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ABSTRACT
AN EXPLORATORY STUDY OF THE EFFECTS OF
INSTRUCTION IN HEURISTICS UPON THE MATHEMATICAL
PROBLEM-SOLVING ABILITY AND ATTITUDES OF
PRESERVICE ELEMENTARY TEACHERS
By

Gary Praul Knippenberg

The purpose of this study was fourfold. 1ne first
goal was to examine what heuristics preservice elementary
teachers tend to use in solving non-routine mathematics
problems petore taking any required college mathematics.
lne secona purpose was to design and implement a required
mathematics course for preservice elementary teachers in tne
structure of elementary school mathemtics that had a
proolem=-solving component as a unifying theme. This
proolem-solving component involved the use of problems to
motivate new concepts, provided instruction in the use of
heuristics in solving problems, and provided students witn
practice in solving non-routine matnematics problems. The
thirc purpose was to examine the effects of such a course on
the heuristic usage of students, on their problem-solving
ability, and on their attitude toward mathematics and
problem solving. 1The fourth purpose was to identify
features of verbal problems that are troublesome for
Preservice teachers.

The method of investigation involvea the use of one

Section of a six-quarter-hour course in the structure of
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elementary school mathematics containing twenty preservice
elementary school teachers. Tnis section was created from
two intact sections during the spring quarter of 1975-76
academic year at Concordia Teachers College, Kiver Forest,
Illinois. Students were selected so as to have two
ability-level groups with the same number of subjects in
each group. 7The first and last week of the course the
subjects participated in individual interviews with the
investigator in wnich they were asked to think aloudé as they
solved twelve non-routine matnematics problems. The
interviews were tape recorded for later analysis.

Iwo pasic instruments were usea to analyze the
subjects' proolem=-solving behavior. First, a checklist was
completeu on eacn problem for each subject during the course
of the 1interviews. 1ne second instrument was a sequence of
symools, called a process-seguence code, wnich gave a
sequential picture of the processes anu neuristics the
subjects used as they solved each problem. The audio tapes
were used to write one process-sequence code for each
problem worked by the subjects. 1he frequency of tne usage
of checklist items, processes, and heuristics gave rise to
variabnles which were then analyzed. 1ne attituauinal
component ot tne study centered on the use of various
self-report questionnaires developea by tne investigator.

major findings included tne following: Before
taking a requireu course in matnematics, the low-ability

Preservice teachers had a tendency to use only two
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heuristics--"drawing figures" and "setting up equations,"®

while the high-ability subjects tended to use these two and
"simplifies the problem" as well. There was some eviaence
that the course ot instruction may have caused subjects to
use the heuristic "setting up equations® considerably less
on the posttest. Aaditional strategies employed on the
posttest incluaed “restates problem in his own words" and
"separates/summarizes data."

Both at the beginning and at the end of the study,
low=apility subjects tended to use trial and error in
preference to aeduction from condition as a basic process in
solving non-routine problems while the high-ability group

preferrea to use deduction. A consideration ot the cnange

in usage ol these two processes within each group reveals
both groups showed an increase in the use of deduction over
the period of instruction and the low=-ablity group nad tne
greatest increase.

In terrms of performance as measured by scores on the
proolem=-solving inventories, the nigh-ability group
demonstrated the greatest improvement. hLowever, the
low-ability group seemeu to make tne greatest gains in
Frsistence. un botn tests tne time subjects spent "looking
oack" at problems was negligible.

The course etfecteu very little change in subjects'
attitude toward mathematics. However, a large majority of
tne participants ended the course with either a neutral

teeling or a positve attitude toward problem solving and

I ——— ]
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telt tney were more confident in their ability to solve

non-routine problems.
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Chapter 1

INTRODUCTION

PURPOSE OF THE STUDY

The purpose of this study was fourfold. The first
goal was to examine what heuristics preservice elementary
teachers tend to use in solving non~routine mathematics
problems before taking any required college mathematics and
to determine if they have a preference for either "trial and

error" or "deduction from condition”™ as a basic process in
solving problems. The second purpose was to design and
implement a required mathematics course for preservice
elementary teachers in the structure of elementary school
mathematics that has a problem~solving component as a
unifying theme. This problem~solving component involves the
use of problems to motivate new concepts, provides
instruction in the use of heuristics in solving problems,
and provides students with practice in solving non~-routine
mathematics problems. The third purpose was to examine the

effects of such a course on the heuristic usage of students,
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on their problem-solving ability, and on their attitude
toward mathematics and problem solving. The fourth and
final purpose was to identify features of verbal non~routine
problems that are especially troublesome for preservice
teachers. Two groups of preservice teachers were included
in the study. One group was slightly above average in
mathematical ability and the other group below average. The
experimenter suggests answers to the following gquestions for
each of the groups.

1. Before taking a required course in mathematics,
(a) what heuristics do preservice elementary teachers tend
to use in solving non~routine problems, and (b) do pre~
service elementary teachers tend to show a preference for
either "trial and error” or "deduction" as a basic technique
in solving non~routine problems?

2. Does an extended learning experience in a
mathematics course for preservice elementary teachers which
emphasizes the use of heuristics in the solution of non-~
routine mathematics problems: (a) result in an increase in
the use of heuristics by subjects and result in an increase
in the variety of heuristics employed by subjects; (b) cause
subjects to be more deductive in their problem~solving
behavior; c) result in better performance on non-routine
problem~solving inventories; (d) cause subjects to be more
confident problem solvers; (e) result in a better attitude
toward mathematics; (f) result in a better attitude toward

pProblem solving; (g) result in a positive attitude toward



the course?
3. Can certain features of verbal non-routine
problems be identified which are especially troublesome for

preservice teachers?

BACKGROUND AND NEED FOR THE STUDY

The development of problem=-solving ability of
students has long been a basic goal of mathematics
instruction at all levels. However, a perusal of textbooks
used in schools today reveals that little material apvears
that directly relates to problem-solving processes and to
techniques for solving problems. The problems that do
aopear generally are used to provide practice in developing
some computational skill or in reinforcing some previously
taught concept. Few problems are presented whose solution
requires that the student employ high-order thinking
strategies.

For the past thirty years mathematician George Polya
has been trying to bring this regretable situation to light
and has been extremely vocal in encouraging greater interest
in the teaching of problem solving in mathematics at all
levels. Polya (1962a) maintains that perhaps the greatest
value to be gained from the study of mathematics is the
ability to solve problems.

In his book How To Solve It, Polya outlines four

familiar steps in the problem-solvina process and suggests
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questions which a problem solver may ask himself as he goes

about his task. He refers to this outline, parts of which
follow, as his "list.”

1. Understanding the problem. What is the
unknown? What are the data? Wwhat is the
condition? . . . Is the condition
sufficient to determine the unknown? Or is
it insufficient? Or redundant? Or
contradictory? . . .

2. Devising a plan. Have you seen the problem
before? . . . Do you know a related
problem? . . . Could you imagine a more
accessible related problem? . . . Could you
solve a part of the problem? . . .

3. Carrying out the plan . . . Check each step.
Can you see clearly that the step is
correct? Can you orove that it is correct?

4. Looking back. Can you check the result?
Can you check the argument? Can you derive
the result differently? Can you see it at a
glance? . . . (1954:xvi=-xvii)

Polya's philosophy of problem solving and of
teaching mathematics has greatly influenced the direction of
this study. It is probably best expressed by this para-
graph.

The teacher who wishes to develop his
students' ability to do problems must instill some
interest for problems into their minds and aive
them plenty of opportunity for imitation and
practice. If the teacher wishes to develop in his
students the mental operations which correspond to
the guestions and suggestions of our list, he puts
these questions and suggestions to the students as
often as he can do so naturally. Moreover, when
the teacher solves a problem before the class, he
should dramatize his ideas a little and he should
put to himself the same questions which he uses
when helping the students. Thanks to such
guidance, the student will eventually discover the
right use of these questions and suggestions, and
doing so he will acquire something that is more
important than the knowledge of any particular
mathematical fact. (1954:5)
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Paul Halmos (1975:467-68), another well-known

mathematician, also encourages teacher trainers to teach our
future teachers how to teach problem solving. He suggests
creating a "problem=-solving attitude™ in students. He
personally does this by starting each course with a problem
which does not involve too much technical language, is
different enough to capture interest, and is non-trivial.
Obviously, with some careful thought and planning this idea
can be extended by trying to introduce each new topic or
unit in a course by some non-trivial interest-catching
problem. Such an approach should go a long way in
developing a "problem-solvina attitude” in students.

If trainers of teachers are to instill in tomorrow's
teachers a "problem=-solving attitude" and an inclination
toward emphasizing problem solving in their elementary and
secondary school classrooms, then it is clear that we need a
comprehensive model or description of the levels of mathe-
matical performance. For without this, how are teachers to
know if the problems they are presenting are appropriate for
the age and ability of their students.

B. S. Bloom (1956) and others have developed such a

comprehensive model in their book Taxonomy of Educational

Objectives. Their "taxonomy" classifies educational
objectives into six major categories or cognitive levels:
Knowledge, Comprehension, Application, Analysis, Synthesis,
and Evaluation. Objectives from each of these cateqories

are ordered sequentially from low-cognitive level objectives
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to high-cognitive level objectives. If there is a

shortcoming in this "taxonomy" it is that it is so general
and very few of the examples presented of the various
categories are from the field of mathematics. Thus, Shmuel
Avital and Sara Shettleworth do the mathematics education

community a real service in their monograph Objectives of

Mathematics Learning, Some Ideas for the Teacher where they

describe a way of categorizing mathematics teaching
objectives, based on the categories of Bloom's "taxonomy"
but adapted in certain ways to describe more accurately the
various levels of mathematical performance. (1968:5)

A major theme of the monograph is that if teachers
at all levels would carefully examine their instructional
objectives, they would find that most of them are from the
recognition or recall level or from the algorithmic thinking
or generalization level. Little emphasis is placed on
open-search (analysis and synthesis) objectives. To help
teachers see how such objectives might be tested, the
authors present numerous examples of multiple choice items
designed to test objectives from the open-search category.

Many of the important confterences held during the
past fifteen years to discuss mathematics programs at all
levels have supported the views of people such as Polya,
Halmos, and Avital and Shettleworth. The Cambridge
Conference on School Mathematics, convened in 1963 in
Cambridge, Massachusetts, had as participants twenty-five

mathematicians and mathematics-users. Their task was to
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look into the future and design mathematics programs for
grades K-12 which from a mathematician's point of view would
be ideal curriculums. 1n so doing, they gave no considera-
tion to teaching components such as teacher preparation for
such curriculums, pedagogical considerations, and cognitive
readiness factors. Nevertheless, it stands as a document of
considerable importance in the mathematics and mathematics
education community.

With regard to problem solving, the report of the

Cambridge Conference on School Mathematics, Goals for School

Mathematics (1963), makes three main points. First,

attempts should be made to construct courses which use
problerms to motivate many of the new concepts. Secondly,
mathematics should be seen by students as a discipline that
is alive and requires original and creative thought.
Presentina open-ended and unsolved problems contributes to
the development of this view of mathematics. Thirdly,
desirable or not, mathematics instruction in the United
States centers on textbooks and as far as the student is
concerned, centers on the exercise sets in textbooks. ‘his
being the case, authors should develop exercise sets with
considerable care and incorporate problems of all kinds.

A conference was held on "The Role in High School of
Interdisciplinary Learning Through Investigation and Action
on Real Problems® in January, 1973, at Estes Park, Colorado.

The report of this conference, Comprehensive Problem Solving

in Secondary Schools (1975), lists two trends in secondary
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education that are indeed regretable and in need of

changing.

« o« o The first is the virtual elimination of the
learning-by-doing process that characterized the
adolescent years of earlier times, and the sub-
stitution for it of learning by reading, by
watching, and by listening. The second is a shift
from education as a preparation for coping with
problems presented by the culture to education as
a process of acquiring a prescribed body of
knowledge for its own sake or because an
accreditation agency deems that knowledge
valuable. Our educational system has expanded
gquantitatively to provide the extra years of
education that the complexity of our society
requires. But it has done so at great cost in the
loss of appreciation by students of the value and
power of learning. Together these losses have
caused intense disaffection among large nurbers of
today's students. (1975:2)

What has been the effect of all the thought and
consideration given to problem solving and in general to
mathematics curricula? Wwilliam Fitzgerald sums 1t up quite

nicely when he states:

In short, in spite of all the attention which
has been paid to the mathematics curriculum during
the past two decades, most of the mathematics
teaching occuring today in schools 1n the United
States continues to be mechanistic, skill oriented
and motivated orincipally by the supposed need ifor
those skills 1n the next mathematics class. The
results of these efforts can been seen when one
looks at the population who come out of schools.
With the exception of a small percentage, most
students leave school with very little conceptual
basis of understanding of mathematics. They are
not very skillful at using mathematical ideas and
have rather negative attitudes about mathematics.

(1975:40)

Thus in spite of many excellent attempts by
individual educators to improve the quality of their
students' problem-solving ability and in spite of extensive

endorsement by most educators of an increased emphasis on
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problem solving in schools, there is still widespread
dissatisfaction on the part of classroom teachers,
mathematics educators, and mathematicians with the extent to
which this is being done. Numerous reasons could be
suggested for our failure to see improvement in problem-
solving skills. First, teachers at all levels oftentimes
lack confidence in their own oroblem-solving ability and
thus are reticent about providing extensive problem-solving
opportunities for their students. Secondly, over the years

students tend to develop a negative attitude toward problems

that are anything other than routine. This attitude is no

doubt largely due to their lack of success in early
problem-solving experiences and to a general feeling on the

part of teachers and students that mathematics in general

and problem solving in particular is difficult. Thirdly,

educators know very little about how problem solving is
learned and thus know even less about the kind of
experiences that should be provided for a given student whom

we wish to become a better problem solver. Scandura (1974)

underscores this point when he says:

« o« « very little is known about the basic
mechanisms which govern mathematical problem
solving. It seems safe to say that apart from the
insightful descriptions of mathematical problem
solving by Polya, Hadamard, and a few other
outstanding mathematician-philosopher-educators,
there is very little in the research literature on

problem solving which provides anything of
potential value to mathematics education.

(197/4:273)

Finally, as Pollak (1966) points out, courses of

instruction in mathematics for preservice elementary and
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secondary school teachers seldom provide extensive opportu-

nities for solving problems in mathematics. How then can we
expect these prospective teachers to emphasize problem
solving in their teaching?

It is clear that there are many mathematicians and
mathematics educators who are advocating a more central role
in curriculums at all levels tor complex and challenging
problems. As this happens there is a simultaneous need for
research which, if possible, will develop a general theory
that will adegquately explain problem-solving behavior, will
predict which problem-solving programs are best for what
type of student, and will be able to measure the effects of
such programs in both the cognitive and affective domain.

A survey of research done in years past shows a wide
variety of approaches, subjects, materials, and techniques.
Studies emphasizing functional relationships within problem
situations (Wertheimer, 1945), cognitive strategies (Bruner,
Goodnow, and Austin, 1956), artificial intelligence (Newell
and Simon, 1972), and structural and linguistic variables
(Beardslee and Jerman, 1974) have provided valuable infor-
mation on problem solving from several theoretical
viewpoints. However, as yet they have not been inteqgrated
into a theory general enough to adequately explain
problem-solving behavior.

Whether this is an attainable goal remains to be
seen. Since problem solving is an art, it defies easy

analysis. Thus, if one wishes to attempt an analysis using
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statistical hypothesis and statistical tests he must of
necessity examine one small component of the problem-solving
process while controlling all other components. 1In so doing
he misses the Gestalt of the problem-solving process. On
the other hand, if one wishes to analyze a broader portion
of the problem-solving process, he must take into account
such things as: (1) the past problem-solving experiences of
the subject, (2) the fact that challenging mathematics
problems often take a long time to solve and this tiwe is a
function of many variables, (3) certain personality charac-
teristics such as self-confidence and, (4) the fact that
subjects exhibit little observable behavior while solving
problems.

The aim of the present study then is not to make and
substantiate any statistical tests of hypothesis but rather
to attempt to take into account some of the factors
delineated above and then desiqgn a course of instruction for
preservice elementary teachers which has a problem-solving
theme running throughout. The analysis of the course and
the participants' problem-solving behavior in the course is
through clinical methods. Such an approach will lead to a

supply of conjectures for further study.



12
DEFINITION OF TERMS

The type of problem which serves as the focus for

this study is referred to as a non-routine mathematics

problem. It obviously is contrasted with a routine

mathematics problem which in schools is often called an

exercise. A routine mathematics problem or an exercise is
desiagned to reinforce the mastery of a skill or concept and
can usually be solved by following a relatively set pattern

or algorithm. A non-routine mathematics problem has the

following characteristics (Dodson, 1972):

l. It is challenging, i.e., it is a situation or
question for which the student does not already possess a
method of obtaining the solution or answer.

2. It is solvable using previous learnings.

3. It cannot be solved by a simple recall from
memory or the standard use of a computational algorithm.

A second term that needs defining for this study is

heuristics. Polya states that:

« « o Heuristics is the study of the ways and
means of discovery and invention. It studies
especially such steps of problem solving that
occur often and naturally and have some chance
to bring us nearer to the solution. (1966:128)

Often we call "such steps" or procedures that "occur often"

heuristics (e.g., looking for a pattern, recalling a similar

problem, etc.).
A third idea that needs definition is that of

heuristic teaching. J. W. A. Young states that “the
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heuristic method is dominated by the thought that the

general attitude of the pupil is to be that of a discoverer,

not that of a passive recipient of knowledge." (1906:69)

However, Jon Higgins sees a shortcoming with this definition

for he writes:

It is not sufficient to simply consider
heuristic teaching as a fancy phrase for
discovery teaching. Most of what passes for
discovery teaching could be more carefully
described as uncovery teaching. A preselected
inductive sequence ol steps 1s constructed
around a particular problem solution or concept
organizations. If the teacher knows of only one
means to the end, the task of the student
becomes one of uncovering this particular
solution or organization. The option of unusual
solutions or organizations is not entertained,
and the discovering lesson degenerates into a
game of "Guess What's on My Mind."

But the freedom to consider alternate possi-
bilities lies at the heart of heuristics.
(1971:492)

Higgins later concludes with four general character-

istics of heuristic teaching. He states:
we have seen that heuristic teachings--
l. approaches content through problems;

2. reflects problem=-solving techniques in the
logical construction of instructional
procedures;

3. demands the flexibility for uncertainty and
alternate approaches;

4. seeks to maximize student action and
participation in the teaching-learning
process. (1971:494)

We will call teaching that meets all ot these criteria

heuristic teaching.

Finally, a definition is needed of a tool used

in
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the analysis of this study. Process-Seguence Codes are

seaquences of alphabetic letters, numerals, and other symbols
that descripbe the problem-solving process of a subject on a

given problermr.

PROCEDURE

The subjects for this study were twenty of the
Freshmen and Sophomores enrolled during the Spring Quarter,
1976, in Math-301, Structure of Elementary Matheratics, at
Concorcia Teacners Collece, kiver Forest, Illinois. 1his is
a reouired six-quarter-hour math course designed for ore-
service elementary teachers. Since two sections of tnis
course were offered during the same tire period, it was
possible to form two homoaeneous aroups of eleven stuaents
each. One of these groups was below the averaae with
respect to A.C.T. math scores, nurber of years of high
school math, and scores on a oretest of mathematical
ability. ‘lhe other group was slightly above the averaaqe
with respect to each of these variables.

The ten-week course was designed and tauant
following these guidelines:

1. MNew concents and topics in the structure of
elementary mathematics (i.e., numeration, whole numbers,
integers, rational numbers, real numbers, and geometry and

measurement) were motivated by the posina of non-routine

problems which, if solved, show the importance or utility of
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the concept or toric or would simply catch the imagination
of the student.

2. Early in the course a period of one week was
devoted to a general discussion of problem solving and to
the definitions of heuristics and the applications of these
to problem solving. At all times, as problems were solved
in class by the instructor or by students, an emphasis was
placed on Polya's scheme for solving problems (Polya, 1945)
which consists of the four stages: understanding the
problem, devising a plan, carrying out the plan, and looking
back.

3. Eight bandouts (Appendix H) which apply Polya's
problem-solving scheme and which demonstrate the use of
various heuristics on certain problems were written by the
experimenter and provided for the students periodically
during the ten-week term.

4., 1In working problems on their own, students were
asked to be conscious of and to analyze their own problem-
solving behavior. To encourage this, problerms that were
handed in were graded on the following basis: 0 to 2 points
for approach, 0 to 3 points for plan, 0 to 2 points for
result, and 0 to 2 points for looking back.

5. Although students were responsible for mastering
the structure of elementary mathematics and were aided in

this endeavor through the use of the required text

Contemporary Mathematics by Bruce Meserve and Max Sobel, the

majority of the time actually spent in class was devoted to
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problem-solving activities such as those already described.

To provide means for answering the gquestions stated

earlier, a pre and post-course interview was conducted with

each of the twenty students. The pretest interview, held

during the first week of the course, consisted of a problem-

solving inventory (see Appendix B) of twelve problems which

the student was asked to solve out loud, that is he was

asked to verbalize his thoughts as he solved the problems.
Each interview was recorded and analyzed using a checklist

of problem-solving behavior (see Appendix D) and the
process-sequence codes (see Appendix F). The problems

chosen for the inventory were non-routine but regquired no

more mathematics background than some algebra and intuitive
geometry.

Many of the problems were solvable in a variety
of ways.

The posttest interview, held during the tenth week

of the course, was similar to the pretest in structure and
analysis. Some of the problems in the Posttest Problem-

Solving Inventory (Appendix C) were similar in nature to the

Pretest problems.

The others were general non-routine
problems.

The problem-solving inventories, checklist, and
process-sequence coding scheme used in the study were pilot

tested to assure their applicability to the type of students
involved in this study.
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ASSUMPTIONS AND LIMITATIONS OF THE STUDY

The assumptions of the study are that:

1. The subjects did not differ significantly from

the preservice teachers population with respect to the two

variables attitude toward mathematics and general ability in
mathematics.

2. Observing students as they solve non-routine

mathematics problems while "thinking-aloud®™ is a reasonable

and useful technique for determining how they arrive at
their solutions.

The limitations of the study are that:
l. Ten weeks, the length of the treatment, is not
sufficient to effect any dramatic changes in problem-solving
ability. However, in most teacher training institutions

mathematics educators are usually bound by this or some

other similar time limitation for a period of instruction.
2. No comparison was made with some other method of

teaching problem solving or with a control group. This was

because of the great amount of time required for pretest and

posttest interviews thus making it impossible to increase

substantially the number of subjects involved in the study.
Kilpatrick would maintain that such a limitation is not

totally inappropriate since he writes:

« « « Rather than comparing methods, researchers
interested in instruction in heuristics should put
their energies into devising the best instruc-
tional program they can and then demonstrating in

detail how the program functions and how effective
it is in the classroom.

The creation, tryout, ang
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revision of program components and instruments for

measuring effectiveness are research activities of
far greater potential than the comparison ot
methods. (1975:8)

3. No sex differences were studied. Again the size
of the sample limited study of this factor. This limitation
was not serious because of the nature ot the research
technigues used in the study.

4. People differ in their ability to verbalize what
they are doing when they solve problems thinking out-loud.

As a result the researcher had to be sensitive to this and
be more insistent with some people that they describe what
they are thinking.
5. No attempt was made to control "“teacher effect.”

This limitation is again consistent with a thrust of the
study which is to determine the researcher's effectiveness
in teachina heuristics. Additionally, many of the tech-
nigues often used to control for teacher effect, such as
written instructional programs, are not representative of

the way most teachers structure the classroom routine.

Thus, studies that use such technigques to control teacher

effect lack applicability to the "typical" classroom

situation.

6. No attempt was made to keep the students of one
ability group from interacting with those of the other
groun. In fact students were encouraged to work together
outside of class on problems. Thus, the performance on the

posttest of those subjects who worked with other

participants may have been influenced by such interaction.
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The investigator had no way of measuring the extent of the

effect of this interaction on vosttest performance.



(nacter 2

neVibn Ub 1ub LIMLhAYTUSL

ANy survey ot the researcn relateu to procier-
SO0lvling vrocesses reveals tnat 1t is much easier to talk
aodout prceclen soiving than it 1s to 1nvestigate it.
wowever, in oraer 1or challengina non-routinc Tatnematics
roolexs to pecome &n lntegral part ot scnool cu. riculurs,
Tore rescarcia on tne etfective teacnini anc use Ot suca
proolerz is neeued. Sore rescarch ¢r tnhe gast nas proviued
ulrections ror tuture 1nvestigaticns. but, as in nany areas
Cl euucativnal researci, ruch or the proonlemn=-solving
[cscarcn nas been alsjolnteu anu as & result has not
contriputeu greatly to & general tneory ot prcoler solving.
also, proclen 3o0lving regulres a most conrplex torm Of numan
tuought, Lut yct 1nvestigators wvoilng traaitional statistical
Stuules nave ot necessity trieu to 1solate only one or two
OL tue many varlaovles involvea 1n the process. ANy sSurvey
Ol tue lictereature trirus tnat a multituce of sucn stuoiles
nave <¢xaminheu numerous asoects of tne groblem-s0lving

vrocess. 1h1s is reflecteu 1in tne tirst part of tnis review

20
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where studies are reported which have influenced the current
investigation and yet have examined problem solving from
narrow points of view.

The second part of this survey considers
psychological researcn in human intormation processing. In
sucn studies investigators attempt to learn more about how
humans solve complex problems by simulating their behavior
by computer programs. Such research reguires the use ot the
"tninking aloud" technique for determining now the subjects
are solving problems.

Fsychological studies conducted by Soviet
researcners are reportea on next. The Soviet emphasis on
researching tne processes involved in solving mathematical
problems stands in contrast to many studies conducted in tne
United States where the emphasis is on the product or the
answer, a situation that to some extent is dictated by tne
empirical research tecnniques that we have traditionally
employed. Because of the vast differences in research
pnilosophy between American and Soviet researchers, mucn can
be learnea py examining their stuaies.

It is hard to imagine that any one person coulau
intluence an area of concern in mathematics education as
much as George Polya nas influenced the ways in which
problem solving is taught and the ways in whicn it is
researcheada. ‘The fourth part of this chapter examines
studies which are based on his theory of problem solving and

which closely examine the problem-solving process using
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clinical techniques. One sees a Soviet influence in these
studies as researchers have attempted to develop a coding
procedure which adequately describes the problem-solving
processes of subjects and which admits thorough analysis.
Finally, attitudinal studies that relate to problem
solving are considered. The sparsity of such studies has
influenced the investigator to include an attitudinal

component in the present study.

INTRODUCTION

In an omnibus study conducted by Dodson (1972) an
attempt was maade to determine the discriminating
characteristics of tne successful insightful problem solver.
Using the data for eleventn-grade students from the National
Longitudinal Study of Mathematical Abilities (NLSMA), a
lognitudinal stuay conducted by the Scnool Matnematics Study
troup, bouson was able to examine the relationsnip cetween
seventy-seven measures for eacn student ana nis proclerm-
solving awvility. The sample consisted of 10 percent of tne
NLSMA Z-population, a population that took NLSMA exams in
tne fiftn, eignth, and eleventh grade.

needless to say, with so many variables being
considered numerous conclusions were reached. Many of these
simply confirm the expected. For example, Dodson founa that
successful insightful mathematics problem solvers scored

nigner on all of the mathematics achievement variables than
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tncse wno were unsuccessful problem solvers. Also:
All of tne variables measuring reasoning
abi1lity, pboth verbal anu non-verbal, were stronjly
relateu to proolem-solving ability witn the two
matnematically orientea reasoning variables being
tile strongest aiscriminators among anility groups.
It 1s qifticult to vetermine any causal relation-
Salp petween reascning aoility ana Droblem=
solving ability; however, tnhe results of the
present stuady aitirm a strong relaticnsnip between
the twuo. Certalinly matneratlcs eauucators snoula
not 1gnore any opnortunlities to ennance tne
ueveloprent of reasoning ability or to encouraae
teacners to provide experlences wnicn cnallenge
anuy aerand tnelr stuouents' reasoning abllity.
(1972:127)
rurtner, voason suggests that insignttul matneiratics
trouvier-solving apility 1s aevelopeu when stuuents are:
(1) excoseu tc auvanced algevraic topics inclu the
elsecra ot lineyualities, the solution ot quadratic inegual-
itics, and systems ot inequalities that involve a
conslderaovle amount ot syntuesis; ana (<) exposea to
geovmetry problems wnlch reguilre tne syntnesis ot a large
nuroer vl secminaly unrelated geometric iaeas as opgosea to
orouvle.ws wnicn only recuire tne simple application ot some
ramiliar tneorerm. inls point shoulu pe needea 1n
constructing tne geometry portion ot a tasic nathematics
ccurse ror preservice teacners., host of the aeometry
sectlons in tne current textDOOKS usea 1N sSucn courses tena
to vresent toonics 1n sucn a way tnat little syntnesis of
ldeas 1S requirea.
trinally, tnere are two otner conclusions tuat nave

greatly inlluenced tne present stuuy. Louson suggests tnst:

102 tnree cognitive ftactors, cvivergent thinking,
svatial relationsnipe, and fiela cependence, as
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measured by Anagrams, Card Rotations, and Hidden
Figures, respectively, were shown in the present
study to be strongly related to problem-solving
ability. 1he stuadents' possession of the traits
measurea by these scales contribute to their
potential to develop problem-solving ability. 1In
seeking to help students who are exhibiting
aitficulty in solving problems teachers may ao well
to employ the use of an approach to problem solving
similar to that prescribed by Polya in his book, How
10 sSolve It. 1In using such an approach, students
could be directea to consider questions (concerning
problem situations) that are directly related to
tneir divergent thinking ability, their ability to
resist distractions, their ability to identify the
critical elements, and their ability to visualize
spatial relationships. For example, a gquestion that
suggests students should consiaer alternate methods
of solving the problem may stimulate the students to
exploit divergent thinking. (1972:127)

Also Dodson not unexpectealy concludes that "“Inhe
agevelopment ot positive student attitudes toward matnematics
snoula be a primary objective of teachers who are concerned
with the development of problem-solving ability." (1972:126)
he tound tnat tne variable attitude was a good discriminator
of problem-solving ability.

lnere exists an abundance of studies that have triea
to determine tne relationship of reading ability to
proolem-solving ability. 1In one such study Knifong ana
holtan (197¢) had thnirty-five sixtn-grade students attempt
the word-problem section of a standarized achievement test
wnicn contained thirty problems. An analysis of procedures
was performed on problems that were not solved correctly
(470 out of 1,050). This analysis showed that 52 percent of
the incorrectly solved problems were missed because of
either clerical errors (errors in copying numerals ana so

fortn) or because of computational errors. Thus, there was
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little or no possibility of reading factors hindering the
successful completion of 52 percent of the incorrectly
solved problems. Reading difficulty may have been a factor
in the other 4& percent of the incorrectly solved problems
along witn factors such as using the wrong operations or not
knowing a simple computational formula. Thus the
researchers conclude that, "the data neither contirm nor
deny that improvement of reading skills will lead to word-
problem success.” (1976:111) However, the adata does show
that "improved computational skills could have eliminated
nearly halt of the word-proolem errors and can be strongly
recommended as a teaching strategy." (1976:111)

A more involved study conducted by Jerman (1973)
substantiates the findings of Knifong and Holtan and adds
others. Jerman compared two instructional strategies. Tne

tirst strategy, called 1lne Productive Thinking Program, does

not 1nclude matnematical tasks as part of its instructional
sequence. In comic book format the program attempts to
develop general problem-solving skills using characters who
act as amateur private detectives. It is intended that
students learn how to think about things, how to look for
clues, and how to enjoy using the mind.

ine second strategy also uses a comic book format
but characters encounter and solve arithmetic problems in a
variety of situations using wanted-given heuristics.
Clearly tne investigator was trying to determine if a metnod

of instruction whicnh teaches general problem-solving skills
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would pe more effective in enhancing matnematical problem-
solving skills than a program designed specifically to teacn
problem solving in mathematics using a mathematical context.
Jerman administered each experimental program to
three classes of tifth-grade stuaents and had two classes
whicn actea as controls. Tne treatment lasted sixteen days

tor forty minutes per day.

It comes as no surprise that Jerman concludes tnat:

Un the basis of the data presented and within
their limitations, it would appear that teaching
proolem solving in matnematics to fifth graders
can best be done in a matnematical context using a
wanted-given approach. On tne other hana, if the
transfer of problem-solving skills to many subject
areas out weign the importance of a higher level
of proolem=-solving achievement in mathematics, lhe
Proauctive Thinking Program might be the better
choice. (1Y73:17)

Jerman also determined that

. « o students in the experimental groups who were
using a correct procedure to solve problems often
failed to obtain significantly more mathematically
correct answers due to computational errors, than
di1d stuaents in the control group. (1973:18)

Thus, on tne basis of tnis and other studies, it seems that
computational difficulties are a major hinderance to success

in problem solving. Taking note of this Jerman goes on to
say:

It may be that students are often taugnt how to
proceed to solve problems correctly, but their new
knowledge of how to solve a particular set of
problems may be maskea by the presence of compu-
tational errors. Computation and problem-solving
ability may be highly correlated as many studies
show, but tnhe best measure of skill in problem
solving will be one tnat brings to light the
procedures used by students to solve problems as
well as to give correct answers. (1973:1%)
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It i1s the lntent of the present stuay to "bring to light"
these proceaures.
Anotner class of problem-solving studies 1is
exemplitiea by investigations of Beardslee and Jerman (1974)
or pBarnett (1974), where attempts are made to iaentify
structural or linguistic variables which account for errors
students make on problem=-solving inventories and which
examine tne eftfects of instruction in problem solving on
these variaples. In these studies a structural variable is
any quantitiable parameter that may be observed as a part of
tne structure of a problem. For example, the parameter may
be tne numoer of words in the statement of the problem or
tne number of occurrences of the operation of multiplication
or the total numpber ot different operations required to find
a solution. 171nese latter two reflect the operational
complexity ot word problems.
In particular, Barnett (1974) attemptea to answer
tne following general questions:
1. Can problem=-solving ability of college studuents
be improved by instruction specifically aimed at
overcoming tne amount of difficulty accounted
for by specific structural variables?

2. what 1is the extent of the effect of instruction
on each ot the identifiea variables, witn
respect to the amount of variance in observea

probability correct accounted for? (1974:3)

The specific structural variables referred to and

tneir definitions are:
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Operations: The sum of the following:

a. 1he number of occurrences of the operation
of addition.

b. 2 times the number of occurrences of the
operation of subtraction.

c. 5 times the number of occurrences of the
operation of multaplication.

d. The number of occurrences of the operation
of division.

e. The number ot ditferent operations.
f. 2 times the number ot displacements of data.

Special Procedures: The sum of the following:

a. The number of ratios and proportions.
b. The number of difterent formulas.
c. Tne number of conversions of units.

d. 10 times the number ot operations involving
percents.

