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ABSTRACT

NONLINEAR ELASTIC FRAME ANALYSIS BY FINITE ELEMENT

BY

Jalil Rahimzadeh-Hanachi

Several methods of analysis of nonlinear elastic framed structures

are discussed. A method of analysis is defined to consist of three

components: (a) a finite element model, (b) local coordinates

(Eulerian or Lagrangian) for the element, and (c) a solution process.

The finite element models are based on a linear longitudinal displace—

ment function and a cubic transverse displacement function. However,

two versions of the contribution to the axial strain by the transverse

displacement are considered: one quartic and one constant.

Both the Eulerian and Lagrangian coordinates are considered for

the specification of the element local displacements. In addition,

two versions are employed for the Lagrangian formulation: one with a

fixed coordinate system and the other a moving (updated) coordinate

system.

Solution processes considered include the Newton-Raphson, the

one-step Newton-Raphson and a straight incremental procedure. Past

contributions are pointed out in the framework as outlined above.

They include the works of Martin, Jennings, Mallet and Marcal, Powell,

Holzer and Somers, Ebner and Ucciferro, Oran, Bathe, Akkoush, et a1.,

and others. The finite element results are compared among themselves

and with the numerical solutions corresponding to the "exact" beam—

column formulation.



Jalil Rahimzadeh-Hanachi

In addition, the identification of bifurcation loads is discussed.

The formulation of eigenproblems and the accuracy of their solutions

as estimates of bifurcation loads are also considered. Recognizing

that in practical applications the number of members in a structure

system is likely to be large, emphasis is placed on the effectiveness

of using a single finite element to represent a beam (- column) member

in a framed structure. In this regard, the results seem to indicate

that a most effective method would be using the finite element with a

constant axial strain (which of course includes the effects of trans-

verse displacements), Lagrangian, fixed coordinates, and the Newton-

Raphson algorithm.
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CHAPTER I

INTRODUCTION

1.1 BACKGROUND
 

In recent years the concept of basing structural design on

ultimate strength has gained increasing acceptance. The computation

of the ultimate strength of a structure would generally involve load-

displacement relationships that are nonlinear. In other words, non-

linear structural analysis becomes necessary.

Nonlinear behavior of structures may be the result of two

sources: (a) "material nonlinearity" such as a nonlinear stress-

Strain relation, and (b) "geometric nonlinearity" which represents

the effect of the distortion of the structure on its response.

In the present study we Shall exclude the effects of "material

nonlinearity" and consider only "geometric nonlinearity", although

the exclusion of material nonlinearity would place a limitation on the

direct application of the results to the design of many types of

engineering structures. The study, however, represents a fundamental

step. For slender structures such as suspension bridges and perhaps

arch bridges, elastic nonlinearity is of direct concern.

Nonlinear elastic analysis of framed structures has been the

subject of investigation by a number of researchers. In the following

review, past works will be discussed as two groups. One group considers

the basic beam element as a continuum. The "exact" method would use

the correct expression for the curvature of beams, and is called the



"theory of elastica" (Timoshenko [l]*). But most works have been based

on the use of an approximate expression for the curvature (equal to

the second derivative of the lateral deflection), and the resulting

theory is referred to as "beam-column theory." (Timoshenko [l],

Bleich [2]). The second group consists of those works that use finite

elements to model the members of a frame.

It is instructive to note that, in addition to the basic

element model discussed above, a method of analysis has two more

attributes. The first is the local coordinate system used which could

be either Eulerian or Lagrangian. In the "Eulerian coordinate formu-

lation" local displacements are measured with respect to the chord of

the deformed member, and in the "Lagrangian coordinate formulation"

local displacements are measured with respect to the axis of the un-

deformed member. The second attribute is the method of solution. At

least four methods have been used: the method of "Direct Substitution",

Newton-Raphson, One-step Newton—Raphson, and "Straight Incremental"

(Cook [3], Haisler [4]). The last three methods of solution have been

used here and are described in Chapter III.

1.1.1 WORKS BASED ON THE BEAM-COLUMN MODEL
 

The essence of the beam-column theory is the inclusion of the

effect of the axial force on the bending moment of a deflected beam.

Discussion of this can be found in various monographs (Timoshenko [l],

Bleich [2]).

Detailed expressions representing the exact solution of the

 

* Number in brackets refer to entries in the list of references.
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beam-column problem were given by_Saafan [5]. He also derived a

tangent stiffness matrix [6] for use in a Newton-Raphson method of

solution. However, the effect of bowing (flexural deformation) on

the axial Shortening was neglected in the tangent stiffness matrix.

Conner, Logcher, and Chan [7] I using the principle of

virtual displacement,developed the stiffness and tangent stiffness

matrices in two and three dimensions. The method was based on fixed

Lagrangian coordinates (the local coordinates are fixed, i.e., are not

updated after each incremental loading). It is good only for deforma-

tions involving small rotations. Methods of solution discussed in-

cluded that of successive iteration,Newton-Raphson and the straight

incremental method.

Oran [8,9] formulated for both two and three dimensional

problems the "exact" tangent stiffness matrix in "Eulerian coordinates".

Subsequently, he and Kassimali [10] applied these matrices to obtain

solutions to a number of numerical problems. The Newton-Raphson and

straight incremental methods were used. Nonlinear load-displacement

behavior as well as stability were discussed. The accuracy of the

solutions was shown to be generally excellent even for very large

displacements.

1.1.2 WORKS BASED ON FINITE ELEMENT MODEL
 

Martin KELlpresented one of the earliest finite element formu-

lation to deal with geometrically nonlinear problems. The method is

one of incremental loading, using the well-known geometric stiffness

matrix [12] based on Lagrangian coordinates and updating the geometry

of the structure at every load increment. This is referred to herein

as the updated-Lagrange coordinates. Although in his method of
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solution there is no Check on equilibrium, it is a very efficient

approach.

Jennings [13] highlighted his study by including the bowing

effect on the axial strain in the finite element formulation. He

derived stiffness and tangent stiffness matrices based on Eulerian

coordinates for plane frames. Consequently the expressions may be

used for very large displacements.

Mallett and Marcal [14] presented relationships between the

strain energy, the total equilibrium and incremental equilibrium equa-

tion in terms of the usual stiffness matrix and two (nonlinear) incre-

mental stiffness matrices. Lagrange coordinates were used in the

formulation. Expressions for the stiffness matrices for two dimensional

beam elements were derived based on the usual cubic Shape function for

the lateral displacement. Since the contribution of that displace-

ment to the axial strain is in terms of the square of its derivative,

this model is referred to as the "quartic axial strain model." They

presented no numerical results.

Powell [15], in illustrating a general discussion of the theory

of nonlinear structures, presented the stiffness and incremental stiff-

ness matrix for two dimensional beams. He adopted the same shape func-

tions as those by Mallett and Marcal [14] but the stiffness matrices

were derived in Eulerian coordinates.

Akkoush, Toridis, Khozeimeh and Huang [16] used the concept of

geometric stiffness matrix for a three dimensional beam model in updated-

Lagrange coordinates. It is essentially a generalized version of

Martin's method for space frames. The method was used to generate a com-

plete load-displacement path to study post-buckling and post—limit load

behavior.



Hozler and Somers [17] developed a method for the study of the

nonlinear response of reinforced concrete and steel plane frames up to

collapse. Material nonlinearity was also considered. Their formula-

tion was based on a minimization of the energy function defined by

generalized coordinates and forces in an Eulerian coordinate formula-

tion.

Bathe and Bolourchi [18] developed the stiffness matrices for

three dimensional beam elements subjected to large displacements and

rotations for the application to elastic, elastic-plastic, static or

dynamic analysis. Their formulation was quite rigorously based on

the theory of continuum mechanics. A number of numerical results were

given which will also be considered later in this thesis.

A theoretical and numerical comparison of methods including

those of Martin [11], Jennings [13], Mallett and Marcal [l4], and

Powell [15] was undertaken by Ebner and Ucciferro [19]. The study was

limited to two dimensional problems. They presented derivations of

the stiffness matrices related to these methods from a common starting

point and thus made more clear the similarities and differences among

them. Part of the numerical results they obtained for comparison

studies have also been reproduced and discussed here.

Most of the previous studies have dealt with two dimensional

problems and structures with a small number of members. Since in

practice, three dimensional and larger systems are frequently in-

volved, this thesis is an effort to consider this class of problems. The

specific objectives and scope are discussed intjuafollowing section.



1.2 OBJECTIVES AND SCOPE
 

The primary objective of this work is to search for an effective

method for the elastic nonlinear analysis of three dimensional framed

SPEEEEEEeSI With a view to eventually applying it to structural sys-

tems consisting of a relatively large number of members. It was anti-

cipated that the finite element model would be more efficient than

the more accurate beam-column model; that a formulation based on the

Lagrangian coordinates would be more efficient than onewbasednondtheuv
..._ '-~w.

\——-. _, _.——-..w . .2 -~-- I
”g... - L.. - .R __-. _,_ -.-—o-'r-—‘"‘

Eulerian coordinates; and that_the_fixed-Lagrange formulation of_the

solution would bemore efficient than theupdated-Lagrange one.

These considerations led, in the initial phase of the work,

to a development of the M & M model (Mallett and Marcal) referred to

previously [14] for three dimensional beam elements. However, pre—

liminary results indicated certain basic problems for this model. That

is, for very slender members, it produced grossly inaccurate results.

This motivated a comperative study of the other finite element models

discussed previously.

They include Martin [11], Powell [15], Jennings [13] as well as

a new model [20] developed in the course of the present research of

which this thesis is a part. The new model is based on an "average

axial strain assumption“, i.e., the axial strain due to the lateral de-

flection is averaged over the element as discussed in Chapter 2. It is

herein referred to as the FEA (Finite Element Average) model. For the

comparative studies, the beam—column model was used as a basis.

In addition to studies of load-displacement relations, this

study also included the formulation of eigenvalue problems, using

finite element models, from which estimates of "bifurcation load” or



"limit load" can be obtained.

The scope of this report is thus as follows:

1) To prepare computer programs for two dimensional problems

based on the following methods: the beam-column method, the

M & M method, Jennings' method and Powell's method.

2) To develop the stiffness matrices for three dimensional

beams based on the "quartic axial strain assumption”.

3) To develop computer programs for three and two dimensional

problems based on the FEA formulation.

4) To formulate and solve eigenvalue problems in order to

obtain estimates of bifurcation or limit loads. Both

linear and quadratic eigenvalue problems were considered.

5) To obtain and compare numerical results, using the devel-

oped programs.

6) To assess the relative merits of the various methods.

In the course of the study, it was found appropriate to divide

the problems into three categories: problems of "Small Displacements",

"IntemeClisEePisplaszsments"v and "Ls:29...P.iPP}P£=_¢T?—ntS"~"a” .. - .—

 

The comparison indicated that, for "Large Displacement" prob—

‘fiuwfiw-n-M~-~w
.. .- .. ,. _. .,

lems,the method would have to be based on either Eulerian coordinates

or updated-Lagrange coordinates. For "Small Displacement" problems

(although still involving load-displacement relationships that are

.v’wflmq.“ .- _.,.,._

quite nonlinear), the fixed-Lagrange formulation considered here is

‘no' “hm-,m y-qwq..«

satisfactory (that is, both the M & M method and the FEA method). How-

ever, for "Intermediate Displacement" problems, the FEA method still

produces reliable results while the M & M method seems to fail.

The results obtained from eigenvalue problem studies indicated



that, with little primary or no bending, both linear and

quadratic eigenvalue solutions agreed with results obtained from com-

plete load-displacement solutions. For problems with substantial

primary bending,IJJKRHTeigensolutions still generally produced accep-

table results if the structure-load system is symmetric. For asym-

metric systems the significance of the eigensolutions deteriorated.

However, in some cases certain linear eigensolutions were shown to

represent reasonable estimates for "limit loads."

1.3 NOTATION

a1, 32, coo, 612

FEA

Area of cross section;

End nodes of an element;

Parameters used for definition

of shape functions;

Young's modulus;

Finite Element Average strain

model;

Shear modulus;

Moment of inertia of cross section

(Figure 2-2);

Moment of inertia of cross

section (Figure 2-2);

Straight incremental;

Torsional constant;

Element and structural linear

stiffness matrices;

Element and structural initial

strain stiffness matrices;

1 [n1*]:
Axial load

Length of element;



M

[n1]. [N1]

[n1*], [N1*1

[n2]. [N2]

& M

NR

{P

AP

C

P

B

P

N1+N2

{P

{q

{Q

{Q

}

r

C

ref

}

}

ref

Mallett and Marcal's method;

Element and structural first

order nonlinear stiffness

matrices;

Element and structural first

order geometric stiffness

matrices;

Element and structural second

order nonlinear stiffness

matrices;

Newton-Raphson;

External load vector;

Load step (load increment);

Axial load at the end of ith

load increment in the element;

Critical value of applied load;

Critical load corresponding to

Beam-Column solution;

Critical load corresponding to

eigenvalue solution (using N1);

Critical load corresponding to

eigenvalue solution (using N1*);

Critical load corresponding to

quadratic eigensolution;

Reference external load vector;

qur qZI ~o-1 q6: Q7: QB: ‘0'!

quJTi

(Element generalized displacement

vector);

Structural generalized displace-

ment vector;

Reference structural generalized

displacement vector;

Symbol for exact configuration

of the structure;



{AR}i

R

[S J
5

[ST]

u, V, w

ul, V1, w1 and

112! V2: W2

U

TOTAL

€+t

U2! U3: U14»

Vol.

