situations, the progress from selection is
estimated by subsituting estimates for the true values in AT of

(I1.6.12) to obtain the estimated gain:

A P A —K'/'\_T_'
AT = rT;DoT = /é'gg Ga D. (I1.6.14)

One of the practical uses of selection index occurs when
selection is desired on an unobservable or lowly heritable trait

which has a high genetic correlation with a trait of higher
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heritability. By selecting for the trait with a higher heritability,
progress in the trait of interest will be greater than selecting
for it alone. Following this notion, when selection index is used,
the genetic response of a single trait within an index frequently
is of interest. Van Vleck (1979) demonstrated the genetic response

of an individual trait included in an index by:
ae, = £vG, D (II.6.15)

o1

A

where 0; comes from (II.6.8) and Cov (Gl’ I) represents the genetic

~

correlation between trait 1 and the index:
+ b,0 + ... + b0 .

2
2°G.G N°G.G

Cov (G., I) = b.o
1 1°6, 1%2 16x

(11.6.16)

The genetic response for a trait not included in an index can be

computed by substituting Cov (Gl, I) with Cov (GN+1 I) where:
Cov (Gyyy, I) = by OGIGN+1 Fo b (1I.6.17)
N N+1

and N+1 refers to the first trait not included in the index.



ITII MATERIALS AND METHODS

ITII.1 Data

III.1.1 Source - defining the population

Monthly records from the Michigan Dairy Herd Improvement (DHI)
population of 168,193 cows and 2,390 herds were taken for the period
between August 1978 through August 1980. Records used were monthly
records on first lactations, with the first test day prior to 35
days into the lactation and the last test occuring after 280 days,
with the requisite that these cows be Holstein and identified by
sire. Test refers to official monthly test day recording of
milk and butterfat produced on that day. Any cows with a reported
abortion during this record were discarded as well as cows on
unofficial test. After the editorial process for the above
criteria, the total useable records were 10,107 lactatioms.

One must note that this population is a subpopulation of
all DHI cows in Michigan (1144 of the 2,390 DHI herds) and is
not necessarily a true random sample of the DHI population since
those animals with sire identification may constitute a superior
population. It would be logical for one to suggest this if those
cows sired by superior artificial insemination (AI) sires are
identified more frequently than those by poorer AI sires or unidenti-
fied home bred bulls. It is also generally noted that the DHI
population itself is superior to the overall population of dairy

cows.

37
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III.1.2 Calculation of 305-day production from test day information

DHI 305-day records currently are estimated by the test
day interval method using daily milk weights recorded monthly.
This method takes the average of the test day weights for two
consecutive months and multiplies it by the number of days between
these test dates. This then is the amount of milk estimated to
be produced during this interval between tests. The daily milk
for all days between the calving data and the first test is
estimated to be the same as produced on the first test day. Like-
wise, if the last test occurs prior to 305-days, the daily yield
estimates between that test and 305-days is computed to be the
same as the amount produced at the last test day. These estimates
produce a positive bias because cows are usually increasing in
production in the early stage of lactation and decreasing when
they are approaching 305-days. Shook (1975) presented adjustments
to the test interval method for the first, second and last tests.:
The adjustment for the first test accounts for the uéual incline
to a peak around 45 days into lactation. Because a cow is normally
increasing in production prior to 30 days, less milk is actually
produced than is credited by the test interval method. Therefore,
a Shook factor is used to adjust this part of the cows estimated
production.

For the second test, an adjustment is made if the typical
peak time occurs between the first and second test date, which

would cut off the top of the peak. Therefore, a Shook factor
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here adds to a cow's production estimate. Finally, when the last
test occurs prior to 305-day and since a cow is normally declining
at this point, the test interval estimate for this period would
be biased upward. Therefore, a Shook factor is used to make

the adjusted estimate for the last interval.

Examples of the computations of these adjustments used on
this data set (Shook factors are in parenthesis) are given below:
For the first lactation record with the first test of 46 1bs
at 30 days in lactation, one would have

46 1bs x 30 days x (.84), giving 1159.2 1lbs
where .84 is the appropriate Shook factor. Then for a second test
of 50 1bs at 62 days in lactation, one would have
[46 + 50]/2 x 32 days x (1.01) giving 2294.72 1bs.

Then for a last test of 32 1bs at 280 days and dry at 305 days, one
would have 32 x 25 days x (.96) giving 768 1bs.

If a test after 305 days was reported, the interval between
305 days and the previous test was computed by interpolation.

For example:

with a yield of 31 1lbs at 290 days and 25 1lbs at 320 days, one
would have 320 minus 290 giving 30 days and 305 minus 290 giving
15 days so that:

15/30*[31 - 25] = 3 1bs
then 25 + 3 (28 1bs) is the estimate on day 305 then:

[31 + 28]/2 x 15 days = 442.5 1bs .
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ITI.1.3 Data screening procedure

In addition to the pre-requisites for records to be included
[IITI.1.1], more records were deleted for: 1) sires having fewer
than 8 daughters,2) herds having only one sire, and 3) herds
having fewer than 3 cows. This was done simultaneously.

The restriction on the number of daughters per sire was
arbitrary. Herds having only one sire were deleted because sire
would be confounded with herds and would not contribute to the
estimation anyways. Herds with fewer than 3 cows also would not
have enough degrees of freedom to contribute to the estimation
of the factors in the model. The total usable records was then
reduced from 10,107 to 5,927 cows after 3 rounds of deletionms.

Tables ITI.1l.1, III.1.2, and III.1.3 show the
distribution of records by seasons, ages and sires.

Table III.1.1. Frequency distribution (percent range)
of first lactation records by season

and age.
age in months of freshening
Season 22-30 31-36 All
1 Jan~Feb 6.8-12.8 5.0-7.7 9.38
2 Mar-Apr 7.4-15.0 2.5-14.5 11.15
4 July~Aug 19.3-28.9 29.0-34.6 26.87
5 Sept-Oct 24.7-34.3 25.6-34.2 28.95
6 Nov-Dec 9.3-15.7 8.5-19.5 11.85

100.00
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Table III.1.2. Frequency distribution of first lactation
records by. age.

Age Freq. (%) Age Freq. (%)
<18 .24 29 7.16
19 .16 30 6.61
20 .20 31 4.64
21 .79 32 4.11
22 1.85 33 3.79
23 4.98 34 2.76
24 10.77 35 2.32
25 12.82 36 1.61
26 13.10 37 1.35
27 10.20 38 .89
28 9.64
100.00

Table III.1.3. Frequency distribution of first lactation
records by sires.

daughters per sire freq. of sires(N)
1-7 18
1-10 48
11-20 50
21-50 26
51-100 12
>100 15
range (4-339) total 151

Crosstabulation of age by season indicated a similar distribution
within ages across the six seasons. Table III.1.1 indicates the
seasonal distribution within the two ranges of ages are very similar.
For example, cows freshening in November and December make up a
similar percentage within each of the two age ranges, 9.3 to 15.7%
vs. 8.5 to 19.5% for age ranges of 22 to 30 and 31 to 36 months,

respectively. Table III.1.2 indicates that the majority of first
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lactation cows freshened between 24 and 28 months of age. By
crosstabulation, it was noted that this age distribution was similar
for most sires. Table III.1.3 shows the number of daughters per
sire, which range from 4 to 339 with only 18 sires having fewer

than 8 daughters.

ITII.2 Selecting the Method to Fit Individual
Lactation Curves

The criteria for selecting the appropriate method and model
to fit individual lactation curves should be based on their
compliance with the assumptions of regression analysis. Therefore,
the method, be it linear regression, weighted linear regression,
or nonlinear regression, plus the model used, should produce
homogeneous variance with normally distributed and independent
residuals. Homogeneous error variance requires equal variance
regardless of magnitude of the dependent variable, y. Therefore,
there is no correlation between the magnitude of y and the amount
of error in estimating daily milk production by the regression
line. Normality refers to a normal distribution of the residuals.
Independence of residuals refers to having no correlation in
magnitude or sign between residuals (autocorrelation).

When homogeneous variance does not exist among residuals
but residuals are independently and normally distributed, the
parameter estimates curve characteristics a, b, and ¢ obtained
by least-squares still are unbiased and consistent (i.e., as
sample size goes to infinity the variance of the estimator goes to

zero), but they are no longer minimum variance unbiased estimates
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(Neter and Wasserman, 1974). Several test statistics for detecting
heterogeneous variance were compared by Layard (1973) and Brown

and Forsythe (1974), using Monte Carlo methods. For a population
with a normal distribution, Bartlett's test had more power. Those
tests which were found to be more robust than Bartlett's under
certain non-normal distributions were not robust to all non-normal
distributions. Layard (1973) suggests a minimum of 25 points to
achieve good power to determine homogeneous error variance. This
means 25 cows tested on or near the same days over the entire lactation
would be needed. Kellogg et al. (1977) used 36 cows having 4 lact-
ations and having weekly milk weights for the first two months

and monthly weights thereafter, to look at variance over the entire
curve after a nonlinear fit had been used. Since time of sample
days after parturition were similar for the 36 cows, comparing
variance between cows at the same days postpartum was possible.
They suggested that the variances were equal after the first

month. Intuitively then, a linear fit of the same data could

not also produce equal variances and, therefore, Kellogg and co-
workers concluded nonlinear fit was more appropriate. However, they
included the cow by lactation interaction in the error term which
may have influenced the results if the interaction exists.

On the other hand, it has been generally implicitly assumed,
by those who have used Wood's (1967) equation(Wood 1967; Congleton
and Everett, 1980a, b; Shanks et al. 1980) that as daily milk
yield increased, so did variance. Therefore, a logarithm trans-
formation of the data was thought necessary to achieve homogeneous

variances across the entire lactation curve.
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In this study, however, it was not possible to test for homo-
geneous error variance because:

1) Grouping cows by similar test days over the lactation, as
Kellogg and coworkers did, would not be practical because days
into lactation at test dates would be the same only for cows
freshening at the same time in the same herd and therefore, few
cows could be grouped.

2) Individual cows have only 10-12 tests, where a number
of consecutive daily tests would be needed at different times
postpartum to test for homogeneous variance within a lactation for
a single cow.

Independence of errors refers to the assumption that there
is no autocorrelation. Further, Kendall and Buckland (1971)
defined autocorrelation as ''correlation between members of
series of observations ordered in time or space:' The occurence
of autocorrelation in a least-squares model may produce a number
of important consequences (Neter and Wasserman, 1974): First,
though the parameter estimates are unbiased, they no longer have
the property of minimum variance and may be inefficient thus making
the reliability of the estimates dubious. Second, the use of mean
square error may seriously underestimate or overestimate the
variance of the error term. Third, the least-squares procedure
may greatly underestimated the true standard deviation of the
estimated regression coefficient. Fourth, confidence intervals

may not be valid.
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The correlation between residuals for monthly test measurements
of each cow after fitting a 10 to 12 month lactation is likely
to trivial. There is little reason to suggest the residuals, after
fitting each cow, would follow some repetitive sequence over a
lactation. For this study, it is assumed that the 30 days between
tests breaks up any autocorrelation between residuals. If data
points were more closely related in time, then autocorrelation may
be more likely to occur. In this study, it was not deemed necessary
to test for autocorrelation of residuals.

The assumption that errors are normally distributed is not
essential to derive point estimates of parameters but is required
when making probability statements about the reliability of estimates
in the form of confidence limits.

Normality of the residuals has not been tested for either
the linear or nonlinear methods of fitting Wood's equation to
lactations of dairy cows. If non-normality exists, tests for
homogeneous variance may be in error (Brown and Forsythe, 1974).

For a lactation curve of 290 to 360 days there are 8 to 12
monthly sample points. For testing normality it is suggested
by Gill (1978) and noted by Shapiro and Wilk (1965) that the W
statistic developed by Shapiro and Wilk (1965) is well suited
for samples of less than 50. They also noted that the W-test
is sensitive to a wide range of non-normality.

Because testing for homogeneous variance was impossible

for these data and autocorrelation is likely to be trivial for
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monthly tests, the decision of which model to use for fitting
lactation curves will be made based on results from testing
for normality of residuals.

Testing for normality will be performed on two models:

Y= 1In (a) +bln (t) +ct + e

ytaln(a)+b1n (t)+ct+e/y2
where Ve is the daily yield at time ty The first equation is
the log-transformation of Wood's (1967) equation, and the second
is the weighted form of the first using 1/y2 as the weight.

It is noted that the Taylor series is one method of estimating
nonlinear parameters (Marquardt, 1963). For these types of
equations above, the second equation is the first order approximation
of the nonlinear function (Guest, 1961), which is the first
degree of the Taylor series, i.e., the function plus the first
derivative in the series. Therefore, without fitting the data
by nonlinear regression, which would be costly, one can compare
results of weighted regression, which is one step closer to nonlinear
regression, to those of the simple log-linear model.

The General Linear Model (GLM) procedure of the Statistical
Analysis System (SAS), (Barr et al. 1979), using weighted
regression, will be used for the fitting of the two equatioms
and testing of normality. The Shapiro—Wilk (1965) W statistic
will be used on each of 500 randomly chosen cows to test the
residuals for normality. Individual cows will be tabulated by
probability levels (P) of having non-normally distributed residuals.