Linguistics: The sum of the following:

a. The total number of words in the statement
of tne problem, (each symbol, such as a "$"
or "%", or number, such as 347 or 1/¢ is
considerea one word):;

b. The average number ot words in each sentence

in the problem statement, (i.e., the total
numper of words in the problem statement

divided by the total number of sentences);

Cc. The total number of "mathematics" words in
tne problem statement, (a word is considered
to bpe a "mathematics" word if it indicates
an operation or formula, or specifies the
conversion of units. These words are
content specific in the sense that they may
or may not be considered "mathematics"
words, depending on the context of the
proolem in which they occur.). (1974:6)
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Instruction in "Operations®™ included empnasis on

sucn things as changing verbal phrases into mathematical

sentences. For instruction in "Special Procedures" students

were taught to recognize problems which require sucn things

as ratios or the use ot percent. Instructional methods in

"Linguilstics" included technigues to reduce the linguistic
complexity ot word problems such as eliminating aistractors
or unuerlining mathematical words, and so fortn.

Tne study used as subjects 150 college students
enrollea in an elementary mathematics metnods course. These
stuaents were in one of tnree treatment groups. Tne
experimental group received instruction and practice
problems on the specific variables discussea above as well
as supplementary material on problem solving. Tne first
contrcl group or the practice group received the same
practice problems and supplementary material as the
experimental group but did not receive instruction in

problem solving. 7The second control group received the same

tests as did the other two groups, but did not receive any
material relatea to problem solving.

The important tindings of Barnett are that the
experimental group macue significantly greater scores on all
tests, tnan aid tne control groups and that the amount ot
variance accounted for by each variable following
instruction on tnat variable remainea consistent. 1Inus, he
concludes that ". . . it woula seem that structural

variables can be used as a basis for instruction designed to
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help students become better problem solvers.” (1974:31)

Further, the lack of change in the amount of variance

accounted for by the individual variables following

instruction indicates:

. « o that structural variables (at least ot tnhe
type used in this study) may be good predictors
regaraless of the educational background of the

subject, and are invarient when testea before and

after instruction. This provides supporting
evidence to the continued research into the use of

structural variables, as predictors in designing

proolem sets witn specified levels of difficulty.
(1974:31)

Anotner study using preservice teachers as subjects

was conducted by Milton Eisner (1974) at Micnigan State

University. Eisner interviewea fifteen preservice

elementary school teachers every two weeks during the course

of a term in wnich they were enrolled in a required

matnematics course. During the interviews, students solved

procolems aloud anu also discussed with the interviewer tneir

perceptions acout tne course. Using this technique, Eisner

was able to iaentity misconceptions students had about
mathematical ideas they were taugnt in the course.

Among other things, he discovered that the students

were very poor in solving word problems. He suggested that

a good research study would be one that focuses on the
thought pattern of prospective teachers while they are
solving problems as well as on the features of the problem
themselves whicn cause difticulty for the problem

solver. (kEisner, 1974)
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INFORMATION PROCLSSING

Benjamin Klelnmuntz nas edited a very interesting

ana useful volume titled Problem Solving: Kesearcn, Method

and Tneory (1966) which contains papers on problem solving

deliverea to the first annual symposium on cognition held at

the Carnegie Institute of Technology in 1965. Tne papers

were presented by well-known psychologists and they
demonstrate a wide spectrum of views on problem solving.

In nis epilogue Garlie Forehand (1966) suggests that

most contemporary psychological studies of problem solving

can be classifiea into four approaches. The first is also

the oldest naving developed from classical Gestalt

psychology. 1ne holistic Gestalt approach emphasizes an

analysis of internal processes in problem solving. However,

often in their etforts to avoid behaviorism, they have also
avoided some of the detailed analysis of cognitive events

necessary to get an accurate picture of the problem-solving

processes. (1966:356~7)

The second approach to problem=-solving research in

psychology has been tne psychometric.

. « « Tne classic concern of this approach has
been to understand the nature of intelligence, and
its most characteristic method has been the
attempt to discover and interpret additive
components of general mental ability. . . . The
major concern is witnh traits and the approach has
had little to say about processes of or conditions
for problem solving. 7Tne study of intellectual
traits, however, must concern itself to some
extent witn the nature of problem solving per se
at least in the initial (item construction) and
tinal (factor interpretation) phases. (1966:357-8)
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The third approach has been derived from the

laboratory study of learning. This approach maintains that

proolem-solving behavior can be accounted for by examining
constituent elementary relationsnips between stimuli and
responses. Learning theorists have attemptea to analyze

complex processes and in doing so:

. « . tney have, in general, remained faitnful to
thelr heritage by postulating internal processes
cautiously, and, when doing so, by expressing them
as mealating S=R processes, ooeying the same laws

as elementary benavioral processes. (1966:355-9)
1ne fourth approach to problem-solving research done
oy psychologists is the information processing approach
whicn uses computer programs to represent as accurately as
possible tne behavior ot the human problem solver.
Information processing should not be confused with

"artificial intelligence” where the objective ™. . . is to

construct a program wnich will solve problems well, never
mind now people solve them." (laylor, 1966:1z1)

Fernaps it is the information processing approacn
wnicn gives us the best of all worlds. For like tne Gestalt
approacn it is interested in tne total view of the problem-
solving process. In adaition, like behaviorism, it is
elementistic. Finally, it can be used to demonstrate those
elements of tne problem-solving process that are sufficient

for arriving at solutions.

As an example of tnis latter point, Simon ana Newell

(1970) have described a program called The Logic 1heorist

(L1) tnat is capable of solving certain logic problems that
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are difticult for humans. They conclude that:
« « o LI was, first ana foremost, a demonstration
of sutficiency. The program's ability to discover
proofs f0t.theorems in logic showed that, with no
more capabilities than it possessed--capabilities
for reading, writing, storing, erasing, and com-
paring patterns--a system coulad perform tasks,
that in numans, require thinking. To anyone with
a taste for parsimony, it suggested (but, of
course, did not prove) that only those capabili-
ties, and no others, should be postulated to
account for the magic of human thinking.
(1970:146-7)

inus, in summary, in many ways information processing

provides the best model for the psychological study of

proolem=-solving processes.

In observing humans solve difficult well-structured
problems, researchers (for example, Simon, 1975 or Newell
and Simon, 1972) have observed certain broad characteristics
ot tne underlying human information processing system (IF5)
tnat supports the problem-solving processes. In simple
terms, they nave aiscovered that the human information
system generally operates serially, one process at a time.
It seems that a problem solver always searches his problem
space (a tree-like network or maze which outlines various
approacnes to a problem) sequentially, adaing small

successive bits of inftormation to the total of what he knows

about the problem and its solution.

Seconaly, it has been discovered that elementary
processes take tens or hundreds of milliseconds. The inputs
and outputs of these processes are held in a small

snort-term memory with a capacity of only a few symbols.

ine time required for moving symbols into and out of a man's
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short-term memory has been found to be arouna two-hundred
milliseconds in some cases.

In addition, a human IPS has access to an almost

infinite long-term memory, but the time required to store a
symbol in that memory is of the order of seconas or tens of
seconds. Items stored in this long-term memory are recalled
by tne recognition of stimuli which serve as a sort of index
of tne memory. (Simon, 1975)

Everything tnat is known about the numan IPS
indicates that it meets the specifications inaicatea above.
However, it is possible to present a more tormal
aescription. Simon constructs such a description along
these lines:

1. Tnere is a set of elements called symools,

which are capable of aenoting, or pointing to,

objects.

2. 1Tnere are symbol structures, consisting of

organizations of symbols connected by a set of
relations.

3. A memory is a component of an IPS capable of
storing and retaining symbol structures.

4. An information process is a process that takes
symbol structures as 1ts inputs or outputs.

5. A processor is a component of an I¥S
consisting of: (a) a set of elementary
information processes; (b) a short-term memory
that holas the input and output structures of
the information processes; and (c) an
interpreter that selects the order in which
tne 1nformation processes will be executed.

6. 1The symbol structures that determine for the
interpreter the order in whicn it will execute
processes are its program. (1975:4)
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It is clear from this description that there is a
close connection between human information processing and
tne way in wnich a modern computer works. Tnus, computers
can be programmed to model human IPS strategies. The
computer programs that model human strategies can solve tne
same problems tnat humans solve. Tne output of the computer
program tnen simulates the sequence of problem-solving
efforts ot the human subject.

In discussing this process, Simon states:

1t cannot be emphasizeu too strongly that 1in
tnis application of the computer it is not being
usea as a super-fast “number cruncher,® nor is it
competing in speed or accuracy with the human
subject. The computer is being used, as its very
general capabilities enable it to be, as a general
purpose information processor. It is programed to
imitate as closely as possible the actual
processes used by numans, including tneir foibles,
and it avoids entirely taking advantage of its
powertul arithmetic capabilities, which are
patentliy unlike those ot a human. If the computer
programea for simulation solves a problem either
more skillfully or less skillfully than do human
subjects, then tne program is a poor simulation--a
poor tneory of tne human processes. (4975:)5)

Besides being an extremely fascinating ana exciting
area ot psycnological researcn, human intormation processing
systems 1nvestigations have importance for the present stuay
largely pecause of tne way in whicn such investigations
often anaiyze human problem=-solving protocols. Oftentimes
"tninking aloud" tecnniques are used to discover ana test
information processing theories of complex human cognitive
pehavior.

In a monumental volume, titled Human Problem
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Solving, Newell and Simon (1972) have summarized seventeen
years of research regarding human information processing.
The book 1s aivided into five parts. The first part
consists of definitions and technical groundwork necessary
for discussing an IFS. The next three parts consist of
discussion and analysis ot three different task
environments (tne problem situation as the experimenter
views it). Tne three task environments are a type of puzzle
called cryptarithmetic, a form of elementary symoolic logic
proolems, and finally chess. 7The fifth part of the book
states a theory of human problem solving from an IPS point
of view.

It 1s impossible to give a complete description of
Newell ana Simon's researcn tecnniques without devoting
consideravle space to it. In like fashion it took them
eighty-one pages to describe their theory of human problem
solving. However, they maintain that the general snape of
tnelr theory can be capturea by four propositions. First,
"A tew, ana only a few, gross characteristics ot the 1F5 are
invarliant over task and problem solver.” (1972:768) 1hose
which are invariant are the size, access characteristics,
and read and write times for the various memories in the
human IFS. Others are tne serial character of tne
information processing ana the rate at winich the elementary
information processes can be performed.

A second proposition states that, “IThese

characteristics are sufficient to determine that a task
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environment is represented (in tne IPS) as a problem space,
and tnat problem solving takes place in a problem
space.” (1972:78Y) As mentioned earlier, a task environment
is the problem situation as the experimenter sees it. This
notion 1s contrastea with “problem space" wnich is tne
proolein situation as the problem solver sees it. In snhort,
it 1s tne szace 1in wnich the proolem=-solving actlvities take
place.

Ihiraly, "lne structure of tne task environment
aetermines the possible structures of tne problem
space.™ (1972:789) Further, tne structural information of
the task environment can be defined without reference to any
properties ot a problem solver who might use i:. (1972:624)
lais is of vital importance to the investigations of Newell
and simon.

A tinal proposition states that, “inhe structure ot
tne problem space determines the possible programs that can
be usea for problem solving." (1972:789) 1t is tnis
proposition which contronts the elusive question ot
inaividual ditferences.

Paige ana Simon (1966) report on a study dealing
witn algebra word problems which ditfers in methoaology from

those presented in Human Problem Solving. Approximately

Sixteen years ago a Massachusetts Institute of Technology
student, Daniel Boorow wrote a computer program called
S1UDENT which was designed to solve a considerable range of

algebra word problems. STUDENT was constructed in an
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investigation of artificial intelligence. Bobrow dia not
intend that tne program simulate human problem solving
(information processing). Nevertheless, since the processes
used in the program do parallel human processes in important
respects, Palge and Simon thought it might be productive to
use tne S1UDEN1 program as a theory of human problem solving
and then in turn test tnat theory oy observing tne problem-
solving protocols of humans as they solve algebra word
proolems ana comparing these protocols with those used py
SiUDLNT.

Among otner things, Paige and Simon founa that
contracictory problems that represent physically impossiole
situations provea to be useful tools for detecting tne
relative uses ot direct (where tne words ot the problem are
transformed directly i1nto an equation) and auxiliary (wnere
tne subject tenas to use a mental or pnysical picture or
some otner intormation known about tne situation detinea 1in
tne problem) cues. One such contradictory problem states:

1The number of quarters a man has is seven

times the number of dimes he nas. ‘he value of
tne dimes exceeas the value of the gquarters by two

uollars and fifty cents. how many has ne of each
coin. (1966:84)

raige and simon found tnat in attacking tnis ana
Similar prooplems subjects would either: (1) set up an
equation for the problem as it is stated literally (for
example, 10D=25(7D)+$2.50); (2) set up an eguation for
related, physically possible, situation (for example,

10D=25(70)-$2.50); or (3) recognize the physical

a
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impossibility of tne situation. They found that if tneir

nigh-school and college-age subjects used primarily airect
cues, they would make the first response; if primarily
pnysical cues, tne second; if ne attended to pboth, the
proolem uescription will be redundant, and ne may aetect the

contraadiction. (1966:117)

Discussing tnis experiment nine years later

simon (ly75) states:

vt course tnere 1s no contraciction in tne
proovlem statement. There 1s a contradiction only
1f we adu to tne statement some semantic knowledge
that an American student might be expectea to have
storea 1n nis long-term memory: a quarter 1is
wortn more tnan a dime, and tne numoer of both
quarters ana ulmes must be non-negative integers.
lne difterence 1n tne processes of the three
groups ot stuocents now becomes rather clear. The
stucents in tne tirst group proceeded purely
syntactically (except tor recovering from memory
tne ftact that aime equals ten cents ana a guarter,
twenty-five cents). 171ne stuaents in the secona
group used their semantic kKnowledge to infer tnat
tne total value of the guarters must be greater
than tne total value of the dimes, and thnat
tueretore tne $2.50 must be added to tne latter or
subtractea trom the tormer. Evidently tney never
cneckea tnis 1nterence against tne syntactical
detall of the sentence (after all, sometning was
to ve auued to sometning), but usea the semantic
knowledge to construct tnhe “correct" eguation.
1he students of the third group processea tne
input sentences botnh syntactically and semanti-
cally, tnereny discovering tne "contradiction."
(1975:15-0)

50 tnis problem illustrates alternative ways in
wnicn a given problem may oe processed. OUbviously tne
ricnher thne semantic context of the problem becomes, the
greater tne numoer of alternatives.

1t is difticult to survey the thousanas of pages

reporting wnat is known about information processing and

Lo
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derive straignt-forward suggestions for improving

instruction in proolem solving. Fortunately, Simon has
attempted to do so and four of eignt suggestions are
especially applicable to the classroom teacher and are

included nere. First:

. « « An important component of problem-solving
ski1ll lies in being able to recognize salient
proolem features rapialy, and to associate with
those teatures promising solution steps. mMmuch
current instruction prooably gives inaagequate
attention to explicit training of these perceptual
sk1lls and the kina of understanding tnat is
associateu witn them. (1975:21-2)

s>econdly:

. « « 1t 1s often possipble to substitute syntactic
tor semantic processing and vice versa. Awareness
ot tnese alternatives, and skill in employing ooth
of tnem can enhance accuracy of understanuingy oy
exoloiting reduncancies in the problem infor-
mation. (1975:21-2)

Tniraly:

« « o uUnaerstanding processes incluue the
processes of constructing representations ot
proolem situations. kost problems are capable of
being representea in a variety of ways, ana
probiem aitficulty may be greatly atfected by tne
representation cnosen. The skills of searching
for eftective problem representations are probably
learnable anu teachable skills, but tney are not
now Jenerally taught 1n a systematic way.
(1975:21-2)

Ana finally:

. « o It is becoming increasingly possible to
determine in detail wiat is involved in

understanding any specific subject matter area to

the point of writing computer programs that

specify what a person who understands knows, what

processes he has available for solving problems
ana acguiring new knowledge in that domain, and
how his knowledge 1s organized in memory.
(1975:22)



41
SOVILT STUDIES

Soviet research in problem solving is easily con-
trastea witn that traditionally done in the United otates.
wnereas most of the problem-solving research in the Unitea
States nas been concerned witn the product, in the Soviet
Union researcners have attemptea to better understand thne
process aspect ot human problem solving. Their research
methods tend to follow the pattern of devising an
instructional method based upon preliminary observations,
trying the metnod in intact classrooms, and studying the
eftects of instruction by careful analysis of records ot
student pehavior. Often these recoras take the form of
tape-recorded interviews conducted on a one-to-one basis.
inus, Soviet studies prove to pbe a good resource ftor
American researchers who are attempting to observe and
analyze tne process aspect of human problem solving and who
are attempting to develop courses of instruction wnich will
enhance the problems-solving ability of students.

A ready source of reports of Soviet research has
been provided by the School Mathematics Study Group and the
Survey of kecent East Luropean Mathematical Literature whicn
have jointly produced a fourteen volume work titled Soviet

Stuadies in the Psychology of Learning and Teaching

Mathematics, editea by Jeremy Kilpatrick, Izaak wirszup,

Edwara Begle, and James wilson. These volumes contain both

expository articles on proplem solving and the psychology of
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learning ana reports on Soviet studies dealing with problem
solving.

One sucn study conducted by E. N. lvanitsyna (1970)
serves as an example here botn because of the nature of tne
guestions the stuay was to answer and because of the
clinical technigue employed to gather data to arrive at
answers. Ivanitsyna suggestea that, ". . . the role of
knowledge in tne thinking process has still not been
studied.” (197U:149) 1Tnus, his purpose was to determine
what knowledge 1is recalled wnen geometry problems are being
solved. ‘in1s knowledge is then classifiea either (1l) as
Kknowleage ot problem elements, or, (2) as knowledge ot
appropriate operations plus the ability to carry tnem out.

An example of one problem used reads as follows:
"yne aiagonals of a trapezoid diviae it into four triangles.
Frove that tne triangles on the lateral sices are equivalent
(i.e., have tne same area)." (1970:14Y9) Knowleage ot
problem elements includes knowledge about trapezoids,
diagonals of trapezoids, relations between triangles (tor
example, congruent, equivalent, similar), ana methoas for
proving triangles equivalent. Knowledge of appropriate
operations includes the ability to analyze the problem, to
isolate tne problem's gquestion, to correlate one's prior
knowledge with the problem's condition and question and on
this basis to select or discard the knowledge brought to
mind, to determine the problem type, and so forth.

(1976:149-50)



43
Clearly tne guestions that are posed in tne study

are neitner well-detinea nor precise. In turn the analysis
lacks objectivity and is to some extent based on intuition.
Nevertneless, insights into the relationship between
“*knowledge" and success in solving geometry problems are
gained that would probably not be achievea if a more care-
fully controlled factor analysis were performed.

As statea earlier, a second unique teature of tnis
study was tne clinical tecuniques employed to gather aata.
Ivanitsyna presented a series of geometry problems sucn as
tne one given above to eighteen subjects. Students were
recorded as they solved the problem thinking aloua. Then
transcripts were maoe of tne interviews and analyzea tor tne
knowledge, botn necessary and unnecessary, tnat was recallea
for solving the given problem.

1n analyzing nis stuay Ivanitsyna reports that
auring tne whole course ot tne solutions of problems,

. .« «» thnere is continuous actualization of
particular knowledge, which helps the entire
thought process; tnis knowledge may be correct,
incorrect, necessary, or unnecessary for the
solution. (1970U:153)
inus tne stuay provides some evidence that even in tne
initial stages of solution a subject's progress and
direction are a function ot tne interplay between tne
knowledge ne brings to the problem and his ability to
analyze the problem. (1970:153)
Just as Allen Newell and Herbert Simon summarized

seventeen years of tneir research on human information
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processing in Human Problem Solving, the Russian

psychologist V. A. Krutetskii summarized eleven years of his

research in tne volume The Psychology of Mathematical

Abilities 1n Schoolchildren. 7The purpose of his program of

research, stated generally, was to explore the nature and
structure of matnematical abilities.

Whereas Newell and Simon basically used adults as
subjects, Krutetskii used students from the ages of six to
seventeen wno were classified according to their ability
level as being eitner very capable, relatively capable,
average, or relatively incapable in mathematics. The
clinical methods used for obtaining data regarding the
nearly 20U subjects in his stuay included indiviaual
interviews by nrutetskii and his associates as subjects
solveu series of problems aloud, home visits, and classroom
ooservations. Several longitudinal studies were done witn
tnese 20U participants. In addition he collected data on
more than 1,000 pupils in Moscow secondary schools to
compare their progress in mathematics with their progress in
other school supjects. He also conducted longitudinal
investigations of nine children who were especially gifteu
in matnematics but who were not part of the main study.

In attempting to establish a theoretical framework
for nis study, Krutetskii developed a hypothetical scneme of
the components of the structure of mathematical abilities.

The components include:
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l. An ability to formalize matnematical
material, to isolate form from content, to
abstract oneself trom concrete numerical
relationships and spatial forms, and to operate
with formal structure--with structures of
relationsnips and connections.

2. An apbility to generalize mathematical
material, to detect wnat is of chief importance,
abstracting oneself trom the irrelevant, and to
see what is common in what is externally
difterent.

3. An ability to operate with numerals ana
other symbols.

4. An ability for sequential, properly
segmented logical reasoning, . . . which is
related to tne need for supbstantiation, ana
deductions. . . .

5. An ability to snorten the reasoning
process, to tanink in curtailea structures.

6. An apility to reverse a mental process (to
transter trom a alrect to a reverse train ot
tnougnt).

7. «clexipility ol tnougnt--an ability to
swlitcu rLrom one mental operation to another;
treeaom from tne pbinaing influence of the
commonplace and tne hackneyed. This
characteristic of tninking is important tor the
creative work of a mathematician.

b. A mathematical memory. It can be assumed
tnat its characteristics also arise from the
specitic features ot the mathematical sciences,
tnat tnis is a memory for generalizations,
tormalized structures, and logical schemes.

9. An ability for spatial concepts, whicn is
adirectly related to the presence of a branch of

mathematics such as geometry (especially the
geometry of space). (1976:87-8)

One of tne most important features of Krutetskii's
work is his development of twenty-six series of problems
used in the main study. Each series is a set of problems of

the same type ana should be a ready source of material for
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researcners who are examining some of the same components ot

matnematical ability. Just a few of the twenty-six series
are: (1) problems with incomplete information (whose pur-
pose is to evaluate a subject's perception of relations and
concrete facts in a problem); (2) problems on proof (whose
purpose 1s to determine reasoning methods, use of logic, and
curtailment of reasoning processes); (3) problems with
several solutions (which enables one to examine flexibility
of thinking); (4) mathematical sophisms (which indicate
logic in reasoning); (5) propolems witn terms tnat are hara
to remember (wnose purpose is to evaluate mathematical
memory anu generalization); (6) problems with varying
degrees of visuality in their solution; and (7) -~ .rect and
reverse problems. Examples of two problems in this last
mentioned series are:

Direct: 1he distance between cities A and B is x

kKm. 1wo trains departed, traveling toward eacn

otner. Une went at a speea of a km per nour, the

otner at b km per hour. How long did it take

petore they met? keverse: The distance between

two points is y km. 1wo trains departea from

them, going toward each other, and they met in n

hours. One train traveled at a spveed of 40 km per

hour. what was the speea of tne second train?

(1970v:145)

Krutetskii has developead an outline ot the structure
of matnematical ability whicnh shows tnhe interrelationships
of tne components which ne discovered to be integral to
quality problem solving. This outline acts as a good
summary of nis findings from his main study.

Uf the twenty-six series of problems usea in tne

main study, tne first three (problems with an unstated
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question, problems witn incomplete information, and problems
witn surplus information) were used to form the first stage

of Krutetskii's outline of mental activity in solving a

mathematical problem. 7That stage involves "obtaining

mathematical intormation." He has determined that the more

capable mathematlcs stuaents are better able to grasp the

essence ot a problem ana to gather the necessary information

for solving it.
1ne second stage involves "processing matnematical

information." Abilities or components included in tnis

stage are tne avbility to think 1in matnematical symbols; tne
ability to manipulate these in a logical fashion; an

aptituue tor logical thought in the sphere of quantitative

ana spatial relations, number, and letter symbols; tne

ability to make rapid ana proad matnematical generaliza-

tions; the ability to curtail the process of mathematical

thinking; tlexibility in mental processes; tne striving for
clarity and simplicity of solutions; and the ability for

rapid anu free switching from a direct to a reverse train ot

tnhouqght.
1ne tnira stage of mental activity involves tne

"retention ot matnematical intormation." The better problem

solvers have a memory for mathematical relationsnips, type

characteristics, scnemes of arguments and proofs, methods of

problem solving, and principles of approach.

1ne fourth stage ot his outline is simply a

component of mathematical ability which Krutetskii calls tne
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"mathematical cast of mind." In short, a matnematical cast

of mind is a tendency to interpret the world mathematically.

(1970:35u~1) As witn otner Soviet research, the study just

reported lacks objectivity and to some extent is based on

intuition. However, it still is of considerable worth to

the matnematics education community. For as Kilpatrick ana

wirszup say in the introduction to the book:

exaggeration to say that this work
same sort of impact on matnematics
Fiaget's work has nad. Just as
Piaget's tasks have been adapted and used by
teachers ana researchers alike, so krutetskii's
tasks—--whicn are more closely related to the
school mathematics curriculum=--could be adopted
and used in the same fashion. Just as Piaget's
notions of intellectual growtn have made
matnematics educators aware ot differences in
cnilaren's tninking at various ages, so
nrutetskii's notions on the structure ot
matnematical abilities could make them aware ot
agifterent components of ability anu how they might
function together. And just as Piaget nas
broadeneu our conception of what are appropriate
researcn tecnniques, so Krutetskii may broaden

tnis conception still turther. (l976:xv)

. « o« It 1s no
coula nave tne
eaucation that

STUuIks OF HEURISTICS

Studies evaluating the effect of instruction in

heuristics on problem-solving ability have been conducteud

with students of all ages. For examples of studies using

college~-age subjects, see Goldberg (1974) or Leggette

(1973). Mmendoza (1976), Vos (1976), and basseler, Beers,

and Richardson (1975) have conducted such studies using
nigh-school-age youth; studies using elementary-school

chilaren have been conaucted by Shields (1976) and sSmith and
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Padilla (1975).
1he research studies to be discussed in this section

are of particular importance for the present investigation
because they proviae a frame of reference for the research
design ana for many of the techniques of analysis used here.
Jeremy Kilpatrick's doctoral dissertation from Stanford
Lniversity is of notable importance because in it is found a

unique researcn instrument and technique designeu ana

evaluatea by Kilpatrick. This research technique has been

used by hilpatrick ana recently by other researchers to

achieve significant information concerning problem-solving
processes. In examining tnese studies one sees the Soviet
influence in tne clinical metnods used and in tune breaath of

tne stuaies.
In nis dissertation, Kilpatrick (1967) developea a

unique instrument which when used in an interview setting

with stuadents allows tor a careful analysis of

problem-solving benavior. The instrument, which includes

botn heuristic and non-heuristic categories, can be used to

coae protocols of supbjects solving mathematical word
problems aloua. Once successful in developing this

coding-system his aims were (1) to investigate the

relationships ot variables derived from the coding-systern

categories to one anotner, and (2) to determine wnether

coding system variables could be used to group supbjects into

meaningful clusters, where "meaning" is exhibited tnrough

associations witn independent behavioral measures. In line
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witn this second aim several more specific questions were

asked, only one ot which has great importance for the

development of the present study. It asked which dimensions

from the coding system seem most promising for grouping

subjects into meaningtul clusters of problem-solving

penavior? (1967:31) Kilpatrick attempted to answer these

guestions by tne use of a creative blend of clinical and

statistical techniques.

Kllpatrick interviewed fifty-six above-average
Lach ot

students who nad just completea the eighth grade.
tnese stuaents nad been participating for two years in the
National Logitudinal Study of matnematical Abilities
(NLsiA) , a five-year study supported by tne National Science

rouncation and administerea tnrougn the School Mathematics

Stuay Group. Data from these NLSMA tests were used to

compare a subject's benavior in the problem-solving

interview with nis performance on selected ability,
acnievement, and attitude measures from the previous two

years. 'Ine single interview with each child had as its main

focus a problem=-solving inventory although a test of

impulsivity, two spatial tests, two numerical tests, ana a

?
questionnaire were also administered individually to each

student during the interview.
The propblem-solving inventory consisted of twelve

verbal mathematics problems which were chosen because

. « « 1) they are relatively difficult to solve
and yet do not require special tricks or tech-
niques; Z) most of them can be solved in more than
one way; 3) they span a diversity ot topics and
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"oroblem types®; and 4) several can be solved with
the aid ot a geometric representation. (1967:20v)

In tne tape recorded interview the subjects were

askea to solve the problem "out loud."™ The interviewer

marked a “"checklist” during the course of tne interview

wnich provided a record of certain observed benavior. Later

tne tapes of the interview were analyzea using the coding
system and a "process-sequence coge" was developed to

aescribe the problem-solving process of each subject on eacn

given proolem. Quantative data were derived trom tne check

list anu from the process-sequence codes ana analyzed for

each subject.

C(onsistent with one ot his main objectives,

nilpatrick was able to group students into meaningful

clusters of problem-solving benavior with respect to certain

couing system variables. The variables which seemea to lend

tnemselves best to this grouping were “deduction" and “trial

and error." OUn tne basis of tnese he was able to identify
tnree disjoint groups of students. Group A consisted of

subjects characterized by a tendency to begin problems with

trial and error plus a related tenaency to use trial and

error frequently. Group C subjects were characterized by

infrequent use of trial and error and a tendency to begin

witn some other process. Group B subjects tended to be

somewhere between Grouo A and C with respect to the two

processes. A fourth group, Group E, consisted of subjects
who tended to set up equations to solve problems. It had a

non-empty intersection with Group B and with Group C. Its
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irntersection with urou® A was empty.

1lwo 0f tne more pertirent results of this study

were:

13

l. un tne average, tne subjects in Group { spent
tne least time on tne problem-solving inventory ana got tne
luwest scores. However, stuaents who set up eguations
(broup L) and were also i1n Groud C tenaed to get nigher

scores tor correct sclutions. ‘1nus, infreguent use of trisl
&nNa errur appoears to e an incapacity unless the stuuent
empluyes the use ot an equation.
2. It seems that Groups A, B, ana { maintailned tae
same oruer on a numder oif coding variables anu théet (Crouc o
rell outsiue tue orcer, resemnling eacn ot tnem on scme
varliables. ror example, Group L members were like Lrouv »
in Taslng & mouerate number of structural errors, naving
less uiiliculty wltn processes, and acnleving niqu scores;
WIGU- o 1L maklnj a mouerate nuroer oif requests tor
asslstance, &umitting confusion more otten, anu makinjy a
fouerate numoer ol cnecks; any Groud ¢ 1in drawing more
figdres, using successive approximation less otten,
rereaulny tne problen more times, and stopping more often
7ituout & soiution. (1Y67:85-v)
tonsicering tnese and other findin3s ot his stuauy,

hllpatrick concluues by remarking that:

« « o ur fingings witn regard to trial ana error

neca turther thought and exploration. what are

the causes Ot incapacity or reluctance to choose

trial values in solving & problem? wiat cues 1in a

Prowlen cause certain suopjects toO re3¢rt to tridy
Sfa SrLor iocealctelyr oo o o 40w Ul BULRILCK

[CIRIPEY



3tuuents use it in solving 5m3atnematical problems?

Can low ability students be taugnt to use it

too? (1967:10v)
It is hoped tnat the present study will proviae partial
answers to some of these questions as applied to preservice
teachers.

Jonn Lucas, in his doctoral dissertation at tne
university of wisconsin, mMadison, conducted an exploratory
study to investigate heuristic usage and problem=-solving
performance anao to analyze tne influence of neuristic-
orientea teaching on a group of first-year university
calculus stuaents (1972, 1974). His study is an important
extension ot the work started oy Kilpatrick. Kilpatrick was
casically looking for problem-solving moaes anu examining
neuristic usage of students after eight years of scnooling.
kis subjects were ciosen from different schools ana hau not
peen supjectea to an experimental treatment. In contrast,
Lucas, wnile using many of the same research technigues as
nilpatricsk, taught two intact sections of freshman calculus
and proviued one with an experimental treatment. Wwhile both
groups receivea inguiry-style instruction, tne control group
was given only expository treatment of problem solutions
witn naraly any attention to heuristic strategies. 1In the
inquiry approach of the experimental group heuristic
strategies were empnasizea ana problems were discussea for
the sake ot learning problem solving rather than simply to
reinforce concepts as was the case in the control group.

aAlso, twelve papers were distributed to tne experimental
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class wnicn demonstrated various heuristics ana aow these

are used to aid in solving problems. 71he control class dia
not receive tnese. Finally, the problems handed in by the
experimental group were graaed in such a way as to rewara
heuristic usage.

Lucas used a four-group aesign, similar to tne
Solomon Four-iuroup bLesign of Campbell ana sStanley (1Y63), so
as to control for pretest by treatment interactions.
However, he did not have the randomization required in the
Solomon Four-Group Design. His pretest and posttest
consistea ot a problem-solving inventory in which students
were askea to solve tne seven problems out loua. 1ne
interviews, approximately two hours in lengtn, were taved
ana tnen analyzed using a checklist and coaing system
sirilar to that developed by Kilpatrick.

Some of tne pertinent findings of Lucas follow. ‘tne
researcher was able to code reliabily thirty-five benavior
varlables and analyze them using chi-square tests for main
eftects aue to treatment. Examples of some of these
varliables are uses mnemonic notation, uses metnod of related
problem, check of manipulations, computation error, score
(approacn, plan, result, total), synthetic deduction,
analytic deduction, trial and error, etc. he found that

first:
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Heuristic-oriented instruction . . . has a
positive eftect on:

(1) the kind ot notation used,

(2z) applying the method of a relatea problem,
(3) applying the resuit of a related problem,
(4) reasoning by analysis,

(5) organizing problem data (separating:
sunmarizing),

(6) certain performance measures: effectiveness
ot aporoach, devising workaole plans,
obtaining accurate results,

(7) certain measures of difficulty: decrease in
frequency of reading the problem and in amount
ot nesitation,

(b) time spent looking back. (1972:427-5)

Also:

Heuristic-orientea instruction . . . has no eftect
on:

(1) arawing or moaifying diagrams,

(z) the overall trequency of checking,

(3) the kind of checking, except possibly for
cnecking to see it a result 1s reasonaole or

1f it satisfies the conaitions of the problenm,

(4) the number or kinds of executive errors
comrittea,

(5) tne numper of structural errors committed,
(6) reasoning by syntnesis,

(7) productivity of relationships, eguations, or
algorithmic processes,

() using trial and error as a solution method,
(9) stopping without solution. (1972:428)

Secondly, inductive reasoning, varying tne process
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of solution, and varying the problem were observed least

often in the problem-solving protocols of college students.
Tnirdly,
« « «» lhe data tor treatment effects on all
pertormance scores i.e., time score, trequency ot
errors, and amount of ditfficulty provide clear
evidence--at least on tne basis of an existence
argument--tnat heuristic instruction can resuit in
improvea problem-solving performance. (1%972:370)

In nis stuay, Lucas aamits that all ot his conclu-
sions are tentative. 1Tnis follows since (1) subjects were
not ranadomly assigned to treatment; (Z2) sample size was too
small tor some of the statistical tests employed;

(3) teacher eftect was not controlled; and finally, as with
Kilpatrick's stuay (1967), (4) tne outcomes are highly
aependent on the types of problems used in tne pretest and
posttest.

