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ABSTRACT

THE STABILITY OF BOUNDARY LAYER FLOW
SUBJECT TO ROTATION

By

Mangal Dass Chawla

The stability of three dimensional Tollmien-Schlichting waves
moving in a boundary layer flow on a flat plate which is rotating
about its leading edge is investigated. Primary interest is in the
effect of rotation on the critical point of the neutral stability
curve. The problem is formulated in terms of a sixth-order differ-
ential equation, analogous to the Orr-Sommerfeld equation, with
homogeneous boundary conditions. The eigen-value problem thus
formed is then transformed into an initial Qalue problem which is
solved numerically.

The numerical technique developed first solves for the
primary velocity profile and its derivatives. Then using a Runge-
Kutta fourth order method and a special filtering technique the
eigen-values are determined by iteration.

The results indicate that as the flat plate rotates into
the flow it is destabilizing and as the plate rotates away from the
flow it is stabilizing. There is also a span-wise wave number
influence which-amplifies this effect. The results compare favour-

ably with known experimental results.



THE STABILITY OF BOUNDARY LAYER FLOW
SUBJECT TO ROTATION

By

Mangal Dass Chawla

A THESIS
Submitted to
Michigan State University
in partial fulfillment of the requirements
for the degree of
DOCTOR OF PHILOSOPHY

Department of Mechanical Engineering

1969



) e
o ’/;l’ Lo )

.
4

9-17-10

A DEDICATION
This thesis is dedicated to the author's loving wife Santosh
who supplied encouragement and displayed great patience and tolerance
during the entire course of the graduate study without which the
author would not have successfully completed this work.

This is also dedicated to the author's elder son Rajeev and

the newly born twins Rakesh and Renu.

ii



ACKNOWLEDGEMENTS

The author wishes to express his sincere thanks and deep
gratitude to Dr. Merle C. Potter, Associate Professor of Mechanical
Engineering for his valuable guidance, advice and assistance through-
out the course of this study and in the preparation of the thesis.
Thanks are also due to Dr. M.C. Smith, Dr. P.K. Wong, Dr. J.L. Lubkin,
Professor L.V. Nothstine and Dr. R.F. McCaulay for serving as members
of the doctoral guidance committee.

The author wishes to express his gratitude to the Department
of Civil Engineering, Michigan State University for providing a
graduate teaching assistantship from Fall 1965 to Spring 1966,
employing the author as Assistant Instructor from Fall 1966 to Spring
1967 and for allocating the computer time. Thanks are also due to
the National Science Foundation for providing the author witha Special
Graduate Research Assistantship from July 1967 to June 1968 and for
making funds available for computer analysis. Thanks are also due
to the Division of Engineering Research and the Department of
Mechanical Engineering for providing Research and Teaching Assistant-
ships from July 1968 to March 1969 and from March 1969 to June 1969
respectively.

Thanks are also due to Mrs. N. Barnes and the author's wife
Santosh, who typed and did the proof reading of the manuscript

respectively.

iii



The author is also indebted to the Canadian Commonwealth
Scholarship Committee which got the author started on his graduate

work by granting a scholarship for the M.Sc. Engineering degree.

iv



TABLE OF CONTENTS

List of Tables .....iiiieeererenineessoceessonnnnnnas

List of FIgUIeS ....ctiivirniiennrenroesssronsannonnss

Nomenclature ......coceeereneceesossneesssnnonsoasanas
CHAPTER

I. INTRODUCTION ...ccveeeeereoecssnsonsososssssncnsananas

1.1 Review of Literature .......ceeeeeeeeeeecccaccns

1.2 Purpose of the Present Investigations ..........

1.3 Conditions of this Study ......cccvevevenrnnenns

II. INFINITESIMAL DISTURBANCES ON A BOUNDARY LAYER FLOW .

ITI.

IV.

2.1 Governing EQUAtions ......ceeeeeeeeeeccesccnsens
2.2 Non-dimensional Variables ........ccicvevvunnnns
2.3 The Primary FloW .....ceecesnnsccncocscccnsannns
2.4 Three Dimensional Disturbances .............c...
2.5 Mathematical Formulation of the Three
Dimensional Linear Stability Problem ...........
2.6 Boundary ConditionNS .....ceoeeevecoroccosscocnas
2.7 Eigenvalue Problem ........ccoiteeveeencerensncas
2.8 CloSUre .....etivirienneneeeeosnnonsnssaccasnsnnns
NUMERICAL SOLUTION OF THE PROBLEM ...cccceceveccnanns
3.1 Solution for the Primary Velocity Profile ......
3.2 Approximate Solutions of the Orr-Sommerfeld
Equation for Zero Angular Rotation .............
3.3 Approximate Solutions of the Orr-Sommerfeld
Equation for Non-Zero Angular Rotation .........
3.4 Numerical Integration of the Orr-Sommerfeld
Equations .......icceceieceeenecccecscacnennnnns
.(a) Initialization .....ccecvvee ceecsecaecneane
(b) Growth of Eigen-functions ......cveveveeens
(c) Purification Scheme - Filtering the
Contributions of the Growing Solution .....
(d) 1Iteration Scheme for the Eigenvalues ......

(e) Criterion for Guessing the Eigenvalues ....

CONCLUSIONS AND SUGGESTIONS FOR FURTHER RESEARCH .

4.1 The Primary Velocity Profile ......c.cceeveunenns
4.2 Eigenvalues for the Case of Neutral Stability
for Zero Angular Rotation .......ceeeeeeeecennnn

v

25
26
27
27
29
31
33
35

36
36

36



4.3 Effect of the Angular Rotation ( and Wave

Number B ...tteieieinoreceecnnsnnensesannnnnnns
4.4 Summary of Conclusions .....eccveveuvnns cereeaen
4.5 Recommendations for Further Research ...........
BIBLIOGRAPHY ...vtveiteteeencececoencnsacesonsncnssnns
ILLUSTRATIONS (Tables and Figures) .......ceieeevenns
APPENDICES

A NUMERICAL TECHNIQUES .....cccvveeeeencanens
A-1 Numerical Technique to solve for the
Primary Velocity Profile .............
A-2 Numerical Technique to solve the
Governing Stability Equations ........

B FIOW DIAGRAM ....cctvtiteeeececetocannonnns
C COMPUTER PROGRAMS ....ccocccoececccccncncnns
C-1 Use of the Computer Programs .........

C-2 Description of the Computer Programs .
C-3 Listing of the Computer Programs .....

vi

38
39
40
41

45

79
79
81
85
89
89

91
92



Table

S LW =

10.

11.

12.

13.

14,

15.

LIST OF TABLES

Values for the Primary Velocity Profile ..........c....

Definition of Eigenvalues used by Different Authors .

Comparison of Critical Eigenvalues for Zero Rotation .

Eigenvalues for the Orr-Sommerfeld Equation for the
Case of Neutral Stability (C = 0.0), for Q = 0.00

and B = 0.00 «eevrnirnnannnn. e ereeteneieaeeaaas

Eigenvalues for the Orr-Sommerfeld Equation for the
Case of Neutral Stability (Ci =0.0) for Q = -0.01

and B = 0.20 ttitiriiinenenerenenenen. e e

Eigenvalues for the Orr-Sommerfeld Equation for the
Case of Neutral Stability (Ci = 0.0) for QQ = -0.10

and 8 =0.00 ............. cereteaans ceceseccanaas coes

Eigenvalues for the Orr-Sommerfeld Equation for the
Case of Neutral Stability (C =0.0) for Q = -0.10

and B8 =0.10 ........ ceeene e ececeetaeereans ceecenean

Eigenvalues for the Orr-Sommerfeld Equation for the
Case of Neutral Stability (C =0.0) for Q = -0.10

and B =0.20 «.envnrnnn... S et

Eigenvalues for the Orr-Sommerfeld Equation for the
Case of Neutral Stability (Ci = 0.0) for Q = -0.10

and B =0.30 ........... e

Eigenvalues for the Orr-Sommerfeld Equation for the
Case of Neutral Stability (C =0.0) for Q1 =0.01

and B = 0.20 t.iuinitineenineteaneaeaneeaaanas e

Eigenvalues for the Orr-Sommerfeld Equation for the
Case of Neutral Stability (C = 0. 0) for Q =0.10

and g =0.10 ............. caceee ceessencoann cesrencns

Eigenvalues for the Orr-Sommerfeld Equation for the
Case of Neutral Stability (Ci =0.0) for O =0.10

and B =0.20 ......... R e

Eigenvalues for the Orr- Sommerfeld Equation for the
Case of Neutral Stability (C = 0.0) for Q =0.10

and B =0.30 ......... e e,

Eigenvalues for the Orr-Sommerfeld Equation for the
Case of Neutral Stability (Ci = 0.0) for Q =0.10

and B =0.40 ......iii0iial cecesecsscas Cecereeaann

Eigenvalues for the Orr-Sommerfeld Equation for the
Case of Neutral Stabillty (Ci =0.0) for QO =0.10

and B=050 lllll ® 0 0 00 L I O B . LN} ® o 0 o 0 8 0 0 0

vii

Page

45
48
48

49

50

50

51

51

52

52

53

53

54

54

55



16.

17.

18.

Eigenvalues for the Orr-Sommerfeld Equation for the
Case of Neutral Stability (Ci =0.0) for Q =0.10
and B =0.60 ........ ceeens v eeeenaas Cheeeticeere e 55

Eigenvalues for the Orr-Sommerfeld Equation for the
Case of Neutral Stability (Ci = 0.0) for Q =0.50
and B = 0.20 ...iitiiiiiiiiitienannnn Cteteeecet e 56

Eigen-functions near a Critical Point on the Lower
Branch of the Neutral Stability Curve (Ci = 0.0)
for Q = -0.10 and B =0.20 ....cvvtereviennnnnnnans 57

viii



LIST OF FIGURES

Figure

1.

10.

11.

12.

13.

Primary FIow ...cuutiiiiiiineieienenrocassosnnnannancns
Numerical Integration of the Orr-Sommerfeld Equation .

Comparison of the Neutral Stability Curves for the
Blasius Boundary Layer over a Flat Plate for Q = 0.00
and B = 0.00 .....iiiiiiiiiiiit ittt

Comparison of Eigen-functions ¢ = ¢, +1i 5 with

those of Radbill and Van Driest, Corresponding to the
Data of Schubauer and Skramstad for the Upper and Lower
Branches of the Neutral Stability Curve (Ci = 0.0)

for Q =0.00 .......... et e eetetieteren st aesennens

Comparison of the First Derivative of the Eigen-
function ¢' = ¢; + 1 ¢£ with those of Radbill and

Van Driest, Corresponding to the Data of Schubauer
and Skramstad for the Upper and Lower Branches of the
Neutral Stability Curve (Ci =0.0) for Q =0.00 ...

Plot of Wave Number « against Reynolds Number R
for the Neutral Stability Curves for different values
of Angular Rotation Q for B =0.20 .......cc0vuvn.n.

Plot of Wave Velocity Cr against Reynolds Number

R for the Neutral Stability Curves for different
values of Angular Rotation Q for g =0.20 .........

Effect of Angular Rotation (1 on Critical Eigen-

values Rcrit’ (Cr)crit’ and e for g =0.20 ...

Effect of varying Angular Rotation 1 on the Neutral
Stability Curves for B =0.10 .......civiieiecnnnnnnn

Effect of varying Angular Rotation Q on the plot of
Wave Velocity C against Reynolds Number R for the
Neutral Stability for B = 0.10 vevevvernennannnns

Effect of varying Angular Rotation (} on the Neutral
Stability Curves for § = 0.30 ...... cesesenne ceeseees

Effect of varying Angular Rotation (1 on the plot of
Wave Velocity C_ against Reynolds Number R for
the Neutral Stabflity for g =0.30 ..... ceseecccncvos

Plot of Eigen-functions ¢ = br +1i Qi near a

Critical Point on the Lower Branch of the Neutral
Stability Curve (C1 = 0.0) for Q1 = -0.10 and
B=0.20 .c0ivvininiinnnnnnennnn e tececeterceneaeneans

Page
60
60

61

62

63

64

65

66

67

69

70

71



14.

15.

16.

170

18.

19.

20.

Plot of the First Derivative of the Eigen-function
¢' = ¢; + i ¢i near a Critical Point on the Lower

Branch of the Neutral Stability Curve (Ci = 0.0)
for Q =-0.10 and B = 0.20 ...evvvrerernnconnannnns

Plot of Eigen-functions ¥ = Yr + i Yi near a

Critical Point on the Lower Branch of the Neutral
Stability Curve (Ci = 0.0) for Q = -0.10 and
B = 0.20 tivrieiineiineenereeeeentenonnsnnsenaconsnannns

Effect of varying Wave Number B on the Neutral
Stability Curves (C, = 0.0) for Angular Rotation
Q=010 coovevnrnnnnnnn. e eeeeeeeeaeaaan e

Effect of varying Wave Number B on the plot of
Wave Velocity Cr against Reynolds Number R for

the Neutral Stability for Q = -0.10 ....... ceesseneas

Effect of varying Wave Number B on the Neutral
Stability Curves (C, = 0.0) for Angular Rotation
Q=0.10 cevvvnnnnn. ST

Effect of varying Wave Number B on the plot of
Wave Velocity Cr against Reynolds Number R for

the Neutral Stability for Q =0.10 .....co0vvvvvnnnne

Plot of Wave Number B against Critical Reynolds
Number R .. for Angular Rotation = 0.10 and -0.10

72

73

74

75

76

77

78



NOMENCLATURE

Cc= C. + i¢; = c Complex propagation speed of wave
Cr Wave speed

Ci Amplification factor

D d Differential operator

T3y
E = exp[i(ax + Bz) - i act]

Fi | Components of body forces
f=f£( = Dimensionless stream function
vxU
-}

i’j:k Indices

Li Differential operators (i =1 to 9)

P Pressure of undisturbed flow
(Non-dimensional)

; Pressure of undisturbed flow
(Dimensional)

p=P+p' Pressure after perturbation

p' Perturbation pressure

U0

R = ~ Reynolds number based on boundary

layer thickness §
U X

Rx =5 Reynolds number based on the
distance from the leading edge

AR Change in R

r Radial distance from the origin

I, Ty» Tys Ig Constants

Sl’ 82 Constants

xi



c>

el

v=V+v'

<40

Test function based on combined
D§ at the plate

Values of T during iteration
Time (Non-dimensional)

x - Component of velocity of primary
flow

Free stream velocity

x - component of veélocity after
perturbation

Perturbation in x - component of
velocity

Amplitude of u' perturbation of
velocity

Dimensional components of velocity
along coordinate axes (i =1,2,3)

Dimensionless components of velocity

along coordinate axes (i 1,2,3)
y -~ component of velocity of
primary flow

y - component of velocity after
perturbation

Perturbation in y - component of
velocity

Amplitude of v' perturbation of
velocity

z - component of velocity of

primary flow

xii



w=W+w'

>

=9 _
Q -
U2
- -]
w=w+o'
wl
®
dz
b T
X
X (1),X(Q2)
X,
i
X,
1
Y
Z

21’22’23’24’25’26

xiii

z - component of velocity after
perturbation

Perturbation in z - component of
velocity

Amplitude of w' perturbation of
velocity

Pressure term including the effect
of centrifugal forces (Dimensional)
Pressure term including the effect
of centrifugal forces (Non-
dimensional)

Pressure term w after perturbation
Perturbation in pressure term w
Amplitude of @' perturbation in

pressure term

Coordinate parallel to plate in the
direction of free stream
Multiplying constants

Dimensional coordinates X, Y and
Z respectively (i =1,2,3)
Non-dimensional coordinates x, y
and 2z respectively (i =1,2,3)
Coordinate prependicular to plate
Coordinate perpendicular to the
planes of X and Y

New variables equal to u, Vv, w, Du,

R® and Dw respectively



¢ =28 _av
oY dX
P
Vv
T
k2 = % + g2
Q
_as
Q U
@D

1 B2’ M3

t

Y = Yr + i Yi =u

Y

Yurr Yu2r Yus

Wave number

Change in «

Spanwise wave number
Boundary layer thickness
Displacement thickness

Transformation variable

Laplace operator

Vorticity

Density of fluid

Kinematic viscosity of fluid

Time (Dimensional)

Square of the combined wave number
Angular rotation (Dimensional)

Angular rotation (Non-dimensional)

Complex eigenfunction - y dependent
factor in perturbation stream function
vl

Individual eigenfunctions at the

plate

Combined eigenfunction at the plate
Complex stream function - y dependent
factor in perturbation stream

|}

function u

Individual stream-functions at the

plate

xiv



Combined stream function at the

plate

XV



CHAPTER 1
INTRODUCTION

1.1 Review of Literature

The study of transition from laminar to turbulent flow for
parallel shear flow started at the end of the ninteenth century.
This was first experimentally studied by Reynolds (1883) by inject-
ing dye in flow through pipes. On the basis of these experiments
Reynolds (1895) stated that the motion of the water was direct or

sinuous according as the mean velocity

Um § k &
Dp
where D = Diameter of the pipe
p = Density of water
i = Absolute viscosity of water
k = Dimensionless number
or

L—E“‘D S k.

The number k was found to lie between 1900 and 2000 for a circular
tube. Thus Reynolds found that steady direct motion in round tubes

was stable if

-"—LUE—D < 1900

and unstable if

pUmD 5 5400.
n

Later his theoretical analysis gave the value of k = 517 for flow
1



between parallel plates. Then with the result that the critical
velocity was inversely proportional to the hydraulic mean depth,
he inferred that for a circular pipe k = 1034. This was below
the experimental value. Reynolds stated that this discrepancy
was due to not meeting all the kinematical conditions. The
corresponding values for round and flat tubes were later found to
be 470 and 167 respectively by Sharp (1905).

In the meantime Lord Rayleigh (1880, 1887) studied the problem
of stability in perfect fluids. Lord Kelvin (1887), objecting to the
neglect of viscosity by Rayleigh, found that the mathematical
difficulties were enormous when viscosity was considered. Later Orr
(1907) and Sommerfeld (1908) each independently made a complete
theoretical analysis of the entire stability problem. The stability
equation thus derived is now known as the Orr-Sommerfeld equation.
Orr discussed the stability of both perfect and viscous fluids.
Sommerfeld studied couette flow and found no instability. Both Orr
and Sommerfeld assumed sinusoidal, periodic, infinitesimal dis-
turbances to study stability. Rayleigh (1914) took the Orr-Sommerfeld

equation for the two-dimensional frictionless case, given by

U - c)(@" - d2¢) -u"g =0 (1-1-1)

where U = mean velocity

c = complex wave velocity

a = wave number

¢ = eigen-function,
written in the form

11
¢" = U—Q + d2¢



and found that at a distance from the boundary where U = ¢, U"
must be zero, that is there must be an inflexion point if the flow
is to be unstable.He called the layer at this point the inner friction
layer. Rayleigh thus found that the steady motion of an inviscid
fluid in two dimensions between fixed parallel planes was stable pro-
vided the primary velocity U, parallel to the walls and a function
of y only, was such that U" does not change sign anywhere. 1In
other words, Rayleigh proved that the existence of a point of inflexion
constituted a necessary condition for the occurrence of instability.
Later Tollmien (1935) showed that this was also a sufficient condition
for the disturbances to grow and create instability. A similar result,
found by Tietjens (1925), shows that if the basic velocity profile is
approximated by multiple straight line segments stability results if
the corners are convex and instability results if the corners are
concave.

Prandtl (1914) defined transition, separation and drag co-
efficients on bodies. He first tripped a boundary layer with a
wire. The discovery of a boundary layer opened new fields for the
study of transition to turbulence. Prandtl (1914, 1921) started the
analysis of the stability equation retaining only the larger terms
involving viscous effects close to the wall and found that with this
hypothesis all profiles made up of line segments were unstable for
all wave lengths. This result was later confirmed by Tietjens (1925).
Heisenberg (1924) applied this assumption to the basic profile,
taking it as parabolic, and concluded instability. Tollmien (1929)
arrived at the conclusion that viscous effects must be taken into

account near the wall and at the level where U = c. He later found



the critical Reynolds number to be 420 for flow over a flat plate

at zero incidence. Tollmien's method, also known as the Asymptotic
Theory, was later applied successfully by Schlichting (1933, 1935)
to the velocity profiles in the boundary layer, when approximated by
a straight line or a parabola. Lin (1945, 1946, 1966) gave the
asymptotic theory a firm mathematical footing. He explained the
behaviour of the functions near the singularities. Later, Shen
(1954) working with the asymptotic method improved the accuracy of
the stability calculations.

Synge (1938) surveyed the whole subject of Hydrodynamic
Stability and explained in detail the physical problem and its
mathematical formulation. He described the application of the method
of the exponential time-factor to the couette flow with general and
plane disturbances and to the Poiseuille motion in a tube of general
section or in a circular tube with disturbances having rotational
or axial symmetry.

The asymptotic method of solution has been successfully applied
to many stability problems. Recently, the advent of large digital
computers, have made numerical schemes for solving the Orr-Sommerfeld
equations very popular. Numerical methods are usually preferred to
the asymptotic methods as they are more accurate and relatively less
time consuming, however, asymptotic methods are still employed,
especially in the zones of large Reynolds number where numerical
solutions show poor convergence and when general properties of the
solutions are to be studied.

Gill (1950) discussed the integration of the differential

equations on the computers and also developed a. form that gave the



highest accuracy with minimum machine instructions. His method
later became very popular and has been successfully used by many
authors.

Thomas (1953) investigated the problem of the stability of
plane poiseuille flow and verified the work of Pekris (1948) who had
used the method of asymptotic expansions. Kaplan (1964) employed a
numerical scheme to study the stability of laminar incompressible
boundary layers with compliant boundaries. He presented the numerical
results for a variety of compliant boundaries. He forms an initial
value problem from the boundary value problem at some distance from
the compliant boundary before starting numerical integration as did
Nachtsheim (1964). Kaplan studied the problem in detail when some
roots grow very large and thus due to the limitations of the machine
computations, start affecting the other roots which should otherwise
stay independent. 1In Kaplan's terminology, the roots were called
"the growing roots'" and '"the well behaved roots'" respectively. He
outlined a method of filtering the contributions of the growing
roots from the well behaved roots as the integration proceeds and
later repaired the well behaved roots. This method as advocated by
Kaplan was later advantageously used by Lee and Reynolds (1964) and
Reynolds and Potter (1967). Lee and Reynolds discussed other
numerical methods and compared them to the variational solution of
the Orr-Sommerfeld equations. They, of course, discussed other
numerical integration methods where one may or may not use the
filtering scheme used by Kaplan.

Potter (1965) studied the stability of plane Couette-Poiseuille
flow by asymptotic expansions and later in 1967 of symmetrical

parabolic flows numerically. Radbill and Van Driest (1966) investigated



the stability of laminar boundary layers by quasilinearization and
numerically.

On the experimental side work was done by Nikuradse (1933).
He excited the boundary layer with sinusoidal oscillations near the
leading edge of a flat plate in water. Dryden (1936) measured the
velocity fluctuations in a laminar boundary layer, but these
fluctuations were said to be imposed by the mean flow because they
were irregular. Schubauer and Skramstad (1947) experimentally proved
that induced oscillations exist in the boundary layer. Dryden (1947)
and Schubauer and Skramstad (1947) experimented with very low free
stream turbulence obtaining very large transition Reynolds numbers.

