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ABSTRACT

SPATIAL PATTERNS: A STATISTICAL
FORMULATION AND ANALYSIS

By

Rangaswami Geetha

In this dissertation a general study of spatial patterns is
investigated. We have given a statistical formu]atioh to the concept
of spatial patterns, a problem which has long been overlooked by the
ecologists, computer scientists etc. Have established the character-
ization of a random spatial pattern as a realization of a Poisson point
process, through the notion of convergence of point processes. In the
sequel we have introduced the stochastic integral with respect to a
point process.

Further we have studied inferences on randomness (no spatial
interaction) through estimation of the intensity of the spatial process
and through testing hypothesis in a special subclass of spatial binary
schemes described through near-neighbour systems. Here, we have established
the chi-square behaviour of log-likelihood ratio under the null hypothesis
of no spatial interaction without the use of Besag's (1974) coding
method of estimation.

Finally, in our attempts to study the power of the test in this
subclass of binary schemes, we established the contiguity of the probability

measures under the specified hypotheses of interest but however realized



that the asymptotic distribution of the log-likelihood ratio under the
alternative does not have an easy tractable form. A good conjecture is

that it is a non-central chi-square distribution.
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CHAPTER O
INTRODUCTION

The phrase spatial pattern is commonly used to describe the
distribution of individuals in space. It is one of the topics investigated
under the broader subject of pattern recognition otherwise known as
the problem of classification to the statisticians.

The problem of classification has always concerned itself
with classifying a sample of individuals into groups which are to
be distinct in some sense. These groups may either be predetermined
or determined using techniques of cluster analysis. However, in the
world of organic nature, for example, with the distribution of plants
and animals, the broad outlines of the spatial patterns are determined
by the structural features of the physical environment. Therefore,
in the study of spatial patterns it is not just enough to classify
them into groups but rather determine whether or not the patterns
exhibit randomness.

In Chapter I of this thesis we have given a statistical for-
mulation of the ‘above problem through the concept of point processes.
It has been repeatedly maintained in the literature that by a random
pattern is meant the pattern is a realization of a Poisson point
process. Proposition 1.5.1 justifies this characterization. In the

sequel, we need to introduce the notion of stochastic integral with



respect to a point process and the notion of weak convergence for point
processes (sec. 1.2 and sec. 1.4).

In Chapter II we discuss the ideas that are needed to construct
valid spatial schemes through, what seems reasonable, near-neighbour
systems. Section 2.1 introduces the notion of neighbours in a set
of sites from a graph theoretic viewpoint [Berge - 1962]. Characterization
of Markov random fields, Gibbs field and their equivalence for any
finite graph are all discussed in section 2.2 [Carnal - 1979]. Theorem
2.2.1 often referred to as the Hammersley-Clifford theorem, plays a
vital role in the construction of spatial schemes through near-neighbour
systems. We use this theorem to charécterize some of the specific
spatial schemes (section 2.3).

In Chapter III, we look into some of the methods to determine
randomness of a spatial pattern. Section 3.1 discusses some of the
estimators of the intensity of the spatial process and their asymptotic
properties. It also looks into the use of these estimators to study
the randomness of the spatial process. In section 3.2 we consider a
particular subclass of Markov random fields and give a method to test
for randomness in this subclass. It has been shown that the 1og-like1f-
hood ratio has a central chi-squared behaviour under the assumption
of complete randomness of the spatial pattern. The proof involves
simple use of Taylor's series expansion and follow the lines of proof
of the classical theory on maximum likelihood estimation [Cramer - 1946].

In Chapter IV, we have attempted to discuss the power of the
test against a specific alternative from the subclass of auto-binary

schemes. The problem has been approached using ideas on contiguity -



a concept that describes the 'closeness' of sequences of probability
measures. Section 4.1 discusses some of the characterizations of conti-
guity [Roussas - 1972]. In our formulation the classical techniques

of contiguity fail. In section 4.2 using the basic principles of
contiguity we establish the contiguity of probability measures under

the null and alternative hypotheses. However, the asymptotic distribution
of the log-likelihood ratio under the alternative does not seem to have

a tractable form. A good conjecture is that the power of the test

depends on a non-central chi-square distribution.
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CHAPTER I
POINT PROCESSES AND SPATIAL PATTERNS

In this chapter we introduce the concept of a spatial pattern
and the characterization of a random spatial pattern as a realization
of a Poisson point process. We have approached the problem by introducing
the notion of a point process and weak convergence of point processes.
In the sequel we have defined stochastic integration with respect to

a point process and Laplace functional of a point process.

1.1. Notion df a Point process:

Notations:

d be the d-dimensional

Let (Q,F,P) be a probability space. Let S =R
Euclidean space and B(S) be the family of borel subsets of S. Let
XqsXgsee denote points in S. Let A denote a compact set in S
such that A contains finitely many xi's.
Let

1 if x€eA

5, (A) =
0 otherwise

Let M. (S) = {mon B(S)| 3 a countable set of points X3 such that
m(A) =} GX.(A) = # of x-points in A, A € B(S) and
J J
m(A) 1is finite for all compact A in B(S)}.

Let M(S) denote the o-algebra generated making all the mappings

4



m > m(A) A € B(S)

of M+(S) into 27 (the set of non-negative integers including

+ =) measurable.

Definition 1.1.1: The family {t(A,w): A € B(S)} describes a point

process if

a) &(A,o) 1is non-negative integer valued V A € B(S) and finite

for compact A

b) &(-,0) is a measure such that £(-,w) puts mass O or 1 on singleton sets
j.e. (i) For a sequence A]’AZ""’Am of pairwise disjoint sets in

B(S) we have

m
g( U

m
Aj,w) = Z E(A,L\))
J=1 J=1

J

(ii) For A]jD A2 > ... in B(S) such that n An = ¢ we have
n

1im (A ,w) = 0
n n

¢) £(A,.) is measurable on o into Z°%.

Definition 1.1.2: A point process ¢ on S 1is a measurable map from

(2,F,P) into (M(S), M(S)) i.e.,Vwé€qe(w isan (M(S), M(S))-

valued random variable.

Theorem 1.1.1: The above two notions of a point process are equivalent.

Proof: We first prove the easy part: Assume that we are given an
(M+(S), M(S)) - valued random variable & defined on (g,F,P).

For every A € B(S) and w € @, define



g(A0) = £(w)(A)

Then £(-,w) satisfies all the conditions a), b) and c) of definition
1.1.1.
The converse implication of the theorem depends upon a Kolmogorov

type theorem. The proof of this part is given in Appendix A.

Remark 1.1.1: Following theorem 1.1.1, we shall find it convenient
to think of a point process sometimes as a measurable map on (Q,F,P)
and sometimes as a set function satisfying a), b) and c) of definition

1.1.1.

Definition 1.1.3: The intensity of a point process &: (Q,F,P) >

(M+(S), M(S)) 1is defined as the measure A on S such that

Y A€B(S)

A(A) = Ep{g(A,m)}
i.e.
(1.1.1) A(A) = [ g(A,w)P(dw)

Q

Example 1.1.1: Poisson point process

A point process {&(A,w): A € B(S)} is called a Poisson point

process with intensity A > 0 if

(i) v A€ B(S), ¢(A,w) (which by definition 1.1.2 indicates the number
of points in A) has a Poisson distribution with parameter A(A)

(1f A(A) =+ o, E(A9w) =+ = );

PY TN



(ii) v finite collection {As...,A Y of disjoint sets in B(S),
the random variables g(A],-),...,g(Am,~) are mutually independent.

To show that the above formulation characterizes a point process
we need to show that the function

r.
-A(As) [A(A4)] J

q(Ays...5A 3 rys...r ) = T (e
1 m’ 1 m j=1 ry:

satisfies conditions A-1(i-iv) of the Appendix A, where
{Aj: J=1,...,m} is a sequence of disjoint sets and ) is the
intensity of the process.

A-1(i) q(A],...,Am; r],...rm) is obviously a probability distribution

on the m-tuples of non-negative integers Fiseeeslp and

a(Ay5Ay5 rysrs) = q(Ay,AL5 rosry)

A-1(ii) The functions q are consistent

i.e., I a(ApsAys resry) = a(Ag,ry)
r2=0

(-]

Lhs

r,=0 ARy 2hys SELPY
P] r2
) E e-(A(A]) + a(Ay)) (A(A‘)f AfAz)
2

=0 Y'-I. r2.

-x(A;) "2
e Va1 MRy : (A(A,))
2

r]1 . r,=0 2
"
-A(A1) [A(A])]

e —FTI—:_— = Q(A],Y‘-I)



A-1(iii) Let A]”“’Am be disjoint sets such that A = A U...UA .

1 m
Then following remark A-1, (A-1-1) implies that

q(A,A],AZ,...,Am; r,r],...,rm) =0

unless r = r + ...+ L and

q(A,A],...,Am,r] + ...+ r r]?...,rm)

= q(A],...,Am; Fysesesl ).

m

A-1(iv Let A, o A,> ... be such that N A_ = ¢ which implies
1 2 n 0

A(An) + 0. Consequently 1im q(An,O) = Tim e°A(A") = 1. Thus the
n n
formulation of a Poisson process characterizes a point process.

Remark 1.1.2: In example 1.1.1 if A(A) = ¢ . v(A) where c¢ is a

constant and v is the Lebesgue measure then the Poisson process is

known as a homogeneous Poisson process with intensity c.

1.2. Stochastic Integral with respect to a Point process:

Notations:
Let C:(S)(C;S(S)) denote the family of all non-negative continuous
functions (simple functions) on S with a compact support.

Let ¢ be a point process with intensity .

Definition 1.2.1: Llet f € C:S(S) so that

f(u) =

Ne~13

c.I, (u)
=1 A



where cJ.'s are positive constants and IA 's are the indicator functions
J
of the disjoint sets A1,...,Am.

Then the stochastic integral of f with respect to & 1is defined

by
m
(1.2:1) [ flue(du,w) = ] c; e(Aw) Ywen
§ =158
Note that in the above definition if A 1is a compact support
of f, then

e(Aw) <= Yo (def. 1.1.1)
which implies by monotonicity of &(-,w) (definition 1.1.1(b)) that
gAju) <= ¥i=1.2,m Vu€a

Consequently it follows that

é’ f(u)e(du,w) <» Vwea.

Remark 1.2.1: Let f e CES(S)

Ep{/ fu)g(du,u)} = [ {f flu)e(du,u)} P(du)
S Q S

= [ f(u) [ &(du,u)P(dw) (Fubini's theorem)
5 b
= é f(u)A(du) (by 1.1.1)

thus, VY fe¢ C:S(S) we have

(1.2.2) Ep(é f(u)e(du,w)} = g f(u)a(du).
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Let now f € L;(A), then there exists a sequence {fn} of
simple functions in L;(A) such that
Mfk - fjH] -0 k,j integers, k > j

Now

lEp{é fk(U)g(dU,w) = é fj(u)g(du,w)}|

A

Ep élfk(u) - fj(u)l g(du,w)

= [ 1f (W) = £5(u)] r(du) (by 1.2.2)
S

= “fk - fj“]

-0

Hence it follows that [ fn(u)g(du,w) converges in L](P)
S

We denote this L] - Timit by

[ f(u)e(du,w).
S

Definition 1.2.2: The stochastic integral of an f in L;(A) is
defined by
(1.2.3) [ f(u)e(du,w) = L] - lim f fn(u)g(du,w)

S n S

where f € L;(A) are simple.

Remark 1.2.2: The above definition 1.2.2 is independent of the particular
sequence {fn}. For if {gn} is another sequence of simple functions

in L;(l) converging to f in the sense that



1

f f(u)g(du,w) = L1-1im f gn(u)g(du,w)
S n S

then the sequence {hn} where th = fn and h2n+] =g, s also
convergent to f 1in the same sense.
i.e.,

[ f(u)e(du,w) = L]-lim f hn(u)g(du,w).
S n S

Consequently it follows that

Ly-Tim [ f (u)e(du,w) = Ly-Tim [ g (u)e(du,w) a.s.
n s N n §

Proposition 1.2.1: Let f],f2 be functions in L;(A) and let a;,23,

be real numbers so that a]f] + a2f2 is in L?(A). Also then

é [a]f](u) + azfz(u)] £(du,w)

=8 £ f](u)g(du,m) +a, é fz(u)g(du,m)
Proof: Obvious.

Remark 1.2.3: Let f € C:(S) so that there exists a sequence {fn}
) +
in CkS(S) such that

f=1imf

n N

Since CE(S):: L;(A) we can define the stochastic integral of an
feci(s) by (1.2.3).
Consequently (1.2.2) is true for any f € C;(S)

i.e., Vfe cz(s) we have

(1.2.4) Ep{é f(u)e(du,w)) = é f(u)a(du).
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1.3 Laplace functional of a point process:

Definition 1.3.1: The Laplace transform of a probability measure Q

on the space (M+(S), M(S)) 1is defined by

(1.3.1)  vg(f) = f exp{-£ f(u)m(du)}Q(dm) v € C (S).