A serious ditficulty with tne clinical technigue
usea by ootn Kkilpatrick and Lucas in their studies is the
great amount of time needed to analyze the audio tapes of
tne problem-solving inventories for each subject. Zalewski
(1974) tnought tnat it he could construct a written test
sucn that pertormance on it woula be highly correlated witn
performance measures of a corresponding interview test, then
he would have tne concurrent validity necessary to estaplisn
the teasibility of using tne written test as a substitute
for the complex interview and coding procedure. (1974:49)
Thus, he constructed two types of non-routine problem-

solving tests for seventn graders. One test involved the

use of six mathematical problems wnich were to be solved by
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students in a taped interview setting. 7Their problem-

solving protocols were then evaluatea using process-seguence
coues similar to those employed by Kilpatrick and Lucas. A
paper and pencil problem-solving test was also constructed
for comparison. unfortunately, his written test dia not
proviue the nigh correlation he had hopeu to acnieve.

Perhaps it is impossible to attain Zalewski's goal.
Mevertneless, the coding techniques used in the present
study still proviae a useful, though i1nefticient, way ot
analyzing problem-solving behavior.

Norman weobon (1975) has done a follow-up ot the
stucdies ot hilpatrick anc Lucas in nhis dissertation at
Stantord university. He examined the problem-solving
processes of tnirty-seven stuaents who were taking their
secona year ot high scnool algebra. His research technigues
were again clinical in nature. Like kilpatrick but unlike
Lucas, he aid not provide a group with instruction in
neuristics. KRatner in examining problem-solving behavior at
exactly one point in time he attempted to answer these three
jguestions:

1. what is tne separate and cummulative
relationsnip of the pretest (cognitive and
attective) variaples and the process variao;es to
the problem-solving scores of second year high
school algebra students? 2. Ot tne heuristic
strategies consiadered, which are problem-specific
ana which are general strategies? 3. what
problem-solving moues can be identified as being
used by groups of stuaents? (1975:16)

Thirty-seven second year high school algebra

students participated in webb's stuay. <They took a series
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ot pretests which measured such things as mathematical

achievement and different cognitive abilities such as verbal
ability, spatial ability, reasoning ability and so forth.
Then in an interview setting each took an eight proolem
veroal problem-solving test called the problem=-solving
inventory. '1ne stuaents thought aloud as they solved the
proolems ana were tape-recorded. Coding and analysis
tecnnigues similar to those of Kkilpatrick ana Lucas were
used.

Lsing tne total score tor problems correct on the
proolem-solving inventory as the dependent variaple, webD
founa tnat 5u percent of tne variance of this score was
accountec ftor by matnematics achievement as measured by the
pretests. wunly 13 percent of tne variance was accountea tor
by all tune neuristic strategies combined. ¢f all ot these
"pictorial representation” contriouted 8 percent of the
total 13 percent. Thus matnematlcs achlevement had tne
hignest relation to problem-solving ability.

Secondly, weob not surprisingly founad that heuristic
strategies were problem-specific. Students who used a wide
variety of strategies, nowever, were on the average petter
prodlem solvers.

1nirély, tnree modes of problem-solving pehavior
were identitied when clustering was done on neuristic
strategies, and when clustering was done on the process-
sequence variables. Some modes that resulted from this

analysis are (l) those who used a meaium amount of trial anau
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error ana eguations also nad a low frequency ot structural

errors; (<) those witnh nigh use of equations tended to be
low in tnhe use of trial ana error; and (3) those high in the
use of trial and error tended to be low in the use ot
equations.

Finally, dMary Grace Kantowski (1977) conducted a
longitudinal exploratory stuay with the purpose of
uncovering information about ana gaining insight into tne
processes involved in solving complex, non-routine
problems. (1977:164)

kight high-apility nintn-grade algeora students
participateua in the stuay which consisted ot four phases.
Tne first was simply a pretest where supjects were asked to
think aloud as they solved eignt non-routine problems.
verpal protocols were recoraed and analyzeu, again using
tecnnigues similar to those first used by Kilpatrick. (1967)
Ine second phase was a readiness instruction phase wnicn
lasted four weeks witn three lessons per week. Here
subjects received instruction in using neuristics in solving
proolems. A test followed this phase.

1ne third phase involved instruction in geometry
using neuristic instructional techniques and lasted four
montns. 1The fourth phase was a posttest consisting of
geometry ana verbal problems and "prerequisite knowledge"
tests which considered facts and concepts necessary for
solution of the posttest problems. (1977:164-5)

Kantowski defined a "process-product score” wnicn
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was assignea to each problem. 7This score was calculated for

each problem by giving one point for each of the following:
suggesting a plan of solution, persistence (a student lacked
persistence if ne stopped without a solution or it ne
aecices upon a solution on an irrelevant basis), looking
pack, aosence of structural errors, aosence of executive
errors, absence of superrluous deductions, and correctness
of result., (1977:165)

kantowsi's analysis is lengthy and covers a broaa
spectrum of results. however, some of tne pertinent
tindings are: (l) students witn nigher process-product
scores tenued to use heuristics more consistently; (2) tne
use of neuristics increased as problem=-solving apility
aeveloped; (3) regular patterns of analysis anu synthesis
are ooserveu in successful problem solvers; (4) tne failure
to use a heuristic often led to analyses that were not
germane to the solution of tne problem; (5) "looking back"
did not increase as problem-solving ability developea.

(1977:165-9)

ATTITUDINAL STUDIES

In 1969 Lewis Aiken (1Y96Y) published a comprehensive
review of research on attitudes toward mathematics in whicn
he suggests tnat before 1960 very little research was done
in this area. However, he observes that from 1960 to 1969

tne number of dissertations and published articles dealing
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witn attitudes toward matnematics has increased geometri-

cally. (196Y:1) His review covers that span of time.

In another comprehensive review conducted by konala
i1rimmer i1n 1%Y74 and reported on in an unpublisned document
of tne Unitea sStates Lepartment of Health, kducation andu

"

neliare, it was observea tnat no research was founcu « o o

gdirectly relating proplem soclving and attituue toward

matnematics” [italics not in tne original). (1974:9) his

review considerea the relationsnip of problem solving to
attituue and otner psycnological variables.

lhus 1t seems that althougn there has been an
abunaance ot stuay on attituades ana other related psycnc-
logical variables anu tneir relationship to matnermatics
acunleverment, we have learnead very little apout the
relationsnip ot attituues to problem-solving ability. 1Ilhis
ocservation proviaes some of the motivation for tne parts of
tne present stuuy tnat aeal witn attituace and its connection
witn problem-solving ability.

lhere nave been stuales conaucted in wnicn attempts
are maue to improve attitudes. One such study was conaucteu
oy sonnie Litwiller (1970) ana deals witn tne same sort of
population as the present study.

Litwiller wantea to determine if attitudes of
preservice teacners coula be improved. 7The design ot hner
study was simple. A control group and an experimental group
were used. “1he control group consisted of two sections

(titty stuaents) of a general matnematics course for
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preservice teaciners at Indiana ULniversity. ‘Ihe experimental

group consisted of tour sections (ninety-five stuaents) of
the same course.

Lacn day stuuents in the experimental group received
sore sort ot enrichment experience. (ften times this was a
proplem not necessarily relatea to tne concepts being
stuuiea at the time. ‘1he control group had no such
experiences.

button's Attltuae Scale was useu for a pretest ana a
posttest. A unitorm final exam providea a measure of
mataematical achievement.

Litwiller determined that there was a rather
aramatlic improvement in tne attitudes of tne stuaents 1in tne
experimental sections and tnat on the attitude posttest
tnere was a signiticant aifterence (at the .0ul level)
between the means ot tne experimental group anu the control
group. sSne also determined that there was no significant
dirterence between the two groups on mathematical
achievement in the course.

une must look at these conclusions however with some
suspicion since she did not control for teacher effect. she
reports that four people taught tne six sections but does

not aescribe how tney were assigned or who they were.
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SUMMARY

1his survey has shown a vast number of researcnh
approacihes to the problem of studying problem-solving
processes. One cannot help but be overwhelmed by tne
complexity ot the task that lies pefore tne mathematics
eaucation community as 1t attempts to better understand the
provlem=-solving process and as it attempts to find ways of
improving instruction in problem solving.

In spite of tne great number ot studies done that
nave examinec the various aspects of problem solving, tnere
are certain areas of concern that have not been adaressed.
In particular, in clinical studies where emphasis 1s on tne
process of problem solving no one has (l) examined the
provlem-solving styles of preservice teachers and ways of
improving tneir problem-solving ability, (<) examinea the
interrelationsnip of attitudes with problem-solving
processes, and (3) paid much attention to the processes
employed ny low-aoility students as they solve non-routine
matnematics problems or to ways of improving their
prooiem-solving ability. 7Tne present study attempts to

examine parts of these heretofore unaddressed questions.



Chapnter 3

METHCD OF INVESTIGATION

INTRODUCTICN

The prirmary purpose of this study was to desian,
irplerent, and evaluate a required course in the structure
of elementary school mathematics for preservice teachers.
ine unifyina thread of the course was a problem-sclving
component which uses problems to motivate new concepnts,
vrovides instruction in the use of heuristics in solving
problems, and provides students with practice in solvina
nocn-routine problems. Secondly, within this context the
study was to (1) examine what heuristics preservice
elermentary teachers tend to use in solving non-routine
mathematics problems befcre takina any recuired mathewmatics;
(2) examine the effects of sucn a course on the heuristic
usage of students and on their problem-solvina ability;
(3) determine the effects such a2 course has on student
attitude toward problem solving and mathematics; and

(4) identify features of verbal non-routine problers that

64
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are especially troublesome for preservice teachers.

The method of investigation involved the use of one
section of a six-quarter-hour course in the structure of
elementary school mathematics containing twenty preservice
elementary school teachers. This section was created from
two intact sections during the spring guarter of 1975-76
academic year at Concordia Teachers College, River Forest,
Illinois. Students were selected so as to have two
ability-level groups with the same number of subjects in
each group. The first week of the course the subjects
participated in individual interviews with the investigator
in whicn they were asked to think aloud as they solved
twelve non-routine mathematics problems. The interviews
were tape recorded for later analysis.,

The course of instruction covered the usual topics
in such a first course for preservice teachers and had an
extensive laboratory component. 1In addition, the course had
a problem-solving component which was integrated into all
units of the course except those covered the first and last
week of the ten-week guarter when pretest and posttest
interviews were being conducted. The second full week of
the course was totally devoted to problem-solving activities
which emphasized the use of certain heuristics. Other
strategies were discussed as the course proceeded. 1In
total, twenty~-three non-routine problems were solved in
class discussions and thirty-four were assigned for students

to solve as homework. Most of these were also discussed
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when they were collected. During the last week of the
course subjects were again tape recorded as they worked
through a twelve problem posttest problem-solving inventory.

Two basic instruments were used to analyze the
subjects' problem-solving behavior. A checklist was
completed on each problem for each subject during the course
of the interviews. The items on the checklist then became
variables for the analysis. These items or variables were
grouped into the following seven categories: time, score,
approach, production, looking back, comments, and executive
errors.

The second instrument was a sequence of symbols,
called a process-seguence code, which gave a sequential
picture of the processes and heuristics the subjects used as
they solved each problem. The audio tapes were used to
write one process-sequence code for each problem worked by
the subjects. The freguency of the usage of given processes
and heuristics gave rise to additional variables called
process-seguence variables. The attitudinal component of
the study centered on the use of Aiken's "Revised
Mathematics Attitude Scale" (1970, 1972) and various
self-revort gquestionnaires developed by the investigator.

The research design was of necessity clinical in
nature so as to analyze the "process" of problem solving as
well as the "product® of problem solving. Thus, informal
techniques were used in the analysis of the data derived

from the study.
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The next section of this chapter describes the pilot

study that was conducted to determine which non-routine
mathematics problems would be acceptable for use in the
testing instruments of the study as well as to evalute the
coding system which was to be used to describe problem-
solving behavior and to provide the investigator with
practice in using the system. Section three describes that

coding system. Section four provides background concerning

the setting in which the study was done. The fifth section
describes in detail the students who participated in the
study.

Section six addresses the task of selecting problems
for use in the pretest and posttest interviews and section
seven details the procedures used in those interviews. The
interviews were used to gain information about the processes
the subjects used in solving problems but could not be used
to measure student attitude toward problem solving and
mathematics. The instruments used to measure these are
described in section eight, "Attitudinal Instruments.”
Finally, the last section describes the content of the

course and the technigues of instruction.

PILOT STUDY

A pilot study was conducted to accomplish three
things. First, it was necessary to determine what problems

would be appropriate for inclusion on the pretest
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problem-solving inventory and the posttest problem-solving
inventory. Second, the checklist variables of the coding
form and the process~-sequence variables which were to be
used to describe subjects' problem-solving behavior needed
to be devised. These were modifications of the forms and
variables used by Kilpatrick (1967) and Lucas (1972, 1974).
Third, it provided the investigator with the opportunity to
develop skill in using the coding forms and in conducting
the interviews.

In deciding which problems should be included on the
tests it would have been convenient and instructive to have
used verbatim the tests employed in the studies of
Kilpatrick or Lucas, studies which have served as a theoret-
ical basis for this study. However, each of these studies
was conducted with subjects whose levels of mathematical
development were different from the levels of the subjects
of this study. The subjects in Kilpatrick's study were
gifted eighth graders and those in Lucas' study were college
freshmen enrolled in Calculus. Also many of the problems in
the study done by Lucas were course specific. Nevertheless,
it was possible to include several of the same problems used
by Kilpatrick in the pilot study tests. A report on the
source of all problems, a report on the research previously
conducted on certain problems, and a rationale for including
the problems is included in a later section of this chapter
which deals specifically with the selection of problems for

the two problem-solving inventories.
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In the pilot study, ten problems were initially

selected for the pretest and the posttest. Those in the

pretest were:

1.

10.

A two-digit number is added to a number formed by
reversing its digits. What is the largest number that
is always a divisor or factor of this sum?

What is the smallest number having 4, 6, 9, and 15 as
divisors or factors?

Is 3688 a perfect square?
What is the remainder when 28Y jis divided by 3?

Fill in the nine small boxes below with the digits 1,

2, 3, 4, 5, 6, 7, 8, 9 so that the sums of the numbers
in the 3 rows, the 3 columns, and the 2 diagonals are

all the same.

A wooden cube is painted black on all faces. It is
then cut into 27 equal smaller cubes. How many of the
smaller cubes are found to be painted on a) three
faces, b) two faces, c) one face, and d) no face?

A board is sawed into two pieces. One piece is
two-thirds as long as the whole board and is exceeded
in length by the second piece by 4 feet. How long was
the board before it was cut?

If a brick balances evenly with three-quarters of a
pound and three-quarters of a brick, what is the weight
of a whole brick?

A barrel of honey weighs 50 pounds. The same barrel
with kerosene in its weighs 35 pounds. If honey is
twice as heavy as kerosene, how much does the empty
barrel weigh?

A carpenter makes only three-legged stools and four-
legged tables. One day when he looked at his day's
output he counted 31 legs. How many stools and how
many tables did he complete that day?
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Those problems initially selected for the posttest

were:

1.

5.

Take any three digit number (e.g., 638), reverse the
digits, and find the non-negative difference between
these two numbers (e.g., 836 - 638 = 198). What is the
largest number that is always a divisor or factor of

this difference?

wWhat is the smallest number having 9, 12, 22, and 24 as
divisors or factors?

Millionnaire Jones wants to build a large patio behind
his mansion. He has 692,482 square tiles (1 ft. x 1
ft.) to use for the patio. Can he construct a square
patio which will use all of the tiles?

What is the remainder when 397is divided by 7?

Fill in the nine small boxes below with the digits 5,
6, 7, 8, 9, 10, 11, 12, 13 so that the sums of the

numbers in the 3 rows, the 3 columns, and the 2
diagonals are all the same.

Three people play a game in which one person loses and
two veople win each game. The one who loses must double
the amount of money that each of the other two players
has at that time. The three players agree to play three
games. At the end of the three games, each player has
lost one game and each person has $8., What was the

original stake of each player?

A man has 7 times as many quarters as he has dimes.
The value of the dimes exceeds the value of the
quarters by $2.50. How many has he of each coin?

If a chicken and a half lay an egg and a half in a day
and a half, then how many eggs do three chickens lay in

one day?

An airline passenger fell asleep when he had traveled
halfway. Wwhen he awoke, the distance remaining to go
was half the distance he had traveled while asleep.
For what part of the way did he sleep?
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10. A farmer has hens and rabbits. These animals have 50
heads and 140 feet. How many hens and how many rabbits
has the farmer?

The participants in the pilot study were seven
unpaid volunteers enrolled in the investigator's winter-
quarter section of the course, Structure of Elementary
Mathematics, offered at Concordia Teachers College, River
Forest, Illinois, during the 1975-76 academic year. The
volunteers tended to be above average in mathematical

ability. The interviews were scheduled over a period of

three weeks from January 29, 1976, to February 20, 1976.
This scheduling allowed time for the investigator to code
each volunteer‘'s problem-solving protocol and make
appropriate improvements both in the tests and in the coding
scheme between interviews.

Each volunteer agreed to meet with the investigator
for a two-hour period of time in a room specifically
arranged to accommodate the interviews. Most of the
interviews lasted considerably less than two hours. The
students were asked to think aloud as they solved the word
problems presented to them in a booklet at the time of the
interview. Their protocols were tape recorded. The
interview procedure used was identical to that used in the
main study and is described in more detail in a later
section of this chapter.

After the first three interviews, in each of which
the students worked through the pretest, it was decided to

increase the length of the tests to twelve problems. It
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seemed most subjects would still be able to complete the
test in two hours or less and the additional problems would
provide the investigator with more data for analysis. Also,
problems five and six of the pretest and problem five of the
posttest were deleted. It was determined that if in problem
five of the pretest and posttest a subject did not have any
insights to streamline his solution, then he would resort to
random trial and error for determining a solution and,
depending on his persistence may spend an inordinate amount
of time on those problems. Problem six of the pretest was
deleted because it proved to be too simple and thus resulted
in little data of interest when protocols of students
solving the problem were analyzed. 1In addition, problem
eight of the pretest was rewritten to promote clarity.

The subjects participating in the next two
interviews took the revised pretest. Editorial changes in
the pretest and some minor changes in the coding forms
resulted.

The last two volunteers in the pilot study took the
posttest that had been revised to include twelve problems.
Minor editorial changes were suggested by the analysis of
those interviews.

Appendix A (Pretest and Posttest in Main Study)
contains the pretest and posttest as they were developed for
use in the main study. The problems in the tests are
grouped according to topic when possible (for example,

number theory, or geometry) and are ordered the same in both
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tests so as to allow for comparison of the two tests. When

the problem~-solving test booklets were constructed for use
in the main study, the problems were put in random order.
The pretest booklet is found in Appendix B (Pretest
Problem-Solving Inventory) and the posttest booklet is found
in Appendix C (Posttest Problem-Solving Inventory).

The second major purpose of the pilot study was to
revise the checklist variables of the coding form and the
process-sequence variables that the investigator constructed
based on the studies of Kilpatrick and Lucas. There were
only minor changes made in these and they can be described
quite simply by examining Appendix D (Checklist Variables
and Coding Form for Problem-Solving Protocols) and Appendix
F (Process-Sequence Coding Variables). In the checklist
variables, two categories were added that were not in the
original checklist. Under "Looking Back,"™ "“Checks that all
information is used"” and "Attempts to find other solutions"
were not in the original checklist. 1In the process-sequence
variables only "N-nonsense process or behavior not
classifiable" was added to the original listing.

Finally, the pilot study was to provide the
investigator with the opportunity to develop skill in using
the coding forms and in conducting the interviews. It was
felt that the pilot study achieved both of these goals since
first of all, seventy-eight separate problem-solving
protocols were coded. Also, the interviews themselves were

quite simple in nature and seven different interviews were
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sufficient to make the investigator feel comfortable with

the techniques employed.

THE CODING SYSTEM

The coding system employed in this study centered on
two parts, the checklist (see Appendix D) and the process-
seauence codes (see Appendix F). During the course of the
interview the investigator filled out one checklist coding
form (see Appendix D) for every problem attempted by the
subject. This procedure included, (1) recording a tape
reading off the cassette tape recorder which not only
indicated the location of the protocol on the tape but was
also used later when the reading was converted into the
number of fifteen-second units that the subject worked on
the oroblem, both in trying to find a solution and in
looking back over a solution, and (2) checking once those
variables on the checklist under "Approach," "Production,"
"Lcoking Back," and "Corments" that were exhibited by the
subjects at least once. In other words if under “Comments"
a subject "“Reguests assistance, more information” more than
once on any given problem, the checklist is still only
checked once. Under "Executive Errors™ tallies are kept for
each error made of the three types listed. "Interviewer
comments® were made both during the taping of the protocol
and later during the analysis of the tapes. A complete

description of the checklist variables and description of
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when a subject is assumed to have demonstréted the various
behaviors listed is found in Appendix E (Description of
Checklist Variables).

The second major part of the coding system was the
process-sequence codes. A process-segquence code is a series
of letters, numerals, punctuation marks, and other symbols
taken from the list in Appendix F (Process~Sequence Coding
Variables) which when written in the proper order presents a
sequential picture of the subjects problem-solving behavior.
By looking at the codes one can determine immediately what
methods the subject used to solve the problem, the order in
which he used them, whether he had great difficulty, whether
he made a lot of executive or structural errors, whether he
checked his work, and so forth. These codes were determined
in the three months following the spring quarter in which
the study was conducted. The investigator listened to the
recorded protocol of each subject on each problem until he
could write the process-sequence code for that protocol.
The coae was then written at the bottom of the checklist
coding form (Appendix D) in the space set aside for it. A
total of four hundred thirty-two protocols were determined
for later analysis. A comprehensive description of the
process-sequence variables and of the guidelines used in
writing the process-sequence codes is found in Appendix G
(Description of Process-Sequence Coding Variables).

After writing the process-seguence codes the

investigator scored the protocol and wrote the points for
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“Approach,” "“Plan," "Result," "Looking Back" and "Total" on
the checklist coding form (Appendix D). The analysis of the
tapes also resulted in some changes in the notations on the
checklist which were made during the course of the
interview. More often than not such changes involved
checking behaviors demonstrated by the subjects that went
unnoticed at the time of the interview largely because the
interviewer was not only looking for instances of checklist
behaviors but was also following the train of thought of the
subject.

For each protocol the investigator also wrote a
brief description of the subject's approach. Particular
attention was paid to bizarre happenings both in reasoning
and in computation.

Three examples of the application of the coding
system are found in Appendix I (Three Examples of Applying
the Coding Scheme). Three protocols are transcribed and the

corresponding coding forms are there for comparison.

BACKGROUND

The study was conducted at Concordia Teachers
College in River Forest, Illinois, a western suburb of
Chicago. The college is owned and maintained by The
Lutheran Church--Missouri Synod. Undergraduate programs are
of fered in liberal arts or in teacher education. Recently,

approximately 90 percent of the undergraduate student body
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has been enrolled in teacher education programs. The
undergraduate enrollment has averaged approximately 1,050
students over recent years.

The teacher education program prepares students
desiring to become elementary or secondary school teachers,
directors of Christian education, or directors of parish
music. The program is accredited by the North Central
Association of Colleges and Secondary Schools and the
National Council for the Accreditation of Teacher Education.
Approximately 95 percent of the graduates of the teacher
education program take positions in Lutheran elementary or
secondary schools or Lutheran parishes. Masters degrees are
offered in education and church music.

The mathematics department at Concordia offers
students in elementary education a concentration (sixteen
quarter hours) in mathematics and offers a minor in computer
science and a minor or a major in mathematics for students
in secondary education. Regquired of all students in the
elerentary education vrogram is eight quarter hours of
mathematics. At the time of the study this eight hours was
packaged as a six-cuarter-hour course in mathematical
content titled MATH-301, Structure of Elementary Mathematics
and one of two two-quarter hour methods courses titled
MAE-380, Teaching Math in the Lower Grades or MAE-381,
Teaching Math in the Upper Grades. All of these courses
were taught by members of the mathematics department. The

content course was typically taken by freshmen or sophomores
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and the methods courses by juniors or seniors.

THE SAMPLE

The students who participated in the study were
taken from two regqularly scheduled sections of the
six-guarter-hour course MAT-301, Structure of Elementary
Mathematics, during the ten-week spring quarter of the
1975-76 academic year. Structure of Elementary Mathematics
is a required mathematics content course for preservice

teachers.

Peculiarities in the scheduling of freshmen in this
course at Concordia influenced the nature of the sample
chosen from these two sections. Concordia's calendar
consists of a ten-week fall quarter from mid-September to
Thanksgivina, a winter quarter that is divided into a
three-week interim from Thanksgivinag to Christmas and a
seven-week term from early January through February during
which an average credit load for a student is twelve hours,
and a ten-week spring quarter. Freshmen preservice teachers
with a mathematics ACT score of thirty or greater are
prescheduled into a special interim mathematics course for
talented students which substitutes for Structure of
Elementary Mathematics in their program. Freshmen
preservice teachers who have mathematics ACT scores in the
high twenties are typically scheduled into a section of

Structure of Elementary Mathematics that is offered during
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the seven-week part of the winter quarter; the rationale
being that it is not advisable to have students with low
ability in mathematics take this six-guarter hour course
during such a short period of time as seven weeks.

As a result of these standard procedures, students
enrolled in Structure of Elementary Mathematics during the

fall or spring quarters tend to be average or lower ability

freshmen or upper classmen who for some reason did not take
the course as freshmen. Oftentimes the spring quarter
sections are populated by students who are doing their best
to avoid the course as long as possible.

Since both scheduled sections of Structure of
Elementary Mathematics during the spring quarter of the
1975-76 academic year were to be offered during the same
time period, the investigator was able to choose subjects
for participation in the study from both sections. Since
the study was to be done with freshmen and sophomores, this
was one easily identified criteria for selection. 1In
addition, subjects were selected so as to assure the
existence of two distinct ability groups within the class.
Twenty-two students were placed in the investigators
section. The remainder of the students, largely juniors and
seniors, were placed in the other section which was
scheduled to be taught by a different instructor.

The class was divided into two ability groups
according to (1) a score on a test on the structure of

elementary mathematics administered to all incoming freshmen
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during their orientation week, (2) ACT mathematics scores,
and (3) number ot years of high school mathematics. One
group will be referred to as the Low-Ability Group and the
other as the High-~Ability Group with the understanding that
this latter description is a bit of a misnomer because of
the scheduling considerations discussed earlier.

Of the initial twenty-two subjects, eiahteen were
considered in the final analysis. Subject D, a low=-ability
student, failed to appear for the initial interview and
failed to appear a second time when the interview was
rescheduled. She did not attend class more than few times
during the gquarter and got an F in the course. Subject Q, a
high-ability student, participated in the early part of the
investigation but because of personal problems quit coming
to class after about two weeks. Since he missed a major
part of the treatment, he was dropped from the analysis.
Subject P, a high-ability student, participated in all
aspects of the study. However, due to a malfunction in the
recording equipment during her pretest, her interview could
not be analyzed and thus she was also dropped from the
analysis. 1In order to maintain an equal number of subjects
in each ability groupo, a low-ability student, subject N, was
randomly selected. Althouch she participated in all aspects
of the study, the data obtained for her was dropped from the
analysis.

Table 1 provides background data on the eighteen

participants who served as the sample in the investigation.
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All of the students were freshmen or sophomores in teacher
education programs. All were female except for one male in
the low-ability group and two in the high-ability group. A
subject is regarded as having two years of high school
mathematics if he had one year of algebra and a year of
geometry. Two students had a year of general math and then
a year of algebra and a year of geometry. This is regarded
as two years of mathematics in the table. The college
grade-point averages listed for each student was for courses
taken up to the spring quarter, 1975-76.

Table 2 lists the means of the high school grade-
point averages, ACT mathematics scores, ACT composite
scores, structure of elementary school mathematics tests,
and college grade-point averages for the two ability-~level
groups. Clearly, there is a distinct difference between the

two groups on all of these measures.

SELECTION OF PROBLEMS FOR TESTS

Cne of the real difficulties in doing research on
problem solving lies in the fact that it is so hard to
classify non-routine mathematics problems. If one has a set
of problems that cannot be classified into any subgroup,
then it is impossible to observe a person's behavior as he
solves one problem and then make any sort of generalization
as to what his behavior will be on another problem from the

set. This was a problem that had to be addressed in the
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present study.

There were four main considerations that guided the
selection of problems. They were:

1. The questions had to be non-routine mathematics
problems as defined in Chapter 1 since such problems are the
center of the study.

2. The problems were not restricted to any one area
of mathematics. However, their solutions in general
required at least some knowledge of algebra and geometry.

3. The problems had to be solvable in two or more
ways. This prompted diversity of student approaches and
made analysis of student protocols more interesting and
productive.

4. As much as possible, certain of the problems
were classified. But this had to be done without betraying
the studies emphasis on non-routine problems. In many cases
problems between the pretest and posttest were paired
according to problem type. This was done to contribute to a
rore interesting analysis.

In the description of the pretest and posttest that
follows, numerical reference to the problems coincides with
the numerical listing of the problems in Appendix A (Pretest
and Posttest in Main Study). It is in this appendix that
the problems are grouped or classified to some extent
according to content area and type. When the tests were
used in the study the guestions were put in random order and

the Pretest Problem-Solving Inventory and the Posttest
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Problem-Solving Inventory are given in Appendix B and
Appendix C respectively.

Questions one through five on both the pretest and
the posttest are number theory problems, an area of
mathematics that is rich in fascinating problems of any
level of difficulty. Number theory is also an important
component of any course in the structure of elementary
mathematics for preservice teachers.

The problems were obviously paired. Problem one on
the posttest is slightly more difficulty than number one on
the pretest. Nevertheless, they can both be solved by
similar technigues.

Problems two on both tests are almost identical
except the numbers used in the posttest question are larger.
The course of instruction did include some practice with the
various methods for finding the least common multiple of two
or three numbers.

Questions three on both tests are again identical in
structure. However, the numbers used are different and the
posttest gquestion is not stated as directly as the pretest
guestion. Its geometric setting may make it more difficult
for certain people. During the course students were exposed
to two techniques for determining if a number is a perfect
square. First, by looking at its prime factorization and
second, by noting if the last digit is a last digit of a
perfect square, namely, zero, one, four, five, six, or nine.

The fourth gquestions on each test are of the same
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structure. The posttest problem is probably more difficult

because the divisor is larger. No instruction on ways to do
this specific type of problem was given in the course.

Questions five on the pretest and posttest seem to
be quite different but both require some knowledge of
factors and both require some counting. Other than the
usual introduction to factors and multiples, no instruction
was given in the course on problems of this type.

Problems six on both tests are geometric in nature
and both measure to some degree a subject's geometric
perception. During the course of instruction students
performed a laboratory experience related to this question.
They were given the pattern of a box and asked to visualize
the construction of a box that is half as wide, half as
long, and half as high as the original. Then they were
asked to guess how many of the smaller boxes would fit into
the larger box. After making a guess they were directed to
do the construction of the smaller box and check their
guess. Students also had various other laboratory
experiences with volume using one-inch cubes.

Problem seven on the pretest is geometric in nature
and usually requires the drawing of a figure for solution.
Problem seven on the posttest also usually requires the
construction of a diagram for solution. The pretest problem
was included in the studies of Lucas (1972, 1974) and Webb
(1975) and the posttest problem was included in the study of
Kilpatrick (1967) and Krutetskii (1976).
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Both questions eight have no solution. Both
problems were studied in depth in an interview setting by
Jeffrey Paige and Herbert Simon (1966). They compared human
behavior in solving these problems with the technique of
solution used by the computer program called STUDENT which

was discussed in Chapter 2. During the course of
instruction the participants ir. the study were faced with
several other problems with no solution.

Questions nine on both tests are somewhat difficult
to understand at a first reading. 1In most cases if a
problem solver understands what is being asked in each
problem, then he gets the problem correct. Both problems
were included in Kilpatrick's study (1967).

Problems ten on each test are "typical®™ questions’
involving two unknowns. Students versed in algebra may
write two eguations in two unknowns to describe the
problems. Others may use trial and error for arriving at
solutions. The course included no instruction in algebra
per se. Occasionally, simple linear equations were used to
solve other problems. Problem ten of the posttest was
discussed at length by Polya (1962:1,23-26) where he
examined the many approaches there are to solving the
problem.

The remaining two pairs of problems are not paired
according to type but nevertheless they are interesting
non-routine problems. Problem eleven of the pretest can be

approached in several ways and often people do not recognize
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that part of the information given in the problem is not
necessary for the solution. Problem eleven of the posttest
is of interest because the initial guess of many people as
to what the answer is, namely, fifteen minutes, is wrong.
Many different strategies can be employed in solvinag the
problem.

Number twelve on the pretest is also a problem
involving two unknowns. It was previously studied by
Kilpatrick (1967) and Webb (1975). Problem twelve on the

posttest is rather difficult and the easiest way to solve it

is to "work backwards.®"™ This heuristic was only briefly
covered in the course. Nevertheless, the investigator
thought it would be interesting to include such a problem on
the posttest. The problem is discussed at length by

Wickelgren (1974).

INTERVIEW PROCEDURES

The pretest interviews were held during the first
week of the spring quarter of the 1975-76 academic year.
The first day of class the students were told that they
would be expected to participate in two interviews in the
course, one during the first week of the course and one
during the last week. It was explained that during the
interviews they would be asked to solve some problems. The
interviews would be recorded so that I could examine them

more carefully at a later time. They were assured that
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their performance in the interviews would in no way

influence their grade in the course. Since typically such
interviews are not a part of the course they were told they
would be paid a total of eight dollars for the two
interviews. That same day students signed up for pretest
interviews during two-hour blocks of time. It was
anticipated that most subjects would not require two hours
to complete the tests but that a few might. The twenty-one
pretest interviews were held from March 2, 1976, to March 8,
1976. Two-hour blocks of time were also set aside for
posttest interviews. These twenty interviews were held from
May 4, 1976, to May 12, 1976.

All interviews had the same format. Participants

were asked to come to a small seminar room, reserved for
this purpose, near the investigator's office at the agreed
upon time. The subject was seated at one corner of a large
seminar table. The interviewer sat at the corner
perpendicular to the subject so that he could see the
written work of the subject.