It is generally believed that there are three stages in the
transition process before the turbulence sets in. At the first stage
infinitesimal Tollmien-Schlichting waves become unstable. At the
second stage two-dimensional Tollmien-Schlichting waves become three-
dimensional. At the third stage bursts from the boundary start. The
flow will be termed laminar up to the start of the third stage. The
fourth stage is characterized by the constant burst rate from the
wall. The critical Reynolds number RCrit given by the stability
theory is the lowest Reynolds number at which a shear layer can bear
and amplify an infinitesimal Tollmien-Schlichting wave. This is
the start of the first stage as mentioned above. Morkovin (1958)
writes that transition to turbulence is generally found to occur

at Reynolds numbers much greater than Rcr' which indicates that

it’
certain investigators may refer to the third stage of the transition
process as the beginning of transition. Emmons (1951) believes that

sometimes disturbances that trigger transition may be "local in time".

But once initiated, a small turbulent spot moves downstream and grows



steadily in all directions, sweeping out a tongue like wedge with
time. Morkovin (1958) writes that in the laminar layer the un-
steadiness and vorticity of a lump of fluid decays with time during
its travel, that is, the unsteadiness does not feed on the energy of
the mean shear motion. Morkovin further states that many investigators
feei that three-dimensionality, however small, must lead to small
loops in originally straight vortex lines of the steady motion and/

or the unsteady regular two-dimensional velocity distributions.

These loops would inevitably stretch into longer and longer loops by
the differences in mean velocity at different heights of shear layer,
thus increasing w' fluctuations.

In the area of present study Conard of Princeton University

(1962) investigated the effects of rotation on the stability of
laminar boundary layers on curved walls. He assumed these walls to

be rotating about an axis perpendicular to both the flow direction

and the radii of curvature. He considered Taylor-Gortler waves and
arrived at the conclusion that positive rotations (rotations for which
the absolute velocity of the fluid exceeds its relative velocity)

were destabilizing and negative rotations were stabilizing. Regarding
Tollmien-Schlichting waves Conard stated that when he considered two-
dimensional Tollmien-Schlichting waves, the curvature and rotation
terms dropped out of the equations for the order of his approximations.
Had he considered three-dimensional disturbances the rotation in-
fluence would have been retained.

Experimentally, the only work available is due to that of

Halleen and Johnston of Stanford (1967). Their results are similar

to those obtained by Conard and now numerically verified by this

study.



1.2 Purpose of the Present Investigations

The purpose of the present study is to investigate the stability
of poundary layer flow subject to rotation with the axis of rotation
perpendicular to the flow direction and parallel to the flat plate
(see figure 1). The flow is subjected to three-dimensional Tollmien-
Schlichting waves including wave number ¢« and spanwise wave number
B. Primary emphasis has. been placed on neutral stability, that is,
the conditions for which these infinitesimal disturbances neither
decay nor grow with time. The result establishes the beginning of
the first stage of transition. New information which this study
furnishes is the influence of angular rotation (1 on this neutral
stability of the boundary layer. Various spanwise wave numbers @

are included for each (.

1.3 Conditions of this Study

In the numerical computations for the present investigation,
the boundary value problem is transformed into an initial value
problem with calculations starting at Y =1.5 §. This is the point
which will be used as "infinity'". It is dictated by the step size
and the storage limitations of the machine. Another limiting condition
for the present study is that convergence to the true eigenvalues
is assumed to be complete when the test function T based on ¢'
at the plate divided by ¢' at one step behind is less than 1073,

Under these conditions, this study determines the critical
Reynolds number RCrit for different values of Q and B at which
instability due to three-dimensional, infinitesimal disturbances

first sets in. The values of @ and B along with the results

are discussed in Chapter IV.



CHAPTER II

INFINITESIMAL DISTURBANCES ON A BOUNDARY LAYER FLOW

2.1 Governing Equations

Consider laminar flow of an incompressible fluid over a flat
plate which is rotating with an angular velocity a about its leading
edge in a counterclockwise sense. The coordinate system, shown in
figure 1, is attached to the rotating plate so that the flow can be
considered steady when measured in this rotating system. This
requires the fluid at infinity to be rotating with the same angular
velocity.

The Navier-Stokes equations, governing the motion, can be

written as

+2 e 0y (2.1.1)

where the bars denote dimensional quantities and

q, = (0,0,0). (2.1.2)

The last two terms in equation (2.1.1) account for the non-inertial
coordinate system chosen. We may combine the pressure term and the

centrifugal acceleration term to obtain

- s AglaxTl?) - - 2 (2.1.3)
i
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- Iy 1,2 =2
where w = ﬁ - 510 x r|”. (2.1.4)

Neglecting body forces and introducing (2.1.3) in (2.1.1), there

results
Uy - By oo 273, _
- + —_= - A — t u .1.
aT uj axj Xy v axjaxj 2 eijkuj Qk (2.1.5)
The continuity equation for incompressible flow is
Uy
—= = 0. (2.1.6)
oxX,

Equations (2.1.5) and (2.1.6) are the equations which govern the

flow.

2.2 Non-Dimensional Variables

To non-dimensionalize choose u as the reference velocity
®

and & as a characteristic length, then the dimensionless variables

will be
%, 2
x =t
i §
u,
e L

Yy u_

Q=f’Tn- (2.2.1)
- ‘
Uu-r

¢ =2
)

0

w 2
U
® J

Introducing (2.2.1) in (2.1.5) and (2.1.6) we obtain the Navier

Stokes and continuity equations in dimensionless form as



qu du azu
i i _20 1 i e...u.0 (2.2.2)
at j ¥x d%x. R J¥x.dx ijk ik T
h| i 7
and
ou,
_;L =0 (2.2.3)
A%y
where the Reynolds number is
UR
R=—. (2.2.4)

The Reynolds number can be changed by varying either U,>
6, v, or U°6, keeping the other variables constant. For flow over
a flat plate, as in the present case, both UQ and v will be kept
fixed. The boundary layer thickness § varies as the square root

of the distance from the leading edge, that is

s« [X (2.2.5)
U&

or
5 « X— (2.2.6)
v R
X
U X
where R,x = —%—. Taking & as a point at which the velocity is

99.9% of the free stream velocity UQ, the constant of proportionality
in (2.2.6) is approximately equal to 5.0. Using this relationship

for § 1in our definition of R we obtain

R=5 fiX. (2.2.7)
Jv

Knowing the Reynolds number R at which the flow becomes
unstable one can then determine the distance from the leading edge

along the plate at which the infinitesimal waves become unstable.
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2.3 The Primary Flow

In order to observe the influence of  on the primary flow,

let us write equations (2.2.2) in cartesian coordinates as

u au au o _ 2w 1
+ult4y A+t v (2.3.1)

and

a_+ a_.+ a-‘i:_ag.’.l -
at u ax 3y 3y TR Av 2u Q (2.3.2)

The equation of continuity is

au 4 av - o, 2.3.
3x 3y (2.3.3)

Differentiating (2.3.1) with respect to y, (2.3.2) with respect to

x and subtracting gives

[~

2 2
%y _ a_) JRU_ _ 2V, aupu _3uav
Gray " atax’ T ¥ axay sx2 9y ax % ¥x

Nj<

2
+Vau-va~v +aiﬂ-axal=

ayz AYIX  AY dY X dY
la@e. a— +2Q@Y% + 2.3.4
R 02 -2 +20a@% + 20 (2.3.4)

The vorticity is

¢ =8 .2y (2.3.5)
Inserting this in (2.3.4) gives
_Q au a_ 1 L a_
TGty TRACTAQG - (2.3.6)

Continuity then allows us to write

Dt .1
= b¢ - (2.3.7)
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Equation (2.3.7) shows that the coriolis term does not enter the
vorticity equation. By an examination of equation (2.3.1) the effect
of (0 1is small and thus neglected because of the presence of the
small velocity component v. The effect of Q in equation (2.3.2)
would be to influence the an/ay term. Hence (1 does not affect
the primary velocity profile and the usual Blasius boundary layer

results.

2.4 Three Dimensional Disturbances

Consider infinitesimal perturbations in the variables wu, v,

w and w, so that after perturbing, these variables change to

u="0U+u'
v=V+v'
W= (2.4.1)
w=w+tw'

where U, V and @ pertain to the primary flow. The component of
primary velocity parallel to z -axis is zero and the one parallel to
y-axis is comparatively small. It is not unreasonable to assume V
to be of order 8. Insert equations (2.4.1) in (2.2.2) and (2.2.3),
neglect non-linear terms and write the resulting equations in
cartesian coordinates to yield

au' ygaul el el Ay peal o el

ot X X oy oy 9z ox

+%Au' + 229’0 (2.4.2)

at oX oy dX oy 92 oy

+ % Av' - 2u'Q (2.4.3)
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awl AWl g aw = . aw'
ot X oy 9z

+ % A’ (2.4.4)
where the Laplacian A 1is
2 2 2
p=l5 42542 (2.4.5)

and

pu' L avl Al _
3x ¥y 2z

(2.4.6)

Lin (1966) has stated that, "It can be shown, by careful
examination of all the terms in the first order disturbance equations
of continuity, motion and energy, that the basic flow may be treated

as essentially parallel. The analysis is fairly complicated, but

the conclusion has been justified'. The resulting equations are
then
! 1 1
au’ 4 paul e aloaw 1y o (2.4.8)
at Jx 3y X R
1 ] t
av’ , yav' =.aw 1 oung (2.4.9)
at X 34 R
' v
a!_'-i-an— = -aw—-f-lbw' (2.4.10)
at ¥x 3z R
and
1 T ]
Ag_ + ¥ L a¥ - . (2.4.11)

Consider further that the perturbations can be expanded in

the form of three-dimensional disturbances, given by
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u' = (y) . E h
v' =%(y) . E
o' =80 . E ? (2.4.12)
w' =) . E J
where

E = expli(ax + Bz) - i act]. (2.4.13)

The above implies a spatially periodic wave with complex amplitudes,
9, V and % in the x, y and 2 directions respectively. « and
B are wave numbers which will be real. C is a complex wave velocity,

given by
c=c¢ +1icC, (2.4.14)
r i

where Ci is the amplification rate. Ci positive means growth

and Ci negative implies decay. Ci equal to zero yields neutral
stability, that is, neither growth nor decay of the perturbations.
Actually, only the real parts of equations (2.4.12) are used to give

the physical velocity and pressure perturbations.

2.5 Mathematical Formulation of the Three-Dimensional Linear

Stability Problem

Introduce equations (2.4.12) in (2.4.8) to (2.4.11), cancel E
throughout and rearrange. The following system of second order

linear differential equations results:
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[D2 - (dz + 32) - igR(U - ¢)]b& = R(U - )V + iaRD )
[D2 - (oz2 + az) - ioR(U - ¢)]¥v = 2ROQuU + RD® (2.5.1 a to d)
(02 - @2 +8%) - iR - ¢)]# = ipRD

i(@u + g&) +DV =0 Py

where D 1is a differential operator given by

(2.5.2)

Q-lﬂ-
<

In carrying out the above operations the set of partial differential
equations, (2.4.8) to (2.4.11), resulted in a set of ordinary
differential equations, (2.5.1). The above equations can be expressed
as six, first order, linear differential equations by introducing
(21’22’23’24’25’26) in place of (4,%,%,DG,RDH,D&). These six

equations are

- 3
bz, =2,
Dz, = -i(aZ; + BZ)
DZ, =2
376 ) 2 >(2.5.3)
pZ, = @ +8%) + iaR(U-0)]2; + ROU-0)Z, + iaZg
2 2 . .
Dz, = -[@° +8") + iaR(U-0)]z, -i(ez, + BZ() - 2RZ,
pz, = [@® +8%) + iaR(U-c)]zZ, + ipZ
6 3 > y
These can be conveniently written in the matrix form by
p(z] = [A][2] (2.5.4)

where matrix



and matrix

0 0
A= | -ix 0
0 0
b R(DU-2Q)
-2RQ -b
L 0 0

Here

b = (az + 32) + igR(U - ¢)

Matrix A 1is not a matrix of constants but it contains

which are functions of y.

-ia

(2.5.5)
0
0
1
0 (2.5.6)
-ig
0
(2.5.7)
U and DU,

The system of equations (2.5.1 a to d) can also be expressed

as two differential equations, one fourth order and one second order.

Multiply (2.5.1la) by a@ and (2.5.1b) by 8

(02 - @ + 82 - 1aR(U-c)] (@b + BW) = GR(DU-2)¥

Differentiate (2.5.8) with respect to y, multiply (2.5.1lb) by

-iQyz + 32), add the two and use (2.5.1d). This yields

and add; we get

+ iR@> + 8D

(2.5.8)
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[{D2-K2-10R(U-c)} (%-K?) + iaR(D2U-2D)]¢ + 2k°ROAG = O (2.5.9)

where

82 = o2 + g2, (2.5.10)

Again eliminating the pressure term & from (2.5.la and c) by cross-

differentiation, we obtain
2 2 0 ~ A~ ~
[D” - K* - iaR(U-c)](Bh - o) = BR(DU - Q)Y (2.5.11)

Eliminate & wusing (2.5.1d) in (2.5.11) to obtain

[D2 - kz - iaR(U-c)](Kzﬁ - igDV) = BZR(DU - )V (2.5.12)
Writing (2.5.9) and (2.5.12) in terms of the new variables Z1 to
Z6 and rearranging
L2 k)2 - 1aR@-c) 0°ED) + 10RO - x)]z, + &K'RAZ, =0 ]
and ) (2.5.13a
2 2 g . 2 2
[{@ K" - RU-)ID - 1 = ROU - 2]z, + i —{D and b)
LozR(U-c)]z1 = B
We can also express the equations as a sixth order differential
equation by eliminating z1 between (2.5.13 a and b) resulting in
6 5 4 3 2 _
[F7D +F0D" +FD +F,D” +F,D +FD+ F1]22 =0 (2.5.14)
h
where F7 =1.0
F, = 0.0
Fg = -[3K + 21aR(U-c)] (2.5.15a to f)
F, = -2iaR DU
Fy = [31(2 + iazR(U-c)][Kz + iaR(U-c)]
F2 = ZiaR('IzDU + D3U)
»
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F, = ioR DU -k 8 - 2i0R ¥ W-c) + oaZRZK (U-c)?

(2.5.15g)
+ oa?R%W-c)p?u + 28%R%(OU - 2
The systems of equations given by (2.5.1), (2.5.3) or (2.5.4),
(2.5.13) and (2.5.14) are equivalent. All of these represent the
three-dimensional linear stability problem with the boundary con-

ditions discussed in the next section.

2.6 Boundary Conditions

The problem outlined in fhe previous section will be fully
defined if the boundary conditions are specified. The boundary
conditions are such that part of them are known at one boundary and
part at infinity. The problem, therefore, falls in the category of
a two point boundary value problem. 1In the study under consideration,
velocity perturbations, u', v', w' should vanish at the flat plate,
because the particles stick to the plate. Also u', v', w' should
tend to zero at large distances from the plate. Equations (2.4.12)

then imply that

4, Vv, W =0 at y =0
and (2.6.1)
i, ¥V, %« 20 as y=w.

Thus the problem of three-dimensional, linear stability is
completely defined by equations (2.5.1 a to d) with boundary con-
ditions (2.6.1). Or, in terms of the Z's the problem is defined by
equations (2.5.3) or (2.5.4) with boundary conditions

25 2,, 2, =0 at y =0

and (2.6.2)

Z 2,20 as y= o,

1’ 290 23
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The boundary conditions to go with the form given by (2.5.13

a and b) are

and (2.6.3)

Zl’ 22, DZZ=°0 as y =

where boundary condition on DZ, results from continuity.

2
Finally the boundary conditions that go with equation (2.5.14)

are

ZZ’ DZ, =0 at y =0

2
and
ZZ’ D22 =20 as y=> o

along with two remaining boundary conditions, one at the plate and
one at infinity, which are quite complicated. They can be found by

using Zl’ yA and DZ, =0 (or Zl’ VA

2 and DZ2 = 0) in equation

2 2

(2.5.13a).

2.7 Eigenvalue Problem

The linear stability problem involving rotation is thus
given by:
1.) the set of four equations (2.5.1) with boundary conditions
(2.6.1), in the four unknowns i, ¥, ® and &, or by
2.) a system of six ordinary linear differential equations (2.5.3)
with six boundary conditions (2.6.2), in six unknowns
Zl’ 22’ ZB’ Z&’ ZS’ 26, or by
3.) two higher order but linear differential equations (2.5.13)
with boundary conditions (2.6.3), in two unknowns Z1 and 22’

or by



21

4.) a sixth order, ordinary linear differential equation (2.5.14),
in one unknown 22 with four well defined and two involved
boundary conditions.

Every one of the above mentioned systems with the corresponding
boundary conditions, represent an eigenvalue problem with the char-
acteristic values, c, o, B, R and (. The relation among these
parameters would result from the secular equation. Symbolically,

we will have
F(c,a,B,R,Q) =0 (2.7.1)

Specifying R and (i, ¢ would depend on the real dimension-
less wave numbers ¢ and @. Defining ¢ as in (2.4.14) if Ci

is positive, one will observe from (2.4.12) that velocity perturba-
tions u', v', w' would grow exponentially with time and the motion

would become unstable. On the other hand for negative Ci, u', v',

w' would decay exponentially-with time and the motion would be

stable. With C, equal to zero neutral stability would result.

i
From (2.7.1), for a given Q

C = f(x,B5R) (2.7.2)

Since this is a complex equation,

C, = £, (@,B,R) (2.7.3)

and

c, = £ (@8R (2.7.4)

For no growth or decay,

fin,B,R) =0 (2.7.5)
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For a specified B one could then determine neutral stability

curves. These are found by picking one of the eigenvalues, say Cr’
and solving for the other two from equations (2.7.4) and (2.7.5).

The neutral stability curve will have a minimum R, called the critical

Reynolds number Rc for which a disturbance is neutrally stable.

rit’
Reynolds numbers greater than Rcrit result in growth for that
particular disturbance and Reynolds numbers smaller than Rcrit
result in decay. Hence one can find an X . which separates

crit

a region of growth from a region of decay. Associated with Rcrit
for each g and each Q.

we also have a (C.) and an «

r’crit crit -

2.8 Closure

I1f we had considered a two-dimensional disturbance (g = 0),
the equations (2.5.14 & 2.5.15) governing the stability of the
infinitesimal disturbances (Tollmien-Schlichting waves) would reduce
to those governing the stability of flow over a flat plate for which
Q = 0. Thus we see that rotation influences the linear stability
problem by interacting with the spanwise compdnent of the three-

dimensional disturbances.



CHAPTER III

NUMERICAL SOLUTION OF THE PROBLEM

3.1 Solution for the Primary Velocity Profile

In order to solve the stability problem, presented in Chapter
2, and given by equations (2.5.1), (2.5.3), (2.5.13) or (2.5.14), it
is necessary to know the primary velocity profile which is, as shown
in Chapter 2, independent of (.

Consider the dimensional boundary layer equations, which are

el
+

u v

o
Ed]
[0 %4
< e |

2
=v 27 (3.1.1)
ay
and

(3.1.2)

%l
+
oA o
[[]

o

with boundary conditions

<
1
o

: = ; =0 at
and . (3.1.3)

el
4
(=]
[]
®
<
I}
8

Introducing a transformed stream function and coordinates as

£ = ‘: (3.1.4)
va“
and
1= y/[pR
0 (3.1.5)

with velocity components

23
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= Ay g 1

“Tar Tamay et (P @:1-9)
and

- 1

v = - g}% =3 [T, 0F' - D) (3.1.7)

X
we obtain
£ £ + 28" =0 (3.1.8)

where a prime denotes differentiation with respect to 1. The new
boundary conditions are
f=f'=0 at M =0

and (3.1.9)

f'=>1 as M=w

The numerical technique used to solve equation (3.1.8) with boundary
conditions (3.1.9) is outlined below.
We can express equation (3.1.8) as three first order differ-

ential equations as follows:

£' =2 (3.1.10)
2! =W, (3.1.11)
1
' = . =
W > W, (3.1.12)

The starting conditions are

Also some guess must be made about the value of w1 at T = 0.
With this information, and starting from the plate, the computations

are carried out in four steps and then the predictions about the
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values of the functions £, z and ‘wl are made at the next step.
The scheme used was the fourth order Runge-Kutta. It is outlined
in a reference by Weeg and Read. That value of W was accepted,
which gave U = 1.0 at the farthest distance from the plate. The
value of wl came out to be 0.332 which gave U =1.0 at y = 3.29.
This corresponds to T . 16.5. Further details about the computer
program are given in appendix C with a list of the program in
appendix C-3.

In the same program the derivatives of U which appear in the

governing equations were computed.

3.2 Approximate Solutions of the Orr-Sommerfeld Equation for Zero

Angular Rotation

The systems of equations (2.5.1), (2.5.3), (2.5.13) or (2.5.
14) are the different forms of the Orr-Sommerfeld equation. For

0 = 0, consider the set (2.5.13). The first equation yields

D'z, - [2K% + 1R (U-0)]D’2, + [K* + 10R K2 (U-c)

+ iR DZU]ZZ =0 (3.2.1)

This is the same equation that Radbill and Van Driest (1966) de-
veloped, the only difference being that they had g = 0, so that
K reduced to . At large distances from the boundary (y > §)
we can let U =1.0 and DZU = 0.0, thereby giving an equation with

constant coefficients as

Dazz - [2a2 + iuR(l-c)]Dzz2 + [a4 + ia3R(1-c)]22 =0 (3.2.2)

This equation, valid only for large 1y, permits solutions of the

ry

form e These approximate solutions then enables us to start
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our forward integration procedure as we move from the free-stream
to the wall. To find these approximate solutions substitute ety
into equation (3.2.2), and simplifying, we are left with a poly-

nomial of the fourth degree which is
r4 - [202 + iaR(l-c)]r2 + [a4 + hy3R(1-c)] =0 (3.2.3)

Letting

equation (3.2.3) reduces to a quadratic equation in S with roots
S1 and SZ' The four roots of equation (3.2.3) are then i‘/EI
and i‘/gz which would be complex. However, those roots which are
admissible in the present case are bounded at infinity. There are
only two such roots, r; = -JG;I and r, = - /EZZ

The approximate solution of (3.2.1), therefore, is the linear

combination

22 = exp(rly) +B exp(rzy) (3.2.4)

where B 1is a constant.

To solve equation (3.2.1) with variable U(y) and D2U(y)
a numerical scheme, which uses the solution (3.2.4) at large vy,
outlined in section (3.4) is used. The solution yields the eigen-

values &, R and C for specified B and Q.

3.3 Approximate Solutions of the Orr-Sommerfeld Equation for Non-

Zero Angular Rotation

For () other than zero consider the single equation given

by equation (2.5.14)
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[F7D6+FD5+FD4+FD3+FD2+F

6 s A 3 P +F ]z, =0 (3.3.1)

where Fi’ i=1to7, are given by equation (2.5.15). This is a
linear, ordinary differential equation of the sixth order with
coefficients depeﬁding on the known primary velocity U(y) and its
derivatives.

Equation (3.3.1) again admits solutions of the form e™  for
large y. Substituting this in (3.3.1) and simplifying yields the

polynomial

6 5 4 3 2
F,x° +Fr” +Fgr +F,r° +F;x° +F,r +F) =0 (3.3.2)

where U = 1.0 and all its derivatives are zero. This gives six
complex roots, three of which have negative real parts. These are

selected because they are the only roots which would be bounded at

infinity. Let those roots be represented by Iy T, and ry- Then
the approximate solution of (3.3.1) becomes
Zy) = exp(rly) + B exp(rzy) + Clexp(r3y) (3.3.3)

where B and C1 are constants.

Eigenvalues «, R and C with B and (3 specified are
again determined from the numerical solution of equation (3.3.1)
where the coefficients are functions of y. The solution (3.3.3)

is used in the numerical scheme for large y.