X,y,Z

10

Symbol for structural configura-

tion at the ith iteration;

Unbalanced force vector related

to the ith iteration;

Radius of circle;

Structural secant stiffness

matrix;

Structural tangent stiffness

matrix;

Displacements along local x, y,

z axes, respectively;

Displacements for nodes 1 and 2

Of the beam element along x, y,

z axes, respectively;

Strain energy of the element;

Initial strain energy of the

element;

Torsional strain energy of the

element;

Total strain energy of the element;

U + U

E t

Quadratic, cubic and quartic

parts of strain energy;

Potential energy of external

loads;

Volume;

Local coordinate axes;

Global coordinate axes;

Angle of opening of circular

arch;

Multiplier for asymmetric loading;

Longitudinal strain;

Initial strain at the beginning

of ith load increment;



Tolerance ratio for convergence

check based on displacement

variation;

Tolerance for convergence check

based on unbalanced force vector;

Rotation about x, y, z axis,

respectively;

Rotation about x, y, z axis for

nodes 1 and 2, respectively;

Total potential energy;

Chord rotations about 2 and y

axis, respectively;

Buckling load parameter;

Incremental operator;

Column vector;

Row vector;

Rectangular matrix;



CHAPTER II

FINITE ELEMENT MODELS

2.1 FINITE ELEMENT MODELS FOR THREE AND TWO DIMENSIONAL BEAM ELEMENTS

2.1.1 GENERAL

In this chapter the strain-displacement relations for three

and two dimensional beam elements are presented. Then the stiffness

matrices (including the linear and nonlinear parts) are derived, and

finally the equilibrium equations are written.

2.1.2 STRAIN ENERGY OF THREE DIMENSIONAL BEAM ELEMENTS BASED ON
 

QUARTIC AXIAL STRAIN FUNCTION
 

Consider a beam element in space as shown in Figure 2-1. The

x-, y-, z-axes, a right-handed coordinate system, represent the local

or member coordinates. The displacements and rotations corresponding

to these axes are denoted by u, v, w and ¢, T, 9, respectively.

The initial position of the element is AB. The length of AB

is equal to 2. The displaced position is A181 and the projections of

u u n u

AlBl on the x-y plane and x—z plane are denoted by AlB1 and A1B1°

It should be noted that the following assumptions have been used

in our derivation.

a) The material of the beam element is linearly elastic.

b) Plane sections remain plane after deformation.

c) The cross section of the beam is constant and has two axes

of symmetry.

d) The effect of torsional deformation on normal strain is

negligible.

12
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For a finite element analysis we assume linear shape functions

for u and O and cubic Shape functions for v and w, i.e.,

u = a1+a2x

_ 2 3
V — a3+aux+a5x +36X

3
w = a7+a8x+a9x2+a10x

¢ = a11+612X .-_ ..J [.rx %,n

The boundary conditions are:

at x=o.

dv dw

dx — 6" dx _ -W1, ¢ _ $1

at n=2

u — u2, v — v2, w = wz

dv dw

dX ‘ 62' dX — Ki121 ¢ — $2

(2-1)

(2-2)

Substituting Equation (2-1) into Equation (2-2), we obtain a system of

linear equations for the unknowns a1, a2, ..., a12.

Solving the equations and substituting the results back into

Equation (2-1) we have

 

V = V1+91X+%(-291-62+3e )X2+ '32- (61+62-28 )X3

0 R O

1 1

W = W1-W1X+E(2'y1+'¥2-3‘ijo)x2+ E72- (-'¥1-q’2+2wo)x3

¢2-¢1
 

¢ = $1 + g X

(2-3)
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in which

_ V2“V1

eo — 2

and (2-4)

_ -(W2-W1)

lyo - 2

Following the usual beam theory assumption of plane sections

remaining plane, the longitudinal strain at each point of the beam ele-

ment may be written as:

2 2

dv dw

C(XID:C) - €a(X) + D'a;§ + C 5;? (2-5)

in which €a(x) is the axial strain at the centroid, and n and C are

the coordinates of the point with respect to the principal axes of the

cross section plane as shown in Figure 2-2.

The axial strain at the centroid is

du l dv 2 1 dw 2
=——+—— —— —

€a(X) dx 2 (dx) + 2 (dx) (2 6)

in which the last two terms represent the nonlinear effects of bending.

Thus it is seen that when v and w are cubic functions of x, €a(x) is

quartic. Using Equation (2-6), Equation (2-5) becomes:

2 2

2 2
du l dv l dw dv dw

€(X.U,C) = a;'+ 5-(a;) +-§ (5;) + n 5;? + '5;§ (2-7)

From equations (2-3) we obtain:
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du _ Uz-ul

dx 2

dv 2x 3x2
a; = 91 + E—2(—261—62+360) +‘Ef’ (91+92'290)

dw _ 2x w 3x2 .
d;'_ -T1 + E—'(2.1+W2-3WO) + E?- ('Vi-W2+2WO) (2‘8)

2:2 =.3 (-29 -e +36 ) +-§§ (6 +6 -28 )dx2 2 1 2 o 22 1 2 o

dzw _ 6X
dx2 —'E (2Y1+W2-3w0) +IE? (-W1-W2+2WO)

Using Equation (2-8), Equation (2-7) may be written as:

1 d 2 2

e(x.n,c) = a + 3'(b+%x+17x2) +-§ <e+§x+%3x2)

(2-9)

f 3pc

+ “(2+22XX)+ C (I22)

in which:

a = 93i33-, = 61, c = 2 (-2el-ez+3eo)

d = 3 (61+62-280) , e = 'W}

f = 2 (2W1+W2-3w0) , g = 3 (-W1-T2+2WO)

The strain energy of the beam element due to normal strain is:

g 2

—E[€(x, n, m]2dVoI.——[o f lE[e(x,n,r,)] dAdx (2-10)
U8 = Ivol. 2 .A2

in which E is the modulus of elasticity and A is the cross sectional area.

By substituting Equation (2-9) into Equation (2-10) we have:

2

U = l£{i§ iA[a+%(b+—xm2)2+-1-(e+£x+g—x2)2]
e 2 2 +22 2 I 22 dAdX

+ f: IA[n (Spawn; (%+2¥g—x)]2dAdx} (2-11)
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The strain energy due to torsion Ut may be written as:

_12.222
Ut — 2 I GO (dx) dx (2-12)

0

in which, G is the shear modulus, J is the torsion constant, and

from Equation (2-3):

d9 $3'91
-5; = 2 (2-13)
 

In the absence of initial strain the total strain energy is the

sum of U and U :

E t

2

l 2 l c d l f 2
=_ i _ X x2 , g 2

UTOTAL 2E‘Afo[a+2(b+£ +22 ) 2(e+2x+£2x ) 1 dx

2 2 c 2d 2 f 2 .

+% [Q GJ(Q;%QL)2dx (2-14)

0

By integrating (2-14), the expression for the total strain energy-

for a three dimensional beam element is obtained as follows:

EAR 2 2 2 l l; l; l 2 2

= ———- + + — + +UTOTAL 2 {a ab ae +4(b e )+3b e +abc aef

1 3 1 3 1 2 1 2 l_ 2 3_ l_ 2,2
+§b C+§€ f+§bce +Eefb +3ac +3abd+3af +3aeg

l 21 2;]; l 32 332 13

+§egb +§bde +2acd+2afg+Zb Cd+%bc +Ze fg+Zef

l 2 2121 2 1 12
+Zefc +%bcf +4fgb +che +§bceg+§bdef+5ad



l7

.1 2 1 u 3 2 2 3 .2 1 u 3 2 2 3 2 1 2 2
+5ag +§6C +I5b d +Ebc d+20f +E6e g +§ef g+16g b

l 2 2 l 2 2 1 2 1 2 2 2 4 1 3
+166 e +I6C f +§bdf +gegc +Ebdeg+gbcfg+gcdef+gc d

1 2 1 3 1 2 1 2 2 1 2 1
+§de +gf g+§efg +gefd +ébcg +gegc +3fgbd

1 l 3 l 3 l l

+-cdf2+—cdeg+—-c2d2+—bd3+——f292+-eg3+Izczgz+lbdg2

6 6 l4 7 l4 7 7

+1—d2f2+legd2+3cdfg+lcd3+lfg3+icdgz+lfgd2
14 7 7 8 8 8 8

1 u 1 u 1 2 2

+36d +369 +18d g }+

lF-E u§i3a2+2cd)1.+(f2+flg2+2fg)1 +l—GJ(¢2-¢1)2 (2-15)
22 3 H 3 c 22

in which In = I r? dA and I, = f C2 dA are the principal moments of

A 9 A

inertia.

It is noted that the total strain energy is a quartic function

of end displacements and rotations.

2.1.3 STIFFNESS MATRICES OF A THREE DIMENSIONAL BEAM ELEMENT
 

The total energy expression derived in the previous section

may be divided into three parts, i.e.,

= + +

UTOTAL U2 U3 U“

in which U2 contains only quadratic terms (in terms of degrees of free"

dom of a, b, c, d, e, f, g), and similarly 03 and U1+ contain cubic

and quartic terms, respectively.

It is well—known that the stiffness matrices can be obtained

from the strain energy expression as follows:



18

[k1 = [min = [———-2—-—]

[H1] = [(n1)i,j] = [w] (2-16)

[n2] [<n2>. .] = [—————J

in which qi, qj represent the generalized coordinates such as u1, v1, ...,

etc. It should be noted that [k] is the usual linear stiffness matrix,

while [n1] and [n2] contain, respectively, linear and quadratic terms

of the displacements.

The calculations of [k], [n1], [n2] in Equation (2-16) are

very lengthy, but straightforward. The intermediate computations are

not presented here and expressions for each of the above matrices are

given in Appendix A.

It is of interest to note that if the terms containing rota-

tional displacements are dropped from [n1], i.e., only terms involving

the relative axial displacement (uz-ul) are kept, the resulting matrix

is:

_ AE<U “1.11)
-

[n1*J — ——-2——2 [kc] (2 17)

* . . . . (112-111)

in which [n1 ] is the usual "geometric stiffness matrix"; -——E——

has been interpreted to be the axial strain of the member, and

P = AE(B‘2-E-l'l-)

is the axial load (Przemieniecki [12]). The matrix [n1*] used in the

eigenvalue problem considered here, is given in Appendix C.



H K
C

2.1.4 STIFFNESS MATRICES OF A TWO DIMENSIONAL BEAM ELEMENT

Since we already have [k], [n1], [n2] for three dimensional

problems, by eliminating the terms corresponding to a third dimension

(e.g., wl, $1, W1, wz, $2, W2) the expressions for the two dimensional

case (e.g., an element in x-y plane) can be obtained easily.

These expressions are shown in Appendix A. They check with

those reported by Mallett and Marcal [14].

2.1.5 STIFFNESS MATRICES BASED ON "AVERAGE AXIAL STRAIN"
 

The preceding stiffness matrices were based on a quartic

expression for the axial strain as given by Equations (2-6) and (2-7).

An alternative to this expression is to use the average of the non-

linear strains over the length [20]. In this case the expression for

axial strain is written as:

_ du 1 2 1 dv 2 1 2 1 dw 2
g ._ dx + R [O 2 05;) dx +‘2 fo«§ (dx) dx (2 18)

Therefore, using Equation (2-7) we obtain the strain at each point of

a section as:

d2v dzw uZ-ul
+

a de C dx2 2

 II

m +

J€(X:U:C)

+ %6 (2912+2922-6162-38190-39280+18602)

+ é?“ 241124-211122-9’ 1W2-3W1‘Po-3W2‘1’0+18‘Po 2)

+ n [é-(-2el-ez+3eo) +-%§ (61+62-290)J

; [é-(zwl+wz-3Wo) + g; (~Wl-22+ZWo)] : (2'19)+
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The strain energy in this case is given by:

l 2 u -u l

U U 2 E [O [ 2 +-30x

(2812+2622-6182-36160-38260+18802)

l

+ 36-(2W12+2W22-W1W2'3Wlye-3WZWO+18WOZJdX

+

w
l
m

In IQ [% (-281-62+390)+“%§ (61+62-260)]2dx

o

2

'1'? 1; IQ I: (2W1'Hi’2-3‘ijo) '1' '3‘);- (-‘i’1-‘¥2+2‘¥o)]2dx

‘2
O

.l 2 §£.2 _+ 2 GJ f0 (dx) dx (2 20)

By using exactly the same procedure as described in section

2.1.3, expressions for [k], [n1], and [n2] have been obtained. Since

the expressions for [k] and [n1] turn out to be the same as for the

quartic cases only the [n2] terms are shown in Appendix A. By

appropriately deleting certain terms in the [n2] matrix, its two

dimensional version is obtained and is shown in Appendix A also.

2.1.6 GLOBAL EQUILIBRIUM EQUATIONS
 

In the preceding sections we have derived the stiffness

matrices [k], [n1], [n2] for each element in local coordinates. If

for each element we transform these matrices to global coordinates and

assemble them in the usual fashion of the finite element method, the

structural linear and nonlinear stiffness matrices [K], [N1] and [N2],

are obtained.

For an elastic and conservative system, the potential energy is:

¢ = U
+ -

P TOTAL V (2 21)
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in which UTOTAL is the total strain energy of the structure and V is

the potential of the external loads. Denoting by {Q} and {P} the

generalized displacement vector and the corresponding external load

vector, we may write (see Mallett and Marcal [14]).

UTOTAL : [Q] [‘2' [K] + “(1; [N11 + ‘13 [N2]]{Q} (2-22)

V = 'LQJ {P}
(2-23)

and,

GP = 191 [é’IK] + %'[N1] +‘%§ [N21] {Q} - [Q] {P} (2-24)

The first variation of the potential energy gives the total

equilibrium equation, [14]

[SS] {Q} = {P} (2-25)

in which [85] is the secant stiffness matrix, i.e.,

, 1 1

[58] = [k] + 3-[N1] + §'[N2] (2-26)

The second variation of potential energy gives the incremental

equilibrium equation, [14]

[ST] {A9} = {Ap} (2-27)

in which {Ag} and {Ap} denote the incremental displacement and load

vectors, respectively. [ST] is the tangent stiffness, given by

[ST]= ([K] + [N1] + [N2]) (2-28)

{51

so: ([K] + [N1] + [N2]){§} {AQ} = {Ap} (2-29)
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in which {6} denotes the displacement vector at which the incremental

vector {AQ} is to be measured.

Equation (2-29) may be used to formulate the eigenvalue problem

for buckling analysis. Both Equations (2-25) and (2-29) will be used

for studies of geometrically nonlinear behavior.

2.2 INITIAL STRAIN STIFFNESS MATRIX

2.2.1 GENERAL

The stiffness matrices derived in the preceding sections were

based on the assumption of no initial strain in the structural system;

that is, the total strain energy depends only on the displacements.