At the start of each pretest interview the
investigator talked casually with the subject in an attempt
to put him at ease. The student was then handed the Pretest
Problem-Solving Inventory (Appendix B). He was asked to
first £ill in the "general information®™ and then to read
aloud the page of "instructions."” It was explained that the
two sample problems, Sample Problem A and Sample Problem B,

were there for the subject to practice solving a problem
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while thinking aloud. The interviewer was free to explain
in detail what the subject was to verbalize and to explain
parts of the directions that the subject may not have
digested from one reading. It was felt that two sample
problems were sufficient to prepare the subject to start the
pretest.

As the subject turned the page to start‘working on
the problems of the pretest, the interviewer started the
cassette recorder which together with the microphone was in
full view of the student. Thus, the investigator had an
audio recorded record of the subject's problem-solving
protocol as well as a written record in the test booklet.
On the rare occasions when the subject did not have enough
room in the test booklet to complete the problem he was
provided with an additional sheet of paper that was then
inserted into the booklet.

The "thinking aloud" technique for determinig the
processes used in solving problems has been shown to be
effective. Flaherty (1975) has determined that the use of
the thinking aloud technique has little influence on
problem-solving success. However, the fact remains that
some subjects are more verbal than others. Thus, during the
interviews if a subject fell silent for any length of time,
usually fifteen to thirty seconds, the interviewer would ask
the subject, "What are you thinking now?" or "Can you
describe your thoughts to me?". If a subject wrote

something and did not describe why he did it he was askegd,
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"What thoughts led you to do that?” or "Can you verbalize

your thoughts which led you to write that?".

The only other comments made by the investigator
during the interview were either responses to inguiries made
by the subjects or reminders to the subjects about certain
aspects of the directions. Questions that were answered
directly by the interviewer were those that had to do with
procedure (for example, "Do I have to verbalize this long
division process?", or "Can I leave this problem for now?")
or with definitions. If a student asked, “"Does a cube have
egual sides?", the interviewer would respond "Yes." 1If a
student would ask, "What is a factor?", the interviewer
would provide definition by means of examples. If a subject
would ask, "Do I need to use all of the information given in
the problem?", the response would be, "I'm sorry I cannot
answer that." If he would write or say something and ask,
"Is that right?", the response would be, "I cannot answer
that" or "1 cannot answer that; you do what you think is
right."

It was not uncommon for subjects to forget parts of
the directions. Besides not verbalizing their thoughts, a
problem discussed above, on occasion subjects would erase
part of their work. If so they were asked to rewrite it and
draw a line through it. In this way, the written as well as
the verbal record was complete.

Finally, at times a subject would draw a diagram or

write some computational problem without verbalizing what he
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was doing. At such times the interviewer would make a
comment such as, "So you're drawing a figure"” or "So you're
multiplying twelve times eleven.” This would give a record
on tape as to when these things were done.

Students were free to work as long as they chose and
could return to a given problem as frequently as they
wanted. Only one subject on the pretest was somewhat
pressed by the two-hour time limit. She also happened to be
the subject dropped from the analysis because of a

malfunction of the recording eguipment on the pretest. No

one had difficulty completing the work they wanted to 4o on
the posttest in the two-hour time limit.

The posttest interviews were scheduled in the same
way and held in the same place as the pretest interviews.
They were conducted during the last week of the course. The
Posttest Problem=-Solvinag Inventory (Appendix C) was
presented to the students when they arrived for the
interview. After writing their name, age, and the date they
were asked to read aloud the instructions which were
identical to the instructions for the pretest. Then they
were asked to solve the single sample problem that appears.
This again was intended to provide them with practice in
thinking aloud. When they turned the page to start the
problems, the cassette recorder was turned on. The other
procedures followed during the course of the interview were
identical to those used during the pretest. The students

were paid for the interviews during the last class period
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before final exams.

ATTITUDINAL INSTRUMENTS

The problem-solving inventories, both pretest and
posttest were used to evaluate the problem=-solving
performance of the participants. A second important feature
of this study was an attitudinal one where an attempt was
made to examine the attitudes of the subjects toward problem
solving and toward mathematics in general and to determine
if the course of instruction had any effect on their
attitudes.

To accomplish this purpose five instruments were
used. First, Aiken's "Revised Mathematics Attitude Scale"
(1976, 1972) was used to measure anxiety toward mathematics
(see Appendix J, Attitudinal Measures). The scale was
administered the first and last day of the course. Second,
a self-report sheet with the three guestions, "How do you
feel about mathematics?®, "What do you like best about it?",
and "what do you like least about it?" was administered the
last day of the course (Appendix J, Form A). This was to
measure student attitude toward mathematics. Third, a sheet
with the three questions, "Has this course influenced your
feelings toward mathematics?", "What did you like about this
course?", and "what would you do to change this course to
make it more interesting?" was also administered the last

day of the course (Appendix J, Form B). This was to measure
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student attitude toward the course. Fourth, in like manner
a sheet with the three guestions, "After a few minutes
reflection, try to describe below your attitudes toward
problem solving at the present time."”, "Describe any changes
that may have taken place in your attitude toward problem
solving since the beginning of the course.®, and "Describe
how you see the usefulness of the eight course handouts as
an aid in learning to become better problem solvers."” was
administered the last day of the course (Appendix J, Form
C). Clearly, this form was intended to measure student
attitude toward problem solvina.

The fifth instrument had two components. During the
second week of the course a two-page handout consisting of
thirteen non-routine mathematics "Supplemental Problems"™ was
distributed (see Appendix J). The students were told simply
that these are problems they may enjoy working. They would
not be asked to hand any in, they would not be discussed in
class, and they would not appear on tests. However, the
instructor would be happy to discuss any of them outside of
class with anyone who is interested.

The last day of class the students received a
questionnaire in which they were to indicate whether or not
they attempted to solve any of the "Supplemental Problems."
If they had not, they were asked to indicate why and if they
had they were to indicate how many they attempted, how many
they think they got right and approximately how many hours

in total they worked on them (Appendix J, Form D). Forms A,
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B, and C were submitted unsigned. However, they were coded
so the investigator could distinguish the responses of the
low-ability group from those of the high-ability group.

Form D was signed. Students were assured that their
responses to this signed self-report would in no way
influence their grade. Obviously, this fifth instrument
attempted to measure student attitude toward mathematics by
evaluating how interested “hey were in solvinag problems when
they were not reguired to do them and turn them in for a

grade.

METHOD OF INSTRUCTION

Four basic principles guided the development of the
course of instruction for this study. They were:

1. There should be a period of instruction when the
emphasis is totally on the stages of problem solving, as set
forth by Polya (1954), on heuristics or strategies which aid
the problem-solving process, and on practice in solving

problems.

2. As new topics in the structure of elementary
mathematics are introduced, non-routine and interest-
catching problems should be used to stimulate student
interest whenever possible.

3. In addition to the usual "textbook problems"
which are intended to reinforce the basic concepts of the

course, students should be required to hand in solutions to



96
numerous non-routine mathematics problems. Their solutions

should include an analysis of how they arrived at their
answer.

4. There should be an emphasis on concrete
laboratory experiences. Most preservice teachers gain a
great deal of insight into the structure of elementary
mathematics by participating in such activities.

A six-quarter-hour credit course such as Structure
of Elementary Mathematics at Concordia Teachers College
requires three hundred contact minutes per week. This
requirement was met during the term the present study was
conducted by meeting for seventy-five minutes on Monday and
Thursday and for fifty minutes on Tuesday, Wednesday, and
Friday. Typically the longer periods have been used for
laboratory experiences.

The required textbook for the course was

Contemporary Mathematics by Bruce Meserve and Max Sobel

(1972). 1In terms of topics considered, this text is typical
of the many on the market that are intended to be used for a
mathematics content course for preservice elementary
teachers. Students were also required to purchase a
laboratory manual entitled "A Packet of Mathematics
Laboratory Experiences” written by members of the
mathematics faculty at Concordia. The laboratory
experiences were designed to coincide with the topics
presented in the textbook.

Since the pretest interview was being conducted
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during the first week of the course, no special problem-
solving instruction was given to the students. "Set Theory"
was the topic for the week. The method of instruction
included lecture and discussion, the working of problems
from the text by students, and one laboratory period on
attribute games.

The second week of the course was devoted to
problem-solving activities. Discussion on problems centered
on Polya's four steps in solving problems which he outlines

and discusses in How To Solve It (1954) and on heuristics

which aid in the problem-solving process.

Early in the week students were handed eight pages
of non-routine mathematics problems that they would be
working on through the term (Appendix K, Non-routine
Mathematics Problems for the Course). For eight of these
fifty-seven problems (numbers 1, 2, 3, 4, 27, 33, 54, and
56) the investigator had written handouts which describe in
great detail one solution to the given problem (Appendix H,
Course Handouts). Each handout considers the four stages of
pProblem solving; "Understanding the Problem,"™ "“Devising a
Plan,” "Carrying Out the Plan," and "Looking Back," and
applies them to the given problem. Also each handout is
designed to emphasize at least one basic heuristics. Thus,
through the handouts the students were exposed to these and
other heuristics: simplification, finding a pattern,
contradiction, consideration of cases, making inferences

from the goal, making inferences from the givens, and
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working backwards.

As stated before, many mathematics educators
maintain that an important component of any problem-solving
instruction is to provide learners with the opportunity to
see someone else go through the solutions of problems step
by step. The course handouts as well as instructor directed
solutions of some problems in class discussions served this
purpose.

The problem-solving handouts were never distributed
until the subjects had first worked on or solved the given
problem. When distributed, the handouts were discussed with
an emphasis on the heuristic demonstrated.

Since the second week of the course was devoted to
problem solving, four of the eight handouts were used then.
The others were spaced through the remainder of the term.

Of the fifty-seven non-routine mathematics problems
(Appendix K) distributed to the students, eight were, as
mentioned, topics for the course handouts, fifteen were
solved in class discussions led by either the instructor or
a student, and thirty-four were solved by students and
handed in to be graded. Students were usually given one
week to work on problems and they were collected at the
start of the period on Mondays. Then most of that period
was spent discussing the problems. The students were asked
to include as part of their solutions an analysis of their
thought processes as they arrived at an answer. They were

asked to use Polya's four stages of the problem-solving
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process as an outline for their write-up. Their problems
were in turn graded according to the following point scheme:
0 - 2 points for "Understanding the Problem," 0 - 3 points
for "Devising a Plan" and "Carrying it Out,"™ 0 - 2 points
for "Result™ and 0 - 2 points for "Looking Back." Their
total performance on the non-routine problems accounted for
30 percent of their grade in the course.

When non-routine problems were assigned, an attempt
was made to coordinate the problem type with the topic being
studied at the time. For example, when numeration was the
topic being considered in class, students were also working
“numeration type" problems from their list (for example,
Appendix K, numbers 9, 27, 28, 29, 30, 31, and 32). When
number theory was the topic being considered in class,
students were also working "number theory type" problems
from their list of non-routine problems.

The third week of the course centered on abstract
mathematical systems and included two laboratory
experiences. During week four work on numeration was
started and again students worked through two labs and as
usual participated in class discussions and worked problems
assigned from the reguired textbook.

Numeration was completed during the fifth week as
was number theory. The system of whole numbers and the
system of integers were covered during week six. Also,
since number theory had just been completed week six was a

good time to concentrate on the abundance of non-routine
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number theory problems.

Non-metric geometry was the topic for week seven and
metric geometry was considered during week eight and the
start of week nine. When considering geometric topics class
time was almost completely devoted to laboratory
experiences. The students were expected to dicest the
textual material on their own.

At the time that the posttest interviews started
during the ninth week of the course there was no more
in-class emphasis on non-routine problems and no more
non-routine problems were assigned to be handed in. The
class topics considered during this period of time were the
system of rational numbers and the system of real numbers.

Throughtout the course, an attempt was made to
introduce and motivate new topics by the use of interest-
catching problems. For example, before class time was
devoted to place-value numeration systems other than base
ten the Base two "Magic Cards" were introduced (Appendix K,
FProblem 27). Before a unit on number theory was started a
game called "The Factor Game"™ was played and analyzed.
Before studying "The Fundamental Theorem of Arithmetic" this
question was posed: "How could you determine if a whole
number is a perfect square? or a perfect cube?". It was
hoped that this tactic would help to improve student
attitude toward mathematics and help them see mathematics

as an alive and exciting discipline.



Chapter 4

ANALYSIS AnND DISCUSSION

INTRODUCTION

Tne analysis tor this study centered on tour main
measures. rirst twenty-five checklist variables (see
Appendix D and Appendix L) were identified from four
categories. 1Tne variables were:

Aggroach

Restates problem in his own words
Ferforms exploratory manipulations
braws figure

Production

kecalls same or related problem
Uses metnoa of related problem
Uses result ot related problem
Misinterprets problem

Looking Back

Cnecks solution by substitution in equation
Checks that solution satisfies condition
Checks solution by retracing steps

Checks if solution is reasonable/realistic
Derives the solution by another method
Generalizes the problem

Considers extreme cases

Checks tnat all information is used
Attempts to find other solutions

101
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Comments
—_—tS

Requests assistance, more information

Questions existence of solution

Questions unigqueness of solution

Indicates uncertainty about final solution

Says he does not know how to solve the
problem

Expresses enjoyment, liking for the problem

Expresses distaste, dislike for the problem

Admits confusion

Expresses confidence that he can arrive at a
solution.

Secondly, thirteen Process-sequence variables (see
Appendix F and Appendix G) were identified from four

cateaories., The variables were:

Preparation Symbols

R Reads the problem

G Separates/summarizes data

¥  Introduces model by means of a diagram or
figure.

Process Symbols

Deduction from condition

Random trial and error

Reasoning by analogy

Reasoning by contradiction

Setting up eocuations

Simplifies the problen

Looks back

Nonsense process or behavior not
classifiable,

ZUouvmor3 o

Punctuation Marks

/ Stops without solution
Errors

X Structural errors in process X.

Other checklist variables and process-seguence

variables were combined into a third main category which

o
Could be called a "performance measures category.
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Performance measures included time variables (time excluding
looking back, time spent looking back, and total time);
score variables (approach, plan, result, looking back, and
total); difficulty, as measured by the rrocess-sequence
coding variables--Keads the problem (K), Hesitation of
aoproximately 1 unit (-), Stoos without solution (/), and
Difficulty with process X (X); Executive errors (Numerical
computation, Algebraic manipulation, and Other); and
Structural errors.

The fourth ana final category for analysis dealt
with attitudinal measures (see Appendix J). Five different
instruments were used in an attempt to examine the attitudes
of the subjects toward probler solving and toward mathe-
matics in aeneral and to determine if the course of
instruction had any effect on their attitudes.

Some of the variables listed in cateoory one and two
above did not occur with sufficient frequency to be included
for further analysis. The first section of this chapter
discusses which were deleted from further consideration in
the stuay. 7The next section discusses the correlation
analysis which was performed on the remaining variables from
these first two categories.

Finally, variables from all four categories were
used to answer the following questions which were originally
posed in Chapter 1 for both ability-level aroups.

1. Before taking a required course in mathematics,

(a) what heuristics do preservice elerentary teachers tend
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to use in solving non-routine problems, and (b) do
preservice elementary teachers tend to show a preference for
either "trial and error® or “deduction" ss a2 basic technicue
in solvina non-routine problems?

2. Does an extended learning experience in a
matnematics course for preservice elementary teachers which
emphasizes the use of heuristics in the solution of
non-routine mathematics problems: (a) result in an increase
in the use of heuristics by subjects and result in an
increase in the variety of heuristics employed by subjects;
(b) cause subjects to be more deductive in their
problem=-solving behavior; (c) result in better performance
on non-routine problem-solving inventories; (d) cause

subjects to be more confident problems solvers; (e) result

in a better attitude toward mathematics; (f) result in a

better attitude toward problem solving; (g) result in a

positive attitude toward the course?
3. Can certain features of verbal non-routine
problems be identified which are especially troublesome for

preservice teachers?

SELECTION OF VARIABLES FOR ANALYSIS

An initial step in the anlaysis of the data obtained
from the interviews and the recorded problem-solving proto-

cols simply involved the construction of a histogram of the

frequency of occurrence of each of the twenty-five checklist
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variables and eacnh of the seventeen process-seqguence
variables for the eighteen subjects on both the pretest and
the posttest. These frequencies were then totaled within
the low-ability group and the high=-ability group. Thus, for
each variable a total frequency was determined for each of
the following four categories: (1) low=-ability group on the
oretest, (2) hich-ability group on the pretest, (3)
low-ability group on the posttest, and (4) high-ability
group on the posttest.

For some variables the totals in each of these
categories were uniformly low. Thus, the behavior
represented by these variables either did not occur very
often, or if it did occur, it was not revealed to the
researcher in what the subject said or did. Such variables
were excluded from further analysis.

The checklist variable (see Appendix D) excluded
under Approach was "Performs exploratory manipulations."

Those excluded under Production were "Uses method of related
problem” and "Uses result of related problem." Eight
variables, "“Checks solution by substitution into equation,"
"Checks solution by retracing steps," "Checks if solution is
reasonable/realistic,” "Derives the solution by another
method," "Generalizes the problem," "Considers extreme
cases,” "Checks that all information is used," and "Attempts

to find other solutions" were deleted from Lookina Back.

Variables under Comments excluded were "Questions existence

of solution,” "Questions uniqueness of solution," "Expresses
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enjoyment, liking for the problem,” "Expresses distaste,
dislike for the problem," and "Expresses confidence that he
can arrive at a solution."”
Only one process-segquence coding variable (see
Appendix F) was excluded. "Contradiction®™ (C) did not occur
with sufficient fregquency to merit its inclusion for further

analysis.

CORKELATION ANALYSIS

Before considering the questions originally posed in
Chapter 1, a descripotive analysis of each of the remaining
twelve checklist variables and twelve process-seauence
codina variables was performed. These variables proved to
be of three main types, either (1) continuous, syrmetrical,

and unimodal, or (2) continuous but asymretrical, or (3)

could be recarded as dichotomous.

T scaling was performed on those variables which
were continuous but asymmetrical. This procedure normalizes
distributions. After T scalina a variable has a mean of 50
and a standard deviation of 10.

Variables were reagarded as dichotomous when the
frequency of occurrence of the behavior represented by the
variable was small. For example, for the checklist variable
"Restates oroblem in his own words," the frequencies of
occurrence on the pretest for the eighteen subjects were 0,

0' 20 2' 0' O' 1' 0' 0' 1' 0' OI 0' 0' 10 ol 3' 0 (median iS
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0). These datum seem to indicate that a subject either

demonstrated the behavior or d4id not. Thus, the variable
was dichotomized and assigned the value zero if the behavior
was observed zero times and the value one if the behavior

was observed one or more times.

Thus, in general, a dichotomized variable was
assigned the value zero if the original variable was below
tne median and the value one if the original variable was
above the median. Variables equal to the median were
assigned the value of zero or one, depending on which choice
woula divide the subjects most evenly into two groups.

Of the twelve checklist variables included in the
correlation analysis, the original data for Total score and
braws fiqure were continuous, symmetrical, and unimodal on
both the pretest and the posttest. The data for Total time
and Misinterprets problem were T scaled on both tests. The
remainina eight variables, Restates problem in his own
words, Recalls same or related problem, Checks that solution
satisfies condition, Requests assistance, more information,
Indicates uncertainty about final solution, Says he does not
know how to solve the problem, Admits ccnfusion, and Total
executive errors were regarded as dichotomous on both the
pretest and posttest.

Cf the twelve process-sequence coding variables the
original data were continuous, symmetrical, and unimodal for
Introduces model by means of a diagram or figure (M) on both

the pretest and posttest and for Separates/summarizes data
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(G) on the posttest. Variables that were T scaled on both
tests were Reads the problem (R), Deduction from condition
(D), Random trial and error (T), Stops without solution (/).
and Structural error in process X (i). Separates/summarizes
data (G) was dichotomized on the pretest and Reasoning by
analogy (A), Setting up equations (E), Simplities the
problem (S), Looks back (L), and Nonsense process or
behavior not classifiable (N) were dichotomized on both the
pretest and posttest.

Three product-moment coefficients were used to
correlate the three types of variables. When both
correlated variables were continuous and normal or at least
symmetrical and unimodal, the Pearson product-moment
coefficient of correlation was used (Guilford:79-96). When
both of the variables were dichotomous, the phi coefficient
was used (Guilford:306-10). Wwhen one variable was
continuous and the other was dichotomous, the point-biserial
coefticient was calculated (Guilford:297-3C0). Tables 3, 4,
5, and 6 contain these correlation coefficients for the
checklist variables on the pretest, checklist variables on
the posttest, process-sequence variables on the pretest, and
process-sequence variables on the posttest respectively.

An examination of the statistically significant
correlation coefficients in these tables reveals some
obvious outcomes. For example, it is not surprising that in
Table 3, Total score is significantly correlated with Checks

that solution satisfies condition. On the other hand there
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are others that are difficult to explain and may be spurious
as in the case of the positive correlatioin between
Separates/summarizes data (G) with Structural errors (?) in
Table 6. Still others suqggest relationships that are of
considerable interest and that require further study.

The checklist variables Total time and Draws figure
have significant positive correlation on both the pretest
and vosttest (Tables 3 and 4). However, the figures drawn
are typically not of enough detail or sophistication to
require a lot of time to draw. Thus, it seems that the time
such people svent on problems was devoted to some activity
other than just drawing fiqures. The correlations then seem
to suggest a possible relationship between subjects who tend
to use a visual representation of a problem and who spend a
lot of time on problems, possibly because they have
difficulty in solvina the problems or possibly because they
are confident they can solve problems, even if they are
difficult.

Tne checklist varieble Draws fiqure is negatively
correlated with Misinterprets problem on the posttest (Table
4) which again may suggest that visual representation of a
problem is important for the "understanding the problem”
stage of the problem-solving process. Other correlations
with Misinterprets probler are a vositive significant corre-
lation with Total executive errors on the pretest (Table 3)

and a negative significant correlation with Says he does not

know how to solve problem on the posttest (Table 4).
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The process-sequence variable Separates/summarizes

data (G) has significant negative correlation with Stops
without solution (/) on the pretest (Table 5) and a
significant positive correlation with Deduction from
condition (D) on the posttest (Table 6). It is noteworthy
that there is no similar positive correlation of
Sevarates/surmarizes data (G) with Random trial and error
(1) on either test.

On the pretest Deduction from condition (D) and
Random trial and error (T) are both negatively correlated
with Stops without solution (/) (Table 5). On the posttest
LCeduction from condition (D) is also negatively correlated
with Stops without solution (/) but Random trial and error
(T) is oositively correlated with Stoos without solution (/)
(Table 6). Thus, on the pretest and posttest subjects who
tended to use the process deduction also tended to complete
problers. Also on the pretest, subjects who tended to use
the T process were inclined to complete problems. However,
on the posttest this situation was reversed. Those who
tended to use the T process there alsc tended to stop
working on a problem without achievina a solution.

The significant negative correlation of D with T on
the posttest is also interesting (Table 6). Subjects who
used one of these processes tended not to use the other on
the posttest. There was no such relationship on the
pretest.

A final significant correlation of interest is the
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students who were able to restate a problem in the forr of
an eauation tended to make fewer structural errors, that is
errors that stem frorm a misunderstandina of the problemr or
of some principle necessary for its solution.

In sumrmary, one must be careful not to imply that
any of the foreaoing significant correlations suagest
cause-effect relationships. However, they do pose questions

that could possibly be answered by further research.

PRCBLEM=-SCLVING BELAVIGR CF FRLSERVICE
TEACHERS BEFORE THEY TAKE A CCOLLEGE
COURSE IN MATHEMATICS

The first cuestion that was posed in this study
ceals with the problem-solving behavior of preservice
teachers before they took a required course in college
matnematics.

Cuestion 1 (a): Before taking a reguired course in
mathematics, what heuristics do preservice

elementary teachers tend to use in solvina
non-routine problems?

The heuristics the investiaator thought the subjects

might use were:

Restates protlem in his own words,
Draws fiqure,

Recalls same or related problem,
Uses method of related problem,
Uses result of related problem,

G Separates/summarizes data,

A Reasonina by analogy,
C Reasoning by contradiction,
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E Setting up equations, and

S Simplifies the problem.

1he first five of these were checklist variables (see

Appendix D) and the second five were process-sequence
variables (see Appendix F).

As mentioned earlier in this chapter, three of these
benaviors were excluded from analysis because they either
did not nappen very frequently on either the pretest or
posttest or if they did occur, it was not revealed to the
investigator by what tne subject said or did. Thus the
heuristics:

Restates problem in his own words,

Draws figures,

kecalls same or related problem,

G Separates/summarizes data,

A Reasoning by analogy,

L Setting up equation, and

S Simplities the problem
were observed freguently enough on both tests to merit
furtner consideration. If a heuristic was observed a total
of nine or more times for eacn ability group, then the
heuristic was considered to be one that preservice teachers
tend to use. The number nine was chosen since the number of
subjects in each ability group was nine and a total
frequency of nine inoicated that on the average the strategy

was used at least once by each subject. Using this criteria

it can be seen from the pretest scores of Table 7 that the

only strategies that the preservice teacners included in

this study tended to use before completing a required course

in mathematics were:
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Draws figure, and

E Setting up equations
for both ability-level groups; and

S simplifies the problem
for the hign-ability group.

It is not surprising that the subjects made use of
the strategies Draws figure, and L Setting up equations.
The former is one of the first and one of the most basic
heuristics taught and retaught in schools. The abundant use
ot equations in attempting to solve problems on the pretest
is more than likely tne result of the great emphasis in
hign-scnool algebra on solving word problems by translating
tnhe problem into at least one equation. Since for eacn of
these subjects a high-scnool algebra and high-school
geometry class were their most recent involvements witn
formal mathematics, it seems reasonable that they would try
to write an equation to describe a problem whenever
possible.

It is interesting that only the high-ability group
tendea to use any other heuristic, namely, S Simplifies the
propblem. ‘The lack of use of the other heuristics indicates
that the preservice teachers employed but a traction ot the
many tools that are available to aid them in the problem-
solving process.

Question 1 (b): Before taking a requirea course in
mathematics do preservice elementary teachers tena
to snow a preference for either "trial and error™ or

"deduction” as a basic technique in solving
non-routine problems?
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There are two approaches that can be used to answer

this question. The first simply involves comparing total
frequencies of occurrence on the pretest ot the two
processes D Deduction from condition and T Random trial and
error. These totals for the low-ability group were 148 (or
48.8 percent) and 155 (or 51.2 percent) respectively. For
tne high-ability group the frequencies were 190 (or 56.1
percent) and 149 (or 43.Y percent) respectively. This
analysis shows that the low-ability group nad a marginal
preference for 1 Ranaom trial and error (51.2 percent
compared with 48.8 percent) while the high-abiliy group haa
a preference for D Deduction from condition (56.l1 percent
compared with 43.9 percent).

A snortcoming of tne foregoing analysis may be thnat
in considering only the total frequency of occurrence of the
b ana T processes, the order in which the processes were
performea is ignored. One of the advantages of describing a
problem-solving protocol using a process-seguence code is
tnat by looking at the code one gets a sequential picture of
tne subjects problem-solving behavior. Under the assumption
that if a subject haad a preference for using either
deduction or trial and error in solving a problem then he
woula probably use that preferred process first in attacking
a problem, it was decided that an examination of the first
two processes used by the subjects would be appropriate. A
subject was regarded as having a preference for deduction

from conaition if he only used one process and it was
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deduction or if he used more than one process and the first
two used were deduction. Similarly, a subject was regarded
as having a preference for random trial and error if he only
used one process and it was trial and error or if nhe used
more than one process and tne first two used were trial and
error. This analysis was restricted to four pretest
problems--numbers one, two, tnree and ten as listed in
Appendix A. ‘Inese problems were chosen since they were the
ones where the process trial and error was used on both
tests and in the opinion of tne investigator, they lent
themselves to solution by trial and error. Hence, if a
student would choose to solve such problems using a
deductive process then that would certainly indicate his
preference.

Tnis analysis revealed that for the low-ability
group there were 4 instances of preference for deduction (or
13.6 percent) ana 25 instances of a preference for trial and
error (or 86.2 percent). For the high-apbility group the
corresponding numbers were 15 (or 53.6 percent) and 13 (or
46.4 percent). Note that for both groups the instances do
not sum to 36 (4 problems times 9 subjects) since some
subjects used neither process in attempting a solution and
in fact did not arrive at a solution, and others used
deduction followed by trial and error or vice versa as their
first two processes.

Thus, the second method of analysis reinforces what

was observed before. The low-ability group had a preference
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for using trial and error while the high-ability group
demonstrated a preference for deduction from condition on

the pretest.

PROBLEM-SOLVING BEHAVIOR OF PRESERVICE
TEACHERS AFTER THEY TAKE A COLLEGE
COURSE IN MATHEMATICS

Question 2 (a): Does an extended learning experience in a
mathematics course for preservice elementary
teachers which empahsizes the use of heuristics in
the solution of non-routine mathematics problems
result in an increase in the use of heuristics and
result in an increase in the variety of heuristics
employed by subjects?

As determined in question 1 (a), the strategies
Draws figure and E Setting up equations were used by
subjects in botn ability groups and the strategy S
Simplifies the problem was used by the high-ability group on
the pretest. An examination of Table 7 reveals that there
was a slight and inconsequential reduction for both groups
in the use of the neuristic Draws figure on the posttest and
a rather large decrease for both groups in the use of E
Setting up equations (from 16 to 3 for the low-ability group
and from 48 to 26 for the high-ability group).

It was suggested earlier that a possible reason why
the subjects made considerable use of equations in solving
problems on the pretest was that one of their most recent
formal involvements with mathematics was either in an
Algebra 1 or an Algebra II class. In such classes students

sometimes get the impression that all problems are solvable
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using egquations. The dramatic reduction in the use ot
equations on the posttest in this study may reveal that the
mathematics course they were in helped them to reatize that
such is not the case and it is not always desirable to
attempt to solve a problem by describing it with an
equation.

Finally, tor the high-ability group there was a
sizeable increase in the use of S Simplities the problem
(trom 14 to 26). Thus, tor two of the three heuristics that
tne subjects used on the pretest, there were interesting and
important changes in the usage pattern on the posttest.

It can also be seen from Table 7 that there was an
increase in the variety ot heuristics employed by subjects.
Using the same criteria that was used in answering question
1 (a), namely that if a heuristic was observed a total ot
nine or more times for each ability group then the heuristic
was considered to be one the subjects tended to use, it can
pe said that the strategies Restates problem in his own
words, Recalls same or related problem, G Separates/
summarizes data, and S Simplities the problem were employed
by both groups on the posttest and E Setting up equations
was used only by the nigh-ability group. The increase in
the usage of Recalls same or related problem is probably
artificai since it is more than likely dependent on the fact
that several ot the problems on the pretest and posttest are
SO similar to one another.

Thus, it can be concluded that there was an increase
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in the variety ot heuristics employed by the students in

tnis study. Those used on the posttest but not on the

pretest included:
Restates problem in his own words, and
G Separates/Summarizes data

for both groups, and
S Simplities the problem

for the low-ability group.

Question 2 (b): Does an extended learning experience in a
matnematics course for preservice elementary
teachers which emphasizes the use ot heuristics in
the solution ot non-routine mathematics problems

cause subjects to be more deductive in their
problem-solving behavior?

As in question 1 (b), there are two approaches that
can be used in answering this question. Table 8 reveals
that when the total frequency of occurrence ot the deduction
(D) and trial and error (T) processes was used, there was a
very slight decrease in the use of deduction (48.8 percent
to 45.8 percent) with a corresponding increase in the use of
trial and error (51.2 percent to 54.2 percent) for the
low-ability group. For the high-ability group there was a
rather substantial increase in the use ot deduction (56.1
percent to 64 percent).

The second technigue for answering this question
involves determining the first two processes subjects used
in their problem-solving protocols from the four problems
which lend themselves to solution by trial and error,
namely, problems one, two, three, and ten as listed in the

Pretest and posttest in Appendix A. Table 9 contains the
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results of this analysis.

The changes in behavior between tests is much more
pronounced in this table. The use of deduction for the
low-ability group went from 13.8 percent to 37.9 percent and
for the high-ability group from 53.6 percent to 64.3
percent. Although there was a rather large increase in
deductive behavior in this analysis for the low-ability
group, after the mathematics course was over they still
tended to prefer trial and error as a basic tecnnique for
starting to solve problems that lend themselves to solution
by trial and error. The increase in the use ot deduction by
the high-ability group (53.6 percent to 64.3 percent) is not
as great as the increase for the low=-ability group but
nevertneless, atter tne course is over the high-ability
group had a much stronger preference for deaduction than dia
tne low-apility group (64.3 percent to 37.9 percent).

In comparing the two tables we see what at first
seems to be an inconsistency. For the low-ability group the
use of deduction went down from pretest to posttest (46.6
percent to 45.8 percent) when total frequencies were
consiaered (Table 8), and it went up (13.8 percent to 37.9
percent) when just the first two processes used were
considered on four selected problems (Table 9). This
phenomena can be explained, however, by examining Table 10.
This table contains the total frequency of occurrence for
the low-ability group of the deduction and trial and error

processes on the same four problems considered in Table 9.



126
It can be seen that on those problems there was an increase

in the use of deduction (from 13.5 percent to 26.3 percent).

Table 10

Total Frequency of Usage of Deduction (D) vs.
Trial and Error (T) for Low=-Ability Group
on fFour Selected Problems

e ———
Pretest Posttest
Deduction (D) 22 (13.5%) 67 (26.3%)
1rial and Error (1) 141 (86.5%) 188 (73.7%)

Tnus on problems that lent themselves to solution by trial
ana error, low-ability students demonstrated an increase in
usage of deduction, both when just the first two processes
were considered and wnen the total frequency of occurrence
was considered on those problems. The slight decrease in
percentage of total frequency for the low-ability group
(lable 6) simply means that on the otner eight problems ot
the posttest, subjects tended to make less use of the
deduction process.

In summary an examination of Table 9 reveals that
the course had the most pronounced effect on the deductive
behavior of the low-ability group when change in percentage
of usage is the criteria (a 24.1 percent increase vs. a 10.7
percent increase for the hign-ability group). However,

after the course was over the low-ability group still had a
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preference for trial and error (62.l1 percent vs. 37.9

percent for deduction) and the high-ability group which

started with a preference for deduction simply increased

that preterence over the ten-week period of the course (64.3

percent vs. 35.7 percent for trial and error).

Question 2 (c): Does an extended learning experience in a
mathematics course for preservice elementary
teacners which emphasizes the use of heuristics in
the solution of non-routine mathematical problems

result in better performance on non-routine
proolem-solving inventories?

