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ABSTRACT

INTEGRAL AVERAGING
FOR NONAUTONOMOUS EQUATIONS

By
Robert George White

We consider the method of averaging and its application to
bifurcation problems involving nonautonomous equations.

First, a two-dimensional nonautonomous ordinary differential
equation is considered. This system, written in polar coordinates,
admits a change of variables which reduces the search for periodic
orbits and invariant manifolds to the study of a certain canonical
form. Properties such as the existence, amplitude and stability of
such structures bifurcating from an equilibrium can be determined
from this canonical form of the equation. An illustration of the
method is offered by investigating the well known Van der Pol equation.

Higher dimensional and infinite dimensional systems can be
treated in essentially the same manner by restricting the equation to
the center manifold. The method of averaging is used to approximate
the equation of the center manifold.

A bifurcation problem in a forced Wright's equation is in-
cluded in order to illustrate the application of the method to infinite

dimensional systems.
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INTRODUCTION

In [4] Chow and Mallet-Paret showed how the classical method
of averaging (see [11, [4], [81, [91, [17]) can be applied to bifur-
cation problems involving ordinary differential equations (ODE's),
partial differential equations (PDE's) and functional differential
equations (FDE's). They restricted themselves mainly to the investi-
gation of autonomous differential systems. However, many nonautono-
mous systems arise naturally. For example, the bifurcation of an
invariant torus from a periodic orbit (see [13], [15]) and periodic
forcing problems introduce nonautonomous terms into the equation.
This dissertation discusses how the method of averaging can be
utilized to demonstrate the existence of invariant structures when
nonautonomous terms are present in the equation.

In chapter 1, the method of averaging is described in general.
Conditions are determined under which the method can be applied to
reduce an ODE to a canonical form. In chapter 2 a Hopf bifurcation
problem (see [4]1, [5], [6]) for a nonautonomous ODE is treated. The
canonical form of this equation makes many properties (direction,
amplitude and stability) of a bifurcating manifold virtually trans-
parent. A method is described which reduces an n-dimensional problem
to a two-dimensional one on the center manifold (see [11]). Also, a
proof of the existence and periodicity of the bifurcating manifold is
given. The forced Van der Pol equation (see [8], [9]) is offered as

]



an illustration of the method. In chapter 3 FDE's are considered.
Since finite dimensional space cannot be considered as the phase
space for such equations (see [41, [10]), a suitable setting for the
averaging to be carried out is defined. A generic bifurcation (see
(31, (4], [5], [6]) for a forced Wright's equation (see [4], [10],
[18]) is shown to exist when a parameter crosses certain critical
values. An appendix which outlines the basic theory of almost

periodic functions completes the work.



1. THEORY OF INTEGRAL AVERAGING

1.1. Introduction.

Consider the two dimensional system given by

2

(1.1) x = f(x,t) = Ax + g(x,t), x € RS, = d/dt

where A is a constant 2 x 2 matrix, g(x,t) = o(lxlz) uniformly
in t as x| >0 and g(x,t) is almost periodic or P-periodic

in t. Suppose that the linearized system
(].2) i:Ax

is purely rotational, that is A has pure imaginary eigenvalues,
tiw, with w real and nonzero. Then by making the change of variable
X -+ Rx, where R 1is an appropriate 2 x 2 matrix we can assume that
A 1is in Jordan form
-0 -w
A= sw# o0
w 0
Now all solutions of (1.2) are periodic (of period 2m/w) and
are represented by circles in the phase space x = (x],xz). One may
consider these solutions to lie on cylinders in (x,t)-space with axis
the Tine x = 0. These cylinders are invariant manifolds for (1.2)
since any solution of (1.2) that is on one of these cylinders at any

t = t; remains on the same cylinder for all t € (-=,»). Now if

3



|x] 1is small then (1.1) is a perturbation of (1.2), so one may expect
that (1.1) will also have invariant manifolds which are "cylinder
like".

To see this more clearly scale by x +ex 1in (1.1) with

[e|<<1 to get
X = Ax + h(x,t,c)

where h(x,t,e) = e'1g(ex,t) = 0(e). Then switch to polar coordinates

by x = rNgs N6 = (cos®, sing)' (' denotes transposition) to obtain

r = eG(r,0,t,c)

8 = w+ eH(r,o,t,c)
where

eG(r,0,t,e) = Néh(rNe,t,e)

eH(r,0,t,e) = Téh(rNe,t,e)

with Te = (-sin6, cos8)'. Expanding G and H 1in powers of €
yields

“Se
n

eRy (r,6,t) + eZRZ(r,e,t) PR
(1.3)

De
[

= + ewl(r,e,t) + ezwz(r,e,t) + eee

where Rj and wj are homogeneous trigonometric polynomials in sine
and cos® of degree j + 1 with coefficients depending on r and

t, almost periodic or P-periodic in t. That is Rj and Nj have
the form



a, (r,t)cos"esin™e
n+m£j+2 nsm
n,m20
where a, m(r,t) are almost periodic or P-periodic in t. We note
9
here that by expanding cos"e and sin™@ in powers of exp(ike)

for |k|] sj + 1 we see that Rj and wj have the form

) ak(r,t)ek‘e; a_ = Sk

where the a, are linear combinations of the a Further (1.3)

n,m’
may be viewed as a finite Taylor development with remainder, since we
need only consider a finite number of these terms in the sequel.

Now if all the Rj are independent of 6 and t then.the
periodic solutions of (1.1) are on those cylinders of radius o

where
ERy (1) + €2R (1) + =oe = 0
1{"o 2o :

However if R]’RZ"'°’Rk are independent of 6 and t and Rk+1’

R « depend on 6 and t, then one still expects an invariant

k+2’..
manifold near the cylinder of radius o where

ERy(ry) + +ov + ekRk(ro) = 0.

That is there is a function g(@,t,e) which is almost periodic

(P-periodic) in t and 2m-periodic in 6 so that
r=ryt ek+1g(e,t,e)

defines an integral (invariant) manifold of (1.3), in the sense that



if (r(t),0 (t)) is any solution with r*(to) =g+ ek*‘g(e*(to),to,e)

then r*(t) =ryt ek+1g(e*(t),t,e) for all t € (-»,=).

The aim of the method of averaging is to make enough of the
Rj (and wj) in (1.3) independent of 6 and t by means of coordi-
nate changes r +r, 6 + 8 so that the approximate amplitude of any
such invariant manifold can be determined.

Now if we consider the higher dimensional system

e
>
o
>

f1(x,y,t)

n
+

e

0 BJ|y fo(x,y,t)

where x € RZ, y € R"'Z, A 1is as before, B has no pure imaginary
.eigenvalues, 1, (x,y,t)| = 0(|(x,y)|2) uniformly in t as
|(x,y)| >0 for i=1,2 and f,(x,y,t) is almost periodic or
P-periodic in t. Then after a scaling x -+ ex, y + €y the system

in the coordinates (r,8,y) has the form

r = eR(r,8,y,t,c)
(1.4) 8 = w+ eW(r,8,y,t,c)
y = By + €g(r,8,y,t,e)y + ch(r,8,t,e)

where the r and 6 equations have the same form as before.

For € =0 (1.4) decouples and the plane y = 0 1is an in-
variant manifold on which all solutions are periodic. If
0 < |e| << 1 then there is an invariant manifold, the center mani-
fold, defined by y = y*(r,e,t,e) tangent to the (r,8) plane for
all t and e, 2wm-periodic in 6, and almost periodic or P-periodic

in t so that any solution of (1.4) which is bounded for all



t € (-=,) Ties on this manifold. On this surface (1.4) becomes a
two dimensional system which can be treated as before. If r = r*(e,t)
defines an invariant manifold of this two dimensional system then
%* * %

(r,y) = (r (6,t), y (r (6,t),0,t)) defines a two dimensional invariant
manifold for (1.4) with the desired periodicity properties.

In 1.3 a procedure is described through which the manifold
y = y*(r,e,t) can be approximated to any order of € as desired pro-

vided the equation is smooth enough.

1.2. The Method of Averaging.

Consider a two dimensional system in polar coordinates (r,e)

given by

= eRy(r,0,t) + €7Ry(r,0,t) + -

“Se
[l

(2.1)
w + €w1(r,e,t) + ezwz(r’e’t) 4+ oee

De
]

where € € R, w is a nonzero constant and Rj and wj are
2r-periodic in 6, almost periodic or P-periodic in t and have the
form

0 -
(2.2) |n|§N a (r,t)e™®, a_ =3
J

where n and Nj are integers and an(r,t) is almost periodic or
P-periodic in t. The differential equation (2.1) is assumed to be
smooth enough for the following calculations to be carried out. Also
Rj and wj may depend on additional parameters which are omitted
since they will play no role in the following procedure, but will

become important when bifurcation problems are encountered.



The goal here is to describe a change of variables r + r,
§ -8 so that in the (r,8) coordinates RysRys°* R, and
WysWy,eee, W, are independent of 8 and t. Proceeding by induction,
suppose that the coefficients of ej for 1 <j <k -1 are inde-

pendent of 6 and t, so that

“Se
Il

= eRy(r) + oo + TR (1) + KR (r,0,t) + oo

(2.3)
k-1

De
Il

= seoe k oo
w + eWy(r) + e W _q(r) + e (r0,t) +
Then consider a change of variables of the form

r+ eku(r,e,t)

1
]

(2.4)
=0 + ekv(r,e,t).

o]
]

Its inverse satisfies

r = - cXu(F8,t) + 0(ektT)
(2.5)

0 =8 - ckv(F,5,t) + 0(ek*).
Now

S e, kedu 3u du

rer+elzgr+ago+3l
(2.6)

= _ s K.OV s , 3V 2 . dV

8=6+c T +arb+ gyl

and the right hand side is evaluated at (r,6,t). To evaluate at
(r,8,t), (2.5) must be inserted into (2.6) and (2.3). Then (2.3)
becomes

k- (ek+])

TR, _1(F) + eFR (F,B,1) + 0

r eRy(F) + <0 + ¢

k-1 k+1)

De
|

=0+ My (F) + oee + TN (F) + €U (F,8,8) + 0(e



and

with similar expressions for
evaluated at (r,8,t) is written as

k-1 k+1)

1
1]

Ry(F) + +oe + KTR_(F) + €K, (F,8,) + O(c

=0+ ey (F) + eee + Kl (F) + €N (RB,E) + 0(MYT)

<D
[

where

(2.7a) ﬁgaan “m6ﬂ+m Uet)+ (reﬂ

(2.70) W (F,8,t) = W (F,5,t) + 0 3% (F,8,t) + 2 (F,5,1)

Now u and v must be chosen so that Rk and wk are
independent of 6 and t. Consider only (2.7a) and choose u so
that ﬁk(F,é,t) = §k(F) since choosing v will follow similarly.

