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ABSTRACT

MULTIPRODUCTS PRODUCTION RELATIONS IN MANUFACTURING PLANTS:
AN EXPLORATORY STUDY ON SIX SELECTIVE MANUFACTURING
ACTIVITIES IN KOREA

By

Seung Yoon Rhee

The subject of a production technology is one of the areas
of economics where the gap between theoretical formulations and
empirical knowledges is still quite wide. Furthermore there have
been only a few theoretical and empirical studies on the multi-
input multi-output production technology until recently.

The purposes of this study are (i) to understand the theory
of a multi-input multi-output (and uni-output) production tech-
nology, (ii) to investigate the workability of the multi-input
multi-output production technology for a cross-section data system
of the Korean Manufacturing Census, (iii) to find some knowledges
on the first and second order properties of a production technology,
estimated by the translog approach at an establishment level in
manufacturing activities, and (iv) to collect information on the
usefulness of the Korean Manufacturing Census System which is

quite a common type of data system in most other countries.
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A brief review on theoretical formulations of a multi-input
uni-output production technology and its extension to a multi-input
multi-output technology are followed by another summary on eco-
nometric backgrounds in this empirical estimation of a production
technology.

Considerations on exclusion rules in sampling establish-
ments, selection of specific industries to be studied, and quality
of sample data are followed by preliminary investigations on the
industrial characteristics in terms of factor products, factor use
ratios, factor prices, factor shares and their variations in sample
establishments by size and by industry.

Results on the first and second order properties in the
estimated technology suggest, firstly, a strong objection on the
conventional Cobb-Douglas form from denial of the self-duality
between the translog production and cost functions and from
rejections in the null-hypotheses test of the second order
parameter estimates. Secondly, the conventional value added
approach in production studies should be reevaluated, not only
from the wide variations of the value added ratio to gross output
across industries but also from the seemingly, unitary substi-
tution elasticities of raw materials with respect to other factor
nputs. Thirdly, many interesting results from the second order
properties of the estimated production technology are found in
terms of the direct substitution elasticities, the Allen-Uzawa

Partial substitution elasticities, the McFadden shadow partial
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substitution elasticities and the demand elasticities with respect
to price changes over input and output bundles. Examples of speci-
fic findings are the supplementary substitution relation between
two heterogeneous labor inputs, the inconclusive but close-to-unity
substitution elasticity between labor and capital inputs, etc.

Fourthly, further results are found from the supplementary
works, such that the workability of the production theory becomes
weaker for the small-sized establishments, such that the inclusion
of sample establishments with no capital inputs results in the
seemingly, unitary substitution elasticity between labor and
capital inputs, and such that gains from alternative explanatory
variables of different quality are negligible in the Korean census
data.

Finally, we have learned something from our investigations,
not the least of which is that just "more data" will not do. If
we persist in asking rather complicated questions, we shall need
much better and more relevant figures before we can hope to answer

them previously.



To my parents,

Sung Rae Kim and Young Jin Rhee
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INTRODUCTION

Whether or not there exists a stable functional relationship
between inputs and output(s) in a production activity has long been
a subject of economic inquiry. In economic theory the production
function is a mathematical statement relating quantitatively the
purely technological relationship between the output(s) of a
process and the inputs of the factors of production, the chief
purpose of which is to understand and explain the reality of a
production activity, owing to several useful characteristics of
a production function in economic analysis.

Many efforts have been expended by economists in developing
and refining the theory of a production, and in formulating and
estimating the model of a production technology. For example,
great efforts on the functional form of a production function,
relating directly to the fitting of econometric production function,
have been followed by the Cobb-Douglas production function as a
simple form toward more complicated functions, such as the CES
(constant elasticity of substitution) function, the VES (variable
elasticity of substitution as various generalizations of the CES)
function, and the translog (transcendental logarithmic) function.

In particular, the formulation of the translog production function

does not require any a priori assumptions on the functional form



to be investigated in empirical works, distinctively different
from other functions, such as the CES function requiring a priori
assumption of the constant elasticity of factor substitution.
Most of the earlier studies of a production technology
have been based either on a rather simple specification of the
production function (such as the CD and the CES) to be estimated,
or on highly aggregative data for the estimation of aggregate
production function at a certain macro (or sector) level. Very
few studies have actually dealt with data at the plant level and
most of the previous micro production functions have been esti-
mated for selected farming activitiesﬂ for the electricity
generating industry, and for the railroad sector, where abundant
plant data had become available through the operation of regulatory
agencies. There have been only a few econometric studies of
production based on individual plant data in manufacturing.2 In

particular, most of the previous works on the production function

]In addition to early empirical efforts by Senator Paul
Douglas with the Cobb-Douglas function, agricultural economists
did considerable empirical work with the Cobb-Douglas, Mitscherlich,
and several other functions, notable among these efforts are
Tintner, Brownlee, Heady and Johnson. This line of work seems to
continue to date.

2Recent examples are Krishna's (1967) study of combined
cross-section time series data for three manufacturing industries
in the U.S., Hodgins' (1968) study of economies of scale in
Canadian manufacturing, Eisner's (1967) study based on data for
individual companies rather than plants, and recently Griliches
and Ringstadt's (1971) study for the rather higher level of
industry (3-digit ISIC classification level) with simple functional
forms such as the CD and the CES functions.



have focused either on the possibilities of substitution between
factors (mostly two factors) of production to achieve one given
output, or on the possibilities of transformation between products
(also mostly two) of production, paying no attention to the input
side. There have been only a very few econometric studies of
the production possibility frontier with more than two inputs and
one output.3
The present study purports (i) to understand the theory
of a multiproduct production function as an extension of a uniproduct
production theory, (ii) to investigate the workability of multi-
product joint production theory, using the Korean manufacturing
census data, (iii) to find some knowledges on the parameters of
a production function in a multiproduct establishment which is
closer to the reality of most manufacturing activities, and finally
(iv) to collect informations on the usefulness of the Korean
manufacturing census data which is quite a common type of data
system in most of the other countries also.
More specifically this study investigates the production
technology of an industry at the micro establishment level, via

estimation of the translog production function and also the translog

cost function with five distinct inputs and more than (or equal to)

3Recent examples are Christensen, Jorgenson, and Lau's
(1973) works of the transcendental logarithmic production frontiers
with two inputs and two outputs for the U.S. economy during 1929-
- 1969, and Brown, Caves, and Christensen's (1975) of the translog
cost function for the U.S. railroad industry.



two outputs. Our study is very much conditioned by the availability
of a particular body of data: the 1973 Census of Mining and Manu-

facturing in Korea. These data have several important advantages,

not the least of which is their accessibility for research purposes.
In addition, their comprehensiveness and the potentially large
number of observations may allow the testing of much more detailed
hypothesis about the structure of production activities than was
hereto possible. On the other hand, these data have also serious
limitations.

Some of the data have turned out not to be as good as
anticipated. But more importantly, our study is limited to only
one year, 1973, and these data only to those items for which
questions were asked in the Census. One of the main shortcomings
is the poorness of data on the capital stocks and on the character-
istic (age, sex, skill) of the labor force in the various estab-
lishments. In particular, the absence of time series observations
in the study makes impossible the construction and estimation of
a complete production system inclusive of technical changes.

Since we can not afford in this study to cover all of the
manufacturings, only six sepecific industries are selected
randomly, the half of which produce multiproducts and the other
half of which do a uniproduct.

The plan of this study is as follows: the first part is
devoted to a brief review of the theory of a production function,

mainly focusing on various efforts in the formulation of the



functional form both for the uniproduct (Chapter I) and the multi-
product production function (Chapter II).

The second part consists of the very ingredients of the
current empirical investigation. Following the introduction of
Chapter I of part B, the data and measurement problems are dis-
cussed in Chapter II, in terms of the variables in the record of

the Census of Mining and Manufacturing in Korea, 1973 and of the

derived variables adopted by this empirical investigations. Also
the selection rules of specific industries to be studied and the
exclusion rules of sample establishments included in the esti-
mation are followed by the sample properties by industry and the
general quality of data used.

Chapter III contains the theoretical and statistical back-
grounds in the empirical estimations, such as the choice of the
estimating equations, the error specification, the estimation
method and some Monte Carlo Experiments for the validity of the
estimation methods adopted in this study.

In Chapter IV, the empirical estimates of the production
technology for the six selective industries are presented and
tested. Also several alterative investigations are covered, such
as those of alternative restrictions, separate results by different
establishment size, those of alternative exclusion rules in
sampling establishments, and those of alternative variables of

different quality.



The final chapter summarizes the main findings of this
empirical study and suggests further efforts to be done necessarily
to understand the reality of the micro production technology in

the Korean manufacturings.
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CHAPTER I. UNIPRODUCT PRODUCTION THEORY

A.1,1. What is a Production Function

A production function is a complex analytical tool which
describes the maximum output that can be obtained from a given set

LI

of inputs in the existing state of technological knowledge.
can also be regarded as the technical relationship between the
maximum quantity of output and the volume of inputs required to
produce it, and as the technical relationships between inputs
themselves. The parameters of the production function thus con-
ceived represent the features of the technology according to
which a given set of inputs is transformed into a certain output.

In general four useful characteristics of a production function

have been discussed in economic analysis.

1The engineers of the firm are concerned not only with inputs
and outputs but with the properties of the energy sources and other
factors of production required to transform materials, such as the
feed mechanism of certain equipments, etc. An engineering produc-
tion function can be transformed into an economists' production
function so as to provide for it a physical-technical foundation,
by leaving out some non-relevant information. The production func-
tion is fabricated by the economist and it is probably foreign to
the engineering and business world, because it is not directly
measurable. The abstractness of the production function concept is
precisely its source of value; it produce highly useful and verifi-
able hypothesis and it enables economists to analyze a wide variety
of problems. See H. Chenery (1953) and W. Salter. For a
survey of the literature in which production functions are derived
from engineering data, see A. A. Walters (1963; pp. 11-14), and
R. Dorfman, P. Samuelson, and R. N. Solow (1953; pp. 130).

8



They are the efficiency of the technology, the degree of
economies of scale that are technically determined, the factor
intensity of the technology, and the ease with which one input
is substituted for another. Abstract technolog_y2 is followed by
the additional uses that is to be made of the production function.
Firstly production functions can be used in measuring technical
changes.3 Secondly, the relationships between production func-
tions and isoquants can be broadened and the production function
can be used to derive a more general description of technology.

For instance, one can obtain the input requirement set of which

the isoquants might be considered as the efficient sets. This

more abstract and general view has some important analytical
attributes and may yield some good returns in empirical work. It
has been supported by a great deal of refinement on the axiomization
of technology in the last decade. It deals also with the dual
relationships between technology and cost functions, more generally,
profit functions. The cost function has an important analytical
value and in some circumstances some potential promise for

4

empirical work.” The next question of great importance both in

2M, Brown call these four characteristics of a production
function, taken together, an abstract technology. See M. Brown, On
the Theory and Measurement of Technological Change, Cambridge Press,
1968, pp. 12.

3500w (1967) denoted the major part of his survey
to discuss this issue. Some other works on this subject have
appeared since. In spite of its importance, the subject is not
discussed here.

4For instance, the allocation of costs into multiproducts
can be dealt with the estimation of a joint cost function. See
R. Brown, D. Caves, and L. Christensen (1975).
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theory and in practice is that of aggregating quantities and prices.
The question is when there is a natural way for such aggregation.
This question is associated with the notion of the separabi]ity5
of a function, which is of prime importance by itself in empirical
analysis and is closely related to our study.

Various specifications of a production technology in the
axiomization of production structure are summarized in terms of
the input requirement set, the production function, the cost
function, and the duality relationships among them, in the following
section. Next, the functional forms in historical trend of most
empirical researches are reviewed in terms of a quadratic form
and of a combination of several subfunctions. Finally the trans-
centdental logarithmic functions are defined for a production
function and for a cost function, and its properties are investi-
gated in relation to the theory of production and to its empirical
analysis.

A.1.2. Specification of a Technology: Axiomization
of Production Structure®

2.1. The Input Requirement Set
For the production of output y of a particular product, we

need at most n factors. Let x be a vector of inputs of these n

5“Separability" is discussed in later sections in detail.
See the subsection 4.1.2. in this chapter.

bLet X, Yy € Rnand i=1, . . . n. Then for every i; x>y =»
Xj >Y¥p X2y >xj>yjand x #y, and x 2 y = Xj > yj. The inner
product s denoted as x y. The positive and non-negative orthants
of Rn are denoted by Qf and Q respectively.
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factors. The technology specifies the various way of producing y,
namely

X(y) = {x:x can yield y} (1)

The properties of X(y) are assumed to be: (a) Location--X(y) is

a non-empty subset of the non-negative orthant Rn denoted by On.

It is possible that some factors will not be utilized, but the only
output that can be obtained with no inputs at all is the zero output,
that is, X(0) = @n and ify > 0 0 ¢ X(y). (b) Closure---X(y) is
assumed to be closed. That is, if a sequence of points {5?} in
X(y) converges, the 1imiting point also belong to X(y), meaning
that X(y) contains all its limiting points. (c) Monotonicity---If
a given output can be produced by the input--mix x it can also be
produced by a larger input. Similarly, the inputs required to
produce a given output can certainly produce a smaller output.

(d) Convexity---X(y) is convex.
2.2. The Production Function

Using the notion of the input requirement set, the production

function can be defined by:
flx) = "N Ly ¢ x e X)) (2)

When X(y) has the four properties defined above, f(x) has the
following properties: (a) Domain--f(x) is a real-valued function
of x defined for every x € @n and it is finite if x is finite.

(b) Monotonicity--an increase in inputs cannot decrease production:
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x> x' >f(x) > f(x') (c) Continuity---f(x) is continuous. (d)
Concavity---f(x) is quasiconcave over Qn.
2.3. The Duality between the Production Functions
and the Input Requirement Sets
The production function was derived from the input require-

ment set. It is possible to assume a production function f(x)

with the four properties above and to derive from it:

X*(y) = {x : f(x) >y, x €an} (3)

It turns out that X*(y) possesses the corresponding four properties
of an input requirement set. Furthermore, if X*(y) is used in (2)
to derive a production function, say f*(x), then f* = f. Similarly,
if we start with X(y) to derive f(x) and then in turn use of f in
(3) to derive x*(y) then x*(y) = X(y). Thus, there is a full
duality between the input requirement set and the production

function.7

2.4. The Cost Function

In general, economic models involving production need rules
of behavior, in addition to the production function. In the micro
analysis the criterion is profit maximization. The selection of

the optimal output can be done in stages, first selecting the

7This is discussed in detail by Diwert, W. E. (1971), "An
Application of the Shepard Duality Theorem: A Generalized Leontief
Production Function," Journal of Political Economy, 79: 481-507.
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input mix which minimizes cost for any output y € Y and then
selecting that y which maximizes profit. The cost minimization

for all pe Qf and y € Y is described by:
Cly, P) =min { px : x € X(y)} (4)

where p is the vector of factor prices and C (y,E) is the cost
function. If X(y) possesses the properties defined earlier, then
C (y, p) has the following properties:8 (a) Domain--C (y, p) is
a positive real-valued function defined for all positive prices p
and all positive producible outputs. (b) Monotonicity--C (y, p)
is a non-decreasing function in output and in prices. (c)
Continuity--C (y, p) is continuous in y and in p. (d) Concavity--
C (y, p) is concave function in p. (e) Homogeneity--C (y, p) is
homogeneous of the first degree in prices.
2.5. The Duality between the Sost Function
and the technology
Instead of deriving the cost function from the input

requirement set according to (4) it is possible to postulate a
cost function with the assumed four properties and to define the

following set:

85hephard (1953), Uzawa (1964), McFadden (1966).

McFadden (1966), Diwert (1969).
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X°(y) = {x : px > C (y, p) for every p € Q% and x € @n}  (5)

The set X(y) has the corresponding four properties. Further, we
can use (5) in (4) to derive a cost function that will be identical
to that used in (5). Alternatively, if we use (4) for C (y, p) in
(5), then X°(y) is identical to X(y) in (4). This is the duality
between a cost function and an input requirement set. But in
view of the duality between input requirement sets and production
functions, there also exists a duality between the cost and the
production functions.
2.6. Implications of the Production Theory
for Empirical Analysis

The axiomization of the production structure has been
refined in various ways but such refinement seems to have had,
so far, little effect on the implications to be drawn for empirical
ana]_ysis.]0

For the empirical analysis also, the technology of the
economy can be measured either in terms of the input requirement
set or in terms of the production function or in terms of the cost
function and from any of the three we can derive the other two.
However, most empirical works are concerned with production

functions. There is hardly any work on the direct measurement

IOSee also Lau's recent works; Lau (1976). A revision of

“Some Applications of Profit Functions," Memorandum 86A and 68B,
Center for Research in Economic Growth, Stanford University,
November 1969.
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of the input requirement set, except that of Hanoch and Rothschild
(1972) which attempts to set the ground for such an empirical
analysis. More hope has been expressed in the literature on the
appropriateness of the cost function to empirical analysis and
some work has been done by Nerlove (1963) and Brown, Caves and
Christensen (1975).

From the point of view of empirical analysis, the properties
of the production function in the previous section, 2.1., impose
rather little. Any function used in such analysis assumes much
more. In fact, the very notion of representing the production
function by a given algebraic form is rather restrictive and very

likely can only yield an approximation.]]

This point is of prime
importance and has several repercussions. The algebriac formulation
is essential for empirical analysis. However, nowhere is it

stated that there should be one algebraic form which will give

a good approximation for the whole domain. Yet, implicit or
explicit in many works is the idea that the particular function
should describe the process of production near the origin as

well as for outputs which are many times the observed quantities.
Therefore, it is suggested here that a particular function used

in an empirical analysis should maintain the usual properties

assumed only in the neighborhood of the observations. The

]]This is discussed in detail in the following section,
the function form of a production function.
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relevance of this observation will become evident in subsequent

discussions.lz

A.1.3. Functional Forms in Trend

3.1. Choice of the Functional Form

The choice of functional form should depend on two properties.
First, the functional form should be capable of representing a wide
range of technologies in order to minimize the a prior assumptions
imposed on the estimating equations. Second, it should be tracta-
ble within the assumption of the model. That is, the estimating
equations should be simple enough to carry out the estimation with
minimal computational burden and with ease of interpretation. In
reality any choice is a compromise between these two objectives
and such a choice must be based upon value judgements in general.

It is with respect to the first criterion that simple
functional forms of production and cost functions such as the
Cobb-Douglas (CD). Leontief (L), and constant elasticity of
substitution (CES) forms are dominated by more general forms such
as the flexible functional forms to be illustrated below. For
example, it is well known that the CD production function has a
Hicks--Allen elasticity of substitution (AES) which is unity for

all input pairs, and under cost minimization implies that factor

lzln particular, our empirical work, using the translog
approach, emphasizes it.



17

shares are constant. Since the substitution elasticities are
measures of curvature around an isoquant it is evident that the
shape of the isoquant is severely restricted by assuming a CD
function. This is highlighted by the implication that factor
shares are constant. The apparent success of the CD function in
applied work seems to be due to two reasons. First, using aggre-
gated time series the direct estimation of the CD function is
reasonable since the substitution effects are not well identified
by highly collinear data. Second, Fisher (1969) argues that the
constancy of factor shares of labour and capital in aggregate data
fits the CD h,ypo'chesis.]3
The CES function permits the AES to deviate from unity but
does require it to be constant by construction. The CES function
thus generalizes the CD and L functions which assume a common
constant elasticity of substitution which is unity or zero
respectively. But the CES function is restrictive in the nature
of the type of substitution permitted. In particular, all factors
are equally substitutable with each other, a restriction which has
no theoretical justification but which simplified the empirical
work considerably. If there are just 2 inputs then this restriction
may not be very hard to accept since it simply means that a single
cross elasticity of substitution is constant. But to extend this

constancy to a multifactor technology and assume that the AES

]3But this does not necessarily mean that there exists an
aggregate CD production (or cost) function but that we have yet
to explain this constancy.
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between electricity and machines is the same as between unskilled
labour and materials, for example, seems to be unreasonable until
verified empirically. Even with two inputs one may not wish to
assume that the AES remains constant around the isoquant. We
conclude therefore that a priori the CES function is restrictive
in that it restricts the elasticities of substitution (a) to be
constant, and (b) to be the same constant for every pair of

inputs.]4

Such restrictions should be tested not imposed a priori.

Given the a priori presumption against the CES form, there
has been considerable effort made to obtain less restrictive
functional forms.

One obvious approach is to make the common AES, o, a
function of some variable such as the level of output or the
factor ratio or factor share, etc. Such generalization have been
called Variable Elasticity of Substitution (VES) functions and
have been discussed by Revankar (1971), Lu and Fletcher (1968),
Sato and Beckmann (1968) and Lovell (1973).

A recent spurt of functional forms owes its origin to
Diwert (1971) who generated a functional form that is linear in

parameters and which provides a second order approximation to any

arbitrary twice differentiable function. This Generalized

]4Another feature of the CES function is that it is additive
in terms of input combinations. This special form of separability
is not independent of the constancy of the AES, since Berndt and
Christensen (1973c) have shown that a certain separability has
??mgt?ing to do with a certain set of AES equal. See also Russell

975).
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Leontief (GL) functional for'm]5

was quickly followed by the
Transcendental Logarithmic (translog) functional form developed
by Christensen, Jorgenson and Lau (1971), and Sargan (1971). The
Generalized Cobb-Douglas (GCD) developed by Diwert (1973) and a
generalization of GL by Denny (1974) and Kadiyala (1972).

In addition Diwert (1973) has developed functional forms
for special functions such as revenue and variable profit functions
as well as indirect utility functions and indirect production

functions. Also recently Lau (1976) has developed a profit

function.
3.2. Functional Forms in a Quadratic Form

One interesting aspect in the formulation of a production
function can be described in a quadratic form which accommodates

various functions when properly interpreted. The form is

Yo = [1 l'][ao %2][]]= 0o +x|2+ Z'BX (6)
X B ||y

The functions to be reviewed use the following transformation:

. = Pj
T] A L N #0
T

(7)
zcyi"]nxi,pi-o

ISIt is called so because when used as a cost function it
yields the Leontief cost function as a special case.
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where

%o

X5

output

the i-th input

(a) CD-1ike (Cobb-Douglas production function): This function is
obtained from (6) by imposing

(6) (B=0)nT, (8)

By this notation it is meant that the CD function is obtained from
(6) imposing on the function B = 0 and the variables are obtained
by a logarithmic transformation (TZ)' The result is, for the
production technology of one output and of five inputs,

5

Inx =a + iE] a; Tn x; (9)

(b) CES-1ike (constant elasticities of substitution): This function

is obtained from (6) by imposing
(6) N (B=0)NT, n {pj =pl, j=1,...5 (10)

By this notation it is meant that the CES function is obtained from
(6) imposing on the function B = 0 and the variables are obtained
by a power transformation (T,) of a constant exponent (p). The

result is

5
xg= L a. XP (11)
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(c) CRES-1ike (constant ratios of elasticities of substitution):

The function is obtained from (6) by imposing
(6) n(B=0)NT, (12)

The CRES function, developed by Mukerji (1963) and Gorman (1965)
is a generalization of the CES-1like function, the functional form

of which is
5
xg= T oo, xPi (13)

(d) CRESH (homothetic or homogeneous CRES): Hanoch (1971) defined
and analysed a functional form for a one-output, many factors
production function, which is homothetic (or homogeneous) and
exhibits CRES.  Its functional form is

5 o
1= I a, (x—‘)p1 (14)

—
-
o

In the CRESH function its AES (Allen-Uzawa partial elasticities

of substitution) vary along isoquants and differ as between pairs
of factors, but the AES stand in fixed ratios everywhere, while
the CRES function; however, is not homogeneous or homothetic, so
that individual ES vary with output as well as factor combinations,
the expansion lines (for given factor prices) being curved in a

predetermined way.
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(e) GL-1ike (generalized Leontief function): The GL function,

developed by Diwert (1971), is obtained from (6) by imposing
(6) n (ao =0)n (az=0)nTyn {pj =%} (15)
Hence the result is

5 5
X = I I Bi: vX: V/X: (16)
© ey gmp T
(f) TL-1ike (Transcendental Logarithmic function): The TL function

is developed by Christensen, Jorgenson and Lau (1972). The function

is obtained from (6) by imposing
(6) n T, (17)

Hence its function form of a production technology of one output
and of five inputs is
5 5 5

X, = a + i§] a; In x, + 151 jzl Bij In x; In X; (18)

The CD function captures two important properties of a
production function: monotonicity and concavity. It does so with
a small number of parameters. This, in addition to the other two
plausible reasons explained in the previous section, may explain
its dominance of the field for so many years.