A probability level of P < .25 will be used. Levels lower than
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P < .25 allow for larger type II error, i.e., accepting a set

of residuals as normal when they are not. One would expect at a
P level of .25 that 25% of the cows, in a population with a
normal distribution, would fall outside the acceptable range of
normally i.e., P < .25. A binomial test will be used to determine
if the observed ratio of normal to non-normal is equal to the
expected ratio. The model producing the highest probability

will then be the one most likely to produce normally distributed

residuals.

I11.3 Model

I1I.3.1 Adjusting data for age at freshening

The 305-day milk lactation records in DHI data files are
typically adjusted for age at fresehning when used for comparisons
(McDaniel et al. 1967, Mao et al. 1974). These age adjusted
records are called mature equivalent records. It is possible
that age would also influence the lactation curve parameters
within the first lactation. Records in this data file were
adjusted for age of freshening, as well as for its quadratic term,
by regression analysis. The GLM procedure of SAS (Barr et al., 1969)
was used for the model:

Age2 + e (III.3.1)

2 i ij
where yij is the j-th observation of the i-th age for any of the

yij =4 + b1 Age1 +b

dependent variables, i.e., 305-day milk yield or the lactation

curve parameters, a, b, c, time of peak yield, peak yield or S.
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The residuals from this regression procedure become the new
y values of 305-day milk and the curve parameters adjusted for
age at freshening.

This adjustment is valid only when there is not a significant
interaction between age and the factors in the subsequent model
for variance component analysis, i.e., herd, season and sire
effects or when the correlations are simply to be removed and no
bilogical interpretation of age and age2 is desired. A crosstabulation
of data indicated that the ages of daughters within sires appeared
to be distributed similarly for most sires. Also, ages within
seasons were distributed similarly (Table III.1.1) and it was
assumed that ages within the 557 herds would be similar for most

of the herds.

ITT.3.2 Equations and assumptions of model

For a model describing each of the variables of interest.
The equation used will be:

= qu + hi + f, + 38 +e

Y1jim i k © %ijkm

where:

Yiikm is the residual after the corresponding observation was adjusted
for age of freshening and age of freshening squared, for the
k-th sire in the j-th season in the i-th herd from a population
of first lactation cows on Michigan DHI, having their sires
identified, and lactating between July 1978 and August 1980,
of either the a, b or c of Wood's (1967) equation (y.) = atb
exp(-ct), time of peak yield (b/c), peak yield (a(b/c)P exp(-b)),
S, 305-day milk yield or any of the pairwise combinations of
these variables;

u is the mean of the named fixed effects;

hjy is the effect of the i-th herd, 1 = 1, ..., 557;

fj is the effect of the j-th season in which a cow freshened;
j=1, ..., 6 which represents six seasons combining the
months of January and February, March and April, May and June,
July and August, September and October, and November and December;
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Sy is the effect of the k-th sire; k = 1, ..., 150; and
i .
eijkm s the residual effect associated with yijkm

Factors hi and fj are assumed to be fixed, while yijkm’

Sy and eijkm are assumed to be random. Further assumptions include:

1) E(y) = Xb and the variance of y = V=72 G Z' + R;

2) Var (e) =R = Ioe (n is the number of observations) which
implies that the e's associated with each observation of
y are not correlated with other e's and that each e is
independently drawn from the same population with mean
zero, variance O% and independence, i.e., no correlation
between residuals;

3) Normal distribution of residuals;

4) Cov(s, e) = 0, which implies no correlation between e and
the random factor, s;

5) Var(s) =G = 115002 which implies that there is no covariance
between s's i.e., no additive genetic relationship and inde-
pendent sampling between s's, and that each s is drawn from
the same population with mean zero and variance 02;

6) The sire effect, s, is normally distributed; s

7) No correlation between the ranking of sy and the number of
observations for s, ; and

8) Two and three-way Enteractions i.e., hby £, h by s, £ by s
and h by f by s are trivial and negligible.

Sire and season effects are of primary interest while herds
are considered a nuisance factor.
Converting to matrix form one obtains:

y=Xb+ Zu+e

-~

where:

y is the observation vector on either a, b, c, 305 day yield,

~ peak yield, time of peak yield and S or any of the pairwise
combinations of these values after adjustment for age.

is an n x p incidence matrix, where n = 4818 cows and P is the
sum of 557 herds, 6 seasons and one column for u. It contains
1's and 0's corresponding to the presence or absence of the
observations in the herd and season classes, and for each
observation a 1 in the column for u.

is a vector of length 564 containing the unknown constants of
the fixed effects. b' = [uh; ... hge, £1 --. fel-

3]

o
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N

is a 4,818 x 150 incidence matrix containing 1's and 0's correspond-
ing to the presence or absence of observations within each sire.

is a 150 by 1 vector of non-observable random effects for s,

u=[s5 ... 850"

is a 4,818 by i vector of non-observable random residuals correspond-
ing to y.

e

o

Noting then:

e ~ NID (0, I 02)

E( =0 7 °

E(y) = Xb

E(s) = 0

Cov(s, ¢) = 0

Var(y) = V = ZG ' + R, where

~

¢ = var(s) = E(ss")

= E[g - E(f)] [s - E(s)]'

(¢ )
E (s [s1 Sy e 8150]
S2
(5150}
( 3
0’2 OS o O's
1 1, 2 1, 150
0's O’i . . O'S
1, 2 2 2, 150
2 2
1, 150 52, 150 150 |
\

and

R = Var(e) = E(ee') = E[e — E(e)][e - E(e)]'
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(
E e le; e ... 24 818
e
€4,818
l J
ro’z Ue . o'e )
1 1, 2 1, 4818
0'e 0'2 . O'e
1, 2 2 2, 4818
2
g (o) . . g
k %1, 4818 °©2, 4818 : €4818 J

It is assumed for s and e all covariances are zero and that both

have homogeneous variance i.e., Ioz and IGZ then:
r A
02 0 . . . . 0
S
0 02 . . . . 0
S
G = .
~ . 2
) 150 %
2
e o - ' * %) 150 x 150
and
¢ 3
o2 0 0
e
. 0‘2 0
e
. . . . 2
R=1 i ) ) I4818%
0 0 o
| ) ) ’ ) e ) 4818 x 4818
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Then the variance-covariance matrix for all random factors can

be written

Var [y B 202 I o?)
-~ ~n ~ S ~n e
v 2 2
S E % 515003 0
e I 02 0 Io
L~ ~n e ~n'e |

To illustrate the model, a hypothetical example of 10 cows
was used:
Data:

305-day
Sire Herd Season milk

14266
15984
18067
15332
13367
16691
17605
16525
16001
15785

WRNWHKFRHHRBN
WHRNWRNFE NP
NN WN

Then the data layout of a 10 cow example cross-classified for herds,

seasons and sires is:

Sire Sire
1 2 3 no. : 1 2 3 no.
1 2 2 1 5 1 2 2 0 &
Herd 2 2 1 0 3 Season 2 2 1 2 5
3 1 0O 1 2 3 1 0 o0 1

no. 5 3 2 10 no. 5 3 2 10
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Then:

(]

(14,266)
15,984
18,067
15,332
13,369
16,691
17,605
16,525
16,001
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The normal equations are then:

x'
y
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111
112
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321
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and become for the example:

(1015 3 2 |4 5 1 |5 3 2
5/!5s 0o o |2 3 o0 |2 2 1
3]0 3 0 |2 o0 1|2 1 o
2/0 o 2 (0o 2 o |1 o0 1
412 2 o0 l4 o o |2 2 o
s{3 o 2 |o 5 o |2 1 2
1/lo 1 oo o 1|1 0 o
5/2 2 1|2 2 11|5 o0 o
32 1 o |2 1 o |0 3 o

L 2]1 0o 1 |0 2 o0 [0 0 2

[ u ) (159,625)
hy 78,108
hy 49,041
h 32,476
3
£ 65,922
X f; = | 80,334
£ 13,369
3
5 77,263
s 50,052
s 32,310 )
L 3 ) LT
The variance of y = V=2 G Z' + R:
1 o o) 62 o o)1 o
s 2
0 1 o/ lo o ollo 1
)
o 1 oo o0 oflo o
1 00 3x3
1 0 0
1 0 0
1 0 0
0 0 1
0 1 0
0 0 1
| J

10 x 3

3 x 10
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1

Formulating the mixed model equations then, X'R X developes

from:

~“ocooHdOHO
~HOOO MO
HHOO0OOHO
HOoOHOHOO
OO MO HO
~OoOHMOOOH
~H00O0 O
H~OoOHOHMOO

40O+ OO0

4O O ~HOO
N— —

7 x 10

-

LR}

0

(1/0°

1/o

l/o

‘coocodoO0OO0OOCO

OCO0OO0OHOHOHHH

Nt~ 000000
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xR X
(10 5 3 2 4 5 1)
5 5 0 0 2 3 0
3 0 3 0 2 0 1
2 0 o0 2 0 2 0 2
4 2 2 0 4 0 0 /o,
5 3 0 2 0 5 0
L1 0 1 0 0 0 1
Similarly,
-1 2 2 1 2 2 1
Z'R X = |3 2 1 0 2 1 0
L2 1 0 1 0 2 0 5.9

then X'R—IZ having the dimensions of 7 x 10, 10 x 10 and 10 x 3

becomes:
(5 3 2)
2 2 1
2 1 0 2
1 0 1 1/cre
2 2 0
2 1 2
1 0 0
\ /' 7%x3
] -1 -1
and finally Z'R "Z + G ~ is:
5 + 1/o§ 0 0
0 3+ 1/02 0 1/02
s e
0 0 2 + 1/02
s
where G — is:
2
1/0s 0 0
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the right hand side is:

(159, 625]
78,108
49,041
32,476
65,922
80,334
_13,369
77,263
50,052
| 32,310]

The partitioned mixed model equations are now:

-l -12 .
w2z w7

and they are multiplied by R, and ¢l is multiplied by 02/02, the

CN 4
¥ -y
ed 1

M~
ty 1o
RN M4
% -y
G <

PN 2

variance ratio for error and sire components.
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where B'l was cancelled from both sides leaving a ratio of 0§ﬁ3§ in
the diagonal of the Z'g portion. These equations will now yield Best
Linear Unbiased Prediction solutions (Henderson, 1975) for sires
only.

It is noted then that the mixed model equations are equivalent
to the normal equations of Generalized Least-squares for the fixed
effects. In this example the herds were not absorbed as will be

done for the large data set used for the variance component analysis.

III.3.3 Abosorption of herds

To solve the mixed model equations, the nuisance factor,
herds, will be absorbed into the effects for season and sire. This
will be accomplished by using a FORTRAN program which absorbs one
herd at a time using a row by colum technique while setting up
equations pertaining to seasons and sires.

In setting up the normal equations:

X'x X'z} (v X'y
2'x 2'z| |u z2'y| ,

herds will be absorbed into six seasons and 150 sires reducing the
§'§ and g'g and E'g portions to 6 by 6, and 6 by 156 and 156 by 6
respectively, while leaving the E'g portion 150 by 150 for sires.
The non-unique solutions of the fixed season effects are
E and the unique estimates for sires are ;.

The algorithm is as follows. First, data is sorted by herds,

then sires are sorted within herd. Then, the following computations

are done within each herd and summed across herds.



61

For absorbing right hand side (RHS) terms in X'y of herds into
those of seasons and Z'y of sires:

~

Absorbing herds into season RHS = season sums - (number of
cows in season * herd sums/number of cows in herd).

Absorbing herds into sire RHS = gire sums - (number of
daughters of sire * herd sums/number of cows in herd).

Noting that sire, season and herd sums refer to the sums of obser-
vations on a trait of a sire, sums of observations for cows within
a season and sums of observations for cows within a herd.

For ébsorbing portions of §'§ for herds into portions of §'§
for seasons, 3'% for seasons by sires and g'g for sires:

Absorbing herds into seasons (g'g, diagonals) = Number of cows
in season - (number of cows in season)2/number of cows in herd.

Absorbing herds into season (X'X, off diagonals) = -Numter of
cows in season i * number of cows in season i'/number of cows

in herd, for 1 # 1'.

Absorbing herds into season by sire X'Z = Number of daughters

of a sire in a particular season - (number of cows in the

season * number of daughters of the sire/number of cows in herd).

Absorbing herds into sire (Z'Z, diagonals) = number of daughters
of sire - (number of daughtérs of sire)2/number of cows in herd.

Absorbing herds into sire by sire (2'Z, off diagonals) = - Number
of daughters of sire 1 * number of daughters of sire i'/number
of cows in herd, for 1 # 1i'.
After absorption of one herd, the column and row for that
herd is zeroed out for the next herd. The herd, sire and season
sums are set to zero. With this procedure, only one pass of the
data is required to complete the absorption and set up the normal
equations. The resulting normal equations will have only six seasons

and 150 sires, leaving a 156 by 156 coefficient matrix and a 156 by 1

vector for each trait and trait pair. Setting up the mixed model
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Equations, then, requires only the addition of G-lci/dz to the

random portion (Z'Z) for sires prior to solving for b and

u.

