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ABSTRACT

THE BERRY CONNECTION AND OTHER ASPECTS OF THE
GINZBURG-LANDAU THEORY IN DIMENSION 2

By
Akos Nagy
In the first chapter, we analyze the 2-dimensional Ginzburg-Landau vortices at critical cou-
pling, and establish asymptotic formulas for the tangent vectors of the vortex moduli space
using theorems of Taubes and Bradlow. We then compute the corresponding Berry curvature
and holonomy in the large area limit.
In the second chapter, we generalize Bradlow’s theorem about existence of irreducible

absolute minimizers of the Ginzburg-Landau functional.
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Chapter 1

Ginzburg-Landau vortices

1.1 Introduction

The Ginzburg-Landau theory is a phenomenological model for superconductivity, introduced
in [GL50]; for a more modern review see [AK02]. The theory gives variational equations —
the Ginzburg-Landau equations — for an Abelian gauge field and a complex scalar field.
The gauge field is the EM vector potential, while the norm of the scalar field is the order
parameter of the superconducting phase. The order parameter can be interpreted as the
wave function of the so-called BCS ground state, a single quantum state occupied by a large
number of Cooper pairs.

This paper focuses on certain static solutions of the 2-dimensional Ginzburg-Landau
equations called 7-vortices. Physicists regard the number 7 as a coupling constant, sometimes
called the vortex-size. Mathematically, 7 is a scaling parameter for the metric. The geometry
of T-vortices have been studied since [JT80, B90|, and there is a large literature on the subject;

of. [MN99, MS03, CM05, B06, B11, DDM13, BR14, MM15].

Families of operators in quantum physics carry canonical connections. This idea was
introduced by Berry in [B84], and generalized by Aharonov and Anandan in [AA87|. These
so-called Berry connections were used, for example, to understand the Quantum Hall Effect

[K85].



In gauge theories — including the Ginzburg-Landau theory — the Berry connection can be
understood geometrically as follows: the space P of solutions of gauge invariant equations is
an infinite dimensional principal bundle over the part of moduli space M where the action
of the gauge group G is free. Thus if all solutions are irreducible, then P is an infinite

dimensional principal G-bundle

P

|o

M
over M. The canonical L2 -metric of P defines a horizontal distribution — the orthogonal
complement of the gauge directions — which defines the Berry connection.

A connection on a principal G-bundle P — X defines parallel transport: for each smooth
map [": [0, 1] — X, parallel transport around I is a G-equivariant isomorphism from the fiber
at I'(0) to the fiber at I'(1). If I is a closed loop, then I'(0) = I'(1), and the corresponding
parallel transport is called holonomy. If G is Abelian, holonomy is given by the action of an
element in G.

Holonomies of the Berry connection are gauge transformations, which have a physical
interpretation: they describe the adiabatic evolution of the state of the system, that is its
behavior under slow changes in the physical parameters such as external fields, or coupling

constants.

This dissertation investigates the Berry connection of the 7-vortex moduli space associ-
ated to a degree d hermitian line bundle over a closed, oriented Riemannian surface 3. The
Berry holonomy assigns a gauge transformation gr to each closed curve I' in M;. These
gauge transformations are U(1)-valued smooth functions on 3. When d is positive and 7 is

greater than the geometry-dependent constant 79 = ﬁ&), then the moduli space, M,



is identified with the d-fold symmetric power of the surface Symd(E). A closed curve I' in
Symd(E) defines a 1-cycle in 3, called sh(I"), the shadow of I', which is defined by choosing
a lift of T’ to ©% — Sym? (%), and taking the union of the non-constant curves appearing in
the lift (see equation (1.50) for precise definition). The main theorem of this paper gives a
complete topological and analytical description of these gauge transformations in terms of

the shadow:

Main Theorem of Chapter 1. [The Berry holonomy of the 7-vortex principal bundle| Let
gr € G be the Berry holonomy of a smooth curve I' in the T-vortex moduli space M+, and
sh([") be the closed 1-cycle in ¥ defined in equation (1.50). Then the following properties

hold as T — oo:
1. [Convergence| gr — 1 in the C-topology on compact sets of ¥ — sh(T).

2. |Crossing| Let j : [0,1] — X be a smooth path that intersects sh(I') transversally and

positively once, and write gr o j = exp(2mips). Then pr(1) — p+(0) — 1.
3. |Concentration| As a 1-current, %g{ldgT converges to the 1-current defined by sh(I).

The map " — g induces a pairing

holy : Hy(2;Z) — HY (3 7),

defined in (1.53).
(4) |Duality| For all T > 19, the homomorphism hol. is Poincaré duality.

When T' is a positively oriented, bounding single vortex loop, or a positively oriented

vortex interchange (see Section 1.6 for precise definitions) our main theorem implies that
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the corresponding holonomy can be written as gr = exp(2mif;), for a real function fr on 3.
Moreover, fr can be chosen so that it converges to 1 on the inside of the curve, and to 0 on
the outside. This makes physicists’ intuition about the holonomy precise; cf. [101].

As mentioned above, T is a scaling parameter for the metric: one can look at the Ginzburg-
Landau theory with 7 = 1 fixed, but the Kéhler form w scaled as w; = t2w. Our results,
including the Main Theorem above, can be reinterpreted as statements about the large area

limit (i.e. t — 00), which can be more directly related to physics (see Section 1.7 for details).

This chapter is organized as follows. In Section 1.2, we give a brief introduction to the
geometry of the T-vortex equations on a closed surface, derive the tangent space equations
of the 7-vortex moduli space, and then recast them in a compact form. In Section 1.3,
we use theorems of Taubes and Bradlow to prove a technical result, Theorem 1.8, that
establishes asymptotic formulas for the tangent vectors of the of the 7-vortex moduli space.
In Section 1.4, we introduce the Berry connection associated to this problem. We then prove
asymptotic formulas for the Berry curvature in Section 1.5. In Section 1.6, we prove our
Main Theorem; the proofs are applications of Theorem 1.8. Section 1.7 discusses the large

area limit.

1.2 Ginzburg-Landau theory on closed surfaces

1.2.1 The 7-vortex equations

Let ¥ be a closed surface with Kéhler form w, compatible complex structure .J, and Rie-
mannian metric w(—, J(—)). Let L — 3 be a smooth complex line bundle of positive degree

d with hermitian metric h. For each unitary connection V, and smooth section ¢, consider



the Ginzburg-Landau free energy:
_ 2 2 2
E0r(9.0) = [ (1Fol + Vol + 2P (11)
b
where A\, 7 € R4 are coupling constants, Fyy is the curvature of V, and

2
w = %(T—|¢| ) (1.2)
The Euler-Lagrange equations of the energy (1.1) are the Ginzburg-Landau equations:

d* Fg + i Im(h(¢, Vo)) = 0 (1.3a)

V*Vo — dwé = 0. (1.3b)

When A = 1, the energy (1.1) can be integrated by parts and rewritten as different sum
of non-negative terms, and get the lower bound 277d. The minimizers satisfy the T-vortex

equations:

iNFg —w = 0 (1.4a)

Oyo = 0, (1.4b)

where AFy is the inner product of the Kihler form w and the curvature of V, and dy =
V1 is the Cauchy-Riemann operator corresponding to V. Solutions (V,¢) to the first
order equations (1.4a) and (1.4b) automatically satisfy the second order equations (1.3a)

and (1.3b).



1.2.2 The 7-vortex moduli space

As is standard in gauge theory, we work with the Sobolev Wk’p—completions of the space
of connections and fields. Let C; be the W12-closure of the affine space of smooth uni-
tary connections on L and Q% be the W12 closure of the vector space of smooth sections
of L. Similarly, let QF, and le be the W2 closure of k-forms, and L-valued k-forms
respectively. The corresponding gauge group G is the W22-closure of Aut(L) in the W22
topology. The gauge group is canonically isomorphic to the infinite dimensional Abelian
Lie group W22(%,U(1)), whose Lie algebra is W?2(%;iR). Elements g € Aut(L) act on
Cy, X QOL as g(V,¢) = (g oVo gil,ggb), and this defines a smooth action of G on Cj, x Q%
Finally, the energy (1.1) extends to a smooth function on Cj X Q% The space Pr of all
critical points of the extended energy is an infinite dimensional submanifold of Cj, x QOL
Due to the gauge invariance of energy (1.1), G acts on Pr, and every critical point is gauge
equivalent to a smooth one by elliptic regularity. The 7-vortex moduli space is the quotient
space M, = Pr/G. Elements of Pr are called T-vortex fields, while elements of M (gauge
equivalence classes of 7-vortex fields) are called 7-vortices. For brevity, we sometimes write

T-vortex fields as v = (V, ¢) € Pr and the corresponding 7-vortices as [v] = [V, ¢] € M.

