


ABSTRACT

DYNAMIC ANALYSIS OF
NONLINEAR ELASTIC FRAMES

N7
A

by James K: Iverson

A method of solution for dynamically loaded elastic frame
structures is presented. The nonlinear effects of geometry changes
and axial thrust are considered in the solution. The method is
developed to analyze three dimensional structures subject to joint
loading or earthquake ground motion. A computer program written
in FORTRAN for use on the Michigan State University CDC 3600 computer
system was used to implement the solution.

The mass of the members is lumped at the joints. The
lumping procedure accounts for rotatory inertia as well as trans-
lational inertia. Mass-proportional viscous damping is included in
the analysis. The nonlinear effects are taken into account in the
calculation of member forces. The analysis is formulated using the
joint displacements as variables, and the transient response of the
frame is obtained by a numerical integration of the equation of
motion of the joint masses.

Several studies of a simple cubic frame are presented.

The studies considered the order of magnitude of the nonlinear
effects, and the influences of dissymmetry in the three-dimensional

structure-load system. The results of the nonlinear studies show
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that the consideration of geometry changes are significant only if
relatively large displacements occur. Axial force effects on flex-
ural stiffness may be significant for relatively common values of
axial load. The investigations also indicate that dissymmetry in
the distribution of mass, dissymmetry in stiffness, or a time lag in
the motion of the supports may cause considerable variations in the
response of the structure. Such variations in the response of the
structure can be predicted only with a truly three-dimensional
analysis.

The use of a damped dynamic solution to obtain a nonlinear

static analysis is also demonstrated for a plane frame.
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CHAPTER I

INTRODUCTION

1.1 General

The advent of high speed digital computers has made pos-
sible considerable advances in the study of nonlinear behavior of
structural frames. Generally speaking, there are two types of non-
linearities, material nonlinearities and geometrical nonlinearities.
Much work has been done in the former class of problems, both in
static analysis and dynamic analysis. However, practically all
published works in this area are limited to plane frames. The
influence of geometrical nonlinearities has been considered by a
number of investigators. Their studies are, in general, related
to the static behavior of structures.

The purpose of this thesis is to develop a method for the
dynamic analysis of elastic space frames that takes into account the
nonlinear effects of geometry changes and axial thrust. Because of
the nonlinear nature of the problem, a linear static analysis is a
necessary prelude to this study. In order to demonstrate the prac-
ticality of the method, a computer program is prepared to implement
the analysis, and the results of certain numerical problems are

examined.



1.2 Literature Review

In the area of nonlinear dynamic response of frame struc-
tures Wen and Janssen (23)* studied plane frames using a lumped
mass and lumped flexibility model to investigate the effect of
elastic~-inelastic material properties. The method is applicable to
frames with members having a general curvilinear moment-curvature
relation. Clough, Benuska and Wilson (1) presented a procedure for
computing the dynamic response of plane frames taking into account
the nonlinear effects of inelastic deformations in yield hinges at
the ends of the members. The procedure is more efficient in
handling frames of larger size but is limited to members with
bi-linear moment-curvature relation. It was used to study plane
frames subjected to earthquake loadings and to evaluate the
ductility requirements for various members. Damping was not in-
cluded. A continuation of this work including damping effects
was undertaken by Giberson (5).

Tezcan (19) presented a modal analysis solution for three
dimensional elastic frames which included damping. By use of the
acceleration response spectrum derived for the 1940 El Centro earth-
quake, he dbtained certain "equivalent static loads" which were
based on the natural periods of vibration of the structure. No
nonlinear effects were considered in this study. In this and all of
the above-mentioned papers masses were '"lumped' at the joints or

node points with no rotatory inertia effects considered.

*Numbers refer to items listed in the List of References.



The area of static linear-elastic analysis of frames has
been widely investigated. In particular, the following works have
been referred to most frequently in the development of the linear
static analysis employed for the present study. The network formu-
lation of linear frames has been presented by Fenves and Branin
(6). Their original work had the geometric properties of the mem-
bers combined with the stiffness properties. Subsequently, Dimaggio
and Spillers (3) and Livesley (13) independently presented versions
of a network formulation wherein the geometric properties are com-
bined with the incidence properties. This results in a much im-
proved conditioning of the final simultaneous equations. The net-
work formulation uses a single 6 x 6 member stiffness matrix instead
of the more common 12 X 12 matrix of the direct stiffness formu-
lation.

Gere and Weaver's book (4) contains a comprehensive treat=-
ment in the more common 12 x 12 stiffness matrix format. Weaver's
book (21) is primarily a presentation of programming techniques
and prepared programs for use in linear-elastic frame and truss
analysis.

The nonlinear effects of large displacements and axial
thrust in the stability of frames have recently been investigated
by a number of researchers. Saafan and Brotton (17) presented a
computer solution for plane frames which considers the effects of
member chord rotations and axial thrust. Saafan (16) continued the
study and included, in addition, the effects of member bowing on the

apparent axial deformation. Jennings (11) derives stiffness



coefficients for plane members, considering geometry changes, and
studied a single bent plane frame dividing each member into several
""submembers' to increase accuracy. Zarghamee and Shah (24) devel-
oped stiffness coefficients in three dimensions for space frames,
that considered member chord rotations and bowing effects. They
used an iterative solution method to solve for the displacements.
Connor, Logcher and Chan (2) made a similar development in three
dimensions and studied the load-deformation relations of a small

three dimensional frame which had also been studied experimentally.

1.3 Scope and Outline of the Investigation

The investigation presented here will first develop a
method of solution for the nonlinear analysis of dynamically loaded
elastic space frames, and then incorporate it in a computer program
written in Fortran for use on the C.D.C. 3600 Computer System at
Michigan State University.

In the development of the analysis the following simpli-
fying assumptions were made:

1) Frame members remain elastic throughout the solution

and are of a uniform cross-section.

2) All joints are completely rigid.

3) All loads other than dead load are applied to the

joints.

4) Torsional-flexural coupling may be neglected in the

solution of the individual members.

5) The Bernoulli-Navier solution for a simple beam holds

for relatively large end displacements.



6) The rotation angle of the member chord relative to the
undisplaced position remains small enough that its
sine may be approximated by the angle, its cosine may
be approximated by unity, and the product of the sines
of two such rotation angles is zero.

The development of the analysis is based on straightforward
applications of principles of mechanics and, at places, a synthesis
of known results. In the preparation of the computer program,
emphasis was given to economy of computer time, ease of modification,
and’generality. The frame is first analyzed statically for the
displacements and forces due to its dead loads, and these are used
as initial conditions for the dynamic solution.

The dynamic solution is accomplished using the displace-
ments of the joints as variables, and utilizing numerical inte-
gration to solve for the transient response of the joints to dy-
namic loading, either applied to the joints or through ground
motion. A mass lumping procedure (22) that accounts for rotatory
inertia is presented. Viscous damping is taken into account.

The nonlinear effects of geometry changes and axial thrust
are accounted for in the determination of the frame reaction forces
used in the equation of motion for each joint. The geometry effect
enters into the analysis in two ways: a consideration of the rota-
tion of the '"chord" of the member (the straight line joining its
two ends) and of the "bowing" of the member. The former affects
the end rotations of the member and the axial strain, whereas the

latter affects the axial strain. These considerations enter into



the calculations of the member distortions. The effect of axial
foFce (axial force is defined to be the end force acting in the
direction of thé chord) simply modifies certain stiffness coef-
ficients of the member according to beam-column behavior.

The investigation also includes various studies made with
the computer program developed. A simple cubic frame is studied
under dynamic loading to investigate the nonlinear effects. The
capability to treat three-dimensional systems is utilized to study
the effects of dissymmetry in a similar cubic frame, and to inves-
tigate the response to three-dimensional ground motion from a

recorded earthquake.

1.4 Definitions of Member Incidence and Coordinate Systems

For the purposes of the analysis, the members will be as-
sumed to be directed (arrows on the individual members will be used
in sketches) between the two joints at their ends. The direction
or orientation may be arbitrarily assigned initially. However,
once assigned, it must be fixed throughout the analysis. The mem-
ber then is said to be directed from the joint at its "initial"
end to the joint at its '"final" end. The member is "positively"
incident to the joint at its initial end and "negatively" incident
to the joint at its final end. Thus, in Figure 1.1 the member K is
positively incident to joint I and negatively incident to joint J.

Three coordinate systems are used in the analysis. (see
Figure 1.1):

1) Structure Global Coordinate System:

This system consists of a single set of cartesian



2)

3)

axes with its origin at any convenient fixed point.

The system is oriented with the X and Z axes horizontal
and the Y axis vertical. This system is used to spec-
ify the initial location (three dimensional vectors) of
the joints.

Joint Global Coordinate System:

This system consists of one set of cartesian axes for
each joint with the origin placed at the initial 1lo-
cation of the joint with its axes parallel to the
structure global axes. This system is used to des-
cribe the displacements of the joint and forces

acting on the joint, both of which are represented by
vectors with six elements. For displacements, the
first three elements in each vector represent the
translational displacements in the direction of the
three coordinate axes taken in order, and the second
three elements represent rotations about each of the
ordered axes, respectively. The force vectors are
made up of forces corresponding to these displacements.
Member Coordinate System:

This consists of two sets of rectangular cartesian
axes per member, located with the origins at the
location of each end of the unloaded member. Both
sets of axes will be oriented with the first axis
along the centroidal axis of the member directed from
the initial end to the final end of the member. The

second axis is directed along one of the principal



axes of inertia and the third axis is directed along
the other principal axis of inertia. These axes are
used to describe the displacements and forces acting
on the two ends of the member. As in the joint global
system, the displacements and forces are described by
six element vectors, with the first three elements
being translations and corresponding forces in the
directions of the three axes, and the second three
elements being rotations and corresponding moments

about the three axes.