The work by Arrow, Chenery, Minhas and Solow (1961) added

a new dimension to the analysis: the ease of factor substitution.
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The generalization of this measure to the case of more than two
inputs, and the implications of such generalization for the form
of the production function have been widely discussed. The
functions listed in items (b), (c) and (d) represent the results
of this discussion.

The constraint (B = 0) on (6) implies that the production
function is strongly separable between inputs. This property
constitutes a strong constraint which simplifies considerably the
empirical work. As indicated by Mundlak and Razin (1971) sepa-
rability has been imposed without being tested and that raises a
question with respect to the proper use of this assumption. It
is against such a background that the translog function approach
broadens the scope of ana]ysis.16

We have thus singled out three major stages in the develop-
ment of algebraic formulation of the production functions: (1)
Cobb-Douglas, (2) broadening the scope for factor substitution,
and (3) submitting separability to empirical test.

3.3. Functional Forms in a Combination
of Subfunctions
Another aspect in the formulation of a production function

can be reviewed as a combination of several subfunctions which

]GSee Christensen, Jorgenson and Lau (1972). The translog
function was also discussed by Griliches and Ringstad (1971) and
Sargan (1971), but with no particular emphasis on separability.
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accommodates various functions when properly interpreted. The

form is
f(x) = g(x) * h(x) (19)

where f(x) is the production function, g(x) and h(x) are two
arbitrary functions and * is an arbitrary operator, such as
addition, multiplication, or an exponent. This approach provides
a convenient framework for classifying functions which do not fall
within the general quadratic form of the previous section.

(a) VES function: Revankar (1971) suggested the following
function in order to make the elasticity of substitution a linear

function of the capital-labor ratio:

y =0 X3 (xz + vix,)P (20)

If we let g(x) = abx?‘ and h(x) = (x; + v1X1)? then we

can write this function as
y = g(x)h(x) (21)

That is simply the product of the CD form and the CES form.
(b) Constant marginal share: This function was suggested by

Bruno (1968);
y = e XPXe? - yX; = g(x) + h(x) (22)

Again g(x) has the CD form where h(x) is linear.
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(c) Transcendental production function: Halter, Carter and Hocking

(1957) use a function

Yy = aOX?Ing eY1X1 + Y2X2 (23)

which can be immediately decomposed into

y = g(x)h(x) (24)

where g(x) is a CD and h(x) = ¢/*** ¥ YzXz

The same procedure can be followed with more than two
subfunctions. Having decomposed a particular algebraic form into
jts components it is then possible to trace the origins of
particular properties and search for ways to achieve the same

property with as few parameters as possible.
3.4. Functional Form Flexible in Prices

Attentions on functional forms which are flexible in the
sense of providing second order approximations in input prices to
an arbitrary continuously differentiable cost function, have been
paid since it may be unlikely that the production function approach
will be useful at the industry level of disaggregation.

Diwert (1971) generated a functional form, called the
Generalized Leontief (GL) function, of

5 5

Cw)= I I bs;v/w; /M. , where b;: = bs; (25)
jo1 gm1 WY ij = Pji
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to describe a wild range of substitution possibilities for a multi-
input technology. Diwert (1973) also suggested another generali-
zation of Cobb-Douglas form, called the Generalized Cobb-Douglas
function, of

5 5

Tn C(w) = by + 21 Z bjjIn (w + Wy ) (26)
J=1

where

b'ij=bji and Z§bJ 1.

Following to Diwert, Christensen et al. (1971) developed the
transcendental logarithmic or translog (TL) form of
5 5 5

boo + I by, Inw, + I I bjj Inw; In Wy (27)

In C(w)
i=1 ©1 LR B B

where

bij = bji’ ? bio =1 and § bij =0, i=1, . . . 5,

Each unit cost function is linear homogeneous in prices
as theory requires. Diwert has shown that GL and GCD are decreasing
concave functions if the bij are non-negative while GL is positive
if some bij > 0 as well and GCD is positive if b0 > o, Under
certain parameter restrictions the GL and GCD functional forms

satisfy all of the conditions required of a cost function. The TL
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form satisfies all these conditions globally only if bij =0 in
which case it reduces to a Cobb-Douglas function. A more general
functional form permitting a wider range of special cases have

been provided also by Denny (1972) and Kadiyala (1972);

C(w) = {Z I bjj w¥/2 w}/z}llY (28)

where

bij = bji

This reduces to GL when r = 1 and to the CES form when bij =0,

i # j which in turn reduces to the CD and L forms as limiting cases.

A.1.4. The Transcendental Logarithmic Function

4.1. The Translog Production Function

4.1.1. Introduction

A new class of production function, named the "Transcendental
Logarithmic Production Function," or more briefly the translog

production function is defined by the following form:

5
5 . 5 ¥(Z v:: Inxs)
V=a m x™ mnx, gj=1 J (29)
0141 T | fim1

where V = quantity of output
X = quantity of the i-th input
and y.. =Y for 1, =1, .. .5

iJ Ji
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Equivalentely, the translog function may be written as

InV=1n a, + i§] a; In X5+ igl jgl Yij In X; In X; (30)
The translog function has many desirable features in both

theoretical and empirical applications. In particular, it reduces
to the CES and the CD functions as special cases--the former as a
second-order approximation. It also reduces to most of the CES-like
functions as special cases with appropriate restrictions, such as
the Uzawa generalization of the CES production function (1962),
the McFadden generalization of the CES function (1963), the Mukerji
Generalized SMAC Function (1963), the Sato Two-Level CES production
function (1967), the Hildebrand-Liu generalization (1965), the
McCarthy generalization (1965), and the Transcendental Generali-

zation of Halter, Carter, and Hocking (1957), etc.]7

17The Uzawa generalization of the m-factor C.E.S. function
is given by S » Where
V=y T Z
0 g7 'S
1
- (s) y(s)p - = (s) .

ieNg ieNg
and N. is the set of indices of inputs in set s. Uzawa (1962) has
proveﬁ that the above function completely characterizes the class
of homogeneous m-factor production function with constant Allen-
Uzawa partial elasticities of substitutions (AES). McFadden (1963)
has derived the class of homogeneous m-factor production functions
which possess constant direct elasticities of substitutions (DES)--
the block additive 1inear homogeneous functions. The McFadden
generalization of the C.E.S. production function is defined by

no XL, 3 g =1
. 1,7P, g =
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The translog production function provides a second order
approximation to any arbitrary production function for values of

inputs near unity.

The Mukerji generalized SMAC Function is shown in the equation (13)
of the previous section 3.2. in this chapter. The Sato Two-Level
C.E.S. production function is given by

s _1
= Pl P
vV l;f'l as Zs J ,
where

1
- (s) (y(s)y-p. 1 " o (s) -
ZS = [{E Bi (X,i ) Fs s, a5, BT >0, -1 < p, pg <

eNs

a, = z Bgs) =]
1 ieNs

nhe~Mwm

s
Here V is a C.i.?. function in {Z} and Zg, in turn, is a C.E.S.
function in {X\5/}. Hence V is a "two-level" C.E.S. function in {x}.
The last three generalizations are of the C.E.S. production function

in the two-factor case. Hence the Hildebrand-Liu generalization
has the form of :

u
V=y EK"’ + (1-8) n (§y7c(1+e) L'] e,

and the McCarthy generalization is given by
- B
= -p -n ,n-p -p P
v yEK +6, KL +<S3L:I ,

and the Transcendental generalization has the form of

V= y K  (1-a)u eB(K/L)
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Let V = F[Xl, X2y X35 Xuy x5] (3])

be written as

InV=G6[In x3, In x2, 1n X3, In X4, In xs] (32)

where V is an arbitrary production function. Expanding G in a
Taylor's series expansion in 1n x;s around X5 = 1 (or 1In X5 = 0),

i=1, .. .5, we have

5
InV = G[g] + 3 _a_?g l In X_i
i=1 n X5
In x = [0]
5 5 2
3° G In X, In X,
+x% I I | 1 J
i=1 j=~| B]n Xi ﬂn xj
n x = [0]
+ the high-order terms, (33)

where x and 1n x represent the vector of xi's and In xi's respectively
and [0] is a vector of zeros. A comparison of Equation (30) with

(33) indicates that we may set

In o, = 6[0]
Y i
% "~ 31n X; l » =1, 5
In x = [0]
32 G
| Vi i=1, 5

Yij I X; 9 In xj
In x = [0]
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Hence the translog function provides a second order approximation

to any arbitrary production function around 1n x = [0].

4.1.2. Properties of the Translog Production Function

(1) Monotonicity condition.
A neoclassical production function should be increasing

in all its arguments, i.e.,

oV

0 xi

>0,i=1,...5,

at least in the region of observed operation. This implies that

2 InVv _ % v o
sy Vax 22 1Th >

because of the strict positivity constraints on V and Xi' Hence

the monotonicity constraint becomes

9 InV =a+g InX. >0, 1 =1 5 (35)
3 Tn x, 750 T i="

(2) Convexity condition.

In addition to the monotonicity property, a neoclassical
production function must also be concave--i.e. it exhibits de-
creasing returns to scale. Hence [Fij] must be negative semi-

definite. A necessary condition is that F;; £ 0o0r

32 V. _ VvV [,3InV 3 InV
3 .2 X2 (a Tn x. -1 5 In X, ty
5 < i i

i | 2 0 (36)
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These must be satisfied in particular at the point of approximation.
Hence
2* ¥ =V (o - 1) o +7,,1<0 (37)
9 xi2 i i iit =
n x = [0]
A set of sufficient conditions given mononicity is 1 > a; > 0;

Y;: < 0. Moreover

ii
32y v 3InV 3InV ]
= + Y. (38)
aXg My X xj [:a In X; dIn xj ij
and also
__32__v_| - L
ax'i axj v [a‘l aj +Y.ij]9 it 1, . . .5
In x = [0] (39)

We note that if V is concave at 1n x = [0], then by a continuity
argument it can be shown that V is locally concave in a neighbor-
hood of 1n x = [0]. This local concavity does not rule out the
existence of uneconomic or convex regions and especially increasing
returns to scale in certain ranges of inputs. A necessary and
sufficient condition for local concavity at 1n x = [0] is that

the matrix

[F" = —(al-])al + Yll T e e azas + YIS
Yl x=[0]

(40)

.

s + Ys1 « o . « (as=1)as + vss

b— —
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is negative semi-definite, which in turn requires that all the
principal minors be negative semi-definite, or equivalently all
the characteristic values of the matrix are non-positive.

(3) Homogeneity conditions.

For homogeneity of degree k of the translog production
function we require that 1n V[Ax) = In v + k In A. This implies
the following set of necessary and sufficient conditions on the

translog function;

5
z O =k (4])

i3 =0,1=1,.. .5 (42)

5
Ioy;;=0,3=1,...5, (43)

i.e. the row sums and column sums of [Yij] are identically zero.

(4) Separability conditions.

To define separability among inputs, first denote the set
of n inputs by N = {i, . . . n}. A partition S of N is given by
{Nys « .. NS} where N = NJU N, . LU Nsand N,.ON

oF

rft. Let 5‘};’= f;» etc. A basic condition to which we refer

tis empty for

below is the independence of the marginal rate of substitution of

pairs of inputs from another input:
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£
> (g-)[/ 3% =0 (44)
J

We say that F is strongly separable (SS) with respect to the
partition s if (44) exists for all ieN, jeN, and ktNrUNt. The
function is weakly separable (WS) with respect to the partition
S if (44) exists for all i, j e N_and k ¢ N .18

By differentiation we immediately obtain that (44) is

equivalent to

fj foo = T fjk =0 (45)

The condition for inputs i and j to be functionally

separable from input k is that the first and second derivatives

19 20

of F satisfy, ~ for the translog function,

]8Goldman and Uzawa (1964) showed that a function f(x) is
SS with respect to the partition S (s > 2) if and only if f(x) =

F [% ft (5})] where F is monotone increasing and ft(gﬁ) is a function
of x. The function is WS if and only if it is of the form;

£(x) = 6[g"(x"), . . . ¢°(x®)]

Also Lau (1972) showed that the cost function is WS(SS) with
respect to the partition S in input prices and in input quantities
if and only if f(x) is homothetic. And Berndt and Christensen
(1972) related separability to AES.

]9For weak separability this condition must hold for inputs
i and j in one subset and input k in another subset. For strong
separability this condition must hold in addition for inputs i,j,
and k all in distinct subsets. See Berndt and Christensen (1973b)
for a summary discussion of separability conditions.

onhis is derived by differentiating (31) and (32), and
substituting into (45).
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5 5
Yk (a it zE] Yig In xg) - Yk (aj + KE] Yy In xz) =0 (46)

The set of conditions necessary and sufficient for inputs

i and j to be globally separable from k are thatZ]

%5 Yk~ % Yik = O
Yig Yk © Yy Yik = 0s Todske£ =1, .. .05 (47)

When ij and le are nonzero, we can divide by these parameters

and alternatively write the separability conditions as
-V IR (48)

4.1.3. Elasticity of Substitution

There exists a transcendental logarithmic production function
of 5 inputs which attains both a given arbitrary set of "Direct

P 2 2 ] = . =
Elasticities of Substitution {Grs r,s=1, . . . 5; Grs 5sr}

and a given set of "Allen-Uzawa Partial Elasticities of Substi-

tution” {ors rss=1, ... 5 Opg = osr}’ at given quantities
22

of output and inputs.

2"Fow the derivation of this condition, see Berndt and
Christensen (1973a).

22About the proofs of these statements, see Jorgenson,

Christensen, and Lau (1971), Part II: The Transcendental Logarithmic
Production Function, pp. 21-57.
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The Direct Elasticity of Substitution (DES) between inputs

r and s is defined a523

Fr FS(FF xr ¥ FS xS)

8. = - (49)
rs 2
X X (F . F 2 - 2F F F 4+ F F?)

r s rr s ss r

where Fr‘s and Frsls are the first and second partial derivatives

respectively. For the translog function,

F =— (a. .+ Z v.. InX,;
rooXx. rooge i i

v 5 5

Frr = [Yrr + (ar + .§ Ypi In X_i - 1)(0tr + .E Ypi In xi)] (50)
r i=] i=1
Ly 4 (a 4 )a, + 2 )]

F = Yoot (o, + Z v.InX)(a + = y_; In X,

rs X, X ©rs rooy=p ri i’'s j=1 i i

Hence the D.E.S. is given by, in terms of the parameters of the

translog function,

- M Mg (M)

5 -
rs 2 2_
Ms(Yrr+Mr Mr

2 2_
)'ZMrMs(Yrs+MrMs)+Mr(Yss+Ms Ms)

23See Allen (1938), pp. 340-345, 503-505, Frisch (1959),
and McFadden (1963).



37

where

alnF

i “o1n

(1}
Q
+
n~Mo;

=z Yi3 In T i=1, . . .5 (51)
J

The Allen-Uzawa Partial Elasticities of Substitution (AES) is defined

3524

|
rs
rs (52)

where

lFl'—' 0 F] « o e Fs

Fl F]] « o o FlS

. L] L] L]

) . e

Fs F51 ¢ s F55

and IFrsl is the cofactor of F . in |F|. and the A.E.S. can be
again expressed, in terms of the parameters of the translog

function, as

o 5

rs
| 6|

(o]

24See Allen (1938) and Uzawa (1962).
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where |G| is the determinant of

Ms  vysitMsMy o ¢« Yss*Msz-M{_
|

and IGrsl is the cofactor G.. in G.

The formulae for the D.E.S. and the A.E.S. are functions
only of the Mi and the Yij° Since the regressors are logarithmic,
estimates of the Yij are independent of units of measurement. The
fitted values Mi are also invariant to scaling of the regressors.
Therefore, the estimates of the O, are independent of units of
measurement.

In general, neither the DES nor the AES of the translog
function is constant for all quantities of inputs--and hence
indirectly, for all prices of input--as one can readily verify
by computing equations (51) and (53) for the translog function.
Hence, the translog function exhibits the property of variable
DES and AES. Actually this is to be expected in view of the
theorems of McFadden (1963), Uzawa (1962) and Gorman (1965), which

characterize completely the various highly restrictive classes of
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functional forms which exhibit the property of constancy of various

definitions of elasticities of substitution.25

4.1.4. Profit Maximization

Let Po = price of the output,
P* = price of a wunit of input i, i=1 . . . 5,
* .
Pi = P_i /Po’ 1-] . . . 5’
P p
MR B S W Y 5
i Po v V ] . . . .

Then the usual marginal conditions for profit maximization can be
written as
dln V P, X,

=1 t-w (54)
aIn X,V

where M1 is the ratio of expenditure on input i to total sales.

Equation (54) results in the following system of share equations.

: Y43 In Xy i=1, . . .5 (55)

=
n
2
+
no~on

J
Equation (55) is linear in parameters and in addition, there are

equality restrictions from the homogeneity conditions across the

individual equations corresponding to the Yijls'

255ee McFadden (1963) and Mundlak (1968).
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Other important properties of the translog production
function in connection with the technical change are omitted from
this discussion, because they are beyond the scope of our studies.

Also further discussions on the translog function re-
garding empirical implementation and its advantages and dis-

advantages are postponed to the next chapter, the section 4.3.

4.2. The Translog Cost Function

4.2.1. Introduction

A convenient functional form for the unit cost function

is the transcendental logarithmic (or translog) cost function,26
5 5 5
= + I o, InW,.+ Z I B,.1In¥W, InW, 56
In C oy E a; In W, LA 813 n W, In i (56)

where C is the production cost and wi is the i-th input price.
Also the translog form provides a second order approximation to

an arbitrary twice continuously differentiable unit cost function.

4.2.2. Properties of the Translog Cost Function

(1) Monotonicity condition

26Dual to the production function is a cost function,
C* = J(y, Wi, W2, W3, Wy, Ws) where C* is total cost of production,
y is aggregate output, and Wy is the i-th input price. If the
production function is a positive, nondecreasing, positively
linear homogeneous, concave function, then the cost function can
be written C* = y.C(W;, W2, W3, Wy, Ws) where C is a unit cost
function satisfying the same regularity conditions (Diwert, 1973).
See also Christensen, Jorgenson and Lau (1973) on the definition
of the price possibility frontier under constant returns to scale,
by duality in the theory of production.
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The cost function must be an increasing function of the
input prices. In terms of the parameters of the translog cost

function, this implies,
5
ey =%t B InM.>0,451,...5 (57)

(2) Concavity condition

The cost function must be concave in the input prices.

32C (W)

This implies that the matrix |_Z ~ =7
awiawj

must be negative-

definite within the range of input prices observed, or equivalently
all the characteristic values of the matrix are non-positive.

(3) Homogeneity condition

It is also well known that the cost function for a cost-
minimizing firm must be homogeneous of degree one in the input

prices. Hence,

nM~Mmon
Q
n
—
-

e
——d
-

and (58)
0, i=1, .. .5

.
nm~Mon
-
™
~do
.
]

(4) Separability condition
Similarly to the case of the translog production function

the separability conditions for inputs i and j to be functionally
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separable from the input k is that the first and second derivatives

of C satisfy, for the translog cost function,27

5 5
Bjk(ai+£§]yi£ In NI,) - 'y_ik(aj-l-zilﬁlj In NZ) =0 (59)

4.2.3. Elasticity of Substitution

A dualistic concept in the cost function to the direct
elasticity of substitution (D.E.S.) in the production function can
be defined by applying the two-factor elasticity of substitution
formula to each pair of factors, holding fixed the imputed prices
of the remaining factors and the imputed total cost. McFadden
(1963) named it the shadow partial elasticity of substitution
(S.E.S.). The S.E.S. can be defined in terms of the cost function
C = C(y,W) of the producer, which specifies the minimum imputed
cost C of producing the output y with the according price vector

H = (N,, w2, W3, Nx., W5) such as

2 2
- (C44/€5 ) * 2(C45/C4 €)= (C45/C5 )

8% =
1 (1M €;) + (1/WC5)
_9C _ ___9%C
where Ci = 5——;— and Cij = g—ﬁ;—s—ﬁg- are evaluated at (y, W)

25ee the equation (44) through (48) of the section 2.1.2.
in this chapter.
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Hence the S.E.S. is defined as, in terms of the parameters of
the translog cost function,
2(M2_ _ 2(M2_

*
§.. =
1J
MiMj(Mi+Mj)

On the substitution possibilities among inputs implied
by the translog cost function, Uzawa (1962) demonstrated that
elasticities of substitution (AES) could be computed directly

from the cost function and its derivatives. The formula28 is

O.: = (62)

= = 2
where Ci aC/aNi and Cij ) C/awiawj.

For the translog cost function this becomes

28The A.E.S. formula is shown in (47) as
LE] Fp X, IFU.I
.2 =
X. X.
Y i’ | F |
where y = F(X;, X2, X3, X4, Xs). Also we have C; = at . X. and
3. T 3Ny 1
cij = SW%- from the cost function C = C(W,, W,, W3, Wy, Ws) where
-gwx _caxi_ci.c



Y’ij + M'i MJ
O:. = s T #7]
1J
Mi Mj
(63)
Yii t Mi(Mi'])
O"i'l - M 2

where the Mi's are fitted values of the cost share equations. The

elasticities of demand with respect to price changes are closely

related to the AES:29
RN B
n.ij-Mjo.ij_T—’.lfJ
i
(64)
Yii * Mi(Mi'])
nji = My ooy s

4.2.4. Cost Minimization

The system of share equations are also obtained by logarithmic

differentiation of the unit cost function,30

29See also Uzawa (1962) and Brown, Caves and Christensen
(1975), p. 26.

301n the total cost function of C* = y-C(H,, W,, W,, W,, W),
oC/9W; = X5/y, where Xj is the cost minimizing quantity of the i-th
input. Since the cost function is linear homogeneous in prices,

5
C*= 3 "ixi by Euler's theorem. Therefore, C = wixi/y.
i=1

From these relations, we can get,

z
i=1
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5 1nC oC Wi 5
= — =M, =0, + I B..1nW, (65)
3InW, W C J=

where Mi is the cost share of the i-th input.

3InC  5C Wy X{ W; X{Wj Y




CHAPTER II. MULTIPRODUCT PRODUCTION THEORY

A.2.1. Introduction

Economic speculations on the behavior of multiproduct firms
can be traced to Pigou (1932), and Robinson (1933), and more
recently, Reder (1941), Gordon (1948) and Bailey (1954). These
analyses focussed on the selling behaviors (revenue side) of a
multiproduct firm, viewing its pricing process as an extended
application of the Pigou-Robinson theory of price discrimination.
These were followed by those of Hicks (1929), Dorfman (1951) and
Ferguson (1971), who adopted the conventional marginalists'
method to analyze the profit--maximization behavior of a firm
that produces more than one product by means of several variable
inputs and occasionally of fixed inputs.

Until the study of Samuelson's singularity theorem for
non-joint production was published in 1966, there had been no
extensive studies on the specification of a production technology
for a multiproduct firm. Samuelson (1966) established the
necessary condition for the production possibility frontier not
to involve joint production, and the work has been extended by
Hirota and Kuga (1971) and Burmeister and Turnovsky (1971).

