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ABSTRACT

OPERATIONAL TECHNIQUES FOR APPLIED DECISION
ANALYSIS UNDER UNCERTAINTY

By
Robert P. King

The techniques developed in this study are designed for use
during four phases of an applied decision analysis: problem formula-
tion, the determination of subjective probability distributions, the
measurement of decision maker preferences, and the identification of
preferred choices. When considered together, they represent an
integrated set of techniques which facilitate the application of
decision theory based on the expected utility hypothesis.

Problem formulation is an important first step in any applied
decision analysis. Two important considerations related to problem
formulation are emphasized in this study. First, the need to identify
and classify the factors which have an important impact on the outcome
of the decision to be made is noted, and a classificatory scheme based
on systems identification is presented. Second, the need to give
careful attention to the specification of what is to be decided is
stressed. The desirability of flexible decision strategies in many
situations is noted, and the use of feedback control rules to introduce
flexibility into a strategy is described.

Direct probability assessments of exogenous stochastic factors
and the modelling of more complex stochastic processes are combined
in the procedure for the determination of the distribution of outcomes

associated with any choice which is presented in this study. Under
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this approach, the decision maker's expectations concerning future
levels of critical environmental variables are elicited directly.
Monte Carlo simulation techniques are then used to determine the
effect of these factors on the distribution of outcomes associated
with any particular strategy. The value of this approach is greatly
enhanced by the generalized procedure for the generation of sample
vectors from multivariate distributions with non-normal marginals,
which was developed as part of this study.

With regard to the measurement of decision maker preferences,
shortcomings of both single-valued utility functions and commonly used
efficiency criteria such as first and second degree stochastic
dominance are identified, and a new approach to the measurement of
decision maker preferences is presented. This new procedure permits
the construction of interval measurements of a decision maker's absolute
risk aversion.

Unlike other preference measurement function procedures, it allows
the direct specification of the degree of precision with which pre-
ferences are measured, since the absolute risk aversion interval can
be of any desired width. Interval measurements of this sort can be
used in conjunction with the evaluative criterion of stochastic
dominance with respect to a function to order alternative choices.

The final methodological contribution of this study is the formu-
lation of a generalized risk efficient Monte Carlo programming model,
which combines random search procédures, Monte Carlo simulation, and
evaluation by the criterion of stochastic dominance with respect to

a function within a single analytical framework for the identification
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of preferred choices. This model is flexible and computationally
efficient, and it is well-suited for use in the analysis of a wide
range of practical decision problems.

The methodological tools developed in this study are applied to the
analysis of two related problems, The first is concerned with land
rental and crop production decisions on a small cash grain farm under
conditions of uncertainty with respect to prices, yields, and time
available for fieldwork. In the second problem analyzed, these same
decisions are considered in conjunction with the selection of a
flexible marketing strategy which evaluates forward contracting

strategies over a seven-month period.
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CHAPTER 1
INTRODUCTION

1.1 Background and Need for the Study

Uncertainty is that state of knowledge in which the consequences
of actions being considered cannot be specified exactly; it is that
condition in which knowledge is to some degree imperfect or incomplete.]
As such, the presence of uncertainty is a basic fact in nearly all
decision situations.

Though almost always present to some degree, uncertainty is not a
factor which must be considered explicitly in every instance. Often the
consequences of ignoring imperfectionsin knowledge are judged to be
minimal, and decisions can be made as though all relevant factors were
known with certainty. In many other instances, however, when the
outcome of an important choice is highly uncertain, the failure to
consider uncertainty explicitly may not be justifiable.

Uncertainty can have an important impact both on the process by

which decisions are made and on the character of decisions themselves.

Learning, which has no value when knowledge is perfect, becomes a

]Knight's (1921) distinction between risk and uncertainty is not
made in this study. General acceptance of Ramsey's (1931) observation
that knowledge of the true probability distribution of a random variable
is not possible obviates the need for this distinction. It is important
to recognize, however, that degrees of uncertainty can vary and that a
decision maker's state of knowledge has an important impact on his
actions (Wald, 1947; Johnson and Lard, 1961).
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potentially worthwhile activity under uncertainty. As a result, the
decision maker's attention may be focused primarily on the decision of
whether or not to continue learning rather than on the actual choice of
an action to be undertaken.] When learning stops and a choice of
actions is made, the character of that choice may also differ from that
of one made under certainty. For example, decisions made under uncer-
tainty often take the form of flexible strategies which make forth-
coming actions contingent upon future events that the decision maker
can observe but cannot contro].2 Such strategies would be of little
value if knowledge were perfect and all future occurrences could be
known in advance. The presence of uncertainty also affects the character
of the decision rules used to identify a preferred choice. Decision
rules which give explicit consideration to uncertainty generally
require more specific information about decision maker preferences
than is required under certainty, and they must permit the synthesis of
this normative information with probabilistic information about the
possible outcomes of any choice being considered.

Despite these and other impacts of uncertainty in the decision
process, uncertainty is often not considered explicitly in the analysis
of decisions upon which it may have a profound effect. In many instances
the failure to give proper attention to such an important factor is not

due to a lack of recognition of the impacts of uncertainty or to

1The role of learning in the decision process is discussed in
Bradford and Johnson (1953) and in Johnson and Lard (1961). More
recently, the work of Aoki (1975), MacRae (1975) and others have dealt
with the "dual-control" problem of learning and setting policies
simultaneously.

2Massé (1962), Cocks (1968), Rae (1971), and Day (1975) have all
stressed the importance of such adaptive decision strategies.
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inadequacies in the theory of decision making under uncertainty. Rather,
this failure can often be attributed to a lack of workable analytical
techniques which permit the explicit consideration of uncertainty in
the analysis of practical decision problems, techniques which are
flexible enough to allow the application of powerful theoretical results
in a wide range of complex situations.

This study is concerned with the development of an integrated set
of techniques which facilitate the incorporation of explicit considera-
tions of uncertainty into a decision analysis. Particular emphasis is
placed on the development of methodological tools which make the applica-
tion of decision theory based on the expected utility hypothesis more
feasible in a wide range of practical problem solving contexts. The
expected utility hypothesis has been the basis for much of the body of
theory concerned with decision making under uncertainty and has been
used to explain a diverse range of behavioral patterns.] It is also a
potentially powerful tool for the analysis of decision problems in a
practical context. But for a few notable exceptions such as Grayson
(1960), Howard, Matheson, and North (1972), and Keeney (1973), however,
this body of theory has rarely been applied successfully in the solution
of nractical decision problems.

A number of difficulties have limited the usefulness of decision
theory based on the expected utility hypothesis. The expectations and

preferences of decision makers have proved to be difficult to determine

]Notable among the theoretical applications of the expected utility
hypothesis are the important early articles by Friedman and Savage (1948),
the more recent work of Samuelson (1967) and Ehrlich and Becker (1972),
and the extensive literature concerned with portfolio selection they
based on the work of Tobin (1958), and Markowitz (1959) and Baumol
(1970), among others,
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and represent accurately, and, as Zadeh (1973) and Watson, Weiss, and
Donnell (1979) note, it is somewhat paradoxical that extremely precise
decision rules based on the expected utility hypothesis are applied in
situations where relevant information is highly imprecise. Computa-
tional problems associated with the implementation of expected utility
maximizing decision rules are also a source of difficulty. Often they
force the imposition of restrictive assumptions on the way expectations
and preferences are represented and so further limit the theory's
usefulness in an applied context (Anderson, 1975). Finally, as Johnson
(1976), Day (1964), Cyert and March (1963), and others have observed,
much more than the appreciation of a decision rule is involved in the
choice process. Even when other methodological difficulties can be
resolved, decision theory based on the expected utility hypothesis can
be successfully applied only if a better understanding of problems and
the process by which they are resolved is attained.

These difficulties are serious ones, but they stem from problems
with the way decision theory has been applied rather than from the
theory itself. They point to a need to develop methodological tools
which can be used to make decision theory based on the expected utility

hypothesis truly operational in a practical context.

1.2 Problem Statement

In response to this need, this study focuses on the problem of
formulating an integrated set of operational techniques for the analysis
of decision making under uncertainty, techniques which are consistent
with theory based on the expected utility hypothesis and which overcome

a number of the problems encountered in earlier attempts to apply that
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theory. Within this broad problem, four more specific areas of diffi-
culty can be identified: problem formulation, the determination and
representation of expectations, the measurement of decision maker
preferences, and the identification of preferred choices.

A problem is said to exist when "a condition, situation, or thing
is not as good or is worse (more bad) than it could be," (Johnson,
1976, p. 270). Before the information needed to resolve a problem can
be collected and analyzed, before a course of action can be selected
and implemented, the problem itself must be clearly defined. Problem
formulation is the process by which such a problem definition is
developed. It requires that performance criteria, choice variables, and
relevant factors in the decision situation which are beyond the control
of the decision maker must be defined and that the nature of the decision
to be made must be clearly specified. Despite its importance, problem
formulation is often given relatively little attention. Frequently,
for example, the definition of a problem under consideration is dictated
by the computational tools to be used as aids in its resolution. As a
result, important sources of uncertainty may not be considered and the
special character of decisions made under uncertainty may be ignored.
Despite insights provided by Johnson (1961a), Cyert and March (1963),
Churchman (1968), Day (1971, 1975) and others, then, problem formulation
continues to be a problem in the analysis of decisions made under
uncertainty.

The process of selecting a course of action which will best resolve
a particular problem requires the synthesis of two types of knowledge:

(1) positive knowledge, which pertains to beliefs about what is, what
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will be, and what can be done; and (2) normative knowledge, which pertains
to beliefs about the goodness or badness of particular conditions,
situations, and things. The product of such a synthesis is prescriptive
knowledge, which allows the decision maker to prescribe or specify the
right strategy or set of actions.]

Expectations concerning the relative likelihood of alternative
events occurring in the future represent an important part of the posi-
tive information required in any applied decision analysis. A number
of methodological problems arise in connection with the determination
and representation of expectations. Frequently, they are not well
formulated in the mind of the decision maker, who may not be accustomed
to thinking in probabilistic terms or may simply not be familiar with
a particular factor which may have a significant impact on the conse-
quences of his choice. Even when the decision maker's expectations are
well formulated, problems may arise because he is unable to express them
in a form which is useful analytically. Other difficulties may stem
from the fact that the process by which the outcomes of particular
actions are determined may be so complex that it cannot be comprehended
as a unified whole. Given these problems, there is a need for proce-
dures which help the decision maker structure his own thoughts and
help him to use information from more expert sources, a need for tech-

niques which allow the decision maker to break down complex processes

1The distinctions between "right" and "wrong" and "good" and "bad"
made by Lewis (1955), is an important one. The adjectives "right" and
"wrong" refer to the nature of an act, while "good" and "bad" refer to
the conditions existing prior to an act or to its consequences. To say
a condition or consequence is good is the statement of a normative
belief. To say that an act is right is the statement of a prescriptive
belief which is founded both on positive information concerning the con-
sequences of the act and on normative information pertaining to the
quality of goodness of the consequences.
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into more comprehensible sub-processes about which expectations can be
more easily formulated and then reintegrate that information for use
in the decision analysis.

Information on decision maker preferences is the primary normative
input in any decision analysis. Problems associated with the measure-
ment and representation of preferences also cause serious difficulties
in the analysis of decisions made under uncertainty. Currently avail-
able measurement techniques are used to construct single valued utility
functions, which are precise but often inaccurate representations of
preference, and many place little faith in them. Efficiency criteria
based on stochastic dominance, on the other hand, require little
specific information about the decision maker's preferences, but they
often fail to order choices and may not eliminate enough alternatives
when a large number must be evaluated. These difficulties indicate
that there is a need for preference measurement techniques which are
more reliable and easier to use in an applied context.

The fourth major area of difficulty is that of identifying a pre-
ferred choice or set of choices from what may be an infinitely large
number of alternatives. This requires the synthesis of both positive
and normative information, the simultaneous consideration of both
expectations and preferences. Mathematical programming techniques are
commonly used as computational aids in the solution of complex quanti-
tative problems. They are best suited, however, for use in situations
where uncertainty is not a major factor. As Anderson (1975) notes,
the use of mathematical programming in the analysis of decisions made
under uncertainty often requires that rather severe restrictions be

placed on the manner in which a decision problem is posed and in the way
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information on expectations and preferences is represented. These

difficulties point to the need for more flexible computational procedures.

1.3 Objectives of the Study

The problems which motivate this study are primarily methodological.
They have important implications, however, for the analysis of decision
problems in a practical context. In response to them, the objectives of
the study are:
1. To present a framework for problem formulation which can
serve as a guide in the identification and structuring of
information required for the analysis of decisions made
under uncertainty.
2. To review procedures used in the elicitation of information
on decision maker preferences and to refine techniques for
the determination of probability distribution for outcomes
which are the result of complex processes affected by a
variety of stochastic factors.
3. To develop and test a technique for the measurement of
decision maker preferences which is well suited for use
in an applied context and which overcomes some of the
difficulties associated with other preference measurement
procedures.
4. To formulate and make operational a computational proce-
dure for the identification of preferred choices which is
flexible enough to be used in the analysis of a wide
range of practical problems and which imposes few restric-
tions on problem formulation or on the representation of

decision maker expectations and preferences.
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The fulfillment of each of these four objectives contributes to
the primary purpose of this study, which is to develop an integrated
set of techniques for use in the analysis of decisions made under
uncertainty. Emphasis should be placed on the fact that the usefulness
of the techniques presented below is greatly enhanced by their having

been combined within a single methodological framework.

1.4 Plan for the Remainder of the Study

The principle objectives of the study are addressed in the next
four chapters. Problem formulation is the subject of Chapter II. Par-
ticular emphasis is given to the usefulness of system identificatidn
(Manetsch and Park, 1977a) as an aid in structuring information in a
practical decision context. The need to recognize the importance of
opportunities for learning and adaptive behavior and the impact such
opportunities have on the character of decisions is also stressed.

Techniques for determining decision maker expectations are described
in Chapter III. Procedures for eliciting information on subjective
probability distributions are reviewed, and the use of Monte Carlo
simulation techniques to model the performance of complex stochastic
systems for which outcome distributions cannot be determined analytically
is discussed. The value of this approach is greatly enhanced by the
generalized multivariate process generator developed as part of this
study. Described in detail in Appendix A, this analytical tool can be
used to model multivariate probability distributions defined by marginals

of any form and by any positive definite correlation matrix.
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The measurement of decision maker preferences is the subject of
Chapter IV.] Procedures used to derive single valued utility functions
are first reviewed, and several commonly used efficiency criteria are
discussed as possible alternatives to the use of single valued utility
functions in applied decision analyses.2 A more general and more
powerful efficiency criterion, stochastic dominance with respect to a
function (Meyer, 1977a), is then described and a new approach to the
measurement of decision maker preferences, developed as part of this
study for use in conjunction with this criterion, is introduced. This
new approach allows the analyst to specify the degree of precision with
which decision maker preferences are measured. Results of an experi-
mental test of this technique are also presented. They demonstrate its
flexibility and its predictive power.

Computational procedures for the identification of preferred
choices are the subject of Chapter V. Uses of mathematical programming
techniques in the analysis of decisions made under uncertainty are
reviewed first, and the major shortcomings of these techniques are
identified. A new procedure for the identification of preferred choices
which combines random search methods, simulation techniques, and evalua-

tion by the criterion of stochastic dominance with respect to a function

]Though the importance of multiple objectives in many decision
situations is recognized, attention in this study focuses entirely on
preference relationships which depend only on the level of a single
performance criterion.

2Computer programs used in the implementation of this technique
are listed in Appendix B.
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is introduced and described in detaﬂ.1 This computational tool is
remarkably flexible, placing few restrictions on the way probabilities
and preferences are represented or on the general form of the problem
to be solved.

Two related examples are used to illustrate the techniques developed
in this study. Both are concerned with decisions affecting the opera-
tion of a southeastern Michigan cash grain farm. The simpler of the two
examples, which focuses on land rental and crop mix decisions under price
and yield uncertainty, is discussed at the end of the four methodological
chapters. It is used to demonstrate how techniques for problem formula-
tion, the determination of expectations, the measurement of preferences,
and the identification of preferred choices can actually be applied.

The second example, which considers the selection of a marketing strategy
in conjunction with production and land rental decisions, is the subject
of Chapter VI. Again prices and yields are uncertain. The marketing
strategies considered may include cash sales at harvest, forward
contracting,or any combination of these. Emphasis is placed on the
adaptive nature of such strategies and on the impact of preferences on
the combined production-marketing strategy selected.

Finally, in Chapter VII the strengths and weaknesses of the inte-
grated set of techniques developed in this study will be discussed.
Particular attention will be given to an evaluation of the range of
applications for which these techniques can be of use and to the identi-

fication of areas where further methodological improvements are needed.

lThe computer program which implements this decision model is
presented in Appendix C.



CHAPTER 11

PROBLEM FORMULATION IN THE ANALYSIS OF
DECISIONS MADE UNDER UNCERTAINTY

2.1 Introduction

A problem exists "when an indeterminate situation, present or
projected, is regarded as unsatisfactory and a more satisfactory alter-
native situation is sought" (Johnson and Zerby, 1973, p. 3). Management
is the process by which problems of a practical nature are resolved.]
In describing the managerial process, Johnson (1976) has identified six
major types of activities: problem definition, observation, analysis,
decision, execution, and responsibility bearing. This study is concerned
primarily with the development of analytical tools which can aid the
decision maker during the analysis and decision phases of the management
process--tools which facilitate the determination of distributions of
outcomes associated with alternative actions, the measurement of decision
maker preferences, and the application of decision rules used to identify
preferred choices. These tools can be of little use in a practical

context, however, if the problems to which they are applied have not

been clearly and correctly specified.

1As Johnson and Zerby (1973) note, problems can be practical or
theoretical in nature. Practical problems are those which are related
to the choice of an action and so demand some form of resolution.
Theoretical problems, on the other hand, are not linked to a definite
acti?n ghich can be fixed in space and time and so may never be fully
resolved.

12
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Problem formulation is the process by which a problem is defined
and structured for analysis. It is the process by which features of the
problematic situation judged to have an important impact on the choice
to be made are identified and classified and the process by which the
nature of the decision to be made is specified. The product of this
process should serve as a guide in the collection of additional infor-
mation, should provide a framework for the organization of that infor-
mation, and should help structure the analysis which leads to a decision.
As such, problem formulation is a critical activity within any applied
decision analysis. Major expenditures of resources for information
gathering and analysis may be required before a choice can be made in
some decision situations. These resources can be used effectively only
if the problem under consideration is clearly and correctly defined. A
carefully determined solution to an irrelevant problem is of 1little use.

Problem formulation is the subject of this chapter. The discussion
in subsequent sections focuses on two important aspects of the process
of problem formulation: the identification and classification of
variables relevant to the analysis of a particular problem and the
actual specification of what is to be decided. With respect to both of
these activities, emphasis is placed on the need to recognize the
dynamic character of many decision situations and the impact it has on
the choice process. The need to recognize the role of learning and
the effect it has both on the way problems are formulated and the manner
in which decisions are made is also stressed. The purpose of this
discussion is not to introduce new concepts or to develop a comprehensive

procedure for problem formulation. Rather, it is to restate some
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valuable observations made by others and to present a general view of
decision problems and a working vocabulary for the discussion of them
that can provide insights into the process of problem formulation.

2.2 The Identification and Classification
of Factors Relevant to the Decision

At the outset of a decision analysis the problem under consideration
may be only vaguely defined in the mind of the decision maker. To better
understand the nature of the problem, one of the first tasks usually
undertaken is the identification of factors judged to have an important
impact on the choice to be made. Not only does this help to clarify the
problem, but it also establishes a set of variables which can be the
focus of observations and analysis. As more is learned about the pro-
blem, this set of relevant factors is, of course, repeatedly revised.

Efforts to identify the important factors in a particular decision
situation are facilitated by the presence of a general classificatory
framework which suggests broad types of variables that should be con-
sidered. Such a framework is presented by Manetsch and Park (1977a) in
their discussion of system identification. A system can be defined as
a collection of objects or processes which interact to perform a given
function or set of functions. System identification is a generalized
scheme for structuring information about the characteristics of par-
ticular systems. It is a particularly valuable classificatory frame-
work in a practical problem solving context because it is well suited
for the description of static as well as dynamic decision problems and
because it encourages the explicit consideration of the sources of

uncertainty in any particular situation.
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Manetsch and Park identify five broad classes of variables which
should be considered in any decision situation: system outputs, con-
trollable system inputs, exogenous system inputs, system state variables,
and system design parameters. These are the major elements in Figure 2.1.
Before discussing each of these categories it should be noted that a
"system" is a concept rather than an actual entity. The definition of
a system--the specification of its functions and component processes--
depends on the purposes for which it is being considered. In the analysis
of a particular decision, the function of the system considered should
be to determine or at least affect the situation or condition which is
judged to be problematic, and the system's component processes should
include all those which have an important impact on that situation. For
example, the problem facing a farm family may be that its standard of
living is unacceptably Tow. In trying to improve this unsatisfactory
situation they will want to consider the system whose functions it is to
provide them with the resources for obtaining food, clothing, shelter,
and other necessities. The component processes within that system
would be that set of processes by which such resources are generated--a
set which might include farm production and marketing, off-farm work,
and public assistance.

System identification begins with the specification of system
output variables. System outputs are the products of the processes
which comprise a particular system; and system output variables, which
measure levels of system outputs, should serve as indicators of the
degree to which the system under consideration performs its designated

functions. They should be the basis for a reliable representation of
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all relevant features of system performance, providing information
about both the desired and undesired impacts of any choice being con-
sidered. For this reason, considerable care should be taken in identifying
system output variables. In some situations all relevant information may
be conveyed by a single output measure, but in other instances more than
one system output variable is needed to adequately represent system
performance. For the family in our example, net annual household income
may be an adequate measure of system performance; but it may be necessary
to specify other system output variables if, for example, there are
important costs associated with the acceptance of public assistance
which are not reflected by the level of net annual income.

System output levels are determined by inputs to the system and by
its structure. System inputs are factors or stimuli emanating from
outside the system which affect its performance. They can be classified
as controllable or exogenous. Controllable system inputs are those for
which a level can, to some degree, be specified by the decision maker.
The level of a controllable system input may represent an amount of some
physical factor of production flowing into one of the processes within
the system or it may specify a level of some well defined activity. In
our example the set of controllable system input variables might include
designations of levels for each farm production enterprise and for
hours of off-farm work activity and a binary variable indicating parti-
cipation or non-participation in public assistance programs.

The levels of exogenous system inputs cannot be determined by the
decision maker. Rather, they are determined by the system environment,

a set of processes which affect system performance but are not, in turn,
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significantly affected by the system's behavior. The set of exogenous
system inputs in our example might include farm product prices, levels
of rainfall, wage rates, and levels of public assistance. All of these
have a potentially important impact on the family's standard of living
but are beyond its control. The distinction between the system and
its environment is not always evident, nor is it necessarily fixed.
It depends on the problem under consideration and on the power of the
decision maker. The distinction is an important one, however, especially
in the analysis of decisions made under uncertainty, since stochastic
factors in the environment can be viewed as the primary source of uncer-
tainty in most decision situations.

System structure determines the relationship between system inputs
and system outputs. The structure of a system is described by system
state variables and by system design parameters. State variables are
descriptors of the state or condition of a system at any point in time.
In general system outputs can be viewed as functions of the system's
state at some specified time or as functions of the system's state
through time. In addition to determining system output levels, the
state of the system may also affect the range of allowable levels for
controllable system inputs. Therefore, it is important to give careful
consideration to the specification of system state variables. In our
example the set of system state variables related to crop production
processes might include current levels of acreage planted to each crop
grown, current amount of each crop harvested, current crop production
expenses incurred, and current crop sales receipts.

System design parameters define the relationship between inputs to

the system and its resultant state. As such they describe the processes
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which comprise the system. With regard to the crop production pro-
cesses in our example, the set of system design parameters could include
variable production costs per acre of each crop grown, time required to
plant or harvest an acre of each crop grown, and parameters indicating
tillage practices and standard procedures concerning the order of pro-
cedures for the planting and harvesting of each crop. System design
parameters have an important impact on system performance, and in some
instances they can be altered by the decision maker. For example, a
change in tillage practices may significantly affect both timeliness and
crop yields for the farm in our example. Such a change, however, may be
costly. As a result, alterations in system design are usually under-
taken only in response to serious problems which cannot be resolved by
other means.