1.5 Notation

The notation shown below has been used in this report:

Ax = the cross-sectional area of a beam;

Ay = the equivalent shear area for shear stiffness for
shear force parallel to the member y axis;

Az = the equivalent shear area for shear stiffness for

shear force parallel to the member z axis;

an arbitrary 6 element vector;

{a}

(€] = the viscous damping matrix;

{d}] = member relative end displacements;

{DF} = the vector of forces representing the damping
force on each joint;

{e} = vector of corrected relative member end dis-
tortions;

E = modulus of elasticity;

~

o]

—
]

vector of end forces;

(]
]

shear modulus;



g = shear stiffness coefficient;

Ix = the member torsional constant;

Iy = the member moment of inertia about the member y
axis;

Iz =  the member moment of inertia about the member z
axis;

[IRM]= intermediate member rotation matrix;

[IT] = 1inertia tensor;

(&
]

torsional constant;

(K] = joint stiffness matrix of the entire structure;

[Km] = member stiffness matrix;

k = member stiffness coefficient;

L = member length;

M = bending moment;

Mi = bending moment on end i of member;

(M] = 1lumped mass matrix of the entire structure;

m =  mass;

P = axial member load;

{P}] = the vector of dynamic forces acting on the joints
or on a particular joint if subscripted;

{RE} = the hyper vector of forces representing the frame
reaction on the frame joints;

[(RM] = member rotation matrix;

{sT} = the vector of static load forces acting on the
joints;

S = shear force;

t = time;



At

(7]
{u}
{x}

)

Q)

[}

10

time increment;

force equilibrium matrix;

the vector of displacements in member coordinates;
the vector of displacements in joint global
coordinates;

angle defining relative rotation of member chord
in the x-y plane (see Figure 2.3);

same as above in x-z plane;

damping constant;

vector of end forces at one end of a member;

mass unit density;

a finite, but small increment of the variable
preceded;

a vector quantity associated with the initial end
of a member;

a vector quantity associated with the final end

of a member;

<40 .

dt  °
LL)_
R

dt



CHAPTER II
FRAME JOINT REACTIONS

2.1 General

The equation of motion for a space frame may be written as
[M] {%} + {DF} + {RE} = {P} ceesa(2-1)

in which all quantities are in global coordinates: [M] is the mass
matrix; {X}, the acceleration vector; {DF}, the damping force
vector; {RE}, the "joint reactions"; and {P} the external loads

on the joints. The formulation of [M] and {DF}, and the solution of
the equation will be discussed in the next chapter. In this chap-
ter the joint reactions {RE} are derived.

In the linear static case {RE} = {P} = [K] {x}, where [K]
is the linear joint stiffness matrix. Since a linear static solu-
tion is a necessary prelude (to obtain the initial stresses and
displacements) to the dynamic analysis and also to serve as back-
ground material for the derivation of {RE}, the linear static

solution used in this analysis is outlined in the following section.

2.2 Linear Solution Used in Static Analysis

The linear static analysis is formulated using a stiffness
solution in a manner outlined in the paper by Dimaggio and Spillers

(3). Using this format each member's stiffness properties are

11
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represented by a 6 x 6 stiffness matrix containing the direct stiff-
ness coefficients at the initial end of the member instead of the
more common 12 X 12 matrix including the direct stiffness coeffi-
cients at both ends as well as cross coefficients. The overall
joint stiffness matrix of the structure is assembled from these
member stiffness matrices using what Dimaggio and Spillers call a
"Modified Incidence Matrix" that includes the necessary geometry
and member incidence information. To save computer storage space
and computation time several modifications were made.

2.2.1 Basic Member Stiffness Matrix.--The ''Basic Member
Stiffness Matrix" [Km] is a 6 x 6 stiffness matrix containing the
direct stiffness coefficients for the initial end of a member ex-
pressed in member coordinates. This matrix is symmetric and has 8

independent non-zero elements

——kl 0 0 0 O 0
0 k2 0 0 0 k7
0 0 k3 0 k8 0
[Km] = 0 0 0 k4 0 0 evo e (2'2)
0o 0 k8 0 k5 0
-_? k7 0O 0 O k6

The non-zero elements are defined as:

FA 121 1
k) =% k) =3 ’
L L°  142g,
12EI 1 GJ
k, = sk, = —;
3 3 477
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4EI_ 2+g 4ETI  2+g
k5 = ___1‘___1_; k6 S z ; cee..(2-3)
L 2+4gy L 2+4gz
6EI 1 6EI 1
k. = z y kg, = - — >
7 2 8 2
L 1+Zgz L 1+Zgy

where E and G are the modulus of elasticity and shear modulus, L is
the member length, J is the member torsional constant, and Iy and
Iz are the moments of inertia about the two principal axes of

bending. The shear stiffness coefficients gy and g, are defined by

6EL
g = —_—
Y ca 1?
y
6EIz
gz= 2 00000(2-4)
z

where Az and Ay are the appropriate shear stiffness areas for shear
force along the z and y axes, respectively. For example, for I
beams Ay will be taken as equal to the area of the web. For the
purpose of this investigation the torsional constant J, of the I
sections which were used, was computed using the approximation

for thin rectangular sections

3

1
3 b h ...(2-5)

[
- "
"M w

1
where b and h are the long and short dimensions of the ith thin
rectangular section.

2.2.2 Member Rotation Matrices.=--The member rotation

matrices are the transformation matrices that rotate a 6-element
vector quantity (end force or end displacement) expressed in joint

global coordinates to the member coordinates of each member.



14

Since the joint global coordinates for all joints have a common ori-
entation, a single rotation matrix is sufficient for each member.
In vector form if {a'} is a vector expressed in member coordinates
and {a} is the same vector in global coordinates, {a'} = [RM] {a}.
Since this transformation is between two orthogonal coor-
dinate systems it follows that the inverse transformation from
global to member coordinates will be accomplished by the transpose
of the transformation matrix above. That is {a } = [RM]t {a'}.
The matrix [RM]is made up of the direction cosines between

the axes of the two coordinate systems

_
81 %12 %13, ]
|
521 %22 %23 0
]
S31 %32 %331
[m] = |-——- - ~—-———: --------- ...-o(2'6)
: 11 %12 S13
0 | S21 S22 S23
|
| 831 S35 833
S l —

where sij denotes the cosine of the angle between the ith member
coordinate axis and the jth joint global coordinate axis.
2.2.3 Force Equilibrium Matrix.=--The member force equilib-

rium matrix is denoted by [T] and is defined by the relationship:

{T}Final End = [T]{T}Initial End ceeee (2-7)

where {7} is the vector of member end forces. If the member end

forces at both ends are expressed in member coordinates
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[T] = ceen.(2-8)

This follows from the requirements of equilibrium and under the
assumption that no load is applied between the end points of the
member,

2.2.4 Relative End Displacements.=~-The displacement of an
end-loaded member may be described by its end displacements in mem-
ber coordinates, I{u} and F{u},where the presubscript I indicates
initial end and F indicates final end. These displacement vectors

are related to the joint displacements:

{u} = [RM]%{x) veres (2-9)

in which {x} is, in global coordinates, the displacement of the
joint corresponding to the member end.
Let I{d} be the displacement vector of the initial end of

the member relative to the final end; 1i.e.,
t

rta} = {u} + (117 {y] cee..(2-10)

It follows that

"} nitial Ena = [¥nd 119} reees (211
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2,2,5 Joint Stiffness Matrix.--By use of the previously
defined quantities the structural reactions at the joints may be
expressed in terms of the displacements of the joints. The equi-
librium equation for a statically loaded frame may therefore be

expressed in matrix form as
(K] {x} = {sT} erea(2-12)

where {ST} is the vector of joint static loads in joint global co-
ordinates. The matrix [K] so defined will be called the "joint
stiffness matrix", or the '"overall joint stiffness matrix".

This joint stiffness matrix has certain advantageous
properties, namely, symmetry, sparseness and bandedness.

In this solution method the joint stiffness matrix will be
considered as partitioned into 6 X 6 submatrices with each submatrix
corresponding to a given joint and the 6 dimensions of the submatrix
corresponding to the 6 coordinates of that joint. In expanded form

(K] {x} = {ST} then becomes:

e - _ -1 [ ] [ ]
6 x 6 6 x 6 ’xl‘ Fs'rl’
Sub- Subs | ===-=- X, ST2
matrix matrix X ST

| 1 L i 3 3
X ST
x4 ST4
— r =] 5 5
o ® SO | %6| 3e.1 | 5Tg| ge.1
_umtrig_ _umtrig_ ] ST
| | \ 1 = STl
| | \ 2
| I \ Xq ST3
| | \ X ST
| | \ 4 ST4
\ X
L | | xs STS
— | 76] Jt.2 | 6] Jt.2
-=T=-—=| |- -
: |
|| _ | : _J

cees(2-13)
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where all quantities are expressed in joint global coordinates.
Each row of the partitioned matrix equation expresses an equilibrium
equation for a particular joint of the structure being considered.

Analyzing a row of the partitioned matrix [K] it can be seen
that the diagonal term must reflect the direct action of all members
incident to the joint corresponding to that row. Furthermore, there
must be non-zero submatrices in each column corresponding to the
"other" end for each member incident to that joint. All other sub-
matrices in that row will be null.

To conserve computer storage the computer program developed
for this study generates and stores only the non-zero 6 X 6 subma-
trices in the joint stiffness matrix, and only those that appear
in the upper triangular portion of [K]. It is now necessary to
compute the non-zero submatrices. Four possibilities exist:

1) A direct contribution from a member positively
incident to the joint being considered, which is
reflected in the 6 x 6 submatrix on the diagonal and
is equal to [RM]t [K,] [RM].

2) A direct contribution from a member negatively inci-
dent to the joint being considered which is reflected
in the 6 X 6 submatrix on the diagonal and is equal
to [RM]" [T] [K ] [T]° [RY].

3) An indirect contribution due to the displacements of
the joint at the other end of a member positively
incident to the joint being considered. This corre-

sponds to an off-diagonal submatrix in the column
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corresponding to the other joint, but in the row cor-
responding to the joint being considered, and is equal
to [RM]® [K 7 [T]° [Rv].

4) The same contribution as in 3) from a member negatively

incident is equal to [RM]t (1] [Km] [RM].

2.2.6 Solution of the Equilibrium Equation.--The equilib-
rium equation [K] {x} = {ST} is solved for the unknown displacements
using the Gauss Elimination Method (18). The method was used in this
investigation with the 6 x 6 submatrices as outlined in the previous
section as elements, and considering the symmetry of the joint stiff-
ness matrix. The basic method is well documented in most numerical

analysis texts. The reduction equation is

- -1 i
()45 reduced = 815 present - [A1ip[Al [y -+ (2-14)

where the subscript k corresponds to the diagonal pivot element
(actually a 6 x 6 matrix) currently being used.

Because of symmetry [A]ik = [A];i. The submatrix [A]ki is
in the pivot row and is in the stored portion of [K]. Also, any of
the reduced matrices will be symmetric since the joint stiffness
matrix is symmetric. These two facts allow treating only the sub-
matrices in the upper triagular portion of [K], which coincides
with the treatment in the generation of [K]. Back substitution is
accomplished in the usual fashion.

