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ABSTRACT
THE RATIONAL EXPECTATIONS HYPOTHESIS:

A FRAMEWORK FOR SOLUTIONS
WITH ECONOMETRIC IMPLICATIONS

By

Dennis Lee Hoffman

This study investigates the impact of the rational expecta-
tions hypothesis (REH) on economic models by constructing a frame-
work for analyzing rational expectations solutions, outlining an
approach to estimation and tests of hypothesis regarding struc-
tures which incorporate the REH, and surveying the recent literature
to evaluate the use or misuse of the theory of rational expecta-
tions in previous studies.

The need for an analysis of the REH is derived from two

.distinct factors. First, the expanding role of expectations in

economié models warrants the development of an explanation for how
these generally unobservable peréepfions of future events are
formed. Second, the REH, which is one explanation, is not based
upon a well developed theoretical foundation. Specifically,
neither the guidelines for incorporating the REH into general
models nor the econometric implications of applying the theory to
economic models have been explicitly stated in previous studies.
In an effort to eliminate these deficiencies in the

theoretical development of the REH, the present study adopts the
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following format. First, a framework for the implementation of
rational expectations in general models is constructed. Particular
emphasis is centered upon the conditions under which one may ob-
tain an observable expression for the expectation terms. This
expression is designated as a rational expectations solution (RES).
Second, the study reveals the econometric implications of replacing
the expectations in the original structure with the RES suggested
by the theory of rational expectations. Finally, a literature
review compares the methodology employed in some recent treatments
of the REH with that adopted in the present study.

The pursuit of this format yields a number of significant
contributions. In the first place, the framework provides guide-
lines for the application of the REH to general models and
accentuates the major complications a researcher is likely to
encounter. Specifically, the analysis reveals that the RES de-
pends upon the specification of stability conditions and the nature
of the processes assumed to generate the exogenous variables con-
tained in the original structure under consideration.

A second contribution of this study is the examination
of the econometric significance of replacing the expectations
terms with a relevant RES to generate a structure which is void of
unobservable variables. In this econometric analysis the restric-
tions implied by the particular functional form of this re-
formulated system are revealed and a method for testing their
validity is outlined. Consequently, this study provides a pro-
cedure for testing the validity of the REH as an explanation for

individual's perceptions of future events.
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Finally, the literature review reveals that many recent
studies have avoided the significant aspects of the REH which are
emphasized in the present study. This neglect generally stems
from either a misinterpretation of the REH or the use of{specia]
cases which enable researchers to avoid many of the complexities
inherent in the application of the theory of rational expectations

to general economic models.
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CHAPTER 1
INTRODUCTION

1.1 The Problem

This study investigates the impact of the rational expecta-
tions hypothesis (REH) on economic models by constructing a frame-
work for analyzing rational expectations solutions in general models,
outlining an approach to the estimation and testing structures which
incorporate the REH and surveying the recent literature to evaluate
the use or misuse of the theory of rational expectations in pre-
vious studies.

A study of rational expectations requires the considera-
tion of models containing explanatory variables which appear as
expectations of future endogenous variables. Since data is, for the
most part, unavailable, one needs to determine how agents formulate
these perceptions of %uture events. The theory of rational ex-
pectations, originally advanced b& Muth (1961), is one explanation.
This theory suggests that the rational agent equates expectations
with the conditional forecasts of the "relevant economic theory".]

The extensive application of this theory to models in current

literature is the primary motivation of this analysis.

Tsee Muth (1961), p. 316.



1.2 Need for the Study

The need for an analysis of the role of the REH is derived
from two distinct factors. The first concerns the increasing
emphasis placed upon expectations in recent studies coupled with an
ad hoc explanation for how expectations are formed. Second, few
studies have recognized the theoretical and econometric implications
of the REH in general models.

Since the analysis of Fisher (1930), the significance of
expectations of price changes has been understood. Within the past
decade new emphasis on price expectations has accompanied the natural
rate hypothesis (NRH) which renders long run stabilization policy
impotent [Friedman (1968), Lucas (1972)]. Sargent and Wallace
(1975, 1976) demonstrate that the addition of the REH to the NRH
models preempts the role of short term stabilization policy, en-
abling the results of the long run natural rate proposition to hold
in the short run as well. This controversial result is most
responsible for the movement away from the ad hoc notion of extra-

polative or adaptive expectations first employed by Cagan (1956).2

2Extrapolative expectations pertains to the idea that expectations
are adjusted according to the amount realized values deviate from
previously formulated expectations: For example let t-1Yt repre-

sent the expectation of the value of y in period t formulated on
the basis of information in period t-1; then
%* %* *
leaYe = ge¥ert = (- adlyp g =g ¥pqt O<a<ld
describes an extrapolative scheme. This leads to an expression for
expectations in terms of past values of y alone;
* o i-1
g1y = (- a) Ly ey e
This framework has often been criticized for its lack of theoretical
foundation as well as its suggestion that only knowledge of past

values of the variable in question enter into the formation of ex-
pectations.



However, price expectations are not the only concern of
rational expectations theorists. Theories of consumption and income,
for example, the permanent income hypothesis; and interest rates,
for example, the expectations theory of the term structure, place
considerable emphasis upon expectations. An examination of the
proper employment and validity of the REH is essential if rational
expectations 1is to serve as a viable alternative to the extra-
polative schemes employed in the previous analysis of these concepts.

The second problem area which this study addresses is the
deficiency of theoretical developments applying the REH to general
models, specifically models with both multi-period future (lead)
expectations and lagged endogenous variables. An outline of the
solution procedure applicable to general models and an analysis of
the conditions under which rational expectations solutions may be
obtained would clearly aid both previous and forthcoming studies.

A method of estimating and testing models which incorporate these
general solutions is essential in augmenting the theoretical de-
velopment of rational expectations. Finally, an investigation of
the use of rational expectations in recent studies is warranted to
alleviate the discord generated by the Muth article and assist in

developing a uniform interpretation of the REH.3

1.3 Format
To meet these problem areas, this study applies the REH to

models of increasing generality in chapters II, III, and IV. In

3The simple examples used by Muth in illustrating the REH have been
the source of some confusion. This is discussed in chapter VI.



each chapter the model under consideration is specified and the steps
leading to the reformulated structure suggested by the REH are out-
lined in detail. Thé individual treatment accentuates the different
procedures required to obtain rational expectations solutions and
. outlines the various restrictions under which stable solutions are
obtained in different models.4
Chapter V offers an approach to estimation and hypothesis
testing which is consistent with the REH according to the general
framework outlined in the introductory chapters.
Chapter VI supplies a discussion of a number of applications
of the REH in current literature, highlighting both the improper
interpretations of Muth's theory and the various assumptions which

serve to circumvent the complexities of coping with the REH in more

general specifications.

1.4 Limitations
Although this study provides an extensive Prgatment of
rational expectations in economic models, it is notikithout limita-
tions. It provides no explanation of how agents obtain the informa-
tion required to form perceptions of future events which are rational
in the sense of Muth. This difficult problem requires a general
theory of rational expectations which has yet to be developed and
is outside the scope of this study.

Furthermore, the analysis offers no mechanism for how

rational expectations adjust when the relevant theory changes or is

4Stabi1ity is referred to, not in the probabilistic sense, but in
the difference equation context.



expected to change. Some advances in this direction have been made
in recent studies by Shiller (1978) and Taylor (1975). However,
these endeavors overlook the significant problems encountered when
the relevant theory is static. These problems are revealed in the
present analysis.

Finally, although the test outlined in chapter V may prove
useful in future applied work, the present study -offers no motive
for employing rational expectations in economic models, but examines
the implications of this choice for most of the models a researcher

is likely to encounter.



CHAPTER II

MODELS WITH CURRENT PERIOD
ENDOGENQUS EXPECTATIONS

This chapter examines a specific class of models which
contain expectations of endogenous variables. The expectations
are expressed, following the REH, as functions of observable vari-
ables. Then, the reformulated version of the original model,

incorporating the REH, is derived.

2.1 An Outline of Model I Structures

Perhaps the most common usage of expectations in economic
models involves the assumption tha; present period (t) levels of
endogenous variables are explained by perceptions of those variables
formed by agents on the basis of information available one period
earlier (t-1). Examples of this class are prevalent in the current
literature and the general implications of the REH for these simple
models are discussed in some of these studies. Nevertheless, these
structures will be examined in the present analysis to provide a
complete framework for analyzing the impact of the REH upon economic
models. A model which contains the characteristics of these simple

structures will be designated, Model I, and may be represented:

- e -
Ayt = B(L)xt + W(L)yt O Ye e t=1,2,...,T (2.1.1)

where;
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i) A dis an m xm matrix of structural co-
efficients,
ii) Y is an m x 1 vector of endogenous
variables,
jii) B(L) is an m x n matrix with elements
consisting of finite polynomials in the
lag operator L. Hence, typical elements

are:

q

ij
B.. = J} B.. L9; Lgxt =

gto 19 “t-g

i=1,2,...,m Jj=1,2,...,n,

{s the order of the lag of the

a. qij
.th . . .th
J exogenous variable in the i
equation,

b. Bijg is the gth coefficient in the
polynomial lag of order qij for the

th

J exogenous variable in the ith

equation,
iv) X4 is an n x 1 vector of exogenous variables,.l
v) ¥(L) is an m x m matrix with elements con-
sisting of finite polynomials in the lag

operator L. Similarly::

]The term exogenous pertains to those variables which are deter-

mined outside the system (2.1.1) while endogenous variables are de-
termined by the simultaneous interaction of the system. Including
expectations of exogenous variables would be a trivial extension of
(2.1.1). The ensuing analysis would be unaltered and the problem
created by their unobservability would be eliminated by an assumption
comparable to (2.2.6) in the following section.




vi)

vii)

viii)

r..
W h.  h
Yij = h=21 Yijht 3 LY = Vi
i,5 = 1,2,...,m,

a. r.. and v, p o are analogous to q

ij ij ij
and Bijg above,
b. wijo =0 for all 1i,j,

® is an m xm matrix of structural co-
efficients,
(-1Yf s an mx 1 vector of the values the
endogenous variables are expected to take on in
period t formulated on the basis of all in-
formation available as of period t-1,
€4 is an m x 1 vector of structural dis-
turbances which follow a stationary, multivariate,
ARMA process:

g(L)ey = 6(L)uy
where both ¢(L) and &§(L) are mxm
matrices whose elements are finite order
polynomials in the lag operator L. Uyj is
independently and identically distributed
N{O, oﬁ{T} for each i =1,...,m. Following
Ze]]ner1and Palm (1974) this may be expressed

as an infinite order moving average process:

e, = g"(L)s(L)ut

cu(L)ut .



provided the roots of |[g(L)] = 0 1lie out-
side the unit circle.
The final assumption (viii) accommodates any order of auto-
correlation in the vector of disturbances €t and is amenable to
the moving average structures examined by Muth in his seminal article.
Incorporating this general expression for disturbances,

(2.1.1) may be written:

Ayt = B(L)xt + \{J(L)_yt + et-]yi + w(L)ut, t=1,2,...,T. (2.].2)

The system described by (2.1.2) is the most general repre-
sentation of a simultaneous equations system that includes expecta-
tions of current period endogenous variables formed from informa-

tion available last period.

2.2 A Rational Expectation Solution for Model I

A rational expectatidns solution (RES) is an expression for-
rational expectations in terms of observable variables obtained by
the application of the REH to a specific model. To obtain the
RES for a general Model I structure, consider the reduced form for

(2.1.2): .

1 1

- - - e -
ye = ATB(L)x, + ATTe(Lly, + A7Te, v} + AT u(L)u,. (2.2.1)

This system represents the "relevant economic theory" for the m

endogenous variables in the system.

The theory of rational expectations suggests:
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e
1Y = E{YII-}E E Yo
e-¥e T B el = By

where It-] pertains to the set of information from which expecta-
tions are formulated. Hence, rational expectations are the condi-
tional forecasts of the relevant theory.

Making conditional forecasts from a Model I structure assumed

to contain rational expectations yields:

Ey, = EAB(L)x, + E ALy, + EATTeEy, ¢ E A lu(L)u, - (2.2.2)
£-1 8 g £-1 £1 1 E o

This expression may be simplified by noting;
i) E]zt ST Tl for any variable z
= 1,2,.

t-i’

ii) Lag operators affect realization dates, not

expectation formation dates, therefore,

k
ELz, = E 2z , k=1,2,
g-1 b gy tok
for any variable z, >
iii) wijo =0 for all i,j;
to obtain:
(1 -ATg]E v, = E ATTB(L)x, * A Tw(L)y, + EATW(Lu, . (2.2.3)
et et LI t

Assuming A"ve s of full rank yields:

Ey, = (I - Aty e A"B(L)xt + A“w(L)yt + E A']w(L)ut}. (2.2.4)

t-1 t-1 t-1

Therefore, the application of REH to Model I yields an ex-

pression for the rational expectations of endogenous variables
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which contains expectations of both current exogenous variables and
the disburbance term, plus all the lagged variables in the original
structure. Particular functions of the original structural para-
meters form the coefficients of this expression.

However, (2.2.4) becomes a RES only when the expectation
terms on the right side of (2.2.4) are expressed in terms of observ-
able variab1es.2 Assumption viii, section 2.1, insures that:
g1 °
while all other values of E A']w(L)ut are observable reduced form
disturbances realized in pr;;}ous periods. Additional assumptions
are required to deal with the expectations of exogenous variables.
Assume all exogenous variables follow known deterministic rules.
This allows current exogenous variables to be predicted with
certainty on the basis of last period's information. This assump-

tion allows (2.2.4) to be written as:3

1 1

E

yp = (I - Aty A lB(L)x, + A7
t-1

¢ ‘?(L)yt + A

W' (L)ug 13, (2.2.5)

which is a (RES) to a general Model I structure subject to the
stated assumptions.
A more comprehensive assumption is that the exogenous vari-

ables follow some identifiable, stable, stochastic process!

2This is the definition of a rational expectation solution employed
in the present context.
3Writing w(L) = woLo + w]L] *... where w, is the matrix of co-

efficients on the lag of order i on u, in (2.1.2) then

w'(L) = m1L° + uzL] +...
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i.e. Xy = F(L)xt_1 *ones (2.2.6)

where T(L) 1is a diagonal matrix whose elements are finite poly-
nomials in the lag operator L and ng N{O,zn}.

Re-expressing the expectations term in (2.2.4), and follow-

ing (2.2.6) yields:
-] _
EA B(L)xt =
t-1
=a 13 Eox, + ATTBY(L)X
Ot--l t t"]
- ‘] "] ]
= A Byr(L)x,_; +A B (L)%,
- '] i
= A {Bor(L) + B (L)}Xt-l . _ (2.2.7)
The substitution of (2.2.7) into (2.2.4) yields:
- =1,.,-1,,-1 , -1
E Yy = (I -A '8} (A (BOP(L) + B (L))xt_] + A \P(L)yt
t-1 )
+ A7 (L)ug_1h (2.2.8)

’

which is a RESfor a Model I structure conditional upon (2.2.6).
Hence, a valid RES for systems which have the charac-

teristics of Model I, as defined above, depends upon two distinct
factors. Ficsst, it demands the exact specification of the relevant

theory, including the nature of the reduced form disturbances.
Second, the nature of the process from which agents form expecta-

tions of the exogenous variables is required.

4

Writing B(L) = BOLo +...+ Bqu, q = Max(qij) over all i,j where

Bi is the matrix of coefficients on the lag of order i on X4 in
(2.1.2), then: 1 ]
| = 0o Q'
B'(L) BiL™ + Byl 4. BqL .
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2.3 Qbservable Reduced Form for Model I

Having derived the RES, the observable reduced form is ob-

tained by substituting (2.2.8) for 1y§ in (2.2.1) to obtain:>
= ATTB(L)x, + ATw(L)
Yt t Yt
-] -] -] -] 1
*A el - A el (A (Byr(L) + B'(L))Ix,
+ A7 err - A7Toy A Tu(L)y, + AT (L)uy )
¢ ALy (2.3.1)

This expression represents the reformulated, reduced form structure
obtained by replacing the expectations with the RES derived from-
the application of the REH to the original reduced form system.
Consequently, adding the REH to (2.2.1) yields an alternative

structure which is void of the unobservable variables.

2.4 Summary

The analysis of Model I structures reveals several important
factors. First, when the only expectations terms encountered in a

model are perceptions of present period endogenous variables formed

551mi1ar1y an observable reduced form form (2.1.2) when the exogenous
variables follow a known deterministic rule is obtainable, - making
(2.3.1), :

e -1 -1 -1 -1
Ve = A B(L)xt + A W(L)yt +A o{I - A "s} '{A B(L)xt

+ A Ty(L)y, + AT Nat (L, _p)

+ A-1w(L)Ut .
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one period earlier (Model I), the RES and consequent observable
reduced form are computationally easy to obtain regardless of the
magnitudes of structural parameters.6 The investigation of models
which contain expectations of endogenous variables for future
periods, pursued in ensuing chapters, reveals that this is not
always the case.

In addition, section 2.2 demonstrates that the REH alone is
insufficient to obtain expressions for expectations of endogenous
variables in terms of observable variables. Hence, the RES is con-
ditional upon assumptions about the nature of the processes gen-

' erating the exogenous variables and disturbances.

Finally, the application of the REH to a Model I structure
yields a reformulation which is a function of a particular set of
variables whose coefficients are, in turn, specific functions of the
orﬁgina1 structural parameters. Thus, the observable reduced form
suggested by the REH is distipguishable from any other reformulation
of (2.2;1) obtained under an alternative assumption about how

expectations are formed.

6RecaH that the only restriction imposed upon structural para-

meters to obtaina RES was that A']e be of full rank.



CHAPTER III

MODELS WITH MULTI-PERIOD
FUTURE EXPECTATIONS

This chapter investigates a class of models which contain
expectations of endogenous variables for a finite number of future
periods. The RES and resulting observable reduced form are derived

according to the format outlined in the previous chapter.

3.1 An OQutline of Model II Structures

In the event that economic agents base current decisions
upon expectations (formed in period t-1) of endogenous variables
in future time periods t+1, t+2,..., the Model I framework may

be broadened to include these multi-period future expectations.