Let u have the same form as Rk’ namely

u(r,6,t) = I un(r,t)e"‘e, u_, = .
|n|sNk

Inserting this expression and (2.2) into (2.7a) yields
au

R, (F) = ) (a + dnwu + ")€ue
k ot
|n|sNk

where a = an(r,t), u, = un(r,t). So we must solve
aun

(2.8a) a, +dnwu + == =0 for 0< In| < Ny
u, -

(2.8b) ao + 3T = Rk(l")
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Let us first examine the case where all the a, are
P-periodic in t. The following lemma holds.

Lemma 1.2.1. Consider the differential equation
(2.9) a(t) + 4wb(t) + b(t) = 0

where a(t) is P-periodic and w- is a constant. Then the following
are equivalent.
(A) (2.9) has a P-periodic solution.

(B) Either wP 1is not an integer multiple of 2m or
P . .
J e“Sa(s)ds = 0 if wP is an integer multiple of 2.
0

t .
(c) j e®Sa(s)ds is bounded.

Proof. The Fredholm alternative theorem implies that (2.9)

has a P-periodic solution if and only if

P*
Job (t)a(t)dt = 0

for all P-periodic solutions, b*(t), of the adjoint equation

y = {wy.
Thus
0 if wP 1is not an integer multiple of 27
*
b (t) =
Lwt . .
e if wP 1is an integer multiple of 27

so (A) is equivalent to (B).

(B) = (C). If wP <+ 2mk for all integers k, let n, be the

integer such that Pnt st«< P(nt + 1), then
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n

t . t (P
I e®Sa(s)ds = ) Iv
0 v=1/(v-1)P

) t .
e“Sa(s)ds + I e®Sa(s)ds
Pnt

Nt
Z ea('.w(\)-'l )P
v=1

eiwsa(s)ds

. t-Pn
P . Lwn P t
J e‘“sa(s)ds +e t

4wntP

P .
le _— ., I e“Sa(s)ds + e
0

t_4ws
e a(s)ds
1-eW

auuntPIt-Pn

which is easily seen to be bounded since 0 <t - Pnt <P and wP
is not an integer multiple of 2w. On the other hand if wP = 27k

for some integer k and
P . S
J e“Sa(s)ds = 0
0
then by what has just been done, we have
t . t-Pn, .
I e“Sa(s)ds = I LS, (5)ds
0 0

which again is bounded.
(C) » (B). If wP is an integer multiple of 27 then again

by what has just been done, we have

t . P
I e‘“sa(s)ds = ntI
0

, t-Pn, .
eWSa(s)ds + I LS, (5)ds
0 0

which will not be bounded unless

P .
J e®Sa(s)ds = 0.
0

This completes the proof of Lemma (1.2.1).
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Thus (2.8a) has a P-periodic solution if and only if
t .
J eSa (s)ds
0 n

is bounded for all n # 0 that appear in (2.2). To solve (2.8b) we

need
t - - -
Joao(r,s) - Rk(r)ds
to be bounded. This will be the case if and only if

R (F) = mﬁ?n[aol.
Since

ao(r,t) = mﬁ;"[Rk]
we have

R, (F) = meanCR,].
k 6,t K

We have proved the following theorem.

Theorem 1.2.1. Consider the differential equation

k1(r) + ekRk(r,e,t) + 0(e

“Seo
]

eR](r) + ees + ¢

k-1 k+1)

De
|

= w ok ehy(r) + oee + KT (r) + MW (r0,1) + 0

where Rk and wk are 2rw-periodic in 6 and P-periodic in t and

have the form

Rk(r,e,t) = 1 an(lr',t)em'e
Inlst

wk(r,e,t)= ) b(r,t)em:e

n
[n|sM,
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where a =a_  and b =b_. and

t . t .
J e‘"wsan(s)ds, I e‘"”sbn(s)ds

are bounded for all n # 0 that appear in these expansions of Rk
and wk respectively.
Then there exist functions u(r,6,t) and v(r,8,t) which

are 2r-periodic in 6 and P-periodic in t so that if

r+ eku(r,e,t)

r=
= _ k
B8=06+c¢v(r,e,t)
then
P = eR(F) + coe + TR (F) + eXR(F) + 0(eKTT)
1 k-1 k
8= w+ el (F) + voe + XL (F) + €N (F) + 0(eMHT)
where

ﬁk(r) = mean(R, (r,0,t)]
t,0

W, (r) = meanCW,(r,0,t)].
k t.8 k
Now if the an(r,t) in (2.8) are almost periodic-in t then

again we must solve equations of the form
a(t) + iwb(t) + b(t) =0

where b(t) must be chosen to be almost periodic with m[b] < mfal,

(see Appendix). The variation of constants formula yields
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. t .
b(t) = e~ e - J e®Sa(s)ds]
0

which is seen to be almost periodic in t if and only if

t .
(2.10) Joe‘“sa(s)ds

is bounded.
Note that -w cannot be a frequency of a(t), since if this
were the case then
mean[eu"ta(t)] %0
t
which implies that the integral in (2.10) is unbounded. Thus c¢ must
be chosen so that -w is not a frequency of b(t). Taking
t Aws
c = mean[f e a(s)ds]
t 0
yields

mean[eiwtb(t)] = 0.
t

Further we must show that b(t) possesses no frequency which
is not a frequency of a(t). To this end suppose A #+ -w 1is not a

frequency of a(t). Then

. T . T . t .
meanfe M th(t) ] 11m[%{ ettty o %{ e"(l+w)tj e®Sa(s)dsdt]
t T+ "0 0 0

T . t .
Tim 1 e"(“‘*’)tj eWSa(s)dsdt
T 10 0

T .
ettty

T .
Tim %ﬁ e‘msa(s)J

T+ "0 s
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. T . . .
= 1im l{ elSa(s5) (e ¢HIT | g-i(Mu)s gy
0

Mo g T
] Xf;'[e"(k+w)Tmean[e£“ta(t)J - meante™ta(t)1]
t t
= 0.

Thus X € m(b]l if A ¢ mfal. The following 1emma has now been
proved.

Lemma 1.2.2. The equation
a(t) + 4wb(t) + b(t) = 0

where a(t) is almost periodic and w 1is a real constant, has
an almost periodic solution, if and only if
Jteiwsa(s)ds
0
is bounded, in which case b(t) can be chosen so that m(b] c mlal.
Unlike the case where the a, are P-periodic in t, 3,
having mean value K does not imply that
t
Joao(s) - K ds
is bounded. Thus the boundedness of this integral is required for
the averaging to be carried out. We have proved the following theorem.

Theorem 1.2.2. Consider the differential equation in polar

coordinates

P o= eRy(r) + eee + eKTTR_(r) + MR (r6,t) + 0

k k+])

De
!

=w ¥ el(r) + eee te ']wk_](r) + ekwk(r,e,t) + 0(e
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where Rk and wk are 2r-periodic in 6 and almost periodic in t

and have the form

Rk(r,e,t) = 1 an(r,t:)em:e
|n|sNk
W (r,0,t) = 1 bn(r,i:)e"‘:e
|nlsMk
where a__ = a,b =b. Suppose that the following integrals are

bounded in t.

t .
J eWS3 (p,s)ds, for 0 < In| s Ny
0 n

t .
J e"Sp (r,s)ds, for 0 < |n] < My
0 n

t - -
[ (20rss) = R(r). blrss) - Hy(res

where

ﬁk(r) = mean(R, (r,0,t)]
e’t

W (r) = mean(W, (r,0,t)1.
k k
e’t
Then there exist functions u(r,8,t) and v(r,0,t) which are
2m-periodic in 6, almost periodic in t with mful] c m[Rk].
mlv] c m[wk] so that if

r

r+ sku(r,e,t)

6 + ekv(r,e,t)

D!
n



then

Sl
I

Dl e

and explicitly

where

where

and

u,(r,t)

vn(r,t)

u(r,e,t)

v(r,o,t)

17

= eRy(F) + o + KTIR_(F) + KR (F) + 0(X*T)

=w e (F) + oo+ TN (F) + (R + 0(eMT)

) u(r,t)enée, u

n
lnlst

[]
[~

-n n

[
<

) vn(r,t)enie, v

lnlsMk -hoon

. t .
e"m"t[cn - f e‘"wsan(r,s)ds], 0< [n| <N

. t
e""wt[Dn _ J eansbn(r,s)ds], 0< |n| s My
0

t .
mean[J e“"Sa (r,s)ds] 0 < |n| s Ny
t Jo n

t .
mean[] e‘"wsbn(r,s)ds] 0 < |n| <N,
t 0

t.
uo(r,t) = IORk(r) - ao(r,s)ds

t.
v(rat) = jowk(r) - by(r.s)ds.
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1.3. Higher Dimensional Considerations.

Consider the n-dimensional system in cylindrical coordinates

(r.6,y) given
y
(3.1) r
5

where v and
matrix with no
2n-periodic in

enough for the

by

By + €7g(r,0,y,t,e)y + ekh(r,e.t.e)

eR(r,08,y,t,€)

w + eW(r,e,y,t,e)

k are positive integers, B is an (n-2) x (n-2)
pure imaginary eigenvalues and all functions are
8, almost periodic or P-periodic in t, and smooth

following computations to be carried out.

Let (re(t),ee(t),ye(t)) be a solution of (3.1) for which

ye(t) and re(t) are bounded, then lye(t)l = O(eL) for some L 20

uniformly in t. Then decomposing y as y = (ys,y") corresponding

to the subspaces where B 1is stable or unstable. Then it is clear

that

t ;s
ya(t) = I B (TS heVg(r_0_ .y .s.e)y (s) + eXh(r_,0_,5.€))ds

u
yo(t) = I:eB

where By = (BSyS,B"y") where B is a stable matrix and BY s

unstable.