There is a geometry-dependent constant 75 = Arig?E)’ called the Bradlow limit, with
the property that if 7 < 7, then the moduli space is empty and if 7 > 7, then there is
a canonical bijection between M, and the space of effective, degree d divisors; cf. [B90,
Theorem 4.6]. This space is also canonically diffeomorphic to the d-fold symmetric product
of the surface Symd(E), which is the quotient of the d-fold product ¥*% = ¥ x ... x &
by the action of the permutation group S;. Although this action is not free, the quotient

is a smooth Ké&hler manifold of real dimension 2d. For each value of 7 > 70, there is a



canonical L2-Kéhler structure (see Section 1.2.3). In the borderline 7 = 7y case, the ¢-field
vanishes everywhere and the moduli space is in one-to-one correspondence with the moduli
space holomorphic line bundles of degree d [B90, Theorem 4.7|. Accordingly, we focus on
the 7 > 7 case in this paper.

When 7 > 7, Bradlow’s map from M to Symd(E) is easy to understand: By integrating
equation (1.4a), one sees that the LZ?-norm of ¢ is positive. On the other hand, ¢ is a
holomorphic section of L by equation (1.4b). Since ¢ is a non-vanishing holomorphic section
it defines an effective, degree d divisor, giving us the desired map. The inverse of this map

is much harder to understand an involves non-linear elliptic theory.

Much of this picture carries over to open surfaces, even with infinite area (for example
Y. = C), if one imposes proper integrability conditions; cf [T84]. For simplicity we will always
assume that ¥ is compact. Furthermore the moduli space is empty for d < 0, and a single

point for d = 0. Thus we will always assume that d > 0 in this paper.

1.2.3 The horizontal subspaces

The tangent space at any point of the affine space Cj x QOL is the underlying vector space

it e QOL The tangent space of Pr is described in the next lemma.
Lemma 1.1. The tangent space of Pr at the T-vortex field v = (V, ¢) is the vector space of

pairs (a,v) € iQ & QOL that satisfy

iAda + Re(h(¢,¢)) = 0 (1.5a)

oy +a¥e = 0. (1.5b)



Proof. The linearization of equations (1.4a) and (1.4b) in the direction of (a, ) is:

lim } (iAPg 410 — §(7 = |6+ t0) ) = ida + Re(h(,6))

lim HOv1talo+ 1) = Iy +alo,

where we used that v is a 7-vortex field. This completes the proof, since the tangent space

is the kernel of the linearization of equations (1.4a) and (1.4b). O

The affine space Cj, x QOL has a canonical L2-metric given by

(a.)|(d, ) = / (a A% + Re(h(1,9/))w) (1.6)

Y

where % is the (conjugate-linear) Hodge operator of the Riemannian metric of 3. One
can check that the restriction of the L?-metric (1.6) to the solutions of equations (1.5a)
and (1.5b) makes Pr a smooth, weak Riemannian manifold, and that gauge transformations
act isometrically on Pr.

The pushforward of the tangent space T1G by the gauge action is called the vertical sub-
space of Ty, Pr. We define the horizontal subspace of T,,Pr to be the orthogonal complement
of the vertical subspace by the L?-metric (1.6). Since M, = P, /G, the horizontal subspace
is canonically isomorphic to the tangent space TMMT of the moduli space. The next lemma

shows that the horizontal subspace is also the kernel of a first order linear elliptic operator.

Lemma 1.2. The horizontal subspace of T,,;Pr, at the T-vortex field v = (V, ¢) € Pr, is the



vector space of pairs (a,v) € il @ QO that satisfy

(iAd + d%)a + h(ih,¢) = 0 (1.7a)

oy +a¥e = 0. (1.7b)

Proof. The real part of equation (1.7a) is equation (1.5a) and equation (1.7b) is equa-
tion (1.5b); thus solutions of equations (1.7a) and (1.7b) are in T,,Pr. To finish the proof,
we must check that a pair (a,t) in T, Pr is orthogonal to the vertical subspace at v ex-
actly if equations (1.7a) and (1.7b) hold. The pushforward of if € Lie(G) at v is given
by X¢(v) = (—idf,if®), hence horizontal vectors are pairs (a,), that satisfy the following

equation for every f € C°(%;R):
0 = ((aDl(-idf.ifo) = [(anF(-id)+ Re(h(.if o))
%
Integrating the right-hand side by parts yields
0 = /(d*a+ilm(h(¢,¢)))ifw.

D)

Because this holds for all f, we conclude that (a, ) is orthogonal to the vertical subspace
at v exactly if d*a + i Im(h(¢), ¢)) = 0 holds. Adding this (purely imaginary) equation to

the (purely real) equation (1.5a) gives equation (1.7a). O

Equations (1.7a) and (1.7b) depend on the choice of v, but if (a,1) is a solution of
equations (1.5b) and (1.7a) for v and g € G, then (a, g¢) is a solution of equations (1.5b)

and (1.7a) for g(v) = (V + gdg™1, g¢). Since gauge transformations act isometrically, the



L2-metric on the horizontal subspaces of TP descends to a Riemannian metric on M.
Let K be the anti-canonical bundle of 3, and Q0! = QOF, the W1’2—completion of the
space of smooth sections of K. We recast equations (1.7a) and (1.7b) in a more geometric

way in the next lemma.
Lemma 1.3. Fquations (1.7a) and (1.7b) are equivalent to the following pair of equations

0,1 0.
on (a,1p) € Q" DO

V28 a —h(g, ) = 0 (1.8a)

V28yi +ap = 0. (1.8b)
Moreover, the unitary bundle isomorphism

(a,) > (J5(a +i%a), ) (1.9)

interchanges solutions of equations (1.7a) and (1.7b) with solutions of equations (1.8a)

and (1.8b).

Proof. A complex 1-form « is in Q01 exactly if @ = i%a. For a € iQ!, define the unitary
map u by

u(a) = (a + 7%a). (1.10)

-

Using ¥2a = —a = @, we see that ®u(a) = —iu(a), and thus u(a) € Q%! Set o = u(a). With

0,1 _ «

this notation a”* = il which proves the equivalence of equations (1.7b) and (1.8b). The

Kihler identities yield (iAd + d*)a = —+/2 0*@, which is equivalent to equation (1.8a). [

The vector space of solutions to equations (1.8a) and (1.8b) has a canonical almost

10



complex structure coming from the complex structures of K and L, and this defines an
almost complex structure for M;. Mundet i Riera |[R00| showed that this structure is

integrable, and together with the L2-metric it makes M a Kahler manifold.

To put equations (1.8a) and (1.8b) in a more compact form, note that they are equivalent

to the single equation

where £, = Dy + Ay is defined as

Dy %@l -5 e % (a,0) — (\/éé*a, ﬁéw)

Ay 010 0) 5 00a 0% (a,0) = (<h(¢,¢), ag),

The operator Dy is a first order elliptic differential operator, and the operator Ay is a bundle

map. Straightforward computation shows that for all Z € Q%! @ Q%
ApA5(Z) = |6]° 2. (1.11)

Thus .A:; is non-degenerate on the complement of the divisor of ¢. Note that Dy, Aqg, and

hence Ly 4) make sense for any pair (V, ) € Cr, X QOL

Lemma 1.4. Let v = (V,¢) € C, X QOL be a pair such that Oy$ = 0. Then the operator

Dy A + AyDy; is identically zero.

11



Proof. The adjoint operators are

Dy (f.€) = (V20f, V2a¢) (1.12a)
A5(f,€) = (h(6,€),~19) (1.12b)

for any (f,€) € Q' @ QOL’l. The lemma follows from equations (1.12a) and (1.12b), the

holomorphicity of ¢, and the definitions of Dy and Ay. ]

Corollary 1.5. Let v = (V,¢) € Cf, x QOL be a pair such that Ogy¢ = 0. Then ker(LY) is

trivial.

Proof. From Lemma 1.4 and equation (1.11), we obtain £, L}, = Dy Dy + A¢AZ5. Hence if

Z is in the kernel of £, then

0 = L5222 = IDS(2)I72 + 1AL,

2
12

which implies that both terms on the right vanish. By equation (1.11), Z vanishes where
¢ does not, which is the complement of a finite set. But then Z vanishes everywhere by

continuity. Hence the kernel of L3, is trivial. O

1.3 The asymptotic form of horizontal vectors

In this section we will use of the following results of Taubes and Bradlow about the large 7

behavior of 7-vortex fields. Recall from equation (1.2) that

w = %(T— |¢|2>

12



Theorem 1.6. [Bradlow and Taubes| There is a positive number ¢ such that each T-vortex

field v = (V,¢) € Pr satisfies

o < 7 (1.13)

w+|Ve| < CTGXp(—@), (1.13b)

where distpy is the distance from the divisor D = ¢~1(0), and w is defined in equation (1.2).