A few simple examples of these structures appear in the current
h’terature.1 However, a general treatment of these structures is
not explicitly stated in any of the previous studies of rational
expectations. Models which possess these characteristics will be

designated Model II structures and may be represented as:2

Ayp = B(L)xy + 8(F),_yg *oll)u,  t=1,2,...,T  (3.1.1)

]Some of these are discussed in Chapter VI.

?The effect of introducing lagged endogenous variables into (3.1.1)
is examined in Chapter III.

15
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where;
. e .
1) Aa ‘yt’ B(L): xt: t_]yt, w(L), Ut are defined
as in Chapter II,
ii) o(F) is an m x m matrix with elements con-
sisting of finite polynomials in the lead

operator F; hence, typical elements are,
S, .

H k. .k

(o]
[}

e _ e
t-19t T t-1Y ek
i,Jj=1,2,...,m,

a) s.. 1is the order of the lead of the

1]
expectations of the jth endogenous

variable in the ith equation,

b) 8y5 1S the kN coefficient in the

Tead polynomial equation for the

expectation of the jth

th

endogenous vari-

able in the i equation,

c) Since no information is available for
periods later than (t-1), lead operators
apply to realization dates an? not ex-

pectation formation dates.

The system described by (3.1.1) is more general than (2.1.1)
in the sense that it allows future expectation terms to enter as
explanatory variables. However, it cannot accommodate lagged

endogenous variables which could appear in Model I.
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3.2 A Rational Expectation Solution for Model IT
As in Model I, the construction of the reduced form is the
first step toward replacing the expectations terms with expressions

which are free of unobservables. Hence, consider:

yp = ATB(L)x, + ATT8(F),_yS + ATu(L)u (3.2.1)

e
t-17t t’
This system represents the "relevant economic theory" for the m
endogenous variables in the system.

Following the REH, the conditional forecasts from (3.2.1)

are equated with the expectations in (3.2.1) to obtain:

E y, = EATB(L)x, + EATTe(F) E y, + E A"m(n_)ut. (3.2.2)
t-1 t-1 t-1 t-1 t-1
Combining the expectations terms yields:
(- ATe(F E y, = E ATTB(L)x, + E A u(L)u,. (3.2.3)
t-1 t-1 t-1

At first glance, this expression resembles the Model I
analogue (2.2.3) which is a system of m equations in m unknown,
current period, rational expectations. However, closer investiga-
tion reveals that the Model II expression, (3.2.3) above, contains
m equations and up to m(s+1), s = max Sij’ unknowq rationé]
expectations. This structure, which represents current period
rational expectations ( E yt) as functions of rational expecta-
f-g Ye41o E yt+2,...) contains m,

t-1 t-1
finite order, difference equations in leads as opposed to lags.

tions in later periods
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The typical equation of this system may be obtained by applying
3

Wold's Chain Rule of forecasting to (3.2.3)°, yielding:
-1 -1 -1
{I -A'e(F)}E y,...=A E B(L)x,,: +A E w(L)u. ., (3.2.4)
g-1 "t t-1 t+] t-1 t+]
J=0,1,...

The relevant solution procedure for this system is analogous
to the calculation of the "final form" of a simultaneous equations
mode].4 In a "final form" all lagged endogenous variables are

eliminated by substituting recursively. The lead expectation

terms in (3.2.3) may be eliminated analogously, by recursi?e

substitutions, utilizing the structures defined in (3.2.4) to

obtain:5

1 3

E w(l)uy} . (3.2.5)

E (1 -ATo(F)y A TB(L)x, + A
t-1 -

y =
to t

t

The condition which guarantees the stability of this solu-

tion is that the roots (with respect to F) of the determinantal

4old (1938), Chapter 3.

4see Theil and Boot (1962), p. 136-152.

5The substitution procedure implied by (3.2.5) insures that all
terms in periods t, t+l,..., later periods, appear as expecta-
tions terms while those in t-1, t-2,..., and earlier represent
actual realized values. This interpretation is unambiguously
maintained when lag and lead operators are manipulated prior to
expectation operations. Hence, the expectation term is positioned
outside of the inverted lead coefficient.

S Fk Ez = E szt for all variables z

t in this analysis.
t-1 t-1

t
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equation, |I - A']e(F)l = 0, lie outside the unit circle® When
this condition is satisfied, the system (3.2.5) expresses current
period rational expectations as functions of all the lagged
exogenous variables and disturbances in the original structure,
plus expectations of exogenous variables and disturbances for all
future periods.

Following the definition employed in Chapter II, (3.2.5)
becomes a RES when the expectations terms on the right hand side
of (3.2.5) are replaced by observable variables. As in the Model I
analysis, assumption viii, section 2.1, insures that all future
disturbances have zero expectatidn. Consequently:

E (I - A°1e(F)}']A']m(L)ut =
t-1

1,-1

D{I - A To(F) 3 AT u(L)u

t

where,

{I-A']e(F)}']A']w(L)ut for periods

1w(L)ut = t-1,t-2,...,earlier,

D(I-A"To(F)} 1A

0 for periods
t,t+1,t+2,...,1ater.

This notation accentuates the fact that (3.2.5) contains no un-

observable expectations of disturbances.7

6This condition is derived from considering an analogous example
in Zeller and Palm (1974), p. 19.

The lag and lead operators affect the time period for the dis-

turbance term. Therefore if {I-A']e(F)}']A 1w(L)ut is depicted as:
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The expectations of exogenous variables are eliminated by
utilizing the assumptions of Chapter II. As discussed in the Model
[ analysis, when exogenous variables follow known deterministic
rules, they may be predicted with certainty for all future periods.
The RES subject to this assumption is obtained by equating actual

and expected future exogenous variables:

E 1

] a(F)3 AT TB(L)x, ) +
t

yt = {I - A

(I - Ao (F) 1 Vu(L)u (3.2.6)

-
An alternative assumption is that the exogenous variables
follow the process described by (2.2.6). Taking conditional fore-

casts on (2.2.6) and leading & periods obtains expressions for

the 2-period forecasts of the n exogenous variables:
/

it TR0 T viXiey P viXiee Tt Yiptigop
R T I T L PO R T B P R
(EXiten = Xe(8) = vy (RT) +viaRi(22) oot vy Ry (0-p)
i=1,2,...n

ig-o ci“t+i : Ci m x m matrix for all 1.

Then;
- 1
D iZ-w ciut+i ) i:gm Ciut+i
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where;
i) & s arbitrary,
ii) P is the order of the autoregressive process
which generates all exogenous variables,
ii1) iit(—j) ST i=1,2,...
Following Box and Jenkins (1976), the forecasts for lead times
2 < 0 may be expressed in terms of the observable lagged

exogenous variables to obtain:8

E X, ,.,= X5 ,(2) = E (2) (3.2.7)
MO o A - I Ti,5 Ti,t-] e
() _ g (2-h)
Y'i »J 1,J+2 hZO Yi sh+]Y1 N
(0)
Yi,d " YiLg

Substftuting (3.2.7) into (3.2.5) obtains the RES when exogenous

variables adhere to (2.2.6):

£y, = (1 - ATo(F)Y AT B(L)X, (20} +

t-1

’

1 -1

+ D{I - A" 'a(F)} {w(L)Ut} (3.2.8)

where;

~

i) xt(z) represents the n-dimensional vector of
g-period forecasts of exogenous variables when
2 > 0, and realized, lagged, exogenous vari-

ables when ¢ < 0,

8These expressions are obtained by Box and Jenkins (1976), pp.
141-142. The notation is altered in (3.2.7) to accommodate 2 = 0
period forecasts.
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.. k=~ ~
ii) F xt(z) xt(z + k),

-

i) L% (2) = %, (2 - &) .

In retrospect, the RES obtained for models which exhibit the
characteristics of Model II, depend upon the same factors required in
the Model I solution; namely the exact specification of both the
structural model and process generating the exogenous variables.
However, the present analysis reveals that models with lead
endogenous expectations warrant the use of extremely intricate sub-
stitution procedures to obtain the weights on lagged variables which

appear in the RES, as well as consideration for the conditions which

guarantee the stability of the solution.

3.3 Q0Observable Reduced Form for Model II

Following the format of the previous chapter, the observable

reduced form is obtained by the substitution of the RES (3.2.8) into
(3.2.1) to obtain:’

ve = AMB(L)x, + ATe(R)T - ATTo(F) T AT TB(L) X, (2))
+ A Ve (F)D(I - A']e(F)}'1{A']m(L)ut}
+ A-]w(L)ut . (3.3.1)

This expression denotes the reformulated reduced form obtained by
the application of the REH to a general Model II structure. This
reformulation suggests that the original endogenous variables may

be expressed as a function of all the predetermined variables in the

gThe observable reduced form for Model II when all exogenous vari-
abTes follow known deterministic rules is obtained by substituting

S for xt(z).
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system (3.1.1) plus the lagged terms inherent in the processes
which generate the exogenous variables. This result is not unlike
that obtained for Model I, in (2.3.1), in regard to the designa-
tion of the menu of variables which appear in the observable re-
duced form. However, the coefficients of (3.3.1) are considerably
more complex functions of structural parameters than those in the

observable reduced form (2.3.1) obtained for Model I.

3.4 An Example of a Model II Structure

A simple example exhibiting the characteristics of a Model
II structure illustrates the steps leading to a Model II RES. Con-

sider the single equation model:

e
= g! =
Yt B8 Xt + eFt-lyt + €t t=1,2,...,T

where from (3.1.1); -~

i) Yt is a scalar,
iji) B(L) = g' isa 1 xn vector,
iii) X4 isa nx 1 vector,
iv) e(F) = oF 1is a scalar,
e .
v) t-1Yp ds a scalar,

vi) u,(L)ut =€ - N{O,ze} scalar.

The structure (3.4.1) describes the "relevant economic
theory" for the variable Vg Therefore, following the procedure
outlined in 3.2, the application of the REH yields an expression

analogous to (3.2.5):
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E(1-0F" 38 x

E Y41 o1

-1 t+1

E T o'F'g x

t-1 =0 t+

E ) o's' x
t-1 i=0

r1ai- (3.4.2)

Assume all exogenous variables are generated by first order,
autoregressive processes. Hence, r(L), in (2.2.6), is a diagonal,

n-dimensional, matrix of zero order polynomials, I'; where;

Ty. = v. i=1,2,...,n,

Therefore:lo

E _ Li+2

E X ® o1 i=0,1,2,..., (3.4.3)

The RES for this example may be obtained by the substitution of
(3.4.3) into (3.4.2); yielding:

’

E y,.p= 7 olg'ri?2y | (3.4.4)
t-1 T 430 t-1
101y the notation of (3.2.7),
s S
R RO A R I R N
N 3 : (2-h) _ 2+l .
Since; Yij " Yi,j+z+ %oni,h+1Yi,j = Y5, for all i if the

x's are generated by first order processes. Hence,

Yi,5 % Yi,ht1 " 0 for j=2,3,... and h =1,2,3,...
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provided the stability condition, |6| < 1, is satisfiedjl Since

(3.4.4) is a geometric progression, it may be simplified to obta1’n:12

E

= qipl -1
o Yegp = B'T{I - 8T} "Xy 4. (3.4.5)

Finally, the observable reduced form for this simple example

is obtained by the substitution of (3.4.5) into (3.4.1):

2

Yy = 8'x, + eg'To{I - er}’]xt_] te, . (3.4.6)
This example reveals two aspects of the application of the

REH to Model II structures. First, the RES requires consideration

of all future expectations of the exogenous variables, even when

only one period lead expectations appear in the original model.

Also, both the coefficients and stability conditions for the RES

may, in some casés, be simple functions of the original structural

parameters; regardless of the complicated expressions obtained in

the analysis of a general Model II RES.

]]Reca11 the condition defined in 3.2 requires that the roots of

|T - A']e(F)l = 0 lie outside the unit circle. In this example the
stability condition becomes, :
|1 -eFf =0 s |F| > 1

or |F|=—|%-I— . IF >

Therefore the single root lies outside the unit circle when [8| < 1.

]21im r'i = P null matrix since |yi]| <1 forall i

joo

because (2.2.6) is assumed to be a stable, stochastic process.

Ty...50
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3.5 Summary

The implications of the REH for Model II structures are re-
vealed by a comparison of the results obtained in Chapters II and
III. First, the existence of a RES in models with lead expecta-
tions depends upon specific stability conditions which are, in
turn, satisfied when structural parameters lie within particular
intervals. This result differs from the Model I analysis which
leads to a RES for all possible values of the original structural
parameters.

Second, as in the Model I analysis, the particular RES ob-
tained depends upon the assumption made about the process which
generates the exogenous variables. However, the RES for Model II

demands more extensive forecastingof future exogenous variables

since the solution contains expectations of all future exogenous
variables.

Finally, the arguments of the observable reduced form for
models with lead expectations correspond with those obtained in
the study of Model I. Also, the REH suggests a functional form for
the weights on these variables that allows one to distinguish the
observable reduced form, implied by the REH, from that obtained by
employing an alternative expectations generating scheme. However,
these weights are generally more complicated functions of the original
structural parameters than those obtained in the observable reduced
form for Model I. This complexity stems from the substitution

procedure required to obtain a Model II RES.



CHAPTER IV

MODELS WITH MULTI-PERIOD FUTURE EXPECTATIONS
AND LAGGED ENDOGENOUS VARIABLES

This chapter examines a class of structures which allow
lagged endogenous variables to accompany multi-period future
endogenous expectations as explanatory variables, thereby avoiding

the simplification employed in the Model II analysis.

4.1 An Qutline of Model IIT Structures

In an effort to analyze the impact of the REH on the most
general models that a researcher is likely to encounter, lagged
endogenous variables are added to the models with multi-period lead
expectations to obtain a class of structures denoted as Model III.

The general expression for this class is:
= e
Ayt = B(L)xt + W(L)yt +'9(F)t-1yt + w(L)ut, (4.1.1)

where all terms have been defined in previous analyses.
This class is the most general representation of models
which contain expectations formed from information available in

period t-1.1 Unlike Model I and Model II, which may be expressed

]Shi11er (1978), p. 29, deals with a more general version of (4.1.1)
by including period t-2,t-3,... expectations of endogenous vari-
ables. The import of his analysis is discussed in Chapter VI.

27
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as special cases of Model III, the details for obtaining a RES for
models with both lagged endogenous variables and future endogenous
expectations have yet to be explicitly stated in the literature.

The present analysis intends to fill this void.

4.2 A Rational Expectations Solution for Model III

Following the format employed in previous chapters, the

first step toward a RES is to obtain the reduced form:

Yy = A“B(L)xt + A“w(L)yt + A To(F) + A"w(L)ut. (4.2.1)

e
t-17t

According to the REH, the expectations in (4.2.1) are equated
with the conditional forecasts from the "relevant theory" [in this
case (4.2.1)]. These forecasts are generated by taking expectations

on (4.2.1) to obtain:

E

A']B(L)xt +
t-1

E A’]w(L)yt + E A']e(F) E Y§

y =
t t-1 t-1 t-1

E
t-1

v E A“m(L)ut . (4.2.2)

t-1

Combining the expectations terms with the lagged endogenous vari-

ables and noting; E Ey = E vy for all y_, _:
t-1 t-1 S g THS t+s

E (I - A e(F) - A']W(L)}yt

E
t-1 -

A']B(L)xt +
t-1

E

-1
A "w(L)u,.
t-1 t

(4.2.3)
As with Model II, rational expectations solutions for the

expected endogenous wariables (up to m(s+1) in number) may be
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obtained by leading (4.2.3) j-periods and substituting to obtain ex-

pressions for E y., E y.,75..., E in terms of observable
g1 "t g0y T t-1

variables. The typical lead equation for (4.2.3) may be obtained by
2

Yi+s

using the chain rule:

1

E {I-A's(F) - A Tw(L)

t-1

= E B(L)
t-1

+ E w(l)u

Wees
t+3-1 t-1

Xt+j-1 t+j-1"

j=1,2,... (4.2.4)

Inspection of (4.2.4) reveals that the Model III rational expecta-
tion for period t+j depends upon rational expectations of endo-
genous variables in both later (t+j+1, t+j+2,...) and earlier

(t+j-1, t+j-2,...) periods. Furthermore, rational expectations for

periods t+j: Jj < r depend upon lagged endogenous variables.3

Therefore, there is simultaneous feedback through time among the

expressions for E Ypseons E Yirj in (4.2.4), i.e.
t-1 t-1

E

o yt+j-1 depends upon

E y..s
-1 M
depends upon E y

and E
- t-1

y .
-1~ tH

t+j-1"

This result is not obtained in the Model II analog (3.2.4) where the
relationship among rational expectations expressions is shown to be

strictly recursive through time, i.e.

24o1d, Chapter 3.

3This result follows from section 2.2, assumption i, expectations
of variables in period t-1 and before equal actual values of those
variables.
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E

£l yt+j-] depends upon E y

g1 “tH

but , E Yi+j is independent of

E
t-1 -

oy Tt
As a result, the substitution procedure required to obtain a RES for
Model III may not be described, by the inversion of lead operator
processes, the mechanism employed in the Model II analysis.

Even though the simultaneous substitutions involved in ob-
taining a Model III RES from (4.2.4) may not be characterized by

convenient notation, the solution may be expressed in general terms

as.

Eye = R]{yt—r""’yt-1;xt—q""’Xt-1; E x » B Xeyno13Kgo e Ko e}

t-1 o B
. (4.2.5)

Ey = R q Yy sevesYy 73X _seeesXy 13 E X 5oy E X H GO S
t-1 t*s s+l t-r t-1""t-q t-17.0,7t t-q tn-1770 s-1
where;

i) Rj, j=1,...,s+1, are linear functions which describe
the RES for E Yerio1® These may be obtained by
t-1 " tHI-
solving the system of lead equations in (4.2.4) for
E ¥Yeseows E ¥,
T ML TR

ii) Kk; k =0,1,...,5-1, are the values of distant future

endogenous expectations which invariably appear in
R]’...,Rs-]’

iii) the effect of Ko,...,K in the solution for

s-1
tE] Ye4i-1 in (4.2.5), j = 1,2,...,8+1, d1m1n152es
as n increases; hence, the solution is stable.