(t-s), v ’ k
(e79(r_+0,5¥.»5:€)y(s) + € h(r_,0_,5,€))ds

Then it is clear that

ly ()] = 0(”™) + o(eb).



19
Thus L =k and lyel = O(ek). We have proved the following.

Theorem 1.3.1. If (r(t),6(t),y(t)) 1is a solution of (3.1)

with r(t) and y(t) bounded then |y(t)| = O(ek).

Thus if k 1in (3.1) is large enough one can essentially
jgnore the presence of y in the r and 6 equations. Since in

this case we have

eR(r,8,0,t,¢) + 0(eX*)

“Se
1}

De
n

w + eW(r,0,0,t,e) + 0(ek+1)

and these equations can be averaged to the order of ek by proceeding
as in section 1.2.

The following theorem shows that a change of coor&inates
y +y can be made so that in the new coordinates, k in (3.1) is as

large as we wish.

Theorem 1.3.2. Consider (3.1). There exists a function

U= U(r,6,t,e) having the same periodicity properties as h(r,6,t,c)
in 6 and t so that if y=y + ekU(r,e,t,e) then

By + €"8(r,8,7,t,e)y + ekﬂﬁ(r,e,t,e)

y

i(r’es;’,t9e)

“Se
]

w + Eﬁ(l”,e,y,taﬁ)

De
n

where g, h, R, W have the same periodicity properties in 6 and t

as g, h, R, W respectively, and m = min{v,k+1}, further U is the
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unique bounded solution of

ou U _
h"'BU-w'a—e--ﬁ-O

Proof. First decompose y = (ys,yu) corresponding to the
subspaces where B is stable and unstable respectively. Then

By = (Bsys,Buyu) where B and BY are respectively stable and

unstable matrices. (3.1) is then written as

Bsys + evgnys + evglzyu + ek

Lo
(7]
n

hy

e
|

_ pUu v S v u k
BYy + €799y * ey *+e'hy

“Se
"

eR(r,8,¥ ¥, sts¢€)

e
]

w + eW(Y‘,O,ys,yuatsE)

where

g(r,8,y,t,e)y =

ng‘ 922 Lyu
- -
and
hy
h(r,e’tSE) =
hy
with

gij(r’e’ys’yu’t’e)

>
[]

hi(r,e,t,e).

Here the dimensions are determined by those of Y and Yyr



21
Now let

yS = yS - EkU(P,e,t,E)

yU = EkV(P,e,t,e).

<
]

Then not writing dependence on (r,8,t,e), we have

911(¥gs¥)yg = 9950y + ek, y, * e"v)(9S + eku)

= gyq(¥g + eku, y, * ekv)S/S + ek[g11(eku, ekv)

+ 6(UsVs¥gs¥,08)¥g + H(u,v,Yg0Y, €)Y, u

def . _ _ _ A - . K
=19 Yeehy¥s * 29 Uga¥y )y, + 76y

Similarly

912(ys’yu)yu = ]§1Z(is,9u)9s + 2612(95’9u)yu + EkG]z
921(ys’yu)ys = 1321(95’9u)ys + 2621(ys’yu)9u + 5k62]

90V Y)Yy = 1900FgsT, )5 * gBap(Tga7, ), + gy
Also
R(Ygay,) = Rleu,ev) + Ry(F,7,)75 + Rolygay,)7,
def

= R+ Ry (Fgad )T + RylTg07,)7,

w(ys’yu) =W+ w](yss&u)ys + wz(yssyu)yu'
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Now we have

s . k Qg . . 3u . du
Yg =Yg - elgpr+55 0+ 57l

S/= k V. A A - k
B™(Yg + €u) + €709y + p97¢¥, * €61

Ve A = k k u au
+ €155 + g91p¥, * €61 +e hy -w3g - 3¢

k+]au(R+R]y+R2yu k+]8u(w+w +H2y)

k+1: k

S 85T+ MG u _
=B Y + e 9y +¢€ h] ]

S

where

y = (¥g.¥,)

3
1]

min{v, k+1}

= §1(Y',9,J7,t,€)

[Ta]
-
[

>
I

= G](r,e,t,e).
Similarly, one obtains

< _ QU= ms = k+19 k u v v
Yy = B Yy + € goy *+ € h2 +e€ [h2 + BV -uw=xy T 3;ﬂ.
To obtain the desired result the following equations must be

solved.

ou u

u v VvV



23

The bounded solutions are easily seen to be

et S
eB (t“s)h](r,m(s-t) + 0,S5,e)ds

u(rieit’e) = J
u
v(r,6,t,e) = f“;B (t's)hz(r,m(s-t) + 0,s,e)ds.
t

Since h] and h2 are 2m-periodic in 6, so are u and v. We

also have

t+P s
u(r,8,t+P,c) I eB (t+P'S)h](r,m(s-t-P) + 0,5,e)ds

t
f eBs(t'o)h](r,w(c-t) + 0,04P,¢)do

u(r,6,t,e).

The last equality holds since h], is P-periodic in t.

If h1 is almost periodic in t, let {rj} be a sequence
so that h](r,e,t+rj,e) - h(r,8,t,e) + 0 as j + =, uniformly in
(r,06,t,e). Now one has

u(r,0,thgoe) = j e hy (rau(s-t-t5) + 8,5,€)ds

-0

t oS
= f eB (t'o)h](r,m(o-t) +0, 0+ Tj,e)do

«Q0

—

Jooo t S(s_
I eB (t o)h.l(lr',m(o-t'.) + 0,0,e)do

=00

= u(r,8,t,e).
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Thus u is almost periodic in t with mlul c m[h1]. A similar
argument applied to v establishes that v has the same periodicity
properties in 6 and t as h2'

Then letting

3(r,0,7,t.)7 = (,7,9,9)"
h(r,o,t,e) = (ﬁ],ﬁz)'
R(r,8,y,t,e) = R + ﬁ]ys + ﬁzyu
W(r,8,7,t,c) = W+ ﬁ]ys + ﬁzyu
U(r,6,t,e) = (u,v)’

the theorem is established.



2. APPLICATION TO BIFURCATION PROBLEMS

2.1. Hopf Bifurcation for an 0.D.E. in R

Let us consider the nonautonomous 0.D.E. in R?

(1.1) X 2

f(x,t,a), x € R", t €R, a € (-ao, ao)

where f(0,t,a) =0 and f is P-periodic or almost periodic on t.
Suppose that the linear part of the equation linearized about x =0
at a = 0 is independent of t and has the pure imaginary eigen-
values :.imo, with wg real and non zero. Then expanding f(x,t,a)

in powers of x and a (1.1) can be written as
(1.2) x = Ax + aB(t,a)x + G(x,t,a)

where |G(x,t,a)| = 0(|x|2) uniformly in t and a as |[x| + 0
and B(t,a), G(x,t,a) are P-periodic or almost periodic in t. By
the change of coordinates x - Px, where P is an appropriate 2 x 2

matrix we can assume that A 1is in Jordan form

A= 0
W 0
Now write
X G (X X atsa)
x=| V|, Glxytea)=| V 12
X5 Gz(x],xz,t,a)

where for j = 1,2 we have

25
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(1.3) Gj(x],xz,t,a) = kgz Bj’k(x],xz,t,a)

k n_m

B, (XqsXystsa) = 7 bd (t,a)xqx

J.k'71°72 ntm=k oM 172
n,m>0

An infinite sum is indicated here only for convenience. Since only
a finite number of terms will be considered (1.3) may be viewed as
a finite Taylor development with remainder.

Passing to polar coordinates in (1.2) by letting x = g

yields

r= aNeB(t,a)Ner + cos 8 G] + sin 8 G,

(1.4) 1 .
6 = wy + aTéB(t,a)N6 + F-(cos 8 G2 - sin 8 G])

where for j = 1,2

-

G, = ¥ rK )) bj’k(t,a)cos"e sinMo

I k=2 n+m=k "M
n,m>0
dgf z Y‘k Z Bg‘ ,k(t’a)enie
k=2 n=k(mod 2)
In|<k

with Bg’k(t,a) linear combinations of the bg’;(t,a) with complex

coefficients and satisfying
Bi;k(t,a) = Bg’ (t,a) .

Then
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cos 6 61 + sin 9 G2 =

z rk z {(eo(,e -LB)B
=2 n=k(mod 2)
In[<k

Z k {ei(n+1)9(8l,

Similarly, we have

cos 8 62 - sin 6 G] =

+ @ :
= 2; z rk {eL(n+])e(B§,k
= n=k(mod 2)
In|<k
pos +
def 1 7 ok 5K (t,0)e™
k=2 n=k+1(mod 2)

[n|<k+1

dgf E K D (6,t,a)
k=2 k+1

Since both these expressions are real we must have Yon
k

k+1

+ &B

and also note that iy ., = i(Bil? Bk+1)

.k _ .k .k _ .k
Y = 6k s LY = d-k .

k - ‘:Bﬁ,k) + L(n ])e

) +

1

Sk+1

L(e&e _

L(n 1)e

k k

(s

(e

= Yo» Sp

K+ igtok)y

.1,k
- LBn

-

= Gn

so that we have

)}
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Further note that Ck and Dk are homogenous trigonometric poly-
nomials of degree k with coefficients depending on o and t,
P-periodic or almost periodic in t.

Inserting these expressions into (1.4) we obtain

2 3
arcz +r C3 +r C4 +...

b S
"

(1.5)

. 2
e = wg + aDz + rD3 +r D4 +...

Then scaling by r + er, a > ea in (1.5) yields

2 2

e 3
n

r3C4 + 0(63)

2r204 + 0(63)

e(arC2 +r C3) + e

6 = wy * €(aby + rDy) + ¢

.where Ck and Dk are functions of (6,t,ca). Expanding all func-

tions in powers of ca yields
elarc, + ricy) + 2r’c, + h.o.t.

(1.6) . 22
6= wy + e(aD2 + rD3) + €7r°D, + h.o.t.

b X
"

where h.o.t. = 0(63) + O(eza), and C,, D are evaluated at (6,t,0).