Burmeister and Turnovsky studied the case where commodities are

46
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partitioned into joint groups and obtained necessary conditions
for such to occur in terms of the second derivatives of the
production possibility frontier. They assumed rather a simple
type of partition of commodities into non-overlapping groups. More
extensive and useful concepts and analysis in commodity structure
of group formation, in general cases followed by Kuga (1973).
Kuga extended the concept of Hirota-Kuga's "intrinsic non-
jointness" to that of "marginal non-jointness," where it is not
advantageous for the producer as a whole to change its output
level infinitesimally, at the going factor--and commodity--prices,
from suitable changes in the factor input, but without requiring
any change in the output level of other commodities. He also
used the concepts of a "weak joint group" where a commodity may
enter joint relations with more than one joint group in which a
number of joint groups are formed, not necessarily of the non-
overlapping type, and of a "strong joint group" which roughly
corresponds to the non-overlapping joint group of Burmeister and
Turnovsky.

Together with the problem of jointness in the theory of

! between inputs

the multiproduct firm, the concept of separability
and outputs has become focussed on in the specification of the
multi-input, multi-output production technology.

Recent progress in the specification of the multiproduct

production technology has been achieved in two distinctive

]The definition of separability is already discussed in
the previous chapter. See the section 4.1.2. Chapter I.
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directions. The first approach deals with the production possi-
bility frontier, originally proposed by Mundlak (1963) under
certain restrictive assumptions. The second contribution focusses
on the further developments and various applications of duality

theory.2

The applications of duality theory in the theory of the
multiproduct firm have been elaborated mainly in the two different
ways. The dual relationship between the transformation function
and the profit function have been speculated by McFadden (1966),
Diwert (1973), and Lau (1972, 1976). Christensen, Jorgenson

and Lau (1971, 1973) have also made an empirical application

to the U.S. economy. In addition, Hall (1973) has approached the
problem from the point of view of the dual relationship between
the transformation function and the joint cost function, using a
generalization of the Generalized Leontief cost function due to
Diwert (1971). Also recently Brown, Caves and Christensen (1975)
have made an empirical application of a joint cost function to
the U.S. railroad industry. The basic duality concepts which

underly all these studies may be traced back to the pioneering

work of Shephard (1953).

A.2.2. Specification of a Technology

2.1. The Factor Requirement Function

In the specification of a technology with a multiproduct

production process, the simplist procedure is to appregate inputs

2A very extensive survey on this topic was done by W. E.
Diwert (1972).
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of various factors. Suppose we have a single input x which can be

used to produce various conbinations of three outputs, Y = (Y, Y., Y3).
The technology of multiple outputs, single input firm may be sum-
marized by a factor requirements function g(Y) which gives the

minimal amount of input x required to produce the vector of out-

puts Y. The properties of g(Y)are assumed to be,3 (a) Domain--g(Y)

0 and

is a real valued function defined for Y > 0 with g(0)

a(Y) > 0 if ¥ > 0 (b) Closure--if Y" > 0 and 1im 17Y"
N0

+ <, then
Tim g(Y") = + «, (c) Monotonicity--g(Y) is a nondecreasing function,
N
(d) Convexity-- g(Y) is a quasiconvex function, and (e) Continuity--
g(Y) is continuous from below, i.e., for every a > 0, the set
{Y : g(Y) < a} is closed.

Condition (a) states that zero input produces only zero
output and that a positive amount of input is required in order
to produce a positive amount of any output. Condition (b) states
that an infinite amount of input is required to produce an infinite
amount of any output. Condition (c) states that if more output is
produced, then the minimum amount of input needed will not decrease.
Condition (d) is a generalization of the classical condition of

increasing marginal rate of substitution between products.4

3The generalized C.E.S. form of the function was first
introduced by Powell and Gruen (1968). Also their properties
are well clarified again by Diwert (1974).

4On this classical condition, see Hicks (1946), p. 87.
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Condition (e) is a weak mathematical regularity condition. If
g(Y) is a continuous function, then (e) will be satisfied.

But the difficulty in this simplist procedure of aggregating
various factors into one input is that the aggregate input require-
ment function is not a single valued function, and its parameters
depend on the composition of inputs, which in turn depends on,
among other things, the prices in question. This difficulty can
be avoided by working on a lower level of aggregation where inputs

are not combined.
2.2. The Transformation Function

A well behaved technology can be described equally well in
terms of relations between prices, or relations between quantities
and prices, as long as markets are competitive and profits are
maximized. The basic relation among quantities for our purposes
is the transformation function t(Y, X) > 0 if Y can be produced
with X. We assume that t(Y, X) is defined and continuous for all
non-negative Y and X and that it is decreasing in Y and increasing
in X.

Alternatively speaking on the transformation function, the

production function is also defined b_y:5

5For a multiple-input, multi-output firm, there is no
natural numeraire commodity, such as the single output, to define
the production function representation of technology. Following
Jorgenson and Lau (1974), the convention of choosing as the left-
hand-side variable for production function a variable input which
is nonproducible, is adopted here. See also Lau (1976), pp. 52-53.
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L= t(Y, X) (1)

the minimum value of L for given values of Y and X such that the
production plan (Y,X, - L) is feasible, where

L is quantity of the left hand-side variable and
nonproducible net input,

Y is the vector of net outputs, and

X is the vector of net inputs.

It is assumed that t(Y,X) possesses certain properties,
which parallel similar properties of the single output case.
(a) Domain--t is a finite, nonnegative, real-valued function
defined on ﬁ;n X R, where ﬁ;n denotes the closed nonnegative
orthants of Rn for n outputs and ﬁ;m denotes the closed nonpositive
orthants of R, for m inputs. (b) Continuity--t is continuous on
ﬁ;n X ﬁ;m. (c) Monotonicity--t is nondecreasing on ﬁ;n X ﬁ;m
and strictly increasing on R+n X R_m where R+n denotes the
interior of the nonnegative orthant of R and RT denotes the
interior of the nonpositive orthant of Rn‘ (d) Convexity--t is
convex on ﬁ? X ﬁT and locally strongly convex on R2 X RT.
(e) Twice differentiability--t is twice continuously differ-

entiable on R: X RT. (f) Boundedness--

t(AY, AX)

oo

lim
Ao A
for every ¥, X ¢ R;" X R;m, Y, X # 0. Alternatively saying, Y is
finite for all finite X and X is finite for all finite Y. Also Y

becomes unbounded for unbounded X.
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2.2. The Cost Function and the Profit Function

The cost function is defined by the relations among quanti-
ties and prices, i.e. the function C(W,Y) giving the minimum cost
at which outputs Y can be produced when factor prices are W. We
assume that C(W,Y) is defined for all positive Y and W, that it
is a continuous, nondecreasing function in Y and W, and that it
is homogeneous of the first degree in W.

Parallel to the definition of the cost function, the profit
function is also defined by:

n(P:, Yz2) = n;ax {P.Y: : t(Y1, ¥2) = 0} (2)
1

the maximization of a linear function P,Y, over the set of Y, such
that t(Y1, Y2) = 0 where Y, is a vector of choice variables, P, is
the corresponding price vector and Y, is a vector of fixed
variables. Here the profit function N(P,, Y,) is dual to the
transformation function t(Y,, Y,) in the sense that each may be
completely derived from knowledge of the other. Certain regularity
conditions are required, of course, leading to different duality
theorems.6

In particular, different theorems apply depending upon the
nature of Y1 and Y. If Y, refers to a set of inputs then we refer

toT(P1, Y2) as (the negative of) a cost function which may be a

6For a sampling of the literature on duality see Shephard
%;3;3, 1970), Uzawa (1964), Diewert (1971, 1974) and Lau (1969,
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total cost function if Y, refers to outputs only or a variable
cost function if Y, includes some fixed factors. If Y, refers to
fixed inputs only then N(P,, Y,) is called a variable profit or
gross profit function and if Y, does not exist then it is called
a profit function. If Y, includes only primary inputs II is a
value added function and if Y, includes only outputs it is called
a revenue function.

The normalized profit function is given by7

where P and W are respectively the normalized prices of Y and X
in terms of L, the numeraire commodity nonproducible in the
production function. The corresponding properties of this
function are; (a) Domain--II is a finite, positive, real-valued
function defined on R2 X RT. (b) Continuity--II is continuous on
R2 X RT. (c) Monotonicity--Il is strictly increasing in P and
strictly decreasing in W on R:'_ X R_’,'_'. (d) Convexity--I is locally
strongly convex on R2 X RT. (e) Twice Differentiability--I is

twice continuously differentiable on R2 X RT (f) Boundedness--

M(AP, AW) n
1im ———— = =, for every P, W ¢ R_ X RT
Ao A

Il is finite for all finite P and W.

7Th‘is specification is due to Lau (1976), pp. 54-55.
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The importance of the theory for our purposes is that,
under certain regularity conditions, II(P,, Y,) and t(Y,, Y,) =0
are two equivalent representations of the technology. First we
provide here an explicit statement of duality between the cost
function and its underlying techno]ogy.8

2.4. Shephard-Uzawa-McFadden Dua&ity Theorem
for the Cost Functions

Suppose the transformation function t(Y, X) has a strictly
convex input structure; that is, the input requirement set X(Y) =

10

{X]t(Y,X) > 0} is closed and strictly convex. Then there is a

unique cost function C(Y,W), differentiable in W, defined by

C(Y,W) = min  {WX}. (4)
XeX(Y)

Further, C(Y, W) is positive, linear, homogeneous, non-

decreasing, and concave in the factor prices, w.“ Finally it
obeys Shepard's Lemma (1953),
t(v,26LH)) - o, (5)

8On the duality between the transformation function and
the profit function, see Lau (1976).

9We already speculated its correspondence in the case of a
uniproduct technology earlier. See Shepard (1953, 1970), Uzawa
(1964), and McFadden (1973).

]OThis rules out the case of factors that are perfect
substitutes or perfect complements. See McFadden (1973).

M1he concavity of the cost function does not follow from
the convexity of the technology. A1l cost functions are concave, ir-
respective of the characteristics of the underlying technology.
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that is, the vector of cost-minimizing factor inputs is equal to

the vector of derivatives of the cost function with respect to

the factor pr'ices.]2
Also when the transformation function t(Y, X) is differentiable

in outputs, Y, the following condition holds:

3 C(Y,W) / Y, ® t(Y,X) /3Y;

= s (6)
o C(Y,W) / an 9 t(Y,X) /BYj

that is, the ratio of the marginal costs of two goods is equal to
the marginal rate of transformation between them. Thus the production
possibility frontier is tangent to the isocost surface at the point

where production takes place.
2.2. Homogeneity and Almost Homogeneity

In the case of multi-input, multi-output transformation
functions, the concept of homogeneity is somewhat imprecise unless
it is homogeneity of degree one. Intuitively, one would like to
say that a transformation function is homogeneous of degree k, if
when all inputs are increased by some proportion ) all outputs are
increased by the proportion Ak. Furthermore the concept of "almost
homogeneity" has been introduced to facilitate the analysis of the
technology with multi-input and multi-output. A function (Y, X)

where Y and X are vectors, is almost homogeneous of degrees k;, k;

]ZThe proof of this theorem is given by McFadden (1973).
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and ki3, respectively, if and only if t(Ak‘Y, Akzx) = Akat(Y,X)
for every scalar A > 0.]3
It is straightforward to see that the transformation
function exhibits constant returns to scale if and only if C(Y,W)
is homogeneous of degree one in Y. The transformation function

is homogeneous of degree one if
t(AY, AX) = t(¥,X) = 0 (7)
This implies
C(AY, W) =min I Wi A X; = A min I wixi = AC(Y,W) (8)
Similarly (8) implies (7).
~ Further meaningful analysis on homogeneity and almost

homogeneity among the transformation function, the cost function

and the profit function, are beyond the scope of the current study

and omitted here.]4

2.6. Separability Between Inputs and Outputs

Most studies of the structure of production utilize a

single variable to represent output, no matter how diverse its

131t is clear that ki, k2 and k; are in general unique.
This more general representation is used to allow the possibility
of some ki being equal to zero identically.

Vror a sampling of the literature on homogeneity in relation
to the transformation function, the cost function, the profit func-
tion and the revenue function, see Lau (1972, 19763, Diwert (1974),
Brown, Caves and Christensen (1975), and Hall (1973

.
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actual components. The question here is whether there exists an
unambiguous measure of output which is valid independent of the
relative factor intensities, i.e. whether the transformation

function can be written as
t(Y,X) = t[H(Y), X] = H(Y) *G(X) =0

where H(Y) and G(X) are scalar functions of the Y and X vectors
respectively, and * is any arbitrary operator such as addition,
multiplication or an exponent, etc. Thus the existence of an
output index H(Y) implies the existence of an input index G(X).
The existence of these indexes is equivalent to t(Y, X) being
separable in outputs and inputs.

Lau (1969) has proved many useful theorems relating
the properties of transformation functions and profit functions.
He noted that revenue and cost functions can be regarded as
special cases of the profit function with inputs and outputs
fixed. Thus his Theorem is directly applicable in the present
context.'®

Theorem 1 (Lau): t(Y,X) = t[H(Y), X] =0

if and only if C(Y,W) = C[H(Y), W].

15

(9)

(10)

Hall (1973) and Burgess (1974) also demonstrated similar

theorems on separability between inputs and outputs, confining most

of their attention to the case of constant returns to scale--a

very reasonable specification for the analysis of aggregate data,

but less reasonable for the analysis of microeconomic data.
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This intuitively appealing result says that the transformation
function is separable in outputs and inputs if and only if the
joint cost function is weakly separable in outputs.16

Another result can be adapted from Lau (1969, ) to

illustrate the case where both the input and output indexes exist.

Theorem 2 (Lau): C(Y,W)

H(Y) F(W)
H(Y) + G(X) = 0 (1)

if and only if t(Y,X)
and G(x) is homothetic.
Thus strong separability of outputs and factor prices in the
joint cost function is equivalent to separability of the trans-

formation function with the input index being homothetic.

2.7. Non-Jointness in Production

The problem of non-jointness has been investigated by
Samuelson (1966) and Kuga (1973) who derived necessary and sufficient
conditions for a production function to represent a non-joint
technology, using the transformation function.

A production function of five inputs and three outputs
L = t(Y,X) is said to be non-joint in inputs if there exist

individual production functions

]651nce the cost function is an implicit function, separa-
bility in outputs does not imply separability in factor prices.
Hence "weak" separability must be distinguished from "strong"
separability. See Berndt and Christensen (1973b) for a recent
discussion of "weak" and "strong" separability.
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Yi = fi(xi]’ xiz’ Xi3’ X,M, x_is), .i:]’ o o o 3 (]2)

such that t(Y,X) = 0, if and only if Yi = fi and

n~Mw

X;s = Xop §=1, . . .5
=1 9

and the inputs are so allocated amongst the industries that the
output of no one industry may be increased without decreasing the
output of some one industry and no one input may be decreased
without increasing another input. It is said to be non-joint in

outputs if there exist individual factor requirements functions

X; = 95(Yaps Yaps Yig)y d=l, . L .6 (13)

such that t(Y,X) = 0, if and only if, Xi =95 and

n~Mon

Y.. =Y., =1, ... 3,

ji=1 W

and the outputs are so allocated that no input may be diminished

without increasing the input of some one joint production process.
To show that a technology is nonjoint, we must exhibit the

individual functions fi = 9; and show that they meet both of these

requirements.]7 Although we have the natural definition of

]7Note that nonjointness requires only that the fj exist
as functions: there is no requirement that there be physically
separate processes producing the various outputs, Yj. Thus the
observation that more than one output is produced in the same plant
is not sufficient to rule out nonjointness.
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nonjointness, there is no obvious way to translate this definjtion
into an econometric restriction that can be imposed on a more general
specification of the technology. Since necessary and sufficient
conditions for a transformation function to represent a non-joint
technology are not particularly helpful in the specification of
functional forms for econometric analysis, Hall (1972) has approached
the problem using the joint cost function and Lau (1972) has ap-
proached the problem using the profit function. However, the
details of this problem seem to be beyond the scope of the current
study and here we briefly review an alternative characterization of
non-jointness in terms of the joint cost function, suggested by Hall

Theorem 1. (Hall):

A necessary and sufficient condition for nonjointness is
that the total cost of producing all outputs be the sum of the

costs of producing each separately:

e, W =y oMy Lo +y oM ) (14)

where ¢(i)(w) is the cost of producing a unit of output i.

If the technology is nonjoint, the marginal cost of each
output is independent of the level of any output.

Lastly in the case of the separability of technology, the
ratios of the marginal costs depend only on the output mix, while
with nonjointness, marginal costs are independent of the output
mix. This subject that the overlap between the two restrictions

is very small. Hall (1973) proved the following theorem:
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Theorem 2 (Hall):

No multiple-output technology with constant returns to
scale can be both separable and nonjoint. That is, the individual
production functions in such a technology are identical except
for a scalar multiple, implying that there is effectively only a
single kind of output.]8

Hence nontrivial separable technologies are inherently

joint, and their use in empirical work forecloses investigation

of the hypothesis of nonjointness.

A.2.3. Functional Forms in Trend

3.1. Functional Forms of the Production
Possibility Frontier

In the specification of a technology with a multiproduct
production process, the simplist procedure is to aggregate outputs
of various products. The difficulty in such an approach is that
the aggregate production function is not a single valued function,
and its parameters depend on the composition of output, which in
turn depends on, among other things, the prices in question. This
difficulty can be avoided by working on a Tower level of aggregation
where outputs are not combined.

Recent progress in the specification of this multiproduct

production technology has been achieved in two distinct directions.

18506 Hall (1973) on the proof of this impossibility
theorem for separable nonjoint technologies, pp. 885-886.
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The first approach deals with the production possibility frontier--
under certain restrictive assumptions--and the second contribution
focusses on the further developments and various applications of
the duality theory.

The first approach was originally proposed by Mundlak
(1963). He suggested the estimation of the production possibility
frontier giving an implicit relation between a vector of outputs,
say Y and a vector of total inputs, say X. In general, a production
possibility frontier can be defined in terms of a transformation

function:
t(Y, X) =0 (15)

In the absence of further restrictions, this formulation of a
technology permits arbitrary kinds of interaction between total
factor intensities and the trade-off between various types of
output. Mundlak introduced a substantive restriction on the form
of the transformation function: he assumed that it can be written

in the following way: i.e.
t(Y, X) = H(Y) - G(X) =0 (16)

Specifically he suggested a transcendental function which forms

a generalization of a Cobb-Douglas production function;

t(Y,X) = ylalyzdzeelYﬁBzYz - o x1Y1x2Y2e51X1+52X2 =0 (17)
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This separability restriction between inputs and outputs
has a number of implications. First, separability almost always
means that outputs are produced jointly. The only case in which
the production structure of a multiproduct firm can be portrayed
by separate production functions for each kind of output is the
case where all the production functions are identical. Second,
separability implies that output price ratios or marginal rates
of transformation are independent of factor intensities or factor
prices. This rather undesirable property makes it apparent that
a specification of joint production with the separability constraint
is no more general, in at least this crucial respect, than the
specification of a uniproduct technology.

Following Mundlak's transcendental multiproduct production
function, a generalization of a Cobb-Douglas production function,
Powell and Gruen (1968) derived the family of constant elasticity
of transformation (CET) production possibility schedules which
turn out to be algebraically identical to the CES isoquants, apart
from one difference of sign determining their concavity. Measuring
the basic shape of the frontier of production possibilities by the

elasticity of transformation between producté 1 and 2 as follows:

Y a¥,
d(yh) ()

Tz 7TV Y
dlay-) O v)
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his derived CET function has the functional form of

v](“k) £ A vg“k) = B(1-k) (19)

where k = —l—-, A= Ck
T12

> 0, and B and C are constants. This
expression is nothing but a general mathematical expression of an
ellipse. They further showed that a given, constant elasticity
of transformation is compatible with product-neutral and product-
biased shifts in the location of the frontier, pointing out that
the CET model therefore is of potential value in the analysis of
technical change.

Further extension of the CET functional form was done again
by Mundlak and Razin (1971), applying a n-factor generalization
of the CES function of the form presented by Sato (1967) into the
specification of a multiproduct technology, called a nested multi-
stage multiproduct production functions. "Let there be A products.
The output of the o product is denoted by Aa. In the first stage
of aggregation (stage a), the A products are grouped into B disjoint
and exhaustive groups. A function b_, is defined on each of these

B
groups. The B function bB are grouped into T disjoint and
exhaustive groups, and new functions cY are defined on these groups.
This process continues until a final aggregate function results.

So we get

g /P
stage Alpha b, = I A a , B=1, . ..8B (20)



s Y=, . .. T (21)

Py
stage Beta c_= £ B, b
Y Becy

unl9

But their main contributions in the production studies
concern the problem of index numbers in terms of an appropriate
aggregation scheme in the measurement of technical change. Hence
either single- or multi-stage multiproduct production functions
are still conditioned by a severe restriction, i.e. separability,
as in the previous Mundlak specification.

Also a functional form without explicit separability between
inputs and outputs was suggested by Mundlak and Razin (1971). A

simple representation for the two-output two-input case is
P pql/p _ $ 81/
[a] Y] + az(k)Y2 ] = [B]X1 + 82X2 ] (22)

where k = XI/XZ’ The right-hand side of (22) is the usual C.E.S.--
like formulation for the factor side and the left-hand side is a
similar formulation for the product side. But since oy is written
as a function of the factor ratio k, the dependence of the trans-
formation curve on the factor ratio is explicitly introduced,
rejecting an explicit separability between inputs and outputs.

But the most comprehensive and general representation of

the production possibility frontier, not restricted by any a priori

IQSee Mundlak and Razin (1971), pp. 493-494.
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assumptions such as separability, homogeneity, etc. was recently
developed by Christensen, Jorgenson and Lau (1973). Their trans-
cendental logarithmic production frontier is represented by a
function that is quadratic in the logarithms of the quantities
of inputs and outputs.20
This function provides a local second-order approximation
to any production frontier. The resulting frontiers permit a
greater variety of substitution and transformation patterns than

based on the CET-CES. Its functional form of five inputs and

three outputs can be shown as follows:

5 3
InF=o0.+ £ o, InX.,+ I B.InY,
0 =1 1 o1 Y J
5 5 5 3
+ I I vyi:InX;InX.+ I I €..InX.,1InY,
i=1 j=1 1 j=1 j=1 W 1 J
3 3
+ .. . .
151 jzl 61J In Y1 In YJ (23)
where F = t(Y, X) = 0. (24)

20They also developed the specification of a price
possibility frontier, based on a camplete model of production
with a production possibility frontier and with necessary
conditions for producer equilibrium under constant returns to
scale with the existence of prices consistent with zero profits.
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3.2. Functional Forms Flexible in Prices

The second approach to the specification of production
process with several kinds of outputs was contributed by Diwert
(1971) who generated a functional form which is 1inear in parameters
and which provides a second-order approximation to any arbitrary
twice differentiable function. His Generalized Leontief (GL)
functional form was quickly followed by the translog (TL) func-
tional form of the price possibility frontier developed by
Christensen, Jorgenson and Lau (1971) and Sargan (1971) for the

multi-input, multi-output technology.