In any decision analysis variables in each of these categories
should be identified. The analysis itself focuses on the specification
of a strategy to be undertaken to resolve the problem being considered.
A strategy is defined by desired levels for controllable system input
variables and by the new values of any system design parameters that
are to be changed. Manetsch and Park (1977a) define "management" or
"control" as the process by which desired levels for controllable system
input levels and "design" or "planning" as the process by which specifi-
cations for system structure are made.] In general there are 1imits on
the range of strategies that can be undertaken in any particular situa-

tion. As indicated earlier in Figure 2.1, the state of the system,

]This concept of management is a much more narrow one than that used
in this study. The management of a system is but one activity within the
broader managerial process.
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system design parameters, and factors in the environment all affect
the control process. They impose constraints which restrict the
allowable range of values for controllable system input variables.
Though not shown explicitly in Figure 2.1, similar constraints also
1imit design changes. As the process of system identification proceeds,
then, it is also important to identify those factors which restrict the
range of available choices.

To this point in the discussion systems have been viewed as
essentially unidirectional processes which convert inputs to outputs.
This view is limited because it fails to recognize the fact that as
strategies are implemented there may be opportunities for learning and
for revising chosen plans of action on the basis of newly acquired
4 nformation. Introduction of the concept of feedback into our view of

s ystem identification helps to overcome this limitation. Feedback is
T he return flow of information (both positive and normative) on the
S tate of the system and into environment to the central process unit.

R e cognition of the feedback loop between the set of system state

v&a wiables and the control unit changes our conceptualization of the

P ¥ —@«cess by which inputs are transformed to outputs from one which is

€= =sentially unidirectional and disjointed to one in which this process

is viewed as a continuous cycle or closed loop. This is a more

rea 1istic way of representing the context in which decisions are made,
€S pecially in situations where the impact of uncertainty is important.
Mos t decisions are not made in isolation, nor are they implemented

1“S‘at:antanecusl,y. Rather, they are made sequentially, and the outcome
Of one decision affects the opportunity set from which future choices

Can be made. Furthermore, because decisions are implemented over a
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period of time, there are often opportunities to revise them. In such
a context, learning is of considerable importance, and feedback in the
medium through which learning takes place. The recognition of such
informational flows can have an important impact on the specification
of what is to be decided. Therefore, there is a need to consider such
factors during the process of problem formulation.

Finally, it should be noted that the identification and classifica-
tion of the important factors in a particular decision situation is, in
itself, a learning process. A decision maker's view of a problem and of
the set of processes by which that problem can be resolved is repeatedly
revised and made more complete. This kind of learning continues until
further efforts are judged not to be worthwhile or until the decision

maker is forced to take an action.] The degree of detail included in
T he description of a particular system, then, depends on the usefulness
o T that detail in helping the decision maker determine his preferred

c ©O urse of action.

2 - 33 The Specification of the Decision to be Made

As was noted in Chapter I, the presence of uncertainty can have
Qs important impact on the character of decisions. A1l situations
Twrawrolving uncertainty are, in a sense, dynamic, since they are charac-
te v ized by changes in the decision maker's knowledge through time.
Ore makes a choice and begins to act in the present, but only later do

the consequences of one's actions come to be known. Often the outcomes

]Johnson and Lard (1961) relate the decision of whether or not to
COntinue learning to five more formally defined knowledge situations:
®arning, forced learning, forced action, inaction, and risk.
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associated with a particular strategy unfold over an extended period of
time, and there are opportunities for learning as the strategy is
implemented. The existence of such opportunities may make it desirable
to introduce flexibility into the specification of a decision strategy.
The strategy becomes a conditional plan--a set of contingency rules
which direct actions on the basis of currently available information.
In this way the importance of future opportunities for learning is
recognized explicitly when a choice is made. Though not all decisions
made under uncertainty take this form, many do. The discussion in this
section will focus, in part, on the specification of flexible strategies
based on feedback control rules.
Another important consideration which affects the character of
decisions is the length of the planning horizon. Because current
< hoices have an impact on future opportunities, it is often necessary
TO formulate strategies which extend into the future. When knowledge

7 = perfect,it is possible to specify future actions extending over an

7 r» Finite planning horizon. When knowledge is not perfect and reliable

7 r» Formation about future events can be attained only at considerable

CO = t, on the other hand, the time horizon for which it is worthwhile

to formulate a plan may be shortened considerably (Modigliani and

Co hen, 1961; Kleindorfer and Kunreuther, 1978). Specification of the

re T evant planning horizon and the distinctions among a plan, a decision,

and ap action, then, will also be considered in this section.

————

t 1Dreyf‘us (1968) demonstrates that flexible strategies are superior
O inflexible ones in multistage decision problems and uncertainty.
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Before beginning the discussion it should be noted that the

specification of what is to be decided, 1ike the identification and
classification of the important factors in a decision situation, is a
process which continues throughout a decision analysis. As more is
learned about the problem at hand, as observation and analysis continue,
one's conceptualization of what is to be decided is repeatedly revised,
and refinements in this aspect of problem formulation continue until

further changes are not worthwhile.

2.3.1 The Specification of Feedback Control Rules

A feedback control rule is a rule for processing current informa-
tion on the state of a system and its environment in order to repeatedly
update desired controllable system input levels. Feedback control rules

<an take a variety of forms. They can be as simple as the statement,
** If the forward contract price of corn is below $2.00 on May 1, I'11
c onply with the federal set aside program requirements; if it's above
£ 2.00, I won't participate." Alternatively, they can be complex
¥ s nctions of several state variables. In specifying a feedback control
Y ax T1e to determine the level of some controllable system input variable
QT any point in time, one must be concerned with the identification of
S T ate variables which can be expected to have a significant impact on
the desired level of the controllable system input being considered,
WT th the form of the rule, and with the actual parameters of the rule.
The simple feedback control rule stated above determines the level
of a binary controllable system input variable which has a value of 0
if the operator chooses not to participate and 1 if he chooses to par-

ticy pate. The only state variable affecting the choice of a level for
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this variable is the forward contract price of corn. The form of the
rule is that of an "if-then" statement, and the parameters of the rule
are a forward contract price of corn--$2.00--and a date when a decision
will be made--May 1, It should be noted that the effectiveness of the
rule is affected by the variables considered, by its form, and by its
parameters, A1l affect its impact on system performance, and in
selecting a preferred management one may be concerned with the specifi-
cation of all three factors. It should also be noted that this rule is
but one component of a management strategy which might include other
feedback control rules and direct specifications of some controllable
system inputs.
The specification of feedback control rules can be a difficult
task in more complex situations. In some special cases optimal control
methods can be used to derive feedback control rules which optimize
s ystem performance, but the presence of uncertainty greatly complicates
T he application of these analytical too]s.2 Often, then, it is necessary
T O specify a general form of a control rule and perform experiments to
& & termine its parameters. A simple example related to forward contracting
S €« rategies by cash grain farmers should help to explain how a reasonable
T © wm for a feedback control rule can be determined.
Let v(t) be a controllable system input which specifies the number

O ¥  bushels of corn which, at time t, the operator contracts to deliver

]In reality, of course, other variables may affect this decision.

2Optimal control techniques are discussed in detail in Aoki (1967),
Karreman (1968), Sage (1968), and Kirk (1970). The first two are con-
Cerned with optimal control decisions under uncertainty.
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at harvest. Let x(t) be the total number of bushels contracted prior
to time t--i.e. x(t) = :E:: v(t)--and let d(t) be the total number of
bushels the operator desires to have contracted at time t. The level of
v(t) is defined by the following expression:
v(t) = d(t)-x(t) if d(t)>x(t) 2.1
0 otherwise
This is a feedback control rule which specifies the level of v(t) at
any point in time. That level is equal to the difference between
desired and actual contracting levels to date. Since a contract, once
made, cannot be dissolved, however, levels of v(t) are restricted to
non-negative values.
Actual contracting levels can be observed, but desired contracting
T evels cannot be.] In order to implement this rule, then, a more
c onmplete specification is needed, a specification which defines desired
c ontracting levels as a function of observable variables.
The projected size of the operator's corn harvest, h(t), is one
T &a ctor upon which the desired level of contracting is expected to
depend. Initially, then, d(t) might be defined by the expression
d(t) = sh(t) 2.2
whs § ch implies that the desired level of contracting is some specified
fr-a ction,s, of the projected corn harvest. This is not a very satis-
factory specification, however, because the operator's estimate of how
MAany bushels of corn he expects to harvest may not change much over the
Per jod during which the rule is to be applied. Furthermore, this

SPec1{ fication ignores the impact of prices on desired contracting levels.

e ————

111" the operator knew his desired contracting level, he would have
"0 need for this rule.
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An additional factor which should be considered, then, is the
sign and magnitude of the difference between the current forward contract
price, c(t), and the farmer's current estimate of the expected cash
price at harvest, e(t).] The more the contract price is above the
expected cash price, the more the farmer will wish to have contracted;
the more it is below the expected cash price, the less he will wish to
have contracted. Therefore, a revised specification of d(t) could be:

d(t) = h(t)[a(c(t)-e(t))] 2.3
where a is a positive constant.

The desired level of contracting may also depend on movements of
the contract price. If it is rising rapidly the farmer may wish to
delay the commitment of an additional portion of his crop to a forward
contract. On the other hand if the contract price is falling he may

wish to lock in a relatively high price. To reflect this, the specifi-

c ation of d(t) can be further revised so that

a(t) = h(t)[alc(t)-e(t))+s LLth 2.4

whrere dc(t)/dt is the rate of change in the contract price and 8 is a
Negative constant. The interaction between the two terms in brackets
Shyould be noted. If the contract price is falling but is less than the
€>< pr»ected cash price, the first term should override the second, and no
Ne&ww contracting will be desired. On the other hand, if the contract
Pr 1 ce is both above the expected cash price and falling, the two terms
Y7 nforce each other to raise the desired contract level.

—_——

]The expected cash price at harvest, e(t), can be determined by
An expectations model, the complexity of which can be determined by
the requirements of the particular decision situation.
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A third factor which could influence a forward contracting strategy
is the percentage of desired corn acreage actually planted at time t,
p(t). Fearing unusually bad weather which could delay or prevent the
planting of some of the specified acreage, some operators may hesitate
to contract much of their projected harvest until planting is nearly
complete. Similarly, many farm operators, fearing the consequences of
a sharp downturn in prices, desire to have some of their crop contracted
in nearly all situations. Therefore, the specification of d(t) can be
revised once again to become

d(t) = h(t)[alc(t)-e(t))+s LL) 4yp(t)] 2.5

where y is a positive constant.
One other restriction on d(t) should be noted. In some situations
T he desired contracting level implied by the specification above may be
ex nacceptably high either for the farm operator or for the manager of
T he local elevator. Therefore, it may be advisable to establish an
u P per bound on d(t). This can be considered to be a prespecified con-
S T raint or it can be treated as a parameter. In this case the upper
b wand on d(t) will be set at 1.5 h(t), which implies that a maximum of
15 O percent if the projected crop can be contracted.]

By substituting the right hand side of equation 2.5 for d(t) in
eqQ wuation 2.1, the feedback control rule can be expressed in a form
Wh i ch contains only observable variables. This rule has been presented
ONTy as a relatively simple example of the types of rules that can be

SPecified. In some situations it may be desirable to consider more

—_—_————

]Due to the form of the feedback control rule no lower bound on
d(t) is needed. Such a Tower bound could be specified, however, if
Necessary.
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factors and to experiment further with functional form. The power of

such a rule should be evident, however. Once a functional form has been

speci fied and values for the three parameters have been selected, an
adaptive marketing strategy for an entire year has been established, a
strategy which only requires information which is readily available

to any farm operator and which allows the decision maker to take advan-

tage of opportunities to learn. In many decision situations such a

rule may be preferable to a management strategy which specifies an

inf 1exible marketing strategy prior to the planting season.

2.3.2 Plans, Decisions, and Actions

The preceding discussion has shown how the incorporation of feed-
bac k control rules into the specification of an action strategy intro-

duces flexibility into the concept of what is to be decided in a

Par tjcular situation. In attempting to gain a better understanding of

the general characteristics of decision problems involving uncertainty
and 4y giving further consideration to the basic question of what con-
ST tutes an action choice, it is also important to draw clear distinc-
ti Omns among the three related concepts of a plan, a decision, and an
ACt ion. The distinctions made here parallel those made by Modigliani
ANdA  Cohen (1961) and by Day (1971).

A plan is a strategy for controlling system performance through
ma"\agement or design which extends into an uncertain future--a strategy

ba'é‘bed on information about the current situation and on expectations

c°"\cerning future events. In general plans can be altered. Such

al terations may be costly, however, because resources must be expended

to gather and analyze new information and to reformulate the plan
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itsel1f and because actions undertaken to implement the initial phases
of a pTan may restrict the opportunities open to a decision maker.]

A decision, on the other hand, is a choice which is essentially
irrevers-ible. It is that part of a plan which is to be implemented
before <Further planning is undertaken. As such, decisions are the
desired output of the analytical process which is of primary concern in
this study.

F1i nally, an action is the realization of a decision. In a world
free OF uncertainty, decisions and actions would be effectively identical.
Inmos ¢ instances, however, events that cannot be known with certainty
at the@ <time when decisions are made affect the extent to which they can
be imMmpP 7 emented and, of course, the outcomes associated with them. What
is rea 7 jzed may not be what was chosen. It is necessary, then, to
disty Nguish between decisions and actions.

T here is a crucial interplay among these three activities, an
i“te"‘p'lay which must be recognized during the formulation of decision

Probl ems. Though the primary focus of a decision analysis is on the
choy Ce of actions to be undertaken, one must be aware that the outcomes
of Current decisions affect the opportunity set which circumscribes
fu1t\lre decisions. Therefore, it is often necessary to formulate plans
for periods extending beyond the immediate period in which decisions are
to be implemented. In the multiperiod model of decision making under

COnditions of perfect knowledge developed by Hicks in Value and Capital

——

]This second point is demonstrated by Johnson (1961b)and Johnson
ANnd Quance (1972) in their discussions of asset fixity.
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(1946) the planning horizon is of infinite length, since an event at
any time can have an effect on the total flow of system outputs. In
most cases, however, information is not perfect, and Modigliani and
Cohen (1961) have observed that in an uncertain context forecasts are
subject to error and reliable information about future events can be
attained only at a cost--a cost which is directly related to the degree
of uncertainty and inversely related to the time proximity of the future
event. In such situations it is not worthwhile to formulate plans over
an infinite horizon. Rather, the planning horizon should be extended

L Fur-

only to the point where current decisions cease to be affected.
thermore, actions at the end of the planning horizon need not be planned
in as great a detail as those at the beginning. In formulating decision
problems, then, it is necessary to determine the appropriate length of
the planning horizon,

The act of planning, which involves the collection and analysis
of information, is expensive, however, and it is also important to
consider how often plans should be reformulated. If the costs of
planning are high or if the benefits from it are comparatively low,
frequent revision of plans may not be worthwhile. Therefore, when
formulating decision problems, it is also necessary to consider the
length of what might be termed the decision horizon--the length of

time over which decisions apply and replanning does not take place.

The length of the decision horizon has an important impact on the

1Kleindorfer and Kunreuther (1978) note that the cost of planning
and the length of the planning horizon depend on the costs of fore-
casting future events, the degree of uncertainty, and the computational
costs associated with the determination of an optimal plan.
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character of decisions themselves. When it is short, the importance of
learning through feedback may be minimal, and a valid decision strategy
would specify levels for all controllable system inputs over the entire
decision horizon. When the decision horizon is long, however, imple-
mentation of a decision strategy may involve a series of actions which
are affected by factors that cannot be known with certainty at the
time when decisions are made. In such instances opportunities for
learning may exist, but the reformulation of plans on the basis of new
information is not worthwhile. As a result, the decision may be more
concerned with the choice of adaptive decision rules to be followed
over the entire decision horizon than with the determination of desired
levels for all choice variables over that period. Relating this to the
scheme of system identification, the management process unit is viewed
as a controller which directs system performance through the applica-
tion of feedback control rules.

In formulating rules of this sort, one must also consider what can
be termed an action horizon--the length of time between successive
reassessments of the current situation and expectations for the future
and reapplications of the adaptive decision rule. The action horizon
corresponds to the time increment embodied in a feedback loop. Its
desired length will depend on the cost of monitoring the state of the
system and the environment and on the relative costs and returns of
applying the feedback control rule. As such, the length of the action
horizon also has an impact on the nature of decisions, and attention

should be given to its specification in the process of problem formulation.
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The following example should help to clarify the distinctions among
plans, decisions, and actions. It should also help to demonstrate the
importance of making these distinctions when formulating decision pro-
blems.

Production and investment decisions made by farmers in any given
year have an impact on their operation for a number of subsequent years.
They affect future cropping patterns, levels of available resources, and
cash flow requirements, though their exact impact cannot be known in
advance due to uncertainties with respect to a number of environmental
factors beyond the control of the individual decision maker. Farmers
find it desirable to formulate production and investment plans, then,
but the high degree of uncertainty they face may cause them to limit
their planning horizon to, perhaps, three years. Once a farmer has
begun to implement his plan--once he has purchased seed, fertilizer,
and other inputs needed to grow the first year's crops and, perhaps,
new land or machinery--a decision has been made and in most cases exten-
sive revision of his plan will not be worthwhile until the end of the
crop year. It can be said, then, that the decision horizon is approxi-
mately one year. The farmer's decision should not be considered to be
a rigid strategy which defines his actions for each day of that year,
however. Rather, it is a set of specified levels for major controllable
system inputs and a set of adaptive decision rules which structure
future efforts to collect and analyze information and direct his actions
in response to changes in the state of his operation and the environment.
For example, a management strategy could be comprised in part of a set
of desired acreage levels for each cropping activity and a set of adap-

tive rules which automatically adjust the crop plan in response to
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information on current acreage planted and changes in relative prices.
A simple adaptive rule might be to shift unplanted corn acreage to
soybeans if the forward contract price for corn is below $2.10 and the
contract price for beans is higher than $6.50. If such a rule were
applied weekly, the action horizon would be said to be one week.

It is important to recognize the impact of each of these activities--
planning, decision making, and action--on the conceptualization of the
decision problem. Failure to recognize the need to plan may lead to
decisions which, while beneficial in the short run, have a harmful long-
run impact on the system. Similarly, it must also be recognized that
planning itself is expensive and that in most cases a period of time
exists over which extensive plan revision is not worthwhile. A portion
of any plan, then, can be viewed as a decision which will not be altered.
Finally, recognition of the fact that uncertain aspects of the environ-
ment are likely to affect the implementation of. any decision and that
opportunities for learning and adaptive behavior exist when the decision
horizon is relatively long leads to the conclusion that in many instances

decision makers should choose flexible rather than inflexible strategies.

2.4 A Formal Statement of the Decision Problem

In the analysis of complex decision problems it is often
desirable to make a formal statement of the problem to be resolved.
When mathematical decision aids such as those developed in this study
are used in the decision analysis, this may be a necessity. In the
most general terms, the basic decision problem under uncertainty can be
stated in the following manner: identify a feasible action strategy

which results in system performance over a specified time horizon that
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can be considered optimal according to some relevant evaluative cri-
terion. System performance is measured by system output variables,
at least some of which are stochastic. An action strategy is defined
by a set of controllable system input levels and/or by a set of control
rules which determine the Ievels.] This is, in essence, the statement
of a stochastic optimal control problem. Though it may be impossible
or prohibitively expensive to find the truly optimal solution to such
a problem in most decision situations, this is a generalized formal
statement of the problems decision makers seek to resolve. It is a
problem which requires information on the physical, human, and institu-
tional realities of the context in which choices are made, assessments
of probabilities associated with stochastic events beyond the central
of the decision maker, and an understanding of the decision maker's
normative beliefs if it is to be resolved successfully. As the process
of problem formulation continues, a more comprehensive understanding
of the problem being analyzed should be gained. This understanding of

the problem should serve as a guide throughout the decision analysis.

]Symbolica11y. the problem is
max U = h(y(T),T) + sy aly(t),t)dt
st

y(t)=f(x(t),t)
x(t)=a(x(t),v(t),e(t),t)
r(x(t),x(t),t)ss
s(u(t),t)sy

where y(t) is a vector of system output variables, x(t) is a vector of
system state variables, v(t) is a vector of controllable system inputs,
e(t) is a vector of exogenous system inputs, and a is a function com-
prised of system design parameters. The final two constraints limit
the set of allowable states and the set of allowable controllable input
levels. The elements of the vector v(t) are the choice variables in
this problem.
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2.5 An Application

In this final section, the concepts related to problem formulation
presented earlier are applied to a more concrete decision problem. The
example introduced here will also be used to illustrate the techniques
developed in subsequent chapters. This is not an actual case example.
Rather, it might be termed a synthetic case study, since it synthesizes
circumstances and concerns common to many individuals' situations.

The decision maker in our example is the operator of a relatively
small cash grain farm in southeastern Michigan. He owns 240 acres of
tillable land on which he grows corn and soybeans. He is heavily in
debt, with interest and principle repayment commitments on long and
intermediate term-debts of $35,000 per year. Except for approximately
$6,000 income from off farm work by the operator and his wife, all of
the family's income is derived from the farming operation. If the
family's level of income is insufficient to meet debt repayment commit-
ments and family living expenses, they face the prospect of refinancing
some loans or of being forced out of farming altogether. In 1978 their
income was low, and they relied in part on savings to cover expenses.

The operator views his current situation as uncertain and unsatis-
factory. He feels a strong need for a higher, less uncertain level of
income in the year to come. Though he has other needs and desires,
this is his primary concern. The problem to be analyzed, then, is that
of identifying a strategy which best provides a level of income adequate
to meet debt repayment obligations and family 1iving expenses. The
operator believes this problem is a serious one, and he is willing to
expend the resources required to undertake a careful analysis of his

alternatives and their consequences.
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Having identified the decision maker and the problem which motivates
our analysis, it is necessary to look more carefully at the kinds of
choices the farm operator can make and at the factors which will affect
the outcome of these choices. One might begin by considering what pro-
cesses affect the family's level of income--by defining the system that
will be the focus of the analysis. In this case the system is comprised
of the set of production and marketing processes which constitute the |\
farm operation and the set of processes associated with engaging in
off farm work. In order to simplify this example, it is assumed that
neither the operator nor his wife is willing to take a permanent off-
farm job. As a result, opportunities for affecting the pattern of off-
farm earnings are limited, and the level of off-farm income will be
assumed given.

The output of this system is measured by a single variab]e,4z, which
is defined as annual cash income available for family living expenses,
income tax, and investment after all debt repayment commitments and

other business expenses have been met.1

The level of income realized
depends on the structure of the system, on exogenous inputs to the
system, and on the choices made by the operator.

The structure of the system defines more exactly the set of pro-
cesses‘by which the system output, net cash income, is generated. 1In
this example the conceptualization of the system will be kept as simple

as possible. Standard crop budgets, which are given in Table 2.1, define

]0ther performance measures could be identified, but the cost of
considering them is deemed excessive in this case, since it greatly
complicates the analysis.
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Table 2.1 Standard Crop Enterprise Budgets

Corn Soybeans

Seed, bu. (.23) 9.70 (.83) 8.30
Fertilizer

Nitrogen, 1b. (120) 16.80 (10) 1.40

Phosphorous (P205), 1b. (75) 13.50 (50) 9.00

Potassium (K20), 1b. (100) 9.00 (25) 2.20
Lime .80 1.10
Herbicide, other chemicals 10.80 13.00
Fuel and repair 14.40 9.60
Utilities 2.00 2.10
Miscellaneous 2.20 2.20
Total Selected Cash Expenses 79.20 48.90
Drying cost, per point per bu. .01 0
Hauling cost, per bu. .10 14
Time required for

Planting, hours per acre 757 .757

Harvest, hours per acre .418 .502

Source: Nott, et al. (1977).



38

the basic production processes for corn and soybeans. They specify
not only physical inputs such as seed, fertilizer herbicides and fuel,
but also the time required for planting and harvesting, the two critical
fieldwork operations. These budgets alone are not considered sufficient
to adequately represent crop production, however. The timeliness of
g]gﬂ}jng and harvesting also affects crop yields and, ultimately, the
level of income realized, Therefore, the acreage planted in each crop
is classified according to when it is planted and harvested. Six :g
planting periods and five harvest periods are defined in Table 2.2, and
possible planting-harvest combinations are specified for each crop. A
fjggj“characteristic of the crop production process which should be
noted is the rule of thumb that all corn is planted before soybeans are
lented and that all soybeans are harvested before corn is harvested.
Other relevant system design features include the fact that the farmer
does all the fieldwork himself, though he gets some help from his wife
who hauls grain at harvest. Again to simplify the example, it is
assumed that all production is sold at harvest on the cash market.
Marketing alternatives such as forward contracting, hedging, storage,
and participation in government set aside programs will not be considered.

