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ABSTRACT

HIGH ORDER FINITE DIFFERENCE WENO SCHEMES FOR IDEAL
MAGNETOHYDRODYNAMICS

By

Xiao Feng

In this dissertation we propose two high order finite difference numerical schemes for
solving the ideal magnetohydrodynamic (MHD) equations.

The first scheme is single-stage single-step, maintains a divergence-free condition on the
magnetic field, and has the capacity to preserve the positivity of the density and pressure. To
accomplish this, we use a Taylor discretization of the Picard integral formulation (PIF) of the
finite difference WENO method proposed in [SINUM, 53 (2015), pp. 1833-1856]. We use the
version where fluxes are expanded to third-order accuracy in time, and for the fluid variables
space is discretized using the classical fifth-order finite difference WENO discretization. We
use constrained transport in order to obtain divergence-free magnetic fields, which means
that we simultaneously evolve the magnetohydrodynamic (that has an evolution equation
for the magnetic field) and magnetic potential equations alongside each other, and set the
magnetic field to be the (discrete) curl of the magnetic potential after each time step. In
this work, we compute these derivatives to fourth-order accuracy. In order to retain a single-
stage, single-step method, we develop a novel Lax-Wendroff discretization for the evolution of
the magnetic potential, where we start with technology used for Hamilton-Jacobi equations
in order to construct a non-oscillatory magnetic field. The end result is an algorithm that
is similar to our previous work [JCP, 268, (2014), pp. 302-325], but this time the time
stepping is replaced through a Taylor method with the addition of a positivity-preserving

limiter. Finally, positivity preservation is realized by introducing a parameterized flux limiter



that considers a linear combination of high and low-order numerical fluxes. The choice of the
free parameter is then given in such a way that the fluxes are limited towards the low-order
solver until positivity is attained. Given the lack of additional degrees of freedom in the
system, this positivity limiter lacks energy conservation where the limiter turns on.

The second scheme is based on an alternative flux formulation of the WENO scheme
[JCP, 77 (1988), pp. 439-471, SIAM J. Sci. Comput., 35 (2013), pp. A1137-A1160, and
Methods Appl. Anal., 21 (2014), pp. 1-30], which can be applied on curvilinear meshes. This
scheme computes the numerical flux by a Taylor expansion in space. The lowest order term
in the expansion is computed by applying a Riemann solver to one-sided approximations
to conserved quantities obtained from WENO interpolation. The higher order terms in
the expansion are computed by central differences. An additional limiter based on the
smoothness indicators from the WENO interpolation is applied to control the oscillations in
the higher order terms. Constrained transport is done in a way similar to [JCP, 268, (2014),
pp. 302-325]. A positivity preserving limiter similar to the one in the first scheme is applied
in order to enhance the robustness of the scheme. When the Riemann solver used in this
scheme is chosen to be a high resolution solver such as the HLLD solver, the scheme exhibits
better resolution than schemes based on WENO reconstruction of fluxes and Lax-Friedrichs
flux splitting.

We present numerical results for several standard test problems including smooth Alfvén
wave problems (to verify formal order of accuracy), shock tube problems (to test the shock-
capturing ability of the scheme), Orszag-Tang, and cloud shock interactions. These results

assert the robustness and verify the high-order of accuracy of the proposed scheme.
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Chapter 1

Introduction

A plasma is a substance where a sufficiently large portion consists of free charged particles,
so that due to the the electromagnetic forces, which are long-range in nature, the substance
as a whole exhibits collective behaviors [11]. Magnetohydrodynamics (MHD) are single-fluid
models for plasmas where it is assumed that the plasma is quasi-neutral (zero net charge in
any spatial scales under consideration). The ideal MHD equations further assume perfect
conductivity (zero electric resistance). Although it is one of the simplest models of plasmas,
it is nonetheless a “remarkably accurate description of the low-frequency, long-wavelength
dynamics of real plasmas” [72]. As a consequence, the MHD equations, both ideal and
non-ideal, find applications in a wide range of areas including space physics and controlled
thermonuclear fusion [53, 11].

In this dissertation, we propose and investigate two high-order finite difference numer-
ical schemes for ideal MHD equations based on the Weighted Essentially Non-Oscillatory
(WENO) methodology. The first scheme is a a single-stage, single-step scheme that is de-
signed with the goal of embedding in Adaptive Mesh Refinement frameworks and achieving
low storage in mind. The second scheme is a scheme based on an alternative flux formulation
of the WENO scheme, which can be applied on curvilinear meshes. In both schemes, we use
unstaggered constrained transport, where a magnetic potential is evolved along side with

the MHD quantities, to control the divergence error of the magnetic field, and we use a flux



limiter to retain the positivity of the density and pressure in MHD.

High-order numerical schemes based on the Essentially Non-Oscillatory (ENO) [61] as
well as the Weighted ENO (WENO) reconstruction technique [50, 59, 2, 75, 4, 23, 17] have
been applied successfully to ideal MHD in the past two decades. These high order schemes
are capable of resolving complex features such as shocks and turbulences using fewer grid
points than low-order schemes for the same level of error, as is common with many high-order
shock-capturing schemes.

It often happens in large-scale MHD simulations that the complex features are concen-
trated in a small portion of the simulation domain. Adaptive mesh refinement (AMR) is
a technique that is designed for treating such locality of complexity in hydrodynamics and
magnetohydrodynamics. One of the main difficulties with implementing high order schemes
within an AMR framework is that boundary conditions for the refined region need to be
specified in a consistent manner [62]. This becomes difficult for multistage Runge-Kutta
(RK) methods, because high order solutions cannot be found if one simply uses high-order
interpolated values (in time) at the ghost points that are required for the intermediate stages
of the method. Preliminary work that combines WENO spatial discretizations with strong
stability preserving Runge-Kutta (SSP-RK) time-stepping is conducted in [74, 92], and very
recent work makes use of curvilinear grids to extend finite difference methods to problems
with geometry [17]. However, the authors in [17] use global time steps (which precludes the
possibility of introducing local time stepping), and perhaps more troublesome, they drop
mass conservation for their framework to work.

In choosing building blocks for AMR code, it has been argued that single-stage, single-
step methods are advantageous [24, 5], partly because fewer synchronizations are needed per

step than multistage RK methods. The fact that single-stage, single-step methods do not



have an issue with these synchronizations is possibly one of the reasons they have gained
much attention in the past two decades, and one reason we choose to pursue these methods.
Broadly construed, these methods are based on Lax and Wendroft’s original idea of using
the Cauchy-Kovalevskaya procedure to convert temporal derivatives into spatial derivatives
in order to define a numerical method [54]. Notable high-order single-stage, single-step
methods include the Arbitrary DERivative (ADER) methods [85, 87], the Lax-Wendroff
finite difference WENO methods [68], the Lax-Wendroff discontinuous Galerkin (DG) meth-
ods [67] and space-time schemes applied directly to second-order wave equations [45, 9].
Of the three classes of high-order methods based upon Lax-Wendroff time stepping, only
the ADER methods have been applied to magnetohydrodynamics [5, 4, 13], whereas simi-
lar investigations have not been done for the other classes. An additional advantage that
single-stage single-step Taylor methods offer is their low-storage opportunities. This requires
care, because these methods can easily end up requiring the same amount of storage as their
equivalent RK counterpart (e.g., if each time derivative is stored in order to reduce coding
complexity).

The single-stage single-step scheme we propose in this dissertation is based on the Taylor
discretization of the Picard integral formulation of the finite difference WENO (PIF-WENO)
method [20]. Compared with other WENO methods that use Lax-Wendroff time discretiza-
tions [68], our method has the advantage that its focus is on constructing high-order Taylor
expansions of the fluxes (which are used to define a conservative method through WENO re-
construction) as opposed to the conserved variables. This allows, for example, the adaptation
of a positivity-preserving limiter, which we describe in this document.

The other scheme we propose in this dissertation is based on an alternative flux for-

mulation of WENO schemes [51, 52]. In this alternative formulation, the numerical flux is



computed by applying a Riemann solver to approximations of conserved quantities obtained
by WENO interpolation. This approach can be found in the early work of Shu and Osher
on ENO schemes [78]. However, direct reconstruction of numerical fluxes has enjoyed a
widespread popularity from early on (see [41] and the references therein), in part due to the
lower computational cost. One disadvantage of this direct reconstruction approach, though,
is that the incorporation of upwinding into the scheme is commonly done through the very
diffusive Lax-Friedrichs flux splitting. The alternative flux formulation can mitigate this
problem by using less diffusive Riemann solvers. For more discussion on the advantages of
this alternative formulation, we refer the reader to [51, 52].

The idea of using Riemann solvers in numerical schemes for hyperbolic conservation
laws has its root in the seminal work of Godunov [35]. Since then, a tremendous amount
of effort has been put in pursuit of good approximate Riemann solvers. Notable work on
Euler equations for hydrodynamics include the work of Godunov [36], Roe [69], Harten et
al [42], and Toro et al [88]. The Harten-Lax-van Leer (HLL) solver in [42] assumes one
intermediate state in the approximate solution to the Riemann problem. The HLLC (C
for contact discontinuity) solver in [88] improved upon that by assuming two intermediate
states and making use of knowledge specific to the Euler equation to achieve exact resolution
of isolated contact discontinuities. Similar ideas were applied to magnetohydrodynamics
in the work of Gurski [40], Li [58], and Miyoshi and Kusano [64]. Of these solvers, the
HLLD (D for discontinuities) solver in [64] assumes the largest number of intermediate
states (four) in the approximate solution and is capable of resolving contact, rotational, and
tangential discontinuities exactly, and, when the estimates of fastest signal speeds are exact,
also resolving fast shocks exactly. This solver has since been used in many mature MHD

simulation codes including FLASH [29] and Athena [82].



We remark here that there has been an ongoing, inconclusive debate on the correct
conditions to single out the physically correct weak solution to a Riemann problem for ideal
MHD. The entropy conditions that worked very well for Euler equations (see, e.g., [55])
cannot serve this purpose for MHD equations because of lack of convexity in the MHD
fluxes [89]. In numerical tests for the shock tube problem first examined by Brio and Wu
in [15], intermediate shocks, which were deemed inadmissible by earlier criteria [48], show
up ubiquitously in the results. Due to lack of decisive evidence from physical observations
and experiments (however, see [32]), currently there is no agreement on the physical reality
of intermediate shocks. Takahashi and Yamada [83] gives an excellent review of the current
controversy and also reports their own study of this issue, which are in favor of Falle and
Komissarov’s argument [31] that the apparent intermediate shocks are actually a consequence
of a certain symmetry in the setup of the shock tube problem. We also refer the reader to
the same authors’ work [84] for the description of an exact MHD Riemann solver, where one
could switch between the various admissibility conditions.

Another issue that we address in our second scheme is the handling of curvilinear meshes
(also called structured grids by some authors). One reason for solving the MHD equations on
curvilinear meshes is because the geometry for certain MHD applications is best described by
a non-Cartesian coordinate system [28, 70, 37, 81]. More recent work include, for example,
that of Chacon [16] and Stegmeir et al [80]. See also [17] for a very recent piece of work on
high order numerical schemes for generic hyperbolic conservation law on curvilinear meshes.
The way we handle curvilinear meshes in the (second) scheme in this dissertation follows the
method in [52], where a hyperbolic system of conservation laws on the Cartesian coordinates
is transformed to one on the curvilinear coordinates. We refer the reader to the references

therein for further discussions.



An important issue in simulations of MHD systems is the controlling of the divergence
error of the magnetic field, since numerical schemes based on the transport equations alone
will, in general, accumulate errors in the divergence of the magnetic field. Failure to address
this issue creates an unphysical force parallel to the magnetic field [14], and if this is not
taken care of, it will often lead to failure of the simulation code. Popular techniques used
to solve this problem include (1) the non-conservative eight-wave method [38], (2) the pro-
jection method [14], (3) the hyperbolic divergence cleaning method [27], and (4) the various
constrained transport methods [1, 8, 23, 25, 30, 33, 43, 44, 71]. Té6th conducted an extensive
survey in [90].

Both schemes proposed in this dissertation uses the unstaggered constrained transport
framework proposed by Rossmanith [71]. This framework evolves a vector potential that sits
on the same mesh as the conserved quantities. This vector potential is then used to correct
the magnetic field. Historically, the term “constrained transport” has been used to refer to
a class of methods that incorporate the divergence-free condition into the discretization of
the transport equation of the magnetic field, often done in a way that can be interpreted as
maintaining an electric field on a staggered mesh [30, 90]. Some authors actually still distin-
guish between this type of “constrained transport” and the “vector potential” approach [47].
However, as is well-known, evolving a vector potential is conceptually equivalent to evolv-
ing an electric field. The unstaggered approach has the added benefit of ease for potential
embedding in an AMR framework.

An important piece in any vector-potential based constrained transport method is the
discretization of the evolution equation of the vector potential. This evolution equation
is a nonconservative weakly hyperbolic system, and it can be treated numerically from this

viewpoint [44]. An alternative approach is to view it as a modified system of Hamilton-Jacobi



equations [23]. Both schemes proposed in this dissertation adopts the latter approach. The
first, single-stage, single-step scheme uses a method inspired by a Lax-Wendroff numerical
scheme for Hamilton-Jacobi equations that was proposed in [66]. The artificial resistivity
terms used in [23] are adapted into the present single-stage, single-step scheme. The second
scheme, which is based on an alternative flux formulation of the WENO scheme, uses the
same method as in [23] to evolve the vector potential, with necessary transformations when
applied on curvilinear meshes.

One further challenge for numerical simulations of MHD is that of retaining the positivity
of the density and pressure. This is critical when the thermal pressure takes up only a small
portion of the total energy, i.e., when the g value is small. Almost all positivity-preserving
methods exploit the presumed positivity-preserving property of certain low-order schemes,
such as the Lax-Friedrichs scheme. Whereas earlier methods often rely on switching between
high- and low-order updates [7, 46], more recent work tends to use combinations of the two.
Examples include the work of Balsara [3] and Cheng et al. [18], which limit the conserved
quantities at certain nodal points, and the work of Christlieb et al. [22], which combines
high- and low-order fluxes through a single free parameter at each flux interface. In the
current work, we adopt an approach similar to that used in [22]. This approach seeks a
suitable convex combination of the high- and low-order fluxes at each cell at each time step.
This flux limiter we adopt is an adaptation of the maximum principle preserving (MPP) flux
limiter [93] (that has its roots in flux corrected transport schemes [12, 95]) for the purposes
of retaining positivity of the density and pressure. We note that positivity-preserving has
also been investigated for hydrodynamics. The limiters mentioned in this paragraph can be
viewed as generalizations of limiters that have been applied to Euler’s equations [96, 21, 73].

The rest of this dissertation is as follows. We will first briefly review ideal MHD equations



in Chapter 2 and then review the WENO methodology and include the interpolation and
reconstruction formulas we use for future reference in Chapter 3. After that, in Chapter 4, we
propose and investigate our first scheme, a single-stage, single-step high order finite difference
numerical scheme for ideal MHD equations. In Chapter 5, we propose and investigate our
second scheme, a high order finite difference numerical scheme for ideal MHD equations,
based on an alternative flux formulation of the WENO scheme and applicable to curvilinear

meshes. In Chapter 6, we draw our conclusions.



Chapter 2

The ideal MHD equations

In this chapter, we briefly review the ideal MHD equations. In particular, we will review its
hyperbolicity and discontinuities, both of which will be used later.