As will be shown in the next chapter, for some methods of

solution, it is necessary to consider the strain energy with reference

to a deformed state, i.e., a structure with initial strain. This

initial strain would result in an "initial strain stiffness matrix" in

the analysis.

Let us use a two dimensional beam element as shown in Figure

2-3. The X and Y axes represent the global coordinate system, the xi,

and yi axes denote the member coordinates and Ci the member configura-

tion at the beginning of the ith load level.

The current strain energy U during the ith load increment

TOTAL

is formed of two parts:

1

a) U the strain energy at the beginning of this increment.

i+i+l

b) U the strain energy due to change of the geometry with

reference to configuration Ci

so:

i i+i+l

UTOTAL= 0+ U (2-30)
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. . . i . . .

Since in Equation (2-30) U is independent of the generalized

coordinates it does not enter in the derivation of stiffness matrices

of the system.

i+i+1

U may be written as:

i+i+l i

l 2 i
U = -' + = + '-fVOl (2 E e E a so) dVol U8 U8 (2 31)

O

in which

1 2
U =f —E e dVol (2-32)
6 2

Vol

1 1

UC = f EEEO dVol (2-33)

K"(3 V01

1

E is the current strain and so is the physical initial strain at the

beginning of the ith configuration. It should be noticed that both 6

and :0 are measured with reference to the chord configuration and not

to the deformed beam element.

As in the previous sections, taking the derivatives

of US in Equation (2-32) with respect to the generalized coordinates

we can obtain the usual tangent stiffness matrix (see Equation

(2'28)).

In the same manner the initial strain stiffness matrix could

be derived from (2—33) if we substitute the expression for E in terms

of generalized coordinates.

In this section three initial strain stiffness matrices are

derived. The first two follow directly from the "quartic" and "average"

axial strain assumptions. They are used in the updated Lagrange method

of solution. A third one which corresponds to the usual geometric



24

stiffness matrix is used in the straight incremental method of solution.

2.2.2 INITIAL STRAIN STIFFNESS MATRIX BASED ON#QUARTIC AXIAL STRAIN

ASSUMPTION

In this case the contribution of each increment to the initial

strain is a quartic function of x, as in Equation (2 7). At

the beginning of the ith increment:

j
2

du 1 dv l dw d2 v d2w

[c1X2‘38 +—(——) ”‘n‘a‘ffich-—-—]

1 1—1

so (x,c.n) = )

3=l

(2-34)

in which j denotes the stage of the configuration.

Since the axial strain evaluated at the end of the jth con-

figuration is regarded as a scaler physical quantity, the effect of

successive increments has been added for j = l to j = i - 1.

By substituting Equations (2-34) and (2-7) in Equation (2-33)

we have:

i

du l dv 2 2 d2 v

[d-—x-+2‘18”“321%—:’+”m'+2d:¥]}x

i

U8o = E IVol{.Z
j—l

2 2 2-35

[Siéél—Q +§<§§>+n—;7+ddV Cd{£1 del ( )

aZlUE

_] (2-36)
1&t 1 = [(ike )m,n]= [qu:Sq

The intermediate computations are not shown here. The

major steps and final expressions for [R8 ] are given in Appendix

0

B for both the three and two dimensional cases.
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2.2.3 INITIAL STRAIN STIFFNESS MATRIX BASED ON THE AVERAGE STRAIN

ASSUMPTION

In this case the contribution of each load increment to the

initial strain is based on the previously-mentioned average strain assump-

tion. Thus at the beginning of the ith increment,

- 3
. i-l g

U2 ‘U 9 (dV 2 dw 2

18o (X,C,U) = .2 [ 2 1 2210%_) dx+2210 (&) dx

3=l

dzv dzw

+ U dx2 + C dx2 (2-37)

Since the right hand side of Equation (2-37) is independent

of x by using Equations (2-37) and (2-7) in Equation (2-33) we have:

2 dw

R d—") dang, Io (—) dx1+n——Y-+
P 2-u1 l

U =EA'L[ “550(52-

d2W R du l dv 2 l dw 2 d2v

yo [dx+2 (3;) +3 (3;) + n -—dx2 + (1 (3:2) dx (2-38)

. . l . . .

in which UE finally can be shown as a function of generalized

o

coordinates.

Similar to the previous case, by using Equation (2-36) we have:

i i

[kE ] = P [k6] (2-39)

0

in which

- - 2 -

p =EAZ [22f111+%(y_27vi)+%(32_2_w_1,

—--2(261-6192+2922 ) + 3% (2‘1’12-‘1’1‘112+2‘¥22 )] (2'40)
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for three dimensional and

1-1 3
_ _ 2

p = EA_Z [3153* +~§ (VZQVS + 3%-<2elz-elez+2ezz)] <2-41) 

for two dimensional beam elements, and [kG] is shown in Appendix C.

2.2.4 INITIAL STRAIN STIFFNESS MATRIX BASED ON LONGITUDINAL
 

DISPLACEMENTS ONLY
 

The geometric stiffness matrix that appears in the literature

cited previously (Martin [11] and Przemieniecki [12]) and given in

Appendix C may be regarded as an initial strain stiffness matrix and

derived as follows.

In this case we take:

- j
. i-l

le: (x.n.t;) = Z [—3———ugul] (2-42)
0 j=l

Using Equation (2-42) and (2-7) in Equation (2-33) we have:

i—l

i _ twm flWlfllfii _U60 — EA {jél [—]}f: [dx+(2 dx) +2(dx)] dx (2 43)

By following a similar procedure:

i _ i _
[REC] — P [kc] (2 44)

in which

i i-l j -u

p = EA 2 [Big—L] <2-45)

j=1 -
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2.3 EIGENVALUE PROBLEMS FOR BUCKLING LOAD ANALYSIS

In Section 2.1.6 we introduced the linear incremental equili-

brium equation (Equation (2-29)). In the following section we are

going to use these equations to formulate certain eigenvalue problems

for the calculation of buckling loads.

One usual way to evaluate the critical load of a structure is

to set the incremental load vector {P} to null in Equation (2-29).

This leads us to the following equation.

([K] + [N1] + [N2]) _{AQ} = {0} (2-46)

{Q}

For a buckling load analysis we look for a point ({5}, {5})

on the load displacement curve (Figure 2-4) which satisfies the above

Equation (2-46). That {5} would be the buckling or critical load.

The exact solution of (2-46) in general is complicated because

of its nonlinear nature. But if we assume that the displacement of

the structure is a linear function of applied loads just up to the

point at which buckling occurs, then we have:

{P H
—
I

I
I

[K] {Qref} (2-47)
ref

and

} (2-48)
{Qref} [KJ-l {Pref

In (2-47) {Pref} is an arbitrary reference load vector. Since

[N1] and [N2] are linear and quadratic functions of displacements, with

{5} = A {pref}:
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[N1({§})] [N1({Qref})]x (2-49)

and

[N2({§})] [N2({Qref})]A2 (2-50)

in which A is a parameter.

Since Equations (2-49) and (2-50) are supposed to be valid

until buckling; we have

[N1({§})]
[N1({Qref})] Acr

[N2({§})]
2

[N2({Qref})] Acr

Thus Equation (2-46) can be written as:

([K] + Aer [N1] + Air [N2]){Q {A9} = {0} (2-51)

ref

Equation (2-51) is a quadratic eigenvalue equation. For sufficiently

small displacements,matrix [N2] may be neglected and Equation (2—Sl)

reduces to a linear eigenvalue equation:

([K] + A [N1]) {A9} = {0} (2-52)
CI {Q

ref

Solution of Equation (2—51) or Equation (2-52) would yield

}.A and, of course, the critical load vector is A {P

cr cr ref



CHAPTER III

METHODS OF SOLUTION

3.1 GENERAL

As mentioned previously, a method of analysis for the non-

linear elastic behavior of framed structures may be regarded as con-

sisting of three parts: (i) model, (ii) local coordinates, and

(iii) method of solution. In the preceding chapter several finite

element models have been formulated in Lagrange coordinates. In this

chapter, the methods of solution that will be applied for the solution

of these models are described.

3.2 NEWTON-RAPHSON METHOD
 

3 . 2 . 1 CONCEPT:

Consider a structure subjected to a prefafined external load

vector {P}. Let Q be symbolically the so called exact deformed con-

figuration of the structure. If we assume an iterative process, and

in the ith iteration the approximate configuration Qi is known, we are

interested in improving Qi in such a way that it would get sufficiently

close to Q.

We write the load displacement relation as:

{P}=={f(Q)} (3-1)

using a first order Taylor series expansion about Qi we have:

3f

{P} = {f(Qi)} + {3Q {Ag}
j .

c2i 1

29
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in which, {f(Qi)} may be interpreted as representing the elastic re—

3f

35‘}
sistance of the structure corresponding to Qi' and { as the tangent

j Q.

stiffness at Qi' Then the modification to Qi is: l

'1 3f ‘1.
{AQi} = {--% {P-f(Qi)} = f—-} iARi}

3Q.

JQi

in which,{ARi}is the "unbalanced force vector" at stage Qi.

The modified displacement is:

Q.
1+1 = Qi + A91

The process may be repeated until either AQi+k or ARi+k is

sufficiently small. This process is graphically illustrated in Figure

3-1 for a one degree of freedom system.

The preceding discussion was for the load applied as a single

load increment. For many problems greater accuracy in the solution may

be obtained by applying the load in increments (i.e., AP, ZAP, ...,

etc.). For each increment the concept described previously applies,

provided the stress state of the structure at the beginning of load

increment is properly taken into account.

At the beginning of the increment the geometry of structure may

or may not be updated. Both cases are considered in the following

sections.

3.2.2 NEWTON-RAPHSON METHODS FOR FIXED COORDINATES
 

In this case the geometry of the structure is not updated.

The steps of the calculation are as follows:

1) Set load increment (and check if the intended total load

has been applied)(



2)

3)

4)

5)

6)

7)

8)

9)

10)
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Form the structural tangent stiffness matrix as:

Tangent stiffness matrix = [K] + [N1({Q})] + [N2({Q})]

Solve for {AQ} from:

{AQ} = [tangent stiffness matrix]-1{load increment vector}

Add {AQ} to the latest {Q} to obtain a new {Q}

If convergence check is based on displacement and {AQ} is

sufficiently small, return to 1.

Based on the new {Q} from step 4 evaluate N1({Q}) and

N2({Q}).

Form the tangent and secant stiffness matrices and resis-

tance force vector as:

Tangent stiffness matrix = [K] + [N1({Q})] + [N2({Q})]

Secant stiffness matrix [K] +§tul<m>1+§ mm]

Resistance force vector - [Secant stiffness matrix] x {Q}

Evaluate the unbalanced force vector as:

Unbalanced force vector = Increment load vector -

Resistance force vector.

If convergence check is based on unbalanced force vector

and it is sufficiently small, return to 1.

Return to 2 but use the unbalanced force vector for the

load increment vector.



32

3.2.3 NEWTON-RAPHSON METHOD FOR UPDATED COORDINATES

This procedure is to be used to implement the theory as dis-

cussed in Section 3.2.1. The loads are applied in increments. At

the end of each increment the geometry of structure is updated. In

addition to the usual stiffness matrices [k], [n1], [n2] there is the

initial strain matrix (resulting from initial strain energy) as ex-

plained previously.

The steps of calculation are as follows:

1)

2)

3)

4)

5)

Set load increment (and check if the intended total load

has been applied).

Determine the most up-to-date geometry of the structure

by using the latest joint displacements, and update the

linear stiffness matrix.

Form the tangent stiffness matrix according to one of the

following cases:

a)

b)

For the first load increment:

Tangent stiffness matrix = [K] + [N1({Q})] + [N2({Q})]

For other load increments:

Tangent stiffness matrix = [K] + D<€ ] + [N1({Q})]

o

+ [N2({Q})]

in which [KE ] is the initial strain stiffness matrix.

0

Solve for {AQ} from:

{AQ} = [tangent stiffness matrix]'1{load increment vector}

If convergence check is based on displacement and {AQ} is

sufficiently small, return to l.



6)

7)

8)

9)

10)

ll)
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Add {AQ} to the latest {Q} to obtain a new {Q}.

Based on the new {Q} evaluate [N1({Q})] and [N2({Q})].

Form tangent and secant stiffness matrices and resistance

force vector as:

a) For the first load increment:

Tangent stiffness matrix = [K] + [N1({Q})] + [N2({Q})]

Secant stiffness matrix = [K] + é-[N1({Q})] + é-x

[N2({Q})]

b) For other load increments:

Tangent stiffness matrix = [K] + [K€ ] + [N1({Q})]

o

+ [N2({Q})]

Secant stiffness matrix = [K] + fi<€ ]+%5[N1({Q})]

O L

l

+ 3' [N2({Q})]

Resistance force vector = [Secant stiffness matrix]*{Q}

Evaluate unbalanced force vector from:

Unbalanced force vector = Incremental load vector

- Resistance force vector

If convergence check is based on unbalanced force vector and

it is sufficiently small, return to 1.

Return to 4 but use the unbalanced force vector as the

load increment vector.
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3.2.4 CONVERGENCE CRITERIA
 

3.2.4.1 GENERAL

In implementing the above Newton-Raphson method a convergence

criterion is needed. In this report, two convergence criteria have

been used. The first one is based on the unbalanced force vector and

the second one is based on the incremental displacement vector.

3.2.4.2 CONVERGENCE CHECK BASED ON UNBALANCED FORCE VECTOR
 

In this type of convergence check, a reasonable tolerance (which

has the unit of force or moment) is prescribed first for each group of

components (i.e., force or moment)of the unbalanced force vector.

After the evaluation of the unbalanced force vector in each

iteration the absolute value of each component of the vector is in—

dependently compared with the prescribed tolerance. Convergence is

considered achieved if, for each of the components, this absolute

value is less than or equal to the tolerance.

The feature of this convergence criterion is that it represents

a real test of the equilibrium of the structure and it is an absolute

check. The tolerance for this convergence criterion is denoted by E
f

times unit force or unit moment.

