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ABSTRACT

A STOCHASTIC APPROACH FOR EVALUATING
SHORT-TERM FINANCING ALTERNATIVES
UNDER CONDITIONS OF RISK

By

John Walton Ellis

At least some facet of the cash.management problem
is faced by every manufacturing firm., In the decision
process, management must decide upon an optimal minimum
cash balance and a policy for handling cash shortages. A
model to aid management in selecting an optimal financing
strategy from a given set of alternatives is presented in
this study. The objective is the maximization of the
utility of the unrestricted ending cash balance at the end
of a specific planning period.

A sequential, multi-period approach that considers
risk is incorporated in the simulation model. The net
cash flow values that serve as input to the model are
generated by a simulation of the stochastic processes of
the input variables which make up the net cash flow. The

condition of stochastic dominance is utilized to evaluate



John Walton Ellis

the cumulative probability distributions which were
generated from the model output.

In summary, two quantitative techniques, simulation
and the condition of stochastic dominance have been
integrated and applied to analyzing and selecting an

optimal financing strategy from a given set of alternatives.
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CHAPTER I

INTRODUCTION

Statement of the Problem

Cash management and short-term financial planning
have become increasingly complex and important in the past
decade. As the cost of borrowing and yields on marketable
securities have increased, firms have begun to recognize
the advantages of economizing on cash holdings, speeding
up cash inflows, controlling cash outflows, and investing
excess cash.l The rapid expansion of business activities
has required increasing quantities of working capital.

At least some facet of the cash balance problem is
faced by every manufacturing firm. Only recently have
firms become cognizant of the importance of economizing
cash holdings, however. The need for cash stems from a
lack of balance between cash inflows and outflows, and the
difficulty of accurately predicting some of these flows.
An adequate amount of cash must be maintained to perform
regular transactions and to meet unexpected cash require-

ments. Management must decide on an optimal minimum cash

lYair E. Orgler, Cash Management--Methods and
Models (Belmont, California: Wadsworth Publishing
Company, Inc., 1970), p. 25.




balance and a policy for handling cash shortages. It is
the intent of this study to develop a model that is capable
of assisting maﬁagément in selecting an optimal short-term
financing alternative under conditions of risk, when a

net cash drain is anticipaced.

Plan of the Study

The model presented in this study is designed to
assist management in determining an optimal short-term
financing strategy. The criterion for decision will be
the maximization of the utility of the unrestricted ending
cash balancel at the end of a specific planning period.

The financing requirement of a firm in a given
planning horizon is determined by the initial cash balance
and the projected net cash flow. The cash balance is
affected by the stochastic nature of the net cash flow
for each period. The cash balance may be decreased by a
number of methods including investing surplus cash in
marketable securities and/or paying off short-term debt.
Conversely, in situations demanding more cash, the cash

balance may be increased by reducing the firm's holdings of

lThe unrestricted ending cash balance is defined
as the ending cash balance less that portion of cash that
is restricted to the future payments of principal and
interest specific to each financing alternative, plus the
amount of interest and principal due from invested surplus
cash.



marketable securities and/or undertaking some short-term
financing. The cash demands must be satisfied at a
reasonable cost, and a minimal level of cash must be
maintained. It will be assumed in this study that
management specifies the minimum required cash balance
for each period. The financing alternatives will be
evaluated considering this minimum required balance.

A model will be introduced to evaluate four short-
term financing strategies--line of credit, term loan,
commercial paper, and accounts receivable loan. Input
data to the model will include the following information
for each period: (1) the.distribution of the interest
rates of the alternative financirg strategies; (2) the
net cash flow distribution; (3) the minimum required cash
balance; and (4) constraints on the financing alternatives.
The net cash flow data and the data for the cumulative
probability distributions of the unrestricted ending cash
balances for each financing alternative will be generated
by Monte Carlo simulation. The latter cumulative proba-
bility distributions will be compared by the condition of

stochastic dominancel to determine an optimal alternative.

lSee page g6, Chapter V for a discussion of the
condition of stochastic dominance.



Certainty, Risk and Uncertainty

Models currently being utilized can be divided into
two basic types: (1) those that are restricted to variables
known with certainty--deterministic models; and (2) those
that allow probabilistic values for certain variables, thus
incorporating risk--stochastic models. Certainty is
defined as the condition that exists when all parameters
are completely known and the variability associated with
these parameters is zero. Thus, each action is known and
leads invariably to a specific outcome.

The classical distinction between risk and

uncertainty was proposed by F. H. Knight (Risk, Uncertainty

and Profit, Houghton-Mifflin Company, 1921).1 Accordingly,

risk is defined as the situation in which the outcomes are
not completely known but objective probabilities can be
associated with possible outcomes. Uncertainty refers to
situations for which probabilistic results cannot even be
predicted in probabilistic terms. The distinction between
risk and uncertainty in an organizational context cannot be
so clearly delineated, however. Decision-makers generally
have some feelings about the probabilities of future events.

These feelings will affect judgments made by management.2

1Alfred Rappaport, "Sensitivity Analysis in Decision-

Making," The Accounting Review, LXII (July, 1967), 441.
2

Ibid.



Thus, although these terms have been used interchangeably

in the literature, the term risk will be used in this study.

Organization of Remainder
of the Thesis

The cash management problem has been established
as significant and worthy of further study. A model has
been outlined in this chapter which represents an approach
to aid management in solving some facets of this problem.,

Chapter II presents and discusses some models in
the literature related to the cash management problem,
The deterministic and stochastic approaches to solving cash
management problems are delineated. The models are
discussed in terms of their relevance to the development of
problem-solving techniques and to the model in this study.