M, (S)

Definition 1.3.2: The Laplace functional of a point process £ is

defined to be the Laplace transform of its probability law P

13
ie., v f e C(S)
v.(f) = [ exp{- f fu)m du)}P (dm)
g M, (S)
By transformation of variables, this gives
(1.3.2) v (f) = j exp{- f f(u)e(du,o)P(ds) vV fe c; (s)

Lemma 1.3.1: For every increasing sequence {fﬁ} of functions in

C:(S) we have

. 3. 1§ = 11 .
(1.3.3) wg( ;m + fn) ];m ¥ wg(fn)

Proof: Let f = lim fn.
n
By (1.3.2) we have

v (F) = f exp(-[ £, (1) (du0) )P (do)

and

y (f) = [ exp{-é f(u)z(du,w)}P(dw)
Q
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By (1.2.3)
[ f(u)g(du,w) = Ly-Tim [ f (u)e(du,o)
S n S
implies
[ Falwe(du) Frob [ F(wedue)
implies

exp{-f fn(u)g(du,m)} Prop exp{-{ f(u)e(du,w)}.
S S

Also,
exp{-/ fn(u)g(du,w)} are bounded by 1. Thus by Lebesgue dominated
S

convergence theorem it follows that

(f)

f) =1limy
wg( ) im v (f)

n

as was to be proved.

Example 1.3.1: The Laplace functional of a Poisson point process &

with intensity A is given by
(1.3.4) ¥, (f) = expi-f t1-e T Wy v fecs)
S
And conversely, a point process ¢ whose Laplace functional is of the
form given by (1.3.4) V f € CE(S), is a Poisson point process with

intensity .

Proof: By lemma 1.3.1 it is enough to consider functions f of the

form
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fu) = ¢ IA](u) oot IAm(u)

where c.,...,cC are positive constants and I, ,...,I are
1 m A] Am

indicator functions of a set of disjoint sets A],...,A respectively.

m
Following (1.3.2) the Laplace functional of a point process ¢ is

given by
Wg(f) = [ exp{-f f(u)e(du,w)}P(dw)
Q S

Here & 1is a Poisson point process with intensity A so that P s
a probability measure determined by functions q satisfying:

n e A A
n = J
=1 i

q(A],...,Am; r],...,rm) =
J
where Pyseeesly, are non-negative integers and Aj's are disjoint sets.

Consequently it follows that

m
‘i’g(f) = é exP{‘ Jg] CJ' g(AJN’)}P(dw)
r.
SSeors =JA(A,) m [A(A)17Y
=] e " ddem I g A3
r],r‘z,... j=] j.
-¢ -C
= exp(-] A(A.)lexp(a(A)e '+ ...+ A(A)e ™)
i m
-C.
= exp{-} A(A.)(1 - e Iy}
3 J
= exp{-£ o1 - e T 5 aw)s.

Thus, by lemma (1.3.1) the Laplace functional of a Poisson point process

g with intensity A 1is given by
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-f(u)

exp{-é [(1-e 1 A(du)} Vfe c;(s)

Conversely: let A],...,Am be a finite collection of disjoint sets
in B(S). Then the generating function of the random vector
(6(Ays)s...,6(A 5+)) s given by

£(Ay) e(A,)
E(s.I cee Sp ) O0<s,<1,i=1,...,m

m
E{expl- % g(Ai,-) log é;&
i

]

E exp{-é f(u)e(du,w)}

m
(for f(u) = % log 57 IAi(") € C:(S))
i
= vg(f)
= exp{-f [ - e'f(u)] A(du)} (by given hypothesis)
S

) A(Ag))

m
exp{- % (1 - S

which is the generating function of a product of m independent Poisson
random variables with parameters A(A]),...,A(Am) respectively.

Since generating functions determine a distribution uniquely
it follows that a point process & with intensity A whose Laplace
functional is given by (1.3.4) must be a Poisson point process with

intensity .

1.4 Notion of weak convergence for point processes:

Definition 1.4.1: A sequence {An} of measures on (S,B(S)) is said

to converge weakly to a measure A on (S,B(S)) if
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(1.4.1) [ flua (du) ~ f F(u)r(du)
S S
for every continuous, bounded real valued function f on S.

Theorem 1.4.1: [Neveu - 1976, p. 282]

A sequence {Pn} of probability measures on (M+(S), M(S))
converges weakly to a probability measure P on the same space if and
only if

(1.4.2) vp (F) = w(f) ¥ feC(s)
n

Proposition 1.4.1: Let {gn(A,w): A e B(S)} be a sequence of point

processes with intensity o and {£(A,w): A € B(S)} be a point

process with intensity .

Then: Ay A weakly implies V f € C:(S):

(1.4.3) (i) [ )z, (du, ) b [ flweldu, )
and
(1.4.4) (i) v (1) + w(0).

Proof: (i) Let fe¢ c:(s).
Now

[Ept[ flu)e, (du,-) - [ flu)e(du,-)}]
S S
= I{f(U)An(du) - é f(u)a(du) | (by (1.2.4))

+ 0 (since by hypothesis Ay > A weakly).
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Thus it follows that V f € CI(S) / f(u)gn(du,-) converges to
S

[ f(u)e(du,+) in L](P). This establishes (1.4.3).

S

(ii) (1.4.3) implies
[ flu)e, (du,-) 298 1 F(u)e(du,-)
S S
implies
Prob

exp{-é f(u)e, (du,-)} — exp{-£ f(u)e(du,-)}

and exp{-f f(u)gn(du,-)} are bounded by 1. Thus by Lebesgue dominated
S
convergence theorem and using (1.3.2) it follows that
+
wgn(f) - wg(f) vV fe€ Ck(S)

thereby establishing (1.4.4).

Definition 1.4.2: A sequence {gn(A,w): A € B(S)} of point processes

is said to converge in distribution to a point process {g(A,w): A € B(S)}

if and only if

p converges weakly to P
€n g

where PE and Pg are respectively the probability 1laws of En
n

and ¢.
We prove in theorem 1.4.2, that the weak convergence of point
processes is guaranteed by the convergence of the corresponding finite

dimensional distributions (definition A-1 of Appendix A).
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Theorem 1.4.2: For {gn(A,w): A € B(S)} of point processes and a
point process {£(A,w): A € B(S)} the following three statements are

equivalent:
(1) P converges weakly to P
£ 3
+
.. P
(i) wgn(f) -+ wg(f) v fe Ck(S)

(iii) corresponding finite dimensional distributions converge weakly.

i.e.  Prob {g (Ay,w) = r],.--.En(Am,w) = rp}

Prob {£(A}s0) = rys.. (A L) = r}

for A],...,Am in B(S) and Fysee ol nonnegative integers.

Proof: 1°: (i) » (ii) (see theorem 1.4.1)
2°: we will prove (ii) e (ii{)
a) (ii) = (i) (by 1° above)
and (i) = (iii) [Billingsley - 1968]
thus (ii) = (iii).
b) (iii) = (ii): For
By Temma (1.3.1) it is enough to consider functions f in CZS(S)
i.e. of the form
m
f(u) = jz] ¢ IAJ(U)
where cj's are positive constants and IAj's are the indicator
functions of disjoint sets AJ (3 =1,2,...,m).

By (1.3.2) we have V f ¢ C:S(S):

¥, (f) = [ exp{-] f(u)g (du,w) P(dw)
n Q S

= é eXP{-§ Cj gn(Ajaw)}P(dw)
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= ] Zr exp{-] ¢ ry3 Prob g (Asw) = rosee
], 2... J

En(Am;w) =r }

E(Am’w) = rm}

(by given hypothesis (iii))

[ exp{-/ f(u)e(du,w)}P(dw)
Q 5

=%H)

i.e.. YE (f) converges to ?E(f) vfe CZS(S). Thus it follows
n

from lemma 1.3.1, that

W%H)»wéﬂ erQS)

1° and 2° together imply the theorem.

Remark 1.4.1: By theorem 1.4.2 any one of the three equivalent statements
imply the convergence in distribution of the sequence

{gn(A,m): A € B(S)} of point processes to a point process
{e(A,w): A€ B(S)].

1.5 Concept of spatial patterns:

Spatial pattern is most commonly used by plant ecologists to
describe the distribution of plants in a given area of study. In a
more generality, by a spatial pattern is meant the distribtuion of points
in space i.e., a spatial pattern is nothing but a realization of a point

process.
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Study of spatial patterns is encountered widely in the areas
such as ecology, geology, medicine, forestry, image processing etc.
Some of the specific examples of spatial patterns include

. (i) distribution of stars in a galaxy;

(ii) distribution of a number of trees in a forest;

(iii) patterns of various rock formations on a geologic map;

(iv) texture modelling (through the description of images);

(v) epidemic spread from the map of a city.

The following proposition characterizes the behaviour of point

distributed completely randomly.

Proposition 1.5.1: Suppose that there are NM individuals distributed

uniformly over a region M of area |M| -such that

N
(1.5.1) T%T + a constant (say c)

then as the region of study is expanded into the plane i.e. as |M| » =
the distribution of events approaches the Poisson distribution of
events in the sense that:

If A],...,Am are any disjoint sets and E(A]),...,g(A )

m
denote respectively the number of individuals in A1,...,Am then

a(Ai): i=1,...,m are random variables such that
-cv(A;) "
{e 1 (CV(A.I))

1 ril

=3

1im Prob{g(Ai) =ror= 1,...,m} =
IM[-»oo i

v being the Lebesgue measure.



m m
Proof: Let v(A) = 121 “(Ai)’ r ‘Z rs.
= i=1
Now
robie (A, ] Ny m (v(Ai) )”i
rob{g(A;) = r.; i =1,...,m} ] T - I X
j i ri....rm.(NM-rj.» i=1 |M|
Ny,-r
(ML= (A)y M
', HR
= I r r M )
i=1 i° (NM-r)! [M|
i N,,-r
i m (v(Ai)) (A ) M Ny Ny-r+1
i=1 rif M M- [M]
(v(A;)) |
m (v(A.
M= 1 -——791———- e~CV(A) e’
i=1 i’
"5
(co(A)) ' -cu(A,)
= l'I ‘_rl_ e
i=1 i

as was to be proved.
Remark 1.5.1: Limit in equation (1.5.1) is referred to as thermodynamic
Timit.

Remark 1.5.2:
then the fini

Ny

Proposition 1.5.1 says that provided THT + a constant

te dimensional distributions of a uniformly distributed

point process approaches the finite dimensional distributions of a

homogeneous Poisson point process.

follows that

Consequently by theorem 1.4.2 it

in the thermodynamic limit sense, a uniformly distributed
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point process {£(A,w): A € B(S)} approaches a homogeneous Poisson
point process. Thus following proposition 1.5.1 a spatial pattern
{e(A,w): A€ B(S)} 1is called random if it is a homogeneous Poisson
point process. In that case we also say that &(-,+) is a realization

of a homogeneous Poisson point process.

Remark 1.5.3: For a random pattern that is a realization of a
homogeneous Poisson point process with intensity A, » 1is also referred
to as the expected number of individuals per unit area.

The following remark comments on the types of spatial schemes

that we shall or shall not be discussing.

Remark 1.5.4: At a formal level, we shall largely be concerned with

a rather arbitrary system. Later on we shall confine our attention

to specific spatial schemes. However, it is to be realized that a
spatial scheme could have developed continuously through time. For
example: incidence of spotted wilt over a rectangular array of tomato
plants. The disease is passed on by insects and after a period of time
we could expect to observe clusters of infected plants. Such spatial
schemes are referred to as spatial temporal schemes. We shall not be
dealing with such schemes in this study. Thus, we shall only be dealing
with homogeneous spatial schemes at an isolated instant of time. 1In
many practical situations, this is reasonable since we can only observe

the variables at a single point in time.



CHAPTER II
MARKOV RANDOM FIELDS

In Chapter I we introduced the notion of a spatial pattern
and showed why a random pattern can be considered as a realization of
a homogeneous Poisson point process. 'In this chapter we discuss the
notion of neighbours in a set of sites from a graph theoretic viewpoint.
Further, we give a characterization of Markov random field and Gibbs
field and present a proof of the theorem which gives the equivalence of
Markov random field and Gibbs field with near-neighbour potential for
any finite graph.

Finally we have shown that the representing measure for a
Markov random field with no interaction is the Poisson measure so that
under the assumption of randomness spatial schemes have an exponential
density indexed by V. Grimmett's potential, with respect to the Poisson

measure.

2.1 Notion of neighbours in a set of sites:

Before we describe the concept of neighbours for a set of sites

we need a few definitions from the theory of graphs [Berge - 1962].

Definiton 2.1.1: A graph denoted by G = (A,r') is the pair consisting

of a set A and a function I mapping A into A.
Here A is known as the set of vertices (or sites) of the
graph G. The graph G 1is called finite if A has a finite number

of elements.
23
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For s € A, let TI's denote the image of s wunder T.

Consequently, if A<= A then the image of A wunder T 1is the set

Definition 2.1.2: The pair (s,t) with t € rs is called an arc of

the graph G.
Let U denote the set of all arcs of the graph G. We shall

use (A,T) or (A,u) interchangeably to represent a graph G.

Definition 2.1.3: Path is a sequence (u],uz,...) of arcs of a graph

G such that the terminal vertex of each arc coincides with the initial
vertex of the succeeding arc.
If a path y meets in turn the vertices Sys--+»S, One may

also write
Yy = [51""’Sk]'

The length of a path y = (u],...,uk) is the number of arcs

in the sequence (say 2(y) = k).

