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e ABSTRACT

STABILITY AND INVARIANCE OF
FUNCTIONAL DIFFERENTIAL EQUATIONS

By

Reng-Song Lo

In recent years, Liapunov's method has been successively
generalized to functional differential equations of retarded type
by using Liapunov functionals. However, in many cases the problems
are still open. For example, we already had a complete characteriza-
tion of integral stability for ordinary differential equations by
a Lipschitz Liapunov function which obeys certain bounds. But the
problem in functional differential equations is still open. Another
fundamental problem in differential equations is the characterization
of invariance sets. In ordinary differential equations, it is known
that invariance of a closed set is equivalent to a notion called
subtangent. But the corresponding result in functional differential
equations was not known.

In this thesis, we investigate the above two open problems.
First in the case of integral stability, we found the usual approach
of Liapunov's method is not very useful. Although one can easily
get a lower semi-continuous functional which obeys certain bounds,
but "continuity" and "Lipschitz" properties are extremely difficult
to obtain. On the other hand, in the case of an invariance set,

the hereditary nature of the equation also prevents one from doing



Reng-Song Lo

a straightforward generalization to functional differential equations.
For this purpose, a new Liapunov's theorem based on a class of

lower semi-continuous non-Lipschitz functionals was developed.

In particular, the usual Laipunov comparison principle hold true for this
class of Liapunov functionals. Complete characterizations of in-

tegral stability and sets of invariance are obtained using the

Laipunov theory developed earlier. As an application to the in-
variance characterization we give an invariance principle for a

class of asymptotically autonomous systems.
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INTRODUCTION

A relation of the form
(E) X'(t) = f(t, X(t)),

where x = x(t) 1is a d-dimensional vector value function defined
on a real interval and f(t,x) is a function from a certain region
of R X Rd into Rd, is called an ordinary differential equation.
The function f 1is called a vector field and the solution of (E)
are integral curves whose tangent is prescribed by the vector

field f. In most classical applications, the behavior of many
phenomena are assumed to be governed by such ordinary differential
equations. Implicit in this assumption is that the future behavior
is uniquely determined by the present state of the system alone and
is independent of its past history.

There is another type of differential equations, known as
functional differential equations (FDE), in which the past history
influences in a significant way on the future behavior of the system.
It is known [see [6], [7], [19]] that such equations arise in many
areas of application. The systems under study are better represented
by FDE than by ordinary differential equations. Historically FDE
was first encountered in the late eighteenth century, however, very

little was done during the nineteenth and early twentieth century.



For the last forty years and especially the last twenty
years, the subject has developed into one of the most active branches
of differential equations. Much of the st imulus for this was due
to the work of Volterra [17], who was interested in certain ecological
models, and Krasovskii [10], who was interested in the theory of
control, and other mathematicians who had encountered the problem
in several different fields.

A good reference for FDE is Hale [8]. In this thesis we shall
study three fundamental problems of functional differential equa-
tions of retarded type, namely, Liapunov theory, the characterization

of invariance of a set and integral stability.

0.1. Definition of FDE of Retarded Type
and Initial Value Problems

Let Rd be the real Euclidean d-space and |x| be any nom.
Let y >0 and C = C[-y,0] be the Banach space of all continuous
functions ¢: [-r,0] - Rd with the usual sup norm
llell = sup{|p(8)|: -y < 8 < 0}. Given a continuous function
x: [~y+ o0, o+ A) - Rd, g €ER, A >0, we define for each
t € ([0, o+ A) an element X, € C by xt(e) =x(t+9), -ysos d.
Let DCR XC be open and f: D - Rd be continuous. A
functional differential equation of retarded type is a functional

relation of the form
(0.1) x'(t) = f(t, xt)

Let (o,qb € D. A solution x = x(t, g, ¢) of (0.1)
-through (o,9) is an absolutely continuous function defined on

[-y+ 0, o+ A) for some A >0 such that



(0.2) xc =@

0-3) x'(o) = £(a, x)

and

(0.4) x'(t) = f(t, xt), g<t <A,

where x'(&+) denotes the right hand derivative of x at t = g.

After defining FDE of retarded type, the immediate questionmns
that one may ask are:

(i) When does a solution exist?

(ii) When do the equations have uniqueness property?

(iii) Does the family of solutions have certain properties

concerning convergence and continuous dependence
with respect to the initial condition?

The answer to the above questions may be summarized by the
following theorems whose proofs are found in most standard
references, c.f. [8].

Theorem 0.1 (Existence). Suppose U 1is an open set in
R X C[-y,O] and f: U - Rd is continuous. If (g,¢p) € U, then
there is a solution of (0.1) passing through (o,¢) .

A function f(t,q) defined on R X C[-y,0] is called
Lipschitzian in ¢ on U CR x C[-y,0], if there exists a constant

L >0 such that

|£(t,@) - £, 0] <L - [lp - ¥

for all (t,y), (t,¥) € U.
Theorem 0.2 (Uniqueness). Suppose U is an open set in

R x C[-y,0], £: U = rRY s continuous, and f(t,p) is Lipschitzian



in ¢ on each campact set in U. If (o,¢9) € U, then there is a
unique solution of (0.1) with initial value (o,¢q)-

Definition 0.1. A continuous function x: [~y +t, b) - Rd
which is absolutely continuous for t €« s <« b is said to be non-
continuable with respect to an open set D c R x C[-y,0] if, for

each -y+t<sc<b, (s, xs) € D and for each closed bounded set

U c D, there exists t < tU <b suchlthat

(s, xs) g¢U forall t_<s<b.

U

For a function x, let Dx denote the damain of this
function. Then we have the following:

Theorem 0.3 (Convergence). Let £f: U - Rd be continuous
on UcR xC[-y,0] and let |f(t,)| be bounded on each closed
and bounded subset of U. Suppose {xn(-)] is a sequence of non-
continuable functions on U such that D 2 [to -yt ta),
for some a > 0. And cpn(-), o(-) are ’c{ontinuous functions
such that qP(-) - ¢(+) uniformly on [-y,0], where
qP(t - to) = xn(t), to -ystcg to. Define a sequence of func-
tions {G_(-)} by

G, (t) = xn(t) - qP(o) - IE f(x, xZ)ds for [to, ®) ND -

o X
Assume that for each closed, bounded set B C U, there exists a
sequence {en(B)}, Sn -+ 0 as n - o, such that if (t, xz) €B
for t between t, and V_, then \Gn(Vn)\ < 8 (B). Then there

exists a non-continuable function x(:) and a subsequence

n .
{x j(-)} of {xn(-)} such that



(i) xtJ - X, uniformly on compact subset of Dx
t

and

(i1) x(t) = (o) + jt £(s, x)ds for t >t
o}

x =
t ¢
o

Proof: See [4].
0.2. Liapunov Functions

Let f: I XD - Rd be continuous, where D 1is an open
set in Rd, and let 1 denote the interval 0 <t < ». As in the
usual Liapunov theory, see [22], we consider a continuous scalar
function V(t,x) defined on an open set S in I X D. Further-
more, we assume that V(t,x) satisfies locally a Lipschitz con-
dition with respect to x. That is, for each point (to, xo) in

S, there exists a neighborhood U = U(to, xo) and a positive

number L(U) such that

\V(tax) - V(t :Y)\ s L(U)\X = Y\

for any (t,x) € U, (t,y) € U. We shall denote by V € Lipo(x)

for this fact.
Corresponding to V(t,x), we define the function

. _——l _
(0.5) V(E)(t,x) = ;f:+ h {(V(t +h, x + hf(t,x)) - V(t,x)} .

Let x(t) be a continuous and differentiable function
defined for S 2 t, denote by V'(t, x(t)) the upper right-hand
derivative of V(t, x(t)), that is,

(0.6) Vi(t, x(t)) = 1Im = {V(t + h, x(t + h)) - V(t,x)}
h-ot h



then we have the following, c.f. [22]:
Lemma 0.1. Let x = x(t) be a solution of (0.1) which

stays in S. Then

VIt ®(6) =V gy (Ex)

As is well known, if V(E) (t,x) <0 then by Lemma 0.1
V'(t, x(t)) £ 0. The function V(t, x(t)) is therefore a non-
increasing function of t along a solution of ( E ). Conversely,
if V(t,x) 1is nonincreasing along a solution of ( E ), then we

have

V(E)(t,x) <0 .

By a Liapunov function, in usual Liapunov theory, we always
mean a continuous scalar-valued function such that V € Lipo(x).
The following is one of the simplest forms of a very general com-
parison principle, c.f. [22].

Definition 0.2. For the case d =1 1in the equation (E),
if Py is a solution of (E) passing through (T,E), existing on
some interval I containing r, with the property that every
other solution ¢ of (E) passing through (7,§) and existing on

I 1is such that

o(t) s ft) (£ €1)

then By is called a maximum solution of (E) on I passing
through (7,§).
Theorem 0.1. Let V(t,x) be a Liapunov function for (E).

Suppose there exists a real-valued continuous function w(t,u)



defined for 0 <t < =, |p| < @, where u 1is a scalar, such that

for all (t,x) € I XD

0.7) \}(E)(c,x) < w(t, V(t,x))

Let U(t, ty» uo) be the maximal solution of
' = =
(0.8) " w(t, ) , By = V(E 5 %))
and x(t, to xo) be a solution of (E). Then

(0.9) vt, x(t, to xo)) < U(t, to, xo)

for all t = to for which both x(t, to’ xo) and U(t, to’ xo)
are defined.

The comparison principle has been widely used in dealing
with a variety of qualitative problems. It is a very important
tool as it reduces the problem of determining the behavior of
solution of (E) to the solution of a scalar equation (0.8) and
properties of the Liapunov function V.

In this thesis, we shall first develop the Liapunov theory
by using lower semi-continuous Liapunov functionals for FDE of
the retarded type. In the later chapters we shall investigate the
problems of integral stability and invariance of a set in which
the Liapunov theory developed earlier will play an important role.

In Chapter I, we shall define the notion of 'derivative
along a solution" for a class of functionals which are assumed
only to be lower semi-continuous and prove a comparison theorem

analogous to Theorem 0.1 for FDE.