3.4 Numerical Integration of the Orr-Sommerfeld Equations

(a) Initialization
The numerical integration is started from the free stream and

carried out step by step until the wall is reached. The initial
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values of the independent solutions generated, which are combined

when the wall is reached, are found from the approximate solutions

of sections (3.2) and (3.3). These solutions are

¢; = exp(r;y) (3.4.1)

where i =1,2 if Q=0 and i =1,2,3 if Q # 0. The higher
order derivatives are found simply by differentiating equation

(3.4.1). A distance of y = 1.5 was used as the starting point for

the forward stepping integration scheme.

Thus, in the case of zero angular rotation, the boundary value

problem given by the Orr-Sommerfeld equation (3.2.1) and boundary

conditions

> Dp =0 at y =0
and

(3.4.2)
¢> Dp = 0 for large y

changes to an initial value problem where we integrate from the

free stream to the wall.

For Q # 0, having found ®; and all its derivatives,

Yi is computed by (2.5.13a), DYi is calculated by differentiating

(2.5.13a) and then DZYi is obtained from (2.5.13b). These

equations are given by
4 2 . 2 .
¥ =[D¢ - {2k" + iaR(U-c)}D"¢ - 2iaR Q D¢

+ {Ka + iaR KZ(U-c) + ioR D2U}¢]/(21(2R Q) (3.4.3)
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5 2 3 . 2
DY = [D7¢ - {2K" + iwR(U-c)}D ¢ - iaR(DU + 2Q)D ¢

+ {K4 + ioR K2 (U-c) + ioR DZU}D¢ +

nyR[KzDU + D3U]¢]/(2K2R Q) (3.4.4)
DZY =i QE£D3¢ - {x2 + iaR(U-c)}Dg - iBzR(DU - 0)g/a)
K
+ {Kz + iR (U-c) Y. (3.4.5)

Using the derivatives of . from (3.4.1) in (3.4.3) to (3.4.5) we
5

can initialize Yi, DYi and DZYi.

Hence, in the case of (Q # 0, the boundary value problem given
by Orr-Sommerfeld equations (2.5.1), (2.5.3), (2.5.13), or (2.5.14)
with boundary conditions as discussed in section (2.6) is transformed
to an initial value problem.

The numerical integration of the equations, started from
y = 1.5 towards the plate, utilizes a Runge-Kutta fourth-order
method. This is explained in detail in appendix C. The integration
proceeds to the wall where the independent solutions are combined to
form the eigen-functions. When the correct eigenvalues are used

the boundary conditions can all be satisfied.

(b) Growth of Eigen-functions

During the numerical integration it is observed that for
1 = 0, one of the two independent solutions grows more rapidly than
the other. In the case of rotation, two of the three solutions
grow faster than the third one. The functions with the fastest
growth are called the 'Growing solutions' and the other solutions
are called the 'Well-behaved solutions'". The growing solution

stems from the inviscid part of the Orr-Sommerfeld equation and the
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well-behaved solution results from the contribution of viscosity.
Mathematically, if ¢ and ¢, are the growing and the well

behaved solutions respectively, then

D¢ D
1%
31 ¢,

The Orr-Sommerfeld equation can be written as, for Q = 0, (from

equation (2.5.13a))
[w-0p? - K (-e) - D)y = - T @ - )5 (3.4.6)

and, for Q # 0 (from equations (2.5.13a and b)), we have

2

[{(U-c)(Dz-Kz) - (D2U-20 D)} +21i E—-nw] = éi»[(nz-xz)2]¢ o )
and _ | (3.4.7)
2 2 2
K 3
[{W-c)D + :i(DU-Zn)}q, +i(U-c) —V¥] = - :E[(D _KZD)¢ + 1 E—(DZ'KZ)Y]_.J

For flows at large Reynolds numbers, which are of interest in this
study, in equations (3.4.6) and (3.4.7), terms in the square brackets
on the left hand side represent the inviscid part and those in the
square brackets on the right hand side, the viscous effects.

At the start of the integration i.e. at y = 1.5, all the
eigen-functions are linearly independent, but as the integration
proceeds, the inviscid solutions grow faster than the well behaved
solutions and since the computations are carried out up to a certain
number of significant places on the computer, the growing solutions
start affecting the viscous solutions. The functions then do not
remain independent. To reduce this effect, all the calculations

in the present study were made in double precision. Additional



31
steps to make the functions linearly independent all the way to the
plate, are explained in the next section.
(c) Purification Scheme-Filtering the Contribution of the Growing

Solution

The problem in the numerical solution is in the numerical
integration of the governing equations. For (} = 0 equation (3.4.6)

can be written as
L +3L)g =0 3.4.8
L) + g Lo (3.4.8)
Similarly for Q # 0 equations (3.4.7) can be written as

1 =
(Lyp + LY) + 2 Lig =0 ]
and (3.4.9)

1 -
(Lgp + Ly¥) + 2(Lgp + L¥) = 0

-
where Ll""’L9 are differential operators which can be determined
by comparison with equation (3.4.6) or (3.4.7). When R 1is of the
order of 104, the equations (3.4.8) and (3.4.9) become very
singular. 1In any particular case, and in the absence of any rotation,
there will be two linearly independent solutions of equation (3.4.8)
satisfying the boundary conditions and an appropriate linear combina-
tion of these solutions. This general solution must satisfy the
remaining two boundary conditions at the plate. Similarly in the
presence of a rotation the general solution is an appropriate linear
combination of three linearly independent solutions of equation
(3.4.9) satisfying the three boundary conditions in the free stream.
Here this general solution must satisfy the remaining three boundary

conditions at the plate. It is well known that for Q = 0 one of
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the two solutions grows very rapidly as the integration proceeds
from the free stream to the plate. Similarly for } # 0 the
growth of two out of the three solutions is very rapid. It is
difficult to generate the remaining solution which would be inde-
pendent because any small round off throws in some small multiple
of the growing solution. This grows as the integration proceeds
and may later dominate and thus pollute the well behaved solution.
Reynolds and Potter (1967) did find this to be so in a solution of
Poiseuille flow where they started at the centre with inviscid
conditions and proceeded towards the walls. On reaching the walls
they observed that the well behaved solution was, to eight digits,
a multiple of the growing solution and was of the order of 1010
whereas initially it was present to the order of one part in 108.
Since the final form of the solution is of the same order as the
well behaved solution meaning thereby that a very small amount of
the growing solutions is required, the problem is to

numerically generate a well behaved solution which does not contain
any multiple of the growing solution.

In order to generate the linearly independent solutions the
scheme employed is to purify the well behaved roots of the contribu-
tion of the growing roots. Such a scheme was first used by Kaplan
(1964) and later by Lee and Reynolds (1964). 1In the main program
given in appendix C, solutions are arranged in order of their growth.
For example the solutions associated with root £y has the largest
growth.

After initializing the independent functions and calculating

4
their derivatives, the values of D ¢ and DZY are computed by
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solving simultaneously equations (3.4.7) for each root for (1 # O.
But for ( =0 D4¢ was computed from equation (3.4.6). Then
proceeding forward by the Runge-Kutta fourth order method, these
values are found at the next step. Then the effects of the growing
solutions are filtered from the behaved solution which are later
modified to repair the extractions.

The above is schematically given in the flow chart in
appendix B. The computer program that does this forms a part of the

main program listed in appendix C-3.

(d) 1Iteration Scheme for the Eigenvalues

After generating the individual independent functions they
should be suitably combined so that for the correct eigenvalues,
the boundary conditions at the plate are satisfied. If the guesses
on the eigenvaiues are off, the correct values are determined by
iteration. This is explained below for ( # O.

The combined &, D§ and ¥ at the wall are

tw1 T X(1)¢w2 + X(2)gy3 = By (3.4.10)
D¢w1 + X(l)D¢w2 + X(2)D¢w3 = D@w (3.4.11)
Y + X(I)sz + X(Z)YW3 =Y (3.4.12)

Wl W

For the right choice of eigenvalues @, R and Cr with fixed Q,

g and Ci = 0, the functions &_, D§ and Yw should be zeros, in

W W
order that the no-slip condition and continuity be satisfied. To
set up the iteration scheme set QW and Yw equal to zeros. Solve

for X(1) and X(2) from (3.4.10) and (3.4.12). Using these values

in (3.4.11) the test function T results, which is
_ [ogyl, . - (s, 1,

T

b
one step from walljr one step from wall]i
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2
giving T = /Tr +Ti ' (3.4.13)
-3 . -3
If T< 10 , the eigenvalues are assumed correct. If T > 10 7,
let T1 = T. Increase a by 1% and let T2 = T. Then increase R
by 1% and let T3 = T. Then
T, - T
of . 2 1 3.4.14
30 v ( )
and
T, - T
af .31 3.4.15
3R AR (3.4.13)
O&x and AR are calculated from the complex equation
L py + 3L ;R + 1. = 0. 3.4.16
aonr aRL\.R 1 ( )
The new values of o and R are
% hew - %51d + W
and (3.4.17)
Rnew - Rold + AR
-
with these values of o and R, a new T is computed. If T < Tl’

then this forms a converging sequence, and the values of «a and R

would hopefully converge towards the true values.

If the initial

guess is close, the true values would be reached in about three

iterations.

if the first guess is bad, T

may fail to converge.

Sometimes this might oscillate and then converge.

But

This would be

observed by a very slow convergence of T with comparatively large

changesin the values of «

For

or

1 = 0, combined §

R.

and

D¢ at the wall are



35

¢w1 + x(l) . ¢w2 = Qw (3.4.18)

and

D¢w1 + X(1) . D¢w2 = D@w (3.4.19)

To satisfy one boundary condition at the plate, set & 6 = 0, solve

W
for X(1) from equation (3.4.18) and using this in (3.4.19) gives
the test T. The iteration procedure is the same as discussed for

the Q # 0 case.

(e) Criterion for Guessing the Eigenvalues

To start the solution, the eigenvalues are first found for
the Q =0 case. As first guesses, some values of Radbill and
Van Driest (1966) were used. Once some eigenvalues are determined,
other guesées are obtained by extrapolation. This is done until a
complete neutral-stability curve results. Actually, we are only
interested in the critical eigenvalues so when these are found for
i =0, B 1is assumed equal to 0.2, then taking Q = 0.01 and
-0.01 and taking some of the guesses equal to the zeroed in values
corresponding to {1 = 0, new values are obtained. Then by careful
guessing the complete stability curves for these values of (1 are

completed. Similarly for the other values of (), the true values

of «, R, and Cr are found. For g = 0.1, 0.3, 0.4, etc., values

are guessed from the corresponding B = 0.2 and so on. With these,

the various curves are completed.



CHAPTER IV

CONCLUSIONS AND SUGGESTIONS FOR FURTHER RESEARCH

4.1 The Primary Velocity Profile

In order to solve the equations governing the growth of the
infinitesimal disturbances, it was necessary to have the values of
the primary velocity U and its derivatives at all the steps of
integration. For this the third order differential equation (3.1.8)
was solved. The results for U, U' and U" are given in table 1.
The third and fourth derivatives were also computed at the first
few points. The values of U checked very closely with those of

Howarth (1938).

4.2 Eigenvalues for the Case of Neutral Stability for Zero

Angular Rotation

The numerical technique used here is the same as with angular
rotation. Zero rotation is studied to allow a check on the accuracy
of the present technique and to provide information necessary for
iterations for other neutral stability curves. The eigenvalues are
given in table 4 and plotted in figure 3. In the same figure mean
curves due to Schlichting (1935), Lin (1945) and Kaplan (1964) are
also shown. There is good agreement in the lower limit of the neutral
stability curves except that Schlichting's cufve is a little lower

and Kaplan's a little higher than the present calculations show.

36
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For the upper branch the present curve falls midway between
Schlichting's and Lin's curves and slightly below Kaplan's. The
difference with Kaplan's curve may be due to not taking U = 1.0
and Dzﬁ = 0 at the start of integration but using the actual
values computed from the primary velocity profile described in
section 4.1, and also starting at a larger distance from the plate
than Kaplan did. Another difference was a larger step size used
in the present case. The present calculations were also checked
by superimposing the curves of Shen (1954), Kurtz (1962), and the
data points of Radbill and Van Driest (1966) (see figure 3). The
experimental points due to Schubauer and Skramstad (1947) are also
plotted in figure 3. 1In this connection one should remember the
different characteristic length used by each author to non-dimen-
sionlize various quantities. Table 2 gives the relation between
the eigenvalues used by different authors.

The critical eigenvalues for zero rotation as computed by
different authors by various techniques are given in table 3 for
immediate comparison.

In order to compare the eigen-functions ¢ = ¢, + i ¢i and

¢
0.33156 for the Lower Branch) as taken by Radbill and Van Driest

the same values of Cr (0.33052 for the Upper Branch and

(1966) corresponding to the experimental data of Schubauer and
Skramstad (1947) were taken to compute the values of &« and R.
Curves of @ and @' with the corresponding curves of Radbill
and Van Driest are shown in figures 4 and 5 for comparison.

At this point, for 0 and C, = 0.0, Squire's theorem

(1933) was verified; it requires that:
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©R)rvo Dim. - @ hree pim.

2 _ 2 2
(@ )Two Dim. @ *+8 )Three Dim.
(Cr)Two Dim. B (Cr)Three Dim.

The verification of this theorem provided a partial check on the

numerical calculations.

4.3 Effect of the Angular Rotation (3 and Wave Number 8

The numerical scheme used was employed to investigate the
effect on the neutral stability curve of angular rotation (3 and
disturbance angle @. Eigenvalues for various (} and B are
given in tables 4 through 17. Neutral stability curves are shown
in figures 6, 9, 11 for o verses R and in figures 7, 10, and
12 for Cr verses R. Critical eigenvalues of the neutral

stability curves, R () and ¢«

. . are plotted against
crit’ r’crit i P g

crit
3 for constant B in figure 8. The results show (see figure 8)
that increasing (3 has a destabilizing effect on the boundary

layer and as ()} decreases it stabilizes the boundary layer. The
same result was found by Conard (1962) in a study of the effect of
rotation on Gortler waves. The results also agree with the exper-
imental data presented by Halleen and Johnston (1967). Although
they did not specifically state it, it is clear from their mean
velocity profiles for small and large Reynolds numbers that positive

QQ destabilizes whereas negative (3 stabilizes the flow.

It is also observed that (C.)

. increases gradually with
r’crit g y

the increase in (] at first and later decreases and i

initially decreases and then increases. These effects are less

pronounced for B = 0.1, and much larger for B8 = 0.3; so it
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appears that increasing B increases these changes although it may
be that there is a critical g for which the smallest critical
Reynolds number occurs.

The various spanwise wave numbers chosen were g = 0.0, 0.1,
0.2 and 0.3 for Q = -0.10, g = 0.1, 0.2, 0.3, 0.4, 0.5 and 0.6
for Q =0.10 and B =0.2 for Q = 0.50. It can be observed
from o verses R and Cr verses R curves (see figures 16 and
17) that for negative (3 increasing B stabilizes the boundary
layer, and from Cr verses R curve (see figure 17) one can also
notice that as B increases, C, decreases. For positive (Q the
increase in B destabilizes the boundary layer (see figures 18 and
19). From the corresponding Cr verses R curve (see figure 19)
increasing B increases C.- Figure 20 shows the effect of span-
wise wave number B on the critical Reynolds number for angular
rotation Q = 0.10 and -0.10. The eigen-functions near the critical
point on the lower branch of the neutral stability curve for
1 =-0.10 and B = 0.2 are shown in figures 13, 14, and 15, and

are also presented in table 18.

4.4 Summary of Conclusions

The results obtained in this study can be summarized as
follows:
1. 1In the presence of angular rotation (3, spanwise wave number
f must be non zero, if the effect of ( 1is to be observed.
2. For a constant B, increasing (1 is destabilizing, whereas
decreasing (3 has a stabilizing influence on the boundary
layer. 1In particular, for g = 0.2, with O = -0.1

R . =1897.91, for Q=0 R . = 1506.87 for
crit crit
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Q=0.1 R . =1347.76 and with Q =0.5 R ., = 1166.69.
crit crit
3. For a constant (), increasing P has a destabilizing effect for

positive values of (1 and stabilizing effect for negative values

of Q.

4.5 Recommendations for Further Research

The present study was conducted to investigate the influence
of rotation on the stability of an incompressible fluid undergoing
the parallel shear flow, the laminar boundary layer. The angular
rotation rate () was varied between -0.1 to 0.5 for different
values of spanwise wave number f. It is proposed that future
research in this area can be extended along the following lines:

1. To continue the present work to include a greater range of Q
say from -1 to 5 for B varying from O to 1.

2. To extend the present work for Ci # 0 in order to study the
growth and the decay of the three-dimensional disturbances.

3. To restudy the present work and also as suggested in paragraphs
1 and 2 above for a compressible fluid.

4. To conduct research as done in this study and suggested in
paragraphs 1 and 2 above for a non-Newtonian fluid.

5. To take into account the temperature variations and thus to
study the flow stability when there is a temperature boundary
layer superimposed on a velocity boundary layer.

6. To verify the results obtained in the present analytical work

by the use of experiments on a flat plate.



BIBLIOGRAPHY



BIBLIOGRAPHY

Collatz, L., "Numerische Behandlung von Differentialgleichungen".
Springer-Verlag, Berlin (1951).

Conrad, P.W., "The Effects of Rotation on the Stability of Laminar
Boundary Layers on Curved Walls". Report FLD9, Mechanical
Engineering Department, Princeton University, (1962).

Dryden, H.L., "Air Flow in the Boundary Layer Near a Plate'. NACA
Tech. Rep. 562 (1936).

Dryden, H.L., "Some Recent Contributions to the Study of Transition
and Turbulent Boundary Layers'. NACA TN 1168 (1947). Also,
"Recent Advances in the Mechanics of Boundary Layer Flow".
Adv. 'Appl. Mech. I, Academic Press, (1948).

Emmons, H.W., "The Laminar-Turbulent Transition in a Boundary Layer".
Part I, Journal of Aeronautical Sciences, 18 (1951).

Gill, S., "A Process for the Step-by-Step Integration of Differential

Equations in an Automatic Digital Computing Machine'. Proc.
Camb. Phil. Soc., 47 (1951).

Halleen, R.M. and Johnston, J.P., "The Influence of Rotation on
Flow in a Long Rectangular Channel - An Experimental Study".

Report MD-18, Thermosciences Division, Department of Mechanical
Engineering, Stanford University, Stanford, California, (1967).
Heisenberg, W., "Uber Stabilitdte und Turbulenz von FliissigkeitsstrSmen".

Ann. d. Phys., Lpz., (4), 74, (1924).

Hilderbrand, F.B., "Introduction to Numerical Analysis'. McGraw-Hill
Book Co., Inc., New York (1956).

Howarth, L., "On the Solution of the Laminar Boundary Layer Equations'.
Proc. Roy. Soc., London, A 164, (1938).

Kaplan, R.E., "Solution of Orr-Sommerfeld Equation for Laminar
Boundary Layer Flow over Compliant Boundaries'. ASRL-TR-116-1,
Cambridge Aeroelastic and Structures Research Lab. Report,
M.I.T., (1964).

Kelvin, Lord, Philosophical Magazine. 5th Series, t. xxiv (1887).

Kurtz, E.F., Jr. and Crandall, S.H., "Computer-Aided Analysis of
Hydrodynamic Stability". J. of Math. and Physics, XLI, (1962).

41




42

Lee, L.H. and Reynolds, W.C., "A Variational Method for Investigating
the Stability of Parallel Flows'". Tech. Rept. No. FM-1, Mech.
Engineering Dept., Stanford University, Stanford, Calif., (1964).

Lee, L.H. and Reynolds, W.C., "On the Approximate and Numerical
Solution of Orr-Sommerfeld Problems'.

Lin, C.C., "On the Stability of Two-Dimensional Parallel Flows".
Parts I, II, III. Quart. Appl. Math. 3, (1945, 1946).

Lin, C.C., "The Theory of Hydrodynamic Stability'". Cambridge
University Press, London (1966).

Milne, W.E., "Numerical Solution of Differential Equations'". John
Wiley & Sons, Inc., New York (1953).

Morkovin, M.V., "Transition from Laminar to Turbulent Shear Flow -
A Review of Some Recent Advances in its Understanding'. Trans.
ASME, (1958).

Nachtsheim, P.R., "An Initial Value Method for the Numerical Treat-
ment of the Orr-Sommerfeld Equation for the Case of Plane
Poiseuille Flow'". NASA TN D-2414, (1964).

Nikuradse, J., "Experimentelle Untersuchungen zur Turbulenzentstehung'.
ZAMM, 13 (1933).

Orr, W.M'F., "The Stability or Instability of the Steady Motions
of a Perfect Liquid and of a Viscous Liquid". Proc. Roy. Irish
Academy, (A) 27 (1907-09).

Pekeris, C.L., '""Stability of the Laminar Parabolic Flow of a Viscous
Fluid between Parallel Fixed Walls'. Physical Review (2), 74,
(1948).

Potter, M.C., "The Stability of Plane Couette-Poiseuille Flow".
Doctoral Dissertation, University of Michigan (1965). Later
published in J. Fluid Mech. (3), 24 (1966).

Potter, M.C., '"Linear Stability of Symmetrical Parabolic Flows'.
The Phy. of Fluids (3), 10 (1967).

Prandtl, L.P., "Uber den Luftwiderstand von Kugeln'. Gottinger
Nachrichter (1914). \

Prandtl, L.P., "Bemerkungen Uber die Entstehung der Turbulenz'.
ZAMM, 1 (1921), and Phys. 2., 23 (1922).

Radbill, J.R. and Van Driest, E.R., "A New Method for Prediction of
Stability of Laminar Boundary Layers'". North American Aviation,
Inc., Anaheim, California (1966).

Rayleigh, Lord, "On the Stability or Instability of Certain Fluid
Motions". Proc. lond. Math. Soc., 11, 57 (1880) and 19, 67
(1887).




43

Rayleigh, Lord, "Further Remarks on the Stability of Viscous Fluid
Motion". Phil. Mag. and Journal of Science, 6 Series, 28 (1914).

Reynolds, 0., "An Experimental Investigation of the Circumstances
which determine whether the Motion of Water shall be Direct or
Sinuous, and of the Law of Resistance in Parallel Channels".
Phil. Trans. Roy. Soc. (1883).

Reynolds, 0., "On the Dynamical Theory of Incompressible Viscous
Fluids, and the Determination of the Criterion'". Phil. Tranms.
Roy. Soc., 186 (1895)A.

Reynolds, W.C. and Potter, M.C., "Finite-amplitude Instability of
Parallel Shear Flows'". J. Fluid Mech. (3), 27 (1967).

Schlichting, H., "Zur Entstehung der Turbulenz bei der Platten-
stromung'. Nachr. Ges. Wiss. Gott.,Math. Phys. Klasse, (1933).
Also, ZAMM, 13 (1933).

Schlichting, H., "Amplitudenverteilung und Energiebilanz der Kleiner
Storungen bei der Plattenstromung'. Nachr. Ges. Wiss. Gottingen,
Math. Phys. KlasseBd I (1935).

Schlichting, H., "Boundary Layer Theory'". McGraw-Hill Book Co., Inc.,
New York (1962).

Schubauer, G.B. and Skramstad, H.K., "Laminar Boundary Layer
Oscillations and Transition on a Flat Plate'". National Bureau
of Standards Research Paper 1772. Also, '"Laminar Boundary
Layer Oscillations and Stability of Laminar Flow'". J. Aero.
Sci., 14 (1947).