2

We are now ready to average the ¢ and ¢~ terms. Let

-3
|

=r+ u,(r,e,t,a) + ezu (r,8,t,a)
1 2

=9 + evy(r,e,t,a) + ezv (r,6,t,a)
1 2

D
[l

with inverses satisfying

- eu](F!é’t’a) + 0(52)

-
n
-3

2

D
"
[es]]

- ev](F,é,t,a) + 0(e
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Then
au 3u,  au
= _ 1. ]. ]
rertesrrta 0t x
s dU, | au, . ou
b LR R
(1.7)
. vy . avy . avg
=0 teqmrtg 0t
av v, . av
2 Wy . W 2
teer Tt Ot

In terms of the new coordinates r and 6, we have

< - -2 2-3
r= e[arC2 +r C3] +er C4
2 P 3 - =2
- € (uy =+ vy =)(arC, + r°C,;) + h.o.t.
1 a7 1 33 2 3
6 = wy + €faD, + rD,] + eZFZD
0 P 3 4

2 ) 9 -
- € (u] ;E-+ 2 33)(a02 + rD3) + h.o.t.

where the right hand side is evaluated at r and 6. Also neglecting

dependence on t and a, we have

L (r0) = =L+ 0(e)

= (rs6) = — + 0(e

or aF

Ju ou au

s (1) = =L - ey v v ) Ly o(e?)
08 ar 06 96

au ou ou

2 o) = e oy 2y 2, g2

st (Mo) =gp - eluy o vy ) gp 06

where again the right hand side is evaluated at r and §. Similar
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expressions hold for auz/ar, auz/ae, auz/at, av]/ar, av]/ae,
av]/at, avz/ar. avz/ae and avz/at. Inserting these expressions
into (1.7) and dropping the bars yields

. 2 au] au]
r=elarC, + r'C; + wy 35— + 577
ou au ou
2.3 2 %Y1 1 Uy 9y
+ e [r C4 +r a7 C3 +r— 03 Wy 39 + ]
ou
20y, & 2 ML
-e(up grt Yy ae)(“"cz*"cs”‘*’o 56 * 3T )
+ h.o.t.
(1.8) av] av]
' v v v,  av
2.2 2 1 s S N2 Y2
+ e°[r D4 +r C3 r 39 D3 + Wy 39 + ]
ov ov
2, 3 i A |
- (uy gpt 1ae)(°‘Dz+“D3"“’o 55 * 3T )
+ h.o.t.

First choose Uy and Vi so that the coefficient of € in

(1.8) is independent of 6 and t. The following equations must

be solved
au au
2 1,1 2 def
arC2 +r C3 + wy 35 * 5T mgaz[arcz +r C3] § K](r,a)
(1.9)
v ov
D2 + rD3 +w 1 + 1= mean[aD2 + rD3] dgf L](r.a) .

036 ot 6,t

Now C3 and 03 being homogenous trignometric in 6 of odd degree

(i.e. 3) have mean value zero, thus
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K,(r,a) = ar mean [C,] def ark

1 5.t 2 1

L] (r,a) = a mean [02] def aL] .
e,t

Then Theorem 1.2.2 implies that (1.9) can be solved so that
Uy and Vi have the same periodicity properties as Cz, C3, DZ’ D3
in 8 and t 1if and only if the following integrals are bounded

t i.nmos 3 3
I]: J e (yn(s), Gn(s))ds for |n| =1,3
0

t 2wns
i [ o0 s, agtsnes

3. 0 0 ], 0 ]

¢ = I vK(t)e™®, o, = ) sK(t)e™®
n=k(mod 2) n=k(mod 2)
In|<k In|<k

and

(u(rs8,t,a) vq (r28,t,0)) = (rPup 3(6,8), rvy 5(8,t)) + 0(a)

where
(1,568 600) = (W] 3().v] 5(£))e™ .

So (1.8) can now be written as
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ou
< 2-.3 3 371,3
r= earK] + e [r C4 + 2r u1’3C3 +r 55—*— D3
ou au
2 2
+ w9 38 + 3T 1 + h.o.t.
(1.10)
é = + eal, + eztrzD + rzv c, + r2 311*1 D
Wo T Ay 4 1,33 30 3

8v2

+w -—+&]+hot
0 36 ot T

Now u, and Vo must be chosen. The coefficient of ez

in (1.10) may be written as

(rPhg(,t.a), rPgs(8,t.a)) + uy 2= (upavy) + 2 (upov,)

where
(hg»9g) = le ! ’4(Y:,6:)eni6
' In|§|k1=1,3((2Yi * Lnai)"?,s’(Yi * i"Gi)V?,s)ei(n+k)e
def ) (h", gg)enie )
In|=0,2,4,6

The following equations must be solved

ou au
3, . 2 2 _ 3 dgf 3
r h6 ®o 38 + 3 mgag [r h6] r K2
(1.11)
v Vv
2 2 - 2 def 2
r 96 + Wy 39 + 3 mgag r 96] r L2 .

Again Theorem 1.2.2 implies that (1.11) can be solved so that Uy and

Vo have the desired periodicity properties in 8 and t if and
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only if the following integrals are bounded.

t AnwAS
. 0 n n _
I: jo e (h(s), gfi(s))ds In| = 2,4
e [ (h9(s) - Os) - L,)ds
55 |, ' K20 %) - L2
t AnwAS
0 n n
I: [0 e O (hl(s), g(s))ds In| =6 .
Now for n =6 1in 16 we have
6 6, _ 3. ..3,.3 3. ..3.3
-3t t 3iw.s
(“?,3"’?,3) =e 0 [(cyscy) - fo e U (Yg(S).csg(S))dsJ

where (c],cz) are appropriately chosen constants. Then using the

fact that Ly3 = 63 this integral may be written as
3 3

t 3imos 3 2 ’ t Bimos 3

[fo e v3(s)ds1 (1,24) - JO e Y3(s)ds (c;,2¢c,)
which is bounded because I] is assumed to be bounded. Since
n=-6 in 16 is just the complex conjugate of this integral, 16
is always bounded.

In the case where f(x,t,a) in (1.1) is P-periodic in t
then the boundedness of I] - I5 is equivalent to nwoP # 2rk for
all integers k with |n| = 3,4 (|n| = 1,2 is redundant).

If I] - 15 are bounded and UpsUysVysv, are chosen accord-

ing to Theorem 1.2.2, (1.6) becomes
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_ 2.3
earK] +er K2 + h.o.t.

b %K)
!

(1.12)

6 = wy + eoly + ezrsz + h.o.t.

The following theorem summarizes the above results.

Theorem 2.1.1. Consider the differential equation

e[arC2 + r2C3] + e2r3

b 4
[}

C4 + h.o.t.

§ = wy + elaD, + rD,] + 82r204 + h.o.t.

where h.o.t. = 0(e3) + O(eza) uniformly in 6 and t as

le| + |a] + 0. wy # 0 is real. Assume that C, and D, are
related by C, = NG, D, = T36, with G = G (6,t) € R® a
homogenous trignometric polynomial of degree k-1 with coefficients
almost periodic (P-periodic) in t. Then there exist functions
UypsVyslnsVy which are 2w-periodic in 6, almost periodic in t so

that if
r=r+ecu, + ezu ; 0 =0+¢gv, + €y
1 2° 1 2

and the integrals I] - 15 are bounded (nwoP # 2rk for n = 3,4

and all integers k, if the functions are P-periodic in t) then

3
H

= eaFK] + 82F3K2 + h.o.t.

wy * ealy + 272

D
]

L2 + h.o.t.

where
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Ky = mean [C,] , Ly = mean [D,]
1 0.t 2 1 0.t 2
= mean [C + auC 0,1

Ky o 3t ae 3

= 3V

with u and v defined by

au ou _
C3+tuwygg*tag=0
v, dv _
Dy *+wy3g*t3t=0-

If K, + K, <0 the choice of a =¢ brings (1.12) to

= ez[rK] + r%KZJ + 0(63)

b 1
[l

2

D
|

2
= wy + €°CLy + rPL,T + 0(ed).

So the presence of a "cylinder 1ike" invariant manifold with radius

approximately:

is suggested. The existence, uniqueness and periodicity properties
of this structure are proved in 2.3, in a more general setting and
are not treated here.

If r=r(6,t,a) defines an invariant manifold of (1.1),
2r-periodic in o6, almost periodic (P-periodic) in t, which
bifurcates from r =0 at a = 0, we need to show that if

(r*(t),e*(t)) is any solution lying on this manifold that this
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solution satisfies (1.12) (i.e. no manifolds of the desired type are
lost in scaling). Since we scaled by r -+ er, a + ea and then

took o = €, we must show that

1im-% r(e,t,a)
e+0

exists and is finite.
Because of the periodicity properties of r(6,t,a) in @

and t its gradient must vanish some place (see Appendix), say
Vr(eo,to,a) = (0,0) .
Suppose that
* * _
(P (to):e (to)) = (r(eostosa)’eo)

then by scaling by ¢ = r*(to)/r0 we can assume that r*(to) =T

and since

ok %

r (to) = Vr(eostosa)(e (to)s ]) =0
we have

0= erOK](a - ¢ + 0(ea) + 0(32)) .

Where upon scaling again by o > eax gives a =1+ 0(¢). This

scaling brings (1.12) to

eer](1 - razrz) + 0(53)

2) .

-
[}

+ 0(e

D
L}

“o

Now consider the thin cylindrical shell given by
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def ef

C: (T -Yrg2r<(1+y)r de ro

where for appropriate y >0 as € -+ 0 we have at r = rj, j=1,2,
if € is small enough F]FZ = e4r1r2K¥(1 - Q- y)z)(l - (1+v)9)
+0(c°) < 0 and

sgn(}]) = sgn(k;) .

Thus the cylindrical shell, C, is positively invariant if K] >0
and negatively invariant if Ky < 0. In unscaled coordinates we

have
Ery < r(8,t,a) < er,

so that

1im %-r(e,t,a) =ry » a= ez + 0(63) .

e+0
Hence no manifold of the desired type is lost in scaling.

Theorem 2.1.2. Suppose that the integrals in I] - I5 are

bounded, (nmoP is not an integer multiple of 2m for n = 3,4 and
all integers k, if f in (1.1) is P-periodic in t). Let Kqs K2
be defined in (1.9) and (1.11). Suppose Ky = Ky < 0. Then if

r = r(6,t,a) defines an invariant manifold for (1.1) bifurcating
from r=0 at o = 0, which is 2wr-periodic in 6 and almost
periodic (P-periodic) in t, then any solution lying on this mani-
fold may be obtained by the scaling r + er, a - ca and averaging

so that in the scaled and averaged coordinates (1.1) becomes
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b 1
|

= earky + ezr3K2 + 0(53)

wy * eaL] + szrsz + 0(53) .