In the conservation form, the (normalized) ideal MHD equations are

p pu
pu pu@u+piotl —B® B
O +V- =0, (2.1)
g u(€ + prot) — B(u- B)
B u®B-B®u
V-B=0, (2.2)

where p is the mass density, pu is the momentum density, £ is the total energy density, B
is the magnetic field, p is the thermal pressure, ||-|| is the Euclidean vector norm, pgot =
P+ %HBH2 is the total pressure, v = 5/3 is the ideal gas constant, and the pressure satisfies

the equation of state
2 2
b ol Bl
v 1 2 2

(2.3)

Here the quantities are normalized in such a way that the permeability and permittivity do
not show up explicitly in the equations. In other words, we choose a unit system in which

they are both equal to 1.



2.1 Hyperbolicity of the ideal MHD equations

We now briefly review the definition of a hyperbolic system of conservation laws, of which
the ideal MHD equations (2.1) are an example. A more thorough treatment can be found
in [56]. We also briefly review the waves in the ideal MHD equations in this section, which

can be found in most of MHD literature. See, for example, [48, 10].

Definition 2.1. An hyperbolic system of conservation laws is a system of equations of the

form

Oq+V-F =0, (2.4)

where the conserved quantities q, which is a vector function of time ¢ and space x, and the
flux tensor F | which is a (rank-2) tensor function of q, are subject to the condition that for

all (unit) direction vector n, the Jacobian n - (?TE is diagonalizable with real eigenvalues.

In Definition 2.1, if we assume we have n components in q and m dimensions in space

and write out the components, we have

a= <qj)j:1,...,n’ F= (Fi,j)z':l,...,m,j:l,...,n’
(no) () -
n=1n;)._ s n-—=— n; .
t)i=1,..m oq P i an k=L

For future reference, we also write out the flux in the n direction, which is

n-F= (ﬁ: TLZFZ’J> . (26)
1=1

Jj=1,...m

The diagonalizability condition of the Jacobian in Definition 2.1 means that locally in any

direction at any point in space, the structure of q is approximately that of plane waves. The

10



eigenvalues of n - %I; are the speeds of the waves in direction n at a given point. We note

however that in the case when F is not a linear function of q, the solution to Equation 2.4
can and usually does develop very complex structures as time evolves.

In the ideal MHD system 2.1, the wave speeds are given by

Alg=u-nFcyf (fast magnetosonic waves), (2.7)
Ay7=u-nFcg (Alfvén waves), (2.8)
A3 =u-nFcs (slow magnetosonic waves), (2.9)
M=A=u-n (entropy and divergence waves), (2.10)
where
a= /2 (sound speed), (2.11)
V
B - n)’
Cq = (B-n) (Alfvén speed), (2.12)
p
1
2 2 2 2
1 B B B-
cr=15 a® + IBI% + a? + IBIZY _ 4a2ﬂ (fast magnetosonic speed),
2 p p p
(2.13)
1
2 2 2 2
1 B B B-
s = |5 a® + IBI~ (a2 + u) — 4a2ﬂ (slow magnetosonic speed).
P P P

(2.14)

We note that the eigen decomposition of the Jacobian for ideal MHD is very complicated

and is itself a subtle issue. The work in this dissertation all uses the decomposition given

11



in [10].

2.2 Discontinuities in the ideal MHD equations

A distinguished feature of the hyperbolic system (2.4) is that a solution in the classical sense
usually do not exist for all time ¢. Discontinuities often develop, even if the initial conditions
are smooth. Therefore, one considers weak solutions to Equation (2.4), which are functions q
that satisfy the corresponding integral form of conservation laws, and could possibly contain
discontinuities.

We now review the types of discontinuities in the ideal MHD equations (2.1). This
knowledge will later be applied in Section 5.2.

For the hyperbolic system of conservation laws (2.4), suppose we start with the initial

conditions

qp, ifn-x<0,
q(t =0,x) = (2.15)

qr, ifn-x>0,

where qr, and qR are constant vectors, and n is an arbitrary direction vector. This is called
a Riemann problem. The solution to such a problem is a function q that depends only on
t and n - x. We are interested in the case when the solution consists of a single moving

discontinuity, that is, when

qr, ifn-x< St
a(t,x) = (2.16)
qr, ifn-x> St

where S is the speed at which the discontinuity moves. In this case, the integral form of the

12



hyperbolic conservation law mandates the Rankine-Hugoniot condition

S(qr —qr) =n-F(qr) —n-F(qr,). (2.17)

In the ideal MHD equations, the divergence condition (2.2) implies that the magnetic

field in the initial conditions (2.15) must satisfy

n- BL =1n- BR- (2.18)

Under the condition (2.18), the Rankine-Hugoniot condition (2.17) implies that a single

moving discontinuity in ideal MHD must be one from the following list.

1. A (fast or slow) shock. In this case, we have

n-up,n-ug # S, (2.19)
n-up, # n-ug, (2.20)
PL # PR (2.21)

2. A rotational discontinuity. In this case, we have

n-up,n-ug # 95, (2.22)
n-up, =n-ug, (2.23)

PL = PR (2.24)

(ug — ), = —=(Bg — By, (2.25)

VP

13



where (-); represents the vector component tangential to the discontinuity interface

(i.e., the component perpendicular to n).

3. A contact discontinuity. In this case, we have

n-B 0, (2.26)
B; = Bg, (2.27)
up, = ug, (2.28)
PL = PR- (2.29)

4. A tangential discontinuity. In this case, we have

n-B=0, (2.30)

PtotL = PtotR- (2.31)

Here we can have arbitrary jumps in the tangential velocities and tangential magnetic

fields.

Remark 2.1. We note that (fast or slow) shocks are the only types of discontinuities that

can possibly admit jumps in the normal velocities or the total pressures.

Remark 2.2. Rotational, contact, and tangential discontinuities are linearly degenerate. Ro-
tational discontinuities correspond to Alfvén waves. Contact and tangential discontinuities
correspond to entropy and divergence waves. None of the discontinuities in this list is gen-

uinely nonlinear.

Remark 2.3. We mentioned that n - B must be the same on the two sides of the discontinu-

14



ity. However, in Section 5.2, when we look at approximate Riemann solvers to be used in
numerical schemes for multidimensional problems, we will need to solve Riemann problems

where this condition does not hold. We will discuss how we handle this issue in that section.

Remark 2.4. For more discussions on weak solutions, integral forms of conservation laws,
Rankine-Hugoniot conditions, linear degeneracy, and genuine non-linearity, see [56]. For

more discussions on discontinuities in the ideal MHD equations, see [83].
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Chapter 3

The WENO methodology

In this chapter, we give a brief description of the WENO interpolation and reconstruction

procedures for future references. The discussion mostly follows [77].

3.1 WENO interpolation

Consider a uniform mesh with z; = iAxz. Let r be a positive integer and m = 2r — 1.
Suppose we want to interpolate the one-sided approximation q;rl /2 from values of ¢ on an
m-point (biased) stencil

ST = {xi—r—kla"wxi—&-r—l}' (31)

A polynomial interpolation over S— would give q;rl /g 38 @ linear combination of the val-
ues {¢—yr+1,---,¢+r—1}, which can then be written as a convex linear combination of the

interpolations obtained from r-point substencils of S™. To be more precise, let
Sy =A{%i_pi14ks-- Tirk}, where k=0,...,r—1 (3.2)
be the r-point substencils of S™. The polynomial interpolation over S gives

r—1
qi:—l/2 = Z bsQi+s = Q(xi—f—l/Q) + O(Axwil): (3-3>
s=—r+1

16



where bg’s are constant coefficients. Similarly, the polynomial interpolation over S}, gives

0
TRPEEDY 1b§k>qi+k+s = (w119 + O(AT"), (3.4)
s=—r+

(k)

where bg’’s are constant coefficients. There then exist constant positive numbers d;. such

that
r—1 k)
iv1j2 = > iy /o (3:5)
k=0
and

r—1
> dp=1. (3.6)
k=0

In the WENO literature, d;.’s are called linear weights, because the approximation q;rl /2
defined by Equations (3.4) and (3.5) is a linear combination of the ¢;’'s. When ¢ is discon-
tinuous within S™, the polynomial interpolation gives rise to excessive oscillations. This is
known as the Runge’s phenomenon or the Gibb’s phenomenon. The WENO methodology

tackles this problem by replacing dj. with some wj, which satisfies

r—1
> wp=1 (3.7)
k=0

and

wi = dj. + O(Az""1),  when ¢ is smooth on S~ and
(3.8)
w, = O(Az" 1), when ¢ is discontinuous on Sj..

In order to obtain wy.’s satisfying Equation (3.8), we can first compute smoothness indicators

17



of the polynomial interpolants over the substencils by setting

2
z+1/2 'p(2)
6/{ - Z/ ZZ 1 (TZ) dl’, (39)

Ti—1/2

where p.(x) is the polynomial that interpolates q(k)

i41/2 from the values of ¢ on Sj. From

these smoothness indicators we compute the unnormalized weights

d
ap=—"F (3.10)

(e + Bp)?

where € is a small positive number (taken to be 1070 in all our examples) to avoid division

by zero. Normalizing the ay’s gives the WENO weights

g
W= -1 (3.11)
s=0 s
Since the interpolation given by
- _ (k)
Git1/2 = > “ki11/2 (3.12)
k=0

is no longer a linear function of the ¢;’s, the weights w;. are called nonlinear weights in the
WENO literature.
To illustrate the algorithm just described, let’s look at the example with » = 3. In this

case, the big stencil is

ST =A{xi 0,1 1,7, Ti11, T2} (3.13)

18



and the substencils are

So=A{zi—2,xi—1,2:}, S1={wi—1, 2, xip1},  S2 = {wj, 41, 742}

Equations (3.3) and (3.4) becomes

3.5 45 15 5

and
© 3 5 15
Giy1)2 = gli—2— %1 + g %
o 1 3 3
qi+1/2 - _g%—l + Zqz + g%—‘rla
(2) 3 3 1

qi+1/2 = gqi + Z%’Jrl - §Qi+2-

From Equations (3.5), (3.15), and (3.16), we can obtain

The smoothness indicators (3.9) become

13 1
bo = 15(¢i-2 = 2qi-1 + %) + 7 (Gi—2 = 4gi-1 + 3¢;)°,
13 1
b= 15 (-1 — 20; + gi1)” + 7 (i-1 - gi+1)”,
13 2 1 2
Ba = 15(0i = 2ai+1 + ai2)” + 7 (3¢ — 44i+1 + Giv2)"

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

Thus, the approximation q;rl/2 given by (3.12) will satisfy q;rl/2 = q(@iq1/2) + O(Az)

when ¢ is smooth on S™, and will, in the case when S~ contains a discontinuity, be effectively

chosen to be the interpolation obtained from the substencils not containing the discontinuity.
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This completes the description of the WENO interpolation procedure to compute q{+1 /2
The approximation to q(z; 4 /2) from the other side, qzjrl /2 is computed from the stencil
St = {x;_y42,...,7i1}. The interpolation procedure is similar and the formulas can be
obtained from the ones for q;rl /2 by exploiting the mirror-symmetry between the stencils

S~ and ST.

3.2 WENO reconstruction

The WENO reconstruction solves the problem of computing derivatives. Given a function

q(z), we can define a sliding function h by the implicit formula

o) = / he) de. (3.19)

The Fundamental Theorem of Calculus implies

q(z) = A% (h (a; + %) —h (x - %)) . (3.20)

Now suppose we know the values of ¢ on a uniform mesh z; = ¢Az. This is equivalent to

knowing the values of the primitive function H of h defined by

Hw = [ e (3.21)

~1/2

where z_4 /2 Is any fixed number. We thus can interpolate H and obtain an (weighted)
essentially non-oscillatory interpolant polynomial by the WENO interpolation procedure

described in Section 3.1, and take its derivative to get h(w;y1/9). The value of ¢ (z;) can

20



then be computed from Equation 3.20. For stencils of m = 2r — 1 points, the error in
h(z;11/2) thus obtained is of O(Az™), and so is the error in q'(z;), due to cancellations in
the leading error terms.

In the case when r = 3, the big stencil ST and its substencils were given in (3.13)

and (3.14). The values h reconstructed from the substencils are

0 1 7 11

hEQW = 3%i-2~ gli-1 + 5 %
1 1 ) 1

hl(-+)1/2 = —gli—1t g%t 3%+ (3.22)
(2) 1 5 1

hif1yo = 3%+ gli+1 — gli+2:

The linear weights are

dy=—, di = %, do = —. (3.23)

The smoothness indicators f;’s are the same as in (3.18). From here, we can then compute

k

the nonlinear weights wy’s and take the combination of the h; 172

’s using these weights to
obtain hi+1/2. For future reference, we shall let ®wrNo5(¢%i—2, %1, ¢, ¢i+1, ¢i1+2) be the

value of hi+l/2 so obtained.
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Chapter 4

A high-order positivity-preserving
single-stage single-step method for the

ideal magnetohydrodynamic equation

In this chapter, we describe our first scheme, a high-order positivity-preserving single-stage
single-step scheme for the ideal MHD equations. In Section 4.1, we describe the unstaggered
constrained transport framework we used a vector potential to control the divergence error of
the magnetic field. In Section 4.2, we review the Taylor-discretization PIF-WENO method,
which is a single-stage method for solving hyperbolic conservation laws. In Section 4.3, we
describe how we solve the evolution equation of the vector potential. In Section 4.4, we
describe the positivity preservation limiter we used. Finally, in Section 4.5, we present our
numerical results.

The contents of this chapter is published in [19].

4.1 A constrained transport framework

In this section we review the unstaggered constrained transport framework proposed in [71].

This framework makes use of the fact that because the magnetic field B is divergence-free,
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it admits a vector potential A that satisfies

B=VxA. (4.1)

It is therefore possible to maintain, at the discrete level, the divergence-free property of B
by evolving A alongside the conserved quantities, and correcting B to be the curl of A.

The evolution equation for the magnetic potential can be derived by starting with
Maxwell’s equations. That is, if we start with Faraday’s law (instead of starting with the
ideal MHD equations), we have

B =-V x E. (4.2)

Next, we approximate the electric field by Ohm’s law for a perfect conductor

E =B x u, (4.3)

which yields the induction equation used for ideal MHD:

0B+ V x (B xu)=0. (4.4)

(After applying some appropriate vector identities, Eqn. (4.4) can be written in a conservative

form.) By substituting (4.1) into (4.4), we obtain

V x (0tA + (V x A) xu)=0. (4.5)
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This implies there is a scalar function v such that

HA + (VX A)xu=-Vi. (4.6)

Different choices of 1 in (4.6) correspond to different gauge conditions. It is noted in [43]
that the Weyl gauge, which sets ¢ = 0, leads to stable numerical solutions. With the Weyl

gauge, the evolution equation for magnetic potential (4.6) becomes

A+ (Vx A)xu=0. (4.7)

In the constrained transport framework, both the conserved quantities q := (p, pu, &, B)

and the magnetic potential A are evolved. The time step from ¢" to ¢ 1 proceeds as follows:

StepCT 1 Discretize (2.1) and update the conserved quantities

(p", pu™, E", B") ~> (o pu" L £F BY), (4.8)

where £* and B* are subject to corrections described in Steps 3 and 4 below.
StepCT 2 Discretize (4.7) and update the magnetic potential: A™ ~» A"T1L,

StepCT 3 Correct B to be the curl of A through

B"tl = v x A" (4.9)

Note that this step modifies the pressure.

StepCT 4 Modify the total energy so the pressure remains unchanged (see below).
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In the current chapter, the discretization we use for (4.8) is the Taylor-discretization of
the PIF-WENO method [20]. This method is a single-stage single-step method for systems
of hyperbolic conservation laws. We give a brief review of this method in Section 4.2.

It is noted in [43] that Equation (4.7) is a weakly hyperbolic system that must be treated
carefully in order to avoid numerical instabilities. Along the lines of our previous work in [23],
we use a discretization that is inspired by numerical schemes for Hamilton-Jacobi equations,
in order to be able to define non-oscillatory derivatives of the magnetic field. We present
this discretization in Section 4.3.