2.2.7 Member End Forces.--Member end forces are obtained

from the computed displacements using the basic equations:
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[} = [k 1 fa} = (k] {u} +[K][T]° L{u} =
[k 1 LR (fx} + (K] [T]° (RO {x} ... (2-15)

and

pltd = [T] {7}, ceee.(2-16)

where I{x} and F{x} are the displacements in joint coordinates at

the initial end of the member and the final end, respectively.

2.3 Nonlinear Joint Reactions

The determination of the frame joint reactions {RE}, in the
nonlinear dynamic analysis is accomplished by solving each member for
its end forces corresponding to the current specified joint displace-
ments and then, for each joint, summing the end forces for all the
members incident to that joint. The basic problem then becomes the
solution of a member with specified end displacements for its end
forces. As in the linear solution the relative end displacements
are first obtained and then the appropriate stiffness coefficients
are applied to obtain the end forces. The nonlinear effects of
geometry changes are accounted for in the determination of the rela-
tive end displacements, while the effects of axial force on flexural
stiffness are reflected in the stiffness coefficients.

2.3.1 Determination of Relative End Displacements.--Figure
2.1 shows a member initially undistorted with the member axis co-
incident with the x axis. After distortion, the initial end will
have undergone a displacement I{u} and the final end F{u}. As in

the linear case, these member end displacements are obtained from
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the appropriate joint displacements by a linear rotation as shown in
Equation (2-9). The translations of the initial end of the distorted

member relative to the final end are:

d2 = qu - FUZ .....(2‘17)

The primary nonlinear effect of geometry change is caused by
the rotation of the '"chord" of the distorted member relative to its
initially undistorted configuration. The '"chord" refers to the
straight line jointing the end points of the member. Referring to

Figure 2.1, chord rotations in the x-y and x-z planes are approx-

imated by
~d2
Al = -
L
':'d3
Az-— ooc.o(2-18)
L

The relative displacements in the nonlinear solution are more con-
veniently expressed relative to the chord of the deformed member.
The relative axial displacement, the axial twist, and the rotations

at each end of the members, completely define the member distortions,

e,:

i
d2 d2 L L
2 3 2 2
e, = d1 - —. = - — (2e3 - eje;y - 2e5) - —_
2L 2L 30 30
(2e2 -e,e, - 2e2) = (axial shortening)
4 476 6
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(relative twist about x axis)

"
(=
[
[
"

eq = pug - AZ = (rotation about y axis at initial end)

e4 = Iu6 + Al = (rotation about z axis at initial end)
..... (2-19)

eg = pUg - A2 = (rotation about y axis at final end)

eg = pYg + A1 = (rotation about z axis at final end)

The second and third terms in the expression for axial

shortening, e,, represent the effects of chord rotation and the last

1
two terms reflect the effect of apparent shortening due to "bowing".
The terms due to chord rotation may be developed as follows. The

true shortening of the chord distance after displacement can be

represented by

2 2_%

=L - [@ap? +a) + e el (2-20)

echord rot. 2

Expanding the second term in a binomial expansion and dropping terms

over second order

d d 4,2
g =d1-—L--—2--—3—+-- ..... (2-21)
chord rot. 2L 2L 2L )
2 2 2 2 d1
For most cases d, <<d and d. <«d,”, the term — is consequently
1 2 1 3 2L,
ignored, thus
d22 d32
€ =d, - — - — veee.(2-22)
chord rot. 1 2L 2L

The correction terms for apparent member shortening due to
bowing are shown in Appendix 1, for the case where the effects of

axial force are considered and also where they are not considered.
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The terms used in this investigation did not include the effects of
axial force in the correction for axial shortening due to bowing.
The special case shown in Figure 2.2 was computed to determine the
magnitudes of the correction terms. The axial load used was equal
to the Euler load for the member considered. The neglect of axial
force in the bowing correction causes an error of approximately 12%
in the total correction terms. The axial forces found in practical
situations are normally considerably less than the Euler load to
preclude buckling of the member. Consequently, the neglect of axial
force effects in the bowing correction was considered justified.

2.3.2 Determination of Member End Forces.--In terms of the
relative displacements e, given above the member end forces at the
initial end I{F} are computed using the following member stiffness

relations:

EA
IF1 = Z— e; = (axial force)
EIz
IF2 = ;E- C3z (e4+e6) = (shear force)
EI
IF3 = ;51 C3y (e3+e5) = (shear force)
..... (2-23)
GJ
IF4 = Ir-ez = (twisting moment)
EI EI
F = + = i
s -;1 Clye3 _;I Czye5 (bending moment)
EI EIz
= i — = i
IF6 = n Clze4 + y sze6 (bending moment)
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The coefficients used in F., and F4 are the usual axial and twisting

1
stiffnesses. The derivation of the coefficients used in F2, F3

3
F5 and F6 is outlined in Appendix 1. Shear stiffness effects are
not included.

In terms of the stiffness coefficients defined previously,

these forces may be written as:

f1 = %%
C
_ 3z
12 =% (ey*eq)
6
C3x
'3 = X ¢ (eqtey)
c e s (2-24)
1ha = k48
‘iy Sy
s = ks = &3+ kg ¢
4 2
C C
1z 22z
F, =k, —=9¢, +k,,.—c¢
I6 6 4 4 10 2 6
where kl’ k4, kS’ k6, k7, k8 are as previously defined in Section
2.1.1 and
2EI  1-g
kg = —L
L 1-2
gy
2EI 1-g
ko = —2 = veee.(2-25)
L 1-2gz

The coefficients Cly’ C2y’ C3y and Clz’ sz, C3z represent the

"beam-column effects'", and their derivation is outlined in Appendix 1.
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The first subscript corresponds to the subscript used in the Appen-
dix, the second indicates the appropriate plane.

Since these coefficients are functions of the axial force
on the member, the member end forces cannot be computed until the
axial force is known. Although an iterative procedure may be fea-
sible, in the present investigation the axial force from the forces
ohbtained in the previous time-step solution is used to obtain the C
coefficients. That is, the axial force used is one time increment
behind its true value. The type of numerical integration used re-
quires extremely small time increments and the variation in the
axial force was found to be quite small. A maximum variation of
approximately 37 of the Euler Load was noted for one time increment
in a member experiencing axial loads from O to 0.7 of the Euler load.

The forces at the final end of the member are now deter-

mined by equilibrium:
F{F} = [T] I{F} ce...(2-26)

2.3.3 Intermediate Rotation Matrix.--Considering Figure
2.3, it can be seen that due to the chord rotation the orientation
of the member end forces {F}, solved for as outlined in Section 2.3.2,
is no longer the same as the original member coordinate axes which
correspond to the undisplaced member orientation. For ease in the
programmed computation, all member forces are given in the original
member coordinate system. Therefore, the member forces {F} must be
transferred to that coordinate system. This is accomplished by the

introduction of an intermediate rotation matrix [IRM] such that:
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{r} = [1rRM] {F} ee..(2-27)

To develop [IRM] the effect of the twisting of the member will be

neglected, the rotation angles will be assumed to be small enough

~

so that cos A = 1, sin A= A and sin Al X sin A2 0. With these

assumptions [IRM] appears as

B ! T
1 A1 A2 :
-Al 1 O : 0
-A2 0 1 :
________ b-------
' 1 A1 A2
i
0 :%1 1 0
|
i | %2 0 IJ'

2.3.4 Rotation to Joint Global Coordinates.--The solution

for the member forces is completed by rotating the member end

forces in member coordinates, {T}, to joint global coordinates using
the transpose of the appropriate rotation matrix as outlined in
Section 2.2.2, After that, as mentioned previously, at a given
joint, the forces of the incident members are summed to yield the

corresponding joint reaction.



CHAPTER 1III
DYNAMIC ANALYSIS

3.1 General

The equation of mdtion (Equation (2-1)) was introduced in
Section 2.1 Chapter II was devoted to the solution for the joint
reactions {RE} in that equation. This chapter will discuss the for-
mation of the mass matrix [M] and the solution for the damping
force {DF}, and will present the procedure used to solve the equa-

tion of motion to obtain the response of the structure.

3.2 Formation of Mass Matrix

The procedure used to form the mass matrix was developed
to permit a '"lumped" mass system that accounts for rotatory inertia.
The variables used in the dynamic solution are the displacements of
the joints, hence the procedure lumps the mass of the frame at the
joints. It is assumed that associated with each joint is a rigid
body made up of one-half of the length of all members incident to
the joint as shown in Figure 3.1. This typical joint mass has a
"mags center' that is generally not located at the joint. The
problem then is the determination of the properties of the rigid
body, or joint mass. It is convenient to determine the properties
about the joint mass center and to transform these to the coordi-

nates of the joint, in which the equation of motion will be treated.

26
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Initially, the mass matrix for each % member is computed.
For descriptive purposes each % member will be called a '"branch".
The branch mass my for branch i is determined by

L

my, = (p A _+DM) ;- cee..(3-1)
where p is the density and DM is the superimposed dead load mass per
unit length. The branch inertia tensor about the branch mass cen=-
ter, in member coordinates, [ITB], is determined next. Since pris-

matic members are assumed, the member axes will also be the princi-

pal axes of inertia.

A H N
[11‘13]i = H B F ceee.(3=2)
N F C
and
L
_ 2, 2, o _ o
A= Ivol. Pz +y")dv = 2 (Iy+Iz)
B = Ivol p(22+x2)dV + J‘len DM x> dL
L3 pL
= (pA +DM) + - I -0000(3-3)
96 X 2 Y
2. 2 2
C = J‘vol. p(y +x7)dv + J‘len. DM x~ dL
L3 pL
= — (pA +DM) + — 1
96 X 2 2
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where it has been assumed that the superimposed dead load is concen-
trated as a line along the longitudinal member axis, and all cross-
sectional properties are for member i. The products of inertia F,

N and H are zero since the memher axes are principal axes.

The joint mass m, is computed next
k

m=g veees(3-4)
-1 B4

where k is the numbher of branches incident to the joint being
considered.
The global coordinates of the joint mass center are computed

by taking moments about the joint glohal axes

k

T
_ 1=1 "Bi%y

v = ceet(3-5)

where (Xi, Yi’ Zi) = Vi is the position vector of the ith branch

mass center in joint global coordinates. i;is determined by

V=% F T ceer.(3-6)

where Fi and Ii are the position vectors of the final and intial

ends of member i in structure global coordinates.

