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ABSTRACT

PROBLEMS IN ORDERED AND DISORDERED ISING SYSTEMS

By

John Marshall Thomsen

A wide range of Ising systems are studied. In one dimension,
attention is focussed on calculating the transverse susceptibility.
By combining transfer matrix techniques with linear response theory,
it is shown that X] can be calculated for pure and dilute spin S
Ising chains. The low temperature behavior in the presence of
a parallel field is discussed. The temperature dependent probability
distribution of internal fields, P(h), is defined, and it is shown
to yield several exact thermodynamic results. This function is
studied on a variety of Ising ferromagnets, with exact results
available in one and two dimensions as well as on the Bethe lattice.
Three and four dimensional lattices are studied with Monte Carlo
simulations. It is shown that P(h) is very sensitive to short
range order. This order is in turn sensitive more to the lattice
dimension and less to the coordination number. P(h) is also studied
for the Sherrington-Kirkpatrick infinite range spin glass model. An

analytic result is available in the paramagnetic phase while Monte



Carlo simulations are employed in the spin glass phase. The de-
velopment of the dip at h = O is investigated in some detail.
Finally, some speculations are made on the possibility of extending

the P(h) formalism to non-Ising systems.
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1. Introduction

A fundamental and much studied problem in condensed matter
physics is the explanation on a microscopic level of the magnetic
properties of various materials. As might be expected, there is
frequently a competition between building a model Hamiltonian that
describes a system with accuracy, and building a model Hamiltonian
which is tractable. Fortunately, there exist a variety of systems
which are described reasonably well by a simple spin Hamiltonian.

For a system of well localized effective moments, one‘general

form a spin-spin interaction may take is

Hy, = -§1-*3*-§2 (1)

whereqj‘is a 3X3 interaction matrix and §1 and §2 are three compo-
nent operators describing spins located at sites 1 and 2. The matrix
elements of T are related to the overlap of the electronic wave
functions associated with the two spins. (For a justification of
this Hamiltonian, see White 1983.) In certain cases, the J,, term
may dominate the matrix, reducing the interaction to the Ising (1925)
form |

H,, = -JS%sZ

12 152 : (2)
Systems well described by this form over at least a restricted
temperature range include CoC12° 2NC5H5, a one dimensional ferro-

magnet (Takeda et. al. 1971), COCs3Br5, a two dimensional antifer-

romagnet (Mess et. al. 1967), and DyPOA, a three dimensional



antiferromagnet (Wright et. al. 1971).

The advantage of working with Hamiltonians built with Ising
interactions in the absence of a field is that every piece of the
Hamiltonian commutes with every other piece. In the presence of
external fields, the most general Ising Hamiltonian considered in
this work includes one non-commuting piece:

= -4 2g2 _ | h%zs% - u h¥rs®
H fi?jJijsisj u 2S5 o s (3)

where the §i are taken to be quantum spin operators. The matrix
of Jij's is assumed to be symmetric with vanishing diagonal elements.
The fact that the Si terms do not commute with the rest of the
Hamiltonian will in general cause problems; however h* will be taken
either to be zero, in which case the problems are eliminated, or
infinitessimal, in which case one can work around the commutation
problems.

The Ising Hamiltonian has been studied in a wide variety of
forms, and some of the more relevant studies are reviewed here.
When first introduced, the partition function of a pure spin % chain
with uniform nearest neighbor interactions was calculated (Ising
1925). Analytic results for the specific heat and parallel sus-
ceptibility are now available for spins up to 3/2 (Suzuki et. al.
1967). The site diluted version has been studied by, among others,
Matsubara et. al. (1973) for S=%, and Matsubara and Yoshimura (1973)
for S=1 and S=3/2. In both cases, the parallel susceptibility and
the specific heat were calculated.

The zero field transverse susceptibility of a pure spin 3

infinite chain was calculated by Fisher (1963), while Grest and



Rajagopal (1974) repeated the calculation in a finite parallel

field. Chapter 2 focusses on extending the transverse susceptibility
calculations to include higher spins and site dilution, both with

and without external parallel fields. Unusual effects arising

from dilution and from the application of the parallel field will

be discussed.

Traditional approaches to studying Ising models focus on de-
termining the free energy of the system and obtaining other thermo-
dvnamic quantities by differentiation. The subsequent chapters of
this work deal with an alternative approach involving the distri-
bution of local fields. This function, P(h), has been much studied
in relation to spin glasses at zero temperature (see for instance
Palmer and Pond 1979 or Kirkpatrick and Sherrington 1978). However,
it will be shown in Chapter 3 that at all temperatures, the thermo-
dynamics of an Ising system may be reformulated exactly in terms of
the temperature dependent P(h). From P(h), one may obtain not only
the magnetization and energy (and hence the free energy), but also
the inelastic neutron scattering cross section. Furthermore, since
P(h) describes what is happening locally, it can give some intuitive
feel for what is happening to the system. It was for these reasons
that a study of P(h) on various Ising systems was undertaken.