5 3
o + I o, InW,+ I
° 4= ! LI B

In (W, P) Bj In P,

J

5 5 5 3
+ I I y::InW,InW,+ £ I €..1nH, InP,
i=1 j=1 ' i=1 j=1 W i J

(25)
3 3
+ I ¢

co 1 . P.
g RN

where

W,

P.
J

price of the i-th input

price of the j-th output

Also a Hybrid Diwert joint cost function (HD) was defined by Hall
(1973), the functional form of which is,
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5 5 3 3

CY, W =12 £ £ £ A,./Y.Y /u. w (26)
i=1 £=1 j=1 k=1 "‘J"‘/J /¥y Wy

And Jorgenson et al. (1970) also defined a translog cost function

(TC), later extended more by Brown et al. (1975). The TC form is,

5 3
s = + I . In W, + .1 .
In C(Y, W) ay K a; In W, jil BJ n YJ
5 5 5 3
+ I I v;:InW.1InW.+ = I g..1nW, InY,
i=1 j=1 W 1 i=1 j=1 W i J
(27)
3 3
+ LI I 6..1nY,1InY,
i=1 j=1 1 1 J
where Yij = in and 51k = Gki

A.2.4. The Translog Generalization to the
Multiproduct Situation

4.1. Extension of the Translog Transformation Function
to Multiple Outputs and Multiple Inputs

4.1.1. Introduction

The translog function has an added advantage that it can
be generalized to the case of multiple outputs in a straight forward

manner. The general transformation function for a multi-output and

21

multi-input technology may be written as F(Y, X) = 1,°" where Y and

211t s clear that F is unique only up to a monotonic
transformation f such that f(1) = 1.
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X are vectors of outputs and inputs respectively. As usual, we
approximate In F by a second order Taylor series expansion in
In X and 1n Y. Thus the translog transformation function for 3

outputs and 5 inputs can be written;

5 3
InF=0 + Z oa.InX.+ I a.lIny,
0 1-=~| 1 1 j=‘l J J
5 5 5 3
+% 2 I v..InX,InX,+ Z I €..1nX;, InY, (28)
j=1 j=1 W 1 Joog=1 41 W i J
3 3
+% I I S..InY,1InY,
j=1 j=1 W 1 J
where 61j = éji > €45 T €54 and Yij = Y5i

Similar to the single output case, the translog function
provides a second order approximation to an arbitrary transformation
function at a specified set of values of Y and X, particularly near

unity.

4,1.2. Properties of the Translog Transformation Function

(1) Monotonicity condition.

The corresponding monotonicity conditions are, subject to

the convention that 525‘ <0, i=1, . . . 5, are

i

5 3
oy + I Yij In )(j + §

€. In Y. <0, =1, ...5 (29)
J:] J_] 1J J =
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5 3
.+ I e..InX,+ I §..1nY,<0, =1, ...
B, & €53 In Xy iy 8 nv,;<0,i 3 (30)
In particular, a, <0, i=l, .. .5
(31)
B; >0, i=1, 3

As in the single-output case these monotonicity conditions cannot
be globally satisfied. Hence we have uneconomic regions for the
transformation function.22
(2) Convexity condition
Convexity conditions require, with our sign convention,

that [Fij] be positive semi-definite. This implies, in particular,

at X = Y = [1], that the following matrix be positive semi-

definite,23
(01-T)agtyrr * * « co1asty;s | aiBiterr ¢ ¢ oBaters
. . | : :
asa;tysy ¢ ¢ ¢+ (as-1)as+yss asBitesy  * ¢+ oasBatess
Biayteyy ¢ ¢ o Biastess (B1-1)B1#811~ ~ ° B1B3+6:3
[ ] L] | [ ] [ ]
Bsoutesy Bsastess | BsBitdsy  ° ° “(B3-1)Bst8ss
22

Moreover, the possibility of an input becoming an output
or vice versa is allowed by the translog transformation function,
the switch occurring when the monoton1c1ty condition is reversed
for that particular commodity. This gives a great deal of flexi-
bility in the analysis of inherently joint production processes.

23A11 these conditions may be tested for each observed
va]ue of Y and X and at X = (1) in empirical analysis.
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(3) Homogeneity condition

Imposition of the assumption of "almost homogeneity" of
degree k of the transformation function leads to another set of
restrictions, which in terms of the parameters of the translog

function, implies

5 3 5 5
I o, Inx+k I B, Inx +%I I v.. (InX;InA+1nX.1n))
j=1 ! i=1 =1 j=1 W L J
(32)
5 3 3 3

+ I I e (InX.InA+InY. InA)4skE I 6..(InY,InA+InY.In)) = 0
i=1 j=1 N7 J i=1 =1 ] J

This must hold for all Xi's and Yi's and A. Hence we have the

following homogeneity restrictions:

5 3
I o, +k I B. = 0
j=1 ! j=1 !
5 3
..+ .. = =1, . ..
jfl 713 ka] e1J 0, i=1, 5 (33)
5 3
R .. = 0, i=1, . . . 3.
jfl 513 k jfl 613 0, i=]

Observe that in the case of k = 1, i.e. constant returns to scale,
the restrictions become the usual restrictions that the row sums

and column sums of the following matrix must be all zero:
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"
—
-
-

1,J
9

(Skz k,at =

[
—
-

(4) Separability condition

Another advantage of the translog transformation function
is that no arbitrary assumptions are imposed between the set of
outputs and the set of inputs. The few transformation functions
in use in empirical research all assume separability between
outputs and inputs.

Separability implies, for all i, j and k,

> | aF/avy p | aF/aX;

=0; =0.
BFIBYj 2 Y, BF/BXj

a Xk

For the translog functional form this implies the following set

of necessary and sufficient conditions for separabﬂity:24

(i) Bje

Biek' =0, 1, =1,...3, k =1,...5

. 5
(36)

ki J (34)
(ii) €piki = ity = 0 T3 =1, 3, ki =1 .. 5(35)
(iii) G.j‘eeki - S'iﬂekj = 0’ i,j,£ = ], « o o 3, k = ],
(iv) ajsik - oy ejk =0, 1, =1, ...3,k =1, .5

24For the derivation of these 5 sets of necessary and
sufficient conditions of separability between inputs and outputs,
see Jorgenson, Christensen and Lau (1970).

(37)
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and

(V) Y:p€sp = Ysp€Esp =0, i,§J,£ =1, . . .5,k =1, .3
jeik i jk ’ (38)

An obvious sufficient condition, however, is eij = 0 for all
i and j. This multiplicative separability is a very strong condi-
tion because it implies that the transformation function may be
written as F(Y) G(X) = 1.2 (39)

4.1.3. Elasticities of Factor Substitution and
Elasticities of Product Transformation

Similar to the single output case, the translog function
can provide any arbitrary set of the direct and the Allen-Uzawa
partial elasticities of substitution (i.e. DES and AES) among
factors and these elasticities of transformation at a specified
set of values of X and Y. The expressions on these elasticities
in the specification of the multi-input, multi-output technology
should be discussed with a warning that the transformation break

down when any of the variables are zero or change sign in general.26

25Note that multiplicative separability is a necessary
condition for the CET-CES transformation functions of Powell and
Gruen (1968). And the Mundlak's (1964) transcendental multi-
product production function can be approximated by the translog
function with the assumptions of (1) multiplicative separability,
ji.e. €;; = 0, and (2) zero off-diagonal elements of the matrixes

i
of [y..j and [s5..], i.e. y,, = 0 for i#j, i,j, =1, . . . 5 and

845 ='8 for 13,7, 3= 1,7 . . 3.

26This would offer no problems were it not for the fact
that many of the magnitudes are neither always positive nor always
negative, where these variables of negative sign can be converted
into logarithms only after a reversal of sign. See Samuelson
(1966, p. 129) on the details of this topic.
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Since productive services or inputs have been regarded simply as
negative outputs in the translog function, those elasticity
expressions may, therefore, be defined both for the input side
and the output side separately under the corresponding restric-

tions.27

4.1.4. Profit Maximization

Let Pi = the price of the i-th output,
wj = the price of the j-th input,
Mi = the share of the ith-output in total sales,
Mj = the share of the jth-input in total cost.
Then the usual marginal conditions for profit maximization can be
written a528

o InF oF Y5
= — =M, i=1, . . . 3 (40)

9 In Yi aYi F

and

3 1InF 9F Xj
= — = Mj’ j=1, . . . 5 (41)
3 In Xj ) Xj F

27Note that multiplicative separability is a necessary
condition for CET-CES transformation functions. The multi-input,
multi-output translog function reduces to an approximation of the
CET-CES transformation function, if there is multiplicative
separability, i.e. €5 = 0.

28The derivation of the system of the share equations for
inputs and outputs are shown in Appendix A-I.
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Hence the following system of share equations can be obtained;

5 3
M,i = Bi + _E eij In Xj + § Gik In Yk, i=1, . . .3 (42)
Jj=1 k=1
and
5 3
-M. = o, + . .. s J=1, . . . 5.
MJ aJ LE] YJ In X£ + 121 eJ1 In Yi j=1 5 (43)

Equations (42) and (43) is linear in parameters and in addition,
there are equality restrictions from the homogeneity conditions
across the individual equations corresponding to le, eij and Gik'
Other important properties of the multi-input, multi-output
translog function in connection with the technical change are
omitted from this discussion, simply because they are beyond

the scope of our study.
4.2. The Translog Cost Function

4.2.1. Introduction

Cost function have been estimated by economists for several
decades. Only since the introduction of duality theory into
economics, however, have economists seriously considered restrictions
on the cost function implied by restrictions on production or trans-

formation functions. Nerlove (1963) was certainly one of the first
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authors to include prices directly in the cost function for empiri-

cal work.29

The translog cost function for 3 outputs and 5 inputs can
be written;
3
. .+ . .
5 oy In N1 jfl BJ In YJ

5 5 5 3
+% I Y; Tn W,InW .+ T lnw 1nY (44)

In C(Y,W) = o

nheMon

i=1 j=1 iJ LI i=1 j= l ij
3 3
+% £ I &8..1nY, .y
% A 613 ny, In YJ
where 61j = j' and y1J in’

4.2.2. Properties of the Translog Cost Function

(1) Monotonicity condition
C(Y, W) is a non-decreasing function in output and in

prices. The corresponding monotonicity conditions are

5 3

o, + E Yij In wj + E €3 In YJ.;O, i=l, . . .5 (45)
Jj=1 j=1
29

Nerlove (1963, 172) states: "Note that the cost
function must include factor prices if the correspondence is to
be unique. The problem of changing (over time) or differing

(in a cross section) factor prices is an old one in statistical

cost analysis, . . . . It seems strange that no one has taken the

gbviogs step in including factor prices directly in the cost
unction."
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3
InW. +
J j=

B; +

n~Mo

& €5 : 835 1n Yi2 0, i=1, . . .3 (46)

In particular, a; 2 0, i=1, . . . 5
(47)

B; 20, i=1, . . . 3.

(2) Concavity condition
Here also the concavity of the cost function in input prices
requires that the Hessian be negative semi-definite. This condition

implies that the matrix

32 c(Y, W)

awi BNJ.

must be negative semi-definite within the range of input prices
observed.30

(3) Homogeneity condition

Every cost functions must exhibit homogeneity of the degree
of plus one in factor prices. The following (5+3+1) linear

restrictions are necessary and sufficient for linear homogeneity:3]

30This condition also implies that the own partial elastici-

ties of each factor's substitution (i.e. cii's) are negative.

3]In an empirical work, one may want to test the validity
of this set of restrictions as a test of the cost minimization
hypothesis. Alternatively, one may want to estimate the cost
function, imposing these restrictions a priori.
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(4) Separability

32

The separability™ in the translog cost function requires

that

3 9 InC 2 InC i, j=1,
> In W, alnYi/alnYJ.=o’ k=1, s ()
This differentiation yields:
Bi €k = By Epi = 0, i,k=1, .. .3, 2=1, .. .5 (50)
€p3 ij - Ep S j© 0,i,i,k,=1, . . . 3,21, .. .5 (51)
All €43 = 0 is sufficient to satisfy these conditions and this

strong separability makes the translog cost function groupwise
additive in outputs and prices, entailing the existence of a
homothetic index of input, i.e. and isoquant map which is independ-

ent of the levels or mix of the outputs.

3ZWe can write an arbitrary joint cost function with weak
separability in outputs in the following form: 1In C = G[1In g(Yg
In W]. And under separability, 8j = ejj/aj = (3%C/31n g 3ln W)/
(aG/alng) is the same for all i given any J, i=1, . . . 3, J= 1
. 5. See Brown, Caves and Christensen (1975), pp. 9-11.
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4.2.3. Elasticity of Substitution

Similar to the single output case, the S.E.S. can be defined
for the multi-input, multi-output cost function of the producer,
which specifies the minimum imputed cost C of producing the output
vector Y with the accounting price vector W.

Also the A.E.S. can be computed directly from the multi-
input, multi-output cost function and its derivatives, as shown
in the single output case.

For the translog cost function this becomes

Y'iJ +M'iMj . '
95 = " Mj s 17
(52)
Y'I'I +M'i(M'i - ])
ci'l = M 2 ?

where the Mi‘s are fitted values of the cost share equations. The
elasticities of demand with respect to price changes are closely

related to the AES also:

(53)
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4.2.4. Cost Minimization

Using Shephard's Lemma we can write

3InC 9C Wj WXy

. (54)

pIn W, oMy C c J

where Mj is the share of the j-th factor input in total cost. For

the translog cost function this yields the following 5 equations:

5 3
Mj = 0y + kE] Yk In Wk + 151 €54 In Yi’ j=1, . . .5, (55)

While the above share equations of the input factors hold

regardless of the degree of returns to scale, the output share

equations hold under constant returns to scale as follows:

3
z

.. . +
€1J In NJ &

65k In Yk’ i=1, .. .3 (56)

=
n
>
+
oMo

1

With 1inear homogeneity in factor prices imposed on the
joint cost function there are 5+3 independent linear restrictions
which are necessary and sufficient to impose constant returns to

scale:

MW

i Eij =0, 1i=1, . . . 5
and (57)

Jj=1, . . . 3.

™
O»
n
o
L
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4,3. Advantages and Disadvantages of the
Translog Approach

In the preceeding sections, the many features of the
Transcendental Logarithmic Function have been described. Basically
the advantages of using a translog function are:

(i) The translog function provides a second order Taylor's
series approximation to any arbitrary function. Hence it is also
a powerful vehicle for the testing of specific functional form
restrictions such as C.E.S. and C.D. as well as of less well known
varieties. Therefore there are no a priori guesses or assumptions
on the functional form to be estimated in an empirical investi-
gation.

(i1) Many economically meaningful hypothesis also appear
as linear restrictions on the parameters and thus may be readily
tested.

(iii) Furthermore, the direct calculations of various
elasticities of substitution (such as DES and AES) are possible
and in general, neither DES nor AES is constant for all quantities
of inputs and of outputs (and hence indirectly for all prices of
inputs and outputs), exhibiting the property of variable DES and
AES, such as VET-VES production functions.

(iv) Empirically, both the production functions and the
marginal conditions are linear in parameters and hence may be

easily estimated by standard linear regression methods.



82

(v) It allows the existence of uneconomic regions in the
range of the production function and especially increasing returns
to scale in certain ranges of inputs through the condition of
local convexity.

(vi) As explained in detail already, the generalization to
the multiple-output case is straight forward. Here also it
requires only local monotonicity through the existence of the
uneconomic regions for the transformation function and the
possibility of an input becoming an output or vice versa. Both
are allowed by the translog transformation function, the switch
occurring when the monotonicity condition is reversed for the
particular commodity.

Along with the various advantages of using a translog

33 are noted

function as described above, the following defects
particularly in the body of the present empirical study:

(i) With the direct estimation of the translog function
symmetry has to be part of the maintained hypothesis. Further
the problem of multicollinearity can be acute because of the
inclusion of linear and quadratic terms in the logarithms of the
variables in the regression equation. The share equations, on

the other hand, conceal the assumption of optimizing behavior

and the endogeneity of variables usually taken as exogeneous in

33These defects have been deliberately reconsidered in

the present study and in particular the second and the third
problems are discussed, in detail in Chapter III, Section 5,
Part B.
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the theory of the firm. Further the constant returns to sca]e,34

i.e. homogeneity of degree 1, has to be part of the maintained
hypothesis, even if the multicollinearity problem can be avoided.

(ii) The translog approach needs to be handled with care
because the parameter estimates are biased from the "truncation
error" of the translog approximation, which is based on a
truncated Taylor series expansion with an excluded and unknown
remainder term.

(iii) The use of the translog function depends on the
quantities of output(s) and input(s) being strictly positive:
otherwise the expression is not well defined. This problem
becomes a more serious drawback in adopting the translog approach

for the multiple-product production techno]ogy.35

34The use of share equations does not necessarily exclude

the case of non-constant returns to scale in their derivation.
But the unknown parameter for the degree of homogeneity becomes
unidentifiable in the empirical estimation.

35Because this problem occurs when the Taylor expansion
is expanded on the logarithmic function concerned, i.e.
In V= f(In Xj), alternative expansion may be suggested on the
original function, i.e. V = g(X;), with the natural number, not
their logarithms.
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CHAPTER I. INTRODUCTION

This study grew out of a suggestion that information in

the Census of Korea Mining and Manufacturing, 1973] appears to

provide a potentially valuable data base for an empirical study of
a multi-product production technology at the micro-establishment
level. Most previous econometric studies on the production
structure of manufacturing have relied on more or less aggregated
data, particularly due to the specification of a uniproduct
technology. Only a few such studies have based their works on
the micro-unit of observation, such as a plant or establishment,
for which it might be natural to assume that it is generated by
or represents a point on a production function. The Korean Census
seems a likely source of data for the first study, which will be
based on individual manufacturing establishments with a multi-
product production technology.

The present study is very much conditioned by the availability
of a particular body of data: the 1973 census of mining and manu-
facturing establishments in Korea. These data have several im-

portant advantages, not the least of which is their accessibility

]See also, Economic Planning Board, Republic of Korea
(1973), The Census of Korea Mining and Manufacturing, 1973.

85
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for research purposes.2 In addition, their comprehensiveness and
the potentially large number of observations may allow the testing
of a much more detailed hypothesis about the structure of production
activities than was hereto possible. On the other hand, these
data also have serious limitations. Some of the data used in the
study have turned out not to be as good as anticipated.

But more importantly these data are limited to only one

year, 1973,3

and only to that information about which questions
were asked in the census. One of the main shortcomings is the
lack of information on the financial structure. In particular
the unavailability of time-series observations makes the construc-
tion and estimation of a complete production, input demand and
output supply system impossible and forced us to rely largely on
the rather simple estimation methods which are discussed in the
following chapter.

In general, both the richness of the data base and the
fact that we could neither go beyond its limitations nor overcome

its shortcomings greatly circumscribed the range of alternatives

open to us. Therefore, much of what follows has been conditioned

2The difficulties with disclosure rules and manpower con-
straints regarding the handling of this kind of data in most
countries, even when sufficient data are available, have made very
Tittle econometric work feasible.

3Incidenta11y, the same data base for the year, 1968, is
also available and was examined in earlier stages. But constraints
on available manpower and the short research period prohibited us
from expanding the empirical estimation to the year, 1968. Conse-
quently, it is left as a major future activity.
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by the characteristics of the data base, as well as by some re-
strictions in the theoretical and statistical approach adopted

in this empirical study.



CHAPTER II. DATA, MEASUREMENT PROBLEMS AND
SAMPLE PROPERTIES

B.2.1. General Descriptions on the "Census of Korea
Mining and Manufacturing, 1973"

A11 of the observations used in this study are drawn from

the "Census of Korea Mining and Manufacturing, 1973," which covered
1

all the mining and manufacturing establishments in Korea that:
(1) were operating with five or more persons engaged as
of December 31, 1973;
(i1) were operating with five or more persons engaged in
average per work-day during December 1973;

(i11) had operated for more than three months during the
year, 1973, with an average of five or more persons
engaged, even if they were out of operation as of
December 1973.

The establishment was the unit of enumeration in the census.

The term "establishment" is defined as a physical unit engaging in

1Taking account of the peculiarities of saltern operations,
those operated for less than three months during the year with an
average of five or more persons engaged were also covered, Estab-
lishments, however, were excluded which were: (i) under construction
as of December 31, 1973; (ii) operated directly by the armed forces;
(i1i) workshops operated by public occupation guidance centers;
(iv) experimental equipment or laboratories attached to public
organizations and schools.
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industrial activities such as a factory, workshop, office or mine.
This, for the most part, may be similar to an enterprise, but it
differs from the latter in that firms doing business in more than
one area or conducting more than one enterprise in the same area
are shown as two or more separate establishments.

The industrial classification of the establishments
enumerated in the census was done in accordance with the industry
definitions embodied in the revised Korean Standard Industrial
Classification (KSIC),2 which is very similar to the International
Standard Industrial Classification (ISIC) of all economic activi-
ties.

The Census counted 24,881 mining and manufacturing estab-
lishments operating during all or part of 1973, a decrease of 780
from the total shown in the 1968 census, while the number employed

increases from 825,810 persons in 1968 to 1,227,566 in 1973.

B.2.2. Variables in the Record

From about 18 major areas of concern in the census

3

questionnaires™ for each establishment we shall list and describe

only what was used in one way or another in our study or in the

25ee Economic Planning Board, Republic of Korea (1973),
Series II, about the KSIC Mining, Manufacturing, Electricity,
Gas and Water, a third revision on 13th of March 1970, pp. 310-
334.

31bid.
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experiments associated with it. These are shown below with our

designation for each.4

2.1. Number of Workers (L)

This is comprised of the average number of employees during
the period of operation and the number of working proprietors and
unpaid family workers:

LO: Operatives--the workers on production line directly
or auxiliary to it engaging in essentially manual work, including
home production workers.

La: Administratives and other workers--all workers, other
than operatives, who are engaged in technical, managerial, pro-
fessional, clerical and routine office workers and their helpers.
Salaried managers and directors of corporations are also included
here.

Lf: Working proprietors and unpaid family workers--proprietors,

partners of the incorporated firms, and family members who work 24

hours or more per week, without any regular remuneration.
2.2. Number of Days Operated (WD)

This represents the number of actual days operated except

all closing days of the establishments by month during the reporting

4The maximum total record length for each establishment in
the working data base is around 6,250 characters for the 1973 census.
This final working tape was put together from three separate, original
census files into one consistent file with three 2,400 feet computer
tape reels in a uniformly sorted format.
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year 1973. The days closed include those when establishments were
not operated due to electricity failure, or repair and maintenance

of machinery.
2.3. Employees' Remunerations (wo; wa)

The gross earnings paid to all employees on the payroll of
the establishment covered during the year. It includes all types
of compensation such as salaries, wages, bonuses, allowances and
subsidies irrespective of payment in cash or in kind. It however,
excluded payments to the retired, long-term absentees, members of
armed forces, and payments accrued prior to the survey year but
not actually paid in the year, while the payments accrued during
the year but not paid are included here.

Cash payments are gross payments and include taxes,
compulsory savings and union dues, etc. Value of compensation
in kind is made by applying the F.0,B. plant prices if the estab-
lishment is supplied with its own products and by purchase prices

if supplied by products other than their own,
2.4. Power Equipment (HP)

- This includes fixed tangible assets such as buildings,
structures, machinery, equipment, vehicles, ships and other
transport equipment with a lifetime of one year or more, but land
is excluded. Also excluded are intangible assets such as goodwill,

patent rights, mining rights, etc. Here two different evaluations
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were done, the first is based on the information recorded in the
original census questionnaires such that total value represents

the total "book value" as of the end of the year. However, the
values arecautiously estimated on the basis of market prices if
their book value is not available. The second estimate of the

fixed tangible assets of each establishment consists of the replace-
ment values, the evaluation of which was done by the Korea Develop-
ment Institute (KDI).5 The replacement value of the capital stock

by type in an establishment is estimated from the National Wealth

Surveys in 1968 and 1973 as follows:

Step 1. The purchasing price in 1973 prices, was evaluated
by using different price indexes for the purhcase year for the
following seven types of capital goods, i.e., (i) Buildings,

(ii) Indoor equipment such as elevators, air-conditioners, heaters,
and ventilators, etc., (iii) Structures, (iv) Machinery and
equipment, (v) Tools and utensils worth 10,000 won or with a
lifetime of one year or more, (vi) Vehicles and other transport
equipment such as motorcars, coaches, etc. and (vii) Ships and
other equipment such as cargo-boats, sampans, etc.

Step 2. In order to get the net capital stock for each
establishment, the above gross capital stock, evaluated by the
purchasing prices in 1973, was devaluated by an appropriate
constant depreciation rate for the 211 different 5 digit industries
and for the 7 different types of capitals, as shown in the following

diagram:

Tsee Choo and Yoo (1978).
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PV

0.1-PV —

0.01-PV {\\\\\j::f‘"““‘--

T

Figure I.--Depreciation Rate of Capital Stock

time

Note: PV = the present values in 1973 prices of the capital goods

owned by an establishment, by industry and by type of

capital.