For certain problems, such as those involving low-£ plasma, negative density or pressure
occur in numerical simulations, even when constrained transport is present. This requires
the use of a positivity-preserving limiter [22, 73, 93]. This limiter preserves the positivity of
density and pressure by modifying the numerical flux that evolves the conserved variables.
We describe this limiter in detail in Section 4.4. When this limiter is used, we also apply
the following fix to the pressure in StepCT 4 by modifying the total energy through

£ = £ 4 (B — BY|R) (1.10)
This energy “correction” keeps the pressure the same as before the magnetic field correction
in (4.9). While this clearly has the disadvantage of violating the conservation of energy, it is
nonetheless needed in order to preserve the positivity of pressure (otherwise the modifications
made to the magnetic field to obtain a divergence free property could potentially cause
the pressure to become negative). This technique is explored in [8, 22, 90]. In the results
presented in the current work, we use the energy correction (4.10) if and only if the positivity-

preserving limiter is turned on.
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4.2 The Taylor-discretization PIF-WENO method

We now briefly review the Taylor-discretization Picard integral formulation weighted essen-
tially non-oscillatory (PIF-WENO) method [20]. This method applies to generic hyperbolic
conservation laws in arbitrary dimensions, of which the ideal MHD equation is an example.

For the purpose of illustration, we present the method here for a 2D system. In 2D, a

hyperbolic conservation law takes the form
Orq + 9xf(q) + Jyg(q) = 0, (4.11)

where q(t, z,y) : RT x RZ — R™ is the vector of m conserved variables, and f, g : R™ — R™
are the two components of the flux function. Formally integrating (4.11) in time from " to

t"*1 one arrives at the Picard integral formulation of (4.11) given by

Q" = q" — At F"(x,y) — A9, G"(x,y), (4.12)

where the time-averaged fluzes F and G are defined as

F"(r,9) = 5 / falt,y)dr, and G"(r,y) = 1 / glalt, =) dt. (1.13)

tn tn

Given a domain Q = [ag, bz X [ay, by], the point-wise approximations q?j ~q(t", o, ;)

are placed at

1 _
xT; = ay + (1—5) Az, Ax = , ie{l,...,mg}, (4.14)

1 —
yi:ay‘|‘ (Z_é) Aya Ay:—7 ye {17'--7my}7 (415)
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and time ¢t = t", where m; and my are positive integers. The PIF-WENO scheme
solves (4.11) by setting

n+1 At (An M > At<An ~

_~n n
g =Yg = Ay \Fir/25 — Fic1/25) T Ay \Tigr1/2 T m_l/g)» (4.16)

where Fiil /2,; and CA%Z-’ j+1/2 are obtained by applying the classical WENO reconstruction to
the time-averaged fluxes FZ j and GZ j instead of to the “frozen-in-time” fluxes, as is tradi-
tional in a method of lines (MOL) formulation. Here, FZ j and GZ ; are approximated using
a third-order Taylor expansion in time, followed by an application of Cauchy-Kovalevskaya
procedure to replace the temporal derivatives with spatial derivatives. The resulting scheme
on the conserved quantities is third-order accurate in time. We omit the details here and re-
fer the reader to [20]. Extensions to three dimensions follow by including a third component

for the flux function.

4.3 The evolution of the magnetic potential equation

Recall that the evolution equation for the magnetic potential is defined in (4.7). If we expand

the curl and cross-product operator, we see that A satisfies

OtA + N 9, A + NY9, A + N*0,A =0, (4.17)

27



where

0 —u¥y —u* w 0 0 u? 0 0
NP=10 w* 0|, NV=|—wr 0 —u#|, N°=]0 w* 0 (4.18)
0 0 u® 0 0 ¥ —ut —uY 0

are matrices defined by components of the velocity field u = (u”, ¥, u*). The system (4.17)—

(4.18) has the following properties that we take into account when making a discretization:

1. This system is weakly hyperbolic. This means that all of the eigenvalues of (4.17) are
real, but in contrast to being strictly hyperbolic, the system is not necessarily diago-
nalizable. While this weak hyperbolicity is an artifact of how the magnetic potential

is evolved, it must be treated carefully to avoid creating numerical instabilities [43];

2. Each equation of this system can be viewed as a Hamilton-Jacobi equation with a

source term [23].

One consequence of this second observation is that we can use Hamilton-Jacobi technology
in order to define magnetic fields that have non-oscillatory derivatives. That is, a single
derivative of B is a second derivative of A, in which case care need be taken in order to
retain a non-oscillatory property.

In the next two subsections, we will describe how we discretize the system (4.17)—(4.18),
with these two properties in mind. Before we do that, we make several remarks. The first
is that in the discretization, A sits on the same mesh as the conserved quantities, hence
the name “unstaggered constrained transport”. The second is that the curl operator V x
is discretized in the same way as in [23], which defines a divergence free magnetic field (at

the discrete level). A final remark is that the discretization we present here is third-order
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accurate in time, which is in accordance with the discretization we use for the conserved

quantities.

4.3.1 The 2D magnetic potential equation

We begin with the two-dimensional case, where the conserved quantities and the magnetic

potential do not depend on z. In this case, the divergence-free condition is

V-B=08,B"+9,BY = 0. (4.19)

Thus B* has no impact on the divergence of B. It therefore suffices to correct only the
first two components of the magnetic field. A computationally cost-efficient way of doing
this is to discard the first two components of the magnetic potential, evolve only the third

component according to the evolution equation

01 A% + P9, A + uYd,A* =0, (4.20)

and for the magnetic field correction, only correct BY and BY through

This is equivalent to imposing 0, A" = 0 and 0,;AY = 0 on the system (4.17)-(4.18), and
skipping B* in the magnetic field correction in Eqn. (4.9).
Equation (4.20) has the favorable property of being strongly hyperbolic [71], in contrast

to the weak hyperbolicity in the 3D case. This equation is also a Hamilton-Jacobi equation,
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with Hamilton principal function A%, and Hamiltonian
H(t,x,y, 0 A%, 0yA%) = u”(t,x,y)0: A* + u¥ (t, z,y) 0y A”. (4.22)

It is therefore possible to discretize Equation (4.20) using a numerical scheme for Hamilton-
Jacobi equations [23]. In line with the single-stage single-step theme of the proposed scheme,
we use a method that is inspired by the Lax-Wendroff WENO schemes for Hamilton-Jacobi
equations from [66].

A Lax-Wendroff WENO scheme for Hamilton-Jacobi equations is based on the Taylor
expansion in time of the Hamilton principal function. In order to retain third-order accuracy

in time, we require a total of three time derivatives of A7 :

A 2 A 3
AZ;}”L+1 Azn NNT) Azn + _t(‘)t Af,jn ! 8t AZZJ”, (4.23)

where the temporal derivatives on the right-hand-side are computed in the following manner:

1. The first derivative is approximated by the Lax-Friedrichs type numerical Hamiltonian,

with high-order reconstruction of d;A* and dyA*[65]. Namely, we define

DAL j = —H(0p AT 0z AT 0y AT 0y ATY)

N R AN g
= U 5 — Ui B (4.24)

0p A7 T — On AT Oy AT — Oy AT
+a” 5 + o 2] 5 ;

where

€T

a’ = max|u and oY = max|u! (4.25)
i,j »J

9

1
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are the maximum velocities taken over the entire grid, (i.e., the numerical flux is the

global Lax-Friedrichs flux), and 9, A7 T GyAZ * are defined by WENO reconstructions

1,7
through
o —a A*’AZZ 33 A+Af 2.] A+Af 1 A;Ai] A+Af+1,j
w44 WENO5 Ax Ar Az T Az | Ax ’
04t — o A+Al+2’3 A+Az+1 J A;UFA'? AJFAZ 1] AJFAZ 23
2 WENO5 Az Ar ' Ax Ax Ax ’
P AZ — A+Az] 3 A+Azg 2 A+A1] 1 A;A’i] A+Az ,J+1
Yy WENO5 Ay Ay ) Ay ) Ay ) Ay ) 5
) A -l- —® A+Az]+2 A+AZ]+1 AZ/_AZZ,] A+Az] 1 A+A i,j—2
y WENO5 Ay Ay ) Ay Y Ay Y Ay Y 9
(4.26)
and A;Aij = A7 4 J AZ - and A;Aij = ij+1 — Af’j. The function ®wrNos5 1S

the classical fifth-order WENO reconstruction whose formula we gave in Section 3.2
Note that this difference operator is designed for Hamilton-Jacobi problems, and does

not produce the typical flux difference form that most hyperbolic solvers produce.

. The higher derivatives (9t2AZ and QE’AZ are converted into spatial derivatives by way of
the Cauchy-Kovalevskaya procedure, and the resulting spatial derivatives are approxi-

mated using central differences. For example, O?AZ is converted into spatial derivatives
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OFA* = 0,01 A7)

where

and

= —0pu” Oy AF — uP D0, AF — Opul Dy A* — uY 0,0, A
= — 0" Dy A” — U Dy (4 A7) — Dyu 9y A — uYD, (01 A7) (4.27)

T T\, T
ou® = & (pu ) _ O(pu®)p — (pu”)Opp (4.28)

p? ’

Y Yy — Y
oY = 0, (m; ) _ Oilpu)p 2(,Ou 0. (4.20)
0

with O (pu”), 0¢(pu¥), and Op converted into spatial derivatives by way of (2.1). Note

that we do not find it necessary to use a FD WENO discretization for p;. There are a

total of 49 distinct spatial derivatives that need to be approximated in (4.27)-(4.29).

Similar expressions exist for ag’AZ . These are done by using the central differencing
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formulae

—Uic1j + Uiy

0,Ui j = I , (4.30)
L QAU;QJ iy (4.31)
0,0,y = Ui—1,j-1— Ui—l,j—éil—lA;A(Z—&-Lj—l + Ui—l—l,j—i—l, (4.32)
o3u;, = Uizt 2Ui12, . ;32U1-+1,j Uiy (4.33)
520, — 2Uij—1—2Uij41 —Ui—1 -1+ Uim1j41 = Upy1 51 + Ui+1,j+17 (4.34)

2Az2Ay

and similar ones for the y-, yy-, xyy- and yyy-derivatives, where U is any of p, pu®,

pu? pu* €, BY BY, B* or A*.

Remark 4.1. In the current work, the magnetic field correction in Eqn. (4.21) is discretized
to fourth-order accuracy with central difference formulas. For example, we define the y-

derivative of A% to be

BE oAt n 2 T8 A BA 0 — Al
wp Y 12Ay ’

(4.35)

and others similarly. Therefore in the discretization of equations (2.1) and (4.17), we aim
for fourth-order accuracy in space. For the fluid equations in (2.1), we use the fifth-order
accurate spatial discretization defined in [20]. In the case of (4.17), Eqn. (4.23) is a fifth-order

approximation to 9y A*(t", x;,y;) since the reconstructions (4.26) give, for example,
Op AT = 0p A (1", i, yj) + O(AT”), (4.36)

whereas Eqns. (4.30)—(4.34) are chosen so that Eqn. (4.23) is fourth-order accurate in space
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Figure 4.1: Stencil needed for magnetic potential. The values of A% at each “x” (save the
centermost value) is needed to correct the value of B at the center. The shaded points are
needed in Eqns. (4.26) and (4.30)—(4.34) to compute the value of A% at the rightmost “x”
point. Note that this stencil is contained in the stencil shown in [20], Fig. 2.

when At = O(Ax). This fourth-order accuracy is verified in our numerical results.

Remark 4.2. In each dimension, the stencil needed to compute B from A is 5 points wide,
and an inspection of (4.26) and (4.30)—(4.34) indicates that the stencil needed to compute
A is 7 points wide. This results in a stencil that is 11 points wide in each dimension. A
more careful analysis of (4.30)—(4.34) shows that this stencil is indeed contained within the
stencil given by the PIF-WENO discretization of Eqn. (4.11) (which is sketched in Fig. 2
of [20]). We present a sketch of the stencil required to discretize the magnetic potential in

Fig. 4.1.

We note that our discretization differs from that found in [66] in that we do not store
any lower temporal derivatives for use in computation of higher temporal derivatives. That
is, the method proposed in [66] stores the values of 9y A* computed in Equation (4.27), and

makes use of the central differences of J;A%. Although that approach saves the trouble of
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expanding Eqn. (4.34), our approach has the following advantages that are in line with our

goals:

Minimal storage. Our approach avoids the necessity of storing the lower temporal deriva-
tives (at the expense of a more complicated code). Note here that it would be not
only 0¢A* and 0y A*, but also the temporal derivatives of p, pu®, pu¥, pu®, €, B*, BY,
and B that must be stored if the approach in [66] were to be taken. This would lead
to a formidable amount of temporary storage when applied to the magnetic potential

evolution equation in 3D;

Smaller stencils. The method in [66] would require a stencil that is 15 points wide in each
dimension in order to provide the necessary A values for correcting the magnetic field.
Our method only needs a stencil that is 11 points wide. This somewhat simplifies
the future work of embedding the scheme into an AMR framework, but the biggest

improvement is the reduction of temporary storage.

4.3.2 The 3D magnetic potential equation

The 3D magnetic potential equation (4.17)—(4.18) is weakly hyperbolic, and therefore special
attention is needed. This can be treated by introducing artificial resistivity terms into the
system [23, 43, 44]. To illustrate the technique, we consider the first row of the system which
is
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A discretization of J¢A” in the spirit of (4.24) would give the following numerically prob-

lematic formulation

x— T+ T— T+
RAT = Y. —u?
¢ 7’7]7]{: Z?jak 2 k

i.J, 5
o (ayAf,}tk - ‘%Af,ik) o (aﬁﬁk - 6’zA§f;k>
2 2
ar 0pAY ; e AV, i, (%Af,]_.’ . ; Op AT k) .
where
a¥ = %%?'ulyvjyk’ and o = Iilzjil]};duij’k’, (4.39)

and Oy AT, Oy AT 0 AT 0ATT L Op AT O AT 0p AT and 9, AT are recon-
structed in a manner similar to (4.26). The problem with (4.38) is that this formulation
lacks numerical resistivity in the z-direction.

As is the case in [23], we find that the addition of an artificial resistivity term to (4.38)

yields satisfactory numerical results. With the artificial resistivity term, the evolution equa-

tion (4.37) becomes
R AT — YDy AY — w0y AT+ uY Dy AT 4 0P, AT = C92AY, (4.40)
where €” ideally satisfies

¢ = O(Az%), when 0, A" is smooth, (4.41)
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and

¢’ = O(Ax), when 9, A" is non-smooth. (4.42)

We define the artificial resistivity €* in the following manner. Define a smoothness

indicator 4" for 0, A" as follows:

r a~ 1
Yigk = |o- 1 at 2|’ (4.43)
where
_ r— \2 —2 4 T4+ 2 —2
o = <e+(Ax8xAijk) ) and at = (e+ (A2, ATE)) ) . (4.44)

Here, € is a small positive number introduced to avoid dividing by a number close to 0 when

8

the potential is smooth (e = 107° in all our numerical simulations). Now we define € to be

2
e’ = 2V7xAA—xt, (4.45)
where v is a positive constant that controls the magnitude of the artificial resistivity. For a
more detailed discussion of the weak hyperbolicity and the reasoning leading up to (4.45),
we refer the reader to [43, 23]. In [43], it is shown that v has to be in the range of [0, 0.5]
to maintain the stability up to CFL one for their finite volume method. Through numerical
experimentation, we find that v in the vicinity of 0.01 is sufficient to control potential

oscillations in the magnetic field.
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We thus use the following formulation as our discretization of (4.37)

8yAx_k - 8yAm+ 8ZAJC_ + aZA:H'
457, k k 1,7, k
O ALy = =i ( ~ Uk

2 2
T+ xr— T+ xr—
Lo (YA T OAT (AT 0:AT,
2 2
y— Y+ z—
C [P O A L (O T DA
uiajak 2 u.hjak 2
A* 2A + A%
X 2]/%_3,:‘7"]{: ( i—1,5,k At 5.k i+1,7, k) (4.46)

The discretization of 9;AY and 0y A* are similar and we omit them for brevity.