Definition 2.1.4: A circuit is a finite path in which the initial

vertex coincides with the terminal vertex, and a loop is a circuit of

length 1, consisting of the single arc (s,s).

Definition 2.1.5: In a graph G = (A,U) an edge is a set of two elements

s,t € A such that

either (s,t) € U or (t,s) € U.
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Note that the concept of an edge should not be confused with

that of an arc which implies an orientation.

Example 2.1.1: Consider the following figure:

c o~

Here U 1is the set of arcs (a,b), (b,a) (b,s), (s,s), (s,c), (c,s) and
(s,d).

The sequence {(a,b), (b,s), (s,c)} represents a path of length 3.
The path {(s,c), (c,s)} is a circuit and (s,s) is a loop.

Finally, there are five edges namely (a,b), (b,s), (s,c), (s,d) and
(s,s).

With the above notations and definitions we are now ready to

describe the notion of neighbours in a set of sites.

Defintion 2.1.6: Let G = (A,I') be any undirected finite graph with

no Toops or multiple edges. Then two sites s,t € A are called neighbours
if there is an edge between s and t.
Further, two sites s,t € A are called neighbours of rth order

if there are at most r edges between s and t.
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Remark 2.1.1: (i) Neighbours of order 1 are also referred to as
nearest neighbours;
(ii) The above definition of neighbours does not imply that the

neighbours of a site are necessarily close in terms of distances.

Example 2.1.2: Consider a rectangular lattice with points labelled

with integer pairs (i,j). Then figure 1 represents neighbours of order

1 and figure 2 represents neighbours of order 2, of an arbitrary point

(i,d).
(1,3+1) (1-1,341) | (3,341)  [(i+1,3+1)
X X
(i-1,3) [ (4,3) (i+1,3) (i-1,3) (i,3) (i+1,3)
(1’\]-1) (.l“I 3J']) (1’.]']) (1+]3J‘])
Figure (1) Figure (2)

2.2 Definitions and characterizations of Markovian fields and Gibbs

fields:
The following exposition follows Carnal (1979).
Notations: In what follows:
Let G = (A,r) be a finite graph with |[A] = n.
Let {Xt: t € A} denote a family of random variables taking values
in some measure space (E,E,u) where u is a o-finite measure.
Let ¢ € B e ¢: A->E. For Ac A, let 3A denote the set of
neighbours of sites in A.
Let A=AU3A and AS denote the complement of A; ¢ denote the empty

set.
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Let @ = ¢|A denote the restriction of ¢ to A.

Further, if 6 € E

Also

eL(¢) = {tenr | o(t) # e}

o(t) if teA
? 0 otherwise.

when no confusion is involved we shall write &t for

3{t}, the set of neighbours of site t and Py = Pryy T o(t).

Definition 2.2.1: We say that {Xt: t € A} is a Markovian field on

A if

(i) there exists an f >0 on Ex...xE (n times) such that

(2.2.1) PCX

where A],...

(2.2.2) (ii)

€A X, € An] = f fdeuyu ® u-a.s.

17 tn A x...xA n n

t
1 1 n

,An € E and A = {t1""’tn}; and

f(¢A'¢AC) = f(¢A|¢3A)

for Ac A, ¢€ EY where

(2.2.3)

(2.2.4)

Remark 2.2.1:

f(¢A|¢B) = fAUB (¢AUB)/fB(?B)

foloy) = [ fdey.
ATTA xE n

o
|A%]

(i) Condition (2.2.2) is what is known as the near-

neighbour condition.
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(1) A Markov random field is said to be of order r (r > 1) if

the neighbours of rth order are taken into consideration.

Definition 2.2.2: We shall call f(¢t(¢at) the local specifications

of {Xt: t € A}

Definition 2.2.3: We say that {X_:

¢ t € A} is a locally markovian

field if

(i) there exists an f >0 on Ex...xE (n times) such that

P[X, € A,,...,X, € An] = f fdey ®u-a.s.

n A]x...xA n n

t
1 n

1 t
and
(2.2.5) (ii) floglogye) = Flogley,).

Remark 2.2.2: It is clear that a Markovian random field is also locally

Markovian.

Definition 2.2.4: Let G = (A,I') be a finite graph. A set of sites

Kc A s called a clique if it either contains a single site or if
s,t € K such that s € st.

Let K denote the family of cliques of A and

A= {p: peE' and Ke K

Example 2.2.1: In the nearest neighbour scheme of example 2.1.2 (figure 1)

there are cliques of the form {(i,j)}, ((i-1,3), (i,3)}, {(i,j-1),
(i,3) etc.... .
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Definition 2.2.5: Every mapping V: A > R is called a potential of

Grimmett.

Remark 2.2.3: The notion of potential encountered in statistical mechanics
describing the interaction between particles is much more general (see
[Spitzer - 1971]). Here we consider interaction only between those

particles that are near-neighbours.

Definition 2.2.6: We say that the process {X,: t € A} 1dis a Gibbs

¢
field on A if there exists a potential V of Grimmett such that

(2.2.6) P[Xt € A]""’Xt €A = f gdey
1 n n A]x...xA n
n
where
(2.2.7) g(p) = c exp{ J V(@K)}
KeK
and A]""’An €E and A = {tl""’tn}‘

Theorem 2.2.1: For X = {X;: te€ A} taking values in (E,E) the following

three statements are equivalent:

(i) X 1is a Markovian field;
(ii) X 1is a locally Markovian field;
(iii) X dis a Gibbs field.
Before we could give a proof of the above theorem, we need two

lemmas:

Lemma 2.2.1: If f 1is a density of a locally Markovian field (definition
2.2.3 (i)) then Yten séot, C= {s,t2%, ¢.,0', v, I,0' € E* we

have @ p-a.s:
n
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flogsveog)  Flopsvesng)

(2.2.8) flopsveoTg) — Tlogyesng)

for an appropriate enumeration of A.

Proof: By definition:

f(‘P{:"PC’HS) f(w{lwc,n;)

f(¢t|¢c) .
= 1 -d.S.
floglig) o "

(by Markovian property).

f(q)t’wC3HS) . .
i.e., Oy is independent of 1_. Consequently we have
(cPt’wC’HS) S

P, s¥psl) o, ,upr,1L)
t’'C7s” | t’7C"s ® u-a.s
Flogsvgong) — Flogaweongd 0

as was desired.

Lemma 2.2.2: There exists a p-null set N<- E such that V 6 € E\N,

Ys,te€ A sé st BoA\{s,t} we have © p-a.s. V o€ 2

n
C C
(2.2.0) f(¢S,¢B,eéBU{S’t}) > ) f(¢s,¢5,eéBU{s’t}) , eét})
e {s} (Buts,t})© {s} (Bufs,t})C _{t}
f(ecP ’ ¢B’ 9¢ > Qt) f(e¢ ’?B’9¢ ,9¢ )

Proof: By lemma 2.2.1, there exists a @ u-null set M in Ex...xE
n
(n times) such that
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flogsvesTy)  Flogsvesmp)
HONTR®) OB

1 1 1 1
whenever (@ ,ucsTy)s (Pgsbesly)s (Pgsvesny)s (@g,4csTy) do not belong
to M.
Consequently in order to justify equality (2.2.9) we need to show that
each of the function in the four parentheses of the equality do not

belong to M.

(Bu{s,t})¢

_ A
Let eF] = {p€E |(<ps,q>B,ecp

»9;) € M.

6 » 6p »6p are defined similarly using the other three terms appearing
2 3 4

in the equality (2.2.9).

Let m=|(BU {s,t})°]

We then have the following scheme:

Ex--- xE 4\
n timaes

Ox-—x6 Ex---,x E
\-—V——J V_v__-,
w Emeg
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Since u is o-finite, we have

0=euM) =/ o uM) deus,...,0)

n n-m m

implies

® u(Me) =0 u-a.s.(e)

n-m
implies

® u(eF ) =0 p-a.s.(e)

n
Likewise we get

® “(eF ) =0 u-a.s.(e); i = 2,3,4

Therefore if 6 € E\N each of the functions appearing in
the four parentheses of equality 2.2.9, do not belong to M except

for a null set which gives the desired conclusion of the lemma.

Proof of theorem 2.2.1:

1°: (i) = (ii)

Follows from remark 2.2.2.
2°: (ii) = (iii)
Given that X 1is locally Markovian we need to show that X 1is a Gibbs
field.
Let Nc E be a u-null set as in lemma 2.2.2 and let & € E\N be fixed.
Let u: E* 5 R be defined by

(2.2.10) Ulg) = T (1) Y70 £(6B) v e £l

B
P
BCBL(tP)
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Let now ¢ € EA be fixed and A < eL(¢). Then

(2.2.11)  u(eh) = T (-1)IMBl 109 £(B)
P BcA P

The set of subsets of eL(¢) is partially ordered by inclusion and

its Mobius function is given by

n(B,A) = (-UIA\Bl VABSe ()B< A

L(p

Consequently we can write (2.2.11) in the form

u(eg) = BéA n(8,A) Tog f(eg)

which yields

(2.2.12) log f(eé) - u(eg)

sk

(by Mobius inversion theorem)

Claim: U(eg) = 0 unless A is a clique.

For suppose ¢ # A € K so that A contains two sites s and t such

that s ¢ st
(2.2.11) can be rewritten as:

U(eé) = 7 (-1)/MBlyog f(eg) +BéA1)'A\Bllog f(eg)

B<A
s,t€B s€B,t¢B
7 (-1)IRBLog £(6B) + T (-1)IRBliog (6B
B<A ?  BcA ?

s¢B,teB s,t¢B
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(-1)MBlr1og £(sBUTSst) | q0q £(gBU1S!
B<A\(s,t} ? ?

) BU{t} B
log 1"(9(P ) + log f(e@)]

0 ® u-a.s. (by lemma 2.2.2)
n

Thus (2.2.12) gives in particular for A = eL(¢)

flp) =exp{ § U (95) +U (6001 @ u-aus.
) ~n
Ke K

Hence:

f(p) = const exp{ } U (eé)} ® p-a.s.

k;eL(Cp) n
Ke K

which can be written as
f(¢) = const exp{ } V(@K)} @ u-a.s.

where

Viey) = J

0 otherwise.

Thus, there exists a potential function V: A > R such that






with
f(p) = const exp{ ) V(¢K)} ® u-a.s.
KeK
implies X 1is a Gibbs field.
3% (iii) = (i)
Only need to show that condition (2.2.2) of definition (2.2.1) is
satisfied.
i.e., need to show that Y A< A, ¢ € gh
g(oplopc) = glwple,y) © u-a.s.
n

For simplicity we shall omit e u-a.s. Using (2.2.3) and (2.2.4) we
n

have
9(ey Ppc) = 9(e)
A'A [ a(e) d e ulep,)
xE |A|
|Al
% exp{ ] V(e )} exp{ V(g
Kags K M
- KeK KeK
exp{ } V(p,)}exp d @ ulp,)
s Kings K KB =¢ K [a] A
|A] KeK KeK

exp{ }  V(py)}
KNA#

¢
= KeK
[ el ] V(g @ ulp,)
XE  Ki#e IA|

A] - Kek
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Similarly we get: ¢ g(0)d o u(prc)
xE |AC| A

AC

9(@plesn) = T 9)d e Fd e ule,)
1& £§ 9leld o “(Qﬁc) Izlu Pp
Al [AC]

(Here A = Ay ?3A)

cf exp{ } Vip)rexp{ ] V(p,)}d e ulp )
XE knkze K Knd=s K |A¢| RS

$
- _ B keK KeK
c I {[V exP{ l V(¢K)} eXp{ ) V(¢K)} d EC ﬂ(¢ﬁc)}d ® U(@Ayi
XE  XE_ KNA# ¢ KNA=¢ |A™ | [A]
LY KeK KeK

exp{ V(g )}
KNA

Fo
= KeK
Joexpl ) Vgl d e u(e,)
xE KNA#¢ |A]
[A] keK

(since the other term does not depend upon ¢A)

Therefore it follows that

g(¢AI¢Ac) = g(¢A|¢3A) ® pu-a.s.
n
1°, 2° and 3° together imply that the three statements of the theorem

are equivalent.

Remark 2.2.4: The above theorem shows that the set of Markov (or

locally Markov) fields and Gibbs states with nearest neighbour potentials

are the same for any finite graph.

Remarks 2.2.5: (i) Grimmett (1973) has proved the part (ii) = (iii)

of theorem 2.2.1 in the case where E 1is countable. One needs lemma

2.2.2 to pass to the general case of carnal (1979).
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(ii) In the case when E 1is discrete, Besag (1974) gives a simple
alternative proof of the part (ii) = (iii). See theorem 2.2.2 of

this section.
(iii) For E = {0,1} Preston (1974) gives a complete discussion.

For details, one is referred to his paper.

Corollary to theorem 2.2.1: If X 1is locally Markovian then it is

completely specified by its local specifications.