The elements of the individual branch inertia tensors are
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transferred to the joint mass center using the parallel axis theorem

Hh

CITB] D5 mc, = |B P

=]
Hh
0

and

[
[

A+ m(y2+zz)

b =B+ m(x2+zz)

0
(]

Cc + m(y2+x2)
ceees(3-8)

f = -myz

h = -mxy

where (x,y,z) = U, is the position vector of the joint mass center

i
relative to the ith branch mass center in member coordinates, and

is determined by
U, = [RMI], (V,-W) ceer.(3-9)

where [RMT]i is the three dimensional rotation matrix for member i
and W = (X,Y,Z) is the position vector of the joint mass center in
joint global coordinates.

The branch inertia tensors expressed at the mass center are
then rotated to joint global coordinates and summed to obtain the

joint inertia tensor at the mass center [IT].
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k
(1my =% [RMI); (CITB)) ;o [RMI], ceer.(3-10)

The joint mass matrix at the mass center, [M]J M.c., can

then be assembled

m o) o | W
|
o m o : 0
o (o} m :
Mymec. = |77~ 1" ““““ veee.(3-11)
|
0 | [IT]
|
- | _

and is then inverted.

The inverted joint mass matrix at the joint mass center is

now transferred to the joint,

7t = " 03, o [H] ceee. (3-12)

where [H] is a force transformation which is explained as follows.
The transformation matrix [H] is defined as a matrix such

that [H] transforms a force vector acting at the joint to an equiva-

lant vector acting at the joint mass center in similarly oriented

coordinates, that is,

{F}; e, = [H] {F}, cere.(3-13)

If the space coordinates of the joint mass center in joint global

coordinates are X, Y, Z, then



1 o o |
I

0 1 0 0
I

0 o0 1:

(H] = |T——————~ | veee. (3-14)
0 2 -Yll 0 0
2 0 X Io 1 0

|
Y -X 0 0 0 1
L | .

The relationship between displacements corresponding to

these force sets then is

{x}; = (1" {x}; 0 c coee. (3-15)

It follows that

{%}; = (0" {8} ¢ ceer.(3-16)

The equation of motion of the joint about the joint mass

center may be rearranged to form

My mc.Frme. = Blrme, - B mc, - (PFlymc.

= {R}J.M.C. cee. (3-17)
where {R} is a resultant force vector. Then
(&3¢, = My (B (3-18)
J.M.C, J.M.C." “J.M.C. e

Substituting the relationships in Equations (3-13) and (3-16)

(%), = (01" (015, o [H) (R} ceeea(3-19)
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From which it follows that

05t = (mf 0, o (8 e (3220)

The mass matrix of the structure [M] is defined as a diago-
nal matrix containing the individual 6 x 6 joint mass matrices, com-

puted as outlined above, as the diagonal elements.

3.3 Damping

The exact form of damping in most structures is practically
unknown. However, damping forces are generally relatively small so
that it is not essential that they be represented precisely in a
mathematical analysis. For these reasons a simplified form of
damping is assumed. A viscous (resistive force proportional to
velocity) type of damping is assumed in this investigation, and the
damping coefficient matrix, [C] is assumed to be proportional to the

mass matrix. Writing [C] = A[M], the equation of motion becomes

(M) {x} +A[M] {x} + {RE} = {P} ceee.(3-21)

3.4 Numerical Solution Procedure Used In Dynamic Analysis

3.4.1 Solution Procedure.--The procedure used in the dy-
namic solution will be described in this section. Assume that the
state of the frame is known at t = tl. This includes the displace-
ments, velocities and accelerations of the joints, and the internal
forces of the members corresponding to the displacements. It is
desired to determine the state of the frame for t = t1+At where At

is one time increment. Knowing this, the same procedure can be used

to solve for the state of the frame at time t = t1+ZAt, and so on.
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The solution process for the typical step from tl to t1+At is out-
lined as follows:

1) Levy's numerical integration formula,

2
X = 2X - X + mt) .}i aoo-o(3-22)
tl-*At t1 tl-At tl

is used to ohtain the displacements at t = t1+At where
the subscripts refer to the time at which the vari-
ables are to bhe evaluated.

2) The frame joint reactions {RE} are determined for
t = t1+At from the displacements computed in step 1,
using the procedure outlined in Section 2.3.

3) The damping force is computed using the damping matrix
given in Section 3.3. 1In order to save computation
time, by avoiding iteration, which would otherwise be
necessary, the velocities at t = t1 are used to compute

the damping force at t, + At; 1i.e.,

1
{DF}tlmt = \[M] {;’c}tl ..... (3-23)

This was thought justifiable because of the approxi-
mate nature of the damping representation and the fact
that velocities do not change a great deal in one time
increment.

4) The equation of motion is solved for the accelerations

at t1+At:

{i}tl*ﬁt - [{P}tl-l-At ) {RE}tl-l-At ) {DF}tlmc]
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5) The velocities are computed using the Euler-Fox
numerical integration formula
At

% =%, +—[¥ +% ]
tl+At tl 2 tl t1+At

ce...(3-25)
These 5 steps then complete the solution for all the variables at
time = t1+At, and a similar solution process may be repeated for
the next advance into the time domain.

3.4.2 Time Increment Used in Numerical Integration.--It is
well known that in the solution of problems of structural dynamics
by numerical integration the time increment must be less than a
certain fraction of the smallest period of vibration in order to
assure stahility of the integration procedure. For Levy's formula,
this fraction is 1/ (20). Strictly speaking, this applies only to
linear problems.

In order to obtain the smallest period, a solution of the
eigenvalue problem would be necessary. This would be time consuming
and a quick approximate estimate is desirable. To estimate the
smallest period of a frame the following approximation is suggested.
The translational mass is estimated for all free joints and the
greétest axial stiffness for any member incident to each joint is

used in the expression for the "period", T :
a

_ mass_ -
Ta = 2n V/axial stiffness ceee. (3-26)

The smallest Ta for all members is used as an estimation of the
smallest natural period, Ts' This approximation was used for the
stiffer cubic frame shown in Figure 4.1 to yield Ts = 0.0087 seconds

versus 0.0052 seconds obtained from a modal analysis program. The
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approximation yields 0.0093 seconds for the flexible frame shown in
Figure 4.1 versus 0.0041 seconds from the modal analysis. While in
error by a factor of approximately 2, these approximations would
still give a usable first estimate of the integration interval, if
a generous factor of 0.1 or less is used in lieu of the coefficient
1/ mentioned earlier.

3.4.3 Change of Variables for Ground Motion Problems.--If
the input of the problem is ground or support motion (assumed trans-
lational motion only), it is convenient to define the joint displace-
ment {x} as relative to that of the ground {xo}. The absolute joint
displacement is then {x} + {xo}. Therefore, the equation of motion

becomes

M] {¥} + [c] {x} + {RE} = {P} - [M] {550} cee. . (3-27)

in which {io} is the ground acceleration., It is seen that -[M] {io}
plays the same role as an external loading. In this equation the

damping force is assumed to be proportional to the relative velocity

{x} and [C] = A[M] as before.

3.5 Computer Program

An outline of the program developed for this study is pre-
sented in this section, the program itself is given in Appendix 2.
The major steps in the program are described in the order in which
they are executed:
1) The basic physical information concerning the frame is
input. This information includes the locations of all

joints (in structure global coordinates), the incidence
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relations and the geometrical and mechanical properties
of each member. The input of member properties is
presently limited to prismatic members with an I cross-
section, although it is a very simple matter to modify
the program to include any other cross-section so long
as the members are prismatic. Since only I sections
are considered, the depth, flange width, flange thick-
ness, and web thickness are input for each member.
Also, the program is presently developed to use a sin-
gle modulus of elasticity, shear modulus and density
for all members; however, the computational portion of
the program is set up to use separate properties for
each member if this is desired. Any superimposed dead
loads in addition to the weight of the members and any
static loads on the joints are also input at this time.
Only concentrated joint static loads and uniform super-
imposed dead loads may be considered.

From the information input in 1, the member stiffness
matrices and the member rotation matrices are computed.
Then the joint stiffness matrix is assembled. As out-
lined in Section 2.2.2 only the nonzero upper-diagonal
6 X 6 submatrices of the joint stiffness matrix are
generated. A "locator" matrix is used to indicate
which of the 6 x 6 submatrices are nonzero and where

it is stored.

The frame is next analyzed statically for displacements
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and forces due to dead loads and any other static joint
loads. The dead loads are treated by computing the end
forces on each member due to its own weight and any
additional superimposed uniform vertical dead load
which may be acting on the beams. The negative of
these end actions for all members incident to a given
joint are then summed and taken as a fictitious joint
load to be used in the static solution. The displace-
ments and forces so determined are taken as the initial
conditions for the dynamic solution.

The mass matrix is computed using the procedure out-
lined in Section 3.2.

The necessary data to perform the dynamic analysis is
input. This includes the integration interval, how
long the integration should continue, how often the
"running" information should be output and what infor-
mation should be monitored for maximum and minimum.

The dynamic loading information is input. Two types

of dynamic loading are included in the system devel-
oped. One type is base motion (earthquake loading),
the second is a dynamic forcing function applied to

all specified free joints. Both types utilize a dis-
crete input method to allow storage of a loading ma-
trix in the core memory of the computer to decrease
computation time. The loading is input for trans-

lational coordinates only and is input at every 0.0l
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second in three dimensions. If intermediate values are
needed, a straight line interpolation procedure he-
tween the discrete points is used.

The base motion input is developed from the ground
acceleration records of the El Centro, California, May
18, 1940, earthquake. The North-South, East-West--and
Up-Down directions were used. These records were
converted to input data in a format such that the
accelerations in the order of directions to be loaded
for the particular investigation were assembled in
sets of three with one set for each 0.01 of a second
of elapsed time. If needed, straight line interpol-
ation of the random accelograms is used.

To increase the capabilities of the program it is
also possible to introduce a time lag in the base motion
application to any of the support joints desired. The
displacement of these lagging support joints must be
computed relative to the displacements of the 'hase"
support joints. If {xo} is taken as the displacements
of the "base" support joints and {xL} is taken as the
displacements of the lagging support joints the rel-

ative support joint displacement is the difference,

{xg} = {=} - {x]} cee..(3-28)

The displacements of the support joints are computed

by integrating the earthquake accelogram (using Levy's
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numerical integration method).

The forcing function input is specified so that,
as in the base motion case, the three coordinates of
the forcing function may be input at 0.0l second inter-
vals. This allows a wide variety of forcing functions
in all three dimensions to be used.