Chapter III is devoted to the development of the
model in decision-theory framework. The single-stage
decision problem under certainty is extended to include
several stages and incorporate risk. The model in this
study is presented as a multi-stage decision problem, and
the assumptions of the model are outlined. Finally, the
simulation approach to the model is discussed.

Chapter IV develops the model itself. The
financing alternatives to be evaluated are discussed in
detail, and the method of computer analysis presented.

The input data to the model are defined.



Chapter V consists of the presentation and evalua-
tion of the results. The inputs to the model and the model
output are presented. The cumulative probability distri-
butions for each financing alternative at the specified
minimum required cash balances, are graphed. The distribu-
tions are then compared using the condition of stochastic
dominance. An optimal financing alternative is then
selected for each minimum required cash balance. A final

chapter consists of the summary and conclusions.



CHAPTER II1

SURVEY OF THE RELATED LITERATURE--

METHODS AND MODELS

Introduction

In recent years mathematical programming techniques
and computers have been applied to the solution of various
problems in finance. In this chapter some general models
discussed in the literature will be reviewed. The primary
intent of this discussion is to indicate references that
relate to cash management problems. Several capital
investment decision-making models will also be presented
since the approaches may be applicable to short-term
financing problems.

Two basic approaches are used to solve cash manage-
ment problems--the deterministic approach in which risk is
not considered, and the stochastic approach which incorpo-
rates risk. The deterministic method is based upon the
assumption that the values of the variables and parameters
in any specific problem are known with certainty. The
objective of these models is to maximize or minimize some
deterministically defined function. The assumption of

complete information, essential to these models, has been



thought to impair their validity, since variability of
conditions is an observable fact. Proponents of the
approach coatend, however, that no existing method is
capable of adequately incorporating this variability, and,
in the attempt to do so, often introduce more error than
they resolve. The stochastic approach is becoming more
widely accepted;, however, as methods are developed which
more closely approximate real world conditions.

The stochastic approach allows some of the variables
and parameters in any specific problem to be defined as
random. The random values are described by some proba-
bility distribution. The degree to which risk is
incorporated varies with the specific model under considera-
tion. The stochastic approach allows management to make
decisions with regard to some of the variable input data.
Their personal experience may be invaluable in enabling
the model to reflect the specific conditions of the firm
under study. The development of the deterministic and
stochastic models which relate to the cash management

problem in this study will be described in this chapter.



Deterministic Approaches

Inventory Models.--The cash management problem is

very similar to the problem of inventory management.l
Baumol2 formulated one of the first models to solve

cash balance problems by utilizing a deterministic approach
incorporating the classical economic lot size model of
inventory management. His objective was to minimize the
total cost of the borrowing transactions over some planning
horizon. The model determined how much cash, C*, is
obtained, how often this cash is to be obtained, L*, and

the average cash balance, C*, as follows:

2bm 2b
* = /___ = <3
Transfer C T L T

. o X =
with an average cash balance of: C 3T

where: b fixed cost for borrowing or withdrawal

i opportunity interest rate per day

m constant dollar expenditure per day
L = number of days in a period

Graphically, the model can be expressed as follows:

lEdwin J. Elton, and Martin J. Gruber, "Dynamic
Programming Applications in Finance," The Journal of
Finance, XXVI, No. 2 (May, 1971), 499.

2William J. Baumol, "The Transactions Demand for
Cash: An Inventory Theoretic Approach," Quarterly Journal
of Economics, LXVI (November, 1952), 545-556.
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<4+L*—p
The Baumol model held that the cost of borrowing or with-

drawal, the opportunity interest rate, and disbursements
over time were constant and known. Only the transactions
demand for cash was actually considered. Despite these
recognized limitations the model provided a definite
contribution to the literature and was a basis for con-
siderable further work in this area.

Tobinl developed a model similar to Baumol's.
Tobin's model determined the optimal average cash and bond
holdings to maximize interest earnings net of transactions
costs. Conversely, as has been shown, Baumol was interested
in minimizing the total cost of the transactions irrespective
of the financial efficacy of investing in bonds as opposed

to holding cash.

Linear Programming.=--An article by Charnes, Cooper

and Miller2 presented the first application of linear

lJames Tobin, "The Interest-Elasticity of Trans-
actions Demand for Cash," The Review of Economics and
Statistics, XXXVIII, No. 3 {August, 1956), 241-247.

2A. Charnes, W. W. Cooper, and M. H. Miller,
"Application of Linear Programming to Financial Budgeting
and Costing of Funds," The Journal of Business, XXXII, No. 1
(Fanuary, 1959), 20-46,
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programming to finance. Their approach considered the
optimal allocation of funds within the firm which included
the operating environment and the existing organization of
financial and physical resources. The objective was the
maximization of profits, subject to capacity, buying and
selling constraints, and a liquidity requirement. Charnes,
Cooper and Miller extended the basic approach to include
1endin§ and borfowing. The use of linear programming was
a significant contribution to the solution of finance
problems. The technique presented in this article

found later application in solving short-term cash
management problems even though their specific model could
not be used in this regard.

An extension of the model by Charnes et al. was
developed by Ijiri, Levy, and Lyon.l It covers marketable
securities transactions and is limited to a single-period
approach. The model was further amplified in later work by
Charnes, Cooper, and Ijiri.2 Modifications and extensions
of the models using linear programming led to experimentation
in its application. Although the specific emphases of the

models may have differed, the basic techniques, which led

lY. Ijiri, F. K. Levy, and R. C. Lyon, "A Linear
Programming Model for Budgeting and Financial Planning,"
Journal of Accounting Research, I, No. 2 (Autumn, 1963),.
198-212.