Proof: It was seen in theorem 2.2.1 that X is completely described

by the U-functions defined by (2.2.10). Therefore, it suffices to show

that the local specifications determine the U(eé) Y clique K € K.
Let us consider 6 and ¢ =6 on A to be identical. Since

X is locally Markovian:

Floglogy) = Fogloye)

- f(e)
t
é f(e¢) d u(e,)

_ const
[ e U(e) d ulay)

Likewise it can be seen that
t
Cc exp U(e
p U( ¢)

[eew Ueg) d ulay)

Flogloge) =

Consequently it follows that
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floylo,¢)

f(etlea )

t
6°) = 1
U( cp) og .

Therefore we know the form of U(eg) Y clique K with a single element,
K= {t}. The proof is then completed by induction and one is referred

to Carnal (1979) for completion of this proof.

Remark 2.2.6: Carnal (1979) has also discussed the case when A is

a finite subset of a circle.

2.2.1 A special case of theorem 2.2.1:

Let there be n sites in A labelled 1,2,...,n and
{Xi: i=1,2,...,n} be a family of random variables associated with
these n sites taking values in a discrete space E. Let
X = {Xi: i=1,2,...,n} be a Markov field. Then the near-neighbour
condition (2.2.2) of definition (2.2.1) implies that
P[X1|a1] other site values] = P[Xilneighbours of site iJ.

Besag (1974) gives a representation of the probability structure
P(?} of X = (x],...,xn) through near-neighbour system in the simplest
form. Following his paper, let us assume that if P(xi) > 0 for each-
i then P(ED > 0 (known as the positivity condition)-

Let Q* = {Y': P(?) > 0} be the sample space of all realizations
of the system. In what follows it will prove convenient to consider

the representation for the ratio P(ﬂ/P(ﬁ‘).
Define V(X) = pa(P(X)/P(D)).
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Lemma 2.2.3: There exists an expansion of V(73 unique on Q* given

by

v(X) = ) X'Fi(xi)+ ) xiij

(Xs9x%s)
1<icn 1<i<j<n 7

1,3
(2.2.13)

AERRLIE SE OIS F],Z,...,n(x]""’xn)

Proof: The F-functions are determined inductively. For example:
x;Fi (%) = V(0,...,0,x,,0,...,0) - V(D)

with analogous difference formulae for higher order F-functions.

Theorem 2.2.2: [Besag - 1974].

V(70 defined by (2.2.13) gives a valid probability structure
to the Markovian random field taking values in a discrete space E
provided the functions F

(X:3X:5...5X_) are non-zero which
ST 1 S

15ds.-- i’
holds if and only if the sites 1i,j,...,s form a clique. Subject to

this restriction, the F-functions may be chosen arbitarily.

Remark 2.2.7: The above theorem says that given the neighbours of

each site, we can readily write down the most general form of V(¥3
and consequently of P(Y), the probability structure of the Markovian

random field taking its values in a discrete space.

2.3. Characterization of spatial schemes:

In practice, we shall often find that the points or sites

occur in a finite region of the euclidean space and often fall into
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two categories: those which are internal to the system and those which
form their boundary (or boundaries). In the analysis of spatial patterns
one is interested in the behaviour of the system outside the region

of their occurrence. The problems at the boundary may be handled by
considering the joint distribution of the internal site variables
conditional upon fixed observed boundary values. Thus, in constructing
spatial schemes to study the behaviour of the system we need only to
specify the neighbours of a given set of sites and the associated
conditional probability structure for each of the sites. This is exactly
what is specified by Markovian random fields. Consequently, in order

to study the behaviour of a spatial pattern outside the region of
occurrence it is enough to consider schemes that represent Markov random
fields. Thus, in what follows we shall be considering only those spatial
schemes that satisfy Markovian property and we shall use the notations

of section 2.2.

Proposition 2.3.1: For a Markov random field with no interaction

the representing o-finite measure u is the Poisson measure.

Proof: By remark 2.2.4 and theorem 2.2.1 the density of a Markov random

field with respect to any o-finite measure u is given by

PIX, €Ap....X €Al=c [ exp{% V(pg)dd @ u

t
1 n A]x...xAn n
where ¢ 1is a constant, V 1is the near-neighbour potential and
Ayse..sA € E The term ] V(g) is the contribution from the inter-
K

action between the particles. Consequently, the density of a Markov
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random field with no interaction with respect to u is:

PLX, €Ap,....X €AT=c [ deu

1 n A]x...xAn n

t

i.e.,

(2.3.1) PCX, €A X u(A;)

1 1

n=3

€ An] =c

[ n i

t] t

By proposition 1.5.1, 2.h.s. represents the Poisson law so that it
follows that the finite dimensional distributions of a spatial scheme
with no interaction has a finite dimensional Poisson law. Consequently
by theorem 1.4.2 it follows that for a Markov random field with no

interaction the representing measure yu is the Poisson measure.

Remark 2.3.1: Theorem 2.2.1 says that Markov random fields have an

exponential density indexed by V, the potential of Grimmett with re-
spect to any o-finite measure u and proposition 2.3.1 says that the
representing measure yu is the Poisson measure for a Markov random
field with no interaction. Consequently, it follows that in testing
for randomness namely V = 0 against the alternatives V > 0, the
spatial scheme will have an exponential density indexed by V with

respect to the Poisson measure.



CHAPTER III
INFERENCES ON RANDOMNESS

In the analysis of spatial patterns one of the problems of main
interest is to determine whether or not the spatial patterns exhibit
any randomness i.e. whether or not the observed pattern is a realization
of a Poisson point process. This may be done through
(i) estimation of A, the intensity of the spatial process;
and
(ii) testing hypotheses concerning the parameters namely V, Grimmett's
potential that describe the spatial interaction.

For the testing hypothesis problem (section 3.2) we consider
u of Chapter 2 to be a 0-1 variable and V(Y3 of section 2.2 to be
of a particular form (N-N interaction) and compute the asymptotic
distribution of log-likelihood ratio under the null hypothesis of no
spatial interaction. This justifies the recent work of Besag (1974)
and it has been remarked that Besag's coding method of estimation is
not necessary in establishing the chi-square behaviour of the log-

likelihood.

3.1 Methods of estimation of ), the expected number of individuals

per unit area.

In the analysis of spatial patterns, estimation of A plays

an important role because it contributes to the understanding of certain

42
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aspects of the pattern or the arrangement of individuals in space.
In this section we discuss some of the methods of estimation of A
and the asymptotic properties of these estimators. The estimators are
constructed so that they are at least asymptotically unbiﬁsed. There
are mainly two techniques described respectively as quadrat method and

distance method.

3.1.1 Quadrat Method: This method is based on field sampling and in-

volves choosing m disjoint quadrats each of area D from the region
of study.

Let Zi(i = 1,...,m) denote the number of individuals in the
ith quadrat. Assuming that the pattern is random by broposition 1.5.1
each Zi(i = 1,2,...,m) has a Poisson distribution with parameter
AD and are independent.

Consequently the sample likelihood functions based on these

m quadrat counts is given by

12"

ne~—3

i} e'AmD(AD)i

m
noz,!
i=1 !

3.1.1
(3.1.1) L,

m
Clearly 7§ Z; s a complete sufficient statistic.
i=1

Using (3.1.1) the maximum 1ikelihood estimator of A based
on quadrat counts is given by
Z.

: _i=1 ]
(3.].2) )\q,m =T

W~

also known as the quadrat estimator of .
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Remarks 3.1.1: (i) It is clear that iq m given by (3.1.2) is an

unbiased estimator of .
(ii) If the D's are not equal then Zi's will be independent and
distributed as a Poisson random variable with parameter

ADi (i =1,2,...,m). In this case the quadrat estimator has the form

which again is an unbiased estimator of .

Theorem 3.1.1: Assuming we have a random pattern (i.e., the pattern

is a realization of a homogeneous Poisson point process) the quadrat

estimator iq o defined by (3.1.2) is

a) strongly consistent

i.e.,

(3.1.3) iq . 8:55 % as mo .

b) asymptotically normally distributed: In fact

A A
(3.1.4) ﬁi(xq’m - 2) == N(0,r/D)

Proof: a) By (3.1.2)

A

z
A
q,m i=]

Zi/mD

By proposition 1.5.1 {Zi: i=1,...,m} 1is a sequence of independent

identically distributed (i.i.d. for short) Poisson random variables
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with parameter AD. Thus, using the classical theory of i.i.d. random

variables it follows that

: a.s
q,m — A as m > o,
b) Now: m
1
. i ;&
/ﬁ(xq,m-x)—/ﬁ{—mo—- -2}
1.1 W
== {— )] (Z. - D)}

D =

Here {Zi - AD: i =1,...,m} is a sequence of i.i.d. random variables

with mean zero and variance AD. Thus, by central 1imit theorem it

m
follows that 1 ) (Zi - AD) 1is asymptotically normally distributed
/m o=l
with mean zero and variance D.
Hence
N D
Aﬁ(xq,m - A) = N(0,A/D).

Remark 3.1.2: (3.1.4) implies that the asymptotic variance of A

q,m
is ﬁ% which implies that if mD can be taken arbitrarily large then

XA can be determined with high accuracy using the quadrat estimator.

3.1.3 Distance Method

Distance method involves estimation and testing of parameters
for a spatial process based on some kind of distance measurements.
Various distance measures have been studied in the literature. For

example, the distance measured may be from an arbitrarily chosen
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(explained below) point to its nearest neighbour, second nearest neighbour
"s...,rth nearest neighbour etc.; the distance measured using T-square
sampling introduced by Besag and Gleaves (1973) and many more. For

more details on T-square sampling the interested reader is referred

to the paper by Diggle, Besag and Gleaves (1976).

In this study we will confine our attention only to nearest
neighbour (N-N for short) distances which probably is one of the simplest
distance measures.

Before we can give the estimator based on N-N distance measure-
ments, we need the following proposition concerning the distribution

of N-N distances.

Proposition 3.1.1: Suppose the points come from a homogeneous Poisson

point process with intensity A. Let X denote the distance of an

arbitrarily chosen point from its N-N. Then the transformed variable
Y = V(X) where V(X) denotes the volume of a sphere centered at the
chosen point and with radius X, has an exponential distribution with

parameter .

Proof: Choose an arbitrary point from a realization of a homogeneous
Poisson point process with intensity A.
For a Poisson process, the probability of capturing exactly

k individuals in a sphere of radius x 1is given by

Now the event [X > x] denotes the event that no point is captured
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in the sphere of radius x and centered at the chosen point.

Thus,

-2 V(x)

P[X > x] =e x > 0.

This implies

s e V(x)

Fx(x) = P[X <x]=1 x>0

-1 V(

implies dFX(x) = e x) V'(x)dx x > 0. Consequently, the trans-

formed variable Y = V(X) has the distribution function given by
dGy(y) = x exp(-ay)dy y >0
i.e., Y has the probability density function

gly) = x exp(-ay) y >0

which is an exponential density with parameter .

Remark 3.1.3: If in proposition 3.1.1, X denotes the distance from

an arbitrarily chosen point to its rth (r > 1) nearest neighbour,
then the event [X > x] describes that there are at most (r-1)
points captured in the sphere of radius x, centered at the chosen
point so that

el e V) v ik

PLX > x1= § & P
k=0 °

implies

r-1 o) V(X{LA V(x))k
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Thus, X has the p.d.f. given by

f(x) = A exp (o2 ¥$§%§§V(X))r-]v'(x) x>0

Consequently, the transformed variable Y = V(X) has the p.d.f. given

by

N\ e-Ay yr-]
r(r)

gly) =

which is a gamma density with parameters r and .

Near-neighbour estimator of A based on distance measurements:

Sampling scheme for the distance approach involves choosing arbitrarily
a set of n sample points from the region of study. By proposition
1.5.1, the points are from a realization of a homogeneous Poisson point
process with intensity ).

Let Xj denote the distance of the jth point from its nearest
neighbour. By proposition 3.1.1, it then follows that the transformed
variable Yj = V(Xj), V(Xj) being the volume of the sphere centered
at the chosen point and with radius Xj’ has an exponential density
with parameter A. The points are so chosen that the Yj's are independent.
The sample likelihood function based on n N-N distance measurements
is:

n

(3.1.6) Ld =" exp(-x ) Yj)
J=1

Clearly } Yj is a complete sufficient statistic and the maximum
J

likelihood estimator of A wusing (3.1.6) based on distance measurements

is given by



. n
(3.1.7) Ad,n = q/ Z Y.
We shall refer to id n as the N-N estimator of .

Remark 3.1.4: In the preceding formulation for b one may also

d,n
consider point-to-plant or plant-to-plant distances. However, as

remarked by Pielou (1959) a measure based on plant-to-plant distances
may not reveal any nonrandomness in the spatial distribution at all

since plants may often be present in clumps or clumps of clumps etc...