6
Then letting a = ¢, ro = (-K1 . Kél);5 so that o = €2 (unscaled)

and

lim-% r(6,t,a) = o (unscaled).
e+0

If K] . K2 > 0 the same result holds except we now let o = -¢,

ro = (K] . KE])35 so that o = -e2 (unscaled).

2.2. Higher Dimensional Hopf Bifurcation

Consider the 0.D.E.
(2.1) z = f(z,t,a), z€R", n>3

where f(0,t,a) = 0, f is almost periodic (P-periodic) in t uni-

formly for z and o in compact sets. Further suppose that
%; (0,t,0) dgf 5 & independent of t

and that A has the pair of pure imaginary eigenvalues 1_im0,
with wg real and non zero and all other eigenvalues of A have

non zero real parts. Then (2.1) can be written as
(2.2) z = Az + 0B(t,a)z + F(z,t,a)

where |F(z,t,a)| = 0(|z[2) uniformly in t and o as |z| -0,
and B(t,a), F(z,t,a) are almost periodic (P-periodic) in t. By
the change of variable z ~ Pz where P is an n x n matrix we

can assume that A 1is in the form
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and AQ has no eigenvalues with zero real part.

2 x Rn-z

Now let z = (x,y) € R and

2 n-2

F(ZQt’a) = (F](X,t,a), Fz(x,t,a)) € R" xR

B-”(taa) B]z(tsa)
B(t,a) =
Bz](t,a) Bzz(t,a)

where B]](t,a) isa 2 x 2 matrix. Then (1.2) becomes

X = Apx + aB]](t,a)x + aB12(t,a)y + F](x,y,t,a)
(2.3)
y = AQy + aBZI(t,a)x + aBzz(t,a)y + Fz(x,y,t,a)

where IFi(x,y,t,a)l = 0((]|x]| + lyl)z), i=1,2. Then expanding F,

and F2 in powers of x and y, we have

Fr06ystsa) = Fo20(t,a)x? + F1* T (t,a)xy + FO2(t,a)y% +...

Fz(x,y,t,a) = Fg’o(t,a)x2 + F;’](t,a)xy + Fg’z(t,a)y +...

where the notation indicates that F?’z(t,a)y2 is a bilinear map

from R"2

x "2 into RM by (y],yz) -> F?’z(t,a)(y].yz), and we
have let F?’z(t,a)(y,y) = F?’z(t,a)y2 with similar interpretations
for Fﬁ’m(t,a)xnym.

Then passing to polar coordinates in x by setting

X = rNe, (2.3) becomes



40

-
[l

= oC,(8,t,0)r + C3(e,t,a)r2 + C4(9,t,a)r3

+ (aCq(8,t,0) + &(0,t,0)r + Eq(e,t,a)r)y

+o(rt) + o(]y|d)

(2.4) @

wy + aDy(8,t,a) + Dy(6,t,0)r + 04(e,t,a)r2

+ 171 (oD, (8,t,0) + By(6,t,a)r + By(0,t,a)r)y

+0(rd) + r']O(Iyiz)

= AQ.Y + aBzz(tsa)y + G(r9e9.Y:t9a).y2

k .
[l

+ of; (8,t,a)r + Ex(8,t,a)r? + 0(r)

where Ck, Dk’ Ek, ék’ ﬁk are homogenous trignometric polynomials
of degree k with coefficients dependingon t and a.

Then scale by r +er, a +ea, y + ey in (1.4) to obtain

F = elarC, + r2C,1 + erl,y + e2r3C, + ((le] + [a] + |¥|)3)
2 3 2 4
(2.5) 6 = wy *+ €faD, + rD,J + eﬁzy + €2F294 + 0(([e] + |af + |¥|)2)
- 2 2
y = AQy + eHy + elarEy + r7E,] + 0(e")

where Hy = a822y + Gyz, and Ck,Dk,Ek,ﬁk,ﬁk are evaluated at
(6,t,ea). So that by expanding these functions in powers of ea
does not change the form of (2.5), we can assume that they are
evaluated at (6,t,0).

We are now in position to apply Theorem 1.3.2 to decouple the
r and 6 equations from the y equation up to the cubic order.

Let y=y+ el where U= U(r,6,t,a) is the unique bounded
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solution of

2 ou ou _

Then Theorem 1.3.2 implies that (2.5) becomes

r = elarC, + r2C,1 + e20rC,U + ¥3¢,1 + O(([e] +[al + 7))
(2.6) 6 = wy + elaby + rDy1 + €2TB,U + r2D,7 + 0((Je] + [a] + |7])3)
: 0 2% ™3 2 4 y
y = Aqy + eHy + O(ez)

where H = H(r,6,y,t,a,c). And Theorem 1.3.1 gives |y| = 0(62),
so O((|e|] + |a] + |9|)3) = 0((|e| + Ial)3). Further note that

U=oarV + rzw so that (1.6) can be written as

F = elarC, + 131 + e2r3CH + €g1 + O(([e| + [a)?)
(2.7) 6 = w, + eloD, + rD,] + ezrztﬁ W+D,]+0((|e| + |a|)3)
A 0 2 3 2 4

y = Aqi + 0(52)

as longas r and y remain in a bounded region as ¢ >0 and r
is considered to be away from 0.

Theorem 2.2.1. Consider the differential equation in
n-2

(r,0,y) € R x R xR

elarC, + r2C3] + erCyy + ezr3C4 + h.o.t.

-S e
]

wy * s[aD2 + rD3] + sﬁzy + ezr204 + h.o.t.
2

D
"

& AQy + eHy + efarEy + r EZJ + 0(82)

where h.o.t. = 0((|e| + |o] + |y|)3), 0(52) are uniform in t and
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6 as |e| + |a| + [y| » 0 and all functions are 2m-periodic in
8, almost periodic (P-periodic) in t, AQ has no pure imaginary
eigenvalues, wg # 0 dis real, subscripted functions depend on (6,t),

H

H(r,6,y,t,ax,e). Then there exists a unique function

U

U(r,8,t,a), 2r-periodic in 6 almost periodic (P-periodic) in

t so that if y =y + €U then |y| = 0(s2) and

2 2.3

= elarC, + réCy] + e2rIE,M + €1 + 0(([e] + |al)?)

-~
[l

6 = wy + elaD, + rDy + e2r[B,W + 0,1 + 0((|<| + |a)?)

<
]

= Ay + 0(e?)
where W = W(6,t) 1is the unique bounded solution of

oW oW _

E, + A - wy 55 - 3¢ = O

2 'Q

and W is 2r-periodic in 6, almost periodic (P-periodic) in t.
Now 62w and ﬁzw are homogenous trignometric polynomials
of degree 4 with coefficients which are almost periodic (P-periodic)

in t. So set

Thus, if the integrals in I] - 15 defined in 2.1 are
bounded when C4, 04 are replaced by 64, 64, we may apply Theorem

2.1.1 to (2.7) to obtain the averaged equation

-
I

= cark; + e2r¥K, + 0(([e] + [a])®)

(2.8) 6 = wy + ealy + €2r2L, + O(([e] + [a])?)
y = A09 + 0(2)
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where K], K2’ L], L2 are the constants defined in Theorem 2.1.1
with C4, D4 replaced by 64, 54.
If K] . K2 < 0 taking a = ¢ yields

-~
"

e (rk, +.r3K2) + 0(ed)
(2.9) 6 = ug + XLy + rfLy) + o))
j=A§+o@%.

This equation suggests the presence of an invariant mani-

fold of the form

(r,y) = (r(8,t,a), y(6,t,a))

which is 2m-periodic in 6, almost periodic (P-periodic) in t, so

that in unscaled coordinates

r=erg+ 0(52)
y = erdi(e,t) + 0(c?)

where
- -1\% _ 2
ro"(-K],Kz) 9 o = € .
This is actually the case as is proved in the next section.

On the other hand if (r,y) = (r(6,t,a), y(8,t,a)) defines
an invariant manifold bifurcating from (r,y) = (0,0) at o =0
with the desired periodicity properties, let (r(t), y(t)) be a
solution lying on this manifold. Now F(to) =0 for some t,.
Take € to be the supremum of |[r(t)| + |y(t)|, so that after

scaling, |r(t)] + |y(t)| has 1 as its supremum. Now we have shown
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that |y| = 0(e) (scaled) as long as (r,y) remain bounded as

e >0. Set R= r(to)/r0 (scaled). Then at t = t0

0 = er(ty)k,(a - R? + O(ca) + 0(c?))

so that a = st + 0(52) (scaled). Now for appropriate y + 0 as
e+0 if r=(1- y)r(to), then
= 2Rtk (1 - (1 - )2+ 0(e))

is of constant sign as € - 0. Thus (1 - Y)r(to) <r<1 andso
as €+ 0, r/r(to) + 1 but for some t, 1 - 0(e) < r(t) <1, which
implies that r(to) + 1 (scaled). Hence by replacing € by e€R,
we have in scaled coordinates, |y| = 0(e), a = € + 0(32), r=0(1),

uniformly in t.

Theorem 2.2.2. Suppose that the integrals in I] - I5 de-
fined in 2.1 are bounded when C4, D4 are replaced with 64, 54
(nwoP # 2nk for |n| = 1,2,3,4, k an integer if f 1in (2.1) is
P-periodic). If K], K2 are defined as in Theorem 2.1.1 with
C4» Dy replaced with 64, 54 and Ky + K, < 0, then any solution
lying on an invariant manifold for (1.1) which is 2r-periodic in @,
almost periodic (P-periodic) in t, which bifurcates from (r,y) =

(0,0) at a = 0, can be obtained by the scaling

r+er,y+cy with a-= 52

then letting y =y + U(r,8,t,a) with U(r,8,t,a) as in Theorem
2.2.1. So that |y| = 0(c?) and averaging the r and & equations

as in Theorem 2.1.1 to obtain



45

r= eZ(rK1 + r3K2) + 0(€3)

8 = wy + 82(L1 + rsz) + 0(53)
t o as 2

y = AQy + 0(e%) .

If K » Ky >0 then o= -2 and

F = e2(-rk; + rK,) + 0(e°)
o = wg * 52(-L] + r2L2) + 0(53)
y = Agy + 0(e?) .