Shen, S.F., "Calculated Amplified Oscillations in the Plane Poiseuille
and Blasius Flows'". J. Aero. Sci., 21 (1954).

Sommerfeld, A., "Ein Beitrag Zur Hydrodynamischen Erklaerung Der
Turbulenten Fluessigkeitsbewegungen'. Atti del Congr. Internat.
dei Mat., Rome (1908).

Squire, H.B., "On the Stability for Three-Dimensional Disturbance
of Viscous Fluid Flow between Parallel Walls'". Proc. Roy. Soc.
London, A 142, (1933).

Streeter, V.L., "Handbook of Fluid Dynamics'". McGraw-Hill Book Co.,
Inc., New York (1961).

Synge, J.L., '"Hydrodynamic Stability'". Semi-centennial publications
of the Amer. Math. Soc. 2 (Addresses) (1938).

Thomas, L.H., "The Stability of Plane Poiseuille Flow'". Physical
Review (4), 91 (1953).

Tietjeus, 0., "Beitrdge zur Entstehung der Turbulenz'". ZAMM, 5
(1925).



44

Tollmien, W., "The Production of Turbulence'". NACA Tech. Memo.
609 (1931), originally published in Nachr. Ges. Wiss. Gott.,
Math. Phys. Klasse (1929).

Tollmien, W., "General Instability Criterion of Laminar Velocity
Distributions'". NACA Tech. Memo. 792 (1936), originally
published in German in (1935).

Weeg, G.P. and Reed, G.B., "Introduction to Numerical Analysis".
Computer Laboratory, Michigan State University, East Lansing,
Michigan.

Zurmihl, V.R., "Runge-Kutta-Verfahren Zur Numerischen Integration
von Differentialgleichungen n-ter Ordnung'. Z. Fir A. Math.
und Mech., 28 (1948).




ILLUSTRATIONS

(Tables and Figures)



45

Table 1. Values for the Primary Velocity Profile
y U Ul Ull
1.500 0.999981858 0.000276314 - -0.003992197
1.490 0.999978886 0.000319064 -0.004569974
1.480 0.999975456 0.000367969 -0.005224437
1.470 0.999971503 0.000423839 -0.005964703
1.460 0.999966953 0.000487582 -0.006800817
1.450 0.999961722 0.000560211 -0.007743826
1.440 0.999955716 0.000642854 -0.008805861
1.430 0.999948828 0.000736768 -0.010000208
1.420 0.999940938 0.000843347 -0.011341399
1.410 0.999931913 0.000964138 -0.012845291
1.400 0.999921602 0.001100852 -0.014529150
1.390 0.999909837 0.001255382 -0.016411745
1.380 0.999896429 0.001429816 -0.018513429
1.370 0.999881167 0.001626453 -0.020856227
1.360 0.999863817 0.001847822 -0.023463924
1.350 0.999844119 0.002096699 -0.026362145
1.340 0.999821781 0.002376124 -0.029578440
1.330 0.999796483 0.002689425 -0.033142352
1.320 0.999767868 0.003040234 -0.037085497
1.310 0.999735541 0.003432510 -0.041441616
1.300 0.999699065 0.003870560 -0.046246638
1.290 0.999657961 0.004359064 -0.051538719
1.280 0.999611699 0.004903091 -0.057358276
1.270 0.999559697 0.005508128 -0.063748003
1.260 0.999501314 0.006180099 -0.070752875
1.250 0.999435850 0.006925391 -0.078420134
1.240 0.999362539 0.007750872 -0.086799250
1.230 0.999280541 0.008663918 -0.095941871
1.220 0.999188943 0.009672431 -0.105901736
1.210 0.999086747 0.010784860 -0.116734578
1.200 0.998972869 0.012010221 -0.128497983
1.190 0.998846134 0.013358116 -0.141251231
1.180 0.998705265 0.014838744 -0.155055105
1.170 0.998548881 0.016462923 -0.169971660
1.160 0.998375490 0.018242093 -0.186063966
1.150 0.998183483 0.020188331 -0.203395809
1.140 0.997971125 0.022314351 -0.222031361
1.130 0.997736552 0.024633514 -0.242034810
1.120 0.997477764 0.027159816 -0.263469950
1.110 0.997192617 0.029907891 -0.286399741
1.100 0.996878817 0.03289299 -0.310885823
1.090 0.996533915 0.036130990 -0.336988001
1.080 0.996155300 0.039638328 -0.364763695
1.070 0.995740194 0.043432019 -0.394267350
l.060 0.995285647 0.047529600 -0.425549825
1.05Q 0.994788530 0.051949096 -0.458657749
1.040 0.994245531 0.056708975 -0.493632858
1.o30 0.993653153 0.061828094 -0.530511310
l.o20o 0.993007708 0.067325641 -0.569322986
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1.010
1.000
0.990
0.980
0.970
0.960
0.950
0.940
0.930
0.920
0.910
0.900
0.890
0.880
0.870
0.860
0.850
0.840
0.830
0.820
0.810
0.800
0.790
0.780
0.770
0.760
0.750
0.740
0.730
0.720
0.710
0.700
0.690
0.680
0.670
0.660
0.650
0.640
0.630
0.620
0.610
0.600
0.590
0.580
0.570
0.560
0.550
0.540
0.530
0.520
0.510
0.500
0.499
0.489

0.992305315
0.991541896
0.990713177
0.989814687
0.988841757
0.987789522
0.986652920
0.985426703
0.984105434
0.982683496
0.981155099
0.979514287
0.977754948
0.975870828
0.973855537
0.971702569
0.969405312
0.966957070
0.964351072
0.961580501
0.958638505
0.955518226
0.952212815
0.948715460
0.945019409
0.941117993
0.937004652
0.932672961
0.928116657
0.923329662
0.918306113
0.913040382
0.907527108
0.901761218
0.895737951
0.889452883
0.882901946
0.876081452
0.868988112
0.861619050
0.853971826
0.846044441
0.837835359
0.829343509
0.820568300
0.811509621
0.802167847
0.792543842
0.782638956
0.772455019
0.761994342
0.751259702
0.740254338
0.728981933
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0.073221069
0.079534023
0.086284257
0.093491549
0.101175605
0.109355960
0.118051871
0.127282199
0.137065298
0.147418886
0.158359921
0.169904465
0.182067558
0.194863078
0.208303604
0.222400287
0.237162709
0.252598758
0.268714496
0.285514042
0.302999454
0.321170622
0.340025172
0.359558374
0.379763069
0.400629604
0.422145782
0.444296826
0.467065360
0.490431405
0.514372392
0.53886319
0.563876171
0.589381239
0.615345950
0.641735598
0.668513329
0.695640285
0.723075744
0.750777292

'0.778700998

0.806801603
0.835032725
0.863347068
0.891696638
0.920032974
0.948307371
0.976471116
1.004475717
1.032273138
1.059816023
1.087057925
1.113953517
1.140458807

-0.610090784
-0.652829911

-0.697547175

-0.744240295

-0.792897225

-0.843495509
-0.896001667

-0.950370632
-1.006545236
-1.064455757

-1.124019544
-1.185140713
-1.2477099%1
-1.311604349
-1.376687490
-1.442809454
-1.509807079
-1.577504291
-1.645712566
-1.714231518
-1.782849617

-1.851345033
-1.919486606
-1.987034940
-2.053743608
-2.119360475
-2.183629115
-2.246290326
-2.307083713
-2.365749353
-2.422029503
-2.475670342
-2.526423741
-2.574049033
-2.618314766
-2.659000430
-2.695898125
-2.728814168
-2.757570612
-2.782006660
-2.801979968
-2.817367808
-2.828068090
-2.834000231
-2.835105845
-2.831349279
-2.822717949
-2.809222509
-2.790896827
-2.767797785

-+ =2.740004892

-2.707619727
-2.670765217
-2.629584752



Cont'd.

0.470
0.460
0.450
0.440
0.430
0.420
0.410
0.400
0.390
0.380
0.370
0.360
0.350
0.340
0.330
0.320
0.310
0.300
0.290
0.280
0.270
0.260
0.250
0.240
0.230
0.220
0.210
0.200
0.190
0.180
0.170
0.160
0.150
0.140
0.130
0.120
0.110
0.100
0.090
0.080
0.070
0.060
0.050
0.040
0.030
0.020
0.010
0.000

0.717446605
0.705652885
0.693605706
0.681310375
0.668772561
0.655998261
0.642993787
0.629765735
0.616320958
0.602666544
0.588809782
0.574758143
0.560519242
0.546100817
0.531510700
0.516756784
0.501847001
0.48678929%
0.471591587
0.456261764
0.440807 640
0.425236938
0.409557269
0.393776104
0.377900760
0.361938374
0.345895888
0.329780031
0.313597303
0.297353958
0.281055995
0.264709139
0.248318835
0.231890236
0.215428194
0.198937252
0.182421637
0.165885254
0.149331679
0.132764161
0.116185609
0.099598598
0.083005362
0.066407792
0.049807438
0.033205504

'0.016602852

0.000000000
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1.166531332
1.192130354
1.217217027
1.241754569
1.265708403
1.289046298
1.311738478
1.333757731
1.35507 9488
1.3756818%
1.395545859
1.414655088
1.432996106
1.450558254
1.467333679
1.483317309
1.498506804
1.512902513
1.526507397
1.539326960
1.551369161
1.562644319
1.573165009
1.582945956
1.592003921
1.600357584
1.608027420
1.615035584
1.621405780
1.627163145
1.632334124
1.636946351
1.641028533
1.644610339
1.647722285
1.650395638
1.652662311
1.654554774
1.656105968
1.657349221
1.658318180
1.659046742
1.659568999
1.659919185
1.660131633
1.660240739
1.660280938
1.660286681

-2.584241153
-2.534915513
-2.481805906
-2.425126001
-2.365103575
-2.301978964
-2.236003444
-2.167437585
-2.096549572
-2.023613526
-1.948907829
-1.872713480
-1.795312487
-1.716986311
-1.638014382
-1.558672681
-1.479232417
-1.399958797
-1.321109894
-1.242935624
-1.165676837
-1.089564518
-1.014819103
-0.941649912
-0.870254700
-0.800819314
-0.733517461
-0.668510583
-0.605947835
-0.545966151
-0.488690409
-0.434233671
-0.382697510
-0.334172393
-0.288738149
-0.246464470
-0.207411485
-0.171630363
-0.139163964
-0.110047512
-0.084309313
-0.061971471
-0.043050646
-0.027558809
-0.015504013
-0.006891171
-0.001722839

0.000000000




Table 2. Definition of Eigenvalues used by Different Authors
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Author Characteristic Length Eigenvalues équal to those
used in the present study
o R C
r
*
Present § =36 o R C
Calculations r
* 3 3
Kaplan ) 3;5 ) 33 % 35 R (€
_ 6 3 3
Lin = 028673 3.2876 %1 3.4876 R (6
Radbill and *
Van Driest $ 3 ar 3 Rr (Cr)r
*
Schlichting 6 3« 3R (c)
s s r’s
Schubauer and *
Skramstad 6 3 %ss 3 Rss (Cr)ss

Here & = Boundary Layer Thickness

*
& = Displacement Thickness

The subscripts

value.

Table 3. Comparison of Critical Eigenvalues for Zero Rotation

k,L, r, 8, ss

refer to the corresponding author's

Author Critical Eigenvalue equivalent to the one derived
in present study for neutral stability for 4 = 0.0

R o Cr

Present study 1506.87 0.87553 0.396

Kaplan 1546.28 0.94285 0.40

Lin 1264.48 1.11549 0.411

nadbilland  1548.75 0.89307 0.395

Schlichting 1725 0.834 0.42

Tollmien 1260 1.101 0.425
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Table 4. Eigenvalues for the Orr-Sommerfeld Equation
for the Case of Neutral Stability (Ci = 0.0)
Q =0.00, g =0.00

Cr R a Remarks
0.31000 8822.88 0.83457 Upper Branch
0.33000 6099. 27 0.90570 '
* 0.33052 6042.47 0.90743
0.35000 4269.23 0.96918
0.37000 3004.11 1.01801
0.39000 2082.86 1.03359
0.39500 1876.92 1.02365
0.39800 1745.12 1.00871
0.39900 1694.89 0.99753
0.40000 1632.00 0.98411
0.39900 1516.99 0.91674
0.39600 1506.87 0.87553 Critical Point
0.39300 1517. 60 0.84520
0.39000 1537. 65 0.81961
0.38000 1636.50 0.74971
0.36000 1936.01 0. 64408
0.34000 2368.45 0.56093
* 0.33156 2599.29 0.53015
0.33000 2645.57 0.52468
0.32000 2973.92 0.49131
0.30000 3826.21 0.43135 !
0.27000 5848.15 0.35514 Lower Branch

*
These Cr values correspond to the data of Schubauer and Skramstad

and also discussed by Radbill and Van Driest.
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Table 5. Eigenvalues for the Orr-Sommerfeld Equation
for the Case of Neutral Stability (Ci = 0.0)
Q=-0.01, g =0.20

Cr R o Remarks
0.380 2547 .46 1.00998 Upper Branch
0.395 1894.79 0.99681

0.399 1602.89 0.91967

0.397 1573.87 0.87877

0.395 1573.80 0.85301 Critical Point
0.392 1588.38 0.82187

0.390 1603.66 0.80397

0.380 1714.79 0.73055

0.360 2056.52 0.62051

0.340 2561.35 0.53372

0.320 3290.80 0.46055

0.300 4360.18 0.39721 Lower %ranch

Table 6. Eigenvalues for the Orr-Sommerfeld Equation
for the Case of Neutral Stability (Ci = 0.0)
 =-0.10, g = 0.00

Cr R o Remarks
0.360 3584.44 0.99753 Upper Branch
0.380 2517.68 1.03414 |

0.385 2297.35 1.03720

0.399 1509.12 0.91266

0.396 1502.38 0.87287 Critical Point
0.39% 1509.57 0.85276

0.390 1534.40 0.81763

0.385 1579.23 0.78084

0.382 | 1611.08 0.76093

0.380 1634.22 0.74843

0.360 1933.97 0.64310

0.340 2366.12 0.56011 Lower Branch
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Table 7. Eigenvalues for the Orr-Sommerfeld Equation

for the Case of Neutral Stability (Ci = 0.0)
Q=-0.10, g =0.10

Cr R o Remarks

0.360 3546.84 0.98813 Upper Branch

0.380 2487.38 1.02115

0.385 2265.57 1.02229

0.397 1605.28 0.92642

0.396 1589.35 0.90659

0.395 1583.74 0.89174 Critical Point

0.393 1584.21 0.86767

0.390 1598.88 0.83834

0.385 1640.87 0.79870

0.382 1673.20 0.77765

0.380 1696.52 0.76465

0.370 1837.18 0.70702

0.360 2012. 64 0.65812

0.340 2475.87 0.57647 Lower Branch

Table 8. Eigenvalues for the Orr-Sommerfeld Equation

for the Case of Neutral Stability (Ci = 0.0)
Q =-0.10, 8 =0.20

Cr R @ Remarks

0.360 3414.36 0.95491 Upper Pranch

0.380 2355.89 0.96814

0.385 2091.83 0.94831

0.386 1917.42 0.89783

0.384 1897.91 0.86574 Critical Point

0.383 1899.82 0.85411

0.380 1921.51 0.82578

0.375 1983.35 0.78857

0.360 2263.17 0.70519

0.340 2814. 62 0.62342 Lower 'Branch
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Table 9. Eigenvalues for the Orr-Sommerfeld Equation
for the Case of Neutral Stability (Ci = 0.0)
Q = '0‘10, B = 0.3

Cr R o Remarks
0.340 4321.70 0.83378 Upper Branch
0.350 3585.03 0.84277 !

0.353 3352.32 0.83768

0.354 3258.25 0.83201

0.354 3136.17 0.80835

0.353 3132.25 0.79574 Critical Point
0.350 3189.73 0.77222

0.340 3529.45 0.72037 Lower{Branch

Table 10. Eigenvalues for the Orr-Sommerfeld Equation
for the Case of Neutral Stability (Ci = 0.0)
Q =0.01, g =0.20

Cr R o Remarks
0.380 2575.67 1.01568 Upper Branch
0.395 1931.37 1.01037

0.400 1528.68 0.89431

0.397 1522.26 0.8519% Critical Point
0.395 1529.97 0.83026

0.392 1549.64 0.80212

0.39% 1566.49 0.78532

0.380 1678.9 0.71390

0.360 2012.36 0.60334

0.340 2501.23 0.51361

0.320 3208.42 0.43576 Lower Branch
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Table 11. Eigenvalues for the Orr-Sommerfeld Equation

for the Case of Neutral Stability (Ci = 0.0)
QQ=0.10, g =0.10

Cr R o Remarks

0.360 3637.51 0.99358 Upper Branch

0.380 2550.08 1.03241

0.395 1915.97 1.02993

0.400 1470.11 0.89652

0.398 1467.13 0.87058 Critical Point

0.390 1509.61 0.79669

0.385 1555.36 0.76031

0.380 1610.19 0.72806

0.360 1904.46 0.62120

0.340 2325.14 0.53542 Lower Branch

Table 12. Eigenvalues for the Orr-Sommerfeld Equation

for the Case of Neutral Stability (C; = 0.0)
Q= 0.10, g =0.20

Cr R o Remarks

0.360 3815.29 0.98934 Upper Branch

0.380 2669.23 1.03518

0.395 2027.86 1.04605

0.408 1514.59 0.99625

0.406 1349.66 0.87664

0.405 1347.76 0.86270 Critical Point

0.400 1359.86 0.80694

0.398 1370.38 0.78813

0.390 1429.58 0.72321

0.380 1529.96 0.65490 -

0.360 1799.36 0.53817

0.340 2157 .41 0.43102

0.320 2552.18 0.30861

0.310 2610.45 0.24343 Lower Branch
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Table 13. Eigenvalues for the Orr-Sommerfeld Equation

for the Case of Neutral Stability (Ci = 0.0)
Q =0.10, 8 =0.30

Cr R o Remarks

0.360 4130.97 0.97924 Upper‘Branch

0.380 2863.98 1.03502

0.395 2185.14 1.05851

0.415 1174.49 0.82865

0.413 1172.76 0.79993 ' Critical Point

0.410 1176.75 0.76225

0.400 1215.53 0.65587

0.398 1225.59 0.63611

0.390 1267.62 0.55607

0.380 1278.87 0.41023 Lower Branch

Table 14. Eigenvalues for the Orr-Sommerfeld Equation

for the Case of Neutral Stability (Ci = 0.0)
Q=0.10, g = 0.4

C. R o Remarks

0.360 4651.27 0.959%4 Upper‘Pranch

0.380 3147.21 1.02830

0.395 2388.88 1.06347

0.405 1992.76 1.07599

0.410 1818.64 1.07766

0.420 1505.08 1.06666

0.430 1204.89 1.01011

0.432 998.49 0.84961

0.430 970.33 0.78864

0.428 953.66 0.73934

0.427 946.79 0.71588

0.425 932.32 0.66718

0.423 911.27 0.60709

0.4225 900.88 0.58400

0.422 877.11 0.54589




55

Table 15. Eigenvalues for the Orr-Sommerfeld Equation

for the Case of Neutral Stability (Ci = 0.0)
Q=0.10, g = 0.5

Cr R o Remarks

0.430 1397.06 1.08694 Upper Branch

0.440 1145.52 1.04910 \

0.445 1019.47 1.00449

0.450 840.74 0.86321

0.453 680.46 0.62868

0.455 649.15 0.58823

0.457 625.03 0.55958

0.460 595.32 0.52685

0.462 578.07 0.50902

0.463 569.99 0.50091

0.465 554.66 0.48590

0.470 519.77 0.45346

0.475 487.52 0.42516

Table 16. Eigenvalues for the Orr-Sommerfeld Equation

for the Case of Neutral Stability (Ci = 0.0)
Q =0.10, p = 0.6

C. R o Remarks

0.440 1304.46 1.10778 Upper Branch

0.450 1083.42 1.08000

0.460 882.96 1.01217

0.470 680.09 0.84493

0.473 626.43 0.77933

0.475 597.04 0.74155

0.477 572.17 0.70953

0.480 541.15 0.67013

0.483 515.33 0.63799

0.485 500.19 0.61955

0.490 467 .40 0.58049

0.495 439.59 0.54843

0.497 429.45 0.53700

0.500 415.06 0.52093

0.510 371.87 0.4739
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Table 17. Eigenvalues for the Orr-Sommerfeld Equation

for the Case of Neutral Stability (Ci = 0.0)
Q= 0.50, g =0.20

Cr R o Remarks

0.360 3789.20 1.03303 Upper Branch

0.380 2640.32 1.08096 !

0.400 1819.80 1.09706

0.410 1184.75 0.94655

0.400 1166.69 0.85660 Critical Point

0.395 1177.47 0.82488

0.390 1193.60 0.79741

0.380 1236.30 0.75090

0.370 1289.69 0.71261

0.360 1351.71 0.68037 Lower‘Branch
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APPENDIX A

NUMERICAL TECHNIQUES

A-1 Numerical Technique to Solve for the Primary Velocity Profile

This numerical scheme solves the equation (3.1.8). It is a
fourth order Runge-Kutta method as presented by Weeg and Reed. The
accuracy of this scheme was checked by comparing the values of the
primary velocity U with those given in Schlichting (1962). The
agreement between the two is very good. The technique used 1is
given in appendix C-3 and explained below:

The third order differential equation (3.1.8) is written as
three first order differential equations

F' =2
n n

Z; =W (A-1-1)

n

1
' = o=
wn 2 ann

-

with the initial (boundary) conditions at the plate being

F =0.0
n
z =0.0 (A-1-2)

W =0.3
n

The value of Wn was guessed and was later found by iteration to

be 0.332. The functions F, Z, and W at one step away from the

plate are

79
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1
Fn-l Fn + 6(81 + 2 a, + 2 a, + aa)
1
Zn_1 Zn + 6(b1 + 2 b2 + 2 b3 + ba)
1
wn-l Wn + 6(c1 + 2 c, + 2 cq + c4)
where a, bi’ and c; for i =1 to 4 are computed as follows:
a = h zn
b1 =h Wn (A-1-3)
hzw
c, = - n
1 2
a1 =
a, = h(Zn + 2—)
b
b, =hMW_+3%) (A-1-4)
a c
=.h -1 L
€2 2% * W ) _
a
a, =h(Zz + —2) )
3 n 2
b2
= — -1-
by =h@W_ + 39 (A-1-5)
a c
. 2 2
€3 -2(zn+2)(wn+2)
and -
43
a, = h(Zn +2—)
b3
b4 = h(wn + 2—) (A-1-6)
a c
=.h 3 3
& =" 2@, W )
J
where h 1is the step size.

Using this technique the

solution is generated to free stream.