While the original motivation to study P(h) lay in spin glass
research, it is useful to first study this function on well under-
stood uniform Ising systems in order to obtain a basic understanding
of how it behaves. In Chapter 4, P(h) is calculated for Bethe

lattices with nearest neighbor ferromagnetic interactions. The



Bethe lattice allows one to make a fairly smooth transition from a
network of small coordination to the mean field limit, and hence
may provide some insight into the effect of coordination number
(orlperhaps dimensionality) on this function.

The Bethe lattice provides well behaved analytic results, but
it is not a true lattice and the large fraction of spins residing
on its surface makes it unphysical. For this reason, it is useful
to look at the two dimensional Ising model. This model takes on a
special significance in statistical mechanics as it is one of the
few exactly solvable models exhibiting a phase transition at a
finite temperature. The partition function of a square net with
uniform nearest neighbor interactions was first derived by Onsager
(1944). He extended the transfer matrix technique introduced
by Kramers and Wannier (1941). Since then, a variety of solutions
have been developed. The Pfaffian approach taken by Montroll et.
al. (1963) seems to lend itself most readily to calculating cor-
relation functions, although it may not be the quickest way to
determine the free energy. This approach has since been generalized
to a wide variety of two dimensional lattices (see, e.g., Hurst
1963 and Stephenson 1964). These results are drawn on in Chapter 5
to perform exact calculations of P(h) for several two dimensional
Ising systems.

The general features of P(h) on these two dimensional lattices
are relatively insensitive to coordination number. However, there
is a strong dependence of P(h) on lattice dimension. This depen-

dence is explored in Chapter 6 using Monte Carlo simulations.



Results in three and four dimensions are compared to the mean field
limit. The models chosen, nearest neighbor ferromagnetic inter-
actions on diamond, simple cubic, body centered cubic, face centered
cubic, and hypercubic lattices, have all been studied in detail
with high temperature series. Since these series provide suffi-
ciently accurate estimates of TC for the purposes of this study
(see, e.g., Domb 1974), it is possible to concentrate on P(h) with-
out getting bogged down in details such as locating Tc'

In Chapter 7, attention is turned to a spin glass model, the
Sherrington-Kirkpatrick (infinite range) Ising model (Sherrington
and Kirkpatrick 1975). This model was first introduced as an
approximation to a spin glass system dominated by the long range
RKKY interaction. It was hoped that the infinite range interaction
would lead to an exact solution, although the solution in the spin
glass phase has turned out to be more complex than originally hoped
and is still under scrutiny (Parisi 1983). Nevertheless, this is
one of the more tractable spin glass Hamiltonians and one can in
fact obtain an analytic result for P(h) in its paramagnetic phase.
There are some distinctive features associated with the small h
behavior of P(h) and these will be elaborated on in Chapters 7
and 8.

Finally, in Chapter 9 further studies of Ising systems are
suggested as is the possibility of extending the P(h) formalism

to non-Ising systems.



2. Transverse Susceptibility in One Dimensional Chains

The one dimensional Ising model is attractive in that many
exact results for the system may be obtained through straightfor-
ward calculations. While this model does not exhibit any phase
transitions for T>0, there are systems, such as CoC12°2NC5H5, which
behave at least approximately like one dimensional Ising chains
(Takeda et. al. 1971). In this chapter, a generalized method will
be developed for calculating the transverse susceptibility of Ising
chains by using modified transfer matrices.

First, some background on the transfer matrix technique, de-
veloped by Kramers and Wannier (1941), must be introduced. One

starts with a Hamiltonian of the form

N
sist, - dun® z (sh+s? ), (1)
-

N
H, =-JZ i
i=1 i

N

describing a one dimensional spin S Ising chain in the presence
of an external parallel field, ﬁ = h% 3. Defining S;+1 = Si en-
sures periodic boundary conditions.

The partition function QN is given by

Qy = Tr{exp(-8Hy)] (2)
N N
= L...I exp{B[JZ s§s§+l + 3un? (s§+s§+l)]} . (3)
sT S5 Sy i=1 i=1
The

notation gz implies a sum over all (2S+l) possible values of
i

Si and B is as usual l/kBT. The (2S+1)%(2S+1) transfer matrix,



T, is defined by its entries

_ 2.2 1,172,602, o2
TSZSZ = exp{B[JSiSi+1 + suh (Si+Si+1)]} . (4)
iTi+l
In terms of this matrix,

... T T ee.T T . (5)
S

In going from equation (4) to (5), explicit use was made of the
fact that all the operators in the Hamiltonian commute with each
other.