T = the gestation period for capital as determined by the

tax law.
In summary:
1973 1973
t t
ci Al P
gk T ag K
1973 1973

NK ik - GK ik (1.0 - dik)

where i is the type of capital good,
J is an establishment in 1973,
k is the 211 5-digit industries,
and GK = gross capital,
NK = net capital,
A = fixed tangible assets,
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-
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price index,

o
"

depreciation rate,

2.6. Production Costs

This term refers to the direct charges actually paid to
or payable for materials and services consumed or put into
production during 1973 including freight charges and other direct
charges incurred by the establishment in acquiring them. Costs
of raw materials, fuel, electricity and water, contract work,
repairs and maintenances were obtained under the category or
production costs.

Detailed entries for raw materials consumed by each estab-
lishment are recorded in separate classifications for quantities
and values of raw materials and parts consumed, and for inventories
at the beginning of and the end of the year respectively according
to the 7-digit item code of the KSIC.

The cost of fuel is the total amount actually paid or
payable during the year for all fuel consumed for heat, power
or generation of electricity, Here the first type of fuel refers
to coal consumption, the second to oil and the third to other
miscellaneous fuel where both information on quantity and on value
are available. The cost of electricity purchased is the total
actually paid or payable for electricity purchased by the estab-
1ishment for the production of goods during the year. Charges
for electric 1ights in offices are also included but only for the

purchased part.
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2.7. Values of Shipments and Inventories

Under the general term "value of shipments," the proceeds
from shipments of products and wastes, and receipts for processing
and repair work during the year are classified separately. They
are evaluated in principle at the F.0.B. plant prices and include
excise taxes.

The value of inventories is the value of the goods in the
possession of the establishments during the year. Classified
separately as (i) finished, and (ii) the semi-finished goods and
work-in-progress, the inventory is evaluated on the basis of book
value or otherwise at approximate current market prices at the

beginning and the end of the year.
2.8. Output Produced

The gross output is the total value of all goods produced
and services rendered to others by the establishment during the
year. In practice the quantity (or value) of output was calculated
as the quantity (or value) of shipments plus the net addition to
inventories of finished, semi-finished goods and work-in-progress.

Detailed entries for the commodities produced by each
establishment are reported in the separate tables on quantities
and values of products shipped, and of inventories at the beginning
and the end of the year, respectively, by the 7-digit item code of
the KSIC.
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B.2.3. Derived Variables

The variables discussed below are those on which the results
in this empirical study is based. The particular definitions were
chosen only after some preliminary experimentation during which we
tried different measures of such central variables as the output of
each product, the labor force of operatives and administratives,
the capital stock, raw materials, and fuels, and after we also
investigated the effects of some mixed variables. The more im-
portant results of these preliminary runs and also of some experi-

ments appear later in the empirical findings.
3.1. Multiproduct OQutput

In the body of commodity classifications there are two
types of commodities, the classified and the unclassified, in the
sense that the former is a type of commodity with a measurable
physical unit and the latter is a type without one. Also are
faced with the problem of the semi-finished goods and work-in-
progress in an establishment during the year in general. In our
empirical study we tried to classify the values of the unclassified
commodities and the semi-finished goods and work-in-progress both
in quantity and value terms. By assuming that the components of
the semi-finished goods and work-in-progress in gross output are
proportionatly distributed according to the structure of final
products, we adjusted our first measures of each commodities as

follows:
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Step 1: allocation of the semi-finished goods and work-in-

progress such that:

* = i=
PQi PQi + ASFwi, i=1, . . . N,
and
N
ASFW, = SFW X PQ./ I PQ.,
1 LA J
J=1
where PQi* = the value of the i-th products adjusted for the
semi-finished goods and work-in-progress,
PQi = the value of the i-th products produced.
SFW = the value of the semi-finished goods and work-in-
progress.
N = the total number of multiproducts.

Step 2: adjustment of the quantity of the classified pro-
ducts, such that:

Qi* = Q‘i +4 5”‘1‘/"1’* and P'i* = PQi/Pi’

where Pi* = the unit price of the i-th classified commodities,
Q1 = the quantity of the i-th product produced.
Qi* = the quantity of the i-th product adjusted.

Next we adopt the assumption that the components of the

unclassified commodities are distributed, in value terms, according
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6 The reason we have

to the structure of the classified products.
chosen this particular concept of commodity production is that we
needed a production measure for each product of a multiproduct
establishment that came as close as possible to the value of the
work done by "internal" factors at the establishment and, at the
same time, conformed with the usual definition of production.

As will be seen later, the census shows that as many as 19
different kinds of products are produced by an establishment and
more than 60 different products are produced by establishments in
certain industries. In our study, therefore, we restricted for

simplicity the number of products analyzed by classifying them

into several major and nonmajor group commodities. Major

6The procedures for the adjustments are just the same as
before; i.e.,

Step 1: PQi** PQi* +A VUC].

NUC NC
AVUC, = ¢ PQ.* + PQ.*/ ¢ PQ.*
1745 ilh T
Step 2: J
xk = * *
Qi Qi + A\"J(.:.i/P,i
Pi** = PQi*/Qi*

where PQi**

the values of the i-th commodity adjusted,
Q.**
i

the quantity of the i-th commodity adjusted,
Pi** the unit price of the i-th commodity adjusted,

NUC = the total number of the unclassified commodities
for each establishment,
NC = the total number of the classified commodities for

each establishment.
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commodities are identified as those important commodities which
most establishments in a specified industry produce and the weight
of which is significantly high in terms of the value of the
industry's production. For the nonmajor commodities a quantity
index is formulated, according to the usual aggregation method

of quantity indexing weighted by its values, such that:

Step 1: evaluation of the averages by the nommajor com-

modities,7
S
Qoi = jil Qij/Si’
S .
(POQO)i = j£1 (p Q)ij/si, i=1, . . . NMC
poi B (Pooo)i/ooi’

Step 2: formulation of a quantity index,

NMC NMC
* = : s 0 °9 j= 9 o o o Py
Q; izl Poi Qi3 I (PQg)s» 3= S
where S = the total number of establishments in an industry,
NMC = the total number of nonmajor classified commodities

in an industry,

7Since no base exists it seems appropriate to circulate the
mean values for P; and P;Q; (i=1, . . . N) and use these to serve
as a base in the aggregation. Also it helps us in getting a better
approximation of the TRANSLOG function, because the distribution of
the values of this quantity index is located around 1.0, resulting
In Qj* = 0.0.
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s: = the number of establishments producing the i-th
nonmajor commodity,
(PQ)ij = the value of the i-th commodity produced by the
j-th establishment,
Qij = the quantities of the i-th commodity produced by
the j-th establishment,
Qoi = the average quantity of the i-th commodity,
Poi = the average unit price of the i-th commodity,
(Pooo)i = the average unit value of the i-th commodity produced
by an establishment,
Q.* = the quantity index of the j-th establishment for

nonmajor commodities.
3.2. Labor Inputs

The simplest measure of labor input is the total number of
persons engaged in the establishment's activities, i.e., the sum
of the numbers of operatives, administratives, working proprietors,
and unpaid family workers. The reliability of this unweighted sum
of the number of workers in all three categories assumes that the
three types of labor concerned are equally productive. But the
census data indicate a significant difference in respective wage
rates, suggesting substantial variations in their marginal
productivities. In the main body of the study the dichotomy in
labor homogeneity between operatives and the administratives is

utilized, and the working proprietors and unpaid family workers



101

are adjusted into the second category of labor according to the
average salaries of the administratives.8

An alternative measure of labor inputs for these two
distinct types was also constructed from available data on the
number of working days during the year, as an approximate labor
services (flow) variable, under the assumption that the average
working hours per day are similar over all establishments within

the same industry.
3.3. Capital Input

Qur first measure of capital input is the unweighted sum
of its components, i.e., the sum of values of buildings, structures,
machinery, equipment, vehicles, ships and other transport equipment,
but it excludes land. A1l of these are evaluated at their
replacement values in 1973 market prices.9

An alternative measure of capital input is of power equip-
ment utilized, i.e., the sum of the horsepower capacities of the
electric motors, prime movers, and generators which an establishment

owns is multiplied by the number of working days.

81t can be stated that the more modern management system an
establishment has, the fewer the third type of laborers are. Also
only in a very few small establishments, one or two unpaid family
workers or working proprietors act as administratives. In this
case their remunerations are approximated by the average wages of
the operatives in that establishment.

9See Choo and Yoo (1978), Vol. I.
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3.4. Fuel Input

The value of fuel consumption is the sum of the costs of

10

the 0il and coal consumed and of electricity purchases. The

quantity measure for this is calculated by the following conversion

formulae,]] i.e.,

fuel consumption = Coal consumption (M/T) * 5,100,000
(kilocalorie)
(Kcal/MT)

+ 011 consumption (%) * 9,900 (Kcal/%)

+

electricity purchased (1000KWH) *
860,000 (Kcal/1000KWH),
where kilocalories are used as a common unit of the heating value

(specific calorific values) of each type of energy input.
3.5. Raw Material Input

In the production studies using "value added" (V) as a
measure of output, material inputs (M) are treated rather

asymptotically. They are subtracted from gross output, (X), i.e.,

]oln total fuel consumption, miscellaneous fuel consumption
is also included without any quantity measures, We incorporated
this amount into the values of our total fuel consumption by
adjusting the quantity index measured in kilocalories.

]]For coal and o0il, the respective heating values in units
of kilocalories depends crucially on the quality of the fuel it-
self. The quality of the energy produced in Korea ranges from
3,000 to 6,000 kilocalories per kilogram of coal in general and
the official average figures used among Korean energy experts is
5,100 kilocalories. For o0il also, kilocalories per liter of oil
range from 9,500 to 10,000; we chose the figure of 9,900 which is
officially used in Korea. For secondary energy such as electricity,
the technical conversion is 860 kilocalories per kilowatt hour.



103

V=X - Mand hence not included explicitly in the list of inputs.
This procedure has been justified in the past since (i) it facili-
tates the comparison of results for different industries with
different material-use intensities, and it improves the comparability
of data for individual establishments, even within the same industry,
as long as they differ in their thickness (the amount of vertical
integration). (ii) It facilitates the aggregation of output
measures across industries through the reduction of "double
counting." When output is measured by value added only, the
materials that are embedded in a particular product are not counted
each time the product crosses industry lines on its way toward
final consumption. (iii) It reduces the problems of estimation

and interpretation by the elimination of a variable (M) from both
sides of the production relation. (iv) "Materials” are an asymetric
input. Often their use is very closely associated with the level
of gross output and hence their inclusion as an "independent"
variable in a regression analysis could obscure the relationships
of interest. (v) Any short run fluctuation in demand may be met
without much change in the work forces or machinery in place, but
will usually induce a similar fluctuation in the use of raw
materials (or energy inputs), In this sense, raw materials are
more endogenous, than labor and capital and their use as an
independent variable is more likely to lead to simultaneous
equation biases if standard least squares estimation procedures

are followed. (vi) Finally, the value-added procedure, if possible
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at all, is also robust in the sense that it is consistent with

two polar assumptions about the role of materials in the production
function: (a) the elasticity of substitution (on) between the
value added and raw materials in X = g[F(L,K),M] = g[V, M] is
infinite, allowing one to rewrite it as X = F(L, K) + M or
V=X-M=F(L, K); and (b) the elasticity of substitution

(on) between them is zero, materials being used in fixed proportion
to output: M = aX. This model can then be written as X = F(L, K),
M = oX which implies that X - M = V = X(1 - @) = (1 - a)™' F(L, K)
and that the value added procedure is again appropriate as long

as o is either a constant or is uncorrelated with the levels of
labor and capital.

The first two justifications for the "value-added" procedure
may still be possible even in the "gross production" procedure
through alternative specifications of the production function.
First, the comparability of the results for different industries
may disappear when we form a unified (quantity) index of raw
materials, defined as a certain degree of homogeneity comparable
over many different industries. Secondly, the double counting
problem may only exist in the fvertical" aggregation over different
commodities, not in the "horizontal" aggregation at the cross-
section level of establishments within the industry concerned.
Further different commodities and/or industries can also be
aggregated, if necessary in the "gross production" procedure, by

applying alternative specification schemes, one of which, for
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example, could be the multi-product multi-stage production function
suggested by Mundlak and Razin (1971). The third point is the
desirability of convenience and simplicity in any research. The
fourth is the type of empirical question to be studied and specially
the degree to which the asymmetric property of raw material inputs
vary from industry to industry. Lastly, degree of endogeneity as

an independent variable in the time-series model may differ from
that in the cross-section model.

In their recent empirical studies, Griliches and Ringstadt
(1971) concluded that most of the evidence they examined vindicates
the use of the value-added measure of output. They found that
variations in material use do account for a large fraction of
variations in gross production, but this variation is largely
unrelated to the levels of use of the other inputs.

However, as already noted, the production technology of
multiproducts, differs from that of uniproducts and may not be
separately measured for the respective value added of each product.
This is because the subtraction of various production costs from
each product value, requires some knowledge of the multiproduct
production technology to be studied in order to allocate the cost
shares of each product separately,

For the formation of one unified quantity index for raw
material inputs as a whole. The following quantity-indexing

procedure was followed:
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assign the unclassified inputs to the classified

components proportionally where all classified inputs consist of

quantities and values.

Step 2: evaluation of the averages.]2
S
. = I < /Sy
Qi j=1 Q13/51
s °
(P0Q0)1 = JE] (PQ)'IJ/S'I’ i=1, ., . . MC,
Poi B (PoQo)i /Qoi’
Step 3: formulation of a quantity index.
MC MC
* = .
Q. I Py Q;; I (Po Qo)i’ =1, . . .S,

where S

MC
(PQ)ij

J=1

the total number of establishments

the total number of establishments, using the i-th
classified raw material.

the total number of classified raw material inputs.
the values of the i-th raw material used by the
j-th establishment.

the quantities of the i-th raw material used by

the j-th establishment.

IZSee

footnote 7.
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P . = the average unit price of the i-th raw material
input.
. = the average quantity of the i-th raw material input.
(PoQo)i = the average values of the i-th raw material input
used by an establishment.
Qj* = the quantity index for the raw material inputs of

the j-th establishment.
3.6. The Share Variables

Since the current production study is based on the estimation
of the system of share equations, we also derived the value shares
of all variables either with respect to the total input values or
to the total output values.

The value shares of each product are defined as the values
of the i-th product produced, divided by the sum of all products
produced by an establishment.

By counting all the cost elements of input variables, we
assume accounting identity between the values of outputs and that

13

of inputs. Hence the returns on capital services are calculated

as a residual, i.e., the total input values minus the costs of

]3It is worthwhile to note here that there were three cost
components missing from the production costs, i.e., costs of water
purchased, contract and commission work, and repair and maintenance
work. Adopting several assumptions, we added the costs of water
purchased to fuel costs, without any corresponding quantity
adjustment. Also the cost of contract work on materials by others
was simply added into the costs of raw materials. Finally, costs
of repair and maintenance services for the normal performance of
tangible fixed assets for production activities are assumed to be
included in the cost shares of capital services. More details will
appear in later section on the "quality of data."
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labor, of fuel consumptions, and of the raw materials used in the

production process.

3.7. The Prices of Input Factors

As an alternative specification for the multiproduct produc-
tion technology, the share equations system of the TRANSLOG joint
cost function is also estimated where the prices of all input
factors are used as explanatory variables. The factor prices are
identified as the returns on each factor divided by its respective
quantity variable. For example, the wage rate is calculated by
dividing the total remuneration by the number of workers by type.

B.2.4. Selection and Exclusion Rules in the
Sample Establishments

When we first tried to analyze the census data we ran into
difficulties with missing or obviously erroneous data. In such a
situation, one can either try to estimate the missing observations
or exclude the units with incomplete data, and we decided to do
the latter. We found also that very small establishments gave us
difficulties. The frequency of erroneous or missing data was
relatively moderate but the activities of very small establishments
(such as those with less than 5 workers) did not seem to fit our
jdea of "manufacturing." In the experimental runs we attempted
some alternative selection procedures and finally settled upon the

following exclusionary rules in the study.
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A11 units with one or more of the following characteristics
were excluded in addition to the limitations in the coverage of the
census 1'1:se1f.]5

(i) total number of administratives, working proprietors
and unpaid family workers less than or equal to zero.
(i1) no quantity data available for any of the major products.
(i1i) the derived returns on capital services less than or
equal to zero.
(iv) no value and quantity data available for any of input
vairables.

The first criteria is designed to check the possibility of
missing information on a critical variable-labor input-in our study.
The second excludes establishments that produce only the unclassified
commodities. The third characterizes the production activity of an
establishment as economic and the last limitation was added
arbitrarily to gain more meaningful knowledge of the production
technology.

The adoption of the exclusionary rules results in a moderate
reduction in the number of sample establishments, as shown in Table
(I-1). For example, in the canning industry, 35 establishments
(about 30%) out of the total of 118 establishments have some
deficiencies in their data records such as no production quantity
data available, etc. (see the first column of the row with the

footnote c). Furthermore, when the capital input data is considered

]5This is discussed already in the section (B-2-1),
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TABLE I-1.--Number of the Excluded Establishments (Percentages in Parentheses).

Industry?
Leather Screw Manufacture Manufac-

Exclusionary Canning Footwear Products of Knitted ture of Molding
Rules Industry Industry Industry Underwear Briquettes Industry

Total Number of gample 18 273 128 152 280 218
Establishments (100.00) (100.00) (100.00) (100.00) (100.00) (100.00)

No production 21 26 0 0 1 12
Quantity Data (17.80) (9.52) (0.00) (0.00) (0.36) (5.50)

Negative or Zero
Number of the 0 3 0 0 1 0
Administratives (0.00) (1.10) (0.00) (0.00) (0.36) (0.00)

Negative or Zero

Quantity of Fuel 2 14 1 1 3 1
Consumption (1.69) (5.13) (0.78) (0.66) (1.07) (0.46)
Negative or Zero
Quantity of Raw 4 16 4 2 0 6
Materials Used (3.39) (5.86) (3.13) (1.32) (0.00) (2.75)
Negative or Zero
Returns on 17 25 n 8 15 19
Capital Services (14.41) (9.16) (8.59) (5.26) (5.36) (8.72)
Subtotal, Number 35 65 n 9 15 34
Excluded® (29.66) (23.81) (8.59) (5.92) (5.36) (15.60)
Subtotal Namber 83 208 117 143 265 184
Included (70.34) (76.19) (91.14) (94.08) (98.64) (84.40)
Negative or Zero 33 247 14 26 30 22
Horsepower Capacity® (27.97) (90.48) (10.94) (7.m) (10.7) (10.09)
Subtotal anber 66 20 94 14 233 131
Included (55.93) (7.33) (73.44) (75.00) (83.21) (60.09)
Negative or Zero
Value of the Net 58 255 27 140 247 150
Capital Stock® (49.15) (93.41) (21.09) (92.1) (88.21) (68.81)
Subtotal Number 45 13 15 10 32 55
Included9d (38.14) (4.76) (11.72) (6.58) (11.43) (25.23)

8Industry classification is discussed in detail in the next section.

bTotal number of establishments in each industry is directly counted from the original
data tape of the 1973 Korean census, held by the Bureau of Statistics, Economic Planning Board,

Korea.

CSubtotal excluded by industry is the sum of establishments excluded by the first §
exclusionary rules. Here more than one exclusionary rule may be applied to one establishment.
Hen;:e.ithis ?ubtoul is not necessarily equal to the sum of each number corresponding to each
exclusion rule.

dsubtotal included is the total number of sample establishments (see the above foot-
note a) subtracted by the subtotal excluded (the footnote c).

eNumbers of establishments in these rows include establishments which may also be
excluded by other exclusionary rules 1isted above, such as no production quantity data
available, etc.

fsubtotal included here is the total number of sample establishments (footnote a)
and further subtracted by those excluded establishments which do not have the data on
horsepower capacity.

OSubtotal included here is the total number of sample establishment (footnote a)
subtracted by the subtotal excluded (footnote c) and further subtracted by those excluded
which do not have the data on the net capital stock.
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by horsepower capacity, almost 44% of total sample (i.e. 52 estab-
lishments) has to be excluded in our picture.

In spite of these drastic reduction in the number of sample
establishments from the exclusion rules, some moderate sample size
by each industry still could be kept for the purpose of the study
on production technology, such as 66 establishments (56%) out of
118 samples in the canning industry, 94 establishments (73%) out of
128 in the screw products industry, 114 (75%) out of 152 in the
knitted underwear, 233 (83%) out of 280 in the briquettes, and 131
(60%) of 218 in the moulding industry. Most drastic changes in
sample size happen from the capital input data unavailable in most
establishments of the leather footwear industry (see the third column
in the row with the footnote f in Table I-1). Even though we
strictly follow these exclusion rules in sampling, further investi-
gation about the implication on the existence of establishments
with capital input data unavailable, is implemented separately,
followed by the basic empirical findings in the next chapter.

In summary, there seem to exist still some moderate sample
establishments to be studied on production technology, even with
rather rigid exclusion rules adopted in the sampling, as in most

empirical investigations based on the cross-section data base.

B.2.5. Industry Classifications and the Selection of
Specific Industries to be Studied

Since our main interests are the identification and under-

standing of the production structure in the micro-reality of a



112

multiproduct manufacturing unit, the selection criterion for indus-
tries to be studied is quite arbitrary. We did not restrict our-
selves to any a priori conceptual limitations on it, even if we
deliberately adopted several practical frameworks. The first
criterion is the sample size, i.e., the number of establishments,
the second the size distribution of establishments, the third the
number and density of the various products produced by establish-
ments which are classified into a specific 5-digit 1‘ndust|r'y.]4
The specific industries chosen in this study are shown in
Table II-1. In the study of multiproduct production structure, they
are the canning industry (canning and preserving of fruits,
vegetables, fish, and shellfish), the leather footwear industry
(manufacturing of footwear except vulcanized or molded rubber or
plastic footwear), and the screw products industry (manufacturing
of screw machine products such as bolts and nuts, rivets, screws,
nails, clamps, irons, and zippers). Also manufacture of knitted
underwear, manufacture of briquettes, and molding industry
(molding and casting of iron and steel) are selected in the study
of uniproduct production structure.
Total number of commodities produced by establishments within

the 5-digit industry classified varies from industry to industry

]4The KSIC includes 12 of the 2-digit, 32 of the 3-digit,
93 of the 4-digit and 27 of the 5-digit industry classifications,
covering more than 2,000 7-digit commodity codes. For manufacturing
it includes 9 of the 2-digit, 29 of the 3-digit, 83 of the 4-digit,
and 272 of the 5-digit industries, covering about 1970 7-digit com-
modities.
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TABLE II-1.--Industries Selected.

No. of No. of
a Establigh- Commodities No. of Raw c
Industry ments Produced® Materials Used
Canning Industry 83 20 134
Leather Footwear
Industry 208 16 69
Screw Products Industry 17 33 65

Manufacture of Knitted

Underwear 143 10 45
Manufacture of

Briquettes 265 5 16
Molding Industry 184 50 122

3In the KSIC industry code, canning industry covers more than
one 5-digit industry (i.e., 31131, 31132, and 31141), mainly because
an establishment produces several commodities which belong to several
different 5-digit industries. This is due to the fact that an
establishment, for example, producing two different commodities, is
classified under the 5-digit industry which their first major com-
modity belongs to. Therefore, after some deliberate review of the
structure of the data base, the grouping of several 5-digit indus-
tries was necessary here.

A11 the other industries are, in this sense, well classified
in the census, such as, the leather footwear industry has the 5-
digit industry code of 32400, the screw products industry of 38196,
manufacture of knitted underwear of 32133, manufacture of briquettes
of 35401, and the molding industry of 37102, respectively.

bThe number of establishments here is from the sample size,
excluded by the exclusionary rules of no production data available,
no administrative workers, no fuel consumptions, no raw materials
used and negative or zero capital returns. See the row of the foot-
note d, in Table I-1.