In Chapter II, we shall deal with the problem of the integral
stability for FDE.

In Chapter III, we shall initiate another type of derivative
for the same class of functionals as in Chapter I, and we shall
also prove another comparison theorem analogous to Theorem 0.1 for
FDE.

In Chapter IV, we shall deal with the characterization of
invariance of a set for FDE.

For reading convenience, a hollow square [r] is used to

signal the end of a proof.



CHAPTER I

THE FIRST COMPARISON THEOREM FOR FDE

1l.1. Liapunov Functional and Lower semi-continuity

In this chapter, we shall give the definition of 'derivative
along a solution" for a Liapunov functional, which is a natural
extension of (0.6), and prove a comparison principle similar to
Theorem 0.1.

Consider the functional differential equation (0.l1l). Let
x(*) be a solution of (0.1) through (o,p) and let
V: R x C[-vy,0] - R* where R* denotes the extended real numbers,
we shall refer to V as a Liapunov functional. Throughout this
thesis, the term '"Liapunov functional" means only a functional
substantially different from the usual sense of Liapunov function
in which both continuity and local Lipschitz'condition are assumed.
Define
(1.1)  V'(o, x) = lin syp L v +n, x ) - V(o x )7 -

h-0+ h

This extended real-valued function is well-defined for
arbitrary V and f.

Let

c,(-y,0] = A ¢ [-y,0]
= {the set of all absolutely continuous function
on ['Yso]} .

9
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Definition 1.1. For a = 0, a functional
*
V: [a,o) X CA[-y,O] -+ R is called lower-semi-continuous if,
for every (t,q) € [a,o) X CA[-y,O], we have

(1.2) V(t,p) < 1lim inf V(s,Y¥)
(s,¥)-(t,q)

for (s,Y) € [a,») X CA[-y,O]
where (s,¥) - (t,q) means |s -t| + ¥ - ¢l| -0 .

1.2. A Comparison Principle for FDE of Retarded Type

Assume ¢ € CA[-y,O], and let x: [-y, t +a) =R be
absolutely continuous, where a > 0, such that xt = . We define
the upper right-hand derivative of V(t,p) along the function

x(t) by
' — 1
Vx(t, ) = l]{i.m_'. o {v(t +h, X, ‘) -V(t,p}

then we have the following theorem.

Theorem 1.1. Let p(t) be a continuous function on
[to, a), where a > to’ and let V(t,g) be a lower semi-continuous
Liapunov functional on [0,®) X CA[-r,O]. If x: [to -y, a) - rd
is an absolutely continuous function such that

(a) X, =@
[o]
(b) V;{(t,xt) < p(t), Vtost<a,

then

T
V(T, %) - V(tg xto) < Itop(t)dt Ve <T<a.

Proof: For fixed T, to <T < a, and a given positive

n
integer n we define A (t, xt) for t, <t <T as follows:
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1
(1.3) An(t,x) ={'r\t<'r<t+; and

t

V(t, x) - V(t, x)
T t

1
— < p(t) + -}

Since V}'{(t, xt) <p(t) V to <t <T, we see that An(t, xt) is

not empty. Next we define recursively a sequence A" = {tz}:-l
by taking
n n
t1 €A (to’ Xe )
o
and
n n, n
(1.4) tk €A (tk-l' xtn )
k-1
so that
n n 1 n n, n
te ~te_q =2 SUP {7 teo!T €A (tk-l’ xtn )}
k-1

n.o . ,
Hence the sequence {tk}k 1 is monotone increasing. Furthermore,

from Lemma 1.2, we know there exists an integer j(n) such that

T < t" sT+l. Thus we have
j(n) n
n
1.5 lim ¢, =T ,
4> o (M)
and
(1.6) ;i.: xtn = Xp o
j(n)
Finally, it follows from (1.2), (1.5) and (1.6) that
1.7 VT, ) - Ve X )
. n
< lim inf V(tj(n)’ x ) V(to, x, )
N =0 t o
j(n) j(n)

< lim inf by v tn -V tn
nwo  i=1 veey, xtn) (t5.10 xtn )]
i i-1
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On the other hand we see from (1.3) and (1.4) that

n n
ey "tn) TV X )
i i-1

n 1 n n
<leCey )+ (e -0 D)

Substituting into (1.7), we get

A8 V@ ) -V x )
j(n)
< lminf T (p(t]_) + D] - t; )
N-o i=1
j(n) n n n 1 n
< 1u:_;nf ifl p(t:i_l)(ti - ti-l) + 11:_.iup = (tj(n)

Again, from (1.3), (1.4) and (1.5), we have

limt", =T, - <L,
j(n) i i-1
N~

Substituting into (1.8), we conclude that

V(T, %) - V(e , %)

(o]

T . 1
< _[‘top(t)dt + lim sup n (T - to)

N—

< I'i p(t)dt . [

(o]

Remark. In the proof of Theorem 1.1, only the assumption
that x 1s continuous was used, absolutely continuous 1is not
required.

Lemma 1.2. For the sequence {tg};;l that was defined

in (1.4), there exists an integer j(n) such that

-t).

o
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n
T <t ST + — .
j(n)

Proof. First we claim 1lim t: 2 T. Suppose not. Let

n 1 n
b = 1lim t, so that b «<T. If 1€ A (b , x, ), then we assert
n { o i n n bn

n
that ~t € A (tz, X n) for infinitely many values of i. To see

i

this, we note that

V(r, x) -vie", x )
T i n
(1.9) 1lim inf i

n
i— T - t,
i

n
v(rT, xT) - V(bn, Xy ) V(bn’ ’%n) - V(ti’ X q)

t,
< lim inf —— + lim sup a -
i T - ti 1o T - ti
V(Ta xq_) = V(bn’ xb ) V(bna xbn)
n + .
< PN 1glsup =
n 10 T -t
i
n
V(ti’ X n)
ty
- lim inf p
i T = ti

But, b_ = lim t:, so it follows from (1.2) and (1.9), that we have

i
V(r, x) = V(t] )
T Xy i X0l v, x) -V, x )
. . i T n n
(1.10) 11@ inf a < PR
b ) T = ti n

1
< p(bn) +

. . n
Furthermore, p 1is a continuous function and t, - b , so that
i n

from (1.10), we see that there must be a J such that

1

v(r, XT) - V(t:, x: )
lim inf < p(t?) + % whenever § 2 J

i T - tz 1
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Therefore there exists infinitely many values of i > J1 such that

n
v(r, xT) - V(ti, x )

t
i n 1
+ =
< P(ti) a

tn
T i
and

n n
t.<'1'<t.-|-l
i~ i n

n, n
Thus T € A (ti, x ) for infinitely many values of i.
t

o

And hence there exists a t such that

n

k
n_ n

TEA(tk’xn)»

Cx

and

n 1 1 n
b -t <y (r-b)<y(r-¢t)

But this contradicts the choice of tn

Kbl’ since
n n 1 n n n
-t 2= - - .
tk+1 K > (T tk) > bn tk so that tk+1 > bn Consequently
we have
limt| 2T
'imtiZ . D
i~
1.3. C1 Locally Lipschitzian

For ¢ ¢ CA[-y, 0], define the C. norm of ¢ by

1
lolle, = el + 12 "4 -

The following property of the functional V(t,¢) 1is
important , especially in the study of the behavior of solutions

of perturbed systems.
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Definition 1.3. Let V(t,q be a functional as before.
We say V is C1 locally Lipschitzian if for every (to, qb) €D,
where ¢ € CA[-y, 0], there exists a neighborhood N(to’ “B) of

(t,p) and a constant L = L(N(to, qb)) 2 0 such that
(1.11) IV(E, o) - V(E, 9| < Lig - gl
1

for all (t., (Pl)’ (t-’ (Pz) € N(toa (Po) and QP].)CPZ € CA[-Y’ O]'

Lemma 1.3. For two continuous functions x(t,¢q), y(T,¢)

with the right-hand derivatives such that X, =Y. = @ we have

F+ % g Eo® =y (o] = k') -y e
—'o

Proof. See [22], page 187.

The following lemma is immediate.
Lemma 1.4. If V(t,q) 1is C1 locally Lipschitzian and
x(t), y(t) are two absolutely continuous functions defined on

o-ysts<a+g, a >0, such that xc = yc = ¢p; then
1) 1 i ) + ] +
Vilo:e) < Vy(c,qb + 2Lix"'"(c') -y'(a)],

where x'(&+), y'(&+) denote the right hand derivative at t = g,
and L 1is the constant in (1.11) at the point (o, -

Proof.

1
V'(g,p) = lim sup ;- V(o +h, x_.) - V(o,9p}
X haot B cth

1
< lﬁ;:gp p V(o +h, x ) -V(e+h, y )]

+ lin syp S V(o +h ) = V(a)}

s Y
h—-o oth
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, 1
< Vy(O,QD) + lim Sfi‘_P i’; {L - “xc-!-h - yO"'h“C]_}

h—o
(1.12) 1
) —_— -
= VY(O’(P) * H';‘:_,z-?-p h {L\\xo_*_h ycri-h‘\}

+ lﬁtt:;gp t‘t {L IZHI\X'(G) -y'(e)|de} .

But from Lemma 1.3 we have
(113) lin sy = (Ll - y_pll} = TSN
Substitute (1.13) into (1.12), we conclude that
Vi) SV (0.9 + Lix"(c) - y'(a)|

+Lx'(0) - y'(a)]

SV (@ * Z|x' (@) -y ()] -



CHAPTER II

INTEGRAL STABILITY OF FDE

2.1, Definition of Integral Stability

Consider the vector ordinary differential equation

(2.1) x'(t) = £(t, x),

for which the identically zero function is a solution, i.e.

f(t,00 =0 for all time t; we denote this special solution

simply by 0. Now suppose one knows that (2.1) is stable, i.e.

all the solutions of (2.1) which start near 0 remain near 0 for

all future time. If the differential equation (2.1) is subject

to certain small perturbations, the above property concerning the
solutions near 0 may or may not remain true. A more precise formula-
tion of this problem is as follows: If O is stable for (2.1) and

if the function p(t) 1is small in some sense, give condition on

f so that 0 is stable for the perturbed equation

x'(t) = f(t, x) + p(t) .