Theorem 3.1.2: Assuming we have a random pattern (i.e. pattern is a

realization of a homogeneous Poisson point process) the N-N estimator

Xd,n given by (3.1.7) is:

a) strongly consistent

i.e.,
(3.1.8) id n 8:55 A as n o+ .
b) asymptotically unbiased.
In fact:
3 = A
(3.1.9) E(Ad’n) =20 s and
( ) (A, ) ——2——“2*2
3.1.10 Var(x =
&7 (n-1)%(n-2)

Proof: By proposition 3.1.1 {Yj: J=1,...,n} is a sequence of

i.i.d. exponential random variables with parameter .
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Therefore by strong law of large numbers we have:

and consequently it follows that

: a.s.
Agn > A as no>e
L - -1
b) Let now Y=} Y. so that X, =NY " Since each
=1 "

Y.(j =1,...,n) 1is exponential with parameter A it follows that Y
is a Gamma random variable with parameters n and .

t N n-]e-xy

i.e. PLY < t] = é A dy
Consequently it follows that
-1 ¢! Ag=Ay, n-1
Fq(t) =PlY < tl=1-/ dy
Y- - 0 P n

For r > 0, it can easily be seen that

EYT) = v [ 7T0-F ()14t
0 Y
implies: E(Y']) = A/ (n-1)
and E(Y-z) = Az/(n-1)(n-2)

Hence it follows that

E( = nx/(n-1) and

Ad,n)
n2A2

v " = nA__
Can) T )
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clearly (3.1.9) implies the asymptotic unbiasedness of id n’

Remarks 3.1.5: (i) (3.1.9) says that the N-N estimator A

d,n is
slightly biased. However if the spatial distribution is not random
(i.e. if it is not a realization of a homogeneous Poisson point process)
this estimator may give serious bias.

(1) Using the classical theory on i.i.d. random variables it follows

that

Ly,

ACEL - L) 2oy 0,11:2)

Consequently it follows that
- 2
AGg - 2 B 80,35

(iii) Using the quadrat estimator iq n and the N-N estimator id n

let us define an index:

m
)*\ Z] Zi/mD
a = ’L—. M = 1=
Ad,n n
’ n/} Y,
=1
Under randomness assumption, it was noted earlier that both iq m
and 1 converge to A so that o + 1. Thus 1if one calculates

d,n
a from the observed data and finds that it differs significantly from

1 then it can be assumed that the spatial distribution is not random.
Also 1in an aggregated population we would expect higher values to

a and in a regularly dispersed population we would expect low values
to o. Pielou (1959) has given approximate confidence intervals for

a. For more details one is referred to Pielou's paper.
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(iv)  Another way to test for randomness: In the formulation for

N-N estimator id,n it was noted that Y = 321 Yj has a Gamma dis-
tribution with parameters n and A under the randomness assumption.
Consequently under randomness y = 21 } Yj has a chi-square distribution
with 2n degrees of freedom. This <y may be used to test for random-

ness rather than «.

3.1.3 Estimator of X based on both quadrat counts and N-N distance

measurements:

By considering two independent realizations of the Poisson
point process with intensity A, one can have two independent sets of
data namely m quadrat counts and n N-N distance measurements. Thus
it seems reasonable to use these two independent sets of data to Took
at an estimator of A and the sample likelihood function based on m

quadrat counts and n distance measurements is therefore:

m
nt J 7, D§Z1‘
(3.].]]) Lq,d = i=] exp{-A(mD + § YJ)}I:[—_Z—.I_:
1

where Zi (i =1,...,m) are the quadrat counts and Yi = V(Xj) re-
presenting the volume of the sphere with radius Xj - the distance from
the jth point to its N-N, are the distance measurements.

In (3.1.11) the r.h.s. is a product of two exponential families
of distributions and hence is itself an exponential family of distributions.
Further, it can be noted from (3.1.11) that there is no single sufficient
statistic for 1 but (} Zi,Z Yj) is a sufficient statistic pair.

Using (3.1.11) the maximum likelihood estimator of ) based on both

quadrat counts and distance measurements is:
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n+ Z JA

: - j
(3.1.12) ) ‘mon T ﬁﬁTfFlZ_Vg

Theorem 3.1.3: Assuming we have a random pattern (in the sense that it is

a realization of a homogeneous Poisson point process) and n/mD -~ » as

n,m > » the estimator Xm n defined by (3.1.12) is:

a) strongly consistent;
b) asymptotically normally distributed.

In fact:

(3.1.13) I R SNV N(0,32/2)

Proof: a) the hypothesis that D, xas n,m-« is redundant for this

mD
part.
n+)jzZ
: - i
By (3.1.12): ‘aon T WD F VY.
3 J
)
n 1 Z
_mb ' mb = ]
] n
T+ 2 7y
mD n je1 d

By proposition 1.5.1 {Zi: i=1,2,...,m} is a sequence of i.i.d.

Poisson random variables with parameter AD so that by SLLN:

2. 255 ) as mo e

(3.1.14)
] 1

nes—3

1
mD j

Similary by proposition 3.1.1 {Yj: J=1,...,n} 1is a sequence of
i.i.d. exponential random variables with parameter A so that again

by SLLN:
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(3.1.15)

S|—
ne—>s

Y

]J.as

-’_.*'x as N > o

J

Thus (3.1.14) and (3.1.15) imply that as n,m » »

b) 7/ (Am,n - A) = /ﬁ-{mD ¥y Y.

~ m n
G o-a) = ol (Z, - D) - X Ty, -1
m,n m 1.21 i = %(J )}
=t p.L %‘(Z.-AD)-LZ(Y.-]—)}
" mog=1 ] o J A
n_ 1)
1+ mb n j Yj

Now (i) {Zi - AD: i=1,...,m} is a sequence of i.i.d. random variables

wiht mean zero and variance D;
(ii) {Yj - %—: j=1,...,n} 1dis a sequence of i.i.d. random variables
with mean zero and variance J? .

A

Thus, by multivariate central limit theorem it follows that

1 1 1
— Z. - AD), — Y. - —
(— I(z; - D) y IO - 3)
LD 0
2N, ( , ))
0 1/

using the independence of Zi's, Yj's and %% - X as n,m > we have

G o) B oN0,02/2)
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Remark 3.1.7: (3.1.13) implies that the asymptotic variance of

A

An.n is A2/2n which is less than the asymptotic variance A/mD of

iq m and also than the asymptotic variance Az/n of the unbiased
b}
version of the N-N estimator. In practice however either iq m °r

\ i i A A wi
Am,n is used and of course the choice between xq’m and Am,n 11

affect the performance of the test.

In the following section we consider a particular subclass of
spatial Markov random fields and become more specific with some of the
spatial schemes generated by this subclass. In the later part of the
section we look at a test for randomness for spatial binary schemes

in this subclass.

3.2 Spatial schemes generated by a subclass of Markov random fields

and testing of hypothesis for binary models:

3.2.1 One dimensional problem:

Let there be n sites labelled 1,2,...,n and a set of neighbours
for each site. Let Xi: i=1,2,...,n denote the site variables.
Then following section 2.2.1 a class of valid probability structure

associated with these site variables is given by

(3.2.1) P(X) = P(D) exp V(X)

where
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with Fi,j,...,s(xi’xj”"’xs) non-zero if and only if the sites
isJ,...,s form a clique. Subject to this restriction, the F-functions
may be chosen arbitrarily.

We shall use the function pi(-) to denote the conditional
probability distribution (or density function) of X; given all other
site values. However, by the Markovian property pi(') will be a
function of Xs and of the values at sites neighbouring site 1.

Within this framework we consider a particular subclass of Markov random

fields for which V(?) is well defined and has the form:

(3.2.2) V(X) = Z X F_i(xi) + ,Z. Bi 5 %i%]
i i,
where Bi . =0 unless sites i and j are neighbours of each other.

i.e., in particular the only non-zero parameters are those associated
with the cliques consisting of single sites and of pairs of sites.

Spatial Markov random fields whose probability structure is given
by (3.2.1) with V(7§ given by (3.2.2) are known as Auto-models and
{Bi,j} are called the parameters of the models that describe spatial
interaction between the sites.

We shall specifically be dealing with the subclass of auto-
models for which Bi,j =g VY i and j so that B8 describes the spatial

interaction between near-neighbour sites. In such cases, the auto-

models are said to be homogeneous.

Remark 3.2.1: In view of (3.2.2), the homogeneous auto-models have

conditional probability structure satisfying:

p.(x:3...)
(3.2.3) B%TG%TTTT— = exp{xi[Fi(xi) + B Z xj]}

i J
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where Z xj will denote the sum of the values at sites neighbouring
site i. The models can further be classified into auto-normal, auto-
logistic, auto-binomial according as pi(-) taking normal, logistic

or binomial form.

3.2.2 One-dimensional auto-logistic model for binary data:

In this special case the site variables Xi take 0-1 values.
For any finite system of binary variables, the only situation in which
the non-zero F-functions can contribute to V(X) (given by 3.2.2)
are those upon which each of the arguments is unity. We may therefore
replace the non-zero functions by arbitrary parameters. However, since
B is the one that describes the spatial interaction, without any loss
of generality we may replace Fi(xi) by a constant namely «. Thus,
the spatial binary scheme has a probability structure given by (3.2.1)
for which V(Y) has the form:

VX =alxte T xx
J 1<i<j<n

Consequently it follows from (3.2.3) that:

ot 8L x,
exp(xsla + 8 & x;1)

(3.2.4) pi(xi;...) =

1 + expla + B Z X1
j J

where } X5 = X5 * Xj47 1s the sum of the values at sites neighbouring
J
site 1.
The model specified by (3.2.4) is the classical logistic model
and thus 1in this case the spatial model is known as the auto-logistic

model.
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Remark 3.2.2: Auto-logistic models are quite useful in practice for

example in an ecological context the variables may correspond to an
array of plants each of which is either infected (1) or healthy (0),

or to the presence (1) or absence (0) of a plant at a site. Moreover,

the models having once been established are easy to interpret.

Remark 3.2.3: A homogeneous first-order (or nearest neighbour) scheme

for zero-one variables for a rectangular lattice with sites labelled

by integer pairs (i,j) is given by [Besag - 1974]:

PO I%ia,50 Xien,g X4,5-10 %5017

*
explx.: t. .]
(3.2.5) = Ll ad

1+ exp[ti J.]

where t:’j =q + B](xi_]’j + xi+1,j) * 8, (xi,j-l + xi,j+1)'

The parameters e] and 62 are the ones that control the
clustering (or spatial interaction) in the lattice. 8y controls the
clustering in the E-W direction and B, controls the N-S clustering.

The 1st-order binary scheme described by (3.2.5) is said to be’

isotropic if By =By, =8 (say). Thus, a homogeneous isotropic 1st-

order auto-logistic model is described by

exp{la + B t, .J X, .}

N7 = 1,07 7i,J
§3.2.6) P[xm.lN NI = 3 &Xpla T B T, j]

where t. sum of the N-N values

i,J

. .+ . .+ . . . .
121,57 X, T %, -0 T R e
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Remark 3.2.4: The number of parameters required in a binary scheme

depends upon the order of the near-neighbours considered.
For Example: A second-order model involves cliques of size three and

four so that the expression for the conditional probabiiity structure

is given by
' ' 1 ! = -?—XE_E._X—_.I.J-—
POx[t,t', u,u's vov's wow'l = o ansig
where:

T=a+p(t+t')+p(u+ru)+y(vev)+y,(w+w)
+g(tu+u'w+w't') + g (tv + viu' +out!)
+ 53(tw +w'utu't') + 54(tu' +uv + v't')
+ n(tuv + t'u'v' + tu'w' + t'uw')

The above scheme will be auto-logistic only if all the & and n

parameters are zero.

3.2.3 Test of randomness in case of one-dimensional auto-logistic model:

In the class of Markov random fields given by (3.2.4) the sub-
class of Markov random fields with no spatial interaction is characterized
by 8 = 0. Consequently testing for randomness amounts to testing
g = 0 against g # 0, indicating a spatial interaction.