4An analogous assumption is imposed in the Model II analysis. The
condition which insures that the effect of di§tant future values
of endogenous expectations attenuate as the time horizon lengthens,
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Two separate issues will be addressed in the analysis of
this general RES for Model III structures. The first concerns the
determination of the functional form for Rj, J=1,...,8*%1, in
(4.2.5) by analyzing the nature of the substitution procedure re-
quired to obtain a RES for Model III. The second is the specifica-
tion of conditions which guarantee that the effect of distant future

endogenous variables KO,‘..,K in (4.2.5) declines as n in-

s-1
creases, thereby insuring the stability of the solutions. Both of
these objectives may be achieved by considering a simplified version
of (4.2.1). Assume (4.2.1) is a single equation model; A = 1,

B(L) = 8(L), 8(L) and x, are n x 1 vectors, all other vari-

ables are scalars, and €y - N{O,ze}.5 Therefore (4.2.1) becomes:
= ' e
Yp = B(L)'xp + ¥(L)y, + o(F) ¥ + ey - (4.2.6)

The functional form of the solutions described in (4.2.5),
when the relevant theory follows (4.2.6), may be obtained by the
following procedure.

i) Assume initially that E

t-1
are known. Denote these as

6

Yeuins E Y N
tn’, 7 t4n+]

E vy
t_] t+n+S"]

KO"“’KS-I respectively.

is that the roots of the characteristic equation |I - A']e(F)I =0
lie outside the unit circle.

5\v(L) is a polynomial of order r in the lag operator L. 6(F) is
a polynomial of order s in the lead operator F.

6Mode]s with s Tlead endogenous expectations require s of these
assumptions.
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ii) Construct a system of n-equations in n-"unknowns,"
E yt,...,t§1 Yitn-1° by making j-period forecasts
outlined in (4.2.4) where, j = 1,...,n.
iii) Solve this system of equations by inverting the nth-
order coefficient matrix for this system.
When the relevant theory is (4.2.6), the particular system

of n-equations obtained by leading (4.2.3) may be described as:

J<r
tE] - S(F)}yt+j-] - 121 ¥, tE] Yerjoi = tE] B(L)lxt+j-]
r
’ 1‘=Jzirw"yt+j“'“
for j=1,...,r;
t§1 {1 - o(F) - w(L)}yt+j_1 = tE] B(L)'xt+j_]
for j = r+l,...,n-s,
s
tE]{'l-eo- ‘l’(L)}.Ytﬂ'_] = tE'I B(L)|xt+j-] + i=n§j+'| e'iKi-(n-jH)
for j = n-(s-1),...,n.
The jth equation j"= 1,...,n 1is obtained by the analysis of the

j-period forecast from (4.24). This system may be expressed in

matrix notation as:

{(r,S)A(”)}Z =b +c (4.2.7)

where;
i) r and s refer to the order of v¥(L) and o(F)

respectively,
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ii) {(r,s)A(n)} is an n xn "band" matrix which may

be described:

(r S)Agnj. =0 for i-j > r
= -wg for i-j =g; g =1,2,...,r
= l-eo for i-j =0
= -eh fOl" i'j = h; h = '1 ,‘2,..0,-5
=0 for i-j <s,

iii) Z 1is an n x 1 vector of rational expectations of
endogenous variables for period t through period
t+n-1,

iv) b dis an n x 1 vector of predetermined variables,

and future expected exogenous variables where;

r
bi = E B(L)xt+i-1 + Z. wgyt+i-g+1 for i=1,2,...,r
t-1 g=i
= E B(L)xt+i-] for i = r+l,...,n-s
t-1
tf] B(L)Xt+i-1 for i = n-(s-1),...,n.

v) ¢ disan n x 1 vector of distant future endo-
genous expectations where;

c; = 0 for i=1,2,...,n-58
S

= ] 8K . . for 1 = n-(s-1),...,n.
h=n-i+1 D h=(n i+1)
Following the procedure for obtaining a Model III RES out-

lined above, the coefficient matrix from (4.2.7) is inverted to

obtain:
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L= {(r’S)A(")}'](b + )

(n)
adj{ A
-{ (usj(n)l }(b +¢c)

(r s)

where;
i) adit, S)A(")} is the adjoint matrix of
n
(r,A M,

i) l(r S)A(n)] is the determinant of the coefficient

matrix.

th th

Letting “Snj]) be the cofactor of the i~ row and j~ column of
the matrix {(r S)A(")}, the adjoint matrix is the transpose of the

matrix of cofactors:7

(n-1) (n=1)9Y
a] ,n « e . Qn,-l
: (n), . {: :
tady (r,S)A b= .(n-l) .(n-]) ‘
a]’n . an,n )

Therefore, the solutions for the first (s+1) elements of the
vector Z in (4.2.7) may be expressed:
n
(n-1)
z a.’j (b‘i + ci)

Z. = 3= 1,...,8+1. (4.2.8)
(n)
lr o)A

7 - .
The cofactor, agnjl)’ is the determinant of the (n-])St-order
’ h

minor obtained by deleting the it row and jth column from
{r,sA(n)}’ multiplied by (-])1+J.
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Hence,(4.2.8) describes the particular functional form of Rj’

j=1,...,s+1, in (4.2.5) when the relevant theory is (4.2.6).

The isolation of stability conditions for this particular

solution may be accomplished by considering only the portion of Rj

in (4.2.5) which contains Ky » k =0,1,...,s-1. This portion,
denoted Q;, may be expressed by multiplying the last s columns

of A"l by the .elements of ¢ to obtain:
(n-1)
Q. = n ai..]' ehKh'(n‘i'ﬂ)
b i=n<(s-1) h=n-i+] l(r S)A(")l
Summing over i and h yields:
- (n)-1 (n-1)
Q; I(r,s)A | U-(s-1),j %Ko *
(n);-1 (n-1)
I(r,s AT e s-2),j 018 * 85K ¥
(n);=1 (n-1)
[(rys)A 71 Tepaq,5180Ky *ee¥e Ko )
(n),-1 (n-1)
l(r,s)A | n,J t81% togksah 1= 1.2,

(n),-1 (n-1)
Y l(r s)P "l hgl ehann(h-l),a Ko *
PR § A K, +
(r,s) hep h%n=(h-2),5 ™
A1 ()
[(r,s)? v h=§-1ehanf(h-(s-l)),j Kg2 *

A(h)l'] 6 oM=1) ¢

s Nn,j s-1

l(r,S)

J=1,2,...,5+1 .

(4.2.9)

(4.2.10)
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Hence, from (4.2.10), the coefficients on the distant future

values Ko""’Ks-1’ in the RES for zj (E vy ), are ratios

t+j-1
t-1

with the determinant of {(r S)A(n)} being the common denominator.
The weighted sums of cofactors, which comprise the numerators of
these coefficients, may be expressed as single determinants for

each Kk. For example, the numerator of the coefficient on K_ in

0
(4.2.10) equals the determinant of the matrix formed by deleting
the jth column of {(r SA(n)} and augmenting it with a new nth
column,

(0,...,0 eses_],...,e])l .

This new determinant must be weighted by (-1)n+J to account for

8

the sign carried by the sum of cofactors.” The numerators of the

remaining Kk’ k=1,...,5-1, equal determinants which differ only

with respect to the augmented column which becomes

(0,...,0 es,...,ek+])' for Kk .

These newly formed determinants may, in turn, all be

expressed as cofactors of a common matrix: {(r S)A(”+s)}. This is

illustrated by the following system which 1inks the numerators of

the coefficients on K, from (4.2.10) to cofactors of {(r S)A(n+s)}.9

8The sign must correspond to that carried by the (n,j)th cofactor

which is the first element in the weighted sum of cofactors for
the coefficients on all Kk‘

9The distinction between cofactors from {(r S)A(")} and

{(r s)A("+S)} will be emphasized by letting P33 denote the
i,jth cofactor from {(r S)A(n+s)}.
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when
s
=0 (n-1) - (n)
k=05 Loty T 1000k, 9)- (me2ans2)e oo (nvsnes)
s
-1 (n-1) - 1 (n)
k=1 hZZ ®h%n-(h-2),j ~ (-1) p(:H,j)'(n+2,n+1)‘(n+3,n+3)--°- (n+s,n+s) ,

S
i (n-1) - -2 (
k 5-2, h=§-]ehanf(h-(s-])),j = (-])S p(:l] ,J‘)(n+2,n+]).o¢-

(n+s-1,n+s-2) (n+s,n+s),
s-1; a1 = (-1)37Tp{0)
> 7sTn,j (n+1,3){n+2,n+1)**++ (n+s,n+s-1).

~
]

The subscript on p(n) denotes the s pairs of rows and columns

)A("+S)}

deleted from {( to form the particular cofactor (nth

r,s
order determinant) that equals the weighted sum of cofactors ((n-l)St
order determinants from {(r S)A(n)} ) which constitute the numerators
of the coefficients on K., k = 0,...,s-1 in (4.2.10). The sign

(-])k is necessary since the sign included in the cofactor,

(n)

®(n+1,3) (n+2,n+1) <=« (n+k+1,n+k) (n+k+2 ,n+k+2) =+ = (n+s,n+s), k = 0,1,...,s-1,

corresponds to (-1)”+J only when k is even.]0

Turning to the denominators of the coefficients in (4.2.10),
the determinant of {(r S)A(n)} may also be expressed as a cofactor

of {(r’S)A(n+S)}:

]OBy definition, all cofactors are weighted by (-1)V; where
v = the sum of the numbers of all the detleted rows and columns.
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(n), _ (n)
L

{(r,s ntl,n+1) s+« (n+s,n+s) .

Therefore, by isolating the coefficients on the distant

future endogenous expectations in thé RES for Z. (E y,.,.
R L

k =0,...,s-1, in (4.2.8)

), it

is clear that the effect of Kk’

dissipates iff:

(-1)k "5211 o) (n+2,n+1) -« +(n+k+1,n+k) (n+k+2,n+k+2) + - -(n+s,n+s) _
p?n+1,n+1)---(n+s,n+s)

Tim

N->

0

(4.2.11)
for k

0,],..-,5-]
J=1,2,...,s%]

The stability condition (4.2.11) is expressed in terms of the ratios

th order determinants. These are determinants of matrices which

of n
have (n-1) common columns. This fact is useful in expressing the
stability conditions in terms of structural parameters for certain
values of r and s (shown in the example in 4.4). However, no
restrictions which are necessary to satisfy (4.2.11) are apparent
when r and s are arbitrary.

An alternative approach to simplifying (4.2.11) is to write

the determinants as the infinite products of their latent roots.

The stability condition, (4.2.11), becomes :
=0 (4.2.12)
where ;

i) Aijk is the ith latent root of the n x n matrix

obtained by deleting the following s pairs of rows
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and columns from {(r’S)A("+S)}:
(n+1,3) «(n+2,n+1) e+ e+ (n+k-1,n+k) (n+k+2 ,n+k+2)
(n+s,n+s),

ii) A; s the it 7atent root of the n x n matrix

{, SA(")} obtained by deleting (n+1,n+1)<*** (n+s,n+s)

from {(r’S)A(n+S)}.

Since the matrices which generate Aijk and A have n-1 common
columns, the relationship between Aijk and A; may be exploited
to simplify (4.2.12) for certain values of r and s. This idea
is pursued in 4.4 for r =s = 1. However, no general simplifica-
tion may be achieved unless knowledge of the root formulas for
arbitrary r and s is obtained.

The RES of (4.2.8) may now be expressed in terms of observ-
able variables by invoking the stability conditions (4.2.11) and
adopting an assumption about how expectations of exogenous variables

are formed, thereby yielding :

(n'1)A|
n a; : ‘b,
Z, = lim | o §=1,2,...,54 (4.2.13)
b s =T | AV
(rys)
where ;

i) the expectations in .bi have been replaced by the
g-period forecasts of (3.27) generated by assuming
the exogenous variables follow a stable stochastic
process as in (2.2.6); hence b, becomes Bi’

ii) the stability conditions insure that the effect of

distant future endogenous expectations is negligible
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when n is sufficiently large; hence,

n a(nf]) c.
lim 7§ _J_(T1’ 1 =9,
m= izl | AV

Consequently, the application of the REH to (4.2.6) yields an ex-
pression which depends upon all the predetermined variables in the
original structure, plus any additional lagged exogenous variables.
which are needed to forecast the exogenous variables.

This RES compares quite closely with that obtained in
Chapter III in regard to the specification of relevent variables.
The complexity of the coefficients stems from the complicated sub-
stitution procedure required to eliminate future expectations

of endogenous variables from the Model III RES.

4.3 An QObservable Reduced Form for Model III

Following the procedure employed in the analysis of both
Model I and Model II, the observable reduced form for Model III is
obtained by substituting the RES, (4.2.13), into the original

reduced form (4.2.6) to obtain:
Vi = s(L)'xt + w(L)yt + e(F)Z] *ey (4.3.1)

where Z] corresponds to the RES for E Y therefore:

t-1

e(F)Z1 = eoz] +.o.0t eszs+].

This observable reduced form may be simplified by consider-

ing:
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s+1 (n- 1\
6(F)Z, = . -—JJ—T—T- n-large
(n']) )
i E sg] ?i_]az’f bi
.2 e n
i=1 j=1 lr,sA |
Combining terms in B% yields:
10 -1 ,
8(F) 7, = l(r’s)A(”)l Z]{eoas?] ) 4. e a$ n-1)b! (4.3.2)

i
Analogous to the procedure in section (4.2), the linear combinations
of cofactors, which form the coefficients on 5; in (4.3.2) ma

be expressed as single determinants for each 8' The coefficient,
{e a(n ]) +...40_a ( )}, equals the determinant of the matrix ob-

s® i,s+]

tained by replacing the 1th row of {( )A(n)} with

r,s

{eo,e],...,es, 00...0}.

For example;assume i =1, then:
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Assume i = 2, then:

L(n=1) (n-1) _ _
o%2,1 et 8an g = (0-80) -8y ... -6 0 ... 0
) 9 8 0...0
o} 1 S
~¥, -¥,
. (n-2)
¥ r-1 {(r s)A }
0 -Wr
0
0 0
(1-8) -e1 -8 0 0
-e0 -e] —es 0 0
Y
-y =Y (n-2)
r r-1 {(r s)A }
0 -wr
. 0
0 0

Expanding down the first column, this determinant may be expressed,11

+(1 -8 )a é Do aé"]l) = aé";1) :

Hence,

nThe elements of the Laplace expansion of the 3"d through nth terms
in the first column equal zero since they contain determinants of
singular matrices.
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(n-1) (n-1) a(n=1)
0 a +...¥0_a 2.1
02,1 s 2,5+1 _ .
s s
(r,s) (r,s)
Assume i = 3, then:
(n=1) -1 _T _ - -
%023,1  *ro-*0503 541 T (1-8,) -9, 6p »e- "8 0
=¥ (1-90) -6, -0._1 "8 0
-8, -8, -6, S0 0 e
-¥s -¥, -¥
-y -y -y
0 -Wr ] -wr 2 {(F,S)A(n-3)}
r r-1
0 -y
r
: 0
0 0 0
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Interchanging the second and third row yie]ds;

(n-1) (n-1)
6033’] + o.+es 3 S+] = (]~60) -9] ............ 6S O oooooooo 0
-eo -e] -92 -es 0 ........ 0
-¥ (1-8,) -8y «...-8 -0, 0 0
3 -4
g As)
-¥ ¥y Yy (rss)
0 -Wr -wr_]
0 -y
r
0
1o 0 0 |
(n 1) (n-1) o(n-1)
(1 ) * eo 3,1 = 3.1 )
i (n) n
_ l(r*,,S)A | l(r,S)A |

Therefore, continuing the analysis would yield:

(n) 1 (n 1) (n-1 - n) -1 (n 1)
I(r,s) " 80i,1  teeet 85 g o) I(r s) |
for i =2,...,n.
Hence;]z
R n agn;l) R .
B(F)Z] = -b.i + Z —J__n-bi" _ (4.3.3)
i=] lr,sA |
12

This type of simplification allows the conditions for

1im e(F)Q] =
n-o
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The observable reduced form may now be re-expressed by substituting

(4.3.3) into (4.3.1) to obtain:

- 1 \\,
'Yt = B(L) Xt = tE] B(LI t(o)
+ 1lim 2 ————J-—(-7 (i-1) + Z Y5y ian}
nee =1 | j=i t-(i-3+1)
i<r
‘e (4.3.4)

to be stated in simpler terms than considering each Qj separately
as in section 4.2. Consider the coefficient on Ko in e(F)Q1:

(n) }-] SE] 0. pn .

(n+1,n+1) ++<(n+s,n+s) 391 i=-1"(n+1,3) (n+2,n+2) * =+ (n+s,n+s)

But this equals the determinant of the matrix formed by replacing the
first row of the (n+1)St
(n+2,1)+(n+3,n+3)+ -« (n+s,n+s) from {(r,s)
» {eo e1 see es 0--+-0}. Expanding down the first column as in the pre-

sent analysis this new determinant may be evaluated as:
{p(:+1,n+1)°°°(n+s,n+s)}-]{'eo'(]'eo)}°§211,1r(n+2,n+2)---(n+s,n+s)
| - °§:ll 1r(n+2,n+2)+ - {n+s,n+s) .

E:l1 n+1)e«+(n+s,n+s)

Similarly all other coefficients of Kk could be simplified to obtain
o(F)Q, =
z (_1) (n+] 1)'(“*‘2)(""'])"'("""( .1)(n+k)(n+k+2,n+k+2):--(n+SLn+S)

{p

order minor, obtained by eliminating
a(n+s)

p(n+'| ,n+1) e+« (n+s,n+s)

Hence the stability of the weighted sum of rational expectations solu-
tions which appear in the observable reduced form is insured if the
l1m1t of the]above expression approaches zero for all values of

= 0y.0.45-

}, with T
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This observable reduced form differs very little from that
obtained for Model I and Model II in terms of specifying the ob-
servable variables which must appear. The complexity of the co-
efficients stem from the intricate substitution procedure required

to obtain a Model III RES. However, since the adjoints (a$"]1))
)A"}, an inves-

are determinants of (n-1)St order minors from {(

r,s
(n-1)
)1

tigation of the relationship between o may

i and |(r,s)
simplify (4.3.4) for certain values of r and s. This is demon-

strated in the following section.