Performance on the non-routine problem-solving
inventories was initially measured by sixteen variables
which were grouped into five categories--Time, Score,
Ditticulty, Lxecutive brrors, and Structural Errors. The
time it takes to ao a given task in mathematics is often
used as a measure of performance. Oftentimes faster is
considered petter. On problem tasks of the kind considered
in this study, a student who spends less time working than
many others may indeed be a very capable problem solver and
may be working through the task quickly and with a hign
degree of competence. However, he may also be a very poor
problem solver without much desire to stick with a difticult
task and thus may give up very quickly. Conversely, a
subject who spends more time than average on a problem-
solving inventory may be either slow and not a very gifted
problem solver but nevertheless tries hard, or he may be a
capable problem solver who has considerable drive and will
put forth consiaderable effort on all problems, especially

tne difficult ones. 1Tnus, the data tor the three "Time"



128

variables--Excluding looking back, Looking back, and
Total--must be regarded in this lighnt.

The category "Score"” was an obvious choice for
measuring performance. The five Score variables were
Approach, Plan, Result, Looking back and Total.

The category "Difticulty* was measured by four
varlables--R reads the problem, - Hesitation of unit, /
Stops witnout solution, and X Difficulty with process X.
Since “Reads the problem"™ was coded not only at the first
reading of a problem but also if a subject rereaas a
problem, a hign occurrence of this variable indicates that
the subject needed to read problems numerous times to fully
understand them or to arrive at plans of attack. Obviously
hesitations were a good inadicator of difficulty. Also, at
times nesitations simply meant that the subject was
rereading the problem silently. If a subject arrived at a
solution, whether it was right or wrong, then in his mind
the problem was not so difficult that a solution could not
be attained. On the other hand, if he did not arrive at a
solution, then probably as far as he was concerned the
proolem was too difficult to solve.

Finally, the three "Executive Errors" variables were
Numerical computation, Algebraic manipulation, and Otner.
The category "Structural Errors®™ was also a variable name.
Tne presence of executive errors indicated the subject had
difficulty with computation, manipulation of expressions, or

with copying numbers and information correctly. The
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presence of structual errors indicated a difficulty with
understanding problems or certain necessary principles.

Table 11 presents the totals for each of these
sixteen variables for all problems on the pretest and
posttest. Tne totals in the category "Time" reveal that
each group spent more time on the posttest problem=-solving
inventory than on the pretest inventory. The low-ability
group spent 21.1 more minutes on the posttest and the
corresponding number for the high-ability group was 5.6
minutes. The increase in the total time spent for botn
groups is probably explained by several things. The
posttest must be considered more difficult than the pretest
and thus students would be expected to work a longer time on
it. Also, tne increase may reflect a greater desire on the
part of the subjects to solve the problems presented on the
posttest. 7This observation may Se especially true for the
low=-ability group where there was a rather dramatic increase
in total time (21.1 minutes).

A disappointing fact exposed by the data in this
category is that there was no change in the subjects'
behavior with regard to the "looking back"” stage of the
problem-solving process. As mentioned in Chapter 3,
considerable empnasis was placed on this aspect of problem
solving in the course of instruction. Thus, it seems that
either ten weeks of instruction and drill which empnasizes
this stage is not enough to inculate the practice of looking

back or else the subjects felt that looking back is a
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behavior you engage in only when you have an ample amount of
time and certainly not one you pursue when taking a "test.”
The investigator feels that the former reason probably has
the most credibility since during the inventories none of
the subjects asked the interviewer if they should take time
to "look back." It was as if it did not even occur to them
to do so.

When performance is measured by increase in total
score from pretest to posttest on all twelve problems, it 1is
clear from the "Score" category of Table 11 that there is
very little improvement. The increase for each group is
approximately 4 percent (4.1 percent for the low-ability
group and 3.8 percent for the high-ability group). However,
it is interesting to note where this increase came from.
There was essentially no change in performance between tasks
ana within groups on the variables Result and Looking back.
Most of the increase within groups was a result of increases
on tne variables Approach (55 to 80 for the low-ability
group ana 82 to 8v for the high-ability group) and Planning
(65 to 1ul for the low-ability group and 165 to 196 for thne
high-ability group). Tnus, it seems that the subjects made
improvement in working their way through these two stages of
the problem-solving process but yet they had difficulty in
carrying out the plan to get the correct resuit.

Tne 4 percent increase in total score neeas further
analysis in light of the observation made earlier, namely

that the posttest must be considered more difticult than the
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pretest. The variance in difficulty level is largely

pecause of the difference in five problems between the two
tests, namely numbers 5, 7, 9, 11 and 12 (see Appendix A).
The other seven problems, numbers 1, 2, 3, 4, 6, 8, and 10
(Appendlx A), are comparable. 1In some cases they are the
same type ot problem but with difterent data given (also see
Chapter 3, SELECTION Or PROBLEMS FOR TESTS). It would be
appropriate to conduct an analysis of performance similar to
that outlined in Table 11 but to restrict attention to the
seven comparable problems of the two problem-solving
inventories. Sucn an analysis was performed and will be
discussed shortly.

A further examination of Table 11 shows that in the
category “"Difficulty" there is little difference in the
variable R keads the problem within either group. However,
on the variable (-) Hesitation ot 1 unit, the low=-ability
group showed a marked increase (trom 676 to 1010). This
increase corresponds with the increase noted earlier in
total time spent on the inventories by the low-ability
group. Again, it seemed that this group may have been

demonstrating perseverence that was not present in taking

the pretest.

For the final two variables in this category, /
Stops without solution and X Difficulty with process X,
there were no differences ot any consequence between tests.
As would be expected, however, the high-ability group

stopped witnout soiutions considerably less otten than did
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the low=-ability group.

There were only small ditferences between groups on
the variables Numerical computation, Algebraic manipulation,
Other, and Structural errors. The most curious ditferences
here lie in the fact that tnere were greater incidences of
errors in numerical computation ana greater incidences of
structural errors on the posttest for both groups. These
ditferences are difficult to explain. They may be related
to the fact that for both groups there was marked
improvement in the approach ana planning stage ot the
problem-solving process but not in getting correct answers
(tne variable, Result). A possible explanation is that
subjects made either computational or structural errors
which preventea them from achieving correct resuits.

As mentioned above seven pairs of problems between
tests could be considered comparable in nature (numbers 1,
2, 3, 4, 6, 8, and 1V of Appendix A). For the reasons
previously stated, an analysis similar to that just
conducted on all twelve problems was performed on these
seven. That analysis is summarized in Table 12.

In tne category "Time,” the variables Excluding
looking back and Looking back were eliminated‘from Table 12
since the time spent looking back was almost negligible (see
Table 11). rurther study of the variable Total time in
Table 12 shows nothing that would give rise to an analysis
different from what was said before.

This is not true in the category "Score." nhereas
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the increase in total score for each group was approximately
4 percent when all twelve problems were considered, when
only the seven similar problems were taken into
consideration the increase was 6.3 percent for the
low=-ability and 21.0 percent for the high-ability group.
while again the low-ability group did not demonstrate a
substantial gain, the high-ability group did. 1In fact,
their total score on those problems on the posttest was a
respectable 59.9 percent.

Further it can be seen that while the bulk of the
increase in the total score for each group in Table 1l ana
for tne low-ability group in Table 12 was the result of an
improvement in performance on tne approach and planning
stage ot tne problem=-solving process, for the nigh-ability
group 1in Taonle 1z, tnere was also a substantial increase
trom 59 to 9U points (or 460.8 percent to 71.4 percent) for
WOrK in tne result stage of the process. Tnus, the
hign=-ability group improved considerably in their apbility to
achieve correct answers on the similar problems while tnhe
low-apbility group did not.

For the remaining variables in Taole 12, only tne
aata for structural errors are significantly different from
the data of Tavble 11. when all problems were considered,
the inciaence of Structural errors went up for both groups.
Tnis was also tne case on the seven similar problems for the
low-ability group. However, for the high-ability group, the

incidence of structural errors went down (from 39 to 26) on
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tne seven similar problems. This coincides with this
group's improved performance on the "Result" stage of the
problem-solving process.

In summary, it seems that both groups spent more
time working on the posttest than on the pretest and that
tne difterence was greatest for the low-ability group. This
may reflect that both groups, but especially the low-ability
group, had a greater aesire to solve problems on the
posttest. Secondly, neither group improved in the use of
the looking back stage of the problem-solving process. This
is more tnan likely true because ten weeks of instruction is
not sufficient to make the looking back stage a part of
their problem-solving routine. Thiraly, when all twelve
proplems were considered, tnere was only slight increase in
total score on tne posttest and any positive change that was
observed was largely in the approach and planning stage of
tnhe proovlem-solving process. However, when only the seven
similar problems were considered, the high-ability group
showed a striking increase in total points with a
substantial part of this increase coming from the result
stage of the problem-solving process. Fourthly, on all
problems ana on the seven similar problems, the low-ability
group demonstrated a significant increase in hesitations.

This may be because of increased perseverance on the part of
the low-ability students. Finally, it seems that the
commission of Executive and Structural errors may have

impeaed the achievement of correct answers.
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Question 2 (d): Does an extended learning experience in a
mathematics course for preservice teachers which
empnasizes the use of heuristics in the solution of
non-routine mathematics problems cause subjects to
be more confident problem solvers?

In general the notion of "confidence" can be very
difticult to measure, partly because it is such a task to
define it as it applies to given contexts and partly because
an individual's confidence may change dramatically from
moment to moment depenaing on his circumstances. For the
purposes of this study, confidence was that trait of tne
subjects that was measured by their performance on the tnree
variables--Total time, Kequests assistance, more
information, and / Stops witnout solution (Table 13).

It was mentioned earlier when addressing question 2
(c) tnat tne substantial increase between pretest and
posttest in the total time spent by the low-ability group
(49.1 minutes to 70.2 minutes) may have reflected greater
gesire on their part to solve the problems of the posttest.
Or in other words, this could indicate that the low=-ability
subjects felt more contident in their problem-solving
ability on the posttest ana as a result they worked a little
harder at attaining solutions. Although there was also an
increase in total time for the high-ability group, it was
not as great (53.1 minutes to 58.7 minutes).

It a subject requested assistance or more
intormation about problems that had been careruily and
clearly written ana that were appropriate for his acaaemic

level, then tnis may indicate that the subject lacked
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confidence in his own interpretation of the problem and in
his ideas for solving the problem. Table 13 reveals that
tor both tests, the low-ability group requested more
assistance than the other group and that each group
demonstrated a decrease in the number of times they
requested assistance from pretest to posttest. However,
tnese decreases are very small (a decrease of 4 for the

low-ability group ana a decrease ot 5 for the high-ability

group) and thus little significance can be attached to them.

It may be that a subject who stopped working on a
proplem without attaining a solution lacked contidence in
nis apbility to attain a solution through further efforts.
1lnus, in using the third variable in Table 13 as a measure
of confidence it can again be seen that on both tests the
high-ability group had greater confidence by a margin of 17
to 34 for the pretest and a margin of 11 to 31 on the
posttest. rurther, within groups and between tests there
was a decrease in the number of problems on which the
Ssubjects stopped witnout a solution (34 to 31 for the
low-ability group and 17 to 11 for the high=-ability group)
retlecting an increase in confidence. however, these
changes are again slight and not much weight can be attacned
to them.

1Thus, it seems that the low-ability group started
and ended with less confidence in their problem-solving
ability than the other group. Also it seems that the course

of instruction did not have a detrimental effect on
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subjects' confidence. 1t anything, it may have increased

their contiaence. however, there is not sufficient evidence
to support this.

Guestion z (e): Does an extended learning experience in a
matnematics course for preservice elementary
teachers which empnasizes the use of heuristics in
the solution of non-routine mathematics problems
result in a better attitude toward mathematics?

1Two instruments were used to try to answer this
question. The first was Aiken's "Revised Mathematics
Attitude Scale” (1970, 1972) which was used to measure
anxiety toward matnematics (Appenaix J). It was
aaministered tne first and last class day of the quarter.
Although botn ability groups showed a decrease in their
anxiety toward mathematics, neither decrease could be
considerea signiticant. For tne low-ability group the mean
scores on this scale went from 45.6 percent on the first day
of class (witn a standara deviation of 16.5) to 50.7 percent
on the last day of class (with a standard deviation of
10.5). For tne high-ability group the means score went from
65.9 percent (with a standard deviation ot 21.3) to 66.7
percent (with a standard deviation of 18.1). Two
interesting observations can be maae concerning this data.
First, altnough the improvement in attitude for both groups
is slight, that of the low=-ability group is greatest as
measured by the sample means. Secondly, for both groups,
the standara deviations became smaller between the first and
last day of class.

It should be noted tnat the number of subjects
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includea in the analysis of Aiken's attituae survey was

twenty, ten low-ability subjects and ten high-ability
subjects. These same twenty students also filled out Forms
A, 8, C, and D (see Appendix J) the last class day of the
quarter. 7his number includes the eighteen subjects whose
data provided the basis for the analysis on the preceeding
questions and subjects P and N. Tnhese latter two subjects
participatea in all aspects of the study nowever, as
discussed in Chapter 3, a malfunction in the recording
equipment during the pretest of subject P prevented the
acguisition of adata on her performance. 71hus subject P, a
hign-ability subject, had to be dropped from part of the
stuuy. Likewise the recorded protocols of subject N, a
randomly selecteud low-ability subject were, not included in
tne analysis of tne preceeding questions.

‘‘ine second instrument used to answer this question
was an unsignea self-report gquestionnaire containing three
guestions concerning how the students felt about mathematics
(rorm A, Appendix J). This questionnaire was aaministered
to tne subjects during the last class day of the course.
Iney were not told before hand tnat they would be askea to
complete the form. 171nus, it was assumed that their
responses were spontaneous and independent.

Because of tnhe open-endaed nature ot the questions on

this instrument as well as those on subsequent question-
naires, it was difficult to quantify the results. The

technigue tnat was used to attempt to summarize the results
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consisted of 1dentifying certain key words or phrases with
which subjects responded, categorizing these as much as
possible, and then determining the percent of responses
within eacnh category. The results of this analysis follow.
1ne tirst column of percentages is for the low-ability group
and the second column is for the nigh-ability group.

a) how ado you feel about mathematics?

Key woras or Phrases Percentages

I enjoy it; 1 like it; my
favorite subject; I like it
when I unaerstand it; I like
working with numbers; never
haa much trouble with it 33.3 64.3

I don't like it; I don't
especially like it; my worst
subject; don't always teel I
know how it all fits
together; it trustrates me,
makes me feel stupid; it

makes me nervous ana contused 58.3 21.4
It's necessary for life; it's

useful 8.3 7.1
1'm indifferent about it v.0 7.1

I wisn they wouldn't teach me
things I don't need
like geometry and trig 8.3 0.0

D) what do you like best about it?

Key words or Phrases Percentages

Geometry and proofs 10.0 30.8

The set way ot doing things to
arrive at correct answers;
its logicalness; knowing why
you 4o what you do 30.0 15.4

Story problems 0.0 23.1

Intuitive geometry, concrete
geometry 20.0 0.0
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The good feeling you get when

you work a problem correctly 20.0 0.0
Algebra 10.0 7.7
Doing addition, subtraction,

multiplication, and division 10.0 7.7
It's challenging; it's

stimulating; it's fun 0.0 7.7
tverything 0.0 7.7

c) what do you like least about it?

Key woras or Phrases Percentages

working a long time on what
seems to be an easy problem
ana not getting it; the
trustration of working on
hard problems; spending a lot
of time on problems; doing
problems that are too hard 15.4 30.0

Never coing well on tests;
wanting to do well but just

not able to 23.1 0.0
Froperties and proofs; notation

ana sets <3.1 0.0
rroolem solving 15.4 20.0
Geometry 7.7 20.0
Algepra 7.7 10.0
hNotning 7.7 10.0

Addition, subtraction,
multiplication, division;
number bases 0.0 10.0

Pernaps the most significant bit of information
gained from tnis instrument is found under tne question

a) "How do you feel about mathematics?" It is there
revealed that after experiencing the course of instruction

56.3 percent of the responses of the low-ability group
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indicatea some sort of dislike for mathematics or at least a
frustration witn it. Much of this dislike and frustration
was no doubt relatead to the problem-solving component of tne
course. 50 altnough there was some improvement in
problem-solving ability for this group, there was still
considerable room for betterment of attitudes toward
matnematics.
Question 2 (f): Does an extended learning experience in a
mathematics course for preservice elementary
teachers which emphasizes the use of neuristics in

the solution of non-routine mathematics problems
result in a better attitude toward problem solving?

Two instruments were also used to investigate this
guestion. The first was again an unsigned self-report
questionnaire which was also administered during the last
day of the quarter and the subjects were not warned aheaa ot
time tnat they would be asked to complete such a question-
naire. The three questions posed related to how tne
subjects viewea their attituae toward problem solving and
towara tne eight problem-solving handouts (Form C, Appendix
J).

1ne second instrument consisted of two parts.

During the seconu week of the course a two-page handout
consisting of thirteen non-routine mathematics "Supplemental
Froolems" was distributea (see Appendix J). At that time
the students were simply told that these are problems they
may enjoy working. They would not be asked to hand any in,
they would not be discussed in class, and they would not

appear on tests. However, the instructor would be happy to
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discuss any of them outside of class with anyone who is
interestea.

the secona part ot tnis instrument ccnsisted of a
signed questionnaire administered the last class day whicn
gqulized the students as to how many of the supplemental
proolems they worked, how much time they spent on them and
so fortn (see Form D, Appendix J).

For the first instrument, the key words or phrases
metnod was again used to analyze the subjects' responses.
Tne tirst column of percentages is for the low=-ability group
ana tne second column is tor the hign-ability group.

a) After a tew minutes of retlection, try to aescribe below
your attitudes toward problem solving at the present
time.

Key words or Fkhrases Percentages

Neutral: one of frustration,
but at least now there is
less (frustration); don't
like story problems but at
least 1've gotten better at
them; story problems are
still not my favorite types
of problems but I do
understand better how to go
about doing them; 1 feel I
can get many of them if I
work long enough; I'm petter
at solving problems but they
still frustrate me; don't
enjoy story problems but I
like skill-type problems;
still don't like them and
still get upset with them but
now 1 would stick to a
proolem longer before giving
up; it's ok, I don't dislike
it; they can be interesting
but so frustrating 50.0 50.0

rositive: It is challenging and
1 enjoy solving a problem if
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I know I'm going in the right
direction; it is very hard
for me but I enjoy it; I
enjoy some non-routine
problems but they sometimes
frustrate me; I like the
non-routine problems since it
takes thought to do them;
each problem is unique;
problem solving is the main
function of math, it is the
most enjoyable part ot matn,
I look forward to aoing
problems; I enjoy problem
solving and 1 feel thnat it is
a challenge to me; it doesn't
upset me because I look at it
as sort ot a game 8.3

Negative: 1 want to avoid tnem
as mucn as possible; I don't
like it at all; YukkO; I hate
it but 1 know it's necessary 25.0

Otner: Wwisn 1 had more math
knowledge to solve problems;
many problems involve skills
1 don't have 16.7

40.0

10.0

0.0

Describe any changes that may have taken place in your
attitude toward problem solving since the beginning of

the course.

Key words or Phrases Percentages

Better: 1 used to hate 1it, now
I don't mina it, 1 know how
to go about solving a
problem, I'm not as afraid ot
tnem; at least now I am
willing to try to solve word
proolems; I have a much more
positive attituade to doing
story problems, tney helped
me to think ana solve
problems systematically; at
the beginning I absolutely
detested them, now it's just
dislike; 1 stick with a
proolem longer; I gainea
confidence; I feel more at
ease with them 706.0

0.0
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No Cnange: I still hate tnem; 1
have always enjoyed it anad
tnis class has revitalized
this enjoyment in me; 10.0 40.0

worse: 1 feel stupid when 1
can't solve a problem; I
dislike tnem since they
counted so much for our grade 20.0 0.0

c) Describe how you see the usefulness of the eight course
handouts as an aid in learning to become better problem
solvers.

hey words or Phrases Percentages

Postive: Vvery useful, explained
the hows and whys, served as
"similar problems"; tney
helped me very much, the
steps were clearly given,
showed now to write out all
the steps; they were fun;
they were helpful in
arranging a logical way to
attack the problem; useful,
but I rarely used them after
we went over them in class;
tney were an excellent idea;
they really helped you
understand the problem and
the ways to figure them out;
they were easy to follow and
unaerstand 9.0 58.9

Indifterent: 1 really didn't
think tney nelped me
extremely much 10.0 0.0
Nnegative: I didn't see any
usefulness for them, if
anytning they confused me 0.0 11.1
1he analysis of the first gquestion seems to reveal
that very few of the responses indicate a strong negative
attitude toward problem solving (25 percent for the
low-ability group vs. 10 percent for the high-ability

group). On tne otner hand, there was not a strong feeling

in support of it either (8.3 percent for tne low-ability



148

group vs. 40 percent for the high-ability group). In ooth
cases the differences between groups are predictable. It is
interesting that so many subjects regret being so frustrated
by non-routine problems, but yet, if there is no frustration
to accompany the solution ot a problem, then that problem is
propably not a non-routine problem (as defined in Chapter 1)
for tnat person.

In examining the second question, it is dis-
appointing that 20 percent ot the responses of the low-
ability group indicated a more negative attitude toward
problem solving because of the course of instruction. Also
at ftirst glance it may be surprising that the low-ability
group haa a greater percentage (70 percent) of their
responses lndicating an improvement in their attitude toward
problem solving (vs. 60U percent for the hign-ability group).
However, one must also note that 40 percent of the
high-ability group responses indicated no change in their
attitude ana some of the subjects in that category nad a
positive attitude toward problem solving before they started
the course.

As mentioned above the second instrument tor
evaluating question 2 (f) consisted of tne list of
“Supplemental Problems" (see Appendix J) distributed the
second week of the course and the signed self-report sheet
indicating what the subjects did with these problems (see
Form D, Appenddix J).

In response to the guestion, "Did you attempt to
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solve any of the problems?" three ot the ten low=-ability
students said yes and two of the ten high-ability students
said yes. These three low=-ability students recalled working
on an average of two to three problems, felt they got about
two correct on the average, and on the average spent almost
two hours on the supplemental problems. The two nign-
ability students who did some of the problems recalled
working on an average of tive problems, felt they get about
three or four correct on the average, and on the average
spent almost two or three hours working.

Those who did not work on any of the supplemental
problems were asked on Form D to explain ". . . why you did
not attempt any.”™ The majority for both groups said tnat
tney felt the regular problem assignments in class were
sufticient. A few others (two in each ability group) simply
stated tnat tney did not care to work any more problems and
two low=-ability group students admitted that they nad
forgotten about the problems.

This data provides little or no information on tne
Subject's attitudes toward problem solving. If most of the
subjects had worked on a goodly number of the supplemental
problems then it could have been concluded that they were
really interested in problem solving and had a very positive
attitude toward it. The data included here does not
indicate any such overwhelming excitement about problem
solving. The class was indeed required to do a goodly

number of non-routine problems during the course of the
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quarter and was probably not very enthused about the idea of

working additional problems.

Guestion 2 (g): Does an extended learning experience in
mathematics course for preservice elementary
teachers which emphasizes the use of heuristics in
tne solution of non-routine mathematics problems
result in a positive attitude toward the course?

In oraer to attempt to answer this question another
unsignea selt-report questionnaire was administered during
tne last class day of the course (Form B, Appendix J). The
key wora or phrase technique was again used to analyze the

results.

a) has tnis course influenced your feelings toward
matnematics?

key words or Phrases Percentages

Yes-Positive: I don't mind math
anymore, now 1 understand it
better; I feel more
comfortable with it now; 1
feel better about
‘mathematics; it has helped me
feel better about math; it
has nhelped me understand matn
better, I understand problems
better now tnat I have nad to
pick them apart; have grown
to enjoy math more; 1 feel
more confident about math
because of the concrete
approach; have better
understanding; when 1 figured
a problem out by myself 1
felt triumpnant 50.0 50.0

No=-No change: I still dislike
the parts 1 dgon't understand;
1 put up with it; No, I've
always liked math; I'm still
in tne middle of tne road 30.0 50.0

Yes-Negative: 1 like it less
largely because of the word
problem 20.0 0.0
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b) What did you like about this course?

c)

Key Words or Phrases

Labs, 1 learnea that not all
math is impossible; they
helped me understand better;
it helps me to see how to
show Kids; experimenting with
concrete objects, first
concrete experiences I had
ever had

Functions ana negatives; metric
system and bases; review of
grade-school topics; review
of elementary topics in a way
difterent from how we learned
in grade school

seeing many ways to solve a
given problem; the way the
homework was handled

The way we learned the "why" of
everytning

Textoook activities; class
activities, games etc.

varieda content, no time to get
boreda

Notning, it was too easy

Percentages
56.3 42.9
6.3 28.6
12.6 7.1
12.6 7.1
12.6 0.0
0.0 7.1
0.0 7.1

what would you do to change this course to make it more

interesting?

Key woras of pnrases

Do more labs; less lecture

Have everyone work on problems
in class but don't assign
them and graade them; don't
make the problems so much an
important part of tne grade,
ao problems more for the
experience; less emphasis on
wora problems, they are fun
ana good for experience but
shouldn't be much of the
grade except for a grade in

Percentages

33.3

22,2
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“trying hard"; 1 disliked tne
problems we had to turn it 33.3 22.2

Not assign story problems to be

written out in such detail;
not so many story problems 11.1 22.2

Make 1t harder, including the

labs; some of the labs are

really stupid and should be

cnhanged or tnhrown out

completely 0.0 22.2
Gooa tnhe way it is now; notning,

fine the way it is except go

through more story problems

in class 11.1 11.1
Spend more time on fewer things 11.1 0.0

It is notewortny tnat question a) reveals that 50
percent of the responses indicated the course was
influential in causing subjects to feel better apout
mathematics. Another 30 percent of the responses of the
low=-ability students and 50 percent of the responses of tne
high-apility subjects indicated they likea mathematics
initially and the course did not aftect this attitude.

The non-routine problems did not rate very high as
sometning about the course the students liked. The
laboratory experiences were the overwhelming favorite.

The change in the course that relates to problem
solving ana was recommended in 33.3 percent of the responses
ot the low=-ability subjects and 22.2 percent of the
responses of the nigh-ability subjects dealt with not basing
so much of the course grade on student performance on tne

non-routine problems. As mentioned in Chapter 3, the

problems accounted for about 30 percent of the course grade.
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FEATURES OF VERBAL NON-ROUTINE PROBLEMS
WHICH ARE TROUBLESOME

As discussed in Cnapter 3, Eisner (1Y74) conducted a
research project at Michigan State University with
preservice teacners enrolled in a course similar to the
course in the present study. Le suggested that an
appropriate follow-up study to his would be one that tries
to determine the features of word problems that cause
ditiriculty tor the problem solver. 1In the present study,
the investigator wrote a snort verbal description of the
proolem=-solving procedure used by each subject on each
problem on both tne pretest and posttest. 1hese
aescriptions were written after each process-sequence code
was written in the analysis of the audio tapes. 1t was
tnese descriptions that were used to answer tne final
guestion of tne study.
guestion 3: Can certain features of verbal non-routine
problems pe identitied which are especially
trouolesome for preservice teachers?
lne problems from both tests that are very similar
are paired tor tne following aiscussion. (orresponding
proolems that are not similar in nature are aiscussed
separately. The numbering scheme used is the same as the
one founa in Appendix A.
Pretest 1. 1t you take any two-digit number, form a new
number by reversing its digits, and then add the two

numbers together, what is the largest number that is
always a divisor or factor of the sum?
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Posttest 1. It you take any three-digit number (e.g., 638),
reverse the digits, and find the non-negative
difterence between these two numbers (e.g., 836 -

635 = 198), what is the largest numper that is

always a divisor or factor of this ditference?

All students worked these problems by trial anc
error. 1ln some cases they guessed an answer after just one
or two trials. Only one student tried to derive an answer
in general and that was on the posttest question. Her
attempt at a generalization however, was made after an
answer was first proposed by guessing. It seems that the
troublesome feature of tnese problems was that they regquired
more analysis than the subjects were inclinea to attempt.

In general, subjects were too quick to make a guess and more

often than not, very little reasoning accompanied the guess.

Pretest ¢. what 1s the smallest number having 4, 6, 9, anda
15 as divisors or factors?

Fosttest 2. wnat is the smallest number having 9, 12, 22,
ana 24 as divisors or factors?

No single aspect of these problems were particularly
troublesome except for the computation involvea in a trial
and error solution which was the approach used by most
subjects on the pretest question. It was curious that on
tne pretest guestion, most subjects found successive
integral multiples of 15 by repeatedly multiplying 15 by
successive integers instead of using repeated addition.
Also, of tne twelve subjects who on the pretest found
successive multiples of 15, only three reasoned that because
of the presence of the even numbers 4 and 6 on the list, it

was not necessary to consider tne odd multiples of 15 as
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trial values.

Pretest 3. 1Is 3bub a perfect square?

Posttest 3. Millionnaire Jones wants to build a large patio
behind his mansion. He has 6Y2,452 square tiles

(1 ft. x 1 ft.) to use for the patio. Can he

construct a square patio which will use all of the

tiles?

Un the pretest question four subjects revealed a
lack ot unaerstanding of place value notions since they
either noticed tnat 36 is a perfect square and bb is not or
simply noted that bbs is not a perfect square. From these
ooservations they concluded that 3658 is not a perfect
square.

In agaition, one person on the pretest stated tnat
since 4 does not divide 36b&, it cannot be a perfect square.
Pernhaps she was visualizing the picture of a square and was
in turn confusing perimeter with area. Or, sne could have
peen saying tnat since 2 divides 36ubb ana 4 does not, 36bb
is not a pertfect square since its prime factorization
contains one prime (namely 2) that is not raisea to an even
power. it is unlikely nhowever that this low-ability subject
woula make this latter observation on the pretest. On the
posttest question which is coucnhed in a geometric setting
three subjects confused tne concept of perimeter with the
area. ktach one ot these three stated that since 4 (where
tne 4 clearly stood for tne number of sides of the patio) is
not a divisor of ©92,462, then a square patio cannot be

constructed.

Pretest 4. what is the remainder when 259 is divided by 32
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Posttest 4. wnat 1s the remainder when #97 is divided by 5?
Many students who understood the exponential

expression were overwnelmed by the magnitude of the two

dividends and simply remarked that if they had time or if

they had a calculator tney would multiply out and aivide.

On tne pretest only one subject considered a simpler problem
and lookeu for a pattern in the remainders. Many others on
poth tests performed nonsensical manipulations witn the
given numpers to arrive at various answers (such as dividing
89 by 3 ana taking the remainder as the answer).

Pretest 5. How ma?f numpers in the set {1, 2, 3, 4,

e « o 5 8ULU have either 2 or 5 but not 10 as a
tactor?

For most oL tne few subjects who aid not correctly
answer this question, the reason seems to be that they did
not consider all conditions of the problem. 7They either
counted tnose that had 2 or 5 as a factor or those that had
lu as a factor. One subject even countea the number of
elements of tne set that had 2 and 5 but not 10 as tactors.
rosttest 5. 1Inere are no zeros at the ena ot 3! = 6, one

zero at the end 5! = 120, and 2 zeros at the end of

10! = 3,6256,600. How many zeros are there at the

enu of 10012

This 1s a posttest problem and most subjects decidea
tnat with a number such as 10U! in the problem tney needed
to considger simpler problems ana then look for patterns.
However, oftentimes the pattern search was not very
organizea. For example, from tne data in the problem, they

often set up a table with the numbers 3!, 5!, 10! and then

typically 15! in one column and the number of zeros, 0, 1,
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2, and 3 in the corresponding column. 7Tnis arrangement may
not have been best for gaining insight into what causes
zeros to appear at the end of a factorial. Also, the
calculation of 15! or any other factorial provided many
opportunities for computational errors. It is fascinating
that of all tne subjects who calculated some factorial just
one considerea only tne last few decimal places of each
proauct wnhere tne zeros appear. 7The others calculated each
product completely.

Since the data given in tne problem tended to
suggest to students that they needed to look for a pattern,
thls may have aiverted tneir attention from a basic question
tnat leads to a solution rather easily, namely, "what makes
a zero aprear at tne end ot a product?". 10 get the problem
solver to consider tunat question, perhaps only the last
sentence of tne problem snoula be posed.

Pretest 6. <Cube A holas 5 gquarts of water. Cube B is twice

as long, twice as wide, and twice as high as Cube A.

ow many quarts of water does Cube B nold?

Fosttest 6. Cube X holds & times as much sand as Cube Y
does. how tall is Cube X compared to Cube ¥?

In short, the stuadents who nad difficulty with thnese
guestions did not create in their mind or on paper a picture
of what the problem was asking. 71en quarts was a common
answer on the pretest guestion since “Cube o is twice as
big." 1ne corresponding answer on the posttest question was
“eight times as high."™ OUne "interesting" answer on the
pretest question proceeded as follows: the subject took tne

original 5 quarts, added 5 quarts for "twice as long," added
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5 quarts for "twice as wide," and added 5 quarts for "twice
as high.” He then wrote, "5 + 5 + 5 + 5 = 25 quarts."

Pretest 7. rind the maximum possible area for a rectangle
witn a perimeter of 72 inches.

Cf the eight subjects who did not correctly answer
tnis question, tnree couldn't even get started on the
problem, and it was clear that two others were contusing the
concepts of perimeter and area. The other three were able
to aecide upon a rectangle with a perimeter ot 72 inches,
nowever, tney stated that the rectangle also had the
greatest area. It was clear from their comments that these
three were working under the assumption that all rectangles
with a given perimeter have the same area. Thus, it appears
that a major troublesome feature ot tnis problem involves
inadequate understanding of perimeter and area.

Posttest 7. An airline passenger fell asleep when he had
traveled halfway. when he awoke, the distance
remaining to go was half the distance he had
traveled while asleep. For what part of tne way did
he sleep?

Ot the ten subjects who failed to get the correct
answer for this problem, seven misinterpreted the problem
and arrived at the answer one tourtn. They interpreted tne
proolem as saying, “when he awoke, the distance remaining to
go was halt the length of the trip from the point where he
fell asleep.” Thus, the somewhat complex syntax ot the
second sentence of the problem seemed to be the most

troublesome feature here.

Pretest . A board is sawed into two pieces. One piece is
two-tnirds as long as the whole board and is
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exceeded in length by the second piece by 4 feet.
How long was the board before it was cut?

Posttest 8. A man has 7 times as many quarters as he has
dimes. The value of the dimes exceeds the value of
the quarters by $2.50. How many has he of each
coin?

On tne pretest question six subjects saw tne
inconsistency in the conditions of tne problem but yet
proceeded to find an answer or at least tried to find an
answer. Two adaitional subjects each wrote three different
correct equations to describe the problem, correctly solved
the equations, and got answers that indicated there was no
solution to tne problem. Nevertheless, they failed to
recognize tnat there was no solution.

The most common answer was twelve feet. Then one
pliece ot the board was eight fteet and the other four feet.

Clearly, the most bothersome feature ot this problem
was that it has no solution. 1nhe subjects had simply not
seen enough such problems and tended to believe that every
matnematics problem must have a solution.