Proof. In [B90, Proposition 5.2] Bradlow showed inequality (1.13a), using the fact that 7-

vortex fields satisfy the elliptic equation

(A+162)w = ogol® (1.14)

The right-hand side is positive away from a finite set, so the maximum principle and equa-

tion (1.2) implies inequality (1.13a). Inequality (1.13b) was proved in [T99, Lemma 3.3]. O
We call a divisor simple if the multiplicity of every divisor point is 1.

Lemma 1.7. Fiz a simple divisor D € Symd(E) and a corresponding T-vortex field v =

(V, ) with T > 19. The smooth function

hps = %<|av¢|2+2w2> (1.15)

depends only on D and T, but not on the choice of v. Moreover,

lim hp, = > 6, (1.16)
peD

13



in the sense of measures, where 6y is the Dirac measure concentrated at the point p € ¥.

Proof. Every term in equation (1.15) is gauge invariant, which proves the independence of
the choice of v for D. Using equation (1.14) we get hp , = %(Aw + Tw), hence for any

smooth function f:

hprfw = g= [ (Aw+71w) fw

M—

_ 1
- 2nT

M— M

w(Af)w + % wfw.
/

By [HJS96, Theorem 1.1], w converges to 2rdp in the sense of measures as 7 — oo. Thus
the first term converges to 0, and the second term converges to »_ f(p), which completes

peD
the proof. n

The space of simple divisors, Symg(Z), is an open dense set in Symd(E), and its comple-
ment is called the big diagonal. When D is simple, a tangent vector in TDSymd(E) can be
given by specifying a tangent vector to 3 at each divisor point. Thus the rank d complex

vector bundle K — Sym?(X) defined by

peD

is isomorphic to T’ 0’1Symg(§]). We next use ideas of [T99, Lemma 3.3| to construct an almost
unitary isomorphism from K to TO’ISymg(E).

Fix a simple divisor D, and let v be a corresponding 7-vortex field. Define

pp = min({dist(p,q)|p,q € D & p # q} U{inj(X,w)}), (1.17)

14



where inj(X,w) is the injectivity radius of the metric. Let y be a smooth function on [0, 00)
that satisfies 0 < y < 1, X’[O,l] =1, and X’[Q,oo) =0, and set

2dist
w = x(5552)- (1.18)

For each © = {ep}péD € Kp let §p be the extension of 6, to the open ball of radius inj(2, w)
centered at p using the exponential map. Define a smooth section og of K supported in

neighborhood of D by setting

o = ZXpap (1.19)
peD

and extending by 0 to all of ¥. Note that og satisfies
oo(p) = b & |\Vog| = O(distp) Vpe D. (1.20)

Finally, for each such v and © define Y, g as

Yoo = ﬂ% (x/ﬁwa@,m(a@ A 0V¢)> e g0l (1.21)

where again w = %(7‘ — |¢|2> Note that Y}, g is gauge equivariant, that is, for every g € G:
g*YU’@ = Yg(v),@' (1.22)

The following analytic result is the key ingredient needed to compute the asymptotic

curvature in Theorem 1.11 and holonomies in the Main Theorem.

Theorem 1.8. [The asymptotic form of horizontal vectors| For every v € Pr and © € Kp

15



as above, there is a unique Z, g € Qe QOL’l such that
Xv,@ = Yv,@ - *C;kj (Zv,@) (1-23)

1s a horizontal tangent vector at v. Moreover, the following asymptotic estimates hold:

1. |L?-estimate] HYU’@Hi?(Z — ZD‘Gp}Q as T — 0.
pe

)

2. |Pointwise bound] ‘XU’@ — YU,@‘ = O<7_1/2 exp <—@)>, where distp is the

distance from D, and c is the positive number from Theorem 1.6.

Equation (1.23) defines a bundle map from K to 701Sym%(¥) by
(D,0) — (D,11(X,.0)) (1.24)

where v is any 7-vortex field corresponding to the divisor D, and II is the projection from
Pr to M; = Sym?(¥). Equation (1.22) implies that (1.24) does not depend on the choice
of v. Furthermore, this map is almost unitary by Statements (1) and (2). Similar results

have only been known for flat metrics [T99, Lemma 3.3].

Proof of Theorem 1.8: Fix Y,, g as in equation (1.21). Since L, is elliptic, and ker(L;) =
{0}, by Corollary 1.5, the operator £,£% is has a bounded inverse (£,£%)"!. Thus the

equation

LYoo —Ly(Zye)) = 0 (1.25)

has a unique solution for Z,, g given by

Zyo = (LoL3) " (Lo(Yh0)) (1.26)

16



Consequently X, g in equation (1.23) is horizontal.

The pointwise norm of Y;, g satisfies

‘Y’U,@’Q = hD,T|U@’27

where hp  is defined in equation (1.15). Using equation (1.16), one gets Statement (1).

In order to prove Statement (2), we put Z, ¢ = (f1,.0.6v.0) € QO@QOL’l in equation (1.25)

to obtain the equations

(32 +3162) oo = A=wd'00, (L.27a)
(0v9% + 3191*) v = A=A (V" 00 Aoy ). (1.27b)

Let G 4] be the Green’s operator of the non-degenerate elliptic operator H 6] = lA+% |¢\2
on Q. Both H, 4] and G[(b] depend only on the gauge equivalence class of ¢. By an abuse
of notation GW will also denote the corresponding Green’s function, which is a positive,
symmetric function on ¥ x ¥ with a logarithmic singularity along the diagonal. With this

definitions, we can write f, g as

Juo = \/817T—T/G[¢]w5*a@w. (1.28)
by

Standard elliptic theory gives the following bounds on the Green’s function:

Glg)(z,y) < (1 + |In(v7dist(z, y))]) exp(—M) (1.29a)

4Gy @0)| < gy e (- ) (1.20D)

17



for some ¢ € R4 independent of 7 or D (see [T99, Equation (6.10)]). Using equation (1.28)

and inequalities (1.29a) and (1.29b), together with the bound on w in inequality (1.13b) and

on |Vog| in equation (1.20) we get (after possibly increasing c)

dist
fe| < Cexp (-@) (1.30a)

VT dCiStD) . (1.30b)

hel < Sew(-

Before turning our attention to equation (1.27b), note that we have the following two scalar

identities
Algyol’ = 2Re((€,0|V*VEL0)) —2|VEsol* (1.31a)
Aleol” = 2[6,0]Al6 0] —2]dé 0l (1.31b)
Using the Kiihler identity on Q"'
(1.32)

V*V = QEVE*V —iANFy = 25V5*V - %(7—_ ’¢|2>7

in equation (1.27b), together with the Cauchy-Schwarz inequality in equation (1.31a), and
Kato’s inequality (cf. [FU91, Equation (6.20)])

|d|fv,®H < }VSU,@| (1.33)

gives us
(1.34)

(a+37)level < HIVoolldyol.
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Equation (1.34), together with the bound on ‘quﬂ in inequality (1.13b) and the bound on

|Vog| in equation (1.20) gives us (again after possibly increasing c)

évo] < %exp<——ﬁd§StD). (1.35)

Applying 5*V to equation (1.27b) gives an elliptic equation on g*va,(%- Similarly to the

previous computation we get the following inequality:

(A - %r)

= dist
Beo| < fp(—@)

Thus (after possibly increasing ¢ one last time)

g*vﬁv,@‘ < mexp (— ﬁdciStD) (1.36)

Finally, inequalities (1.30a), (1.30b), (1.35) and (1.36) give us

‘Xv,@ _Yv,@‘ = |£;(Zv,@)|

< Valar.el +1l11 + va[aue| + 1ol
= 0(7_1/2 exp (—@))7

which completes the proof of Statement (2). O
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1.4 The Berry connection

The 7-vortex principal bundle is the principal G-bundle II : P — M described in Sec-
tion 1.2, with TI(v) = [v]. In Lemma 1.1 we constructed a horizontal distribution on the
T-vortex principal bundle, which is the orthogonal complement of the kernel of II,. This
distribution is G-invariant, so is a connection in the distributional sense (cf. [KN63, Chap-
ter II|), which we call the Berry connection. The corresponding connection 1-form is the

unique Lie(G)-valued 1-form A that satisfies the three conditions:
1. ker(Ay) is the horizontal subspace at v € Pr,
2. (g*A)g(U) = adg(Ay), for all g € G,

3. A(Xf) —if, for all if € W22(2;4R) = Lie(G), where Xy(v) = (—idf,ifp), as defined

in Lemma 1.2.