The operation in equation (5) is now recognized as matrix
multiplication, so that

N

QN = gz (T‘)SZSz (6)
1 1°1
= Tr[TV] (7)
2S+1 N
= L A , (8)
=13

where Aj is the jth eigenvalue of T. In the limit of infinite

N, the maximum eigenvalue, AM’ dominates:

Q= OV ey (9)

Thermodynamic quantities may be obtained by the usual differentiation
of QnQN.
In the absence of an external field, for spin %,
exp(BJ/4)  exp(-BJ/4)

T = (10)
exp(-BJ/4) exp(BJI/4)

with



A

1 2 cosh(BJ/4)

(11)

A

9 2 sinh(BJ/4)

so that for large N one recovers the result (Kramers and Wannier
1941),

Q.nQN = N&n[2 cosh(BJ/4)] . (12)

For spin 1,
exp(BRJ) 1 exp(-3J)
T = 1 1 1 (13)

exp(-BJ) 1 exp(3J)

giving
A} = cosh BJ + 3+ 3q
AZ = cosh BJ + % - iq (14)
A3 = 2 sinh BJ
where
q = [(2 cosh BJ - 1)? + 81F . (15)
For large N,
AnQy = Nn[cosh 3J + 1+ 3q] . (16)

With this background, it is now possible to proceed with the
calculation of the transverse susceptibility of an infinite, pure

Ising chain.
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LETTER TO THE EDITOR

Transverse susceptibility in spin S Ising chains+

M F Thorpe and M Thomsenz
Departmeant of Physics and Astronomy. Michigan State University. East Lansing, MI
18824, USA

Recerved 31 December 1982

Abstract. [t is shown that the transverse susceptibility ot a one-dimensional spin S Ising
system can be calcuiated by combiming iinear response theorv with the transter matnx
techmque. Closed form expressions tor infinite chains are obtained for § = :andy = |. and
numencal results are displaved tor S = tt0 § = ¢.

The perpendicular susceptibility ot a spin # [sing chain has been calculated by several
methods (e.g. Fisher 1963, Katsura 1962. and Grest and Rajagopal 1974). However. it
would appear that these methods have not vet been generalised to higher spin. The free
energy and parallei susceptibility have been found for higher spins using transter matrix
techniques (Suzuki er a/ 1967). In this paper the spin dependence of the perpendicidar
susceptibility will be studied. We use standard linear response theory (see for example
Grest and Rajagopal 1974) and apply it with transter matrices to obtain exact closed
form expressions for the zero field perpendicular susceptibility for spin 4 and spin | as
well as numerical results for spin 4, 2 and %.

Our Hamuiltonian has the general torm

H=H,+H, (1

and we wish to find the expectation value of an operator 4 to rirst order in A .. where
H.,, A, and A do not necessarily commute. [t can be shown that it

Triexp(—BH,)A] =0 (2)
then

.y 3
=Tr| ’ exp(—(8 -t H,|H expt=tH., ) dr A"
-0
‘A= —= :

Ga
-

Tr{exp(—pH,)]

to first order in A .
In the Ising model for a closed cyclic chain we have

v
Hy=-J] 2 S5, (4)
A"
H, = —-uh 2{5; (3)

= Work supported in part by the National Science Foundaation.
= Exxon Feitlow.

© 1983 The Institute of Physics L237
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where the §; are quantum spins ot magnitude S and site .V + 1 is equivalent to site 1.
From equation (3) we find

N
r (B8 /
(§7) = Tr[fo exp[—(B8 — v)Hy|uh ,2’1 STexp(-tH,) drS;.‘]// Trlexp(—=BH.)]. (6)

The tracing operation ensures that only the i = j term in the sum contributes. Further-
more, we note that all but two terms of A, (which are =JS;_,S; —J5;S;.|) commute
with 57 so that equation (6) can be rewritten as

(ST = S‘ z 2 ... 2 Ts Tsis;
5.-.5f-. A
] TS;‘_,S,-’_‘ TE,‘-IS/X-I TS‘-.S.:-Z C.. nggzz/Tr[exp(°ﬁHr))] (7)

where 2 ; stands for the sum over the 25 + | possible values of S;. We have defined the
standard transfer matrix (Suzuki et al 1967)

Tyss: = exp(BJSiSi-1) (8) )

and have defined a new transfer matrix

1

B
TS s =uh EL exp(J(B— o)(Si- 8] - S5;Si-1)]