During the period of tne ten-week course, the
students had the opportunity to deal with other questions
that had no solution. As a result, the performance on tne
posttest question was considerably better. Nevertheless,
there were still four subjects who attempted to find or
found solutions.

Pretest 9. If on a balance a brick balances evenly with
tnree-quarters of a pound and three-gquarters of a

brick, what is the weight of a whole brick?

Again, it seems that on this problem subjects had
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the most difticulty in interpreting the conditions of the
problem. oSeven people missed the problem because they
interpreted the problem as saying that three-quarters of a
pound balances evenly with three-quarters of a brick. 1hus,
they cvetermined that the weight of a brick was one pound.
Posttest 9. 1t a chicken and a half lay an egg and a halt

in a gday and a half, tnen how many eggs do three

chickens lay in one day?

5ix subjects who missed this problem reasoned along
thne following lines. First, they incorrectly reasoned that
from tne conditions of the problem it follows that one half
chicken lays one nalf an egg in one half a day. From this
tney reasoned correctly tnat three chickens would lay three
eggs in one day. So although the two conditions that gave
rise to the two conclusions were very similar in structure
and meaning, tne subjects conclusions were incorrect in one
case ana correct in the otner.

ihe same pattern ot inconsistency in reasoning
existed tor the three subjects who arrived at the answer one
egg. 1ypically, tnhese people erroneously reasoned first
that three cnickens must lay three eggs in three days. From
this tney legitimately concludea tnat tnree chickens would
lay one egg in one day.

why these nine subjects could draw a correct
conclusion in one situation but not in a similar situation
is a mystery. bSince they each demonstrated some ability at
arriving at a proper conclusion in tnis problem, perhaps

thelr errors can simply be attributed to lack of care and
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tnoughtfulness in the problem-solving process.

Pretest 10. A carpenter makes only three-legged stools and
four-leggea tables. One day when he looked at nis
day's output he counted 31 legs. If he maae 9
stools ana tables that day, then how many of these 9
were stools and how many were tables?

Posttest 10. A farmer has hens and rabbits. These animals
have 50 heads ana 140 feet. How many hens and how
many rabbits has the farmer?

Cf the ten supjects who missed the pretest guestion
seven failed to take into consideration one datum of the
proolem, namely, tnat there were a total of nine stools and
tables mace. Lach of these seven people arrived by trial
ana error at the answer seven tables and one stool which

providea tne correct number of legs but only eight stools

ana tables altogether.

On tne posttest guestion only three students failea
to achleve the correct answer and none of tnese failea to
take 1nto account all of the data of the problem. ‘nus,
pefore taking the course it again seems that subjects were a
bit careless 1n reading problems and in taking into account
all the given information.

Fretest 11. 1Two missiles speed directly toward each other,
one at Y,U00U miles per hour ana the other at 21,000
miles per hour. They start 1,317 miles apart. tow
far apart are they one minute before they collidgez
Generally, tne subjects who correctly answered this

question where not bothered by tne unnecessary datum

provided in the problem. However, many who missed the
problem tried to involve the 1,317 miles in some

calculations to arrive at a solution. Five Ot those who

missed it wantea to somehow use the formula distance equals



162

rate times time and generally for those people tne value for

distance in this rormula was 1,317.
In general it seems that the most troublesome
feature of this problem was that it involves rates. Most of
the twelve subjects who missed the problem either did
notning or if they did pertorm calculations, they were often
nonsensical. 1t is the view of the investigator that many
of these subjects were simply afraid of such problems or
tney felt tney naa to use a tormula of which they were not
sure. ‘iney were not able or inclined to approach the
proolem from a common sense point of view,
Posttest 1l1l. Tne leavening agent in an unusual bread aough
makes the dough double itself in size every minute.
If it takes 3C minutes for one loaf to just fill an
oven, how long will it take two loaves to just fill
the same oven?
Unly two subjects answered this question correctly.,
In each case they considered simpler problems ana then
generalizea to the given problem. 1wo others startea out on
tne right track but abanuoned what they were doing. These
two plus thirteen more concluded that the answer was fifteen
minutes since ". . . it shoulu take half as long."
Oftentimes this answer was provided rather quickly ana
witnout mucn thought. 7Tnus, although tnere was some
empnasis in the course on three dimensional geometry,
students in general did not relate sucn considerations to
this problem and were eager to treat it as a one dimensional

proolenm.

Subjects did try to apply a laboratory experience
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from the course to the problem. In that laboratory activity
tne students were asked to think of a box. Then mentally
they were to consiaer a box that is half as long, half as
wide, and half as high as the original. They were tnen
asked to guess how many of the smaller boxes would fit into
the larger box. After making a guess they do the
construction to cneck their answer. Subject S used the
answer irom tnat activity, namely eight, in this problem by
taking the thirty minutes and dividing by eight to get an
answer of tnree and three-fourth minutes.
rretest lz. A barrel of noney weighs 50 pounds. The same
barrel with kKerosene in it weighs 35 pounds. If
‘honey 1is twice as heavy as kerosene, how mucn does
tne empty parrel weigh?
Several types of errors were maae as this problem
was attempted. Four subjects used incorrect equations which

eltner were not solved or when solved resulted in

nonsensical answers that were not checked; two aaaitional
subjects performed meaningless operations on the data of the
proolem and got wrong answers which were not checked. Two
otner subjects gave up in snort order.

If subjects coula not use equations to solve this
problem it seems that at least they coula use trial and
error. However, it again seems that on the pretest subjects
had an aversion for this technique. Additionally, on this
problem it is especially easy to check ones answer and yet
this was hardly ever done.

Posttest lz. Three people play a game in which one person

loses and two people win each game. 1he one who
loses must double the amount of money that each ot
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the otner two players has at that time. The three

players agree to play three games. At the end of

the tnree games, each player has lost one game and
each person has $8. what was the original stake of
each player?

The most troublesome feature of this problem is that
it is not explicitly stated tnat the payoff must be made
trom tne loser's stake. Of course if one assumes the
payoffs come from some source other than the original
stakes, tnen there really is no problem and obviously eacn
player startead witn two dollars. Tnis was the approach
taken by nine subjects. Four other students realized that
tne original stakes totaled twenty-four dollars and they
unsuccessfully used trial and error to attempt to determine
tnose values.

Since twenty~-four different problems were considered
in analyzing question 3, it was ditficult if not impossible,
to categorize and summarize the troublesome features of all
problems. However, it was possible to identity certain
features of the subjects' behavior which gave rise to
trouble as they went about solving problems. It seemea that
often subjects were not willing to caretully analyze a
problem. Often they were satisfied with a superficial
examination of tne given conditions ana applied wnat they
thougnht they reaa to arrive at answers that were
unreasonable. Many times these unreasonable answers were
accepted without a simple check against the given

conditions.

Lack of knowledge ot certain concepts (for example,
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place value, area, and perimeter) and weaknesses 1in
executing certain operations (for example, multiplication
ana exponentiation) also adversely affectea performance.
Finally, on the pretest subjects seemed to nave an aversion
for the use of trial and error. btany problems on that test
tnat were left undone coula have been solved without too
much adaitional ettort if the subjects had been more willing

to use this problem-sclving process.



Cnapter 5

CONCLUSIONS, DISCUSSION, AND RECOMMENDATIONS

INTRODUCTION

1he purpose of tnis study was fourfold. Tne first
goal was to examine what neuristics preservice elementary
teachers tend to use in solving non-routine mathematics
proplems betore taking any requirea college mathematics and
to determnine if they have a preference for eitner “trial and
error" or "aeduction from conaition®™ as a basic process in
solving problems. Tne second purpose was to design ana
implement a requilred mathematics course for preservice
elementary teacners in the structure of elementary school
matnematlics that nas a problem-solving component as a
unitying theme. This problem-solving component involves the
use of problems to motivate new concepts, provides
instruction in the use of heuristics in solving problems,
and provides students with practice in solving non-routine
matnematics problems. The third purpose was to examine thne

effects of such a course on the heuristic usage of students,

166
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on their problem=-solving ability, and on their attitude

toward mathematics and problem solving. The fourth and
final purpose was to identify features of verbal non-routine
problems that are especially troublesome for preservice

teachers.

CONCLUSIONS AND DISCUSSICN

Because of the clinical nature of this study and the
associated informal evaluation technigues, the conclusions
reached are tentative. FHowever, they do aive rise to a
considerable number of ideas and proposals that can be used
by instructors of future mathematics teachers. They provide
such professionals with ideas es to what oroblem-solving
behevior they might expect their students to demonstrate and
they suggest what behaviors and attitudes are subject to
change by a course of instruction such as the one used in
this study.

This study determined that it is possible to use a
problem-solving component as a unifying thread in a course
in the structure of elerentary matheratics for preservice
teachers without sacrificing the usual content of such a
course. The vroblem-solving component included instruction
in the use of specific heuristics, practice in applyina
these heuristics in solving non-routine mathematics
problems, and using non-routine problems to motivate new

concepts introduced in the course. Thus, if improving
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preservice teachers' problem-solving ability is an objective

of a teacher-training program, then the course introduced in
this study could serve as a model for other institutions.

Other significant findings are as follows:

1. Before taking a reauired course in mathematics
the low-ability preservice teachers included in this study
had a tendency to use only two heuristics--Draws figure and
Setting up equations, while the hiaoh-ability subjects tended
to use these two and Simrlifies the problem as well. This
seems to reveal that the subjects were well versed in and
used to erployina these two common heuristics (Draws figure
and Settina up equations) thet are emphasized so much in
high-school mathematics. However, they were using only a
fraction of the abundance of problem-solving tools or
neuristics available to them.

There was some evidence in this study that the
course of instruction may have caused subjects to use the
heuristic Setting up equations considerably less. Thus,
subjects may have come to realize that it is not always
necessary or desirable to attempt to solve problems by
setting up equations.

Additional strategies employed on the posttest that
were not used on the pretest were Restates problem in his
own words and Separates/summarizes data for both grouos and
Simplifies the problem for the low-ability group. Thus the
course of instruction was probably responsible for an

increase in the variety of heuristics subjects employed.
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2. It was demonstrated that before taking a
mathematics course, preservice teachers of low=-ability
tended to prefer to use trial and error over against
deduction as a basic process in solving non-routine
problems. On the other hand, high-ability subjects tended
to prefer to use deduction from condition. This was also
the situation after the subjects completed the course of
instruction. However, a consideration of the change in
usaage of these two processes within each aroup reveals both
aroups showed an increase in the use of deduction over the
period of instruction and the low=-ability group had the
greatest increase in usage of deduction.

The preference of the low-ability qroup for trial
and error on tne pretest is not surprising. Such subjects
typically either lack or have not been trained to use
thinking skills that can be classified as deduction from
condition. For themr it is often easier to simply make wild
guesses and arrive at an answer correct or incorrect.
Likewise, it is not surprising that the ten-week course of
instruction was not lona enouan to change this preference.
However, it is encouraging that of the two aroups, the
low-ability group demonstrated the greatest increase in
usage of deduction from condition.

It is interesting to note that although the
low-ability group tended to prefer to use trial and error,
there were instances on specific problems of the pretest

when subjects of both aroups left problems undone when in
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fact they could have been solved without too much additional
effort if the subjects had resorted to trial and error.
This was especially true of problems that lent themselves to
solution by setting up equations. It was as if sore
subjects felt they had to solve the problems in one way and
if they could not solve them that way, then they could not
resort to any other technique such as trial and error. It
seemrs that the course of instruction was effective in
convincing subjects that there may be many ways to solve
some problems and in helping them to learn when to apply
various strategies or processes.

3. In terms of performance on the prohlem-solving
inventories it seems that both groups spent more time
working on the posttest than on the pretest and that the
difference was greatest for the low=-ability grouo. This may
reflect that both groups, and especially those of lower
ability, demonstrated greater perseverance on the posttest.
Inis observation was reinforced for the low-ability group by
the substantial increase in hesitations between tests.

A disappointing outcome of the study where little
improvement in performance was realized was in the area time
svent looking back at a problem. Neither group improved in
the use of the looking back stage of the problem-solving
process. It appears that a ten-week period of instruction
is not sufficient to make this stage a part of the subjects®
problem-solving routine.

When performance was measured by scores achieved on
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all twelve problems of both tests, there was no improvement
of any consequence in performance. However, when attention
was restricted to the seven similar problems of the two
tests, it was seen that the high-ability group showed a
striking increase in total points with a substantial part of
this increase coming from the result stage of the problem-
solving process. Since the posttest was considered to be
substantially more difficult than the pretest, little change
in score between tests cannot be considered a failure of the
course of instruction. In addition the dramatic increase in
the scores of the high-ability group on the seven similar
problems may reveal that the course of instruction was
especially beneficial to them.

Finally, an analysis of performance as measured by
the commission of Executive and Structural errors reveals
that the commission of such errors may have impeded the
achievement of correct answers. This observation comes as
no surprise and has been supported in numerous studies on
problem solvinag.

4., Although the low-ability group started and ended
with less confidence in their problem-solving ability than
the other group, it seems that neither aroup's confidence
was diminished tnrough the time period of the treatment.
Because of the difficulty inherent in measuring confidence,
it is not surprising that only slight differences were
detected. It may be the case that there indeed was very

little change in confidence or it may be that the variables
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used to measure it were not appropriate.

5. The treatment in this study had little effect on
the attitude of the subjects toward mathematics. The
low-ability aroup started and ended with a less than
positive attitude toward mathematics whereas the high-
ability group consistently showed a better attitude toward
mathematics, both at the start and at the end of the
exveriment.

6. Concerning attitude toward problem solving, it
is noteworthy that a large majority of the subjects of both
groups ended the course indicating either a neutral feeling
toward problem solving or a positive attitude toward problem
solving. When asked to describe any changes in their
attitude toward problem solving over the period of the
course of instruction, the overwhelming majority of
responses indicated that subjects either felt better at the
end about the prospect of workina non-routine problems and
felt areater confidence in their problem-solving ability or
they had such attitudes at the start of the experiment and
the course simply reinforced what they felt before. 1In
general it was the opinion of most of the participants in
the study that although the problem-solving component of the
course was difficult, they had nevertheless grown in their
knowledae of strateaies available to them, in their ability
to apply these strategies to specific problems, and in their
perseverance.

7. With regard to attitude toward the course, half
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of the responses of the participants indicated that the

course was influential in causing them to feel better about
mathematics. The majority of the rest of the responses
indicated that subjects already felt good about mathematics
and the course did not have an adverse effect on their
feelings. As would probably be expected, the problem-
solving component was not the favorite part of the course
for most people. The component that was the overwhelming
favorite was the laboratory component. Needless to say,
many of the laboratory experiences are centered on problems
that would fit our definition from Chapter 1 of non-routine
matheratics problems. Thus, it seems that problems that can
be solved using manipulatives have the greatest appeal to
preservice teachers.

8. Certain features of subjects' behavior which
gave rise to trouble as they went about solving problems
were identified. It seems that often subjects were not
willing to carefully analyze a problem. At times they would
understand and pay heed to all the terms and data given in
the problem statement, but would disregard the syntax of the
sentences. C(onsequently they were satisfied with a
superficial examination of the given conditions and applied
what they thought they read to arrive at answers that were
incorrect and often unreasonable. Oftentimes there was an
absence of a simple check of an answer against the aivens of
the problem which would have uncovered incorrect answers.

Lack of knowledge of certain concepts (for example, place
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value, area, and perimeter) and weaknesses in executing
certain operations (for example, multiplication and

exponentiation) also adversely affected performance.

RESEARCH RECOMMENDATIONS

As indicated in Chapter 2, REVIEW OF THE LITERATURE,
it seems that the number of different aporoaches to
researchinag oroblem-solving behavior is limitless. The
oresent study with preservice teachers has centered on an
exarination ot the process of prohlem sclvina rather tner
tne orcduct. It weoule be procductive to conduct a3 siviler
study using an exverimental desian which would allow for
statistical analysis of the many factors or veriables
considered. However, such a study would of necessity
require the full-time effort of an experimenter and much
part time help, especially for the interviewing of large
numbers of participants and for coding the problem-solving
protocols.

It is noteworthy that at about the time the present
study was conducted the Georgia Center for the Study of
Learning and Teachina Mathematics was forming a group of
mathematics educators from throughout the country who were
interested in researching probler solving. This "working
aroud” has been vpooling their research efforts and hopefully
cooperative research programs will be developed which may

shed further light on the issues studied here.
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The correlation analysis in this study provides many
questions that need further examination. Some of them are
listed here.

1. 1Is there an explanation for the significant
positive correlations between the use of visual represen-
tation of problers and the time spent on problems? Do the
visual thinkers tend to have more difficulty with problems
and thus they work longer on them or is there a relationship
cetween visual tninkina and confidence or perseverance?

2. Does the negative correlation between drawing
figqures and misinterpreting problems on the posttest
indicate that visual representation of a problerm is
important for the "understancding the problem"™ staage of the
problem-solving orocess?

3. The correlation analysis revealed a significant
negative correlation of the process ceduction with the
process trial and error on the posttest while there was no
suchn relationship on the pretest. Does this suggest that
the course of instruction caused subjects to fall into one
of two classifications which indicates a vroblem-solving
mode--one group tending to use deduction and the other
tending to use trial and error?

There are other questions that are prompted by the
analysis done in this study. Both on the pretest and on the
posttest there was the tendency for the low-ability aroup to
use trial and error and for the other group to use

deduction. What other factors (for example, personality
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factors) contribute to this difference? Or what cues are

there in problems that cause subjects to try deduction from
condition or trial and error?

How does a teacher help subjects to see the
necessity of considering a problem both from a semantic and
from a syntactic point of view? Too often in this
experiment students were observed vaying too much attention
to one at the exclusion of the other. As a result, they
arrived at incorrect answers.

One follow-up guestion that can always be asked in
conducting a study such as this is, "What are the long-term
effects of the treatment?" However, since this investiga-
tior was conducted with preservice teachers, a more
imoortant research guestion would be, "what effect, if any,
does a course such as the one conducted for this study have
on the teacning of the participants in the course?”™ or even
more importantly, "What effect, if any, does a course such
as this have on the problem-solving behavior ot the pupils
of the subjects who participated in the course?"

This study has sugjgested one possible treatment that
has been relatively effective in changing certain problem-
solving behaviors of the participants. Further research
questions are, "What other treatments would be effective?"
or "Is there a most efficient way to teach heuristics or to
teach problem solving to preservice teachers?"

Obviously, there is much to be learned about how

problems are solved and about effective ways of teaching
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problems solving. There are enough gquestions to keep
researchers busy for decades and although the task is
immense, it is the responsibility and the privilege of the
mathematics education community to do all within its power
to continue to try to resolve the many issues and questions

before them in the realm of probler solvina.

ISSUES AND RECOMMENDATIONS 1IN
MATHEMATICS EDUCATION

Teachers at all levels have a tendency to believe
that their students should be better prepared when they
reacher their classroom. Mathematics teachers are no
exception. Most college mathematics teachers will say that
their students cannot solve non-routine problems because
such nave not been emphasized in elementary school and
secondary school. The poor performance of the subjects of
this study on the pretest indicates that somethinao was
lacking in their training in solving problems. Thus, an
obvious recommendation is that students of all ages be
provided with opportunities to improve their problem-solving
abilities. This study has demonstrated one teachinag model
in which heuristic teaching was integrated into a typical
classroom setting for preservice teachers without
sacrificing the usual content of the course. Such a model
could be adapted to almost any level of mathematics
instruction.

The strong endorsement of the eight course handouts
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by the preservice teachers in this study reflects the value
they placed on them in helping them to become better problem
solvers. Similar instrurents could be written for pupils of
any age. Also, having problems worked in class, either by
the instructor or by a student, where attention is given to
Polya's outline of the problem-solvina orocess is an
effective technique that can be used in most mathematics
classes.

Since laboratory activities seemed to be the most
pooular part of the treatment in this study, perhaps more
problems should have been posed which could have been
imbedded in a laboratory settina and which would have
required some sort of concrete materials for solution. This
may not only cause preservice teachers to feel better about
the "active learning” of mathematics but also better about
problem solving.

For the sake of making comparisons between low anrd
high-ability subjects this study had students of both
ability levels receiving the same treatment. As a
conseguence, there is no doubt that in general the
low-ability subjects experienced more frustration and less
success than the high-ability students, especially in
working the assigned problems. Certainly if this
instructional model were to be employed in other settings,
instructors would want to make differentiated assignments of
problems if the class had a broad spectrum of ability levels

represented.
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This study reflects an urgent need for high school
algebra teachers to allow and encourage their pupils to use
techniques for solving algebra word problems other than by
setting up equations. Their students should come to realize
that oftentimes such problems can be solved by inspection or
trial and error (successive approximation). Teachers at all
levels need to make students aware that more often than not,
there are many ways to solve a given problem and if one
approach does not work, another should be tried.

It was determined in this investigation that a
ten-week period of instruction was not sufficient for
inculcating the practice of "looking back." Aside from
having the potential of being a very excitina part of the
problem-solving process, the "checking of answers" aspect of
this staage is critical for increasing accuracy. Mathematics
teachers at all levels need to use this stage themselves as
they demonstrate problems and need to constantly encourage
their pupils to do the same.

Students are often told that the concept of
“function®™ is a unifying notion in mathematics since it is
used in almost all branches of mathematics. In an analogous
fashion, the heuristics of problem solvinag can act as a
unifier in mathematics. For these heuristics, as outlined
by Polya (1954), are applicable to problems of all branches
of mathematics. 1In addition, the application of these
heuristics to a problem encourages independent thinking and

indeed makes the problem solver a mathematician for the
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duration of the time he is working on the problem.

Finally, teachers at all levels may find it useful
to modify the instruments used in this study to make ther
appropriate for their students and then take time to
interview some of their students as they solve problems
aloud. In so doing they may gain understanding as to the
thought processes these students are using and thus be
better able to prescribe instructional activities in problem
solving.

Mathematics education in the elementary school has
undergone vast changes during the last two decades. At
times the changes have been radical and perhaps too radical
for the best of all concerned. Nevertheless as classroom
teachers and mathematics educators have together sifted
through all the changes, much good has resulted in the areas
of adapting the mathematics taught to the developmental
level of the child, of structurino mathematics around
certain key principles, of teachina mathematics and not just
arithmetic, and of integrating mathematics with other
disciplines. Of course one basic area where very little has
changed over the years is in the teaching of problem
solving. It seems that the time is right for cultivating
interest in this area. The present investigation has
demonstrated one model for helping inservice teachers to
become better problem solvers. But yet there are so many
other needs; in particular, helping inservice teachers to

become better problem solvers, developina teachers' ability
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to teach problem solving, and finally putting quality
materials on problem solving in the hands of teachers and
students. These needs will take years to satisfy and

hopefully the mathematics education community will meet the

challenge.



APPENDICES



3.
4.
5.

10.

11.

APPENDIX A

PRETEST AND POSTTEST IN MAIN STUDY

Pretest

If you_take any two-digit number, form a new number by
reversing its digits, and then add the two numbers
tggether, what is the largest number that is always a
divisor or factor of the sum?

What is the smallest number having 4, 6, 9, and 15 as
divisors or factors?

Is 3688 a perfect square?
What is the remainder when 297 is divided by 3?

How many numbers in the set §1, 2, 3, 4, . . . 8007
have either 2 or 5 but not 10 as a factor?

Cube A holds 5 quarts of water. Cube B is twice as
long, twice as wide, and twice as high as cube A. How
many quarts of water does cube B hold?

Find the maximum possible area for a rectangle with a
perimeter of 72 inches.

A board is sawed into two pieces. One piece is
two-thirds as long as the whole board and is exceeded
in length by the second piece by 4 feet. How long was
the board before it was cut?

If on a balance a brick balances evenly with three-
quarters of a pound and three-quarters of a brick, what
is the weight of a whole brick?

A carpenter makes only three-legged stools and four-
legged tables. One day when he looked at his day's
output he counted 31 legs. If he made 9 stools and
tables that day, then how many of these 9 were stools
and how many were tables?

Two missiles speed directly toward each other, one at
9,000 miles per hour and the other at 21,000 miles per

hour. They start 1,317 miles apart. How far apart are
they one minute before they collide?
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A barrel of honey weighs 50 pounds. The same barrel

with kerosene in it weighs 35 pounds. If honey is
twice as heavy as kerosene, how much does the empty

barrel weigh?

Posttest

If you take any three-digit number (e.g., 638), reverse
the digits, and find the non-negative difference
between these two numbers (e.g., 836 - 638 = 198), what
is the largest number that is always a divisor or

factor of this difference?

What is the smallest number having 9, 12, 22, and 24 as
divisors or factors?

Millionnaire Jones wants to build a large patio behind
his mansion. He has 692,482 square tiles (1 ft. x 1
ft.) to use for the patio. Can he construct a square

patio which will use all of the tiles?

What is the remainder when 3"’7 is divided by 57

There are no zeros at the end of 3! = 6, one zero at
the end of 5! = 120, and 2 zeros at the end of 10! =
3,628,800. How many zeros are there at the end of

100!?

Cube X holds 8 times as much sand as cube Y does.
tall is cube X compared to cube Y?

How

An airline passenger fell asleep when he had traveled
halfway. When he awoke, the distance remaining to go
was half the distance he had traveled while asleep.

For what part of the way did he sleep?

A man has 7 times as many quarters as he has dimes.
The value of the dimes exceeds the value of the
quarters by $2.50. How many has he of each coin?

If a chicken and a half lay an egg and a half in a day
and a half, then how many eggs do three chickens lay in

one day?

A farmer has hens and rabbits. These animals have 50
heads and 140 feet. How many hens and how many rabbits

has the farmer?

The leavening agent in an unusual bread dough makes the
dough double itself in size every minute. If it takes
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30 minutes for one loaf to just fill an oven, how long
will it take two loaves to just fill the same oven?

Three people play a game in which one person loses and
two people win each game. The one who loses must
double the amount of money that each of the other two
players has at that time. The three players agree to
play three games. At the end of the three games, each
player has lost one game and each person has $8. What

was the original stake of each player?



APPENDIX B

PRETEST PROBLEM-SOLVING INVENTORY

Problem-Solving Inventory

General Information:

Age: Date:

Name:

Name of High School and City:

High School Math Courses (course name and year taken):

Your College Class (term, year; e.g., 2nd quarter Freshman):

Program at Concordia (Elem. Ed., Sec. E4., D.C.E., etc.):

Major and Minor or concentrations
For how many quarter hours are you registered this term?
For how many hours per week are you employed?

Instructions:

The purpose of this interview is to obtain some infor-
mation on the ways in which students enrolled in Structure
of Elementary Mathematics solve problems. This is for my
own information and will be used to improve instruction and
assign problems in this course in the future. This is not a
test and will have absolutely nothing to do with your grade

in the course.

This booklet consists of a set of problems that you are
to solve and to think aloud as you are solving each problem.
This means that In addition to writing your scratch work,
your steps to the solution, and the solution, you are being
asked to say out loud everything that you are thinking about
while working each problem. You will be tape recorded while

185
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you do this. The reason for recording your work is so that
I can get a clearer picture of the thought processes used in

arriving at solutions.

There are several other instructions that you should
follow as you work through the inventory:

a) Read each problem aloud before beginning.

b) Talk in your usual tone of voice (but clear enough
to be understandable).

d pencil and paper to solve a problem,
please write down everything you would usually
write down while solving a problem--including
scratch work, diagrams, equations, calculations,
etc. Be sure to talk as you write.

c) 1If you nee

d) Do not erase anything. If you decide not to use
something already written down, draw a line through
it

If there is something about the problem statement
that you do not understand, you may ask me for

clarification. However, I will not tell you if you
are "on the right track" or if the answer you

obtain is right or wrong.

e)

f) 1If a given problem seems too hard, you may leave it
and come back to it later.

Since other students will be participating in these

interviews, please do not discuss the problems or the
interview with anyone. This would invalidate the results

for the whole class. If someone has gquestions, tell him or
her to see me. Your cooperation is greatly appreciated.

Sample Problem A: .
What is the perimeter of a square whose area is 25

square inches?

Sample Problem B:
To number the pages of a book a printer used 131

digits. How many pages has the volume?
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1. Cube A holds 5 quarts of water. Cube B is twice as

long, twice as wide, and twice as high as cube A. How
many quarts of water does cube B hold?

2. What is the smallest number having 4, 6, 9, and 15 as
divisors or factors?
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3. How many numbers in the set 1, 2, 3, 4, . . . ’ 80q3
have either 2 or 5 but not 10 as a factor?

4. A carpenter makes only three-legged stools and
four-legged tables. One day when he looked at his day's
output he counted 31 legs. If he made 9 stools and
tables that day, then how many of these 9 were stools
and how many were tables?






189
5. If on a balance, a brick balances evely with

three-quarters of a pound and three-quarters of a brick,
what is the weight of a whole brick?

6. A barrel of honey weighs 50 pounds. The same barrel _
with kerosene in it weighs 35 pounds. If honey is twice

as heavy as kerosene, how much does the empty barrel
weigh?
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Is 3688 a perfect square?

Two missiles speed directly toward each other, one at
9,000 miles per hour and the other at 21,000 miles per
hour. They start 1,317 miles apart. How far apart are
they one minute before they collide?
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If you take any two-digit number, form a new number by
ts digits, and then add the two numbers

reversing i .
together, what is the largest number that is always a
divisor or factor of the sum?

10. What is the remainder when 2" is divided by 3?
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11. A board is sawed into two pieces. One piece is .
two-thirds as long as the whole board and is exceeded in

length by the second piece by 4 feet. How long was the
board before it was cut?

12, Find the maximum possible area for a rectangle with a
perimeter of 72 inches.
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POSTTEST PROBLEM-SOLVING INVENTORY

Problem-Solving Inventory

Age: Date:

Name:

Instructions:

The purpose of this interview, as with the earlier
interview in which you participated, is to obtain some
information on the ways in which students enrolled in
Structure of Elementary Mathematics solve problems. This is
for my own information and will be used to improve instruc-
tion and assign problems in this course in the future. This
is not a test and will have absolutely nothing to do with

your grade in the course.

As before, this booklet consists of a set of problems
that you are to solve and to think aloud as you are solving
each problem. This means that 1in addition to writing your
scratch work, your steps to the solution, and the solution,

you are being asked to say out loud everything that you are
thinking about while working each problem. . You will be tape
recorded while you do this. The reason for recording your

work is so that I can get a clearer picture of the thought
processes used in arriving at solutions.

Again, there are several other instructions that you
should follow as you work through the inventory.

a) Read each problem aloud before beginning.

b) Talk in your usual tone of voice (but clear enough
to be understandable).

c) If you need pencil and paper to solve a problem,
please write down everything you would usually
write down while solving a problem--including
scratch work, diagrams, equations, calculations,
etc. Be sure to talk as you write.

d) Do not erase anything. If you decide not to use
something already written down, draw a line through

it.
193
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If there is something about the problem statement

e)

that you do not understand, you may ask me for
clarification. However, I will not tell you 1f you
are "on the right track"” or if the answer you

obtain is right or wrong.

If a given problem seems too hard, you may leave it
and come back to it later.

Since other students will be participating in these

interviews, please do not discuss the problems or the
interview with anyone. This would invalidate the results
If someone has questions, tell him or

for the whole class.
her to see me. Your cooperation is greatly appreciated.

£f)

Sample Problem A
Which, if either of the following regions, has the

greater area?
[/ :
4
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Millionnaire Jones wants to build a large patio behind
his mansion. He has 692,482 square tiles (1 ft. x 1
ft.) to use for the patio. Can he construct a square
which will use all of the tiles?

An airline passenger fell asleep when he had traveled
halfway. When he awoke, the distance remaining to go
was half the distance he had traveled while asleep. For
what part of the way did he sleep?
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3. What is the smallest number having 9, 12, 22, and 24 as
divisors or factors?

4. Cube X holds 8 times as much sand as cube Y does. How
tall is cube X compared to cube Y?
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If you take any three-digit number (e

1t y th .g., 638), reverse
the digits, and find the non-negative diéferenée between
ihese :wo ngmberg (e.g., 836 - 638 = 198), what is the
argest number that is always a divi
this difference? Y visor or factor of

A man has 7 times as many quarters as he has dimes. The
value of the dimes exceeds the value of the quarters by

$§2.50. How many has he of each coin?
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Three people Play a game in which one person loses and
two people win each game. The one who loses must double
the amount of money that each of the other two players
has at that time. The three Players agree to play three
games. At the end of the three games, each player has
lost one game and each person has $8. What was the
original stake of each player?

The leavening agent in an unusual bread dough makes the
dough double itself in size every minute. If it takes

30 minutes for one loaf to just fill an oven, how long

will it take two loaves to just fill the same oven?
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9. If a chicken and a half lay an eqg and a half in a day
and a half, then how many eggs do three chickens lay in
one day?

10. What is the remainder when 3”7 is divided by 5?
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11. There are no zeros at the end of 3! = 6, one zero at the
end of 5! = 120, and 2 zeros at the end of 10} =
3,628,800. How many zeros are there at the end of 100!?

12. A farmer has hens and rabbits. These animals have 50

heads and 140 feet. How many hens and how many rabbits
has the farmer?
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APPENDIX E

DESCRIPTION OF CHECKLIST VARIABLES

Aggroach

The Approach classification contains any behavior which
occurs as the subject trys to understand the problem. The
three checklist categories follow.

1. Restates problem in his own words is checked if the
subject makes any attempt to clarify to himself what the
problem says or is asking.

2. Performs exploratory manipulations refers to any
calculations that are performed by the subject mainly just
to see what he gets as opposed to those performed on the
basis of some condition or clue in the problem. For
example, a subject may simply add two numbers that appear in
the problem just to see what results. If the calculation
leads to a useful result or if it seems that the subject has

some plan for the use of the result, the category is not
checked.

3. Draws figure is checked if the subject makes any

kind of fiqure, diagram, or sketch, no matter how primitive
so long as it is intended to contribute to his understanding
of the problem.

Production

Polya (1954:98) claims that ". . . We can scarcely
imagine a problem absolutely new, unlike and unrelated to
any formerly solved problem; but, if such a problem could
exist, it would be insoluble. In fact, when solving a
problem, we always profit from previously solved problems,
using their result, or their method, or the experience we
acquired solving them. And, of course, the problems from

which we profit must be in some way related to our present
problem."”

The Production classification of the checklist provides
for the discrimination of what sort of recall the subject is
using to generate a solution to the problem and for the

indication of a misinterpretation of the problem. The four
checklist categories follow.
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1. Recalls same or related problem is checked if the
subject indicates that he has seen the problem before or one
similar to it. It is not checked if the subject simply says
"this is an algebra problem"™ or "I'll have to find the prime
factorization of these numbers.”

2. Uses method of related problem refers to a subjects
indication that he recalls a similar problem whose method of
solution may have some applicability to the present problem.

3. Uses result of related problem is checked when the
subject recalls and uses the result of some related problem.

4. If the subject indicates by means of comments or by
manipulations of problem elements that he has either misread
or misinterpreted a crucial part of the problem, then the
coder checks Misinterprets problem.