A great deal of work has been done in an attempt to provide
positive answers to this problem. Historically, there have been two
approaches. One approach is to impose conditions on f, such as
being uniformly Lipschuitz, and find out what kind of perturbations

p(t) preserve stability [e.g. [3], Chapter 13]. The second
17
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approach is to restrict the type of perturbations p(t) that will
be allowed, e.g. J':\p(t)\dt < ©, and find out which differential

equations (2.1) will have their stability preserved by all such p(t).

As to the second approach, vrkoc [18], Okamura [15],
Yozhizawa [22], Chow and Yorke [2], etc. all have made tremendous

contributions to our understanding of this problem.

It is our intention in this chapter to consider the
corresponding problem for FDE in the spirit of the second approach.

We shall consider the FDE
(2.2) x' = f(t, xt) R
. d |
where (i) f: D - R is continuous and
DCR XC[-'Y, 0] ’

(ii) f takes closed bounded sets into bounded sets,

(iii) £ 1is uniformly continuous in ¢ for all of t, i.e.
YVe>0 3 § >0 such that \f(t, ¥) - f(t, Q)\ < e
whenever ||¢ - ¥|| < &, and

(iv) f(t, 0) =0,

(v) The solution of (2.2) is unique.

Definition 2.1. The zero solution of (2.2) is integral
stable if for any ¢ > 0, any t, 2 0 and any continuous function
p: [to, ®) —» R, there exists a &§(e) > 0 such that “¢b“ < §(e)
and I: \p(t)\dt < §(e) imply \y(t, t, ¢b)\ < ¢ for all

o
t 2 to’ where y(t, to’ ¢6) denotes a solution of
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(2.3) y'(t) = £(t, y,) + p(t)

that passes through (to, ¢°).
It is the purpose of this chapter to give a necessary and
sufficient condition for the zero solution of (2.2) to be integral

stable.

2.2. Definition and Properties of VL Function

For an open set U C R X CA[-y,O] let V: U - R and de-

note by
N((T:Y): 6) = {(t ,(p) 6 U: ‘t - ’T\‘ + H(p - Y\I\ < 6}

for all (v, ¥) € U and 5§ > 0. Then the following is immediate.

Lemma 2.1. lim inf V(t,p = A 1if, and only if, for
(t ’CP)"’(T »¥)

each ¢ >0 there is a § >0 such that V(t,p) =2 A - ¢, whenever

(t,) € N((7,¥), 6).

Next we define the function VL: U R by

(2.4) Vi (t,g) = lim inf V(7, V) ,
(1,¥)-(t )

where (1,¥), (t,p) € U.

Remark: Since U is an open subset of [o,®) X CA’ there-
fore for any (t,p) € U, there exists a sequence {(tn, qh)}:=1 cUu
such that

:l.ir:V(tn, q)n) =VL(t’ ©)
Then we have the following lemma.
Lemma 2.2. The function V., is a lower semi-continuous

L

function on U.
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Proof. Let (t,q € U. We would like to prove

lim inf VL(T,Y) 2V (t,9) V(t,p €U,
(T,¥)-=(t :QP)

i.e., for any given ¢ > 0 there exists a § >0 such that
VL(T,¥) 2V (t,q) - ¢ whenever (7,Y) € N((t,q), 6)
It follows from (2.4) that there must exist a 61 > 0 such that

V(T,¥) 2V (t,q) - ¢/2 whenever (7,¥) € N((t,y, 5, -

Choosing § = we will now show that

N L‘on

VL(T,Y) 2 VL(t,qD - ¢/2 whenever (7,¥) € N((t,p), &)

Since (T,¥) € N((t,y), 8§), we can find a 53 > 0 such that

N((T, ¥), 83) CN((E, @), 6))

Hence

V(:,g) > VL(t,@) - ¢/2 whenever (t,¥) € N((T,Y), 53)’

VL(T’ Y) ZVL(ta (P) - 6/2
Hence we have

Vo (T,¥) 2V, (t,9) - ¢ whenever (r,¥) € N((t,9), 8),

lim inf V (7,¥) 2V, (t,q)
(1,¥)=(t ’CP)

so VL is lower semi-continuous. []



21

Theorem 2.1. Let UcC R x CA[-y,O] be open and let
WI,WZ: U - R be continuous. Suppose V: U - R 1is any arbitrary

function such that

(2.5) w]_(ta ) SV(tH.P) swz(t ’(.P)

for all (t,¢) € U. Then the function VL: U - R defined by (2.4)

is lower semi-continuous and satisfies

(2.6) Wl(t,cp) sVL(t,(p) swz(t,q;)

for all (t,q) € U.

Proof. The semi-continuity of V follows directly from

L
Lemma 2.2. Next we note from (2.5) that

lim inf W (t,¥) < lim inf V(r,¥) < lim inf WZ(T,‘Y)
(T,¥)-(t r(.P) (T,¥)-(t >(P) (T’Y)"’(t’(P)

V(t,p) €U .
Since w1 and W2 are continuous, (2.6) follows. O

2.3. The V Functional and its Special Properties

Let
Cy = (o€ Cul-v01 : llg| <1,

ci(I) = {¢ € AC(1) : sup|gp(t)| < H} ,
tel

" = [g€cl-y,0] : |lg| s H} ,

CH(I) = {p € C(T) : sup\q(t)\ < H} .
tel

H
For (t,q) € [2vy,») X CA’ we set
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AH(t,qb = {Y € CA[-r,t] n Cﬁ[o,t] :¥=¢ on [t-y, t],
¥=0 on [-'Y’O]} ’

and define

t
(2.7) V(t,p) = inf j‘o |¥' - £, ¥ ) |du .
YeA, (t, o) "
We have the following:
Lemma 2.3. Suppose x(t, o, @), (o, ¢) € [0,») X CH is

a solution of (2.2). Then for t = 2y and sup |x(s,o,9)| <H,
SE[O)C]

v(t, xt(q,qb) is a nonincreasing function of t.

Proof. For t >s =22y 2 g, sup \x(t,o,qb‘ < H, we
SE[o,t]
want to prove V(t, xt(o,qo) < V(s, xs(o,qb). It follows from

(2.7) that there exists a sequence of functions {Yn} in
A (s, x_(0,¢)) such that
V(s, xs(o,qD) = lim Fn
N—o

= Lin 5516 - £ ) du

Next for each Yn € AH(S’ xs(a,qb), we define

M, ()

Yo (w) -y <puss

x(w) s <p st .

Then we see that ﬂn € AH(t, xt(o,qo) and

Tlr;(u) = f(u, nﬂ,u) , s s st,

so that
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jz\n;(u).‘ £, T, )lds

= foltaw) - £Gu, ¥ Dldu = F

Consequently,

t
V(t, x (0,9)) =  inf |¥' W) - £Qu,Y ) |du
t YéA(t,xt(o,qb)Io ?
srliim Fn < V(s, xs(c,cp)) . O

Lemma 2.4. Let Uc [o, =) X Ci be open and
. n
(tn, cpn) - (T,¥) in U. If x (t, t cpn), x(t, T, ¥) are
solutions of (2.2) that pass through (tn, q;n), (1, ¥) respectively;
then for small h >0 there exist a subsequence of [(tn, cpn)},

which we denote also by {(tn, q)n)}, such that

)

n
(tn + h, xtn'i'h) - (t+h, X'H-h

Proof. See (4], or [8] . 0O
Lemma 2.5. Suppose x(t, g, ¢, (o,¢) € [o,®) x CH is
a solution of (2.2). Then for t 2 2y and sup |x(s,o,9)| <H,
Se[c:t]
VL(t, xt(o,(p)) is a nonincreasing function of t.

Proof. Suppose t >t222y and sup |x(s,o,¢) | < H.

1 s€lo,t]
n n H
Let {(t , ¢ )} be a sequence in [o0,») X CA such that
n n
(2'8) VL(t21 xtz) - l:l.tn V(t 9 (P) ’
N
and

(€% 9 = (e % ) -



24

Let xn(t, tn, cpn) be a solution of (2.2) that passes
through «", (pn). If \tl - tz\ small enough, then by Lemma 2.4,
there will exist a subsequence of {(tn, (pn)}, which we denote

also by {(tn, cpn)} such that

"+t -y, x ) = (ty, x_ ) -

n - t
t +t1 t2 1

Thus from (2.4) and (2.8), we have

1 2
(2.9) < lim Inf V" + & - ty X ) - lim V(" x)
n-o t +t, -t N—o t
1 2
< lim inf [V(tn + tl - tz, xnn )- V(tn, xnn)] .
N—co t +t. -t t
1 72
But from Lemma 2.3 we have
(2.10) v(e" + t) -ty x“]n y - vee", x"n) <0 .
t+t, -ty t

Substitute (2.10) into (2.9). We conclude that

VL(tl, xtl) - VL(tz, xtz) <0 . 0

Lemma 2.6. For T >2y and ¢ € Cz, there exists a
solution x(t) of (2.2) such that X, = 0, X =9 and
|x(t)| <H for 0 st st 1if, and only if, V(r,q) = O.

Proof. First suppose x(t) 1is a solution of (2.2) such
that xT = ¢, then by definition of V(r,q) we have V(t,9p) = 0.
Next assume V(T,y) = 0. We would like to show that there exists
a solution of (2.2) such that x, =0, x_= ¢ and \\xt“ <H for

0<t <71. Now since V(t,p) =0, it follows from the definition
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of V, that there exists a sequence of absolutely continuous func-

tions {xk(t)} where xk(t) € AH(g,¢) and such that

. Ty =
(2.11) if: Jolx - £, x )ldw =0 .