That value of Wn is adopted which gives U = 1.0 at the farthest

distance from the plate.
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A-2 Numerical Technique to solve the Governing Stability Equations

The numerical integration of the Orr-Sommerfeld equation
(3.2.1) for Q =0 and equations (2.5.13) for Q # 0 1is successfully
completed by using a standard Runge-Kutta integration method for
second and fourth order equations as illustrated by Collatz (1951).
The (Q = 0 case was solved separately because the order of the
equation reduces by two and thus the numer;cal technique changes
for the two cases. Equations (2.5.13) are solved separately but
simultaneously so that the order of the equations remains less than
fourth. Alternatively we can solve one sixth order ordinary linear
differential equation in one variable as explained by Zurmuhl (1948).
The accuracy of the results is checked by comparing with the results
of Kaplan (1964), Lin (1945), Schlichting (1935), Radbill and Van
Driest (1966) and also by comparing with the experimental data of
Schubauer and Skramstad (1947). This is further verified.by varying
the step size. The scheme as used in the final form for the
simultaneous solution of equations (2.5.13) is outlined below:

At y

Voo = 01D

Vip=-h ¢'(y,I)
2

=h_ _u
3

= e L "t

U00 =¥Y(y,I)

= o L}
L h ¥'(y,I)

Using equations (2.5.13),
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2
b 6 1
Fpoe & 3 Vi0: ~ 1 Y10’ Yoo’ Yoo’ ¥
h’ . o 1 BR
= 2—[1 X ¢"' - @WK + iRU-0)1g' - 15~ U'-X)¢’
i a K

+ {K + iR(U-c) }¥]

h4 1

2
1" 2% f(hz V20' ~ 1 V10’ Yoo’ Yoor ¥

{iR@U-c) + 2K}¢" + 2 iR Q ¢' - {K® + iR(K(U-c)

"
I8
2P

+U"}p - 2k R QY]

Now at y - h/2

1
oL ‘00 ' 2

Vit " Vot V2% t4 V30 T2 6

- 3 3
Vo =Voo * 5 V30 356

V31 = V30 +2 G1

1 1
Up1 =Ugo *2 V10 *2 F1

Then as before

2
h

F, = 5 £(
4
w2 1 h

G, =2 f(hz Va1 =% V110 Vo1r Yoo Y T 2

6 1 h
"3 Varr =% V110 Yorr Vo0 Y 7 2

Now at y - h,

v =V .., +V

02 " Voo *Vio 'V

+Vv,, +G

20 30 2

=V, +2v, +3V, +4G

v 10 20 30

12



Again

Then

Thus, the functions and their derivatives at

and
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Vyp = Vyo + 3V + €6,
V32 = V30 + 4G2
Up2a “Vgo * Vo * Fy
2
h 6
F,=L g &y
3 %73 3
4
) 1
Gy =%z £GZ Vyps - 4
h
F =X (F. + 2F.)
3 (Fy 2
F'=']"'(F + 4F_ + F,)
3 Fy s v Fy
=L 6. +8c -¢
G =15 (86, +8G, - Gy)

1
! = = -
G 5 (9G1 + 12G2 G3)

" o=
G 2(G1 + 262)

G"' = % (6, +46

@(y-h) =Vog ¥ Vg *Vyo ¥ V30 * 6

1
¢'(y-h) = - (Vyq + 2V,  + 3V, +G')

8" (y-h) = fg W

6
¢"' (y-h) = - =3
3

+ U

Y(y-h) = UOO

2

20

\

10

+ G3)

"
+3v30 + G")

"
30 +G"")

+F

V12> Vo2 Yo20 ¥

1
32° ~h V12° Vo2r Uo2r Y ° D)

- h)

y - h

are
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¥'(y-h) = - & +F'
y-h) = - W+ FD)

This is done until the plate is reached and the combined

functions are formed.



APPENDIX B

Flow Diagram

Solve Equation (3.1.8) for primary
velocity profile and store results

Polynomial from Orr-
Sommerfeld Equation for
Inviscid Flow

Ci'= 0
To Read o
New Data 'lRead Q:Bacr »@,R
To (1) D
Q=0
YES
! . NO
::ii:orizl Polynomial gives
bounded roots three bounded
! roots
I =2 R I =3

Initialize Individual functions at y = 1.5

T

Start Numerical Integration using
Runge-Kutta Fourth Order Method.
Step size D = 0.02. No of Steps N =75
Q,= 0

[ 1 NO
Calculate D%y from |[Calculate D*3 and DZ¥ from 0-S
0-S equation (3.2.l1)|lequations (2.5.13a) and (2.5.13b).
and use this equa- |[Add these two equations for later
ltion later .
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Cont'd.
[ T] =
. =2
3
(A ¢ll" + B) -
Calculate T +1 = n+l 1=I
(A ¢ll" + B) -
n+1 I=1
Compute for I, P = (),
Patl " Do+l T Tn+1fntl
' = 4! - '
¢n+l ¢n+1 rn+1Pn+1
lll.|. .;. ’"" - \12]1]
¢n+1 ¢n+l rn+1Pn+1
|
Q=0
NO i
| 1
For I1
VE O
Compute YES
= V -
Yn+1 "n+l rn+1vn~+1
\
n < N.

For i = 11
¢n-1 - ¢n-l B siPn-l
' - ! - '
¢n-1 ¢n-l 81Pn-1
sy = gty - o
n-1
v




Cont'd.

NO
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'

For 1 = I1

i Compute

yn-l = Yn-l B sivn
\yl
n-

\yll
n-

-1
= 1 - L

1 Yn-l sivn-l

=y - "

1 " ¥ "8

1 NO

For 1i =1

8iPn-l
- 1
siPn-l

Pn-1 - ¢:'1-1 -
%n-1 - %n-1
N T B P

Yn-l = Yn-1 B sivn-l

' = y! - '
Yn-l Yn- 8,V

1 i n-1
" = yn - "
wn-l Yn-l 8,V

i n-1

Compute A and B From
1148128813 = O
Y11+AY12 +BY13 =0

Q,
Q,

Compute

= (9114015780130
= (¢11%89128013) -1

Y

YES

Compute A from

¢11*”‘%2 =0

Compute
Q) = (@%012)
Q, = @111 ny-1

PP dans



Cont'd.

To (1)

)
]
Test T (Ql)r (Ql)i
TRy, T @y,
/ 2 . 2
T =T, -:Ti
T < 10"'3
!
v
NO i YES

To Read
new data

Iterate on o and R for
fixed C until conver-
gence 1§ satisfied

Convergence satisfied

|

Print O,Bscr:asR




APPENDIX C

COMPUTER PROGRAMS

C-1 Use of Computer Programs

Eigenvalues for the Orr-Sommerfeld equations (3.2.1) for
Q=0 or (2.5.13 a and b) for Q # 0 were obtained by computer
programs written in fortran IV with the use of the CDC 3600 computer.
A description of these programs is given in section C-2 and listings
of the main program and subroutines in section C-3. Input to the
main program is by two éommon cards and the rest by data cards.
These are detailed later in this section. 1In these cards we
specify the step sizes outside and inside the boundary layer,
total number of steps in the boundary layer, number of data cards,
the value of the monitor which controls output, tolerance for the
roots of the polynomial, percent changes to be made in & and R,
the maximum changes in these variables to be made during iteration,
the desired tolerance in the convergence of the eigenvalues,
specifications for the angular rotation (3 and spanwise wave number
B, initial estimates for the eigenvalues cr, @ and R and the
maximum no. of iterations to be performed. Output from the program
is monitored. Monitor = 1 gives express runs and only prints out
the eigenvalues along with the convergence obtained after every
changa of eigenvalue during iteration. Monitor = 2 prints the
above'plus the eigen-functions. Monitor = 3 prints the same as

monitor = 2 plus additional intermediate results, and monitor = 4

89
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gives the maximum print out. Monitor 3 and 4 find more use during
the debugging process. Once the program is debugged, monitor = 2
shows the smoothness of the eigen-functions. Then monitor =1 is

used for finding the true eigenvalues.

Explanation of the Input Cards for the Main Program

Card Number Column Item Format
1 1-10 Step size D1 outside the D 10;2
boundary layer
11-20 Step size D2 inside the D 10.2
boundary layer
21-30 No. of steps in the I 10
boundary layer
31-40 No. of data cards I10
41-50 Monitor I10
51-60 Tolerance for the roots D 10.2

of the polynomial

2 1-10 Percent change in « D 10.3
11-20 Percent change in R D 10.3
21-30 Maximum change in &« or R D 10.3
31-40 Tolerance in the conver- D 10.3
gence of eigenvalues
3 1-10 Angular rotation () D 10.3
11-20 Wave number @ D 10-.3
21-30 Real part of wave D 10.3
velocity Cr
31-45 Wave number o D 15.4
46-60 Reynolds number R D 15.4
61-65 Number of iterations I5

Any number of data cards as shown in input card number one

may be added.
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C-2 Description of the Computer Programs

Main Program:
This program is labelled CHAWIA. It reads the input data,

solves and stores the values of the primary velocity and its
derivatives, then starting with the first estimate of the eigen-
values computes the polynomial, finds out its roots by calling the
subroutine polyrt, initializes the individual eigen-functions in

the free stream, starts the numerical integration by the Runge-

Kutta fourth order method using the filtering technique for
extracting the contributions of the growing solutions from the

well behaved solutions and then repairs the extractions. After

this the combined functions ¢, ¥ and ¢' are formed. At this
stage the subroutine Dsole is called to solve the linear algebraic
equations formed with the boundary conditions. Then the test
function T 1is developed to check the convergence of the eigen-
values. If the test fails to converge within the specified tolerance,
iterétion of the eigenvalues is started, first increasing « then

R by a very small amount and then the values of @ and R are
predicted for the next step. The whole process is repeated until

the values converge to the true values. If after about four
iterations the convergence is found to be slow or absent, the initial

guess 18 revised.

Subroutines:
POLYRT.

This program was taken from the Michigan State University,
Computer Library. It was modified for relative accuracy and for
use in double precision arithmetic. This solves a complex poly-

nomial for its roots. It makes use of other subroutines namely

AT T
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Improve, Reduce, Root and Basic which are also stored in the MSU
library.

V-CAL

Using Runge-Kutta fourth order method it solves for the primary

velocity and its derivatives and stores these results for use in the

main program at the different steps of numerical integration.

D-Sole
This subroutine solves a set of n linear algebraic equations

with complex coefficients, all in double precision.

CMULT and CEXP
Subroutine CMULT multiplies two complex numbers whereas CEXP

gives the exponential of a complex number, all in double precision.

C-3 Listing of the Computer Programs

The programs developed to compute the eigenvalues for any
given case are listed in this section. One run on the CDC 3600
with one set of estimates of the eigenvalues took approximately 10
seconds. In the programs that follow dollar sign (§) is often

used. This is a legal statement separator for the CDC 3600 computer.
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PROGRAM CHAWLA

TH1S PROGRAM SOLVES THE FOLLOWING DIFFERENTIAL EQUATIONS

(1) ONE EQUATION OF FOURTH ORDER»

(2) TWO EQUATIONS IN 2 VAR. OR ONE IN ONE VARe. OF 6TH ORDER

THREE DIMENSIONAL LINEAR STABILITY PROBLEM.

DIMENSION PR(153¢3)¢DPR(153¢3)+D2PR(1534¢3)
1D3PR(153¢3)+sDA4PR(153¢3)sDS5PR(1¢3) ¢+ VR(153¢3)¢DVR(153¢3) »
2D2VR(153¢3)+FR(7)RR(4)1QR(6) +TR(6) sUOR(3) sRR1(76) sRR2(76)
3TBR(6)+¢TCR(6) 1 AR(616) +BR(616) +XR(6) »WR(6)+UB(153) +DUB(153)
4D2UB (153)+D3UB(3) +DAUB(3) 2 Z(1S53) 2 T(6) Y (T76)

DIMENSION PI(153¢3)sDP1(153¢3)+D2PJ(153+3)
1D3P1(153¢3)9DAPI(153+3)¢DSPI(1¢3)sVI(153¢3)eDVI(15343)
2D2VI(153¢3)+sFI(T7)RI(Q)I+QI(6) s TI(6)+UOI(3) sRILI(TE)RIZ2(T76)
3TBI(6)sTCI(B6)+1Al(6:16) +BI(6:6) X1 (6)WI(E)

DOUBLE PRECISION PR¢DPR+D2PRsD3PRIDAPRIDSPR«VRDVR D2VR»
1IFRIRRIQRITR+UORIRR] +sRR2+TBR+sTCRI1ARBR s XR+WRsRSR1 +RSR2:B81R
2B2R+B3R+C1R+C2R+C3RIPORIPI1RIERDERsD2ER+D3ERIDAER + UR+DUR s
3DTR1 +DTR2+¢VOOR+sV1IORV20R+V30RIVO1RsV11R+V21R¢V3 1R VO2R
4V12R+V22R+V32R 1GK1R +GK2R s GK3R ¢+ GKR ¢ GKPR s GK2PR ¢ GK3PR + UOOR

DOUBLE PRECISION P1+DPI+D2P1+D3PIsDAPI+DSPI«VIDVID2VI
1IF1+RIZQIsTIWUOIIWRI1IIRI2sTBI+TCI'AI Bl o XIsWIsRSI1+RSI2+B11»
2B21+B314C11¢C214¢C314POIsP1I1+EIIDEI+D2E]T1 +D3EIDAEI +UI+DUI
3DTI1+DTI2¢VOOI eVIOI eV20IeV30IeVO119sV1I1IIeV211eV311I+V02I1s
4V121eV221 V321 +GK11¢GK21 +GK3I +GKI +GKP I +GK2PI +GK3PI +UQO I

DOUBLE PRECISION UI10RsUO1RULI1IR'WO2R+U12R+UO3RsU13RFKIR
1IFK2RFK3RFKRIFKPRIAIRIFK21 +FK31 oFKIsFKPIsA1I+U101 U011
2U111:U021+U1214sU031+sUL31+FK11+UBDUBD2UB+D3UBDAUBUP +DUP
3D2UP +D3UP+Z+ToeYsD1+D2+DsCePPI +RALIRBE sRCE+1KsRe1AL+OMICR+C1 s
4BE +PAL +PCR DAL +RDIPCHTIPIDELTA2 +WRT+DEN+ALN

COMMON /27 UB.DUBD2UB+Z+.D3UBD4AUB

STEP SIZES AND NOe OF STEPSe.

READ 4254D1¢D2 M3 +KP +MONDELTA2

Nz0e5/D1410/7D241 8 IN=N

READ 4204+PALPCRPCHTIP

FORMAT (2D10¢2+¢3110¢2D1062)

CALCULATING UB.DUB«D2UBD3UBDAUB

D1=D1/72.0D00 $ D22D2/2.0D0 $ N=2¥N-}

VCAL SOLVES FOR THE PRIMARY VELOCITY DISTRIBUTION.

CALL VCAL(D1+D2sN)

GO TO (465:465,:465,22) MON

PRINT 460

PRIMARY VELe. U OR TEXT = UB OF COMPUTER PROGRAM AND SO ON.

FORMAT (10X e R#UB(J)# ¢ 15X s #DUB(J)H 9 1SX e RD2UB(J) R sOX e RZ(J) %,
18X s %UR)

PRINT 461+(UB(J)DUB(J)D2UBI(J)1Z(J) s JeJ=]sN)

FORMAT (3(S5X1F15¢9) 1SX1F6e3+5X115)

PRINT 11 .

FORMAT (10X e #D3UB(J) R ¢32X e #DAUB(J)# 27X ¢ RJ¥*)

PRINT 12+((D3UB(J) eDAUB(J) sJ) eJ=1+3)
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465

500

21

490
400

405

464

420

886

661
662

421
887

422

65
66

67
a7

S10

9%

FORMAT (2(SX+D32¢25) ¢SXs 1I95)

PRINT 42%¢D1+D2¢M3:KPMONDELTA2

PRINT 420+PALIPCRIPCHLTIP

CONT INUE

D1=2.0D0%#D1 $ D222,0D0%D2 S N=05/D1+10/D2+1

FORMAT (6D103+¢215)

C1=0,0D 8 PPI=3:141592653589793238462643D

KK =0

PRINT 211N

FORMAT (#1%:*EIGEN VALUE ITERATION NO OF STEPS N=#* [3)
KK IS A COUNTER FOR DATA CARDS.

IF (MON-2) 490,4004400

PRINT 135

KK =KK+ 1 .

1P=0 $ MD=0 8 ITE=1

IF (KK=KP) 405,405+410

CONT INUE

INITIAL GUESS FOR EIGEN~VALUES.,

READ 464 +OM+BE+CRAL RS IT

FORMAT (3D10e¢3+2D15¢4115)

FORMAT (4D10¢3¢315)

PRINT 886

FORMAT (30X e #R%* 935X ¢ #AL ¥ ¢ 35X s #*CR¥*)

IF (OM +EQe 0.0D0) 6611662

IR=2 & IL=IR¥*2 $ GO TO 421

IR=3 & IL=IR¥*2

IT 1S AN ITERATION COUNTERe.

MD=MD+1

PRINT 887+RsALICR

FORMAT (24X +3D35,295)

IF (MD=IT) 422+422+:400

CONT INUVE

K#K OF TEXT IS EQUAL TO K OF COMPUTER PROGRAM,

Kz AL#AL+BE*BE

IF (MON=3) 471:65+:65

PRINT 66

FORMAT (3X s #OMEGA ¥ ¢ X s ¥ALPHAX 16X o #BE* 91 1 X9 #CR¥* 9 |OX ¢ ¥REY NO¥*)
PRINT 67:OMysAL+BE+CRsR

FORMAT (1X9eD9e2¢1X9D12e¢5¢2(1XeD12eS)91X9sD126¢5)

M= 1 $ UPaUB(M) 8 DUP=DUB(M) $ D2UP=D2UB(M) $ D3UP=D3UB(M)
DaUP=D4UB (M)

IF (OM (EQe 0.,0D0) S05+510

CONT INUE

FUNCTIONS -COEFFICIENTS OF THE 6TH DEGREE POLYNOMIALe
FR(1)=2,0D0*BE*BE#R#R¥OM* (DUP—2 ¢ OD*OM) + AL ¥AL¥R¥R* (UP-CR) *D2UP
1+K¥AL RAL ¥RUR® ( (UP-CR ) ##2~CI*C[ ) =2 OD*AL #¥R¥K¥KXC [-K**3
FI1(1)=—ALRALXR*R¥C [#D2UP =2 0D * (KHALFALX¥R¥*R)*(UP-CR)*¥CI-2.0D
1 AL ¥R (UP-CR) =AL ¥R%*D4QUP

FR(2)=20.0D $ F1(2)220D*AL¥R* (K¥DUP+D3UP)
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FR(3)=3¢0D¥K*K+4 ¢ OD¥K¥AL¥R¥C[— (AL¥R¥* (UP=CR) ) ¥¥24+ ( AL¥R¥*C] ) **2
F1(3)=4,0D*K*AL*R*(UP—-CR)+2¢0D*AL*ALXR¥R*C [* (UP-CR)
FR(4)=0,0D $ FI1(4)==2.0D*AL*R*¥DUP
FR(5)==3,0D#K=2,0D*AL¥R#C] $ F1(5)==2,0D*%AL*R* (UP~CR)
FR(6)=0,0D $ FI1(6)=0.0D
FR(7)=1.0D $& F1(7)=0.0D
GO TO (10410910¢201) MON

201 PRINT 202

202 FORMAT (OX+¥FR(I)# 25X *¥F1(]1)%*)
PRINT 203+ (FR(I)FI(I)eI=147)

203 FORMAT (2(4X+D25415))
POLYRT GIVES THE ROOTS OF THE POLYNOMIAL.

10 CALL POLYRT (FRsFI1+¢6+QR+QIDELTA2)

J=1 $ DO 451 1=1+46 8 IF (QR(I) eLTe O0s0D) 450+451

450 RR(J)I=QR(1) $ RI(V)=QI(]) $ J=J+1

451 CONTINUE & EQAL=20 $ IF (RR(1) «EQe RR(2)) 4544452

452 IF (RR(1) EQe RR(3)) 455+453

453 IF (RR(2) +EQe RR(3)) 455+456

454 RR(2)=RR(3) $ RI(2)=RI(3) $ RR(3)=RR(1) % RI(3)=RI(1)

455 EQAL=2 3 GO TO ase6

505 ALN=DSQRT(K) & R=AL#R/ALN $ AL=ALN
FUNCTIONS —-COEFFICIENTS OF THE 4TH DEGREE POLYNOMIAL.
FR(1)=K¥K4AL¥RX¥C[#¥K $ FI(1)=aAL#R*(K*(UP=-CR)+D2UP)
FR(2)=0,0D % F1(2)=0e0D $ FR(3)=~=( (20D ) #*K+AL¥R*C1 )
FI(3)==AL#R* (UP-CR)
FR(4)=040D % F](4)=0.0D
FR(S)=1.0D $ F1(5)=00D
CALL POLYRT(FR«F144+QR+QI+DELTA2)
J=1 & DO S15 I=144 8 IF(QR(]I) oLTe 0e0D) S520+515

520 RR(JV)I=QR(1) $ RI(J)=2QI(]1) $ J=J+1

515 CONTINUE $ EQAL=0

537 IF (MON=3) 2074207+205

456 GO TO (207+2074207:205) MON

205 PRINT 470

470 FORMAT (9X+#QR(I)#¢22X s QI (1) #*+22X+#RO0OTS OF THE POLYNOMIAL#*)
PRINT 203¢((QR(1)+QI(I))sI=141IL)

545 PRINT 206

206 FORMAT (9X+#RR(J)#¢22Xs#RI(])# 422X +#¥NEGe ROOTS OF THE
1POLYNOMIAL %*)
PRINT 203+ ((RR(I)RI(I))sI=1+1IR)
P IS EQUAL TO THE VELOCITY V=HATs AND DP=D(V=HAT).
V IS EQUAL TO THE VELOCITY U-HAT.
BOUNDARY CONDITIONS - P=DP=V=0 AT Y=0+ AND THESE APPROACH
ZERO AS Y APPROACHES INFINITY. CONDITION ON DP RESULTS FROM
CONTINUITY.