The dynamic analysis is accomplished using the proce-
dure outlined in Section 3.4. Information is output
at designated intervals during the solution to permit
a running record of the displacements of one joint and
the initial end forces of one member. The displace-
ments of one coordinate is also plotted at this same
interval. Designated displacements and forces are
monitored for maximum and minimum.

The maximum and minimum values determined for the

specified forces and displacements are output.



CHAPTER IV

APPLICATIONS

4.1 General

Several studies of structural behavior were made using the
computer program which embodies the solution method developed in the
previous chapter. Initially a comparison with a linear solution by
a separate computer program using the normal modes method was made
to verify the reliability of the method. The system is then used
to demonstrate its applicability to the solution of nonlinear static
problems by use of sufficiently large damping coefficients. Such a
solution is compared with some published data on a nonlinear static
problem.

The program is then used to solve a dynamically loaded
cubic frame, first experiencing large geometry changes and then with
large axial loads in the columms. Linear and nonlinear analyses are
compared for both cases. Next an earthquake analysis is presented.
To highlight the three-dimensional features of the hehavior of a
space structure, a cubic frame is studied for the effects of unsym-
metrical mass distribution, and for variation of frame stiffness,
both under earthquake loading. An analysis using a torsional type
of loading is also presented. Finally, the variation of the re-
sponse of a structure due to a time lag in the application of the

earthquake shock wave is considered.

40
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4.2 Comparison with Modal Analysis Solution

Although each part of the program was checked individually,
and certain sections, for example, the statics part, were verified
completely, it was deemed desirable to obtain a check on the dynamic
part of the program. For this purpose another computer program was
developed for the solution of dynamically loaded linearly elastic
frames using the method of normal modes (see, for example, Hurty
and Rubinstein (10)). The stiff cubic frame shown in Figure 4.1 was
analyzed with both solution methods for a step function loading with
a magnitude of 10 kips applied on joints 1, 2, 3 and 4 in the posi-
tive X-direction. As this loading caused sufficiently small dis-
placements and internal forces, the nonlinear solution should agree
with the linear normal modes solution.

The translation of joint 1 in the positive X-direction is
shown in Figure 4.2 for approximately four fundamental periods of
vibration. The maximum difference between the displacements from
the two solutions was less than 1% of the maximum displacement, and

the two solutions essentially coincide when plotted.

4.3 Static Displacements Using Damped Dynamic Solution

One of the interesting uses of the solution method presented
here is the application to nonlinear static problems. A static solu-
tion may be accomplished by using a monotone-increasing dynamic load
(a step function was used here) which attains a maximum magnitude
equal to the corresponding static loading. The damping coefficient
is made sufficiently large to cause the oscillation of the structure

to decrease rapidly to a displacement configuration equal to the
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desired static one.

To illustrate the effect of the magnitude of the damping
coefficients, the stiff cubic frame was studied with 10 kip loads on
joints 1, 2, 3 and 4 for damping coefficients of A = 10, 40 and 60
kip-in. / sec. (see Section 3.3). The results for the displacement
of joint 1 in the X-direction are shown in Figure 4.3. Since the
displacements are small, little nonlinear effect should be present.
It is noted that a rapid approach to the linear static solution with
little oscillation was obtained with the damping coefficient of 60
kip-in. / sec. which is approximately twice the eigenvalue (31.5)
corresponding to sway displacements in the X-direction. This is
essentially the critical viscous damping of the structure in the
first mode.

To further illustrate the method, the nonlinear static be-
havior of the plane frame shown in Figure 4.4 was considered. This
problem had been studied by Saafan (17). The results from the anal-
yses with the method presented here are compared with Saafan's re-
sults in the same figure. The agreement was good, the maximum dif-
ference within the range of loads considered being approximately 10%.
The difference in the two solutions is thought to be due to the fact
that the method presented considers the intermediate rotations in the
force orientation, which Saafan's analysis does not, and that Saafan
considers the axial force effects in his bowing corrections, which
this solution does not. This comparison also provides further veri-

fication of the reliability of the solution procedure developed.
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4.4 Nonlinear Comparisons

The difference in the frame response as computed by the
nonlinear analysis presented and by a linear analysis was studied to
determine the areas where significant variations would appear and to
determine the relative magnitudes of such variations. The linear
analysis was obtained by deleting the nonlinear considerations used
in the solution for frame joint reactions.

In the following two sections the nonlinear effects of
geometry changes and (compressive) axial loads are considered. It
is recognized that these effects cannot be really separated. How-
ever, the loading for each study was chosen so as to accentuate the
effects under study.

4.4.1 Effect of Geometry Changes.--The study was made to

consider the effects of geometry changes on the response of the
structure. The flexible cubic frame was subjected to a step-function
loading applied on joints 1, 2, 3 and 4 in the positive X=direction.
All displacement components of joint 1 were monitored for maximum
and minimum. The significant results for 15 kip and 20 kip loads
are shown in Table 4.1. The greatest variation is seen to be in the
vertical displacement of joint 1. This is attributed to the more
accurate consideration in the nonlinear analysis of the axial dis-
placement of column 6 (which is directly under joint 1).

Various internal forces throughout the frame were monitored
and the results from the linear and nonlinear solutions are also
shown in Table 4.1 for some of the significant forces (forces with

relatively large magnitude) which showed differences. The variation
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in the more significant forces was less than 5% even for the 20 kip
loading which produced a sway i; the X-direction of approximately

0.3 of the column height. The moment about the Z-axis at the initial
end of column 6 and the moment about the Y-axis at the initial end of
beam 4 are shown as representative. The axial forces in most members
showed considerable variation and again this is attributed to the
more accurate solution for axial displacement that is used in the
nonlinear solution. The bending moment about the X-axis at the
initial end of member 6 exhibited substantial variation (19% maxi=-
mum) , but is of minor importance because of its relatively low
magnitude.

It was found during this investigation that the nonlinear
solution for axial force is quite sensitive to accuracy in the dis-
placement solution. A shorter integration interval had to be used
in order to obtain accurate axial forces.

4.4.2 Effect of Compressive Axial Forces.--The investi-
gation of axial force effects was made using the flexible frame, sub-
jected to a step function loading in the X-direction on all free
joints. The magnitude of the step function was held at 10 kips. 1In
addition, identical vertical static loads were applied to all four
free joints and the magnitude of these static loads was increased to
approximately the Euler load of the columns (42 kips). The same
displacements and forces were monitored for absolute maximum as in
the previous section. Representative results are shown in Figures
4.5, 4.6 and 4.7.

Linear dynamic solutions for all magnitudes of vertical
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static loads showed no significant variation from the solution with
no static loads, for the response variables monitored (with the
obvious exception of the maximum Y-displacement of joint 1 which
increased as a result of the direct compression of the column by the
statically applied load).

In general, the nonlinear analyses showed larger response
than that of the linear analysis. The difference increases with an
increase in the axial loads. Figure 4.5 shows the variation in dis-
placements of joint 1 in the X and Y-directions. Considerable vari-
ation between the nonlinear and linear solutions was found with in-
creasing axial loads as may be noted in the figure. Figure 4.6
shows two of the end forces of column 6. Again considerable increase

(70Zt) occurs. Figure 4.7 shows two initial end forces in beam 1.

4.5 Earthquake Loading

To illustrate the application of the method developed to an
earthquake response problem, hoth the flexible and stiff cubic
frames were subjected to the well known 1948 El Centro earthquake
for a 5 second duration. The ground motions in all three dimensions
were taken into account, with the X-axis corresponding to the North-
South direction of the earthquake input.

To more closely simulate realistic conditions, a superim-
posed beam dead load of 0.03125 kips per inch was applied to members
1, 2, 3 and 4 to approximate a roof or floor dead load, and a &amping
coefficient of 1.8 kip-sec. / in., approximately 3% of the "critical"
damping factor defined in Section 4.3, was used. The results are

shown in Figure 4.8.
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The maximum displacement and forces for certain joints and
members which are considered significant are shown in the chart, at
the bottom of the figure. It is seen that the same earthquake pro-
duces quite different responses in the two different structures
which have similar mass distribution but considerably different stiff-

ness properties.

4.6 Effects of Dissymmetry in Distribution of Mass, Stiffness,

and Loading

The effects of dissymmetry in the frame were investigated
for both mass distribution, stiffness variation, and loading pattern.
The frame shown in Figure 4.9 was used with the flexible columns and
beams shown in Figure 4.1. The superimposed dead load was set at
10 1bs. per inch. The loading used was one second of the El Centro
earthquake from 1.5 seconds to 2.5 seconds. This portion was used
since it produced the most violent motion during the long term re-
sponse studies reported in Section 4.5.

Mass dissymmetry was introduced by varying the superimposed
beam dead load on members 1 and 3, but keeping the sum of the dead
loads on both beams at 20 lbs. per inch. The dead load is included
in the mass lumping procedure, and consequently this produced unsym-
metric mass distribution. The results are shown in Figure 4.10. The
greatest variations in the forces studied occurred in the column
bending moments. Columns 6 and 7 are shown as representative. As
more mass is shifted from beam 3 (connected to column 7) to beam 1
(comected to column 6), considerable increase in the maximum bending

moment in column 6 was experienced with a similar decrease in the
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maximum bending moment on column 7.

The maximum twisting moments on the columns also increased
with the dissymmetry in mass distribution. The graph for column 5 is
shown as a representative example in Figure 4.10. The maximum hori-
zontal bending moment in the beams increased approximately three
times, and the results for member 4 are shown in the same figure.

The results illustrate that mass distribution is a very significant
consideration in determining the stresses experienced by the members
of a structural system under an earthquake loading.

Dissymmetry was introduced in the stiffness of the frame by
replacing members 3 and 7 (in Figure 4.2) with members 3 and 8 in the
stiff set of members shown in Figure 4.1. Again the maximum twisting
and bending moments in the columns varied considerably. The values
for column 5 are shown in Table 4.2 along with the maximum horizontal
bending moments in beam 4 and the maximum displacement of joint 1 in
the X-direction.

A point to be ohserved here is that if the bent composed of
members 5, 1 and 6 is considered alone considerable difference in the
forces it experiences results depending on which of the three dimem-
sional structures it is actually a part. For purposes of comparison
this bent was analyzed as a plane problem subjected to the X=-com-
ponent of loading used above. The results are shown in the last
column of Table 4.2. It is of interest to note that the results are
closer to those of the unsymmetrical frame.