For our Lax-Wendroff formulation, it remains to discretize the higher temporal derivatives
of the components of A. We find it suffices to apply the same techniques as in Section 4.3.1
for 8t2AZ and 8?14”2. Namely, we convert all the temporal derivatives to spatial derivatives
via the Cauchy-Kovalevskaya procedure, and approximate the resulting spatial derivatives
with central differences. We note that the artificial resistivity term is only added to the first

temporal derivative.

4.4 Positivity preservation

The scheme presented thus far can be applied to a large class of problems. However, for
problems where the plasma density or pressure are near zero, Gibb’s phenomenon can cause
these values to become negative, and hence the numerical simulation will instantly fail. As
a final ingredient to the solver, we introduce an additional option for retaining positivity
of the solution. Given the lack of number of degrees of freedom, this limiter comes at the

expense of energy conservation, but these regions only occur in small areas where the density
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or pressure become negative.
A positivity-preserving scheme can be constructed by modifying the fluxes F and G

in (4.16). Let f; +1/2,j and &; ;19 be the (global) Lax-Friedrichs fluxes defined by

A 1
fir1/2 = 5@ ;) +E(aiy) — a®(aiyy; — aiy), a)

. 1

8ij+1/2 = 5(8((1%4_1) + g(‘l%) - ay(QZj+1 - qgj)),
where o and oY are the maximal wave speeds in the x and y directions, respectively.
This type of formulation is commonly referred to as Lax-Friedrich’s flux splitting in the
ENO/WENO literature [78, 79, 50].

The update of q using these Lax-Friedrichs fluxes is

At /o 5 At
LF . .
Gy =iy~ A, ( i+1/25 fz'n—l/Q,j> T Ay (g?,jJrl/Z - ng-1/2) : (4.48)

For an 8-component state vector q = (p, pu, £, B), we also introduce the notation p(q) and
p(q) to represent the density and the thermal pressure of q. Also, let €, and ¢, be small
positive numbers.

The following claim was conjectured in [18].

Claim 4.1. If p(qznj) > €y and p(q?j) > € for alli, j, and the CFL number is less than or

equal to 0.5, we then have p(qZLf) > €, and p(qZLf) > ¢ep foralli, j.

Though not proven, this claim is verified in [18] using a fairly large number of random
values of q. Our positivity limiter assumes this claim is true. However, as is noted in [18],
if a different flux can be found such that it satisfies a property similar to that of the Lax-

Friedrichs fluxes stated in Claim 4.1, we can then use these different fluxes in place of f; +1/2,j
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and g; 4172 in the construction of our positivity limiter.

The modified fluxes take the form

Fiv1/25 = Oip1/2,Fipryo —fivay25) +fivryoy (4.49)

~

G it172 =i j11/2(Gijr1/2 = 8ijr1/2) + & j+1/2: (4.50)

where 9i+1/2,j and 91,j+1/2 are chosen such that
© 0<0;11/9;<1L,0<0; 119 <1,

e the update (4.16) with F and G replaced by the modified fluxes F and G defined in

(4.49)-(4.50) yields positive density and pressure, and

e while subject to the positivity requirement just stated, 0;, /2, and 91-7]- +1/2 should
be as close to 1 as possible, so that the high-order fluxes are used in regions where

violation of positivity is unlikely to happen.
Following [22], we choose each € in a series of two steps:

Step-0 (i) For each i, j, find “large” candidate limiting parameters Ay, ; ;, Ag ; is Ap ; j,

and Ay ; ; € [0,1] such that for all

(QL’0R>€D70U) S [O’AL,i,j] X [O’AR,i,j] X [OvAD,i,j] X [O7AU,i,j]7 (451)
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the update defined by

4=y
a 2_; (wR(FiH/?J - Ai+1/2,j) + fz‘+1/2,j)
- (QL(FFI/ZJ - fl’*l/lj) + fze1/2,j)>
- 2—; ((QU(GMH/Q ~ & j+1/2) T 8ij+1/2)

— (0p(Gy j_1/2 —&ij-1/2) + gi,j—1/2)>
satisfies p(q) > €, and p(q) > €p;

Step-6 (ii) For each i, j, set

Oir1/2, = min{AR; j, AL i1}

0; j+1/2 =min{Ay; 5, Ap i jy1}-

(4.52)

(4.53)

(4.54)

We note that with q; It F, f, G, and g already computed, Equation (4.52) expresses the

update q as an affine function of 0;,, O, 0p, 07, which, by abuse of notation, is denoted by

a(0r,0r,0p,0r7). The coefficients of the ’s in q(0r,,0R,0p,0;7) are denoted by Cy, Cp,

Cp, and Cyr. Thus we have

N ; At g f
Cr=apFimr2g —ficajag) Cr= =1 Fivrog = fivayay).

At 4 At~

Cp=3,(Gij-172=8ij-172) Cu=—7F (Gijrij2—8ijs1/2):

and, with (4.48) in mind, the limited solution is
a(0r.9r.0p.0y) = qi's + Cr0; + Cror + Cpbp + Cyby.
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With this notation, Step-6(i) reduces to solving the following problem for each i, j:

Problem 4.1. Given constant real vectors Cr,, Cpr, Cp and Cyr, and constant 8-component
state vector qZLf such that p(qZLf) > €, and p(qZLf) > €p, find (AL,z',j7AR,i,jaAD,i,jaAU,i,j)
in [0,1] x [0,1] x [0,1] x [0,1] such that for all (01,,0R,0p,0) in [O,ALJ?]’] X [07AR,i,j] X

0,Ap ;] x[0,Ay,; ], the expression

a(0r,0r.0p.0y) = aff + Cr0, + Crlg + Cpbp + Cyly (4.57)
satisfies
p(a(fr.0r.0p,0y)) > €p (4.58)
and
p(a(fr.0r,0p.00)) > ep. (4.59)

The region [0, Ap, ; ;1 X [0, AR i ;] X [0,Ap ;] X [0,Ay,; ;] should be “as big as possible”.
We note the following fact.

Claim 4.2. The sets S, and S defined by

Sy ={(8L,0R.9p,0r) € [0,1*| p(a(0r,0R,0p, 1)) > €} (4.60)
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and

S = {(GLaeRaeDan) € [07 1]4’p<q(9L79R>9D76U>> > €p and p<q(9L79R70D76U>> > Ep}

(4.61)

are both convezx.

Proof. Since p is a linear function of q and q is a affine function of (67,0g,0p,0r), we see
that p(q(fr,0r.0p,0y)) is an affine function of (0r,0p,0p,0r). Thus S, is the part of
[0, 1]4 that lies on one side of a hyperplane. This shows S is convex.

To see the convexity of S, note that by the equation of state 2.3, the pressure p is a
concave function of the components of q, whenever p > 0. Combined with the fact that
a(0r,,0R,0p,07) is an affine function of (0r,60p,0p, 07), we see that p(q(fr,0r,0p,0r)) is
a concave function of (67,0r,0p, 0y ), if p(q(0r,0r,0p,0r7)) > 0. This shows the convexity

of Sp. O

Note that Problem 4.1 is not well-defined, since the notion of “big” is not defined. The
algorithm we are about to describe gives a solution that is satisfactory, in the sense that this
algorithm yields a positivity-preserving limiter that behaves well in our numerical tests.

We now describe this algorithm. The first step of this algorithm is to find a “big”

rectangular subset R, := [0, Ag] x [0, A%] X [O,Alp)] x [0, ApU] of S,. The AP’s are computed
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LF\
min d 1, 9% 6"?1) it M) <0,
AL = o+ D ’Oj ‘ (4.62)
7,
| G
e ~(1)
1 if CI >0,

0
where € is a small fixed positive number (10_12 in all our simulations) and the subscript
letters Z and J take values in L, R, D, and U. The value Cg) denotes the first component
of the C7 vector.

The second step is to shrink this rectangular subset R, to fit into Sp. The vertices of
Ry are denoted by AkL’kR’kD’kU, where k7 = 0 or 1, such that the Z-th component of
AkL7kR7kD7kU is

T T 3
!k[,kR,k‘D,kU (463)

0 ifkzr=0.
Now for cach (kr, kg, kp, ky), shrink AFLERFDRU o get BFLFRFDFU in the following
way. If p(AFLFREDFU) > ¢, set BFLERFDKAU = AFLERFDKU - Otherwise, we solve
for the smallest positive r such that p(rAFLFRFDFUY) > €p, and set BFLFRFDFU =
rARLEREDFU . In order to solve for this value, we apply a total of 10 iterations of the
bisection method. A more efficient (approximate) solver could easily replace this step (e.g.,
a single step of the method of false position). Note that the different vertices AFLkRED kY

are in general shrunk by different factors r. Now we set

BﬁL’kR’kU *D. (4.64)



where the subscript Z indicates the Z-th component. Note that this is equivalent to finding
a rectangular subset inside the convex polygon with vertices BFL-kRAD kU , kr=0,1.
This completes the description of our positivity-preserving limiter in 2D. The 3D case is

similar.

4.5 Numerical results

In this section, we present the results of numerical simulations using the proposed method.
Unless otherwise specified, constrained transport is turned on, the gas constant v = 5/3, the

CFL number is 0.5, and for 3D simulations the artificial viscosity coefficient is v = 0.01.

4.5.1 Smooth Alfvén wave

The smooth Alfvén wave problem is often used for convergence studies of numerical schemes
for ideal MHD equations [43, 71, 90]. This problem is a one-dimensional problem (computed
in multiple dimensions) that has a known smooth solution. In 1D, the initial conditions for
this problem are

(p7 uxu uy7 u2’7 uz7p7 Bxa Bya Bz)<07 I)
(4.65)

= (1,0,0.1sin(27x), 0.1 cos(2mx),0.1,1,0.1sin(27z), 0.1 cos(2mx)).

The exact solution to (4.65) propagates with the Alfvén speed that is unity (i.e., q(t,x) =
q(0,z+t)). The 2D and 3D smooth Alfvén wave problems are obtained from the 1D problem

by rotating the direction of wave propagation.
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4.5.1.1 Smooth Alfvén wave: The 2D problem

The 2D version of the smooth Alfvén wave problem is obtained by rotating the direc-
tion of propagation by an angle of ¢, so that the wave now propagates in direction n =
(— cos ¢, —sin ¢, 0). Identical to [43, 23], the computational domain we use is [0, 1/ cos @] x
0,1/ sin ¢], where ¢ = tan~1(0.5). Periodic boundary conditions are applied on all four
sides.

For this problem, we present numerical results with and without the energy correction.
In Table 4.1, we observe the overall third-order accuracy of the method, and in Table 4.2,
we refine At faster than the mesh spacing as well as run the solution to a shorter final
time in order to extract the spatial order of accuracy. For these test cases, we observe the
predicted fourth-order accuracy in space. of convergence in space, third-order in time, and
little difference between the results obtained with and without the energy correction turned
on. When the flag for the positivity-preserving limiter is turned on in the code, we see
identical results as without it, because this problem does not have density or pressure that

is near zero. The choice of my = 2m, allows for Az = Ay.

4.5.1.2 Smooth Alfvén wave: The 3D problem

The setup we use here is the same as that used in [43], Section 6.2.1. The direction of
propagation is

n = (—cos¢cosf,—sin¢pcosb,sind), (4.66)

and the computational domain is

1 1 1
- - - - i 4.
[0’ cos¢cos@] . [0’ sinqbcos@] % {O’ sinG] ’ (4.67)
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Mesh CFL Errorin B Order FError in A” Order

32x64 05 3842x107° — 5.356 x 1076 —

64x 128 05 4.940x 1076 296 7530 x 1077 2.83
128 x 256 0.5  6.324x 1077 297  9.697 x 1078 2.96
256 x 512 0.5  8.020x 1078 298 1218 x 1078 2.99

(a)

Mesh CFL Errorin B Order FError in A* Order

32x64 05 3.848x 1070 — 5320 x 1076 —

64x 128 0.5 4.938x 1076 296  7.469x 107 2.83
128 x 256 0.5  6.318 x 1077 2.97  9.628 x 1078 2.96
256 x 512 0.5  8.009 x 1078 298  1.210 x 1078 2.99

(b)

Table 4.1: 2D smooth Alfvén wave. Here, we show L®°-errors at a final time of ¢t = 1.0
for the solution with and without the energy “correction” step. Table (a) has the energy
correction turned off, and Table (b) has the energy correction turned on. Because time is
only discretized to third-order accuracy, we observe the predicted third-order accuracy of
the solver here.

Mesh CFL Error in B Order Error in A* Order

32x64 05 3.852x 1076 — 1.078 x 1077 —

64 x 128 025  2356x 1077 4.03 8121x1079 3.73
128 x 256 0.125  1.466 x 1078 4.01 5190 x 1010 3.97
256 x 512 0.0625 9.117 x 10719 4.01  3.291 x 10711 3.98

(a)

Mesh CFL Error in B Order Error in A” Order

32x64 05 3.852x 1076 — 1.078 x 1077 —

64 x 128 025  2356x 1077 4.03 8121x1079 3.73
128 x 256 0.125 1466 x 1078 4.01  5.190 x 10710 3.97
256 x 512 0.0625 9.117 x 10710 401  3.291 x 1011 3.98

(b)

Table 4.2: 2D smooth Alfvén wave. Here, we show L°°-errors at a short final time of t = 0.01
for the solution with and without the energy “correction” step. Table (a) has the energy
correction turned off, and Table (b) has the energy correction turned on. Here, we refine At
faster than Az in order to expose the spatial order of accuracy of the solver. Because we only
use a fourth-order accurate spatial discretization for V x A, we only observe fourth-order
accuracy despite the fact that the fluid variables are discretized to fifth-order accuracy.
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Mesh CFL Errorin B Order FError in A Order

16 x 32 x 32 05 4.784x107% — 5116 x 1072 —

32 x 64 x 64 0.5 2452x107° 429 3181 x107% 4.01
64 x 128 x 128 0.5  3.093x 1076 299  4612x10~7 2.79
128 x 256 x 256 0.5  3.969 x 10~7 2.96  6.133 x 10~% 2.91

(a)

Mesh CFL Errorin B Order FError in A Order

16 x 32 x 32 05 4.882x107% — 5176 x 107° —

32 x 64 x 64 05 2485 x107° 430 3.191x 1076 4.02
64 x 128 x 128 0.5  3.105 x 1076 3.00  4.621 x 1077 2.79
128 x 256 x 256 0.5 3977 x 1077 296  6.147 x 1078 2.91

(b)

Table 4.3: 3D smooth Alfvén wave. In this table we show the L°“-errors at a moderate
time of ¢ = 1.0. In Table (a) the positivity-preserving limiter is off, and the the positivity-
preserving limiter (and the energy correction step) is turned on for the results in Table (b).
Because time is discretized to third-order accuracy, the final method is formally only third-
order accurate in time. In Table 4.4 we run the solver to a short final time in order to expose
the spatial order of accuracy.

where ¢ = 0 = tan~1(0.5). Periodic boundary conditions are imposed on all directions.