2.3. Existence of the Manifold

In the previous section it was shown that the system (2.1)

after scaling and averaging can be written as

r= sz(j_ rk; + r'3K2) + 0(53)
(3.1) 6 = wg * ez(L] + r2L2) + 0(53)
9=Aw+0k%

where + = -sgn(K1 . KZ)’ Ky * Ko # 0 and Ay has no pure imaginary
eigenvalues.

We now prove that if € is small enough there is a unique
two dimensional manifold parametrized by 6 and t, 2m-periodic in
8, almost periodic (P-periodic) in t so that solutions of (3.1)
which begin on M will remain on M for all time. More generally

the following theorem holds.
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Theorem 2.3.1. Consider the differential equation in the
n-2

coordinates (r,6,y)€R x R xR given by

r=er + e2R(r,0,y,t,e)
(3.2) 6 = w(e) + ebw(r,e,y,t,e)
y = Ay + €°Y(r,8,y,t,¢€)

where R, W, Y are 2n-periodic in 6, almost periodic or P-periodic
in t. A has no pure imaginary eigenvalues. All functions are
continuously differentiable, a > 1, b > 1, ¢ > 0. Then there

exists an e, so that if 0 <e < ¢, then there are unique func-
tions r*(e,t,s), y*(e,t,e), which are 2w-periodic in 6, almost
periodic (P-periodic) in t. So that for a fixed e in (O,eo]

the two dimensional manifold M defined by
* *
M: (r,y) = (r (8,t,e), y (8,t,e))

is invariant under the flow induced by solutions of (3.2).
Proof. Decompose y = (y] ,yz) € Rk x RY according to the

subspaces of RN-2

where AQ is respectively stable and unstable.
Let Asy] denote Ay restricted to the stable subspace and Auy2

for Ay on the unstable subspace. Then (3.2) has the form

(3.3a) r=er+ eaR(r,e,y1,y2,ts€)
(3.3b) 5 = w(e) + PH(r,8,y;¥pstse)
(3.3¢) ¥1 = Ryp + €51 (r,0,y7.5,5t5€)
(3.3d) ¥p = Aly, + €Y, (r,0,y7.9,5t5e) -
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Define X to be the space of triples of functions

k

(f(e,t), g](e,t), gz(e,t)) taking values in R x R x Rz, where

k

(v, ¥,) €R x R*, which are 2r-periodic in e, almost periodic

(P-periodic) in t.

1= sup [fe,t)] <D, (gl <D, (g0l <D,
8,t ¢

|f(e,t) - f(8,t)| < 8|6 - 8],
lg(8,t) - gy(8,t)] < &6 - B8],
lg,(0,t) - g,(8,t)] < 8|6 - 8] .

X is clearly complete in the norm [[+||. We will define a mapping
F: X+ X so that the unique fixed point of F in X will define
an invariant manifold of (3.2) with the desired periodicity pro-
perties.

Let (f,g],gz) € X, and (r,y1,y2) = (f,g],gz) in (3.3b).

We have
é = w(e) + ebW(f(e,t),e,g] (e9t)992(99t)ata€)
which has a unique solution passing through (&,t) denoted by
* *
6 =20 (t; 1,85 f],g],gz) .

»*
Substituting 8 for 8, (f],g],gz) for (r,y1,y2) into the re-

maining equations in (3.3) yields

-
"

er + e®R(F(t,67),6", 9, (t,67), g,(t,67),t,¢)

. *
.Y'I = AS.Y] + QCY](f(t,e*),e*, g](t;e*): gz(t’B ),t,E)
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s _ AU c * * * *
Yo = Ay, + e Y,(F(t,87),0 5 gy(t,0), g,(t,0 ),t.e).

Then the variation of constants formula gives the unique

bounded solutions as

t
2 [ eE(S’t)R(f,e*.g1,92,s)ds

J-@

r(t; & f,97,9,)

t .S
e I eh (t°S)Y](f,e*,g1,gz,s)ds

-00

N (t; &; fag'l ’92)

- ¢ [ Alt-s) *
.Yz(t’ &5 fsg] 392) =€ Ee Yz(f’e ag] agzss)ds

define F(f,g1,gz) = (r(t,0), y](t,e), y2(t,e)). We will show that
F: X+ X is a contraction in |[+|.

To accomplish this, first define

= 3R 3R aR aR 9R
LR) = max{IRl, et Mgglls gyt Iy tls gl
with similar definitions for L(W), L(Y;), L(Y,).
Then

t
Ir(t.8)| < €2L(R) J ec(sthg = (21 (r)

-Q0

t
|y-|(t,9)l f_ECL(Y]) I IeAs(t-S)IdS

Y. O

S -
but there are constants vyg, K, so that IeA 9 < Kee S, thus

S
|y1(t,6)| g_ecKSY;IL(Y]), and similarly lyz(t,e)l 5.eCKuY;]L(Y2).
Thus if € dis small enough we have ([l <D, ly;[l < D, [y, < D.

Now let (F.y1,¥,) = (r(t,8), yi(t,8), y,(t,8)) then

[(Fayqa¥g) = (Fdpad)] < Ir = 7L+ lyg = 591 + Ly -yl



49

but
t
Ir - 7] <€ [ ee(s't)IR - R|ds
- t vy (s-t)
Iy] - yll 5_eCKS J-we S lY1 - quds
Y, (t-s)
- c u —
lyy - Yol <€ Ky f: e Y, - Y,|ds
where
— * - o -
IR = RI = IR(fse ’g] 992) = R(?’e sg] ’gz)l
< (36L(R) + [0 - §
¥y - Tyl < (36L(yq) + 1)]e” - &
— * %
Y, - Yol < (36L(Y,) +1)]e -8 |
and
* * b t *
0" = 07(,0) = 6 + <[ W(F.0",97.9,)d5 + wle)(t - )
. * —_— T
8 =0 (t,8) .

Let M = max{L(R), L(W), L(Y]), L(YZ)} and B = 36M + 1.

t
* - — —x
-8 | <|6-808|+ ebB 3 -8 ||ds
|6 | < | I

T

so the Gronwall inequality yields
* —_
6" - 8] < |6 - Blexp(e’B|t - <) .

Thus

_rt
Ir - 7| < %6 - e|f exp((c - €B)(s - t))ds

Then



S0

since b >1 choose € so small that ¢ - ebB > 0, then
a -
- B = e B =
Ir - 7| < &2——0 - 8] = =20 - 7
€ - ebB 1 -sb ]B
also
- c - [t b
¥ - Byl < eKBlo - B [ expllrg - €%B)(s - £))ds
- - b
Iy2 - y2| 5,eCKuB|e - 8| texp((yu - ¢ B)(t - s))ds

so that & must be small enough to have Yg - ebB > 0, Yy - ebB >0

in which case

. ecKSB - eCKuB
I.V]'y]Jlf_ b*l)’z')’zli b
Ys - € Yu - € B
and
|(rayys¥,) = (F.¥7.5,)] < Qle) e - 8]
where
c c
a €K B € KB
Q(e) = e b b + > b + b
€-¢cB Yg - € B Yy - € B

thus if € is small enough Q(e) < 6.
Next (r,y],yz) must be shown to have the same periodicity
properties as the functions in X. If (f.g1,gz) are 2r-periodic

in 6, then by uniqueness of solution we have
e*(t; T, £+ 2m) = e*(t;r,g) + 27

and since R, Y], Y2 are 2r-periodic in 6 we must have (r,y1,y2)

2m-periodic in 6.
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If (f,g],gz) are P-periodic in t then again by unique-

ness of solution we have

>* ' *
8 (t +P; T+P,E) =206 (t; 1,8)

and then

t+P
Pt + PLg) = & I eE(S-t‘P)R(f,e*’g],gz)dS

*
where f, g, g, are evaluated at (8 (s; t +T,0), s) so that

after the change of variable o =5s - P

t
r(t + P,8) = ¢ I ee(o-t)R(f’e*’gl’gz)ds

*
where now f, 91» 9o are evaluated at (6 (o; t,8), o) and we
have r(t + P,8) = r(t,8). Similarly Y1s ¥ are P-periodic in t.
If the functions in X are almost periodic in t, let

{rj} be a sequence so that
(f’g] sgz)(t + TJ) - (f’g1 992)(t) +0
(R,N,Y],Yz)(t + Tj) = (R’w,Y]sYZ)(t) g 0

uniformly in t and the remaining variables as j + «=. Then since

* * -
B (t + 45 T + rj,e) =06 (t; t,0) we have

t+t, e(s-t-t.)

J * d
r(t + Tj:e) = €a e R(f’e ’91’92) s

-Q0

*
where f, 9., g, are evaluated at (6 (s; t + t.,6), s), after the
1° 72 J

change of variable o =s - rj
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t
r(t + 15,0) = ¢ f e€(°'t)R(f,e*.91.92)do

=00

where f, 9y» 9, are evaluated at (e*(o; 1,0), 0 + rj), passing
to the 1imit we have established that r(t,8) 1is almost periodic
in t. Similar arguments establish that y1(t,e) and yz(t,e)
are also almost periodic. Thus (r,y],yz) € X whenever

(f,g],gz) € X, so if € 1is small enough

F: X=+-X.

Finally, it is shown that F 1is a uniform contraction in
the supremum norm on X.

Let r = r(t,6; ?,61,52), similarly for 9], 92. We have

I(r’yPyZ) - (r:)—’]’yz)l i IY' - Fl + ly-l = y]l + l.yZ = ;zl-

Now
Ir - 7] <€ I ec(s t)IR R|ds
- c t YS(S't)
I.Y] ‘.Y]l <EKS I.ce |Y] -Y-IldS
- c v, (t-s)
¥ = ¥,| < €K I:E Y, - V,|ds
where
. * —* o -
IR - R] = |R(f.8 ,9;,9,) - R(F,8 .,3;,3,)]
- - - * —*
< MOUE - FIL+ llgy = 940l + ll9y - 9511 + Mje -6 |
*
9ef my + mpe™ - 5.
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With the identical inequality holding for [W - W[, |Y, - 7}|,

|Y2 - Y2|. Then
t _

16" -5 éfm-wna|

T

|A

t * *
ebMAlt-'rI + ebM[ [6 -0 ||ds|
T

IA

and by the generalized Gronwall inequality
x * L. b2 (EebM|s-t]
16" - 5% < ePmajt - o] + W2 [ e Is - t||ds|
It

b
= ref Mt-tl _ 395

so that

_ bui+t-
IR - /| < MaeS MIt-Tl

<

with identical inequalities holding for [Y; - Y[, |Y, -
which implies that

t b a
lr - F" < eaMAI e(e-e M)(S-t)ds = E MA
- eE-¢€M

provided € - ™M > 0. Similarly if v - €M >0, y, - €M > 0
we have
eMK A e“MK A
ly] y]I B I.VZ - y2 < b
Yg ~ € M Y, ~€M
u
thus

|(r,y-| 9y2) - (F’}.']’S'z” < T(E)A

where



so that if € is small enough T(e) <1 and F is a uniform con-
traction on X. This completes the proof of the theorem.
To apply Theorem (2.3.1) to (3.1) first suppose that

K1 . K2 <0 and let r = o + e%? where rg = -K] . Kél so that

? = -ZEZK]? + 0(55/2)
A = 2 5/2
g = wy * € (L] + rOLz) + 0(e” %)
y = Ay + 0(c?)