These system design characteristics define the processes by which
income is generated. System state variables are also useful in under-
standing the system's structure, since they serve as descriptors which
represent fully the system's performance through timg. In this example
the set of state variables includes an indicator offéyggeqt“gg;_cash
income which is repeatedly updated as costs are incurred and crop sale

a\
receipts taken in, an indicator of total the acreage of each crop
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: 4
planted and harvested to date, indicators of the number of acres of
/ " T T s ‘ T R I
/gggh,crop_which remain unplanted or unharvested, and indicators of the
b 7 o7
number of bushels of each crop harvested to date. In addition, time

itself is monitored, as are the number of acres of each crop planted in
each of the six planting periods and the number of acres of each crop
planted in a particular planting period which are harvested in each of
the five harvest periods.

Inputs to the system, as well as its structure, affect the level
of income realized by the farmer. A number of exogenous system inputs
can be identified in this example. Those considered to be stochastic
include: the price at harvest of each crop, the number of days avail-
able for fieldwork in any particular planting or harvest period, and
the yield of either crop for each allowable planting-harvest combination.
Subjective assessments of the probability distributions for these
variables will be required for the analysis.

Relatively few controllable system inputs will be considered in
this example. Since the analysis focuses on decisions related to the
farming operation, those of primary concern are the number of acres
rgnted (1and rental opportunities do exist) and the number of available
acres planted in each of the two crops grown, corn and soybeans.
Several factors 1imit the range of possible values for the three con-
trollable system inputs of primary concern. Due to the characteristics
of the local land market, the number of acres rented, Vys can be assumed
to take only five values: 0, 80, 160, 240, 320. Limits on available
Tland imply that total crop acreage must be less than or equal to that

which is owned plus that which is rented. If vy is acreage planted in
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corn and ) is acreage planted in soybeans, then the following relation-
s hip must hold:

<
v2+v3-240+v] 2.6

The farm operator not only has control over the several system
7 ™ puts discussed above, but he also may be able to affect the performance
O ¥ the system through design changes such as the purchase of new
ma c_:ihiner_y or the alteration of cultural practices. Given the operator's
ra € her precarious financial position and the fact that his crop yields
ha ~s e not been notably Tow, however, it seems best to focus the analysis
on

*The specification of controllable system input levels. Therefore,

de = -+ign changes will not be considered.
What is the rﬂgyanf.ﬂplanning horizon in this example? If herbicide .

Ca& w~ wy-over problems are not considered to be of major importance, and if }
lohg term leases are not required for rental of any of the 80 acre ;
tra <ts, then the choices to be made in this example have an impact on
SY = ten performance and on the opportunities open to the farmer only in

t}‘le year they are made. Therefore the relevant planning horizon is a

s ngle year.] Because the costs of the analysis to be undertaken are

MO t insignificant, the farm operator does not wish to, consider major

Q"‘langes in his strategy unless conditions change so dramatically that

1T-"l'is is deemed worthwhile. The decision horizon, then, is also one

Year., It is recognized, however, that there will be opportunities to

T @arn over the course of the year and that new knowledge may lead to a

\

1

If major design changes such as investment in new machinery were
being considered, the planning horizon would need to be longer.
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desire for some minor revisions in the strategy. Of particular concern
are possible losses in yields due to a lack of timeliness in planting
corn. Therefore, a simple feedback control rule will also be considered
in the analysis. The rule takes the following form: "Regardless of
specified crop acreage levels, soybeans will be planted on all unplanted
acreage after Va (a parameter indicating a specific date)." Soybeans
will not be planted before May 19, nor will corn be planted after June 3,
and the operator wishes to check the feedback control rule at the end
of each planting period between these dates. Given these restrictions,
the possible values for the parameter, Vy» are May 18, May 26, and
June 3. The action horizon for this rule, then, is eight days during
the period when it is operative.

The management strategy in this example is defined by values of
the three controllable input variables and by the single feedback
control rule parameter. Our problem is to find the strategy, v*, which
best satisfies the farm operator's need for a higher and more stable
1gye1 of income. Constraints on allowable control variable levels and
the structural characteristics of the system which determine the
relationship between system inputs and outputs must be considered when
the choice is made. The fact that the choice must be made under condi-
tions of uncertainty with respect to product prices, crop yields, and
time available for fieldwork must also be considered, since this means
that the outcome of any strategy can be specified only in probabilistic
terms. To make such a choice requires the integration of positive
knowledge of what is and what may be with normative knowledge concerning

the goodness or badness of particular outcomes. The expected utility
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hypothesis, which states that the preferred choice of a decision maker
is that which has the highest expected utility, will serve as the basis
for this integration. Our problem, then, is to identify the management
strategy v* for which the associated distribution of realized net cash

income, f(y), maximizes the expected utility of the decision maker.



CHAPTER III
THE DETERMINATION OF SUBJECTIVE PROBABILITIES

3.1 Introduction

Choices made under uncertainty are affected by a decision maker's
preferences for alternative outcomes and by his expectations concerning
the 1ikelihood of each possible outcome associated with the action
strategies under consideration. Both of these factors are subjective
and vary from decision maker to decision maker, and information on both
is a critical input in the analysis of any decision problem in which
the impact of uncertainty is of major importance. In this chapter,
techniques for eliciting information on expectations and methods of
structuring that information for use in a formal decision analysis will
be examined.

Expectations are reflected in a decision maker's beliefs about
the probabilities of different events occurring. These beliefs may be
based in part on logical deductions, on inferences drawn from empirical
observations, on intuition, or on a combination of all three types of
information. In general, however, probabilities must be viewed as
personal or subjective and, as such, cannot be judged to be correct or

1ncorrect.] The problem in a decision analysis is one of representing

]This personalistic view of probabilities whereby they are con-
sidered to be "degrees of belief" rather than objective facts has its
origins in Ramsey's (1931) discussion of probability in the essay
"Truth and Probability."

44
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subjective probabilities in a manner which is consistent with the
decision maker's actual beliefs and in a form which facilitates the use
of this information in the evaluation of alternative choices. In many
situations, this already difficult problem is made more so by the fact
that the decision maker's beliefs may be poorly defined and may be
based on quite 1imited information. As Hogarth (1975, p. 273) notes:

. . . man is a selective, stepwise information processing

system with limited capacity, and, as I shall argue, he is

ill-equipped for assessing subjective probability distribu-

tions. Furthermore, man frequently just ignores uncertainty.

The assessment of subjective probabilities, then, can be a difficult,
complex task. Elicitation procedures should be designed to help the
decision maker think in probabilistic terms. Furthermore, they should
serve as an aid in structuring information from a wide range of sources,
including that provided by experts more knowledgeable than the decision
maker himself.

Of primary concern in the analysis of choices made under uncer-
tainty are the subjective probability distributions of the outcomes
associated with each management strategy under consideration. 1In
general, such distributions cannot be assessed directly by the decision
maker, however, since they are usually dependent both on specified
levels of system control inputs and on a number of stochastic and
non-stochastic environmental factors. Rather, their assessment requires
both the encoding, or direct elicitation, of subjective probability
distribution for important stochastic exogenous system inputs and the
modelling of the relationships between system inputs--controllable and
exogenous--and system outputs. The combined use of encoding and

modelling allows the decision maker to break down what may be a complex
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stochastic process into more manageable sub-units about which he can
formulate expectations directly. It also encourages the decision maker
to think explicitly about how controllable and uncontrollable factors
interact to determine the outcome of any choice.

The value of careful system identification should be evident here,
since it is the process by which controllable and exogenous system inputs
having an important impact on system performance are identified. The
number of stochastic factors considered and the complexity of the model
used to represent their effort on the outcome of a particular choice
should be determined by the nature of the problem being analyzed. In
many instances the stochastic process under consideration will be
modelled more than once with new exogenous system inputs and a more
refined view of the system itself being considered at each stage. As
Spetzler and Stael von Holstein (1975, p. 341-2) note:

Modelling efforts tend to be most effective and most economical

if they begin with a gross model that is successively refined.

A model should be refined only as long as the cost of each

additional refinement provides at least comparable improvement

in information. The criterion for how much information is

needed depends on how significantly the information bears on

the decision at hand.

The elicitation and structuring of information on subjective probability
distributions, then, can be viewed as a learning process which extends
the knowledge gained during system identification. It is a process
which should lead to an improved understanding both of the system under
consideration in a decision analysis and of the decision problem itself.

In the remainder of this chapter, procedures for encoding subjec-
tive probabilities will first be reviewed. Methods for modelling

stochastic processes will then be examined with particular attention

being given to the use of Monte Carlo methods and simulation techniques



47
to represent the performance of complex systems. Finally, these tech-
niques are applied to the analysis of the decision problem introduced

in the concluding section of the preceding chapter.

3.2 Probability Encoding Procedures

During the system identification phase of problem formulation,
stochastic exogenous system inputs which are expected to have an
important impact on system performance are specified. In many instances,
preliminary models may be constructed and sensitivity tests performed
in order to better determine which environmental factors affect system
performance most significantly. Once this has been done, the encoding
of subjective probabilities associated with important exogenous
variables can begin.

Encoding is the process by which a decision maker's beliefs about
the relative likelihood of different events are elicited and used to
represent a subjective probability distribution. It is one means by
which information from a range of sources is structured for use in a
decision analysis. It should be emphasized once again that a single,
correct subjective probability distribution does not exist. Furthermore,
it should be noted that the decision maker may not even think in
probabilistic terms. As Winkler (1967, p. 778) notes:

. there is no 'true' prior distribution. Rather, the
assessor has certain prior knowledge which is not easy to

express quantitatively without careful thought. An elici-

tation technique used by the statistician does not elicit

a 'true' prior distribution, but in a sense helps to draw

out an assessment of a prior distribution from the prior

knowledge.

Finally, it should be noted that the encoding process may also involve

the consideration of information from outside expert sources or the use
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of historical data. This may be particularly important when the
decision maker's own knowledge about a particular factor is limited.
In such instances he may be willing to accept the assessments of others
or to base his expectations for the future entirely on past occurrences.

Before actual encoding begins, the stochastic variable under con-
sideration should be clearly defined,and its importance in the decision
analysis should be recognized by the decision maker. The variable
should be viewed as truly exogenous to the system under consideration.
If its level will be affected by the decision maker's actions, it cannot
be considered to be exogenous. Finally, the variable's relationship to
other random factors should be considered carefully. If its level is
conditional upon that of other exogenous variables, this should be
recognized and dealt with explicitly during the encoding process.

Possible sources of bias should also be considered before encoding
begins. Biases are said to exist when an encoded subjective probability
distribution does not conform with the decision maker's actual beliefs.
As such, they are impossible to measure, since the elicited information
is the only available indicator of the decision maker's beliefs. Evi-
dence from controlled experiments in which subjects use sample observa-
tions to assess probability distributions known to the experimentor,
however, indicates that interview procedures can have on impact responses
(Hogarth, 1975). Furthermore, experiments designed to reveal how sub-
jects assess probabilities rather than how well they assess them indicate

that several of common perceptual heuristics can cause problems in the
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1 The introduction of biases into the

assessment of probabilities.
encoding process can be minimized through the careful design of inter-
view procedures,

At the outset of the encoding interview, efforts should be made to
gather and make note of all available information which may help the
decision maker formulate his expectations. If a substantial data base
of past values of the random variable being considered exists, and if
the subject believes these data accurately reflect his expectations
concerning future events, he may choose to let the historical data
define his subjective probability distribution. This may be a reasonable
procedure, for example, in the case of rainfall patterns. In other
instances, this cataloging of available information may reveal that the
decision maker knows little about the variable being encoded. A decision
must be made, then, as to whether more information should be sought from
expert sources or whether encoding should proceed. This decision will
depend on the cost of new information and on the sensitivity of system
performance to fluctuations in the variable under consideration.

The purpose of an encoding interview is to construct a quantitative
representation of the decision maker's subjective probability distribu-
tion for a particular variable. In general, this representation takes

the form of a cumulative distribution function, such as that in

]Of these, the most notable are availability (Kahneman and Tversky,
1972), representativeness (Kahneman and Tversky, 1973), and anchoring
(Tversky and Kahneman, 1974).
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! Moments are sometimes used to describe subjective distri-

Figure 3.1.
butions, but most subjects find it difficult to translate probabilistic
beliefs directly into statements of the moments of a particular distri-
bution.

Several types of questions can be used to elicit information on a
decision maker's expectations. Spetzler and Stael van Holstein (1975)
classify elicitation techniques according to encoding method and response
mode. They identify three encoding methods:

1. Those which require the assessor to specify a probability

level while the value of the random variable is fixed--i.e.,
the respondent indicates the probability that the variable X
will fall below x*.

2. Those which reauire the assessor to specify a value of the
random variable while the probability level is fixed--i.e.,
the respondent indicates a value of the variable X, x*, such
that the probability X will fall below x* is equal to a
specified probability level.

3. Those in which the assessor specifies both a value of the
random variable and a probability value associated with it.

In effect, this is done when historical data are said to
reflect the decision maker's beliefs concerning future events.
Two response modes are identified: direct and indirect. Under the

direct response mode the assessor is asked to explicitly specify values

1For any value x* of the random variable X, the corresponding
value of the cumulative distribution function, F(x*), is the probability
that a sample observation of X will have a value less than or equal
to x*.
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F(x)

Figure 3.1 A Cumulative Distribution Function
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of the random variable or probability levels which define points on
the cumulative distribution function. Under the indirect mode the
assessor is asked to indicate which of two or more bets he prefers.
One of the bets serves as a reference which allows a probability
assessment to be inferred from the assessor's response.

Several types of elicitation techniques may be used in a single
encoding interview. Questioning might begin with direct response mode
questioning to determine extreme values of the variable to be encoded.
Indirect response mode questioning can then be used to determine a
number of points on the cumulative distribution function. Finally, direct
response mode questions can be asked to determine probability quartiles
of the distribution which can be used as a consistency check.

At the completion of the encoding process a number of points on the
cumulative distribution function of the decision maker's subjective
probability distribution for the variable under consideration have been
identified. Similarly, if historical data are used in lieu of subjec-
tive assessments to define the distribution, each observation can be
assigned a position on a cumulative distribution function according to
the following rule: "If a sample of n observations is drawn from some
distribution and arranged in order of size, the kth observation is a
reasonable estimate of the k/ (n + 1) fractile of the distribution"
(Schlaiffer, 1959, p. 104). The cumulative distribution function must
be defined for all possible values of the random variable, however, not
simply at selected points. This is usually accomplished by sketching
a smooth curve through the observed points, though if there are good

reasons to believe the distribution of a random variable is from a
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particular family of distributions with cumulatives of a known form,
redression techniques can be used. In either case the reliability of
such a representation may be questioned, especially when only a few data
points have been identified.

Anderson (1974b) has investigated the estimational reliability of
hand- sketched smoothed cumulative distribution functions based on
sparse empirical data. The questions he poses are also relevant in
connection with the construction of smoothed cumulative distribution
functions from a small number of subjectively assessed points. His
results indicate that, as expected, estimational reliability increases
when a large number of observations are available, but they also show
that in a surprisingly large number of cases a fairly good estimate of
an underlying distribution can be made on the basis of only three to
five observations. These results are somewhat encouraging, but they
should also serve as a warning of the need in some cases to consider
explicitly the inexactness of assessed probabi]ity distributions, as is
done by Watson, Weiss and Donnell (1979).

The encoding interview should end with the decision maker's verifi-
cation of the quantitative representation of his beliefs. This can be
done by asking him to examine either the cumulative distribution function
which has been constructed or a random sample drawn from the distribu-
tion it defines. More formal verification procedures involve the use

of scoring rules (Winkler, 1969; Stael von Holstein, 1970; Savage, 1971),
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but as Hogarth (1975) notes, the usefulness of such rules is questionable
in many situations.1

Finally, it should be noted that the encoding procedures discussed
above are designed for the determination of subjective probability
distributions of random variables judged to be statistically independent
of all other random factors under consideration. In many instances,
however, random factors are not independent. On a particular farm,
for example, yields for two crops such as corn and soybeans are likely
to be highly correlated. Similarly, prices received for these two
crops would not be expected to be statistically independent. In such
a situation one of two alternative procedures can be followed: the
process by which the correlated random variables are determined can be
modelled back to the point where all stochastic exogenous factors can
be assumed to be independent or the decision maker's joint probability
distribution for the correlated variables can be assessed directly.
Neither alternative is particularly attractive. Modelling can be
costly, and as the model becomes more complex the number of variables
to be encoded may increase rapidly. Furthermore, while the decision
maker may have well formulated expectations about many of the non-
independent random variables, he may have little or no knowledge of the

statistically independent underlying variables in the more extensive

]A scoring rule is a payoff function with the vector of stated
probabilities for each of a set of mutually exclusive and expansive
events and a vector of probabilities representing the decision maker's
true beliefs being the arguments. If a scoring rule is strictly
proper, it will be maximized when the stated probabilities coincide
directly with the assessor's true beliefs.
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model. Encoding of joint probability functions, on the other hand, is
a difficult, time-consuming process. Experimental results indicate
that many subjects are ill-equipped for the assessment of correlations
between random variables (Chapman, 1967; Tversky and Kahneman, 1973).
Therefore, elicited distributions may simply reflect poorly formulated
expectations.

When joint specification rather than more extensive modelling is
the preferred course of action, it is advisable to rely on historical
data whenever possible, For example, if distributions for rainfall
and daylight hours without cloud cover over a particular two-week period
are to be assessed, past weather data could probably be used to repre-
sent most decision makers' expectations. Similarly, yield data for
several crops over an extended time period, 1f corrected for time
trends and other identifiable factors, may provide adequate information
to construct a marginal distribution for each crop and to estimate
correlation coefficients between crops. Even in the case of crop
prices for which past experience may not be relevant in the formulation
of each marginal distribution, it may be possible to use historical
data to estimate correlation coefficients which could be used in con-
junction with marginal distributions determined by other methods.

In cases where historical data are not available or are considered
to be irrelevant, joint specification of bivariate subjective probability
distributions can be accomplished by encoding one of the marginal distri-
butions and then encoding conditional distributions for the second
variable at several values of the first. Anderson, Dillon, and Hardaker
(1977) describe this procedure in some detail and explain how it can be
extended to cases where more than two correlated variables are to be

encoded,
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3.3 Modelling Stochastic Processes

The encoding techniques reviewed in the preceding section are used
to elicit direct assessments of subjective probability distributions.

In most decision situations, however, such direct probability assessments
can be made only for the distributions of exogenous system input variables.
They usually cannot be made for the distributions of system output
variables, the distributions of primary concern in the evaluation of
alternative choices. Rather, these distributions, which depend on
complex interactions among a number of factors, must be determined
indirectly by modelling system performance. A model is a deterministic
mathematical representation of the set of processes by which controllable
and exogenous system inputs determine system output levels. As will be
demonstrated below, given information about the levels of controllable
system inputs which define a particular strategy and information about
the probability distributions of exogenous system inputs, a model can be
used to determine the associated probability distribution of system out-
put levels.

Even in situations where the distributions of system output
variables associated with alternative strategies can be assessed
directly, a model of the system under consideration can be useful for
several reasons. First, it can increase the decision maker's under-
standing of the set of processes which determine the outcome of any
strategy, since modelling can be viewed as a learning activity. Second,
by providing a logical representation of the processes which comprise a
system, a model allows the decision maker to focus his attention on the

formulation and representation of expectations about future levels of
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individual exogenous system input variables. He need not consider all
such factors and their interactions with other determinants of system
performance simultaneously. Finally, if the number of alternatives
being considered is large relative to the number of exogenous system
input variables, the use of a model to determine system output variable
distributions can significantly reduce the number of probability dis-
tributions which must be encoded, since only the distributions of
exogenous system input variables must be assessed.]

The exact nature and complexity of the model used in any particular
decision analysis will depend on the characteristics of the problem
under consideration. In some instances the appropriate model may be
quite simple. For example, if the set of controllable inputs is defined
by v, a column vector of acreage levels for each of several crops; if
the set of exogenous system inputs is defined by e, a column vector of
net returns per acre for each crop activity; and if the total net return
for all crop activities, y, is the only system output variable of
concern, the appropriate model of this system may simply be the
following linear equation:

y=-e'v 3.1
In other cases, much more complex models may be required to adequately
represent the relationships among system inputs and system outputs.

This 1s true, especially, when the system under consideration is

dynamic and when strategies are defined by feedback control rules as

]The same probability assessments for these variables are used in
the determination of system output distributions for each strategy
considered. Therefore, exogenous system inputs must be truly exogenous--
;.e., their levels must not be significantly affected by system per-

ormance.
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well as by fixed specifications of controllable system input 1evels.]
Specific conceptual and quantitative tools used in systems modelling
will not be discussed in this study. Excellent discussions of such
techniques can be found in Forrester (1961), Manetsch and Park (1977a),
and Manetsch (1978).

As defined above, a model is a deterministic representation of the
relationship between a set of system inputs and a set of system outputs.
Given specified levels of all system inputs, controllable and exogenous,
the set of system outputs can be calculated exactly. In decision
situations involving uncertainty, however, levels of stochastic exo-
genous system inputs cannot be known exactly prior to their occurrence.
This implies, of course, that the system output levels associated with
a particular strategy cannot be determined exactly either. Rather, they
can be specified only in probabilistic terms. In such instances a
system model, despite its deterministic character, can be of use in
describing system performance.

In some special cases, a system model can be the basis for the
analytical determination of the distribution of system outputs associated
with any strategy being considered. Returning to the simple linear
model specified in equation 3.1, for example, if each random factor in
the vector of exogenous system inputs, e, is normally distributed, the
distribution of total net revenue, y, is also normal with mean, u, and

variance, 02, defined by the following expressions:

]See Forrester (1961), Cyert and March (1963), and Dent and
Anderson (1971) for examples of more complex models.
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p=mv

02 = v'Qv 32
where m is a column vector of the expected net revenues for each crop
activity and Q is the variance-covariance matrix for net returns.
Anderson (1975) has shown that the distribution of y can also be
determined analytically when each element of e has a Beta distribution.

In situations where subjective probability distributions for exo-
genous system inputs are not all members of the same family of distri-
butions or where a more complex model is required to represent system
performance, it may not be possible to analytically derive distributions
for system outputs. In fact, when a model is particularly complex, it
may not even be possible to calculate system outputs analytically for
the special case when levels for all controllable and exogenous system
inputs are known with certainty. In such instances, numerical simula-
tion techniques and Monte Carlo methods are required to determine sys-
tem output distributions.

Manetsch and Park (1977b, p. 8-1) define simulation as "a tech-
nique for obtaining particular time solutions of a mathematical model
corresponding to specific assumptions regarding model inputs and values
assigned to parameters." The model specified in equation 3.1 can provide
the basis for a simple example of simulation. Consider the case in
which 200 acres of land are to be planted and only two crop activities
are possible. Let corn be crop 1 and soybeans be crop 2. If the
controllable and exogenous system input vectors, v and e respectively,

are defined as follows,

150 [ 95.00
v ‘[ 50 e= ':100.00 3.3
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then simulation of system performance for this particular case requires

only that the following matrix multiplication be carried out:

y = [ 95.00 100.00 ] [:‘gg 3.4

In this case, with 150 acres of corn and 50 acres of soybeans planted,
total net revenue, y, is equal to $19,250.

Systems of concern in most practical decision situations are
larger and more complex than this one, and their simulation is generally
more involved. Frequently numerical solution techniques are required,
and many simulation models are computerized. One of the distinct advan-
tages of simulation, however, is that it is a remarkably flexible pro-
cedure which allows complex processes to be represented realistically.
Naylor, et al. (1966), Schmidt and Taylor (1970), and Manetsch and
Park (1977b) all provide excellent discussions of simulation techniques.

Monte Carlo methods are commonly used in combination with simula-
tion to model the performance of complex stochastic systems. Under this
approach, numerical procedures are employed to generate sample observa-
tions from the decision maker's subjective probability distributions
for exogenous system input variables. Each sample vector, e*, specifies
a level for each exogenous system input and, as such, defines a state
of the system's environment. By constructing a large number of sample
states of the environment and simulating the system performance associated
with a particular strategy for each of these environmental states, a set
of sample observations from the distribution of system outputs associated

with that strategy is generated. These observations can be used to
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define a cumulative distribution function according to the procedures
described in the discussion of encoding.]