4.4 An Example of a Model III Structure

A simple example exhibiting the characteristics of a Model III
structure illustrates the steps leading to a Model III RES and re-

sulting observable reduced form. Consider the single equation model:
= ' S -
Yo = B(L)'xy + Wby, +6F, _qyiq tep =12, (4.4.1)

where from (4.1.1),
i) Yt is a scalar,
ii) B(L)" s a (1 xn) vector of polynomials in the

lag operator L,

iii) X isa n x 1 vector of exogenous variables,
iv) ¥(L) =¥L isa scalar,

v) o(F) = eF 1is a scalar,

vi) €y ~ N{O, ze}.

The structure (4.4.1) describes the "relevant economic theory"
for the variable i Therefore, following the procedure outlined in

4 .2, the application of the REH to (4.4.1) yields an expression
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analogous to (4.2.4):
E {1 - oF - \PL}yt = E B(L)'Xt . (4.4.2)
t-1 t-1
The RES for (4.4.1) is obtained by leading (4.4.2) and follow-

ing the solution procedure suggested in section 4.2, hence:

GURS
ey 1ad i
E Y,z ,=2,=1im- i=1,2,... (4.4.3)
R TR S Bl BN (n), 2
where,in this simple example:
i) {(1 1)A(n)} is a tri-diagonal matrix with
(n) _ o
(],])A i 1 for 1=
= -9 for i-j = -1
= -y for i-j = +1
=0 for elsewhere,
ii) b% = g(L) xt(o) * Yl for i =1

B(L)'it(i-1) for i =2,...,n.

The stability conditions for the RES (4.4.3) are obtained by
applying (4.2.11) to this example; hence the RES is stable iff:
(n)

o}
Tim _{%§l4§l__ = 0; since s = 1.
M= P (n+1,n+1)
The numerator of this expression is the determinant of the matrix

t row and an column of

("+1)} is tridaigonal, any minor

formed by eliminating the (n+'|)s
(n+1) .
{(]’])A }. Since {(]’])A

formed by eliminating the last row will be a lower trianglar matrix.
Hence, the cofactor is expressed as the product of the diagonal

elements:
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(211 2 = (- NM*3e)1 2 (L)1,

Focusing on the denominator of this expressicn, the latent roots of

the minor which yields pgﬂll n+1); {(1 ])A(")}, may be expressed:13

= (1 + 2 /¥8 Cos i=1,2,...,n

n+1)
n (1 + 2 Y¥8 Cos +]) The stability con-

i=1
dition may now be explicitly stated in terms of the structural para-

Kence pg:z_" ’n+~|) = ('])n

meters as:
en-]
T1im - =0 .
" 1 {1+ 2 /48 Cos +]}
i=1
n-1

Clearly, 1im o converges when |6| < 1. The infinite product

N->c
1imit 4n the denominator may be examined by noting:

1 for i-small

0 for 4= ﬂ%l

-t o
~
0

O

(@]

(%)
0

-1 for i-large s

n

ii) Cos e = -Cos(r - o) 0<e<m.

Therefore, if n 1is even;

[}

Cos( -Cos{m - %%T)

n+l

“Cos(r(Z1T)

1,2,...,n/2,

if n 1is odd;

135 3. Hammarling, (1970), pp. 153-154.
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ir _ n+l1-i . n-1
Cos pru il COS(ﬂE—HIT']) i=1,2,..., 5
Therefore;
Vim o (1) = ; (1 + 2 /8% Cos 1}
o (0¥1,0%1) 7L n+l
m .
= 1 {1 - 4gy Cos? iy,
=1 H
m=n/2 'for n-even

m = (n-1)/2 for n-odd.

Hence, 112 °§:l1,n+1) diverges to infinity when e¥ < 0. The suf-
ficient conditions for the stability of the RES for this example may
now be stated:

lo| <1,

ey < 0

Therefore, knowledge of the formulas for the infinite deter-
minants of (4.2.11), as provided in this particular example, will
allow the researcher to obtain sufficient conditions for the stability
of the RES, which may be stated in terms of the original structural
parameters.

The observable reduced form for (4.4.1) may be obtained from

(4.3.4). Since r=s5=1;
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However, since {(] ”A(n)} is tridiagonal;

i (n-1),,
a5,07 (1) 78 g A |

the observable reduced form becomes:

yy = 31" &g - %, (0))

PR A
+ 1im U zl) OF {B(L)'Xt(O) - ‘i’_/t_1}
me oA
n | A(n-i)l -
+1im § (1)t LLal) 8(L)' X, (1-1)
O I(] _I)A(n)I
fep - (4.4.4)

The analysis of this simple example of a Model III structure

emphasizes two distinct characteristics of the application of the

REH tb models with both lead endogenous expectations and lagged

endogenous variables. First, when expressions for the infinite de-
terminants in (4.2.11) exist, the stability conditions may be stated

in terms of the original structural parameters. ~Also, inspection of

(4;4.4) reveals that, in the simple one lead-one lag case, the co-

ef Ficients in the Model III observabie reduced form may be simplified
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to obtain ratios which are different ordered determinants from

identical band matrices.

4.5 An Qutline of the Multivariate Extension of Model III Analysis

The procedure which generates a RES for the single equation
model (4.2.6) may be extended to multi-equation structures with gen-
eral disturbance assumptions as described by (4.2.1). The coefficient
matrix {(r’s)A(n)} becomes mn-dimensional since (4.2.1) contains
up to m-(s+1) rational expectations which need to be replaced with
expressions of observable variables. The RES is obtained by inverting
this coefficient matrix and poét-mu]tip]ying it by an mn-dimensional
vector analogous to 6' in (4.2.13). The elements in B' depend
upon the nature of the relevant theory and assumptions about the
processes which generate the exogenous variab1es.14

The stabi}ity conditions require that the coefficients on up
to s-m values of distant future endogenous expectations (Kk in
(4.2.5)) converge to zero for each of the (S+1)m rational expecta-
tions .solutions.

Finally, the RES may be substituted into (4.2.1) to obtain

a reformulated reduced form which is free of unobservable variables.

4.6 Summary
Despite the complex substitution procedured required to ob-

tain a RES for Model III, the resulting observable reduced form is

quite similar to that obtained in Model II. The RES depends upon

——

1
4If w(L) # 1 1in (4.4.1), b' will contain lagged disturbance terms.
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stability conditions which insure that the coefficients on distant
future endogenous variables converge to zero when the number of sub-
stitutions is large. In Model II, the restrictions required for this
condition are stated in terms of the roots of a characteristic equa-
tion. The Model III analysis obtains this condition in terms of
limits of latent roots of infinite order determinants.

A second similarity between the application of the REH to
Model II and Model III structures is the dependence of the solutions
on the process assumed to generate the exogenous variables. The RES
for both models contains expectations of exogenous variables for all
future periods. Hence,.assumptions analogous to (2.2.6) are.required
to obtain reformulated, reduced forms, void of unobservable variables.

Finally, the observable reduced form for Model III is generally
indistinguishable from that obtained in the analyses of Models I and
Il in regard to specifying the set of exp]anatory variables which
must appear. However, the particular functional form of the co-
efficients is more complex than that obtained for either Model I or
Model II. This complexity stems from the degree of simultaneity in
the system of equations (4.2.4) which givesrise to the Model III
RES.



CHAPTER V _

THE ECONOMETRIC IMPLICATIONS
OF MODELS WITH RATIONAL EXPECTATIONS

This chapter examines three major topics in the econometric
analysis of models with rational expectations of endogenous vari-
ables. First, the identification of reduced form (RF) parameters
from knowledge of those in the observable reduced form (ORF) is con-
sidered. Second, a method of estimating structural parameters is
introduced. Finally, a procedure for testing the restrictions

implied by the REH is developed.

5.1 The Approach

The point of departure for the econometric analysis will be
the models ,analyzed in Chapters II, III, and IV. It will be
assumed that the structural parameters of the models in question
may be identified from knowledge of those in the corresponding
reduced form (RF) expression.]

The analysis in previous chapters reveals that the applica-
tion of the REH to these RF structures yields expressions for the
expectations terms which are free of unobservable variables. These

expressions may be substituted into the original RF to obtain an

ORF. This ORF structure is advantageous for applied work since it

1this is the standard notion of identification.

54
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no longer contains unobservable variables. However, the implica-
tions of employing the particular ORF suggested by the REH as
opposed to any alternative reformulation of the griginal RF
structure (for example, that obtained by assuming adaptive ex-
pectations) cannot be realized without considering three econo-
metric questions. First, under what conditions are the RF para-
meters identified relative to those in the ORF? Second, what
estimation procedure is appropriate for a model which incorporates
the REH? Third, is the nature of the ORF, obtained by following
the procedure outlined above, conducive to a test of the REH?

The following analysis reveals the econometric implications of the
REH by responding to these three ﬁuestions.

The first two questions are pursued in some detail for
simple Model I structures in a paper by Wallis (1977).2 The
reference made to a test of the REH jn Wallis' analysis is unde-
tai]ed.3 Consequently, the following analysis contains two priTary
contributions. First, it extends the identification and estimation
analysis pioneered by Wallis to more general rational expectations
mode]s.4 At the same time, some of Wallis' results are modified
to account for general specifications. Second, it provides the
details for a test based upon the particular functional form of the

ORF obtained by following the theory of rational expectations.

zwallis considers models which do not contain lagged variables.

3yallis, p. 25-26.

4Wallis makes no reference to structures which may be categorized
as Model III.
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5.2 Identification

When the parameters of the original RF can be obtained from
knowledge of the ORF coefficieﬂts the application of the REH to
models with expectations, generates useful results. In this case,
when the structural parameters are also identified in the standard
sense, from knowledge of RF coefficients, estimates of structural

parameters may be obtained from those in the ORF.5

Hence, by
applying the REH, the researcher is able to perform tests of
hypotheses regarding the structural parameters of models which
originally contained unobservable expectations terms.

Generally, identification will depend upon the number of
independent parameter estimates which are available from the ORF,
relative to the number of original RF coefficients. The follow-
ing analysis concentrates on Modelnl structures and outlines an
approach for determining the identification conditions for models

with lead expectations.

Consider the following Model I reduced form expression:
= e
Yy = n1(L)xt + nZ(L)yt *mgpopYe t Ve (5.2.1)

where, from (2.2.1);

i) w](L) = A']B(L) -anmxn matrix of lag polynomials,

SIn some cases structural parameters may be identified from know-
ledge of ORF coefficients even when RF parameters are not. Wallis
points out, p. 25, that it may be possible to "tradeoff" the over-
identification of structural parameters from RF against the under-
identification of RF parameters from the ORF. Nevertheless, the
separate treatments of the two concepts of identification is
significant since no general solution for this "tradeoff" procedure
has yet been obtained.
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ii) wZ(L) = A-]W(L) -an mx m matrix of lag polynomials,
recall ¥g = /)

iii) my = A']e -an mxm matrix of reduced form co-

efficients,

iv) Vy = A € 5 €4 ~ N{O,ze}. £, s unrestricted. The
analysis is intended to accommodate any assumption
about the distribution of error terms.

Following (2.3.1), the corresponding ORF obtained by applying the

REH to (5.2.1) is:

yt = W](L)Xt + "2(L)yt

+ ”3(1 = ﬂ3)-]{ﬂ?r(L) + Wi(L)}Xt-]

+

where;
i) n? = A']B0 -an m x n matrix of RF coefficients
containing all the coefficients on those exogenous
variables in period t which occur in (5.2.1),

ii) ni(L) = A']B'(L) -an mx n matrix of lag poly-
nomials containing all the coefficients on lagged
exogenous variables in (5.2.1),6

iii) it = r(L)xt_]' from (2.2.6) where r(L) isan n xn
diagonal matrix of lag polynomials. For convenience
each of these polynomials is of order P.
P,

. ij(L) & Y.

J] + szL +...

¥ Yip

bRecall B'(L) = By + ByL +...+ Bqu" from (2.2.7).
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Re-express (5.2.2) by combining all lagged terms, which enter (5.2.2)

from the RES,

Yt

<
ct
]

<
ot
|

+

with those appearing in (5.2.1) to obtain:

0 -1
v]xt + nZ(L)yt + n3(I - w3) nz(L)yt
w3(1 - n3)-] n?P(L)Xt_]

' -1 )
TT-I(L)Xt-] + 1T3(I - TT3) Tl'-](L)xt_] + Vt

= mx, * [+ n3(1 - w3)-1]v2(L)yt

-1.0
“3(I - TT3) W]P(L)Xt_]

(1 + mg(l = m) T amd (L)xy_q + v,

0

= ‘rl’]Xt + (I - 173)-]TT2(L).Yt

w3(I - n3)-1n?P(L)Xt_]

(1= 7g) i (Lxy_q + v, - (5.2.3)

The analysis of (5.2.3) is facilitated by noting that each

equation of a reduced form system contains all the predetermined

variables in

the system. Hence, the explanatory variables in each

equation of (5.2.3) may be categorized;

n]E

the number of period t exogenous variables in each
equation of (5.2.1). Without loss of generality, let

these be the first n of the nth

order vector Xy
the total number of lagged variables in (5.2.1)
which can be obtained by lagging members of ng-
Note, Max k; = (n] « q); q = Max Qi 5 from 2.1

assumption iii.
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k2 = the total number of lagged variables that do not have
corresponding period t values in (5.2.1). Note,
Max k2 = (n - n])q.

k3 = the total number of lagged endogenous variables in

(5.2.1). Note, Max k3 =me.r
r = Max rij from 2.1 assumption v.

r*(L) an n x n diagonal matrix of polynomials in the lag
operator L which contain the coefficients on only
those lagged exogenous variables from the auto-

regressive process (2.2.6) which do not also appear

in (5.2.1). Hence, the jth diagonal element of
*
r (L) is:
Dro(L) = vr g * oy oL bt ys P 5=
33T a2 Tt Ygpn o I ey
where;
Y - when the gth lag on the jth exogenous vari-
329 able does not appear in (5.2.1), g = 1,2,...,p
* N
Y‘ = LAY
J>9 0 when the gth lag on the jth exogenous vari-

ables does appear in (5.2.1)

) = L) - o).t

Employing theée assumptions, (5.2.3) may be written:

7The question of locating the last n - n diagonal elements in
* J

r (L) or r (L) is immaterial since the last n - ny, columns

of w? are null vectors.
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- n?xt + (1 - n3)-]n2(L)yt

<
t
|

+

- *
na(l = 73) ‘n?r (L)%,

n3(I - n3)-]n?F**

+

(Lx s

+

(I - 113)rr-i(L)Xt_.l + Vt . (5.2.4)

Equation (5.2.4) illustrates that the m - n elements of
w? are immediately obtaiﬁab]e from knowledge of the ORF coefficients.
The parameters of the autoregressive processes, r(L) from (2.2.6),
are identified outside the sy;tem (5.2.4). The condition which
insures that the remaining RF coefficients can be obtained from
those in the ORF is that the individual elements of T3 are
identified from knowledge of:

i) w?,
i) (L),
1) wgy(l - w) 1307 (L).

This may be demonstrated by equating the ORF coefficients of (5.2.4)
with those obtained in the simple linear regression of Yy on the
set of variables which appear in (5.2.4). Denoting the coefficients

from this unrestricted version of (5.2.4) by ¢(L), define the

3
x

n matrix, % = w?,

the mxm matrix, ¢](L) = (I - ﬂ3)-1n2(L),

. - -1 0 *
the mxn matrix, ¢2(L) z n3(I - n3) L (L),
the mx n matrix, ¢3(L) = n3(I - n3)°]w?r**(L) +

-]l
(I - n3) ﬂ](L).
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Since LB is an mx m matrix of full rank;

=]
nN
—
—
~
"

(1 - n3)¢](L) and

T(L) = (1 = 73) gq(L) = 7501 = m3) Tqyr (L)

Therefore, when the elements of Ty may be obtained from
P> r*(L), and ¢](L); then nZ(L) and "i(L) may be expressed
in terms of the ¢; and Tr. Hence, when the conditions for the
identification of the elements of my are satisfied, the
m(k] + k2 + k3) remaining in the ORF provide the information to
solve for the m(k-l + k2 + k3) remaining unidentified parameters

.8

in "i(L) and "Z(L Consequently, the following analysis con-

centrates on the coefficients in the third term in (5.2.4):

1r3(I - 1r3)-11r?1"*(L). (5.2.5)

By construction, the last n - " columns of n? are
null vectors. The jjth diagonal element of r*(L) will be non-

zero if at least one lagged value of the jth

type of exogenous
variable j = 1,2,...,n] appears in the autoregressive process
for the jth variable but not, as.an explanatory variable in (5.3.1).
Let n, be the number of null diagonal elements in the first n
rows and columns of r*(L). Then a necessary and sufficient
condition for identifying the elements of Ty from knowledge of

ORF coefficients is:

8A simple example which illustrates this point is contained in the
Appendix; Example III.
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O*

p{n]I‘ (L)} = m. (5.2.6)

Hence, only when the rank of n?r*(L) equals m will there be

m2 independent equations for the m2 unknown elements of T3

But, p(n?) < min{nl, m}

In

*

and p&T (L) ] in] - nzg;
0 0

p(nlr (L)} < mintm, ny - n,}.

Clearly, a necessary condition for the identification of the elements
of LET and hence, all RF parameters, from knowledge of ORF co-

efficients is:

np=n,>m. (5.2.7)

Therefore, the condition for identification requires that the
number of period t exogenous variables, for which at least one
lagged value (lag < P) does not appear in the original system,
exceeds the number of equations. Clearly, the condition could be
modified to account for the possibility that not all endogenous
variables appear in expectation form. In this case (5.2.7) would

be:

n]-n2>m]

9Only the rank of this submatrix is of concern since the last

n-n columns of n? are null vectors. Hence, independent rows
*
and columns in the last n - Ny rows and columns of T (L) will
*
not augment p{ﬂ?? (L)},
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where, m is the number of endogenous expectations in each equa-
tion.
This result generalizes Wallis' identification condition

for models with lagged vav‘1’ab1es.10

However, when lagged variables
are considered, two conclusions reached by Wallis must be modified.
First, his identification condition no longer applies to general
models. Second, the nature of the autoregressive process does
have a role in the identification analysis, contrary to Wallis'
contention. The following analysis demonstrates these results.

In the simple models employed by Wallis, the condition for
identification of RF coefficients from those in the ORF is that
the number of exogenous variables exceed the number of expectations
terms. This condition is a special case of (5.2.7). When no
lagged terms exist, the elements of ™y are the only terms which

are not immediately identified from knowledge of the ORF coefficients.