We again seek to numerically investigate the spatial and temporal orders of accuracy,
with and without the energy correction step. The errors in B and A are presented in Tables
4.3-4.4. Here we choose my = m, = 2my so that Az = Ay = Az/cosf. Similar to the
2D case, we observe fourth-order of convergence in space, third-order in time, and little
difference between the results obtained with and without the energy correction step turned

on.

4.5.2 2D rotated shock tube problem

Similar to the smooth Alfvén problems, the rotated shock tube problem is a 1D problem,

with direction of wave propagation rotated a certain angle. The setup we use in the current

48



Mesh CFL Error in B Order FError in A Order

16 x 32 x 32 0.5 6.752 x 107° — 5715 x 1077 —

32 x 64 x 64 025  4.280x 1076 3.98 3856 x1078 3.89
64 x 128 x 128  0.125  2.666 x 10~7 4.00 2.613x 1079  3.88
128 x 256 x 256 0.0625 1.652 x 1078 4.01  1.711 x 10710 3.93

(a)

Mesh CFL Error in B Order Error in A Order

16 x 32 x 32 0.5 6.752 x 107> — 5715 x 1077 —

32 x 64 x 64 0.25  4280x 1076 398 3856x1078 3.89
64 x 128 x 128 0.125 2.666 x 1077 4.00 2613 x 1079 3.88
128 x 256 x 256  0.0625 1.652 x 1078 4.01  1.712x 10710 3.93

(b)

Table 4.4: 3D smooth Alfvén wave. Here, we show the L°°-errors at a short final time of
t = 0.01. In addition, we refine At faster than the mesh spacing in order to extract the
spatial order of accuracy. Table (a) has the positivity-preserving limiter turned off, and
Table (b) has the positivity-preserving limiter (as well as the correction step) turned on.
The results are almost identical.

work is the same as that in [15], which we repeat here for completeness.

The initial conditions consist of a shock

(1,0,0,0,1,0.75,1,0) ite <0,
(psup,w,u®,p, By, B, B*) = (4.68)

(0.125,0,0,0,0.1,0.75, —1,0) if £ > 0,

where £ = xcos¢ + ysing, and u; and B are vector components perpendicular to the
shock interface, and uj| and B|| are the vector components parallel to the shock interface.

Namely

u’ =u cosp — w sin @, u =wu sing + | cos ¢, (4.69)

BY = B cos¢ — B sing, BY = B sing + B cos ¢. (4.70)
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The initial condition for magnetic potential is

0.757 — € if £ <0,
A%(0,2,y) = (4.71)

0.7+ ¢ if € >0,

where n = —x sin ¢ + y cos ¢.

The computational domain is [—1, 1] x [=0.5,0.5] with a 200 x 100 mesh. The boundary
conditions used are zeroth order extrapolation on the conserved quantities and first-order
extrapolation on the magnetic potential. That is, we set the conserved quantities at the
ghost points to be identical to the last value on the interior of the domain, and we define
values for the magnetic potential at ghost points through repeated extrapolation of two point
stencils starting with two interior points. On the top and bottom boundaries, the direction
of extrapolation is parallel to the shock interface.

In Figure 4.2 we present results for the density of solutions computed using PIF-WENO
with and without constrained-transport. We note that the contour plot of the solution
obtained without constrained transport does not exhibit the unphysical wiggles as is the case
in Fig 2(b) of [23]. However, as can be seen from the plots of the slice at y = 0, unphysical
oscillations appear in the PIF-WENO scheme that has constrained transport turned off. It is
also clear from these plots that the constrained transport method we propose in the current
work is able to suppress the unphysical oscillations satisfactorily. As a side note, we find it
helps to use a global, as opposed to a local value for « in the Lax-Friedrichs flux splitting
for the high-order WENO reconstruction in order to further reduce undesirable spurious

oscillations.
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Figure 4.2: The rotated shock tube problem. Here, we compare the solver with (left panels)
and without (right panels) constrained transport turned on. A uniform mesh of size 200 x 100
is used for both simulations. The angle of rotation for the initial conditions is ¢ = tan~1(0.5),
and 30 equally spaced contours ranging from the minumum to the maximum of each function
are used for the top two panels. The contour plot for the solution without CT contains small
wiggles that are much more pronounced when slices of the solution are sampled. To this end,
a slice of the solution along y = 0 is presented in the bottom two panels. Further evolution
produces a solution that causes the code to fail in the case where CT is turned off. The
positivity-preserving limiter is turned off in order to exercise the code. The solid lines in the
bottom images are reference solutions that are computed by solving the equivalent 1D shock
problem on a uniform mesh with 50,000 points with the fifth-order finite difference WENO
method.
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Figure 4.3: 2D rotated shock tube problem. The left panels have constrained transport
turned on, and the right panels have constrained transport turned off. Components of the
magnetic field at t = 0.2 along the slice y = 0. The mesh size is 200 x 100. The positivity-
preserving limiter is turned off in order to exercise the code. Each solid line is the reference
solution described in Fig. 4.2. We observe that constrained transport (with the Hamilton-
Jacobi solver) allows us to numerically compute magnetic fields with far fewer oscillations

than would otherwise be obtainable.
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4.5.3 2D Orszag-Tang vortex

In this section, we investigate the Orszag-Tang vortex problem. A notable feature of this
problem is that shocks and cortices emerge from smooth initial conditions as time evolves.
This is a standard test problem for numerical schemes for MHD equations [23, 26, 71, 90, 94].

The initial conditions are

p=7°, u=(—sin(y),sin(z),0), B = (—sin(y),sin(2x),0), p=1, (4.72)

with an initial magnetic potential of

A*(0,z,y) = 0.5cos(2z) + cos(y). (4.73)

The computational domain is [0, 27] x [0, 27], with double-periodic boundary conditions.

We present in Figure 4.4 the density contour plots at t = 0.5, ¢t = 2, t = 3, and t = 4,
computed by PIF-WENO with constrained transport on and positivity-preserving limiter
on.

Control of divergence error of the magnetic field is critical for this test problem. If we turn
off the constrained transport, the simulation crashes at t = 1.67. In Figure 4.5 we present
plots of the density at time ¢ = 1.5 obtained with different configurations of the numerical
schemes. Note the development of the nonphysical features in the solution obtained without
constrained transport.

We also note that in this problem, where the positivity-preserving limiter is not needed
for the simulation, the limiter leads to little difference in the solution. We present in Figures

4.5 and 4.6 plots that demonstrate this. The plots of the type in Figures 4.4 and 4.6 are
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Figure 4.4: The Orszag-Tang problem. We show density contour plots at (a) ¢ = 0.5, (b)
t =2, (c)t=3,(d)t =4. The solution is computed using PIF-WENO with constrained
transport on and positivity-preserving limiter on, on a 192 x 192 mesh. A total of 15 equally
spaced contours are used for each graph.
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presented in many sources. Our plots agree with results from the literature [23, 26, 71, 90, 94].

4.5.4 2D rotor problem

This is a two-dimensional test problem that involves low pressure values [8]. The setup we

use here is the same as the very low  version found in [91]. These initial conditions are

/

10 if r < 0.1,
P=91+9f(r) ifre(0.1,0.115),
1 if r > 0.115,
) \
—10y + 5 if r < 0.1,
u® =< (=10y + 5)f(r) if r € (0.1,0.115),
0 if r > 0.115,
\
102 — 5 if r < 0.1,
u! =9 (102 = 5)f(r) ifr € (0.1,0.115),
0 if r > 0.115,
W0, BT— 22 pY_0, B0 p=10"% A7 =
) \/E) ) Y )

where

r= \/(a: —05)2+(y—05)2%  fr)= %(23 — 2007).

2.5

_/—47 Y,

(4.74)

(4.75)

(4.76)

(4.77)

(4.78)

The computation domain we use is [0, 1] x [0, 1], with zeroth order extrapolation on the

conserved quantities and first order extrapolation on the magnetic potential as the boundary
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Figure 4.5: The Orszag-Tang problem. Density plots at ¢ = 1.5 for solutions computed using
different configurations in the numerical scheme. (a) PIF-WENO, with constrained transport
turned off; (b) PIF-WENO with constrained transport and positivity preserving limiter
turned on; (¢) PIF-WENO with constrained transport turned on and positivity preserving
limiter turned off; (d) The slice along y = 0.5072. The solutions are computed with a
192 x 192 mesh. A total of 15 equally spaced contours are used for each of (a), (b), and (c).
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Figure 4.6: The Orszag-Tang problem. Pressure plots at ¢ = 3.0 for solutions computed using
different configurations in the numerical scheme. (a) PIF-WENO with constrained transport
turned on and positivity preserving limiter turned off; (b) PIF-WENO with constrained

transport and positivity preserving limiter turned on; (c¢) The slice along y = 1.9799. The
solutions are computed with a 192 x 192 mesh. A total of 15 equally spaced contours are

used for each of (a) and (b).
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Figure 4.7: The 2D rotor problem. Shown here are (a) the pseudocolor plot of the magnetic
pressure and (b) the magnetic field line. This solution is computed on a mesh of size 400 x 400.
Constrained transport and positivity-preserving limiters are turned on.

conditions on all four sides (i.e., conserved quantities at the ghost points are set equal to
the last interior point, and values for the magnetic potential are defined through repeated
extrapolation of two point stencils).

We compute the solution to a final time of ¢ = 0.27 using a 400 x 400 mesh and present
the plots of the magnetic pressure and the magnetic field line in Figure 4.7. The magnetic
field line plot presented here is the contour plot of A%. A total of 50 levels are used in this
contour plot. Our result is consistent with the one presented in [91]. We note that the

positivity-preserving limiter is necessary to complete this test problem, because otherwise

the code fails.
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4.5.5 Cloud-shock interaction

The cloud-shock interaction problem is a standard test problem for MHD [23, 26, 43, 44, 71].

The initial conditions are

(p? ul:? uy7 uz7p7 Bx? By? BZ)

(
(3.86859, 11.2536, 0, 0, 167.345, 0, 2.1826182, —2.1826182)  if 2 < 0.05,

=1 (10,0,0,0, 1,0,0.56418958, 0.56418958) if 2 > 0.05 and r < 0.15,

(1,0,0,0,1,0,0.56418958, 0.56418958) otherwise,

\

where 7 = \/(x —0.25)% + (y — 0.5)% in 2D, and r = \/(x —0.25)% + (y — 0.5)% + (2 — 0.5)?
in 3D denotes the distance to the center of the stationary cloud. For both problems, we use

the initial magnetic potential

—2.1826182z + 0.080921431  if « < 0.05,
AT =0, AV=0, A*= (4.79)

—0.56418958x it > 0.05.

In the 2D case, we only keep track of A%.

4.5.5.1 Cloud-shock interaction: The 2D problem

The computational domain we use is [0, 1] x [0, 1], with zeroth order extrapolation on the
conserved quantities and first order extrapolation on the magnetic potential as the boundary
conditions on all four sides (i.e., conserved quantities at the ghost points are set equal to
the last interior point, and values for the magnetic potential are defined through repeated

extrapolation of two point stencils).
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Figure 4.8: The 2D cloud-shock interaction problem. Here, we run the solver to a final
time of ¢ = 0.06. In the first three panels, we show Schlieren plots for (a) the natural
log of the density, (b) the norm of the magnetic field, and (c) the pressure for a mesh of
size 256 x 256. The same results for a mesh of size 512 x 512 are presented in panels (d)-
(f), where we observe much higher resolution for the problem. Constrained transport and
positivity-preserving limiter are turned on for both simulations.
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We compute the solution at ¢ = 0.06 using a 256 x 256 mesh. The Schlieren plots of
Inp and of |B| are presented in Figure 4.8. We note here that the current scheme is able
to capture the shock-wave-like structure near x = 0.75. This is consistent with our previous
result in [23], and an improvement over earlier results in [26, 71]. We also note that the
positivity-preserving limiter is not required for this simulation. Nonetheless, we present the
result here to demonstrate the high resolution of our method, even when the limiter is turned

on.

4.5.5.2 Cloud-shock interaction: The 3D problem

The computational domain for this problem is [0, 1] x [0, 1] x [0, 1], with zeroth order extrap-
olation on the conserved quantities and first order extrapolation on the magnetic potential
as the boundary conditions on all six faces (i.e., conserved quantities at the ghost points are
set equal to the last interior point, and values for the magnetic potential are defined through
repeated extrapolation of two point stencils).

We compute the solution to a final time of time ¢ = 0.06 on a 256 x 256 x 256 mesh. In
Figure 4.9, we show the evolution of the density of the solution. We have two remarks on
this result. The first is that the shock-wave-like structure near x = 0.75 at the final time is
also visible when we use a 128 x 128 x 128 mesh. The second is that the positivity-preserving
limiter is required to run this simulation with 256 x 256 x 256 mesh. The reason is that
extra structure that contains very low pressure shows up in this mesh at time ¢ = 0.0378.
This extra structure cannot be observed on the coarser mesh with the method proposed in
the current work, nor do we observe it with our previous SSP-RK solver [23]. Therefore, it

does not cause trouble for simulations using a 128 x 128 x 128 mesh.
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Figure 4.9: The 3D cloud-shock interaction problem. Schlieren plots of In(p). The solution
here is computed using a 256 x 256 x 256 mesh. Cross-sections at y = 0.5 and z = 0.5 for
the region y > 0.5 and z > 0.5 are shown. Constrained transport and positivity-preserving

limiter are turned on.
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4.5.6 Blast wave example

In the blast wave problems, strong shocks interact with a low-3 background, which can
cause negative pressure if not handled properly. These problems are often used to test the
positivity-preserving capabilities of numerical methods for MHD [5, 8, 22, 34, 57, 63, 97].

The initial conditions contain a piecewise defined pressure:

01 r<0.l,
b (4.80)

1000 otherwise,

where 7 is the distance to the origin, and a constant density, velocity and magnetic field:

(p,u®,u¥, u?, B®, BY, B*) = (1,0,0, 0,100 /47 /+/2,100/v/47//2,0). (4.81)

The initial magnetic potential is simply

A = (0,0, 100y/V4r/V2 — 100z V47 /V2). (4.82)

In 2D we only keep track of A%, as we do with all the 2D examples.

4.5.6.1 Blast wave example: The 2D problem

In this section, we present our result on the 2D version of the blast wave problem. The
computational domain is [—0.5,0.5] x [—0.5,0.5], with zeroth order extrapolation on the
conserved quantities and first order extrapolation on the magnetic potential as the boundary
conditions on all four sides (i.e., conserved quantities at the ghost points are set equal to

the last interior point, and values for the magnetic potential are defined through repeated
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extrapolation of two point stencils).

Results for the solution computed to a final time of ¢ = 0.01 on a 256 x 256 mesh are
presented in Figure 4.10. There, we display contour plots of p, p, |u|, and |B|. These plots
are comparable to the previous results in [22]. We note that negative pressure occurs right

in the first step if positivity-preserving limiter is turned off.

4.5.6.2 Blast wave example: The 3D problem

For the 3D version of the blast wave problem, we choose the computational domain to
be [—0.5,0.5] x [—0.5,0.5] x [—0.5,0.5] with zeroth order extrapolation on the conserved
quantities and first order extrapolation on the magnetic potential as the boundary conditions
on all six faces (i.e., conserved quantities at the ghost points are set equal to the last interior
point, and values for the magnetic potential are defined through repeated extrapolation of
two point stencils).

The solution at t = 0.01 is computed using a 150 x 150 x 150 mesh. We present in
Figure 4.11 the plots of the density and pressure, and also in Figure 4.12 the contour plots
of the slice at z = 0 of the density, pressure, velocity, and magnetic pressure. These results
are comparable to those found in [22, 34, 63, 97]. We note here that negative pressure occurs

in the second time step if the positivity-preserving limiter is turned off.