Returning once again to the simple example discussed above, let
the joint subjective probability distribution of the two elements of
the exogenous systems input vector, e, be defined in the following
manner. The marginal distribution of revenues for corn is normal with
mean $115.00 and standard deviation $35.00. That for soybeans is a
member of the gamma family of distributions with a mean of $135.00, a
standard deviation of $40.00 and a minimum value of $55.00. The
correlation coefficient for the two net revenues is .75. Using Monte

Carlo techniques described in detail in Appendix A, the following five

sample vectors from this joint probability distribution were generated:
1 [:?07.8(:] 2 [:?56.77 3
e= e = e” =| 80.08
107.43 128.99 92.23
4 _| 158.18 e5 _[ 152.06 3.5
€ 147.11 210.51
They represent five sample states of the environment. Simulating system
performance under the strategy defined by the controllable system input
vector v' = [150 50], five sample observations from the distribution
of net income levels associated with this strategy are determined:
y' = $21552.00, y? = $29965.00, y° = $16623.50, y* = $31082.50,

y5 = $33334.50. These five sample observations were used to construct

the cumulative distribution function shown in Figure 3.2 In general,

]In addition to Schlaiffer (1959), Mood and Graybill (1963) and
Barnett (1975) also discuss the validity of the rule which, when N
observations of a random variable are arrayed in increasing order,
states that the Kth observation can be used as an estimate of the
K/ (N+1) fractile.
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at least 20 sample environmental states should be simulated, and for
many problems it may be desirable to simulate as many as 50 to 100
sample states.

Even this simple example demonstrates the power of this approach.
Because the marginal distributions of the two net return variables are
not of the same family, the distribution of net income levels cannot
be derived analytically. The combinations of Monte Carlo sampling tech-
niques and simulation, however, permits the representation of the dis-
tribution. This same approach can be easily extended for use in the
analysis of much more complex systems in which the interactions between
controllable and exogenous system inputs are not so straightforward.]
It should also be noted that this method imposes no restrictions on the
nature of the system inputs or system outputs. Subjective probability
distributions for environmental factors can take a form which most
closely reflects the decision maker's encoded beliefs, System outpuiﬁ
distributions are determined by the structure of the model, by the
subjective probability distributions for exogenous system inputs, and
by the management control strategy. When used in a decision analysis,
these distfibutions can be described by their moments or by their
cumulative distribution functions.

One serious criticism of this approach to modelling stochastic
processes is that statistical dependence between random environmental
factors 1s often ignored (Anderson, 1974a). This may be due, in part,

to difficulties associated with the joint specification of subjective

]The example in the final section of this chapter demonstrates
how this approach can be applied in the analysis of a more complex
system.
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probability distributions. Even when statistical dependence has been
recognized in the encoding process, however, it is often ignored in
stochastic system models due to a lack of available techniques for
generating sample observations from multivariate probability distri-
butions.

Procedures have been developed for the generation of random variates
from a wide range of univariate probability distributions (Naylor, et al..
1966; Schmidt and Taylor, 1970). Process generators have also been
formulated for several multivariate distributions, most notably the
multivariate normal and Wishart distributions (Naylor, et al., 1966;
Newman and Odell, 1971). More recently, Coleman and Saipe (1977) have
developed a procedure for generating serially correlated lognormal
variates, which is a special case of more general procedures for
modelling bivariate random variables with prescribed marginals and
correlations (Coleman and Saipe, 1976). A need remains, however, for
a generalized multivariate process generator which permits greater
flexibility concerning the specification of marginal distributions and
which has the capacity to be easily extended beyond the bivariate case.
Such a procedure has been developed as part of this study and is
described in detail in Appendix A.] This generalized multivariate pro-
cess generator can be used to generate sample observations from multi-

variate distributions comprised of up to fifty random variables.2 The

]Procedures used to generate sample observations from univariate
distributions are also reviewed.

2The program can easily be expanded to model processes with
still more individual variates.



65

marginals of the distribution modelled can be of any form and they need
not all belong to the same family of distributions. It is assumed only
that enough information is available on each marginal to construct its
cumulative distribution function and that the correlation coefficient
between each pair of variates within the distribution can be specified.
The only restriction placed on the matrix of correlation coefficients |
is that it be positive-definite and symmetrical, a condition required E
for feasibility and internal consistency. !
The existence of such a procedure greatly enhances the power of
the approach to the modelling of stochastic processes described in this
section. It permits greater realism in the representation of underlying
probability distribution without requiring that the stochastic dependence

between some random factors, which has an important impact on choices

in many decision situations, be ignored.

3.4 An Application

The techniques introduced in this chapter can be applied to the
cash grain farm example formulated in Chapter II. Crop yields for
each planting-harvest period combination, product prices, and time
available for fieldwork have been identified as stochastic factors
which have an important impact on the level of income realized by the
farm operator. In this section the specification of subjective pro-
bability distributions for each of these exogenous system inputs and the
use of simulation to determine the impact of these random factors on
the outcomes associated with particular management strategies are

discussed.
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Because the case farm used in this example is a synthetic one, no
actual decision maker has been identified. Therefore, experts in the
Department of Agricultural Economics at Michigan State University were
relied on for the assessment of probability distribution for the stochastic
factors. This is not altogether unrealistic, since in many cases actual
decision makers choose to rely heavily on the opinions of experts in
the formulation of their expectations.

The assessment of probability distributions for yields was based
in part on historical data and in part on more subjective information.
Estimates of expected corn and soybean yields for each planting-harvest ‘9
combination are given in Tables 3.1 and 3.2.] These estimates are based
on fqurgs US?@47" Telplan Program #18, a commonly used decision aid
which focuses on cho%éés similar to those being analyzed in this example.
They are the product of a group assessment of experimental data and the
personal observations of experts. No estimates of variances or other
features of these probability distributions were made by this group; nor
did they assess the degree of correlation between ziglgs‘fg[.diffgzggg
crops and different planting-harvest combinations. Therefore, the
following subjective assessments were made. A1l yield distributions
were assumed to be normal, having means equal to those specified in
Tables 3.1 and 3.2. Specification of the variances of these distribu-
tions wg§_§§§ed’on the assumption that the coefficient of variation for

all corn yields is 11 percent and that for all soybean yields is

]Base yields of 100 bu/acre for corn and 33 bu/acre for soybeans
are assumed.
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.Zf§ percent.] Concerning yield correlations, the correlation coefficient
betwggn(iﬁ?}two corn yield distributions or/any] two soybean distributions
was set equal to .90, while that between{aﬁy]pair of distributions com-
prised of one corn yield distribution and one soybean yield distribution
was set at .80.2 These parameters--means, coefficients of variation,

and correlation coefficients--define a multivariate normal distribution.
Since there are thirty-four individual yield distributions, eighteen

for corn and sixteen for soybeans, this multivariate distribution is
comprised of thirty-four random variables. One additional characteristic
was specified for this set of distributions. It was felt that the
multivariate normal distribution, as specified, did not adequately
account for the possibility of extremely low yields due to serious
drought. Such conditions occur in southeastern Michigan about one year
in twenty. Therefore it was specified that in any year there is a .05
probability that drought conditions will prevail and that corn yields

will be one-half and soybeans two-thirds of what they would have been

under more normal conditions.

]The coefficient of variation, C, is defined by the expression
c=..°.

H
where o is the standard deviation of a distribution and u is its mean.
If the mean and coefficient of variation are known, the variance of that
distribution, o2, is defined by the expression o2 = (Cu)Z.

2The correlation coefficient for any two random variables x only is
defined by the expression

roe XY
()'x()"y

where Oy is the covariance between x and y and oy and oy are the
respective standard deviations of x and y.
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Assessments of probability distributions of time available for
fieldwork in each planting or harvest period were based on the informa-

tion presented 1nﬂIab]e‘3.3,rwhighmis also based on figures used in

Telpjan Program #18. A]l_qistributions of time available for fieldwork
were assumed to be members of the Beta family of distributions. This
aséuhptipn was made because of the flexibility of Beta distributions
and becausg, 1ike the amount of time available for fieldwork, Beta
distributions are bounded from above and below. The choice of para-
meters for each distribution was based solely on the information in
Table 3.3, which is adequate to determine upper and lower bounds and
one intermediate point on the cumulative distribution function. With
the aid of tables of twentiles of the standard Beta distribution given
in Pratt, Raiffa, and Schlaiffer (1965), parameters were selected for
each period according to the simple criterion that the cumulative
distribution function should pass as close as possible to the single /)
observed data point. These parameters are given in Table 3.4. No
information on correlations between time available for fieldwork in
different periods was available, but it was felt that correlations do
exist between levels observed in adjacent or nearly adjacent time
periods. Therefore the following a§§g@p§jons were made. The correla-
tion coefficient for the time available in any two adjacent periods was

set at .5; that for periods separated by a single period was set at .3;

and that for periods separated by two periods was set at .1. All other;>{ilﬁ

A
\, N vy
b,

correlation coefficients were set at 0, including those between any 2
planting period and harvest period,
Encoding procedures such as those outlined in Section 3.2 above

were used to elicit the author's own subjective probability distributions
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Table 3.3 Percent of Time Available for Fieldwork by
Calendar Period for Well Drained Sandy
Loom Soils in the Lenawee, Monroe,
Livingston County Area

Period Ca;:;gar Percentagea
April 25-May 10 16 50
May 11-18 8 37
May 19-26 8 65
May 27-June 3 8 70
June 4-11 8 70
June 12-19 8 70
September 27-October 3 7 53
October 4-10 7 53
October 11-17 7 53
October 18-November 7 21 33
November 8-28 21 14

AThe probability that the percentage of days available for fieldwork
will be less than this value is .3.

Source: Black, et al, (no date),
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Table 3.4 'Beta Distribution Parameters® for Time Available
for Fieldwork by Calendar Period

Lower Upper c Standard

Period Bound Boundb @ B Mean Deviationd
April 23-May 10 0 192 9 7 1084 - 21.1 " -
May 11-18 0 96 7 9 42 11.5
May 19-26 0 96 14 6 67 9.6
May 27-June 3 0 96 12 4 72 10.1
June 4-11 0 96 12 4 72 10.1
June 12-19 0 96 12 4 72 10.1
Sept. 27-0ct. 3 0 84 10 7 49 9.7
October 4-10 0 84 10 7 49 9.7
October 11-17 0 84 10 7 49 9.7
Oct. 17-Nov. 7 0 252 6 9 101 30.9
November 8-28 0 252 3 12 50 25,2

AThe density function of the standard Beta distribution is given by
the expression:

f(x)= ; g+g 3 X1 (1-x)8'] for 0<x<1

0

bTime is measured in hours under the assumption of twelve-hour
work days.

CThe mean of the Beta distribution is given by the expression:

- a
W= Tarpy (bpmby) + by

where b2 and b] are the upper and lower bound values.

dThe standard deviation of the standard Beta distribution is given
by the expression:

afB 2

o= (b,-b,)
“ (a+8)2(atpt1) 2 |

where b2 and b] are again the upper and lower bound values.
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for corn and soybean prices at harvest in 1979. These assessments,
which are representative of expectations in early January 1979, were
reviewed by outlook specialists for these crops and revised to incor-
porate their opinions. Upper and lower bounds beyond which each price
level could not reasonably be expected to fall and three intermediate
points as each distribution were specified. As was the case with days
available for fieldwork distribution, it was deemed reasonable to
represent these probability assessments with Beta distributions, and
Beta tables were again used to select appropriate parameters. The price
distributipn parameters are given in Table 3.5. Historical data series
for November prices of corn and soybeans over the period 1958-1972 were

1 The

used to assess the degree of correlation between the two prices.
sample correlation coefficient on de-trended prices for this period is
.56. Because some experts feel there is less basis for correlation
between corn and soybean prices now than in the past, the subjective
estimate was set at .45. Finally, production of corn and soybeans in
the region surroundiﬁéﬂsoutheastern Michigan does not represent a major
portion of national production of either crop. Therefore, both prices
were assumed to be statistically independent of yields and days avail-
able for fieldwork.

Clearly the determination of subjective probability assessments
can, in practice, be an imprecise undertaking, though the resulting

distributions in this instance are not unreasonable, This high degree

of imprecision leads us to two important observations concerning the

]The period after 1972 was considered to be somewhat atypical of
the current situation due to the lack of government stocks from 1973-76.
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analysis of decisions made under uncertainty. First, we note that
there is a lack of available material which can serve as an aid in the
assessment of probability distribution. The need for such information
is generally not considered when agronomic experiments are designed or
when outlook information is reported. When one considers the degree of
uncertainty experienced by agricultural producers, however, and the
impact of this uncertainty in the decision process, the need for more
expert assessments of probability distribution is evident. Second.<jt
should be noted that decisions must be made even in the absence of
reliable information upon which to base probability assessments. The
costs of obtaining additional information must be weighed against the
possible benefits. Further refinements should not be made in subjective
probability assessments beyond the point at which the decision maker and
the analyst believe the farmer's expectations are reasonably well
represented,

To this point probability distributions for exogenous system inputs
jgdged to have _a significant impact on system performance, as measured
by net cash income, have been specified. The task of actually deter-
mining the effect these factors have on the distribution of net cash
income levels remains. This requires the application of the Monte
Carlo simulation techniques outlined above in Section 3.3. For any
management strategy under consideration, net cash income levels are
determined for a number of randomly selected states of nature. These
levels are viewed as sample observations from the distribution of net
cash income levels under the particular management strategy. When
arrayed in order of increasing magnitude they serve as the basis for the

construction of the cumulative distribution function of that distribution.
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In this example, it will be recalled, a management strategy is

defined by levels of control variables indicating acreage rented,

acreage to be planted in corn, and acreage planted to be planted in soy-
beans and by a single feedback control role parameter indicating the
da}g after which all unplanted acreage is to be planted in soybeans.

A state of the environment is defined by a set of specified values for
all exogenous system inputs--by values for all non-stochastic environ-
mehta] factors and by one sample observation from the multivariate
probabi]ity distribution comprised of crop yields, time available for
fieldwork, and product prices.

A simple simulation model was specified to determine the level of
net income realized under any particular managerial strategy in a given
statgﬁpfrthe environment. The simulation begins with the computation
of charges for land rental, if any. §Epject to time available for
fieldwork, the model then simulates the planting of corn until the
specified corn acreage is attained or until the date after which all
rgTaining acreage is to be planted in soybeans. Planting of soybeans
then proceeds until all acreage is planted or until June 19, the final
day of the last planting period. Throughout the planting process,
»éystem state variables indicating the acreage of each crop planted in
each planting period are repeatedly updated. There is no assurance
that all available acres will be planted in a particular state of
nature; this depends on levels of time available for fieldwork. Costs
for seed, fertilizer, herbicides, and fuel are incurred for each acre
actqq]ly planted.

Harvesting is simulated in a similar manner. Subject to time

available, soybeans are harvested as quickly as possible, with acreage
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planted first being harvested first. This continues until all planted

soybeans acreage is harvested or until November 8, the date after which
unharvested acreage is judged to be a total loss. Tpg hqryest of corn
then begins, again with acreage planted first being harvested first.
Thi§ bfoéess continues until all planted corn acreage is harvested or
until November 28, the last day of the final harvest period. Again,

U an

there is no assurance that all acres planted will be harvested.
harvested acreage is classified according to crop, planting period, and
harvest period, and system state variables indicating the number of acres
in each category are repeatedly updated. The values of these variables
are multiplied by corresponding crop yields for each planting-harvest
combination to determine the total number of bushels of each crop
harvested. Drying and hauling costs are assessed for each bushel har-
vested. Finally, receipts from crop sales are determined by multiplying
the number of bushels of each crop harvested by the relevant price,
and net cash income is computed by subtracting costs incurred and debt
repayment commitments from the sum of crop receipts and off-farm income.
This model was used to determine net cash income levels realized
in twenty_random]y selected states of nature for each of the two manage-
ment strategies defined in Table 3.6. Levels for stochastic factors
in each state of nature were generated using the Monte Carlo procedures
described in Appendix A, In effect each state can be viewed as a sample
opservation from the combined multivariate probability distribution of
prices, yields, and days available for fieldwork. Net income levels

realized under Strategy 1 are given in the first column of Table 3.7.

]Nothing is recovered from unharvested soybean acreage, but yields
equal to one-half those realized for corn planted in the fourth planting
period and harvested in the final harvest period are assumed to be
recoverable on unharvested corn acreage.
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Table 3.6 Two Possible Management Strategies

Central Strategy

Variable 1 2
Land Rental 0 240
Corn Acreage 0 180
Soybean Acreage 240 300
Stopping Date for June 3 May 26

Corn Planting
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Information on soybean prices and average yields per acre is also given.
If this strategy i1s selected by the operator of the farm in our example
the expected level of net cash income is rather low--only $3,816. The
probability is .3 that net cash income will be negative, but there is

only a probability of .05 that losses will exceed $10,000. On the other

hand, there is a probabi]ity of .25 that net cash income will exceed
$10,000 and a probability of .05 that it will exceed $20,000. Net
income levels realized under Strategy 2 are given in Table 3.8. Under
this strategy, which calls for the rental of 240 acres and a more
balanced crop mix, the expected level of net cash income is much
higher--$10,798. The probability is .6 that net cash income will
exceed $10,000 under this strategy and .3 that it will exceed $20,000.
The probability of realizing a negative net income level is .25, which
is less than under Strategy 1. When losses occur, however, they tend
to be substantial and there is a .15 probability that net cash income
will be less than $193900. The other information in Table 3.8 demon-

strates how the‘mgnaggment strategy jimrgyised by the feedback control
rule. v{g{gégﬂof_;he twenty states of nature less than iéé acres of corn
are planted because of the stipulation that all unplanted acreage be
planted in soybeans.after May 26. The information in this table also
demonstrates that when the number of acres cultivated reaches this high
a level, there is no assurance that all available acreage will be
planted or that all planted acres will be harvested,

The figures given in Tables 3.7 and 3.8 can be used to construct

cumulative distribution functions of net cash income levels associated

with each of the two strategies. These are shown in Figure 3.3. The
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procedure for ordering alternative choices which is introduced in the
next chapter requires that such a function be constructed for each

strategy considered.



CHAPTER IV
THE MEASUREMENT OF DECISION MAKER PREFERENCES

4.1 Introduction

Choices made under uncertainty are affected by decision maker pre-
ferences for alternative outcomes as well as by subjective assessments
of probability distributions of system outputs. When confronted with
the choice between participation in two uncertain activities for which
all possible outcomes and their probabilities are specified exactly,
one decision maker may choose the first alternative while another may
choose the second. This divergence in behavior cannot be attributed
to a difference in subjective probabilities, since all relevant pro-
babilities are specified prior to the time when a choice must be made.
Rather, it must be attributed to a difference in the preferences of the
two decision makers. Preferences, 1ike assessments of probabilities in
situations less highly structured than this example, are personal in
nature, and some determination must be made of them in any applied
decision analysis. This chapter examines procedures for eliciting
information on decision maker preferences and techniques for combining
this information with subjective probability assessments to identify
preferred choices.

A decision maker's preferences can be represented quantitatively
by a utility function,

U = u(y) 4.1

84
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This is simply a relationship between the outcome of a choice as
represented by a vector of system output levels, y, and an index of
its desirability, U. It is a relationship which assigns values to
alternative situations or conditions. When combined with a decision
rule, such as utility maximization, a utility function becomes the
basis for the identification of a preferred course of action.

If the system output levels associated with a particular strategy
can be known with certainty, and if the decision maker's utility
function is also known, calculation of the utility level of this
choice is a relatively simple, direct matter. In uncertain decision
situations, however, levels of system outputs realized under a specified
strategy cannot be known exactly at the time when a choice is made, and
the associated level of utility cannot be determined directly. In
such situations the expected utility hypothesis provides a way of
assigning assessments of value to alternative choices. First proposed
in the eighteenth century by mathematician Daniel Bernoulli to explain
the gambling behavior of some decision makers in uncertain situations,
and derived more formally nearly 200 years later by Ramsey (1931) and
by von Neumann and Morgenstern (1944), the expected utility hypothesis
states that for any decision maker whose preferences are complete,
transitive, continuous, and independent:

(1) An ordinal utility function, u(y), can be constructed

such that u(y) is defined for all system output levels
and u(y])>u(y2) if the outcome defined by y, is preferred
to that defined by Yo-
(2) The utility of an uncertain prospect is equal to the expected

utility of its possible outcomes.
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(3) The scale of u(y) is arbitrary up to a positive linear
transformation--i.e., rankings of the utility function
V(y) = a+bu(y) are identical to those according to u(y)

if a and b are constants and b>0.]

The second result is the key one, since it is the basis for the

commonly used decision rule which states that a decision maker's pre-

ferred choice is that which maximizes his expected utility.

If the expected utility hypothesis is to be applied in a practical
context, the decision maker's utility function must be represented
accurately enough to serve as a reliable aid in the identification of
a preferred course of action. As is true in the determination of sub-
jective probability distributions, however, the degree of accuracy
sought in the measurement of preferences is dependent largely upon the
characteristics of the decision problem under consideration. In some
instances a very precise measure of preferences may be required, while
in others nearly all feasible alternatives can be eliminated from con-
sideration on the basis of only an approximate measure of preferences.

In the remaining sections of this chapter several alternative
approaches to the measurement and representation of decision maker
preferences will be examined along with the evaluative criteria used in

conjunction with each type of measurement to order action choices.2

]See Fishburn (1970) and Hirshleifer (1970) for more extensive dis-
cussions of the derivation of the expected utility hypothesis and for a
complete explanation of the axioms which underlie it.

2Though the importance of preference measures based on more than one
system output variable is recognized, the difficulty and cost of deter-
mining such measures preclude their use in most practical decision situa-
tions. The discussion below focuses entirely, then, on the measurement
of preferences for outcomes which are adequately described by a single
system output variable. See Keeney and Raiffa (1977)for an excellent dis-
cussion of the measurement of multidimensional preference relationships.
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Each of the approaches considered is based on the expected utility
hypothesis, but each requires a different level of precision in the mea-
surement of preferences. Techniques for the representation of decision
maker preferences and for the identification of preferred choices based
on the use of single valued utility functions are reviewed first. The
concept of an efficiency criterion, which allows the partial ordering
of possible alternatives on the basis of relatively unrestrictive
assumptions about decision maker preferences, is then introduced and
several commonly used criteria are examined. A more recently developed
efficiency criterion, stochastic dominance with respect to a function
(Meyer, 1977a) is then described, and a procedure for determining the
interval measurements of decision maker preferences required for. the
application of this criterion is presented. This new measurement
technique, developed as part of this study, permits the construction of
a representation of decision maker preferences which is only as precise
as the decision problem under consideration requires. Results of an
empirical test of this procedure, which are also presented below,
demonstrate that it is both accurate and flexible. In the final
section of the chapter, the incorporation of information on preferences
into the sample problem discussed in the preceding two chapters is
examined.

4.2 The Use of Single Valued Utility Functions to
Represent Decision Maker Preferences

Perhaps the most direct approach to the measurement of preferences
is to actually derive the decision maker's utility function. This re-

quires that a number of points in the utility function be determined by



88

direct elicitation. A curve is then fitted through these points, and
that curve is said to be the decision maker's utility function.

A utility function is a highly structured representation of a
decision maker's preferences. Like probabilities, however, preferences
are often not clearly formulated in the mind of the decision maker.
Therefore, the interview procedures used to elicit information on
preferences should be designed both to clarify and to structure the
decision maker's assessments of value. Several procedures have been
developed for the elicitation of information on preferences. The most
commonly used are reviewed in Officer and Halter (1968) and Anderson,
Dillon, and Hardaker (1977). Each procedure requires that a series of
choices be made between pairs of uncertain alternatives or between
certain and uncertain alternatives. If these choices are properly
structured, each should reveal enough information about the decision
maker's preferences to determine one point on his utility function.