*
Also, ny - n, T (L) = r(L) and n, = 0. Therefore;
*
o{n?r‘ (L)} < min{m, n}.
Hence, Wallis' identification condition,

n>m, (5.2.8)

is confirmed. However, expression (5.2.7) reveals that this state-
ment is invalid when some of the explanatory variables in the
original RF are lagged exogenous or lagged endogenous variables.

Clearly, the ORF coefficients on lagged values provide no

104a114s, p. 25.
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information for identifying the elements of n3.]]

- An additional result obtained from the Wallis study must
be modified in light of the present analysis. Wallis maintains
that substituting the autoregressive processes for exogenous
variables into the ORF (as opposed to merely calculating a single
value for the optimum forecast) is of "no assistance" in

12 This result is confirmed for

identifying the elements of s
Wallis' simple model by considering (5.2.8). The rank of r*(L)

will be n, regardless of the orders of the individual auto-
regressive processes for the n exogenous variables. However,
(5.2.7) reveals that n, corresponds to the number of current

period exogenous variables which are generated by a particular

set of lagged exogenous variables that also appear in the original

RF equation. The previous analysis demonstrates that when auto- ~
regressive processes for these exogenous varialbes are sub-

stituted into the ORF, the form of the resulting coefficients is

not conducive to identifying elements of "3 Hence, the value

of n, Hepends upon the particular lag structure of the auto-
regressive processes. As a result, when the model under investi-
gation contains lagged variables, the condition for identification
does depend upon the nature of the process generating the

exogenous variables. However, when m > s the additional

1]Example IIT in the Appendix offers an illustration of this
fact.

124al1is, p. 25.
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information which may be gained by extending the order of the pro-
cess assumed to generate the exogenous variables will never:be
great enough to identify the elements of LEY
When the question of identifying RF parameters from those in
the ORF is extended to models with lead expectations, the analysis
is complicated by two factors. One stems from the increased number
of expectations terms contained in models with lead expectations.
As a result, the number of elements in LB increased from a maximum
of m2 to a maximum of mz{s + 1}. Secondly, the ORF coefficients
are much more complicated functions of the RF parameters. The
ensuing analysis contains an outline of the general approach for
determining the conditions for identification for Model II and Model
IIT structures. i
Initially, consider an unrestricted version of any Model II
or Model III ORF as a function, linear in both parameters and vari-

ables, which contains the set of variables appearing in the ORF of

the model under investigation. Hence, let:

yt =:D(L)zt + vt (5.2-9)

where;
. (] '
1) zg = et

ii) (L) is an mxn +m matrix whose elements are

13

polynomials in the lag operator L. The length

]3The elements of p(L) are defined analogous to those of B(L)
in section 2.1, assumption ii.
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of the lags will depend upon the lags in w1(L),

T

2(L), and r(L),

iii) forecasts from it = r(L)xt_] have been entered to
eliminate all "future" values.

The general ORF structure obtained by an analysis of either Model II

or Model III, illustrated in (3.3.1) and (4.3.4) respectively may

be designated:
yp = m(l)zy + vy (5.2.10)

where;
i) z, is defined in (5.2.9),
ii) w(L) dis an mx n +m matrix whose elements

correspond to those in either (3.3.1) or (4.3.4)

when expressions for the lead forecasts of it(z)

have been substituted for the expected future

values of exogenous variables.
Since (5.2.9) and (5.2.10) contain identical sets of explanatory
variables, the conditions for identification may be examined by
equating the coefficients from (5.2.9) with the functions of original
RF parameters which constitute the coefficients of (5.2.10). The
resulting system is a functional relation from the elements of
m(L) to the elements of o (L). If the rank of the Jacobian matrix

for this transformation equals or exceeds the number of original

RF parameters, one may solve for the elements of =(L) in terms of



67

those in ~;;(L).M’]5 Therefore the condition for identification 1'5:16

{ap(L)i} the number of parameters
p =

am(L) - in the RF system.
where;
02 L)y the gradients which ise th
are the gradients which comprise the
aiLS.
KA
Jacobian 3-D(L)i
31\'2[53. )

In conclusion, the conditions under which RF coefficients may
be obtained from knowledge of ORF parameters becomes more obscure as
one investigates more general models with rational expectations.
Nevertheless, the issue is important if statements about values of
the structural parameters must be made. Furthermore, the question
of identification must be considered prior to that of structural

estimation; the subject of the next section.

5.3 Estimation

This section outlines an approach to the estimation of the
structural coefficients for any model with rational expectations.
The analysis is somewhat abbreviated since it follows the procedure

17

outlined by Wallis. The estimators obtained by this method are

]4See Ramsey (1976), p. 170.

155ee Hadley (1964), p. 48.

]GCIearly, the Model I Condition is a special case of this formula.
With simple models it is easier to isolate the analysis upon those
terms which are crucial for identification.

Tyaltis, p. 28-30.
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then compared with approaches to estimation employed in earlier
studies.

The estimation of structural parameters in models with
rational expectations is accomplished by the following procedure.
Obtain a RES by applying the REH to the relevant reduced form
system. Substitute this expression into the system of structural
equations to eliminate the unobservable expectations terms. Full
information maximum likelihood (FIML) estimators for the structural
coefficients may be obtained from the resulting system which is
nonlinear in the parameters but linear in the variab]es.18

This procedure yields consistent and'asymptotica11y effi-
cient estimates when two conditions are satisfied. The first re-
quires that efficient estimates for the elements of r(L), obtained
from a Zellner's seemingly unrelated regressions technique, appear
in the particular RES which serves as the observable expression for
the expectations terms. Second, structural coefficients must be

identified from knowledge of ORF coefficients.

Following Wallis, this procedure may be outlined by writing:

Ayt = M(L; a, r)zt *ey (5.3.1)
where;
i) A is the coefficient matrix employed in the descrip-
tions of Models I, II, and III,
18

An analysis of this type of estimation procedure is contained in
Bard (1974), p. 64.
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ii) M(L; a, ) s an mxm+n matrix of structural co-
efficients that contains parameters corresponding to
any model in which expectations terms have been re-
placed by a relevant RES. Forecasts from

~

Xy = f(L)xt_] have been employed to eliminate all
exogenous expectations,

iii) o« represents the vector of structural parameters
which comprise the coefficients of this reformulated
system.

When the vector of disturbance terms ~ N{O, ze}, the FIML

€t
estimators are those which maximize:]9

—
[]

1 T
-E'MT ]09(211’) -7 log IZEI

+

T log || Al = & tr =2 (AY = M(Ls o, F)Z}'{AY - M(L; o, ©))

wheré, Y and Z are matrices of observations for Yt and Zy-
Suggestions for the particular numerical optimization pro-

cedure for this problem may'be found in wa1lis.20

Much of Wallis'
analysis is based upon an earlier study by Sargan and
Sylvwestrowicz (1976).

The properties of the estimators generated by this pro-
cedure may be compared to those obtained in previous studies by

McCallum (1976) and Sargent and Wallace (1973). Briefly, McCallum

]gwa1lis points out, p. 26, that estimation may require the sample
period to be "appropriately truncated."

20,a114s, p. 29.
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substitutes actual values of endogenous variables for the expecta-
tions to overcome the problem of unobservables. The analysis reduces
to an "errors in variables" problem where it is éssumed that unbiased
forecast errors separate actual and expected values of the future
endogenous variables. McCallum obtains consistent estimators by
using the predetermined variables in the original structural model
as instruments for the future endogenous variables. Sargent and
Wallace (S-W) suggest replacing the unobservable expectations with
the forecasts of endogenous variables formulated from a menu of
variables chosen %rom the set of predetermined variables. A FIML or
3SLS technique applied to this reformulated structure results in
consistent estimates for the structural parameters. When the in-
formation set used to forecast endogenous variables in the S-W
approach equals the set of instruments employed by McCallum, the
two procedures yield identical estimators.21 )
Although these procedures yield consistent estimates of
structural parameters, the manner in which expectations are elim-
inated from the structural equations reduces to replacing expecta-
tions terms with arbitrary linear functions of the set of variables
which comprise the RES. Hence, the McCallum and S-W approaches
ignore the REH result which links expectations terms with expres-
sions, obtained by making conditional forecasts on the relevant

theory, whose coefficients are known functions of structural para-

meters. In contrast, the estimators described in the present

2lMccallum (1976), p. 45.
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analysis reflect all the information revealed by the application of
the REH to a specific model, including the particular functional form
obtained in a RES. Hence, the FIML estimation procedure, outlined
above, incorporates any constraints on the parameters of the re-
formulated structural equations generated by substituting a suitable
RES for the expectations terms.22 Therefore, by incorporating in-
formation about structural parameters which is ignored in the pre-
vious approaches, the estimators derived from the present analysis
are necessarily more efficient than those suggested by McCallum or

Sargent and wallace.23

5.4 Testing the REH

The REH may be tested by examining the validity of the
restrictions inherent in the ORF generated by applying the theory of
rational expectations to a model which contains expectations. These
restrictions arise since the coefficients of the ORF are functions
of the RF parameters and there are generally more variables in the
ORF than there are parameters in the RF. If the REH is a valid
hypothesis, these restrictions on the ORF coefficients must be true.
The restrictions may be tested by comparing the explanatory power
of the ORF suggested by the REH with an alternative, unrestricted

version, which is a simple function, linear in both parameters and

22The nature of these constraints are the subject of the following
section. _

231his point is confirmed in Kmenta (1971), p. 450.
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variables, of the set of variables which appear in the ORF.24

Clearly, a test which rejects the hypothesis that these restric-
tions are true would cast doubt on the validity of the REH.
Two separate test procedures may be employed; Wald's test

25

or the Likelihood Ratio test. For Wald's test, the estimates of

© from (5.2.9) and of T from (2.2.6) are obtained.2® The re-

strictions implied by the REH are of the form:27

f{Vecth,f)} =9 3 P = null vector
therefore, the test statistic is:
W= f{Veclp,P)}'Vf{Vectr ,I')}

where;
i) W~ X%R); R = total number of restrictions,
ii) V is the asymptotic covariance matrix of

f{Vec(i: ’f)}-

24The test could also be undertaken with respect to the structural
equations. In this case the restricted structure is (5.3.1) while
an alternative, unrestricted specification is simple linear func-
tion containing the variables in (5.3.1). Emphasis is placed upon
ORF analysis in the present analysis to avoid any confusion between
standard overidentifying restrictions and those restrictions implied
by the REH.

25An excellent discussion of these tests may be found in Silvey (1970),
p. 108-118.

26Each of these estimators may be obtained by a Zellner's seemingly
unrelated regressions approach. Furthermore, equally efficient
estimates of p could be obtained by applying 0.L.S. to each equa-

tion in (5.2.9); since the regressors in each equation are identical.
See Kmenta (1971), p. 521.

27"Vec" maps the elements of matrices into a single vector.
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The likelihood ratio test compares the values obtained by
maximizing the likelihood function with, first, a restricted and

then an unrestricted parameter space to obtain:

Max L|H0 3 Hy=o restricted,

Max L|H, 5 Hy=p unrestricted.

The value of Max L|HA is obtained by maximizing the likeli-
hood function formed when the relationship between Yt and z, is

described by (5.2.9). Hence, the alternate hypothesis suggests:
_yt ='9(L)Zt + Vt .

The likelihood function in this case is maximized with respect to
the elements of .

~  Alternatively, Max L|H0 may be calculated by obtaining the
restrictions imposed on the elements of , by the REH, substituting
these into (5.2.9) to eliminate R elements of P and then maximize
the modified likelihood function, containing the restrictions, with
respect to the remaining elements of -, . 'However, the ORF incor-
porates the REH restrictions. Therefore, Max L|H0 could also be
obtained by maximizing the likelihood function formed by assuming

the true relationship between Yy and z is (5.2.10):

t

Ve = Tr(L)Zt + Vy

In this case, the maximization is undertaken with respect to the RF
parameters when the RF coefficients can be obtained from knowledge

of those in the ORF. When RF parameters are not identified, the
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REH may still be a testable proposition; in this case, the value for

Max LIH0 may be obtained by maximizing with respect to a sutiable

combination of RF parameters.28
Having obtained Max L]H0 and Max L|HA, the relevant test

statistic is:

Max LIH0
» * Max CTH,

where;

2

Both test procedures require enumeration of the restrictions
implied by the REH. In the following analysis, the number of re-
’strictions for general Model I structures is established and the pro-
cedure for counting restrictions for models with lead eiﬁéctations
is outlined. Examples of the form of these restrictions are con-

tained in the Appendix for Chapter V.

28For example, assume that the elements of =, cannot be obtained
from knowledge of the ORF coefficients. In tﬁis case the maximum
likelihood value is obtained by maximizing with respect to:

i) m. ny elements of n?,
ii) m(n - n1) elements of the product w3(I - n3)w$,
iii) the m - k] elements formed by summing the first n,
columns of ¥h$ product (I - n3)-1wi(L) and the product
n3(I - w3)‘ L
iv) the m . k2 elements of the last n - ny columns of
the product (I - n3)']ni(L),
v) the m . k3 elements of the product, (I - n3)w2(L).

The following analysis demonstrates that restrictions may exist in
the underidentified case and an example is provided by IId in the
Appendix.
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The number of restrictions implied by the REH, when the
relevant theory is a Model I structure, may be revealed by recon-

sidering (5.2.5):
- %
n3(I - n3) ]n? r (L).

Since every set of coefficients, except (5.2.5), may be expressed in
terms of a greater number of RF coefficients, (5.2.5) is the only
source of restrictions.

It is convenient to divide the restrictions into two separate
categories. One set, type I, may be attributed to the extent in
which the elements of m, are overidentified by independent estimates
from the ORF. By construction, the number of independent estimates
for the terms in (5.2.5) is m(n1 - n2) and the number of parameters

2

*
to be estimated is m; w? and T (L) are identified outside of

(5.2.5). Hence, there are

2
m(n] - nz) -m

overidentifying restrictions.zg’30

A second class of restrictions, type II, may be revealed from
(5.2.5) by comparing the ORF coefficients for each of the lagged

values of the jth

s J = ],2,...,n1, exogenous variable within each
equation. This is facilitated by denoting the elements of the dia-

* %* *
gonal matrix r (L) as rjj(L) and letting ; equal the number of

29This type of restrictions are noted by Wallis, p. 25.

30Examp]es of these type I restrictions are provided in Ib, IIb,
and III in the Appendix.
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lagged values, (lag < P) that appear in the original RF (5.2.4) and

th

which can be generated by lagging the j~ period t exogenous vari-

*
able xjt' Then, P - cj is the number of nonzero coefficients in

the polynomial in L which constitutes the jth diagonal element in

* . * . . . .th
r (L). Since T (L) is a diagonal matrix, the j

it yow of the m x n matrix product (5.2.5) is obtained by

element of the

multiplying the ith row of n3(I - w3)-1 by the jth column of w?

%*
which, in turn, is weighted by the scalar, r..(L). Therefore, the

JJ
coefficients on the lagged values of the jth exogenous variable in
the ith equation of the ORF share a common factor, namely the i, jth

-1.0
element of w3(I - w3) -
%*

* %* J*
by factors of Y51 Yj’z,...,yj’p_cg; the terms in T.

Hence, these coefficients differ only
. ij° Since the
elements of T (L) are identified by estimation of (2.2.6), the
*
relation between these P - cj coefficients may be expressed in
*
P - cj - 1 restrictions. For example, let 71j§ be the coeffi-

cient on the gth lagged value of the jth exogenous variable in the
th

i” equation of the ORF. Then the restrictions described above may
be expressed:3]
*
—?‘u_]--lL*.]- g=2’3’ ,P"'C*:
e I J
139 ng

for each individual j;

j= 1,2,...,n].

*
Combining these n sets of P - cj -1, 3= 1,...,n],

restrictions yields

*
3.lwhen P = c,, no restrictions are implied by the nature of the
coefficients dn the lagged values of the jth exogenous variable in
the ORF.
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n

I Max{P - ¢, - 1,0}
n=1 J

total type II restrictions in the ith equation.32 Since each equa-
tion contains exactly the same set of variables, this is
M

*
m J Max{P - c, - 1,0}
j= ’

type II restrictions for the system.

Combining restrictions of both type I and II yields

R=m-. Max{n-I - n2 - m,0}
"

+m T MaxP - c; - 1,0} (5.4.1)
3= ’

total independent restrictions.33 But P - cf -1 =-1 only when

J

%*
., Or when every term in the process which generates the jth

J
exogenous variable also appears in the original RF. By construc-

P=c

tion, P = c; for n, exogenous variables. Hence;
" . "
J Max{P -c,-1,0}=(]
j=1 ) j=1
34

* +
P - Cj} = n] nz’

and R may be expressed as:

32Examp]es of these restrictions are provided by Ic, Ilc, IId, and
III in the Appendix.

33There are many ways to express the restrictions, but any addi-

tional ones are redundant — the (R+1)St may be obtained from the
original R.

34Section A-3 of the Appendix for Chapter V compares these restric-
tion rules with the number of restrictions which appear in the
examples considered.
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n
1 *
m{ ] {P-c.,}- Min(ny - Ny m)}. (5.4.2)
3= ’

This result may be verified by comparing the total number of
variables in the ORF with the total number of identifiable para-
meters contained in the ORF coefficients. Initially, recall that
the number of ORF parameters is less than or equal to the number of
RF parameters for all the groups ORF coefficients defined above,
except for those contained in o, (L) (from section 5.2). Hence,
all restrictions are iso]ated in (5.2. 5).35 The number of ORF terms
described by (5.2.5) is m J. 1](P - CJ)' When the RF parameters are
identified from knowledge of those in the ORF, these m }. ]](P - CJ)
unrestricted ORF coefficients can be expressed in terms of the m2
elements of T3 since n? and r*(L) are identified outside of

(5.2.5). This suggests

"
[E ] P- 5 ¥} - é]
j=1

restrictions. This result conforms to the rule, (5.4.2), since

m < ny - n, when the RF parameters are identified. When the RF
parameters are not identified, restrictions may still exist since
the m 5311 (P - c;) unrestricted ORF coefficients may be expressed
in terms of m(n1 - n2) identifiable functions of RF parameters;

namely, the elements in the ny - n, nonzero columns of

35Examp1e III of the Appendix for Chapter V illustrates this
point.
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n3(I - n3) ™ As a result this yields

n
[E Z] P-ci) (n n E]
m -c.} - -
j=1 J 1 2

restrictions. This result also follows the rule, (5.4.2), since
m>n, -n, when the RF parameters are not identified.