As a possible means of estimating the variation in struc=-

tural dynamic response caused by unsymmetrical stiffness, static



48

analyses of both the modified and original three dimensional frames
were made with 10 kip loads on joints 1, 2, 3 and 4 in the positive
X-direction. The ratio of the displacement of joint 1 in the X-direc-
tion for the unsymmetric frame versus the symmetric frame was found

to be 1.10. The ratio of the same maximum displacements in the dy-
namic analysis was 1.34, an increase of approximately 207% over the
static case.

To consider the effects of loading pattern, the same frame
was loaded with 10 kip step loads on joints 1 and 4 in opposite direc-
tions in one case, and in the same direction in another as shown in
Figure 4.11. The maxima of the X-displacement of joint 1, the twisting
moment and bending moment about the Z-axis for column 6 and the
bending moment about Y-axis for beam 4 for the two solutions are
shown in the table in the figure.

As would be expected, the twisting moment in column 6 and
Y-bending moment in beam 4 are considerably higher for the reversed
loading case. However, the relatively large values of the displace=-
ment and column bending moment which occurred in the reversed loading
case as compared with the symmetrical case were unexpected as an
essentially torsional mode response was anticipated. To explain this
result the normal modes were obtained for the frame investigated.

The first four modes and their periods are shown in Figure 4.12.
These modes all primarily involve sway displacements of the columns.

It is of interest to note that the first torsional mode has
a larger period than that of the translational mode in the X-direction.
The large X-displacement of joint 1 and bending moment in column 6

would indicate that the response is mainly in the fourth mode.
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A further examination of the time-history plot of the response (for
its "periodicity") confirms this observation.

The foregoing would indicate that in the presence of marked
dissymmetry in a three-dimensional structural-load system, the be-
havior of the system can be accurately predicted only through a

three dimensional analysis.

4,7 Effect of Time Lag of Support Movements

In this section the method of solution was used to consider
the effect of the finite speed of travel of an earthquake shockwave
through the foundation material. The method of including this time
lag in the analysis is discussed in Section 3.5. It is recognized
that this is an approximation of the true situation since foundation
damping, secondary wave fronts and similar effects are ignored, bhut
the purpose here is to show a method of considering this phenomenom
and to obtain a quantitative assessment regarding its effect on a
simple three dimensional structure.

This study again used the cubic frame with the flexible
members and with the cross member in the top level deleted as shown
in Figure 4.9. Loading was one second of El Centro earthquake
starting at 1.5 seconds and using all three dimensions. A super=-
imposed dead load of 10 lbs. per inch on beams 1, 2, 3 and 4 was
used to simulate a roof or floor loading. The time lag was applied
to support joints 6 and 7 which would correspond to a shock wave
moving in the positive X-direction. A speed of seismic wave of
1000 ft. per second is used assuming a sandy soil (8). The 20 foot

span of the frame then yields a time lag of 0.0l seconds.
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The maximum absolute values of the displacements of joint 1,
the initial-end forces of members 1, 2 and 4 and moments at the ends
of all columns were monitored. The variation of representative
forces and displacements are shown in Table 4.3, Variation in the
column end moments as illustrated by the moment about the X-axis at
the initial end of column 8 was not large with a maximum of approxi-
mately 10%. Other variations of somewhat larger percentage, but for
forces of lesser magnitude may be noted in the figure. Differences
in displacements from those corresponding to zero lag time were
generally small except for the case of 0.0l second lag time. In the
latter case, a difference of 267% and 130% are noted for joint 1 in

the X-direction and joint 2 in the Z-direction, respectively.



CHAPTER V

SUMMARY AND CONCLUSIONS

The report has presented a method of analysis for dymani-
cally loaded elastic space frames considering the nonlinear effects
of geometry changes and axial thrust. The solution method has been
embodied in a computer program written in FORTRAN., The program has
been used to study the behavior of a simple cubic frame under various
conditions.

The analysis uses essentially a lumped parameter model.
Numerical integration is utilized to obtain the transient response
of the frame. The nonlinear geometry and axial thrust effects are
accounted for in the determination of the frame reactions corre=-
sponding to the joint displacements. Consideration of geometry
changes leads to corrections in the relative member displacements
for rotations of the member chord and for apparent axial shortening
due to bowing. The flexural stiffness coefficients are continuously
revised to reflect the beam-column effects of the axial thrust.

The solution utilizes a mass lumping procedure which accounts
for rotatory and translational inertia.  Mass proportional damping
may be included in the solution. The intial conditions for the dy-
namic analysis are determined by a linear static analysis of the
frame under dead loads.

The computer program is verified by comparing a nonlinear

51
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solution under practically linear conditions with a solution obtained
by the method of modal analysis. In addition, good agreement was
found between a published nonlinear static analysis of a plane frame
and the results obtained by the present program using a large
damping coefficient in the dynamic analysis. This serves not only
as a verification of the nonlinear aspects of the solution, but also
demonstrates a very useful application of the solution method.

The applications of the computer program have also included
studies of a simple cubic frame. These were made to demonstrate the
magnitude of the nonlinear effects considered in the analysis; to
investigate the effects of dissymmetry of mass, stiffness and loading
and to study the effect of time lag in the motion of the supports.
The last two effects can be studied only with a three-dimensional
analysis.

The numerical results show that the geometric nonlinearities
have relatively small effect on the major internal forces (those
having larger magnitudes). For example, under a step loading which
produced a maximum sway of 30% of the column length, the maximum
column moments change only 5%. However, the axial thrust effect is
quite significant. A variation of 30% in column moments was found
for the case with static column loads equal to 50% of the Euler load.

The studies considering the effects of unsymmetrical mass
and stiffness distributions demonstrated significant variations in
maximum forces experienced throughout the frame as the frame pro-
perties were changed. Variations of 50% to 100% were noted in

various maximum forces and displacements.
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In conclusion, it has been demonstrated that a three-dimensional,
dynamic, nonlinear analysis of structural frames is practicable with
the use of a computer. Furthermore, the studies made with the com-
puter program have shown that nonlinear geometry effects are not
critical until quite large displacements occur. However, axial force
seems quite significant. The studies of the various unsymmetrical
frames indicate that three-dimensional analysis can provide signifi-
cant increases in the accuracy of analysis of space structures.

Future extensions of this investigation could include: (i) a
further study of the application of dynamic analysis using large
damping coefficients to obtain nonlinear static solutions; (ii) the
marriage of this solution with one that includes the effects of non-
linear material properties which is in progress at Michigan State

University.
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Table 4.1.=--Variation in Forces and Displacements in Geometry Change
Comparision

All values maximum absolute experienced during 1 second of vibration.
Displacements in inches and radians and forces in kips and kip-inches.

15 kip loading 20 kip loading
Linear Non-linear Linear Non-linear

X‘;r;;;:i disp. 0.042 | 7.28 .0568 | 12.53
Disp, of oint 1 56.72 | 55.32 75.63 | 72.48
Py | ome | e | oons | oo
&:z;:ogfa};g:ﬁt . 0.0775 | 0.0861 0.1034 | 0.1169
el e e e
‘:ﬁflf‘zz:zsi&) 25.50 29.55 34.20 53.91
beam 1 (consion) 31 e S
Mom. about Z=-axis 3457 3540 4610 4825
init. end col. 6
yog. about Y-axis 565.0 583.9 754.6 766.9
init. end beam 4
iy | wsae | wres | ees | we
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Table 4.2.,--Effect of Dissymmetry in Stiffness

(Maximum Absolute Values)

Item Sym. Frame Unsy. Frame Plane Frame
Twisting mom. col. 5

(kip-in.) 17.85 38.84

Bending mom. Z-axis 131.7 180. 188.

col. 5 (kip-in.)

Bending mom. Y-axis
beam 4 (kip-in.) 14.38 29.1

Displ. joint 1 in
X-dir. (inches) 2.41 2.23 2.61

Table 4.3.--Time Lag Studies

(Maximum Absolute Values)

Time X mom. Z mom. Y mom. X displ.| Z displ.

lag col. 8 col. 8 beam 2 of of

(sec.) joint 1 | joint 2
0.0 18.73 122.2 16.73 2.41 0.487
0.01 18.62 143.0 17.92 3.04 1.15
0.02 18.57 134.1 17.52 2.48 0.505
0.03 18.47 139.3 14.90 2.49 .513

Time lag is the delay in application of earthquake load to joints

6 and 7.
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in X-dir. (in.)

Twisting Mom, - -
Col. 6 (Kip-in.) 14,32 284.6

20.59 17.16

Bend. Mom. Z-axi
Col. 6 (Kip-in.)1 1256 1021
Bend. Mom. Y-axi 55.3 416.4

Beam 4 (Kip-in.)

Figure 4.11 Effect of Loading Pattern
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Axis for all modes
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T = 0,523 sec. T = 0.378 sec.
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| | I /
| | /
I i / /
| : /
| / -
| | -
L=
T = 0.329 sec. T = 0.251 sec.

Top view of frame is shown as modes primarily

involve only column sway.

Figure 4.12 Normal Modes for Cubic Frame
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Deflected Member

Figure A.1 Coordinates for Member Solution
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Coefficient

— 2
0.10 of (8,%+8,%)
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=
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:: .
9 1
S //»- 30 (No Axial Force)
-0.05 Coefficient
of 9192 with
Axial Force
Considered
-0.10 L

Figure A.2 Coefficients in Expression for Axial Shortening
Due to Bowing



APPENDIX I

BEAM COLUMN SOLUTION

A.1l.1 Stiffness Coefficients

In this section the stiffness coefficients of a member
under the influence of an axial force are derived. These coefficients
are available elsewhere for example, in Reference 4. However, they
are derived here for completeness and to outline the assumptions
necessary to use these relationships in a three dimensional solution.