I1I.4 Variance Component Estimation

An iterative restricted maximum likelihood (REML) procedure
using solutions from mixed model equations (MME) will be used to
compute variance components (Mao, 1981). Some desirable
characteristics of REML are: 1) when MME solutions are used in
maximum likelihood equations, non-negative estimates of variance
components result. 2) the restricted maximum likelihood procedure
maximizes the random portion of the likelihood which is invariant
to the fixed effects in a mixed model. It does not assume that
the fixed effects are known, as in maximum likelihood (ML), and
therefore the estimates computed are unbiased. A reduction
in degrees of freedom must accompany the estimation of the fixed
effects. 3) REML can be used in iterative computatiomns.

From the MME (III.4.1) b and u will be computed for each trait

b X'x X'z X'y
=" - -1 - (III.4.1)
u Z'X 2'2+G £ Z'y
where £ is a diagonal matrice of the variance ratio of 02/05, and

G.1 is the inverse of the relationship matrix for sires. Let C

be the generalized inverse of the coefficient matrix

X'X X'z - C C

~ ~  ~ ~8 . ~XX ~Xs (111.4.2)
Z'X 2'2 +G ¢ C C

~S~ ~S~8 ~ ~sX ~SS
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The REML estimators are

02 = (y'y -b'X'y - u'gz)/[n -r(X)] (II1.4.3)

where b and u are MME solutions.

When only one random factor is involved as in the present model

~ 2
V(Es) g Os (ITI.4.4)
and
0% = [a'u_+ a2(erc_)]/q (II1.4.5)
s s 8 e ~ss 8 e

where qq is the number of classes in the random sire effect. The
estimators in III.4.3 and III.4.5 will be non-negative.

A

REML lends itself to iterative computaion because u and b

-~
A A A ~

depend on £; Sz relies on u, o, and £; 02 relies on u, E, and £;
and 82 and 82 are needed to compute new estimates of £. To begin
the iterative process, initial values for the variance ratios, £,
will be based on the heritability estimates found in the literature
for the traits of interest (Table III.4.1). The first computation
involves solving (III.4.1) for E and ;, then computing 32 in (III.4.3)
and G: in (III.4.5). The trC__ in (I1II1.4.5) is the trace of the
sire portion of the generalized inverse in (III.4.2) and 9 is
150 for the total number of sires. This process is then continued
by replacing £ with the new ratio of 32/82 and recomputing the
REML estimators until the current and new ratio are not very
different, i.e., converge.

To speed up the convergence of the iterative process, three

times the difference between the current and newly computed ratio

will be added to the current ratio instead of replacing the current
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ratio with the new ratio. The iteration procesé will stop when
the difference between the current and new ratio is less than .2.

For the equation (III.4.3), Z'Z must be adjusted not only for
the mean but for herds because herds have been absorbed for other
terms in (III.4.3). Therefore, Z'Z becomes the total sums of
squares minus sums of squares for the mean minus sums of squares
due to herds. The denominator is n - r(g) or the total number of
cows - number of herds - number of seasons + 1, i.e.,

4818 - 557 - 6 + 1 = 4256.

The covariances between traits will be computed from the variance
of the sum of each pair of traits and the variances of the two
traits using the equation

Cov(i, 1'") = %[V(L + i') - V(i) - V(i")] for i # 1i'.

(I11.4.6)

The initial variance ratios for these new paired traits will
be the average of the variance ratios of the two traits making
up the éaired traits. Table III.4.1 contains these initial
variance ratios. An example of computing the variance ratio from
the heritability of a trait is:

2 ~
h2 = 25 = 4(05) , set GZ =1,
—e——
2 2

g +0
s s

then 4 (1 = ,25,
o7

and 4 2 _
.25 X Oe 13,

so 02/02 = 15/1 = 15.
e s
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Using these initial ratios and the iterative process, more pre-
cise estimates of the variance components can be computed for the
data set used than without iteration.

In order to keep the total sums of squares for traits and
trait totals for sires within the significant digit computation
range of the computer, scaling down of the magnitude of some traits
was done. Those traits having large values were scaled down by
division.

Table III.4.1 Average of heritakilities reported

in the literature™ and initial

ratios used for 305-day milk and
lactation parameters

Milk a b c b/c Peak

Trait Heritability Ratios (82/8:)
Mi1kP .25 15 22 22 18 35 16 35
In a .10 39 39 29 66 24 66
b .10 39 30 - 66 24 66
c .17 22 56 19 56
b/c time of ) 200 39 100

peak

Peak .23 16 39
S .02 ' 200

A - Values are from Schneeberger (1981) and Shanks et al. (1980).
B - Milk is 305-day milk yield.

From (III.4.2) the variance of estimation for the fixed
effects and the variance of prediction and variance of error of

prediction for the random effects can be computed for the BLUPs.
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These estimates are:

V(F) = Cll 02 variance of estimation for seasons;
V(s) = (G - C22)0§ variance of prediction for sires;
V(S - S) = 022 02 variance of error of prediction for sires;

where G = 102/02.
- Js'e

Because F is a constant vector; V(F - F) = V(F), and the variance

of error of estimation equals variance of estimation.

III.5 Heritability, Genetic and Phenotypic Correlations

Lush (1940) defined heritability in the "narrow sense" as
the proportion of the total variance in a trait that is attributed
to the average or additive effects of genes. He defined heritability
in the '"broad sense" as the fraction of total variance due to
genetic variance, which contains variance due to additive effects
plus variance due to dominance and epistatic effects. In the
literature, heritability usually refers to that in the "narrow sense'.
Heritability will be estimated for each of the parameters in
Wood's (1967) equation, a, b, and c, plus peak yield, time of peak

yield, S and 305-day milk yield by:

h™ = -7 ° (III.5.1)

The denominator GZ + 02 is the phenotypic variance after the
variance due to named fixed effects in the model, which were
adjusted for age, have been removed. With this method there are

two possible sources of bias:
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1) Epistatic bias (Dickerson, 1969) and

2) Ratio bias (Kendall and Stuart, 1969).

The expectation of the estimation of heritability is then,

E(hz) = (h2 + epistatic bias)(l + ratio bias)

The general formula for the approximate standard error of the
ratio of variance components will be used to compute the standard

errors of heritability (Dickerson, 1969):

S(X/T) = 4/Y2/ Y2V(X) + XV(Y) - 2XY cov (X,¥) (III.5.2)
where in this case § and ; are the additive'genetic and phenotype
variances, respectively. |

The covariance maj‘be estimated as a simple linear function
of the variance of 1, i', and (i + i') from (III.4.6).

Then the genetic correlation between traits for sire becomes:

2 2
= Cov sii,/fbs o

s i Sy

Te

where Cov s is the estimate of the sire component of covariance

i1
between traits i and 1i'. ozi is the estimate of the sire component
of variance for trait i; and 051' is the estimate of the sire
component of variance for trait i’'.

The estimate for phenotypic correlations will be computed
similarly by adding the component for error to the sire component.
Standard errors of the genetic and phenotypic correlation estimates
were calculated by procedures outlined by Grossman (1970). The

equation for estimating the variance of the correlation coefficient

is:
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272 2 2

2 2
Est Var (rp) = fry {[a (U11U5, * U, N 5 (V)1Vpp + V1)) /6
(nd)2 u-1 v-1 12
azuil bzvil ~o azugz bzvgz ~9
+ [ + ]/2911 + [ ]/ze22
u-1 v-1l u-1 v-1
2 2
2 U0 DV oA s
- 2[ + ] /8,.8
11%12
u-1 v-1
2 2
a Uy, PV,
-2[ + .]/912922
u-1 v-1
azui2 b2V§2 n
+ [ + ]/911922} (III.5.1)
u-1 v-1

where f2 is 1 and 16 for the variances of the phenotypic and genetic

correlations; respectively; rg

between the two traits considered; U11 and 022 are the mean squares for

sires for traits 1 and 2, respectively. Uiz is the square for the

is the square of the correlation

2
11° Vg and Vo

mean squares for error; u and v are degrees of freedom for sires and

error, respectively; Gil, 32, 9%2 etc, represent the variances and

covariances of traits 1 and 2; a2 and b2 are both 1 for the variance

mean square for trait (1 + 2); V represent the same

e

of the genetic correlation, and for the variance of the phenotypic
correlation, a2 is the square of the degrees of freedom for sires
minus 1 and b2 is the square of the degrees of freedom for e;ror
minus 1. One is subtracted from u and v to give unbiased estimates.
The standard errors for correlation coefficients can be computed

by taking the square root of (III.5.1).



11I1.6 Select Indexes

I11.6.1 Justification and strategies

Several strategies will be considered in getting up selection
indexes to select the lactation curve characteristics and 305-day
milk jointly.

1) The first strategy is an attempt to increase the amount
of production in the early stage of lactation. This may be done
by increasing the rate of ascent to the peak or increase the ascent
and the peak yield without regard to persistency in later lactatiom.
This strategy considers ;hat cows are typically more efficient in
utilization of feed during the early stage of lactation (Miller
and Hooven, 1969). Realizing that.part of this efficiency is
due to mobilizing body fat (Miller and Hooven, 1969). Potentially
then, more net income could be derived if cows increase in pro-
duction earlier, and peak higher. These indexes (1:1 through 1:19)
and their weights are listed in Table III.6.1.

2) The second strategy is an attempt to decrease the ascent
to the peak or increase the time to peak in conjunction with
increasing persistency. Decreasing the stress of high peak production
may be possible in both cases. Hansen and coworkers (1979) found
higher costs for health care in the early stage of lactationm,
during which time production and stress are the highest. If cows
reach their peak at a more gradual rate, this may reduce stress
and allow body reserves to be used more slowly. This strategy

will determine if this change in shape is genetically possible

69
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and what influence it would have on total milk yield. Obviously too,
increasing persistency should have a positive effect on total yield.
These indexes (2:1 through 2:9) and their weights are in Table
III.6.1.

3) The third strategy is an attempt to increase initial yield
(parameter a) and increase persistency while decreasing the peak,
thus flattening the curve. This strategy considers decreasing the
stress of peak production and possibly allowing body reserves
to be used up more slowly while maintaining production in the later
stage of lactation. This strategy is chosen, as is the second
strategy, to decrease stress, but in this case by decreasing peak
yield greatly as opposed to delaying it. Increasing persistency and
increasing the initial yield as part of the strategy is an attempt
to negate some of the loss in total production due to cutting off
the peak. These indexes (3:1 through 3:6) and their weights
are in Table III.6.1.

These strategies have been chosen to determine the potential of
changing the shape of the lactation curve and 305-day yield through
selection, using Wood's (1967) equation.

Indexes in Table III.6.1 with zeros for some of the weights are
restricted indexes. These indexes attempt to restrict the genetic
change in the traits with zero weights, while selecting for change
in the other traits in the index. Kempthorne and Nordskog (1959)
discuss the computations of restricted indexes.

After indexes are formulated, two methods will be pursued:
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Table III.6.1. Indexes for the three strategies and their weights.

Strategy 1 Milk b  Peak Strategy 2 Milk b/c Peak gt
1:1 3 1 2 2:1 1 15 1 1
1:2 3 1 1 2:2 1 6 1 6
1:3 5 1 1 2:3 7 3 1 1
1:4 1 1 6 2:4 1 10 1 10
1:5 1 6 6
1:6 1 1 15

Milk ¢ b/e Peak
Milk a b c. Peak
15 1 =10 15 1
B 2:6 1 -10 10 10
1:7 1 0 3 0 6 2:7 1 -6 6 1
1:8 1 0 6 O 6
1:9 5 0 1 0 1
Milk c
Milk Peak
2:8 1 -1
1:10 1 6 2:9 1 -10
1:11 3 1 »
1:12 6 1
Strategy 3 Milk a b Peak S*
Milk b
3:1 1 10 1 1 10
1:13 1 6 3:2 1 10 -5 -5 10
1:14 1 15 3:3 1 10 -10 -10 10
1:15 3 1
1:16 6 1
Milk a b c Peak
Milk a b ¢
1:17 1 0 6 0 3:4 1 10 1 -10 1
1:18 3 0O 1 O 3:5 1 10 -5 -10 -5
1:19 6 o 1 0 3:6 1 10 -10 -10 -10
A-S 1is c—(b+1), adjusted for a.

B - Indexes containing weights of zero are restricted indexes,
where traits with zero weights are those being restricted.
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1) Genetic change will be detefmined for each of the traits
in the indexes. The correlated responses of the curve parameters
(g, b, and ¢) when not included in a particular index will also be
computed.

2) Best Linear Unbiased Prediction (BLUP) solutions (G) for sires
from MME will be linearily comﬁined by the weights to give a Total

Merit (Index) for each sire.

Henderson (1963) noted the BLUP of k'8 + m'u is k'R + m‘GZ'V_1

1

(y - XB) and u is equal to GZ'V ~ (y - XB). From MME, u is computed

and therefore solving GZ'V'-l (y = XB) to get u is not necessary.

~

Also B is equal to the solutions for the fixed effects in MME, i.e.,

b. Mao (1981) notes that T = a'g = m'u the aggregate merit. Thus total

merit can be computed by the linear combination of weights (a or m)

and BLUP solutions (u).