2A. Charnes, W. W, Cooper and Y. Ijiri, "Break-
Even Budgeting and Programming to Goals," Journal of
Accounting Research, I, No. 1 (Spring, 1963), l6-43.
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to the development of increasingly comprehensive approaches,
were established.

Robichek, Teichroew and Jonesl developed a multiple-
period linear programming model for optimizing short-term
financing decisions. Their discussion was concerned with
the decision of how much and when money should be acquired
from specific sources of short-term funds to minimize cost
to the firm. The model made the following assumptions:

(1) the minimum cash balance required at all times was
specified; (2) the cash inflows and/or outflows were known
with certainty; and (3) the costs and limitations of all
of the financial alternatives were known. With these
assumptions and given cash balance requirements, the model
was developed.

The Robichek, Teichroew and Jones (RTJ) model is
particularly significant with regard to the model in this
study. The basic approaches are similar except that the
RTJ model utilizes linear programming and thus solves the
problem of selecting an optimal financing alternative,
simultaneously. The model in this study is probabilistic
and considers the selection of an optimal financing
alternative, sequentially. Similarities of the two models

include the consideration of multiple periods, the

lA. A. Robichek, D. Teichroew, and J. M. Jones,
"Optimal Short-Term Financing Decision," Management
Science, XII, No. 1 (September, 1965), 1-36.
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assumption of kniown constraints on the financing alterna-
tives, and the cert:ainty with which the minimum cash
balance is known.

Orgler gg_gi.l developed a linear programming
model differing only slightly from the RTJ approach. D. E.
Peterson2 presented a model, also utilizing linear pro-
gramming, but which was more comprehensive in that it
incorporated the following sources of short-term financing:
accounts payable, line of credit, accounts receivable
and sale of commercial paper.3 The discussion of
selecting an optimal financing method from specific
alternatives in this article assumed that the needs of
a firm were known with complete certainty. The certainty
constraints necessary in any linear programming approach
are its major short-coming. Linear programming provides
a useful and valid tool for problem-solving as long as

its limitations are recognized.

lOrgler, pp. 70-118.

%p. E. Peterson, A Quantitative Framework for
Financial Management (Homewood, Illinois: Richard D.
Irwin, Inc., 1969), Chapter 7.

3The model in this study, although stochastic
in nature, offers four similar financing alternatives.
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Dynamic Programming.--Maol presented an approach

for managing the cash balance during a finite planning
horizon through the use of a two-step systematic search
procedﬁre using dynamic programming. The cash balance
decision was viewed as a problem involving a sequence of
interrelated decisions. These decisions included whether
to retain cash holdings in the form of securities or in the
form of cash, and which quantitites of securities should

be held or sold by the firm.

The dynamic programming approach is one of the
valid methods for solving cash management problems
sequentially. The importance of the inter-temporal
relationships lends credibility to dynamic programming
(or recursive optimization) as a technique of solving
these problems. This approach will be discussed more

fully in the section on probabilistic dynamic programming.

Stochastic Approaches

Many of the techniques utilized in deterministic
models have been extended to allow them to incorporate risk.
A gradual refinement of the models has taken place, as
computer techniques have been increasingly applied and
accepted for use in solving business problems. Computers

have made feasible the solution to heretofore complex

lJames C. T. Mao, Quantitative Analysis of Financial
Decisions (Toronto: The Macmillan Company, Collier-
MacmilTan Canada, Ltd., 1969), pp. 505-514.
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mathematical problems, particularly problems involved in
the probabilistic dynamic programming and simulation
approaches. Various approaches are discussed in the
following section which assisted the author in selecting

the components of the model presented in this study.

Inventory Models.--Miller and Orr1 extended the

Baumol model to allow the net cash flows to be stochastic.
The model was based on the assumption that the cash
balance varies irregularly and unpredictably over time.
The random behavior of the cash flows was generated in

a sequence of independent Bernoulli trials. The model
attempted to minimize the expected cost per day of
managing the firm's cash balance over a finite planning
horizon.

The cash balance was allowed to fluctuate freely
within predetermined maximum, h, and minimum, 0, values.
When either of these values was reached, a transfer of
funds or liquidation of assets was effected to achieve an
"optimal" level, z. A fixed transfer cost independent of
the amount of funds transferred was assumed. Optimal

values of z and h were found as follows:

1Merton H, Miller and Daniel Orr, "A Model of the

Demand for Money by Firms," Quarterly Journal of Economics,
LXXX (August, 1966), 413-435
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3ym2t

4v

o
*
I

3z*

where: vy cost per transfer

=]
i

constant expenditure in dollars per day

<
n

daily rate of interest earned on the portfolio

t = number of operating cash transactions per day

The model is expressed graphically as follows:

Cash (9$)
*
h
AN
V4 v 3
o) —» Time

Linear Programming.--Stochastic linear programming

models in which either coefficients of the objective function
or technical coefficients of the constraints are treated as
random variables have been employed under conditions of

risk. Since the origination of this linear programming
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application with the works of Tintnerl and Babbar,2 there

have been numerous theoretical extensions. Frequently the
linear stochastic model is transformed into a consistent

non-linear programming model which is solved by non-linear
techniques resulting in an optimal feasible solution to the
original model. Application of stochastic linear program-
ming has been limited because of the computational burdens

involved.3

Chance-Constrained Prograu.ming.--Nélslund4 incorpo-

rated risk into his model through the use of chance-
constrained programming. The model involved allocating a
limited fund between several investment projects (classi-
fied as independent) over a finite horizon. Borrowing and
lending were added as decision variables. Risk was intro-
duced into the model through probabilistic constraints, one
for each year, reflecting the fraction of the time that the

firm's original financial plan was allowed to be violated.

lG. Tintner, "Stochastic Linear Programming with
Applications to Agricultural Economics," Second Symposium
in Linear Programming, Washington (Washington, D.C.:
National Bureau of Standards, 1955).