_ t
Set qk(t) = xk(t) - Io fu, xk’u)du for 0 <t < T1. Since
9] = () = [ £ . )]

< folm - £, x Dldu

it follows from (2.11) that qk(t) must converge uniformly to
zero on [0,T].
Setting zk(t) = xk(t) - qk(t)’ then for ty> t2 such
that 0 < tl < t2 < T, we have
t
2 (6)) -~z (e = [ 2 EG, x

1 e
and

l\Zk(tz) = zk(tl)" SM("l')(tz = t].)

where M(T) = Max{|f(t, xt)\ :0st<T,and |x| sH}. Thus
{zk(t)} is uniformly bounded and equi-continuous. By Ascoli's
theorem, there exists a uniformly convergent subsequence, which
we denote by {zk(t)} again such that
x(t) = lim z_ (t) wuniformly on -y <t < T .
koo K

Then clearly x

_ _ _rt
0 =0 and x_=¢ andalso x(t) = [ £(u, x,)du,

since qk(t) - 0 uniformly as k - ». Thus xk(t) - x(t) uniformly
as k — o». This shows the existence of a solution x(t) such
that x, = 0, X =9 and |x(t)| s H since qk(t) converge

uniformly to zero on [o,7], and \xk(t)\ < H. 0



26

Lemma 2.7. Let x(t), y(t) € Cg {t - v, T+ a], where

a >o0, 122y suchthat x(8) =y(8) VT -y <0<-T. Then

|V (s, xs) - V(s, Ys)\

(2.12)
< “xs - yS“c1 + M(x,y,s) YVT<s<a+rT,

where M(x,y,s) 1is a positive number depending on x, y and s

such that lim 51341¢§l = 0.

ST

Proof. For T <s <a+ 1, let [wk] be a sequence of

functions, such that

(1) g € ACs, %),

and
. s
(2) lim F o =V(s, xs), where F o= Io\¢ﬂ(“) - £lu, P )| du-
n—ew e
For each Py define 5;. as follows
v, (O = 9, () =T,
=y(e) , T<9<s .
Then

Vel v = folg - £ g )|
< [olop - £, RILE

+ Iiiaé - £, Ek,u) - qi + f(p, wk,u)\d“

< Ii\q){( f(u, (pk’u)dp, + j"sr\:pi( - CP;(‘l du
+ [P\, @) " EGs g Ol
Sﬁ\(p{( - f(u,, ka,u)\du,'i"f:\x' -y'\du

+ Ii\f(u, ;&,u) - £, ¢k’u)\du .
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Hence
V(s, y) sV(s, x) + [|x' - y'|du + sup Plew, g )

(2.13) - fus u)\du
< V(s, xs) + “xs - ys“cl + M(x, y, s)

where

Y s = s f ) @ . - £ .
M(x,y,s) sx;p j’T\ ( q:k,u) (u, ‘Pk,u)\d”

It remains to show that

S-=T
s

lim MG Y8) _ g
_u'r

Since f 1is uniformly continuous in ¢ for all of t, it follows

that for each ¢ > 0, there exists a 6§ > 0 such that

2.14 f(u, @ - £, < whenever 0 <y - T< § .
(2.14) | £(u (ﬁ‘»u) ™ cq(,u)\ € "
From (2.13) and (2.14), we then have
s —
M(x,y,s) = e, - £f(u, d
(x,y,8) slt:p 'r\ (o cq(,u) (u (pk,u)‘ n
S (s -7) * e whenever |s - 7| <56,

and the result follows. O
Lemma 2.8. Let x(t), y(t) € Cz[T -y, T+a) where
a >0, r 22y such that x(8) =y(8) YT -v<96<r71. Then
- - |
Vi (ss x) =V, (s, v )| s ||xg yslc1 +M(x,y,8) ¥Y7<s<a+m,
where M(x,y,s) 1is a positive number depends on x, y and s

such that 1im TXa¥a8) _ o
sor 577

Proof. Assume
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Vi, x) = lin V(e , ),

N—o
where
(t , @) » (s, x) in [0, ) X ct
n’ h ’ S ’ A .
Set
¥Y(8) =y(s+ 9 -x(s+¢) V-ysp=<o0,
and
=0 tY
xn(t) = g(t - tn) for tn -ystsg tn
= x(t) + qh(-Y) - x(tn -y) for T -y st < tn VA
yn(t) = #(t -t ) for ty Yy sSt <t
= x(t) + 4 (-y) = x(t -y) for 1 -y<t < v
Then
(tn, Qpn) - (s, ys)
and
VL(S’ ys) -VL(S’ xS)
(2.15) < lim inf V(tn, ¢5) - lim V(tn, “h)
n-wo n—e

< lim inf [V(t_, c—pn) - V(e s @)l -

N

But from (2.12) we have

(2.16) V(t,, @) - V(t, q)
t

n
s j‘tn-s-l-'r\xn - y[:\du' + M(xn’ yn’ tn)

Substituting (2.16) into (2.15) we have
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t
- n [I—
v (s, ys) Vi(s, x ) < li:dirf {Itn-s+7\xn yn\du +M(x , ¥, t)]

< J‘i\X' = y'|du +M(x, vy, 5)
where

M(x, y, s) = lim sup M(xn, yn, tn) .

nN—o

By using the same technique as in Lemma 2.7, we can prove that

lim M(x,y,8) _ o . D
s=T

ST

Lemma 2.9. Let x(t), y(t) € CitT -y, T+ a) where

a >0, 722y such that

x(8) =y(®) VYT-ys@g<rT,

then
ViGo, ) SVi(o x) +2|x' () -y (o] -
Proof. From (1.1) we have
V}l(o, yc) = lﬁ;jgp f];‘ {V(oth, yc_,_h) - V(t, vy}
(2.17) < lim sup % {V(cth, xc‘_h) - V(o, xc)}

h-o
1
+ 1lim = {|V(egth, ¥y ;) - V(oth, x_,)|]} .
hqzip h {l cth oth \]

On the other hand, fran Lemma 2.7 we have

(2.18) |V(o + h, yc-l-h) -V(o+h, x_.)|

gth
< “yai-h 'XO_H‘“cl"'M(x’ y, o+ h)

where
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. M(x, vy, g+h)
1lim =

h-ot h

0 .

Substituting (2.18) into (2.17) we get

( ) <V )41 “yci'h ) xo+h“t:1
V'(o, y) =V'(o, x ) + lim suyp
y c X o] h-aoi h
y - x
(2.19) <V!(o, x) + lin syp Wgtn = ol
X h-o' h
oth, , '
y - X dg
+ lim s:'l_p g \ G’?‘ j*-h\
h-o

But, we see from Lemma 1.3 that

1Y i = %o
(2.20) 1lim syp —F— T |0y L yrh)
h-o

Substituting (2.20) into (2.19), we conclude that
Vio, v) SV!(o, x) + 2{x'(d) - y' ()| - 0
y o X c

Lenma 2.10. For fixed 71 2 2y; (1, @) € [0,@) X Ch,
then V(r, ¢) =0 as \\:p\\c -0 .
1

Proof. Set :p(t) =0 -yst<0

linear from O to ¢(-y) O <t <7 -y

ot = 7) T-y<t<snT.

Then V(T, ¢) < j’;\;'(u) £(u, ;}L)\d“
= [ole' )+ [olfw, ) 4

<1 - Maxlgl, > @(-V/TY) * £ o) ldu -
1
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Since f 1is uniformly continuous in ¢ for all of t and

f(t, o) = 0 we have
[ol£Gu: @) 14 =0 as g, -0

Hence V(T, ¢) -0 as “(p“c -0 .
1

H

Lemma 2.11. For fixed T 2 2y, if (7, ¢) € [0, ») XCA’

then V (1, ¢) -~ 0 as “q)HCI - 0.

Proof. It follows from Lemma 2.10 that
V(tT, ¢ -0 as \\Qp\\c -0 .
1
On the other hand V(T, ¢) 20 V (1, ¢) € U so that
vV (T, ¢) -0 as \\<,p“c1 -0 . 0

Lemma 2.12. Let y(t) € C[o - v, 8] nc:‘[a, 8], then for
given ¢ > 0, there exists a function x(t) with its derivative

x'(t) continuous on ¢ <t < B and x(t)

m

y(t) on

@ -y st s<qg such that

|P1xce) - £e, xee - Blyrcey - e, yde|) < e

and X - < ¢ .
llxg = vglle
Proof. Given ¢ > 0, choose 0 < §(e) < ¢ such that

(2.21) |£(t,p) - £(t,¥)] < 5?::;3 for all a <t <8

whenever ||p(t) - ¥(t)|| < 8(Ce) -

Since y'(t) 1is integrable, there exists a continuous function
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u(t) such that

jz\y'(t) - p(t)|dt < 1/2 8Ce) .

Set
x(t) = y(a) + f; u(s)ds, for ast <8,
= y(t), for o -yst<qg.
Since
y(t) = y(a) + y; y'(s)ds  for a st s
we see that
(2.22)  |y(®) = x(®)] 5 [Tly'(s) = uls)|ds < 7 6(, a st <8,

and
2.23) By -x'©]ae =B |y - uoae < 3 8o

: By B-y"” L (e 2 °N% -
Thus by using (2.21), (2.22) and (2.23), we conclude that

“YB - XBHCI < 6(e) < ¢

and
\I:\x'(t) - f(t, x)|dt - jg\y'(t) - £(t, Yt)\dt\

< I:‘xv(t) - y'(t)\dt + Ig\f(t, xt) - f(t, yt)‘dt

N =

5Ce) + (B - o) + —2—

< 2(8-a)

1 1

= + = = .

2 €T 27 ¢ O

Lemma 2.13. Suppose the zero solution of (2.2) is integral

stable. Then there exists a monotonic increasing function
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b: Lo, ») = [0, ®) such that

() b V@, Y (c, @ € [2y, =) xCy ;

(2) 1lim b(y) = 0; and
y—0
(3) b(y) =0 1if, and only if, y =0 .

Proof. For any vy 2 0, we define

(2.26)  b(y) = inf L V(E, @)
(t ’(P)E[Z'Y »®) XCA

lloll = v

Then we claim b(y) >0 for +y > 0. Suppose not, then there

exists sequences {tk} and {wk} such that

(2.25) loll 2 v (5 @) € [2v, = x ¢
and

V(tk’ (.pk) -0 as k = o .