CA11 the numbers in this Table are directly counted from the
original data file of the 1973 Korean Census, held by the Bureau of
Statistics, Economic Planning Board, Korea.
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and shows quite a complex structure of multiproduct production
activities. For example, 20 different kinds of commodities (at
the 7-digit classification level in KSIC) are produced in the
canning industry with 134 different raw materials used (at the
7-digit level), as shown in Table II-1.

The structure of multiproduct production at the 5-digit
industry level in KSIC cannot be identified in a rather neat way
but with a high degree of arbitrariness in the selection of a few
of the major commodities and in building a manageable, analytical
framework for a study on multiproduct technology. Hence, in this
study, the selection of major commodities is mainly based on two
criteria, (1) the amounts of each major commodity produced may
exceed 20% of total value of production in an industry, and
(2) there should exist a certain number of establishments producing
more than one major commodity.

Table II-2 shows the name and the KSIC 7-digit item codes
of major commodities selected by the first criteria in each
industry. For example, the canning industry produces 3 major
commodities, i.e., the canned vegetables, the canned fruits, and
the canning of fish and shellfish. Also Table II-3 indicates the
value composition of major commodities within each industry. The
production of the canned vegetables amounts to 48% of total pro-

duction of the canning industry, that of the canned fruits



115

"0/8L Yd4BW 4O YIE| Y UO UOLSLABA PUE *BB.OY
40 01|qnday ‘paeog Bujuuejd oLwouod3 *I] SILUIS ‘UOLIRILILSSR|) AUISNpPU] pdepuelS ©3L0Y  :3IYNOS

saeq |993§
1993s Ao||e jO0 S33YS
1993s Ao[|e j0 sdooy

s3jjanbiug

Jeamuapun pajjLuy

239 °SMAUDS S3aALY
s3nu pue s3|0g

USWOM 104 JBIMI004 4DBY3EdT]
usw 404 JARIMI004 43y

yst4LLdys pue ysty jo buruue)
S3Ln4j pauue)
s3|qe3abaA pauue)

20201LE
L120LLE
gleotse

LOLObSE

LOEELCE

G09618€
109618€

2000%c€
Looovee

LOLYLLE
LOLELLE
COLELLE

¢ - A1Lpoumo) uoley
2 - A31poumo) uofey
L - A3Lpoumio) uofey

20LLE  :AYLSNONI ONIGIOW
L - A31pouwo) Jofey
LOYSE  :SILLINDIYG 40 FUNLOVANWW
L - A31pouwio) Jofey
€EL2E  ¥YIMYIANN QILLINY 40 FUNLOVANNWW
2 - A31poumo) uofey
L - A31poumo) Jofey

9618€ :AYLSNANI SLINAO¥d M3IUIS
2 - A3tpoumo) Jofey
L - A31poumo) ofey
00v2€ :AYISNONI ¥¥IML004 ¥3IHLVI1

€ - A31pouno) Jofey
2 - A3Lpounio) udofey
L - A31poumo) Jofey

LPLLE “2ELLE “LELLE :AYLSNANI ONINNYD

awey

apo) 3161~/ JISH

Aa3snput

"paljLIuspl s3l3Lpouwo) Jofey--*2-11 378Y1



116

0°001 vel 9L°86 19°25 G6°€L  GE'GL  G8°9L  Au3snpuy Buyp|oy
0°001 20°0 86° 66 260 -- -- 95766 s933anblug
0°001 00°0 00°001 99°¢ -- == p£°96  JeaMI3pUN PIILUY
0°001 1S°€L 6v°98 68" 12 -- 812 8sLew $39Np0.d M349S
0°001 G2°6 5.°06 02°22 == Z2°91  €€°1G  4e3MI004 J3YyIed
07001 80" b 2656 0 v2'22  ¥0°22  26°(t  Au3snpul Bupuue)
S913LpOW  SILILPOUMO)  |BI0IGNS  S3LFLPOUMIO) € : L Aa3snpu]
Fm%ww patjLsse|oun m:owuwﬁwuﬂz $313 Lpouo] d0fey

Sollipouwo) patjissel)

"(% = 3LUN) PAL3IIUSP] S3L3LPOUO) JOFBK 3O uOL3fsodwo)--€-11 318Vl



117

to 22%, and the canning of fish and shellfish to 22% respectively.
The sum of these three major commodities covers slightly more than
92% of total production of the industry concerned.

Table II-4 shows the distribution of establishments producing
more than one commodity within each industry. In terms of the
second criteria, for example, 53 establishments in the total of
83 in the canning industry produce only either one of the three
major commodities, consisting of about 64% of total establishments,
and 30 establishments (about 36%) produce either two or all three
major commodities.

Referring to the Tables II-1 through II-4, in terms of the
criteria adopted in the selection of specific industries to be
studied, the choice of six industries in Table II-1 seems to be
rather reasonable in investigating the realism of a multiproduct
production technology.

In the selection of industry for a uniproduct production
study, the molding industry is shown such that there are more than
one major commodity, but their importance in total production
seems to be rather little, as shown in the last row of the Table
I1-3. Also the distinction of establishments producing multiproducts
turns out to be that only 22% of total establishments produce
either one or more of these three major commodities in the industry
(see Table II-2). Hence this molding industry is intentionally
classified into the industry group of producing a uniproduct,
through forming one appropriate quantity index out of these various

commodities.
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Lastly, Table II-5 shows the total number of establishments
and its size distribution by industry. The size distribution of
establishments by the number of workers within each industry is
rather skewed in either the small scale or the large, where the
small establishments are defined as ones with more than five
workers and less than 50 workers in their average production

activity,16

while the large are with more than 49 workers. From
Table II-5, it is noted that 38 establishments (45.78%) among the
total of 83 belong to the small size in the canning industry, 190
establishments (91.35%) out of 208 in the leather footwear industry,
98 (83.76%) out of 117 in the screw products industry, 119 (83.22%)
out of 143 in the manufacture of knitted underwear, 226 (85.28%)
out of 265 in the manufacture of briquettes, and 125 (67.93%) out
of 184 in the molding industry. Hence, in all five industries,
except the canning, the size distribution of establishments within
each industry are skewed more or less toward the small size of a
production unit. The implication of these skewed size distribution
on the industry's production technology will be further explored

by the alternative empirical estimation, appearing in the next
chapter on the empirical findings.

In summary, we deliberately selected those six specific

industries out of more than 20 industries at an early experimental

16The criteria distinguishing the size of an establishment
seems to be arbitrary, even without considering any a priori infor-
mation on some intrinsic characteristics of production technology
for each industry. But we follow this criteria directly in this
study, where separate investigations by different size of estab-
lishments are done in our empirical estimations.
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stage, owing to the three arbitrary but seemingly reasonable and
appropriate criteria in the selection of specific industries to

be studied on multiproduct production technology.

B.2.6. Some Characteristics of the Industries Selected

Sample properties in this study, which partially reflect
the characteristics of an industry's production structure, are
analyzed in terms of factor productivity, factor use ratio, factor

share, and factor price.

6.1. Factor Products

As shown in Table III-1, average factor products are widely
different from industry to industry. The highest average product
per man-day operative worker with respect to gross output is shown
as 21,300 won in the manufacture of briquettes, with its moderate
level for capital input, i.e., either 1,790 won per 1,000 horse-
power or 4,000 won per net capital stock in 1,000 won. And the
lowest average product per man-day operatives is revealed as 4,970
won in the leather footwear industry, also with quite a low level
of average product for capital input, i.e., either 880 won per

1,000 horsepower or 530 won per net capital st:ock.]7

17The dispersion of each factor product is found to be so
huge among the current sample establishments in each industry that
the degree of its relative dispersion, measured by the coefficient
of variation as the standard deviation divided by its mean, is
greater than 1.0 in some factor products. For example, in the
canning industry, the average product per man-day operatives in an
establishment 11,100 won with a coefficient of variation of 1.12.
Such a wide variation in average factor products over most
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In the industrial comparison of average factor product, the
relatively higher average products for labor and capital inputs are
revealed in the canning industry, manufacture of briquettes, and
the molding industry. On the other hand, the leather footwear
industry and the screw product industry show relatively lower
average products for both inputs. The manufacture of knitted
underwear shows relatively lower product for labor input but higher
product for capital input of horsepower (see 2.51 in the 4th column
of the third row in Table III-1).

Average factor products with respect to the industry's value

added reveals, in general, the similar phenomena as mentioned above.
6.2. Factor Use Ratios

The factor use ratio is focused especially upon the relation-
ships between capital and labor inputs by industry. Two proxies are

chosen separately for the capital input, power equipment and net

18

capital stock. As shown in Table III-2, = the highest capital-1labor

industries seems to be closely related to the low level of multiple
correlation coefficients in the input share equations to be esti-
mated. See the discussion on the size of error sums of squares in
the next chapter.

]8The dispersion of these factor use ratios in the distri-
bution of the sample establishments shows the highest coefficient
of variation, for example, 6.21 in the horsepower-total worker
ratio in the canning industry, while the leather footwear industry
also shows a high coefficient of variation, 5.32. On average all
the factor use ratios evaluated here, except the horsepower-worker
ratio in the screw products industry, have a degree of relative
dispersion greater than unity.
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ratio is shown in the canning industry while the lowest is in the
leather footwear industry. On average, the canning industry, the
manufacture of briquettes, and the molding industry belong to the
group of higher capital-labor ratio, while the leather footwear
industry, the screw products industry and the manufacture of
knitted underwear belong to that of lower capital-labor ratio.
Thus, those industries of a higher capital-labor ratio correspond
to the industries of higher factor products for labor and capital
inputs, as noted in the previous subsection. When the capital-
labor ratio is viewed as a criterion for judging the factor
intensity of an industry, the canning industry, the manufacture
of briquettes, and the molding industry are relatively capital
intensive to the other three industries and shows relatively

higher factor products for labor and capital inputs in gemera].]9

6.3. Factor Prices

Average factor prices paid for each factor within an industry
are shown in Table III-3. The highest wage per operative and the
highest salary per administrative are respectively shown as 21,760
won and 36,000 won in the molding industry, while the lowest wage
level of 15,690 is shown in the manufacture of knitted underwear

and the lowest salary level of 20,760 won in the leather footwear

lgHere one qualification becomes necessary in the case of
the manufacture of briquettes, where the capital-labor ratio is
relatively low if measured by the net capital stock. Also in the
screw products industry, the capital-labor ratio seems to be
moderately high, even if their factor products for both inputs
were relatively low.
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industry. But the salary level in average is not necessarily
higher than the wage level across the six industries selected here,
where the average monthly salary of 20,760 won in the leather
footwear industry is lower than the average wages of 21,380 won

in the manufacture of briquettes and of 21,760 won in the molding
industry.

Hence, relatively high factor payments for two labor inputs
are revealed in the canning industry, the manufacture of briquettes,
and the molding industry, while lower payments are shown in the
other industries. That is, those industries with higher factor
products (in the section 7.1.) tend to reveal also relatively
higher factor payments for labor inputs. Here the canning industry
shows relatively low wage of 16,360 won for operative but it
reveals moderately high wage of 19,760 won, the payment for the
man-day operative, which is the daily payment of 760 won multiplied
by the average working days of 26 in a month.

Average returns on capital input (either evaluated by
power equipment or by net capital stock) also show the similar
phenomena, as the above, among the six industries. The price per
million calory-equivalent fuel consumed ranges from 74,570 won in
the molding industry to 7,070 won in the canning industry. The
seemingly wild variations in the price of fuel consumption may
reveal significantly different composition of fuel consumed (i.e.,
among coal, oil, and/or electricity) from the different structure

of production technology by industry. The price of raw materials
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may not be, from the deficiency in its evaluation based on the
quantity index formulated by each industry, an appropriate
measure for industry comparison but for establishment comparison
within each industry.

The distribution of factor prices within each industry is
provided by firm size in the appendix B-1, Table I-1 through I-6.
A few findings may be worthwhile to note here. First, the wage
level in smaller establishments is rather higher than in larger
establishments, while the salary level for the administratives in
smaller establishments is lower than in larger estabh‘shments.20
Average returns on capital input, either in terms of horsepower
or of net capital stock, are getting higher as the size of estab-
lishments in all six industries become bigger. On the contrary,
the unit prices of fuel consumption and of raw materials used are
getting lower as the size of establishments become bigger, where
there may exist considerable economies and advantages in the

process of factor price bargaining and in more efficient process

of production technology.

6.4. Factor Shares

Average factor shares within each industry are shown in

Table III-4. 1In general, the cost share of fuel consumption is

207pis phenomena may be, in part, attributed to possible
deficiencies in evaluating employees' remuneration, especially
allowances and subsidies in kind at smaller size of establishments,
where bigger firms probably have better accounting systems and
smaller firms may exaggerate those items of subsidies in kind
among their factor payments.
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negligible, far less than 10% of total production, where the
highest 7.76% is revealed in the molding industry, and the next
4.22% is in the screw products industry (see the fifth row in
Table II1I1-4). The share of raw materials in total production varies
from industry to industry, the highest 71.48% in the manufacture of
briquettes and the Towest 44.08% in the screw products industry.
This implies a strong suspicion on one of the conventional hypothe-
ses that the elasticity of substitution between value added and
raw material is zero, raw materials being used in fixed proportion
to output, i.e., M = oX, M is the amounts of raw materials used,
X is the amounts of total production, and o is a fixed coefficient.ZI
This suspicion becomes more evident when the distribution of the
average shares of raw materials used by firm size within each
industry, are referred to (see Appendix B-II, Table II-1 through
Table II-6). That is, more significant variations in the average
share of raw materials used in total production are revealed
within each industry, as the size of establishments varies.

The value added ratios, defined as the ratio of value added
to gross output, consequently vary from industry to industry with
a significant variation, even among these six manufacturings. The
highest ratio of 0.517 is revealed in the screw products industry
and the Towest of 0.271 is in the manufacture of briquettes. Conse-

quently, this simple observation suggests that the hypotheses on

21See the previous discussions on the role of raw materials
in the production theory in section B.2.3.
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the elasticity of substitution between value added and raw materials
(which are assumed either zero or infinite conventionslly in most
production studies of the value added approach) should be a real
question of empirical investigation.

The shares of labor and capital also show quite a significant
variation among our six industries. And in general, as noted above,
the relatively higher capital returns are revealed in those industries
of canning, briquettes, and molding, which show relatively higher

factor products and have higher capital-labor ratios.
6.5. Summary

In summary, the characteristics of the industries to be
studied are such that the canning industry, the screw product
industry, the manufacture of briquettes, and the molding industry
show, relatively to the other three industries selected here,
higher levels of factor products for labor and capital inputs and
have higher capital-labor ratios. And relatively high level of
factor remunerations for labor and capital inputs are paid up in
these industries and also distributive shares in value added are
more favorable for the capital input than for the labor inputs.

One important observation on the relation between value
added and raw materials is added. That is, there exist quite a
significant variations in the cost share of raw materials by the
size of establishments within an industry, where there are no
sound evidence for assuming any a priori role of raw materials in

the study of production technology, based on the cross-section data.
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B.2.7. Quality of Data: Some General
Considerations

In general, two major measurement problems plague more or
less all empirical studies. First, the correspondence of the main
variables used in the study to the presumably "correct" measures
of these variables and second, the reliability of the information
provided by the census about the components from which the variables

were actually constructed.
7.1. Aggregation

Most of our variables are still aggregated although correct
measurement depends very much on correct aggregation.22 In the
aggregations of miscellaneous products and raw material inputs to
form the respective quantity index, we used the conventional
quantity indexing method which inevitably results in the so-called
index number problem. However, these aggregations in this study
exist not because of any theoretical or practical restrictions on
constructing a multi-product production function or a "correct"
aggregation but simply as a matter of convenience in empirical
estimation with a large number of variables.

Regarding remuneration of administratives including working
proprietors and unpaid family workers, the use of average salary
levels for the third category of labor may bias cost shares either

upward or downward, presumably downward when we refer to the common

22But that is easier said than done, in most empirical works.
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practices in most Korean husinesses. Nevertheless, the degree of
the bias and its direction cannot be stated a priori unless very
specific evidence is available.

The measure of operatives and administratives does not allow
for the differences in the quality of labor among establishments.
There is no information available about educational, occupational,
or skill levels that would make it possible to adjust for such
nonhomogeneous factors. There are also variations in efficiency
of labor between regions and/or different firm sizes, but in the
present study it is simply assumed that all these differentials
are equally well reflected in the respective variations of wages
and salaries.

Conceptually, the replacement value, not the book value,
of capital stock evaluated at market prices should be a good
measure to use in our context, since it reflects both the quantity
and quality of components. It does not, and should not, reflect
the capitalized value of monopoly, location, or other sources of
rent. Hence, we may escape Friedman's (1955) criticism against
capital accounting measures which imply constant returns to scale

23 But this

by capitalizing all rents into the value of capital.
capital stock measures is still based on what an establishment
owned, not used during the production process. In short, there
were no data available to adjust for capital utilization and

furthermore there were many establishments with no capital stock

23See Grilliches and Ringstadt (1971), pp. 59.
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values available in the census, as shown in the previous section
under exclusion rules.

As an alternative to capital inputs, power equipment was
measured and aggregated in a common physical unit (HP). One
potential source of measurement error is that the capacity of
power equipment is recorded by the horsepower figures shown on
the labels or specifications neglecting any present physical and/
or economic obsolescence.

Lastly, various fuels are aggregated into a rather perfect
dimensional unit, say kilocalories of heating value, which allows

comparison between ingredients of coal, oil and electricity.24

7.2. Modifications of Some Unclassified or
Miscellaneous Factors
There are several cost factors of which only amounts are
available such as water purchased, payments for contract work on
raw materials, and the cost of maintenance of the production
facilities. In the current works, the costs of water are counted
as a part of the cost of fuel consumption, the payments for contract
work as raw material costs, and the maintenance costs as capital

services.25 As shown in Table IV-1, although their portions are

24Here the only possible doubt may reside in the significant
variations in the conversion coefficients for each type of energy.
See footnote 11 in this chapter.

25These share adjustments seem to be rather appropriate,
even if there may be some other alternative way to handle them
more appropriately.
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quite negligible, these modifications facilitate the identity of
the sum of output values and that of input values.
7.3. Implications of the Exclusion Rules and the
Selection of Industries to be Studied

The deliberate exclusion of a few establishments in this
empirical work may create another type of error, not an "error of
measurement” but rather a "sampling error." The question in this
context is: to what extent will the results be valid for the
actual industry as a whole? Obviously, they are unlikely to be
valid for very small establishments, since all units with less
than 5 workers are excluded from the sample spaces of the current
empirical estimation. Another significant source of "selection
error" may be the exclusion of units reporting neither capital
stock nor power equipment which mostly belong to the group of the
smallest firms (such as 5 <L ;10).26

Al11 possible empirical results become in principle applicable
neither to any other industries, nor to manufacturing as a whole,
and can only be valid for the few very specific industries randomly

chosen in the present study.
7.4. General Considerations

Although the quality of the data base has been improved by
the adoption of appropriate selection rules, it is certainly not

free of errors of measurement. The Bureau of Statistics has,

26See the exclusion status by industry in Table II, SectionB.2.5.
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however, carried out very detailed control and revision of the
original data and corrected some "impossible" combinations of
information through thoughtful editing either by contacting

and checking directly with the establishments or by imputing
information to be consistent at the establishment level. In most
cases it was obvious which information was false and the imputed
values seem to be at least closer to reality than what was originally
reported.

In general, the information on the gross output of each
product and the raw materials used is of good quality. The same
is true of labor measures and the components of capital input
measures.

There is some evidence that the reliability of the infor-
mation provided by larger establishments is significantly higher
than that of smaller units. This has been confirmed by random

27 and it is also reasonable in that bigger firms

investigations
probably have better accounting systems.

The basic problem is the poor quality of certain information,
particularly for capital stock and capacity utilization. This
limitation has been dealt with in the current study by excluding

the bulk of the sample establishments with no capital stock data

27Also some investigations of other information for large
firms in a specific industry conform more with the results of other
data sources. Financial Statement Analysis for 1973 (Bank of Korea),
which surveys Balance Sheets, Profit and Loss Statements, Statements
of Manufacturing Costs, and Fund Statements and presents various
Tanagerial statistics for average firms by industry at the 4-digit
evel.
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and alternatively by trying to define the capital stock through
the proxy of power equipment capacity.



CHAPTER III. THEORETICAL AND STATISTICAL BACKGROUNDS IN THE
EMPIRICAL ESTIMATION OF A PRODUCTION TECHNOLOGY

B.3.1. Introduction

The general approach to estimating a production technology
is to assume the existence of a production possibility set which
contains all feasible input-output points under a given technology--
a certain state of knowledge. Where Y is a vector of net outputs
(plus if output, minus if input) the boundary of this set may be
represented by the transformation frontier, t(Y) = 0, (1)
Economic theory imposes certain restrictions on the production
possibility set and hence upon the transformation frontier (1).
In reality we do not know t but do have observations on Y which
refer to different points of time or different production units
or both.

Assuming all observations come from a common transformation

1

frontier' we can estimate that frontier in two ways. The first is

to use a nonparametric method developed by Farrell (1957) and

]0ne crucial problem is that the state of knowledge may not
be constant over the observations. We either assume that (i) it is
constant over the observations or (ii) that the transformation
frontier shifts in a particular way over the observation. 1In
general, the problem of technical change cannot be properly handled
in a cross-section study.

139
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further analyzed by Afriat (1972).2 The second approach is to
postulate that the observation were generated from the transformation
frontier but subject to random disturbances. Given the density of
the disturbances and an assumed functional form t, the parameters
of this functional form may be estimated and statistical inferences
made. The choice of density and functional form impose restrictions
in making the model operational, that is, making it feasible to
empirically estimate the frontier. They necessarily force the
researcher to trade-off between the generality of functional form
and stochastic specification and simplicity of execution.3
In this chapter, some theoretical and statistical back-
ground in the present empirical estimation of a production technology
are presented in terms of the choice of the estimating equation,
the specification of the disturbance term in the equation to be
estimated, and the estimation procedure perhaps more specific.
In addition to these, a Monte Carlo experiment is designed and
implemented on how the existence of the zero-valued data in some

variables affect on the parameter estimation, since the use of

the translog equations depends on the quantities of the explanatory

%This method has been used by Hanoch and Rothschild (1972),
Geiss (1971), Timmer (1971) and Aigner and Chu (1968). The linear
programming technique has been utilized in searching for optimal
points of production activity among observations.

3There does not seem to exist any consistent set of rules
to guide the researcher in his choice though, as Mundlak (1973)
points out, the choice depends to a large extent upon the use to
which the results are to be put.
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variables being strictly positive, otherwise, the expression is

not well defined.

B.3.2. Choice of the Estimating Equations

In practice there are various ways to estimate the parameters
of a production frontier. Those differ in two major characteristics:
(i) The function from which the parameters are estimated. (ii) The
account which is taken of the constraints of a complete model.

The most obvious approach, and the first from the historical
point of view, is the direct approach with output being the dependent
variable and inputs being the explanatory variables. For the
function, t(Y) = 0, to be linear in the parameters, the outputs
and inputs may be replaced by some known functions. Usually a
disturbance term is appended to the production frontier function
in either additive or multiplicative form and it is assumed that
the inputs are independent of this disturbance. There are several
disadvantages to estimating this function. First, it is unlikely
that the inputs will be independent of the disturbance, particularly
if the inputs are chosen by the firm.4 Second, multicollinearity
is 1ikely to be a problem, especially with time series data where

the various inputs vary with time along a similar pattern.5 Third,

4The idea is that the obseryed quantities are the results of
some equilibrium solutions. See Marshak and Andrews (1944).

5This results in high correlation and large standard errors
in the estimated parameters associates with the curvature of the
function, thus making it difficult to allocate correctly changes
in outputs in the various inputs.
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although price data and behavioral assumptions do not appear to be
required, they are needed to construct indices of input quantities

since aggregation is usually mandatory.6

Fourth, if cost mini-
mization takes place, accuracy requires that we model such be-
havior.