X S¥explJT(Si-1S7 + SiSi.\)] drS™ 9)

Interpreting the sums in equation (7) as a trace and cyclically permuting, we obtain

(S¥) = Tr[T -2 T*)/ Te[TY). (10)

We now define the maximum eigenvalue of T and the corresponding eigenvector to
be Am and |m) respectively, so that in the limit of N — =,

SH =(mIT*m)/ As (11)
Thus the zero field perpendicular susceptibility is

= VEM. { 1_:)
h Am
The (2S - 1)* ciements of T* may be determined analyticaily trom equation (9) bv
examining the (25 ~ 1)? states involved. However. since TY._, si-, Is a function oniy of
1Sf-1 +S8}.1l, itcan be shown that there are just 25 + | independent elements of T~ and
hence only (2S + 1)° states need be examined. A short computer algorithm was devel-
oped to evaluate equation (9) analytically for larger spins. For § = 4, we find

; sinh g

Bh
5
T* = -
ph gmh'&]

-
o
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while when § =1
hsinh 287 2h sinh 3/

5
J J =Pk
a] 4 ] :
5= 2hsinh BJ 264 2hsinh BJ (14)
J J
R 1 1 2
26 2h Sl.l’,lh BJ h sm? 287

Combining well known transter matrix results with (12) and (13). Fisher’s (1963) result
for § = #is recovered:

%“7 = #[513 sechzg . tanh (BJ74) (Jﬂ]/4)'| (15)
while for § = | we obtain
Lo (cosh BJ = } + 4q) sinh 28J - 85in‘h BJ +2BJq 16
Nu- Jq(cosh BJ + + = 4q)-
where

g =[(2cosh gJ - 1)* + 3]*~. (17)

With T and T~ both known analvticaily, equation (11) may be evaluated numerically for

larger spins. The resulits for § = } through S = % are displayed in figure 1. By evaluating

equation (6) considering the two low lying states, all spins pointing up and all spins

pointing up with the exception that S; =§ - 1, it can be shown that+
I (T=0) _,

Vi (18)

independent of S. as is shown in figure 1.

0.7

0.6

kg T1J
Figure 1. The perpendicuiar susceptibility (/x_, .Vu") piotted aganst reduced temperature
(kaT/J)forS=4¢,1.4,2and 4.
* This resuit can be seen most easily by using ordinary second-order perturbation theorv at T =1) to give
AE = N(pa/2) [(V28)/2US] =ix. .
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0.40 1 1 1 1 L 1

3 2.1 2.2 ).3 di 2.5 ).6 3.7
kaT1JS1S-1)

Figure 2. The perpendicular suscepubniitv (/y . Vur ) piotted against the reduced tempera-
ture (kg 7/ [JS(S ~ 1)]). This s the same as rigure i cxcept tor the rescaling ot the temper-
ature axes. Note that the vertucal scale does not begin at zero. Values ot S are snown for eacn
curve.

The high-temperature limit

L. _ o3(5+1)

NG B— 3 (19)
suggests rescaling the temperature. The plot in figure 2 of y_ against kgT/S(§ - 1)
indicates that in addition the location of the peak scales roughly with 5i(§ - 1) for
S=1.

The perpendicular susceptibility for an infinite spin : chain in the presence of a
non-zero parallel field has already been calculated exactly bv Grest and Rajagopal
(1974). By including parallel field terms in the exponents in equations (8) and (9). similar
results may be obtained numerically tor larger spins. Finallv. we note that some modi-
fications after equation ( 7) wiil vield the perpendicular susceptipiiity ror finite open [sing
chains and hence tor dilute [sing chains (Thomsen and Thorpe 1983).

We are indebted to Dr S D Mahanti tfor several usetul discussions.
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Dilute Ising chains with spin S+

M Thomseni and M F Thorpe

Department of Physics and Astronomy, Michigan State University, East Lansing, MI
18824, USA

Received |7 February 1983

Abstract. Randomly diluted one-dimensional Ising chains of spin S are studied by breaking
the systems down into non-interacting finite segments. Exact ciosed-form expressions are
obtained for the specific heat and perpendicular suscepubility of S = }chains and numencally
¢xact results are given for spins up to .

1. Introduction

The problem of a dilute one-dimensional spin system with nearest-neighbour interac-
tions is tractable because it can be reduced to a collection of non-interacting finite
segments. Matsubara and Katsura (1973) and Thorpe and Miyvazima (1981) have
exploited this fact to calculate thermodynamic properties for dilute XY quantum chains.
Matsubara eral (1973) have investigated the specific heat and parailel susceptibility of
dilute spin-# Ising chains whilst Matsubara and Yoshimura (1973) have investigated the
same quantities for § > §.