The assumptions that torsional-flexural coupling may be
neglected and that the Bernoulli-Euler equations apply permit the dis-
placement-force relationships for the individual member to be ex-

pressed by the three equations.

d2y
EIz‘d—-Z' = "Mzo + Syox - Py nooo.(A?l)
X
dzz
EI—=-M <+ S x - Pz ceeee(A=2)
ydx2 yo zo
= 'D:Il'( (A-S)
twist GJ

where as shown in Figure A.l; P is the axial force, Mzo and Syo are
the moment and shear force components in the x-y plane at the initial
end of the member, and Myo and Szo are similar components in the x-z
plane., The differential Equations @-1) and (A-2) are identical in form

and consequently a single solution will be given and subscripts will
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te dropped. Rearranging and letting MI be the end moment at the

initial end and S the shear, yields the general differential equation:

dzy P 1
—5t+t "y =— (s x - MI) cee..(A-4)
dx EI EI

which has the solution:

M sin p x
y = —L cos p X + ——— [MI (L - cos p L) - SL]
P Psinp L
S M
+-x -t veern (A-5)
P P
P
where p = —
EI

Differentiating for the slope yields:

dy M p cos p x
——=—psinpx+—[MI (1 - cos p L) - SL]
dx P P sinplL
S
+ = ceees (A-6)
P
dy . dy
At x = 0, the slope — = 6_; and at x = L, the slope — = 6_.
1 2
dx dx
Substituting these relationships yields two equations for M_ and S in

I

terms of 61 and 92, the coefficients of which are the stiffness coef-

ficients:
EI EI
M= (C;—) 8, + (C, —) 8, ceeee (A-7)
L L
EI
§ = (C4 ?) (®, +8,)) coe..(A-8)
where
pL (sin pL - pL cos pL)
C1 =

® veeeo (A-9) .
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pL (pL - sin pL)
02 = - ceees (A-10)
$

(pL)2 (l-cos pL)
C, = ceees (A-11)
3 5

and

® =2 -2 cos pL - pL sin pL ceees (A-12)

The C coefficients then are the parameters reflecting the effects of
the axial thrust. Identical coefficients apply for both Equations

@A-1) and (A-2) with the appropriate moment of inertia used in computa-
P
tion of p7 = —.
EI
Similar coefficients result for the case of negative axial
force (axial tension):
pL (pL cosh pL - sinh pL)

C, = eee..(A-13)
$

pL (sinh pL - pL)
C, = ceess (A=14)
¢

(pL)Z. (cosh pL - 1)
. eeses (A-15)
]

where now

$ = 2 - 2 cosh pL + pL sinh pL ceeee (A-16)
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A.1.2 Solution for Bowing Effect on True Length

The apparent axial deformation, €, caused by bowing may be

approximated by the expression

e=z [t (i}}j dx cerea(A-17)

Substituting the expression for %§ in Equation (A-6), integrating over

the beam length and substituting for M_ and S in terms of 61 and 62

I
from the stiffness expressions in Equations (A-7) and (A-8) yields
1

€ =—— [03 - dz (2 sin¥ + sin@ cosw)
4pd

+ (2 + 2 cosa - 4 cosza) - 2 simy + 2 sin¥ cosa)
ceess (A-18)
2 1

(8," + 622) +— L- o> cosa + 30 simy + 6
2pd

(cosa - 1) + 2siny (1 - cosa)]) 0192

where @ = pL.

The above formula is quite lengthy and some simplification is
possible if the effect of the axial force is neglected. The general
differential Equation (A-4) is simplified to

d2y 1

— = — (Sx - M) vee..(A-19)
dx?®  EI I

This equation may be solved by direct integration to yield,

dy M S 2 2
A § _L — (L _ x -
(x - 3) + (6 >) ceee..(A-20)

dx EI EI
The end moments with neglect of axial force become linear functions

of the end displacements;
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4E1 2E1

MI=-—L—- 91+T 92 eeeeo (A-21)
4E1 2E1

M,Fa—L- 92+—L' 91 ceees (A-22)

These relationships are substituted into Equation (A-20). The
resulting expression for %ﬁ in terms of the end rotations is substi-
tuted into Equation (A-17) to yield

L 2 2 L

€ = — (91 + 92 ) - — 9182 veees(A=23)

15 30
The coefficients of (912 + 922) and 9192 from the more exact expres-
sion (A-18) and the simplified expression (A-23) were evaluated for
various values of axial load, and the variation is shown in Figure

A.2. It is seen that the differences of these coefficients are

rather small for axial force less than one-half of the Euler load.



APPENDIX 2
COMPUTER PROGRAM

A.2.1 General

The cﬁmputer program utilizes a main program called
CONTROL and ten subroutines. Four of the subroutines STATIC,
KSTORE, MAELIM and MAINVERT deal only with the initial static solu-
tion of the frame. The subroutine MEMPRO computes the member
stiffness matrices, rotation matrices, the incidence relations, and
the joint loads due to the dead load on the members. This data,
necessary for the static solution, is also used in the dynamic
solution.

A single subroutine called RMATRX computes the inverted
mass matrix. The subroutine SETUP utilizes two M.S.U. library
plotter subroutines PLOT and CHAR and is used to draw and title
appropriate coordinate axes for use with the computer plotter,
CALCOMP 563, which is used as one method of data output. The
remaining three subroutines, INTEGN, MEMREA and ROTATE are used for
the dynamic solution.

The program CONTROL is the controlling section for the
entire program. It is also used to read in control data for the
dymanic solution and to plot and print output data from this solu-
tion. The subroutine STATIC accomplishes a similar function in

the static solution. All basic information concerning the frame is
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read by the subroutine MEMPRO. All other data is read either by
STATIC or CONIROL and all data output occurs in these two routines.
The processes of the static and dynaﬁic solutions are un-
related except as noted above, in using certain basic frame infof-
mation from MEMPRO. Consequently, the basic outlines of the two
solutions are given separately in the following sections along with

the primary operations that are performed in the various subroutines.

A.2.2 Dynamic Solution

The main program CONTROL using the parameters DTIME and
LOOP (see definitions of variables in Section A.2.4) calls the inte-
gration subroutine INTEGN which then integrates for LOOP cycles and
returns to CONTROL which prints and plots the designated displace-
ments and the current time. This process is repeated JS times,
Subroutine INTEGN performs the numerical integration. It also calls
the subroutine MEMREA which computes the frame reaction on each joint
for the current displacement configuration, and monitors for maximum
and minimum forces and displacements. MEMREA in turn calls ROTATE
which is used simply to rotate forces or displacements from member

coordinates to global joint coordinates, or vice-versa.

A.2.3 Static Solution

The main subroutine STATIC is called from CONTROL. STATIC
performs no signicant computation but calls MEMPRO, KSTORE and MAELIM,
in this order, and prints the required output data. MEMPRO, as out-
lined previously, reads the basic frame data, computes member stiff-

ness and rotation matrices and incidence data, and ocomputes dead
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load-joint loads. KSTORE forms and stores the joint stiffness ma-

trices. MAELIM accomplishes the solution of the linear equations for

the static displacements, and computes the end forces. MAINVERT

simply inverts 6 X 6 matrices as needed in the solution of the linear

equations.

A.2.4 Variables used in Computer Program

The variable names used in the program are listed below in the

order encountered in the program:

Program CONTROL

MEMBS =
JINIS =
NJFREE =
U(i’j) =
MSTIFF(1,j)
MSTIFO(i,j)
SEC =
JS =
LOOP =
DTIME =

number of frame members;
number of frame joints;
number of free (non-support) joints;
displacement of joint i corresponding to j
coordinate;
= jth stiffness coefficient for member i;
= jth stiffness coefficient for member i
with no axial effect;
total number of seconds of integration;
number of times subroutine INTEGN will be
called;
number of numerical integration steps per-
formed each time INTEGN is called;

At for numerical integration;

JOPL, JCOPL = joint number and coordinate whose dis-

placement is to be plotted at each

return to CONTROL;
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JOPR, MFORPR = joint number and member number of the
joint-displacements and member-forces

to be printed at each return to CONTROL.

JOINT JOPC in R format;

ICOOR JCOPL in R format;

NDIS, NFOR = number of displacements and forces to
be monitored for maximum and minimum;

JDIS (i), JCORD(i)

ith joint number and its coordi-
nate of the displacement which
is to be monitored;

JFOR(i), JCORF (i)

ith member number (negative if
negative end forces are desired)
and the coordinate of the force

which is to be monitored;

DAMP = damping coefficient A;

NOLIN = parameter which directs nonlinear analysis
if it is 1;

ILOD(i) = the dynamic loading incidence parameter; if
it is 1 loading is applied as input, if it
is -1 loading negative of that input and if
0 no loading is applied to joint i;

IBE = 100th of a second time lag in loading;

IE(1) = wvalue is 1 if the ith joint has a time lag
in loading;

IQAKE = parameter to direct earthquake;

FAC = sgcaling factor that multiplies the magnitude

of loading input;
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RLD(i,j) = the jth load value (of 3) at ix0.0l1 seconds;

MM = parameter used to control dynamic loading;
MM = 1 when time is 0 and increases by 1
each 0.01 second;

TIME = time;

DISM(i), TMAXD(i) = minimum value and time of occurrence

for the ith displacement monitored;

DISL(i), TMIND(i) = the minimum value and time of
occurence for the ith displace-
ment monitored;

FORM(i), TMAXF(i) = the maximum value and time
of occurrence for the ith force
monitored;

FORL(i), TMINF(i) = the minimum value and the time
of occurrence for the ith force
monitored;

Subroutine MEMPRO

COORD(i,3j) = jth structure global coordinate of

joint 1i;

JP(i), JN(i) = positive and negative joint of

member 1i;

MODUL, SMODUL = modulus of elasticity and shear
modulus of the material used in the
frame;

WEIGHT = weight of the material in the frame in kips

per cu. ft.;
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DEADL(i) = uniform superimposed dead load on member i

in kips per inch;

LE = number of members with superimposed dead load;

DENSTY(i) = density in kip-in. units;

E(i), G(i) = modulus of elasticity and shear modulus

for member i;
AREAX (i), AREAY(i), AREAZ(i) = the cross-sectional
area and the shear areas for shear load
along the y and z axes respectively;

IXX(i), IYY(i), 12Z(1) = J, Iy and Iz respectively for

member 1i;

COMP(i,j) = projection of member i on the jth struc-

ture global axis;

LENGTH(i) = length (in inches) of member i;

COSx(i), CcoSy(i), €cosz(i) = X, Y, and Z projections of

member i each divided by the member length;

Ll = a logical variable used to protect against
dividing by zero in the computation of the
rotation matrices;

ALPHA(i) = rotation of the y axis of member i about

the x axis measured in decimal degrees
from the vertical plane containing the
x-axis;

RM(i,j,k) = 6 X 6 (j and k) rotation matrix for member i;

ALFA = ALPHA (i) in radians;