2M. M. Babbar, "Distributions of Solution of a Set
of Linear Equations with Applications to Linear Programming,"
Journal of the Statistical Association, L (1955), 155-164.

3Rappaport, p. 443.

4Bertil Naslund, "A Model of Capital Budgeting
Under Risk," The Journal of Business, XXXIX, No. 2
(April, 1966), 257-271.
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The decision-maker had to be able and willing to specify
the probability level at which the constraints must be met.
These probabilistic constraints were transformed into
deterministic equivalents by inverting the probability con-
straints and replacing the technical coefficients by their
means and variances. The variables were assumed to be
normally distributed. The objective function of Naslund's
model was the maximization of the expected value of the
firm at the end of the planning period.

Chance-constrained programming is significant as a
conceptually sound approach of considering risk. However,
the constraints introduced by defining all probability
distributions as normal and the inability to handle multi-
period, interrelated data sequentially discount its

application to the model in this study.l

Dynamic Programming.--Eppen and Fama2 coauthored

three related articles concerned with the cash balance
problem. Initially, a linear-programming model was
developed to indicate the properties of optimal operating
policies for stochastic cash-balance and simple dynamic

portfolio problems. The objective of the model was to

1 . . .
For a further discussion of chance-constrained

programming see A. Charnes and W. W. Cooper, "Chance-
Constrained Programming," Management Science, October, 1959,

2Gary D. Eppen, and Eugene F. Fama, "Solutions for
Cash-Balance and Simple Dynamic-Portfolio Problems," Journal
of Business, XLI, No. 1 (January, 1968), 94-112.
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minimize the discounted expected costs over some infinite
horizon.

A later articlel included a special adaptation of
this model using a dynamic programming approach for
establishing general properties of cash balance problems.

In their latest work, Eppen and Fama2 discussed
the determination of an optimal operating policy for a
three asset stochastic cash balance problem. They retained
the dynamic programming approach used in the above mentioned
models, however. In contrast to these models, which con-
sidered holding cash in one of two forms--cash or earning
assets, the model proposed in this article divided the
non-cash holdings into two earning assets categories--
"stocks" and "bonds." "Stocks" assets comprised the major
portion of the firm's earnings, and were assumed to have
higher expected returns per period than "bonds." "Stocks"
also had higher transactions costs. Thus, it could pay
the firm to hold some "bonds" as protection against
fluctuations in the cash account. The article discussed

this last point in some detail.

1Gary D. Eppen, and Eugene F, Fama, "Cash Balance
and Simple Dynamic Portfolio Problems with Proportional
Costs," International Economic Review, X, No. 2 (June, 1969),
119-133.

2Gary D. Eppen, and Eugene F. Fama, "Three Asset

Cash Balance and Dynamic Portfolio Problems," Management
Science, XVII, No. 5 (January, 1971), 311-319.
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Eppen and Fama presented a relatively sophisticated
and realistic general approach to the cash management
problem through utilization of the inventory method. Their
approach is a recent, advanced and comprehensive presenta-
tion of the recursive relationships involved in the
probabilistic dynamic programming solution to the cash
management problem. The relationships were "solved" to
develop a set of rules or policies specific to the conditions
which exist in any particular situation.

The use of probabilistic dynamic programming in the
above articles by Eppen and Fama led the author to explore
this approach for possible use in his study. Their
approach was theoretical, hcwever. Practical application
of probabilistic dynamic programming to the multi-stage,
sequential cash management problem which incorporates risk
will be possible only when a practical computer approach
for solving dynamic programming problems is developed.
Simulation was subsequently selected. Several models which
utilize simulation will be presented in the following

section.

Simulation.--Donaldsonl developed a probabilistic

approach to the evaluation of corporate debt capacity. The

purpose involved determining the probability that interest

lGordon Donaldson, Corporate Debt Capacity (Boston:
Harvard Business School, 1961), Chapter 7 and Appendix B,
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on a given amount of debt could force a company into cash
insolvency should a severe recession occur. The approach
incorporated some random variables and some constants to
determine the probability of an ending cash balance of less
than zero. Certain cash outflows were deemed mandatory.
The level of sales and average collection period on
receivables were assumed to be statistically independent
with a known combined probability distribution. Utilizing
the model, management could aséertain the probability
distribution of its ending cash balance during a recession.

Maol adopted Donaldson's model and utilized it in
a computer simulation experiment. By a simulation of the
cash flows, the probability of cash insolvency was
determined. The method involved the use of probability
distributions of sales, resulting in the generation of a
random sales level. A collection period was then deter-
mined for that level‘of sales and the ending cash balance
was calculated. As a result of the simulation, a
probability distribution of the ending cash balance was
produced and the risk of insolvency determined.

Mao also developed a model to determine the pattern
of financing to minimize the net interest cost in view of
an anticipated net cash drain in the subsequent twelve
month period. Mao introduced uncertainty into the model

by randomizing the sales variable. All other variables

Mao, pp. 566-577.
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were assumed to be known with certainty. Three alternative
financing strategies were studied in the stated time
horizon resulting in a frequency Qistribution of the net
interest cost for each financing strategy. The probability
distributions, when compared, would assist management in
deciding upon the preferred financing strategy for their
individual firm.

The basic model presented by Mao was considered in
the preparation of the model in this study. The author
elected to allow more of the variables to be defined as
probabilistic. These variables were selected to approxi-
mate real world conditions. Further, whereas Mao did not
elaborate on a recommended method for comparing the
financing alternatives, this author suggests such a
technique. The objective functions of the models also
differ, but the basic approach remains similar.