207 CONTINUE
FINDING OUT THE GROWING SOLUTION Ie.Ee WITH LARGEST DP/Pe
RR(4)=RR(1) $ RI(4)=RI(1)
RAL=DSQRT(RR(1)*¥RR(1)+RI(1)*RI1(1))
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RBE=DSGRT (RR(2)#RR(2)+R1 (2)*RI(2))

IF (OM .EQe 0,0DO) 111941109

RCE=DSGRT(RR(3) #RR(3)+R1(3)*R1(3))

IF (RAL-RBE) 1110+1110¢1111

IF (RBE-RCE) 1115+1115+1116

IF (RAL-RCE) 1112+1112+1113

RR(1)=RR(3) $ RI(1)=RI(3) $ RR(3)=RR(2) $ RI(3)=RI(2)

RR(2)=RR(4) $ RI(2)=2RI(4) $ GO TO 1120

IF(RBE-RCE) 111441114+1120

RR(4)=RR(2) $ RI(4)=RI(2) $ RR(2)=RR(3) $ RI(2)=RI(3)

RR(3)=RR(4) $ RI(3)=RI(4) $ GO TO 1120

RR(1)=RR(3)SRI(1)=R1(3) $ RR(3)=RR(4) $ RI(3)=R1(4)

GO TO 1120

RR(1)=RR(2) $ RI(1)=RI1(2) $ IF (RAL-RCE)1118+1118+1117

RR(2)=RR(4) $ RI(2)2R1(4) $ GO TO 1120

RR(2)=RR(3) $ RI(2)2RI(3) $ RR(3)=RR(4) $ RI(3)=RI1(4)

GO TO 1120

IF (RAL-RBE) 1121¢1120¢1120

RR(1)=RR(2) $ RI(1)=RI1(2) $ RR(2)=RR(4) $ RI(2)=RI(4)

CONT INUE

IF (MON-2) 1125+1122+1122

PRINT 203+ ((RR(I)sRICI))s1=1+1IR)

CONT INUE

ASYMPTOTIC SOLUTION AND INITIALIZINGe

DO 6 I=1+41R § J=1 $ M=1

A1R=0e0D0 $ A1120.0D0

CALL CXPE(AIR+A114PR(JsIIPI(Jo1))

CALL CMULT(RR(1)sRICT)sPR(JsI)sPI(JIsT)sDPR(Js1)sDPI(Js1))

CALL CMULT(RR(I)+RECI)+DPR(Js1)sDPI(Je1)sD2PR(Js1)sD2PI(Js1))

CALL CMULT(RR(I)sRI(1)+D2PR(J+1)+D2PI1(Js1)sD3PR(Js1)s
1D3PI(JT1))

CALL CMULT(RR(I)sRI(I)sD3PR(Js1)sD3PI(Js1)sDAPR(IsI)o
1D4PI1¢J ,1))

IF (OM «EQe 0.0D0) GO TO 6
CALL CMULT(RR(1)+R1(1)+sD4PR(Js1)sDAPI(Je1) sDSPR(Js 1)
1DSPI(Je1))

UP=zUB(M) $ DUP=DUB(M) $ D2UP=D2UB(M) $ D3UP=D3UB(M)

VR(Js 1) =(DAPR(Js1)=(AL¥R¥CI+2.0D*K) #D2PR(J+ 1) +AL#R* (UP=CR)*
1D2PT(Js1)4+2,OD*AL¥REOMIDP (Jo 1)+ (K¥K+AL#R¥KHCT ) #PR(Js [)—AL*
2R¥% (K# (UP—=CR)+D2UP) #P 1 (Js 1))/ (=2 « OD#R¥KXOM)

VI(Je1)=(DAPI(Je1)=(AL#R¥CI+2.0D*K)*¥D2P1(J+1)-AL*R* (UP-CR)*
1D2PR(Js 1) =2+ OD*ALHR¥OMADPR(Js I )+ (K#C+AL ¥R¥CHCT ) ¥P 1 (Jo 1 ) +AL*
2R% (K% (UP=CR)+D2UP) #PR(J s 1) )/ (=2 ¢ OD*R¥K%OM)
DVR(Js1)=(DSPR(Je1)=(AL¥R¥CI+2+0D%K)¥D3PR(Jo 1) +AL#R* (UP-CR)
1%D3P1 (Jo 1) +20 ODHAL¥R¥OM¥D2PI (Jo 1)+ (KHK+AL¥R¥K¥C 1) *#¥DPR(Js 1)~
2AL¥R¥% (K# (UP=CR) +D2UP ) #DP 1 (J ¢ 1 ) +AL¥R¥DUPHD2PT (Jo ) —AL#R* (K%
3DUP+D3UP) #P1 (Je 1))/ ( =2+ ODR#R¥KH¥OM)
DVI(Js1)=(DSPI(Je1)=(ALF#R¥CI+2¢0D*K)*¥D3P1(Js1)~AL*#R* (UP-CR)
1%D3PR(Js 1) =2 ODHAL ¥R¥OMHD2PR(J s I )+ (K¥K+AL¥R¥KHC ) *¥DPI (Jo 1)+

e e AN T
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2AL¥R* (K* (UP-CR)+D2UP ) #DPR(Js I ) —ALRRXDUPXD2PR(Jo [ ) +AL¥R* (KH*
3DUP+D3UP)I#PR(Js 1)) /(=2 ODRR¥K*OM)

D2VR(Je 1)==(D3PI(Jes ] )=(K+ALXRXCI)IHDPI (Js 1) ~AL¥R¥*(UP-CR)¥DPR
1(Je1)—BEXBE®R* (DUP—2,0D¥OM)*¥PR(Js [ ) /AL ) #AL/K+ (K+AL#¥R¥*#C]) #VR
2(Je 1) =AL®RE(UP=CR)®VI(JUs 1)

D2VI(Jel)=( DI3PR(Js )= (K+AL¥R¥C]I )*¥DPR(Je 1) +AL¥R*(UP-CR)*DPI
1(Js 1 )4+BE#BE#R* (DUP=2,0D#¥OM)#P [ (Je [ )/AL ) RAL/K4+(K+AL#RXCI)*V1
2(J¢ 1 )+ALR#RX (UP=CR)®VR(Jo 1)

6 CONTINUE

31

DO 31 J=1s+IN $ N=2¥%J-1

Y(J)=Z(N) & C=D1 8 NN=IN-1

RUNGE KUTTA METHOD FOR THE SIMULTANEOUS SOLNe. OF TWO DIFF.
EQUATIONSes REFERENCE COLLATZe.

DO 58 J=1+NN $ DO 5S4 I=1+IR $ M=2#J-]

UP=UB(M) $ DUP=DUB(M) $ D2UP=D2UB(M)

VALUES AT Y.

VOOR=PR(JesI) $ VOOI=PI(Js]I) $ VIOR==CH*¥DPR(Js1)
V10I==C*#DP1(Je1)

V20R=CHCHD2PR(J911)/20D0 $ V20I=CRCH*¥D2P1(J9+1)/2.0D0
V3OR=~=C*¥CH#C#D3PR(J91)/60D0 $ V3O I==CHCHC¥D3PI(Js1)/7640D0
IF  (OM +EQe O0,0DO) GO TO 1200

UOOR=VR(Js 1) $ UOOIaVI(Js]l) $ UI0R=-C*¥DVR(Js1)
Ul10I==C*¥DVI(Js1)
FKIR=((6.0DO*V301/ (CH*#3) - (K+AL*¥R¥CI)*¥V101/C-AL¥R¥* (UP—-CR)*
1V10OR/C+BEXBE¥R¥ (DUP=2¢0DO%¥0OM) ¥*VOOR/AL ) *AL/K+ (K+AL#R*C] ) *
2UOOR-AL#R* (UP-CR)#UOO 1) %#C*C/2.0D0
FK1I=((=640DO%¥V30R/(CH*¥3 )+ (K+AL¥R*CI)*#V]OR/C—-AL¥R* (UP-CR)*
1V101/C+BE*BE ¥R¥ (DUP—=2+0DO*0OM) #VOO I /AL ) *AL/K+(K+AL¥R*C] )%*
2UOO 1 +AL #R* (UP-CR) #UOOR) #C#*#C/2.0D0

1200 GK1R=(C##4 )% ( (AL¥R¥C1+2.0D0%*K)*V20R*2,0D0/ (C*C ) —-AL¥R*(UP-CR

1205

1)%#V201#2,0D0/7(CH#C) = (K¥K+ALX¥RXK*C] ) #*VOOR+AL¥R* (K#(UP-CR) +
2D2UP ) #V001) /2400

GKLlI=(CR®G)H( (ALRRHCI+2 e ODORK)IHV20[%#2,0D0/ (CHC ) +AL¥R*(UP~-CR
1)%V20R*2,0DO/(CHC) = (KH¥K+ALX¥RXKHC] ) #VOO ] ~AL¥R¥ (K*¥(UP-CR)+
2D2UP ) #VOOR) /724 « OD

IF (OM (EQe 0,0D0) GO TO 1205

GKIR=GK 1R+ (2 ¢ ODO#AL¥R¥OM¥V101/C=2¢ 0DO¥K¥#R¥OM¥UOOR) ¥ (CH*4)/
124,000

GK1I=2GK11=(2¢ 0DORAL¥RFOMRV]IOR/C+2¢0DOHKRR¥OM¥UQOO] )R (CH¥*gq )/
124,000

VALUES AT Y-C/2

M=M+1

UP=UB(M) & DUP=DUB(M) $ D2UP=D2UB(M)

VO 1R=VOOR+0+.5SDO#V10R+0¢25DO0%#V20R4+0¢125D0*V3OR+00625D0*GK1R
VO11=VO0140e5D0O#V1014+0625D0%#V201+0125D0%#V301+00625D0%*GK 11
V1 1R=V10R4+V20R40,75D0%#V30R+0¢SDO*GK1R
V111=V10I14+V2014+0¢7SDO*#V301+05SDO*GK 11
V21R=aV20R+1 ¢« SODO%V3IOR+1 ¢ SDOXGK 1R
V211=2V201+41eSDO#V301+15D0%GK1 I

[
¥

N -
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V31R=V30R+2.,0DO%#GK 1R $ V311=V30142,0D0%#GK1 1

IF (OM EQe 0.0D0) GO TO 1210

UO 1R=UOOR4+0 ¢ SDO#U10R+025SDO¥FK 1R
U011=2UCO0140.5DO#UI10I4+025D0#FK1 1

Ul 1R=sUI10R+FKIR & U111=U10I+FK11

FK2Rz=( (6 ,0DO%*V311/(CH%#3)=(K+AL¥R¥*¥C[)*#V]111/C-AL*R* (UP—-CR)*
1V1 1R/C+BE*BE ¥*R#* (DUP=2 s ODO¥OM ) #VO 1R/ AL ) #¥AL/K+(K+AL¥R¥C] ) %*
2UO0 1R=AL#R® (UP-CR)*U01 1 )#C*C/2.0D0
FK212((—=6,0DO0O#V3IR/(CH*¥X3)+(K+AL¥RX*CI)¥V]1R/C~AL¥*¥R* (UP—-CR)*
1V111/C+BEXBE#R# (DUP—2 ¢ ODO¥*OM) ¥VO1 I/AL ) ¥AL/K+(K+AL¥R*C] ) *
2VU0 1 1 4+AL¥R* (UP=-CR)*¥UO1R)*C*C/2.,0D0

GK2R= (CH##4q ) # ( (AL¥R¥C14+20DO*K ) #V21R*2,0D0/ (C*C ) -AL*#R* (UP-CR
1)#V211%#2,000/7(CHC )= (KRK+ALF¥REKHC] ) ¥VO IR+AL¥R¥(K*(UP-CR)+
2D2UP ) #V011)/24.0D

GK2Iz=(CH#4 ) # ( (ALXRACI4+2.0DOHK)#V21 1%#2 ,0D0/ (C*C ) +AL#R* (UP-CR
l)*VZIR*Z.ODO{(C*C)-(K*K+AL*R*K*CI)*VOII-AL*R*(K*(UP-CR)+
2D2UP)#VO1R) /24 ,0D

IF (OM EQe 0,0D0) GO TO 1215

GK2R=GK2R+ (2 ODO#AL#RH¥OM*V11]1/C—2 ODO¥K¥RI¥OMXUO I R) ¥ (CH¥*¥4)/
124,000 ’

GK21zGK21=(2¢ ODORALRR¥OM#*V ] 1R/C+2eODOHKHREOMEUQO]L [ ) # (CH*g)/
124,000

VALUES AT Y=C,

M=M<+1

UP=zUB(M) & DUPaDUB(M) $ D2UP=D2UB (M)
VO2R=VOOR+Y 1 OR+V20R+V30R+GK2R
VO21=v0014V1014+V2014+V301+GK21
V12Rz2V10R+2.0D0#V20R+3¢0D0%V30R+4 ¢ 0DO#GK2R
V121=2V10142.0D0%#V2014+3040%V301+4.0D0%#GK21
V22R=V20R+3:0DO#V30R+6¢0DO*GK2R
V221=V20143.0D0%V3014+6.0D0%#GK2 ]

V32R=V3IOR+4 . 0DO#GK2R $ V3213V30I1+4.0D0%#GK21

IF (OM EQe. 0.0D0O)Y GO TO 1220

UO2RzUOOR+UIOR+4FK2R & UO21=2U00I+U101+FK21

U1 2R=U10R+2+0DO0O%*FK2R $ U121a2U101+2,0D0%#FK21
FK3Rz((6,0D0%¥V321/(CH%#3 )= (KH+AL¥RX¥CI)¥V]12]1/C—AL¥R* (UP-CR)*
1V1 2R/C+BE#BE¥*R#* (DUP=2 ¢ ODO®OM ) #*VO2R/AL ) #AL/K+(K+AL®R¥C] ) *
2UO2R-AL¥R* (UP-=-CR)#U021 ) #C*C/2.0D0
FK3I=((~6,0DO*¥V3I2R/(CH#%3 )+ (K+AL¥R*CI)#¥V12R/C~AL*¥R¥* (UP—-CR)*
1V121/C+BE¥BE®*R* (DUP=2 . 0DO®OM) ¥V02] /AL ) ¥AL/K4+ (K+AL®R®C] ) *
2UO02 1 +AL#R* (UP-CR) #UO2R)#C*¥C/2.0D0
FKRZ(FKIR4+2+:0DO#FK2R)/3.0D0 $ FKI=(FK1142.0D0%¥FK21)/3.0D0
FKPR= (FK1R+4 ¢ 0DO#FK2R+FK3R)/3.0D0
FKPI=(FK114+40DO#FK21+FK31)/3.0D0

1220 GK3R=(CH%4)#( (AL¥R¥#CI+2e0DOHK ) #V22R%#2,0D0O/ (CHC ) —-AL*R*(UP-CR

1)%¥V221%#2,0D0/(CHC) = (KH¥K+ALUR¥KHC ] ) ¥VO2R+AL¥R* (K*¥(UP-CR)+
2D2UP) #V021) /24 .0DO

GKII=(CHRq)# ( (AL¥RHCI+2+0DO¥K)#V22[#2,0D0/ (C*C ) +AL¥R* (UP~CR
1)%V22R#%#2,0D0/(CRC) = (K¥K+AL#R¥KHC] ) ¥VO2 [ ~AL¥R¥* (K*#(UP-CR)+
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2D2UP) #VO2R) /724 ,0D0

IF (OM +EQe 0.0D0O) GO TO 1225
GK3RaGK3R+ (2 ¢ ODORAL ¥R¥OM*V 121 /C=2e ODORKH¥R¥OMIUQO2R) ¥ (CH¥*g )/
124 ,0D0
GK3I1=GK31=- (2 ODORAL RRU¥OMHV 1 2R/C+2e ODOHKHRFOMIUO2] ) ¥ (CHHg )/
124 .000

1225 GKR=(8,0D0*GK1R+8¢0D0*GK2R-GK3R)/15.,0D0

GKI1=(8.0D0#GK] [+8,0D0%#GK21=-GK31)/15.0D0
GKPR=(9,0D0#GK 1R+12,0D0%#GK2R=-GK3R)/5.0D0
GKPI=2(9,0D0#GK114+120D0%GK21-GK31)/50D0
GK2PR=2 4 0DO#GK 1R+4 (ODO®GK2R $ GK2P1=2,0D0%#GK11+4.0D0O*GK2]
GK3PR=(GK1R+4 ¢« ODO*GK2R+GK3R) %#2 ¢0D0/3¢0D0

GK3P1=(GK11+4.0D0%#GK21+GK31)#2.0D0/30D0
VALUES OF FUNCTION AND ITS DERIVATIVES AT Y-Ce
PR(J+1+1)2VOOR+V10R+V20R+V30R+GKR
P1(J+141)=VOOI4+V1014+V201+V30I+GKI
DPR(J4+141)==(VIOR4+2,0D0O%*V20R+3.0D0O*#V3O0R+GKPR)/C
DPI(J+141)23=(V10142,0D0%#V201+3.0D0%#V301+GKP1)/C
D2PR(J+1+1)2(V20R+3.0D0O#V3IOR+GK2PR)#2.0D0/ (C*C)
D2PI(J4+14¢1)=(V20143.0D0#V30I+GK2P1)%*#2,0D0/ (C*C)

D3PR(J+14¢1)=2=(V3OR+GK3PR) #6,0D0/(C*%#3)

D3PI (J+1+1)==(VIOI+GK3PI)*#6.0D0/(C#%3)

IF (OM EQe 0.0D0) GO TO 1230

VR(J+1+1)2U00R+UIOR+FKR $ VI(J+1+1)=U0014+U10I+FKI1
DVR(J+141)==(UIOR+FKPR)/C $ DVI(J+1+1)2=-(U10I+FKPI1)/C

JuJ+1

D2VR(Je1)=—(D3PI(Je ] )= (K+ALXRECI)*¥DPI1(Jes1)~AL¥R*(UP-CR) *DPR
1(Je1)—BE#BERR® (DUP =2 ,0D#OM)¥PR (Js [ )/AL ) ¥AL/K+ (K+ALXR¥C]1) ¥VR
2(J e 1)-AL¥RE (UP<CRI®VI(Jo 1)

D2VI(Jel)=( D3PR(Js 1)~ (K+AL¥R¥CI)I#DPR(Je¢1)+AL¥R¥(UP-CR)*DP1
1(Js 1) +BERBE#R® (DUP=2,0D¥OM)®¥P 1 (Js 1) /AL ) *AL/K+ (K+AL¥RH¥CI)*VI
2(Je 1) +ALXRH(UP=CR)IRVR(Js 1)

J=J-1

1230 DAPR(J+1+1 )1 (ALXRHCI+2.0D0O%*K ) #D2PR(J+14¢1)-AL¥R* (UP-CR) #D2P1
1(J41 ¢ 1)~ (KEKHFALKREKHCI ) #PR(J+1 ¢ I )+ALX¥R¥(K* (UP-CR) +D2UP ) ¥
2P1(J+1+1)

DAPI (U411 )=(AL¥R¥CI+2.0D0%K ) ¥D2P 1 (J+1+ 1) +AL#R* (UP-CR) *D2PR
1(J41 0 1 )= (KEKFALHRUKHRCII NP (J+1 9 1 )~AL¥R¥ (K¥ (UP—=CR)+D2UP ) *
2PR(J+1+1)

IF  (OM +EQe 0o0D0O) GO TO 1100

DAPR(J+14¢1)=DAPR(J+1¢1)=2.0D0O¥AL¥RXOMY¥DP 1 (J+191)—2¢ODO*K*R*
IOMBEVR (U410 1)

DAPI(J4101)=DAPI(J+191)42.0DOXAL¥RXOM#DPR(JI+19]1)~2¢0D0¥KHRH*
1OMR#VI(JU+1e1) $ GO TO 1101

1100 UOR(1)=AL¥CI*¥D2PR(J+19+1)-AL¥(UP=-CR)*D2P1(J+1+1)~-

1AL MKHCI#PR(J+1 ¢ [ )+ AL ¥ (K¥ (UP=-CR)+D2UP)*¥P 1 (J+1+1)

UOI(T1)=AL¥ (UP=CR)#D2PR(J+1+1)+ALKCIHD2PI(J+191)~
1AL # (K¥ (UP=CR)+D2UP)IXPR(J+1 ¢ ) ~ALFKXCI*¥PI(J+191)

GO TO Sa

-
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UL R=AL¥CI*D2PR(J+1 41 )=AL¥ (UP=CR)*D2PI (J4+14+[)=2¢ ODOFAL ¥OM*
1DPI(J+14 1) ~ALRKHCI¥PR(J+1 9 ) +ALF¥ (KX (UP~CR)Y+D2UPHI¥P I (J+101)
2=2 ¢ ODORKHOMAVR(JI+1 4 1)

Ul I=AL# (UP=CR)#D2PR(J+1 ¢ I ) +AL¥CI*¥D2PI (J+1+¢ 1 )42 ODO*AL¥OM*
1IDPR(J+1 4 1) =AL¥(K#(UP=CR)I+D2UP ) #PR(J+1 ¢ 1 )—ALRKXCIRPI(J+141)
2=2 e ODORKHOMHVI(J+101)
UZ2R=ALXCINDPR(J+1 ¢ 1) =AL¥ (UP-CR)¥DP1(J4+1+¢1)—-BE*BE* (DUP-2.0D0
1¥OMIRP LI (J+1 0 1) 7AL=K¥* (UP=CR)¥VR(J+1 ¢+ 1) =K¥CI¥VI(J+191)

U2 I=AL® (UP=CR)#DPR(J+1+ I Y+AL¥CI*DP1(J+1+ 1) +BE*BE* (DUP-2.0D0
1 #OM) HPR(J+1 ¢ 1) /AL=K¥ (UP=CR)I¥V ]I (J+1 s [ ) +KHCI¥VR(J+1s1)
UORI(1)=UIR+U2R $ UOLI(I)Y=U11+U21
CONT INUE
EXTRACT THE GROWING SOLUTION.

L=y & DEN=2(UOR(1))##2+(UOI(1))%%2
CALL CMULT(UOR(2)+UOI(2)+UOR(1)+s—=U0I(1)PORPOI)
RR1(L+1)=POR/DEN 8 RI1(L+1)=PO1/DEN

PR(J+142)= PR(J+1+2)~RR1(L+1)% PR(JU+1+1)+RI1(L+1)* PI
1(JU+141)

PI(J+1e2)= PI(J41+2)=RRI(L+1)I* Pl(JU+1+1)-RI1(L+1)* PR
1(J+141)

D PR(J+1:¢2)=D PR(J+1¢2)=RRI(L+1)%#D PR(J+1+1)+RI1(L+1)%D PI
1(U4+141)

D PI(J+1+42)=D PI(J+1+2)=RR1(L+1)%*D PI(J+1+1)=RI1(L+1)%¥D PR
1(J+141)
D2PR(J+142)=D2PR(J+1+2)=RR1(L+1)%#D2PR(J+1+1)+RI11(L+1)#D2P]
1(U4141)
D2P1(J41¢2)3D2P1(¢J4+1+2)=-RR1(L+1)%#D2P1(J+1+1)-RI11(L+1)*D2PR
1(JU+1,41)
D3PR(J41+42)=D3PR(J+1+2)~RR1(L+1)MD3PR(J+1+¢1)+RI1(L+1)*D3P1
1(J+2+1)
D3P1(J4142)=D3P1(J+1¢2)=RR1(L+1)¥D3PI(JU4+1+1)=-RI11(L+1)%¥D3PR
1(JU+141)
DAPR(J+142)=DA4PR(J+1+2)=-RR1(L+1)%#DAPR(J+1+1)+RI1(L+1)#DAP]
1(U+141)
DAP1(J+1¢2)=DAPI(J+1¢2)=RR1(L+1)#¥DAPI(JU+1+1)=RI1(L+1)%*D4PR
1(U+141)

IF (OM +EQe 0.0DO0) 1102,1103

VR(J+142)= VR(J+1+2)~RR1(L+1)% VR(J+1+1)+RI1(L+1)* V]
1(0+1,1)

VI(J4142)= VI(J+12)=-RRI(L+1)%*% VI(J4+1+1)=-RI1(L+1)* VR
1(J4141)

D VR(J+14¢2)=D VR(J+1¢2)=RR1(L+1)¥D VR(J+1+1)+RI1(L+1)%D VI
1(J4+1e1)

D VI(J41:¢2)=2D VI(J+1+2)=RRI(L+1)¥*D VI(J+1+1)=-RI1(L+1)%D VR
1(J+141)
D2VR(J4+1+2)=D2VR(J+1¢2)~RR1(L+1)I#¥D2VR(J+1+1)4+RI1(L+1)¥D2VI

1(U+141)

D2V1(J+1+2)=D2VI(J+1+2)=RR1(L+1)¥D2VI(J+1+1)-RI1(L+1)¥D2VR

1(J+1.1)

o swmaew o
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CALL CMULT(UOR(3)+UOI(3)sUOR(1)+s=UOI(1)sP1RsP11])
RR2(L+1)=P1R/DEN $ R12(L+1)=P11/DEN

PR(J+1¢3)= PR(J+1¢3)=RR2(L+1)% PR(JU+1s1)+RI2(L4+1)%* PI
1(J+141)