3.2.4.3 CONVERGENCE CHECK BASED ON INCREMENTAL DISPLACEMENT VECTOR

In the displacement convergence check used herein, for each

group of displacement components (i.e., translations or rotations) a

reasonable tolerance ratio is defined. If we denote the incremental

displacement vector by {Ax} and the total displacement vector by {x},

convergence is considered achieved if for both groups the following is
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simultaneously satisfied.

1:2
Zi (Axi)

[.W] 4 Tolerance ratio = Ed

i i

in which i varies from 1 to the number of translation or rotation com-

ponents of the displacement vector, and Ed is the tolerance ratio.

It should be noted that this convergence criterion does not

directly deal with equilibrium of the structure. Furthermore, its

absolute tolerance would decrease as the total displacement increases.

A comparison of the use of the two convergence criteria will

be presented in Chapter IV on numerical results.

3.3 "ONE-STEP" NEWTON-RAPHSON METHOD
 

This approach in general is the same as what was described in

Section 3.2. The only difference is that we do not iterate more than

once for each load increment. Thus there is no convergence check.

Obviously the advantage of this approach, when compared to

the Newton-Raphson method presented previously,is that it takes less

computation. It should be noted that whenever this method or the straight

incremental method (as described in next section) is used for beam-

column models, the iteration process on the axial load of each element

should be continued until convergence is satisfied.

3.4 "STRAIGHT INCREMENTAL" METHOD
 

This approach is the same as the One-Step Newton-Raphson

method except that not even one iteration would be used. Hence, there

is no need to evaluate the secant stiffness matrix, resistance and

unbalanced force vectors. Obviously the accuracy of this method would
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depend on the size of the load increment more than the previously

mentioned methods.

3.5 SOLUTION OF EIGENVALUE PROBLEMS
 

3.5.1 LINEAR EIGENVALUE PROBLEM
 

In this report the inverse vector iteration technique as des-

cribed by Bathe and Wilson [21] is used for solutions of the linear eigen-

value problems.The technique may be regarded as a mathematical formula-

tion of the Stodola method [22] in structural mechanics.

The basic equation (2-52) could be written as:

Aq = ABq (3—2)

in which for simplicity symbols ([ ] and { }) have been dropped and

A = [K], B = -[N1]. It is assumed that A is positive definite and B

may be a diagonal matrix with or without zero diagonal terms.

The technique used for computer implementation is as follows:

(a) Start with a trial vector 31 for the first eigenvector

T

q, (XlBQI# 0.)

(b) For i=1, 2, ..., etc. evaluate

Axi+l = yi

y1+1 = Bxi+l

- _ i+1 i

0(xi+1) — _ T _ (3 3)

x y.
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in which 0 is the Rayleigh quotient

(c) The iterative process is considered to have converged if:

p(xi+l)-p(xi)

 

_ ‘ Epsi (3-4)

p(X;L+1)

-AS

epsi in Equation (3-4) should be less than or equal to 10 if the

answer is required to be accurate up to ZS digits. If Equation (3-4)

is satisfied for i=n the smallest eigenvalue will be taken to be:

A = 0(X ) (3-5)

and the corresponding eigenvector is:

Xn+l

n GP 37 )1.
n+1 n+1

 

The computer implementation of this technique (Ref. [23]) is

contained in the subroutine EIGENVL listed in Appendix D.

3.5.2 QUADRATIC EIGENVALUE PROBLEM
 

Using Equation (2-51) the solution for a quadratic eigenvalue

equation may be obtained by finding A for which:

detl [K] +)([N1] + A2 [N2] | = o (3-7)

{Qref}

Since we are looking for the lowest buckling mode the smallest value of
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A is required.

The solution is carried out by evaluating the left-hand side

of equation (3-7)1mfi1m;increasing values of A, starting from zero

with small increments as shown in Figure 3-2. If for AA.det (AA)> 0,

but for AB = AA + A),<kn:(AB)< 0, then the solution A = X lies in the

interval [AA' AB].

A modified Regula-Falsi iteration technique is used to obtain

a closer estimate of the root I and the computer implementation of the

quadratic eigenvalue solution [23] is given in subroutine NLEIGNP of

the computer program in Appendix D.

3.6 COMPUTER PROGRAMS
 

3.6.1 GENERAL

In this section a general description of the programs developed

for this study is presented. For the Lagrangian coordinate formula-

tions two versions (for three and two dimensional problems) have been

prepared. For Eulerian coordinate formulation only the two dimensional

problem has been programmed for solution. A complete listing of the

programs is given in Appendix D.

3.6.2 PROGRAMS FOR PROBLEMS IN LAGRANGIAN FORMULATION
 

3.6.2.1 PROGRAM NFRAL3D

The program solves three dimensional problems formulated in

Lagrangian coordinates, discussed in Chapter II, by using the

various methods of solution as presented in Chapter III.

In addition to the usual required data input such as the

physical properties of the system, the input should include the following:



(a)

(b)

(c)

(d)

(e)
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Coordinates used: Fixed-Lagrange or updated-Lagrange.

Problem type specification (i.e., eigenvalue or incre-

mental load-displacement).

If (b) is eigenvalue problem, specify either linear or

quadratic.

If (c) is linear, specify whether [N1] or [N1*] is to

be used.

If (b) is incremental load-displacement problem:

1) Type of solution, either Newton-Raphson or "straight

incremental". (The successive substitution method of

solution can also be handled by the program, but it

was not used in this report.);

2) Maximum number of iterations;

3) Type of convergence check and tolerance;

4) Parameters which specify whether both [N1] and [N2]

are to be used, or [N1] only, or neither of them

in the solution method using updated coordinates;

5) If [N2] is to be included, specify whether it is

based on the average strain or quartic strain

formulation.

In the program, the linear stiffness for each element is com-

puted, transformed into structural coordinates, and assembled into the

linear structural stiffness matrix. A linear analysis of the structure

is performed to obtain the displacements.

The structural displacement vector is transformed back into

element end displacements. Now for each element [n1], [n2] and [ks ],

0

(depending on the type of solution), are computed if needed and the
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matrices [N1], [N2] and[KE ] for the structure are assembled. All of

o

the structural stiffness matrices have been assembled in banded format.

Due to symmetry only the upper semi-band is computed.

3.6.2.2 PROGRAM NFRALZD
 

The general features of this program are similar to program

NFRAL3D except that it is specifically prepared for two dimensional

problems, and hence more efficient than using NFRALBD for those prob-

lems. The options available to NFRAL3D are also available in this

program except for linear eigenvalue solutions.

3.6.3 PROGRAM NFRAE2D FOR TWO DIMENSIONAL PROBLEMS IN EULERIAN
 

COORDINATES
 

In this program three different models have been used. The

first one is that of the beam-column continuum. It has been studied

by Oran and Kassimali [10], among others. The second and third are

finite element models that have been developed by Powell [15] and

Jennings [13] respectively. No eigenvalue problem has been formulated

for these models.

It should be noted that some of the subroutines which have

been used in these programs are the same. However, since we wish

each program to be self-contained the same subroutine is repeated as

often as necessary in each program in Appendix D.



CHAPTER IV

NUMERICAL RESULTS

4.1 GENERAL

In this chapter we are going to consider a number of numerical

problems of nonlinear load-displacement behavior and buckling (eigen-

value problems) for both two and three dimensional cases. For the

first group we divide the problems into "Large," "Small" and "Inter-

mediate" displacement categories. This is a relative classification.

What we mean by a "Large Displacement" problem is the case in which the

deflection is of the order of the length of the member. By "Small

Displacement" we mean it is less than about 2% of the member length.

"Intermediate Displacement" lies in between.

For eigenvalue problems, two types of loading (symmetric and

asymmetric) will be used for different arches and frames.

4.2 NONLINEAR LOAD-DISPLACEMENT BEHAVIOR
 

4.2.1 LARGE DISPLACEMENT PROBLEMS
 

4.2.1.1 CANTILEVER BEAM WITH TWO LATERAL LOADS

The geometry, physical properties and loading for this problem

are shown in Figure 4-1. This problem was chosen because it had been

solved by other investigators using many of the different methods dis-

cussed previously [19,10].

This system is also used to consider the effect of the step

size (load increment) on convergence criterion and to illustrate the

limitation of the one-step Newton-Raphson method of solution (l-step-NR).

41
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4.2.1.1Ll COMPARISON OF RESULTS FROM DIFFERENT SOLUTIONS

The displacements under the loads as computed by the various

methods are listed in Table 4-1. Row 1 gives the elastica solution

(Frisch-Fay [24]) and is taken to be the exact solution. Rows 2 and

3 list results of the beam-column (continuum) theory using, respectively,

the Newton-Raphson (beam-col-NR) and the straight incremental(beam-

col-Inc) method of solution [10]. Rows 4 and 5 are, respectively,

results of Jennings' formulation [13] using the Newton-Raphson and the

straight incremental methods (Jennings'—NR or Inc). The numerical

results in these two rows were taken from Ebner and Ucciferro's re-

port [19].

For the incremental solutions the results obtained by use of

the program written for the Jenning's formulation for this study

(Program NFREZD) are given in parentheses. It is seen that the latter

results are much closer to the elastica solution.

Rows 6 and 7 correspond, respectively, to the Newton-Raphson

and straight incremental method of solution using Powell's (Powell's-

NR or Inc) formulation [15]. Row 8 corresponds to Martin's method [11].

In Row 9 is given solution corresponding to Mallett and Marcal's [14]

model. The results based on the same model but using the updated

Lagrange coordinate formulation are contained in Row 10. Finally in

Rows 11 and 12 are listed solutions using the FEA model for the fixed

and updated formulations.

The number of elements and number of increments of loading used

are listed in columns 2 and 3 of the table. A consistent convergence

criterion has been used for all the Newton-Raphson methods.

From a comparison of the results in Table 4-1, it is reasonable
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to rank five methods that produce sufficiently accurate results for

this large deflection problem in the following order: (1) Beam-col-NR;

(2) Beam-col-Inc; (3) Jennings'-NR; (4) FEA-updated; and (5) Martin's

method.

The results obtained from the straight incremental solution

of Jennings' model are not as good as those given by the five methods.

However, when larger number of elements and increments were used, the

results may be regarded as acceptable. The results given by all the

other methods are so much off the mark that they are unacceptable.

Out of the preceding five accurate methods, the first three

(the beam-column and Jennings' formulations) have used Eulerian co-

ordinates which require a geometric transformation in every iteration.

This requirement made them less efficient than the last two formulations,

i.e., the FEA-updated method and Martin's method. A further com—

parison of these two will be given in the next section.

4.2.1.1.2 COMPARISON OF MARTIN'S METHOD AND FEA-UPDATED METHODS
 

For the same problem considered above in Figure

4—1 are plotted the load-displacement curves obtained by Martin's method

and FEA-updated method. Also shown is a curve obtained by the beam-

col-NR method. In the comparison below, the beam-col-NR

solution with a suitable number of elements and convergence criterion

would be regarded as the "exact" one. This is because the elastica

solution is not conveniently obtainable, and for the range of be-

havior considered herein, the beam-column theory results have been

shown to be very close to the elastica solution [19,10].

The beam-col-NR Curve C in the figure shows a pattern of

l

"zig-zag" shape in the middle portion. This is because of the



44

relatively large tolerance used in the convergence check. For a smaller

tolerence, as we will see later, smoother curves would be obtained. In

any case, the last point of C agrees closely with the elastica solution.

1

and C would indicate that for theA comparison of Curves C2 3

same accuracy the FEA-updated method used five steps (load increments)

while Martin's method used twenty steps. The number of iterations per

step in the FEA-updated method being about three, the total number

of iterations for the method was 15.

Although geometry updating is required only once in a load step

the FEA-updated method involves more computation per iteration because

of the use of the incremental stiffness matrices. Therefore, on the

whole, the two methods appear competitive in efficiency. The FEA-

updated method, however, does have a check on equilibrium which Martin's

method lacks.

The preceding discussion also applies to Curves C4 and C5.

4.2.1.1.3 CONVERGENCE CRITERION
 

To consider the effect of the convergence criterion on the accuracy

of solution the cantilever beam of the preceding problem was

used. In Figure 4-2 Curve C as before, is regarded as the "exact"
1!

result. It is interesting to note from Curve C that, with the number
2

of elements doubled but the same tolerance used in the solution, the

results obtained deteriorated from C .

1

Now if for four elements we use a smaller tolerance, Ed = .001,

very good results are obtained, Curve C3. Thus it seems that when

using a convergence check on displacement, increasing the number of elements

could be detrimental if a sufficiently small tolerance is not used.

Curve C ,which was obtained with six elements and E = .01:again shows

6 d
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the same pattern as Curve C2.

For Curves C4 and C5, the FEA—updated approach with unbalanced

force tolerance 8f = .01 has been used. It is seen that in this

case both solutions are very reasonable. Thus it would appear that

greater caution is required when the displacement convergence criterion

is used.

It is also worth noting that the curves corresponding to solu-

tions using an unbalanced force check were much smoother than the others.

4.2.1.1.4 COMPARISON OF ONE-STEP NEWTON-RAPHSON METHOD WITH STRAIGHT
 

INCREMENTAL METHOD OF SOLUTION
 

It has been pointed out in the literature [4] that the one-

step Newton-Raphson method of solution could be a very effective one

in the sense that by using a single iteration the results would be

improved materially over those obtained by the straight incremental

method.

For a comparison,in Figure 4-3 Curves C C and C represent

1' 2 3

the beam-col-NR (considered "exact" for comparison), beam-col-l step

(beam-column one step Newton-Raphson) and beam-col-Inc solution res-

pectively. It is seen that the incremental solution C3 is quite close

to C1. On the other hand, the results from the one-step Newton—

Raphson method not only do not show any improvement over those of

the straight incremental, but contrary to expectation they appear

grossly inaccurate. This method is not used further in this report.

4.2.1.2 CANTILEVER BEAM WITH A SINGLE TIP LOAD
 

The problem considered is illustrated in Figure 4-4. For this

example again we have used for reference the beam-col-NR solution
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(Curve Cl) as the "exact" solution. Included in this figure are also

results as obtained by the M & M—updated formulation (Curve C2),

Martin's method (Curve C3) and the FEA-updated formulation (Curve C4).