The next lemma gives a formula for A,. Recall that for each 7-vortex field v = (V, ¢), the

Green’s operator GG 4] is the inverse of the non-degenerate elliptic operator H 6] = %A+%|¢|2.

Lemma 1.9. The Lie(G)-valued 1-form on Pr defined as

Av(a,9) = —3Gg(d"a+ilm(h(¥,9))) (1.37)

is the connection 1-form corresponding to the Berry connection.

Proof. The right-hand side of equation (1.37) is the composition of the non-degenerate
Green’s operator and a Lie(G)-valued 1-form. In the proof of Lemma 1.1 we saw that the

kernel of this 1-form is exactly the horizontal subspace. This proves Condition (1) above.
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Because G is Abelian, the adjoint representation of G is trivial, and hence the Condition

(2) reduces to (g*A)g(U) = Ay. Since g«(a, ) = (a, 1), we have

9" Ay (@, 0) = S Gy (d*a + i Tm(h(g¢), g9)))

= _TlG[¢] (d*a +1 Im(h(¢7 ¢)))7

thus g*Ay(,) = Au. This proves Condition (2).
Finally, we show that A is the canonical isomorphism between the fibers of the vertical

bundle and the Lie algebra of G, that is A(Xf) = if for every f € C°(%Z;R):

Ap(Xf) = FGrg(d*(=idf) + i Im(h(if ¢, ¢)))w
= iGM ((%Af + %|¢’2) f)
=if,

thus Condition (3) holds. O

We can use Lemma 1.9 to compute the curvature 2-form of the Berry connection. Since
G is Abelian, the curvature, called the Berry curvature, is a Lie(G)-valued 2-form which

descends to the base space M.

Theorem 1.10. The curvature 2-form of the Berry connection at [v] € My is

Q[U](‘X?Y) = G[¢](Z Im(h(¢X7¢Y))) (1'38>

where (ax,®¥x) and (ay,vy) are the horizontal lifts of X and Y, respectively, at v. More-

over, equation (1.38) does not depend on the choice of the T-vortex field v representing [v].
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Proof. The claim about the independence of the choice v is immediate since everything on
the right-hand side is gauge invariant.

The curvature is the unique Lie(G)-valued 2-form 2 on M, that satisfies IT*(Q2) = dA,
where II is the projection from Pr to M. Thus it is enough to compute the expression
dAy((ax,vx), (ay,¥y)), and compare it with equation (1.38). Recall, that the formula for

the exterior derivative

A(X.5) = K(a(7)) -7 (a(%)) - a([%.7]), (L0

where X and Y are smooth local extensions of (ax,1y) and (ay, by ) respectively. Choose
the extensions so that their Lie bracket vanishes at v. Let T be the local flow generated by

X, 50 Te(v) = v+t (ax,bx) + O(t2). Since A(?) =0 at To(v) = v, we have

)?U<A(?)) — lim lATt(U)(?(Tt(U))).

t—0 ¢

Note that Y (T¢(v)) = (Y¢),(ay,vy)) + O(t2), because [)?,57} = 0. Finally, let us write
v

G[qurt x40 (tQ)} = G[¢] +t Gﬁ] + O(t2> .
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Keeping only the linear terms, we obtain

%o(A(7)) = tim Fay, ) (F(T0)))

t—0 t

li
tg% 7G[¢+t Yx+0

(tQ)} <d*ay -+ i Im(h(¢y, ¢ -+ t le» -+ O<t2>>
= lim 3 (itGg)(Im(h(wy  ¥x))) + 1 G5y (day +i Im(h(vy, 9))

— —%GW (Im(h(Yy,¥x))),

where we used the fact that d*ay +i Im(h(1y, ¢)) = 0 for tangent vectors. Interchanging X
and Y changes sign, since Im(h(y, bx)) is skew. Substituting these into equation (1.39),

and noting that the commutator vanishes, gives equation (1.38). O

1.5 The asymptotic Berry curvature

In this section we use Theorems 1.8 and 1.10 to analyze the Berry curvature in the large 7
limit.

As before, let D be a simple divisor, and v = (V, ¢) be th corresponding 7-vortex field.
For each p € D, choose ©p = {0p 4}qep € Kp, so that [0y 4] = pq. Let op = o, be the
corresponding section defined by equation (1.19), and let X%@p = (ap,¢p), as defined in

Theorem 1.8. By equation (1.23),

XU,@p = Y’U,@p - E:; <ZU,@p) ‘ (140)

where Z,, o, = (fp.&p) € Qo QO It is easy to see that in Statement (2) of Theorem 1.8

we can now replace distp with disty, the distance from the single point p.
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The set {Xp},ep, where Xj, = Il (XU7®p> € T[U]MT, is an asymptotically orthonormal

basis for the horizontal subspace at v, in the sense that as 7 — oo

<Xp|Xq> =0pq + O(exp <—@)) — Opg-

Finally, for each tangent vector X, let X” = (X|—) be the metric-dual covector.

Theorem 1.11. [The asymptotic Berry curvature| There is a positive number ¢ such that if

T > 10 = Area(y) and [v] is a simple T-vortex, then the Berry curvature satisfies

Q= > ((Xpémjr—“; + z‘Afi’q) X2 A (iXg)" +iBPIXE A XD 4 iCP(iX,)" A (in)b>,
p,qeD

(1.41)

where xp as defined in Equation (1.18), and A2 BPA - gnd CPY are real functions, with

AP 4 | B

+|CP| = O(Tlexp(—@)) (1.42)

Proof. For p # q, Theorems 1.6 and 1.8 imply that

()| = ol < coxp( LTI} o ooy VD).

This inequality together with the fact that G[¢](1) = O(T_l) from inequality (1.29a), gives
equation (1.42) in this case.

In general, for every p € D, Theorem 1.10 shows that

T (Xp, 1Xp) = Gy (\wpIZ)- (1.43)
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This is non-negative, because G[¢] is given by convolutions with the positive Green’s function.

By equation (1.40), we can write

Up = Ja=ihop N Oy o) — V209 + foi (1.44)

Applying the bounds in Theorems 1.6 and 1.8 to equations (1.43) and (1.44), we obtain

L0 (X, iXp) = 592Gy (|ap|2]av¢]2) + Gy (0 (exp (—@))) (1.45)

By inequality (1.29a), and the positivity of the Green’s function the last term is

g (0o~ Z52))) - o+ e ER)). na

Theorem 1.6 and equation (1.14) gives us

Hig) (xpw) = 5xpl0v 6] + O(T exp (—@) ) (1.47)

Thus we can write the main term in equation (1.45) as

2 2 2 .
G[¢] (up| 2’6 ¢| > = G[‘b] (i@’g T¢| > + O(G[¢] (Tdist]% exXp (— \Edzstp>)>

T s Cc

= Xprr + O (7'_1 exp <——ﬁiiStp>) ; (1.48)

since || — yp = O(dist2) by (1.20). Combining equations (1.45), (1.46) and (1.48) yields
p p p
. _ dist
1) (Xp, X)) = xp7 +O(T 1eXP<_@>)-
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This completes the proof of equations (1.41) and (1.42). O

1.6 The asymptotic Berry holonomy

A connection on a principal G-bundle P — X defines the notion of parallel transport; cf.
[KN63, Chapter II]. Parallel transport around a loop is called holonomy. Holonomy can be
viewed as a map from the loop space of X to the space of conjugacy classes of G. For Abelian

G, the later space is canonically isomorphic to G.

In our case, the 7-vortex principal bundle, P — M, is a principal G-bundle equipped
with the Berry connection. The physical interpretation is that if one adiabatically moves
the divisor points along a curve I' in Symd(E), then the corresponding 7-vortex field evolves
by the parallel transport defined the Berry connection (cf. [K50], and [B84]). In particular,
when I' is a loop, the holonomy of the Berry connection, called the Berry holonomy, is a
gauge transformation. In this section, we give analytic and topological descriptions of the

gauge transformations that arise as Berry holonomies.

Since the Berry holonomy is a map from the loop space of 7-vortex moduli space, we
recall some well-known properties of loops in M, = Symd(Z).