In terms of notations we are interested in testing

HO: g =0 (i.e. no spatial interaction)
(3.2.7)

Ha: B#0 (i.e. there is a spatial interaction)
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Under H0 (3.2.4) gives
or.X,i

P X, [N-N] = &
Vol R 1+ e*

which is independent of the N-N values. Thus, under HO: {Xi: i> 1}
is a sequence of i.i.d. binary random variables. Consequently the joint

distribution of (x],...,xn) under H0 is

(Xys... = —

implies
n
on FoXyseeisX ) = Z

Further under Ha (3.2.4) gives

explaX; + BX;(X;_y + X3
1 + expla + B(Xi_] + Xi+1)]

PaEXiIN'N] =

Thus, the joint distribution of (X "Xn) under Ha is

10
aXi + BXi(Xi_] + X1+])

n
f (Xyy...5X )= 1 &
al T gar e er P A Ky
implies
on T(Xqaeo X ) = a T Xo + 8 ] XX 4+ Xiyq)
n a + B(X: ¢+ Xiyq)
- Yoml +e i-1 i+l .
1

Let Ln(e) denote the log-likelihood function so that we have:
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n
(3.2.8) Ln(o) = o Z

n
L (8) = Z (aX; + BX (X, *+ Xiyy)

-l + e ]
i.e.,
n
(3.2.9) L(8) = T 2.(8) (say)
i=1
where
. ot 8Ky + Xjy)
(3.2.9) zi(e) = oX; + sxi(xi_] + Xi+1)1h{] + e }.
The Tikelihood equation is:
; n o, n
AE THORSE SHORSEHE
n . n 82 n *
= % {25(0) + gy (0) + 5. (8 )}

where |s*| < |g]. (By Taylor's series expansion of z;(e) about
g =0)
or

_1 3 I B Y

0w WlB) =gl e+ q T 2"(0)
i=1
2 n *
o8 T

(where [8"| < |g])
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2
= 8
(3.2.10) 0=8y+B g+B, = .
where
b -] I ()
= — g;"
0 n 2
aQ
_1 1 e (X5 q + Xy4y)
=1 121 [X:(X; g * Xipy) - At
By = & ) 2;"(0)
i=1
2 a
(3.2.11)< ’JT E ['(xi-l ' Xi+'|2) € 1
i=1 (1 +e%)
n * *
B = L4 () (1871 < lg])
1:
* + 8 Xy X,
¢} . .
1 1 (X, 3+ X% i * Xisdee UL
== 71
n .t *
. (1 + & Y8 (Xiog ¥ X))y

Let én be the maximum likelihood estimate of B. Then using the classical

theory for i.i.d. random variables
g —= 0 under HO‘

So that Y€ >0, YV wé€ q and sufficiently large n there exists

a constant M < = such that
PoL/RI8,] > M1 <€

This implies that it is enough to consider the behaviour of the terms

B., B, and B, on the set tlénl < M/nd. (%),

0’ 1 2
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Using én (3.2.10) gives
(3.2.12) 0=B8.+B, 8 +8B 5

* * ~
(where 8 in the definition of B, is 3 [8 | < |8 | - being justified

2
for each w € Q)

Claim 1 under H0 B0 converges to zero in probability, as n » «,

Proof: Under Hy: {X,: 1> 1} 1is a sequence of i.i.d. binary random
variables. Thus by theorem B-1 of Appendix B the sequence

{X]: i > 1} 1is stationary and ergodic, and these random variables
clearly have finite second moments. From theorem B-3 of Appendix B,

it therefore follows that under HO:

a

Prob e
B0 —_— 2 E(X1X2) - Tre® (EX] + EX])
e
ea
=2 EX-I EX2 - 2 EX]
1+e%

(by independence of the Xi's)

o)
- 2(EX])2 _2e EX, (w X's are id. dist.)
]+ea 1
ea
= Zero, since EX] = under HO’
1+e%
Claim 2: Under H, B, 25 - 4% where K% > 0

Proof: From (3.2.11)
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2 «a
(K * Xing)” e
1 (1+e°‘)2

again by using theorem B-3 of Appendix B we have under H0

a.s. e® 2 2
B, > - (1+e“)2 [EX] + EX] + 2E(X1X,5)1
a
- - z;:ﬁgsﬁ- (X, + EX; + 2(EX])2]
e

(i.i.d. property of the Xi'S and the fact X? = Xi for Xi binary)

Q
- e
—7 2 EX{ (1 + EX,)
(.H_ea) ] ]

2EX, (1 + EX,)e
-k2 where k2 = 1 — ] >0
) 2

(1+e*

Claim 3: Under H0 as n -»> =, 82 is asymptotically bounded.

Proof: From (3.2.11) we have

* *
3 atB (X; 1 + Xipq) a+B (X: o + X:,q)
1 (Xt X)) i-1 7 -1 7 Y
By =w 2 { o 3 }
= (1 + 8 (K + Xy,
(where 8" s such that IB*I < |8,1)
3 abB (K _q *+ Xipq) a¥B (X o+ X o)
(o . . a . .
oy (Xi-l + Xi+1) o i-1 i+1 Ce i-1 i+l 17
< ma *
1< (1 + &2 (Kyp * Xipq)43
2 * v 26"
A b O b
- (1+e%)3
(since X,'s are binary min(X; y *+ X.,;) = 0 and max(X;_; * X,.;) = 2)




which is bounded as n -+ o,

Consequently it follows that as n > = under H0 82 is asymptotically

bounded. (3.2.12)can be rewritten as

A /rTBO
/n B, = z
R L
1.e.
) /rTBO/k2
(3.2.13) /n 8, =

using claims 2 and 3 and the fact that én E 0 under HO’ it follows
that the denominator of (3.2.13) converges to 1 in probability as

n »> o,

Thus the asymptotic distribution of /n én depends upon the asymptotic
distribution of vn By-

Asymptotic Distribution of /E'BO under Hy:

Using (3.2.11) we have

10 ea(Xs 1 + X.iq)
Mo = LGy X)L i
n 1= 1 + ea
1.e.
i ‘ E
nB,=— £, (say)
0 & =1 7
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[0}
- e (X; ¢+ X..q)
where Ei = Xi(xi-l + Xi+]) - i-1 a1+] i,
1+e B

Under HO: {Xi: i > 1} 1is a sequence of i.i.d. binary random variables.

Therefore we have

E £y = 0 Vi

and that Ei’ Ej430--- are independent so that {gi: i>1} is a

2-dependent stationary process with mean zero. Consequently, by theorem

n
B-2 of Appendix B it follows that vn B, - L ¥
/noi=

normal distribution with mean zero and variance

gi has a limiting
1

2a a
2 _ ¢ ;2 - & (3+e’)
°g = E g] + 2E g]gz + 2E 5153 1+ e“)4

Hence it follows from (3.2.13) that vh én has a 1imiting normal

distribution with mean zero and variance °§/k4'

Asymptotic distribution of the log-likelihood ratio An(én,o) =

Ln(sn) - Ln(O), under HO:

Expanding Ln(O) by Taylor's deries expansion about én(v w € Q) we

get
PO
-— + 2 ] N B n) n *
L,(0) = L (8) + (0-8 )L '(5) + —5— L "(g")
k4 ~
where |8 | < |3n|
Hence: A (sn,O) = Ln(Bn) - Ln(o)
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i.e., . R
8 2 8 2

(3.2.18) A (B0) = B L "(B) - —— L "(8) - L "(0)] - —1L "(0)

n

nLn

Since L '(3 ) =0 and under H, én 8:55 0 it follows that the 1st

term on the r.h.s. of (3.2.14) converges to zero in probability under Hy -

~ 2
Bn n
3rd term = - > Ln (0)
/Hén 2 ogz 1
= 0———20 = (- ﬁ'Ln"(O))
Ug k 2k
I
From the preceding pages ———ﬂ?—- % N(0,1) and by claim 2
o,./k
13
- %—Ln"(O) 255 k2 under H,. Consequently the 3rd term on the r.h.s.
of (3.2.14) converges in distribution to (N(O,]))2 cgz/Zkz.
~ 2
- Bn n " *
2nd term = > [Ln (0) - Ln (B )1

(VB )2 5= TL "(0) - L "(8")3

= 12 En
(/th) 5

By following an argument analogous to that of Borwankar et at [1971]
it follows that |en| +0 as n>= (For a proof see Appendix B).
Hence under H0 the 2nd term also converges to zero in probability.
Thus: under HO’ An(én,o), the log-likelihood ratio, follows a central

chi-squared distribution, and the associated degrees of freedom is 1.

3.2.4 Test of randomness for a homogeneous 1st-order (N-N) isotropic

auto-logistic model:

Following remark 3.2.3, a homogeneous 1st-order isotropic auto-

logistic model is given by
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[at+B tijjxi,'

PCX, ;IN-NJ = 2 ’
O 51NN = =
1+e J
Where Li3 T ity T Mg T Mgar T X,

The hypothesis of interest are:

Hn:

of B° 0 (no spatial interaction)

Hy: 870 (there is a spatial interaction)

The procedure to get the asymptotic distribution of the log=1ikelihood

ratio An(en,o) = Ln(en) - Ln(O), (sn being the maximum 1ikelihood
estimator of B and Ln(B), the Tog-Tikelihood function) under Hy s
analogous to the one given in section 3.2.3 for the one-dimensional

case. So we only sketch the main lines of proof.

at Bti j
= . .+ Bt. . - )
L,(8) 1§j laxy 5 % Bt x5 ol +e 1}
= 7 2. .(8)
ij '
atg ti j
.. = ..t c . X. .- + ’
where 11’3(3) @ X 5t 8 t1,3 Xi j " on [1+e ]
Likelihood equation is:
- 9 = 9
0 =g Lae) = 1 352 ;(8)
1,0
or
1 3 1 3
0==%5=L(B) == ] =21 .(8)
;? B n n2 ioj 98 T1sJ

If én denotes the maximum likelihood estimator of g8 we have then



n® i.j 1,J
éZ
_]_ . N " L tn *
"2 1.gjtszi,j(o) + B8, zi’j(o) * zi,j(e )]
(where IB*! < Ién| being justified V w € Q.)
i.e.
éZ
- - n
(3.2.15) 0= Bo + B] Bn + B2 -5
where
g 1 '
B,=—% 1 . .(0)
0 n2 i3 i,J
a t.
: e 1sd
= ;1—2- 12,“‘]- {ti,jxi,j - -l + ea }
(3.2.16) ﬁ
B = - 1t e+ e
n-o1,J i
* *
atB t. . ofB t. .
1 t? j e 1’J[e 15J 1]
BZ=—2_ I }
n i, atf t 3
L (1 +e i,3)

.. = X. .+ X. .t X, . P * R
where ti5 T K-, T RieLd T a1 T KL and 8| < [B -

As dealt with in section 3.2.3 we have under HO:

BO 3.5, 0 as n -+ o«
B. 255 42 (2, 0) as n o
1 1 (ky 2

and 82 is asymptotically bounded as n » .
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Rewriting (3.2.15) we get:

B=
implies
i, & ol
n B] g
= S (8

As before, the denominator converges to 1 _under H0 so that the asymptotic

distribution of nén depends upon that of nBO.

Further:
.
Lk
1 M J
nB, = — Z {t, X, ; - —=2_}
0 n iy 13T 14+ e
Al ) E
n i,J 1,
where
et
8i,j = t. .x, . - —ad
1,07, 4 ¢

BN RRR RN
ARRERRESR RS

&%

+ +
T et DG T Mg T Xage X

is under HO a 4-dependent stationary process with mean zero. An
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extension of theorem B-3 of appendix implies that nB0 has a Timiting

normal distribution with mean zero and some variance 02 and consequantly

nén is asymptotically normal with, mean zero and variance oé/k?.

Finally following exact similar lines of proofvas in Section
3.2.3, it follows that An(sn,O) = Ln(en) - Ln(O) has under H, a
central chi-square distribution and the associated degrees of freedom

is 3.

Remark 3.2.5: [Besag -1974] considers the above problem and states

the chi-square behaviour without giving proper justification. Also

it was seen that the coding method of estimation as suggested by Besag
is not necessary in establishing the chi-square behaviour. For further
details on coding method of estimation one is referred to Besag's

paper.



CHAPTER IV
POWER UNDER A SPECIFIC ALTERNATIVE

In Chapter III, we looked at some of the estimators of 2,
the intensity of the spatial process, and the asymptotic properties
of these estimators. It was also seen that in a particular subclass

of auto-binary schemes the test statistic for testing randomness (no

spatial interaction) has a chi-square behaviour under the null hypothesis
of complete randomness. However, the value of a test statistic is
increased if one can discuss the power of the test to detect departure
from randomness.

In this chapter, we try to look at the distribution of the test
statistic under a specific alternative. We shall confine our attention
to the subclass of auto-binary schemes where the parameter describing
the spatial interaction has a specified form under the alternative.

The problem has been approached using ideas on contiguity (discussed

in Section 4.1). It has been shown that in our particular formulation
the classical techniques of contiguity fail. Even though the measures
are shown to be contiguous using the basic principles of contiguity, the
distribution of the test statistic under the alternative does not seem
to have an easy tractable form. A conceivable conjecture is that it

depends upon a non-central chi-square distribution (Section 4.2).

72
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4.1 Contiguity and its characterizations

Our exposition follows Roussas [1972].

The concept of contiguity was first introduced by Professor Le Cam
as a measure of 'nearness' of sequences of probability measures. It
plays an important role in the study of asymptotic theory in deriving

asymptotic properties of the tests under much less assumptions.

Definition 4.1.1: Let {(X,An)} be a sequence of measurable spaces

and {Pn} and {Qn} be two sequences of probability measures defined
on (X’An)‘ The sequence {Qn} is said to be contiguous with respect

to {Pn} if and only if VY An € An
(4.1.1.) [Pn(An) + 0 implies Qn(An) + 0]

In such a case, we also say that the densities q, are contiguous
to the densities Pn where Pn and q, are respectively the densities

of Pn and Qn with respect to some dominating o-finite measure.

Remark 4.1.1: Contiguity implies that any sequence of random variables

converging to zero in Pn-probability converges to zero in Qn~probability.

Definition 4.1.2: The sequence Pn of probability measures is said

to be relatively compact if for every subsequence {n'} of {n} there

exists a further subsequence {n"} of {n'} such that Pn

converges

weakly to a probability measure P (definition 1.4.1).

Alternative characterizations of contiguity:

Let Pn and a, be the densities respectively of Pn and Qn

with respect to some dominating o-finite measure.
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Define the log-likelihood ratio An as follows:

log(q, [p,) on {p.q, > 0}
(4.1.2) A=

arbitrary otherwise.

For each determination of An defined by (4.1.2) let

r~
]

L[AnIPn]
(4.1.3)

Ly LA Q3

Therorem 4.1.1: (Roussas [1972] pp 11-14)

The following three statements are equivalent:
(i) {Pn} and {Qn} are contiguous;
(i1) {Ln} and {Ln'} are relatively compact (for each determination
of An);
(ii1) {Ln} is relatively compact and if F is the limiting distribution

function and X ~ F then

[ X dF(x) = 1.