2

and then replacing e~ with €, t with -2K]t, and dropping the

hats yields

r=r+ 0(55/4)
6 = w(e) + 0(>4
y = Agy + 0(e)

with u(e) = -ZK](w0 + e(L] + roLz)) and Theorem 2.3.1 applies.
Similarly if K] . K2 > 0.
Also the cylindrical shell given by

(3.4) ¢ (1-yrg<r<(l+y)rgs |yl = 0fe)

with y >0 as e -~ 0 with be invariant only if AQ is a stable
matrix and K] . K2 < 0 with K] >0 (K] « Ko > 0 with K] < 0).
In which case the manifold is stable. If AQ has at least one

*
eigenvalue with a positive real part then solutions may enter C
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through r = (1 i.y)ro but will leave along the eigendirection of

this eigenvalue.

Theorem 2.3.2. Let K], K2 be defined as in Theorem 2.2.2.
If K] K # 0 then the system (1.1) of section 2.2 has a unique

invariant manifold M defined by

M: (Y‘,.Y) = (r(e,ts€)9 y(eatae))

where r and y are 2m-periodic in 8, almost periodic (P-periodic)
in t, (ry) > (0,0) as €~+0 with e = ~sgn(K; + K)a. So

that in the original coordinates (x,y) with x = (r cos 6, r sin @)
- 2 _ . lE
y(e,t,e) = 0(e) .

M is stable if and only if all the eigenvalues of AQ have nega-

tive real parts and K2 < 0.

2.4. An Example

Consider the forced Van Der Pol equation
(4.1) %+ x - e(l - x2)x = £(t)
where x ¢ R, f(t) is almost periodic or P-periodic and

t
I N f(s)ds, N_. = (cos 6, sin 68)'
0 S 0

is bounded.

Let u(t) be the unique almost periodic (P-periodic)

solution of
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(4.2) i+u=f(t)

then
' t
u(t) = N{c + J sin(t - s)f(s)ds .
0

And let y = x - u so that after using (4.2) we have

(4.3) y+y-egly,y,t) =0

2

where g(y,y,t) = (1 - u° - 2uy - yz)(y +u). Writing (4.3) as a

2

system in R™ yields

(4.4) z = Az + eF(z,t)
where

y 0 1 0
zZ = 9 s A= -1 0ol F(z,t) = g(z,t)

Passing to polar coordinates by setting z =‘rNe, gives

2

+ r°C 3

+ r°C

b 34
]

e[C] + rCZ 3 4]

(4.5)
-1 2
-1 - ¢lr D] + 02 + rD3 +r 04]

D
1]

where

C. = (1 - ul)u sin o

C, = (1- uz)sinze - 2uu sin 6 cos @
C. = -y 2 . . 2

3= -u cos © sin 6 - 2u sin"6 cos 6
C4 = -sinze cosze

(1 - uz)ﬁ cos

o
—
[[]
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(1 - u®)sin 6 cos 6 - 2ul cos%o

2

o
N
]

= -0 c0s38 - 2u cos%e sin 6

3 .
4 -c0S™0 sin 6 .

o
w
!

o
n

So that (4.5) may be averaged provided the following integrals are

bounded.

t ins

A]: e u(s)ds for |n| =1,3
0
t . )

Ay e"Sy2(s)ds for |n| = 2
0
(v ins 3

Ay | ey (s)ds for |n| =1
0

t
Ay I uz(s) - mean [u2]ds .
0 t

In which case the averaged form of (4.5) is

F = elf ke - & 101 + 0(e?)
(4.6)
6 = -1 + 0(e?)
where K = mean [1 - u2].
t

1
Thus an invariant manifold near re = 2K* is expected.

1

L .
In fact if r » ro * €’k 'r and t + -t then

r+ 0(83/2)

-5
}

1+ 0(?)

D.
"

and we may apply Theorem 2.3.1 to assure the existence of a manifold
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of the form
r=r(6,t,e) = ro * 0(e)

which is invariant under the flow induced by solutions of (4.4)
and r is 2m-periodic in 0, almost periodic (P-periodic) in t.

If f(t) can be written in a finite Fourier series

Avt
f(t) = ) a e » A =0
\Y
then if |Av| #1 forall v
At
= v _ 2,-1
u(t) = Z u e » Uy, = a,(1 - 1))

so that A1 - A4 are bounded if

n o+ A 0 for |n| =1,3
(4.7) n+ Aj *A #0 for |[n] =2
n+xj+xk+>‘lfo for |n| =1



3. FUNCTIONAL DIFFERENTIAL EQUATIONS

3.1. The Abstract Equation.

Consider the retarded functional differential equation (RFDE)

(1.1) 2(t) = f(z,,t,0)

where

Zt € C dgf C([-I",OJ, Rn)

Zt(e) = z(t +6) for 6 € [-r,0]
and f: CxRxR~+R" is almost periodic (P-periodic) in t and

smooth enough for the following calculations to be carried out.

Assume further that

£(0,t,a) = 0, 3f(0,t,0) . |

BZt

where L: C - R" 1is bounded, linear and independent of t. Thus

L has the Stieltjes integral representation

0
Lo = j dn(8)e(8)
-r

where n(8) 1is an n x n matrix function of bounded variation.

Then (1.1) becomes

z2(t) = Lz, + H(z,,t,a)
(1.2)
H(o.t.a) = aM(t,a)é + F(,t,a)¢°

59
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where as before F(¢,t,a): C x C >R" is a symmetric bilinear map.
Upon scaling by z + ez, o + ea (1.2) becomes (with a different H)

(1.3) z(t) = Lz, + eH(zt,t,a,é).

Now v(t,) €C 1is a solution of (1.3) if and only if
v(t,8) = zt(e) where z(t) satisfies (1.3). This fact gives us the
clue as to how (1.3) can be rewritten as an ODE in an appropriate
Banach space.

Lemma 4.1.1. If v(t,8) is C'I

in t€R and 6 € [-r,0]
then a necessary and sufficient condition that v(t,8) = u(t + 8)

for some u in C.l is that =& = = .

Proof. Necessity is obvious. On the other hand along

8 +t=a we have é% v(t,8) = 0 so define u(a) = v(0,a).

Thus v(t,8) is a C] solution of (1.3) if and only if

av(t,0) _ 2av(t,e)

ot 96
(1.4)

'&g?:' v(t,0) = Lv(t,) + eH(v(t,*),t,a,e).

1

Now define E=C ®R" and A: C' +E by v - (v,Lv - v(0)).

Then (1.4) may be written as
(1.5) 2 (v(£,8),0) = Av(t,*) + (0,eH).

Now suppose that A has a pair of pure imaginary simple
eigenvalues timo, wg # 0 and all other eigenvalues of A have

nonzero real parts. It is well known that all eigenvalues of A
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are isolated and of finite multiplicity and are determined by solving
0 A6
det(AI - [ dn(6)e*®) = 0
-r

Let " = c(co,rl, R") (row vectors), £ =¢"e R".

Define a bilinear form on E* x E by

<(‘bsa)a(¢,b)> = a-b + a-cb(O) + W(0)°b + [¥,9]

0
(v,91 = v(0)-¢(0) - [0 f ¥(s - 8)dn(8)e(s)ds

-r/0

so that A*, the adjoint of A, is given by

*

AY = (=-9,L"y - $(0))

. (0
Ly j (=6)dn(6).
-r

Let ¢ = (¢],¢2) be a basis for P = N(A:Zwol) and V¥ =
(w],wz) a basis for N(A*timol) chosen so that [¥,%] = I. Then

any (v,b) € E can be written as

(v,b) = (vP,O) + (vQ,b)

vP

oLY,v]

Q P

vV = V-1V,

Note that [W,VQ] =0 and E =P e Q. Also there is a unique

2 x 2 matrix Ap so that A¢ = ¢Ap and Ap has eigenvalues :Lmo.
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Now for any (v(t,8),b) € E we have
(v(t,0),b) = (v"(t,8),0) + (v¥(t,6),b)

= (or¥,v(t,8)1,0) + (vY(t,8),b)

defox(t),0) + (vi(t,8),b).
Then (1.5) becomes
(1.6)  (ok(t) + 4& vX(£,0),0) = (oA x(£),0) + Av¥(t,e) + (0,eH).
And since E =P e Q we may decompose (1.6) as

X = Apx + e¥(0)H
(1.7)

adf.yt = A'yt + €(-¢‘{’(0)H,H)
where

‘yt = (VQ(t9')’0)

H = H(x,yt,t,s)

We may now pass to polar coordinates and average as before.

3.2. A Perturbed Wright's Equation.

Consider the RFDE
(2.1) z(t) = -(a + &6f(t))z(t - 1)(1 + z(t))

where a and § are real parameters f(t) 1is almost periodic or
P-periodic. We wish to study the local behavior of (2.1) near the

bifurcation points (a,$) = (an,O) where
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(2.2) a, = (-1)™m/2 + nm) 9€F ()" .

At these points the linear part of (2.1) near z = 0 has the eigen-

values A = :Lbn. Set o =a-a_ and scaleby z + ez, a + €a,

n
§ + e§ so that (2.1) becomes

z(t) = -anz(t -1) - eH(zt,t,a,G,e)
(2.3)
H(¢,t,a,8,e) = (a + 8F(t))e(-1)(1 + e4(0)) + a ¢(-1)4(0).