We call a loop I' in Symd(E) a single vortex loop if only one of the divisor points moves,
and all other divisor points are fixed. In other words, single vortex loops are induced by loops
in 3 that are based at one of the divisor points. Every loop in Symd(Z) can be decomposed

up to homotopy (and thus homology) to a product of single vortex loops. Moreover,

Hy (M7 Z) = Hy (Sym(2),2) = Hy (5 2), (1.49)
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where the last isomorphism is given by sending single vortex loops to their homology classes

by the Hurewicz homomorphism.

Recall that the complement of Symg(Z) is called the big diagonal. A loop in Symd(Z) is
regular if it is a smooth, embedded (immersed, if d = 1) loop that does not intersect the big
diagonal. The big diagonal is empty when d = 1. When d > 1 the big diagonal is a subvariety
of codimension at least 2, thus every smooth loop in Symd(Z) can be made regular after
a small smooth perturbation. Now consider the canonical covering map Z?d — Sym‘sl(E),
where E?d is the space of ordered d-tuples in ¥ without repetition. Given a regular loop I'
that starts at the simple divisor D = I'(0) € Sym%(X), each lift D € £*9 of D determines
a unique lift T of I'. The lift I can be regarded as a d-tuple (y1,...,74) of curves (not

necessarily loops) in X. The shadow of T, sh(T') C X is

sh(T') = U image(;), (1.50)

where the union is over all non-constant ;. The set sh(I') has a natural orientation coming
from the orientation of I'. Since I' is regular, sh(I") is a union of immersed, oriented loops,
hence it is an integer 1-cycle in ¥. The homology class in Hq(X;Z) represented by sh(T)
is independent of the choice of the lift D. We denote this class by [I']. It is easy to check
the homotopy class of T' in Sym?(X) is sent to the homology class [I'] by the isomorphism
(1.49). In general, for a single vortex loop, only one of the v;’s is not constant, say ~, and

] =[] € Hi(%:2).

Example 1.12. An example of sh(I') is seen on Figure 1.1, where

[T =[] + el + 3] = ),
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since both v1 and 9 are null-homologous. Thus I' is homologous to a single vortex loop.
We call a loop a (positively oriented) vortex interchange if, as in Figure 1.2, only two
vi’s, say y1 and 3, are not constant, and the composition T' = ~1 % o is the (oriented)

boundary of a disk.

Figure 1.1: Single vortex loops: One divi- Figure 1.2: Vortex interchange: One di-
s All visor point moves along 1 and another

divisor point moves along 79. All other
divisor points are fixed.

sor point moves along one of the ~;
other divisor points are fixed.

Since the Berry holonomy has values in the gauge group G, we also recall a couple well-
known properties of gauge transformations. Elements g € G represent classes in H 1(2; 7)
as follows: For a closed manifold X and a finitely generated Abelian group G, H"(%; G)
is canonically isomorphic to the space [X, K(G,n)] of homotopy classes of continuous maps
from X to the Eilenberg-MacLane space K (G, n) (cf. [H02, Theorem 4.57]). Since K(Z, 1) =
U(1) and G is homotopy equivalent to [, U(1)], we get that H'(3;Z) is canonically isomor-
phic to my(G), which is also a group, because G is. In fact, if Gy is the identity component

of G, then my(G) ~ G/Gy, and the short exact sequence

{0} = Gy — G — H'(2;Z) — {0} (1.51)

is non-canonically split.
The isomorphism between m(G) and H1(X;Z) can be understood on the (co)cycle level;

since 3 is a closed, oriented surface, H!(3; Z) is canonically isomorphic to Hom(H1(%; Z), Z).
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An element g € G defines an element [g] € Hom(H1(X;Z),Z) via
b =900) = ok [ g7 e 2 (1.52)

The Berry holonomy can be viewed as a map from the loop space QM of M, to G. It

then induces a map holyx on the connected components:

(M) s mo(QMy) 2% 106) s B Z2).

Since cohomology groups are Abelian, the above map factors down to the homology, and

thus defines a homomorphism:

hOl*
—

hol, : Hy(3:Z) = Hy{ (M 7Z) H (2:7), (1.53)

where the first isomorphism is from (1.49). Using equation (1.52), an explicit formula for

hol, can be given as follows: if g = hol(T"), then holy([I']) evaluates on any 1-cycle v by
ol (T (1) = ok [ 97 'dg (151)

Finally, recall that a k-current is a continuous linear functional on QF. A 1-form a € Q!

defines a 1-current by

Culh) = /a/\b. (1.55)

by

29



Similarly, a smooth 1-chain 7 defines a 1-current by

c¢m:/ﬁ. (1.56)
Y

We say that the 1-currents in equations (1.55) and (1.56) are the I-currents defined by a and

v respectively.

Now we are ready to prove our main theorem about the Berry holonomy, stated in the

introduction.

The proof of the Main Theorem. Since every smooth path can be made regular by an arbi-
trarily small smooth perturbation, it is enough to check regular loops, I'.

We prove Statement (1) first: Let v be a 7-vortex field corresponding to D, and T be the
horizontal lift of I' starting at v € Pr. Since I is regular, I'(¢) is simple for all ¢, thus we
can apply Theorem 1.8 to the velocity vector X (t) = (at,1¢), which is horizontal, and hence

obtain

Tdis
f_ﬁﬂ) (1.57)

d
lat| + |Ye] < er Zh{(t)! eXp(— z
=1
By definition of the holonomy,

1 1

1
gmgzv+/ﬁ@ﬁ= v+/%@¢+/%ﬁ
0 0

0

On the other hand, by the definition of the gauge action (for Abelian groups),

gr(v) = (V +9¢d9;1a QT¢>-
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Thus we have

1
grdg; ! = /at dt, (1.58)
0
and
1
— /wt dt. (1.59)
0

Let V' C ¥ be any compact set in the complement of sh(I'). Since dist(sh(I'),V) > 0,
Theorem 1.6 shows that |¢| > 4 on V for all large 7. Hence equations (1.57) and (1.59)

imply that for x € V

1 4 1
Bllgr — 1], < YElgr —1l, < [|er(@)ldt < e eXp _ Vrdist (3 (0).0)\ 4
x 2 x c
0 i=17
(1.60)
1} _

Using |g-| = 1, |dgy |dg-|, and equations (1.57) and (1.58), we also obtain

q 1
dgrlz < Z/|at )dt < CTZ/l’y,L exp \FdISt(%() )>dt (1.61)

7,:10 7,10

Combining the last two inequalities gives

VTlgr — 1|, + |dgr|z < dr exp(—w), (1.62)

for all large 7, which implies that |g- — 1| and |dg;| converge to 0, uniformly on V', as 7 — oo.

This proves Statement (1).

In order to prove Statement (2), we first assume that I is a single vortex loop, for which
sh(I") is an embedded loop, that bounds an embedded disk B in ¥, and D = I'(0) = I'(1)

has no divisor points in the interior B, and let p be the divisor point in D that is moved by
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['. There is a canonical embedding of B into M that sends a point z € B to the divisor
x + (D —p). The image of this map, §, is an (oriented) disk in M, whose (oriented)
boundary is I'. We will denote this embedding by 7 : B — B.

Since I' is null-homotopic, g; is in the identity component of G, and so can be written as

gr = exp(2mifr), where fr is a smooth, real function on ¥. By Stokes’ Theorem,
fr = %M/Q (1.63)
B

If 7 is a path as in Statement (2) of the Main Theorem, then ¢, = froj. Using equation (1.63)

we see that

pr(D) = or(0) = fr(§(1) = fr(5(0) = 25 /(Q(j(l)) = Q(j(0))),
B
where j(1) is in B, and j(0) is not. To evaluate this integral, we reparametrize using 7g. By

Theorem 1.8, if w; is the pullback of the Kéhler class of M, from Bto B using g, then
wr = mTw + O(1).

For each z € B, let w; be the function w, defined in equation (1.2), corresponding to
the divisor D = mg(x), and let d, = dist(x,{j(0),7(1)}). By [HJS96, Lemma 1.1, w;|p

converges to 2md,, in measure, since DN B = {x}. Now using Theorem 1.11, the last integral
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above equals to

or(1) — 7 (0) = %ﬂ /(wx(j(l));_wg;(j(())) + O(T_l eXp(—@)))(?TT + O(1))wy
B

:B/<5(:v,j(1)) + O(exp<— @d“’)))‘”w T O<T_1>

= 1+O(T_1).

This implies Statement (2) in the case where I' is a simple vortex loop that bounds a disk.