Remarks 4.1.2: (i) L]-norm convergence implies contiguity

i.e., P, - Qll; ~ 0

implies {Pn} and {Qn} are contiguous where ”Pn - Qn“] is defined

by
P, - Qully =2 sxp [P (A) - Q (A)].

(For a proof see Roussas [1972]1, p. 9)
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(ii) converse of (i) is not true
i.e., contiguity does not imply L]-norm convergence.
Example: Let (X’An) = (R,B). Take P, = N(un,l) and Q_ = N(un ,1)

where Wy > H and Hy u' and u,p'(n # u'% arezboth finite. It
pé - p
1 = LI _.___n n
can easily be seen that A, (un “n) X + 5

so that
) '(“6 - un)2 ' 5
L= Lla(p) = N~ - )%
2
(w! - w)
"= - n n - 2
Ln L(Anlqn) N[— '2' ’ (Un Un) 1.

clearly {Ln} and {Lﬁ} are relatively compact and consequently by

theorem 4.1.1 {P '} and {Q } are contiguous. However [P - Q |I, b 0.

(i1i) Contiguity does not imply mutual absolute continuity:
Example: Let (X,An) = (R,B)
1

Take Pn = U(- 531), the uniform measure on (- %3 1)
and Qn = U(0,1 + %& the uniform measure on (0, 1 +~%)
dP_(x)
- _n - .n 1
Further pn(x) = — & =T 0 g X< 1
dqQ_(x)

v being the Lebesgue measure.
- 2 ..
Then "Pn - Qn“ﬁ =T 0 as n >« so that by (ii) above {Pn}

and {Qn} are contiguous.



76

However {Pn} and {Qn} are clearly not mutually absolutely continuous.

(iv) Mutually absolutely continuous need not imply contiguity:
Example: Let (X,An) = (R,B)

Take P = N(un,l) Q, = N(u;»1) where uy > ==, and up >+ = Then
{Pn} and {Qn} are mutually absolutely continuous but not contiguous
for taking An = (un -1, Mot 1) we see that _Pn(An) = .68 b 0 but
Qn(An) -+ 0.

(v) The above (i) - (iv) imply that contiguity is weaker than the
L]-norm convergence and is distinct from the mutual absolute continuity

notion.

4.1.1 Some results following from contiguity:

In this section we shall discuss some important consequences of

the notion of contiguity and their use in statistical applications.

Lemma 4.1.1: [Roussas - 1972, p. 15]
Any one of the three equivalent statements of theorem 4.1.1

implies that Pn(Bn) +1 and Qn(Bn) + 1 where Bn = {p g, > 0}.

Remark 4.1.3: Lemma 4.1.1 says that contiguous measures Pn and Qn

eventually rest on Bn i.e. eventually are mutually absolutely continuous.

Consequently if {Pn} and {Qn} are contiguous, one may assume without
loss of generality that Pn and Qn are mutually absolutely continuous
for all sufficiently large n. Under this assumption the log-likelihood

ratio

A= 1og(dQn/dPn)
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is well-defined a.s. (Pn), (Qn).
Define

*
L, = LL(A LT )P ]
(4.1.4)
l*_
Lo = Lo(a T )1Q]

where {Tn} is a sequence of k-dimensional random vectors such that

Tn is An-measurable.

Theorem 4.1.2: [Roussas - 1972, p. 34]

*
Suppose {Pn} and {Qn} are contiguous and Ln and Lﬁ*

*
are defined by (4.1.4). Further assume that Ln = L*, a probability

measure.
. *

Then Ln -1 where
dr”
—— = exp(x)
dL

Corollary 4.1.1: [Roussas - 1972, p. 35]

If L(A|P) = N(u,a®) then w = -k oo,

Corollary 4.1.2: If L(A [P ) = N(-% o°,0%) then

L(a 1Q) = N o%,0%).

4.1.2 Interpretation of contiguity in simple versus simple hypotheses

testing:

Consider a sequence {pn,qn} of simple hypothesis Pn against
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simple alternatives q, defined on measurable spaces (Xn,An) re-
spectively.
According to Neyman-Pearson lemma, for any event An in An’

there exists a function Qn and an integer kn: 0 < kn < o such

that

¢

1 if qa, > knpn

(4.1.5) 8 = ﬂ g0<e<1) if q =kp

L 0 if q, < knpn
and that

Pn(An) = f o, dPn
and

Q,(A) < [ e dq
Thus contiguity (definition 4.1.1) will follow if we can show that
tf ¢, dP > 01 implies (f ¢ dQ ~ 03

for critical functions of the type (4.1.5).

Remark 4.1.4: Using the equivalence of the statements (i) and (iii)

of theorem 4.1.1, it can easily be observed that if As the log-likeli-
hood ratio, is asymptotically normal (-% 02,02) under Pn’ then the
densities d, and p, are contiguous (For a proof see Hajek & Sidek

1967, pp 203-205).
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Suppose we have an experiment {(Xn,A @): ©® < Rk} and are

n’
interested in testing

(4.1.6)

where Gn + 0 and {hn} is a bounded sequence in Rk such that

hn+heRk.

The following proposition says that under certain conditions the

probability measures Pn 0 and Pn are contiquous.

b 0 ,en

Proposition 4.1.1: Consider 90 and en =9
4

0 + 6n hn with Gn -0

and {hn} bounded and hn -+ h. (hn,h €R
Suppose there exists an An-measurable function Tn(e) and a positive

definite covariance matrix T_ such that

6
r
a) An(en,eo) - h Tn(eo) + % h reoh >0 (Pn,eo)
(4.1.7) ﬁ
b) L[Tn(eo)an,e 1 - N(O, Ty )
L 0 0
then Pn,eo and Pn’en are contiguous where
dPn’en
An(en,eo) = log a‘p:T—

0
Proof: Assumption (4.1.7) implies that

Lca (e ,8,)|P . 1> N(-%h'T_h, h' r_h)
n‘"'n>70""n %9 h 8o
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By remark (4.1.1) it then follows that Pn, and Pn’e are contiguous.

60 n

Remark 4.1.5: (i) Under the conditions of proposition 4.1.1, it follows

that

L(An(en,eo)lP ) > N(% h' Ty h, h' T_ h)

n’en 0 %
(ii) Condition (4.1.7) is known as the locally asymptotically normal

(LAN) conditions.

Example 4.1.1:

Take Pn’ = N(eo,l)

0
nd P * N(s ,1) with o = o, + n .
One can easily see that
%~ °

An(en’eo) N (en-eo) At 2

Take Tn(e) =1

/nod

m
—
.

nes-—3

: (Xi - 6) and Ty

It can be verified that 2.h.s of (4.1.7) (a) is identically zero and
the 2.h.s. of (4.1.7) (b) is exactly normal.

Thus, by proposition 4.1.1 the two probability measures Pn’e

0

-y
and Pn’e where 6, =6p*tn *h (h bounded) are contiguous.
n

Remark 4.1.5: We describe below a typical problem that comes up in statis-

tical applications.
Suppose {Pn} and {Qn} are two sequences of probability measures

and that Qn depends on an h in a specified way. Further suppose
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that assumption (4.1.7) holds. The problem is that of finding the
asymptotic distribution of Tn under Qn'

What one does then is to first derive the asymptotic destribution
of (An,Tn) under Pn and use the contiguity of Pn and Qn to get
the asymptotic distribution of (An,Tn) under Qn' From this, the

desired asymptotic distribution of Tn under Qn will follow.

4.2 Power of the test:

We are back in the particular subclass of auto-binary spatial
schemes. In Section 3.2, we discussed the asymptotic behaviour of the
log-1ikelihood ratio under the null hypothesis of complete randomness.
In this section, we attempt to discuss the asymptotic distribution of

the log-likelihood ratio under a specific alternative, Hyp: B = = n7%,

(h being bounded). Thus we have a set of hypothesis

B, = n"%h (h bounded)

po od
w
[}

So that B_. + 0 as n » ». Without any loss of generality one may

n
take h =1 so that the hypotheses are
HO: 8 =20
(4.2.1)
. = = -2 o
Ha,n. B Bn n “>-0 as n -

where B8 is the parameter describing the spatial interaction in the
auto-binary spatial models (both one-dimensional model of Section 3.2.2

and two-dimensional isotropic model of Section 3.2.4),
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Following remark 4.1.5, in order to determine the asymptotic
distribution under the alternative, knowing the asymptotic distribution
under the null the first step is to show the contiguity of measures under
Ho and Ha,n' Also, proposition 4.1.1 says that contiguity will follow
if the LAN conditions given by (4.1.7) can be verified for our model.
However, unfortunately the LAN conditions are not satisfied in our

formulation (see Appendix C) so that the classical techniques of contiguity

fail.

4.2.1 Contiguity of measures under the hypotheses defined by (4.2.1)

Since the classical techniques of contiguity fail in our formulation
we approach the problem through basic principles of contiguity (de-
finition 4.1.1). Let (X,An) be a measurable space and {PB} be a
sequence of probability measures defined on (X,An). Let An € An'

Then we would like to show that

[PO(An) -+ 0] implies [PBn(An) -+ 0]

One-dimensional model:

Let An € An and Po(An) + 0 would like to show that
PBn(An)+ 0 as n-»o

The conditional probability distribution of an auto-binary spatial scheme
is given by
dp la + 8(Xj_q *+ Xj4q)3K
H ¢ i-1 i+1

1 +e
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(v being some dominating o-finite measure)

Consequently it follows that

dPg[X;IN-NT eBn(Xi-l * X)X

(1 +e%)
(4.2.2) aP LY NN

AR

[1+e

-y
where Xi's take values 0 or 1 and By, =N * converges to zero
as n > =,

Since Xi s take only 0-1 values, xi(xi_] + Xi+1) is at most 2.
Further, the 1ikelihood ratio is given by

dPg  [X; [N-N]
aP (X [N-N]

(6.,0) = 1
]n 8 ’0 = I
n i=1

B X (K + Xi)

& (1 +e%))

(4.2.3) 1n(B_,0) =
n L ea e Xy Xg)

n=s33

i=1 i

Now,

1]
—~
—
+
®
Q
N
——
x
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i.e 28“ n
a e
(4.2.4) Pﬁn(An) < (1 +e7) e PO(An)
e
28n n

. e -y
Claim (for B.=n %) >0 as n » =,
— 1+ ® n

for any o > O:

28n n e2n'%n
Now —_—

n
e®

T Tan - 2nk
e 2
-0 as n -+« for o > 0.

Since PO(An) + 0 (by hypothesis), therefore it follows from (4.2.4)
that

thus establishing the contiguity of measures under H, and Ha

0 ,Nn

defined by (4.2.1).

Remark 4.2.1: In case of a 2-dimensional isotropic auto-binary model

also, the lines of proof (as given above) give the contiguity of

measures under H0 and Ha n? defined by (4.2.1).
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Remark 4.2.2: We have not yet managed to establish the asymptotic

distribution of the log-likelihood under the alternative. A good con-
jecture is that it is a non-central chi-square distribution, which we

hope to establish in the near future.




APPENDIX A

As in Section 1.1, let S denote the d-dimensional Euclidean
space and B(S) the family of borel subsets of S. Let Qg be the
family of point processes {&£(A,u): A € B(S)} that satisfy conditions
a), b) and c) of definition 1.1.1.

Let D be a countable subfamily of B(S) that generates

B(S) and F

0 denote the field generated by elements of D.

Definition A-1: Finite dimensional distributions generated by a point

process £(A,w) are the distributions
Prob{g(A],w) = ryseees e(A w)=r}

where A],...,Am € B(S) and Pyse-esr, are non-negative integers.

Let

q(A],...,A 3 r

mn ],...,Pm) = PTOb{g(A],w) = r],...,g(A w) = rm}

m

denote the finite dimensional distributions generated by a point process

E(A,w).

Definition A-2: Let A

],...,Am be sets in FD' Then a set in g
determined by conditions on g(A],w),...,g(Am,w) is called a cylinder

set in QS.

86
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i.e. a set of point processes determined by its finite dimensional
distributions is a cylinder set in QS’
Let C be the family of cylinder sets and C* be the borel

extension of C.
Let Q' be the family of non-negative integer valued set functions
gE(A,w) for A in Fp-
Let C(Q') be the family of cylinder sets in @' and C*(Q')
its borel extension.
Similarly define Q" to be the family of those set functions
;n Q' that satisfy b(i) for Ai € FD namely g(ig] Ai,w) =
y g(Ai,w) a.e. for A],...,Am disjoint sets in FD and Q" to be
lhe family of those set functions of Q' that satisfy both b(i) and

b(ii) for Ai € F,.

D
namely
m m
g(UA;,w) =7 £(A;u), A, € F, and disjoint
1 i 1 i i D
and E(An,w) + 0 for A] o) A2:3 ... in FD such that n An = ¢

n

*
Similar to C(Q') and C (2') we define C(Q"), C*(Q"), c(e") and C*(Q“').

Converse implication of theorem 1.1.1:

Given a point process {&(A,w): A € B(S)} that satisfies
conditions a), b) and c) of definition 1.1.1 we need to show that ¢
is an (M+(S), M(S)) - valued random variable.

i.e., Given the finite dimensional distributions q(A],...,Am; Pyseeesl )
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there exists a unique probability measure Q that is determined by these

g-functions.