It is seen that C2 is grossly inaccurate. The result is very

similar to that using Powell's formulation [15] in the example dis-

cussed in Section 4.2.1.1.1 in which the structure responded with an

unusually large stiffness.

Both Curves C3 and C4 appear acceptable, with C a little

4

better. Comparison of C (FEA-updated) and C (M & M-updated) shows

4 2

here, as in Table 4-1, the very important positive effect which the

average axial strain assumption has on the solution in comparison with

the quartic axial strain assumption for the finite element model.

It is of interest to note that the FEA-updated solution con-

verged faster than the beam-col-NR solution,especially for the lower

load levels (e.g., 3 and 7 iterations were needed for the first

increment, respectively, for the two methods).

4.2.1.3 CANTILEVER BEAM WITH BOTH LATERAL AND AXIAL LOADS
 

The system considered is illustrated in Figure 4-5. The

lateral load is 10% of the axial load. Two methods have been used,

beamecol-NR and FEA-updated. It is seen that the load-displacement

relations become nonlinear at the early stage of loading. The two

curves agree very well until 90% of the Euler load at which point

the corresponding deflection is on the order of half of the span

length.
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4.2.1.4 CANTILEVER BEAM SUBJECTED TO END MOMENT
 

This problem was considered in [18]. It involves gross dis-

tortions of the beam. For comparison, solutions corresponding to five

methods are shown in Figure 4-6, 4-7, and 4-8. These cover lateral

deflections,1ongitudinal deflections and end rotations, respectively.

For lateral displacements all solutions agree quite well up

to approximately .72. It is interesting to note that the displacement

reverses its direction beyond this point as loading increases.

Comparison of longitudinal displacement and end rotation indi-

cate similarly good agreement. For comparable accuracy it took only

one element for the beam-col-NR [10] and Jennings' formulation [13],

but five elements were needed for the FEA-updated formulation and 20

elements for the ADINA [18] model (which also needed 90 steps versus

the 20 steps used by all other formulations).

It should be emphasized again that this comparison is based on

unusually large distortions of the structure, as illustrated by the

dotted curve in the figures representing the final configuration of the

structure.

4.2.1.5 CURVED BEAM SUBJECTED TO A LATERAL LOAD
 

This example is also taken from[18]. It deals with the three

dimensional structure illustrated in Figure 4-9, which also contains

three sets of solutions obtained by ADINA, MARTIN'S method [11] and

the FEA-updated method.

It is seen that the three sets of solutions are quite close

to each other. The ADINA [18] solutions, obtained by use of a large

number of elements and load steps, should be regarded as the most correct

one .
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The curves corresponding to the FEA-updated method are closer

to the ADINA curves than those by Martin's method.

4.2.1.6 DISCUSSION
 

From the preceding numerical examples involving large displace—

ments, the following observations may be made:

a)

b)

C)

d)

e)

f)

The convergence criterion based on the unbalanced force

vector (i.e., equilibrium check) is more reliable than a

convergence check based on the displacement vector.

0f the three procedures, the straight incremental, one-

step Newton-Raphson, and Newton-Raphson method, the first

one is efficient and provides reasonable results, the second

one is not reliable and the last one is accurate, but re—

latively less efficient.

The fixed-Lagrange coordinate formulation and the M & M

updated method should not be used.

Martin's approach gives very good results.

The FEA-updated method gives slightly more accurate results

and is somewhat more effective than Martin's method.

As expected Jennings'-NR results (because of its Eulerian

formulation) produces more accurate solutions than the FEA-

updated ones. Jennings' incremental formulation is not

effective. (The judgment on the effectiveness of a method

is based on both accuracy and efficiency).

Except for the fixed coordinate formulations all the methods re—

quire updating of the geometry. This is not unexpected, because of the

large deflections and rotations involved.

However, for some nonlinear problems, displacements may not be
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very large and sufficiently accurate results may be obtained without up-

dating the geometry (thus saving computation time). In the following

sections on "Small" and "Intermediate" displacement problems, ‘we

continue to include the fixed-Lagrangian methods as well as updated

geometry approaches in the investigation.

4.2.2 "SMALL DISPLACEMENT" PROBLEMS
 

4.2.2.1 ONE SPAN PORTAL FRAME
 

As the first example for the Small deflection class of problems,

a one Span portal frame is considered (see Figure 4 10). To

initiate nonlinear behavior, a small horizontal load equal to-l% of

each of the vertical loads is applied. For this structure as well as

all the other frames subsequently considered in this report,each member

is represented by a single finite element.

Load-displacement curves corresponding to five methods are

shown in Figure 4-10. It is seen that although the behavior is quite

nonlinear, the displacements are small (i.e., on the order of 1% of

the linear dimension of the structure).

As before, the beam—col—NR solution is regarded as the

"exact" one. It is seen that, except for the M & M-updated results,

all other solutions including the M & M—fixed are very close to the

"exact". They also check very well with the results presented by

Conner et al. [7]. The values for Pcr (critical load) shown in the

figure will be discussed later when we consider eigenvalue problems.
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4.2.2.2 TWO STORY FRAME
 

This example deals with a larger structure than the pre-

ceding one. In this section we are mainly interested in examining

the effectiveness of the FEA-fixed method relative to the FEA-updated

and the beam-column "exact" solutions. Therefore, only these three

methods are used in the following "Small Deflection" problems.

As shown in Figure 4-11, the order of magnitude of displace—

ment is about 1.5% of the length of a member at the maximum load.

The nonlinear behavior is, however, conspicuous. It is seen that the

results given by all three methods are very close to each other.

4.2.2.3 TWO BAY FRAME
 

This example is very similar to the previous one, except that

it is a two bay frame, instead of a two story frame. Figure 4-12

shows the properties of the structure as well as a comparison of three

solutions for this example. Again the solutions agree very well with

one another.

4.2.2.4 PLANE ARCH FRAME WITH HINGED SUPPORTS
 

Shown in Figure 4-13(a) is a three member symmetric arch

frame subjected to two vertical loads. The new aspect in this example

is the existence of bending in the structure due to the inclination of

the columns,even with no lateral load on it.

It is seen from the load-displacement plots that the behavior

is essentially linear. Although there is no sign of instability from

the load-displacement curves, at 2378 kips and 2186 kips the determinant

of the tangent stiffness matrix of the system vanished, respectively,
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in the FEA-updated and beam-col-NR solutions. It did not vanish for

the FEA-fixed approach.

In Figure 4-13(b) are shown the same arch frame and vertical

loading. In addition, a small horizontal load equal to .001 of a

vertical load is also applied. In this case, the load-displacement

behavior began to show nonlinearity at P e 1500 kips.

For Curve C1 (beam-col-NR) there is again a change of sign in

the determinant at P = 2190 kips. For the FEA method no

such change of sign was indicated. However, the iteration failed to

converge (after 20 cycles) at P = 2000 kips and P = 2250 kips, respective-

ly, for both the updated and the fixed versions.

Although theoretically no bifurcation load is expected for this

loading, the lack of convergence, like the vanishing of the determinant,

could be taken as a sign of instability.

4.2.2.5 SPACE ARCH FRAME
 

For this example, the properties of the symmetric structure

and loading are shown in Figure 4-14. Since we did not have the pro-

gram for a three dimensional version of the beam-col-NR method only

the results of the‘FEA methods are shown in Figure 4-15. It is seen

that the two curves are very close to each other.

These solutions will be referred to again in a later discussion

of the buckling load of the structure.

4.2.3 "INTERMEDIATE DISPLACEMENT" PROBLEMS
 

For convenience, displacements which are neither "small" nor

"large" as defined previously are referred to as "intermediate". The
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arch problem considered in the following falls in this category.

4.2.3.1 HINGED HALF CIRCULAR ARCH WITH A CONCENTRATED LOAD AT CROWN
 

This example is considered mainly to show the effect of the

order of deflection on the results of the M & M-fixed and updated meth-

ods and on those of the FEA-fixed and updated methods.

The properties of the structure and the solution curves are

shown in Figure 4-16 in which the beam-col-NR solution is presented

for reference as the "exact" solution.

From a comparison of the curves, it is seen that the FEA-fixed

and updated results agree quite well with the beam-col-NR result.

The curve corresponding to the M & M-fixed method shows exces-

sive stiffening while that of the M & M-updated method shows excessive

softening.

The order of the maximum deflection is approximately 10% of

the arch span and 25% of the length of each element. At this level of

displacements, the corresponding load approaches the bifurcation load

of the arch. This will be discussed further later.

4.2.3.2 CANTILEVER BEAM WITH TWO LATERAL LOADS
 

The system considered is identical with that shown previously

in Figure 4-1. We have seen previously that the "FEA-fixed" and "M & M—

fixed" methods did. not produce accurate results for problems involv-

ing "large displacements". On the other hand, good results were ob-

tained if the displacements were small (although the behavior was

nevertheless quite nonlinear). An interesting question would be: what

would be the largest displacement at which the FEA-fixed or the M & M-
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fixed method could be considered valid?

To obtain an approximate answer to this question, we refer to

the results of the study presented previously for the cantilever beam

in Figure 4-1. In Table 4-2 are listed displacements up to values

equal to approximately 15% of the beam length. The load displacements

for the problem are from the beam-col-NR and the two finite element

methods. An examination of the table leads to the following observa—

tions. The results obtained by the M & M-fixed method are unacceptable.

The FEA-fixed method produced reasonably accurate results (in comparison

with the beam-col-NR solution) for the range of deflection considered,

i.e., equal to approximately 15% of the beam length. It is of some

interest to note that in this range the lateral and rotational displace-

ments are essentially linear, while the longitudinal displacement is

not.

4.3 BUCKLING LOAD STUDIES
 

4.3.1 GENERAL

To consider the stability of a framed structure we refer first

to Figure 2-4. Here is shown a typical nonlinear load deflection

behavior, Curve OACD, which is called the “fundamental path". The laod at C

is known as the "limit load" which in practice may not be reached

because the bifurcation load may be reached sooner.

The bifurcation load (if it exists) may be obtained by checking

the determinant of the tangent stiffness matrix (det [KT]); i.e., it

is defined as that point along the fundamental path (e.g., Point A in

Figure 2—3) at which det [KT] vanishes.
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If the only objective for analysis is to evaluate the bifur-

cation load, this approach would not be efficient because of the amount

of computation needed for the load-displacement curve, and checking

the determinant. It is well known in the classical theory of elastic

stability that for some systems the bifurcation load may be obtained in a

simpler manner by the formulation and solution of an eigenvalue problem.

As will be pointed out later, for some other systems for which

bifurcation loads either are not obtainable by an eigenvalue analysis

or simply do not exist, eigenproblems may still be formulated. The

solutions for such problems can be obtained as rough estimates of the

maximum load capacity. These estimates may also be useful in calculat-

ing the nonlinear load-displacement curve, e.g., in the selection of

load increment.

We will consider four types of eigenvalue problems formulated

for finite element models:

a) Linear eigenvalue problems using the regular first order

nonlinear stiffness matrix (i.e., [ml] in Equation 2-16)

b) The same as (a) but using [n1*] as it is defined in Equa-

tion (2-17)

c) Quadratic eigenvalue problems using [N1] and [N2] which is

the second order nonlinear stiffness matrix. Based on the

assumption used in the derivation of [N2] two combinations

exist:

(1) [N1] and [N2Q]

(2) [N1] and [N2A1

in which [NZQ] and [NZA] are based on the quartic and average
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axial strain assumption, respectively.

In order to judge the accuracy and usefulness of the solution

of the eigenproblem we have also obtained the load—displacement curves,

as well as the det [KT] as a function of load for the numerical exam-

ples considered here.The beam-col-NR method has been used (except for

a three dimensional case for which no beam-column solution is available)

to obtain the load-displacement and the load-determinant curves.

In Figure 4-17 are illustrated three typical load-determinant

curves. In the beginning as the load increases,the determinant of the

tangent stiffness decreases. There are three possibilities for sub-

sequent behavior[25]:

a) The curve crosses the load axis at point A with an angle

# 900. The load at A is the bifurcation load.

b) The curve crosses the load axis at point B at 900, the load

at B is the limit load.

c) The det [KT] reaches a minimum at point C without crossing

the load axis and increases in value afterwards. In this

case, there is no critical load. That is, the structure can

continue to take more load increments. However, at that

point, the displacement and its rate of increase usually

are already very large. In general, for the problems dis-

cussed here , the numerical solution was stopped after the

minimum had been detected.

In the following,numerical problems involving both symmetric

and asymmetric loading will be considered.



56

4.3.2 PROBLEMS INVOLVING SYMMETRIC LOADING
 

4.3.2.1 ONE SPAN PORTAL FRAME
 

The geometry and properties of the structure, as well as the load-

displacement curve, are shown in Figure 4-18. On the curve are marked

the critical loads. The critical load obtained from checking the

determinant of the tangent stiffness matrix of the beam-col-NR [10] solu-

tion is denoted by PBC' and those obtained from linear eigenvalue solu-

tions are denoted by PN and PN * (similarly critical loads obtained

1 1

from quadratic eigenproblem will be denoted by P and P + N )-
N +N N 2

12A 1 Q

Neither of the quadratic eigensolutions converged, but as indi-

cated on the curve’PN * is very close to PBC while PN is not. So using

1
1

N1* provides a better approximation for the bifurcation load in this

problem. The buckling modes corresponding to PN * and PN are antisym-

l 1

metric.

4.3.2.2 ARCH PROBLEM WITH A CONCENTRATED LOAD AT CROWN
 

In Figure 4-19 are shown the vertical and horizontal displace-

ments at the crown of a l35°-arch subjected to a concentrated load. PBC

was found to be equal to 8.56 pounds. The quadratic eigenvalue solu-

tions did not converge. As in the preceding example,PN * agrees with

l

but P does not.

c N1
P

B

It is of interest to note from the load-displacement curve that

the displacement components increase abruptly near P The abrupt

BC'

increase happened after a finite load increment over PBC at P = P1

Of course, the equilibrium state on the fundamental path after

bifurcation is unstable. After the abrupt increase in displacement,
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the state would be stable as seen from the load—determinant plot shown

in Figure 4-l9(b). The values of det [KT] for P < P<‘P is negative, but

BC

it turns positive when P>P1

In Table 4-3 are shown the numerical results for the above arch

as well as arches with a 90° and 180° Opening angles. Again the

values of P are very close to P . The difference between P and P *

N1 BC N1 N1

seems to increase with the opening angle, i.e., the comparison improves

in the case of the 90°-arch but deteriorates with the 180°-arch.