Now a basis for the eigenspace corresponding to A = tibn
is found to be
®(8) = (cos bne, sin bne)

and the bilinear form

[w,61 = ¥(0)¢(0) - anfo1w(e + 1)¢(6)do

gives the dual basis

) cos bne - bn sin bne
MO e
+|
] sin bne + bn cos bne
so that [¥,$]1 =1 =2 x 2 1identity matrix.

The abstract equation is then

(2.4)
Rl AQyt + e(-o¥(0),1)H(ox + yt.t.a,G,E)
where
A 0 bn
Pl 0
n

Aqt = (b,-2,6(-1) - §(0)).
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In polar coordinates (2.4) becomes

2 -

<Se
[}

(2.5) g=-b - elD, + rD,] - eazyt + h.o.t
4y = - erzE + 0(e(a + 8)) + 0(ely,|)
at Yt = Ag¥t Yt

where h.o.t = 0(c%(a + §)) + O(e(a + 8)|y,|) + O(elytlz) and

o
]

(a + Gf(t))NéW(0)¢(-1)N€

o
]

3 anNéw(0)¢(-1)NE¢(0)NE

Cp = 3 NL¥(0)[o(-1)6(0) + 2(0)a(-1)IN,

m
]

= an¢(-1)NE¢(0)NE(-¢w(0),1)

(=
[}

2 = (o + f(t)Te¥(0)o(-1N,

Dy = anTé\v(OM(-l)Ngcp(O)NE

and note that only 02 and D2 depend on t, so that the averaging
can be carried out if 12 and I3 (section 2.1) are bounded (kan

is not an integer multiple of 2m for |k| = 2). The averaged form

of (2.5) is
F = -eKy(a,6)r - e2K2r3 + h.o.t
(2.6) = b - elq(ad) - e2L2r2 + h.o.t
d 5 =Ay. +0 + + 0( 2)
at Yt = Pgre (e(a + 8)) €
where

K](a,G) = mean[Czl
E,t



65

- -1 c
(2.7) K, = mi?n[bn €405 + C,l

where E4 = Ezw and W = (W,0) 1is the unique 2m-periodic in &

solution of
oW _
(2.8) E+AQw+bn’:)f'o

with similar expressions holding for L](a,a) and L2 and
Iyt = ;tl = O(S).
Now straightforward computation yields

(2.9) K](a,ﬁ) = 2 (o + Smean[f1)

1+a t

1]
o

(2.10) mi?n[C3D3J

To compute KZ’ write E

E] + E2 where

E, = -4 sin2£(0,1) = 2 (0, hk)e

£, = ~ib,sin2£(¢(0)¥(0),0) = Ik%gz(gk(e).o)e'“'E

’ Lbne ) -Lbne
g,(8) = -2--73'C(1 -4b_)e + (1 +.4b e ]

9.2 % §2

Now it is clear that W has the form

W= I (w(0)e¥®, 0)
|k|=2
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also W = w] + N2 where for j = 1,2

oW

— =
(2.11) Ej + Aij + bn 3% 0.

Also note that we have for ¢ € C
C2¢ = Z (ka)(O) + Bk‘b(‘]))eLkE
|k|=0,2
with y_ =y, 8, = Bys SO that

K, = mi?"fcz”] = 2Re(y_pW,(0) + B_,W,(-1))

) bn(bn-i)

i 2(1+a2)

an(1+£bn)
2(1+22)

Y.2

B.2

Now wk(e) = uk(e) + v(68) corresponding to W = Wy + w2
so that (2.11) for j = 1 becomes

(0,0) = IkLz(a"(e) + kib u, (8), h, - a u (-1) - G, (0))e*E.

Hence
. 24b 8
_ =(2wi(-1)"
uz(e) = Jj-é——u e
and then
A an(I- an)
3 20(1+an)

For j =2 1in (2.11) we have
(0,0) = |k§|:=2(‘;k(e) + kibv, (8) + g,(8), -2 v, (-1) - ¥,(0))e ¥,

which yields
-Zibne
v,(8) = e [v,(0) - P(8)]
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where

0 24'bns
P(e) = [ e gz(s)ds
0

u2(0) = (an + wn)(anp(‘]) - 92(0))-

Explicitly it is found that

1 . n
P(-1) = 2 - 1) - 4(b -1
(-1) sl [2(a, - 1) - (b, + (-1)M)1

(1+a’)
so that
-1
0) = 2 +4b
v,(0) gz;:;zy ( n)
1
-] = - -
VZ( ) gz;:;g; (2an £(-1)7)
and then

mean[C2N2] = 0.
13
Thus we have

(2.12) an(l-3an)
. K, = < 0.
2 20(1+az)
Now scaling again in (2.6) by o +en, § +€§ the r equation
becomes
r= eZKZr(aM] + 6M2 - r2) + 0(63)
where
. -l
M.I = 20(1 3an)
(2.13)
M2 = M] mean(f]

t
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We do not compute L1(a,6) or L2 since no information
about the direction, amplitude or stability of a bifurcating manifold
will be gained.

Thus, if aM; + &M, > 0, (2.1) will have an invariant mani-
fold with amplitude approximately o where

= ]
(2.14) ro (aM] + 6M2) .

Since a  1s given by (2.2), if n 1is even a, 2 m/2 so that
M, <0 and My >0 if n 1is odd (see Figure 1).

Now by Theorem A5 in Hale [8] all roots of the characteristic
equation (z(t) = -az(t - 1))

(2.15) . xr+a=o0

have negative real parts if and only if 0 < a < n/2. Since for

a =aj=m/2, \ = £in/2 are the only pure imaginary roots of (2.15)
and these are not eigenvalues of Aq, we must have all eigenvalues

of AQ with negative real parts. For a = as n #0, AQ must have
eigenvalues with nonnegative real parts. Thus, only the manifold

bifurcating at (a,8) = (wn/2,0) 1is stable.
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R s

a = -8mean(f]
t

M, >0, (n even).

T m\\}i\

Figure 1. Bifurcation diagrams for equation (2.1).



APPENDIX



70

APPENDIX

In this appendix the basic theory of almost periodic functions
is outlined. No proofs are given for the classical results as they
are readily available in standard texts on the subject, for example
in Bohr [ 2], Favard [ 71, Hale [ 91.

Definition 1. A continuous f: R + R (or C) is said to be

almost periodic if given € > 0 there exist £ = £(e) > 0 so that
for all a €R there isa t €[a, a +4£] with |[f(t+ ) - f(t) <€
for all t € R. Tt 1is called an almost period of f in ([a, a + £]
relative to €. |

Al. If f(t) and g(t) are almost periodic then so are
f(t + a), f(at) for a real, zf(t) for z complex, f"(t) for
n=0,1,2,3,--, |f(t)], f(t), f(t) + g(t), f(t)-g(t). In fact, if
F: R2 + R (or C) is uniformly continuous then F(f(t),g(t)) is
almost periodic. )

A2. If f(t) is almost periodic then so is f'(t) provided
it is uniformly continuous.

A3. If f(t) is almost periodic then th(s)ds is almost
periodic if and only if it is bounded.

A4. If f(t) 1is an almost periodic function then the fol-
lowing 1imit exists, is finite and independent of a € R.

T
Tim %-[ f(t)dt dgf mean[f].
Toe a t
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A5. If f(t) 1is almost periodic then there are at most a
countable number of X so that a(}) dgf mean[EAf] # 0 where
t

Ex(t) = exp(4it). Any X for which a(A) # 0 we call a frequency
of f with Fourier coefficient a(}).

If {3} fis a sequence of real numbers and Jjr A =0,
where n is an integer implies that n = 0 for all n, then ~
{An} is said to be rationally independent. The span of {An}(sp(xn))
is the set of all linear combinations of the Xn with integer
coefficients. If {An} is rationally independent and {an} c:sp(xn)
then {An} is called a basis for {an} < R.

Definition 2. If f(t) is almost periodic with frequencies

{A } then the module of f, mrf1 9E° sp(A)). If A} has a

finite base then f(t) 1is called quasi-periodic.

The following result is very useful in showing that a function
is almost periodic.

A6. If f(t) 1is almost periodic and g: R+ R (or C) and
for any sequence {rj} c R with f(t + rj) - f(t) - 0 uniformly in
t as j +» we have g(t + rj) - g(t) -0 uniformly in t as
j>= then g(t) is almost periodic and m[g]l < m[f].

Definition 3. A continuous function f(x,t) € R" (or ch

is said to be almost periodic in t uniformly with respect to x in
compact sets if given a compact set K cR" and € >0 there exists
£ = 2(e,K) so that forany a € R there isa T € [a, a + £] with
|f(x,t + ) - f(x,t)l<e forall t €R and x € K. In what follows
and in the text we will refer to such functions simply as almost

periodic in t.
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Now if f(e,t) 1is 2w-periodic in 6 and almost periodic in

t then we define

2=

mean[f] =

Yail
f mean[fJ(6)de.
8,t 0

t

The following result is used in the text. Since no proof
seems to be accessible one is supplied.

A7. 1f f(e,t) € R 1is 2n-periodic in 6 and almost periodic
in t then there exist (eo,to) so that Vf(eo,to) = (0,0)
(v = gradient).

Proof. If Vf(6,t) never vanishes let f(8,0) =

. max f(6,0) and let (y(s),t(s)) define the steepest ascent
e€f0,2m]

curve originating at (8,0). That is
£ (ws), t(s) = VF(y,1)

(¥(0), t(0)) = (8,0)

v(s) and <t(s) exist for all s € (-=,») since Vf(y,t) 1is bounded.

Note that 1lim t(s) = = for if |t(s)| < M < define g(s) =
§++oo

f(y(s), t(s)) and set n = miglvf(w(s), 'c(s))l2 > 0, then for
s>

s 20, g'(s) = |VF(u(s), r(s))lz_g n so that g(s) is unbounded
which is absurd.

Let f(v(1), (1)) - f(6,0) = a, a > 0 by assumption. Let
a/2

T be an almost period in [t(1),t(1) + 2(a/2)] relative to ¢

and s =21 so that <t(s) =T then



73
a72 > £(4(s),7(5)) - £(1(s) 0)
> a + £(8,0) - f(y(s),0)
= a + f(8,0) - f(y(s) - 2mk,0)

Z a.
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