SHG1, SHG2 = 8, and gy;
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NMEM(i) = number of members incident to joint i;
MEMBER(i,j) = member number of the jth member incident
to joint i; it is negative, if negatively
incident;
STLOAD(i,j) = static load on joint i corresponding to
the jth global coordinate;
DLOAD = total member dead load per inch due to member
weight and any superimposed dead load.
FF (i) = ith component of the member end force at the
member end acting on the joint being considered.
Subroutine INTEGN
LOOP = number of steps of numerical integration
accomplished on one call to this subroutine;
MMC, MMl = parameters used for loading control;
MMB, MMB1l = lagging loading control parameters;
BLOD(i) = lagging loading load increment for one inte-
gration interval for the ith coordinate;
RLOD(i) = ordinary load increment for one integration
interval for the ith coordinate;
U(i,j) = displacement of joint i corresponding to the jth
joint global coordinate;
UM(i,j) = joint displacement as above at the previous
integration step;
UMM(i,j) = joint displacement as above at two steps
preceding the current time;
UDDT (i,j) = acceleration of the ith joint mass corre-

sponding to the jth joint global coordinate.
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UDTM(i,j) = acceleration as above at the previous

integration step;

REA(i,j) = {RE} for the ith joint mass and the jth
coordinate;
RLOAD(i,j) = -current dynamic load on joint i corre-

sponding to joint coordinate j;

SJA(i) = acceleration in the ith coordinate direction
of ordinary support joints in earthquake
loading;

SJAL(i) = acceleration in the ith coordinate direction
of the lagging support joints in earth-
quake loading;

SJD(i), STDL(i) = ordinary and lagging support joint
displacements for ith coordinate at most
recent integration step;

SJDM(i), SJDIM(i) = ordinary and lagging support joint
displacements for ith coordinate
at previous integration step;

SJDMM(i), SIJDIMM(i) = ordinary and lagging support

joint displacements for ith coordinate at
two previous integration steps;

RSID(i) = relative displacement of the lagging sup-
port joints to the ordinary support joints
for the ith coordinate;

RESPON(i,j,k) = 4inverse of the 6 X 6 joint mass

matrix ([RM]) for joint i;
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STLOAD(i,j) = static load on joint i corresponding
to coordinate j;
UDT(i,j) = velocity of joint i corresponding to
coordinate j;

Subroutine MEMREA

JP(1i) = positive joint of member i;

JN(i) = negative joint of member i;

DELY = A2 for the member being considered;
DELZ = Al for the member being considered;
DD(i) = e

PP(i) = 1ith component of I{F};

PPN(i) = ith component of F{F};

PRM(1i,j) = [IRM];

RFOR(i) = ith component of I{T};

RFORN(1i) = ith component of F{T};

FOR(1) = 1ith component of the initial-end member end
forces in joint global coordinates;

FORN(i) = 1ith component of the final-end member end
forces in joint global coordinates;

P(i) = the axial force on member i, positive for

member compression;

SKLI1l = 4$7Ei; x L;

SKLI2 = 4?75?2 x L;

COSH1, SINH1, COSH2, SINH2 = Cosh (SKLIl), etc.;

PHI1, PHI2 = & for Iy and I respectively, (see

Appendix 1);

s1l1l, s2I1l, --- = C, , C

ly --- etc. (see Appendix 1);

2y’
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Subroutine RMATRX
MMASS(i) = mass of % of member ij;
JMASS = joint mass;
XBAR, YBAR, ZBAR = coordinates relative to the joint
of the joint mass center;
X1, Y1, Z1 = coordinates relative to the joint of the
mass center of the member being considered.
RINERM(i,j) = the mass inertia tensor for the member
being considered;
RINER(i,j) = the mass inertia tensor for the total
joint expressed at the mass center;
RINERI(i,j) = the inverse of RINER;
RESPON(i,j,k) = inverse of the 6 X 6 lumped mass for
joint 1 in joint global coordinates;
Subroutine ROTATE
L = a control variable indicating whether the
rotation is for forces or displacements;
II = a variable indicating the member number of

the appropriate rotation matrix;

B(i,j) = 6 element vector of displacements or forces
in joint global coordinates, for joint i, if
displacements, for member i, if forces;

JJ = joint number being considered in a displace-
ment rotation;

c(i) = 6 element vector of displacements or forces

in member coordinates;
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Subroutine SETUP
PLOT = an M.S.U. Computer Lab. Library subroutine
used to control the CALCOMP 563 plotter;
CHAR = a similar library subroutine used to print
letters on the plotter;
KP = the coordinate number of the displacement

to be plotted;

JOINI = the joint number to be plotted in R format;

ICOOR = the coordinate number to be plotted in R
format;

SY = 100 times the inverse of the scale on the

Y (vertical plot) axis;
Subroutine KSTORE
IAA(i,j) = the "layer" (first index number) of the
location in KSTOR of the 6 X 6 submatrices;
if the submatrix is null, the value is zero
if the submatrix is below the diagonal,
the value is the negative of the location
of the transposed matrix in the upper
diagonal portion of [K];
KSTOR(i,j,k) = the ith 6 x 6 (j and k) nonzero sub-
matrix in the upper triangular portion
of [K].
IND = the number of nonzero 6 X 6 submatrices

stored in KSTOR:
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Subroutine MAELIM
RLD(i,j) = the static load on the ith joint in the

jth coordinate direction;

TEMP(i) = a 6 element temporary storage matrix used
in the reduction of the loading vectors;

EDIS(i) = the 6 element vector of linear relative end
deformations in global coordinates;

GK(i,j) = the 6 X 6 member stiffness matrix in

global coordinates;
Subroutine MAINVERT
B(i,j) = the 6 X 6 submatrix of [K] which is to be
inverted;
A(i,j,k) = KSTOR(i,j,k);
II = the ith index of KSTOR designating the 6 X 6

submatrix to be inverted.



95

A.2.5 Computer Program

(CDHIA(T10€ECIHOLSH) ¢ ((T)LAAN* (TO0E)IHOLSH)

$((1)LQHe (10L2)H0LSH) ¢ ((1)1Ad*(TOP2)HOLSH) ¢ ( (1) WAVOTY

C(TI0T12)HOLSH) ¢ ((TIWWVOTIRI* (TOBTIHOLSH) * ((T)WVIH® (TOST)IHOLSH)

SCCTIWWYIA® (T0Z2T2HOLSH) * ((THWLAN®* (TO6)HOLSH)

S(CTIIWWIAN® (T0D)HOLSH) * ((TIWNS(TOEIHOLSH) *((TIWNWN® (T)HOLSH) ¢

CCTIXXTI®(TOL)OAILSW) *((T)ZVYIHVE(T109)0d]ILSW)

S((TIAVYIEVC (T0S)0SILSWI ¢ ((T)183Me(T0OY) OLJILSW)

S(CIIHLG3A*(T10€)0HILSWIC ((T)LIONVIS4* (T102)0JILSKW)
S(CTIMONVIS* (TO0T)OSILSWI*((T)O*(T)OAILSW)

~ NSO OMOO

3DON3VAIND3
3g1¢(0s)31¢(0s)a01 L/
OVA*WW* dWYA* INVO I *dOOI*IWILA*IWILS
(€¢005)Q7Y *(9¢05)10aN
*(9¢0S)1aN* (9¢0G)1Ad* (9 0S)IWAVOIY® (9 0S) WRVO M (9 0G )WV 3
* (9*0S)IWWYIHG (9¢0S)IWIAN* (9 0SINWLANG (9¢0S)IWN® (905 )WWN®
(9¢0S) AVOLS *(0S*0S) VYVI *(9¢9¢0GT) HOLSH
/797
NITION*HOIN*SIAN®
(02)HOH* (0Z2)INIWL® (O2)WHOH® (02) IXVIWL *(02)ANIWL*(02)1S1a*
(02)AXVYWL* (0Z2)IWS1A* (02)d4H0Dr*(02)H04r* (02)QY0Or* (02)SsIar
V-4
(001)XXI ¢(001)ZV3dYV
$(O0T1)AVIHY* (00T)1G3M* (00T)IHLLIA* (0O0T)ILONVYIH4* (00T )IMONVY S
*(001)9*(001)ZS0D°*(00T)IASOD*(00T)IXSOD *(B*001) OLILSW
7%/
(9¢00T)INHOLD* (9¢001)H04O"
(9*001INHO4* (9¢00T)HOL* (9°0S) V3H*(9¢05)1AN*(3¢00T)N*(S*05)AVOS
7€/
(001)1AQv3A* (00T )IXVIHV* (0S)ALSNI3A* (C*00T)dWOD*
(001) AAL *(00t) ZZI *(€*001) AM¥O0OD ¢(001) 3 *(001) VH4V 2/
GNI *334JdrN *SAINICr *SGW3IW *(9¢9°0S) NOJGS3H
$(01¢0S) HIAW3IW® (OSIWIWN® (OOT)IHILIONIT
*(001) Nr *(001) dr ¢(8¢001) J4ILSW *(c*€*001) WA /1/
NOWWOD
TOHLINOD WVHO0Hd

O =N~ M= NNMNET~NNMNTNNMILN O~
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(ZWOD/ (*°2/TOHS+° 1) ) (1HHLION3I/(1)ZZI%(1)3x°Y
(AWOD/(2OHS=*T) )% (1IHLIONIVW/(IIAAIX(I)3Ix*2 (9¢1)d411SW

(AWOD/ (*°2/29HS+° ) ) (IIHLIONIVW/ (1VAAIX(I)3x*Y (S*1)d4I1SKW

(1) HION3T 7/ (1) XXI % (1) 9 = (p*]l) SJILISKW

AWOD/ ZH##(IIHLONI W/ (IDIAAI®R(I)IX®9 = (C*1)JJILISW

ZWOD/ 2% (I1)IHLIONII/(IIZZIn(1)3I%°®9 = (2¢1) HJILISW

(1) HION3T 7/ (I) 3 % (1) Xv3dv = (1°1) 4JILISW

I1O9HS # °2 + °1 = ZWOD

COHS # °*2 + °1 = AWOD

(*2R%(I1IHLION3TT * (1) Zv3dVv * (1) 9) 7/ (1) AAl # (1)3 » °9 = 29HS
( I

°2 #x (I) HIONIT % (1) AVIHV # (1)9) ~, (1) ZZ1 % (1) 3 % °9 = I9HS
S8W3Wel = I 81 04

(L*1)ddILSW
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3NNILNOD T
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viva S3430338d Qavd 37411 ¥0 SNv8 O
# % YHOLINOW Ol 3DHO0I-SEWIW ANV dSIA-SINIOF HOIHM 1131 Ol 1NdNI av3y D
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(28) LvwWdOd 60%
dOOr (¥OO0D1*60+¥°2) 3QOON3
(2d) LVvWdOd 8ov
AdOr (AINIOre8ove2) 3AOON3
133HS 107d 374141 O4 3QOON3 O
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