Looking Back

Looking back, Polya's fourth stage of the problem-
solving process includes not only the checking of a solution
but also the reconsideration and reexamination of the path
that led to it, the consideration of other solutions, and
the investigation of generalizations of the problem. The
nine checklist categories follow.

1. Checks solution by substitution in equation is
checked if the subject substitutes a solution for an unknown
in an equation he derived for the problem. It is not
checked if he substitutes trial values into the derived
equation.

2. When a subject substitutes the value of his
solution into the condition of the original problem to
determine its correctness, the coder marks Checks that
solution satisfies condition.

3. Checks solution by retracing steps is checked if
the subject specifically repeats or goes over an operation
or manipulation after attaining a solution. It is not coded
if the subject simply rereads the problem since this usually
indicates he is checking to see that the solution obtained
satisfies the condition.

4. If the subject reflects on the reasonableness of
his solution or checks in some way to see if the solution is
consistent with what he knows about the "real world"™ then
thg gategory Checks if solution is reasonable/realistic is
coded.
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5. Derives the solution by another method is coded if
after arriving at a solution the subject proceeds to try to
solve the same problem using a different approach or
technique. This is not coded if a subject attempts to solve
the problem in a second way after the first approach failed.

6. When the subject gives consideration to a more
general problem after solving the stated problem the
category Generalizes the problem is checked.

7. Considers extreme cases is coded when an attempt is
made to expand the meaning and implication of the problem
and its solutions by considering extreme values for the data
and substituting these into the conditions of the problem.
It is conceivable that this behavior is observed with a
check of the problem. So, for example, a subject may
consider extreme cases and in so doing is checking to see if
his solution is reasonable or realistic. In such a case
both appropriate categories are checked.

8. Checks that all information is used is checked if
after arriving at a solution the subject determines if all
the data and conditions of the problem have been used. This
is not checked if the subject does such a check during the
process of solving the problem initially.

9. When some clue in the problem or its solution
causes a subject to suspect that there may be more than one
solution to the problem and he in turn trys to find it, then
Attempts to find other solutions is coded.

Comments

Comments that a subject makes that are not directly
related to the problem=-solving process can provide insight
into his feelings toward himself and his problem-solvin
ability. They can be a measure of his confidence and of his
willingness to admit failure verbally. The nine checklist
categories follow.

1. Oftentimes a subject will have questions regarding
the meaning of certain phrases or words in the problem and
the assumptions that he can make in attempting a solution.
Such requests are coded as Requests assistance, more
information. Requests concerning procedure are not coded.
This category can be a measure of the student's
self-sufficiency or independence in problem solving as well
as an indication of the difficulty level of the problems.

2. When the subject suggests in some way that there
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may not be a solution to the problem then Questions
existence of solution is coded.

3. If for some reason the subject feels that there may
be more than one solution, or there is not enough
information to determine exactly one solution, then the
coder checks Questions uniqueness of solution.

4. Indicates uncertainity about final solution is
checked only 1f as leaving a problem a subject makes remarks
which indicate that he doubts the correctness of his
solution. It is not checked if he makes such remarks and
then proceeds to rework the problem or if he has not
achieved any solutions.

5. Says he does not know how to solve the problem is
self-explanatory. However, it is only coded if the subject
makes the remark as he is leaving the problem. This
category is a measure of the student's tendency to admit
defeat.

6&7. Expresses enjoyment, liking for the problem and
Expresses distaste, dislike for the problem are categories
which give a measure of the student's feelings toward given
problems and thus to problem solving in general. They are
indicated by comments such as "This is a neat problem" or
"What a dumb question."

8. If a subject admits in some way that the problem,
his manipulations of the givens or his solution causes him
some amount of bewilderment, then Admits confusion is
checked.

9. Expresses confidence that he can arrive at a
solution is self-explanatory. The category attempts to
measure a student's confidence in his problem=-solving
ability.

Executive Errors

Executive errors are those that are committed in
carrying out manipulations, either computational or
algebraic. They are usually the result of carelessness, or
temporary memory lapse rather than from lack of under-
standing. Tallies are kept to represent the total number of
executive errors of each category. An error is not tallied
if it is immediately corrected. The three checklist
categories follow.

1. Each time a subject makes an error in counting or
in performing a numerical algorithm or computation, a tally
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is made in the category Numerical computation.

2. Each error in the manipulation of an algebraic
equation is tallied under Algebraic manipulation.

3. Other executive errors include such things as
miscopying or misreading of a number or meaning one thing
while writing or saying something else (e.g., while thinking
“The carpenter makes one three-legged stool” he says "The
carpenter makes three stools").

Interviewer Comments

Observations of interest to the coder are recorded
under Interviewer Comments. Observations may concern such
things as the student's state of mind, nervousness and how
this may be affecting his performance, and so forth.

Time

The time a subject works on a problem is divided into
three parts. Time Excluding looking back is measured from
the point the subject starts the problem until he has
arrived at a solution or stops working on the problem
without having arrived at a solution. Time spent Looking
back is measured from the point where the subject has
—— .
arrived at a solution to the point where he completes the
checking of his work or whatever other behavior which can be
classified as "Looking back." Total time is then the sum of
time excluding looking back plus time looking back.

Tape readings are recorded at the time of the
interview. These in turn are converted into units of time
where 15 seconds equals one unit of time.

Score

Points are used to give a numerical indication of the
quality of a student's performance. The maximum possible
number of points awarded on any given problem is eight
points. The eight points are broken down into the following
categories.

l. Approach (0-1): If a subject understands the
problem and if his work is free of structural errors due to
a misinterpretation of the problem, then he is awarded one
point. Otherwise, he is given zero points.
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2. Plan (0-3): When a problem has been approached in
such a way that the correct result would follow if no
executive errors were committed or when a sufficient number
of trials have been carried out or equations written to
arrive at the correct result, then three points are earned.
Two, one, or zero points are awarded according to the extent
to which these things are not done.

3. Result (0-2): This category is self-explanatory.

4. Looking back (0-2): Zero to two points are awarded
in this category according to whether the subject checks his
solution or his work in some way after having arrived at a
solution. Points are also awarded if he attempts to solve
the problem in another way, or if he tries to generalize the
problem, or if he engages in any other activity which can
properly be classified as "looking back" behavior.




APPENDIX P

PROCESS-SEQUENCE CODING VARIABLES

Preparation Symbols:

R
G

M

Reads the problem

Separates/summarizes data (e.g., "What is given,"
"What must I find")

Introduces model by means of a diagram or figure

Process Symbols:

D

Z - n m 0O Yy =3

Deduction from condition
Random trial and error
Reasoning by analogy
Reasoning by contradiction
Setting up equations
Simplifies the problem

Looks back

Nonsense process or behavior not classifiable

Results of D and T Processes:

4

5

Abandons process

Impasse

Intermediate result (Correct or incorrect)
Incorrect result

Correct result

Punctuation Marks:

- (dash) Hesitation of approximately 1 unit (15

seconds)
208
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() Scope of D and T processes

+ Inserted between successive processes

/ Stops without solution

- Stops with solution (correct or incorrect)
Errors:

X Structural error in process X

X* Executive error in process X

X' Previous structural error in process X corrected

X*'Previous executive error in process X corrected

Difficulty:

X Indicates subject had difficulty with process X



APPENDIX G

DESCRIPTION OF PROCESS-SEQUENCE CODING VARIABLES

Process-sequence codes are a sequence of letters,
numerals, punctuation marks and other symbols that are
written in order as the coder listens to the tape recording
of a subject's problem-solving protocol. One process-
sequence code is written for each problem that is attempted.
It provides the researcher with a sequential picture of the
subject's problem-solving behavior. The sequential nature
of the process-sequence codes is what distinguishes these
from the information tallied in the checklist; for the
checklist deals with supplementary nonsequential
information.

Preparation Symbols:

An R is recorded for Reads the problem when the subject
reads the problem and thereafter when he rereads the problem
or parts of it as he tries to better understand it.

An R is not recorded if the subject rereads the problem to
aid him in drawing a figure, writing an equation, or
performing a check. The frequency of R's can be regarded as
an indicator of the difficulty the subject has with the

problem.

If a subject attempts to operate on.the data in some
way, for example, if he asks, "What is given" or "What must
I find," then a G is written to denote Separates/summar izes

data.

When a subject draws a figure or sketch, a M is written
in the process-sequence code to denote Introduces model by

means of a diagram or figure.

Process Symbols:

If a subject attempts to achieve a logical gonclusion
on the basis of a reasoning process on some condition or
conditions given in the problem, then a D is recorded for

Deduction from condition.

In contrast to deduction, a subject uses Random trial
and error (T) if instead of operating on the data using the
condition to guide his reasoning, he chooses a trial value

210
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to be substituted into the condition. T is often difficult
to distinguish from D. When there is doubt about which is
being used, D is used under the assumption that more than
likely the subject is reasoning in some way from the
condition.

An A, Reasoning by analogy is recorded if the subject
recalls the same or what to him is a similar problem and
attempts to solve the present problem on the basis of what
he recalls concerning that previous problem.

A C, Reasoning by contradiction is written when the
subject determines that a goal (or subgoal) cannot possibly
be obtained from the givens and conditions of the problem
since it is inconsistent with these.

When a subject writes any symbols in conjunction with
an equality symbol, an E is recorded for Setting u
equations (e.g., "x=age of father” is consiaereg an
equation).

An S, Simplifies the problem represents an attempt to
gain insight to the solution of the problem by considering a
simpler problem.

If a person checks his work or solution in some way,
tries to solve the problem in a different way, or tries to
generalize the problem or the solution, then L for Looks
back is recorded. The type of behavior observed under this
category is coded in the checklist.

A N, Nonsense process or behavior not classifiable is
recorded for exploratory manipulations (1.e., operations
lacking rationale), mumbling, and unclear or irrational
statements.

Results of D and T Processes:

The D and T processes are always followed by a numeral
which indicates the outcome of the performance of the gjven
process. The numeral 1 (Abandons process) indicates that
the subject has abandoned the process before completion.
This is often done because the subject is not sure how to
carry out the process or does not believe the process will
be productive. The numeral 2 (Impasse) indicates that the
process has led to a contradiction or absurdity which
precludes further progress. The numeral 3 (Intermediate
result or observation (correct or incorrect)) 1is used if the
process used has led to a result which, if correct, may lead
to a solution to the problem. The numeral 4 (Incorrect
result) is recorded if the process leads to a wrong answer
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to the problem and the numeral S5 (Correct result) is used if
the process leads to a correct solution to the problem.

Punctuation Marks:

Dashes (=) are inserted in the process-sequence codes
where there are hesitations in the subject's protocol. One
dash represents a hesitation of 15 seconds. The subject's
behavior during such hesitations often includes silence, at
which time the subject may be trying to come upon some
tactic which will aid him in solving the problem or his mind
may simply be wandering. He may also be orally or silently
checking over the work he has already performed. Dashes are
not recorded for time spent doing calculations or requesting
assistance from the interviewer.

Parentheses ( () ) are used to indicate the scope of a
D and T. Often times a subject, while arguing from the
condition of a problem towards a solution (deduction), will
do so by perhaps setting up an equation (E) or by reasoning
by contradiction (C) and so forth. These steps that are a
part of the deductive process are included in parentheses.

Commas (,) are used to separate successive process
symbols.

A virgule (/) indicates that a subject has stopped
without a solution. A count of the number of virgules for a
given subject is a measure of the difficulty he had with the
problem-solving inventory.

A period (.) indicates the subject stopped with a
solution, either correct or incorrect.

Errors:

Structural errors stem from a misunderstanding of the
problem or of some principle necessary for its solution.
For example, a student may set up an equation for the
solution of a problem incorrectly because he does not
understand the problem or some phrase in the problem. This
error would be a structural error. Structural errors are
contrasted with executive errors, or slips in carrying out
manipulations. For example, a student may set up an
equation correctly for the conditions given in a problem but
then may make a numerical computation error or an algebraic
manipulation error. This type of error would be an
executive error.

The codes for structural error or executive error in
process X are clear. 1t should be remarked, however, that
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if a subject catches his error immediately after making it,
then it is not coded. On the other hand, if he makes one of
the two types of error and later discovers the error and
corrects it, then an apostrophe (') is recorded behind the
symbol that indicated the original error.

The total number of executive errors is kept by tallies
on the checklist and among other things is a measure of the
carelessness of the subject. The total number of structural
errors is a measure of the ability of the subject to grasp
the relationships and principles embodied in the
problem-solving inventories.

Difficulty:

Difficulty is indicated by hesitation and stumbling on
the part of the subject. If such behavior occurs as a
subject is performing process X, then X is underscored.

Miscellaneous guidelines for coding:

1. If at some point in his problem-solving protocol, a
subject elaborates on the thought processes he used earlier
in the problem to such an extent that it causes the coder to
change his initial impression of what symbols to use, then
the coder should go back and make appropriate changes in the
process-sequence code.

2. There are times when a subject will determine a
provisional solution and not being sure of its correctness
will try to solve the problem again. In such cases this
latter activity should not be coded as "Looking Back."™ A
subject is only to be regarded as looking back at a problem
if his behavior and comments clearly show that he is
attempting to check his work or engage in some other
activity of this category.

3. Trial values that lead to a contradiction are coded
as T2. 1In problems such as number 9 of the pretest (see
Appendix B) or number 5 of the posttest (see Appendix C)
where trial values typically lead to intermediate values on
which a deduction will later be made, the trial values are
coded as T3.

4. When equations are deduced from the conditions of a
problem and are written incorrectly because of a structural
error, then this is coded as D(E...). That is the bar goes
over the D and not the E.

5. If a sugpect in attempting to compute such
expressions as 2 shows that he does not understand what
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2}
2 represents, then his error is recorded as a structural
error.

6. If a subject repeats an observation that was made
earlier, then this probably indicates that he is rethinking
the problem and what he has done thus far and this is coded

as a hesitation.

7. If a subject makes an impulsive guess concerning
the solution of a problem and then proceeds to examine it
more closely, then the initial guess is coded as D3 or D3.



APPENDIX H

COURSE HANDOUTS

Adam Loves Betty

Problem:

At the right is the map of a city. A

Adam lives at A and his sweetheart

Betty lives at B. Adam walks to

Betty's house regularly and is —

curious as to:

a) The route or routes which are
shortest and

b) How many different shortest
routes he could take to her house? 8

I. Understanding the Problem:

The most difficult thing about the statement of the problem
could center on what is meant by "different routes.” We

would probably infer from the problem that only routes that
follow the indicated streets are permissible (i.e., cutting
through alleys, for example, would not be allowed) and that
one route is different from the other if at least one block
is included in the one that is not included in the other.

II. Devising a Plan:

With some trial and error and a little reflection, one
decides rather quickly that to get from point A to point B
using the shortest possible route, Adam must in total travel
6 blocks East and 6 blocks South. Below are 2 possible
routes Adam could take.

A

215
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Clearly these are both examples of shortest possible routes
and are 12 blocks long. Thus part (a) of the problem is
easy.

In attempting to determine how many possible routes Adam
could take we may try to simply count them. Try this! Do
you find this to be very difficult or even impossible? Why?

Well, then, if we can't count the number of routes, how will
we solve the problem? It seems that we have decided that
what makes this problem so difficult is that it is so big or
complex. Thus one might wonder if we could find a related
problem that is much simpler and which could be solved
rather easily. Can you formulate such a "simpler problem"?

III. Carrying Out the Plan:

One such problem could be diagramed as follows, where A is
Adam's house and B is Betty's house.
)

]

[

Clearly for this problem, Adam must first reach either point
C or point D before reaching point B. So since there is
only one way of reaching point C and one way of reaching
point D, there are 1 + 1 = 2 ways of reaching point B.

Now we consider a slightly tougher problem. (Call it the
2 x 2 problem.)

A G
1,
J
E c

In order for Adam to reach point B, he must first reach
points C or D; and to reach C, or D he must first reach E, F

or G, and so forth. We see that:

6

There is 1 way to reach point G
There are 2 ways to reach point F and
There is 1 way to reach point E.

Since Adam gets to point D only by first gegting to points F
or G, there are 2 + 1 = 3 ways to get to point D. )
Similarly, since he only gets to point C by first getting to
points E or F, there are 1 + 2 = 3 ways to get to point C.
Finally, since there are 3 ways to get to C and 3Bways to
get to D, there must be 3 + 3 = 6 ways to get to B.



217

This type of analysis can easily be applied to the 3 x 3
?roblem shown below. The numerals at the street
intersections represent the number of possible different

routes that Adam may take in going from A to the given

intersection.
]

A [ /
| 1 3 ('3
{ 3 6l (o
1 L J "’&B

Thus there are 20 ways of getting from A to B in the 3 x 3
problem.

Now let's return to the original (6 x 6) problem. Can you
fill in the appropriate numbers at the intersections left
unmarked and in so doing determine the number of different
routes from A to B?

A
IT al 21 «
| p——=
| ¢

g

The number of different "shortest routes" from point A to
point B is .

IV. Looking Back:

The "array" of numbers you constructed in the 6 x 6 problem

above may "ring a bell" for you. You may recall §eeing“i§
in the fgllowigg form and calling it "Pascal's Triangle" in

a course in elementary algebra.
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1 Oth row

1 1 lst row

1 2 1 2nd row

1 3 3 1 3rd row

1 4 6 4 1 4th row

1 5 10 10 5 1 Sth row

The num?ers in the nth row provide the coefficients in the
algebraic expansion of (a + b)?. So, for example:

(a + b)° = 1

(a + b) = la + 1b

(a + b)? = 1a® + 2ab + 1%

(a + b)3 = la‘? + iazb + éab1 + lbg

A second interesting application of Pascal's Triangle occurs
in counting combinations. You may recall that given any set
containing n objects, any subset of that set containing k
objects is said to be a combination of k elements chosen
from n elements. The number of such combinations is given

by the expression n!
k! (n=-k)! .

As an example of this, consider the set of 5 elements
Za,b,c,d,é?.

The combinations of 2 elements taken from this set are:

fa,B §b,a}
fald3 {b,e}
¥ 13
'€ ’
[ing_} [dle%
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We note that there are 10 of them and this is the same

number that appears as the 3rd element of the S5th row of
Pascal's Triangle. We see that

The number of combinations of 0 objects

taken from 5 objects is 5!
—————— = 1]
0! (5-0)!

(Can you list it?)

The number of combinations of 1 object

taken from 5 objects is 5!
= 5

11 (5-1)!

(Can you list them?)

The number of combinations of 2 objects

taken from 5 objects is 5!
— = 10
2! (5=2)!

(See example above)

The number of combinations of 3 objects

taken from 5 objects is 5!
—_— = 10
3! (5-3)!

(Can you list them?)
And so forth.

Can you find any relationship between this first and second
application of Pascal's Triangle?

Can you find at least 5 different number patterns in
Pascal's Triangle?

V. Discussion:

The basic strategy that we employed in solving the gtiginal
problem was "simplification." We solved a rather difficult
problem by first solving a simpler prob}em. How can one
tell if the "simplification" strategy will be useful on a
specific problem? There are no hard and fast rules, but the
following situations illustrate the types of problems on
which it is natural to try simplification.
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1. Given a problem involving an n x n array of some ‘
sort, consider an analogous problem with a smaller

array. The "Adam loves Betty" problem above is an
example of this type.

2. Given a problem involving n quantities of some sort,
consider an analogous problem with fewer guantities.

3. Giveg a problem involving an arbritrary triangle,
consider first the case of an isosceles or
equilateral or right triangle.

4. Given a problem in 2 (or 3) dimensions, i.e., in a
plane (or in space), consider an analogous problem
in 1 (or 2) dimension(s), i.e., on a line (or
plane).

Finally, a strategy very similar to the "simplification"
strategy is the “related problem" strategy. At times a very
difficult problem may be solved by first solving a related
problem. The related problem may not actually be a simpler
one but merely one to which a solution is known.
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Cutting Up

Problem:

Given a 3-inch by 5-inch card, what is the largest number of
pieces you can make by cutting through the card 8 times?

I. Understanding the Problem:

One question that may come to mind immediately is, "Is it
permissible to stack the pieces of cards after making a
cut?” Since such a procedure would make the problem much
more difficult than it already is, let's assume that this is
not permissible. We also want to pay special attention to
tpe requirement that we are to achieve the maximum number of
pieces.

II. Devising a Plan:

As with other problems we have seen, this problem seems too
complex to solve outright. Thus we might want to start by
considering a simpler problem; in fact the simplest possible
problem, a l-cut problem. Clearly, 1 cut makes 2 pieces.

We also see that 2 cuts can be made in such a way that we
get either 3 pieces or 4 pieces. Obviously we want the
latter. (See figures below.)

/ N/ ~ /

7 7 N A

1 cut 2 cuts 2 cuts
2 pieces 3 pieces 4 pieces

Can we proceed in this fashion? Can we make more cuts and
eventually see a pattern which will aid us in determ%ning
the maximum number of pieces when using 8 cuts? Let's try
ity
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III. Carrying Out the Plan:

Si:ge :e hope :o fee a pattern which will aid us in

achleving a solution we had better fingd some way to organize

::;Idata. With this in mind, we will fill in tge follgwing
e.

maximum number

number of cuts of pieces
1 2
2 4
3
4
5
6
7
8

What is the maximum number of Pieces with 3 cuts? Consider
the diagrams below.

\// \//

// e \\\ // N
3 cuts 3 cuts
6 pieces 7 pieces

Is 7 the largest number of pieces one can get with 3 cuts?

Can you fill in the remainder of the table above?

IV. Looking Back:

In filling in the table did you see any procedure or rule
which when followed would assure you of the maximum number
of pieces for a given number of cuts? Can you state such a

rule?

Did your rule say something to the effect that "for any
given cut to result in the maximum number of pieces, the cut
must pass through each of the preceeding cuts"? The
discovery of this rule leads rather nicely to another
discovery. If you have not already made this discovery the

following table may help.
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number of number of lines newest number of total no.
cuts made cut passes through add. pieces of pieces
1 ‘ 0 2 2
2 1 4
3 2 7
4 3 11

We see that at each stage (with the exception of the first)
the "number of additional pieces” is equal to the "number of
cuts made."™ These discoveries aid one greatly in filling in
the table on page 2.

Finally, anytime one has a problem whose solution is arrived
at by means of a table such as that on page 1, one naturally
wants to find a general solution. Can you find a formula
which will result in the maximum number of pieces for any
number of cuts n?

maximum number
number of cuts of pieces

e o o N
e o o BN
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Alphabetic Arithmetic

Problem:

The following three lines represent an addition problem.

Each letter represents a unique digit and a given digit is
represented by only one letter. Determine the addition
problem. (Hint D=5)

I. Understanding the Problem:

We should have little difficulty in understanding this
problem. It is clear that each letter will represent only
one digit and that letter represents that digit each time it
appears in the problem. We can also assume that none of the
three numbers start with 0, that is D # 0, G # 0, and R f 0.

II. Devising a Plan:

We might first observe that there are exactly 10 distinct
letters in the problem and thus we will “use up" all 10
digits. Also, since D = 5, we can rewrite the problem as

follows:
5
+

£ (2%,

/
L
L5
RO where clearly T = 0
ft

0
E
0
r en in the ten's column.

and we have regrouped one group o

At this point it may be helpful to agree on a simple way to
refer to the different values of the problem. Let's agree
to call the hundred-thousands place Column 1, the
ten-thousands place Column 2, and so forth.

Now to proceed any further in solving the problem, we need
some special insights. What special features of the problem

may provide these insights? We may have noticed that:

(a) In column 1 there is no regrouping since 5 + G = R.
Also it must be the case that G equals 1, 2, 3, or 4

and thus R = 6, 7, 8, or 9.

(b) In column 2 we have O + E = O. What sort of
restrictions does this place on E?

(c) In columns 4 and 5 we have doubles, A + A and L + L.
Does this observation help any?
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IITI. Carrying Out the Plan:

From column 2, §ince O+ E =0, it must be the case that E
equals 0 or 9 (if E = 9, then 1 must be regrouped from
column 3. But E cannot equal 0 since T = 0. Thus E = 9.

Now from column 5, since 1 + L + L = R, R must be odd (since
L + L is even, no matter what L is). But from Column 1 we
observed R = 6, 7, 8, or 9. Thus R = 7 or 9. But R cannot
equal 9 since E does. Thus, R = 7. Now our problem looks
like the following:

/
soNAL S
+ G9 7ALS
70B9 70

Clearly 1 is regrouped into column 1. Thus G = 1.

Now how about L? L = 3 or 8. To decide which we notice
that in column 4 since 9 is odd, it must be the case that 1
was carried from column 5. Thus L = 8. Does this help us
to determine A? A must equal 4 or 9. But A # 9 since E =
9. Thus A = 4. Now our problem has this form.
/
son4g's
+ 197 485
T 70B9 70

We must yet determine O, N, and B and we have the digits 2,
3, and 6 left to assign. Since we must carry 1 to column 2,
N must equal 3 or 6. But N cannot equal 3 because if so,
then B = 0 which cannot be since T = 0. Thus N = 6. Hence,
B = 3 and thus O must equal 2 since that is all that is

left. Our completed problem is:

526 485
+197485
723970

IV. Looking Back:

Since this problem is quite close-ended, the "Looking Back"
stage of the solution is not overly exciting. 1In this stage
we should at least check our answerb;o be iure ;ggtcé;ponent

isfies the conditions of the problem. sec
gitt§§;estage for this problem could be to formulate other
problems of this type and present ghem to your friends to
see if they can solve them. You might try this!
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V. Discussion:

If there is any one heuristic that is exemplified in the
solution to this problem it is the strategy or heuristic of
“contradiction."”™ This strategy is often useful in problems
in which you must decide which of two or more goals could be
reached from the givens of the problem. The effective use
of contradiction results in your knowing which goals cannot
be reached from the givens and thus also which goals can be
reached. So for example, at one stage in our solution above
we decided that N must equal 3 or 6. To assume that N = 3
would lead to the "contradiction,”" B = 0 and T = 0. Thus we

must conclude that N = 6.
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"Magic" Cards

The "Magic" Cards below work as follows: You, the
"Magician,” ask someone to name the letters that identify
all the cards on which his age appears. You in turn will
tell him his age by adding the numbers in the upper left
hand corner of the cards he names. (For example, if he
tells you his age is found on cards E, D, and A, then you
can tell him with absolute confidence that his age is

16 + 8 + 1 = 25.)

16 17 8 9 4 5 2 3 1 3
18 19 10 11 6 7 6 7 5 7
20 21 12 13 12 13 10 11 9 11
22 23 14 15 14 15 14 15 13 15
24 25 24 25 20 21 18 19 17 19
26 27 26 27 22 23 22 23 21 23
28 29 28 29 28 29 26 27 25 27

30 31 30 31 30 31 30 31 29 31

Question: Why does this "trick" work?

I. Understanding the Problem:

If you do not have a clear understanding of how the "trick"
works, then take a couple examples and work them out. For
example, does the trick work for your own age?

The question in this problem is "why does this trick work?"
Obviously, the cards are not "magic.®” There has to be some
logical explanation for why they work.

II. Devising a Plan:

Some students may be tempted, primarily out of desperation,
to say that the cards were arrived at through trial and
error. That is someone "played around” with the numbers
until he found the right combinations to make the trick
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work. While this is certainly a possibility it seems highly
unlikely. Additionally, it makes the prospect of extending
the cards so that they will work for ages greater than 31

rather unappealing.

A second approach is the following. One might ask himself
what is so important about the numbers in the upper left
hand corner of the cards -- 16, 8, 4, 2, and 1? C(Clearly

they form a pattern. ge seg at once that they are each
powers of 2 -- 2¢, 23, 2%, 2!, 2° perhaps we also

realize that these powers are five of the place values of a
base two system of numeration. Ah hal Could it be that
there is a relationship between the base two representation
of a number and the cards that that number is on. This
seems like a reasonable idea to pursue.

III. Carrying Out the Plan:

Let's take 25 for example. The base two representation of
25 is 25 = (11001),,, . Recall that (11001),,, =1 x 16 +
l1x8+0x4+0x2+1x1l1.

Also we note that 25 is on card E and D, is not on card C
and B and is on card A. Thus, when I write a number as a
base two numeral, a 1 in the sixteens place indicates the
number should be on cards E and a 0 in the sixteens place
indicates the number should not be on card E, and so forth.

So now it seems that I can take any number from 1 to 31 and
explain why it is on some cards and not on others. Thus, 1
have explained why the "trick" works!

IV. Looking Back:

Now that we have answered the original question to our
satisfaction, there are several related questions that we
wish to pursue. First, can you add a card F and modify
cards A through E above so that the cards will accommodate
ages greater than 31? With the proper addition of a single
card F, what is the largest age for which the cards will

work?

Secondly, can you discover a number pattern of any sort on
the cards? 1Is there some number pattern that when properly

applied will aid you in creating a card F?

Thirdly, we have seen an integral relationship between the
base two numeral representing the ages and the cards. Can
we develop a set of cards based on a base three
representation of the ages? Try your hand at this!
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V. Discussion:

In analyzing how we arrived at our solution, it is clear
that we first observed a pattern -- the 1, 2, 4, 8, and 16
on the upper left hand corner of each card. Seeing this
pattern was the key in our arriving at a solution.

It is often the case in solving problems that the discovery
of a pattern will play a key role. At times the pattern is
obvious and at other times, it may take considerable effort

to see it.

A second key to the solution of the problem involved making
the connection between the pattern we observed and a base
two system of numeration. In other words, we were able to
make a connection between a pattern and some previous
learning. The ability to make such connections aids the

problem-solving process greatly.
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Missionaries and Cannibals

Problem:

Three missionaries and three cannibals wish to cross a
There is a boat which can carry three people and

river.
either a missionary or a cannibal can operate the boat. It
is never permissible for cannibals to out number

What

missionaries, neither in the boat nor on either shore.
is the smallest number of trips necessary to make the

crossing?

I. Understanding the Problem:

Although the problem simply asks for the "smallest number of
trips necessary,”™ it is clear that to determine this number
one must first answer the more interesting question of what
sequence of trips with what passengers will achieve the goal
of transfering all six people from one side to the other.
Additionally, this sequence of trips must be the most
efficient method possible so as to minimize the number of

trips.

II. Devising a Plan:

For the first trip across the river one could send over
either

(a) 1 cannibal (but then he would have to return with
the boat and nothing would have been accomplished),

or

(b) 1 cannibal and 1 missionary with the missionary
making the return trip, or 2 cannibals with one of
them making the return trip, or 2 missionaries (but
this would not work since there would then be 3
cannibals and 1 missionary on the shore, or

(c) some combination of 3 missionaries and cannibals
with the intent of leaving 2 on the other side and
having 1 make the return trip.

Since it is plan (c) that maximizes the number of people who
are left on the other bank and since we wish to accomplish
the goal with the least number of trips, let us pursue this

plan.
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III. Carrying Out the Plan:

There are 4 ways that the first crossing of the river could
be made with 3 people in the boat. They are

(1) MMM (meaning all three missionaries cross with
one of them returning with the boat), or

(2) MMC or
(3) MCC or
(4) CCC

In case (1) the missionary who returns with the boat would

be eaten by the cannibals. 1In case (2) the missonary left
on the first bank of the river would be eaten by the 2
cannibals there. In case (3) the missionary on the boat
would be eaten by the 2 cannibals. Thus only case (4) is

possible.

Considering case (4) then, we will have 1 cannibal return to
the first bank (2 trips). If he were to go back to the
second bank with 2 missionaries, then the 3 cannibals would
eat those 2 missionaries on the second bank. Thus, it is
clear that the cannibal must remain on the first bank and
the three missionaries must take the boat across to the
second side (trip 3). Two missionaries remain on the second

side and 1 returns to the first side (4 trips). He picks up
the cannibal on the first side and together they cross to

the second side (5 trips).

From our analysis it is clear that 5 is the least number of
trips in which the goal can be accomplished. They can be

symbolized by
—>
ccC

IV. Looking Back:

Are there other sequences of 5 trips which can accomplish
the same goal? See if you can find some.

e y
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V. Discussion:

If there is any one problem-solving strategy or heuristic

that is apparent in this solution, it is that of
"considering special cases.” The first time this heuristic

was applied was in Section II, "Devising a Plan." There we
decided it might be productive to consider the 3 special

cases.
Case (a) 1 person makes first crossing

Case (b) 2 people make first crossing
or Case (c) 3 people make first crossing

After deciding that case (c) would probably be the best case
to pursue we broke it down into other special cases.

Namely,
Case 1 MMM make first crossing

Case 2 MMC make first crossing
Case 3 MCC make first crossing
Case 4 CCC make first crossing
A simple analysis of thse cases told us that only case 4

would possibly lead to a solution. This sort of an approach

was continued until we finally reached a solution. 1In
summary, we see that the consideration of all special cases

eventually led to a solution of the original problem.

T T T S RTTIE T S oy
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Magic Squares

Problem:

Fill in the nine squares at the
right with the numbers 1, 2, 3, 4,
5, 6, 7, 8, 9 in such a way that
the sums of the three numbers in
each of the three columns, each of
the three rows, and each of the two
diagonals are all the same.

I. Understanding the Problem:

The statement of this problem is quite clear. Obviously,
what makes the square "magic®™ is the fact that each of the 8
sums indicated in the problem are all equal to the same
number. Let's agree to call this number the "magic sum.”

II. Devising a Plan:

It surely would be helpful if we could determine the "magic
sum.” This would give us a "target"™ to shoot for as we try
to fill in the boxes. A little reflection convinces us that
this is not difficult to determine. For suppose we simply
let S equal the magic sum. Then consider the 3 sums formed

by the 3 columns of the magic square.

Since S + S + S represents the sum of all the numbers in the
magic square we have

142+43+445+6+7+8+9

S +S + 8
or 35 = 45

or S = 15.
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Know@ng ?hat our magic sum is 15 should aid us greatly in
filllng in ghe blanks. What other observations can we make
that will aid us in reaching our goal?

odd. Secondly, we may note that there are 4 different ways
to make a sum of 10 which do not use the number 5. These
are indicated in the diagram below.

1 2 3 4 5 6 7 8 9

——T

III. Carrying Out the Plan:
The fact that there are 4 even numbers between 1 and 9

Suggests that these might be arranged in either of the two
ways indicated by the X's below.

X X] X

X1 X

X X X
A 8

But clearly the arrangement in square A would not work since
we cannot add 2 odds and 1 even (as required by the first
column for example) and get an odd sum. Thus arrangement B

is the one we want to use.

Now since 2 + 8 = 10 and 4 + 6 = 10, let's put § in the
center square and start our magic square as indicated below.

2 6
I
oy &

Complete the magic square.



235
IV. Looking Back:

Thgre are many questions that could be posed at this time
which are related to the original problem. Some examples
are:

(a) Can you make a 3 x 3 magic square using 2, 3, 4, 5,
6, 7, 8, 9, 10 or 3, 4, 5, 6, 7, 8, 9, 10, 11, etc.?