The present analysis reveals that testable REH restrictions
may exist, even when the elements of the RF are not separately

37

identified from knowledge of ORF coefficients. Therefore,

Wallis' contention that the overidentified case is "more interesting,

since it permits a test of the REH...," is somewhat mis'leading.38
Having obtained the number of restrictions implied by the

REH, it is a trivial matter to set up a critical region for the

maximum likelihood ratio test at a chosen level of significance.

The usefulness of Wald's test procedure depends upon the degree of

difficulty encountered:in determining the form of the restrictions.

For simple Model I structures this is relatively easy; but it may

be quite demanding for more complicated models with lead expectations.

However, a test of the REH may be facilitated by noting that, re-

gardless of the complexity of the model in question, the 1ikelihood

ratio test requires only the number of restrictions, since their

36Examp]e IId of the Appendix illustrates this point.

37A value for Max L|H, 1s obtained with respect to a combination
of sums and products gf RF parameters in this case.

38wa11is, p. 25. Wallis hints at the existence of Type II restric-
tions on p. 7, but ignores them in his brief statements about test-
ing the REH.
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form is implied by the nature of the nonlinear functions of RF
parameters, which constitute the restricted ORF coefficients.
Analyzing the test procedure for general Model I structures
provides some insight for testing the REH when the relevant theory
contains lead expectations. For special cases one may be able to
dichotomize the restrictions into type I and type II; however, the
nature and actual form of the restrictions, for general specifica-
tions, will be obscured by the complexity of the coefficients ob-
tained in the Model II and Model III ORF®. Nevertheless, it is
relatively easy to compare the number of variables in the ORF with
the number of identifiable RF parameters. Given the experience of
the Model I analysis, it is reasonable to assume that when the RF
parameters are identified, the number of restrictions is the dif-
ference between the total number of unrestricted ORF coefficients
and the total number of RF parameters that form the coefficients in

the restricted version of the ORF. Therefore, let:

# of unrestricted ORF parameters,

111

Qorr
# of RF parameters.

Y
Then, total R = QORF - QRF in the identified case. When the RF
elements are not identified, the QORF coefficients cannot be ex-
pressed by QRF individual RF coefficients but may be represented

. 3p:Y
by o 3;%} identifiable functions of the RF parameters. Therefore,
J

a general rule for counting the restrictions implied by the REH is:

R = QORF = M1n(QRF: QJ)’ (5.4.3)
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where, QJ equals the rank of the Jacobian matrix of transformation
for the relation between the elements of = and -, described in
section 5.2.

The similarity between (5.4.3) and (5.4.2), the rule for
Model I restrictions, is not surprising since the Model I result is
a special case of (5.4.3) obtained by isolating the analysis on only

those terms in the ORF in which QORF exceeds QRF’

5.5 Summary

The econometric implications of applying the REH to models
with expectations have been investigated by exploring the three
questions posed at the outset of this chapter. The answer to these
questions, provided in the above analysis may be briefly summarized.

In regard to the identification of RF parameters from know-
ledge of thgse in the ORF, a general condition for identification is
determined;:placing specific emphasis on Model I structures. When
no lagged variables appear, this condition requires that the nimber
of exogenous variables exceed the number of expectations terms in
each equation. Analysis of models with lagged variables reveals
that this simple condition, originally suggested by Wallis, is not
applicable for all specifications. The current study reveals that
lagged variables may nat be treated like period-t exogenous vari-
ables in establishing fhe condition for identification. Moreover,
the appearance of period t exogenous variables contributes to the
identification of RF parameters only when the entire generating pro-
cess for that particular variable does not appear in the original

RF system. Finally, the complex nature of the ORF coefficients will
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often make it difficult to actually obtain expressions of RF co-
efficients in terms of those in the ORF, but the procedures outlined
in S;é provide guidelines for determining those situations in which
the RF are simply not identified and consequently, when the endeavor
will be futile.

The estimation procedure outlined in section (5.3) serves
as the response to the second inquiry broached at this chapter's
inception. Estimators, obtained by following the technique outlined
above, account for the restrictions implied by the REH and, consequently,
are more efficient than those obtained by procedures which ignore this
additional information. The major disadvantage of this approach to
estimation is the complex numerical solution procedures requ{red to
maximize the likelihood function. Nevertheless, given the nonlinear
nature of the particular RES which is substituted for the expecta-
tions terms, the FIML approach which incorporates the REH restrig-
tions, is the appropriate estimation procedure.

Finally, the test developed in section (5.4) provides an
answer to the most important question posed in Chapter V. By em-
ploying this test procedure in various models with expectations, the
applied researcher will be able to judge the durability of the REH
restrictions. In this manner, the validity of the REH, as a proxy

for the perceptions of economic agents, may be determined.



CHAPTER VI

AN ANALYSIS OF THE RECENT LITERATURE
ON THE THEORY OF RATIONAL EXPECTATIONS

This chapter compares the use of rational expectations in
previous studies with the guidelines for employing the REH, provided
in the current analysis. Particular emphasis is centered upon past
researchers' concerns about three issues highlighted in the current
study; namely, the conditions which insure the stability of a RES,
the role of specifying generating mechanisms for exogenous variables,
and the particular functional form of the observable structure ob-
tained by applying the REH to the model in question.

The following analysis considers several of the numerous
treatments of the REH contained in recent studies. These range
from applied studies to strictly theoretical analyses. First, this
survey considers studies which employ the REH contrary to the guide-
lines of the current framework. Second, examples of simple models
with lead expectations are explored. Third, the result of applying
the REH to a relevant theory which reflects the natural rate hypo-
thesis is analyzed. Finally, the alternative solution procedures
employed by Muth (1961) and Shiller (1978) are considered.

A common theme of many of these recent studies is that re-
searchers often fail to discuss the three issues listed above. The
reasons for the de-emphasis of these seemingly important topics is

revealed in the ensuing analysis.



84

6.1 Examples which Deviate from the Approach Employed in the
Current Study

This section explores the manner in which the REH is applied
to models investigated by McCallum (1977) and Haley (1976). These
results are compared with those obtained by following the guidelines
of the current approach under similar circumstances. Finally,
possible explanations for the methodologies employed by these authors
are provided. '

McCallum, in an analysis of foreign exchange rates, proposes

the following structural mode1:1

_ * <
Fo = v ¥ vy ¥ vaSees + Uy

t

e +

Ft = St (Rt -1)

* e

Fo = Fy - (B/a)Sg + (8/a)F,_3 - (8/a)R, + constant,

where;

i) Ft is the three-period forward rate as of period t,
i) F: is the interest parity forward rate,

iii) S:+3 is the expected spot rate three periods hence,

iv) St is the period t spot rate,
1 + ic
v) R, = t,
t=T1+ Tut ? )
1ct and iut are the 90-day interest rates in Canada

and the U.S., respectively,

]This model is obtained from equations 7, 8, and A-5, McCallum (1977),
p. 147.
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vi) vy, 8, a are structural parameters,
vii) Uit is a structural disturbance,

%*
viii) Ft’ Ft and St are the endogenous variables in the

system.
McCallum obtains a reduced form for the interest parity forward rate,

designated (9), from his model:

%
Fo = mg * MRy + moFy 3+ 13S0+

where the form of the Tis i=0,1,2,3 are not explicitly specified.
At this point, McCallum invokes the REH to obtain the follow-

ing expression,-labeled (13), for the expectations terms:

9,3 = &, R, + 6

t+3 1%t 12 t-3

*oRe *Softa t

where;

i) ﬂt represents the relevant information set as of period-t,

»

i) 8§97 67> 8120 8pps--. are unspecified parameters.

The basis for McCallum's RES is clearly stated,

'...since St is an endogenous variable in the

system consisting of equstions (7), (8) and (9),
our model implies that spot prices are 'actually’
determined by the predetermined variables of that
system. Thus we see that ﬂt will consist of the
values of these variables --~"and perhaps additional
lagged endogenous variables -- that are known to
market participants at time t. Consequently,
E{St+3|¢ } is a function -- which we assume to be

linear -- of current and past values of the sys%em S
predetermined variables (now excluding - St+3)

2McCaHum, p. 147.
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Therefore, McCallum presumes the information set contains
knowledge of the variables appearing in the relevant theory for spot
prices, but not its particular funcfiona] form. The details of his
solution procedure are left unexplained.

Following the guidelines of the present analysis, the reduced
form (relevant theory) for St could have been obtained by sub-
étituting (9) into the identity (8). This is identical to a RF equa-
tion for St from McCallum's model. Since (8) is an identity and
(9) is the RF for F, from 7, 8, and A-5, then the RF for S,

t
written in McCallum's notation may be designated as 9':

- e
St = ("0 +1) + (w] - 1)Rt + “2Ft-3 + n35t+3 + vt .

Since Ft is an endogenous variable, (9') is one equation of a
three equation Model III structure. By making conditional forecasts
on (9') a Model III RES following (4.2.13) may be obtained.

Hence, the McCallum study contains a number of theoretical
deficiencies. It fails to account for the constraints on the para--
meters of 9' (analogous to (4.2.11)) which insure the stability of
the solution. Also, it ignores the generating mechanism for Rt
required by the solution. And finally, M;Callum obtains a RES con-
taining coefficients which bear no relation to those in the original
reduced form. Moreover, McCallum's estimates of the reduced form
parameters are obtained by substituting actual spot prices, St+3’
into (7) to eliminate the expectations terms. Consistent estimates

obtained by using the variables in (13) as instruments. However,

the estimators obtained in this approach assume less information
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than those obtained by following the FIML procedure of section 5.3.
Consequently, the latter are more efficient.
In another example, Haley constructs a simple model of the

cherry market using expectations as a determinant of the level of

inventories:
*
Pesy ~ Pt © Bl
qg RS L MR
9y = 5 * 3Py * 9Py + agpp * gy
9 T A * Uy
where;

i) p:+] is the expected price one period hence,
ii) Pt is the current price,
iii) I, (It-l) is the current (last period) level of
inventories, |
iv) pi is the price of a substitute,
V) pi is an index of all prices,
vi) e is income,
Qii) supply (qt) is assumed to be éxogenous,
viii) qg and qi are the quantities demanded and supplied,
respectively,

ix) the endogenous variables are P> It’ qg, qz, and

*
pt“'] ?
X) uy is the single structural disturbance.
Appealing to Muth's definition of rational expectations, Haley

closes the model by assuming expectations are rational:
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*
Pryy = 8Py » 8 € (0,1).

This RES is designated as equation (4). The desired reduced form

expression for cherry prices, void of unobservables, is then obtained:

P = Mgt MPE gy by gyt g Tg +

The similarities between the Haley and McCallum results is
not surprising since earlier McCallum studies are specifically re-
ferenced by Ha]ey.3 However, Haley's RES reflects an information
set which is even more restricted than that employed by McCallum.
The foundation for (4) is unexplained by Haley; except that it is
obtained "according to Muth's rational expectations hypothesis.“4
Alternatively, the guidelines provided by the present

analysis would suggest obtaining the relevant theory for cherry

prices from the RF of the equation for prices,

= -1,-1 a I -
Py = =(og = 87) ag *aypy +agpy *apgy, - I g+,

-1

* -], -
+ 87 pygd * (ag - 87H)!

Ut,

and apply the Model III solution procedure applicable to this struc-
ture. In this case the three issues ignored by Haley, stability

conditions; exogenous variable generating processes; and the specific

functional form of the RES, would all be considered.

3For example McCallum (1972) and (1974).

4Haley, p. 58.
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The degree in which the Haley and McCallum applications of
the REH diverge from the approach suggested by the framework of
Chapters II, III and IV warrants an investigation of the probable
motivation for their particular solution procedures. Most of
McCallum's numerous applications of the REH, including the one cited
in the present analysis, reference an article by Lucas (1972) as the
source of the particular solution procedure emp]oyed.5 Lucas
initiates his analysis by clearly specifying the "relevant theory"
under consideration. His example takes the form of a simple Model II
single equation structure with one period lead expectations. He
then obtains an ORF subject to two stated conditions; a second order
process assumed to generate the exogenous variables, and "reasonable
parameter values" -- insuring the existence of the solution.6’7

This reformulation is identical to that which can be obtained
by applying the Model II RES under similar circumstances. However,
when McCallum appeals to this analysis as a justification for his
own, neither the particular functional form of the solution nor the
conditions which must be satisfied for its existence are discussed.
Omission of these details allows McCallum to treat Model III struc-
tures as lightly as Lucas' simple Model II Example. The analyses of
previous chapters demonstrates that this uniform treatment of models

with rational expectations is not justified.

SFor example McCallum (1974), (1975), and (1976).

6Lucas treats the problem in a difference equation context and solves
it using the method of undetermined coefficients.

7Lucas, p. 56.
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The Haley article references the studies of McCallum (1972),
(1974) and Muth but not the paper by Lucas. Therefore, the probable
source of Haley's solution is Muth's original paper. The RES ob-
tained by Haley is identical to that obtained in Muth's inventory
example. However, casual inspection reveals that the two inventory
models contain very different sets of explanatory variables. Muth's
model contains no exogenous variables and his RES requires knowledge
of the weights in the process assumed to generate the disturbance
term. This clearly is not characteristic of Haley's structural
model. Moreover, Nelson (1975) has demonstrated that Muth's RES is
a particular result of the structure of his relevant theory. Surely,
Muth's simple solution is not a general rule applicable to all in-
ventory models.

In summary, the different approaches required to obtain RESs
when the relevant theory appears in various forms is ignored by
researchers whose interpretation of the REH follows the two cited
examples. Whether these interpretations reflect erroneous generali-
zations from Muth's simple examples (Haley), or the omission of
assumptions required to fill the steps from the relevant theory to
the resulting ORF generated by the REH (McCallum), the resulting
studies will contain a number of theoretical deficiencies. The
solution's dependence upon stability conditions and processes assumed
to generate exogenous variables will be overlooked. Furthermore,
the estimation techniques employed will yield estimators which are
ineffecient relative to those suggested in 5.3 since the particular

functional form of the reformulated observable structures is ignored.
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6.2 Examples of Models with Lead Expectations

The following discussion compares the simple models with one
period lead expectations of Sargent and Wallace (1973), Turnovsky
(1977), and Wickens (1976), with the Model II solution procedures
outlined in Chapter III.

Sargent and Wallace apply the REH to Cagan's (1956) model

of hyperinflation. This single equation structure is:

X, =u, -aEX +o E X_-U_+U
t t ¢t TR e S
where;
Xt = log Pt/Pt-I : Pt = price level,
u, = log Mt/Mt-l : Mt = money stock,
Ut = random disturbance.

Sargent and Wallace derive a RES for this model:

1 % .-a .j-1
X = — — .
EXen =7 L G307 E Uy
1 % -a ,j-1
-7 L Gt (B Uy - BV
10',]"-‘] 1-a t t+j t t+j-1

subject to the terminal condition:

o —a on-
lim (24" Ex,, =o0.
N ]‘a t t+n

This solution could be verified by comparing it to one
obtained using the Model II framework. Initially lead the struc-

ture one period to obtain:
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X +qa EX

t t

=y +U

t+] t+1 t+1 Y t -
Utilizing this expression as the "relevant theory" for Xt+], the
Model II solution would be:
= -1
tE; Xt+‘l = E {] - a - QF} {ut+] - Ut+] + Ut}’
with the stability condition:
roots of {1 - a -aF} =0

1ie outside the unit circle;

= IRl Y1 e,

since a« < 0 (restriction of Cagan's model),

Clearly, this stability condition is equivalent to the terminal con-
dition obtained by Sargent and Wallace.

Sargent and Wallace confront another problem emphasized in
the Model II framework: the specification of the process which gen-
erates the exogenous variables. They demonstrate that the adaptive
scheme employed by Cagan will be "rational" only under specific
restrictions on both the disturbances and the stochastic process
governing the growth of the money stock.8

Hence, Sargent and Wallace obtain a reformulated structure

which corresponds to the form of the RES suggested in the Model II

framework. Furthermore, they state the conditions under which stable

8Sargent and Wallace (1973), p. 336.
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solutions may be obtained and accentuate the role of specifying the
nature of the sequence of exogenous expectations generated by applying
the REH to models with lead expectations.

The recent studies by Wickens and Turnovsky each contain
theoretical sections which outline the procedure for dealting with
rational expectations in a simultaneous equation model that contains
one period lead endogenous expectations but no lagged endogenous
variables.

Turnovsky employs a solution procedure which is identical,
except for the omission of lead operator notation, to that outlined
in the Modef II framework. An analogous stabi]ity condition and
corresponding ORF are obtained.

An innovative aspect of Turnovsky's analysis is the computa-
tion of the effects of "incremental" and sustained" changes in
- exogenous (policy) variables on the endogenous variables in the

system.9

This is accomplished through a comparative static analysis
of Turnovsky's system of equations.

In principle, Wickens obtains identical results, but the
methodology employed varies somewhat. Wickens' solution procedure
may be outlined as follows;

i) eliminate expectations from the model by utilizing:

=Ye

Yerr = Yeer,t ¥ Neel Lt

where;

9Turnovsky, p. 855.
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Yt+1 is a vector of endogenous variables,
b, Y& is the forecast for period t+]1 for
t+l,t
these variables based upon knowledge of the struc-
ture in period t,
N4l t is the forecast error, observed in
period t+l, for a forecast made in period t,
ii) solve this original structure as a system of dif-
ference equations, by "successive substitution or

utilizing a Tead operator," to obtain current Y_ as

t
a function of future exogenous variables, disturbances
and forecast errors under a specified stability con-.
dition,‘o

iii) make conditional forecasts on this reformulated struc-

ture and simplify to obtain the desired RES.
Therefore, Wickens' approach involves purging the lead endogenous
variables from the original structure prior to making conditional
forecasts.
Nevertheless, the solution obtained by Wickens is similar to

that suggested by the Model II framework.]1

The presence of expected
forecast errors (“i+1,t) in the Wickens solution could be accounted
for in the Model II RES by allowing the existence of forecast errors
in the conditional expectations on the original reduced form. This

is a trivial extension of the Model II solution procedure. Hence,

]owickens, p. 8.