Once a set of data points has been elicited, a curve is fitted
through them to obtain an explicit relationship between levels of
utility and all relevant levels of the system output variable. 1In
choosing a functional form, a number of factors should be considered.
Goodness of fit is, of course, important, since the estimated utility
function should conform as closely as possible to the information ob-
tained in the elicitation interview. Ease of estimation and the tracta-
bility of a function in the calculation of expected utilities should
also be considered. Polynomial specifications are, perhaps, the most
commonly used in empirical work, but a number of other alternative forms

have also been prepared (Lin and Chang, 1978).
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Having estimated a decision maker's utility function, action
choices can be ordered by calculating the expected utility of each.
If the outcome associated with a particular management strategy, v*,
is described by a single discrete system output variable, y, the

expected utility of the strategy, EU(ylv*), is given by the expression:

n
EU(ylv*) = = f(yilv*)u(yi) 4.2
i=1

where f(yilv*) is the probability of the ith possible outcome under
strategy v* and u(yi) is the utility of that outcome. When the system
output variable, y, is continuous, the expected utility is defined by

the expression:

(-]

EU(yTv*) = s__ f(ylv*)u(y)dy 4.3
where f(ylv*) is the probability density function of y under strategy v*.
Consider, for example, the case in which the decision maker's utility
function is of the form

u(y) = In(y) 4.4
and the probability distributions associated with two strategies, A and
B, are as specified in Table 4.1. Since the system output variable is
discrete, equation 4.2 can be used to calculate the expected utilities

for these two alternatives. That for strategy A is

EUp .51n(500)+.1 1n(1000)+.1 1n(1500)+.3 1n(2000) 4.5

6.81
while that for strategy B is

EU, = .2 In(500)+.6 1n(1000)+.1 1n(1500)+.1 1n(2000) 4.6

B
= 6.88

For this decision maker, then, strategy A is preferred to strategy B.
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Table 4,1 Probability Distribution Associated with
Two Alternative Action Strategies

System Output Probability
Level Strategy A Strategy B
500 .5 .2
1000 N .6
1500 N .
2000 .3 N

Representation of a decision maker's preferences with a single-
valued utility function has several serious shortcomings in an applied
decision analysis. With regard to preference measurement procedures,
the hypothetical choices posed in the elicitation interviews are, in
general, less complex and less interesting than those actually facing
a decision maker. As a result, it may be difficult to hold the full
attention of the respondent through a series of similar questions.
Furthermore, it can be argued that, because the types of choices made
during the elicitation interview bear little resemblance to those made
in real life, the value of the interview itself as a learning process
whereby the respondent can gain a better understanding of how he makes
decisions is limited. Other problems encountered in the elicitation
of the information required to construct single valued utility functions
are discussed in Officer and Halter (1968).

Still more serious problems arise as a result of the way empirically
estimated utility functions are generally used in a decision analysis.
Once a set of data points from a decision maker's utility function has
been elicited, a curve is fitted through its elements. Rare indeed is

the case in which the fit is perfect so that the parameter values of
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the utility function can be known with certainty. Even if the fit were
perfect, shortcomings of the preference elicitation procedures make it
likely that the data points themselves include measurement errors.
Therefore, an empirically estimated utility function cannot be con-
sidered to be an exact representation of decision maker preferences.
Despite the possible sources of imprecision, however, a utility function,
once estimated, is usually treated as though it were an exact representa-
tion of preferences when alternative choices are ordered, and any absolute
difference in the expected utilities associated with two choices is

taken as a clear indication that one is preferred to the other. If a
utility function does not accurately reflect a decision maker's actual
preferences, this can result in the recommendation of a choice which is
not actually the preferred choice of the decision maker. When empirically
estimated single valued utility functions are used to order alternative
choices, then, there is a high likelihood that errors of this sort will

be made.

4.3 Efficiency Criteria and the Representation
of Decision Maker Preferences

The difficulties associated with the use of single valued utility
functions to order choices in a practical context have been the impetus
for the development of several efficiency criteria which overcome some
of the shortcomings identified above. An efficiency criterion is a
preference relationship which provides a partial ordering of feasible
action choices for decision makers whose preferences conform to certain
rather general specifications. As such, an efficiency criterion can be

used to eliminate some feasible choices from consideration without
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requiring detailed information about the decision maker's preferences.
In many instances, the use of such a criterion may greatly reduce the
number of alternatives to be considered. If enough alternatives can be
eliminated, it may be possible for a final choice to be made on the
basis of direct comparisons of the distributions of outcomes associated
with each of the remaining alternatives.

First and second degree stochastic dominance are among the simplest
and most commonly used efficiency criteria. Both were formulated
independently by Hadar and Russell (1969) and Hanoch and Levy (1969).
First degree stochastic dominance holds for all decision makers who
prefer more of the system output to less--i.e., for all decision makers
having positive marginal utility with respect to the system output
variable. An alternative for which the associated distribution of the
system output variable is described by the cumulative distribution
function F(y) is preferred to a second alternative with associated
cumulative distribution G(y) by the criterion of first degree stochastic
dominance of

F(y)sG(y) 4.7
for all possible levels of y and if the inequality in 4.7 is a strict
inequality for at least some value of y. In Figure 4.1, for example,
F(y) dominates G(y) by this criterion, since it is always below and to
the right. Neither F(y) nor G(y) can be ordered with respect to H(y)
according to this criterion, since both are strictly greater than H(y)
for some system output levels.

While first degree stochastic dominance holds, in effect, for

all decision makers, second degree stochastic dominance places an
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G(y)

F(y)

Figure 4.1

IT1lustrations of First and Second
Degree Stochastic Dominance

H(y)
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additional restriction on preferences. It requires that the marginal
utility of the system output variable be both positive and decreasing--
i.e., it requires that the decision maker's utility function be concave.
Given two alternatives having system output distributions defined by the
cumulative distribution functions F(y) and G(y), respectively, the first
alternative is preferred to the second under the criterion of second
degree stochastic dominance if

7Y F(x)dxsrY_ G(x)dx 4.8
for all possible values of y and if the inequality in 4.8 is a strict
inequality for at Teast some value of y. In effect, this means that
the first alternative dominates the second if the area under cumulative
F(y) is always less than or equal to that under G(y). In Figure 4.1,
for example, F(y) dominates both G(y) and H(y) by this criterion, since
the area order this cumulative is less than that order either of the
others at all values of y. G(y) and H(y) cannot be ordered by this
criterion, however, since the area order H(y) is at times less than
that order G(y) and vice versa,

Other efficiency criteria depend on additional restrictions in the
maker's preferences or in the nature of the probability distributions
of system outputs. The mean-variance efficiency criterion (Markowitz,
1959) is simply a special case of second degree stochastic dominance in
which all probability distributions are normal. Third degree stochastic
dominance (Whitmore, 1970) is similar to first and second degree stochas-
tic dominance, but it requires the additional assumption that the
decision maker's utility function have a positive third derivative with

respect to the system output variable.



95

Once a particular criterion with its associated restrictions on
preferences has been specified, an ordering of any two alternatives can
be made strictly on the basis of properties of the two associated
probability distributions of the system output variable. Under such
an ordering, one alternative will dominate the other, or the criterion
will not be able to order the two alternatives and both will be con-
sidered efficient. If one alternative does dominate the other, it is
unanimously preferred by the class of decision makers for whom the
criterion applies. By making a series of pair-wise comparisons of all
alternatives under consideration and eliminating from consideration any
alternative which has been dominated, an efficient set of choices can
be determined for any finite set of alternatives. This set will contain
the preferred choice of any member of the class of decision makers for
whom the criterion applies.

The use of an efficiency criterion to order alternative choices is,
in many respects, preferable to the use of a single valued utility
function. No direct measurements of preferences need be made. Rather,
relatively easily accepted restrictions are simply imposed on the
decision maker's preferences. Unfortunately, however, none of the
efficiency criteria mentioned above is a particularly discriminating
evaluative tool. In an application of second degree stochastic
dominance by Anderson (1975), for example, twenty of forty-eight
randomly generated farm plans were in the efficient set. Furthermore,
though the restrictions on preferences required by most efficiency
criteria do not appear to be unduly strict, they often run counter to

empirical evidence. Again focusing attention on second degree stochastic
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dominance, despite the fact that strong theoretical arguments have been
made for the near universality of concave utility functions (Arrow, 1971),
the weight of empirical evidence indicates that decision makers do at
times exhibit increasing marginal utility (Officer and Halter, 1968;
Tonklin, Baquet, and Halter, 1977).

While the concept of an efficiency criterion is an attractive one,
then, efficiency criteria have not proved to be useful tools in practice.
There is a need for efficiency criteria which are both more flexible
and more discriminating than those described above. Furthermore, there
is a need for techniques for obtaining measures of decision maker
preferences which, though less precise than those used to construct a
single-valued utility function, facilitate the empirical determination
of whether or not a particular efficiency criterion adequately repre-
sents the preferences of a decision maker. In the sections which
follow, a more powerful efficiency criterion, stochastic dominance with
respect to a function (Meyer, 1977a), is introduced, and a method for
measuring decision maker preferences designed to be used in conjunction
with this criterion is presented.

4.4 Stochastic Dominance with Respect
to a Function

Stochastic dominance with respect to a function is an evaluative
criterion which orders uncertain action choices for classes of decision
makers defined by specified lower and upper bounds, r](y) and rz(y), on
the absolute risk aversion function. The absolute risk aversion

function (Arrow, 1971; Pratt, 1964), r(y), is defined by the expression:
r(y) = -u" (y)/u'(y) 4.9
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where u'(y) and u" (y) are the first and second derivatives of a
von Neumann-Morgenstern utility function u(y). In the most abstract
terms, values of the absolute risk aversion function are simply local
measures of the degree of concavity or convexity exhibited by a decision
maker's utility function. Since u'(y) is assumed to be positive, a
positive value of r(y) implies a negative value of u" (y) which in turn
implies a concave utility function. Similarly, the utility function
is convex at y if r(y) is negative. As such, the absolute risk aversion
also serves as a local indicator of the extent to which a decision maker
is risk averse or risk loving. Following Arrow's (1971) definition,
an individual is risk averse (loving) if, from a position of uncertainty,
he is unwilling (willing) to take a bet which is actuarially fair
(unfair).] Concavity of the utility function and risk aversion are
synonymous under this definition, and both are implied by a positive
value of r(y). A negative value of r(y) implies both local convexity
of the utility function and risk Toving behavior. Perhaps the most
important property of the absolute risk aversion function, however, is

that it is a unique measure of preferences, while a utility function is

]Arrow's definition of risk aversion has been the source of some
confusion, since risk aversion and risk preference have often been
equated with an aversion to and a love for gambling. Unless some
measure of the degree of gambling associated with a particular choice
is identified as a system output and included as an argument in a
decision maker's utility function, however, his choices are, by the
omission of this factor, assumed to be unaffected by the degree of
gambling involved. Arrow's concept or risk aversion refers only to
the characteristics of a utility function with a single argument. As
Friedman and Savage (1948) demonstrate, such a utility function can be
used to explain why gambling has utility or disutility in certain
situations without requiring that preferences for gambling per se be
measured.
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1 In effect, then,

unique only to a positive linear transformation.
upper and lower bounds on a decision maker's absolute risk aversion
function define an interval measurement in his preferences. Stochastic
dominance with respect to a function orders choices on the basis of

such a measurement.

The major advantage of this criterion is that it imposes no re-
strictions on the width or shape of the relevant region of risk aversion
shape. The interval measurement can be as precise or imprecise as is
deemed necessary for a particular decision analysis. Negative as well
as positive levels of absolute risk aversion can lie within the risk
aversion interval at some or all levels of system output. Less flexible
efficiency criteria such as first and second degree stochastic dominance
can be viewed as special cases of this more general criterion. The
requirement under first degree stochastic dominance that the decision
maker have positive marginal utility places no restrictions on the
decision maker's absolute risk aversion function--i.e., r](y) = -» and
rz(y) = » for all possible values of y. The requirement under second
degree stochastic dominance that marginal utility be decreasing as well
as positive, on the other hand, implies that r](y) = 0 and rz(y) = = for
all values of y.

More formally stated, stochastic dominance with respect to a

function is a criterion which establishes necessary and sufficient

1Because a utility function is unique only to a positive linear
transformation, u(y) and

u*(y) = at+bu(y), b>0
are strategically equivalent, though perhaps highly dissimilar, utility
functions. The absolute risk aversion functions of these two utility
functions are identical, however:

r(y) = -u" (y)/u'(y)
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conditions for the distribution of system outputs defined by the cumu-
Tative distribution function F(y) to be preferred to that defined by
the cumulative distribution function G(y) by all agents whose absolute
risk aversion functions lie everywhere between lower and upper bounds
r](y) and rz(y). As developed by Meyer (1977a), the solution procedure
requires the identification of a utility function uo(y) which minimizes

1
6 [G(y)-F(y)Ju' (y)dy 4.9

subject to the constraint

r S -u (y)/u ()Sry(y) 200, 11 4.10
The expression in equation 4.9 is equal to the difference between the
expected utilities of system output distributions F(y) and G(y).2 If,
for a given class of decision makers, the minimum of this difference is
positive, F(y) is unanimously preferred to G(y). If the minimum is zero,
it is possible for an agent in the relevant class of decision makers to
be indifferent between the two alternatives and they cannot be ordered.
Should the minimum be negative, F(y) cannot be said to be unanimously

preferred to G(y). In this case, the expression

53 [F(y)-6(y)1u' (y)dy 4.1

]The range of system outputs is normalized so that all values of
y fall on the bounded interval [0, 1].

2This can be demonstrated in the following manner, Let f(y) and
g(y) be the probability density functions associated with F(y) and G(y)

£3 Fy)uly)dy - 13 g(yduly)dy = £ [F(y)-g(y)Tuly)dy

is the difference between the expected utilities associated with the two
distributions. Integrating by parts,

£y LF)-9(0)Iu(y)dy = [F(y)-6(0)Tuly) 15~/ [F(y)-6(y)Iu' (y)dy =

£y [6(y)-F(y)Ju' (y)dy
since [F(0)-G(0)] and [F(1)-G(1)] are both equal to zero.
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must then be minimized subject to 4.10 to determine whether G(y) is
unanimously preferred to F(y). It should be noted that a complete
ordering is not ensured by the criterion. It is possible for the
minimum of both (4.9) and (4.11) to be negative, which implies that
neither distribution is unanimously preferred by the class of decision
makers being considered.

Meyer uses optional control techniques outlined in Arrow and Kurz
(1970) to derive the necessary and sufficient conditions for the solu-
tion of this problem. These conditions do not represent a closed form
solution. Rather, they define a rule for determining the absolute risk
aversion function of the utility function which minimizes 4.9--a rule
can be applied if the relatively unrestrictive assumption that [G(y)-F(y)]
changes a sign finite number of times over the interval [0, 1] is met.
The following theorem (Meyer, 1977a, p. 333) is the basis for that rule:

Theorem An optimal control -ua(y)/ub(y) which minimizes

J’é [6(y)-F(y)]u' (y)dy subject to r,(y)<[ugy)/us(y)lsr,(y)
and ub(O) = 1 is given by:

_ua(y) _ r](y) if f; [G(x)-F(x)]ub(x)dx<0

up(¥) rp(y) if I; [6(x)-F(x)Jup(x)dx20

This theorem implies that the value of the absolute risk aversion
function which minimizes the difference in the expected utilities
associated with F(y) and G(y) is determined at any point y* by the
sign of the objective function integrated from y* forward to 1 using
the optimal control. Furthermore, it implies that the value of the

absolute risk aversion function is always either r](y) or rz(y).
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Application of the rule requires that the solution procedure work
from back to front as is commonly done in dynamic programming. A simple
example should help to illustrate how this can be done. Consider the
two cumulative distribution functions shown in Figure 4.2. Neither
dominates the other by first or second degree stochastic dominance. Let
the lower and upper bounds on the absolute risk aversion functions both

1 The utility function associated

be constants--r, = .001 and r, = .002.
with each of these can be shown to be of the negative exponential form
(Pratt, 1964), so that
-r.y

u(y) =-e ' i=1, 2, 4.12
where rs is the upper or lower bound absolute risk aversion level.
The function [G(y)-F(y)] is graphed in Figure 4.3. Between y=5000 and
y=7000 its value is negative, and above y=7000 its value is zero.
According to the theorem above, this implies that for values greater
than 5000 ri(y) = ,001 is the optimal control. Calculating the value

of the objective function from y=5000 and upward,

T5000 [6(¥)-F(y)luj(y)dy 4.13

. fgggg (-1/3)(.001)e"- 001V gy

-.00194

we see that it is negative.2 The solution rule indicates that the

optimal control remains at r(y)=.001. The procedure continues back

]There is no requirement that they be constant. This assumption
is made here to facilitate calculation.

2The value of the integral is zero over regions where [G(y)-F(y)]=0.
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Figure 4.3 A Graph of the Function [G(y)-F(y)]
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until the point where y = 4000. At this point

IZOOO [G(.Y)’F(.Y)]u(')()')d.y 4.14

_ /4382
4000

= 0'

(-173)(.001)e"* 99V ay- 00194

Therefore, the optimal control switches to y = .002 for values of y less

than 4000. The procedure continues back with the same optimal control until

77, [G(y)-F(y)Jug(y)dy 4.15

3000 -.002y
000 (173)(.002)e dy

.00528

Since the value of the objective function is positive, distribution F(y)
js preferred to G(y) by all decision makers whose absolute risk aversion
functions lie everywhere between r= .001 and r, = .002. The utility
function which minimizes the objective function has an absolute risk
aversion function such that:

r(y) = .002 when y<4000 4.16

.001 when y>4000
Note that this utility function does not have constant absolute risk
aversion.

Stochastic dominance with respect to a function is a remarkably flex-
ible evaluative criterion which has considerable potential for use in the
analysis of practical decision problems. Unlike other efficiency cri-
teria, it does not require that fixed restrictions be imposed on the
representation of the decision makers' preferences; and, because the
bounds on absolute risk aversion can be as close or as far apart as desired,
stochastic dominance with respect to a function can be used to order more

choices than can be done with other criteria. Unlike a single valued
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utility function, it does not require that an exact representation of
the decision maker's preferences be specified. Furthermore, stochastic
dominance with respect to a function is relatively easy to apply. A com-
puter program which implements the solution procedure defined above has
been developed by Meyer, and a modified version of that program is pre-
sented in Appendix B.

4.5 An Interval Approach to the Measurement
of Decision Maker Preferences

Stochastic dominance with respect to a function is a powerful
analytical tool, Before it can be used in an applied context, however,
an operational procedure must be developed for the determination of
Tower and upper bounds on a decision maker's absolute risk aversion
function. A technique for making such interval measurements of decision
maker preferences is introduced in this section. This procedure uses
information revealed by a series of choices between carefully selected
distributions to establish lower and upper bounds on an individual's
absolute risk aversion function. The degree of precision with which
preferences are measured--i.e., the size of the interval between the
lower and upper bound functions--can be specified directly in accordance
with the characteristics of the problem under consideration. At one
extreme the interval can be of infinite width, and at the other extreme
it can converge to a single line.

The procedure for constructing interval measurements of decision
maker preferences is based on the fact that under certain conditions a
choice between two outcome distributions defined over a relatively narrow
range of system output levels divides absolute risk aversion space over

that range into two regions: one consistent with the choice and one
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inconsistent with it, The level of absolute risk aversion at which the
division is made depends solely on the two distributions--i,e,, their
properties define the two regions. The decision maker's preferences, as
revealed by his ordering of the two distributions, however, determine

into which of these two regions his level of absolute risk aversion is
said to fall. By confronting the decision maker with a series of choices
between carefully selected pairs of distributions, the region of absolute
risk aversion space which is consistent with the decision maker's prefer-
ences can repeatedly be divided. With each choice a portion of that region
is shown to be inconsistent with the decision maker's preferences, and the
interval measurement for the level of absolute risk aversion is narrowed.
The procedure continues until a desired level of accuracy is attained.
Upper and lower 1limits for the level of absolute risk aversion are deter-
mined at a number of income levels. These values are used to estimate
upper and lower limits for the absolute risk aversion function over the
relevant range of incomes.

The validity of the statement that a choice between two distributions
is, under certain conditions, the basis for a division of absolute risk
aversion space into regions consistent and inconsistent with a decision
maker's revealed preferences can be demonstrated using concepts developed
by Meyer in "Second Degree Stochastic Dominance with Respect to a Function."
In that paper Meyer (1977b, p. 483) proves the following theorem:

Theorem For cumulative distributions F(y) and G(y)

136 [G(x)-F(x)]dk(x)20 yz[0, 1] and
f% [G(x)-F(x)]dk(x)=0 only if

f}, [6(x)-F(x)1dk(x)<0  yz[0, 1]
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The theorem states that F(y) is preferred to G(y) by all decision makers
more risk averse than the utility function k(y) and that decision makers
having utility function k(y) are indifferent between the two distributions
only if G(y) is preferred to F(y) by decision makers less risk averse than
k(y).] The function k(y), then, can be considered to be a boundary func-
tion, since it separates a class of decision makers who prefer F(y) from
a class who prefer G(y).

If the distributions F(y) and G(y) are defined over a narrow range
of system output levels and if the decision maker's absolute risk aversion
function can be approximated by a constant value X over that range, pre-
ference for F(y) implies that A is greater than or equal to the minimum
value of the absolute risk aversion associated with k(y). Otherwise, the
decision maker would be less risk averse than k(y) and his choice would
be inconsistent with expected utility maximization, Preference for G(y),
on the other hand, implies that A is less than or equal to the maximum
value of the absolute risk aversion function associated with k(y), since

F(y) is preferred by all decision makers more risk averse than k(y). It

]Using Pratt's definition of risk aversion in the large, a decision
maker with utility function u(y) is more risk averse than k(y) if

-k" < -u" Uy,

k'éy; B U'{y}
while he is less risk averse than k(y) if

-k" > -u" Hy

k'%y; u'sy;
Meyer (1977b) shows that F(y) is preferred to G(y) by all decision makers
more risk averse than k(y) if

73 [6(x)-F(x)1dk(x)20 bye[0, 1]

and if the inequality is strict for some value of y, He also shows that
G(y) is preferred to F(y) by all decision makers less risk averse than k(y) if

1y [8(x)-F(x)1dk(x)$0  bye[0, 1]
and if the inequality is strict for some value of y.
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should be noted that the assumption that a decision maker's absolute

risk aversion function can be adequately approximated by a constant value
over a narrow range of system output levels is critical here. The theorem
stated above does not imply that decision makers who prefer F(y) to G(y)
are more risk averse than k(y); nor does it imply that decision makers

who prefer G(y) to F(y) are less risk averse than k(y). With the assump-
tion of constant absolute risk aversion in the neighborhood of a given
system output level, however, it can be inferred that decision makers who
prefer F(y) to G(y) are not less risk averse than k(y) and those who pre-
fer G(y) to F(y) are not more risk averse than k(y).

The properties of a utility function which serves as a boundary func-
tion between two distributions are dependent upon the two distributions.]
By careful selection of distributions, a boundary function can be placed
anywhere in risk aversion space. A series of questions can be devised,
then, which allows the repeated reduction of region of risk aversion

space consistent with the revealed preferences of a decision maker, thereby,

narrowing the interval measurement of absolute risk aversion,

A simple example should help to illustrate how the procedure works.
Let the boundary function for two distributions, k](y), have an absolute
risk aversion function which 1ies everywhere on the interval (A],Az),
and let the first distribution be preferred by decision makers more risk
averse than k(y) while the second is preferred by those less risk averse
than k](y). In this case the decision maker prefers the first distribu-
tion. Given the assumption of constant absolute risk aversion over

this range of system output levels, this implies that his level of

]A boundary function does not exist for each pair of distributions.
One would not exist, for example, if one distribution dominates the other
by first degree stochastic dominance. Similarly, the existence of one
boundary function does not preclude the existence of others.
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absolute risk aversion between Y and ¥, lies everywhere above A], as
is shown in part (a) of Figure 4.4. If choices between two additional
pairs of distributions indicate first that the level is greater than
Ao and second that it is less than A3 it can be inferred that the
decision maker's level of absolute risk aversion over this range of
system outputs lies between AZ and 13, as is shown in part (c) of
Figure 4.4. With each choice, then, a portion of the region of absolute
risk aversion space consistent with prior choices is shown to be incon-
sistent with the decision maker's preferences and the interval measure-
ment of absolute risk aversion is narrowed. Choices are presented to
the decision maker until a desired level of accuracy is attained. An
interval measurement of a decision maker's absolute risk aversion
function can be constructed over a much broader range of system outputs
by making interval measurements in the neighborhood of several system
output levels and connecting known portions of the upper and lower
bound absolute risk aversion function with linear segments, as is done
in Figure 4.5. In this case direct interval measurements have been made
in the neighborhood of three system output levels: 3,000; 10,000; and
17,000.