In the general case, let I(2¢) be the tubular 2e-neighborhood of I = image(j), where ¢ is
small enough so that I(2¢) Nsh(I') is a single embedded arc. Let I'° be a single, embedded
bounding loop in ¥, as in the previous case, for which sh(I') and sh(I'°) coincide on I(2¢).
Let T'out and I'g,; denote the parts of I and I'°, respectively, for which sh(I'oy,¢) and sh(Fgut)
lie in the complement of I(2¢). Similarly I';, = I} is their common part. Now one can join
I'c,¢ with the reverse of Iyt to get a piecewise smooth loop I'™V, such that sh(I™°V) is
disjoint from I(2¢), and furthermore, the loop sum I'« 'V and I'°y differ only by I'gyt and

its reverse, thus

grholrnew = holpo.

On I(¢) we have that holpnew converges to 1 in the Cl-topology as 7 — oo. Since the
crossing formula holds for I'°, it must hold for I" as well. This establishes the general case
of Statement (2).

In order to prove Statement (3) we pick a finite cover U of ¥ by coordinate charts such
that for every (U, ¥) € U the preimage of the intersection U1 (sh(I') N U) c R? is either (i)

empty, (ii) the z-axis, or (iii) the union of the two axes. By using a subordinate partition of
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unity, it is enough to prove Statement (3) for 1-forms that are supported inside one of these

charts. Fix one such chart (U, ¥) € U, and let b € Q! a 1-form with supp(b) C U. Let us

also write

\II*GT = dfr

U*h = Adx + Bdy,

where A and B are compactly supported functions on R2,

If U1 (sh(I") N U) is empty, then the support of b and sh(T') are disjoint, hence

Cory®) = [v= [ o= [o=0
) 0

sh(T") sh(I")Nsupp(b

On the other hand, as 7 — oo, ar — 0 on supp(b) by Statement (1), and hence

Cor(b)] < b[;1 — 0,
|Car ()] Slrlggé){laTl}H Iz

which proves Statement (3) in the case (i).

Next, if U1 (sh(I") N U) is the z-axis, then by equation (1.64b),

Csh(F) (b) = / \I’*b = / A((ﬂ, O)d:E

U1 (sh(1)NU)

We also have

by U R2
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Again using equation (1.64b), this becomes

Co (b) = / df A (Adz + Bdy) = / d(f-Adx + f-Bdy) — / fT(%fj . %)d;@ Ady.
R2 R2 R2

The first integral on the right-hand side is zero by Stokes” Theorem and the fact that A and
B are compactly supported. By Statement (2), we choose fr so that it converges to 0 when

y is positive and to 1 when y is negative. As 7 — 0o, we then have

R2
oo 0

o [ (3w - Pow)dyis

= fA(x,O)dm

Together with equation (1.65) this proves Statement (3) for case (ii).

Finally, if ¥~!(sh(I') N U) is the union of the two axes, then again by equation (1.64b),

0 o0

Copry () = / W — / Az, 0)dz + / B(0,)dy. (1.67)
U1 (sh(1)NU) —%0 —%0
As before, we also have
Cy () = /fT (% _ %—ﬁ)dm A dy. (1.68)

But now Statement (2) shows that, as 7 — oo, fr converges to 0 in the upper left quadrant,

to 1 in the upper right and the lower left quadrants, and to 2 in the lower right quadrant.
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Hence by equation (1.68),

Cur®) >2 [ [ (Bw0) - o))y

ay (@
R, R_
/ / 4 (0,y) - 9B ,y))dydx
R, R,
/ / (v,y) = B (w.) ) dyda
— 70A(x,0)dx + 7B(o,y)dy,

where the last step is an elementary computation. Together with (1.67), this proves State-
ment (3) for the case (iii).
To prove Statement (4), according to equation (1.54) and the definition of the Poincaré

duality, we need to show that for any [y] € H{(%;Z),
ol (T)(14) = gtz [ 97 dgr =T+ . (1.69)

Since everything in (1.69) is homotopy invariant, we have the freedom to change I' by a
homotopy. Recall from (1.49) that I' can be decomposed, up to homotopy, to a product of
single vortex loops; thus it suffices to check Statement (4) for a basis of 7 (Symd(E)) =
H(X;Z). We use a “symplectic” basis: a set of simple closed curves {, Bi}lgigg(z) such

that «; intersects f3; transversally and positively once, and o; N 5; = a; Ny = B; N B = 0

for i # j. There is always such a set, and {[a;], [8i]}1<i<g(x) is a basis of H1(X;Z), with

o] - [l =0, [Bi]-[Bj] =0,  [ag]-[Bj] =i,
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where - is the homology intersection. Denote the corresponding single vortex loops in
Sym4(£) by {@;, Bit1<ico(s):
To prove Statement (4), we need only to verify (1.69) for every pair in the basis. When

v € {a;, B}, and T € {ay, BJ} with i # j, we have by Statement (1) that

/ig;ldgT = O(T exp(—M)). (1.70)
4
When v = ; and T’ = @;, for some i, we can chose another representative o for [7] = [o]

that is disjoint from «;. Thus, again by Statement (1), we have

Tdis 04~,o/.
/ig;ldgT = O(T exp (—M)) (1.71)

v

Thus all integrals in (1.70) and (1.71) converge to 0 as 7 — oo. On the other hand, these
integrals are integer multiples of 27, so they had to be 0 for all 7 > 7.

Finally, assume that i« = j and v = «; and sh(T") = B\i, or v = f; and sh(I') = a;. In
order to prove the first of these cases, let us fix a small embedded segment j on v = j;

that intersects sh(I') = a4 once positively. Such paths exist by the construction of the basis.

Write g:|; = exp(2mig;), and so g7 ldg:|; = 2midpr. Thus by equation (1.54),

hol, ([T)) (1)) = / dor + 5b / g7 Ldg,

I y—1

= or(1) — pr(0) + O(ﬁexp(— \ﬁdiSt(Sh(F)v{j(O)J(l)})>>.

C

By Statement (2), this converges to 1 as 7 — oco. On the other hand, hol,([I'])([7]) is an

integer, so it had to be 1 for all 7 > 79. The same argument can be used in the case
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of sh(I') = B and v = «a;, which completes the proof of Statement (4) and the Main

Theorem. O

Corollary 1.13. For all T > 19, the space Pr is an infinite-dimensional vector bundle over
a connected, oriented and smooth manifold without boundary, /\77. This manifold has real
dimension 2d+1 and is a U(1)-principal bundle over the universal cover of M. In particular

Pr is homotopy retracts to M\T.

Proof. First we will impose the Coulomb gauge: fix a 7-vortex field vy = (V, ¢) € Pr. We
say that v = (V’,¢’) is in Coulomb gauge with respect to vq if the 1-form a = V/ — V is
satisfies:

d*a = 0.

For each v € Pr there is in fact a gauge transformation g that is in the identity component
of G, and is unique up to constant gauge transformations (factors in U(1)), such that g(v)
is in Coulomb gauge with respect to vg. A proof of this, which applies to our case too, can
be found, for example, in [EN11, Lemma 2.1|. The set M\T C Pr, called the Coulomb slice,
consisting the 7-vortex fields that are in Coulomb gauge with respect to vg intersects each
fiber.

Fix then a point x € X, and require g(z) = 1. Such a g = gy, is then unique, moreover,
can be written as g, = exp(ify), and f, is also unique if one prescribes f;,(z) = 0. Set
gt,w = exp(itfy). Then the map defined as r(t,v) = g (v) is a homotopy retraction of Pr
to the Coulomb slice.

The intersection of each fiber with the Coulomb slice is a collection of circles, due to

the U(1) ambiguity mentioned above. Moreover, these circles are in bijection with my(G) =
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m(My). Thus M, = M\T/U(l) is a m (M )-cover of M, which is the universal cover if
connected.

Our Main Theorem implies that P, is connected, by the following argument: let v and v’
be two arbitrary 7-vortex fields. Since simple divisors are dense in Symd(E), we can assume,
that the corresponding divisors are simple. Join the two divisors by a regular path I'g. Then
holpO (v) is equal to g(v’) for some g € G. If g is not in the identity component of G, then it
represents a non-zero cohomology class [g] € H 2(2; Z). Let v be a smooth loop based at a
divisor point of v that represents the Poincaré dual of [g]; let 7 be the induced single vortex
loop, and set I' =31« Ty. Now v and holp(v) = v” are connected by the path in P, given
by parallel transport. On the other hand, v”/ and v are gauge equivalent, and the connecting
gauge transformation is in the identity component of G, which means that there is a path

from v” to v. Thus P; is connected, but then so is M\T, which completes the proof. O

1.7 The large area limit

Consider the energy (1.1) for the critical coupling constant A = 1 and with 7 = 1. Bradlow’s

criterion for the existence of irreducible vortices in this case becomes

. 2nd
TN = Area(S) <1, (1.72)

using the area with respect to the given area 2-form w. Even when inequality (1.72) does

not hold for w, it still holds for w; = 2w if t >ty = /7.