Problems resulting from the significant degree
of risk in the economic environment and the increasing
complexity involved in financial policy decisions demand
sophisticated methods of analysis. Simulation, as a
technique of incorporating risk, has become increasingly

appropriate.



CHAPTER III

A DECISION-THEORY STATEMENT

OF THE PROBLEM

Objective

The objective of this study is to solve the multi-
stage decision problem of determining an optimal short-
term financing strategy under conditions of risk by
optimizing the decision-maker's utility function. The
decision problem is presented in this study in terms of a
multi-stage decision model (DM). 1Initially, in order to
explain and clarify the relationships involved in the
multi-stage model, a single-stage deterministic model will
be presented.1 It will be subsequently amplified to
include several stages and incorporate risk.

Single-Stage Decision Problem
(DP) Under Certainty

Any situation where a decision is needed can be
considered as a decision problem. This problem can be
stated in terms of a decision model (DM). The model is

composed of a decision structure and a search problem (SP).

lThe method of Carr and Howe [Charles R. Carr, and
Charles W. Howe, Quantitative Decision Procedures in Manage-
ment and Economics (New York: McGraw-Hill Book Company,
19647 was utilized in this discussion (pp. 38-40).

23
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The decision structure1 of this model can be expressed

schematically as follows:

(Ct,NCF

ti

<~

T(C, ,NCF,_,r,.,d,.)
t,rti t tf7ti’ "t t+1

>

where:

C

NCF

v

U ( U[T(Ct,NCF d, .)]

Cet1) £ Tei%ei

d

W(Ct,NCF )

£rTei’%id

set of input variables to stage t describing
the relevant aspects of the decision-maker's
environment prior tc making a decision at
point t.2 For example: cash balance at the
beginning of stage t and interest on invested
surplus cash that will be received at the
beginning of stage t.

the financing alternative under consideration.

net cash flow in stage t, i.e., for the
period of time from time point t to time
point t+l at which the next decision is to
be made.

1

Although t, defining the number of periods, is

actually superfluous in the single-stage model, the author
elected to include it to familiarize the reader with the
notation to be used in the subsequent multi-stage model

descriptions.

2

For the single-stage model t=1.

It should be noted that stage t is a period of

time and that the decision is to be made at the beginning
of stage t, i.e., at point t.
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e, = interest rate per appropriate length of
time under alternative i for stage t.
dti = the amount of the minimum required cash
balance specified at the beginning of
stage t for the end of stage t.
T = transformation function

U = utility function

W = payoff function

Decision Structure.--The decision structure is

composed of a state space, Q an action space, Pt’ a

tl
transformation function, T, a utility function, U, and a

payoff function, W, where:

State space Q, = {w,_ = (Cpr Tyyr NCFt)}

t t i

Under certainty, 9, is a single-element set
containing the non=controllable values
involved in the particular decision situation.

Action space Ptl = {4 ;ER

P, represents the set of all feasible actions
dtj € P¢ (specifying minimum required cash
balance values) and the particular decision
situation. The action space states the
feasible actions for the particular decision
situation. As the stage progresses, dyj will
influence the amount the firm borrows or
reinvests.

lAlthough it is possible that the action space, P
could be different for each financing alternative, i,
inferring that P¢j should be used, Py will be used to
simplify this discussion.

2

tl

R is defined as the set of real numbers.



function, U, over all of the decisions, d

space,
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Transformation function T

T: (R¢ X Pt) > Cy41 expresses the consequences
of the non-controliable value wg € @y and the
decision dtj € Px. T(wg,dp;) = Ce+1 € Ce4
where C¢4+] is the set of at1 possible conse-
quences of the interaction of the state space
2+ and the action space Pt, and c¢4) is a
single consequence. The transformation
function, T(Cg, NCFy, Xij. dti) = Ce41+
transforms the inputs to stage t and the
decision in stage t into the output state.

Utility function U

U: Ct+]1 * R is a mapping such that (U(Ct+1)
is the utility of a consequence of c¢4] € Ce+1
to the decision-maker. Alternatively,
U(Ct+1) = U[T(Ct, NCFt, r¢i, dti)] measures
the utility of the transformation of the
input state to the output state.

Payoff function W

W: (Q¢ X Py) - R expresses the result of the
interaction of the state space and the action
space in terms of a payoff to the decision-
maker. The payoff function, W(Ct, NCF¢, rti,
d¢ij) s is defined in terms of utility as
follows: w: (¢ X P¢) + R, such that U(Cg41)
ZU[T(Ct, NCFt, rtis, dti)] = W(Cq, NCFg,

Teir deg)e

SP.-- The search problem is to optimize the utility

t.

in the action

Thus:

ti’
For a given i, i=1l,...,4
~
gax U[T(Ct, N,Ft, Ly dti)].
ti

lThe output state be.cmes the input state for the
subsequent period t+1l.
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The optimall decision for each i is denoted by d*ti and the

optimum utility as U[T(Ct, NCF r, ., d*ti)]. Then the

t’ “Tti

U[T(Ct, NCFt, r, ., d*ti)] for each i are compared so as to:

ti

d* _.)1.

Teir ti

max U[T(Ct, NCF

tl
1

Result.--The SP solution gives the following results :
1. The optimal decision, d*ti*' with respect

to the utility function, U.

g+1) G
cr Feiv d*ti*)]' of the utility
function with respect to all possible actions

2. The optimal value, U(C

U[T(Ct, NCF

in the action space, P, .