(b) Can you make a 4 x 4 magic square using 1, 2, 3, 4,
s « « , 16 or using 2, 3, 4,5, . . ., 17, etc.?

(c) Can you find a form for a general 3 x 3 magic
square?

(d) Can you construct a magic square using only primes?
(e) Can you construct a "multiplicative magic square?"

You might want to try to state other magic square problems.
Can you solve some to those above or some posed by yourself.
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Two Missing Pieces

Problem:

You are given a checkboard and
32 dominoes. Each domino
covers exactly two adjacent
squares on the board. Thus,
the 32 dominoes can cover all
64 squares of the checkboard.
Now suppose two squares are
cut off at diagonally opposite
corners of the board (see the
figure). Is it possible to
place 31 dominoes on this
board so that all the 62
remaining squares are covered?
If so, show how it can be
done. If not, show why not.

1. Understanding the Problem:

One should probably have very

little trouble understanding

what this problem is asking. ] )
One striking feature about the problem, however, 1s that it
is open-ended, i.e., part of the solution involves
determining whether or not something is possible. In our
past experience, open-ended problems have probably been the

exception rather than the rule.

II. Devising a Plan:

As a first attempt to solve this problem, many people will
start mentally covering the grid above with 2 by 1 dominoes
and thus will attempt to arrive at a solution by trial and
error. One soon discovers that this approach is very time
consuming and it is quite difficult to try to keep track of
the "trials" one has made. 1Is there a better way to attack
this problem than by trial and error? Is there something
else stated in the problem that may aid us? For example,
why does the problem talk about a checkboa;d instead of
simply an 8 by 8 grid? A checkboard has different colored
squares! Ah ha! Can we in some way use the colors of the

squares to achieve a solution?

We notice that the two squares missing on our board are both
white! That means that there are 32 black squares and 30
white squares left on the board. Can these be covered with

31 dominoes?
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III. Carrying Out the Plan:

We note that anywhere we place a domino on the board, it
must cover one black square and one white square. Thus if
we place 31 dominoes on the board, they must cover 31 black
squares and 31 white squares. Thus, it would be impossible
to cover the 32 black squares and 30 white squares with 31

dominoes.

IV. Looking Back:

Suppose the statement of the original problem had not
included the fact that the board was a checkboard. Suppose

you were simp1¥ given an 8 x 8 grid with two opposite
corners cut off. 1Instead of using colors of squares as a

key for the solution, one might have instead tried to
e:tablish a coordinate system on the grid such as the one
shown.

1,0

0002003124175 7,¢171,7

610 6:‘ ‘lz 6;3 (," (;f g,‘ c,?

5o |51 52153 |s5,9]s5,5(5,6]5,7

’

l-/,o qa ! ql 2 "13 ql 4 "I‘r q'lé ‘f: 7

3,013,1 132133 |34 ]35 (36|37

2,0 |20 |22 |23 29 25 |2,¢ (2.7

Lo |l L {Ledles|,611,7

0,001 |0A2]03|09]|0F |06

’

0,7

We then observe that a domino will only cover adjacent pairs
of squares whose coordinates sum to an odd number. Since
the sum of the coordinates of the 2 squares cut off from the
board is 14 or even, we can conclude that we will not be
able to cover the 62 squares with the 31 dominoes.

We have seen before that it is often productive to try to
generalize a problem and its solution. How would we
generalize this problem? One way would be to suggest that
we delete any two little squares we wish from the 8 by 8
grid. For example, consider the grid below (the x on a
square means that square is missing).
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Can it be covered by 31 dominoes? Why or why not? What
about other such grids with 2 squares labeled? Can you
state a general solution?
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I Win

Problem:

Fifteen pennies are placed on a table in front of two
players. Each player must remove at least one penny on his
move and not more than five pennies on his move. The
players alternate turns, each removing from one to five
pennies n number of turns until one player takes the last
penny on the table, and wins all 15 pennies. Is there a
method of play that will guarantee victory? If so, what is

it?

I. Understanding the Problem:

Anytime one is asked to develop a winning strategy for a
game, it is imperative that he first play the game a few
times to develop a “feeling" for it. Having done this, one
is then ready to attempt an indepth analysis of the game.

In this game it is important to notice that the last person
to pick up pennies is the winner. This is noteworthy
because there are other forms of this popular game in which
the opposite is the case, the last person to pick up coins

is the loser.

II. Devising a Plan:

To facilitate communication we will label the pennies 1, 2,
3, 4, . . . , 15 with 1 meaning the first penny removed, 2,

the second penny removed, . . . , and 15 meaning the
fifteenth penny removed.

In playing the game, participants quickly discover that they
can tell who the winner will be at least on the second to
last move, if not sooner. So, for example, if after a few
rounds of the game the point is reached where player A takes

coin 10

or coins 10 and 11

or coins 10, 11, and 12

or coins 10, 11, 12, and 13

or coins 10, 11, 12, 13 and 14, then it
is clear to both players that player B will win the game by
taking the rest of the coins that are on the table. Thus,
it follows that if player B can take coin 9 or coins up to
and including 9 on a given move, then he will be able to win
the game no matter what player A does.

It appears that what we have done in the preceeding
paragraph is to work backwards from the case where the
person who takes coin I5 1Is the winner to the case where the
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person who takes coin 9 can be the winner. Can we use this
same strategy and work backwards again? Will this process
eventually lead to the development of a method of play which

will guarantee victory? Let's try it!

III. Carrying Out the Plan:

If player B is to be the eventual winner, that is the person
who is to take coin 9 or coins up to and including 9 on a
given move. Then in order for him to achieve this enviable
position, his opponent, player A must have taken either

coin 4

or coin 4 and 5

or coin 4, 5, and 6

or coin 4, 5, 6, and 7

or coin 4, 5, 6, 7, and 8 on a given

move.

And how can player B force player A into the position where
he only has the choices listed immediately above? Clearly,
he can do this by playing first and taking coins 1, 2, and 3
or if player A goes first and takes coins 1 or 1 and 2 then
he can take coins 2 and 3 or coin 3 respectively. Clearly,

if player B does not go first and player A takes coins 1, 2,
and 3 0or 1, 2, 3, and 4 or 1, 2, 3, 4, and 5, then player B

must simply hope that player A does not know a winning
strategy and will provide him with an opportunity to get an
"upperhand” in the game. For example, if player A goes
first and takes coins 1, 2, and 3, then player B might
decide to take coin 4. If player A would take only coins 5
and 6, then player B should take coins 7, 8, and 9. He
would then be in a position to win the game.

In summary, a winning strategy has been developed in this
game for the person who goes first. If one does not play
first, then he must hope his opponent does not know the
winning strategy and must wait for the opportunity to take

the upper-hand on a mistake by his opponent.

IV. Looking Back:

There are many other ways to play this game. For example,
suppose there are 50 pennies and a move consists of taking
either 1 or 2 or 3 or 4 or 5 coins. Can a winning strategy

be developed? What is it?

What if a move consists of taking either 1 or 2 or 3 or 4
coins. Can a winning strategy be developed? What is it?

Suppose the original game is modified so that the person who
takes the last coin is the loser. Can a winning strategy be

developed? What is it?



APPENDIX I

THREE EXAMPLES OF APPLYING TEHE COLING SCHEME

This arpendix contains the transcription of the

audio tapes of three subjects as they worked problems from
the problem-solving inventories. Followina the trans-
criptions are the corresponding codina forms which contain

the checklist variables and the process-sequence codes for

each example.

The transcriptions employ these symbols. Square
brackets [ ] contain material written by students in their

test booklets as they worked throuch a problem. The

location of the brackets in the transcription corresponds as
closely as possible to the time the student was writing it
in his test booklet. Parentheses ( ) contain interviewer
corments. A dash - indicates a pause by the subject of
approximately fifteen seconds. The symbol " indicates
where a subject leaves a problem with the intent of

returning to it later.

Pretest, subject S, Problem 6

A barrel of honey weighs 50 pounds. The same barrel
with kerosene in it weighs 35 pounds. If honey is twice as
heavy as kerosene, how much does the empty barrel weigh?

Ok, honey is twice as heavy as kerosene [H= 2K}J, SO the

241
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barrel of honey weighs 50 pounds; the barrel of kerosene
weiaghs 35 p?ggds, so there's a difference of 15 pounds in
there. ﬁ:;? - So, let's see, the difference of 15
pounds, - -132, that means honey is 15 pounds heavier than
kerosene [ H=K+)§ ]. So kerosene would eaqual 15 pounds, so
35 minus 15 is equal to 20 pounds [ &§-/5= 20]. So, let's
see, that woulé leave the barrel weiahing 20 pounds, the
kerosene 15, and the honey, no wait. The kerosene weighing
35, tnat's right. Wait. The barrel is 20 pounds and the
kerosene, uh, boy! Hum - - - 1 think that's right. 1I'll a0
on. (UK, so your conclusion is that the barrel is 20?)

Bovvel 20tk
Yes. (OK) I suppose I should check it over, [ x - 3 <]
Huh, all right, well let's see. A barrel of hJ:é§ is 50.
The same barrel is 35, that's 15 difference [S0-3¢=15].
The honey equals twice the kerosene. Hum. So, the honey,
the kerosene is 30, no, that's not right. Uh. Let's see,
50 minus 20 is 30 [ $O0-20-70]. Leave the kerosene at 15

pounds. Um, that's riaht, the barrel weighs, is 20 pounds.

Ok.

Posttest, Subject G, Problem 2

An airline vassenger fell asleep when he had
travelec¢ halfway. when he awoke, the distance remaining to
go was half the distance he had traveled while asleep. For
what part of the way did he sleep? Ok, I'm just going to
kind of diagrar this out. An airline passenaoer fell asleep

when he had traveled halfway. Wwhen he awoke, the distance
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remaining, when awoke the distance remaining to go was half

the distance he had traveled while asleep. For what part of

the way did he sleep? [ ; ; J] - - Ok, I would say
that he had traveled halfway when he woke up, the distance
remaining was half the distance he had traveled while
asleep. So, um, just say, if I said huwm, the distance he
traveled while he was asleep was x, and then the distance
rerained to go was half the distance traveled while asleep
so it would be one-half x [ 4x |. For what part of the
way did he sleep? Do you mean like the time span or, (Huh,
what fractional part of the total did he sleep.) ©Oh, Ok.
Say like from one-half of the trip to whatever or just,
(Huh, from one-half to whatever fractional part, and if you
can determine that then you can name the fractional part
that he slept of the whole.) ©Ck. Ok, so one-half x is what
1 said would be the distance remaining and then x would be
what it was when he slept so that would have to eaual
one-half [{—x*r::%] because he fell asleep when he was
one-half way. &£o, just to determine that, so one angd
one-half x hum, equals one-half [ Jfx=1]. Let's see if
that woula be right. - - Hum, maybe, it, 1'll just finish
out this oroblem and see how it works, but I think I'm not
on the right track. So x would equal one half divided by
one and one half or one half times, well, that would be the
same as saying 3 halves. [ X= %/lie; ] so one half times
2 '

two thirds from inverting would be three fifths [:%-5- %1

hum - - - Let's see, that, hum, - It's like, I quess since 1
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have three fifths it would be three-fifths of the one-half,
so if I found the common, let's see, I'm trying, this isn't
coming to me like, the three-fifths of one half,
[% of e 31, - hum, - - Ok, once he reached the one half,
the halfway distance that he traveled, he slept for
three-fifths of the second half and then he woke up for
two-fifths of the last of the second half. Do you need it
more specific than that, or (No, then that's your answer.
Then if that's your answer, that is explicit enough for me.)
Ck, I'11 say from the halfway point, he went three-fifths of
the remaining distance before waking up. Ok, [ Fri=m The hafhun pouit

We W¢“+ %k 9{ *h{ y-(_w\.‘;ﬂ;“‘\? Alﬁ""“f— 6'_“‘0'( U‘k;ﬂJ ur. ]

Posttest, Subject J, Problem 2

An airline passenger fell asleep when he had
traveled halfway. Wwhen he awoke the distance remainina tc
00 was half the distance he had traveled while asleep? For
what part of the way did he sleep. Ok. - Well, if he fell
asleep when he had traveled halfway, then he was awake for
half. [awsle } a:/u,oi ] - - Ok, so he was asleep for half
the distance but then for half of that he woke up. - So, he
was asleep for one-fourth of the way [-&]. (Ok, will you
describe how you arrived at that?) Ok, well, if he fell
asleep when he had traveled halfway, then he was awake for
half and asleep for half. But, then it says he woke up,
when he woke up the distance remaining to go was half the

distance he had traveled while asleep. Oh, wait, - Ya, one
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fourth because, hum, - Ya, because if he was awake halfway,
and then when he woke up he had half the distance to go of
when he went to sleep. Hum - Ya, I think that's right, but
I'd like to come back to that later./’—’—_\\\An airline
passenger fell asleep when he had traveled halfway. When he
awoke, the distance remaining to go was half the distance he
had traveled while asleep. For what part of the way did he
sleep? Hum, - Ok, the first time he was awake, it was half
of the distance. Now, the distance remaining was half the

distance he had traveled while asleep. [ awake Ok,

/ I

if this is the distance he had to travel as he was awake

for, oart of this he slept for, - - He - Hum - The distance
remaining to go was half the distance, - - How do I do this?
- Ck, this isn't riaht. (Cne-fourth is not rignt?) No.

(Ok) because, if he slept for a fourth of the way, that
means that when he awoke, the distance he had left would be
an eighth and then if he slept a fourth, he'd be missing a
fourth - Hum - - - (Cen you tell me what you are thinking?)
Wwell, like I'm just trying my different fractions, here,
like I tried, like if he slept, if he was awake halfway and
slept halfway, then when he awoke, the distance remaining to
go was half the distance he had traveled while asleep.

Well, tnat would be impossible if he slept halfway and was
awake halfway. Then I tried like if he slept an eighth of
the way then the distance remaining to go, huh, when he
awoke would be one sixteenth; that doesn't add up to a whole

trip. He traveled halfway - - - ok, I was just thinking if
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he slept a third of the way, ok, you'd have the half while
he was awake plus the third while he was asleep, plus the
distance remaining to go is half the distance he had
traveled while asleep, would be one sixth [31—4»% 4-3’= 1, I
think - ya, Ok, so then if you wanted to add these up, you
have to change this to three sixths and this to two sixths,

this one sixth [ %+‘3’*2’—= % ] ya, so that would add up to a

whole trip. It would have to be one third.
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APPENDIX J

ATTITUDINAL MEASURES

Aiken Revised Math Attitude Scale

Directions:

Each of the statements on the opinionnaire expresses a
feeling which a person might have towards mathematics. Fill
in the space on the answer card which best describes the
extent of agreement between the feeling expressed in each
statement and your own personal feeling. Fill in A--if you
STRONGLY AGREE; B--if you AGREE; C--if you are UNDECIDED;
D--if you DISAGREE; E--if you STRONGLY DISAGREE.

1.

10.

11.
12,

I do not like mathematics, and it scares me to have to
take it.

I feel at ease in mathematics, and I like it very much.

Mathematics makes me feel as though I'm lost in a
jungle of numbers and can't find my way out.

Mathematics is something which I enjoy a great deal.

1 approach math with a feeling of hesitation, resulting
from a fear of not being able to do math.

The feeling that I have towards mathematics is a good
feeling.

Mathematics is a course in school which I have always
enjoyed studying.

When I hear the word "math", I have a feeling of
dislike.

1 feel a definite positive reaction to mathematics; it
is enjoyable.

I feel a sense of insecurity when attempting
mathematics.

I am happier in a math class than in any other class.
I really like mathematics.

250



13.

14.

15,
16.

17.

18.

19.

20.

251

Mathematics makes me feel uncomfortable, restless,
irritable, and impatient.

I have never liked math, and it is my most dreaded
subject.

Mathematics is fascinating and fun.

My mind goes blank, and I am unable to think clearly
when working math.

Mathematics makes me feel secure and at the same time
it is stimulating.

I am always under a terrible strain in a math class.

Mathematics is very interesting to me, and I enjoy math
courses.

It makes me nervous to even think about having to do a
math problem.
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FORM A

a) How do you feel about mathematics?

b) What do you like best about it?

c) what do you like least about it?
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FORM B

a) Has this course influenced your feelings toward
mathematics?

b) wWhat did you like about this course?

c) What would you do to change this course to make it more
interesting?
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FORM C

a) After a few minutes of reflection, try to describe below
your attitudes towards problem solving at the present
time.

b) Describe any changes that may have taken place in your
attitude toward problem solving since the beginning of
the course.

c) Describe how you see the usefulness of the eight course
handouts as an aid in learning to beccome better problem
solvers.
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Supplemental Problems

This is a listing of supplemental problems that you may
enjoy working. I am not asking you to hand these problems
in; they will not appear on tests, and they will not be
discussed in class. However, I would be happy to discuss
any of them privately with you if you so desire.

1.

A cat is at the bottom of a 30-foot well. Each day she
climbs up 3 feet; each night she slides back 2 feet.
How long will it take for the cat to get out of the
well?

Ten coins are arranged to form a triangle as shown. By
rearranging only three of the coins, form a new

triangle that points in the opposite direction from the
one shown.

A sailor lands on an island inhabited by two types of
people. The A's always lie, and the B's always tell
the truth., The sailor meets three inhabitants on the
beach and asks the first of these: "Are you an A or a
B?" The man answers, but the sailor doesn't understand
him and asks the second person what he had said. The
man replies: "“He said that he was a B. He is, and so
am I." The third inhabitant then says: "That's not
true. The first man is an A and I'm a B." Can you
tell who was lying and who was telling the truth?

Write the numbers from 1 through 10 using four (4°'s)
for each. Here are the first three completed for you.

44 4 X 4 4 + 4 + 4 RV
—_-1 — =2 =3 (V8 +—=3
44 4+ 4 4 4

FORTY

TEN
+ TEN
SIXTY

Put the digits 1, 2, . . « , 9 into a 3 x 3 matrix, one
digit into each cell. Your assignment of digits to
cells must satisfy two conditions: (1) Row 1 plus row
2 must equal row 3 (considering each row as a
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three-digit number). (2) The digit i must be located
immediately next to (above, below, to the right, or to
the left) the digit i -1, for i = 2, . . . , 9. This
second condition means you may place the digit 1
anywhere, but 2 must be placed next to 1 along a row or
column, 3 must be placed next to 2, and so on.

Given a jar that will hold exactly 7 quarts of water, a
jar that will hold exactly 3 quarts of water, no other
containers holding water, but an infinite supply of
water, describe a sequence of fillings and emptyings of
water jars that will result in achieving 5 quarts of
water.

A man, a fox, a goose, and some corn are together on
one side of the river with a boat. How would you
transfer all of these entities to the other side of the
river by means of the boat, which will carry the man
and one other entity? The fox and the goose cannot be
left alone together, nor can the goose and the corn.

A ray of light travels from point A to point B in the
figure below by bouncing off a mirror represented by
the line CD. Determine the point X on the mirror such
that the distance traveled from point A to point B is a
minimum. What is the relationship between the

angles &« and B ? 8
A
o g
c X D

A poor hungry man wants to steal some oranges from an
orchard, but the fence is too high, so he figures he
can bribe the guards. There are 3 gates (3 guards).
The first guard says, "1'l1 let you out if you give me
1/2 of what you have plus 1/2 an orange. Agreed, so
the man proceeds. Coincidently the guard at the next
(second) gate says the same. . . "I'll let you out if
you give me 1/2 of what you have plus 1/2 an orange."
Agreed again, and again the man proceeds and the third
quard has the same request. "I'll let you out if you
give me 1/2 of what you have, plus 1/2 an orange.”
Agreed again. On his way out, the man fulfills each
guards bribe. When he is outside all 3 gates he finds
that he is still hungry (he ate no oranges) and he has
no oranges, and his hands aren't even sticky because
they never split an orange. How many oranges did he
steal?
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12.

13.

257

A man goes to a well with three cans whose capacities
are 3 gallons, 5 gallons, and 8 gallons. Explain how
he can obtain exactly 4 gallons of water from the well.

What is the largest amount of money you can have in
coins and still not be able to give change for a
dollar? What are the coins? (Do not use silver
dollars.)

A wooden cube whose edges are 3 inches long is to be
cut into 27 one-inch cubes. 1If, after each cut with a
saw, the resulting pieces may be lined up or piled up
and the next cut made through the pile, what is the
smallest number of cuts that will provide the desired
dissection?
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Name

FORM D

During the second week of the course you were given a set of
13 "Supplemental Problems.” At that time I said that these
were not to be handed in, would not appear on tests, and
would not be discussed in class.

Please answer the following questions concerning those 13
problems.

a) Did you attempt to solve any of the problems? Yes__ No_

b) If you answered "No", describe why you did not attempt
any.

c) If you answered "Yes", then answer the following:

1) On how many problems did you work?

2) Of these, how many do you think you got right?

3) Approximately how long (in hours) did you work on
these "Supplemental Problems®"?



APPENDIX K

NON~ROUTINE MATHEMATICS PROBLEMS FOR THE COURSE

Problems

Structure of Elementary Mathematics

Directions:

Problems included on this sheet and subsequent sheets will
be either

a) used as a basis for discussion and not handed in, or
b) solved by the student and handed in.

It will be made clear as we go along which problems are to
be handed in. Normally these will be collected on Monday of
each week (late work will not be accepted except for
extenuating circumstances).

Problems will be graded on the following basis:

1 points for "Understanding the Problem"

3 points for "Devising a Plan®™ and "Carrying it Out”
2 points for "Result”

2 points for "Looking Back"

[eNeoNoNe]

1. At the right is the map of a A F
city. Adam lives at A and his
sweetheart, Betty, lives at B.
Adam walks to Betty's house
regularly and is curious as
to:

a) The route or routes which
are shortest and d g
b) How many different shortest
routes he could take to her

house?

2. Given a 3-inch by 5-inch card, what i§ the largest
number of pieces you can make by cutting through the

card 8 times?

259
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The following three lines represent an addition
problem:

DONALD
+ GERALD
R BERT
Each letter represents a unique digit and a given digit

is represented by only one letter. Determine the
addition problem. (HINT: D=5)

Three missionaries and three cannibals wish to cross a
river. There is a boat which can carry three people
and either a missionary or a cannibal can operate the
boat. It is never permissible for cannibals to
outnumber missionaries, neither in the boat nor on
either shore. What is the smallest number of trips
necessary to make the crossing?

How many squares are there in the figure below?

Tower of Hanoi

Given n points in a plane, no three of which are
collinear, how many line segments must be drawn to
connect all pairs of points?

A number of marbles are stacked in a triangular
pyramid. How many are in the nth layer? How many
marbles are in the top n layers?

A sultan arranged his wives in order of increasing
seniority and presented each with a gold ring. Next,
every third wife, starting with the second, was given a
second ring. Of these, every third one starting with
the second received a third ring, and so on in this
manner. His first and most cherished wife was the only
one to receive ten rings. How many wives did the
sultan have?
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10. 100 mathematicians attended a recent convention. Each
mathematician in attendance shook hands with every
other mathematician in attendance. How many handshakes
were there at the convention?

11. Determine the addition problem below.

BOCUS
+ POCUS
Each letter represents a unique digit.

12. Determine all of the digits represented by X in the
following problem. Also determine the remaining digits
in the answer

X X X |X

> ¢

X X
X X
X

> X

13. Determine the addition problem below.

14. Determine the subtraction problem below.

F I
- F OUR
ONE
15. A goat is tied at the corner of a 20 ft. by 40
ft. barn with a 50 ft. rope. If it can graze

everywhere outside of the barn to which its rope can
reach, what is the area of its grazing region?

l16. A family of four~~two parents, a son, and a
daughter-~have a set of Christmas cups. One evening
they observed that Mother has the cup decorated with
candles, Father has the one decorated with holly; the
son has the one decorated with carolers, and the
daughter has the one decorated with angels. In how
many ways can the cups be distributed the next evening
so that no individual has the same cup?

17. Mr. Buick, Mr. Chrysler, and Mr. Ford owned a Buick,
Chrysler, and a Ford (not necessarily in that order).



18.

19.

20.

21.

22,
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The Chrysler's owner often beat Ford at cards. Ford
was the brother~in~law of the Buick's owner. Chrysler
had more children than the Chrysler's owner. Who owned
the Buick?

The Nelsons have gone out for the evening, leaving
their four children with a new babysitter, Nancy
Wiggens. Among the many instructions the Nelsons gave
Nancy before they left was that three of their children
were consistent liars and only one of them consistenly
told the truth, and told her which one. But in the
course of receiving so much other information Nancy
forgot which child was the truar. As she was preparing
dinner for the children, one of them broke a vase in
the next room. Nancy rushed in and asked who broke the
vase. These were the children's statements:

Betty: Steve broke the vase.

Steve: John broke it.

Laura: I didn't break it.

John: Steve lied when he said, "I broke
it."

Knowing that only one of these statements was true,
Nancy quickly determined which child broke the vase.
Who was it?

On a certain basketball team the positions of center,
guard, and forward are held by Bill, Lew, and Tom
(though not necessarily in that order).

The forward is an only child.

The forward has the lowest free~-throw average.
Tom's best friend is Bill's brother.

Tom has a higher free~throw average than the

guard.
wWwhat position does each student play?

How many natural numbers less than or equal to 900 have
either 3 or 5 as a factor?

If a man walks to work and rides back it takes him an
hour and a half. When he rides both ways it takes him
30 minutes. How long will it take him to make the
round trip by walking?

Ingrid brings a quantity of hats to sell at the
Saturday market. In the morning she sells her hats for
$3.00 each grossing $18. 1In the afternoon, she reduces
her price to $2.00 each and sells twice as many. What
was Ingrid's gross income for the day from the sale of
hats?
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24.

25.

26.

27.
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A fireman stood on the middle rung of a ladder,
directing water into a burning building. As the smoke
lessened, he stepped up three rungs and continued his
work from that point. A sudden flare-up forced him to
go down 5 rungs. Later he climbed up seven rungs and
worked there until the fire was out. Then he climbed
the remaining six rungs and entered the building. How
many rungs were there in the ladder?

Mr. Smith is 4 times older than his son Mark.

Mrs. Smith is 3 times older than Mark. If Mr. Smith's
age is exceeded by Mark's by 25 years, then how old is
Mark?

Do the Missionaries and Cannibals problem (# 4) with
the condition that the boat only holds two people.

A Chinese prince who was forced to flee his kingdom by
his traitorous brother sought refuge in the hut of a
poor man. The prince had no money, but he did have a
very valuable golden chain with seven links. The poor
man agreed to hide the prince, but because he was poor
and because he risked considerable danger should the
prince be found, he asked that the prince pay him one
link of the golden chain for each day of hiding. Since
the prince might have to flee at any time, he did not
want to give the poor man the entire chain, and since
it was so valuable, he did not want to open more links
than absolutely necessary. What is the smallest number
of links that the prince must open in order to be
certain that the poor man hs one link on the first day,
two links on the second day, etc.?

The "Magic" Cards below work as follows: You, the
"Magician,” ask someone to name the letters that
identify all the cards on which his age appears. You
in turn will tell him his age by adding the numbers in
the upper left hand corner of the cards he names. (For
example, if he tells you his age is found on cards E,
D, and A, then you can tell him with absolute
confidence that his age is 16 + 8 + 1 = 25.)



28.

29.

264

16 17 8 9 4 5 2 3 1 3
18 19 10 11 6 7 6 7 5 7
20 21 12 13 12 13 10 11 9 11
22 23 14 15 14 15 14 15 13 15
24 25 24 25 20 21 18 19 17 19
26 27 26 27 22 23 22 23 21 23

28 29 28 29 28 29 26 27 25 27

30 31 30 31 30 31 30 31 29 31

Question: a) Why does this "trick"™ work?
b) Construct cards like these which will
work for ages 1 to 53.

Wanda the Witch agrees to trade one of her magic
broomsticks to Gasper the Ghost in exchange for one of
his gold chains. Gasper is somewhat skeptical that the
broomstick is in working order and insists on a
guarantee equal in days to the number of links in his
gold chain. To facilitate enforcement of the
guarantee, he insists on paying by the installment
plan, one gold link per day until the end of the 63~day
period, with the balance to be forfeit if the
broomstick malfunctions during the guarantee period.
Wanda agrees to this request, but insists that the
installment payment be effected by cutting no more than
three links in the gold chain. Can this be done, ang,
if so, what links in the chain should be cut? The
chain initially consists of 63 gold links arranged in a
simple linear order (not closed into a circle).

The Boston Track Association makes shot-puts that weigh
1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, or 15
pounds. They keep them in storage houses all over the
United States. You have been hired to travel around
the country and make sure that the weights stamped on
the shot-puts are correct. (Assume that each shot-put
weighs an exact number of pounds. You must check, for
example, that no 4-pound shot has been mistakenly
stamped "3 pounds"). What are the minimum number of
weights you must carry so that you can check each

it 4

e ———



30.

31.

32.

33,

34,

35.

265

weight of shot-put?

A man had 40 sacks of gold dust which ranged in weight
from 1 to 40 ounces. (No two sacks weighed the same
and there were no fractional weights.) One day, upon
returning from a long trip, he suspected that a thief
had pilfered some of the gold, so he hires you to weigh
each sack. He provides you with a balance scale and a
box of 40 weights, rangng from 1 ounce to 40 ounces.

a. If you are allowed to place weights on only one
side of the balance what is the minimum number of
weights you'll take from the box 1in order to weigh

the sacks of gold? How many ounces does each of
these weights weigh?

b. If you are given the same task but allowed to use
both sides of the balance, what is the minimum

number of weights you'd need to use? How heavy is
each weight?

c. With the weights in (a) above, every counting
number 1-40 can be represented. To what base are

these weights related? What about the weights in
(b) above.

You have 10 stacks of quarters with 10 quarters in each
stack. One entire stack is composed of quarters, each
of which weighs 2 grams less than it should. You know
the correct weight of a gquarter. You may weigh the
coins on a pointer scale, which tells you how many
grams a set of objects placed on it weighs. What
procedure will determine the light stack in the
smallest number of weighings?

A boy had 1,000 pennies which he partitioned into 10

bags in such a way that he could hand over any amount
from lc to $10.00 using some combination of the bags.
How many pennies did each bag contain?

Fill in the nine squares at the right
with the numbers 1, 2, 3, 4, 5, 6, 7, 8,
and 9 in such a way that the sums of the
three numbers in each of the three
columns, each of the three rows, and

each of the two diagonals are all the
same.

Are there two different prime numbers p and q such that

p + q divides p x g? If so, give examples, if not,
then explain why not.

Determine whether each of the following statements is
true or false. For those which are true, construct an
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argument which would convince someone else; for those
which are false, find a counter example.

a) If afb and bfc, then afc.

b) 1f afb ana atc, then af(b + ¢).
c) If alb and cld, then ac‘bd.

d) If alc and blc, then ablc.

e) If alb. then a4b3.

Ignoring the initial primes 2, 3, and 5, is the product
of each pair of twin primes divisible by 12?2 1Is the
sum divisible by 12? (In each case, if not, give a
counter example, if so provide a logical argument to
prove your response.)

An unusual parlor trick is performed as follows. Ask
spectator A to jot down any three~digit number, and
then to repeat the digits in the same order to make a
six~digit number (e.g., 394,394). With your back
turned so that you cannot see the number, ask A to pass
the sheet of paper to spectator B, who is requested to
divide the number by 7.

"Don't worry about the remainder,"™ you tell him,
"Because there won't be any. B is surprised to
discover that you are right. Without telling you the
result, he passes it on to spectator C who is told to
divide it by 11. Once again you state that there will
be no remainder, and this also proves correct.

With your back still turned, and no knowledge whatever
of the figures obtained by these computations, you
direct a fourth spectator, D, to divide the last result
by 13. Again the division comes out even. This final
result is written on a slip of paper, which is folded
and handed to you. Without opening it you pass it on
to spectator A. "Open this," you tell him, "and you
will find your original three-digit number.” Prove
that the trick cannot fail to work regardless of the
digits chosen by the first spectator.

Find the smallest (a) square (b) cube which has 180 as
a factor. Explain your reasoning.
Do the same using 1,440 as a factor.

What is the smallest natural number greater than 1
which is simultaneously

(a) a square and a cube?

(b) a square, a cube, and a fifth power?
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For what type of natural numbers n is n a factor of
(n - 1)! 2?2 Justify.

Show that the product of the digits of any 2~digit

natural number is always less than that natural number
(e.g" 5 X 7 <57).

Find all 2~digit natural numbers which equal twice the
product of their digits.

Find all 2~digit natural numbers such that the product
of that number and the number formed by reversing its
digits is a 3~digit palindrome.

Guess the rule for squaring (without doing any

computations gn paper) fuggested by tg; following
examples: 25"= 625, 65" = 4225, and 45 = 2025,

Compute 352, 552. 752. 851, 951, using your rule.
Justify your rule.

What natural numbers can occur as the unit's digit of
perfect square?

Which numbers in the setfl, 11, 111, 1111, . . S are
perfect squares? Why?

If the GCF (a, b) = 3 what values are possible for

a) GCF (a?, b)
b) GCF (a , b)

c) GCF (a%, b )?

Find when a sequence of 9 consecutive natural numbers
can be used to form a 3 x 3 magic square.

Construct a 4 by 4 magic square using 1, 2, 3, 4,
] Y Y » 16.

Billy, a third grader, was practicing addition by
addidng the numbers along each full week on the
calendar. After a while, he saw the following pattern
for finding the sum of the numbers in a week: "Take

the first day, add 3, and multiply by 7." Try It!
Explain why this rule works.

Find all primes p such that 5p + 1 is a perfect square.
Justify your anser.

Does your shadow get shorter or longer as you walk away
from a lamp post? If someone disagreed with you, how
would you convince him you were right?
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a) What would the path of the shadow look like if a
person walked by a lamp post in a straight line?

b) What would the path of the shadow look like if the
person walked in a circle

You are given a checkerboard and 32 dominoes. Each
domino covers exactly two adjacent squares on the
board. Thus, the 32 dominoes can cover all 64 squares
of the checkerboard. Now suppose two squares are cut
off at diagonally opposite corners of the board. 1Is it
possible to place 31 dominoes on this board so that all
the 62 remaining squares are covered? If so, show how
it can be done. If not, show why not.

Given a 5 by 5 checkerboard, as shown, try to draw a
line through all the squares of the checkerboard,
starting from the sgquare with the dot in it on the left
side and passing through each box once and only once,
without every lifting pencil from paper and without
ever passing outside of the checkerboard. Show how to
do this or prove it is impossible. (Diagonal lines are
not allowed.) Can you generalize this problem and its
solution?

Fifteen pennies are placed on a table in front of two
players. Each player is allowed to remove at least one
penny but not more than five pennies at his turn. Tpe
players alternate turns, each removing from one to five
pennies n number of turns, until one player tgkes the
last penny on the table, and wins all 15 pennies. Is
there a method of play that will guarantee victory? If

so, what is it?

Three squares A, B, C are constructed so that the area
of square B is 20 more than that of 5, and 28 less than
that of C. Find the length of all sides of all three

squares.
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