4.5.7 FErrors in energy conservation

When the positivity-preserving limiter is turned on, we make use of an energy correction step
in Eqn. (4.10) in order to keep the pressure the same as before the magnetic field correction.
This breaks the conservation of the energy, and therefore we investigate the effect of this step

for several test problems. Because (global) energy conservation only holds for problems that

64



Density Pressure

=3.2209 041 1 =240.9370

E 0'2 - _ E

- 2.2222 - 160.6526
0.0 _

=1.2235 = 80.3682

= —0.2 1=

= 0.2247 o4l | Zo0.0838

-04 -02 00 02 04

1 g 15.3278 1 g 17.0910
| % 10.2185 | % 14.9555
E 5.1093 E 12.8200
i g 0.0000 i E 10.6844

Figure 4.10: 2D blast problem. Shown here are the contour plots at t = 0.01 of (a) density,
(b) thermal pressure, (c) magnitude of velocity, and (d) magnetic pressure. A total of 40
equally spaced contours ranging from the min to the max of the function are used for each
plot. The mesh size is 256 x 256.
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Figure 4.11: 3D blast problem. Shown here are the pseudocolor plots at ¢ = 0.01 of (a)
density and (b) pressure. The mesh size is 150 x 150 x 150. In Figure 4.12 we plot a cut
of the solution along z = 0. The positivity-preserving limiter is required to simulate this
problem.

have either periodic boundary conditions or constant values near the boundary throughout
the entire simulation, we only choose problems with this property for our test cases.
For the 2D problems, the (relative) energy conservation error at time ¢ = t" is defined as

[z (e )

Energy conservation error := 3 ,

(4.83)

and the energy conservation errors for the 3D problems are defined similarly.

Results for the 2D and 3D smooth Alfvén test case are presented in Figure 4.13, where
we observe negligible errors produced by the energy correction step. We attribute this to the
fact that this problem retains a smooth solution for the entirety of the simulation. Results
for problems with shocks and vortices are presented in Figure 4.14, where we find non-zero
errors. For each of these test problems, we present the results from several different sizes of

meshes. All the problems are run to the final time found in Sections 4.5.1-4.5.6 save one.
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Figure 4.12: 3D blast problem. Shown are the contour plots at time ¢t = 0.01 cut at z =0
of (a) density, (b) thermal pressure, (c¢) norm of velocity, and (d) magnetic pressure. The
solution is obtained using a 150 x 150 x 150 mesh. A total of 40 equally spaced contours are
used for each plot.
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Figure 4.13: Energy conservation errors for the smooth Alfvén test cases. Shown here are
results for the (a) 2D smooth Alfvén , and (b) 3D smooth Alfvén test cases. In order to
extract the errors, we plot the results on a semi-log scale because otherwise the results are
indiscernible from the t-axis. For this smooth test case, the effect of the the energy correction
step (and hence the positivity-preserving limiter) is negligible because the solution remains
smooth for the entire simulation.

For the 2D Orszag-Tang problem, we run the simulations to a much later time of ¢ = 30 in
order to quantify the energy conservation errors for a long time simulation on a non-trivial
problem.

Finally, in Figure 4.15 we also include the conservation errors when the positivity-
preserving limiter is turned off. We observe that the solver retains total energy up to machine
roundoff errors, as should be the case.

We note the following patterns in the energy conservation errors:

e The errors are below 1% for all the test problems in the duration of the simulations

presented;

e When the positivity-preserving limiter is turned on, the errors grow linearly in time

and decrease as the mesh is refined.

We therefore conclude that the violation in energy conservation introduced by the positivity-

preserving limiter is insignificant for the problems tested in this work.
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Figure 4.14: Energy conservation errors. Shown here are conservation errors when the
positivity-preserving limiter (and hence the energy correction step) is turned on. (a) 2D
Orszag-Tang problem, (b) 2D rotor problem, (c) 2D blast problem, and (d) 3D blast problem.
Note that the rotor and blast problems require the application of a positivity-preserving
limiter in order to run, but this comes at the expense of losing energy conservation. For the
Orszag-Tang test problem, we run to a late final time. Again, we observe that the errors in
energy conservation decrease as the mesh is refined.
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Figure 4.15: Energy conservation errors. Here, we show results for conservation errors when
the positivity-preserving limiter (and hence the energy correction step) is turned off. The
solver analytically conserves the discrete total energy up to machine precision. Shown here
are results for the (a) 2D smooth Alfvén , and (b) 3D smooth Alfvén test cases. Note the
logarithmic scale for the axes, and that these errors are numerically conserved up to machine
precision.
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Chapter 5

A high-order finite difference scheme
for ideal magnetohydrodynamics on

curvilinear meshes based on an
alternative formulation of the WENO

scheme and constrained transport

In this chapter, we describe our second scheme, a high-order finite difference scheme for the
ideal MHD equations, which is based on an alternative formulation of the WENO scheme
and uses constrained transport to control the divergence error of the magnetic field.

In Section 5.1, we describe an alternative flux formulation of the WENO scheme, which
is based on the scheme proposed in [51, 52|, with the addition of an limiter on the higher
order terms. This scheme will be the base scheme we use to solve the ideal MHD equations.
In Section 5.2, we describe several HLL type approximate Riemann solvers for the ideal
MHD equations. In particular, we describe the HLLD solver in 5.2.3, which is one of the two
Riemann solvers we experiment in a component of our base scheme (see Equation (5.22)), the

other being Lax-Friedrichs. In Sections 5.3 and 5.4, we describe constrained transport and
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positivity-preserving in the current context. Finally in Section 5.5, we present the numerical

results.

5.1 An alternative flux formulation of the WENO

scheme

In this section, we describe a WENO scheme based on an alternative formulation of fluxes.

5.1.1 Introduction

The simplest hyperbolic conservation law takes the form

dq  9f(q)
ot T on

—0, (5.1)

where ¢ is a scalar function of ¢ and x, and f is a function of q. Here ¢ is the conserved
quantity and f is the fluz. Note this is Equation (2.4) with m = n = 1. In order to solve
Equation (5.1), we use a semi-discrete conservative finite difference scheme, where we use a

uniform mesh with z; = iAx and discretize Equation (5.1) in space to get

q; 1 4 A
8_qt + g ivry2 = ficy2) =0 (52)

Here g; sits on x; and f is some numerical flux that sits on half grid points and depends on

the ¢;’s. This numerical flux satisfies

1 A "
— (Fir2 = fima2) = Oufla@))ls; + O(A2™), (53)
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where m is the spatial order of accuracy of the scheme. Equation (5.1) is then integrated in
time using some ODE solver, e.g. Runge-Kutta method. In the current work, we have used
the third-order SSP-RK method proposed in [39].

The numerical flux f is a high order approximation to the so-called sliding function h of

f(q). If we let h be the function such that

1 x+Ax/2 e -
fa) =gy [, hEdE (5.4

we would have
fie12 = Mwip12) + O(AZ™). (5.5)

Equations (5.4) and (5.5) actually says that we are given the average of h over cells centered
at the grid points z;’s and we need to approximate the values of the function h at half grid
points x; ¢ /2’s from those cell averages. This is the reconstruction problem at the heart
of standard finite volume schemes [41, 60] and has been used to construct various finite
difference numerical schemes for hyperbolic conservation laws [79, 49, 6, 77]. It is possible to
compute fz 1/2 directly from the values of f on grid points using the procedure described
in Section 3.2. This is sometime called the finite difference WENO scheme. We refer the
reader to [77] for details. It was noted in [76] that while Equation (5.3) requires the error in
Equation (5.5) be of O(Az™*1), the O(Az™) error is sufficient because when f is smooth,
cancellations in the error terms will give rise to (5.3).

It is noted in [78] that a Taylor expansion of the sliding function h at x; /2 gives the

72



following expression of h; 4 /2 in terms of the cell average function f,

[(m—1)/2]

an
hivip = i1+ Y, agAr* (ﬁf> +O(Az™), (5.6)
k=1 t i+1/2

where the agj’s are some constants. In the examples we show later, we use a truncation at
m = 5, and therefore approximate f by

A 1 7
fiv1i2 = fiv12 — ﬂAx28%f|i+1/2 + %A#a;lfhﬂ/z' (5.7)

The first term in Equation (5.7) is approximated by

fi—|—1/2 = F(qi_—i—l/Q’ q,2:_1/2)7 (58)

where F is a monotone flux [86] and qil /g ATe sufficiently high-order one-sided approxima-

tions to ¢ at x;,q/9. The WENO interpolation described in Section 3.1 is used to obtain

+

%1 /2 The higher order terms in Equation (5.7) are approximated using central differences

together with a limiter constructed from the WENO smoothness indicators in (3.18).
In what follows, we shall first describe the aforementioned limiter in Section 5.1.2. After
that, we will describe how we handle one-dimensional systems, multidimensional cases, and

curvilinear meshes in Sections 5.1.3, 5.1.4, and 5.1.5, respectively.

5.1.2 A limiter on the higher order terms in the numerical flux

In this section, we look at approximations to the terms in the summation in Equation (5.6).

X

2k
In order that we retain an O(Axz") error, the approximation to ( 9 5% f) must be
i+1/2
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of error O(A:pm_% ). In the special case when m = 5, this requirement can be satisfied by

using the central differences

1
AZ203flii1 /0 ™ 15 (5fima +39fi-1 = 34fi = 34fi11 + 39fiv2 — 5fit3) -
X .
Az 0y fli1 o ~ 5 (fima =3fi1 +2fi + 2fix1 = 3fiva + fita).-

Note that the stencil needed in Equation (5.9) is contained in the union of S* used in the
WENO interpolation procedure described in Section 3.1.

Equation (5.9) is the approach used in [52] to approximate the second and third terms
in (5.7). In the original article [51] on the alternative flux formulation WENO scheme,
the higher order derivatives 92 f|; +1/2 and 21|, +1/2 are further expanded in terms of the
derivatives of f with respect to ¢ and the derivatives of ¢ with respect to x, before central
differences are applied. In both of these articles, which deal with Euler equations of hy-
drodynamics, satisfactory results can be obtained without using special treatments on these
terms. However, in experimenting with the MHD equations, we find it necessary to apply
an additional limiter on these terms.

In the case of m = 5, we would like to multiply the second and third terms on the right

hand side of (5.9) by a number ¢ that satisfies

o=1+ O(Aa:g), when ¢ is smooth on the stencil S = {z;_9,..., 213},
(5.10)

o= O(Az?), when ¢ contains a strong discontinuity on S.

Such ¢ can be constructed from the smoothness indicators used in WENO interpolation
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in the following way. We start from the f;’s defined in Equation (3.18) and then set

B B0 — Ba]
Omax = 1 + €+ min{ﬁ()a Bl>ﬁ2}7 (511>
B0 — Ba]

Omin = 1

e + max{fy, 61, B2}

where € is a small positive number (taken to be 1070 in all our examples) to avoid division

by zero. We can thus obtain a candidate for the coefficient o by

o = Jmin (5.12)
Omax
Note that o~ depends only on the stencil S~ = {z;_9,...,z;49}. A similar formula for
St ={x;_1,...,2;43} gives rise to another candidate c. We then set
— minfo— ot
o =min{oc" ,0" }. (5.13)

5.1.3 One-dimensional systems

We consider one-dimensional hyperbolic systems of conservation laws, which are the special
case of (2.4) with m = 1.

A one-dimensional system of conservation law takes the form

oq Of(q)
%t o =0, (5.14)
where
a=(¢'(t,2),....¢"tz)) (5.15)

5



is a vector function of ¢t and x and

f(a) = (f(q),.... f"(q)) (5.16)

is the flux function. Here superscripts denote the components of the vectors. Suppose the

system (5.14) is hyperbolic, that is, the Jacobian 0f /0q has n real eigenvalues

A(q) <--- < A(q) (5.17)

and a set of n independent (right) eigenvectors

ri(q),...,rp(q). (5.18)

Thus, if we let

R(q) = (r1(q),. .., rn(q)) (5.19)

be the matrix whose columns are the eigenvectors of 9f /0q, we will have

of

R~ !(a) 9a R(q) = diag(A1(q),. .., An(q))- (5.20)

Similar to Equation (5.7), we have, in the case of spatial order of accuracy m = 5, the

numerical fux

. L 9.9 T NAnd
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where

 Fla- +
Bip1e =F(a 090 ) (5.22)

is obtained from some monotone flux F resulted from any of a variety of Riemann solvers,
with qil /2 obtained from WENO interpolation, and the higher order terms is obtained
using a combination of central differences and an additional limiter, same as described in
Section 5.1.2.

In the case of a hyperbolic system, the WENO interpolation we use to obtain qil /2 is
performed on the local characteristic variables instead of on the components of q. To be

more precise, we have the following algorithm.

1. At each half grid point z; ¢ /2, compute an average state q; 1 /. In all the examples
we show later for the MHD equations, we have used the arithmetic mean of primitive

variables, that is, set

1
Viv1/2 = 5(%‘ +Yit1) (5.23)

for the variables ¢ ranging over {p,u, p, B}, and recover the conserved variables q =

{p, pu, &, B} from the ¢’s.

2. At each half grid point z; ¢ /2, compute the right and left eigenvectors of the Jacobian

0f/0q.

3. At each half grid point z; /25 project the conserved quantities in the stencil needed
for computing the numerical flux fl +1/2 onto the local characteristic variables. That
is, let

-1
Vik = B Qs fork=—r+1,....m (5.24)

where we use v; ;. to denote the local characteristic variables, and R~ is the left
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eigenvectors computed in last step.

4. For each i, perform the WENO interpolation on the v; 1’s to get Vz‘i+1 /2
5. For each i, project Vil /2 back onto the conserved quantities,
+ _ +
D12 = Riv1/2Vit1 o (5.25)

5.1.4 Multidimensional cases

Hyperbolic conservation laws in more than one spatial dimensions can be treated in a
dimension-by-dimension fashion, as is usually done in finite difference schemes.

For example, a system of hyperbolic conservation law in two dimensions takes the form

9q  0f(a) , Jg(q)

p— -2
ot o oy 0 (5.26)

where q is a vector function of ¢, z, and y, and f and g are the fluxes in the z and y
directions, respectively. On a uniform mesh with z; = iAz and y; = jAy, Equation (5.26)

can be solved by using the semi-discrete scheme

% + Aig;(fiﬂ/?,j - fZ’*1/2,j) + Aiy<gi,j+1/2 — 8 j-1/2) =0, (5.27)
where

Z%E <ﬂ+4/2d"'ﬂ—4/2J> = 0 (a(,9))l (4, ) + O(D2™ ) (5.28)
and

Aiy (gi,j+1/2 - gi,j—l/Q) = Oy8(a(@ )l (a;y,) * O(Ay™ (5.29)
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Physical Domain Computational Domain

Jacobian=J

Jacobian = J*

Figure 5.1: A schematic diagram of the physical and computational domain for curvilinear
meshes.

for a scheme with spatial order of accuracy equal to m. Now f and g can be approximated

by using the method described in the previous sections.

5.1.5 Curvilinear meshes

In this section, we consider the situation where the mesh on the physical domain is obtained
from a uniform mesh on the computational domain via a continuous map.

Suppose we have a two-dimensional scalar equation of hyperbolic conservation law (5.26).
Also, suppose the coordinates (x,y) is related to the curvilinear coordinates (£,7n) via some

continuous coordinate transformation. We also let
-1

_ S S| e (5.30)

Ne Ny Ye Yn

be the Jacobian of the transformation. See Figure 5.1 for a schematic diagram.
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Transforming Equation (5.26) into an equation of conservation law in the curvilinear

coordinates gives

g of 97
ot "o TV (5:81)
where
G=q/J, [=Ef+Eg, G=1uf+1y9, (5.32)

for the metric terms defined by

Eo=CafT =Yy, Ey=E&)T = —ay,
(5.33)

%:UI/J: —Y¢, @:Uy/szg-
We note that Equation (5.31) is hyperbolic as long as Equation (5.26) is hyperbolic.
If we equip the domain in the (£, n)-plane with a uniform mesh, we can solve Equa-
tion (5.31) using the method we described in the previous sections. In the course of doing

that, we will need to compute the metric terms in Equation (5.33), which can be approxi-

mated using sufficiently high order central differences.