Model of the Single-Stage
Problem Under Risk

The single-stage deterministic model will now be
modified to incorporate risk. The net cash flow and the
interest rates will be assumed to be unknown prior to
making the decision in stage t, and defined as random
(stochastic) variables. The model of this decision
structure is represented schematical.y in the following

diagram:

Asterisks denote optimal values.



c, e Q) _ T(C, NCF),x;4,d15) = C,

U(C2) = U[T(Cl, NCFl, yi dli)]

d,.)

= w(c 15 44

1+ NCFy, r

Decision Structure.--The state space is modified to
indicate that the net cash flow, and the interest rates are

unknown. The action space remains the same

SP.--The SP is now concerned with the expected value
of the utility function. Mathematically, these modifications

can be incorporated to result in the following relationships:

For a given 1, i=1l,...,4
gax E[U[T(Cl, NCFl, Iy dli)llll.
1i
The optimai decision for each i is denoted by d*1i and the
optimal expected utility as E[U[T(C;, NCFy, r,,, d*li)]li].
Then the E[U[T(C,, NCFy, r,,, d*;,)]|i] for each i are

compared so as to max E[U[T(C,, NCF,, r,., d*..)1]i].
i 1’ 1’ "1i’ 1i

_Result.-fThe result is the optimal decision, d*li*’

and the optimum expected utility, E[U[T(Cl, NCFl, Ly d*li*)]]r

for that decision structure.
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Multi-StaEe Decision Problem

Onder

stage.

The model is now expanded to include more than one

The resulting model will incorporate random

(stochastic) variables and multiple stages. The decision

structure is represented schematically for two stages as

follows:
NCFy Fyy 9y NCFy Tpy 9y
“ L3 % % ) 'S
Clt 01 ol r(cl'Ncpl'rli'dli) - cz tm2 I(Czoﬂcrz.ru,du) - Ca
U(Cz) - “”“:1'"‘:’1"11"’11” U(C3) B U[T(Cz,thz,rzi,dz‘)]
< "(cl'NC’l’:li'dli) - W(Cz,NCFz,tzi,dz‘)
where: Qt = {C_}; C_ = multiple-element set containing the
noﬁ-conErollable values indicating the state
of the system for stage t. Q¢ is known
immediately prior to making the decision
in stage t.
C, = the input state to stage one, where C, e &,
C, = the output from stage one which serves as the

input state to stage two, where C2 € 92

the output from stage two that will serve as
the input state to stage three, where C3 € 93.

Decision Structure.--The state space is expanded to

include the variables in stage two as well as those in stage
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one. The action space is similarly expanded to include
both stages. The utility function also incorporates both
stages. The payoff function for each stage is related to

only the variables within the stage to which it applies.

SP.--The SP is to maximize the expected utility for
the final stage in the multi-stage problem. The utility
of the final stage is expressed as U(C3) = U[T(CZ, NCF,,

r.., d

2i Zi)]‘
T(Cl' NCFl, r

Since the intermediate value C2 =

1i” dli)’ the latter expression can be entered

into the preceding expression in place of C2:

U(C3) = U[T[T(Cl, NCFl, 14 dli)' NCFz, Toir dZi]]'

In general, T* may be used to denote a composite of
multiple transformation functions. 1In the preceding two-
stage problem, this composite transformation function is

described as follows:

* =
T [Cl, NCFl, ri1i’ dli' NCFZ, Toir dzi]

T[T(Cl, NCFl, rli' dli)' NCFZ, rZi' d2i]'
For a given i, i=1,...,4

max E[U[T*(C;, NCFy, ry,, d;;, NCF,, r,., d2i)]|l].

dpjr9a;

1
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Then:

%* * * 1
mgx E[U[T*(C;, NCFy, ry;, d},, NCF,, r,., dzi)]ll].

Result.--The result is the optimal set of decisions,

d*i*' where d*i* = (d*li*' d*2i*)' and the optimum expected
utility of the decision structure,

* * *
E[U[T (cl, NCFy, ry;, d* 4, NCF,, r,., d 21*)]]'

The N-Stage Decision Problem

The preceding description of the two-stage problem

may be expanded to include any N number of stages:

Let NCF = (NCFy,...,NCFy) € Yc RN
- _ N
di - (dli’...'dNi) € Pl x Pz x.oox PN - P c R
- . N
ry = (Fpjeecerry;) € 2R

The transformation function can also be restated as:
T: (Ql XYX2Z2XP) ~» QN+1 where

T(Cl, NCF, L. d.) =C for all

i N+l € O+l
(Cl, NCF, ri' di) € (Ql XYX 2 X P)
The solution to the N-stage problem is the set of decisions,

d*i*, where d*i* = (d*li*'ooupd*Ni*)l and the Optimmn

expected utility of the decision structure,
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E[U[T*(Cl, NCF, L, d*i*)]]' where T* is the composite of

the N individual transformation functions.

The Decision Problem to be
Analyzed 1in This Study

The objective of the model in this study is to
evaluate short-term financing under conditions of risk.
The criterion for decision is the expected utility of the
unrestricted ending cash balance of the firm at the end
of the final stage in the planning period.l

It is assumed that the minimum required cash
balance has been specified. Given this required minimum,
the model determines that financing alternative which
maximizes the expected utility. Hence, the decision for
this study is a subset of the total decision problem of
determining the optimal minimum required balance level
and optimal financing alternative. This total multi-
stage decision problem is discussed in the following
section. Subsequently, the decision problem in this study
will be presented in terms of that total problem.