The behavior of the load displacement and load-determinant

curves for the 90° and 180° angles are similar to the ones presented

for the 135° angle. The buckling modes corresponding to PN * and PN

l l

for all cases in this example are antisymmetric.

4.3.2.3 SPACE ARCH FRAME
 

The finite element eigensolutions of the three dimensional

space frame as described in Figure 4—14 have been obtained. For these

calculations the horizontal load Q was set equal to zero.

PN was found to be 87 kips which corresponds to a lateral

1

buckling with a mode shape which is antisymmetric and normal to the

planes of either arch ribs.

The same solution was obtained using the quadratic eigenproblem

formulation. From the load-displacement curves plotted in Figure 4-15

it may be noted that the eigensolutions represent a good estimate of

the limit load of the system. In fact, in the FEA-fixed solution the

determinant of the tangent stiffness matrix did change sign (vanish) at

P = 89.7 kips.
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4.3.3 PROBLEMS INVOLVING ASYMMETRIC LOADING
 

4.3.3.1 GENERAL

For this class of problems no bifurcation load exists in beam-

column theory. However, eigenproblems may still be formulated using fi—

nite element models. It is of interest to study the significance (or

lack of it) of their solutions. Again judgment should be based on a

comparison with the load-displacement, load-determinant curves of

the beam-col-NR method.

4.3.3.2 HORIZONTAL AND VERTICAL LOADING
 

4.3.3.2.1 ONE SPAN PORTAL FRAME
 

This problem involves a square portal frame subjected to two

vertical loads and a small horizontal load. It has been considered

previously (for nonlinear load-displacement behavior study) in Section

4.3.2.1. The load-displacement curves are shown in Figure 4-10.

As expected,det [KT] did not vanish in the beam-col-NR solution

(i.e., there is no bifurcation load). The load determinant plot belongs

to Type (C) in Figure 4—17.

However, solutions for all four types of eigenproblems have been

obtained. They are as follows:

= . I * = 4 . = 4 .
PN1 4759 kips PN1 758 kips, PNl+N20 764 kips and

= 47 9 k' .PNl+N2A 5 ips

We can also note from the load-displacement curves shown in

Figure 4-10 that any of these critical load values may be regarded as a
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good estimate of the limit load of the system. This is not unexpected

because the horizontal load is very small and the exact bifurcation

load for this frame (in1flmaabsence of the horizontal load) is 4750

kips [7],which is extremely close to all the critical loads obtained

from the eigensolutions.

4.3.3.2.2 TWO BAY FRAME
 

This system is similar to the previous one, but larger. The

load—displacement curve is shown in Figure 4-12. The following eigen-

solutions have been obtained.

:44 " *= ' = °PN1 9 0 kips PNl 4940 kips and PN1+N2A 4939 kips

From the load-displacement curve it is seen that these results

may be regarded as a limit load. By checking the det [KT] we obtained:

PBC = 4965 kips, and from the FEA-updated solution, the critical

load is 5028 kips. Both of these are very close to the eigensolutions

given above.

4.3.3.3 ASYMMETRIC VERTICAL LOADING
 

4.3.3.3.1 ONE SPAN PORTAL FRAME SUBJECTED TO ASYMMETRIC VERTICAL LOADS

In Figure 4-20 the load displacement plots are shown for four

cases of asymmetric vertical loading as illustrated therein. It should

be noted that for clarity the curves begin at different points on the

displacement axis, and for purposes of comparison the case of symmetric

loading has been replotted from Figure 4-18.

For asymmetric loading, no bifurcation load is expected. Indeed
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the load-displacement plots obtained from the beam-col-NR solution

(not shown) belong to Type (C) of Figure 4-17. As before, the

quadratic eigensolutions did not converge, but the linear eigenvalue

solutions have been obtained and marked on Figure 4-20.

It is seen that at PN * the structure has gone substantially

1

into the nonlinear range, while at PN the displacements would appear to

l

begin their higher rate of increase. It would seem that one could

use P or the average of P and P * as an index of a "limit load"

N1 N1 N1

of the structure-load system.

4.3.3.3.2 A 90°-ARCH SUBJECTED TO TWO VERTICAL LOADS
 

Similar to the case considered in the preceding example.the

load-displacement curves for an arch with an opening angle equal to 90°

(approximated by four elements), subjected to two symmetrically placed

loads,are shown in Figure 4-21.

Again, except for the case of two equal loads, there is no

bifurcation load for the system considered. The load-displacement

curves were terminated at points beyond which the number of cycles of

iteration for convergence increased drastically and the converged re-

sults did not appear physically reasonable.

As before, the finite element linear eigenvalue solutions have

been noted. It is of interest to note that while PN] values would

* values noted along the

1

load axis were too high to be of any significance.

provide a rough measure of the "limit load? PN

4.3.3.3.3 A HALF CIRCULAR ARCH SUBJECTED TO AN ASYMMETRIC LOADING

The geometry of the structure and the load-displacement curves
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are shown in Figure 4-22. It may be seen that the behavior is highly

nonlinear. At P = 5.2 lbs., the arch "snaps" and it is so grossly

distorted that part of it now lies below the chord.

The values of PN and PN * were found to be equal to .94 lbs.

1 l

and 68.70 lbs., reSpectively.

In this case PN * is totally meaningless, and PN is too small

1 l

to be of significance.



CHAPTER V

DISCUSSION AND CONCLUSIONS

A comparative study involving a number of existing and some new

methods was presented intimapreceding chapter. From the numerical re-

sults obtained an assessment of the methods may be given as follows:

5.1 ASSESSMENT OF METHODS
 

l) Martin's method [11], a "straight incremental" type, is

very efficient and generally quite accurate for all types of problems.

This method is very sensitive to the step size, but gives good results

even with very few elements (even one element per beam or column). Un—

fortunately, there is no equilibrium check (or convergence check of

any kind) involved in his procedure. The only way to judge the results

is by comparing them with known accurate solutions or by decreasing

the step size and/or increasing the number of elements until a pattern

of converging results emerges.

2) Jennings' formulation [13], when used with the Newton-

Raphson procedure, produces very good results for all classes of problems

with a small number of steps and a small number of elements. Because of

the Eulerian formulation it requires coordinate transformation in every

iteration, which tends to be time consuming. The straight incremental

version is very sensitive to the step size and number of elements. It

is ineffective for "large displacement" problems.

3) Mallett and Marcal's method [14], based on fixed-Lagrange

coordinates, is effective for "small displacement" problems. It requires

62
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small numbers of elements and number of load steps for an acceptable solu-

tion. However, it is totally inaccurate for "large displacement";problem.

The version based on fiuaupdated-Lagrange coordinates developed

here did not result in any improvement.

4) Powell's method [15] is good only for "small displacement"

problems. In general it.hsvery sensitive to the step size and number of

elements both in the iterative and straight incremental versions.

The method is not efficient because of the Eulerian formulation.

5) Based on continuum mechanics, Bathe's formulation [18] of

three dimensional beam finite element should be very accurate. However,

comparison indicated that simpler models used here with less computa-

tion requirements can produce results that are of the same order of

accuracy.

6) The FEA-updated and FEA-fixed methods which have been con-

sidered throughout this study are quite efficient. For the "large dis-

placement" problems, the FEA-updated method is competitive in accuracy

with all approaches used above. They are not very sensitive to the step size

and number of elements. In general,for the framed structures considered,

one element per beam or column was enough. The FEA-fixed method is even

more efficient as it involves no coordinate transformation. However,

it should be used only for "small and intermediate displacement" problems.

5.2 CONCLUDING REMARKS
 

The objective of this study as stated in Chapter I was to search

for an effective method which could be used for nonlinear behavior study

of relatively large space frames. From the preceding chapters, it seems
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evident that there is no single method that is most useful for all

structural load systems.

The choice would depend on whether the displacemnet is "large",

"small" or "intermediate". For "small displacement" (say of the order

of 2% or less of the length of a typical member), it appears that the

FEA-fixed is attractive. For "intermediate displacements" (approximately

2—15% of the length of a member), the FEA-fixed method is still good.

For "large displacements" (over 15% of member length) a number

of methods are effective. They include the Jennings' method

[13] and Martin's method [11]. However, the FEAsupdated method is com-

petitive with these two.

It is appropriate to comment on the continuum beam-column method

which has been used as a reference throughout this study. When using

Oran's tangent stiffness matrix [10], this method is quite efficient as

far as a continuum model goes. However, it is less efficient than the

finite element models because it requires iteration for the calculation

of the axial force and computations involving transcendental functions.

Of course, it also wouldlxadifficult to extend the formulation to ele-

ments that do not have a constant cross section.

In lieu of a complete but time consuming load—displacement

analysis, some index values useful for engineering purposes may be ob-

tained by the solution of eigenvalue probelms. From the eigenproblems

considered here, it appears that solutions of the quadratic eigen-

‘problems have little merit intflmzsense that whenever they are meaningful

they are also very close to the 50111121011 of the simpler linear eigen-

problems.
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For the latter eigenproblems, the use of the usual geometrical

stiffness matrix provides good results (PN1*) for classical problems

of elastic stability, i.e., problems involving little or no primary

bending. The use of the first order incremental stiffness matrix, N1,

in the eigenproblems overemphasizes bending effects in the system. How-

ever, it appears that in the same cases the critical load PN1 thus ob-

tained could be taken as a rough estimate of the "limit load". This

possibility seems to deserve further study.

As mentioned previously, the present study is limited to geo-

metric nonlinearity. For many practical problems, when geometric non-

linearity becomes significant, effects of material nonlinearity would

become important at the same time. Thus, future studies of finite

element analysis of frame structures should include these effects.
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TABLE 4-3 Comparison of Eigensolutions and Load-Determinant Results

for a Symmetric Arch Subjected to Concentrated Load at

Crown

 

E = 10000. psi

A = .1875 in2

I = .008789 in“

R = 10. in

4 equal elements

 

 

 

P * p

a PBC PN * PN le PNl
1 1 BC BC

0

90 12.70 13.47 10.23 1.0606 .8055

O

135 8.56 8.56 4.33 1.00 .5058

O

180 4.71 5.62 2.06 1,1932 .3665
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FIGURE 2-1 End Displacements of Three Dimensional Beam Element
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FIGURE 2-2 Cross Section of Beam Element
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FIGURE 2-3 Configuration of a Two Dimensional Beam Element at

Successive Load Increments in Updated-Lagrange Formulation
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APPENDIX A

MATRICES [k], [n1], AND [n2]

All matrices contained in this appendix and Appendices B and C are

symmetric. Only non-zero entries are given here.

A.1 [k] MATRIX
 

A.1.1 THREE DIMENSIONAL

k (1.7) = -k(l,1) k(l,l) = k(7,7) = -k(1,7) =.__

1231

k(2,2) = k(8,8) = ‘IF—D'

k(2,8) = -k(2.2)

12EI€

k(3,3) = k(9,9) = “Ejr—7

k(3,9) = -k(303)

k(10,10) = k(4,4) = %§

k(4,10) = -k(10,10)

 

 

4EI

k(6.6) = k(12,12) = 2 n

4EI

k(5,5) = k(ll,ll) = k C

6EI

k(618) = k(8112) = -k(2112)

-6EI

k(3,ll) = k(3,5) = ——159

k(5,9) = k(9,ll) = -k(3,ll)



.1. 2

k(6,12)

k(5,ll)

2E1

n
 

l

2E1

2

TWO DIMENSIONAL

k(l,1)

k(1,4)

k(2,2)

k(2.5)

k(2.6)

k(3,5)

k(6,6)

k(3,6)

k(4,4) =

—k(l,l)

k(5,5) =

-k(2,2)

k(2,3)

k(5,6)

k(3.3)

2E1

U
 

2

[n1] MATRIX
 

THREE DIMENSIONAL

n1(l.2)

n1(ll8)

n1(2I2)

n1(2,8)

n1(7.8)

n1(2.7)

n1(3l3)

n1 (3'9)

103

12EIn

£5

6EI

n

-k(2,3)

4E1

n

 

= 2.133. EA

102

= -n1(112)

= n1(8,8) = n1(9,9) = 553—1513523333— EA

-n1(2I2)



n1(5,5) = n1(6,6) = n1(ll,ll)

n (13) =n (79) =ELEA
1 ' 1 ' 1011

n1(llg) = n1(317) = -n1(ll3)

..F,1

=———J EA
n1(1:6) 3O

n1(6.7) = -n1(l,6)

n1(1 5) = ;G—5-l-EA
' 30

n1(517) = -n1(115)

= ‘Fsz
n1(l,12) 30 EA

n1(7,12) = -n1(l,12)

_ “G52

n1(llll) " '3'0— EA

n1(7,ll) = -n1(l,ll)

n1(2,6) = n1(2,12) = n1(5,9)

n1(3.5) = n1(3,ll) = n1(8.12)

- = - 22:21
n1(5,ll) — n1(6,12) 30

in which:

Pa = 91+62-1280

Gk = Wl+W2-12WO

104

 

F51 = 481-92-390

= n1(9rll) —

EA

n1(12,12) =
2(u2-u1)

15 EA

uz-UI

102

—n1(216)



.2.