Conditions A-1: (n 1is any positive integer; A],...,Am are sets in

B(S) and Pls-eslp are non-negative integers):
(i) q(A],...,Am; r],...,rm) is a probability distriubtion on m-tuples
of non-negative integers SEEERRL

A]SO, Q(A]’AZ; Y‘] ,rz) = q(AZ’A]; r2’r1)'

(ii) The functions q are "consistent" i.e. for example

. rz-
(iii) If A],Az,...',Am are disjoint sets, and A = A] 0] A2 Uu...u Am
then q(A,A],...,Am; r],r1,...,rm) =0 unless r = Pyt et
and
q(A,A],...,Am; ry tent rm,r],...,rm) = q(A],...,Am; r],...,rm)
m
i.e. Prob{(A,w) = % g(Ai,w)} = 1.

(Corresponds to b(i) of definition 1.1.1)

(iv) If A,o A, > ... such that n An = ¢, then

n

2

1im q(A_; 0) =1
n n

i.e. Prob {g(An,w) +~ 0} =1

(Suggested by condition b(ii) of definition 1.1.1).
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Remark A-1: It is sometimes convenient to be able to define the g-

functions by prescribing their values only when the sets A],A?_,...,Am

)

are disjoint. Suppose, we have a set of functions qo(A],...,Am; Pyseestp
defined whenever the sets A],...,Am are disjoint so that q, can be
regarded as defining the joint distribution of the random variables
g(A],w),...,g(Am,m) whenever the sets Ai‘s are disjoint. At this
point it is not clear how condition A-1(iii) is defined.

Suppose that condition A-1(i) and (ii) are satisfied for dis-
joint Ai's and also that condition A-1(iv) is satisfied. Suppose
further that if A]’AZ""’Am are disjoint sets, each being a union

of a finite number of disjoint sets i.e., Ai = Ai] U AiZ U ... then

the joint distrubition of g(A],-),...,g(Am,-) js the same as that of

z E(A -s')a---’z g(A '3‘)-
i M ™

For example, if A, B and C are disjoint sets then we require

(A-1-1) qO(A,B U Cs r],rz) = ) qo(A,B,C; r],r3,r4).

P3+P4=P2

With this definition the functions q, can be extended in a unique
manner to functions q that agree with q, when the sets Ai are
disjoint. For completion of the proof, interested readers are referred

to Harris [1963].

Theorem A-1: Let q(A],...,Am; r],...,rm) be given defined whenever
A],...,Am € FD and satisfying conditions A-1(i-iv) when the sets in-
volved are in FD. Then there exists a unique probability measure Q

*
on C such that
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Q{g(Alsw) = r]a~--9§(A

m m

whenever the A's € FD.

Proof: The fundamental theorem of Kolmogorov [1956, p. 29] implies that

*
the gq-functions determine a unique probability measure Q] on C (a').

*
Claim: Q" € C (Q') and Q](Q") =1

Now " consists of those £(A,u) of Q' that satisfy

3

Aiaw) = z E(Ai’w)

m
g( U
i= 1

i=]

where A],...,Am € FD and are disjoint. By condition A-1(iii) each
such relation has Q]-measure 1 and there are only denumerably many of
them.

Thus it follows that

2" € ¢ (2') and 0 (") = 1.

Further, now a cylinder set B in Q" 1is the intersection of Q"

with a cylinder set in @' so that
*
B =B, Nq" where B, ¢ ¢ (a')

*
Thus, having a probability measure Q] on C (Q'), we can define a
*
probability measure Q' on C (Q") by putting: Q'(B) = Q](B]) for
*
BeC (Q"). Conversely if Q' is a probability measure on C*(Q")

then we can define a probability measure Q] on C*(Q') by putting

0;(B;) = Q'(B; na") for B, ¢ ¢ (a")

,w) = rm} = q(A],...,Am,r],...,rm),r],...,r = 0,1,...
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Also, the measure Q' 1is unique since if not, there would be two different
Q] measures on C*(Q') contradicting the uniqueness of Kolmogorov
theorem.

Thus, we have a unique probability measure Q' on C*(Q") and
Q'(e") = 1. Ifnow & € Q" 1is such that it does not satisfy b(ii)

for Ai € FD namely
A] o) AZ.D ... with N An = ¢
g(An,w) $ 0 for A],... € Fp

then the set a  of all such ¢'s has a measurable subset whose Q

measure is zero (follows from condition A-1(iv). This implies that,
Q (2 ) = inner measure of o =0
T 0

clearly we have "' =" - so that Q;(Q"') = 1.
(Q; denotes the outer probability measure)

As discussed before, having a unique probability measure on
C*(Q") we can have a unique probability measure Q on C*(n"') by
putting Q(B N ") =Q'(B): BE€ C*(Q"). Consequently it follows that
there exists a unique probability measure Q determined by the given

g-functions.

Remark A-1: The easy implication of theorem 1.1.1 says that every Q

on (M+(S), M(S)) can be regarded as a P_ for some point process

g
£, and the converse implication as proved here shows that given a point
process & there exists a unique probability measure Q determined

by the finite dimensional distributions of ¢(A,w) given by the g-functions.




APPENDIX B

Theorem B-1: A sequence {Xi: i > 1} of independent identically dis-

tributied random variables is strictly stationary and ergodic.

Proof: a) To show that {X.,: i > 1} is stationary we need to show
that (X],Xz,...) has the same joint distribution as (X2,X3,...)
This follows clearly from the identically distributed property of the
Xi's.
b) Need to establish the ergodicity of the stationary sequence
{X;: i>1}. For each w = (x],xz,...,xn,...) define a new process
by
Yi(w) = X; the ith-coordinate the ({Y,: i > 1} defines a

stochastic process known as the co-ordinate representation of
{X;+ 1 > 1} clearly both {X,: 1 >1} and ({Y.: i >1} have the
same distribution. Define a transformation S by

S(x],xz,...,xn,...) = (x2,x3,...,xn+1,...) (S 1is the so-called
shift transformation).

In what follows have a probability space (Rm,Cm,P) where P

is defined by

A

P(B) = P[(x],xz,...) € BJ.

(i) S 1is measurable for:
Let C be a measurable finite dimensional product cylinder then S']C

is also such a cylinder set. These cylinder sets generate C_ implies
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that S s Cm-measurable
(i1) p(sTTc) = P(C) vCec,

For: Let Ce€C_.

P(s7'¢) = Prw|Sw € C]

P[x],xz,...) [ (x2,x3,...) € C]

P[(xz,x3,...) € C]

P[(x],xz,...) € C] (by stat.)

P(C)

(i) and (ii) together imply that S 1is measure-preseving.

(iii) Need to show that P(A) = 0 or 1 for invariant events A.

Let A be an invariant event and let Gn = (Xm: m > n.
Let G=10N Gn'

n
A invariant and S measure-preserving implies that S']A = A
implies [wl(XysXgs.-0) € AT = [w|(X]s%,y,...) € Al

Continuing this gives:
[wl(xk,xk+],...) € A] = [wl(x],xz,...) € ATV k >1

implies A € Gk Vk>1 implies A€ G, the tail o-field. Since the

Xi's are independent, by Kolmogorov 0-1 law it follows that

P(A) =0 or 1

(i), (ii), and (iii) imply (b)
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Theorem B-2: [Anderson - 1971, p. 4271
Let Yy2¥gs+-- be a stationary stochastic process such that
for every integer n and integers t],...,tn (0 < t] < ... < tn)

Vi oeeeo¥y is distributed independently of Yise- and

Yy o
1 n t] m-1

If Ey, =0 and Ey: <= then y, has a limiting

—r—

1
y sean —
tn+nH-'l V/T

normal distribution with mean zero and variance

2
Eyp 2By, ¥ s 2B Yy

Theorem B-3: [Hannan - 1970, p. 203]

If {x(n)} is stationary and ergodic and E{lxj(n)l} < ®

N
then Tim %- } x(n) = E{x(n)} a.s.
N->e0 1
Also if E{(xj(n)z} <®
then
1 N
lim & b ox(m)x(m+e) = E{x(m)x(m+2)}
Noro 1

Remark B-1: Proof of the fact that

€ [Ln"(O) - L "(B*)] converges

=1
n n n

a.s. to zero as n -+ =,

Proof: Let € > 0 be given.

Let the parameter space B be an open interval of the real line.

Assume that V B € B there corresponds an nr(B) > 0 such that
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azh(xosx]axz; B*) * %*
(*) E, Csup{| |: B8 € B, |8-B | < n(B)}]
B g 362

is finite where EB denotes the expectation when B8 is the true para-

meter.

Let Uy = {8: [8] < ny=n(0)} be a neighbourhood of g8 =0

Choose a 6: 0 < § < no*

Now
a+B(X0 + Xz)
h(XgsXysXps 8) = [a + B(Xy + X5)1 X0 [1 + & ]
2
3h(X1sX15X,3 B) 3°h(Xy,X5X,3 8)
clearly 0’3]’ 2 and 0’172
B8 2
3B
exist and are continuous
2, ¢ .
Further, the continuity of 3°h 56 implies the lower semi-continuity
9B
of
sup{| > - 5 |: 8] <&}
3B aB

From assumption (*) we have for & > o

3%h(_; 0) Pn( s 8) .
E {sup| - |: B8] <8}<e
0 282 3p° >

Let us choose such a &§. Now under HO’ én 2:55 0 so that there
exists an integer N, such that ¥V n >N, [énl <6

(N] possibly depending on the sample).

Thus for n > N]:
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n-lanu(O) - Ln"(B*)I

10 azh( ; 0) azh( ; e*)
fn ZI 2 - 2 I
1 9B 3B
n 2 * * .
I Tl S N - R P P TR
3B 3B
L 3%h( ; 0) °h( ; 8)
<n” ] sup{| - 5 | s 18| <6}
3B 3B

By assumption (*)

32h( ; 0) azh( s 8) .
Eo{supl 3 - 3 E
3B a8

*
|8 | < 61
is finite.
Since under H0 the sequence {Xi: i > 1} 1is stationary and ergodic
theorem 2.102] of Borwanker et al implies that

B 2h( ; 0) 2?n( 5 8) *
n % sup{| > - 5 [: |8 | < 6}
9B 9B

converges a.s. to

200 . 200 .
Eo[Sup{Ié—Di—izgl—- - E_ﬂiiz_ﬁl_l ;|8 < 8}
3B a8

Therefore there exists an integer N2 such that for n > N2

an 22h( ; 0) 3%h( 5 8) *
LD IFFILELE D B R DRSPS
] 9B 98
3h( 5 0) 2%h( ; &) *
<2 EO{Sup{|-—————ﬁ?——— - 3 | |8 | < é})
38 38
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N2 again possibly depending on the sample

Take N = max(N],Nz) Thus for n > N
€] < €

€ being arbitrary, it follows that [€ | 0 a.s.



APPENDIX C

The conditional probability distribution of a 1-dimensional
near-neighbour auto-binary spatial secheme is given by

CatB(X5_q * Xipp) 3K,

_ e
(c-1) PoIX; IN-ND =

1+ ea+B(xi-1 ¥ X’+1)

i
where B describes the spatial interaction between near-neighbour
particles.

The hypotheses of interest as given by (4.2.1) are

B=B8 =n*-0 as n -+ =,

Ha,n' n

We need to show that in this formulation the LAN conditions given
by (4.1.7) are not satisfied.
Now
A (8.,0) =L (8) - L (0)
Using Taylor's series expansion we have
- ! + Bﬁ n Bg i *
7y (8,0) =8 L '(0) + 3L "(0) + gL " ()
* -y
where |8 | < anl =n °

Following the argument of Section 3.2, we get
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o
PR e (Xi g * Xiyq)
A (B50) = — {7 Xi(X; 4+ Xopyq) - }
no(X 4 * Xl
] i-.l i+] e n 2 ] nt *
1 (1 + e%) n

1

* -
By claim 3 (of Section 3.2) ﬁ-Ln"'(B*), with |8 | < IBnI =n %, is

asymptotically bounded (under HO) as n > o,
2

By claim 2 (of Section 3.2) the 2nd term on the right a:Ss (under
HO)
Further,
a
n e (X: 1+ X:uq)
T (0) -l;z P N I ) N L
/o1 ! 1+ e
2a
is asymptotically normal with mean zero and variance Gz = ——ziééi—gg%
1+e
(under Ho).
Thus, clearly (4.1.7) (b) is satisfied with
= eza(3 + %)
0 4
(1+e%)

However (4.1.7) (a) is not satisfied for

A (8 ,0) -T(0) +%r f_n_,_Q I

n‘*n’ n 20 3

Q
2.h.s. = -k2 + 3 02 = KJ ki 2e )*+ L e "3+ e4)
¢ (1 + e (1+e%)
20.(] _3ea)
(1+e0)?

# 0 for all o
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Thus,
Pn,O
An(Bn,O) - Tn(O) thETg—+> 0V
Consequently, it follows that LAN conditions are not satisfied in our
1-dimensional auto-binary spatial scheme. In a similar manner, it can
be shown that the LAN conditions are not satisfied in our 2-dimensional
isotropic model either. Thus, the classical techniques of contiguity

fail in our formulation.
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