4.6 Implementation of the Procedure

The discussion above describes an iterative approach to the con-
struction of interval measurements of a decision maker's absolute risk
aversion function. It does little, however, to answer the basic opera-
tional questions of how appropriate distributions can be selected and
of how the boundary interval for any pair of distributions can be

jdentified. The techniques used to implement the interval approach to
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the measurement of decision maker preferences are described briefly in
this section. A more technical explanation of them is given in Appendix B.

The first step in the implementation of the procedure is to estab-
Tish a measurement scale, which is defined by a number of reference
levels for absolute risk aversion. In Figure 4.6, for example, four
reference levels are specified: -.0001, .0001, .0005, and .0010. This
scale or grid determines the accuracy with which absolute risk aversion
can be measured. Any number of reference levels can be specified. The
intervals between them can be as wide or narrow as is deemed necessary,
and they need not all be of equal size. In many cases it may be desirable
to put more fineness or detail in the measurement scale in regions of
risk aversion space where it is believed a priori that the decision
maker's level of absolute risk aversion is likely to fall.

Next, a set of distributions which will serve as the basis for the
choices made by the decision maker must be constructed. These distri-
butions should be defined over a relatively narrow range of system
output levels, since the decision maker's level of absolute risk aver-

1 As described in

sion is assumed to be constant over that range.
Appendix B, they are constructed in a random manner by generating
several hundred random numbers from a specified distribution and
grouping them into sets of six observations each. Each is a distribu-
tion of outcomes, and each element is said to have a 1/6 probability of
occurrence. Only six elements are included in each distribution because

more complex distributions might make decision makers' choices unduly

]Experience to date indicates that a range of five to ten percent
the size of the entire range of system output levels over which pre-
ferences are to be measured is adequate.
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r(y)
r(y) = .0010
r(y) = .0005
) r(y) = .0001
y
r(y) = -.0001

Figure 4.6 An Absolute Risk Aversion
Measurement Scale
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difficult. Distributions with fewer elements, on the other hand, may
not be rich enough to make the choices interesting. The use of six
element distributions also facilitates explanation of the choice situa-
tion to the decision maker, since the probability of any one element
occurring can be equated directly to the probability of obtaining a
specified number of dots on a single role of a die. Three distributions
constructed in this manner are shown in Table 4.2.

Once a measurement scale has been specified and sample distribu-
tions have been constructed, the interval on the measurement scale
which contains the risk aversion function associated with the boundary
function for each pair of distributions must be identified. The proce-
dure by which this is done is described in detail in Appendix B. 1In
essence, criteria identified by Meyer (1977b) are used to identify the
highest reference level on the measurement scale, Aps such that all
decision makers less risk averse than M prefer one distribution and the
lowest reference level in the measurement scale, Aos such that all
decision makers more risk averse than A, prefer the other distribution.
It follows that the absolute risk aversion function associated with the
boundary function for the two distributions lies everywhere within the
interval (A],Az), which is called a boundary interval. The boundary
intervals for each pair of distributions from Table 4.2 are given in
Table 4.3. In this case each pair has a different boundary interval.
It should be noted that more narrow boundary intervals could have been
identified if a more detailed measurement scale had been specified.

After the boundary interval has been identified for each pair of

distributions, a series of questions is formulated. Each question asks
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Table 4.2 Sample Distribution from a Normal Distribution
With u = 3000 and ¢ = 1000

Distributiond
1 2 3
2100 1000 1750
2400 2050 1950
2550 2650 2500
3100 3800 2750
3250 3900 3950
3450 5200 4000
u = 2808 u = 3100 u = 2817
o= 488 o = 1370 o= 883

3The elements of each distribution are rounded to the nearest

50 units.
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the decision maker to indicate which of two selected distributions he
prefers. His responses serve as the basis for the interval measurement
of'absolute risk aversion. Each question focuses on a particular
interval of risk aversion space--an interval which corresponds to the
boundary interval for the two distributions the decision maker is asked
to rank. Let the first question in the example being developed here be:

Compare distributions 1 and 2 and indicate which

you prefer.
This question focuses on the intervé] (.0001, .0005).] If distribution 1
is preferred, the information in Table 4.2 indicates that the decision
maker's level of absolute risk aversion is greater than .0001. If
distribution 2 is preferred, his level of absolute risk aversion is
below .0005.

The choice of a second question will depend on the respondent's
answer to the first. If the respondent prefers distribution 1, for
example, it makes little sense to ask him to rank distributions 1 and 3.
Such a question indicates whether his level of absolute risk aversion
is greater than -.0001 or less than .0001. Since his level of absolute
risk aversion is already said to be greater than .0001, this information
would be of value only as a consistency check. A choice between distri-
butions 2 and 3, on the other hand, would add to our knowledge. If
distribution 2 is preferred, the decision maker's level of absolute
risk aversion can be said to fall on the interval (.0001, .0010), while

if distribution 3 is preferred, the level must be greater than .0005.

]It is advisable to focus the first question on a boundary interval
at or near the middle of the measurement scale.
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Because the order of questioning is contingent upon the decision maker's
responses, the interview schedule takes a form similar to that of a
programmed learning text, as is exemplified in Figure 4.7.

Clearly, the set of questions specified in this example does not
lead to an accurate measure of a decision maker's preferences. By
specifying a finer measurement scale, however, and by asking a series
of three or four questions rather than only two, much more accurate
measurements can be made. It should also be noted that these questions
serve as the basis for a measurement of absolute risk aversion only for
system output values between 1000 and 5000. Similar sets of questions
must also be constructed to measure preferences in the neighborhood of
several other system output levels so that upper and Tower bound
absolute risk aversion functions can be constructed for a wider range
of possible system output levels.

Figure 4.5 above shows ubper and lower bounds on an absolute risk
aversion function based on interval measurements at three system output
levels. Note that the slope of the absolute risk aversion function is
not restricted. In this example it rises, then falls, and at lower
levels of system output the measurement interval includes negative as
well as positive values. When absolute risk aversion functions are
derived from empirically estimated utility functions, on the other hand,
their form is often severely limited by the functional %orm used to
estimate the utility function. It should also be noted that the inter-
val approach to the measurement of preferences also avoids another common
problem encountered in the estimation of single-valued utility functions.

Because all questions posed require a choice between two uncertain
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1. Compare distributions 1 and 2 and circle
the one you prefer.

If you prefer distribution 1 go to question 3,
otherwise go to question 2.

2. Compare distributions 1 and 3 and circle
the one you prefer.

3. Compare distributions 2 and 3 and circle
the one you prefer.

Figure 4.7 A Sample Questionnaire
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prospects, biases due to preference for an aversion to gambling per se
are eliminated.

6ne final step is required for the implementation of the interval
approach to the measurement of preferences. Although Meyer's (1977a)
analytical development of stochastic dominance with respect to a
function depends only on absolute risk aversion functions, the computer
program he has developed to implement the criterion requires that
utility functions having absolute risk aversion functions corresponding
to Tower and upper bounds, r1(y) and rz(y), be specified by the user.
Given the definition of the absolute risk aversion function,

ry) = - 4 4.17
the following system of differential equations, which relates levels

of absolute risk aversion to values of u(y) and u'(y) can be derived:

d | uly) ] o)\ uly)
dy [u'(y)] ) [-r(y) 0][u'(y):] 418

Once initial values of u(y) and u'(y) have been specified, recursive
numerical integration techniques can be used to solve for u(y) and

u'(y) at any level of system output.1

Utility functions associated

with the Tower and upper absolute risk aversion functions are repre-
sented by a table look-up routine in the computer algorithm which
implements the stochastic dominance with respect to a function criterion.
Corresponding values of y and u(y) determined by numerical integration

serve as data points for each table look-up function.

]The initial values of u(y) and u'(y) correspond to the arbitrary
scale factors of a von Neumann-Morgenstern utility function. See
Appendix B for a 1isting of the computer program which performs the
numerical integration.
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4.7 ﬂg_Empirica] Test

A simple experiment was designed and conducted to test the efficacy
of the interval approach to the measurement of decision maker preferences.
Three questionnaires were administered to a group of graduate research
assistants from the Department of Agricultural Economics at Michigan
State University. The first questionnaire employed the procedure
described above to obtain an interval measurement of each subject's
absolute risk aversion function. The second questionnaire was used to
elicit information required for the construction of a single-valued
utility function for each subject.1 Finally, the third questionnaire
asked the respondent to make a series of six choices between pairs of
distributions, each distribution being comprised of six elements and
each being defined on the interval over which preferences had been
measured. Information from the first two questionnaires was used to
predict the choices made by each respondent in the third questionnaire,
and these predictions were compared to the actual responses. In this
way the accuracy of each of the two approaches to the measurement of
preferences was tested.

In evaluating each approach, two criteria were considered: the
number of correct predictions and the number of choices for which a
definite ordering was made. A prediction was said to be correct if the
respondents' actual choice was not excluded from the efficient set of
choices and incorrect if it was excluded. The preference measure having

the highest proportion of correct predictions was said to be the more

]Because it is the most commonly used and most easily implemented
elicitation technique, the ELCE method (Anderson, Dillon, and Hardaker,
}977) was used to identify points on the decision maker's utility

unctions.
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accurate according to this criterion. Concern with the proportion of
correct predictions is analogous to concern with the probability of

Type 1 error in a statistical test, the latter being the probability
that a true statement will be judged to be false and be rejected. This
measure of accuracy is not a good indicator of the relative discriminatory
power of preference measurements based on these two approaches. The
criterion of first degree stochastic dominance, which holds for all
decision makers who prefer more of the system output to less, should
never exclude a preferred choice from the efficient set and so should

be perfectly accurate according to the criterion defined above. Often,
however, it also fails to exclude many choices from the efficient set.

A single-valued utility function, on the other hand, is the basis for

a complete ordering of choices--i.e., it always leads to an efficient

set having a single element. Therefore, the number of choices actually
ordered was also considered. Concern with this measure of discriminatory
power is analogous to concern with the Type II error associated with a
statistical test, which is the probability that a false statement will

be judged to be true and not rejected.

Clearly there are trade-offs between the accuracy and the discrimi-
nating power of a preference measurement. Unlike other measurement
techniques and evaluative criteria, the combined use of interval pre-
ference measurements and stochastic dominance with respect to a function
permits explicit consideration of these trade-offs. As the precision
of the interval measurement increases, it becomes a more discriminating
basis for the ordering of choices; but the probability of excluding

preferred choices from the efficient set also increases.
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Such trade-offs between accuracy and discriminatory power were
also analyzed in the experimental test of the interval approach to the
measurement of preferences. Direct interval measurements of absolute
risk aversion were made at three levels of income--the relevant system
output variable 1in this instance. These measurements were based on a
sequence of four questions at each income level. By constructing
interval measurements on the basis of information available at the end
of each question, however, four preference measurements--each more pre-
cise than the one which preceded it--were made for each subject.

Nine of ten subjects correctly completed all three questionnaires.
Since each subject made six choices on the third questionnaire, each
preference measurement was used to predict a total of fifty-four
choices. The results of the experiment are presented in Table 4.4.

They show that there is a clear trade-off between accuracy and discrimi-
natory power. First degree stochastic dominance and the single-valued
utility function are at opposite extremes in this trade-off relation-
ship, and the interval measurements are arrayed between the two.

Several factors should be noted. With regard to the accuracy of the
interval measurements, it falls at a re)ative]y constant rate as the
number of questions posed increases, but even at the higher levels of
precision it exceeds that realized with the single-valued utility function.
The discriminating power of the interval measurements, on the other hand,
increases dramatically as the number of questions asked at each income
level increases. First and second degree stochastic dominance, on the
other hand, clearly do not discriminate well among the distributions

which were the basis for the decision makers' choices.
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It should be noted that these results represent but one test of
the interval approach to the measurement of decision maker preferences.
Results presented in the next section and in Chapter V provide addi-
tional evidence of the power of this approach, but further experimenta-
tion is needed. It should also be noted that few attempts have been
made to apply this technique. With more applied experience may come
refinements that will improve the discriminatory power of preference
measurements based on this approach without leading to increases in the

probability of excluding the preferred choice from the efficient set.

4.8 An Application

In order to test the interval approach to the measurement of
decision maker preferences in a more practical setting, questionnaires
implementing the procedure were administered to seventeen farmers who
were all participants in an extension workshop on cash grain marketing
strategies. The questionnaires were viewed as an exercise in the
workshop--an exercise designed to help individuals think systematically
about how they make decisions. Interval measurements of absolute risk
aversion were made in the neighborhood of four income levels: -$3,000,
$7,000, $17,000, and $27,000. Each measurement was based on a series
of three questions. In addition, the respondents were also asked to
make a series of choices between distributions, as was done in the experi-
ment described in the preceding section.

The farmers had little difficulty in completing the questionnaires,
and they seemed to find the choices to be interesting. The range of
responses was quite broad. Individuals within the sample of seventeen

ranged from the extremely risk averse to the extremely risk loving.
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Several discernable patterns did emerge, however. Most decision makers
exhibited increasing absolute risk aversion over the lower income
levels and decreasing absolute risk aversion at higher levels. For
most, the interval measurement of absolute risk aversion included
negative values at some level of income. In fact, only four of the
seventeen decision makers had Tower level absolute risk aversion
functions which were everywhere non-negative. This casts serious
doubt upon the applicability of a criterion such as second degree
stochastic dominance which is valid only for decision makers who are
risk averse at all system output levels.

Choices made in the final section of the questionnaire were pre-
dicted remarkably well by the preference measures. Ninety-one out of
102 possible choices were predicted correctly for a success rate of
.892. This compares quite favorably with that obtained in the more
carefully controlled experiment with student subjects. To test the
discriminatory power of the preference measures, that derived for each
decision maker was used to order a set of thirty-three distributions,
none of which was dominated by any other by the criterion of first
degree stochastic dominance. The resultant efficient sets ranged in
size from one to twenty-three, with the average size being 10.5. Clearly
this represents a sizeable reduction in the size of the efficient set
over that attained with first degree stochastic dominance. The second
degree stochastic dominance efficient set for these thirty-three dis-
tributions had only five elements. It must be remembered, however, that
this criterion is valid only for four of the seventeen farmers whose
preferences were measured. For these four individuals the size of the

efficient set averaged only 2.5.
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Upper and lower bound absolute risk aversion functions for
three representative decision makers are shown in parts a, b, and ¢
of Figure 4.8. The interval measurement for decision maker A &eclines
across the relevant range of net income levels. That for decision
maker B rises and then falls, while that for decision maker C is con-
stant and then rises at the highest income level. Decision maker C is
one of the four individuals in the sample who is everywhere risk averse.

The distributions of net income levels associated with each of
the two strategies defined in Section 3.3 of Chapter III were ordered
for each of these three decision makers using the criterion of stochastic
dominance with respect to a function. It will be recalled that Strategy 1
calls for no land rental and for the planting of all acreage in soybeans.
Strategy 2 calls for the rental of 240 acres and for a more balanced
crop mix. Strategy 1 is preferred to Strategy 2 by decision maker A.
Neither distribution dominates the other given the preferences of
decision makers B and C.

In themselves these results are not particularly interesting. They
do demonstrate, however, that the interval measurements of decision
maker preferences can lead to different efficient sets for different
decision makers. They also show that remarkably dissimilar distributions
may be included in an efficient set. The two strategies considered here
bear little resemblance to each other. One could be called extremely
cautious and the other moderately risky. For decision maker A it is
clear that the cautious approach is preferred. For the other two
decision makers the preferred choice is not so clear-cut. If these two

strategies were but two of many being considered and if a single-valued
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utility function were being used to identify a preferred choice, one
would have been eliminated from consideration. As the experimental

results reported in the preceding section indicate, however, there is
a relatively high probability that the preferred strategy would have

been the one eliminated.



CHAPTER V

COMPUTATIONAL PROCEDURES FOR THE IDENTIFICATION
OF PREFERRED CHOICES

5.1 Introduction

Techniques developed in the preceding chapters for the determination
and representation of subjective probability distributions and for the
measurement of decision maker preferences provide the information
required to order any two specified action choices. In most decision
situations, however, a large if not infinite range of choices is open to
the decision maker. As a result, some systematic technique for the
identification and evaluation of a large number of possible strategies
is needed in many applied decision analyses. Such a technique should
be flexible enough to be applicable in a wide range of decision situa-
tions without requiring that important simplifying assumptions be made
concerning preferences, probabilities, and the nature of the problem
itself. It should serve as an aid in solving practical problems,
without forcing the decision maker to alter his conceptualization of
the problem at hand,

In this chapter a computational procedure designed to meet these
needs is formulated, and its implementation is discussed. This proce-
dure integrates concepts and operational techniques related to problem
formulation, the determination of subjective probability distributions,
and the measurement of decision maker preferences developed in the pre-
ceding chapters. It is a decision aid which is both powerful and

highly flexible.
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In subsequent sections of this chapter, existing computational
procedures for the identification of preferred choices are first
reviewed, and their strengths and weaknesses are identified. The pro-
cedure developed for this study is then introduced and described in
detail. Finally, the procedure is applied to the sample problem dis-

cussed in the preceding three chapters.

5.2 A Review of Existing Computational Procedures

Mathematical programming models are commonly used in the analysis
of complex decision problems when the assumption of perfect knowledge
can reasonably be made. They are analytically elegant, computationally
efficient, and easily adapted for use in a wide range of decision situa-
tions. A number of difficulties are encountered, however, when mathe-
matical programming models are employed in the analysis of decisions
made under uncertainty--difficulties related to problem formulation, to
the determination of the probability distributions for system output
variables associated with alternative strategies, and to the representa-
tion of decision maker preferences. Despite such difficulties, mathe-
matical programming techniques are the basis for the most commonly
used computational procedures for the identification of preferred
choices under uncertainty.

Quadratic programming (Markowitz, 1959; Freund, 1956) is
perhaps the most familiar and the most widely accepted mathematical
programming technique for the analysis of decisions made under uncer-
tainty. Conceptually it is an attractive tool because it is so closely

1inked with mean-variance analysis, which has been the basis for a wide
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range of theoretical developments, and because when used in a para-
metric programming mode it can, under certain conditions, be used to
identify an efficient set of strategies which includes the preferred
choice of any risk averse decision maker.] With respect to practical
considerations, it is an attractive technique because the formulation
of quadratic programming problems is only slightly more complex than
that of a standard linear programming problem and because quadratic
programming packages are available in most computer systems. The use-
fulness of quadratic programming in an applied decision analysis is
severely limited, however, by a number of other factors.

With regard to problem formulation, standard quadratic programming
models require that input-output relationships be linear and additive
and that all controllable system input levels be perfectly divisible.
In many practical decision situations these assumptions simply do not
correspond closely with reality. Equally serious are the limitations
imposed by the standard quadratic programming model on the definition
of a management strategy. Decisions are analyzed as though they were
inflexible, though, as was noted in Chapter II, one of the most important
characteristics of choices under uncertainty is that they are often
adaptive in nature. Finally, though computer codes which implement
quadratic programming algorithms are readily available, many limit
the size of the problem which can be considered.

With regard to the determination of probability distributions,

quadratic programming requires that they be determined analytically,

]As was noted in Section 4.3 of Chapter IV, the criterion of
mean-variance efficiency is a special case of second degree stochastic
dominance. The mean-variance efficient set is identified by parametric
quadratic programming.
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which may greatly limit the types of stochastic factors which can be

considered in an analysis and may also 1imit the complexity of the model
used to represent a particular stochastic process. Furthermore, within
a quadratic programming framework, the distributions of exogenous sys-
tem inputs and of system output variables are described only by means,
variances, and covariances. Implicitly, then, all distributions are
assumed to be normal. When this assumption does not hold, quadratic
programming may eliminate from consideration the preferred choices of
some decision makers (Tsiang, 1972; Robison and King, 1978).

Finally, with respect to the representation of decision maker
preferences, quadratic programming requires that the decision maker's
utility function be of the quadratic or negative exponential form if
a single preferred choice is to be identified. When parametric quadratic
programming is used to identify a mean-variance efficient set, on the
other hand, the efficient set holds only for risk averse decision
makers. It is possible that a decision maker's preferences cannot be
adequately represented under any of these assumptions.

In response to some of the shortcomings, several linear programming
alternatives to quadratic programming have been proposed. These include
the game theoretic (McInerney, 1969; Hazell, 1970; Low, 1974) and focus-
loss (Boussard and Petit, 1967) approaches and the MOTAD model developed
by Hazell (1971). A1l these models can be solved using standard linear
programming algorithms, and none requires that stochastic returns be
normally distributed. They impose fewer limitations on the size of
problems which can be considered and all are more amenable to the
relaxation of restrictions on linear constraints and production pro-

cesses and on divisibilities of choice variables through the use of
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separable programming and mixed integer programming techniques. Each
does have serious shortcomings, however. Covariance between returns
for different activities is ignored in both the MOTAD and focus-loss
models. This can lead to a serious misrepresentation of the distribution
of outcomes associated with any particular action choice. More impor-
tant, however, the links between the decision criteria used in these
approaches and the expected utility hypothesis are much weaker than is
the case with quadratic programming. The safety-first behavioral
assumption implied by the focus-loss approach and employed in many
applications of the game theoretic model is especially difficult to
reconcile with the axioms underlying the expected utility hypothesis.

The Risk Efficient Monte Carlo Programming (REMP) model developed
by Anderson (1975, 1976) is in nearly all respects a more attractive
alternative to quadratic programming as a decision aid in practical
situations. The REMP model employs Monte Carlo programming techniques
(Donaldson and Webster, 1968) to construct a large number of feasible
management strategies in a random fashion. The distribution of total
net returns associated with each strategy under consideration is deter-
mined analytically under the assumption that distributions of net
returns for each activity and distributions of total net returns for
each strategy are members of the beta family. Covariance between
returns for each activity is considered explicitly. Under this proce-
dure, a cumulative distribution function is constructed for total net
returns associated with each strategy and the criterion of second
degree stochastic dominance is used to identify an efficient set of

choices. The REMP model allows considerable flexibility in the
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representation of probability distributions, since the beta distribution
can take a variety of forms. The model also places few restrictions on
decision maker preferences. The criterion of second degree stochastic
dominance requires only that the decision maker be risk averse at all
levels of system output. With regard to problem formulation, the REMP
model also has several distinct advantages. Most notably, the use of
Monte Carlo programming allows, at least partially, the relaxation of
restrictive assumptions of linearity, additivity, and perfect divisibility
required by most mathematical programming models. Despite these advan-
tages, the usefulness of the REMP model is greatly limited by the fact
that second degree stochastic dominance is not a very discriminatory
criterion. In many instances the size of the efficient set identified
with the REMP model is so large that the task of selecting a single
preferred strategy may be prohibitively difficult.

None of these alternatives to linear programming resolves the
problems associated with the incorporation of explicit consideration
of flexibility into the decision analysis. Recursive programming
techniques (Day, 1963; Heidhues,1966) do permit the consideration of
such factors within a linear or quadratic programming framework. The
behavioral constraints, feedback rules, and repeated optimization which
characterize this approach are used to model the process of planning,
decision making, and action. The constraints and rules of thumb which
drive the model through this process--the desired output of a decision
analysis--must be determined exogenously, however. The value of the
recursive programming as an aid to decision makers, then, is limited.

Stochastic programming (Cocks, 1968; Rae, 1971) is conceptually a more
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attractive approach to the resolution of this problem. Adaptive
decision strategies are determined endogenously under this procedure,
which can be used with a standard linear or quadratic programming
algorithm, If the problem under consideration is even moderately com-
plex, however, the size of the input-output matrix quickly expands to
an unmanageable level, so the usefulness of this approach as an applied
decision analysis is also limited. Linear decision models, as developed
by Holt, Modiglioni, Muth, and Simon (1966), represent a third alterna-
tive. Under this approach, which has been further refined by Zellner
(1971), Chow (1973), and McRae (1975), dynamic programming techniques
are used to determine analytical solutions for a special class of
optimal control problems. Having assumed quadratic cost (utility)
functions and linear relations between state and control variables,
linear decision rules are derived which can be used to determine optimal
levels for control variables on the basis of forecasts of key factors.
The parameters of these rules remain invariant for as long as the system
design parameters are unchanged. Models of this sort are subject to the
same limitations imposed on preferences and probability distribution
under quadratic programming. Furthermore, the complexity of such
models and the high cost performing the initial analysis needed to
determine optimal decision rules for a particular process limit applica-
bility of this approach to situations where similar decision are made
repeatedly.