Alternatively these drawbacks can be avoided by considering
the production function as a part of a complete economic model. A
complete model will consist of a production function and a set of
conditions for the rules of behavior. The first order conditions
for profit maximization applicable to a competitive firm provide a
framework for analysis and for formulation which accord with the
conventional theory.

However, this approach has been used in the literature
mainly for analytic discussions rather than for actual empirical

7 Perhaps, the main contribution of these 1iterature

estimation.
to empirical work has been the introduction of the first order

conditions. These are in turn used to obtain estimates of the

6see Mundlak (1963).

7This factor is indicative of the intrinsic difficulty in
the use of the complete model. The construction of a complete model
is accompanied by classification and identification of all the
endogeneous and exogeneous variables within the period of ac-
counting (usually a year). For example, asimple-minded formulation
for a competitive firm assumes prices to be exogeneous and quanti-
ties to be endogeneous. From the statistical point of view, the
important question is whether the inputs are correlated with the
error term of the production function, implying the optimal proper-
ties of the least squares estimators against the simultaneous
equation bias. See Mundlak (1973) for this issue in detail.
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parameters of the production function on a partial basis--that
is, by using a single equation and ignoring the remaining ones.8
In addition to the direct estimation of a production
function or the function of a transformation frontier (1), two
approaches have been popular in the econometric world, followed
by the discussions on a complete model of production structure.
If the transformation frontier (1) is differentiable in
Y then both the factor demand (or product supply) functions can
be derived from the partial derivatives of t with respect to the

quantities of input and output factors:

=
"

ti(Y) at(Y)/aYi, i=1, . . . 5
and (2)

.=t = . j=6, . . . 8
P tJ(Y) at(¥)/avy, 3
where t(Y) = 0,
Y = a vector of net outputs, which consist of 5 inputs
and 3 outputs,
Irl,i = the price of i-th input,
Pj = the price of j-th output.
5
If we define S, = W.Y./ £ W)Y, as the share of factor i in the cost
i i1 ,0, 2L
£=1
8
of production and define S, = P.Y./ £ P,Y,6 as the share of product
3733 2 2L

8Here still we may have difficulties with multicollinearity
if there are more inputs and with transforming more complex functional
forms into linear forms in the parameters.
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J in the output of production respectively, then the system of
share equations may be obtained from (2)9 or, writing the transfor-

mation function in log form as

w
n

3 In t(Y)/3 1In Yi’ i=l, . . .5
and (3)
9 In t(Y)/d 1In Yj’ j=6, . . . 8

w
n

At the same time, if the duality theorem is used under

10 there is no loss of information or

certain regularity conditions
generality in using the cost function as the point of departure
for either theoretical or empirical research. Consequently, given
any valid functionsl form for t we can derive in principle, the
cost function which yields t as its transformation function. The
cost function is

C(W, Y) = min {WX : t(Y) > 0} (4)

X
where X = a subvector of Y, consisting of inputs only.
In the same way as above, we can derive the factor demand

functions and the share equations, when C(W, Y) is differentiable

in W, as fo]lowszl]

9The derivation of the share equations system is already
discussed in Part A, Chapters I and II.

10
theorem.

See also Part A, Chapters I and II about the duality

]]See Woodland (1976) about the general and specific
approaches in terms of the cost function.



145

><
m

Ci(N, Y) = 3 C(W, Y)/3 Ni’ i=1, . . .5 (5)

and

w
m

si(w, Y) =3 1In C(W, Y)/3 In Ni’ i=1, . . . 5 (6)

The main differences between estimating the cost function
and estimating the production function are the data used and the
assumptions regarding how the data were generated. In the present
study where data on quantities and prices are available we have
followed these two 1ines of estimation.

Choice between the factor demand functions (2) and (5) and
the share equations system in our estimation was made mainly on
the basis of the various advantages in the TRANSLOG approach dis-
cussed in Chapter II, Part A. That is, the TRANSLOG function is
basically specified in log form, the first derivatives of which
directly generate the share equations.

The TRANSLOG procedure usually estimates the first and
second derivatives of the Taylor series expansion from the first
order side conditions; the alternative is to estimate them from
the production function. One problem in the direct approach is
the collinearity between the linear and quadratic terms in the
Taylor series expansion; a second is that symmetry has to be part
of the maintained hypothesis. The indirect equations, however,
conceal the assumption of optimizing behayior as well as some

12

rather peculiar assumptions about the error processes - and the

127he peculiarity of error specification will be discussed
in detail in the following section.
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endogeneity of variables usually taken as exogeneous in the theory
of a competitive firm.

Given the difficulty in obtaining analytic results about
the effect of the truncation error]3 which arises from the Taylor
series expansion of a production function, a recent Monte Carlo
experiment, undertaken by R. Byron (1977), on the efficiency of the
indirect estimation (i.e., the estimations of the share equations)
was compared with that of the direct estimation (i.e., those of
the production function) in the TRANSLOG approach, concluding that
"Direct estimation of the production function was found to be

inferior to indirect estimation based on the first order conditions,

B.3.3. Error Specification and its Properties

The introduction of stochastic disturbance in any econometric
model is another very important problem in connection with the
choice of the estimation techniques.

Here we discuss first the specification of the disturbance
terms and their properties as assumed in the study. Discussion of
another type of error, named the "truncation error" in the previous
section, will be discussed later since the error is more related to
the choice of the estimating equation and the estimation procedure

rather than to an approximation error.

]3Its mathematical representation will appear in the later
section on Monte Carlo experiments. The "truncation error" will
be further discussed.
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For the purpose of estimation, it is necessary to make
some assumptions with respect to the disturbances in the system.
From the specification of the disturbances in a complete model of
the production structure it may be clear that all inputs and outputs
are endogeneous and therefore least-squares estimates of the
system of share equations may be expected to be inconsistent.

The covariance and instrumental variable estimates]4 have been
suggested for this problem.

Aside from the endogeneity problem of the variables con-
cerned, the introduction of disturbances in the first order condi-
tions further complicates the matter. That is, we may have the
following error specification on the producers' fulfillment of

the first order conditions for profit maximization behavior:

a t(Y) .
Wy=| —— [E +E,i=1, .. .5 (7)

9

Y

where Em is a multiplicative disturbance and Ea is an additive

one.]5 This is a general specification which allows us to consider

special cases when one of the two terms vanishes.]5
When the errors are included explicitly in the share

equations system, it becomes:

V4see Mundlak (1964).

15506 Mundlak (1964), and Mizon (1974).

]6For instance, in a single product Cobb-Douglas production
function the convention has been to ignore Ea‘
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9 In t(Y) 3 t(Y) Y, Wy - E Y;
s = n _ ) Yy W a) Y (8)

;= -
3 1n ¥, 3 Y, t(Y) E, t(Y)

Thus, even if we assume either that Ea is identically zero, or that
Em is identically unity, least-squares estimators may not possess
any optimum property.

On the other hand, we may approach the problem of specifi-
cation somewhat differently by asking what assumptions with respect

to the first order conditions will lead to the relation

Wi Y3 2 1n t(Y)
S; = = + (9)
t(Y) 9 In Y;

Working back, we got
3 t(Y) t(Y)
+

aYi Yi

L
n

u (10)

which implies that the discrepancy between the marginal productivity
and the factor price is directly proportional to the average product
of the factor and therefore to the level of the input.]7

From all this it appears that assumptions which simplify

the procedure of estimation imply a peculiar specification of the

]7The equation (10) is derived straightforwardly from (9),

where
2 In t(Y) 2 t(Y) Y;
3 Yi t(Y)

3 In Y,i
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first order conditions: whereas simple specifications of the first
order conditions complicate the method of estimation. In the
specific body of the current empirical study we follow the second
type of error specification, reserving all these complications for
the interpretation of our estimates.

If the assumptions of the standard linear model hold for
each of the share equations, the elements of the disturbance vector
of each equation have zero mean but they do not have the same
variance, since the variance of one equation is, in general, not
equal to that of the other. In addition, we have three kinds of
covariances. The first is E (u§ ug) for i # j which concerns
disturbances of the i-th and the j-th different establishments
but of the same k-th factor share equation. These covariances are
assumed to vanish in the standard linear model. The second kind
is E(uf u;) for i # j which deals with disturbances both of the i-th
and the j-th different establishments and of the k-th and the 1-th
different factor share equations. It will be assumed that such
covariances, too, are zero: this assumption is an extension of
the zero correlation condition of the standard linear model. The

£

third kind, finally, is E(u: ui), which concerns disturbances of

the k-th and the 1-th different equations but of the same estab-

11'shmen1:.]8

]8The expression "contemporaneous covariance" refers
specifically to time series applications, but it is normally used
in a more general context. See Theil (1971), pp. 297-302.
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This condition on contemporaneous covariance amounts to an
extension of homoscedasticity.]9 It means that the disturbances,

K )
i and g

population with a zero mean vector and a constant covariance matrix.

are respectively random drawings from a multivariate

In summary, we specify a classical additive disturbance
for each of the share equations of the translog production function,
(3), and for each of those of the translog cost function, (6). The
disturbance for (3) can be interpreted as random errors in achieving
profit-maximizing behavior by individual establishments and the
disturbances for (6) be interpreted as those in achieving cost-
minimizing behavior by individual establishments within each
industry. We expect the disturbances for each establishment to
be correlated since errors involving one input will affect the
shares of the other inputs. However, we assume that the errors
made by one establishment are not correlated with the errors by

any other establishment.

B.3.4. Estimation Methods

As described so far, we have adopted the following system

of the share equations in the estimation.20

]gBecause the 1ink implied in the covariance between the
k-th and the 1-th equations is rather subtle, the system of equations
is called a system of "seemingly unrelated regression equations" in
some econometric publications. See Kmenta (1971), pp. 517-530.

20This is from the equations (3) and (6) in the section
B.3.2. and (42) in the section A.3.2.
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For the inputs in the production function and in the cost
function, 5

8
a; + I v InX.+ T e InY, + ., i=1, ..
LI ij Iy 1 i i >
a*+g y*lnw+gs*1nY + ¥, i=l
LIS IR M oy W j i
the outputs,
5 8
B. + I E..InX.+ I §.,.1nY, + y,, i=6, . .
1 j=1 1J J j=6 1J J 1
e*+§ g*lnw+§6*1nY+*1’6
. P . < . H:s 150, . .
Ty T Iy 1 j i

In matrix notation,

-
Qe O

Yn...Yls

5819 . £85

this can be written as:

= XTI+ u,
= X* IT* 4 p*,
o« o 09 'y X = _]n.x.l ’R*
<« X n Yg
616‘“813:“ BRI
%86~ Sg8 Vg

— L

. 5 (1)

. 5 (12)

. 8 (13)

. 8. (14)

(15)

(16)
1n.N] ’

InY
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and Y*, X*, I* and p* are defined similarly to Y, X, I and u
respectively.
Again X and X* can be simplified in terms of Kronecker

products:
X=18X and X* =1 @ X*, (17)

and our contemporaneous covariances can be represented by:

V(n) =z 91, (18)
where L= (—k(U1U1) LA E(Ul“ls— = {—611’ o o 013—-
E(UGUI) ¢ . E(UeUB) U;1° e . 0;8

4.1. The Aitken Coefficient Estimator

4,1.1 The Unrestricted Model

We proceed to estimate the completell (and I*) matrix(es) of

(15) and (16) by the Generalized Least Squares (GLS) method such

that:
fi=[xe(z! 81 17V X (z g I)Y (19)
with the following covariance matrix:Z]
vift) = [x'(z” @ 1) X3! (20)

2lsee Theil (1971), pp. 306-311.
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Here we do not have any a priori knowledge of the variance-

Thus we replaced I by a consistent estimator

of £, S, from ordinary least squares residuals (which we call pmt)

as suggested by Zel]ner.22
— — 1 7T
S= |sy; " " °s » where s =— I p o
:11 :18 mp 1k =1 Mt pt
381 588
mp=1...8,
T = number of observations,
K = number of explanatory variables.

It is well known that S__ is an unbiased and consistent

mm
estimator of o, and it can be shown that smp(m # p) is a con-

sistent estimator of % The resulting estimator of Il becomes:23

P

A=t g x1t xrsT g D)y (21)

with

Assympt Var-Cov (f1) = [X'(s™) g 1) xI™\. (22)

22See Kmenta (1971), pp. 524-529. Since we are only con-
cerned with consistency, we could use T instead of (T-K) in calcu-
lating the estimates of op, without affecting the asymptotic
properties of the estimatop of fi.

23This is sometimes called a two-stage Aitken estimator
because its value is calculated in two stages. Some econometricians
prefer a method of the so-called "Iterative Zellner Efficient."
But it also can be argued that the iterative process is unnecessary
because if S is consistent, II is also consistent and the efficiency
gains from iterating on S, with heavy computational burden, are not
great. An equivalent comparison is 3SLS and FIML. 3SLS or a 3SLS
type estimator do iterate because 3SLS type and GLS procedures are



154

4.1.2. The Restricted Model

We also want to test several hypotheses such as separability,
homogeneity, symmetry and mixtures of these two that involve coef-
ficients of different equations in the system, that is, we shall be

interested in testing the linear constraint:

Yy=RI

where y is a known g-element vector and R a known matrix of full
row rank and of order q * K * L where L is 8, the number of equations

in the system.

This restricted estimator of I can be obtained:24
m=1+CRA, (23)
where
c=[x(s' g1) X177,
r = [RR']7T (v - R 1),
with its covariance matrix as,
V(H) = [C - CR'(RCR')™" RC]. (24)

asymptotically efficient. See also Kment (1971) on the same
asymptotic properties of the two-stage Aitken estimator as the
maximum 1ikelihood estimator.

24See Theil (1971), p. 308 and also see Wallace and Anderson.
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In the actual estimation, a consistent estimation of I, S,

also is replaced for I in (23).

4.2. Some Properties in the System of the
Share Equations

4.2.1. The Case of Identical Explanatory Variables

As already noted in (17), we have the system of the share
equations with the same explanatory variables. Therefore, the

following relations hold;

c=mxen NI g ET g gx)]T!
=2V g (N1 = [z g (R'R)711, and
fi=[zg (X0 (1gk)z ' gy =119 (XX V. (25)

That is, the T vector becomes identical to the Ordinary Least Squares

(OLS) estimates.

4.2.2. Restrictions Implied in the Estimates

An intrinsic property of the share equations system, such

that the sum of the factor's share is unity,

1.0 (26)

1l ™ 0
w
]

5
I Si = 1.0 and
=1 i
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implies the equivalent restrictions to linear homogeneity (to be

discussed later) on the estimates of the system parameters such

that: 2
5 8 5
I o =-1.0, £ B,=1.0, £ v..=0.0,
i=1 i=6 ! i=1 W
(27)
5 8 8
]E] €1J = 0.0, 156 E'IJ = 0.0, and 156 61\] = 0.0.

Here (26) implies that the disturbance terms in (15) must

sum identically to zero. Thus the covariance matrix of the distur-
bance terms must be singular, and the systems estimation method of

the GLS will not be operational. This difficulty has generally been
overcome by deleting one of the share equations from the estimation
procedure and by iterating the so-called Zellner procedure, provided
that the parameter estimates with converging iteration are independent
of which share equation is de'leted.26

But as already discussed in the previous section, 4.2.1.,

regarding the joint GLS estimation with identical explanatory

25The deviation of these conditions is shown in the Appendix

A-1I.

26garten (1969, pp. 24-25) has shown that maximum 1ikelihood
parameter estimates of a system such as the one being considered
are independent of which equation is deleted. Kmenta and Gilbert
(1968) have shown that if one iterates the Zellner procedure, the
parameter estimates (if they converge) will converge to maximum
likelihood values. See Berndt and Christensen (1973) for further
discussion of estimation procedures for translog share equations.
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variables, the fact that the estimates of the joint GLS are equiva-
lently identical to those of the OLS, allows us to get consistent
estimates of the covariance matrix, S, from that of the OLS covari-
ance matrix. This implies that the estimates of parameters in the
unrestricted as well as the restricted cases are independent of the
equation(s) de'leted.27
Thus in the present study the two-stage Aitken estimation
method is used in the place for the Iterative Zellner Efficient
method in order to avoid heavy computational burden at the cost of

probably negligible efficiency gains from the iterative procedure.28

4.3. Restrictions Considered

In the empirical estimations, we want to test several
hypotheses, such as the combination of homogeneity of degree 1 and
symmetry conditions, and explicit separability between input and

output.

4.3.1. Homogeneity Restrictions

The sufficient conditions for homogeneity of degree 1 in

the parameters of the share equations can be written as follows:

27Different1y from our case, the Berndt and Christensen
result (1973) is specific to systems with autoregressive errors.
If the errors are not autocorrelated (as in our cross section data,
there is no reason to assume the errors are autocorrelated), the
results become invariant to the choice of equation deleted.

28No efficiency gains from the iterative procedure are
found in the empirical results (see Chapter IV).
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5 8

o =-1.0, T B, =1.0,

k=1 K k=6 K

5 8

ki:] Yik = 0.0, k§6 Eik = 0-0, .i=], « o 5’ (28)
5 8

kE] gjk = 0-0, k§6 ij = 0-0’ j=6, o o 8.’

Thus the total number of restrictions become 18. But in
the formulation of the matrix R, only the number of 12 restrictions

are counted in the actual estimating equations system.29

4.3.2. Symmetry Restrictions

The symmetry restrictions can be described straight forwardly:

Y.ij=YJ'.ia i,j =1, . 5,

eij=€ji, i=1,...5, j=6,...8, (29)
and

61'.)'=6j'i’ 1.3 =6, >

29Since one of the share equations among inputs and among
outputs is deleted respectively in the actual estimating equations
system, the first two restrictions on the aj and B are not counted.
Furthermore, among the rest four sets of conditions, each one of
them is not counted. Hence, 6 restrictions as a total become
eliminated in the actual estimation from two deleting equations.
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The number of the restrictions here becomes 28, but only

15 restrictions are encountered in the matrix R.30

4.3.3. Strong Separability Between Inputs and Outputs

The strong separability conditions are equivalent to assuming

that:

iJ
and (30)

51

0.0 j=6,...8.

The estimation of the system with this restriction can be
done separately in the following joint GLS estimation without

forming any restriction such as y = RIl;

'Yij In XJ s 1=], e« 9 (3])
and

8
S; =B; + I 8, InY, , i=6, . . . 8. (32)

30When there are M inputs and N outputs, the total number of
restrictions are counted by the following relation, i.e., ¥M(M-1) +
MN(N-1) + MMN. But in actual estimation with those deleting equations,
it becomes X%(M-1)(M-2) + %(N-1)(N-2) + (M-1)(N-1). Therefore in our
case it is 15. This is because when we estimate the restricted
model we only take (M-1) input equations and (N-1) output equations
to estimate jointly. See the section 4.2,2. Also see Berndt &
Christensen (1973) and Brown, Caves and Christensen (1975).
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4.4.1. Likelihood Ratio Test

max

The 1ikelihood ratio, A = » depends on the maximum

W
max

Q
value of the likelihood function for the unrestricted (Q) system
and that of the likelihood function of the system subject to the
restriction (w). The test statistic for each set of restrictions

is based on minus twice the logarithm of the likelihood ratio

-2 In A =T[In [Z,] - In IZQIJ (33)

where T is the number of data points,
|§wl is the determinant of the restricted estimate of the
covariance matrix, and
|§Q| is the determinant of the untrestricted estimate.
Under the null hypothesis -2 In A is distributed asymptotically
as a chi-square with the degree of freedom equal to the number

of restrictions being tested.31

4.4.2. F Test for Small Sample

For the hypothesis y = RN, where r and R have q rows, R
has rank q, and II is the parameter vector of the share equations
system, two x? variates can be considered with the M+N-normal

variates (“i)’ one being Xz(q) if the null hypothesis is true:32

3edward (1972) and Seber (1966).

32Thg test statistics is known as the Wald for testing
};n$gr];:§§r1ctions on the coefficients of certain linear models
a .
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(y - Rif)* (RX*(z7) @ )17 R T (v - R (34)
and the other being
(v - xi)* (=71 g 1) (v - xiD), (35)

having (M+N)-T-K *(MtN) = D (say) degrees of freedom, where K is the
number of the unknown parameters in each equation. The statistic
is equal to the ratio of (34) and (35) multiplied by D/q, and its
distribution is F(q,D) if vy = RI is true.

We replaced the unknown I by S (and hence i by ﬁ) in both
(34) and (35). For (34) we thus use:

1

(v - R {RLX' (71 @ 1) X1 R} (v - RO). (36)

Since the quadratic form (34) is continuous in £, and S is a con-
sistent estimator, the substitute form (36) converges in distri-
bution to (34), so that its limiting distribution is Xz(q) under
the null hypothesis and the normality condition.

By dividing the quadratic form (35) by the number of degrees
of freedom (D), we obtain a ratio which converges in probability to

33 Since the form

1 as T (and hence also D) increases indefinitely.
(35) is a continuous function of £, the corresponding fraction %-of

the substitute form,

33500 Theil (1971), pp. 143-144, pp. 313-314, pp. 402 - 403.
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(v - xft) (sTV Q1) (Y- x0) (37)

also converges in probability to 1.

The ratio of (36) and (37) multiplied by D/q has its limiting
distribution, (1/q) xz(q), under the null hypothesis and the normality
condition. Instead of this limiting distribution we use F(q,D).

This makes no difference asymptotically, since F(q,D) converges in
distribution to (1/q) xz(q) as D »=., For finite D the F approxi-
mation is more cautious than the x2 approximation because it gives
a negative verdict on the null hypothesis in a smaller number of
cases. This cautious attitude is preferable since the procedure
implies that the value of the quadratic form (37) may just as well

be replaced by its expectation (D).34

4.4.3. Other Statistics

One other statistic, Rz, was investigated in the restricted

model but in vain. Under the OLS, R2 can be defined:

A.A -2
e_yy-Ty

a2 e

R =] - - _2
y'y y'y-Ty

L]

34Alternative procedures for testing linear restrictions on
the coefficients of a linear regression model may produce conflicting
decisions. In the cases where conflict among tests arises, the con-
flict may be resolved if one test can be shown to be more powerful
than the others. But, in practice, economic theory almost invariably
suggests a range of alternative hypotheses, i.e., tests of composite
rather than simple hypothesis. It is well known that when testing a
composite hypothesis there may be no uniformly most powerful test.
At present, relatively little is known about the comparative power
of various alternative criteria. Some recent researches on this
%?ggg)have been done. See N. E. Savin (1966) and T. S. Breusch
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as far as there exists orthogonality between e'e and y'y. But in
the restricted model, we can no longer expect this nice property
nor use the above definitional relation in order to get the multiple

correlation coefficients.35

But in the present work, in spite of
all these deficiencies we try to measure the portion of the error
sum of squares in a total sum of squares by calculating our substi-

2

tute for R in the restricted model as in (38). Another statistic

for testing the significance of Lagrangian multipliers, A in (23),

is computed for the standard error of xi as follows:

SE(A;) = [RCR'I}}, (39)
where
V(3) = [RCR'T"!

Hence the Student-t values for the null hypotheses of A's

are calculated, assuming that the Lagrangians are asymptotically

35Although it was not attempted, there is an interesting
definition for the case with no constant term in the regression
equation, which also does not have the orthogonality property, such
that: ~2 - : SN - T:!2

y'y - 192’

= the number of observations
= the sample mean of the estimated values of y.
But this concept, unfortunately, dnss not have any compxshensive
correspondence, in the sense that R¢ does not generate R® for the
case with the constant term. See The Wharton School of Finance
and Commerce, University of Pennsylvania (1973).

where T
y
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normal, where the degrees of freedom on the Lagrangians is the large

sample number, N = 30.36

B.3.5. Monte Carlo Experiments

In the connection with the estimating methods it is worth-
while to note the two following Monte Carlo experiments, the first
done recently by Byron (1977) and the second more specifically

designed and simulated in this study.
5.1. The Truncation Error in the TRANSLOG Approximation

The TRANSLOG approximation is based on a truncated Taylor
series expansion with an excluded and unknown remainder term. That
is, using production theory the unknown production function is
approximated by a second order Taylor series expansion. Since the
production function is monotonic with nonnegative inputs it may be
expressed logarithmically, and after appropriate scaling the Taylor
series expansion may be taken around zero. This step is intended
to minimize higher order terms and the convergencies of the series.
The log quadratic Taylor series expansion is linear in the unknown
parameters and these parameters, which are simply the derivatives
evaluated at zero, enable inferences to be made about the character-
istics of the underlying production function.