5.2 HLL type Riemann solvers for MHD equations

In this section, we describe several HLL type Riemann solvers for MHD equations, which we
shall use in the alternative flux formulation of the WENO scheme. See Equation (5.22).
The HLL approximate Riemann solver was proposed by Harten, Lax, and van Leer [42].
This solver employs an approximate solution to the Riemann problem in which there is one
intermediate state connected to the left and right states by discontinuities. This interme-

diate state is obtained by exploiting the conservation of the equations, which is called the
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consistency condition in the literature. The HLL solver applies to any hyperbolic conserva-
tion law and does not make use of knowledge on the particular system. When applied to
the Euler equations for hydrodynamics, the HLL solver exhibits excessive dissipation in the
presence of contact discontinuities. To remedy this, Toro, Spruce, and Speares [88] proposed
what is now known as the HLLC (C for contact) solver for the Euler’s equations. This solver
assumes two intermediate states in the approximate solution, connected to each other by
a contact discontinuity and to the left and right states by shocks. The Rankine-Hugoniot
condition, in addition to the consistency condition, is used to determine the intermediate
states.

Similar ideas were also applied to the ideal MHD equations in [40, 58, 64]. Gurski [40]
and Li [58] named their solvers “HLLC” solvers for MHD, because they assume two interme-
diate states connected to each other by a contact discontinuity, as was the case in the HLLC
solvers for the Euler’s equations. Miyoshi and Kusano [64] named their solver “HLLD” (D for
discontinuities) solver, because their solver assumes four intermediate states and can exactly
resolve most types of discontinuities in the ideal MHD equations, the only exception being
the slow shocks. The HLLD solver is one of the two Riemann solvers we experiment when
we explore the effects of the choice of Riemann solver in the alternative flux formulation of
the WENO scheme, the other being Lax-Friedrichs. In [64], it is assumed that the normal
vector to the discontinuity interface is parallel to one of the coordinate axes and that the
magnetic field component normal to the discontinuity interface is the same at all points in
space. Neither necessarily holds true in the problems we need the Riemann solver to handle.
Curvilinear meshes demand that we consider Riemann problems with initial conditions (2.15)
where the normal vector n to discontinuity interface could be any direction. Multidimen-

sional MHD problems allows for jumps in the normal magnetic field because divergence-free
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condition can be saved by such jumps in other directions. We present our version of an
HLLD solver that can handle these issues by dropping the assumptions on the direction n
and the normal magnetic field. Since the HLLD solver uses certain results obtained from the
HLL and HLLC solvers, we first present these two simpler solvers in Sections 5.2.1 and 5.2.2.

After that, we present the HLLD solver in Section 5.2.3.

5.2.1 The HLL approximate Riemann solver

Consider the Riemann problem given by the initial conditions (2.15). We use F to denote

the flux in the n direction which we wrote as n - F in (2.6). We also introduce the notation

[a] = ay —a— (5.34)

to denote the jump of a quantity a across a discontinuity interface normal to n, where a4
is the value on the side that n points to, and a— is on the side that n points from. For
example, for the discontinuity in the initial conditions (2.15), [p] = pr — pL-

The approximate solution q employed in the HLL solver consists of three states, qg,
dLL, and qg, separated by two discontinuities propagating at wave speeds Sp, and SR,

respectively, where S7, < SR. In other words,

(
qr, if (X'n)/tSSLv

a(t,x-m) =S qurp, if Sp < (x-n)/t < Sy, (5.35)

qr, if Sg < (x-n)/t.

\

Here St, and SR are respectively the smallest and the largest of all the signal speeds, ap-

82



proximated by the smallest and largest among all wave speeds in qi, and qgr. The in-
termediate state qgpp, is so defined that for all T, &, and &g such that 77 > 0 and

¢, < min(0,7°St) < max(0,7SR) < &R, the consistency condition

R
/5 a(t,€) dé = epap — éar, + Ty, — TFR (5.36)
L

is satisfied (see [86]). In the subsonic situation, where S;, < 0 < Sg, the consistency

condition with &, = T'St, and {g = T'SR implies

SrAr — Snar + FL — Fgr

qHLL = (5.37)
SR — L
The Godunov type numerical flux corresponding to this approximate solution is
(
Fy, it 0 < 57,
F—{Sr—S5L+S5LSr(aR — QL)’ if S, <0< Sp, (5.38)
SR — AL

\

5.2.2 The HLLC approximate Riemann solver

The HLLC approximate Riemann solver we present in this section was first proposed by

Li in [58]. The approximate solution employed in this solver has two intermediate states
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connected by a contact discontinuity. That is, the approximate solution is given by

q(t,x-n) =

dRr;

\

if (x-n)/t <5,
if Sp, < (x-n)/t < Sy,
(5.39)

if Syp < (x-n)/t < Sy,

if Sg < (x-n)/t,

where S7, and SR are the estimated smallest and largest signal speeds, Sy is the estimated

speed of the entropy wave (as well as that of the divergence wave), and qj and q are some

intermediate states to be determined. Once this approximate solution is determined, the

corresponding Godunov type numerical flux is

if 0 <57,

q, —qr), ifSp <0< 8y,

(5.40)

FRr =Fr +Sr(ag —ar). if Sy <0< SR,

if Sp < 0.

We now proceed to describe the approximate solution in the case where St, < 0 < SRy.

We mentioned before that the normal velocities and the total pressures do not change across

a contact discontinuity in MHD. It is therefore reasonable to assume

uj ‘n=ug-n=>Sy=ugy-n (5.41)

84



and

Ptot], = PtotR- (5.42)

We shall further make the assumption that

Bf n=B5 - n=B - 1. 5.43
L R HLL

The Rankine-Hugoniot condition (2.17) across Sy, where « is either L or R, implies

Equation (5.44) on p gives

Saba = Pala "1 = Sapa — Pala " 1. (5.45)

Therefore
Sq — Uy - N
— 5.46
in view of (5.41). Equation (5.44) on pu gives
Sapatte — (Pa(ug - m)ug + protan — (B - 1) By) (5.47)
5.

= Sapala — (/)oz(ua : n)ua + Ptota — (Ba : n) Ba>~
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Taking dot products of both sides of (5.47) with n, we get
SaliSn — PiSH = Protly + (Bl - 1)* = SapaSu — pa(ua - 1)? = prote + (Ba - n)%. (5.48)
From this and (5.46), we get
Protly = Prota + Pa(Sa — ta - 0)(Sy — ua - 1) + (BY -n)? — (By - n)%. (5.49)

Thus we are able to compute from (5.48) the momenta in the intermediate states,

%% pa(sa — Uqg - n) + (ptotz —ptota)n + (Ba : H)Ba - (BZ ) n)BZ
Palq =
Sa - SM

(5.50)

To obtain the total energy &, in the intermediate states, we again use the Rankine-Hugoniot

condition (5.44) across So. This time we get

Sa€a = (€4 + Prota) (g - n) — (ug - BS)(BG - n))
(5.51)

= Safa = ((€a + prota)(Ba - n) — (ua - Ba)(Ba - n)).

Solving for £}, we get

€a(Sa — Ua 1) + ProtaSM — Prota(Ua - 1) 4+ (Ba - n)(Ba - ua) — (B - n)(Bg, - ug,)
Sa - SM '

(5.52)
We still need to determine B}, in (5.50) and (5.52). We shall use the consistency condition,

which in the current context takes the form

SM~—SL x| SR —SM

¥ = ) 5.53
S5 o LT g g AR T L (5.53)
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Apply (5.53) and (5.37) to pu and simplify with (5.42) taken into account, and we get

— (Bg -n)Bj + (B}, -n)Bf =0. (5.54)

In view of (5.43), it is reasonable to set

B} = B} = By (5.55)

Now the intermediate states in the approximate solution are completely determined
in (5.41), (5.43), (5.46), (5.49), (5.55), (5.50), and (5.52). Li [58] noted that if the Rankine-
Hugoniot condition (5.44) on B were used in place of the consistency condition (5.53) on pu

to get By, the consistency condition will be violated and instabilities will happen.

5.2.3 The HLLD approximate Riemann solver

The approximate solution employed in the HLLD solver has four intermediate states, con-
nected by two rotational discontinuities and one contact or tangential discontinuity. In other

words,

qr, if (x-n)/t <5y,

af, if Sy < (x-m)/t <5y,

q, if Sf < (x-m)/t < Sy,

q(t,x-n) = (5.56)

al. if Sn < (x-m)/t < S,

ag, if S < (x-n)/t < SR,

qr, ifSgp < (x-n)/t,
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where Sp, and SR are estimated fast shock speeds, S| and Sk are estimated speeds of
the rotational discontinuities, and Sy is the estimated speed of the contact or tangential

discontinuity. The corresponding Godunov type numerical flux is

F, if 0< Sy,
Fi:FL—i-SLqi—SLqLa if S, <0< S7,

P =FL+Sfa;" — (5§ — Su)af — Sran,  if Sf <0< Sy,
F = (5.57)

Fi' =Fr + Sqag — (Sk — Sr)aR — Srar, if Su <0 < S,

Fl*% =Fr+ Squ;{ — SRAR, if SE <0< SR,

Fg, if Sp < 0.

We now proceed to describe the approximate solution in the case where S, < 0 < Sy.

Similar to the assumptions (5.41), (5.42), and (5.43) made in HLLC solver, we assume

uj n=u"-n=ug -n=up-n=_S5=uyy-n, (5.58)
Ptot], = Ptot], = PtotR = PtotR (5.59)

and
Bl -n=B["-n=By -n=Bpj -n=Byy n (5.60)

Recall that rotational discontinuities are linearly degenerate and correspond to the Alfvén

waves, which propagate at speeds u-n F /(B-n)?/p. Since [p] = 0 across rotational
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discontinuities, we can set

Byp - n)>
St = 5y — [ BHLL ) (5.61)
PL
and
By - n)?
Sk = Sum + {BrL n)° HLL n (5.62)
PR

where p, can be obtained by using the Rankine-Hugoniot condition (5.44) on p across S,

which gives

Sa — Uy -1

Po = Pam; (5.63)

the same as (5.46). The four-intermediate-state approximate solution (5.56) degenerates
to a two-intermediate-state solution when S| and Sf are either too close to Sy, and Sg,
respectively, or when they are too close to Sy;. In both cases, we fall back to the HLLC
solver and forego what we describe below.

We now consider the non-degenerate case where S, S7, S{*, Sy, Sg*, Sk, and Sg are
sufficiently spread apart. The state q}, is obtained from the Rankine-Hugoniot condition
across So. The value of pf, was given in (5.63). Equations (5.49) and (5.50) in HLLC remain

valid in the current context. We repeat them here:

ptotz = Ptota T+ Poz(Sa — Uy - n)(SM — Uy - n) + (BZ : n)2 - (Ba : n)27 (5-64)
o
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Now apply the Rankine-Hugoniot condition across S, on B, which gives

SoBl — ((u-n)B — (B-n)u)), = S4By — ((u-n)B — (B-n)u),. (5.66)

With u}, - n given by (5.58), B}, - n given by (5.60), p}, given by (5.63), and piots, given

by (5.64), we see that (5.65) and (5.66) form a linear system of (algebraic) equations in uj,

and B},. The solution to this system is

u

pa(Sa —uq - n)(Se — Sy) — (Bypy - n)(Ba - n) w“
pa(Sa — a - 1) (S — S\) — (BaLL - n)2
(ptotz - ptota)(soz - SM) on (5.67)
pa(Sa —a -1n)(Sa — Sy) — (Byrr - n)
i (Ba - 1n)(Sa — Sm) — (BHLL - n)(Sa — uq - n)B
2 «
pa(Sa — uq -1n)(Se — Sy) — (ByLL - n)

*
(0%

and

gy — Lolda —Ua- n)* — By, - n)(Ba - n) .
pa(Sa —uq -n)(Sq — Sy) — (ByLL - n)2
pa(Sa —uq -1n)(By -n — Bypg, - n) u (5.68)
pa(Sa —uq -1n)(Se — Sy) — (ByLr - n)2 .
(Ptotey — Ptota) (BHLL - 1) N
pa(Sa = ua - 1)(Sa — Syp) — (Burr - m)*

Using the Rankine-Hugoniot condition across S, on &£, we can obtain

o+ _ €alSa —Ua 1) + Prota S\ — Prota(Ua - 1) + (Ba - 1)(Ba - ua) — (B - n)(By - ug)
r =

Y

(5.69)
which has the same form as (5.52). We note that whereas in the HLLC solver we used

consistency condition (5.53) on pu to obtain a equation for B}, (5.55), in the HLLD solver
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we used the Rankine-Hugoniot condition across S, on pu and B to get pu}, and B}, and
save a consistency condition similar to (5.53) for determining (pu))" and B} in the two
inner intermediate states.

We now proceed to find the values of the inner intermediate states q},". The Rankine-

Hugoniot condition across S, on p gives

Seope — (pu)y" -m=S5p5 — (pu);, - n. (5.70)

Solve (5.70) with (5.58) taken into account, we get

ot = (5.71)

Note that this is consistent with the fact that [p] = 0 across a rotational discontinuity, which
we assumed in deriving the estimates of Sf’ and Si in (5.61) and (5.62).
k% *

Since we have been considering the case where Sy,, Sf, S{*, Sm, Sg°; Sk, and SR are

sufficiently spread apart, we can assume that

BprL - n # 0, (5.72)

in view of (5.61) and (5.62). Under the assumption (5.72), the Rankine-Hugoniot condition
across S)[ on pu implies

B = BY (5.73)

91



and the same condition on B implies

u =ug. (5.74)

The consistency condition (consistency with the integral conservation law) in the current

context takes the form

(Sr — Sp)ar+(Sk — Swm)ag ™+ (Sm — St)ar + (S, — St)af, —Srar+Spar, +Fr—Fr, = 0.

(5.75)
We regroup the terms in (5.75) and get
(Sk = Sm)agy + (Sm — St)at” + (Sr(ag — ar) + Fr) — (Su(af, —ar) + Fr) (5.76)
— Sgpap + Stap, = 0.
The Rankine-Hugoniot condition (2.17) across Sj, gives
Saldy — da) = Fg —Fa (5.77)
Substitute (5.61), (5.62), (5.77) into (5.76), and we get
q** q**
B o | —f=+ == | +F; — Ff - Shap + Staj, = 0. (5.78)
\/PR \/PL
Applying (5.78) to pu with (5.71) and (5.74) taken into account, we get
Brws - nl (/o + /o1 )us” + ((w-n)pu + pron — (B-n)B)j .
5.79

— ((w-m)pu+ protn — (B n)B), — Sp(pu)y + St,(pu)g, = 0.
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Solving for u}* with (5.58), (5.59), (5.60), (5.61), and (5.62) taken into account gives

s A /piui + ,OEIIE + sign (BHLL . n) (BE — Bi)

a * k
\/PL+\/PR

Applying (5.78) to B with (5.73) taken into account gives

u

(5.80)

! B~ (B n)u)j,

B n|—+—|BJ+
R f 581

— ((u-n)B— (B-n)u)], — SyBR + S{Bf =0.