The models described above also fail to completely resolve the
problem that complex stochastic processes can often not be adequately

represented in a quadratic programming framework. Of particular
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importance is the fact that the impact of uncertainty concerning fixed
resource availability levels cannot be satisfactorily analyzed in the
models discussed above. Such factors can be important in some situa-
tions. In the decision problem discussed in the preceding three chap-
ters, for example, the number of days available for fieldwork during
any planting or harvest period is highly uncertain and has a major impact
on crop yields and net income levels. Consideration of this type of
uncertainty is commonly incorporated into programming models using
chance constrained programming techniques (Charnes and Cooper, 1959).
Though relatively simple to implement, however, this approach does not
permit explicit consideration of the cost associated with violating a
constraint and so does not actually facilitate the explicit determination
of the impact of stochastic fixed resource levels on the distribution
of system output levels realized under any particular management strategy.

Finally, none of these models, as specified, permits the representa-
tion of preferences by an empirically determined interval measurement
of absolute risk aversion in the ordering of choices by the criterion
of stochastic dominance with respect to a function, the advantages of
which were demonstrated in Chapter IV. It should be noted, however,
that stochastic dominance with respect to a function can be rather
easily incorporated into the REMP model, as will be demonstrated in the
next section.

5.3 A Generalized Procedure for the Identification
of Preferred Choices Under Uncertainty

While each of the decision models discussed above is attractive

in 1ight of at least one theoretical or practical consideration and
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while each may be appropriate for use in some decision situations,

none can be said to be generally applicable in a wide range of prac-
tical contexts. Furthermore, many rather common types of decision
problems cannot be adequately analyzed with any of the procedures
discussed above. A more general approach is needed--one which permits
greater flexibility with respect to problem formulation, the determina-
tion of probability distributions, and the representation of decision
maker preferences without sacrificing the power of decision theory

based on the expected utility hypothesis. Such an approach is presented
in this section.

The generalized procedure for the identification of preferred
choices described here is in many respects an extension of Anderson's
(1975, 1976) REMP model. Feasible strategies are generated using a
modified form of the Monte Carlo programming model developed by Donaldson
and Webster (1968), which also serves as a basis for Anderson's model.
Under the more generalized procedure, however, a strategy may be
defined by specific controllable system input levels, by a set of
adaptive decision rules, or by some combination of the two. Distri-
butions of system output levels associated with particular strategies
are not determined analytically. Rather, they are determined by
simulating system performance in a number of sample states of nature,
using techniques described in Chapter III. This facilitates the con-
sideration of the impact of a wide range of stochastic exogenous system
inputs and permits greater flexibility in the representation of complex
stochastic processes. Finally, strategies are evaluated using interval
measurements of decision maker preferences and the evaluative criterion

of stochastic dominance with respect to a function.
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Like the REMP model this procedure is an iterative one. A large

number of strategies are generated and evaluated sequentially. The
determination of a truly optimal choice is not ensured. If a sufficiently
large number of plans is examined, however, it is reasonable that the
efficient set will contain a nearly optimal choice for a decision maker.
Because of its similarity to the REMP model, this generalized
procedure for the identification of preferred choices under uncertainty
can be called the generalized risk efficient Monte Carlo programming
model (GREMP). Interrelationships among the three major processes
within the model--strategy generation, system output distribution
determination, and evaluation--are illustrated by the flow chart in
Figure 5.1. Each of these processes will be discussed in greater

detail in the remainder of this section.

5.3.1 Generation of a Feasible Management Strategy

At the outset of each iteration of the GREMP model a management
strategy is constructed. As defined in Chapter II, a management strategy
is a set of controllable system input levels, a set of feedback control
rules for determining controllable system input levels over the duration
of the planning horizon, or some combination of the two. The nature of
the problem under consideration determines the types of choices which
must be made, and the nature of the decision situation determines the
range of choices open to the decision maker.

Regardless of how decisions are defined, the presence of constraints
makes some management strategies impossible. Limits on available
resources may restrict the set of admissible values for some controllable

system inputs. Similarly, some controllable system inputs may be
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indivisible and so must take integer values. In addition, logic or
common sense may dictate that a particular parameter of a feedback
control rule should be positive or that one parameter should always

be greater than another. Constraints may also be of a form which
renders two activities mutually exclusive--e.g., the choice of a par-
ticular functional form for a feedback control rule precludes the use
of an alternative form. Given the definition of a management strategy
in a particular decision situation and the constraints on the range of
available choices, some method of identifying feasible strategies for
consideration in the decision analysis is needed. When the number of
alternatives is small, each can be explicitly specified and evaluated.
When the number of alternatives is large, Monte Carlo programming tech-
niques can be a valuable tool for the identification of feasible
strategies.

Monte Carlo programming is a search procedure which constructs sample
management strategies at random from the set of feasible strategies.

In determining the values for controllable system inputs and/or feedback
control rule parameters, techniques similar to those introduced in the
discussion of the simulation of stochastic processes are used. Monte
Carlo programming is a remarkably flexible tool which can be relatively
easily and inexpensively implemented and so is well suited for use in an
applied decision analysis.

Monte Carlo programming techniques are explained in detail by
Donaldson and Webster (1968). A technical discussion of their applica-
tion is also presented in Appendix C of this study along with a Tisting
of the computer program used to implement the GREMP model. In the context

of current discussion an example is, perhaps, the most effective medium
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for the explanation of the process by which Monte Carlo programming is
used to construct feasible strategies. The management strategy specified
in relation to the decision problem introduced in Chapter II will be
the basis for this example. It will be recalled that this strategy is
defined by three controllable system input levels and by one simple
feedback control rule which has a single parameter. The three controllable

system input variables are:

vy = number of acres rented
v, = number of acres planted in corn
vy = number of acres planted in soybeans

The feedback control rule is: "Regardless of specified crop
acreage levels, soybeans will be planted on all unplanted acreage after
Vs (a parameter indicating a specific date)."

Four indivisible 80 acre tracts of land are available for rental.
Therefore, the only admissible values for vy are 0, 80, 160, 240, and
320. Two types of constraints are imposed on crop acreage levels.
First, the farmer states that if he grows a crop at all, he wishes to
plant at least fifty acres of that crop, i.e.

vy =0orv, 2 50 i=2,3 5.1
Second, total crop acreage is restricted to that which is owned by
the farmer, 240 acres, plus that which is rented, i The farmer
wishes to plant all available acreage, if possible. Therefore:

Vo * Vg = 240 + vy 5.2
With regard to the control rule parameter Vg three possible values will

be considered: May 18, May 26, and June 3. As was noted in Chapter II,

these are the ending dates of the last three possible corn planting
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periods. Let Vg = 1 if May 18 is chosen, 2 if May 26 is chosen, and 3
if June 3 is chosen.

The construction of a management strategy is a sequential process,
and in some cases it may be necessary to set a value for one choice
variable before levels of others can be established. In the example
being discussed here, for example, a value of i must be determined
before crop acreage levels can be specified. Therefore, after control
variables have been identified and constraints on them have been
specified, the control variables must be classified according to the
sequence in which they should be considered. In our example, land
rental can be classified as a resource acquisition activity, and i is
the first variable for which a value is determined. Crop acreage levels,
vy and V3 refer to resource using activities and are specified next.
Finally, the value of the control rule of parameter, Vg is set.]

In constructing a management strategy, the value of each controllable
system input or feedback control rule parameter is treated as a random
variable. In our example, vy and v4 are clearly discrete random
variables since each has only a few possible values. Unless it is
desirable to assign greater probability weight to some particular value,
both can be treated as discrete uniform random variables. In the case
of land rental, then, there is probability of 1/5 that no land will be
rented, 1/5 that 80 acres will be rented, 1/5 that 160 acres will be
rented, 1/5 that 240 acres will be rented, and 1/5 that 320 acres will

]The order in which control variable levels are specified depends,
in general, on the characteristics of the problem under consideration and
on computational convenience. A1l that is actually required in this
example is that a value of Vi be set before vy and vy are considered.
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be rented. Similarly, a probability of 1/3 can be assigned to each of
the three possible values of the control rule parameter.

Acreage levels for each crop, Vo and Vqs Can be treated as con-
tinuous or discrete random variables. Again a uniform distribution,
be it discrete or continuous, should be used unless there are a priori
reasons for assigning higher probabilities of selection to certain
values or ranges of values. In this case acreage levels will be treated
as discrete variables with possible values being integer multiples of
ten lying on the interval between 50 acres and total available acreage,
240 + v_. The probability of any particular admissible value being

1
selected is given by the expression:

p=m 5.3
The denominator on the right hand side of 5.3 is a general expression
for the number of possible values of vV, Or vq given a particular value
of vy

Actual construction of a management strategy begins with the
generation of a sample observation from the distribution of Vi In
this instance let the value of that observation be 240, which implies
that 240 acres of land are to be rented under this strategy. Next,
values of v, and Va the crop acreage levels, must be determined.
Again using a discrete uniform process generator, one of these two
variables is selected for consideration. Let Vos the number of acres
planted in corn, be the variable selected. A sample observation from
the distribution of this variable is then generated. In this case let
its value be 220 acres. Clearly the constraint on total acreage is not

violated by this value, since V3 is considered to be equal to zero until
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it is assigned another value. This is, then, a feasible value for Voo
The constraint on remaining available acreage is next updated to state
that:
240 + v,-v 5.4

3 172
240 + 240 - 220 = 260

<
n

and a value for V3 is, in turn, established. It should be noted that
had the value of vy been greater than 430, a value of V3 less than 50
would have been implied. Because values less than 50 are not permitted
for Vy OF Vg, Vg would have been set to zero and corn acreage would
have been expanded to 480. It should also be noted that the process of
control variable level determination is somewhat more complex when more
than two resource-using variables enter into a single constraint. The
procedures used in such cases are explained in Donaldson and Webster
(1969) and in Appendix C, and the computer program developed for the
implementation of the GREMP model is fully applicable to problems of
this sort.

Once values for the three controllable systems input variables have
been specified, all that remains in constructing a feasible management
strategy is the determination of a value for the control rule parameter,
Vg A sample observation from this variable's distribution is selected--
in this instance let its value be 2, which implies a date of May 26--

and the strategy is complete. It is:

Vi = 240 acres of land rented

Vp = 220 acres of corn to be planted

vy = 260 acres of soybeans to be planted

Vg = May 26, the date after which all unplanted acreage is shifted

to soybean production regardless of specified values of vy and Vj-
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This simple example demonstrates some of the features which make
Monte Carlo programming such a flexible procedure. Choice variables can
be continuous or discrete, and they need not be assigned values which
correspond to strictly quantifiable entities. In addition, both upper
and lower limits can be established for a choice variable once activated
without necessarily forcing it into the management strategy at a non-
zero level. Other features of Monte Carlo programming are outlined in
Appendix C.

5.3.2 Determination of the Distribution of
System Qutput Levels

Once a strategy has been constructed, the associated distribution
of system output levels must be determined. This is done sequentially
as each strategy is generated using the Monte Carlo simulation tech-
niques described in Section 3.3 of Chapter IIl. System performance under
a given strategy is simulated for a large number of sample states of
nature, each defined by a sample vector from the joint probability
distribution of relevant stochastic system input variables. In this
way sample system output levels are determined, which can be used to
construct a cumulative distribution function for the underlying distri-
bution.

In the current example, net cash income is the system output
variable which serves as the basis for the evaluation of alternative
strategies. It will be recalled that crop prices, crop yields, and
time available for fieldwork were judged to be the stochastic exogenous
system inputs which have an important impact on system performance.

Subjective probability distributions for all of these factors were
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specified in Section 3.4 of Chapter III. Using techniques described in
Appendix A, twenty sample vectors of levels for each of these stochas-
tic system inputs were generated and read into the computer program
which implements the GREMP model. A computer simulation model which
determines the net cash income level realized under a specific manage-
ment strategy in any given state of nature was also described in Section 3.4
of Chapter III. This model is incorporated into the larger GREMP model
as a subroutine which is called after the generation of each alternative
strategy. Using the stochastic system input data from the main program
and the control variable levels for the new strategy, it calculates net
cash income for each of the twenty states of nature. The twenty sample
income levels associated with the management strategy defined in the

preceding subsection are given in Figure 5.2,

5.3.3 The Evaluation of Alternative Strategies

Alternative management strategies are evaluated within the GREMP
model by applying the criterion of stochastic dominance with respect to
a function, with an interval measurement of decision maker preferences
defining the relevant levels and upper bound absolute risk aversion
functions. Evaluations are made sequentially as strategies are generated.
If a particular strategy is not dominated by any current member of the
efficient set, it, too, becomes a member of the efficient. In such
instances the control variable values which define the new strategy and
the associated set of sample system output levels are stored. If the
new strategy is dominated by any member of the current efficient set, on

the other hand, it is eliminated from further consideration. Similarly,
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members of the efficient set which are dominated by the new strategy
are removed from the efficient set. Because the criterion of stochastic
dominance with respect to a function is fully transitive, this proce-
dure ensures that no member of the efficient set for the set of strate-
gies already examined will be eliminated and that only information on
actual members of the current efficient set will be saved.

Returning to the example being discussed, let the decision maker
be the first of the three decision makers for whom actual interval
measurements were described in Section 4.8 of Chapter IV. Both the
lower and upper bounds of his risk aversion interval, it will be recalled,
decrease monotonically over the range of income levels for which pre-
ferences were measured, Let the first strategy generated by the GREMP
model be that defined above in Section 5.3.1. Being the first strategy
considered, it automatically becomes a member of the efficient set.

Let the second strategy generated be:

Vi = 0 acres rented

vV, = 50 acres of corn to be planted

vy = 190 acres of soybeans to be planted

Vg = May 26, the date after which all unplanted acreage is to

be planted in soybeans
The set of net income levels associated with this strategy is given in
Figure 5.3. Given this decision maker's preferences, this distribution
dominates the distribution of income levels associated with the first
strategy. After two iterations, then, the efficient set is comprised
only of the second management strategy.
Let the third strategy generated by the GREMP model be defined by

the following control variable levels:
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160 acres of land rented

<
-—
]

120 acres of corn to be planted

Vg = 280 acres of soybeans to be planted

<
n

May 26, the date after which all unplanted acreage is to
be planted in soybeans
The distribution of net cash income levels associated with this strategy
is given in Figure 5.4. When compared to the distribution of income
levels associated with the second strategy--the only member of the
current efficient set--this distribution neither dominates nor is
dominated. After three iterations, then, the efficient set is comprised
of the second and third strategies.

The process continues in this manner until a prespecified number
of iterations have been completed. As noted earlier, there is no
guarantee that a true optimum will be identified. If a sufficient
number of strategies are evaluated, however, it is almost certain that
a nearly optimal strategy will be included in the efficient set. The
number of iterations specified depends on the characteristic of the
problem being analyzed. Donaldson and Webster (1968) suggest that 2000
strategies be examined. Experience to date with the relatively small
problems considered in this study, however, indicates that 500 to 1000

iterations are often quite sufficient.

5.3.4 General Comments on the GREMP Model

The flexibility of the generalized procedure for the identification
of preferred choices described above is its greatest strength. It can
easily be adapted for use in the analysis of a diverse range of practical

decision problems without requiring that major simplifying assumptions
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be made. With regard to problem formulation, the use of a random

search procedure to generate strategies for consideration permits
considerable flexibility with respect to both the types of control
variables which can be specified in the definition of a management
strategy and the types of constraints which can be imposed on them.
Choice variables can be discrete or continuous. They can be controllable
system input levels, feedback control rule parameters, or even indicators
of the form of a feedback rule. Constraints on control variables can

be linear or non-linear and can take forms more complex than those per-
mitted in decision models based on mathematical programming.] With
regard to the determination of system output distributions associated
with alternative strategies, the use of Monte Carlo simulation tech-
niques greatly facilitates the realistic representation of the stochastic
processes by which the outcomes of particular choices are determined.

In the simple example discussed above, price, yield, and time available
for fieldwork are all considered explicitly as random factors which
affect the outcome of any choice. Few restrictions are placed on the
form of exogenous system input distributions, and the relationships

among these factors, controllable system inputs, and system outputs can
be quite complex in nature. With regard to the representation of
decision maker preferences, the use of stochastic dominance with respect
to a function also contributes greatly to the flexibility of the approach

without sacrificing the logical power of decision theory based on the

]A discussion of some of the types of constraints in control
variables which are possible in the GREMP model is given in Appendix C.



154

expected utility hypothesis. The interval preference measurements used
with this criterion can be as precise or imprecise as is required for
any particular decision analysis.

The GREMP model is also relatively efficient computationally. In
the analysis of one test problem with thirty-five choice variables and
twelve linear constraints, for example, 1000 alternative strategies are
generated and evaluated using less than seventy seconds of CPU time in
a CDC6500. Furthermore, the core size of the computer program which
implements the GREMP model is relatively small, and the degree of compu-
tational accuracy required for interval calculations is not unusually
great. This suggests that it may be possible to design computer soft-
ware which will permit the use of the GREMP model on a moderately sized
personal computer,

Several criticisms of the GREMP model can be made. As was noted
earlier, there is no guarantee that the model will identify a true
optimum, since alternative strategies are generated in a random manner.
Furthermore, the efficient set of choices may be quite large if the
decision maker's preferences are not measured precisely enough. Neither
of these criticisms is particularly serious, however. With regard to
the first, in many instances it can be argued that a good solution to
a well-formulated problem is preferable to an optimal solution to a
problem which bears little resemblance to that actually facing the
decision maker. The flexibility of the GREMP model, then, compensates
for this weakness. With regard to the size of the efficient set, it can
always be reduced by making more precise interval measurements of pre-
ferences, but it should be remembered that such reduction may lead to the

exclusion of the decision maker's preferred choice from the efficient set.
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A more valid criticism of the procedure is that it provides no
direct information on how the composition of the efficient set might
change if probability assessments were altered or if alternative values
were assigned to certain key system design parameters. Such informa-
tion can be obtained only by specifying the changes and repeating the
procedure. For complex problems a sensitivity analysis conducted in
this manner can be a costly and time-consuming process.

The GREMP model can also be criticized because it requires that
the evaluation of alternative strategies be based on the distribution
of a single system output variable, usually some measure of income or
wealth output variable. In reality, most decision makers are concerned
with more than one performance criterion. They have multiple objectives,
and they consider trade-offs among these objectives when making choices.
Decision theorists have focused considerable attention in recent years
on the construction of preference measures which depend on more than one
performance criterion and on the incorporation of such preference mea-
sures into a decision analysis, Unfortunately, however, the criterion
of stochastic dominance with respect to a function has not been extended
to the multivariate case, and there is no indication that such an exten-
sion will be made in the near future, Despite the acknowledged existence
of multiple goals which affect choices, it can be argued that in many
instances the consideration of only the most important objective may
be adequate. The added accuracy attained from a more complete analysis
may not justify the added cost of such an undertaking. When it is
judged that more than one performance variable must be considered in a

decision analysis, however, the GREMP model can be used if modified
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slightly. A1l that is necessary is that a single-valued multiple cri-
terion utility function be incorporated into the model to replace the
evaluative component based on stochastic dominance with respect to a
function.

Finally, two criticisms of a practical nature can be made of the
model. First, it should be noted that, although the program which com-
plements the GREMP model can be easily adapted for use in the analysis
of a wide range of problems, the user is required to supply several
problem-specific subroutines and so must have some programming skills.
Though expertise in computer programming is certainly not required, this
may preclude the use of the model in some instances. Second, it can be
noted that in the analysis of complex decision problems with a large
number of control variables, a large number of strategies must be
examined before a nearly optimal one is identified. Computational costs
can be considerable, then, for large problems. It should be noted, how-
ever, that with careful problem formulation and with the use of feedback
control rules the size of the feasible set of strategies can be greatly

reduced.

5.4 An Application

In this section the GREMP model is applied to the analysis of the
sample problem discussed in the three preceding chapters. Efficient
sets of choices are identified from a set of 500 feasible strategies
for each of the three decision makers whose preference measures were
given in Section 4.8 of Chapter IV. Since this sample problem was the
basis for the discussion of the GREMP model in the preceding section,
the reader should be familiar with its essential features. Therefore,

the results of this application will be presented without further discussion.
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The efficient set of choices for decision maker A is comprised of
the eight strategies defined in Table 5.1.] Levels of land rented
range from 0 to 160, with four of the eight strategies calling for land
rental levels of 80 acres. Soybeans are the predominant crop in each
plan, which is understandable given the cost-price relationships for
the two crops. At low corn acreage levels, the feedback control rule
parameter has little effect, so the switching date is of little impor-
tance in these strategies. Mean income levels realized under the
efficient strategies range from slightly less than $3000 to slightly
above $10,000. Minimum income levels vary little from one strategy to
another. Maximum income levels, however, are significantly affected by
land rental levels. It is also interesting to note that the efficient
set need not be a mean-variance efficient set. For example, strategy 2
dominates strategy 4 by the mean-variance criterion, but both are in the
decision maker's efficient set determined by stochastic dominance with
respect to a function,

The efficient set of decision maker B is comprised of the nine
strategies defined in Table 5.2. In this case, land rental levels
tend to be higher than those called for by the strategies in decision
maker A's efficient set. At higher acreage levels, the mix between
corn and soybeans becomes more even, though most of the available acreage
is planted to soybeans in each strategy. Mean net income levels tend
to be higher within this set of strategies, but the dispersion of

possible net income levels is also greater. Given the differences in the

]System output Tevels are not enumerated for each state of nature.
Rather, the mean, standard deviation, minimum value and maximum value
are given for each distribution.
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preference measurements for decision makers A and B, the dissimilarity
between these two efficient sets is understandable. The interval measure-
ment of absolute risk aversion for decision maker A indicated a high
level of risk aversion at negative net income levels--i.e. he has an
apparently strong aversion to losses. Decision maker B, on the other
hand, has much lower levels of absolute risk aversion at low income
levels, and his efficient set contains strategies which, while providing
opportunities for the realization of high income levels, also can result
in substantial losses.

The efficient set of decision maker C is comprised of the strategies
defined in Table 5.3. Of interest in this case is the fact that each of
these eleven strategies is a member of the efficient set of either
decision maker A or B. In a sense, then, it can be said that this
decision maker's preference measurement lies between those of the other
two decision makers.

Several general comments can be made about these results. First,
they provide clear evidence of the discriminatory power of the preference
measures based on the interval approach. The largest of three efficient
sets contains only two percent of the total number of strategies examined.
Second, the results demonstrate once again that preferences do have an
important impact on the choices made by an individual. Finally, it
should be observed that a search of only 100 feasible strategies identi-
fied many of the strategies included in these three efficient sets.

This indicates that in some cases the evaluation of an extremely large

number of strategies may not be necessary.
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CHAPTER VI

COMBINED PRODUCTION AND MARKETING DECISIONS BY
CASH GRAIN FARMERS: AN EXTENDED APPLICATION

6.1 Introduction

The formulation of an integrated set of operational techniques for
the analysis of decisions made under uncertainty was the focus of the
preceding chapters of this study. A simple example related to land
rental and crop production decisions made by cash grain farmers has
been used to illustrate these techniques. In this chapter the useful-
ness of the methodological tools developed above is demonstrated further
by expanding the earlier example to include the consideration of alter-
native marketing strategies in conjunction with the selection of a
cropping plan. Two modes of marketing will be evaluated: the sale of
all production at harvest in the cash market and forward contracting.]
The objectives here are to examine how these two modes of marketing
can best be combined in the formulation of a marketing strategy which
is appropriate for a particular decision maker, to determine the degree
of interdependence between crop production and marketing strategies,
and to examine the impact of changes in preferences on combined produc-

tion and marketing strategies.

1To simplify the discussion, other marketing alternatives such as
hedging in the futures market and participation in government price
stabilization programs will not be considered, nor will the use of crop
storage as a marketing tool be examined. These alternatives could be
incorporated into the analysis presented below, however.

162



163

Cash grain farmers make major resource allocation decisions under
conditions characterized by uncertainty with respect to both prices and
output levels. With the increased dependence of the feed grain sector
on foreign markets in recent years, the impact of price uncertainty on
cash grain producers has been particularly strong. Many have come to
realize that marketing as well as production decisions have a major
impact on the level of income they realize. The common practice of
selling all production at harvest in the cash market often results in
the receipt of prices which are low relative to those which could be
realized under alternative modes of marketing. Furthermore, a strategy
comprised only of cash sales at harvest does nothing to diminish the
degree of price uncertainty faced by the producer over the period prior
to and during planting--the period when major allocative decisions must
be made. As a result, many producers find it desirable to consider for-
ward pricing some or all of their planned production. By contracting
to deliver a certain quantity of grain on a future date at a specified
price, the producer sells all or some portion of his crop in advance.