Let P; be the space of all solutions of the 1-vortex equations with Ké&hler form w; for
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t > ty. A pair (V,¢) € Cf, X QOL is in Py if

iAFo = %(1 - |¢|2> (1.73a)

Oy¢ =0, (1.73b)

where Ay = A/t2. Let M; be the corresponding moduli space P;/G. Bradlow’s Theorem still
holds, hence M; = Symd(E), where the diffeomorphism is again given by the divisor of the

-field.

By [B90, Proposition 5.1], the following diagram is commutative when t? = 7:

P 2t
t PT 9

~N 7

Sym?(%)

where ®; is the isomorphism of principal bundles given by ®+(V,¢) = (V,t¢).
The L?-metric on P, is defined by equation (1.6), but with Hodge operator and area form

given by wy. For all X € TPy, we now have:

(1) Xl = X[ - (1.74)

Thus the LZ-metric of P; is conformally equivalent to the pullback of the L2-metric of P;

via the bundle isomorphism ®;.

The Berry connection on Py — My is again defined as the orthogonal complement of the
vertical subspaces, hence it is the same as the pullback of the Berry connection on P; via

®;. Thus the results of Theorems 1.8 and 1.11 and our Main Theorem hold in the large area
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limit (t — o0):

Main Theorem for the large area limit. The conclusions of the Main Theorem in the

introduction hold for the principal G-bundle Py — My with T replaced everywhere by t2.
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Chapter 2

Irreducible Ginzburg-Landau fields

In this chapter we show that the Giznburg-Landau equations (1.3a) and (1.3b) admit irre-
ducible solutions under certain conditions. This generalizes Bradlow’s result for the critical

A =1 case [B90, Theorem 4.3]. We use the hypotheses and notation of Chapter 1.

As mentioned in the introduction of Chapter 1, the Ginzburg-Landau theory is a mathe-
matical model for superconductivity. The reducible solutions correspond to insulating states,

while irreducible solutions model superconducting states.

The results of this chapter are summarized in our second main theorem.

Main Theorem of Chapter 2. The Ginzburg-Landau equations (1.3a) and (1.3b) admit

wrreducible solutions if and only if A\t > Aiﬂ?‘z)'

The content of the main theorem is illustrated by the following phase-diagram:

AT
11
1 ~— T-vortex solutions exist
1
Area
Figure 2.1: Phase Diagram: In Region I, defined by At < Ail;[?'Z)’ only reducible solutions

exist (Insulator Phase). In the complementary Region II (shaded), there exist irreducible
solutions (Superconductor Phase).

For simplicity, we assume that d, the degree of the line bundle, is non-negative. The

results for negative degrees can be proven similarly.
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This chapter is organized as follows. In Section 2.1 we use standard geometric analytic
methods to show that there are only reducible solutions for parameters in Region I in Fig-
ure 2.1. In Section 2.2, we prove the existence of irreducible solutions for parameters in

Region II. This is done using a gauged version of the Palais-Smale compactness property.

2.1 Non-existence

First of all, any critical point of the energy (1.1) is gauge equivalent to a smooth critical
point, which satisfies equations (1.3a) and (1.3b) (see [JT80]). Furthermore, if a smooth

connection V € Cj, satisfies the vacuum Maxwell equations:

I*Fy = 0. (2.1)

We call such a connection a Mazwell connection. Note that a pair (V,0), consisting a Maxwell
connection and the identically zero section of L, is always a solution of equations (1.3a)
and (1.3b). We call such a solution a Mazwell solution.

A solution (V, ¢) is called reducible, if there is a gauge transformation g € G such that
9(V, ) = (V, @), otherwise irreducible. Maxwell solutions are all reducible, because constant
gauge transformations act ineffectively on them. On the other hand, if (V, ¢) is a pair with
non-vanishing ¢-field, then the only way a non-trivial U(1)-valued gauge transformation act
ineffectively on this pair is if ¢ vanishes on an open subset of ¥. Since equation (1.3b) is
elliptic, by unique continuation, any such solution would vanish everywhere. Thus Maxwell
solutions are the only reducible ones.

To prove that there are no irreducible solutions — and hence the only solutions are the
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Maxwell solutions — when A1 < ﬁ&), we first prove the following technical lemma.

Lemma 2.1. If (V,¢) € C; & Q% is a critical point of € -, then

(s M) l6l2s < —3lollLs. 29)

Proof. Fix a Maxwell connection V', and write (V, ¢) = (V" 4 a, ¢), where a € iQ'. With

this notation, equation (1.3a) becomes
(d*d+ |¢y2)a _ z‘Im(h(VOgb, ¢)). (2.3)

Take the L2-inner product of both sides with a, use the fact that @ is imaginary-valued, and

integrate by parts to get

0 < ldaly + llagl2y = Re((ad[9"6)2).

In particular, this shows that the right hand side is non-negative.

Next, rewrite equation (1.3b) in terms of V0 a, and ¢:
(V) V0% +a*(v06) + (9°) (a0) + a6 = 3(ré—101%). (2.4)
Take the L2-inner product of both sides with ¢, and integrate by parts to get
IV06125 + 2Re((a0|V 6} 12 ) + lasl2y = FN9l12, — 3101134 (2.5)

To obtain a third equation, note that that all Maxwell connections have the same curvature,
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given by

_ 2nd
Y = iK@Y (2.6)
or equivalently that z'AFV = ﬁ() Combining this with the Kéahler identity yields
9 _
V96172 = 200500152 + xantsy I ll7 2 (2.7)

Using equation (2.7), equation (2.5) becomes

2000125 + 122516125 + 2Re ((ad|V00) 12) + a2 = AFl6l22 — Hlolts (28)

Every term on the left hand side is non-negative. Leaving the first, the third, and the fourth

term gives the inequality

2md A
12451012, < HF 16122 - 36llLa,

which is equivalent to inequality (2.2). O

The non-existence of irreducible solutions is an immediate consequence of Lemma 2.1.

Corollary 2.2. If A\7 < AriZEZZ)’ and (V,9) € Cr, ® Q% is a critical point of €y 7, then ¢ is

identically zero.

Proof. If A\t < Arig?z) and ¢ is not identically zero, then the left hand side of inequality (2.2)

is non-negative, whereas the right hand side is strictly negative, which is a contradiction. [J
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2.2 Existence

We now turn to the proof of the existence of irreducible solutions of equations (1.3a)

and (1.3b) when A1t > Arigflfj)' We will show two things: (i) absolute minimizers of the

energy (1.1) exist, and (ii) that when At > ﬁ&), the Maxwell solutions are unstable, in

the sense that there are configurations arbitrarily close with lower energy. It follows that the

absolute minimizers cannot be Maxwell solutions, and therefore are irreducible.
First we prove that the functional &) ; satisfies a gauged version of the Palais-Smale
compactness condition.

Lemma 2.3. Let (Vp,¢pn) € Cp, @ Q% be a sequence with the following properties:

1. The sequence Ey +(Vn, ¢n) is bounded,

*

2. The sequence of derivatives 55\ T(Vn, ®n) converges to zero in the (WLQ)

Then there is a subsequence (V"k’ ¢nk) eCr® Q%, together with a sequence of gauge trans-

formations gn, € G, such that gn, (V. ¢n,) converges in Cp, & Q%

Proof. Since smooth pairs in Cj, & QOL are dense, it is enough to prove the statement for
smooth sequences.

Fix a reference connection V9 and define the W*P norms, as

k
elyrp = 2 1(9°) Wl (2.9)
n=0

We pick VY to be a smooth Maxwell connection, and write a, = V,, — V0.

By the Hodge decomposition, the imaginary valued 1-forms a,, can be decomposed as
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where fy, is a smooth function, g, is a smooth 2-form, and h,, is a harmonic 1-form. We can

eliminate the first term by applying the gauge transformations exp(ify,) to the pair (Vy, ¢p).

We can also assume, after suitable gauge transformations, that the sequence hy, is a bounded

sequence in L2. By elliptic regularity, the space of harmonic 1-forms is finite dimensional,

so we can chose a subsequence, so that h, is convergent. Because all h,, are harmonic, this

implies convergence in the W12 as well.