Let §(y/2) be the number in Definition 2.1 of integral stability
8(y/2

that corresponds to y/2, choose n so large that v(tn’qh) < A

and let T € AH(tn’ ¢h) be so chosen that

t
0y ey - 8(v/2)
Jo lug(e) = £Ct, u Dlds < =y .
Then it follows from Lemma 2.12 that there exists a function p(t)
with continuous derivative such that
t

(2.26) j‘o“\u'(c) - £(t, plde < 5(32‘), and \\utn - q <32‘ )

Next we define
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p'(t) - £(t, ut) for t € [o, tn]
(2.27) p(t) =
0 for t € [tn’ )

By changing p(t) slightly if necessary, we may further assume

that p(t) 1is continuous. From (2.26), (2.27) we therefore have
[Ple(e)|de < 6(P -
On the other hand, we see from (2.27) that pj(t) is a solution of
x(t) = f(t, xt) +p(t) on -yst< €

so that, by using (2.25), (2.26), we have
g 12 el = lla, - u
n n

> gl = v/2

2y -vY/22vy/2,

which contradicts the fact that zero solution of (2.2) is integral

stable. Hence
(2.28) b(y) >0 for y >0 .

It follows from (2.24) that b(y) 1is a monotonic increasing
function and satisfies (1). Next, from Lemma 2.6 and (2.28), we
see (3) is satisfied. Finally, combining Lemma 2.10 and (2.24) we
obtain (2). O

Lemma 2.14. Suppose zero solution of (2.2) is integral
stable. Then there exists a monotonic increasing function

b: [0, ®) - [O, ) such that
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W blldd sV, @, Y (e, @ € [2y, @) xCh

(2) 1lim b(y) = 0; and
Yo
(3) b(y) =0 if, and only if, y =0 .

Proof. It follows from Lemma 2.13 that there exists a

monotonic increasing function a: [0, ) = [0, ») such that

W a(lgh Ve, @, Y (t, @ € [2y, ») xC

(ii) lim a(y) = 0; and
¥-—0 ‘

(iii) a(y) =0 if, and only if, y =0 .

Next we define the function b: [0, «) - [0, ») by

b(y) = lim inf a(y) Vvye[o, ©
e~y

Then the function b(y) is a monotonic function. Also, we see

from (i) that

lim inf  a(llY|) < 1lim inf  V(r, V) ,
(T )Y)"’(taﬁp) (T )Y)""(t)q})

H

ie.  b(|gl) sV(E, @ VY (t, @) € [0, @) xC, .

It is clear from (ii) that 1lim b(y) = 0. Finally since a(y) =0
Y-0
if, and only if, y = 0, we conclude that b(y) =0 if, and only

if, vy = 0. 0O
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2.4. Characterization of Integral Stability

Combining Lemma 2.2, Lemma 2.5, Lemma 2.8, Lemma 2.11,
and Lemma 2.14, we obtain the following theorem.
Theorem 2.2. Suppose the zero solution of (2.2) is integral

stable. Then there exists a lower semi-continuous function

H
% (2y, ®) x cA - [o, ®)

Having the following properties:

\%

(1) Vvi(e, @ 2b(lg) ¥V (t, @ € [2y, ® X C}, where

b(y) 1is a monotonic increasing function such that

lim b(y)
y—0

0 and b(y) =0 if, and only if, y =0

(2) Vi (t, 9) -0 as “q)HCI ~ 0 for each fixed t = 2y
(3) For any solution x(t, g, ¢) of (2.2) with
(o,p) € [0, =) x CH, we have for t = 2y and

sup \x(s, o (p)\ < H, V(t, xt(c, ¢)) 1is a non-
Sé[o,t]

increasing function of t.
(4) Let x,y € Cﬁ['r -, T+a), where a >0, 1t 2 2y

such that x(8) =y(8) V T -y<@<rt+a. Then
|Vi(ss x) - v (s, ys)l
- +
S\\Xs Ys“cl"'M(x,y, s) V T<s<T+a,

where M(x,y,s) 1is a positive number which depends on

x, y and s such that

1m’-’%‘-:%‘-sl=o.

ST
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Now we consider the converse part of Theorem 2.2.

Lemma 2.15. Suppose V(t, ¢) 1is a lower semi-continuous
functional on [2vy, ») X Cﬁ
passing through (o, ¢) Then V)'{(a, Q) = V}',(o, ) -

. Let x,y be two solutions of (2.2)

Proof. It follows from Lemma 2.9 that

Vi(0,@ 5 V(0,9 + 2{x' () - y'(o))]|
and

VI(0.@ S V09 * 2|x'(6) -y (D] -

Since f(t, ¢) 1is uniformly continuous in ¢ for all of t, we

have x'(g+) = y'(g+) so that

v,(o, @ =V}',(o, 9 - O

Lemma 2.16. Let V be a functional on [2y, ) X Clz,
which satisfies (2.12) and the conclusion of Lemma 2.3. Then for
any continuous function p: [2y, ) = R and for any solution
Y(t: (o) (P) of
(2.29) x' = f(t, xt) + p(t) ,
we have

V;,(t) yt(c’ CP)) < Z‘P(t)l
for all t that lie in the domain of y(t, o, ¢ .

Proof. It follows from Lemma 2.9 that

(2.30) V)',(t, V. (os @) <Vo(t, y (o, @) + Z\X'(o+) - y'(a+)\

Next, we see from Lemma 2.3 that
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(2.31) Vit v (0, @) SO .
On the other hand, from (2.2), (2.29) we have
(2.32) X' - ¥' D] = |p(®)]
Substituting (2.31), (2.32) into (2.30) we have
V};(t, Ye (o @) s 2|p(t)]

for all t in the domain of y(t, o, ¢) . |
Lemma 2.17. Let x(o, ¢) be a solution of (2.2) passing

through (o, ¢). Then for any § > 0, there exists 1 such that

“xO"’Y“C]_ £ 6 whenever |lg| <1 -

Proof. Since f(t, ¢) is uniformly continuous in ¢
for all of t and f(t, 0) = 0, there exists for given § >0

an 1\1 < /2 such that
(2.33) |£(s, @| < 8/2y whenever llell < M, -

Also it follows from the fact that f takes a bounded set into

a bounded set that there exists an 'nz > 0 such that

(2.34) nx,ﬁ_y“ <1, for all el < T -
Choosing
(2'35) T\ = Min(nl) “2) ’

then for ||gl| <M we have from (2.33), (2.34), (2.35) that

%" W) s £, x)| Y€ [los o+ v]

< 8/2y .
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Consequently

oty , 1ty _ 8
Jo Mm@y < gg e oA =5

and

\\xm\\s‘n1<% .

Hence we conclude that

“xo"'Y“Cl <5 whenever g <7 . N

Now we are ready to state and prove the following theorem.

Theorem 2.3. For the equation (2.2) suppose there exists

a lower semi-continuous functional
H
V: [2y, ) X Cp [o, @)

such that the following four conditions are satisfied.

H
(1) V(t, o) 2 b(“(p“) V (t, @) € [2y, =) x CA’ where
b(y) 1is a monotonic increasing function such that

lim b(y) =0 and b(y) =0 1if, and only if, v = 0.
y—0
(2) V(t, ¢) =0 as “cp\\c - 0 for each fixed t = 2y.
1

(3) For any solution x(t, o, ¢) of (2.2), where
(o,9) € [0, @) X CH, we have for t 2 2y and

sup  |x(s, o, )| <H, V(t, x (0, ¢)) 1is a non-
s€lo,t]

increasing function of t.
(4) Let x, y€ Ci['r -y, T+ a), where a >0, v 2 2y

such that x(g) =y(g), VT -y<9<rT+a, then
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[Vp(ss %) =V (s, y) |

< llxg -ys\\c1+M(x, y,8) VT<s<rTt+a

where M(x,y,s) 1s a positive number depends on x,y

and s such that

lim M(Xa¥08) _ o

sor 57T
Then the zero solution of (2.2) is integral stable.

Proof. Suppose not, then for any ¢ >0, and § >0 there

exists a continuous function p(t), to =2 0 such that
(oo}
j‘to\p(t)\ <% anda ¢ € C[-y, o] such that !\cpo\\ <5, for

which the equation

x' = £(t, x) + p(t)

will have a solution Xp = xp(t, to’ (po) such that
(2.36) nxp(tz, ty cpo)\\ z ¢, for some t2 >t + v .

It follows from (1), (2), that we can choose N >t so large that

2
b
<

and

b b(g)
(2.37) V(e  *+ Yr @ < '%f‘)‘ whenever \\cp‘.\cl <

On the other hand, in view of Lemma 2.17, we may assume § >0

to be so small that

26 < b(e)

and
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b(e)

(2.38) “xtd+Y(-, tys ¢b)“c1 <y <e whenever

Furthermore, from Lemma 2.16, we have

)

v (t, xt) sz\p(t)l Vto stst, .
P :

Thus by Theorem 1.1 we have

t
2
(2.39) V(tz, xtz) V(e + v, xto"'Y) + It°+y\P(t)\dt

But then (1), (2.36), (2.37) and (2.38) together imply
b
b(e) = bl ) = VCey, x ) < ole) 4 5

e Y0

o ll <6 -

From the above contradiction, we conclude that the zero solution of

(2.2) is integral stable.

O

Combining Theorem 2.1 and Theorem 2.2, we have the desired

characterization of integral stability for the zero solution of

(2.2).



CHAPTER III

THE SECOND COMPARISON THEOREM FOR FDE

In this chapter, we shall present a new Liapunov theory for
FDE of retarded type. The theory fsliows closely with that of
Yorke's [20], in which he developed a Liapunov theory for ordinary
differential equations. Due to the hereditary nature of the equations,

we have to use somewhat different techniques.

* —
3.1. Definition of V and V

Let D cR x C be open and f: D > Rd be continuous. Con-

sidering the FDE of retarded type
(3.1) x'(t) = f(¢t, xt) .

Since f 1is continuous in D, from Theorem 0.1 the initial
value problem for (3.1) is solvable for every (o,p) € D. If, in
addition, f maps bounded sets into bounded sets, then every solution
may be continuous to the boundary 3D of D. For details, see
[8] (p. 13-20). Thus, we assume throughout this thesis that f
maps bounded sets into bounded sets.