To illustrate, consider any general logarithmic production

function with 2 inputs,

36The reason is that the small sample theory has not been
worked out and we are assuming the Lagrangians are asymptotically
normal, consequently N > 30.
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Iny = f[In X], In X2] (40)

The quadratic Taylor series approximation has the general form

9271
z=1 +% + 35(¢-
(¢ 90) * %(4-05) S (9-0,) + HOT,
where (41)
Z=Tny,Z =f[InX1,¢6=1nX, ¢ =1nX .

HOT is called "the remainder term" consisting of the third
and higher order terms. The derivatives are evaluated at o

corresponding to Xo = [1]. Thus

2 2 2
et I oy InX 4% T ygs InX; In X, o+ HOT, (42)
0 4= i=1 j=1 iJ J
In the above,
2 Iny 92 Iny
o. =2 ,a; =

0 for % T T Yij T
9 In Xio 5 In X1.o 3 In on

37

and HOT can be expressed, due to Cauchy,™" as follows:

37Due to Lagrange, the another form of the third order term
can be written
1 332
HOT3 =—IZIZ lnXi TnX. lnXk,
6 3 kalnk;alnk; aInK, | X=x* J

where 1nX* is some number between zero and 1nX.
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33 7

lnxi 1an 'lnXk

X=X
0 (43)

LIz
kJjk alnxi alnxj alnxk
(

where HOT consists of the fourth and the higher order terms. Here
it is not possible to make analytic statements about the TRANSLOG
approximation because the remainder term (HOT) cannot be expressed
with mathematical exactness even with some additional constraints
on the production function concerned, unless we can find some
relationship between the first, the second, and the higher order
terms.

The statistical bias in the estimation from this specifi-
cation error can be shown as follows by comparing the estimates of
the true equation with the present estimating one:

The true least squares estimates of 8 in the equation,

y=Xg+R+u (44)
where R is HOT may be written

8= (xx)7 x(y-R), (45)
and the bias is obyiously

E(B) - 8= (X'X)7 X'R (46)

what does emerge is that the higher the correlation between X and R
the larger will be the bias in the least squares estimates of B. It
is true, however, that this will be moderated by the magnitude of R

and, in particular, by the moment of X'R. Since it is not sufficient



167

to argue that if R is of a small order of magnitude its effect on
the bias in the parameter estimates is negligible, the results of
the Monte Carlo experiments reported by Byron (1977, p. 18) should
be noted, "Direct estimation of the production function was found
to be inferior to indirect estimation based on the first order
conditions. What emerged in both cases is the indisputable results
that the parameter estimates are biased, but not seriously; . . .
To the author the translog procedure emerged from these experiments
better than anticipated, especially in relation to the estimates of
the elasticity of substitution."

5.2. Experiments on the TRANSLOG Approach with the

Existence of the Zero-Valued Variables

As noticed in the previous section, the closeness of the
TRANSLOG approximation depends on the proximity of the quantities
of the inputs (Xi's) to unity. There is no general limit to the
approximation error incurred in such power series expansion. How-
ever, as one is free to choose the scaling of the measurement of
the inputs, one can minimize the approximation error by setting the

sample means of the Xi's at um‘ty.38

38It is worthwhile to note here that the choice of the sample
means in the normalization of the variables, such as between the
arithmetic and the geometric means, does not affect the coefficients
of the first order terms (i.e., constant terms in the share equa-
tions). But does it not affect the second order terms of the
approximation from the different dispersion (or deviations) under
different sample means?
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Note also that the use of the equations (15) and (16) depends
on the quantities of the inputs being strictly positive, otherwise
the expression is not well defined. Aside from the case of a uni-
product production technology, the micro-reality of a multiproduct
technology does, almost everywhere, allow a situation where some
sample establishments do produce some of the products produced in
the industry but not all of them. Thus the reality of the system
construction necessarily bring us the model(s) of (15) and (16)
with the zero-valued variables in the cases of more than one product.
There have been suggested two general methods available to circumvent
this problem:

(1) One can insert nonnegative nonhomogeneity parameters

and redefine the product such that

- )
Zi Xi + xi (47)

(2) One can construct a new variable as a sub-aggregate of

several original variables having the form of

where Xij is the j-th kind of product in the i-th category of

products39 and N is the number of products classifiable into the

i-th group of commodity.

39Jorgenson, Christensen, and Lau (1970).
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In the first method, the X?'s, of course, must be either
known a priori or estimated by nonlinear methods and the concept
of nonhomogeneity parameters may arise in the theory of consumption
as minimum quantities at a subsistence level, measured in the unit
(such as calory) of characteristics of commodities. However, in
the theory of multiproduct production the corresponding concept
seems to be hard to define, except for by-products common to all
establishments in the industry.

The second method seems to be very useful particularly in
the present study, i.e., in constructing a quantity index for the

nonmajor commodities.40

In general, we doneeda priori knowledge
of Bij and 6ij in this aggregation, which will in turn be studied
through investigation of a technology. Hence, in the present study
we assume dij = 1 for the nonmajor commodities.4] Nevertheless, in
the reality of a multiproduct technology, this problem is encountered
in the variables of the major products for some sample establishments.
Allowing the zero-valued variables in the estimating TRANSLOG
share equations, by replacing certain negligible small figures, the

Monte Carlo experiments here were set up under the statistical

40

4]If one tries not to distinguish the major and the nonmajor
commodity groups and tries only to avoid zero-valued products for
all establishments then almost every industry turns out to be the
case of uniproduct technology. See Chapter II on this sub-
aggregation of the structure of industry's multiproduct production,

Chemical fertilizer is a kind of fertilizer, for instance.
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assumptions made by the proponents of the translog procedure to
examine its performance under their conditions.

The TRANSLOG production equation below,

2 2 2
V=0 + % a,InX,+ Z I v..InX,1InX,+e (49)
CHEN T gey g 1 i j

was based on an underlying CES production function,

. - 91InV - 3 In V g
Since N 1 xi and aij 3 "Xi 5 an the derivatives for the CES

function at 1n X = [1] are q.

i H (S.i’ Y'I'i = 11061(6]- = ]) and

Yij Mop 8y 6J- . (51)

Based on the first order conditions, we have the following share

equations to be estimated,

P, = —— (52)

PiXj 3 InyV

(53)
v 5 In X,
i
2 121 2
Sy et I Tn X, + e i=1,2. (54)

j=1
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To generate data for this model Xi and V are assumed
exogeneous and the shares, Si's, are endogeneous. In other words,
the systematic part of the shares, based on a CES production

function, is

a('p/U) vp/u x;p, (55)

w
|

1= H

a('p/U) Vp/“ Xép. (56)

(%]
]

2 = 1S,

Given S] + S2 = 1, the disturbance has to be introduced with
the property e, = -e,. X] and X2 were first generated as uniformly
distributed variables, secondly the zero-valued observations with
various frequencies were inserted in X] and X2 separately and
finally they were transformed into random normal variates. Also
the generated X] and X2 were held as fixed regressors in repeated
samples and experiments. V was generated using (49). The systematic
part of the share equations was then generated using (55) and (56)
and the disturbance introduced additively with a pre-specified
signal-noise ratio. The TRANSLOG estimates were obtained by
applying generalized least squares (GLS) to (54) with the usual
singular covariance adjustment as described in the previous section.

The characteristics of the CES parameters, the translog
parameters at Xi = 1, the exogenous variables and the disturbances

were as follows:

CES Parameters;

a = ], Gi = 0.4, 62 = 0.6, D= -005, u = ]1



172

Translog Parameters;

a, = 0.4, a, = 0.6, N ° 0.12, Yo = -0.12, Yoo = 0.12 .
Exogenous Variables;

Means: X] = 20000, XZ = 32000.
Covariance structure (X 105):

0.9 0.5 r—é.O 5.0 160. 70.

Ly~ > Iy * » Iy~

0.5 1.6 5.0 16.0 70.  360.

Disturbances:
Roy = 0.9, RE. = 0.95, RS, = 0.80 .

The exogenous variables before scaling were generated with
the above means and covariance matrices: LV - low variability,
MV = medium variability and HV = high variability. The variance
of the disturbances was related to the variance of the systematic
part of the dependent variables in order to correspond to the R2
indicated above: again LN = low noise, MN = medium noise, HN =
high noise. All the results were based on 50 replications with
a sample size of 50.

The results at the three levels of variability for the

exogeneous variables and at the three different noise levels in

the nine combinations are given in Table V-1, where the zero-valued
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quantities of the first exogeneous variable, Xy with the fre-
quency of 33.33% and those of the second, X2, with the frequency
of 12.50% were replaced by the negligible figure of 1.0 X 1.0720 42
What does emerge from the table is, as can be expected, that

various degrees of noise level result in rather different esti-
mates of the parameters where the differences in the first order
terms (i.e., oy and a2) are bigger than those in the second order
terms (i.e., Y11* Y120 Y21° and y22) but they are not significant

in average. On the other hand, higher degree of variability in

the exogeneous variables does not have any significant effects on
the parameter estimates but a bigger stand error, even if they

still seem to be negligible. For example, in the estimate of Oy
its population value is 0.40000. Its estimate in the case of low
variability and of low noise level is 0.40045 with the standard
error of 0.00297, while its estimate in the case of high variability
and of high noise level is 0.40199 with the standard error of
0.01332.

The results of a sensitivity test with the replacements of
alternative small figures for the zero-valued quantities do not
show any meaningful significance both in the means and the standard
error of parameters to be estimated. As shown in Table V-2. the

estimates of o in the case of high variability and of high noise

42In the computer simulation program, the base number set
(3.8) was used for generating the zero-valued variables, that is,
33.33% was based on the number 3, i.e., 1/3.
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level are 0.401990 and 0.401989, with the small figures of 1.0'20
and 1.0760 respectively.

Table V-3 contains those of a sensitivity test with various
frequencies of the zero-valued quantities in X], such as 12.50%,

16.67%, 25.00% and 50.00% when that in X, is fixed at the 10.00%

2
level. The existence of the zero-valued quantities with various
frequencies results in quite a significant difference both in the
means and the standard errors of the parameter estimates. In
particular, if there exist the zero-valued quantities in more than
50% of total observation, then the standard error of the estimates
becomes bigger than the mean of the parameter estimates. In general
the higher level of noise has quite a significant effect on the
standard error of the estimates, while the higher level of variability
may offset the effects of the high frequency of the existing zero-
valued quantities in the observations. For example, the average
of the estimates of Y12 in the Table V-3, is measured as -0.11712
with the standard error of 0.2121 in the case of low variability
and of Tow noise level, while it is -0.10712 with that of 0.9487
in the case of high noise level and of the same low variability.
But it is -0.11976 with the standard error of 0.0415 in the case
of high variability and of low noise level, and further, it is
improved as -0.11891 with the standard error of 0.0186 in the case
of high variability and of high noise level (see the figures with
the asterisk, *, in the Table V-3).

Lastly, the effects of the existence of the zero-valued

quantities on the estimated elasticities of factor substitution
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TABLE V-3.--Mean and Standard Errors of Translog Estimates of CES

Parameters:2 Base (8, 10), (6, 10) (4, 10), (2, 10),
and (1.0 X 10-70).B
% Y11 Y12 @,
Population 0.4 0.12 -0.12 0.6
LV/LN/ (8, 10) 0.400012 0.120000 -0.120000 0.599988
(0.1537-2) (0.5793-4) (0.7268-4) (0.1537-2)
LV/LN/ (6, 10) 0.400089 0.120003 -0.120000 0.599911
(0.1710-2) (0.4877-4) (0.7868-4) (0.1710-2)
LV/LN/ (4, 10) 0.399779 0.119997 -0.120008 0.600221
(0.2177-2)  (0.4472-4) (0.8744-4) (0.2177-2)
LV/LN/ (2, 10) 0.399231 0.119991 -0.117120 (*) 0.600769
(0.2646-2) (0.3253-4) (0.2121-0) (0.2646-2)
LV/HN/(8, 10) 0.400053 0.120001 -0.119998 0.599947
(0.6873-2) (0.2591-3) (0.3250-3) (0.6873-2)
LV/HN/ (6, 10) 0.400397 0.120015 -0.120001 0.599603
(0.7649-2) (0.2181-3) (0.3519-3) (0.7649-2)
LV/HN/ (4, 10) 0.399012 0.119985 -0.120036 0.600988
(0.9736-2) (0.1200-3) (0.3911-3) (0.9736-2)
LV/HN/ (2, 10) 0.396560 0.119959 -0.107120 .,y 0.603440
(0.1183-1) (0.1455-3) (0.9487-0) (0.1183-1)
HV/LN/(8, 10) 0.400012 0.120000 -0.120000 0.599988
(0.1540-2) (0.5798-4) (0.7271-4) (0.1540-2)
HV/LN/ (6, 10) 0.400089 0.120003 -0.120000 0.599911
(0.1713-2)  (0.4880-4) (0.7870-4) (0.1713-2)
HV/LN/ (4, 10) 0.399779 0.119997 -0.120008 0.600221
(0.2179-2) (0.4472-4) (0.8742-4) (0.2179-2)
HV/LN/ (2, 10} 0.399226 0.119991 -0.119757 (*) 0.600774
(0.2640-2) (0.3231-4) (0.4152-1) (0.2640-3)
HV/HN/ (8, 10) 0.400053 0.120001 -0.119998 0.599947
(0.6887-2) (0.2593-3) (0.3252-3) (0.6887-2)
HV/HN/ (6, 10) 0.400398 0.120015 -0.120001 0.599602
(0.7661-2) (0.2182-3) (0.3520-3) (0.7661-2)
HV/HN/ (4, 10) 0.399011 0.119985 -0.120036 0.600989
(0.9745-2) (0.1200-3) (0.3910-3) (0.9745-2)
HV/HN/ (2, 10) 0.396540 0.119959 -0.118914 (*) 0.603460
(0.1181-1)  (0.1445-3) (0.1857-0) (0.1181-1)

dsee the footnote (a) in Table V-1.

bsee the footnote (b) in Table V-1.

And the parentheses in
the first column of this table is the Base set applied in this
experiment.
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are negligible in most cases, except in special cases where there
exist significantly high frequency of the zero-valued quantities
among total observations, say 50%, in more than half of all

explanatory variab]es.43

Here also what really matters is not
much of the degree of variability in the exogeneous variables,

but more of the variance of disturbance, in estimating elasticities
of substitution, as shown in Table V-4.

In summary, these Monte Carlo experiments are very informa-
tive in making more correct inferences on the parameter estimates
and the estimated elasticities of factor substitution. First, the
degree of variability in the variables tends to affect the standard
errors of the parameter estimates, while the noise level affects
the size of the parameter estimates. But both their effects seem
to be negligible in our experiments. Second, the replacement of
alternative small figures for the zero-valued quantity in the
observations does not have any significant effects on neither the
parameter estimates nor their standard errors. Finally, the existence

of the zero-valued quantities in the observations does not have, in

most cases, significant effects on the parameter estimates and the

43In this experimentation, the function with more than two
exogeneous variables was not intended at the beginning, so that
there seems to be no evidence on how many variables in total
exogeneous variables do affect significantly the parameter esti-
mates and the estimated elasticities of substitution. But here
since one out of two variables had more than 50% of zero-valued
quantities in its total observation, a simple statement is made
on the number of variables with zero-valued quantities, i.e., more
than half of total exogeneous variables.
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TABLE V-4.--Estimated Elasticities of Substitution.®

0'11 0'12 022
LV/LN/Population -4.04673 2.13212 -1.12336
8, 10) -4.04673 2.13212 -1.12336
(6, 10) -4.04682 2.13216 -1.12338
(4, 10) -4.04675 2.13213 21.12337
(2, 10) -7.20654)  3.81802(")  _2.01162(")
LV/HN/Population -4.04673 2.13212 -1.12336
(8, 10) -4.04674 2.13213 -1.12336
(6, 10) -4.04713 2.13233 -1.12347
(4, 10) -4.04684 2.13218 -1.12339
(2, 10) 6.41383")  3.37020*)  _1.78046(*)
HV/LN/Population -4.08140 2.13687 -1.11879
(8, 10) -4.08140 2.13687 -1.11879
(6, 10) -4.08149 2.13692 -1.11881
(4, 10) -4.08143 2.13688 -1.11879
(2, 10) -4.15790 2.17692 -1.13976
HV/HN/Population -4.08140 2.13687 -1.11879
8, 10) -4.01842 2.13688 -1.11879
(6, 10) -4.08181 2.13708 -1.11890
(4, 10) -4.08152 2.13693 -1.11882
(2, 10) -1.5526 () 6.0a853(")  _3.16679(")

3see the footnote (a) in Table V-1 and also the footnote
(a) in Table V-3.
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estimated elasticities of factor substitution, unless their fre-
quencies are extraordinarily high in many of the exogeneous

variables.



CHAPTER IV. EMPIRICAL ESTIMATION OF THE TRANSCENDENTAL
LOGARITHMIC PRODUCTION FUNCTION AND THE
TRANSCENDENTAL LOGARITHMIC COST FUNCTION

B.4.1. Introduction

The results of empirical estimation are presented for the
six industries selected in this chapter. Main results are discussed
in terms of the parameter estimates, the significances of current
estimations such as the multiple correlation coefficients (R2) and
test statistic for the restrictions imposed, the properties of the
translog production and the translog cost function such as the
monotonicity and convexity conditions, the output elasticities of
factor inputs, and the estimated elasticities of substitution
among inputs and outputs.

Supplementary results contain the comparison of separate
estimations by the size of establishments within each industry,
the comparison of alternative estimations under different inclusion
rules applied on sample establishments within each industry, and
the comparison of alternative estimations with the explanatory
variables of different quality. But only few of the conclusions
from each experimental estimation results are included in this
volume, disregarding the details of the parameter estimates, sig-
nificance of estimation and other analyses such as ES, etc.
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The production structures of six manufacturing industries
at the 5-digit industry classification level are investigated in
terms of five inputs, such as the man-day operative workers, the
man-day administrative workers, the power equipments utilized, the
fuel consumptions and the raw materials and in terms of a number
of products, which varies with the corresponding industries.

Industries chosen in empirical estimations are the canning
industry, the leather footwear industry, the screw products industry,
the manufacture of knitted underwear, the manufacture of briquettes,
and the molding industry, where some of their industrial character-
istics are already speculated in the earlier chapter II. Among
these industries, the first three industries produce more than one
commodity (i.e., three commodities in the canning industry, and
two commodities in the leather footwear and in the screw products
industry) and the rest three industries produce only one commodity.

In order to facilitate interpretation of our results, we
adopt subscripts which represent the three outputs, denoted by Y,
and the five inputs, denoted by X. We use 1 for the first major
commodity, 2 for the second, and 3 for the third major commodity
in each industry. The inputs are represented by P for the operative
worker, A for the administrative worker, K for the capital input,

F for the fuel (or energy), and R for the raw material input.
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B.4.2. Main Results of the Empirical Estimation

2.1. The Parameter Estimates

The parameter estimates of the multi-input multi-output
share equations systems derived from the translog production
function are presented in Tables VI-1-a through VI-3-f, according

to the following specification of the estimating equations,]

“Sp = o + YpplnXp *+ wpplnky + ypydnKy + ypplnXp + ypplnkp
+ gpyInY; + golnY, + gilnY, (M
“Sp =yt YAP]"XP + YAA]"XA + YAK]"XK + YAF]"XF + YAR]"XR
eAI]"Y] + r_Az]nY2 + gA3lnY3 (2)
Sk = o e ™p * ovialXp * v Ik + v TIKE vk
toglIny, + gK21nY2 + 5K3'InY3 (3)
“Sp = op * vpp!nXp + yppl MKty InKy + yppInXe + ypplnkp

+ eF]]nYl + eFZlnY2 + 5F31nY3 (4)

]See the equations (11) and (13) in the section B,3.4.
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“Sp = O * Ypp!™p * YpalnXpy + vpyInXy + yppInKp + ypplnXp

+

+ epp1nY, eRzlnY2 + epglnY, (5)

S] =B+ g]PlnXP + g]AlnXA + glklnxK + g]FlnXF + EIR]"XR

-+

+ 6]]1nY] 8,,10Y, + 8131nY5 (6)

-+

Sy = By * EpInKp + EpplnXy + £y TnXy + £y InKe + £oplnXp

+ 62]1nY] + 6221nY2 + 6231nY3 (7)
S3 = B3 + EgpInkp + E3pInXy + £opInKy + ErpInKp + £5pTnXp
+ 63]1nY] + 5321nY2 + 3331nY3 (8)

Similarly the parameter estimates of the cost share equations
system are presented in the same way, where the input variables in
the cost function become their input prices, denoted by W, instead
of their quantity, denoted by X, in the production function. Hence,

for example, the cost share equation for operative worker becomes;2

-* * * *] * *]
Sp = %p * YpplnHp + YpalnHy + yp InX + ypednke + ypplnkp

* * *
+ epllnY] + epzlnY2 + eP31nY3 (9)

2See the equations (12) and (14) in the section 4, Chapter
III, Part B.
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And the cost share equation for the first major commodity becomes:
_* * +*_| *] %* *
S1 % By * Gplnkp + gplnMy + Zy iy + gl + g pTnp
* * *
+ élllnY] + 5]2‘InY2 + 5]3lnY3 (10)

Also, the parameter estimates of the uniproduct share equa-
tions system are presented in Tables VI-4-a through VI-6-b, in the

following specification of the estimating equations;

wn
[

w
[

K= % + YKP“'XP + YKA]nXA + YKK]"XK + YKF]"XF + YKR]"XR (13)
Sp = op * ypplInXp + ypplnky + yFKlnXK * YppInXp + ypplnXg (14)
Sp=op prlnXP + YRA]"XA + YRK]"XK + yRFlnXF + YRR]nXR (15)

Similarly those of the cost share equation are in the similar
specification as above. For example, the cost share equation of the

operative worker becomes;
= an  yaoTiNy + yea Tl + vyl . * InW (16
Sp = op * ypplnWp + ypalnWy + ypyTnHE + ypeTnp + ypplnp )

Each table for an industry contains two parts of the parameter

estimates, i.e., those of the production function and of the cost



186

function. In the first column of each part, we present estimates of
the parameters of the corresponding translog share equations: these
estimatgs were obtained with no restrictions imposed on the para-

meters. The second column of each part contains estimates of the
translog parameters constrained to impose linear homogeneity and

4 Fina]]y,’the third column contains estimates

symmetry conditions.
constrained to impose explicit separability between input and output
imposed on the corresponding translog function.5

Note that in a purely Cobb-Douglas technology, only the
constants ai's and Bi's would be significant. As revealed by the
standard errors in parentheses of the tables, all of the own vari-
able's coefficients are significant as well as numerous cross
variables' coefficients of the restricted estimations, while they
are not always significant in the unrestricted estimations in the
six industries selected.

In the canning industry, for example, not only the constant
term o of the administrative labor input equation and the own
variable's coefficient YKK of the capital input are insignificant
in the unrestricted estimation of the translog production function,

but also most of other cross variables' coefficients in the eight

share equations are shown to be insignificant. Meanwhile, all the

3See the section 4.2.2. and section 4.2.1., Chapter III,

Part B.
4See the section 4.3.3., Chapter III, Part B.
5See the section 4.3.3., Chapter III, Part B.
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