11I.6.2 Computation of selection index criteria

The genetic and phenotypic variance-covariance matrices used
in the selection index equation

AN A

Pb = Ga (I1I.6.1)
will be standardized. This is done by dividing both sides of (III.6.1)
by the phenotypic variance such that the diagonals (variances) in g
and G are divided by the phenotypic variance for each trait and

the off-diagonals (covariances) are divided by the product of the
phenotypic standard deviations for the two traits making up the

covariance. This treats both sides of (III.6.1) the same.

So, P becomes:
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1 r T
P2 i3
r 1 r
Po1 P)3
r T 1
P31 Py
{ )
where 0% /c% =1
1 4
and © /o, 0, =r
PR,y PR, B

which is the phenotypic correlation.

G becomes:

-

,
h T vhoh r vhoh
1 Gle 12 G1G3 13
r /hih h r vhih
GZGI 21 2 GZG3 23
A RAaAn A AAaAn PN
2.2 2 2
r vhoh r /hzh h
G3G1 31 G3G2 32 3
\ J
where Oé /Og = h2
1 1

~ W A A A ’/h
and © /o = r o. 0.0, =Tr1 h
6,6, °p.?, c1c2/°cl 6,/%8, %, ~ %6 6,

A A

With the standardized g and g matricies, the solutions for B in
(I1I.6.1) will be computed. The values of 9 are standardized
partial regression coefficients and will be denoted as d. To
compute the partial regression coefficients, d is divided by the
phenotypic standard deviation for its related trait. These
standard values for G and P will only be used to compute the d's.

It is pointed out that P and G are positive semi-definite

matrices, such that all principal leasing minors have determinants
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greater than or equal to zero. This is necessarily the case
when all heritabilities are between zero and 1 and all correlations

are between -1 and +1.

III.6.3 Computing genetic change and correlated genetic response

Equation (II.6.3) expresses the genetic change of total merit
as a result of the use of an index, but in this study this 1is not
of interest. Instead, the genetic change of individual traits
either within the index or not Included in the 1n&ex are of
primary interest. In particular, 305-day milk yield and the curve
parameters, a, b, and c are of interest, and in some cases peak
yield, time of peak and S will be of interest.

Computation of genetic gain of an individual trait included

in the index is as follows:

- Cov(Gi, I)
AGi = — x z/q, (I1I1.6.2)
o1

where Cov(Gi, I) represents the genetic correlation between trait

i and the index, and 0, comes from:

I
o v +m 4 ...+, (III.6.3)
where 02 » O » etc., come from the phenotypic variance-covariance
Y1 Y1Y2

matrix. The b's in (III.6.3) are partial regression coefficients

and the phenotypic variances and covariances are not standardized.
The Cov(Gi, I) is computed using the genetic variance of the

trait in question and 1its covariances with all traits in the index.

If 1 = 1 then:
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Cov(G,, I) = E{Gl[blpl +byp, ol F prN]}

= b0, +b,0 + ... + b0 .
1 G1 2 GIGZ N GlGN

(TTI.6.4)

For a trait not included in the index, only the covariances

between the trait and all other traits in the index are used:

~ A

+ ... +b_0 . (I1I1.6.5)
1%3+1 N Gyl

Correlated responses of an unselected trait, i', when a single
trait, i, is selected is computed by:

AG ./°c )Aui, (111.6.6)

(o
G G i

=r
Gi it i

i'

where Aui is the change in trait i due to single trait selection
of 1, i.e.,

A

Au, = h20 z/q. ' (I11.6.7)
i P
i .

Equations III.6.2, and III.6.4 through III.6.7 are discussed in
various forms by Van Vleck (1979).

For the purpose of comparing genetic gain, z/q will remain
constant and for simplicity avalue of 1 is chosen. If 5% of the
sires and 90% of the cows are selected as parents, then for q and

5%, z/q = 2.1 and for q of 90%, z/q = .2, then (.2 + 2.1)/2 = 1.15.

Therefore, 1 is a reasonable choice.

III.6.4 Computing new curves after selection

For each index in the three strategies, estimates for genetic
change in the curve parameters a, b and c in Wood's (1967) equation

(II.2.3) will be computed for 1, 5 and 10 generations of selection.
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Using these new estimates and the appropriate form of Wood's equation,
be it log-linear or nonlinear, new lactation curves will be plotted
for each index. The shapes of the curves generated by the indexes
will be compared to the shape generated if only milk is selected.
The integrals for the new curves will be computed for 305-days
into lactation and compared to the expected change in 305-day milk
yield determined by Kcﬁilk; For those indexes relating to changing
the peak yield, there will be a comparison between the expected
change in peak (Zcpeak)’ and that estimated from the new values
for the curve parameters in the equation:
Peak = a(b/c)bexp(-b). (I11.6.10)
Computing the change over 10 generations, as described above,
assumes that the genetic response of individual traits as well

as their correlations are linear. This may not be the case.

ITI.6.5 Computing and ranking sires on indexes

Computing total merit for sires for each index is done by
standardizing the BLUP (G) solutions and combining them linearily
with the appropriate weights. Standardiiation of the BLUPs is
done by dividing the BLUP for each sire by the standard deviation
of the BLUPs for that trait. Standardizing puts all traits in
terms of their standard deviations so that traits of low numerical
value are not over-shadowed in the total merit score by traits
which have high numerical values. Then, total merit is computed by:

T = a'gk = m'u* (IT1I.6.11)
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A

where a or m is a vector of weights and §* or E* is a vector of
standardized BLUPs. In selection ‘index theory,-§ is replacing
VX tn: T weV Ny -3 - wtu

The weights are the same as the weights listed for the indexes
in Table III.6.1l. These weights are relative only to changing
the shape of the lactation curve and are therefore arbitrary,
depending upon the direction and amount of change desired.

The ranking of the sires by their total merit for each index
will be compared to their ranking on 305-day milk yield. Spearman's
ranked correlation analysis will be used (Gill, 1978) to determine
if selection by various indexes have significantly changed the

ranking of the sires from their ranking on milk alone.



IV RESULTS AND DISCUSSION
IV.1 Test for Normality

Monthly milk weights for first léctation records for 481
randomly chosen cows were fitted to two equations below, and the
residuals were tested for normality using the Shapiro-Wilk W-test
(1965). The two equations are:

1) Ve = Ina+blnt+ct+e

2) y,=Ilna+blnt+ect+ e/yz
whereyt is daily milk yield at time t, a, b and c are constants,
e is simple error and e/yi is the weigﬁted regression form of error.

Each cow had 8 to 11 monthly milk weights and received a
probability (P) level indicating the probability of the 8 to 11
residuals being normally distributed when the hypothesis of
normality is rejected. For example, P < .25 means the probability
of type I error is less than .25. A binomial test was used to
determine the probability that the observed number (N) of cows
with P levels less than ;25 was not different than the expected
number. These results for model 1 and 2 are reported in Table
IV.1.1 for the random sample of 481 cows.

Table IV.1.1 Binomial probability of observed number of

cows being not different from expected num-
ber having probability levels below .25.

Model P < .25
Binomial ObservedA zB ExpectedC
Probability =~ N N
1 .0080 98.0 20.3 120

2 .36 123 .. 25.5 120

A - Observed number of cows below P < .25.
B - Percent of cows below P < .25 (total = 481).
C - Expected number of cows below P < .25.

78
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For a sample of cows from a population with normally dis-
tributed residuals, the test for normality should produce a
percentage of cows having a probability level less than the chosen
level of P, which is equal to the chosen P level. Therefore,
if one tabulates all cows with P levels less then .25, this should
include 25% of the cows.

The binomial test compares the expected N with the observed
N and yields the probability that they do not differ. At P < .25
one expects N = 120. In model (1), N is 98, and for model (2),

N is 123. The binomial probabilities are .0080 and .36 for model

(1) and (2), respectively. From the results, the model which provided
the highest probability of having normally distributed residuals

was model (2), an approximation of a nonlinear model.

The real concern was the comparison between the log-linear
and a nonlinear model. Because model (2), the weighted linear
regression model, is an approximation of a nonlinear model,
and is less expensive to compute, it was used in the test for
normality of residuals in place of the nonlinear model. The
results suggest that the nonlinear model would be more appropriate
than the log-linear model, from the standpoint of normality.

Based upon these results and findings by Kellogg et al. (1977),
Cobby and LeDu (1978) and Shimizu and Umrod (1976), the nonlinear
model was used. Marquardt's (1963) technique of nonlinear regression
was used to fit 5,927 lactations to the nonlinear form of Wood's

(1967) equation.
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IV.2 Marquardt's Method for Least-Squares

Estimation on Nonlinear Parameters

Marquardt (1963) developed a maximum neighborhood method.
This method utilizes the Taylor series and gradient (steepest-descent)
methods of nonlinear estimation. Marquardt mentions that these
two methods, when used separately, have difficuities in estimating
nonlinear parameters. The maximum neighborhood method is stated
to perform an optimum interpolation between the Taylor series
and gradient method. The.interpolation is based upoﬁ the maximum
neighborhood in which the truncated Taylor series gives an adequate
representation of the nonlinear model.

Marquardt states the problem as follows. Choosing a model:

E(y) = £ (Xl, X X : 81, Bz, eeey B (IV.2.1)

2’ LECRCEEY m k
to be fitted to a set of data where Xl, X2, cees Xm are independent

variables and B sees Bk are the population parameter values

1! 82’
or a, b and c of Wood's (1967) equation for an individual cow or
group (population) of cows. E(y) is the expected value of the
dependent variable y. Data points are denoted by:

(yi. Yi1° XZi’ cees xmi) i=1, 2, ..., n. (1v.2.2)
The nonlinear form of Wood's (1967) equation is:

Y. = atb exp(-ct) + e, (Iv.2.3)

where X, becomes t and X11 is any time, ti’ in lactation and Yy

1

equals Ve which is daily milk yield at some time, t Thus, t is

i

the only independent value.
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It is then desired to compute those estimates of the

parameters which will minimize:

n ~ 02
d = I [Yi = Yi]
i=]1
where Yi is the value of y predicted by (IV.2.1) at the i-th data
point. When the function for the expected value of Yi is linear in

the B's, the contours of constant, ®, are ellipsoids but for the
nonlinear case, they are distorted, depending upon the degree of
nonlinearity. But with nonlinear models, the contours are nearly
elliptical in the immediate vicinity of the minumum of $. Marquardt
also mentions that the contour surface of ¢ is very narrow in some
directions and elongated in others such that the minimum lies at
the bottom of a long curving trough.

Using Marquardt's notations, the equations used for iteration
to a point which the residual sum of squares (¢) is minimized are

as follows:
A% = a1, — 1, (IV.2.4)

where A* is a scaling matrix to scale the b-space in units of the
standard deviations of the derivatives Bfilabj taken over the
sample points 1 = 1, 2, ..., n. This makes the A matrix one of

simple correlation coefficients of the afilabj's. a4 a0 and

aj'j' represent various sums of squares and sums of cross-products.
The algorithm used 1is:
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(A*T + AT1) 6*T = gir, (Iv.2.5)

representing the equation at the r-th iteration, where

scaled vector g% = A*G: _ (1v.2.6)
and
(g = (=i (1v.2.7)
g* = g* = Iv.2.7
: 7243

and 6: is the Taylor series correction

Gj = 6§/¢ajj . (1v.2.8)

*
Equation (IV.2.5) is solved for 8 © and (IV.2.8) is used to

obtain 6°. A new trial vector:

p(THL) L 4T 4 6T (IV.2.9)

will then produce a new residual sums of squares, ¢(r+1).

Marquardt noted it is essential to select AT such that

o(TtD)¢ oF (Iv.2.10)
meaning the new residual sums of squares are less then the current.
A form of trial and error is used to find a value A" which will
satisfy (IV.2.10) and produce rapid convergence of the algorithm
to the least-squares values.

Marquardt's strategy was: Let v be greater than 1 (usually

A1) enote the value of A from the previous

iteration, but initially Ao is equal to 10-2.

use 10) and let

compute #(AFD) and 01 TV pyy.
1) 18 8T /vy < 0F; 1er AT = ATy,
2) 15 80 TV syy > o7, and (AT Dy < o7 1er AT = A (FD),

3) 1f 0T sy) > 0%, and oA (T 1)y 5 o7,
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increase A by successive multiplication by v until for some smallest
W,

s Ty < 7. Ler AT = ATV

By this algorithm, Marquardt suggests a feasible neighborhood

is obtained. The iteration converges when
EH
——J—r < e, for all j,
T+ lbjl
for suitably small e > 0, 1i.e. 10™ and a suitable T, i.e. 1073,
For v, a value 6f 10 has been found to be a good choice.
In the determination of the parameters a, b and ¢ for Wood's
(1967) nonlinear equation (IV.2.3), a grid search was performed
for each cow to arrive at an initial best guess for the values of
a, b and ¢. Then Marquardt's method was used to refine the estimates
of a, b and ¢ by further minimizing the sums éf squares of the
residuals. The whole procedure was computed using SAS NLIN procedure
(Barr et al., 1979).
The partial derivatives of (IV.2.3) needed for Marquardt's
procedure were :
3fy/3a = tbexp(—ct)
afylab = In t(atb exp(-ct))

3fy/3c = (atbexp(-ct))-t.

IV.3 Data
Table IV.3.1 describes the transition of records used at
various steps of the analysis. The initial selection criterion

were:
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1) 1st lactation records;

2) having sire identification;

3) having 8 to 12 monthly tests;

4) lactation not coded with an abortion; and

5) one test prior 35 days and one éfter 280 days.