Consider now the functional differential equation (3.1).

Let x(-, o,) be a solution of (3.1) through (o,p). Given a

Liapunov functional V: R x C[-y,0] + R, we define

42
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) - Vo, 9] -

_ ~ 1 '
(3.2) Vx(o, xo) = 1im igf h [V(oc + h, X +h

h>

This extended real-valued function is well-defined for arbitrary
V and f.

Definition 3.1. A function V: R x C[-r,0] - R is called
lower semi-continuous if for every (t,9) € R x C[-r,0],
(3.3) V(t,9) < lim inf V(s,¥) .

(s,¥)~(t,q0)

Definition 3.2. Let (t,9) € D be given and
V: R x C[-r,0] > R be well-defined. Define the extended real-
valued function,

* 1 -
(3.4) V (£, = lim ipf  [V(t+h, orhE(t,0) + hy) - V(t,o0)]

h>o
| ¥ (o) |+o

where { e C[-r,o0] satisfies the following restriction:

1.

(3.5 v=¢

c4n = @) - E(t,9), for some z(:) e APX(t,p,h; f)

APX(t,p,h)
and f(t,¢) € C[-r,0] 1is defined by
(3.6) E(t,p)(8) = f(typ), -r<6<0.

In (3.5), APX(t,p,h) denotes the set of approximate solutions of

(3.1) through (t,p) defined on [-r+t, t+h]. More precisely

APX(t,p,h) consists of all continuous functions z: [-r+t, t+h] + R

such that

d



(307) zt = (P ’

(3.8) z 1is absolutely continuous on [t, t+h] ,
(3.9) (t+s, zt+s) € D, 0<s<h ,

(3.10) |z'(t+s)| < M(t,h) + h, a.e., 0<s <h

where M(t,h) = sup{lf(t+s, z )I ﬁ 0 < s < h}

t+s

(3.11) z'(t+) = £(t,9) .

Remark. It follows from Theorem 0.1 that for any
(t,9) ¢ D the set APX(t,9p,h) 1is non-empty for sufficiently small
h. Hence V*(t,w) is always well-defined. Moreover, this gives
the following lemma.

Lemma 3.1. Let x(.,t,p) be a solution of (3.1) that pass

through (t,¢), then
(3.12) * <V
. V (t,g) < Vx(t,w)

The next theorem says that if V satisfies a local Lipschitz
condition, then the usual Liapunov theorems still hold true when
V is replaced by V*.

Theorem 3.1. Suppose that V: R x C[-r,0] - R is well-
defined and for every (t,®) € D there exists a neighborhood

N(t,p) of (t,o) and a constant L = L(t,p) > 0 such that
(3.13)  |V(t,9)) - V(E,0) | < Ljo; - o,

for all (E,¢1), (E,wz) e N(t,). Then
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* —_
v (t,CP) = Vx(ts xt)

for any solution x(+) of (3.1) through (t,q).
Proof. By Lemma 3.1, it suffices to show that
* —
V (t,) 2 Vx(t, xt). Let the solution x(:) be fixed. By Defini-

tion 3.2, (3.2) and (3.13), we have

) - V(t,9)]

= 1
(3.14) Vx(t, xt) = 1im igf-g [V(t+h , Xeth

>
< lim inf X [V(t+h, @+hE(t,q) + hy) - V(t,q)]
h->o+ h
FIOIE

+ liﬁ+:gp-% L“xt+h - (p+hE(t,p) + W)l

where ¢ 1s the same as in Definition 3.2. Since
¢ + hf(t,9) + hy = Z ., for some z(-) e APX(t,9,h),

Ixp 4y = (@ + hECE,0) + W) = | x(t+h) - z(t+h)|

where 0 < h < h. For each fixed h > o,

2 Lx,,, - (@ + hE(E,q) + hy)|

sTLIx(t +B) - x(0) - [2(t + B) - x(©]] .

Substituting into (3.14),

IA

V(e x) < V(e + liﬁi&p% |x(t+R) - x(t) - [z(t+h) - x(£)]]

Vi(t,) + Lx'(th) - z2'(ch)|

V*(t,(p) D

because of (3.11) and (3.1). This completes the proof.
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Remark. In [22] (p. 186-188), it is shown that if V is
continuous in (t,p) and is Lipschitzian in o, then V;(t, xt)
is independent of any particular solution through (t,p). Theorem

— *
3.1 says that Vx(t, xt) is in fact equal to V (t,9).

3.2. A Comparison Principle for FDE

The next theorem shows that-tﬁe usual Liapunov comparison
principle may be obtained for V* derivative.

Theorem 3.2. Let D c R x C[-r,0] be open and £f: D > R@
be continuous and map bounded sets into bounded sets. Suppose that

W: D+ R 1is continuous and V: D+ R 1is lower semi-continuous.

1f
(3.15) Vi(t,g) < W(t,q), (t,9) D

along x'(t) = f(t, xt), then for every (t,p) ¢ D there exists

a solution x(t,9p) such that

t+s

(3.16) V(t+s, xt+s) - V(t, xt) < It

W(u, xu)du

for all s > 0 such that xt+s remains to be a solution.

Remark. In applications, it is often easier to use V
to conclude that V;(t,m) < W(t,p). Lemma 3.1 will show that (3.15)

is true.

3.3. Proof of the Comparison Theorem

In this section the proof of Theorem 3.2 is given. The
following lemmas are needed. For simplicity, all the assumptions

in Theorem 3.2 are assumed in these lemmas.
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Lemma 3.2. Let (t,p) € D be given and An(t,¢) denote

the set of (T,¥) ¢ D such that

1
(3.17) t<tT<t +-E
(3.18) o) = 9(0) _ g(p ) < 2
V(T,¥) - V(t, 1
(3.19) (19) = WEQ ¢ e, + 2

(3.20) v = z_ for some z(*) € APX(t,¢, T -1t).

Then An(t,¢) is non-empty for n = 1,2,... .
Proof. It follows from Definition 3.2 and (3.15) that for

any given n there exist h > 0 and wl € C[-r,0] such that
(3.21) h+ |y, ()] < 1 and
) 1 2n °’
1 = 1
(3.22) ™ [V(t+h, @thf(t,q) + hwl) - V(t,p)] < W(t,p) +-; .

Let zl(°) € APX(t,p,h) be such that (3.5) is satisfied. Let

T=¢t+th and ¢ = It is easy to see that (3.17), (3.19)

1, t+h°
and (3.20) are satisfied for this choice of (t,y). Moreover, by

(3.5)

(o) - (o) = (0) - (o) = hf(ty) + hy,(0) .

Z1,t+h

Hence

HORER'C R PR ISIIE I

T-1t

This proves that (t,y) € An(t,¢) . O
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For each n sufficiently large, we now construct an approxi-
mate solution xn(-) of (3.1) through (t,q).

Since An(t,¢) is non-empty,
sup{h : (t + h,y) € An(t,¢)} > 0.
We may therefore find (tl, wl) € An(t,¢) such that
t, -t >-% sup(h : (t+h, ¥) € A (t,9)} .

Now, for each 1 =1,2,3,... there exists inductively

(ti"']., CP:H'].) € An(ti’ (.pi) such that

1
(3.23) tipp ~ty > 7 sup {h: (b, +h0) e A (tg, 9)).
Let
b =supt .
n i>1 i
d

Define X [-r + t, bn) + R by

Xt @

(3.24)
X =9 i=1,2,3,... .
The following is immediate from the definition of An(t,¢) .
Lemma 3.3. x 3 [-r + ¢, bn) > Rd is continuous and is
absolutely continuous for t < s < bn' Moreover, (s, xn,s) e D
for all t < 8 < bn.

Lemma 3.4. For each n, xn(~) is non-continuable with

respect to D.
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Proof. We may assume that bn < w. If xn(-) is not
non-continuable with respect to D, then there exists a sequence

t, > b as k -+ «» such that
k n

(tk, xn,tk) e U for all k =1,2,...

where U c D is some closed bounded subset. This implies that

xn(s), -r+t<s ‘<bn’ is bounded. If M > 0 denotes the bound

of If(r,w)| for (t,y) 1in the closure of { (s, X S) tt< s ¢ bn},
9

then it follows from (3.20) and (3.10) that
|x'(s)| s M +1 a.e., t€£s8<b
n n ’ L] .’ n L]

Thus, X is uniformly continuous on [t - r, bn)' This implies

{ (s, x J)itsSsc< bn} belongs to a compact set in D. Hence,
14

is well-defined and (bn, X ) € U. We now claim that

X
n,bn n,bn

(bn’ X b ) £ U. This contradiction will prove the lemma.
’
n

Proof of claim. (bn’ xn,bn) £ U. If (1,0) € An(bn, X ),

n,b
n
and if (T,¥) € A _(t,,x ) for all sufficiently large i, then
n 1 n,ti
for all sufficiently large 1

1 1
t -t <—2-(T-bn)<—2-('r-ti).

i

This contradicts the choice of ti+l (3.23). Hence, it suffices

to show that if (t,}) € An(bn, xn,bn)’ then (t,4) € (ti, xn’ti)
for all large 1.

Since t, > bn as 1+ =, by (3.17) we have

i

(3.25) t, <1<t

1
1 1 + o for all large 1.

By the continuity of f and X and by



.26 |u»(o> - (0 I
3.26 1lim — - f(t,,q)
<o T ti 1° 7
y(o) - xn’bn(O) )
= | T-b - f(bn’xn,b ) “a
n n
we have
y(o) - q&(O) 1
p— ti - f(ti,q&)l << for all large i .
Next,
V(W) - Vtg,q) VW) T Vg )
(3.27) lim sup s < m_™
i+ T i T n
v(bn’xn,bn) - v(ti’qﬁ)
+ lim sup < W(b_,x )
PO T - ti n n,bn
+ =+ _— -liminf———_-t—-.
n T n P T {

From the definition of lower semi-continuity of V we have
- lim inf V(ti,¢i) < -V(bn,xn’b )
1 n

This inequality together with (3.27) implies

V(T "4’) - v(ti)¢i)

(3.28) lim sup —
1o Toty

The strict inequality in (3.28) says that

V(t,y) - v(ti’¢1)

1
(3.29) — < W(ti,¢1) +o for all large 1.

i
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Since (1,¥) € An(bn’xn,bn)’ V= z_ for some z(°) € APX(bn,x ,T—bn).

n,bn

Let 2z - r,t] >+ R® be defined by

L
zi(s) = z(s), bn -r<ssrt

zi(s) = xn(s), ti - r< sg< bn -r .