105

 

 

= - - 8P52 462 81 3 0

G51 = 4w1—W2-3WO

G52 = 4W2-?1-3¥

o

v -v

e = 2 1

O 2

Wl‘wz
W =

O 2

TWO DIMENSIONAL

 

 

n1(4,5) = n1(l,2) = [_ giggg 6(VEEVI)J‘%§

n1(2,4) = n1(1,5) = -n1(l,2)

mm = [ez-4el+3<v2;v‘>1§%“

mm) = Eel-492+3(V2;V1)3 if:

n1(4.6) = -n1(l,6)

n1(3,4) = -n1(l,3)

n1(5,5) = n1(2,2) = 6(u2-u1) ‘§%7

n1(2,5) = -n1(2,2)

n1(2,3) = n1(2,6) = (uz-ul) %%E

n1(3,5) = n1(5,6) = -n1(2,3)

“1(3r3) = n1(6,6) = 2(u2-u1) %%.

n¢(3,6) = -(u2-u1) E5

30
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[921¥MATRIX
 

THREE DIMENSIONAL BASED ON QUARTIC STRAIN FUNCTION

n2(212)

n2(218)

n2(3r3) =

n2(319) =

n2(273) =

n2(2I9) =

n2(216) =

n2(6r8) =

n2(3r6) =

n2(619) =

n2(6,6) =

n2(515)

n2(12,12)

n2(ll,ll)

n2(3I5)

n2(519)

n2(8r8) =(6B3-6Bg+2B5) 25'

2

-n2(212)

n2(919) = (683‘6Bg+2B10)
EE-

R

-n2(3r3)

EA

(6313'6Blu+2515) if

-n2(213)

(-382+lOBg-7Bg+285) %§-

”32(2r6)

EA

n2(5,8) = (-3Blz+1OBla-7Blu+2315) if

n2(215) = -n2(3l6)

22 EA£

(Bl-4B2+ 7f-B3f-4Bg+Bs) ‘3;-

22 2

(Be-487+ T;‘Bg-4Bg+Blo) E?—

4 EAR

= (E'Ba-ZBu+Bs)'—§-

4 BAR
— _ + —

(3 Ba 2B9 BIO) 2

(3B 7-10B8+7Bg-2B10) £25

-n2(315)
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n2(5'6) = - (B11’4Blz+ 332—813-481144'315) 221%

“2(3'8) = ' (6313-6814+2815)
{if

n2(8,9) = -n2(3,8)

n2(2,12) = (433-58u+285) %?

n2(8,12) = -n2(2,12)

n2(3,12) = n2(8,11) = (41313-5131u+2815) 1525

in

n2(9,12) = n2(2,ll) = -n2(3,12)

n2(3,ll) = (—438+539-2310)‘%?

n2(9,ll) = -n2(3,ll)

ll EAR

n2(6,12) = (-B2+ 783-3Bg+85) T

11 EAR

n2(6rll) = I12(5,12) = (B12- TBI3+3Bll+-BIS) -——-2

ll EAR

n2(5,ll) = (-B7+ 7;.83-389+Blo) —3-'

-4 BAR

n2(ll,12) = ('3- 813+281M-BIS) T

which:

68 2

= % [2(612+622)+18802-360(61+62)-6162— Ty12+ 34222

+ 6W02 +39wlwo-szo-17wlwz]

_ l, 2 2 2 2 2 2 _
- 5 (91 +392 +1880 -68061-6162-104W1 +W2 +6Wo +58W1Wo 76W1W2)Bz
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1
B3 = 3; (6612+27622+108602-456081+186062-98162-292W12+9W22

+36W02+489W0W1+6W0W2-213W1W2)

33 2 29 2 1107 2 9 9 33
=-——- + ——- - ————- - —2 —- - ——-e

B“ 140 61 28 62 7 6° 5 6°61 + 5 6°62 70 162

_ 1949 2 13 2 9_ 2 117 339 _ 711
'IZE— W1 + EE'WQ + 7 We + —§—-V0W1 + —7—'W0W2 —76'W1W2

_ 2_. 2 31. 2 32. 2 _ 32. 31. _ 2..

BS 35 61 + 14 92 + 7 6° 14 9°91 + 14 9°92 14 6162

627 2 9 2 9_ 2 423 9 _ 183

35 VI + 14 WZ + 7 w° + 14 W0?‘ + 14 2022 14 2122

B6 = é’[2(W12+w22)+18W02-3WO(W1+W2)-W1WZ- %§'612+ g-622

+ 6802+396180’8280-178162]

B7 = é-(W12+3W22+18W02-6WoW1-W1W2-104812+822+6602+588160-766182)

Ba =-§§ (6212+27w22+1oawo2-4swowl+1BWOW2-9w122-292612+9e22

+36802+4899081+69082-2138182)

 

_ 33 2 22_ 2 1107 2 2. 2. -.32

B9 - 140 VI + 28 WZ 7 We 5 Wowl + 5 WOWZ 7O WIWZ

$252. 2 l}, 2 2_ 2 117 339 _ 711 ,

140 61 28 62 + 7 60 + '5'” 6061 + —7 9092 ""‘70 6162

.. 2.. 2 32. 2 22. 2 31. El _.2_
810- 35 W1 + 14 W2 + .7 ‘Po l4 W0W1+ 14 810412 14 411912

.EZZ 2 2_. 2 2_ 2 423 g__ _ 183
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B11= i 911,1 + My— + 81912 + W160 + 629’}

15 5 15 5 5

 
12 l

"' '5— 60‘90 +g' 60912

1 4

+ -5- 921110 -1—§ 921112

B12: :2- 911111 +

l 2 1 12 2

15 611,0 +1-5- 61‘1’2 + '5' W180 + E 923/1 - '5" eowo - ‘5‘ GZWZ

m
l
m

-4 3 3 3 3 72

813:3—581‘1’1 +7811“) +3—5-91‘112 +79’160 +-3—5-82W1 - £60410

6 6 18

35 60W2 - 35 ezwo - 35 ezwz

ll 3 11 , 18

70- 91‘1’2 + g W180 + 77-6 82V1 - 77- @0910

-ll 3 v

B112: :76— 81311 + g 61‘1“) +

3 3 13

- 2'7" 80112 - “:7“ 829’0 -- It; 62%

-6 9 3 9 , 3 18

815: 3'5“ 91W1+ ~171- 91‘1’0 + 1*; 81112 + 371- ‘1’160 + 121- 82‘1’1- T7— 60%

9 9 9

- 1—4- 6022 - I; 62%) - 7 921’2

TWO DIMENSIONAL BASED ON QUARTIC STRAIN FUNCTION

18 EA
n2(3,3) = [122812+2822-326182+ E—'(V2*"1)2+3(V2-V1) (81-92)] 138

108 72 EA
n2(2,3) = [-3912+3822+68182+ 2—2- (V2-V1)2-'E— 91(V2-V1H :2—80

n2(3,5) = -n2(2,3)

2 2 EA
n2(3,8) = P3291 -3282 +428162-6(V2-V1)(61+92)1 350

18 BA
n2(6,6) = [2612+12£822-3£8182+ Ef-(V2-v1)2+3(V2-V1)(62-61)] 138

n2(2,e) = [3612-3622+66162+ 533 (V2-v1)2- 7—2 62(V2-vm 3‘-
SL 2 280



.3.
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n2(5,6) = -n2(2,6)

n2(5,5) = n2(2.2) = [$33- 612 + i3 922 + 51—3—3 (VZ’V1)2

-'%%§ (Vz-V1)(91+92)] 1%5'

n2(2,5) = -n2(2,2)

THREE DIMENSIONAL BASED ON AVERAGE STRAIN

= = FL. E2. 211
n2(2,2) n2(8,8) (100 + 25) R

n2(2r8) = -n2(212)

EA

n2(2,3) = n2(8,9) = -F12G1. m

n2(2,9) = n2(3,8) = -n2(2,3)

G} + £2. EA

n2(3,3) = n2(9,9) (
100 25 2

n2(319) = -n2(3l3)

EA
2 + ——

n2(2,6) (F31 G2) 300

n2(6,8) = -n2(2,6)

EA

n2(215) ‘ FHGSI 300

EA

n2(6,9) = -n2(3,6)

EA

n2(3,5) = -(G31 + F2) ‘*"
300



n2(5I9)

n2(616)

n2(516)

n2(5,5)

n2(518)

n2(2,12)

Dz(8,12)

n2(2,11)

n2(8,11)

n2(3,12)

n2(9,12)

n2(3,11)

n2(9rll)

n2(6I12)

n2(6rll)

n2(5,12)

n2(5,ll)

H

111

-n2(315)

(Eil.+ §2_§ EAR

300 225

EAR

F51G51§36

(Ei1.2.§L_) EAR

300 " 225

EA

“651 3'55

EA
+ —

(F32 62) 300

-n2(2,12)

EA

FL+G52 #300

-n2(2,11)

EA

"(3413' 52 _300

-n2(3r12)

EA
— + _—

-n2(3,11)

EAR.

F52Gs 1 _900

EARF2

(G7 3 ) 300

n2(12,12) = (Eéé-+ 92—) 8A2
300 225
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_ 8A2
n2(ll,12) — F52G52900

G52 F2
, = _—_.+ ___.

in which:

G21:

F4

G32

F51

2

9612+9622-26182-368160-366280+216602

9W12+9W22-2W1W2-36W1W0-36W2W0+216W02

2612+2622—6162-36180-36260+18602

212+2w22-w122—32120-3w2wo+18wo2

61+62 -1260

W1+W2 ~12W0

-2812-2622+66162-26190-26260-3602

-2112-2922+ewlw2-2wlwo-2w2wo-3wo2

6812+622+26162-548160+66280+54802

6622+612+26162—546260+66160+54602

6W12+W22+2W1W2-54W1W0+6W2W0+54W02

6222+212+2w122-54W2wo+62120+54wo2

461-92-380
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F52 = 482-81—380

G51 = 421-22-390

G52 = 492-W1-3WO

F61 = 8812+3622-46162-128160-28280+27602

F62 = 8922+3812-48182-126260-26160+27902

Gel = 8212+3222-42122-122120-2w2wo+27wo2

G52 = 8W22+3W12-4W1W2-12W2W0-2W1W0+27W02

TWO DIMENSIONAL BASED ON AVERAGE STRAIN

n2(2,2) = n2(5,5) = (9912+9822-29182-368160-366280+216602) 1532

n2<2,5) = -n2(2,2)

n2(2,3) = (6612+822+26162-548190+66280+S4802) 336

n2(3,5) = -n2(2,3)

n2(2,e) = (6822+612+28182—546260+68160+54802) 336

n2(5.6) = ~n2(2,6)

n2(3,3) = (8812+3612-46192-126160-26280+27802) §%%

n2(3,6) = (-2812-2e22+66162—28leg-28260-3602) §%%

n2(6,6) = (8622+3612-46162-126260-29160+27902 ggg

in which

90 = XEZZL

Q
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APPENDIX B

[kE ] INITIAL STRAIN STIFFNESS MATRIX FOR QUARTIC STRAIN FUNCTION

 

O

THREE DIMENSIONAL

36EA

k 2,2 = , , = I = —E ( ) k8 (3 3) k6 (8 8) RE (9 9) (03 204+05) 2

o o o o

kE (2,8) = Re (3,9) = —k8 (2,2)

0 o 0

RE (3.5) = Re (6.8) = 6 (Dz-503+7Du-305) EA

0 o

kE (2,6) = k8 (5,9) = -k€ (3,5)

0 o 0

RE (6,6) = k8 (5,5) = (pl-802+2203-24ou+ 905) EAR

o o

kE (11,11) = kc (12,12) = (4pg—l2pu+9ps) EAR

o 0

k8 (9,11) = kE (2,12) = 6 (203-502+305) EA

0 o

k€ (3,11) = kE (8,12) = -kE (9,11)

0 o 0

k6 (5.11) = kE (6.12) = (-202+1103-1804+9Ds) EA2

0 o

in which pl, Dz, ..., OS are evaluated from the following steps:

1) Initialize BTOi =

2) Save BTO. in BOL.

1 1

BLO. = ETC.

1 1

 

0.0 for i = 1,5

as:

i II

.
.
o

W



3)

4)

5)

6)
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Evaluate 01. 02: 03. 81. 82, Ba 35:

01 = 61

2

02 ='E (-3V1-291£+3V2-82£)

3

C13 = E (2V1+91£-2V2+62£)

81 = “W1

82 = %’(-3W1-2W12+3W2+W2£)

Ba = -'(2W1-11£-2W2-V22)

Evaluate b1,b2 , ..., b5 as:

b1 = 22%21 +'% (G12+812)

b2 = O(10‘2‘1‘8182

b3 =‘% (022+822) + OLIC3‘3"'8183

b4 = 02G3+8283

b5 = %'(G32+832)

Updated BTOi as:

BTO. = BOL. + b. i = 1,5

1 1 1

Evaluate pi as:

1 1 1 1
.=.—BTO +-—— +— +-.——BTO +pl 1 1 BT02 BT03 1+3 8

1+1 1+2

~

1+4
BT05 i=1,5
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TWO DIMENSIONAL

k

k

E

k

6

k

E

k

E

k

E

k

E

k

k

C

in which pl,

2.

(2,2)

0

(2,5)

0

(3.5)

0

(2,3)

0

(3.3)

O

(6.6)

0

(2,6)

0

(5,6)

0

(3,6)

0

36EA

(Os-204+Ds) £
 

k€ (5,5)

0

-k (2,2)

8

o

6 (Dz-503+704-305) EA

-k€ (3,5)

0

k8 (2,2) = (pl-8p2+2203-24pg+905) EAR

O

(403—1289+905) EAR

6 (2p3-502+3p5) EA

-kE (2,6)

0

('202+1103-1804+9Os) EAR

02: ..., OS are evaluated as following steps:

The same as the three dimensional case.

Evaluate a1,

G1 91

3

52,

.31
£(

0.2, C13 as:

(-3v1-291£+3v2-622)

2v1+912-2v2+92£)
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Evaluate b1, b2, ..., b5 as:

Uz-U1 1 2

b1 = -—ET—'+ E'dl

b2 = @102

ha = % (122+OL103

b4 = 8293

b5 = 9'3:

The same as the three dimensional case.
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APPENDIX C

[n1*] GEOMETRIC STIFFNESS MATRIX

C.1 THREE DIMENSIONAL

n1*(2,2) = n1*(3,3) = n1*(8,8) = n1*(9,9) = %%%~(u2-u1)

n1*(3,9) = n1*(2,8) = -n1*(2,2)

n1*(5,5) = n1*(6,6) = n1*(ll,ll) = n1*(12,12) = %%§-(u2-u1)

n1*(2,6) = n1*(5,9) = n1*(9,ll) = n1*(2,12) = % (u2-u1)

n1*(3,5) = n1*(6,8) = n1*(8,12) = n1*(3,11) = -n1*(2,6)

n1*(6.12) = n1*<5,11) = 3%}: (uz-ul)

C.2 TWO DIMENSIONAL

n1*(2,2) = n1*(5,5) = 2%9-(u2-u1)

* = * ='—— -
n1 (2.3) ml (2,6) 10% (U2 U1)

n1*(2,5) = n1*(3,5) = n1*(5.6) = -n1*(2.2)

2EA

n1*(3,3) = n1*(6.6) = 33-(u2-U1)

-EA

n1*(3,6) = 36—'(U2-u1)

c.3 [kc] MATRIX

fl
= ~—-——————— * th t d three dimensional cases.[kG] EA(u2-u1) [n1 ] for bo wo an
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APPENDIX D

COMPUTER PROGRAMS

D.1 DESCRIPTION OF SUBROUTINES
 

A general description of the computer programs is given in Sec-

tion 3.6. The listing of programs are presented at the end of this

appendix with appropriate comment statements. In the following a

brief description of the subroutines is given.