This yielded 10,107 records over the two year period, July 1978
to August 1980.

Records were further dropped for sires having fewer than
eight daughters and herds with fewer than three cows. This left
5,927 records. Upon fitting these 5,927 Trecords with the nonlinear
form of Wood's (1967) equation using nonlinear regression, 887
lactations (15%) yielded negative values for parameter c. There
were 14 additional lactations with negative values for b. These
lactation curves were estimated to have peﬁked before calving and
therefore would have a continuous décline from freshening. They
are, therefore, classified atypical lactations.

Shimizu and Umrod (1976) reported 34 and 29% atypical lactation
curves for an unweighted and weighted regression model of the
logarithm form of Wood's (1967) equation. Schneeberger (1981)
compared two models (II.2.18) and (II.2.19), which produced 26.6
and 25.9 atypical shapes, respectively. Schneeberger also noted
the later lactation animals produced fewer atypical lactations
(19-22%). 1If tests prior to peak are missing, then the curve would
take on an ever decreasing shape and have a negative b. First lact-
ation animals do not peak as high as later lactation animals, and

they may peak earlier. Therefore, it would be likely that first
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Table IV.3.1. Amount of data after each step of screening.

Step Records Herds Sires

After selecting 1lst

lactations with 8 to

12 tests and sire

identification. 10,107 1,114 717

After deleting sires

<7 daughters and herds

<3 cows (used for non-

linear regression). 5,927 678 152

Fit models to test
normality. 481 (random records)

after deleting records
with negative values ‘
for c. 5,040 678 151

After deleting
records with nega-
tive values for b. 5,026 678 151

After last deletion

of herds with one

sire or less than

3 cows. 4,818 557 150
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lactation animals would have more atypical curves i.e., negative
b's. Likewise, it is more likely that a first lactation animals
would be increasing in production near 305-days and therefore
have a negative c.

In the current study the number of atypical curves was minimized
by deleting cows which did not have a tesé prior to 35 days into
lactation. Also, first and second monthly tests were adjusted
using Shook's (1975) factors, thereby accounting for the typical
increase to peak. These procedures have been responsible for
having fewer (15%) atypical curves in the present study than reported
by Shimizu and Umrod (1976), and Schneeberger (1981). Shanks (1979)
also accounted for the typical increase from parturition by using
Shook's (1975) factors to compute milk yield on day six. He reported
less than 17 atypical curves for all parities. Almost all of the
15Z atypical curves in the present study were due to negative c
values, meaning the last part of the curve was increasing. If
Shook (1975) facéors are used to compute the last test, then a
decline is forced and a negative c is less likely to occur. .In
the present study this was done only if the last test occurred
prior to 305 days.

The atypical records were dropped from the data leaving 5,026
records. Before computing the variance_components, a total of 121
herds each having only one sire or fewer than three cows were
dropped. In these herds, sires would be confounded with herd,
and in herds with only two cows, one degree of freedom would be lost
for herd, leaving only one degree of freedom for estimation of

sire and error. This left 4,818 records, 557 herds‘and 150 sires.
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Equations for 557 herds were absorbed in setting up mixed
model equations for seasons and sires. For the computations of
variance components, sequencial sums of squares were computed after
removing sums of squares due to the mean and herds. These are in
Table IV.3.2. These reduced sums of squares were used to compute
the REML estimate for error variance (GZ) in (III.4.3), {i.e.,

'y = b'X'y = uX'y)/[n - r (D],

~

g = (

i<

4

where y y is the total sums of squares after removing the

mean and herd effects, i.e., values in the 3fd column of Table
IV.3.2. Noting that the sums of squares due to age were previously
removed. ‘

Table IV.3.3 shows the means, standard deviations and ranges
for 305-day milk yield and the lactation curve parameters. These
are the values before records were adjusted for age and age squared
as mentioned in the method section. The average 305-day actual
milk yield for the 5,927 records in this study was 14,801 1bs,
which is for first lactation animals. The Michigan DHIA lactation-
average is currently 15,463 1lbs and the Holstein breed mature equi-
valent (ME) is 15,416 lbs. Using the average 26 month age
adjustment factors the first lactation 305-day records (ME)
would be 18,192 1bs which is considerably greater then 15,463 1lbs.
One would expect the ME average of two yr olds to be éreater than
the population average if genetic progress exists. A portion of the
difference may, also, be due to selecting a sub-population in
which sires are identified, and requiring sires to have eight

or more daughters.



Table IV.3.2 Total and adjusted sums of squares.
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g::ﬁgi::s“ ssT® ssHP SST-SSH®
305-day milk 36,753,873,961  14,409,519,760 22,344,354 ,201
a 886,152 176,247 704,405
b 99.4666 18.6552 80.8107
c .0112946 .00237596 .00891864
b/c time of peak 27,350,364 3,653,198 23,697,165
peak yield 530,856 225,713 305,143
s 13,970,035,907  2,587,541,657 11,383,494,249

A - Sequencial sums

of squares corrected for the mean.

B - Sequencial sums of squares for herds.

C - Sequencial sums of squares after mean and herds.

TC)

, adjusted for a.
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The mean value for a was 31.6. This value compares closely
to those reported 1in the literature and summarized in Table
IV.3.4, except for Schneeberger (1981). Noting here, that values for
a are untransformed values of 1ln a, except for the present study,
which computed a using the nonlinear form of Wood's equation.
Schneeberger's data represents a lower producing population. The
mean value for b, .212; can only Se comnared to the value in
Schneeberger's study (.409) were, as in the present study, time
was computed in days. Values for b and c are not comparéble
between models which are computed using time in days as opposed to
time in weeks. Values for ¢ would necessarily be smaller when time
is computed in days.

Peak yield in the present study was higher than for other
studies. This would be expected after comparing the 305-day pro-
duction levels with those available from the other studies. The
305-day production was considerably higher than Wood (1967), 14,801
vs. 7,898 to 11,669 1bs and Schneeberger (1981) 7,132 1bs, and
higher than Shanks (1979) when comparing mature equivalents,

18,192 vs. 16,465 1bs.

Time to peak was greatest in those studies with higher
peaks. This is expected if Wood's (1967) equation is used. Shanks
(1979) reported a late peak time of 12 weeks, but when calculated

from b and c values reported, b/c was equal to 10.1 weeks.



Table IV.3.3

Means, standard deviations and ranges
of 305-day milk yield and lactation

curve parameters before adjusting for
age and age squared.A

Variables or

Parameters mean standard deviation range
305-day milk
yield 14800 2800 4,630-27,600
a 31.6 13.7 .264-86.0
b .212 .145 .000119-1.330
c .00302 .00154 -.000479-.016
b/c time of
peak 69.1 133 -7340-3880
peak yield 58.0 10.6 20.4-118
s® — 3880 —

A - 5,927 records were used before deletion of the ‘atypical curves.

B-S is c—(b+1) adjusted for a, therefore, the mean is of residual
values which is zero.
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IV.3.1 Variance Components

The variance components estimates for sire and error from mixed
model equations and the appropriate restricted maximum likelihood
estimators (REML), are shown on Table IV.3.5. All estimates have
positive values. The starting values of the variance ratios for
iteration in REML are in Table III.4.1. The iterations required
for con?ergence ranged from 2 to 10. Rounds of iterations required
were greatly reduced by adding three times the difference between
the current ratio, and the new variance ratio, to the current ratio,
instead of replacing the current ratio with the new ratio.

The genetic variances and covariances for 305-day milk yield
and the lactation parameters a, b and c, plus time of peak, peak
yield and S are in.Table IV.3.6. Their phenotypic variances and
covariances are in Table IV.3.7. The genetic covariance between
305-day milk and the curve parameters are all positive except for
that with a and b/c (Table IV.3.6). The phenotypic covariances
between 305-day milk and the curve parameters are all positive
except for ¢ (Table IV.3.7).

Persistency as Wood (1967) defined it is c—(b+1), S, but this
assumed that a was constant for all cows. Since this is not the
case, a new value for persistency was computed by adjusting for a,
using regression in the GLM procedure of SAS (Barr et al., 1979).

Due to the drastic difference in the magnitude of the
genetic and phenotypic variances and covariance for the traits, the

variance-covariance matrice (P and G) were standardized. This was
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done to minimizeé rounding error when P was inverted for the selection
index equation:
b =P Ca.
The standardized values for the genetic and phenotypic values are
in Tables IV.3.8 and IV.3.9, respectively. Computations of
these values are demonstrated in [III.6.2]. The standardized
genetic variances are the heritabilities for the traits, while the

standardized phenotypic variances are equal to 1. All standardized

values are between +1 and -l.

Table IV.3.5. REML estimates of error and sire variance
components for 305-day milk yield and
lactation curve parameters.

Variables or

parameters ' Error variance Sire variance
305-day milk 5,042,870 201,252
a 161.398 2.61620

b .0179950 4.30302 E-4

c .0191470 7.34878 E-8
b/c time of peak 5,484.95 99.84450
peak 66.9376 2.52968
S : 2,641,490 25,559

—(b+1)

A-S i3, ¢ adjusted for a.
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IV.3.2 Heritabilities, genetic and phenotypic correlations

Computed heritabilities for 305-day milk yield and the
lactation curve parameters are in Table IV.3.10. The heritabilities
and their standard errors are on the diagonals with the genetic
correlations on the upper off-diagonals and the phenotype correlations
on the lower off-diagonals.

The heritability for 305-day milk (.16) is lower than reported
by Shanks (1979). Héritabilities are low for all curve parameters
except for c and peak yield. The heritability for S adjusted
for a, is .038 compared to .034 when not adjusted for a. Table
IV.3.11, contains the heritability values for the curve parameters
for the present study and those reported in the literature.

Keeping in mind the models are not the same. Then, the

parameters in different models represent different traits.
Schneeberger's (1981) heritability values for 305-day milk, a, b
and c are all greater than found in the present study. Values in
the present study are comparable to those of Shanks (1979) for a,
b, ¢ and S, while Shanks values for peak (.15 vs. .23) and 305-day
milk (.16 vs. .27) were higher.

Genetically, 305-day milk was positively correlated to b, c,
peak yield and S and negatively correlated to a and time of peak
yield. These correlations suggest that selecting for 305-day milk
should decrease a, increase b, but little change in c would
be expected because it has a low genetic correlation with 305-day

milk (.004).
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Schneeberger (1981) found_negative correlaﬁions between 305-day
milk and b (-.09) and milk.and ¢ (-.14) and a positive correlation
(.37) with a. The measures of persistenéy Schneeberger used were
positively correlated to 305-day yield (.07 to .16).

The phenotypic correlations between 305-day milk and the
curve parameters in the present study were all low except for peak
yield (.849) (Table IV.3.10). Phenotypic correlations between a and
b (-.87), and a and ¢ (-.604) were negative. The phenotypic
correlation between b and ¢ (.792) was positive.

Table IV.3.11 Heritability values reported for lactation
curve parameters and 305-day milk.

Variables or Present Shanks Schneeberger
parameters Study (1980) (1981)
1n a .06" .10 .09
b .06 .06 .15
c .09 .14 .20
b/c time of peak .15 .02
peak .15 .23
S .04 .02
305-day milk .16 .27 - .42

A - model used computed a, not ln(a).

The genetic correlation between a and b (-.906) and a and
¢ (-.607) were negative and between b and ¢ (.726) was positive.

The parameter c is itself a measure of persistency because it
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represents the slope after peak yield and persistency may be

defined as the ability to maintain peak production. To increase
persistency, c needs to be decreased. Therefore, selecting negatively
for c to increase persistency would tend to increase a and decrease

b both genetically and phenotypically. Shanks (1979), using the
logarithm form of Wood's (1967) equation, found very low positive
genetic correlations fqr In(a) with b and 1n(a) with c. This
differed with the present study and with results of Schneeberger
(1981) who found high negative genetic correlations between a and b
(=.79) and a and ¢ (-.67).

Based on the genetic correlations, one would expect that
selecting to increase a will decrease 305-day milk and b, and
decrease ¢, which would increase persistency. It would also increase
S, persistency as Wood (1967) defined it. Selecting to increase
b would increase milk, decrease a and increase c. Selecting neg-
atively on c¢ in order to increase persistency would increase a and
decrease b and increase S.

Since lactation persistency increases as c decreased, it would
be exﬁected to be negatively correlated to Wood's (1967) definition
for pefsistency. Although this correlation (-.184) is negative,
it is low. Also, those variables positively correlated to c would
be expected to be negatively correlated to S and vice-versa. This
is not true for b, because b has a positive correlation with both

c (.726) and S (.248).
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IV.4 Genetic and Corrélated Genetic Change

Genetic change was computed for 305-day milk yield selected
alone. This and the correlated genetic responses in the lactation
curve parameters after one round of selection are reported in Table
IV.4.1. The genetic change in milk was 359 1lbs. With this, an
estimated change of -.475 in a, .006589 in b, 8.678 10-7 in ¢ and
an increase of 1.15 1lbs in the peak yield would be expected. The
change in the curve pérameters whe; selecting for milk alone is
also expressed relative to their means (Table IV.4.1). The change
in the curve parameters when selecting for milk alone was compared
to expectéd change when selecting for each parameters alone, Table
IV.4.1. By selecting for milk alone the éercent change in a,
relative to selecting for a alone, was -160, 527% for b, .4% for c,
-113 for time of peak, 95% for peak yield and 1137 for S.