It is not difficult to see that zi(-) € APX(ti,c&,r - ti) for all

large i. Since ¢y = z , we have from (3.25), (3.26) and (3.29)

i,t
that (t,y) € An(ti"&) for all large 1. This proves the claim. [J

Lemma 3.5. Let
8
(3.30) Gn(s) = xn(s) - (o) - ft f(u, xn,u)du, t <s < bn .

Suppose that for each closed bounded subset Uc D there exists

a sequence {Bn}. B, = B,(U), such that
(3.31) Bn + 0 as n+
(3.32) if (s, xn,s) e U for all t < s s Voo then

oyl = 8,
d

Then there exists a non-continuable function x: [t - r, b) = R

and a subsequence {x_ (-)} such that

(3.33) xnk(-) + x(+) uniformly on compact subsets of [t - r, b)
as n > .
(3.34) x(s) = @(0) + I} £(u, x )du

xt = ¢ .
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Proof. See [4]. We remark that in [4] it is assumed that
the projection of D onto C[-r, o] is bounded. However, the
same proof may be used in our case with almost no changes. O

Lemma 3.6.
xn(t1+l) - xn(ti)

— - f(t ' X )] . (t
b1 " Y i"n,ty

(3.35) I -t,)

i+l i

tinl tivl
= It It

[x;(S) - f(s, xn’s)]ds - [£(e,, x ) -

n,ti

f(s, xn’s)]ds .
Lemma 3.7. Let U c D be closed and bounded and

(3.36) Ul = {(s, xn,s) tn=1,2,...; (u, xn’u) e U for all

t<uc<s}t .

Then Ul is relatively compact.

Proof. For each n, we obtain from (3.10) that if

(s, xn,s) € Ul’

(3.37) |x;(s)| <M +-% < (1 +M, a.e.,

where M = sup{|f(s,y)| : (s,¥) € U}. We also note that X =9

?

for all n. For each xn,s such that (s, xn,s) € Ul’

xn s € C[-r, o] may be broken into two parts. Namely, one part is
9

some portion of ¢ and the other part is absolutely continuous
and satisfies (3.37). Since ¢ 1is uniformly continuous and the
bound in (3.37) is independent of n, the set {xn,s : (s, xn,s) € Ul}

is equi-continuous. Now, an argument using Ascoli theorem will

complete the proof. O
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Proof of Theorem 3.2. Let U, Ul and M be as in Lemma

3.7, and L =sup{s -t : (s,y)) ¢ U for some VY € C[-r, o]}. Let
an(U) = Suplf(519 1”1) - f(szs W2)|

where sup 1is taken over the set of (sl, wl), (32, ¢2) e Uy

such that

1
sy - sz‘ “a

\,\wl - wz\\ < max{ (M-n+l)/n2, y(n)}

where y(n) 1is determined from the uniform continuity of x on
1 1

[t -r, t +-;], i.e., if |s1 - SZI <o then |xn(sl) - xn(sz)l <

y(n). It follows from the uniform continuity of ¢ and (3.37)

that y(n) » o as n > «, Let
B (U) = (u_(U) + D)L + =(2 + 1)
n R n n :

Since Ul has compact closure, an(U) < o, Moreover, the uniform
continuity of £ on Ul yields that an(U) + o and Bn(U) + 0
as n -+ », Let Gn(t) be as in Lemma 3.5. We claim that the
condition (3.32) is satisfied by the above choice of Bn' Let

v >t and (s, X ) e U for all t <s<v . We have
n n,s n

v
(3.38) |6 (vl = |5 [x(s) - £(s, %, ¢ )ds|

1
= Ift [xn(s) - f(s, xn’s)]ds +...4

t
fti+1[x;(s) - (s, x, )]ds 4.4
vn
I, [x}(s) - £(s, xn’s)]ds|

3
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where ti's are from the definition of xn(-) and tj is such

that t, sv_ < t

j n j41° It follows from Lemma 3.6 and (3.18) that

t

i+1, , 1
(3.39) Ifti [x!(s) - £(s, xn’s)]dsl s (t -ty

: ti+1
+ ft If(ti, xn,t,) - f(s, xn’s)lds .
i i
. 1

Since for -r < 6 < 0, ti < s < ti+1 < ti +-H and ti +0 2>t

rt
[
~
D
~
]

lxn(s + 6) - xn(ti + e)l

IA

f:+ie|x;(u)|du,
i

we obtain from (3.10) and the uniform continuity of xn(-) on

1
[t -r, t +-H],
“xn s " ¥n¢ | < max{(Mn + l)/n2, y(n)} .
*Ti

This inequality, the definition an(U) and (3.39) yield

t
i+l , . 1 _
|fti [x!(s) - £(s, xn’s)]ds| s fa (W) +<1(E ) - t) .
Substituting this into (3.38),

v
6,0 < [a, (@) +31Me, - €] + ft';‘ |x1(s) - £(s, x ds

< la (U) + ZIL + {24 + 1] = _(U)

This proves the claim. Hence, from Lemma 3.5 there exists a
solution x(-) of (3.1) defined on [t - r, b), b > t, through
(t,@) which is non-continuable with respect to D and there

exists a subsequence x (-) such that

3
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X (-) » x(+) wuniformly on compact subsets of

3

[t-r,b) as n+ = ,

We now prove that this solution x(-) satisfies (3.16).

For simplicity, denote the subsequence X (-) by xj(-) and the

sequence {ti} used to define x,(-) by ti(j). Let s€ [t,b).

h|
For each large j let i = 1(j) be so chosen that

£, () S st () < £ () +.%— X

h|
Thus, ti(j) +s as j -+ o, Since xj(-) + x(*) wuniformly on

[t -, s], ||x - xJ\ + 0 uniformly for t<us<s as j > =.

j,u
Let U_ = {(u, xj,u

the same proof of Lemma 3.7 that Us is relatively compact. The

) :t<suss, j=1,2,...}. It is shown by

uniform continuity of W on U8 yields

W(u, x, ) +> W(u, x ) wuniformly on [t,s] as j + «.
j,u u
Thus, 1if w, = sup{lW(u, x ) - W(u, x )| : t <u< s}, then
b J,u u
w, >0 as j + <. Now,

h|

(3~40) V(S, xS) - V(t,¢) < 111;-’:nf v(ti(j)’ xj’ti(j)) - V(t,qp)
i(j)-ll ( (1 )
= 1lim inf z v(t J), x
o k=0 LT et (9
- U, xy (5]

where to(j) =t for all j = 1,2,... . By the definition of

xn(-) and by (3.19), we have
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V(tk+l(j), xj’tk_',l(j)) = V(tk(j)! xj’tk(j))

< (D xy () + %;1[ck+1<j) - ) -
Substituting into (3.40),
i(P-1 1
V(s, x ) - V(t,g) < li?*inf | i=0 Wit (1), xj,tk(j)) + ;;]

(601 (D = £ ()]

i(9)-1 )
< 1lim inf I [W(t.(§), x
oo k=0 k 3at, (3
([t (D) - £ (D]
i(3)-1
< lim inf T W(t, (§), x Yt . (3)
P =0 k £, (37 Tkl
L(3y-1 -t (D]
+ lim sup I [W(t, (3), x, ,.\) - W(t (5,
j* k=0 k t (3 k
xj,ck(j)’[tk+1(j) - £, (D]

A

s
W(u, du + 1lim W -
ft (u xu) u 1 ; sup j[s t]

fi W(u, xu)du .

This completes the proof. O



CHAPTER IV

SEMI-INVARIANCE OF FDE OF RETARDED TYPE

One of the fundamental problems in differential equations
is the characterization of 1nvaria§ce of a set. In ordinary dif-
ferential equations, it is known that invariance of a closed set
is equivalent to a notion called subtangent. This theorem was
first obtained by Nagumu [14], and was later rediscovered by Yorke
[21]. Recently, it was again proven by Hartman [9] and Crandall
[5]. In this chapter, we shall give a complete generalization of
this theorem to functional differential equations. The proof is
different from those given in [14], [21], [9] and [5]. The
Liapunov theory developed earlier in Chapter III is our main tool.

The notion, subtangent, in FDE is more complicated than
that in ordinary differential equations. However, this does not
limit its applicabilities. In section 2 of this chapter, we shall
give an invariance principle for an asymptotically autonomous system

as an application.

4.1. Semi-Invariance

Definition 4.1. Let Q ¢ D. Q 1is said to be invariant
with respect to (3.1) if for each (t,9) ¢ Q, then any solution
x(+) of (3.1) through (t,¢) satisfies (s, xs) e Q for all

s>t and (s, xs) e D. Q 1is said to be semi-invariant if for
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each (t,@) € Q there exists a solution x(-) of (3.1) through
(t,p) such that (s, xs) € Q forall s>t and (s, xs) € D.

The concept of invariance for ordinary differential equations
has been discussed by many authors (see, for example, [23], [11]).
In particular, the necessary and sufficient condition for a set
to be invariant has been given in [14], [21], [9], [5]. In this
section, we present a similar theorem for functional differential
equations. First, we give a definition of f(t,p) to be sub-
tangential to a set Q < D.

Definition 4.2. Let Qc D and (t,p) ¢ Q. We say that

f 1is subtangential to Q at (t,p) if

1 3 -
(4.1) limAigf-E do(¢ + hf(t,y), Qt+h) =0
h+o
where Qt+h denotes the set of all ¢ such that (t + h,y) € Q
and y = Zein for some =z ¢ APX(t,9, h) (see Definition 3.2),
and

d (o + hf(t,q), Qt+h) = inf{|gp(0) + hf(t,p) - Y(o)| : ¥ Q) -

If Q is empty, we define do(w + hf(t,p), Q ,.) = 4= .

t+h t+h

Theorem 4.1. Let Q c D be closed. Q 1is semi-invariant
with respect to (3.1) if and only if for each (t,y) € Q, f(t,p)
is subtangential to Q at (t,q) .