]]wickens, p. 8.
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the Model II, Turnovsky and Wickens approaches yield identical
results when the conditional forecasts are set equal to the rational
'expectations.

Therefore, the Sargent and Wallace, Turnovsky, and Wickens
studies compare closely with the methodology and emphasis of the
Model II framework. However, they do contain several limitations.
The omission of lead operator notation is not conducive to extending
the results of these studies to multi-lead models (i.e. more gen-
eral Model II structures). Also, the solution procedures offer no
guidelines for obtaining a Model III RES. Finally, none of the
studies suggest estimation procedures comparable to section 5.3,

which account for the specific functional form of the RES.

6.3 The Natural Rate Hypothesis

Perhaps the most notable application of the REH is Sargent
and Wallace's (1975) simple "textbook" macro model which demon-
strates that thk level of output is independent of the choice of the
deterministic money supply rule. This controversial result warrants
a comparison of Sargent and Wallace's treatment of the REH with the
framework outlined in the current analysis.

Initially, Sargent and Wallace specify the "relevant theory"
for prices from their structural model to obtain:

Pr =g B Pe T P t M T
where;

price level

-
~
O

ct

1]

ii) My = money stock
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iii) E Py = expectation of prices based upon information
t-1

as of period t-1; assumed to be rational.

iv) Xt = reduced form disturbances.
Clearly, this single equation reduced form designated equation
(15) by Sargent and Wallace, is a scalar Model II. Therefore the
rational expectation for this structure may be expressed as a func-
tion of current and future expected Mt and Xt'

However, output in this model is presumed to be affected by
the difference between expected and actual prices (the natural rate

hypothesis). This is reflected in the structural equation for real

output designated by Sargent and Wallace as equation (1):
%*
Ve = K *ap(py - Py g) *upy

where;
i) Yy E real output,
ii) Kt-1 = capital stock,
ii1) Upg = structural disturbance,
iv) tp:_] = agent's expectations of the price level
for period t formulated as of period t-1.
Following the theory of rational expectations, conditional forecasts
obtained from the.relevant theory (15) are equated with the expecta-
tions in (1). However, the natural rate hypothesis allows an -
alternative to the standard solution procedure. By taking expecta-
tions on (15) and subtracting the resulting forecast from (15),
one obtains Sargent and Wallace's equation (16):

pt - E pt = Jz{Mt -

E Mt} + X, - E X
t-1

t-1 t ot
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Since the intent of the analysis is to obtain an observable expres-
sion for the expectations terms in (1), casual inspection reveals

that an observable expression for .the entire difference,

%*
Pt = tPt-1e
would be equally valuable for this model. But this is supplied by
(16). Assuming the rule that generates the money supply is deter-
ministic
M, - E M_=0, and (16)
is substituted into (1) to obtain:
Vg = Ky 2y X - tE1 Xg * Upe

Since Kt-] is exogenous in this modeT, Sargent and Wallace con-
clude that output is independent of the money supply ru]e.12

Therefore, when actual and expected values appear in dif-
ference form, as in the structure which displays the natural rate
hypothesis, the issues emphasized in the current study are no longer
significant. Clearly, the question of stability is no longer crucial,
and, when exogenous variables are initially assumed to be deter-
ministic, Sargent and Wallace demonstrate that the solution is in-
dependent of the exogenous variable generating rule.

This result agrees with that obtained by following the guide-

lines of the current study when actual and expected values appear

]ZSargent and Wallace (1975), p. 247.
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as a difference. Moreover, this simplification may be employed even
when the relevant theory for P> (15), appears as a Model III struc-
ture. Hence, the examination of the Sargent and Wallace article
reveals that a researcher may avoid the complex problems of obtain-
ing an RES by imposing certain restrictions on the coefficients of
the model in question.

A brief comment on Sargent and Wallace's policy prescriptions
is noteworthy in light of the current examination of the natural rate
hypothesis and the role of rational expectations. Many critics have
attacked the use of the REH in Sargent and Wallace's study since
policy rules regain their potency if expectations are assumed to
be generated by an autoregressive scheme. However, the natural
rate hypothesis is equally culpable since Sargent and Wallace's
result hinges upon the occurance of Py - tp:_] in the original
structural equation. For example, assume output is affected by the
individual levels of prices and expected prices (the long run

13

Phillips Curve is not vertical). Therefore, (1) becomes:

*
Yp = 4gKeoq 3Py - A3 4Py T U
Applying a Model II solution procedure from a reformulated version

of (15) obtains:

Ve = FIK g Pys Xy tE]xt,..., My tE]Mt,..., Uy} s

where the deterministic money supply rule now obviously affects the

]3No theoretical basis is provided for this alternative structure.
It is constructed only for expositional purposes.
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level of output.]4 Clearly, the REH alone is not responsible for
the controversial policy conclusions derived in the Sargent and

Wallace investigation.

6.4 Muth's Approach

The difficulties encountered in obtaining a RES by follow-
ing the guidelines of the framework outlined above are mitigated by
_utilizing the solution procedure employed in Muth's original sfudy.
This is revealed by comparing Muth's approach with that employed in
the current study.

Muth suggests the following RES procedure:

i) express endogenous variables, expectations, and

disturbances as output of a white noise process,

ii) substitute these expressions into the "relevant

theory" (reduced form),
iii) assume knowledge of the weights on the process gen-
erating the disturbances,

iv) since the "relevant theory" must hold for all

shocks, obtain the weights on the white noise
process for endogenous variables from those on
the process generating disturbances,
v)  solve for the "rational expectation" in terms of
past disturbances.
This procedure contains a number of limitations. Initially,

endogenous variables may be expressed as functions of white noise

]4The relevant theory for prices would no longer be (15) due to the
change in (1). However, only the coefficients would be different.
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only when the model is void of exogenous variables. Second, the
solution obtained is totally dependent upon knowledge of the weights
in the process assumed to generate the disturbances. And finally,
the solution is expressed in terms of "past realizations as opposed
to current state vam’ables."'l5

In the unlikely event that Muth's solution procedure is
applicable (when all elements of B(L) equal zero), assumption
(viii) section 2.1 insures that the framework of Chapters II, III
and IV is able to accommodate the assumptions required for Muth's
RES. Furthermore, the solution procedures yield identical results
under similar assumptions.

Therefore, Muth provides the definition for rational ex-
pectations in his seminal paper; but his suggested solution pro-
cedure, useful only for restricted structural models, offers little
insight for coping with the issues raised in the current study. As
a result, researchers who consider models which are restricted to
accommodate Muth's solution procedure do not confront the problems
of stability; specifying exogenous variable generating processes;
and the particular function form of the solution, which are inherent

in obtaining a RES for more general structures.

6.5 Shiller's Approach

Shiller provides an extensive treatment of the REH in his

recent study. A solution procedure for general models is outlined.

15The last point is attributed to Lucas (1970), p. 55.
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It is suggested that the most general models (for example, Model
IIT) may be handled by solving them as partial difference equation
with varigb]e coefﬁcients.]6 Shiller emphasizes the difficulty in
obtaining solutions in this case. A comparison of Shiller's
approach with the framework outlined in the present study reveals
that the overall scope of the two analyses is very similar but there
is a distinct divergence in emphasis.

Shiller questions the uniqueness of a "rational expectations

equi1ibr1um.“]7

Since agents gain information each period, addi-
tional knowledge on the structure of the relevant theory and the
process generating the exogenous variables is obtained.18 This

prompts Shiller to examine models of the fom.]9

yt = th + ‘Y(L)yt + S-I(F) E yt +...+ SK(F) E ‘yt + €t (26)

t-1 t-K

Therefore, current endogenous variables are not only influenced by
expectations of future v31ues of endogenous variables based upon
information available last period - (t-1), but aiso expectations
of future endogenous variables formulated up to K periods in the

past. Since there are innumerable ways to model the manner in which

165ni11er (1978), p. 30.

]7Shil1ef (1978), p. 4; this term is analogous to "rational expecta-
tion solution."

]8$h111er incorporates the idea of Taylor (1975), noting that the
RES is influenced by the influx of information.

]gThis is Shiller's equation (26) expressed in the notation outlined
in Chapters II, III and IV.
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agents alter their perceptions about the future in response to new
information, Shiller argues that an infinite number of solutions, or
rational expectations equilibria, exist for models with lead epdogenous
expectations. Therefore, he concludes that "the existence of so
many solutions to the rational expectation model implies a funda-
mental indeterminacy for these mode]s."20
In comparison with the Shiller approach, the framework out-
lined in the preceding chapters does not take issue with the notion
that the economy will reach a unique rational expectations equili-
brium. Instead, emphasis is centered upon the examination of the
specific stability conditions required for a solution's existence,
the specification of an exogenous variable gene}ating scheme to in-
sure that the RES is void of unobservable variables, and the econo-
metric implications of the particular functional form of the re-
formulated structure suggested by the REH. These fssues originate
from simply extending Muth's definition to more general models.
Therefore, while Shiller emphasizes the difficulty of obtaining
unique rational expectations solutions when agents' perceptions change
in 1ight of new information, he fails to note the problems stressed
in the current study which are significant even when the information

set is fixed.Z]

2051411er (1978), p. 33.

2]Sh'i'l'ler's point is analogous to the questions raised by Lucas (1976)
for economic models that did not contain expectations. Lucas
emphasizes the difficulty in monitoring the effects of policy actions
due to the constant changes in the structure of the system in light
of the new information precipitated by the policy action itself.
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6.6 Summary

The applications of the REH which appear in recent litera-
ture have taken on a number of different forﬁs. However, to varying
degrees, all studies neglect the issues which were emphasized in
the development of the framework constructed in Chapters II, III,

IV and V. These issues involved the specification of stability
conditions which guarantee the existence of the solutions derived in
the Model II and Model III frameworks, the process assumed to gen-
erate the exogenous variables, and taking advantage of the specific
functional form of the reformulated structure to fully realize the
econometric implications of the REH.

In spite of this common theme, past researchers have been
led to de-emphasize these issues by following diverse approaches to
the theory of rational expectations. Some have overlooked these
problems by failing to specify the steps leading to a RES (Haley,
McCallum). Others have confined the scope of their analyses to
simple models; thereby, not realizing the theoretical and econo-
metric implications of applying the theory to more general models
(Sargent and Wallace (1973), Lucas, Turnovsky, Wickens). Still
others confront models with such severe parameter restrictions that
all the difficulties of obtaining general solutions vanish (Sargent

and Wallace (1975), Muth). Finally, some articles deal with such

Since rational expectations are conditional forecasts of the
relevant theory, this constant evolution of the structure of
economic models poses complications for the theory of rational ex-
pectations. Shiller's analysis focuses upon some of these prob-
lems.
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a broad scope that other difficulties of coping with the REH take
precedence over the issues raised in the present framework (Shiller,
Taylor).

Therefore, the general approach to the REH provided in the
present framework provides insight which may not be gained by
analyzing individual studies. This framework, which accommodates
many types of specifications, provides the foundation for determining
the validity of the theory of rational expectations as an explanation

for the perceptions of economic agents.



CHAPTER VII
SUMMARY AND CONCLUDING COMMENTS

The goal of this study is to examine the implications of
the theory of rational expectations as an explanation of indi-
viduals' perceptions of future events. The investigation con--
centrates upon construction of a framework for applying the REH
to various economic models, examination of the econometric
implications of incorporating the REH into a structural model,
and briefly reviews the manner in which rational expectations have
been employed in recent studies.

The framework provides an analysis of three categories of
models (Model I, Model II, and Model III) which contain rational
gxpectations formed on the basis of all the information available
i 6rior to the current period. Model I refers to those structures
which contain expectations of current period values of endogenous
variables. Models which allow expectations of a finite number of
future periods to appear as explanatory variables, but omit lagged
endogenous variables, are considered in the analysis of Model II.
Model III structures possess both multi-period future expectations
and lagged endogenous variables. The framework follows a uniform
format in its investigation of all of these structures. First,

the expectations are equated with conditional forecasts from the

105
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model in question to obtain observable expressions for the ex-
pectations terms. These expressions are referred to as rational
expectations solutions (RESs). Second, these RESs are substituted
into the original model to obtain a structure which no longer con-
tains unobservable variables.

Several significant implications of the REH are revealed in
this framework. First, restrictions on the parameters of the
structural model are necessary to insure the stability of the
solutions. Second, a RES will invariably be dependent upon the
nature of the process assumed to generate the exogenous variables
in the model under investigation. Finally, the observable struc-
ture obtained in the analysis is a function of the predetermined
variables in the model and the variables inherent in the exogenous
variable generating process. Moreover, the coefficients of this
expression are known functions of the parameters in the original
model under investigation. ‘

The econometric implications of the REH are ,realized by
pursuing three issues which arise due to the particular functional
form of the observable structure suggested by the REH. The study
examines the conditions which insure that the original reduced
form coefficients can be idéntified from knowledge of those in
the observable reduced form. An estimation procedure which
accounts for the functional form of the observable structure is
developed. Finally, the analysis reveals the restrictions implied
by this reformulated observable structure and outlines a procedure

for testing the theory of rational expectations.
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The survey of current literature confirms the import of
the present analysis since the significant issues discussed through-
out this study and briefly summarized above are notably absent
from many previous applications of the REH. The literature review
accentuates this omission and offers explanations for the de-
emphasis of some of these important aspects of the théory of
rational expectations.

In the final analysis, this study provides a numbe} of
significant contributions to the continuing study of the REH as
an explanation for the expectations of ecoromic agents. The
framework of Chapters II, III, and IV accentuates the problems
of specifying rational expectations solutions which must be con-
sidered in any application of rational expectations. Moreover,
the complexity of these solutions illustrates how difficult it
may be to formulate a general theory which explains the process
whereby agents obtain enough informatioﬁ to form "rational" ex-
pectations. Also, the framework establishes guidelines for the
uniform interpretation of the REH in all economic models. This
may eliminate potential disagreements about what is meant by assum-
ing expectations are "ratioﬁa]" in the sense of Muth. Finally,
this study provides the details for a test of the theory of
rational expectations, thereby establishing a method for deter-
mining the validity of the hypothesis as an explanation of indi-

vidual's perceptions of future events.
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APPENDIX FOR CHAPTER V

The actual form of the restrictions generated by the REH
may be examined by considering a number of simple examples. The
distinction between type I and type II restrictions is noted and the
number of restrictions obtained is compared with the restriction

rule developed in Chapter V.

A-1 A Description of the Examples Considered

Following the notation of Chapter V:
i) m 1is the total number of equations and the number
of expectations terms contained in each,

ii) n is the number of exogenous variables in each
equation,

iii) ny is the number of period-t exogenous variables
in each equation,

iv) n, is the number of these n period - t exogenous
variables for which every lagged value, lag < P,
appears in the original RF,

v) P 1is the order of the auto-regressive process gen-
erating all of the exogenous variables,

vi) c; is the number of lagged values of the jth

period t exogenous variable, j = 1,...,n],
lag < P, which appear in the original RF; i.e.

n.l *

JoF ek
F3=1 ¢

'l’
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vii) k] is the total number of lagged variables the
original RF which can be obtained by lagging members
of nys

viii) k2 is the total number of lagged exogenous vari-
ables that do not have corresponding period t
values in the original RF.

The examples which will be considered may be described:

[a: m=1,n-= ny = 1, P=1, ki =0 for all i,
Ib: m=1,n= ny = 2, P=1, ki =0 for all i,
Ic: m=1,n = ny = 1, P =2, ki =0 for al]o i,
IIa: m=2,n= ny = 2, P=1, ki =0 forall i,
IIb: m=2,n=n;=3, P=1,k; =0 forall i,
IIc: m=2,n= ny = 2, P =2, ki =0 forall i,
IId: m=2,n = ny = 1, P=2, k, =0 forall i,

III: m=1,n=4,n=3,n, =1,k =3,k =1, ky=1,7P

Two additional comments clarify the following analysis.
First, the disturbances in all the models considered are assumed
to be individually and identically distributed normal -- the
sfandard disturbance assumption. Algo, the notation employed in
the single equation examples corresponds to the symbols used to
denote structural parameters in Chapters II, III, IV, since the
reduced form and structural model are indistinguishable in the

single equation case.
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A-2 REH Restrictions in Simple Theoretical Models

EXAMPLE I

Ia: Assume the "relevant theory" may be expressed as:
Yy, = Bx, + eye + e (Ia)
t t t t?
where; m= 1, n =1, assume P =1,
Xt = YXt_] + nt- (AR-])

Applying the REH to (Ia), obtain the resulting RES:

-1 -1
Ey,=(1-98) BEx, =(1-298) Byx, 7-
t-] t t-] t t-] .
Hence, the ORF is:
Yo = Bxg + 0(1 = 8) Byx, 1 * ¢, (Ia-ORF)

The unrestricted version of this structure is:
yt = ¢]Xt + ¢2Xt_] + Et- (Ia‘ORF-HA)

Clearly there are no restrictions implied by the application of
the REH to Ia since the number of RF parameters in glafORF) equals
the number of coefficient estimates obtainable from (Ia-ORF-HA).
However, the RF parameters are identified from knowledge of

(Ia-ORF-HA) since:

™
]

¢]
o = (o7 + 9)) e,

where vy can be obtained from (AR-1).
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Ib: Assume the relevant theory of Ia is altered by

adding an exogenous variable:
= e
Yp = ByXpp ¥ BpXpp * 0¥y * ey (Ib)

where; m =1, n =2, assume P =1,

X105 MX1e-1 T My 3 Xop T ovoXoeo1 tongt -

Applying the REH to Ia, obtain the resulting RES:
= _ a1
tf]yt (] 9) (B]Y]X]t_] + 62Y2x2t_])'
Hence, the ORF is:

_ -1
Yp = ByXqp t BoXop + 0(1 - 0) (ByvyXypiy * BpvpXop y) t+ gy
(Ib-ORF)

The unrestricted version of this structure is:
Ye T H1Xqg * @pXor FoegXqply toegXop ) togys (Ib-ORF-H,)

The number of coefficient estimates from (Ib-ORF-HA) exceeds the
number of RF parameters. The restriction may be revealed by

equating the coefficients in the two structures:

W] = B]’
@2 = 323
¢3 = e(] = e)-]B]Y]s

v = 08(1 - 3)-182Y2-
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There may be a number of ways to express this single restriction.
The restriction is a type I, or overidentifying, restriction since
it stems from the fact that this four equation system contains two

independent solutions for 6 in terms of the P; and \FE

-

(2]

D
[l

= ((P]Y'l + (P3)-](P3
and 9 = (cpzyz + (p4)-]q;4.