The multi-stage probabilistic decision structure

is represented schematically as follows:

lThe unrestricted ending cash balance is defined
as the ending cash balance less that portion of cash that
is restricted to the future payments of principal and
interest specific to each financing alternative, plus the
amount of interest and principal due from invested surplus
cash.
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T(Cl' NCFI, i 61) = C2 T(CN-I' NCFN_l, TNy-1i’ 6N-1) = CN

NCF r

N §

Ni N

N+1

. . . . . . . . . ¢ — N ———

U(Cz) E U(T(Cl' NCFl, 3 Gl)l u(c

- W(Cl, NCFI, r

1 %) Z W(Cy, NCFy, x

v

Ne1) © UIT(Cys NCFy, zy.0 8]

Ni’ 6N)

where the following definitions hold for t=1,...,N:

{c,,., C ., C

£1i’ Ce2i’ Ce3i’ Seai’

cash balance at the beginning of stage t
under financing alternative i.

amount of interest and principal payable
at the beginning of stage t under financing
alternative i.

amount of interest and principal receivable
from invested surplus cash at the beginning
of stage t under financing alternative i.

maximum amount available for borrowing
during stage t under financing alternative i.

net cash flow random variable for stage t.

interest rate random variable for stage t
under financing alternative i.

a strategy function such that:

)= d,.ebP

8¢1(Crr dyyr NCFysever@p 50 NCFy ti

T e —— —

h

ti

t
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This §4; is a strategy function for
etermining the value of the minimum
required cash balance in stage t for
financing alternative i. Thus, all
essantial prior history of the process,
htji, is known immediately before the
decision is made.

T = transformation function

c
]

utility function

W = payoff function

and let:
NCF = (NCFl,...,NCFN)
ry = (rli,...,rN)
6, = {875reeerby;}

where Gi(hi,..., ht""’ hN)

(dli’-o.’dti'ooo,dNi) = di and,

h, = (Cl, d

t ’ NCFlyo-o'd

¢+ NCF

1i t-1i t-1)

Decision Structure.--

State space @ = {C}

Action space1 A = {Gi}

Utility function U, where U(C,,)

U[T*(Cl, NCF, Ty Gi)].

U[T(CN, NCF §

SP,--

FOI‘ a given i’ i=l'c.o,4

)il = E[U(T*(C,, NCF, r,, Gi))li].

mgx E[U(CN+l

i

1The action space is now a set of strategies, A, as
opposed to the earlier definition as a set of actions, P.
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The optimal strategy for a yiven alternative i
is denoted by G*i.

Then:

max {max {E[U(Cy ,)|i]}}

i Gi

= max E[U[T* (C NCF, r. §*.)]11i].
i 1’ rTit i l

Result.--The result is the optimal strategy function,
G*i*, Where G*i*(hl’...’ht'...'hN) = d*i*, and d*i* =
(d*li*""'d*Ni*)' and the optimum expected utility of the

decision structure, E[U[T*(C;, NCF, r;, 8* ,)]].

il

The Model in This Study as An
Analysis of a Subset, A?, of
the Strategies ¢4 in A

In this study, certain minimum required cash
balance strategy functions, 6?, were evaluated. These 6?
are elements of a set of minimum required cash balance
strategy functions, A9, where Ag = {62}1 and 49 is a
subset of A. The evaluaticn orocedure utilized in this
study consisted of evaluating the financing alternatives
for a set of strategy functions which resulted from the

selected set of minimum required cash balance values.2

1The value of a strategy function is a set of
minimum required cash balances. For example:
{(¢3,000,000),...,($3,000,000)}. This indicates that the
minimum required cash balance is $3,000,000 for each period.

2See page 83, Chapter V for a discussion of the
minimum required cash balances selected for evaluation and
presentation in this study.
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The output state of the final stage was determined for
each financing alternative. Then the alternatives were
compared and an optimal alternative selected. This
process was repeated for each set of minimum required cash
balances considered in the study. In notational form the
following procedure was followed for each set of minimum
required casﬁ balances:

For each i, i=1,...,4, determine E[U(CN+1)|Ag].
Then:

mix E[U(CN+1)|Ag].

Result.--The result is the optimal financing
alternative i* and the optimum utility E[U(CN+1)|AE*].

The results may be suboptimal since:
E[u(C

Ag*] < E[u(C Ai*] < the expected value that

ne1) | 1) |
would result from an optimal combination of financing
alternatives and minimum required cash balance strategies
the expected value that would result if the firm were

allowed to utilize combinations of financing alternatives

or change alternatives from period to period.

Assumptions

[ ' C

1. The beginning balances of Ct11

£2i’ Ce3i’

t4i’ are known with certainty by management.

2. Management specifies the minimum amount of

C

cash that the firm desires to hold in each

stage.

A
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Borrowing is effected at a given annual rate
of interest, different for the different types
of borrowing. The interest rates are
probabilistically defined, and management
will decide the type of distribution which
best describes the interest rates for each
stage.

Borrowing constraints will be imposed,
specific to the type borrowing.

Borrowing shall be accomplished as needed
during the stage in which the need arises,

the amounts of which will follow from the
specification of the minimum required cash
balance.

Funds acquired through borrowing are repayable,
including interest owed, at the beginning of
the stage due unless otherwise stated.

All surplus cash will be invested in an
earning asset at the beginning of the stage
available.

Management will project the type of distribution
for the interest rate on reinvested cash.

All invested surplus cash will be available,
plus interest, at the beginning of the stage

following the stage in which it was invested.
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10. The model considers the same financing
alternative for all thirteen periods. The
alternatives are handled separately and no
combinations are allowed. The periods are
examined sequentially.