PIt(J+1e3)= Pl(J+41¢3)=RR2(L+1)% PlI(J+1+1)=-RI2(L+1)%* PR
1(J+1.1)
D PR(J+1:3)aD PR(JI+1¢3)~=RR2(L+1)%D PR(J+1+1)+RI2(L+1)%D PI1
1(J+141)
D PI(J41e¢3)=D PI(J+1+3)=RR2(L+1)%D PI(JU+1+1)=-RI2(L+1)%D PR
1(JU+141)
D2PR(J4+1+¢3)=D2PR(J+1+¢3)=RR2(L+1)¥D2PR(J+1+1)+RI2(L+1)%D2P]
1(J+141)
D2P1(J+1¢3)=D2P1(J+1¢3)=RR2(L+1)¥D2PI1(JU+1+1)-RI12(L+1)#D2PR
1(U+141)
D3PR(J+1¢3)=D3PR(J+1¢3)=RR2(L+1)*¥D3PR(J+1+1)4+RI12(L+1)¥D3P1]
1(JU+141)
D3PI (J4+1¢3)=D3PI(J+1¢3)=RR2(L+1)%¥D3PI(JU+1+1)=-RI2(L+1)¥D3PR
1(U+101)
DAPR(J+1+¢3)=DAPR(J+1 ¢3)=RR2(L+1)¥DAGPR(J+1+1)+RI2(L+1)%*D4API]
1(J+141)
DAPI(J+1¢3)=DAPI1 (J+4+1+3)=RR2(L+1)1*#D4PI(JU+1+1)-RI2(L+1)*D4PR
1(U+1,.1)

VR(J+1e3)= VR(J+13)=RR2(L+1)% VR(J+1+1)4+RI2(L+1)%® VI
1(J+141)

VI(J+1e3)x= VI(J+103)=RR2(L+1)% VI(J+1+1)=-RI2(L+1)%* VR
1(J+2+1)
D VR(J4+1¢3)=D VR(J+1¢3)=RR2(L+1)%¥D VR(JU+1+1)+RI12(L+1)%¥D VI
1(JU+141)
D VI(J+143)=D VI(J+1:3)=RR2(L+1)%#D VI(J+1+1)=-RI2(L+1)*D VR
1(U+141)
D2VR(J+1 ¢3)=D2VR(J+1 +13)~RR2(L+1)%¥D2VR(J+1+1)4+RI2(L+1)%¥D2VI]
1(J+141)
D2V1(J41¢3)=D2VI(J+1 ¢3)=RR2(L+1)%¥D2VI(J+1+1)=RI2(L+1)¥D2VR
1(J+141)

1102 IF (JU=2) 554110541105
1105 DAPR(J +2)=DAPR(J +12)~RR1I(L41)I¥DGPR(J +1)+R11(L+1)%D4P1

1(U 1)
DAPI(JY ¢2)=DAPI(J +2)=RR1(L+1)I%¥DQPI(J +1)=R11(L+1)¥D4APR
1(U 1)
IF (OM (EQe 0.0DO0) GO TO 1235
D2VR(J  +2)=2D2VR(J +2)=RR1(L+1)%*¥D2VR(J +1)+RI1(L+1)¥*D2VI
1(U 1)
D2VI(J +2)=D2VI(J +2)=RR1(L4+1)#D2VI(J +1)=RI1(L+1)¥D2VR
1(V +1)
D2VR(J ¢3)=D2VR(J 13)=RR2(L+1)¥D2VR(J +1)+RI12(L+1)%D2VI
1(U 1)
D2VI(J  ¢3)1=D2VI(J +3)=RR2(L+1)#D2VI(J +1)=RI2(L+1)%¥D2VR
1(J +1)
DAPR(J ¢3)=DAPR(J +3)=~RR2(L+1)#DAPR(J +1)+RI2(L+1)#D4P]

-
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1(J 1)
DAP1(J ¢3)=D4PI(J +3)=RR2(L+1)*¥D4PI(J +1)-RI2(L+1)*D4PR
1(J 1)
1235 IF (JU=3) 554+32,32
32 D4PR(J-1¢2)=DA4PR(J=1+2)-RR1(L+1)*¥DAPR(J-1s1)4+RI1(L+1)%D4P]
1(J=14¢1)
DAPI (J=1+¢2)=DAPI(J=-142)-RR1(L+1)#DAPI(JU=-1+1)=-RI11(L+1)%¥D4PR
1(U-1+1)
IF (OM +EQe 0.0DO) GO TO 1240
D2VR(J=1¢2)=D2VR(J=1+2)=RR1I(L+1)¥D2VR(J-1+1)+RI11(L+1)¥D2VI
1(JU=1461)
D2VI(J=14¢2)=D2VI(J=1+2)=RR1(L+1)¥D2VI(J=1+1)=-RI1(L+1)¥*D2VR
1(JU=141)
D2VR(J=14¢3)=D2VR(J=1¢3)~RR2(L+1)*¥D2VR(J~1+1)+RI12(L+1)#D2V]
1(J=141)
D2VI(J=1¢3)=D2VI(J=1+3)=RR2(L+1)%¥D2VI(J=1+1)-R12(L+1)¥D2VR
1(U=14¢1)
DAPR(J=14¢3)=D4PR(J=1+¢3)=RR2(L+1)*¥DAPR(JU=1+1)+RI2(L+1)*D4P1]
1(J=141)
DAPI(J=14¢3)=D4PI(J~19¢3)~RR2(L+1)¥DAPI(JU=1+1)=-RI12(L+1)%*D4PR
1(J-141)
1240 IF (U «EQe 3) GO TO 55
DAPR(JU=242)=D4PR(J=2+2)=RR1(L+1)*¥DAPR(J=2+1)4+RI1(L+1)%*D4P]
1(U=241) .
DAPI(JU=2¢2)8DAPI (J=2¢2)~RR1(L+1)¥DAPI(J~2+1)~RI11(L+1)¥D4APR
1(U=241)
IF (OM EQe 0.0D0O) GO TO S5
D2VR(J=2+2)3D2VR(J=2¢2)~=RR1(L+1)*¥D2VR(J=2+1)4+R11(L+1)%D2V1
1(U=2+1)
D2VI(J=242)=2D2VI(J=2+2)=RR1(L+1)¥D2V]I(JU=2+:1)=-RI1(L+1)*D2VR
1(J=24¢1)
D2VR(J=24¢3)=D2VR(J=2+3)=RR2(L+1)*¥D2VR(J=2+1)4+RI12(L+1)*D2V1
1(U=241)
D2V1(J=2¢3)=D2VI(J=2¢3)=RR2(L+1)#D2VI(J=2+¢1)=RI2(L+1)#D2VR
1(J=2+1)
DAPR(J=24¢3)=D4PR(J=2¢3)~=RR2(L+1)*#D4PR(J=2+:1)+RI12(L+1)*D4API
1(J=241)
DAP1 (J=243)=D4AP I (J=-2+¢3)~RR2(L4+1)%¥D4PI (U-2+1)=-R12(L.+1)¥D4APR
1(J=241)
55 CONT INUE
GO TO (19¢19+19+16) MON
16 IF (OM EQe 0.,0D00) 1041,1044
1041 PRINT 1042
1042 FORMAT ( 3Xes¥PR(JsI)INSXeHPI(Je I )R SXsXDPR(Js1 )% eaXs¥DPI(Jo
11)% 04X e HD2PR(Js 1) 242X s %D2PI(Je 1) X e2X s #D3PR(Je 1) H e 2X e ¥D3P I (J
2e1) R e2X s HDAPR(J eI ) #¢2X s %DAPI(Jol)H 9 X e RZ(M)H4OX o %] ¥*)
GO TO 19
1044 PRINT 17
17 FORMAT ( 33X+ H¥PR(JeI)FHiSXeHPI(JeI)HSXsHDPR(Je1)H*eaXe%XDPI(Jo

s c—— o
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11)% 04X o ¥D2PR{J eI )R ¢2X o ¥D2PI(Jo 1) % QX s XHVR(Js 1) HeSX e HVI(Js])*
2¢SXs¥DVR(JeII ¥4 QX e ADVI(Is ) HeIX e HZ(M)H 99X o H]¥*)
19 CONTINUE
18 FORMAT (10(1XsD11e3)91XsFT7e401Xe17)
GO TO (1055+105541055+1051) MON
1051 PRINT 1052
1052 FORMAT (# EIGEN FUNCTIONS LESS CONTRIBUTIONS OF GROWING
1SOLUT IONSH*)
IF (OM EQe 0.0D0) 105341054
1053 PRINT 18 ¢ ((( PR(JSIIPI(JIeI)IDPR(Je1)DPI(Jes1)+D2PR(Js1)
1D2P1(Js1)sD3PR(Je1)D3PI(Js1)9DAPR(JTI)DAGPI(Jel)sY(J)s1)
2J=1+IN) s 121, IR)
GO TO 1085
1084 PRINT 18 o (0 PRIJIIIPI(JIesI)IIDPR(JI)IDPI(Je1)eD2PR(J01)
1eD2PI(JesI) s VRIJI)IeVI(IsI)DVR(JII)sDVI(JsI)eY(JU)sI)eJ=1sIN
2)e1=1+1IR)
1085 MMM=0 & KJ=1
REPAIR THE EXTRACTIONSe
1025 NI=IN $ NN=0¢5/D1+4+1.0/D2+1
RSR1=RR1(NN) $ RSI1=RI1(NN)
IF (OM (EQe O0.0DO) GO TO 1027 $ RSR2=zRR2(NN) $ RSI2=RI12(NN)
1027 MMM=MMM+1 $ IF (MMM ,EQe 1) 106641067
1067 IF (MON-2) 1030+1066+1066
1066 CONTINUE
IFf (MON-3) 34,34,33
33 PRINT 3S+RR1(NN)+RSR1 +sRI1(NN)RSI1+RR2(NN) sRSR2+RI2(NN) »
1RSI2+NN
3% FORMAT (8B(1X1D1565)e2X015)
34 NIsNI=KJ & NNa2NN=1 $ [=2
P R(N1s+s1)= P R(NI«+I)=-RSR1%* P R(NI+1)Y+RSI1#*# P I(NIs1l)
P I(N1+1)Y= P [(NIel1)=~RSR1#* P I(NI+1)~RSI1%* P R(NIs1l)
DP R(NI«+1)=DP R(NI¢1)~RSR1I1%#DP R(NI+1)+RSI1*#DP I(NIs1l)
DP I(NI+1)=DP JI(NI«+I)~RSRI*DP I1(NI«1)=-RSI1*¥DP R(NIs1)
D2PR (NI 1)=D2PR(N]I+1)=-RSR1¥D2PR(NI+1)+RSI1%¥D2PI (NI 1)
D2PI(N1+1)=D2PI(NI+1)~RSRI1#D2PI(N1+1)~-RSI11%¥D2PR(NI 1)
D3PR(N1+1)=D3PR(NI¢+1)~RSR1#¥D3PR(NI+1)+RSI1#D3PI(NI+1)
D3PI (NI+1)=D3PI(NI¢I)~RSRI#D3PI(N]I+1)-RSI1*#D3PR(NIs1)
DAPR(NI+1)Y=D4PR(NI+1)=RSR1%#¥DAPR(NI+1)+RSI1*#¥DAPI (NI 1)
DAPI(NI+1)=DAPI(NI+sI1)=RSR1I#DAPI(N]I+1)~RSI1#¥DAPR(NI 1)
IF (OM EQe 0.0DO) GO TO 1029
V R(NI«l)= V R(NI«1)=RSR1%¥ V R(NI«+1)+RSI1% V I(NIs1)
V I(NIesI)= V I(NI+I)=RSR1¥* V I1(NI+1)-RSI1% V R(NIs1)
DV R(NI+1)=DV R(NIs1)=RSRI*¥DV R(NI+1)+RSI1*#DV I(NIs1)
DV I(NI«+1)=DV I(NI+I)=RSR1%#¥DV I(NI+1)=RSI1¥DV R(NIs1)
D2VR(N1+1)=D2VR(NI +1)=RSR1¥D2VR(NI +1)+RSI1¥D2VI (NI +1)
D2VI(NI1+1)=D2VI (NI ¢1)=RSRI1#D2VI(NI +1)=-RSI1¥#D2VR(NI 1)
I=3
P R(NI«I)I= P R(NI+1)=RSR2%¥ P R(NI«1)+RSIZ2% P T (NIs1l)
P I(NIeI)= P I(NI«I)=RSR2% P I(NI1)=RSI2% P R(NI+s1l)
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DP R(NIsI1)=DP R(NI+1)=-RSR2¥DP R(NI+1)+RSIZ2*DP I1(NI+1)
DP 1(N1+1)=DP 1(NI+1)—-RSR2¥DP I(N[+1)=RSIZ2#DP R(NI 1)
D2PR(NI ¢+ 1)=D2PR(N]I+1)=RSR2¥D2PR (NI +1)+RSIZ2¥D2PI (NI +1)
D2PI(NI+1)=D2PI(N1+¢1)=-RSR2¥#D2PI(NI ¢1)~=-RSI2¥D2PR(NI+1)
D3PR(NI+1)=D3PR(NI1+¢1)-RSR2¥D3PR(NI+1)+RSIZ2*¥D3PI(NIs1)
D3PI(NI«1)=D3PI(NI¢1)-RSR2#D3PI(N]1+1)=RSIZ2*D3PR(N]I+1)
DAPR (NI +1)=DAPR(NI +1)=RSR2%¥DAPR (NI 41 )+RSI2#DAP1 (NI 1)
DAPI (NI +1)=DAPI1(NI+1)~RSR2¥D4PI1 (NI +1)-RSIZ2H¥D4PR(NI 1)
V R(NI«sI)= V R(NI«I)=-RSR2% V R(NI+1)+RSI2% V I(NIs1)
V I(NIsI)=s V I(NIs1)=-RSR2% V I(NI41)=RSI2% V R(NI«1)
DV R(NI+1)=DV R(NI+I)-RSR2%¥DV R(NI+1)+RSI2%¥DV I1(NIs1)
DV I(NI1+1)=DV T(NIsI)=RSR2#DV I(NI+1)=-RSI2%#DV R(NIs1)
D2VR(N1+1)=D2VR(NI+1)-RSR2¥D2VR(NI] +1)+RSI2%*¥D2VI (NI +1)
D2VI(NI«1)=D2VI(NI+[)=RSR2%¥D2VI(N]I+1)~-RSIZ2*D2VR(NI 1)
1029 IF (NI=-2 ) 1030+1030+1028
1028 RSR1=RSR1+RR1(NN) $ RSI1=RSI1+RI1(NN)
IF (OM +EQe 0.0DO) GO TO 1027
RSR2=zRSR2+RR2(NN) $ RSI2=RSI2+RI2(NN) $ GO TO 1027
1030 CONTINUE
GO TO (10604106041060+1056) MON
1056 PRINT 1057
10857 FORMAT (# REPAIRED FUNCTIONS AFTER THE EXTRACTIONS#*)
IF (OM .EQe O0.0DO) 105841059
1088 PRINT 18 + ((( PR(JsI)sPI(Je1)eDPR(Js1)DPI(Je1)+D2PR(Js1)
19D2P1(Js1)eD3PR(JSI)IIDIPI(Je1)eDAPR(JI1)DAPI(Jsl)eY(JI)sI)o
2J=1+IN) s I=1,41IR)
GO TO 1060
1059 PRINT 18 o ((( PRIJIIIIPICIIIIIDPR(JeI)IDPI(Je1)eD2PR(Js1])
19D2PI(Je1)sVR(JeI)eVI(JeI)DVR(JIsI)DVI(IoI)oY(J)eI)eJ=10]IN
2)91=141R)
1060 CONT INUE
VALUES FROM ABOVE AT THE WALLe.
N=IN
IF (OM EQe¢ 0,0D0) 5554550
550 AR(1+1)=PR(Ns1) 8 AR(1+2)=PR(N+2)
AT (141)=PI(Ns1) 8 AI(142)=PI1(N+2)
AR(24¢1)= VR(Ns1) $ AR(242)= VR(N.2)
AT (2+¢1)= VI(Nes1) 3 AI(2:2)= VI(N2)
B1R=DPR(Ns1) $ B2R=DPR(N+2) $ B3R=DPR(N3)
B11=DPI(Ns1) & B212DPI(N+2) $ B3I=DPI(N+3)
N=N-1
CIR=DPR(Ns1) $ C2R=DPR(N+2) $ C3R=DPR(N3)
C1I=DP1(Nesl1) $ C21=0DPI(Nes2) $ C3I=DPI(N+3)
GO TO 556
555 AR(1+1)=PR(Nes1) 8 AR(1+2)=PR(N+2)
AT (1e¢1)=PI(Ns1) 8 AI(1¢2)=PI1(Ns2)
B1R=DPR(Ne¢l1) $ B2R=DPR(N+2)
B1 I=DPI(Nes1) $ B21=DPI(N+2)
N=zN-1
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C1R=DPR(Ns1) $ C2R=DPR(N+2)

Ci1I=DPI(Ns1) $ C21=DP1(N+2)
DEN=AR(1+¢1)%AR(1+41)+AI(1+1)#AI(1e1) S AJ(191)==AI(101)
CALL CMULT(AR(1+41)¢AI(101)+AR(192) AT (142) sPORIPOI)
XR(1)==-POR/DEN $ XI1(1)==~POI/DEN $ Al(1+1)==Af(1s1)
GO TO 990

N=IN

XR(1)==PR(Ne¢3) & X1(1)==PI(Ne¢3) $ XR(2)==VR(N+3)
X1(23==V1I(Nes3)

IRM=IR-1

DO 991 [=1+IRM $ DO 991 J=1+IRM 3 BR(1+sJ)=AR(I4+J)
BI(leU)=Al(I0J)

CONT INUE

GO TO (214+214+:213+213) MON

PRINT 26

FORMAT (SXe#AR(T o J)#+30X s HAT (1 eJ)#)

PRINT 652+ (((BR(I1+J)sBI(1sJ))eJ=19IRM)e[=1+IRM)
FORMAT (2(2X+D35.25))

FORMAT(2(2X+sD35¢16))

PRINT S8

FORMAT (SXs#BIR® +3SX o #BII*)

PRINT 27+81R+B1l 8 PRINT 27+82R+B21

IF (OM +EQs 0.0DO) GO TO 1245

PRINT 27+B3R+831

PRINT 27+C1lR+C1I $ PRINT 27+C2ReC21

IF (OM EQe 0.0D0) GO TO 214

PRINT 27+C3R+C31

CONT INUE

IF  (OM <EQe 0.0D0) GO TO S6

DSOLE SOLVES THE ALGEBRAIC EQUATIONSe.

CALL DSOLE(BR+Bl+XReXI+IRMeIRM)

GO TO (216+2164+21%¢215) MON

PRINT 2

FORMAT (SXs%#XR(TI)He33Xe#XI(])*)

PRINT 2T7e¢ ((XR(I)eXI(I))eImlsIRM)

CONT INUE

IF (OM EQese 0.0D0) S85¢590

CHECK ON XRe+Xle
WR(1)aXR(1)#AR(1+1)=XI(1)#AT(1+1)+AR(1+2)
WIC1)=XIC(1)%AR(141)+XR(1)RATI(1+1)+AI(142)

GO TO 586

CONTINUE & N=IN

CHECKING DSOLE.
WR(1)=XRU1)#AR(141)=XT(1)*AT(1+1)+XR(2)%#AR(1+2)-X1(2)%*
1A1(142)+ PR(Ne3)
WIC1)mXT(1)#AR(1+1)4+XRC1)I¥AI(101)4+XI(2)%AR(1+2)4+XR(2)%*
1A1 (14204 PI(N+3) ’
WR(2)=XR(1)FAR(2+1)=-XI(1)I#AI(2+1)4+XR(2)#AR(2+:2)=-X1(2)%*
1A1(2¢2)+ VR(Ns3)

‘l’
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WI(2)=2XR(1)RAI (241 )+XI(1)RAR(2+1)4+XRI2)XAT(2+2)+X](2)%
1AR(2+¢2)+ VI(N:3)
586 IF (MON =2) 5654+560¢560
S60 PRINT38 $ PRINT 27¢ ((WR(I)WI(I))eI=1eIRM)
565 WRT=00D $ DO 800 I=1+IRM
38 FORMAT (SX+H#WR(I)HeIIXeXWI(I)® )
800 WRT=WRT+DABS(WR(1))+DABS(WI(I))
IF (WRT=(1.0D0=-6)) 830:830+805
805 PRINT38 & PRINT 27¢ ((WR(I)eWICI))eI=1eIRM) $ GO TO 400
830 CONTINUE $ IP=IP+1
100 GO TO (225+¢217+217¢217) MON
217 CONTINUE
PRINT 874
874 FORMAT (# FINAL COMBINED FUNCTIONS #*)
E=P=Z2 AND U=V=aZ1
IF (OM .EQe 0,0D0) PRINT 1030
1030 FORMAT (33X s #PR(JI)IHSXe¥P I (J) % ¢SXsRDPR(J)He4Xs¥DPI(J)*#44X,
1#D2PR(J)IH 12X s HD2P I (J)H 92X e #D3PR(J)H 42X s RD3PI (J) # 42X+ ¥D4PR
2(J)Re2X o ¥DAP I (J) R 44X o RY (J)H 49X ¢ HJ¥)
IF (OM EQe 0.0D0O) GO TO 1040
PRINT 13
13 FORMAT (3Xs#PR(J)H¢SX P (J)H ¢SX s ¥DPR(J) X9 QX ¥DP I (J)#* 94X
1%¥D2PRIJI X 2X s #D2P L (J)F s 4X o RVR(J) R ¢SX e HVI(J) ¥ ¢SX s ¥DVR(J)*
24X e RDVIC(Y) HeIX s RY (J)HeO9X e %I¥)
1040 DO 221 J=1 +IN
IF  (OM +EQe O0,0D0) 595+605
5985 ER=XR(1)I#PR(Je1)=X1(1)H¥PI1(Je1)+PR(U2)
EI=XR1)*¥PI(Js1)4+XI(1)I¥PR(Js1)+PI(Ve2)
DER=XR(1)¥DPR(Js1)=XI1(1)%¥DP1(Je1)+DPR(J+2)
DEI=XR(1)I¥DPI(Je1)4+X1(1)XDPR(Je1)+DPI(Je2)
D2ER=XR(1)¥D2PR(Js1)=XI (1) %¥D2P1(Je1)+D2PR(J»2)
D2EI=XR(1)¥D2PI1(Je 1) 4+XI(1)%D2PR(Js1)+D2P1(Je2)
D3ERaXR(1)¥D3PR(Je1)=XI1(1)%¥D3PI1(Je1)+D3PR(Js2)
DIEI=XR(1)%D3PI(Je1)+XI(1)XD3PR(J+1)+D3PI(Js2)
DA4ER=XR(1)#DAPR(Je1)=XI(1)¥D4P I (Je1)+D4PR(J2)
DAETI=XR(1)¥DAPI (U 1)+ X1 (1)X#DAPR(J1)+DAPI(Je2)
PRINT 18+EREI1+DERDE1+D2ERD2EI +D3ERD3EI +DAERIDAEIsY (J) o U
GO TOo 221
6085 ER=XR(1)#PR(Js1)=XT(1I¥PI(Jes1)+XR(2)#PR(J+2)=XI(2)%P1(Js2)+
1PR(J+3)
E1=XR1)IMPI(Jy 1)+XT (1) ¥PR(Js1)+XR(2)#PI (Js2)+ X1 (2)¥PR(Js2)+
1P1(J+3)
DER=XR(1)I¥DPR(Je1)=XI(1)¥DPI(Js1)+XR(2)%¥DPR(Js2)=-X1(2)*DP1
1(0e¢2) +DPR(J3)
DEI=XR(1)¥DPI(Je1)+XI(1)¥DPR(Je1)I+XR(2)#¥DPI(Je2)4+XI(2)*DPR
1(J+2) +DP1(JU3)
D2ER=XR(1)¥D2PR(J+1)=XI(1IRD2PI(Js1)+XR(2)HD2PR(J+2)=-X1(2)*
1D2P1(J+2)94D2PR(J93)
D2ET1=XR(1)¥D2PI(Je1)4XI (1)¥D2PR(J91)+XR(2)¥D2PI(J+2)+X1(2)*

AL
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1D2PR(J+2)4+D2P1(Je3)
UR=zXR(1)%VR(Js1)=XT(1)#VI(Js1)4+XR(2)I¥VR(J+2)=XI(2)¥V]I(Js2)+
1VR(J+3)

UIaXR1)¥WI(Je 1)4XT(1)I#VR(Js1)4XRI2)IHVI(Je2)4X]I(2)¥VR(Js2)+
1VI(Je3)
DUR=XR(1)#DVR(Je1)=XI(1)¥DVI(Je1)+XR(2)%¥DVR(Je2)=X1(2)%¥DV1
1(Je2)4+ DVR(JU+3)
DUI=XR(1)I%¥DVI(Jes1)4+XI(1)¥DVR(J+1)+XR(2)XDVI(J22)+X]1(2)*¥DVR
1(U»2)+ DVI(U+3)

PRINT 18+EREI+DER'DEI+D2ER'D2EI +URsUI +DURIDUI s Y(J) o J

CONT INUE

COMPUTE TEST FUNCTION T=X(1)#B1+X(2)#B2+83 AND CHECK HOW
MUCH 1T DIFFERS FROM Oe USE TEST=DSQRT(T#T CONJUGATE)

IF  (OM EQe 0o0DO) 625630
TBR(IP)=XR(1)*¥B1R=-X1(1)#B1I1+B2R
TBI(IP)=XR(1)*B11+X1(1)%#B1R+B21
TCR(UIP)=XR(1)*C1R=XI(1)#C1I+C2R
TCI(IP)=XR(1)#C1I+X1(1)%#C1R+C21

GO TO 635
TBRUIP)=XR(1)¥B1R=XI1(1)#B11+XR(2)#B2R-X1(2)*B21+B3R
TBIC(IP)=XR(1)#B1I+XI(1)%¥B1R+XR(2)*B2I1+X1(2)*B2R+8B31
TCROIP)=XR(1)*#CIR=XI(1)#B1I+XR(2)#C2R-X1(2)*#C2I+C3R
TCICIP)=XR(1)#C1I4+XI(1)*¥CIR+XR(2)*#C21+X1(2)%#C2R+C31
TR(IP)=TBR(IP)/TCR(IP) & TI(IP)=TBI(IP)/TCI(IP)
TCIP)=DSART(TR(IP)®TR(IP)I+TI(IP)I*TI(IP))

IF (MON-2) 145,126+126

IF (MD-2) 13041404140

PRINT 135

FORMAT(I1Xe %I THe1XoHIPHs4XeH#OM¥ ¢ 13X e #R* ¢ 1SX e HALN 014X e ¥BE*
114X e HCR¥% 414X e %TRHE e 1SX o XTI He 14X e #TH)

GO TO 145

PRINT 24

FORMAT (44X e ¥IP¥ 44X o X¥OM¥ ¢ 1 3XeHR¥s 1SX s HALK 914X e ¥BE¥ 9 14X ¢ ¥CR¥* o
114X e % TR0 1SX e %TI#e14Xe%TH*)

IF (T(IP)=TIP) 10241024101

IF (IP=2) 11041154115

PRINT 28¢1TEs IPsOMIRIALIBEICRsTR(IP) s TI(IP)eT(1P)

FORMAT (1Xe12+1X012¢8(1XeD1568))

GO TO 120

PRINT 23+¢IPsOMIRIALIBEICRITRIIP)+sTI(IP)sT(IP)
FORMAT(4X+12+8(1XsD15.8))

ITERATION OF EIGEN-=-VALUES.