Ic: Assume the relevant theory is (Ia) but the process

generating the exogenous variables is changed:

- e
,Yt‘ th+ e.Yt+ Et

where; m=1, n =1; but now P = 2,

e X = Xy M2 Y e (AR-2)

Applying the REH to Ic, obtain the resulting RES:

] -1
Eye = (-0 TGy * BrgXeg)-

Hence, the ORF is:
- -1 -
Yp = ByXqp 001 - 0) By *F ByvypXypp) Foepe (16-0RF)
The unrestricted version of this structure is:
Yo T P Xqe T PXpeoy f P3Xppp Togge (Ic-ORF-Hy)

Following the procedure outlined above, equate the coefficients in

(Ic-0RF) and (Ic-ORF-HA) to reveal the restriction:
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‘{/-l = Bis
P = 9(1 - 9)-]BTY-”’
P = 8(1 - 9)-]B]Y]2-
Y
Clearly; -¢—2-= 11 .
¥3 M2

This restriction may be classified as a type II since it is

obtained from the fact that the ORF coefficients on the lagged

values of the single exogenous variable differ only by a factor of

Y]i’ 1. = ],2-

EXAMPLE II

IIa: Assume the relevant theory is:

- e . e
Y1 T "Xie T mi2%ee F MisYie F MiaYee Y Ve

- e e
Yot = "21%1¢ * Ta2Xot * Taa¥it t MaaYor T Vot

where; m =

!
N
-
3
1}
n
-
O
u
-—
-

i.e. X1t T X1 oM

Xot = YoXot.1 * npt-

Applying the REH to obtain a RES:

E Yot 3 (T=ma)) i 22

.-} =

tE]yIt (V-mg) mg Y11 ™2

(I1a)

Y1%1¢-1

Y2%X2¢-1
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1

Eie T DU = mpgdmyy gy X
-1
FOHQ = mpgdmyp * Mg o¥ata
- o] ]
LEvar =D lmagmyy + (1= mgdmyy vy

-1
+ 0 Hmpampn + (1= myg)montyaXoy g

The resulting ORF is:

Y1t T 1%t Y M2Xet

-1

+ 0 {3 ((T=myg)dmyq * mygmaq) + myglmgamyy + (=myg)moy N dvyxg g
-1

+ D w3 ((M=myg)dmyp + mygmap) + myglmaamyn + (1= my3)man) bvoXoy 4

Ve

Yot T "a1X1t t T22Xot

-1
+ 0 mpg((T=mpg)myq # mygmpq) + moglmpgmyy + (T=myg)myrdyyXge g

1

+ D + ) +

{mag((T=myg)myy + mygmpp) + mpg(mygmyy + (T=myg)myntvaXoy
+ V2t.

The unrestricted version of this structure is:

Y1t T Xt T P2%et t 13Xt F P1e¥oe-1 T Ve
Yor T P1Xor * ¥poXor * Pp3X1-1 F P24%2t-1 t Vie

Equating the coefficients in the restricted and unrestricted ver-

sions obtains:
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187 11 T ™

t0 ¥12 5 ™2

...] :

D {my3((T=mpgdmyy + mygmpy) * miglmpamyy + (T-my3)myy )iy
-1

=D

try3{(Umyg)myp + mygmag) + myglmyamy + (T-my3)my0) byy,

117 %21 7 ™2

X2t %22 7 T

K1t 923 = 0 nggl(lompgdmyy + mpymy) + mpp(mpgmyy + (1o dnyg Dy,
Xgp1t g = D ngg((Tompg)myy + mygngg) + mpglmpgmyy + (1omy3)mp) by,

or;

P17 M P2 T M2
P13 = My = C2marin
Pra = oMz * Crm2iYe

eqp = (my3(1 = mpg) * myymp)0”!
iz = Mgl
210 %22 T ™22
%23 = (C1m1 * Campq )Yy

Ppq = (Ca1m2 * Coama2)Y;

I
Ca1 = a3l

B
Cop = (magmyg + mpp(1 = mp3))D .

D

Hence, the eight unrestricted ORF coefficient estimates can be ex-
pressed in terms of eight RF parameters. Therefore, no restrictions
eixst. However, the RF parameters can be identified from these
eight equations; Ty3s M40 Togs Tpg CanN be obtained from the

solutions for 1o C12’ Co1s Cop-
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IIb: Assume Case a) is altered by the addition of one exogenous
variable; m =2, n = ny = 3, P =1

the relevant theory is:

- ’ e e
Y1t T ™o Xot T ™1X¥1e T Mi2%ee T MYy T MiaYar T Vit
(11b)

= e e
Yot T M20%0t T "21%1t T "22%2t * "23V1e * M2a¥2t o Vot
Following the procedure from IIa, obtain a RES and resulting ORF.

Then equate the coefficients with an unrestricted ORF. Hence,

for the coefficient on;

ot* @10 ° Mo
17 M1 T ™
X200 P12 5 M2

. - n} - -

Xot-1" P43 = 0 {m3(T=mpg)myg * mygmpg) + myglmagmyg + (1-mp3)mpg)dyg
, -1

X1g-1" Ppq = 0 {my3(dmmpg)myy # mygmpq) + myglmggmyy + (1-my3)myy)iny

) +

, -1
Xor-17 @15 = 0 {myg(l=mpg)myy + mygmpn) + myp(myamyy + (T-myg)mps)ivgs

Xot* %20 " ™20

X1t 921 T T2
Xot? 922 T T2
) - -1 -
Xgr-1: 93 = 0 {mp3((T=mpp)myq + mygmpg) + mpg(maamg + (1-my3)myg) g

] : -] -

X1g-1F pq = 0 {mpg((T=mpg)myy + mygmpq) + myglmagmyy + (1-my3)m50) Iy
) = n-} -

Xap.1i o5 = D {myg((T=myp)myg + mygman) + myylmagmyy + (1-my3)m0) by,

or;

Mo P11 T M P27 M2
(c19m0 * C12m20) Y0

®10
?13
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(1 - myg) + myqmas)

?14 = (C13mq + Cqpm)my
?15 = (C1mp + Cqame0)yy
o
i =0 mg
o
Cip = D (myy)
P20 T T20° P21 T 210 P12 T 22
%a3 = (Ca1m10 * C25™20)Yg
%24 = (Cp1m1y + Coamay )My
925 = (Ca1ma * Coomp2) Y,
where;
Cyy = D7 (m,a)
21 ma3)s
.
Cop = D mpgmyy + mpa(1-my3)).
Eliminating

P13 911 Y1 T P14 P10 Y0

1 and 12 from the first system reveals:

_Hh3®2 Y2 " 15 P10 Yo

P13 P20 Y1 - P10 P21 M

Similarly, eliminating Co1

yields:

P23 P11 Y1 T P24 P10 Yo

P12 P20 Y2 T P10 P22 Y2

and Coo from the second system

. %23 %12 Y2 T %25 %10 Yo

P11 P20 Y1 T Y10 P21 M

These two restrictions are type
are three independent equations
independent equations for o1

six independent expressions for

t12 P20 Y2 " 410 ¥22 Y2

I, or overidentifying, since there
for <1 and Cy2 and three
and Coo- As a result there are

four of the RF parameters ™3

T140 Tp30 Tog <" resulting in two restrictions.
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[Ic: Assume the "relevant theory" is IIa but the processes

generating the exogenous variables are altered:
1t = "1%1e-1 ¥ M2%¥1e-2 e
X2t = "21%2t-1 T "22%2t-2 T Mot
Again, following the previous format, obtain a RES and ORF. Then

equate the coefficients with an unrestricted ORF to obtain:

For;

1t *11 T ™

Xot0 P12 ™2

X1t-1° ®131
Keazt P13z = O 1 g((Tempg)my vmy ymgg Jomy g (mpgmy (1w )mg Vg
X1t Frgp = D7 Img((Tompg)ay#my ymg ) m 4 (mgmygt (1-71 )10 ) gy
Xat-at Piaz = 07 ryg((ompg)my gty gnagg oy g (mygnyg# (11 3)m00) gy

-1
D w3 ((T=mpg)mygtmygmaq )¥myg(magmyp (1= 3)mpy ) dvy,

W0 Y17 ™

Xot: %22 T 22 ’
X1t B231 * D ngg((lempg)mymy ymg Voo (mpamy #(1-my )y vy
K2t oz = 0 (rpg((1mpg)my#my ymyy Joms (mpamy (1o 3)mpy ) by
Xor-2' 9241 = O (ngg(1ompg)mymy ymagemag mymy o+ (1-m )75 ) by
Karat Boap 7 (ngg((1-mpg)myytmy gmpp gy (mgqmya* (1m0 w55 ) gy

or;
11T ™
912 7 M2
P31 © {C11"1] + C]zﬂz]}Y]] 11 €12 defined as in both

¢132 = {C-‘1TT-” + C12172.|}‘Y]2 ITa and IIb
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VAR FEEPIRS PLPPRAPY

Pra2 = {C91m2 * Cram2dvane

P21 7 "2

P22 T "22

P31 = {Co1™1 * C2m21iTn

Pr30 = {Co1myq + Copmarlyyo C,1» Cpp defined as in both
%241 = (C1m2 * C2m221v2 [1a and IIb.

P42 = (Co1M2 * Cam2tv22

¢ Y P Y
Clearly; J3L. Y11, ¥a1 Y21

P132 "2 P12 Y22

$231 _ N1, %241 _ Y21

P232 M2 P2g2 Y22
As before there are numerous ways to express the four independent
restrictions implied by this system. The restrictions originate
.) of the coefficients

J
for the lagged values of each of the exogenous variables in each

from the similarity (up to a factor of Y;

equation. Analogous to Ic, these restrictions are not over-
identifying. Although there are eight equations in the four un-
knows , (c]], Ci25 Co1> c22), it is obvious that only four of these
are independent. Consequently, the values for T30 M40 T23° Tog
may be obtained from exactly four expressions which link the cij
with unrestricted ORF coefficients.

IId: Assume the relevant theory now contains only one

exogenous variable -- but the process generating it is second

order:
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- e e
Ye T Mm% T MaYie Y Madae Y e
= gaaX, *om ye+1r _ye+v
Ye T 1%t T "23¥1e T Tag¥2t T Vot
Once again, following the REH and comparing the resulting ORF with

an unrestricted version obtains:

For;

"1 T ™
g1 Br21 = 07 Omyg((empg )y g g o g (g gy (1my ) D g

, -1
t-20 P12 = 0 {mya((Tempg)myqmygmpq damy g (mpgmy g+ (1=my 3)my0 ) byq s

Xt %21 T ™)
, 4
g1 %221 = 0 {mpa((V=mpg)myqtmygmoq 4y (mygmyq+(1=myg)myy ) dvyy

, o]
Xe-2t Ppgp = D (Mg (1=mpg)myy¥mygmay JHmpg (magmyy*(1-my3)may N hppe

121 _ 11 _ %21
P22 M2 222

Clearly;

These two restrictions, like those in IIc, are type II. This is
especially clear in this case since the values of T130 T14° T23°
Tog cannot be identified from knowledge of the ORF coefficients

in the above system. Despite the existence of six equations and six
RF parameters, there are clearly only four independent equations in
the above system. Neverthe]ess,lthe REH does generate testable re-

strictions in this case.

Example III

Assume the "relevant theory" contains lagged variables:

Y = BiXqg ¥ BoXop ¥ BaXgy t BgXop 1 ¥ BpXgp g * BgXap o

e
*ByXgpp t Wl OVt e
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m=1, ny = 4, ny =3, ky =3, k2 =1, k3 = 1.

Assume all exogenous variables are generated by second order pro-

cesses:
P=25  Xpp = YiX9e0 * 2% T e
Xor = Y21%2¢-1 ¥ Y22%X2t-2 * Nip
X3¢ * Y31%3¢-1 ¥ Y32X3t-2 T e
Xat = YarXae-1 ¥ Ya2¥at-2 T Nit-
n2 = ]

Apply the REH to obtain the resulting RES for this model:

. -1

E vy = (1-8) "{ByyqqXqeoq * ByVioXqg-2 * B2Y21%0t-1 * B2Y22%0t-2
t-1

* B3v31X3p-1 * B3v3oX3t2 t BgXopoy t BsX3tog

* BgX3p2 * ByXgpoy * Wt -

Combining terms and substituting the RES into the relevant theory

yields the ORF:

Yi T BiXqg T BoXpy * B3X3g

+

Cy +o(1 - e)']w]yt_]

<+

-1
801-01 "(ByY11%1¢-1 ¥ B1Y12%1t-2 * BoYooXot o}

-1

+ [34 + 9(] = e) (BzYZ‘l + B4)]x3t_]
=1

+ [Bs + 9(] - 9) (33Y3] + 35)]X3t_]
-1

+ 08y +8(1 - e)'1e73x4t_] * ey

In the notation of section 5.2, the coefficients on;
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X1t Xopr X3¢ correspond to w?;
Yeo1 | correspond to (I - n3)']n2(L);
X X X correspond to w (I - = )'1n0r*(L)'
1t-1* 71t-2° 72,t-2 3 3 1 ?
since Y11 + Y]ZL 0 0 o0
%* 0 Y L O 0
r (L) = ‘ 22
0 0 0 0
- 0 0 0 0

and,

d ‘]0**
Xot.1* X3¢-1° X3t-2» Xg¢-7 correspond to mo(I - ng) ‘myr (L) +

-1,
(I - mj) n](L).

Therefore, following the notation used in the general example

from Cahpter V, page 60, the (ORF-H,) for this example is:

Yo T 991Xt * Pg%ot T PopX3t * ¥Yio1 t ¥21%0t-1 t 922%0t-2
* 923%3p2 t PaXoro1 T P3X34-1.F P33%3¢-2 * PygXgro1 Tt

where; the unrestricted ORF coefficieﬁts; 904 i=1,2,3 apply
to period t exogenous variables;
? apply to lagged endogenous variables;
Py i=1,2,3 appiy to lagged values whose coefficients
appear in r*(L);
P34 i=1,2,3,4 apply to lagged values which appear
in the original RF.

To examine the conditions for identification and reveal the REH

restrictions, equate the restricted and unrestricted ORF coefficients:
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01 * B

%02 = B2

P03 © 83

¢ =Cy +o(l -8) K%

SREIUSD RIS

o = 8(1 - 0) 8myy

7237 801 - 0 epryy

w31 = (84 + 8(1 = 0) 7 (8y1py + 8,)3
@30 = (85 + 8(1 = 8)7 (Byvgy + Bg)]
P33 = [8g + 6(1 - 8) "(Byv3, + Bg)]
¥yq = (B, + o(1 - e)’]e7].

The condition for the identification of the nine RF para-

meters from the relevant ORF coefficients is satisfied since;
n-l-n2=2.>]=m.

In the example above, 6 corresponds to 3. Clearly, a solution
for o, in terms of ¢ and vy , can be obtained from any of the
expressions, P21 Pops Pp3- This solution may then be substituted
into the expressions for Py w390 i=1,...,4 to identify the
remaining RF parameters.

The restrictions implied by this structure are:

<
——

Y1 1 _%1 @
o2 Y22 23

N

1
22

1
22

-€
<

The restrictions are obtained by analyzing the expressions for



127

Pa12 Po2> Po3 which are the coefficients contained in the ex-
pression analogous to (5.2.5) for this example.

The first restriction is type I, or overidentifying, since
the system contains ten independent equations and nine RF para-
meters. The second restriction is obtained by noting the similarities

of the coefficients on lagged values of X1t hence, it is a type II.

A-3 Comparing the REH Restrictions with the Rule of Chapter V

The rule for counting restrictions is:

Type I = m . Max{n] - n, -m, 01,
n
1 *
Type II =m J Max{P - ¢, - 1, 0},
3= ’
n
1 *
and R=m{ J {P-c.}-Min(n -ny, m}.
j=1 J

%*
Both N, and cj equal zero for examples I and II due to the

absence of lagged variables.

Example Ia: m=1,n = ny = 1, P=1,
type I = 1 Max{0, 0} = 0.
type II = 1 Max{0, 0} = 0.

R = 1{1 - Min(1, 1)} = 0.

Rule agrees with restrictions obtained.
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type I = 1{Max(1, 0)} = 1.
type II = 1{Max{0, 0} + Max{0, O}} = O.
R=T1{1+1- Min(2, 1)} = 1.

Rule agrees with restrictions obtained.

type I = 1{Max(0, 0)} = O.
type 11 = 1{Max(1, 0)} = 1.
R=1{2 - Min(1, 1)} = 1.

Rule agrees with restrictions obtained.

[Ia: m=2, n = ny = 2, P=1,

type I = 2{Max(0, 0)} = 0.
type II = 2{Max(0, 0) + Max(0, 0)} = O.
R=2{1+1-Min(2, 2)} = 0.

Rule agrees with restrictions obtained.

IIb: m=2, n = ny = 3, P=1,

type I = 2 - Max{1, O} = 2.
type II = 2(Max(0, 0) + Max(0, 0) + Max(0, 0)) = O.
R=2[1+1+1 - Min(3, 2)] = 2.

. Rule agrees with restrictions obtained.




1}
3
—
1]
N
L J
O

2 o

Max{0, 0} = 0.

2{Max(1, 0) + Max(1, 0)}

4.

2{2 + 2 - Min(2, 2)} = 4.

Rule agrees with restrictions obtained.

o)
n

2 - {Max(1, 0)}

2 - Max{-1, 0} = 0.

2.

2 - {2 - Min{1, 2}} = 2.

Rule agrees with restrictions obtained.

IIT: m

(g} (2] 3
W AN = *

O

type I
type II

R

1; P;5,2,

4 : X]sXgsXgsXy-
3: X12XgsX3e
1: X3

0.

1.

2.

1« Max{3 -1-
1 . Max{2 - 0 -
1« Max{2 - 1 -
1. Max{2 - 2 -

1{(2-0) + (2-1) + (2-2)

Rule agrees with restrictions

1.
- Min(2,1)} = 2.

obtained.
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