Probabilistic Dynamic Programmingl
as a Possible Approach to Solving

the General Stochastic Multi-
Stage Model

The general model, presented in the preceding
section, is defined as stochastic in nature in that it
contains variables that are described as random. These
variables are expressed in the form of probability
distributions. The effect of these random variables makes
the solution to a multi-stage problem appreciably more
difficult when the variables are considered simultaneously.
Thus, methods which allow for sequential solution are
preferable to those that do not. Two methods have been
generally discussed in the literature for use in solving
this type of problem--probabilistic dynamic programming
and simulation. Probabilistic dynamic programming, an
optimization technique, is worthy of discussion even though,
without a practical computer approach for solving complex
dynamic programming problems, it is not suitable for

routine use.

lGeorge L. Nemhauser, Introduction to Dynamic
Programming (New York: John Wiley and Sons, Inc., 1966),

pp' - .
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The stochastic, multi-stage model consists of an
N-stage stochastic system with random variables that
affect the utility function and transformation function
at each stage. The following definitions are made:

ht = input state to stage t (history of the
process to stage t)

5ti decision strategies in stage t

NCF net cash flow

t } random variables in stage t
r.; = interest rates
i
Ut = Ut(ht’ NCFt, Iy Gti) - utility function
for stage t
h,_, =T, (h,, NCF_, r ., 6, ;) - transformation

function for stage t

The subscript t refers to that stage where there are t
stages left in the process. NCFt and r,; are assumed to
be independently distributed with probability distributions
Pt(NCFt) and Pt(rti). Probabilistic dynamic programming
also assumes that the total utility (RN) for the N stage

problem is equal to the sum of the utility of each stage.

RN(CN,.O.'Cl, NCFN'ooo'NCFl' rNi'ooo’rli' GNi'...'Gli)
N
= §=1 Ug(Cyr NCEy Ty 84y)

ft(ct) = the maximum expected utility as a function

of the input state Ct
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ft(ct) max I I Pt(NCFt) . Pt(rti)[ut(ct’ NCF r 8

t’ Ttif

+ ft_l(Tt(Ct, NCF r, ., Gti))], where t=2,...,N

t’ Tti

and

fl(C = Ul(Cl, NCFl, r Gli), where t=1.

l) i’

Probabilistic dynamic programming presents a
feasible approach to the stochastic multi-stage problem.
Some probabilistically defined variables in this study
exhibit interdependence between stages, however. This
interdependence does not necessarily discount solution of
the model by probabilistic dynamic programming. Rather,
the interdependence of the net cash flows between periods
necessitates the redefinition of the probability distribu-
tions, Pt(NCFt)' as conditional probabilities,

P, (NCF l NCF,_;), where NCF__, denotes the net cash flows

t
prior to period t.

Since additional state variables must be added to
account for the interdependence, the problem becomes more
difficult and time-consuming to solve.l Similarly, the
financing alternatives affect more tnan one stage and the

additional state variab.es necessary again complicate

solution. Until a practical computer approach for solving

1Each additional state variable expands the
recursive relationships and causes the problem to become
more complex.

ti

)
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large-scale probabilistic dynamic programming models is
developed, the problems remain computationally complex

. 1
and expensive.

Simulation

Simulation provides another method for solving the
multi-stage probabilistic problem. Simulation is defined
as ". . . a numerical technique for conducting experiments
with certain typeé of mathematical models which describe the
behavior of a complex system on a digital computer over
extended periods of time."2 As in probabilistic dynamic
programming, simulation allows the multi-stage stochastic
process to reveal itself sequentially. A solution may be
achieved by maximizing the final stage utility function.

Since the net cash flow of the model in question
involves random variables as well as interdependence of
those variables (lag structures), analytical solutions are
difficult. Naylor notes that even though an analytical
solution may exist for a particular model, it may be less
costly in terms of analyst and computer time to run a
simulation. That is, the additional information gained

from an analytical solution may not be sufficient to justify

1Orgler, p. 41.

2Thomas H. Naylor, Computer Simulation Experiments
with Models of Economic Systems (New York: John Wiley and
Sons, Inc., 1971), p. 2. ‘
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the search time involved.l In this particular model, the
net cash flow determination provided a major point of
discussion. The author explored various techniques and
elected to run a simulation. The simulation inputs were

obtained from real-world data as discussed in Chapter 1IV.

lipid., p. 5.



CHAPTER IV

MODEL DESCRIPTION

Introduction

The model to be presented in this study is designed
to assist management in the evaluation of alternative
short-term financing strategies. The criterion for
decision is the maximization of the expected utility of
the unrestricted ending cash balance.l The maximization of
the unrestricted ending cash balance is assumed in this
study to be synonymous with minimizing the net financing
cost to the firm.

The financing requirement of a firm in a given
Planning horizon2 is determined by the initial cash balance
and the projected net cash flows. Given a need to effect
Ffinancing, four alternative strategies are evaluated by
the model, and an optimal strategy selected. Input to
the model for each period consists of the constraints on
the financing alternatives, the distribution of the

interest rate for each financing alternative, the net cash

—

lSee p. 32, Chapter III for a definition of the
Unrestricted ending cash balance.

2rhe planning horizon in this study will consist
OFf thirteen periods (or stages) with each period being
four weeks in length.

43
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flow distribution, and the minimum cash balance specified
by management.

The effect on the cash balance for each period
specific to the individual financing alternative is
calculated utilizing a simulation program. The cash
balance is affected, for example, by any principal and
interest payments made in the period, by the investment
of surplus cash in marketable securities or by the con-
version of marketable securities into cash. At the end
of the thirteenth period the unrestricted ending cash
balance for each financing alternative is determined. The
unrestricted ending cash balance must be calculated for
many different values of the variables associated with
each financing alternative because of the probabilistic
nature of the cash flows and -interest rates. Ultimately,
two-hundred values of the unrestricted ending cash balances
for each financing alternative are generated. These two-
hundred values are punched on cards by the computer. The
<ards are then sorted and a cumulative probability
distribution <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>