In doing so, he establishes with certainty a price for at least part of
his total production, thereby greatly reducing the degree of price
uncertainty he faces.

The reduction in price uncertainty achieved through forward con-
tracting can be of considerable value in some situations. Advance know-
ledge of the price to be received simplifies the planning process.
Furthermore, if the contract price is high enough, a producer who forward
contracts may almost ensure that he will realize an adequate level of

income. There are also costs associated with contracting, however.
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The other party in the contract, the buyer of the grain, often has

access to better information than that available to the producer and it
is unlikely that he will offer a price higher than that he himself
expects to receive. Of equal importance is the fact that the seller,
though he protects himself against the effect of an unexpected downturn
in price, also foregoes the opportunity to benefit from unexpected price
increases. Finally, grain must be delivered according to the terms of
the contract even if production falls short of the amount which is
forward priced. If yields are unusually low or if poor weather condi-
tions prevent the planting of some acreage altogether, the producer
faces the prospect of being forced to purchase grain on the cash market
to meet the terms of his contract. Given the advantages and disadvan-
tages of forward contracting, then, the producer must determine how
much, if any, of his anticipated production he wishes to contract.
Clearly preferences, financial position, price expectations and produc-
tion plans affect this decision.

The determination of optimal forward contracting levels for agri-
cultural producers facing yield and price uncertainty has been examined
in a mean-variance framework by McKinnan (1967). He shows that under
relatively simple conditions the optimal level of forward contracting
depends on five fundamental parameters: the standard deviations of
crop yield and product price at harvest, the expected crop yield, the
forward contract price (which is also the expected price at harvest),
and the correlation coefficient between crop yield and harvest price.
McKinnan's work has been extended by Ward and Fletcher (1971) and by
Heifner (1972), and Barry and Willmann (1976) provide an interesting
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empirical application of contracting theory based on mean-variance
analysis. The applicability of the results of each of these studies

is limited by the somewhat restrictive assumptions associated with the

use of the mean-variance criterion--assumptions of normally distributed
net returns and risk averse behavior. The requirement that net returns

be normally distributed may be particularly unrealistic. More critical,
however, is the failure in each study to consider a factor which is of
primary importance in an applied context. A1l treat forward contracting
decisions as though they can be made at only one point in time. In
reality producers have forward pricing opportunities open to them over

an extended period of time. In such a context the decision of when to
contract may be as important as the decision of how much to contract.
Producers continually evaluate forward pricing opportunities, and it is
not unusual for an individual to enter into contracts at several different
times., Once a contract is made, however, it must be honored. Choices
made in the present, then, affect opportunities in the future. Therefore,
it is important to consider forward contracting decisions in a more
dynamic analytical framework.

The techniques developed in this study allow the relaxation of the
restrictions on probabilities and preferences imposed by the use of
mean-variance analysis. More important, however, they permit the evalua-
tion of both production and forward contracting decisions in a more
dynamic framework in which the roles of learning and adaptive behavior
are treated more explicitly than in previous studies. In the analysis
below, attention will again be focused on decisions made by a cash

grain farmer producing corn and soybeans. As in the example discussed



166

in earlier chapters, flexibility is introduced into the production
planning process through the incorporation of a simple stopping rule

for corn planting. Marketing strategies for both corn and soybeans are
defined by more complex feedback control rules which are applied
repeatedly over a seven month period extending from mid-January to
mid-August. Particular attention will be given to the examination of
both the interdependence between production and marketing strategies and
the impact of changes in decision maker preferences on the choice of a

combined production-marketing strategy.

6.2 Problem Formulation

The basic decision situation in this extended example is the same
as that described in Section 2.5 of Chapter II. The operator of a
relatively small southeastern Michigan cash grain farm needs to realize
a substantial level of income from his farming operation in order to
meet his debt repayment commitments of $35,000 annually and to cover
family living expenses. He wishes to choose a management strategy
which, given his risk preferences and the range of opportunities open
to him, will best satisfy this need. The time is January 1979, and,
because land rental decisions must be made, the farmer must formulate
at least a tentative management strategy now.

The system of concern in this example is comprised of a set of
production and marketing processes which constitute a farming operation.
The performance of this system is measured by a single system output
variable: annual net income for family living expenses and firm expan-
sion after all debt repayment commitments have been met. The level of
income realized is affected by the structure of the system and by exo-

genous and controllable system inputs.
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The structure of the production and cash marketing processes
embodied in this system was described in Section 2.5 and remains
unchanged in this example. It will be recalled that standard crop
budgets for corn and soybeans were presented and that relevant planting
and harvest periods were specified for each crop, as were rules of thumb
which determine the priority of each crop during planting and harvesting.
Important state variables related to the production process included
production expenses incurred to date, acreage of each crop planted or
harvested to date, and bushels of each crop harvested to date, All
production was sold in the cash market at harvest in the original
example, The harvest price of each crop was multiplied by the number
of bushels harvested to determine the value of marketing receipts for
each crop, the key state variable used to describe the marketing process.

The incorporation of forward contracting into the analysis requires
that several structural features associated with this mode of marketing
be specified and that several new state variables be defined. Struc-
turally, it must be recognized that contracts, once made, are binding,
and that if production falls short of the amount contracted, enough
grain must be purchased in the cash market at harvest to cover the
deficiency. It must also be noted that, unlike a hedge in the futures
market, a hedge based on a forward contract cannot be 1ifted. The new
state variables which must be defined include the number of bushels of
each crop contracted to date and the current level of receipts forth-

coming at harvest from quantities of each crop contracted.]

]Several additional state variables will be defined during the
discussion of the feedback control rules which determine the marketing
strategies for corn and soybeans.
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Exogenous system inputs in the original example included the
following stochastic environmental factors: the price at harvest of
each crop, the number of days available for fieldwork in any particular
planting or harvest period, and the yield of each crop for each allow-
able planting-harvest combination. Consideration of forward contracting
requires the specification of an additional set of stochastic factors:
the harvest delivery forward contract prices for corn and soybeans
over the period when contracting decisions are to be made, Clearly this
set of prices will affect the desirability of forward contracting and
the level of income realized under any management strategy which calls
for the forward contracting of either crop, and clearly these prices
cannot be known with certainty in mid-January when a management strategy
must be formulated.

Only four control variables were considered in the example discussed

in previous chapters. They were:

vy = acres of land rented

v, = acres of corn to be planted

vy = acres of soybeans to be planted

Vg T the date after which all unplanted acreage is to be

planted in soybeans
The consideration of forward contracting decisions requires the specifi-
cation of several new control variables, which will determine the number
of bushels of each crop contracted at any particular time, Contracting
levels, per se, will not be selected directly. Rather, a feedback
control rule which determines the desired contracting level at any point

in time will be specified for each crop. The form of this rule is the

T,



169

same for both corn and soybeans and is similar to that discussed in

Section 2.3.

DBCt =

where

DBC

A, =

B, =

ZC

In addition

1 of Chapter II. It is:
Ect(vaAt+vxZBt+vyZCt) 6.1

desired bushels contracted at time t

current expected size of harvest

the percentage difference between the current contract
price, CPt, and the current expected harvest price,

EPys T.e. ZA, = (CPt-EPt)/EPt

the current daily rate of change in the contract price;
i.e. ZBt = dCPt/dt

the difference between the desired percentage of the
expected crop contracted and the actual percentage
contracted. The desired percentage contracted is defined
by the expression APt/DAPt+vz, where APt and DAPt are
current actual and desired acreage planted and v, is a
parameter to be selected. The actual percentage con-
tracted is defined by the expression BCt/ECt, where BCt is
the number of bushels contracted to date and ECt is the

expected size of the harvest. It follows that th = APt/DAPt

+vz-BCt/ECt.

to v_, Vw‘ v

Z

* and vy are parameters to be selected.

The inclusion of each term in this contracting rule can be justified

by appealing to commonly recognized rules of thumb regarding forward

contracting.

The first term ZAt, reflects an assessment of the funda-

mental position of the market. If ZAt is positive, the current contract
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price is above the current expected harvest price. As ZAt becomes
larger, the attractiveness of current pricing opportunities increases
and the decision maker is expected to want to contract more. Similarly,
if ZAt is negative, the current pricing opportunity is not an attractive
one and the desired level of contracting will be less. The parameter
which weights this factor, Vu? is expected to be positive.

The second term, ZBt’ reflects, in a very simple way, a technical
assessment of market conditions. If ZBt is positive, the contract price
is increasing, and most technical analysts would recommend that contracting
be delayed. If ZBt is negative, and if fundamental analysis indicates
that the current pricing opportunity is a favorable one, on the other
hand, many technical analysts would recommend that forward contracts be
entered into. Following this reasoning, the parameter which weights

this factor, vx, is expected to be negative.

The third term, th’ reflects the degree to which current contracting
levels coincide with desired contracting levels, In this case desired
levels are a linear function of the percentage of desired acreage
actually planted. The parameter v, shifts the intercept of that function
and is expected to be negative, reflecting the fact that many decision
makers hesitate to contract before planting begins unless pricing
opportunities are particularly favorable. When th is positive, the
decision maker is expected to desire to contract more unless other
factors indicate the current pricing opportunity is not a good one.

When th is negative, the desire to contract is diminished. Therefore,
the parameter which weights the importance of this factor in the con-

tracting rule, vy, is expected to be positive.
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As stated above, a control rule of this form is specified for
each crop. Since four parameters must be selected for each rule, a
total of eight new control variables are required in this example.
Control variables Vgs Vgs Voo and Vg correspond to Vi Vo vy. and v,
for the corn contracting rule, and Vor V10° Vi1° and Vi2 correspond to
the same parameters for the soybean contracting rule. Introduction of
the contracting rules into the analysis also requires the specification
of several new state variables. In addition to those mentioned earlier,
state variables indicating the daily rate of change in the contract
price, the expected size of the harvest, and the expected price at
harvest must be monitored for each crop. The daily rate of change in

the contract price is defined by the expression:

dCPt
qE o (PO )/dt .

where CPt and CP are successive observations of the contract price

t-1

and dt is the number of days between price observations. The expected

size of harvest for a particular crop is defined by the expression:
ECy = (BY)(DAPt) 6.3

where DAPt is the desired acreage to be planted and BY is a base

yie]d.] The expected harvest price for a particular crop is defined

by the following simple expectations model:

+,17CP 6.4

EP, = .SCPt+.33CP

t t-1 t-2
This is simply a weighted moving average of the three most recent con-

tract price observations, Finally, it should be noted that in the

1BY is set at 100 bushels per acre for corn and 33 bushels per
acre for soybeans.
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application of each rule, the number of bushels to be contracted at any
time is set at zero if the number of bushels already contracted is equal
to 150 percent of the expected crop.

As in the previous example, the planning and decision horizons are
both said to be a single crop year. It will be recalled that the stopping
rule for corn planting is checked at the end of the second, third, and
fourth planting periods. The two contracting rules are consulted a
total of twelve times--four times prior to the commencement of planting,
at the end of each of the six planting periods, and twice between
planting and harvest. The exact dates for each application of the two
rules are given in Figure 6.1.

The problem in this example, then, is to identify a management
strategy defined by a total of twelve control variables which maximizes
the expected utility of a particular decision maker. Three of these
choice variables specify controllable system input levels directly. The
other nine are parameters in feedback control rules which are consulted
periodically over the entire decision horizon.

6.3 The Determination of Subjective
Probability Distributions

Subjective probability distributions for crop yields, time avail-
able for fieldwork, and crop prices at harvest were specified in
Section 3.4 of Chapter III. They remain unchanged in this example. It
is also necessary to specify subjective distributions for the harvest
delivery contract price of each crop at each of the eleven dates after
January 10 listed in Figure 6.1. These prices cannot be known with
certainty at the time when a strategy must be selected, and their distri-
butions can have an important impact on the distribution of net income

levels realized under any particular management strategy being considered.
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January 10
February 10
March 20
April 20
May 10

May 18

May 26
June 3
June 11
June 19
July 20
August 20

Figure 6.1 Dates for the Application of Forward
Contracting Rules
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For either crop, elements in the series of contract prices are
expected to be correlated with each other and with the cash price at
harvest., Therefore, individual contract price distributions cannot be
specified independently. Even if this could be done, it is unlikely
that a decision maker would have clearly formulated expectations con-
cerning contract price levels at each of eleven dates over a seven
month period. To simplify the specification of these distributions,
then, the following procedure which reflects the author's own subjective
assessments was used. The harvest delivery contract price for each
crop on January 10, 1979, the date when a strategy is to be selected, is
known with certainty. That for corn is $2.08, and that for soybeans is
$6.31. For any particular state of nature, the cash price at harvest
can also be specified, this price representing a sample observation from
the underlying subjective price distribution. In addition, contract
margins charged by elevators are relatively constant and can be set at
$.10 per bushel for corn and $.25 per bushel for so.ybeans.'| Given this
information, it is assumed that the harvest delivery contract price
offered on any date between January 10 and the contract delivery date
can be adequately forecasted by linearly interpolating between the
January 10 price and the price at harvest less the contracting margin.z
In Figure 6.2, for example, the contract price of corn on January 10 is

$2.08. The cash price 295 days later November 1 is $2.32. With a

]Contract margins cover the elevator's operating expenses and
represent a premium paid to the elevator by the farmer for the reduction
in price uncertainty.

2Approximate delivery dates are October 15 for soybeans and
November 1 for corn,
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contract margin of $.10per bushel, then, a hypothetical contract price
offered on that day would be $2.22. The line between the contract prices
of $2.08 on January 10 and $2.22 on November 1 is used to forecast the
contract price on intermediate dates. On May 10, 120 days after

January 10, for example, the forecasted contract price is $2.14.
Forecasts of the contract price of each crop at each of the dates
specified in Figure 6,1 can be made in this manner. By making such
forecasts for a number of sample harvest price observations, a crude
multivariate distribution of intermediate forward contract price levels
can be specified.

Clearly forecasts based on such a simple model are subject to con-
siderable error. To reflect this fact during the actual specification
of sample observations from the contract price distributions, the fore-
cast of each intermediate contract price was multiplied by a factor of
1+e, where e is a normally distributed random variable with mean 0.0 and
standard deviation .05. To further enhance the realism of the model,
the multiplicative error terms for successive dates were correlated to
reflect the fact that observed contract price levels are autocorrelated.
A plot of values based on this more complex model is also shown in
Figure 6.2. In this instance, relatively good pricing opportunities
occur in March and July, and contract prices during the period when
planting takes place cluster around the price forecast line. It is
interesting to note that the contract price in this example never exceeds
the actual cash price at harvest.

The distribution of net income levels realized under any particular

management strategy is determined by simulating system performance under
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that strategy in each of a set of sample states of nature.] One

possible management strategy is defined by the following control
variable levels: vy = 240 acres rented; vV, = 190 acres corn; Vg = 290
acres soybeans; Vg = May 26, the date after which all unplanted acreage
is planted in soybeans: Vg = 12; Ve = 15 vy = .90 and Vg = -.30 for the
corn contracting rule; and Vg = 17, Vo = -1, Vi1 = .50, and Vi2 = -.20
for the soybean contracting rule. The sample observations which define
the distribution of net cash income levels associated with this strategy
are given in Table 6.1 along with the other information pertaining to
system performance in each of the twenty states of nature considered.
The cropping plan in this case is identical to that which maximized
expected net returns in the earlier example which precluded forward
contracting, and the net income levels realized under the strategy with-
out contracting are also given in Table 6.1.

Several observations can be made about the differences in net
income levels realized under these two strategies. First, the average
net income level is higher under the strategy which precludes contracting.
This is to be expected, given the contract margins on corn and soybeans
of $.10 and $.25 respectively. Second, the variability of net income,
as measured by the standard deviation of the sample observations, is
reduced by forward contracting, again as would be expected, The reduc-
tion is not a sizeable one, however. It is also interesting to note

that in state 14 when yields for both corn and soybeans are apparently

]The computer program which implements the simulation model used
in this phase of the analysis is subroutine DISGEN in the listing of
the GREMP model at the end of Appendix C.
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quite low, contracting costs the producer a considerable amount of
money and turns an already bad situation into a worse one. The problem
is particularly serious for corn. Pricing opportunities apparently
appear to be quite favorable, since more corn is contracted than would
normally be produced. At harvest, however, the cash price is $.09
above the average price for which corn was forward contracted, and a
total of 14,631 bushels must be purchased on the cash market at this
higher price to meet the terms of the contracts. Finally, it should be
noted that quantities of corn and soybeans contracted vary considerably
from one state of nature to another. This reflects the fact that there
are considerable differences in the attractiveness of the forward con-
tracting opportunities available in each state. Clearly the contracting

rule is sensitive to these differences.

6.4 Decision Maker Preferences

Interval preference measures for the three decision makers dis-
cussed in the illustrations presented in Chapters IV and V will be used
to order the alternative strategies considered in this example.
Orderings will also be made for a risk neutral decision maker--a decision
maker whose absolute risk aversion function is always equal to zero--to
determine whether forward contracting rules can be identified which
lead to higher expected net income levels than those realized under
strategies which preclude forward contracting.

The net income level distributions associated with the two strate-
gies identified in the preceding section--one with contracting and one
without--were ordered for each of the four decision makers considered

in this example. The strategy which precludes forward contracting is
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preferred to that with contracting by the risk neutral decision maker
and by decision maker A, The two strategies cannot be ordered for
decision makers B and C. It is interesting to note that the non-contracting
strategy is preferred by decision maker A, whose preferences were most
conservative in the previous example. This may be attributable to the
aversion of this decision maker to the sizeable losses incurred under
the contracting strategy in state 14 when crop yields are unusually low

and contracting levels are high.

6.5 The Identification of Preferred Choices

By incorporating the simulation model described in Section 6.2 into
the Monte Carlo risk programming model described in Chapter V, an
efficient set of strategies can be identified for each of the four
decision makers considered in this example. Each strategy specifies a
flexible production plan and feedback control rules which direct forward
contracting decisions for both corn and soybeans.

Constraints placed on the values of crop production and land rental
control variables were discussed in Section 5.3 of Chapter V. They
remain unchanged in this example. Only upper and lower bound constraints
are placed on the parameters of the two contracting rules. It will be
recalled from Section 6.2 that each rule has four parameters. Experi-
mentation with the model indicates that the following ranges of admissible
values are reasonable and do not unduly constrain the set of feasible

choices:
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OSVWSZO w=5, 9 6.5
-20sv 20 x=6, 10
Ofvyfl.o y=7, 11
-.75V250 z=8, 12

Parameters Vi and v, are restricted to integer values. Parameters vy
and v, are restricted to values which are integer multiples of 0.1.

In this example 1000 randomly selected strategies were examined
and ordered for each decision maker's preferences. This is twice the
number of strategies considered in the earlier example, The fact that
each strategy is now defined by twelve control variables rather than
only four implies that many more feasible strategies exist, however,
and therefore more strategies should be evaluated. The efficient
sets identified range in size from a single element for the risk neutral
decision maker and three elements for decision maker A to thirteen and
seventeen elements for decision makers B and C respectively. It is not
possible to discuss all the efficient strategies for each decision
maker, therefore, a representative strategy from the efficient set of
each decision maker is defined in Table 6.2.

The representative strategy for the risk neutral decision maker
is that which maximizes expected net income under contracting. Detailed
information on system performance under this strategy in each of the
twenty states of nature considered is given in .Table 6.3. The
expected net return is slightly less than that realized under
the expected net return maximizing strategy from the earlier example
which precludes contracting, but in many respects the two strategies

are remarkably similar, The two cropping plans are nearly identical,
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and the contracting rules employed in the strategy which permits for-
ward pricing do not result in extensive forward contracting for either
crop in most states of nature. The paremeter weighting the first term
of each contracting rule is assigned a relatively high value, which
implies that contracting is strongly discouraged when the contract price
is below the expected harvest price and strongly encouraged when it is
above the expected harvest price. This is precisely the behavior one
would expect from an individual who seeks to maximfze expected net
returns, The parameter weighting the second term of each contracting
rule is assigned a strongly negative value. This implies that contract
price movements also have an important impact on this decision maker's
choices. Even if the pricing opportunity is a favorable one, he will
delay his commitment to a forward contract if the contract price is
rising. Again this conforms to intuitive expectations about the
behavior of such a decision maker. Finally, the third parameter of
each contracting rule is relatively small, which implies that this
decision maker places little emphasis on achieving a desired level of
contracting under almost any market conditions.

Net income levels realized under an identical production strategy
which precludes contracting are also given in Table 6.3. Comparison of
the two net income distributions indicates that contracting can lead to
both higher expected net returns and less income variation, though
actual differences between the two strategies are minimal, It is also
interesting to note that the corn contracting rule is particularly
successful in this instance, the average corn contracting price being

well above the cash price at harvest in three of the four states of
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nature when more than 1000 bushels are contracted. The soybean con-
tracting rule is somewhat less successful.

Information on system performance under the preferred strategy of
decision maker A is given in Table 6.4. This strategy is markedly
different from that of the risk neutral decision maker. Its production
component calls for no land rental and for the planting of all available
acreage in soybeans, This is identical to one of the efficient produc-
tion plans identified for this decision maker in the earlier example.
Because no corn is to be planted, only the soybean contracting rule
has any impact on system performance. As the information given in
Table 6.4 indicates, this rule results in substantial levels of forward
contracting in most states of nature., The parameter weighting the first
term of the soybean contracting rule, Vgs is relatively large, indicating
that this decision maker also places considerable emphasis on fundamen-
tal analysis--on differences between the forward contract price and the
expected cash price at harvest. Unlike the risk neutral decision maker,
however, decision maker A assigns relatively little weight to technical
analysis--to the analysis of contract price movements--as is indicated
by the small absolute magnitude of parameter Vi0° Also in contrast to
the strategy of the risk neutral decision maker, the relatively large
value of parameter V11 indicates that much stronger emphasis is placed
on attaining some desired level of contracting under most conditions,
and the fact that Vi2 is assigned a value of 0.0 implies that this
desired level is 100 percent of the expected crop once all acreage has

been planted.
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Comparison of the net income levels realized under this strategy
with those associated with a management strategy which precludes con-
tracting but has an identical production plan is of considerable interest.
The information given in Table 6.4 indicates that both the probability
of negative net income levels and the magnitude of losses are reduced
by the contracting rule. The probability of realizing relatively high
income levels is also reduced, however, and expected net income is con-
siderably higher under the strategy without contracting. When these two
strategies are ordered using decision maker A's preference measurement,
the strategy with contracting dominates that without.

Information on system performance under the representative strategy
from the efficient set of decision maker B is given in Table 6.5.1 In
this instance 160 acres are rented, 140 acres are to be planted in corn,
260 acres are to be planted in soybeans, and May 18 is the date after
which all unplanted acreage is planted to soybeans. The two contracting
rules are quite different in this strategy. That for corn places a
strong emphasis on differences between the current contracted price and
the expected cash harvest price, the value of parameter Vg being 18.0.
Relatively little emphasis is placed on price movements, as evidenced
by the small value of Vgs and a rather strong emphasis is placed on
contracting a specified percentage of the projected crop. This rule
results in moderate to high contracting levels in thirteen states and is

quite successful, with the average contract price being above the cash

]The preferred strategy of the risk neutral decision maker is also
in decision maker B's efficient set.
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harvest price in ten of the thirteen states in which there is contracting.
The soybean contracting rule, on the other hand, is characterized by low
values for each of its four parameters. It results in contracting levels
below 1000 bushels in all but three states of nature and so has little
effect on net income levels realized.

Comparison of the distribution of net income levels realized under
this strategy with that associated with an identical production plan
without contracting indicates that contracting results in a slightly
higher expected net return and in some reduction in income variability
Given decision maker B's preferences, the strategy with contracting
dominates that without.

Information on system performance under the representative strategy

1 In this case the produc-

for decision maker C is given in Table 6.6.
tion plan calls for the rental of 80 acres, for 50 acres of corn, and
for 270 acres of soybeans. May 25 is the date after which all unplanted
acreage is planted to soybeans, but the switching rule is inactive due
to the low level of desired corn acreage. The contracting rules for
both crops place considerable weight both on differences between the
current contract price and the expected cash harvest price and on con-
tract price movements, The corn contracting rule emphasizes the con-
tracting of a certain percentage of the crop in most states of nature,

however, while the soybean rule does not. MNeither rule results in

substantial contracting levels in most states of nature, though the

]The representative strategy of decision maker B is also in
decision maker C's efficient set.
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