The genetic change when selecting alone for each curve parameter
is reported in Table IV.4.2, along with the change relative to their
means. The genetic change as a percent of the means when each trait
was selected alone were 2.4% for 305-day milk 2.6% for a, 5.9% for b,
6.9% for ¢, 7.7% for time of peak and 2.1% for peak. Table IV.4.3
contains the correlated genetic change in 305-day milk when selecting
for each curve parameter alone. The greatest lose in 305-day milk
occurs when selecting for a alone (-120%), while the greatest gain
occurs when selecting for peak alone (87%).

Table IV.4.4 contains the change in the other curve parameters
when selecting for either a, b, or c alone. When selecting for a,

the mean changes in b and ¢ were -4.5% and -2.87%, respectively.
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Selecting for b alone resulted in a mean ghange of -2.8% and 4% in
a and c, réspectively, and selecting for c¢ alone resulted in a mean
change of 2.4% for a and -5.5% for b. These indexes are compared
to genetic gain when selecting for milk alone. Table IV.4.5 lists
the indexes with the genetic change for each parameter when that
index is used. Table IV.4.6 lists the indexes with the percent
genetic change for each parameter relative to the change when
selecting for milk alone. Table IV.4.6 lists the indexes with the
percent genetic change for each parameter relative to the change
when selecting for the parameter alone.

Table IV.4.1 Change in lactation curve parameters after

one generation of selection for 305-day milk
yield alone.

Variables or

parameters unit change % change 1A %Z change ZB
305-day milk 359.0 . 2.4 100

a -.475 -1.5 -160

b .006589 3.1 52.2

c 8.678 E-7 .021 411
b/c time of peak -.6950 -1.0 -113
Peak yield 1.159 . 2.0 95.3

sC 70.62 e 114

Change 1 is percent change relative to mean of parameters.

Change 2 is percent change relative to change when selecting
for parameter alone.
_ m(bH)

-]
[}

, adjusted for a.

Mean for S is zero because values are residuals of regression
on a.
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Table IV.4.2 Change in each lactation curve parameter
when selecting alone for itself.

Variables or A

parameters Unit change % change
a .8196 2.6
b .01262 5.9
c .0002087 6.9
b/c time of peak 5.306 7.7
Peak yield 1.217 2.1
sB 62.06 --C

A - relative to mean of parameter.

-(b+1)

B-Sisc , adjusted for a.

C - mean for S is zero because values are residuals of regression
on a.

Table IV.4.3 Change in 305-day milk yield when selecting
- for lactation curve parameters alone.

Parameter being selected Change in milk A changeA
a -83.4 -120
b 108 30
c 1.38 .38
b/c time of peak -20.7 -106
Peak yield 313 87
sB | 96.0 27

A - change in 305-day milk yield relative to its mean.

-(b+1), adjusted for a.
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Table IV.4.4 Change in lactation curve parameters when
selecting for a, b or c alone.

Parameter Unit Change .. % Change 14 % Change 2B

When selecting for a

a .8196 2.6 =273

b ~-.009522 =4.5 =244

c -.00008339 -2.8 -9700
Peak yield -.1999 -.34 =177

When selecting for b

a -.8920 -2.8 47.5

b .01262 5.9 191

c .0001198 4.0 13800
Peak yield .6651 _1.1 57.4

When selecting for -c

a .7557 2.4 =259

b -.01159 =5.5 =276

c -.0002087 -6.9 -24100
Peak yield .002448 0.0 0.211

A - Change relative to mean of parameter.

B - Change relative to change when selecting

for milk alone.
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Because none of the lactation curve parameters that have
a high correlation with 305-day milk, has a heritability higher
than that of milk, it is expected that selecting for milk
alone will increase 305-day milk the fastest. This is evident
by the results in Table IV.4.5 where genetic gain in milk is
less than 359 1lbs for all but a few indexes.

Indexes 1:1 through 1:19 attempt to increase the ascent
to peak and/or increase the peak yield while selecting for 305-day
milk. The notation 1l:1 refers to the first strategy and the
first index within that strategy. The greatest increases in milk
yield occurred in indexes where milk had weight of 3 or greater,
except for index 1:9 table IV.4.5 Index 1:9 is a restricted
index, along with 1:7 and 1:8. These restricted indexes
restricted the change in a and ¢ while selecting for b. This was
done to increase peak yield, a(b/c)bexp(-b). However, this
also restricted the gain in any correlated traits, even when
they were selected for, i{.e., milk, b and peak yield. Kempthorne
and Nordskog (1959) discussed restricted index method where
b = P7'Ca becomes b = [I-BTGC(C'GETG0) T C'GIE T Ga and C'G 1s
the rows of the genetic variance-covariance matrix for the
traits being restricted.

The greatest increase in b occurred using indexes 1:5, 1:6,
1:10, 1:12, 1:13 and 1:14 (TableIV.4.5). Index 1:10 increased b,
the ascent to the peak, the greatest, although b was not included
in the index. This index selected for milk and peak with weights

of 1 and 6, respectively.
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The largest increase in peak of this first group of indexes
occurred in indexes 1:4 and 1:6. The least occurred in two
restricted indexes, 1:18 and 1:19, where a and c were restricted.

In 1:17, a and c were also restricted, but by putting more selection
pressure on b, peak yield increased much more than in 1:18 and 1:19.
The effect of this first group of indexes on ¢ varied from

an increase of 9.58 10"5

-4.13 1079 1n 1:8. However, 1:8 restricts c and c only changed 2%

in 1:13 to a more desirable change of

of what it would decrease if it were selected alone (Table IV.4.7).
However, ¢ changes =577% of that when selecting for milk alone,
(Table IV.4.6), but remembering the genetic correlation is only
.004 between 305-day milk and c.

In summary, the use of indexes for strategy 1, in which the

attempt was to improve b and peak yield, resulted in:

1) The greatest change in b, relative to selecting for milk
alone occurred in 1:3 and 1:5, and for peak occurred in
1:2, 1:4, 1:6 and 1:17.

2) Index 1:2 provided the greatest increase in b and peak
while maintaining the same change in milk, as when
selecting for milk alome.

The second group of indexes, 2:1 through 2:9 attempted to

delay the time of peak and increase persistency. Selecting
for persistency was either done by selecting negatively for c
or selecting positively for S, Wood's (1967) definition for

=-(b+1)

persistency, ¢ , but adjusted for the scaling parameter, a.
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Only one of these indexes, 2:3, maintained genetic gain
for milk production. This index used weights of 7, 3, 1 and 1
for milk, time of peak, peak and S, respectively. Several indexes
produced negative gains in 305-day milk; 2:1, 2:5 and 2:9.

In Wood's (1967) equation, selecting for b increases the
time to peak. However, for these indexes, time of peak (b/c),
is selected for directly. Indexes 2:1 and 2:4 produced the
greatest increases in the time to peak. Both of these indexes
had negative changes in b and c¢. To get a larger value for b/c,
c must decrease faster than b.

S increased the most in 2:2, but nearly as much in 2:3,
when milk and time of peak had higher weightings. Indexes 2:5,
2:8 and 2:9 decreased c the greatest, but this decrease, which
indicates an increase in persistency was not consistent with
Wood's (1967) measure of persistency, S, which only increased
mildly due to use of these indexes (2:5, 2:8, 2:9).

Peak yield did not increase in all indexes, in the second
strategy, in which it was selected. It had mild increases
compared to the increases in the first group of indexes (1:1 to
1:19). In fact, the greatest increase in peak in the second
group occurred when milk was selected the heaviest (2:3).

Most of the group 2 indexes produced negative gains in b.
Selecting for b alone would increase time of peak, due to the
relation of b/c. However, selecting positively for b was not

included in these indexes to delay time of peak. The greatest
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decrease in b occured in 2:5, when c was selected negatively.
A large increase in b/c resulted (7 days). Thus, both b and
c decreased but c is decreased faster.

Comparing indexes 2:8 and 2:9 indicates that selecting
negatively for ¢ is detrimental to 305-day milk. This is true
even when c is equally weighted with milk (2:8). When c recieves
a weight 10 times milk (2.9), the genetic change in milk becomes
negative. But the greatest change in ¢ occurs in this index.

Index 2:5 gives the greatest decrease in b and c relative
to the genetic change expected when they are selected alone
(Table IV.4.7), while increasing time to peak 132% of that
when selected alone. The greatest change in b/c relative to
selecting for it alone occurred in 2:1 (179%). Likewise the greatest
change in b/c relative to when selecting for milk alone occurred
in 2:1 (13697).

The third group of indexes, 3:1 through 3:6, attempts to
flatten the lactation curve by increasing a, decreasing the peak
and increasing persistency or decreasing c. Indexes 3:1 to 3:6
(Table IV.4.5) indicate this is not possible without decreasing
milk yield considerably. The greatest loss in milk occurred
in 3:2, 3:3 and 3:6.

The increase in a was greatest in 3:5 and 3:6. All indexes
used caused a decrease in b, with the greatest decrease in 3:2

and 3:3, in which b was being selected negatively.
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Selecting for S was most successful in 3:1 and the only
index where the genetic change in 305-day milk was not negative.
This index produced a 220% increase in S, relative to selecting
for it alone (Table IV.4.7). Indexes 3:4 and 3:5 where most
successful in selecting negatively for c. In fact, the most
successful in all three groups of indexes. Index 3:4 and 3:5
produced greater decreases in c¢ than selecting negatively for
it alone, =135 and -110%, respectively.

Indexes 3:4, 3:5 and 3:6 produced greater increases in a
than selecting for it alone, 118, 135 and 1237, respectively.
Concurrently, 3:4 and 3:5 produced the most desired results for
a and c based on the goals of this group of indexes. The percent
change in a and c relative to selecting for them alone was 118 and

=135 for 3:4 and 135 and -110 for 3.5, respectively.

IV.4.1 Changes in lactation production

The genetic change in 305-day milk and peak yield were
computed in two ways. 1) From the expected genetic change in
305-day milk and peak for each index. These will be called the
expected values. 2) From the expected genetic change in a, b
and c, estimates for 305-day milk and peak yield were computed
from:

;305—day milk ~ "‘0"'3 PtPexp(ce) ae

and

A

Peak = a(b/c)bexp(-b)~

These values will be called estimated values.
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For selected indexes, these expected and estimated values
are reported in Tables IV.4.8 to IV.4.10 for 1, 5 and 10
generations of selection; In the same tables, change between
generations and the accumulated change from generation to
generation for expected and estimated 305-day milk are reported.
The expected values for the curve parameters a, b and ¢ are in
Table IV.4.11 to IV.4.13 for generations 1, 5 and 10.

The base values, which are those computed for the current
population, are 16,684 lbs for 305-day milk, 62.9 lbs for peak,
70.2 days for time to peak, 31.6 for a, .212 for b and .00302
for c. These values are listed in Table IV.4.11 as generation
zero in the milk only index. The value for 305-day milk,

16,684 1bs, is the estimated value from the integral produced by
by>base values for a, b and c. These base values are the
population means prior to adjustment for age and are reported in
Table IV.3.3.

When selecting for milk only (first index, Table IV.4.8 and
IV.4.11), the expected 305-day milk yield was 17,043, 18,479 and
20,274 1bs for generations 1, 5 and 10, respectively. However,
this was not equal to the estimated change from computing new
curves when selecting for milk alone. They were 16,949, 18,011
and 19,329 1bs, respectively for 1, 5 and 10 generations. The
expected values were about 100 1lbs more per year than those
values estimated by the integrals (Table IV.4.14). Comparison
of the expected and estimated values for peak yield also shows the

estimated values were less than the expected values (Table IV.4.14).
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Table IV.4.11 Genetic values for curve parameters
a, b and ¢ for generations 1, 5 and 10
using group 1 indexes.

Index/Gen Variables/Weights

a b c
/0 Base Generation 31.6 .21222 .0030243
Milk

Milk/1 1 31.1 .21881 .0030251

5 29.2 .24516 .0030286

10 26.8 .27811 .0030329

Milk b Peak

1:1/1 3 1 2 30.9 .22131 .0030662

5 28.1 .25766 .0032339

10 24.5 .30309 .0034437

Milk b Peak

1:4/1 1 1 6 30.8 .22521 .0030455

5 28.1 27719 .0031303

10 24.5 .34217 .0032360
Milk a b c Peak

1:7/1 1 0 3 0 6 31.6 .22208 .0030210

5 31.5 .26156 .0030074

10 31.5 .31091 .0029905
Milk a b c Peak

1:8/1 1 0 6 0 6 31.6 .22295 .0030201

5 31.5 .26586 .0030036

10 31.5 .31951 .0029829
Milk a b ¢ . Peak

1:9/1 5 0 1 0 1 31.6 .21877 .0030207

S 31.6 .24496 .0030063

10 31.6 .27771  .0029883



Table IV.4.11 (comn't)
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Index/Gen Variables/Weights
Milk Peak a b c
1:10/1 1 6 31.2 .22819 .0030222
5 29.6 .29172 .0030138
10 27.7 .37122 .0030034
Milk Peak
1:11/1 3 1 31.3 .21995 .00300240
5 30.3 .25088 .0030231
10 29.0 .28954 .0030219
Milk b
1:13/1 1 6 30.6 .22585 .0031201
5 26.7 .28038 .0035035
10 21.9 .34854 .0039827
Milk b
1:16/1 6 1 30.9 .22204 .0030612
5 28.0 .26130 .0032088
10 24.5 .31038 .0033933
Milk a b c
1:17/1 1 0 6 0 31.6 .21599 .0030249
5 31.5 .23107 .0030276
10 31.5 .24993 .0030309
Milk a b c
1:19/1 6 0 1 0 31.6 .21215 .0030239
5 31.6 .21186 .0030227
10 31.6 .21150 .0030211
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Table IV.4.12 Genetic values for curve parameters a, b and ¢
for generations 1, 5 and 10 using group 2 indexes.