The Ginzburg-Landau free energy (1.1) can now be written as

2
E0r (V0 an6n) = EXL o+ danlZs + (V0 + an)ouls + § [ (7= 1o) w. (21)

D)

Since all of the terms on the right hand side are non-negative, and the energy of the sequence

is bounded, we get the following:

(1)

The sequence ||dan||%2 is bounded,. Because a;, has no exact part, and has convergent
harmonic part, this means that a,, is bounded in wh2, By the Sobolev inequality the

sequence ay, is also bounded in LA,
The sequence || (VO + ap) ¢n‘|12 is bounded, and thus so is ]||V0¢n\|22 — ||an<bn||2L2|

The sequence fZ (T — \¢>|2)2w is bounded. Jensen’s inequality implies that

(TArea(E) - |\¢H%2)2 < /(T - \¢|2>2w,

)y

so ¢ is bounded in L2. This in turn immediately implies that ¢, is bounded in L* as
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well, because of the equality

2
lollza = [ (7= 1) w - r2ArealS) + 262, (212

by

(4) Combining (1) and (3), together with the Cauchy-Schwarz inequality, shows that ay,¢p,

is bounded in L2.

(5) Combining (2) and (4), we get that V¢, is bounded in L?, and thus ¢, is bounded

in Wh2,

Using that 5;\ T(VO + ap, ¢n) converges to zero, and the fact that d*a, = 0, we get

Aay, — —|¢n|2an+i1m<h(VO¢,¢>> + by, (2.13)

where by, converges to zero in iQ!, and
(V) (v) 6 = —a*(9%) — (V) (a0) + a2 + 3 (76 — [6P0) + v, (210

where A = d*d + dd* is the Laplace-de Rahm operator, and v, converges to zero in QOL
It is easy to see, using the previous observations, that the right hand sides are bounded
in L2. Elliptic regularity then implies, (an, ¢) is bounded in W22, Since the embedding
W22 — Wh? is compact in dimension 2, we conclude that the sequence (an, o) has a

convergent subsequence in wh2, O

Corollary 2.4. The infimum of €y ; is achieved by some field (V,¢) € Cp, @ QOL

Proof. The functional &) ; non-negative, thus so is its infimum. Pick a minimizer sequence
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(Vn,on) €Cr, @ QOL By Lemma 2.3, there is a subsequence, and gauge transformations gy,
such that the sequence g (Vp, ¢pn) converges to a limit. Since € A, 18 gauge invariant, and

analytic in the W12 norm, the limit is an absolute minimizer. O]

Finally we show that the infimum cannot be a Maxwell solution when A1 > ﬁ&). To
this end, note that all Maxwell solutions have the same Ginzburg-Landau free energy, which
we call the Mazwell energy:

A2 d? AT2Area(X)

Area(X) * 4 (2.15)

M _
5)\77' -

The next lemma computes the second variation of the energy functional (1.1) around a

Maxwell solution.

Lemma 2.5. Let VY be a Mazwell connection. Then for any (a,p) € in@F(L) the following

second variation formula holds:

E)\’T(Vojta,gb) —5/1\\/,[7 = ||da||iz +2||5V¢||%2

+ (g2 - H) ol + (@ ol 2) (210

Proof. In the expansion of &) , (VO +a, gzﬁ) the linear terms in (a, ¢) vanish, because (VY,0)

is a critical point of £, ;. Thus up to quadratic order we get

e (V0 +a.0) = = lldal2y + IV°6]25 — A l6l22 + O (Il (@, 6)13,1.2).
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By the Kéhler identity the middle term can be rewritten as

IV9l17, = (V96V°9) o
= (@I(v°) %) 5
= <¢‘2(5v0> v0¢+ ArQeZEl )¢>L2

2nd
= 2H(9VO¢HL2 + Areg H¢HL27

which concludes the proof. O]

Corollary 2.6. When A\t > Arg((i ) the minimum of the Ginzburg-Landau free energy, €y ;

is not the Mazwell energy (2.15).

Proof. In the formula (2.16) let @ = 0 and ¢ be a non-zero holomorphic section with respect

to the holomorphic structure induced by V9. If At > A ( ik then for ¢ > 0 small enough

0 M 2 2 2 3 M
g)\,T<v at¢) = 5)\7T+t (Are;l:?g) - 2%)HQSHLQ +O(t > < g)\ﬂ'? (217)
because the coefficient of the quadratic term is negative. O]

Lemma 2.3 and Corollary 2.6 imply the existence part of the main theorem of Chapter 2:

Corollary 2.7. There exist irreducible solutions of the equations (1.3a) and (1.3b) when

4md

AT > Area(X)”

50



REFERENCES

51



[AAST]

|AK02]

[BOG]

B11]

B84]

[B9O]

IBR14]

[CMO5]

[DDM13]

[EN11]

[FU91|

REFERENCES

Y. Aharonov and J. Anandan. Phase change during a cyclic quantum evolution.
Phys. Rev. Lett., 58:1593-1596, 1987.

I. S. Aranson and L. Kramer. The world of the complex Ginzburg-Landau equa-
tion. Rev. Mod. Phys., 74:99-143, 2002.

J. M. Baptista. Vortex equations in abelian gauged sigma-models. Commun.
Math. Phys., 261:161-194, 2006.

J. M. Baptista. On the L2-metric of vortex moduli spaces. Nucl. Phys., B, 844:308—
333, 2011.

M. V. Berry. Quantal phase factors accompanying adiabatic changes. Proceed-
ings of the Royal Society of London A: Mathematical, Physical and Engineering
Sciences, 392(1802):45-57, 1984.

S. B. Bradlow. Vortices in holomorphic line bundles over closed Kéhler manifolds.
Commun. Math. Phys., 135(1):1-17, 1990.

M. Bokstedt and N. M. Romao. On the curvature of vortex moduli spaces. Math.
Z., 277:549-573, 2014.

H. Y. Chen and M. S. Manton. The Kéhler potential of abelian Higgs vortices. J.
Math. Phys., 46:052305, 2005.

D. Dorigoni, M. Dunajski, and N. S. Manton. Vortex motion on surfaces of small
curvature. Annals Phys., 339:570-587, 2013.

G. Etesi and A. Nagy. S-duality in abelian gauge theory revisited. J. Geom. Phys.,
61:693-707, 2011.

Daniel S. Freed and Karen K. Uhlenbeck. Instantons and four-manifolds, volume 1
of Mathematical Sciences Research Institute Publications. Springer-Verlag, New
York, second edition, 1991.

52



[GL50]

[H02|

[HJS96]

[101]

[JT80]

[K50]

K85

[KNG63|

[MM15]

[MN99]

[MS03]

IR0O|

(T84

[T99)

V. L. Ginzburg and L. D. Landau. On the theory of superconductivity. Zh. Eksp.
Teor. Fiz., 20:1064-1082, 1950.

A. Hatcher. Algebraic topology. Cambridge University Press, Cambridge, 2002.

M. Hong, J. Jost, and M. Struwe. Asymptotic limits of a Ginzburg-Landau type
functional. In Geometric analysis and the calculus of variations, pages 99-123.
Int. Press, Cambridge, MA, 1996.

D. A. Ivanov. Non-abelian statistics of half-quantum vortices in p-wave supercon-
ductors. Phys. Rev. Lett., 86(2):268, 2001.

A. Jaffe and C. H. Taubes. Vortices and monopoles. Progress in Physics.
Birkh&user, Boston, Mass., 1980.

T. Kato. On the Adiabatic Theorem of Quantum Mechanics. Jour. Phys. Soc.
Japan, 5(6):435-439, 1950.

M. Kohmoto. Topological invariant and the quantization of the Hall conductance.
Annals of Physics, 160(2):343 — 354, 1985.

S. Kobayashi and K. Nomizu. Foundations of differential geometry. Vol I. Inter-
science Publishers, New York-London, 1963.

R. Maldonado and N. S. Manton. Analytic vortex solutions on compact hyperbolic
surfaces. J. Phys., A, 48(24):245403, 2015.

N. S. Manton and S. M. Nasir. Volume of vortex moduli spaces. Commun. Math.
Phys., 199(3):591-604, 1999.

N. S. Manton and J. M. Speight. Asymptotic interactions of critically coupled
vortices. Commun. Math. Phys., 236:535-555, 2003.

I. Mundet i Riera. A Hitchin-Kobayashi correspondence for Kahler fibrations. J.
Reine Angew. Math., 528:41-80, 2000.

C. H. Taubes. On the Yang-Mills-Higgs equations. Bull. Amer. Math. Soc. (N.S.),
10(2):295-297, 1984.

C. H. Taubes. GR = SW: counting curves and connections. J. Diff. Geom.,
52(3):453-609, 1999.

53