Proof. Let Q be semi-invariant. For each (t,9) € Q,
let x(-) be the solution of (3.1) through (t,p) such that
(s, xs) e Q for all s>t and x(é) is defined. It is clear

that x(°) ¢ APX(t,9, h) and x for every small h > 0.

t+h € Qean
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Moreover,

x(t+h) - x(t)
h .

2 [9(0) + h(t,9) = x,,, ()] = £(t,9) -

But the right hand side tends to zero as h -» o+. Hence, by
definition £(t,p) 1is subtangential to Q at (t,9).
Conversely, first define

0 (t’CP) e Q

(4.2) Vo(tg) =
Q 1 (e dQ .

The closeness of Q implies V is lower semi-continuous. By

Q
Definition 4.2, for each ¢ > 0 there exists h, 0 < h < 0, such

that

1

4 |pCo) + hf(t,g) - ()| < ¢
where y = Z h for some z(-) e APX(t,p,h) such that
(t + h, zt+h) € Qt+h. Let

Y1 =% [Zeen @ - hi(t,9)] .

We have ¢ + hf(t,¢) + hwl = 2 and |w1(0)| < g. Hence

t+h

vQ(c +h, ¢ + hi(t,9) +hv;) - VQ(t,cp) =0 .

Letting € -+ 0, we have from the definition
*
VQ(t,¢) =0 .

By Theorem 3.2, there exists a non-continuable solution x(-)

of (3.1) through (t,p) such that
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VQ(s, xs) - VQ(t, xt) <0, s2t and x(s) 1is defined.

From (4.2), (s, xs)ie Q for s>t and x(s) is defined. 0

Corollary. Let Q c D be closed. Suppose that for each
(t,p) e D there exists a unique solution of (3.1) through (t,w).
Then Q 1is invariant if and only if £(t,p) 1is subtangential to
Q at every (t,g) € Q.

Remark. In applications, it is often that (3.1) is auto-
nomous. For this reason, we will state Theorem 4.1 separately for
the autonomous case.

Let E c C[-r, o] be openand g : E ~ Rd be continuous
and map bounded sets into bounded sets. Consider the autonomous

system
(4.3) x'(t) = g(x.) .

Definition 4.3. Let P c E. P 1is said to be semi-in-
variant with respect to (4.3) if for each ¢ P there exists
a solution x(*) of (4.3) through (o,p) such that X, € P for
all t >0 and x(t) 1is defined. We say that g(¢) is sub-
tangential to P if

1 - —-—
(4.4) liz+i$f-ﬂ doﬁp + hg(y), Ph) =0

where Ph denotes the set of all ¢y ¢ P such that ¢ = 2, for
some z(+) ¢ APX(o,p,h; g).

Theorem 4.2. Let Pc E be closed. P is semi-invariant
with respect to (4.3) if and only if for each ¢ ¢ p, gkr) 1is sub-

tangential to P at .
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4.2. Asymptotically Autonomous Systems

In this section, we consider the autonomous system
(4.5) x'(t) = g(x))
and its perturbation

(4.6) y'(t) = g(y) +h(t, y,) .

Let E c C[-r, o] be open. We assume that g : E - Rd and

h: RxE-~» Rd are continuous and map closed bounded sets into
bounded sets. When h tends to zero (in some sense), (4.6) is
said to be asymptotically autonomous [12]. One is generally
interested in knowing under what conditions on h, the limit sets
of (4.6) are semi-invariant with respect to (4.5). This question
has been studied by many authors (see [23], [11], [12], [17] and
[1]). In [13], Miller extended the result to functional differential
equations. We shall present an approach different from Miller's
based on our previous work. Note that, the use of Liapunov theory
is not new for ordinary differential equations [23], [1].
Definition 4.4. Let y(°) be a solution of (4.6). The
limit set L(y(°)) 1is the set of all ¢ € C[-r, o] such that

Yt >y as tn+ o for some sequence {tn} .
n

We shall assume the following smallness condition on h.
(H) There exists a decreasing function u : [o0,») + [0, =)
such that u(t) + 0 as t + = and for every continuous function

z : [-r,e») > Rd we have
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T
lfTo h(t, zt)dt| < u(T)

for all 0 < To < Tl < To + 1.

This condition on h 1is slightly more general than that
given by Miller [13].

Theorem 4.3. If h satisfies condition (H) and if L
is the limit set of a solution y('). of (4.6), then L is semi-
invariant with respect to (4.5).

We shall assume that L 1is non-empty. Let ¢ ¢ L be fixed
and § > 0 be so small that if “w - w“ < §, then Y € E. Let
M = sup{|g(y)| : llo - ¢|| < 6}. By definition, there exists a
sequence {tn} such that t > as n->x and y > ¢ as

n

n + o, The following lemmas are needed.

Lemma 4.1. If o = min{l, §/3M} and n is large, then
(4.7) e - ytn+tn <6, 0<ts<a.

Proof. For large tn’

tn+t+e tn+t+9
y(tn +t+8) = y(tn +0) + ftn+e g(ys)ds + ftn+0 h(S’yS)dS .

We assume that t  is so large that e - ytJ‘ < §/3 and

u(tn - r) < 8§/3. Let t be fixed. As long as 0 < t < 1 and

Hyt +t 6 “5_6 , we have for -r < 6 <0
n
t_+t+0
lpCe) - y(t_+ t +8)| <o - yo | + M+ |r " h(s.ys)ds|
o n t_+6

IA

§/3 + tM+u(tn+ ) < 6/3 + tM-I-u(tn -r)

28

argument yields (4.7). !

A '"suppose not "
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is relatively compact.
Proof. It follows from (4.7) that Y is uniformly bounded

in C[-r, o]. If -r <8, <

1 62 < 61+1, 6, <0, and 0< t < a,

2
then

t +t+6

n 2
(4.8) |y(t +t+0)-y(t +t+0)]s ftn+t+el lg(y ) |ds

t +t+0

n 2
+ |ftn+t+el h(s, ys)dsl

< (8, - el)M + u(cn + t + el)

2

A

(62 - Gl)M + u(tn -r)

Let € > 0. Choose tN = tN(e) so large that u(tn -r) < e/2

for all t >t . Let
n N

Mn = M(e) = sup{lg(w)l + |h(t,¢)| : 9 ¢ B and

0<stc< tN +a} <o

where Bc D 1is a bounded set such that Ye +¢ € B for all t
n

and 0 < t < a. (The existence of the set B 1is a consequence

of Lemma 4.1.) We note that M depends only on € > 0. Thus

|y'(tn +t+0)| < M, ae., forall 2r<st <t, 0<tc<a,

and -r < 8 < 0. If |62 - 91| < min{1, e/MN, e/2M}, we have

|y(tn +t+ 92) - y(tn +t+ el)| <e,2rst,0<t<2 .
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This proves the equi-continuity of Y and completes the proof

by using Ascoli Theorem. a

Corollary 1. Let
B(p) = sup{|g(y) - gW)| : v e ¥, |o-vl| <0} .

Then B(p) decreases monotonically to zero as p -+ O.

Corollary 2. For each t, 0 < t< a, {yt +t} has a
n

limit point ¢. Such that |o - ¢l| <6 .

Lemma 4.3. Let y be as in Corollary 2 of Lemma 4.2.

Define a function z : [-r, t] - Rd by z = P, z = Y. Then

Z(') € APx(oﬁﬁp’t; g) .
Proof. Since y(tn + 6) > ¢(6) uniformly in 6 as
n > o and y(tn +t+6) > ¢(6) uniformly in 6 as tn +> ©

(where {tn } 1is a subsequence of {tn})’ z 1is well-defined.

For 0 < s s, < t, by (4.8)

1’ 52 °
(4.9)  |z(sp) - z(s )| = [u(sy - £) = y(s, - 1)|

< |y(tn + sl) - w(sl - t)|

h|
+ ly(tnj +5)) - (s, - O] +
Iy(t +s.) -yt +s)
nj 2 nj 1
< |y(tnj +8)) - ¥(s; - t)| +
Iy(tnj +5,) - ¥(s, - O]
+ ls2 - slle + u(tnj -r)

where
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Mj = sup{lg(ys)l e s ss<s¢e 4 t} .

3 3
Since g 1is continuous on the relatively compact set Y (Lemma
4.2), Mj is defined. Since y(tn + s) + z(s) wuniformly for

-r < s<t as tn + = . we have for large j,
3
My< e+ sup{lg(zs)l :0sssth=t+M , say.
Letting t -+« in (4.9),
%

|z(sl) - z(sz)l < |Mz + t| I82 - sll .

Similarly, we can show that z'(o+) = g(p). Hence,
z(*) € APX(o,p,t; g). O
Proof of Theorem 4.3. We will show that g(¢) is sub-

tangential to L at ¢. From Lemma 4.3, z(-) ¢ APX(o,q,t; g8)

and ¢y = z, € L. Thus,

(4.10) d_ (o + tg(®, L)

IA

| (o) + tg(eq) - w(o)|

IA

lim sup |g(0) + tg(g) - y(t_ + t)]
n>o

IA

1lim sup {|¢(o) - y(tn)l + If; g(¢) ds
n>co

+t
n

t
fo S(Ytn+s)d8| + Ift h(s, ys)dsl}

n

IA

lim sup |g(o) - y(tn)| + 1im sup |f§[8(¢)
e e

- g(y )lds| + 1im sup u(t_) < tB(p)
tn+s e n

where B 1is from Lemma 4.2 and

p = lim sup {¢ - y t: 0<s<t} .

<o tn+4\
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For 0 < s < t, by using (4.8)

IA

|ytn+s(e) - 90| < |y(e +8) - @d)] + |y(c_+8) - y(t_+s +0)]

IA

ly(t_+8) - 0] + tM+ u(t_-1), -r <650 .
Hence, p < tM. From (4.10)

La o+ tag), L) < B(tM)

t S0'® @) Byl =

This completes the proof by an application of Theorem 4.1. O
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