Index/Gen Variables/Weights
a b c
/0 Base Generation 31.6 .21222 .0030243
Milk b/c Peak S
2:1/1 1 15 1 1 31.5 .20260 .0030049
5 31.1 .16414 .0029270
10 30.7 .11607 .0028310
Milk b/c Peak S
2:4/1 1 10 1 10 31.4 .20570 .0030158
5 30.6 .17964 .0029820
10 29.7 .14707 .0029416
Milk ¢ ©b/ec Peak
2:5/1 1 -10 15 1 32.3 .19992 .0028374
S 35.0 .15070 .0020880
10 38.5 .089190 .0011510
Milk ¢ b/c Peak
2:6/1 1 -10 10 10 30.8 .22722 .0031932
5 27.5 .28723 .0038683
10 23.5 .36225 .0047131
Milk c
2:9/1 1 -10 32.3 .20061 .0028164
5 35.4 .15415 .0019833

10 39.1 .096090 .00094231
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Table IV.4.13 Genetic values for curve parameters a, b and
c for generations 1, 5 and 10 using group
3 indexes.

Index/Gen Variables/Weights
a b c
/0 Base Generation 31.6 .21222 .0030243
Milk a b Peak S
3:1/1 1 10 1 1 10 32.0 .20909 .0030216
5 33.7 .19656 .0030111
10 36.8 .18091 .0029979
Milk a b Peak S
3:3/1 1 10 -10 -10 10 32.4 .19702 .0029665
5 35.7 .13624 .0027356
10 39.9 .060263 .0024469
Milk a b c Peak
3:4/1 1 10 1 -10 1 32.5 .20777 .0027411
5 36.4 .18995 .0016081
10 41.2 .16769 .00019230
Milk a b c Peak
3:6/1 1 10 -10 -10 -10 32.6 .19826 .0028641
5 36.6 .14242 .0022232

10 41.7 .072621 .0014222



133

These discrepancies in 305-day yields when selecting for
milk alone indicate that the expected genetic change in 305-day
milk based on the equation

2
AG = h X O
milk milk Pmilk

x z/q

is not precisely reflected by the change in the shape of the curve
generated by the expected values for a, b and ¢ over a number of
generations.

Discrepancies of this nature occur to greater and lesser
degrees in the indexes listed in the Table (IiI.6.1). Comparison
between the expected and estimated accumulative genetic changes
in 305-day milk are helpful in seeing the amount of discrepancy
that occurs for each index (Tables IV.4.8 to IV.4.10). The
discrepancies occur in both directions, i.e., the estimated values
both overestimated and underestimated the expected values
(Table 1IV.4.14).

Indexes with the greatest overestimation of the expected
values were 1:7, 1:8, 1:10 and 3:4. Index 1:10 overestimated
305-day milk by 10,130 1lbs after 10 generations of selection
(Table IV.4.14). This means the shape of the curve is much higher
and the integral or the area under the curve (31,328 1bs, Table
IV.4.8) is much greater than is likely to occur through selection.
As mentioned earlier, none of these indexes should yield more
305-day milk than selecting for milk alone. These indexes also
overestimated peak yield. For example 1:10 estimated a peak of

114.3 after 10 generations, and the expected value was 75.2 lbs.
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Indexes which underestimated expected genetic changes in
305-day milk the greatest were 1:19, 2:1, and 2:4 (Table IV.4.8
and IV.4.9). Peak yields were also underestimated in these three
indexes. Indexes 1:19 and 2:4 estimated negative changes in
305-day milk, -14.9 and -4,964 1lbs by 10 generations when
the expected genetic changes were positive, 2,250 and 1,150 lbs,
respectively (Table IV.4.8 and IV.4.9). For 2:4, the difference
in 305-day milk by 10 generations was 6,115 1lbs and the difference
in peak yield was 62.1 - 45.6 = 16.5 1bs (Table IV.4.14).

Indexes which had estimates close to the expected 305-day
values were 1:13, 1:16 and 3:6. The difference at 10 generations
for 3:6 was 760 lbs. Indexes which had estimated peaks close to
the expected values where 1:13, 1:16, 1:17, 3:1 and 3:6.

The expected 305-day and peak values were the expected
genetic gain times the number of generations. Therefore, the
increments between generations were equally spaced. This is not
true for the intervals between generations computed from the
estimated values. Notable changes in the rates of change from
generation to generation occurred in 1:7, 1:8, 1:10, 1:11, 2:9,
3:1 and 3:4 (Tables IV.4.8 to IV.4.10). All of these had an increas-
ing rate of change in estimated 305-day milk from generation 1 to
generation 10. The rate of change decreased in 1:13 (Table IV.4.8).

Typically, the rate of genetic change is considered to be
constant for a given population and a given selection intensity
over a number of generations. This is because h2 and OP do not

change greatly after a few generations of selection. Therefore,
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XG = h2 x Op x z/q
would produce a relatively constant ZG from one generation to
the next. It is therefore disturbing to note that for a constant
rate of change of the curve parameters a, b, and c, the rate of
change in the shape of the curve is not constant i.e., the rate
of change in estimated 305-day yield. In fact, rather disproportion-
ate genetic changes occurred when several indexes were used (1:7,
1:8, 1:10 and 3:4).

The dispropotionate genetic change is estimated 305-day
milk from one generation to the next or the change in the rate
of change is due to estimation using a nonlinear equation. When
a, b and c change linearly in the equation:

~ - a s305.b
Y305-day milk ~ 20

then y305—day nilk’ the total area under the curve, changes non-

exp(-ct) dt,

linearly. This explains why the estimated change by 10 generations
is not 10 times the estimated change in one generation for all
indexes (Tables IV.4.8 to IV.4.10). This is also responsible
for a small part of the discrepancies between expected and estimated
genetic gain in 305-day milk. This is an inherent problem when
nonlinear models are used, and one desires to estimate genetic
progress with the model.

The computation of genetic correlations assumes linear relation-
ships between traits. Therefore, the relationships between a and
305-day milk, a and b, a and ¢, b and ¢, etc., are assumed to be

linear. It is possible that some of these relationships are
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curvilinear as demonstrated in Figure 1. A curvilinear relation-
ship suggests that the correlations change notably as genetic

change in the traits occur. This makes it difficult to estimate
correlated genetic responses over time. In Figure 1, the correlation
would be computed as the best estimate of a linear relationship
between x and y. This is represented by the straight line. The
linear correlation would only be appropriate within a certain

range of x and y.

If the relationship between any of the curve parameters and
305-day milk is nonlinear, then the true correlated genetic
response between them would be nonlinear. That 1is, if 305-day milk
and b are nonlinearly related, then as milk changes linearly,

b changes curvilinearly or vice-versa. Therefore, when an index
is used and curvilinear relationships exist, correlations used
for the first generation would not be the same as those used in
later generations to compute genetic responses. Therefore, g and
g would become dynamic, i.e., contain different covariances over

time. It then follows that the b, 0. and Cov (Gi’ I) become

I
dynamic. Then, in the example of expected 305-day milk, a curvilinear
response could be computed.

The correlations would be computed using a polynomial model.
Between 305-day milk and a for example, the possibilities may be:

2

Y305-day milk - P12 T P2 te

or
= b a+b 2 +b a3 +
Y305-day milk ~ °1 22 3 €

where the change in milk is a polynomial or curvilinear function of a.
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A more complicated situation may exist where the curve
parameters a, b and ¢ have curvilinear relationships among them-
selves. Then a polynomial model is needed for each curvilinear
relationship to define the correlations at any level of the para-

meters.

IV.4.2 Change in the shape of lactation curves

Figures 2 through 4 are plots of the change in the shape of
the curves when a, b and c are changed when using the nonlinear
form of Wood's (1967) equation. These changes do not comsider
correlated change in the other curve parameters. Therefore, these
curves demonstrate the change due to changing one éarameter while
holding the other two constant.

Figure 2 shows that as a increased from 25 to 43, the curve
maintains its shape, but starts at a higher point. For this
reason, a is referred to as the scaling parameter. Figure 3
shows the change in shape as b i1s increased. The ascent to the
peak becomes steeper as b is increased from .24 to .33. Also, the
peak and the later stage of the curve increase in height,
with the decline after peak, c, remaining constant. Therefore, the
area under the curve increases. Figure 4 shows the change in
shape as c 1s increased. The largest value for ¢ (.041) yields
the bottom curve with the greatest slope after peak. The most
persistent curve is the highest curve which represents the lowest
value for ¢ (.032). As c decreases the peak also rises. This

is a function of a(b/c)bexp(—b), which also increases as b increases.
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These curves are a function of t in weeks as Wood (1967) defined
time. The values for a, b and c were deviates from those published
by Wood (1970), 30, .28 and .036, respectively.

The curves in Figure 5 to Figure 17 are produced using the
nonlinear equation y = atbexpkct), where t goes from 0 to 305
days. The values for a, b and c are the expected values computed
from their correlated genetic change (Table IV.4.5). The discrep-
ancies between the integrals of these curves and the expected
305-day milk need to be kept in mind. Comparisons can be made
between the integrals in Tables IV.4.8 through IV.4.10 and the
shape of the curves at 1, 5 and 10 generations plotted in these
figures.

Figures 5, 6 and 7 shéw the change in shape at 1, 5 and 10
generations when a is selected alone. The three curves in each
figure represent the base (B) or zero generation, the shape when
selecting on milk alone (M) and the shape when selecting on the
index (I). Again, the base generation was computed using the mean
values for a, b and c for the 5,927 first lactation records. As a
increases, the index curve has an increase in initial production,
but now the peak drops and the slope after peak increases. This
is because the correlations between a and b (-.906) and a and c
(-.607) were negative. Therefore, as a increases, both b and
c decrease, but b decreases faster causing the peak (a(b/c)bexp(-b))
and the time of peak (b/c) to decrease. The 305-day milk yield is

also negatively correlated with a and therefore some decrease in
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the integral would be expected. However, the expected change in
305-day milk was -83, -415 and -830 compared to -116, -666 and
=501 for estimated 305-day milk for 1, 5 and 10 generationms,
respectively (Table IV.4.11).

Figures 8, 9 and 10 graph the change in shape when b is
selected alone (I). A slight increase in peak occurs at first and
a decrease in time to peak occurs while an increase in c causes
an increase in the slope after peak. The greatest change compared
to selecting for milk alone is in ¢, which increases much greater
when selecting for b (13,805%) (Table IV.4.5). The correlation
between b and c was estimated at .726 while that between 305-day
milk and ¢ was insignificant (.004). The expected change in milk
is 108, 540 and 1,080 1lbs compared to 223, 986 and 1,597 1bs
computed by the integral for generations 1, 5 and 10, respectively.

Finally, selecting alone for negative c is represented in
Figures 11, 12 and 13. This causes a flattening of the curve (I)
and a large loss in production from the base generation (B) even
though the expected change in 305-day yield is +1.38 1lbs per
generation.

Figures 14, 15 and 16 show the curve changes for index 3:4.
This is an exmaple of an index in which estimated 305-day milk
greatly overestimates expected 305-day milk. The intent of this
index was to flatten the shape of the curve by increasing a and
decreasing c. The weights were 1, 10, 1, -10 and 1 for milk,

a, b, c and peak yield, respectively. Keeping in mind that none
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.

of the indexes increased expected 305-day milk more than selecting
for milk alone. Therefore, none of the index curves (I) should
have a greater area (integral) than the curves representing
selection for milk alone (M). Noting here that the curves for
selection on milk alone (M) represent the 305-day estimates noted
in Table IV.4.8 and they underestimate expected 305-day milk
slightly. The integral for (I) at 10 generations is 27,282 lbs
while that for (M) is 19,329. The expected values for (I) and (M)
are 16,514 and 20,274 1lbs, respectively. The curve for (I) should
therefore be lower than that for (M) (Figure 16). These curves
give an idea of the overestimation that occurs when the expected
values for a, b and c are used to compute a new index curve (I)
for generations 1, 5 and 10 (Figure 14, 15 and 16).

Figure 17 represents another index (1:10) which greatly
overestimates expected 305-day milk. This index includes milk
and peak yield with weights of 1 and 6, respectively. By 10
generations the (I) curve represents 31,328 1bs and a peak yield
of 114 1bs, while the expected values are 20,084 and 76 1lbs,
respectively. This exceeds the estimated curve for selection on

milk only (M) by a staggering amount.