GO TO (105+197+198) IP

DAL=PAL*AL $ AL=AL+DAL $ GO TO 421

AL=AL-DAL & RD=PCR#R $ R=R+RD $ GO TO 421
DTR1=(TR(2)-TR(1))/DAL $ DTI11=(TI(2)-T1(1))/DAL $ R=R-RD
DTR2=(TR(3)=TR(1))/RD $ DTI2=(TI(3)=T1(1))/RD
DEN=DTR1#DTI2-DTI1#DTR2 % DAL=(TI(1)*DTR2-TR(1)*DT12)/DEN
RO=(TR(1)¥DTI1=-DTR1#TI(1))/DEN

I

A
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IF (DABS(DAL) «GEe (PCH *AL)) DAL=PCH*AL¥DAL/DABS(DAL)
708 IF (DABS(RD)—=(PCH¥*R)) 108+108+109
109 RD=PCH#R#RD/DABS (RD)
108 DTR1=1000D#RD/R $ R=R+RD % DTR2=100«0D*DAL /AL
AL=zAL+DAL $ IP=0 3 ITE=ITE+]
PRINT 23+IP+OMRWALWBESCR
PRINT 23+s1P+OMDTR1+DTR2
GO TO 421
102 PRINT 211
211 FORMAT (# CNHNVERGENCE TEST SATISFIED *)
PRINT 24
PRINT 23+I1P+OMIRIALBEICRITRIIP)+»TIC(IP)+sT(IP)
GO TO 400
410 END

SUBROUTINE DSOLE(ARsAI +XReXIoeNesND)
THIS SUBROUTINE WAS WRITTEN BY DRe WeCoREYNOLDS OF STANFORD
UNIVERSITYe IT WAS MODIFIED FOR USE IN DOUBLE PRECISIONe.
DPRE.COMPLEX SOLUTION OF N SIMULTANEOUS LINEAR ALGEBRAIC EQ.
DIMENSION AR(6+6)+A1(6+6) +XR(6)+X1(6)
DOUBLE PRECISION ARAI s+ XRIXIsERIETI sCoCXoDoYeZ
CONSTRUCT THE TRIANGULAR ARRAY
NM1=N=-=1
DO S0 K=1sNM1
NORMAL IZE EACH ROW ON ITS MAXIMUM MODULUS ELEMENT
M=N-K+1
DO 8 I=1«M
C=0.0DO
DO 4 JU=1M
CX=AR(1 +J)HAR( T e J)F+AI (I o1 )RALI(IJ)
IF (CX=C) 44,3
3 CaCX
21 FORMAT (10X+D25.16)
4 CONTINUE
C=1.0D0O/DSQRT(C)
XR(1)=XR(1)#C
XI(I)=XI(1)%C
DO 7 JU=1eM
AR(I¢J)=AR(I +J)®C
AT (TeJ)=AI(I+J)%C
22 FORMAT (1Xe14+1Xs1404(S5XsD25616))
7 CONTINUE
8 CONTINUE
FIND THE OPTIMUM PIVOT ROW.
C=0.000
DO 12 I=1sM
CX=AR(I +M)RAR(T sM)FAT (I sM)HAT (T M)
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IF (CX=C) 12412410
C=CX
IP=1
FORMAT (5X¢14+5X¢D25616)
CONT INUE
STORE THE PIVOT ROW
IF (C) 704709413
IF (1IP=M) 14+:20+20
DO 16 J=1eM

ER=AR(IPyJ) $ EIaAl(IP«J) $ AR(IP+J)=AR(MsJ)

ATL(IPsJ)=AT(MsY)

AR (M J)=ER

Al (MeJ)=EI

ER=XR(IP) & EI=XI(IP)

XR(IP)=XR( M) $ XI(IP)=X1( M) $ XR(M)=ER $ XI(M)=EI

FORMAT (% REARRANGED MATRIX A #*)
FORMAT (12D11.3)

ELIMINATE THE MTH ELEMENTS
MM1=M-1
DO 30 I=1.MM1
D=AR(M+M)*AR(MsM)+AT (MsM)RAT(MsM)

Lo

L

ER=(AR(I M) #AR(MsMI+AI (I +MIXAI(MsM))/D
EI=(AI(I«M)HAR(MsM)=AR(I +M)*AI (M«M))/D
Y=XR(1)-ER*XR(M)+EI*#XI (M) $ Z=XI(])=ER*#XI(M)~EI*XR(M)

3s

24
30
S0

54

25

57

XR(1)=Y & XI1(1)=2Z
FORMAT (#D=#+¢S5(1XesD25¢16))
DO 30 J=1.MM1
YzAR( 1 ¢ J)=ER¥AR (Mo J)+EI*AI (Mo J)
Z=AI(1 0 J)=ER*AI (Mo J)=EI*AR(MsJ)
AR(IsJ)=Y & Al(l4J)=Z
FORMAT (1Xe1441X014¢6(1XeD20e12))
CONT INUE
CONT INUE

CARRY OUT THE BACK SOLUTION
C=AR(1+1)#AR(1+1)+AI(1+1)%AI(1+1)
IF (C) 70+70+54
Y=(XR(1)¥AR(1+1)+XI(1)%AI(1s1))/C
Z=(XI(1)*#AR(1+1)=XR(1)¥#AI(141))/C
XR(1)=Y $ XI(1)=2Z
FORMAT (5X¢3(SXeD25616))
DO 60 1=24N
IMi=t=}
ER=XR(1) & EI=XI(1)
DO 57 J=1+1IM1
ER=ER=AR( 1+ JI¥XR(JI+ATI (T e+ J)%X]I (J)
EI=EI-AR(I+J)#XI(J)=AT(]+J)¥XR(J)
D=AR(I I HAR( T+ I)+ATI (T I)*ALI(I01])
XR(I)=(ER®AR(I+I)+EI®AI(I+1))/D
XI(I)=(EI*AR(I+1)=ER*AI(1+1))/D
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CONTINUE

RETURN

PRINT 75

FORMAT (22HODSOLE SYSTEM SINGULAR)

PRINT 81+ (((AR(TIsJ)sAI(IsJ))eJdarlsN)sI=1sN)
PRINT 81¢((XR(I)eXI(I))eI=1sN)

RE TURN

END

SUBROUTINE POLYRT(FRsFI+NORDER'RR+RI+DELTA2)

THIS PROGRAM ALONGWITH THE NECESSARY SUBROUTINES WAS TAKEN
FROM THE MeSeUe COMPUTING LIBRARY, THIS WAS WRITTEN BY

MRe WILLIAM HOLSTEN OF THE UNIVe OF CALIFORNIAsSAN=-DIEGO.
IT WAS MODIFIED FOR USE IN DOUBLE PRECISION AND WITH
EXTENDED ACCURACY.

THIS SUBROUTINE ALONGWITH SUBROUTINES IMPROVE +REDUCE+ROOT
AND BASIC DETERMINES A ROOT OF THE POLYNOMIAL WITH COMPLEX
COEFFICIENTS+WHICH 1S THEN IMPROVED UNTIL THE DESIRED
ACCURACY DELTA2 1S REACHEDe THEN THE ORDER OF THE POLYNOMIAL
IS REDUCEDe THIS PROCESS IS REPEATED UNTIL ALL THE ROOTS
ARE OBTAINEDe

DIMENSION RR(9 )sRI(9 )FR(9 HsFI(9 )eFFR(9 )sFFI(O )
DOUBLE PRECISION RR'RIFRIFI«FFR«FFI+ZDeT1 R

K=NORDER+1

DO 11 I=1.K

FFR(1)=FR(1)

FFI(I)=FI(I)

NORDR=NORDER

IF(FFI(K))2¢33+2

IF(FFR(K))3+44,3

NORDR=NORDR~-1

K=K-1

IF (NORDR=1)66166+55

STOP 66-

IF(FFR(K)~=1e0D0)2¢442

ZD=FFR(K)®FFR(K)+FFI(K)®FFI(K)

DO 5 I=14K

T1=(FFR(I)¥FFR(K)Y+FFI(I)®FFI(K))/2D
FFI(I)=(FFR(K)XFFI(I)=~FFR(I)®FF1(K))/2ZD

FFR(I)=T1

IF(FFR(1))7¢8¢7

IF(FFI (1))7+947

DO 10 I=14K

FFR(1)=FFR(1+1)

FFI(1)=FFI1(1+1)

RR (NORDR)=0+0D0O

RI (NORDR)=0,0D0O
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NORDR=NORDR-1

KzK~-1

GO TO 4

NOR=NORDR~-1

R=10DO

DO 1 I=1+NOR

JJ=NORDR+1~1

CALL ROOT(FFRsFF1eJJRR(I)IRI(I)R)
CALL IMPROVE(FFR«FFI+JJ'RR(1I)RI(]I)DELTA2)
R=DSART(RR(I)*RR(I)+RI(I)*RI(1))
CALL REDUCE(FFRsFF1+4JJRR(I)RIC(CI))
CONT INUE

RR (NORDR)==FFR(1)

RI(NORDR)==FFI (1)

END

SUBROUTINE IMPROVE(TR+T]I +NORDsCR+C1+DELTA2)
DIMENSION TR(9 )sTI(9 )sDR(9 )sDI(9 )
DOUBLE PRECISION TReTIsDRsDIsTTReTTI+T1+DDRsDDI sCRCls
1CRNEWsCINEW

COMMON DRsDI

DO 1 I=1+NORD

Z1=1

DR(I)=TR(1+1)%#Z1

DICI)=TI(I+1)#21

ICNT=-25

TTR=TR (NORD+1)

TTI=TI(NORD+1)

DO 2 I=1+NORD

J=NORD+ 1 =1

T1=TTR#CR=TTI#C1+TR(J)
TTI=TTI*CR+TTR¥CI4+TI(J)

TTR=T1

MORD=NORD-1

DDR=DR (MORD+1)

DD1=D1 (MORD+1)

DO 3 1=]+MORD

J=MORD+1~1

T1=DDR¥*CR-DD I #CI+DR(J)

DD 1=DD1%CR+DDR#CI+DI (J)

DDR=T1

T1=DDR*DDR+DD1 #DD1
CRNEW=CR=(TTR®DDR+TTI*#DDI)/T1
CINEW=CI~(DDR*TTI-DDI#TTR)/T1

IF (DABS( (CR-CRNEW) /CRNEW) =DELTA2) 4+4+5
IF (DABS((CI=-CINEW) /CINEW) ~-DELTA2) 6+6+5
CR=CRNEW

C1=CINEW
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ICNT=ICNT+1
IF(ICNT)7+646
CR=CRNEW
Cl1=CINEW
RETURN

END

SUBROUTINE REDUCE(ARsAI ¢+NORDCR+C1)
DIMENSION AR(9 )JAI(9 HsTR(9 )sTI(9
DOUBLE PRECISION ARsAI+TReT1+CR*Cl
COMMON TR TI

TR{NORD ) =AR(NORD+1)

TI(NORD)=A1 (NORD+1)

MORD=NORD-1

DO 1 I=1MORD

J=MORD+1~-1
TR(J)=TR(J+1 I #¥CR=TI(J+1)%#CI1+AR(J+1)
TI(J)=TR(J+1)I¥CI+TI(J+1 )#CR+AI (J+1)
DO 2 1=14NORD

AR(I1)=TR(1)

AI(1)=TIC(])

RE TURN

END

SUBROUTINE ROOT(FRe«FI+sNN:CRsCIsR)
DIMENSION FR(9 )sFI1(9 )

DOUBLE PRECISION FReFI+sCONICR+sCIsDRsDIsRsRRsCl1sC2

NUM=-8

CON=DSQRT( «5D0)

CR=0.000

CI=00D0

DR=CR

D1=C1

CALL BASIC(FR«FIINNIRICRsCIsNO)
IF(NO)1+420¢15

STOP 4

R=20DO*R

CALL BASIC(FR+FIsNNIR«CR+sCI+NO)
IF(NO)1+2+3

R=R/2.0D0

RR=50D0#R/60D0

C1=RR#2,0D0

C2=2C1#CON

CR=CR+C1

CALL BASIC(FR+FI+sNNsRRsCR+CIsNO)

)
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IF(NO)13¢5+14

CR=CR=-2,0D0#C1

CALL BASIC(FR+FIosNNeRRsCR+sCI+NO)
IF(NO)13+:6+14

CR=CR+C1

Cl=Cl+C1

CALL BASIC(FRsFIsNNIRR¢CRsCIlsNO)
IF(NO)13e7+14

Cl1=CI=2,0D00%#C1

CALL BASIC(FRsFI«NNeRRsCR+CI+NO)
IF(NO)13+8+14

Cl=Cl+C14C2

CR=CR+C2

CALL BASIC(FR+F1sNNIRRsCR+C1¢NO)
IF(NO)1349+14

CR=CR-2,0D0O#%#C2

CALL BASIC(FReFIINNIRR+sCR+Cl1e¢NO)
IF(NO)13+10+14

C1=CIl~2.0D0%#C2

CALL BASIC(FRsFIsNNeRRsCR+CI+NO)
IF(NO)13¢11414

CR=CR+2.,0D0%C2

CALL BASIC(FRsFIINNIRRICR+Cl+NO)
IF(NO)13¢30s14

STOP 3

R=RR

NUM=NUM+1

IF(NUM)21+23+13

CR=DR

Cl1=Dl

RE TURN

R=R/20D0

CALL BASIC(FRsFIoNNIRsCRsCIsNO)
IF(NO)1+4415

END

SUBROUTINE BASIC(AR+AI «NORDERIR+CR¢CI ¢+ IANSWER)

DIMENSION AR(9 ) 4AI(9 ) BR(9 HBI(9 HIeTR(9 HIsTI(9 )
DOUBLE PRECISION AR'AIBR'BIsTRsTI+«CRICIOGR1+QI1+QR2+:Ql12
1T1eT2+sT39T4eTSHR

COMMON BRBI+sTRT1

20 IFLAG=0

IANSWER=0

NN=NORDER

N=1

M=2

TR(N)=CR
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TI(N)=Cl1l

TR(M) =R

TI(M)=0,0D0
BR(N)=AR(M) #¥CR-AI (M) *CI+AR(N)
BI(N)=AR(M)#CI+A1 (M) *CR+AI(N)
BR(M)=AR (M) *R

BI(M)=A1 (M) *R

DO 2 J=2+NN

L=JU+1

AR1=TR(N)*CR-TI (N)*C1
QI1=TR(N)#CI+T1I (N)*#CR

DO 1 1I=24J

Kz]-1
QR2=TR(I)#CR-=TI(I)#CI+R*TR(K)
QI2=TR(I1)#CI+TI(I1)XCR+R*TI(K)
TR(K)=QR1

TI(K)=Q]l1
BR(K)=AR(L)*QR1-AI(L)*QI1+BR(K)
BI(K)=zAR(L)*QI1+AI (L)*QR1+B1(K)
QR 1=QR2

QIl1=Ql2

CONT INUE
BR(J)=QR1#AR(L)~QI1#AI(L)+BR(J)
Bl (J)=QRI#AI (L)+QI1#AR(L)I+BI(J)
TRIL)=TR(J)*R

TI(L)=0,0D0

TR(J)=0QR1

TI(J)=Ql1

BRIL)=TR(L)*AR(L)
BI(L)=TR(L)®AI (L)

CONT INUE

MM z=NN+1
IF(BR(1)=1.0D+100)37¢37+.38

DO 39 I=1:MM
BR(I1)=BR(1)/1.0D+100
BI(19=BI(1)/1.0D+100

J=MM

DO 4 I=1 MM

TR(1)=BR(J)

TI(1)==BI1(J}

J=J-1

T2=BR(1)

T3=B1(1)

T4a=BR(MM)

TS=B1(MM)

DO S I=1 MM
T1=T2#¥BR(1)4+T3I#BI(1)-TAXTR(I1)+TS*TI(])
BI(I)=T2#BI(1)=T3#BR(I)=~T4*TI(I)-TS*TR( 1)
BR(1)=T1
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IF(BR(1))8+6+6
NN z=NN-1
IF(NN+1)7¢9+3
STORP 1
IANSWER=1
RETURN

END

SUBROUTINE VCAL (D1eD2+K)

THIS SUBROUTINE SOLVES FOR PRIMARY VELOCITY DISTRIBUTION,
METHOD EMPLOYED IS RUNGE KUTTA FOURTH ORDERe

REFERENCE WEEG AND REEDe.

DIMENSION UB(153).DUB(153)+D2UB(153)+Y(153)D3UB(3)+D4UB(3)
DOUBLE PRECISION UB'DUBD2UBsY sFsZsWoeHeD1+D2+AK1 1 AK2+AK3»
1AK4 AL 1 ,AL2yAL3+AL4+AM]1 s AM2,AM3,AM4,D3UBD4UB

COMMON /27 UB+.DUBD2UBY «D3UBD4AULB

BOUNDARY CONDITIONS.

N=K % F=,0D0%Z=,0D0SW=0,3320573361590828864445644D0

THE CONSTANT W WAS FOUND BY ITERATIONe ITS VALUE WAS
CONSIDERED TO BE ONE WHICH GAVE uUB=1e0 AT A DISTANCE
FARTHEST FROM THE FLAT PLATEe.

Y(N)=0.00D0

N1=0e5/D14+1 $ N2=1 $ N3=3

DIFFERENTIAL EQUATION OF THIRD ORDER IS WRITTEN IN THE FORM
OF THREE FIRST ORDER EQUATIONS.

J=3

UB(N)=Z & DUB(N)aW#,5D1$D2UB(N)==F#W#25,0D00/2.0D0

IF (N=N3) 3+¢3+4

IF (N=N2) 4:64+6

D3UB(J)==62¢5SDO%* ( Z#W—0 ¢ SDO¥F #F #W )
DAUB(J)==312eSDO* (WHW—1 s SDOHF%ZHW4+0 ¢ 2SDOXF ¥FRFXW) $ J=J-1
IF (N=2) 20+¢2 +2

IF (N=N1) 11+11412

H=D2#S5.0D0$GO TO §

H=D1#5 ¢0D0

COMPUTATIONS IN FOUR STAGESe.

AK1=H#Z $ AL1=xH¥*W $ AMix—~H¥WH*F /2,000

AK2=H*(Z+AL1/.2D1) & ALZ2=H®*(W+AM1/,2D1)

AM2z=H®* (F+AK1/2¢0D)# (W+AM1/2¢0D)/2.0D

AK3=H¥* (Z+AL2/¢2D1 ) SAL3=H* (W+AM2/.2D1)

AM3z=H¥# (F+AK2/¢2D1 )R (W+AM2/e2D1)1/20D0

AK4=H*(Z+AL3) $ AL4=H® (W+AM3)

AMA==H# (F4+AK3)# (W+AM3)/2.0D0

COMPUTATIONS FOR Fe¢ZeW AT NEXT STEPe.

FzF+ (AK1+¢2D1%#AK2+4 ¢ 2D 1 #AK3+AK4)/6¢0D0
ZaZ+(AL1+e2D1%AL 2+ 2D1*¥AL34+ALA)/6.0D0
W=zW+(AM1+2D 1 #AM2+ 2D 1 #*AM34+AM4 ) /6.0D0
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Y(N=1)aY(N)+H/5.0D008 N=N=1

GO TO 1
20 CONTINUE
ENO
SUBROUTINE CMULT(AR+AI+BR'BIl1+ABRABI)
THIS SUBROUTINE MULTIPLIES TWO COMPLEX NUMBERS IN DOUBLE
PRECISIONe.
DOUBLE PRECISION AR+Al+BR+Bl+ABRABI
ABR=AR¥BR-AI*B] 8 ABI=AR¥BI+AI#BR
RETURN
END
SUBROUTINE CXPE(DR+DI+RR«RI1)
THIS SUBROUTINE FINDS THE EXPONENTIAL OF A COMPLEX NUMBER
IN DOUBLE PRECISIONe.
DOUBLE PRECISION DRsDI'RRsR1
RR=DEXP (DR)#DCOS(D1) % RI=DEXP(DR)*DSIN(DI)
RETURN
END
DATA CARDS
e 02D 002D S0 2 1 10D=25
1.0D-2 10D=2 030D 1.0D0-3

«01D 0.20D 03970 0880011236D 1¢57937814D3 13
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