The main programs (NFRAL3D, NFRALZD, NFRAE2D) direct the flow of

computation by calling the appropriate subroutines for each step of

the solution procedure. Subroutine NODDATA reads data regarding the

overall geometry of the structure including coordinates and degrees

of freedom. Coordinates for plane circular or parabolic arches may

be generated. The equation numbers are generated by this subroutine.

The subroutine ELEMENT reads data related to the element properties

and node numbers. The subroutine BAND computes the semibandwidth,

MBAND, that the stiffness matrix of the structure will have.

Subroutines BEAM and TRUSS evaluate the linear stiffness matrices

of the beam and truss elements, respectively. Subroutines TRANSFM

and INVTRNS are used for geometric transformation from local coordi-

nates to global coordinates and vice versa. Subroutines SBEAMEl,

SBEAMEZ, and KEPSIOl, respectively, evaluate the non-zero entries of

[n1], [n2], and [KS ]. The assembly of [k], [n1], [n2] and [K€(3 into

the appropriate glogal stiffness matrices is accomplished with sub-

routine ASEMBLE. Subroutine LINSOLN solves the system of linear
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equations by Gauss elimination. Subroutine STCONDN condenses the

structural linear stiffness matrix and load vector into the degrees

of freedom which have been established in subroutine NODDATA. Sub-

routine RECOVER recovers the internal degrees of freedom of the struc-

ture after using subroutine LINSOLN. Subroutine IDENT identifies

the displacements obtained from LINSOLN with the nodal displacements

similarly for those found in the recovery process.

The solution of the linear eigenvalues problem and the quadratic

eigenvalue problem is obtained with subroutines EIGENVL and NLEIGNP,

respectively. The subroutine EIGENVL uses inverse vector iteration

with Rayleigh quotient to obtain the lowest eigenvalue and correspond-

ing eigenvector of the linear problem. For the solution of the quad-

ratic problem, the subroutine NLEIGNP uses the modified regula falsi

method of iteration by calling subroutine MRGFLS and the function

sunprogram DET. Subroutine MULT is used for matrix multiplication and

the function subprogram DETl evaluates the determinant of the structural

tangent stiffness matrix. Finally, subroutines ENDFORC and STRESS

evaluate the element end forces and stresses, respectively.

D.2 VARIABLES USED IN THE COMPUTER PROGRAMS
 

The variable names used in the programs are listed below in alpha-

betical order:

MAIN PROGRAMS NFRAL3D, NFRALZD, NFRAE2D
 

A(M) = The cross-sectional area of ele-

ment M;

A7OLD(M), A7TOT(M) = parameters related to element M

for evaluation of the initial

strain stiffness matrix;



BOL(M,J), BTO(M,J), BE(J)

D(I)

DTOT(I), DACTUAL(I)

DETER, DETERMNT

DN(I,1)

E(N)

ES(I,M)

G(N)

IA(N,I)

IB(N,I)
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Intermediate parameters for the

evaluation of initial strain

stiffness matrix;

Displacement vector, found from

the solution of the system

S*D=R. I varies from 1 to NEQ;

The same as D(I) but for total

displacement measured with ref-

erence to the beginning of each

load increment or initial geome—

try, respectively;

Determinant of the structural se-

cant or tangent stiffness matrices;

End forces in global coordinates

for each element. I varies from

1 to 6;

Modulus of elasticity of element

group N;

End forces in local coordinates for

element M. I varies from 1 to 3;

Shear modulus of element group N;

"Boundary condition code" of node

N for its Ith degree of freedom.

Initially it is defined as follows:

IA(N,I) = 1 if constrained;

= 0 if free

After processing,

IA(N,I) = 0 if initially = l;

= equation number for

the D.O.F. if ini—

tially = 0;

"Additional boundary condition

codes."

IB(N,I) 0 if free

N if slave to node N;

-1 if to be condensed.

After processing, IB(N,I) is un-

changed except,

IB(N,I) = -(condensation number of

the D.O.F. if initially IB(N,I) =

-1);



ICALl, ICAL2, ICAL3

ICHECK

IDET

IGOPTIN

IPAR

ISTRESS

IXX(M)

IZZ(M)

KT(M)

L(N.K)

LE(M)

NCOND

NCOUNT
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Variables controlling print-out

(more details are indicated by

"comment statement" in the listing

of programs);

Parameter used for Newton-Raphson

approach in Lagrangian coordinates

to control the type of computation

needed in each load increment;

Parameter used for evaluation of the

determinant of the secant or tangent

stiffness matrices either before

or after Gauss elimination process;

Parameter used to specify type

of the geometry for plane frames

(i.e., circular, parabolic arch or

arbitrary geometry);

Variable identifying appropriate

"Tape" for storage of different

structural stiffness matrices (i.e.,

[K]: [KE 1: [N1]! [N2])3

o

If EQ. l, compute nodal forces

and stresses in the structure. If

EQ. 0, skip;

Moment of inertia about the C-axis

of the cross section of element M;

Moment of inertia about the n-axis

of the cross section of element M;

Torsion constant of element M;

Variable identifying the Kth ele-

ment in the element group N;

Length of element M;

Semibandwidth of structure stiff—

ness matrix;

Total number of degrees of freedom

to be condensed out;

The order of load increment in

incremental approaches;



NE

NEQ

NODEI (M)

NODEJ(M)

NSIZE

NUMEG

NUMEL(I)

NUMEL

NUMITER

NUMNP

PI(N.I)

PACTUAL(I)

R(I)

ROT(I,J), ROTRAN(I,J)

S(I,J)

SCALE

SE(I,J), SEI(I,J), SE2(I,J)
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Total number of elements in the

structure;

Total number of equations;

Variable identifying the number

of node I of element M;

Variable identifying the number

of node J of element M;

Total number of degrees of free-

dom, condensed and free, of the

system. (NSIZE = NEQ + NCOND);

Total number of element groups;

Total number of elements in ele-

ment group I (in NFRALBD);

Total number of elements (in

NFRALZD and NFRAE2D);

Number of iterations at each stage

of computation;

Total number of nodal points;

Load applied at node N, in the

Ith direction;

Applied load related to the Ith

D.O.F. in the structural load vec-

tor at each stage;

Load vector of the system;

Rotation and inverse rotation

matrix for each element (I = 1,

6, J = 1, 6), respectively;

Tangent stiffness matrix of the

system;

Scale factor in the evaluation of

the determinant of the structural

stiffness matrix;

Element stiffness matrices (i.e.,

[k], [n1], [n2], respectively);



SXX(M)

ULOC(M,I)

USTAR(I,M)

W(I,J), WCHK(I,J)

WTOT(I,J)

X(N) , Y(N) . Z(N)

YPGM (M) , ZPGM (M)

SUBROUTINE NODDATA
 

ALFZERO

RADIUS

RISE

SPAN

SUBROUTINE TRANSFM
 

Rcol(I)

SUBROUTINE INVTRNS
 

V(NP,I)
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Section modulus about the C-axis

of the cross section of element M;

Identifies local displacement in

the Ith direction of element M

(I varies from 1 to 12 for three

dimensional case and from 1 to 6

for two dimensional);

Identifies the end displacement

for the Ith direction of element M

in Eulerian coordinates;

Incremental recovered displacements

(used in iterative process) related

to node I in the Jth direction;

The same as W(I,J) but for total

displacements;

Global X, Y, Z—coordinates of

node N;

Y and Z res ectivel ;

PY PY ’ p y

See Ref. [26];

Opening angle of circular arch;

Radius of circular arch;

Rise of parabolic arch;

Span of parabolic arch;

Identifies the entries of rota-

tion matrix for three dimensional

beam element. I varies from 1 to

9;

Identifies the element local dis-

placements for nodal point NP and

Ith direction (I varies from 1 to

6);



SUBROUTINE STCNDN
 

RC(I)

SC(I,J)

SUBROUTINE EIGENVL (EIGEN, IDATA)
 

EIGEN

EIGNVTR

EPSI

MAX

SUBROUTINE ENDFORC
 

DN(I)

SUBROUTINE STRESS
 

SIGMA(M)

STRAIN(M)

SUBROUTINE NLEIGNP
 

A,B

ERROR

FL
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Condensed structural load vector

(I = l, NEQ);

Condensed structure linear tan-

gent stiffness matrix;

Eigenvalue;

Eigenvector corresponding to EIGEN;

Tolerance;

Maximum number of iterations

allowed;

Rayleigh quotient;

Vector that stores the approxima-

tion to the eigenvector after each

iteration;

Stress resultants on the nodes

of each element;

Maximum stress of element M;

Maximum strain of element M;

Variables defining the interval

in which the eigenvalue is enclosed;

Upper bound on the computation of

the eigenvalue after convergence;

Value of the determinant of the

matrix S = K + L*N1 + L*L*N2 at

the converged value of the eigen-

value;



FTOL

NTOL

XTOL

SUBROUTINE MRGFLS
 

IFLAG

FA

FB

FW

FUNCTION DET
 

DET

K(I.J)
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Convergence criterion for suffici-

ently small value of the determi-

nant of eigenvalue;

Converged value of the eigen-

value;

L = (A+B)/2;

Maximum number of iterations

allowed;

Tolerance;

Variable defining the status of

the iteration. If EQ. l, conver-

gence was successful. If EQ. 2,

no convergence after NTOL iterations.

If EQ. 3, both endpoints, A,B,

are on the same side of the root,

hence method of iteration cannot be

used;

Value of the determinant of matrix

S at interval endpoint A;

Value of the determinant of matrix

S at interval endpoint B;

Weighted values of the root between

interval endpoints A and B;

Value of the determinant of matrix

S at the weighted value W;

Value of the determinant of the

matrix S = K + L*N1 + L*L*N2 at

a particular value of L;

Part of element S(I,J) correspond-

ing to linear stiffness K(I,J);

Load parameter;
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N1(I,J) = Part of element S(I,J) correspond-

ing to matrix N1 (I,J);

N2(I,J) = Part of element S(I,J) correspond-

ing to matrix N2(I,J).
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IF(IFLAG.GT.2) GO TO 500 2839

L=(A¢B)l2. 2940

ERROR:A3$(3-A)I2. 2941

FL=OET(L'SCALET 2842

URITE(61.2000) LoERRORgFL 2H43
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RETURN 2945

C 2946

1000 FORMAT(2F10.791109F10.7) 2847

2000 FOR'ATCIIIIIQH THE ROOT TS oE25.15o10X912H PLUS/MINUS .E25.15/I 284?

0 15H DETERMINANT =.E25.15) 2849

2010 FORMATTOIOoZBHOUADRATIC EIGENVALUE PROBLEM/[16H XTOL=9F10.7/l/ 2350

9 6H FTOL=oF10.7///5H NTOL=.ISIII7H DINCR=.F10.7) 2951

2020 FOP"AT(t--.E25.15o5x.625.1511) 2932

£030 FORPAT¢Ill/13Xq6HLAHBDAo17xo11HOETERHINANT/I) 32:2
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C ITERATES TO A SUFFICIENTLY SVALL VALUE OF THE DETERMINAVT 2956

C OR TO A SUFFICIENTLY SHALL INTERVAL HHERE THE ROOTS MAY 2E5?

C BE FOUND 2853

C OfitttttltttatttlititfiitttctiititOtittfittiltifiti0itfittit00.010.909.2960

C 2‘70

IFLAG=0 2971

FA=F¢A.SCALE) 2272

SIGNFA:FA/A%S(FA) 2973

FB:F¢B.SCALE) 2874

C 2975

C CHECK FOR SIGN CHAVSE 2°76

C tittifilfifitttttotttnt...I...tittittttttattttfittctttttttfitttttttttttz877

C 2878

IF(SIGNFA¢FB.LE.0.) GO TO 100 2879

IFLAG= 2E?0

URITE¢61¢2010) A.e 28E1

RETURN 2592

2833

100 Uzn 2994

FH=F‘ 2525
00 ~00 N=quTOL 2886

c 29c?

c CHECK FOP SUFFICIERTLY SMALL INTERVAL 2999
C itittttittifitfitttfito...tittttfittttfifitttttitfiittitttitttittttittttt2889

C 2930

C IF(ABS(B-A)I2..LE.XTOL) RETURN 5:35

C CHECK FOR SUFFICIENTLY S"ALL DETERHINANT VALUE 2823

E PROTYPE=3 FOR INCREMENTA; LOADING IN “DVING COORDINATES 32:;

IFTABS(FH).GT.FTOL) GO TO 200 2896

A=U 28:7

B=H 2858

IFLAG=1 289°

RETURN 2200

200 U=(FA-8—FBtA)/(FA-FB) 2°31

PREVFH=FHIABS(FU) 2302

FuthuoSCALE) 2°03

C 2=c~

C TEMPORARY PRIHT OUT 2°35

C .ttfiitiitfififiifitittitfiit000.09....fittiIOtttttIttfittttittiifictitttti2gae

C 2°07

NH1=N-1 2908

C HRITE(6192020) NNIQA9U980FAQFH0FB 52%:

C CHANGE TO NEH INTERVAL 2911

C tttfifiitttit.it.tiitttifiiilittitttitttt...oatititttifi0tttttfitittfittPQIZ

C 2913

IF(SI GNFAtFU.LT.0.) GO TO 300 2914

A:H 3q15

FA=FH 2916
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