Solving for B}* with (5.58), (5.60), (5.61), and (5.62) taken into account gives

PRBL + /P B +sign (Byrr, - n)4 /o1 PRk (ul*% —uf)
B = : (5.82)

N

The Rankine-Hugoniot condition across S}, on & gives

Sala —((€ +prot)(u-m) — (u-B)(B - n));" = 5584~ ((€ + prot) (u-m) — (u-B)(B - n)),,.
(5.83)

Solving for £5* with (5.58), (5.59), (5.60), (5.61), and (5.62) taken into account gives
Eo' =& F Vb (uy - By —ug” - By sign(Byyry, - n), (5.84)

where — and + corresponds to a = L and o = R, respectively.
Now the intermediate states in the approximate solution are completely determined

n (5.58), (5.59), (5.60), (5.61), (5.62), (5.63), (5.64), (5.67), (5.68), (5.69), (5.71), (5.73),
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(5.74), (5.80), (5.82), and (5.84).

5.3 Constrained transport

In our current scheme, we use the same constrained transport framework as in Section 4.1 to
control the divergence error of the magnetic field. Namely, we evolve a vector potential A,
which satisfies (4.1)

B=VxA.

The evolution equation is given by (4.7)

HA 4+ (VxA) xu=0.

In the current multistage setting, we set

B=VxA

after each stage in the time integrator.
As explained in Section 4.3.1, in the case of two spatial dimensions, the divergence-free

condition becomes (4.19)

where B does not play any role. It therefore suffices to correct only B* and BY in 2D,

which can be done by evolving A* according to (4.20)
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and correcting B* and BY through (4.21)

In the current multistage scheme, Equation (4.20) is solved by a WENO method for
Hamilton-Jacobi equations in the same way as in [23]. The magnetic field correction (4.21)
is discretized by using fourth-order accuracy central differences, also in the same way as in
[23].

Constrained transport on curvilinear meshes is done similarly. In the curvilinear coordi-

nates, Equation (4.20) becomes

OpA” + J(u” €y + u¥y) O A” + J (Wi + uify) 0y A* = 0 (5.85)

and Equation (4.21) becomes
BY = J(&y0A* + yonA®), BY = —J(0¢ A" + 0y A”). (5.86)

Equation (5.85) is solved by a WENO method for Hamilton-Jacobi equations and Equa-
tion (5.86) is discretized by using fourth-order accuracy central differences. We note that
while such discretization only guarantees the divergence-free condition of magnetic field to
truncation errors, in practice we find this is sufficient to suppress the unphysical oscillations

associated with the divergence error of B.

95



5.4 A positivity-preserving limiter

When we apply the current scheme with the HLLD Riemann solver, we find it necessary
to apply a positivity-preserving limiter similar to the one described in Section 4.4. This is
possibly due to the enhanced resolution provided by the HLLD solver. We encountered a
similar situation in Section 4.5.5.2, where a finer mesh reveals a region of low pressure not
resolved in coarser meshes.

The positivity-preserving limiter goes mostly the same as the limiter in Section 4.4. The

differences are as follows.

1. On a curvilinear mesh, the equation actually being solved is given by (5.31). There-
fore the expressions for the updates and fluxes in Section 4.4 need to be modified

accordingly.

2. In the current multistage scheme, the procedure described in Section 4.4 is to be applied
at each stage. We note that while it is suggested in [22] that it is sufficient to apply the
limiter only at the final stage of each time step, we find it necessary to apply it at each
stage in the current scheme. This, again, is possibly due to the enhanced resolution

provided by the HLLD solver.

3. We have used f and g to denote the high order fluxes in the current chapter. In
Chapter 4, however, we used F and G to denote the high-order time-averaged fluxes
and f and g to denote the low-order fluxes. It should be clear how to translate the

description in Section 4.4 into a description with the notations in the current chapter.
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5.5 Numerical results

5.5.1 2D smooth Alfvén wave problem

We use the smooth Alfvén wave problem to test the order of convergence of our numerical

scheme. The initial conditions were given in (4.65) as

(p? ux7 uy7 uZ? uz’p’ Bx? By? BZ)(O7 lt)

= (1,0,0.1sin(27x), 0.1 cos(27mz), 0.1, 1,0.1sin(27x), 0.1 cos(27mz)).

The exact solution propagates with the Alfvén speed, which equals 1 (i.e., q(t,z) =
q(0,z +t)).

In Section 4.5.1 we rotated the direction of Alfvén wave propagation so that it is not
parallel to any mesh lines. In the current section, we keep the direction of wave propagation
parallel to the z-axis and tweak the mesh to achieve the same effect.

The computational domain is set to be (&,7) € [0,1]?, with the mesh lines perturbed

according to

r = + egsin(2mnag), (5,87
d.

y =n+ eysin(2nay),
where €; and €, are the magnitude of perturbation and a; and ay are the wave numbers of
the perturbation. In the results we show below, we use €, = 0.01, ¢, = 0.02, a; = 2, and
ay = 4. As an illustration, we plot a 32 x 32 mesh with these parameters in Figure 5.2.
In Tables 5.1 and 5.2, we present the L°-errors in B and A%, obtained using the alter-
native WENO method with the Lax-Friedrichs flux and with the HLLD flux, respectively.

These results confirm that our method has fourth order of accuracy. We note that for this
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Mesh Error in B Order Error in A* Order

32x32 5257 x 1073 — 1.604 x 1074 —

64 x 64  4.090 x 1074 3.68 8388 x 1076 4.26
128 x 128 2.658 x 107° 3.94  5.264 x 10~7 3.99
256 x 256 1.677 x 1076 3.99 3322 x 1078 3.99

Table 5.2: L®-errors in 2D smooth Alfvén problem. Alternative WENO with HLLD flux.
Constrained transport and positivity-preserving limiter on.

In Section 5.5.2.1, we run our scheme on both uniform and non-uniform 1D meshes, so as
to test its handling of shocks across abrupt changes in mesh spacing. In Section 5.5.2.2, we
run our scheme on a 2D mesh, with the initial conditions rotated, so as to test the handling

of shocks and control of divergence error of the magnetic field.

5.5.2.1 1D shock tube

In Figures 5.3-5.6, we present plots of the density and the transverse magnetic field using
various setups of 1D simulations. In all results, we have used meshes of 200 points. The
meshes in Figures 5.3 and 5.4 are uniform. The meshes in Figures 5.5 and 5.6 are determined
by

He if €] < 0.2,
. (5.89)

sign(&) (% + 2 (j¢| - 0.2)) otherwise,
with —1 < & < 1. We note that both the alternative WENO methods with Lax-Friedrichs
flux and with the HLLD flux can handle the abrupt change in the spacing in the non-uniform

cases without introducing too much oscillations.
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Figure 5.3: Brio-Wu shock tube. ¢ = 0.2. Alternative WENO with Lax-Friedrichs flux. A
uniform mesh of 200 points were used. Positivity-preserving limiter is turned on.
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Figure 5.4: Brio-Wu shock tube. ¢ = 0.2. Alternative WENO with HLLD flux. A uniform
mesh of 200 points were used. Positivity-preserving limiter is turned on.
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Figure 5.5: Brio-Wu shock tube. ¢ = 0.2. Alternative WENO with Lax-Friedrichs flux. A
non-uniform mesh of 200 points were used. Positivity-preserving limiter is turned on.
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Figure 5.6: Brio-Wu shock tube. t = 0.2. Alternative WENO with HLLD flux. A non-
uniform mesh of 200 points were used. Positivity-preserving limiter is turned on.
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5.5.2.2 2D rotated shock tube

We also run the Brio-Wu shock tube test on 2D meshes. In all the results presented in
this section, we use a 200 x 100 uniform mesh on the domain [—1,1] x [—0.5,0.5]. We
have rotated the initial condition by an angle of tan_1(0.5). In this setup, the enforcing
of the divergence-free condition becomes crucial. Without the constrained transport, the
simulation using alternative WENO with HLLD flux crashes before t reaches 0.2, whereas
the simulation using alternative WENO with Lax-Friedrichs flux demonstrates excessive
unphysical oscillations, which can be seen from the plots in 5.7. On the other hand, the
plots in Figures 5.8 and 5.9 show that turning on constrained transport can satisfactorily

control the unphysical oscillations.

5.5.3 2D Orszag-Tang vortex

In this section, we test our scheme on the 2D Orszag-Tang vortex problem, which we inves-

tigated in Section 4.5.3 with our first scheme. The initial conditions were given in (4.72),

p=7% u=(—sin(y),sin(z),0), B=(—sin(y),sin(2z),0), p=1, (5.90)

with an initial magnetic potential given in (4.73),

A*(0,z,y) = 0.5cos(2z) + cos(y). (5.91)
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Figure 5.7: Rotated Brio-Wu shock tube. ¢ = 0.2. Alternative WENO with Lax-Friedrichs
flux. 200 x 100 uniform mesh. Constrained transport and positivity-preserving limiter turned

off.
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Figure 5.10: Orszag-Tang test problem. Contour plot of density at t = 3. A perturbed
192 x 192 mesh. 15 equally spaced contour lines. Alternative WENO with Lax-Friedrichs
flux. Constrained transport and positivity-preserving limiter turned on.

The computational domain is (§,7) € [0, 27] x [0, 27], and the mesh is given by

T = 5 + €y Sin(nax)v (5 92)

y =n+ eysin(Eay),
where ¢, = 0.03, ¢y = 0.05, a; = 2, and ay = 4. We present the contour plots of the
density at time ¢ = 3 in Figures 5.10 and 5.11. The results agree with those found in the
literature [23, 26, 71, 90, 94]. We note that we have also successfully run the simulation to

the much later time of ¢ = 10, which shows the robustness of the our scheme.
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Figure 5.11: Orszag-Tang test problem. Plot of density at t = 3. A perturbed 192 x 192
mesh. 15 equally spaced contour lines. Alternative WENO with HLLD flux. Constrained
transport and positivity-preserving limiter turned on.
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5.5.4 2D cloud-shock interaction

In this section, we test the 2D cloud-shock interaction problem, which we tested in Sec-

tion 4.5.5. The initial conditions were given in (4.79)

(p? ux7 uy7 uz’p7 Bx? By? BZ)
(

(3.86859, 11.2536, 0, 0, 167.345, 0, 2.1826182, —2.1826182)  if 2 < 0.05,
=1 (10,0,0,0, 1,0, 0.56418958, 0.56418958) if 2 > 0.05, r < 0.15,

(1,0,0,0,1,0,0.56418958, 0.56418958) otherwise,

\

where r = \/(x —0.25)2 4 (y — 0.5)%. The initial magnetic potential we use was given
in (4.79),

—~2.1826182 + 0.080921431  if = < 0.05,
A7 =

—0.56418958x if x > 0.05.

In Figures 5.12 and 5.13, we show results obtained by running the simulation on a 256 x
256 uniform mesh that covers the physical domain (x,y) € [0,1] x [0,1]. We note that
the HLLD flux gives better resolution of shocks and other complex features. A similar
phenomenon is also observed in Figures 5.15 and 5.16, where we show results obtained by
running the simulation on a 256 x 256 non-uniform mesh determined by

x = (3—2&) cos(m+ (1 —2n)r/4) + 3cos(n/4),
(5.93)

y = (3 —2¢)sin(r + (1 —2n)7/4) + 0.5,

where (§,71) € [0,1] x [0,1].
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Figure 5.12: 2D cloud-shock interaction. Alternative WENO with Lax-Friedrichs flux. 256 x
256 uniform mesh. Schlieren plots at ¢ = 0.06. Constrained transport and positivity-
preserving limiter turned on.
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Figure 5.13: 2D cloud-shock interaction. Alternative WENO with HLLD flux. 256 x 256
uniform mesh. Schlieren plots at t = 0.06. Constrained transport and positivity-preserving
limiter turned on.
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Figure 5.15: 2D cloud-shock interaction. Alternative WENO with Lax-Friedrichs flux.
256 x 256 non-uniform mesh. Schlieren plots at ¢ = 0.06. Constrained transport and
positivity-preserving limiter turned on. The second row shows the region near the center of

the computational domain.
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Figure 5.16: 2D cloud-shock interaction. Alternative WENO with HLLD flux. 256 x 256 non-
uniform mesh. Schlieren plots at ¢t = 0.06. Constrained transport and positivity-preserving
limiter turned on. The second row shows the region near the center of the computational

domain.
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Chapter 6

Conclusions and future work

In this dissertation we proposed two high order finite difference schemes for the ideal mag-
netohydrodynamics.

The first scheme is single-stage single-step. The base scheme uses a finite difference
WENO method with a Lax-Wendroff time discretization that is based on the Picard integral
formulation of hyperbolic conservation laws. A discrete divergence-free condition on the
magnetic field is enforce by using an unstaggered constrained transport method that evolves
a vector potential alongside the conserved quantities on the same mesh as the conserved
variables. This vector potential is evolved with a modified version of a finite difference Lax-
Wendroff WENO method that was originally developed for Hamilton-Jacobi equations. This
allows us to define non-oscillatory derivatives for the magnetic field. To further enhance the
robustness of our scheme, a flux limiter is added to preserve the positivity of the density
and pressure. Unlike our previous solvers that are based on SSP-RK time stepping [23, 22],
this solver does not require the use of intermediate stages. This reduces the total storage
required for the method, and may lead to more efficient implementation for an AMR setting.
Moreover, we need only apply one WENO reconstruction per time step for the fluid variables,
whereas the third and fourth-order solvers in [23] require three and ten, respectively, WENO
reconstructions per time step. Numerical results show that our scheme has the expected

high-order accuracy for smooth problems, and is capable of solving some very stringent test
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problems.

The second scheme is based on an alternative flux formulation of the WENO scheme.
In this formulation, the numerical flux is Taylor expanded in space. The leading (lowest
order) term in the expansion is approximated by applying a Riemann solver on one-sided
approximations to the conserved quantities on half grid points. These one-sided approxi-
mations are obtained by WENO interpolation. The higher order terms in the expansion
is approximated by a combination of central differences and an additional limiter that is
based on the smoothness indicators for WENO interpolation. Similar to our first scheme,
an unstaggered constrained transport method is used to control the divergence error of the
magnetic field. The magnetic potential is evolved using a WENO scheme originally designed
for the Hamilton-Jacobi equations in the same way we did in [23, 22]. Also similar to our
first scheme, a positivity-preserving flux limiter is applied to further enhance the robustness
of the scheme. This scheme is also applied on curvilinear meshes, where we change the
ideal MHD equations to a new hyperbolic system of conservation laws under the curvilinear
coordinates and change the magnetic potential evolution equation to a new equation under
the curvilinear coordinates. Numerical results shows that when we use the HLLD Riemann
solver in the base scheme, the resolution of shocks and other complex features is better than
what we would get by using the Lax-Friedrichs flux, which is comparable to the results we
got by using the classical WENO scheme with Lax-Friedrichs flux splitting. The numerical
results also demonstrated the robustness of our scheme, on both uniform and non-uniform
meshes.

This dissertation serves as the starting point for the following directions of possible further

explorations.

1. Single-stage single-step schemes based on the alternative flux formulation of the WENO
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scheme. The work in [51] suggested that the alternative flux formulation can be made
into a Lax-Wendroff type single-stage single-step scheme by applying the Cauchy-
Kovalevskaya procedure similar to what we described in Chapter 4. Such a scheme

would have an even smaller effective stencil than what we have in Chapter 4.

. Treatment of more complex physical boundary conditions. The periodic and zeroth
order extrapolation we used in our numerical examples are useful in areas such as
simulations of galaxial formations and large-scale structures of matters in the universe.
However, in areas such as solar system physics and thermonuclear fusion, more complex
boundary conditions are needed and it is a non-trivial task to implement them in a

high order finite difference scheme.

. Incorporate the single-stage single-step scheme into AMR frameworks. This is an

important motivation for work in this dissertation, as well as the work in [23, 22].
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