IV.4.3 Summary of changes caused by selection indexes

Without knowing the optimum shape of the lactation curve
with regard to efficiency of milk production, one can draw some
conclusions about the indexes investigated. If we consider

expected values for 305-day milk, we can exclude those indexes
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that decrease or slow greatly the genetic progress in 305-day milk
yield. It would be unlikely that any change in the shape of the
lactation curve which reduces 305-day milk extremely, would produce
greater net profit due to reductions in stress and/or inputs.
Therefore, of the indexes listed in Tables IV.4.8 through IV.4.10,
1:7, 1:8, 1:17, 2:1, 2:4, 2:5, 2:9, 3:1, 3:3; 3:4 and 3:6 can
be excluded. This excludes all but one index (2:6) in group 2
which are attempting to delay peak and/or increase persistency.
It also excludes all indexes which attempted to increase a and
decrease c or increase S (third strategy). It may be that these
indexes would be more desirable if more weight were applied to
milk. It was intentional that milk was not selected strongly so
that extremes could be compared to selecting for milk alone.

From the values for peak and 305-day production, index 1:13
appears to do a reasonable job of increasing the portion of
milk produced in the early part of lactation (Tables IV.4.8).
This would be desirable if cows have higher daily net profit in
early (peak period) lactation and if this higher production in
early lactation is not detrimental to production in subsequent
lactations.

Index 2:6 which attempted to delay time to peak, had weights
of 1, -10, 10, 10 for milk, c, time of peak and peak, respectively.
The expected values for b/c indicate it did not delay time to peak.

They were 66, 47 and 24 days for generation 1, 5 and 10, respectively.
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Indexes 2:1, 2:4 and 2:5 successfully delayed expected
time to peak but greatly decreased 305-day milk. The estimated time
to peak was actually reduced in 2:1 and 2:5 (Table IV.4.9). Perhaps
with more weight on milk, these indexes would produce the desired
changes in the shape of the curve without great loss in production.

It appears that the indexes of the third strategy could be
feasible only if more weight were put on milk. These indexes in
general do flatten the curve by decreasing b (the ascent), and by

increasing a plus decreasing c.

IV.5. BLUP Solutions for Sires

The standard deviations for the BLUPs are in Table IV.5.1 for
305-day milk and the lactation curve parameters. The standard devia-
tion of the BLUPs for 305-day milk was 267. The means of the BLUPs
by definition, are zero. The range of the BLUPs for 305-day milk was
645 to -611, and 3.47 to -2.81 for peak yield. The top and bottom
ranking sires for 305-day milk and peak yield were the same two sires.

Table IV.5.1 Standard deviations of BLUPs for 305-day

milk yield and lactation curve parameters
for 150 sires.

Variables or Parameters Standard Deviation
305~-day milk 267.345
a .736637
b .0107281
c 1.59818 E-4
b/c time of peak 4.82325
Peak yield .934166
- gA 62.4614
A-S is c‘(b+1), adjusted for a.



164

IV.5.1 Ranking sires by indexes

Using the weights of an index, an index for each sire was
computed. These indexes were computed by a linear combination
of the BLUPs for each trait and the weights of the index,

i.e., Is = mu, . + m,u, +m The subscript s refers to a

3%s°
specific sire, s = 1, ..., 150. This was done for a number of the
indexes in the three strategies.

The rank of the 150 sires for several indexes was compared
to their rank on milk alone. This comparison was done using Spearman's
correlation of ranks. These correlations are in Table IV.5.2. The
sires' rankings by indexes 1:1, 1:10 and 1:16 are not greatly diff-
erent from those for milk alone. This is consistent with the
change in milk expected when these indexes are used (Table 1V.4.8).
These three indexes represent large weighting on milk (1:1 and 1:16)
or a heavy weight on peak (1:10) which is highly correlated to
yield. In general, indexes of the first strategy had the highest
correlations with rankings on milk alone. Indexes of the third
strategy had the lowest, two of which were negative, 3:3 and 3:6.
While those of the second strategy fell in the middle. This is
consistent with the amount of genetic change in 305-day milk expected
for the indexes when correlated responses, via the covariances,
are considered [IV.4]. That is, for those indexes with genetic
change in 305-day milk near that change expected when selecting for
milk alone, the Spearman's correlation of ranks were high.

Conversely, for indexes 3:3 and 3:6 the genetic change in milk was
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Table IV.5.2 Rank correlations between sires ranked
for milk only and other indexes.

Index CorrelationA
1:1 3m 1b 2peak .9503
1:8 Im 6b 6peak .6435
1:10 Im 6 peak .9023
1:13 1m 6b .2783
1:16 6m 1b .9863
2:1 1m 15bc lpeak 1S .4379
2:5 Im -10¢ 15bc lpeak .3078
2:6 Im -10c 10bc 10peak 7757
2:9 1m -10c .1963
3:3 Im 10a -10b -10peak  10S -.2526
3:4 1m 10a 1b -10c lpeak .2323
3:6 1m 10a -10b -10c -10peak -.2178

A - Spearman's correlation of ranks.
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considerably negative, =282 and =235 1lbs and the ranked correlations
were negative -.25 and -.22 for 3:3 and 3:6, respectively.

In order to consider the covariance between traits when
computing I = m'u for each sire, the covariances must be incorporated
in the BLUPs i.e., ;. This can be done by expanding the random
(sire) portion of the mixed model equations to include a variance-
covariance matrix for each sire for the traits considered in the
index. Multiple right hand sides i.e., one for each trait in the
index are needed. This produces multiple BLUP solutions for each
sire which are then combined by the weights, a to yield an index,

I, for each sire. Computationally, this increases the random

portion of the MME by a factor equal to the number of traits

in the index. However, the method which was used in this study

to combine the BLUPs for each trait into an index value, I, will
yield the same value for I as the method just mentioned. The
advantage in the procedure used in this study is the individual

BLUPs can be computed ignoring the covariances and later combined into

an index value, I.



V SUMMARY AND CONCLUSIONS

Currently, selection for milk production is based on total
305-day lactation yield. Although it is known that feed efficiency
is the greatest and health costs are the highest in early lactation,
these efficiency factors of a lactation have not been considered
in selection. Considering the efficiency in early lactation,
one may want to select cows that produce more in early lactation.
On the other hand, if health costs are extensive during the high
production, high stress period, then it may be economical to
select cows which peak lower and later and are more persistent.

The purpose of this study 1is to fit first lactation records
to Wood's equation and compute genetic estimates for the parameters
a, b and ¢ in the equation. Then, using selection indexes, change
in the shape of the lactation curve along with 305-day milk yield will be
selected jointly. This is an attempt to determine the flexability
of the lactation curve shape and how it will affect total lactation
yield.

Lactations of two year old cows in the Michigan DHI population
were fit to the nonlinear form of Wood's equation resulting in
parameters estimates for a, b and c¢ for each cow. Using Shook's
factors to adjust the first and/or second monthly tests, reduced the
number of cows having curves with negative b values. This insured
an ascent to the peak as opposed to lactations with estimated
first day production greater than all subsequent test days.

Also, two year olds are more likely to be increasing in production

167
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at 305-days than later lactation cows. Therefore, using Shook's
factors to compute production on the 305th day, based on the
previous test, may underestimate it for some two year olds.

It is likely, then, that adjusting the end of all two year old
records will eliminate negative ¢ values by gausing a downward
slope, but may do so in error. In the present study, this was
done only for cows when their last test date was between 280 and
305 days.

Upon using Wood's equation, it is noted that b and c are
not entirely independent. As c decreases, b increases and
therefore peak yield and time of peak increase. It is also
noted that as b increases, peak yield and yield after peak are
greater.

Cows that increase in yield faster (larger b values) and
maintain or decrease ¢ (are more persistent) are expected to
have a higher peak due to the relation in the computation
for peak of the curve (a(b/c)bexp(-b)). For two cows with the
same a and b, peak yield dictates their persistency due to the
relationship in the equation for peak. The cow with the higher
peak will necessarily have a lower c and therefore, be more
persistent. These conditions may not be true biologically.

A more flexible equation would allow the ascent, peak, time of
peak and persistency to be independent. This flexibility would

improve the fit of lactation curves.
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Computation of variance components using Best Linear
Unbiased Prediction solutions from mixed model equations, and
restricted maximum likelihood estimators in an iteration process
was successful. Convergence occurred in ten or less iterations
by using a relaxation step between iterations.

The heritability for milk production was less than is
usually reported (.16). Heritabilities computed for a (.06),

b (.09), ¢ (.15), time of peak yield (.07), peak yield (.15)

and S (.04) were all less than that for 305-day milk. Therefore,
selection on milk yield alone produced greater genetic gain in 305-day
milk yield than selecting for milk jointly with the lactation curve
parameters.

Indexes including 305-day milk, the lactation curve parameters
a, b and ¢, time of peak yield, peak yield and S, were set up for
three strategies. The first strategy was to increase the amount
of milk produced in the early part of lactation by increasing b
and peak yield. The second strategy was an attempt to delay time of
peak or decrease b, the ascent to the peak with or without con-
sidering persistency. The third strategy attempted to flatten the
lactation curve by increasing a, decreasing peak yield and increasing
persistency.

Indexes including milk, b and peak which are of the first
strategy, resulted in nearly as much gain in 305-day milk as select-
ing for milk alone. These indexes have potential if it becomes
desireable to increase yield in the peak part of lactation. In

the first strategy, several restricted indexes were used to
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restrict the genetic change in a and ¢ so that b could be increased
without decreasing a or increasing c. This was done in an attempt
to increase peak yield (a(b/c)bexp(—b)) by increasing b only.

The progress made in 305-day milk by these restricted indexes was
reduced considerably. Therefore, the restricted indexes were not
useful.

Selecting fqr a delay in time of peak, the second strategy,
in general, resulted in much lower gain in 305-day milk. When
weights were 7, 3, 1, 1 for milk, time of peak, peak and S,
respectively, the index, decreased the gain in milk somewhat less.
However, the gain in time to peak was only .7 days per generation.

In the third strategy, selecting negatively for c, with equal
weights for milk, greatly reduced the genetic change in 305-day
milk (244 1lbs) compared to selecting for milk alone (359 1bs).
Conversely, selecting for milk alone had little influence on c.

The correlation between 305-day milk and c suggest that high pro-
ducing ability is not genetically related to persistency as measured
by c. Selection for persistency is feasible, but if milk is to be
maintained, it must have greater weighting than c.

Indexes which attempt to flatten the lactation curve, the third
strategy, do so at the expense of 305-day milk, and with extreme
weights, cause negative genetic gains in milk. These indexes
selected positively for milk, S, and a, and negatively for b, c
and peak. Therefore, the decrease in milk 1is to be expected. If
these indexes are to be beneficial, the weights would have to be

more in favor of milk. If flattening the curve results in decreasing
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stress and inputs substantially, then these indexes could be help-
ful. This is not likely, because increasing a and decreasing peak
quickly decreases 305-day milk.

Of the three strategies, that first seems to be more in line
with maintaining a reasonable gain in milk production while chang-
ing the shape of the curve. This is due to the positive relationship
between peak yield and 305-day milk.

Indexes for each sire were computed by combining the BLUP
estimates for each trait for each sire by the weights used in the
selection indexes. This yielded an index for each sire. The sires
were then ranked according to their indexes. Then, rank correlations
for‘sires were computed between the ranking on each index ahd the
ranking for milk alone. Ranking the sires using their BLUPs and
the index weights suggest:

(1) Rankings by indexes of the first strategy were very similar

to rankings by milk alone, except when a and c were restricted.

This suggests that most of the sires ranking high for milk

alone also rank high for increasing peak yield and b.

(2) 1In general, indexes which had genetic gain in milk close to
that of selecting for milk alone, had high rank correlations.

(3) Sires' rankings for indexes selecting to flatten the curve
were poorly correlated to their ranks on milk alone and

for some of these indexes negatively correlated.

The final step was to plot the shape of the lactation curve

after 1, 5 and 10 generations of selection on each index. This
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was done by putting the new genetic values for a, b and c, after
selection by each index, into the equation (y = atbexp(-ct)) and
changing t from 1 to 305 days.

Two problems occur when attempting to plot the shape of the
lactation curve after selection by indexes. The first 1is related
to the nonlinear form of the equations used: ;305—day milk ™
aof305tbexp(—ct) dt. When a, b and c are changed linearly from
generation to generation, the integral computed, i.e., estimated
305-day milk (;305—day milk)’ changes nonlinearly. Therefore,
to a small degree, the increments between generations are not equal

A

for y305—day nilk® This is due to the mnonlinear relationship of
the equation.

Second, the estimated values for 305-day milk computed by
the integral of the new curves were not equal to the expected
genetic change in 305-day milk when selecting on the indexes. These
differences for some indexes were great. Both positive and negative
differences occurred. One possible cause of this discrepancy is
that the relationship between 305-day milk and some or all of the
curve parameters is curvilinear. This means as genetic change
in 305-day milk occurs in a linear fashion, the curve parameters
change curvilinearly or vice-versa. Therefore, the correlations
between 305-day milk and the parameters may change considerably
when the selection process continues over 10 generations. Also,

the relationship among some of the curve parameters may also be

curvilinear.
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