In this paper we use this technique to calculate the transverse susceptibility for
spin-S diiute chains for the first ume. This is an extension oI previous work on pure
spin-$ chains by Thorpe and Thomsen (1983). The main problem to overcome is that
the transverse field term in the Hamiltonian does not commute with the exchange part
of the Hamiltonian. This can be handled as shown previously (Thorpe and Thomsen
1983) by introducing a new transfer matrix 7. [n addition we have to introduce another
transter matrix 7~ in the dilute case to handle the situation when the tield is on a spin at
the ¢nd of a >egmem Details of this calcuiauon and resuits for S =3, 1 and # for
concentrations ¢ = 1). 4, }, 1 and 1 are givenin § 3.

[n § 2 we calculate the specific heat using the transter matrix method. This serves to
introduce much of the notation aithough resuits have previously been obtained for the
specific heat and parallel susceptibility for § > % by Matsubara and Yoshimura (1973).
In neither of these caiculations does one have to worry about non-commuting variables.

For § = }itis well known that the specific heat per bond is independent of c. This is
because each bond acts independently. We show that the specific heat per bond is weakly
dependent on concentration for S = 1.

* Work supported in part by the National Science Founaauon.
: Exxon Feilow.

© 1983 The Institute of Physics 4191
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2. Specific heat

The transfer matrix technique was introduced by Kramers and Wannier (1941) to solve
infinite and finite closed chains in the Ising model. One starts with an [sing Hamiltonian
with a field in the z direction:

H=~1Z 8iSi. - uh 2 S (1)
where if §,., = S the chain is closed. The partition function is

Qf = Trfe ™™ = Tr (11 exp{BUISISE-. ~ Wuh(S? = S} @
If one defines a (25 + 1) x (2§ + 1) transfer matrix T by

Tsise., = exp{BlJSiSi-1 + wh(S7 + i)} 3)
where the S refer 1o eigenvaiues. not operators. then (2) becomes

Q=223 2USHT'SHSHTISH. .. SUT'SH (4)
st 3 5%

=Tr(T"). (3

Taking 4; to be the jth eigenvalue of T,
3-1
o= 2 i (6)

To modify this for an open chain, we note that we need only set the bond energy of
the S75§ pair to zero. In analogy to the derivation of (5) we find for the open chain

QV=Tr(T~'T’] (7)
with
Tist = Tssi(J = 0) = exp(}Bun(S; = 5. '8)

The partition function (7) is generally evaluated by rotating 7 and T’ into the represen-
tation which diagonalises T.

In this section we wish to find the zero field specific heat of a finite open segment.
Noting that in zero field, Ts; =1 for ail 57 and S{, and defining M as the matrix that
diagonalises T. it is easy to show that

S+l S+t ‘2
Q=2 AU D My 19)

=] =1l
For § = %, this yields
Q% =2(2 cosh 48N, (10)

while for § = 1 we find

3—a" . A-3
Q==L iy -2 iy (11)
A A A — A
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where

A = cosh B + 4 = [(cosh AT — )2 + 2]2 (12)
Using

1 3 (., 9 )

s C, 3T (T 3T InQ, (13)
it follows that in the § = 4 case

C./ks = (r = 1)(BJ/4)* sech*(8J/4) (14)

(see also Staniey (1971)), while application of (13) to (11) yields an expression too
compiex to be of much use analytically. For generalspin. the matrix calculationsinvolved
in (9) are performed by computer at three points close to each other so that the
differentiation in (13) can be done numericaily.

Sl eSS S
S ~——t —— N~~~
r=2  rxl r=3 r=4

Figure 1. A dilute spin-3 chain with segments of length r = 1, 2, 3 and 4.

In a dilute chain of length N (N— ®) and concentration c, the number of seg-
ments‘containing exactly 7 consecutive spins (as shown in figure 1) is

P.=N(1 - c)zc’. (15)
Since
C=2PC, (16)

we find that the specific heat per bond in the spin-# case is
C/Nkpc* = (BJ/4) sech*(81/4), (17)

which agrees with Matsubara er al (1973).

We note that the specific heat per bond is independent of the concentration ¢ because
the spin-4 Ising chain can be mapped onto an equivalent system of independent bonds.
This is done by defining a new variable 7; = §.5;.,. Because of the absence of loops the
7;can take on values 7; = = } and so in the absence of a fieid &, the Hamiltonian (1) splits
up into non-interacting Hamiltonians each associated with a bond with a spin at each
end.

For § > 3, the specific heat per bond is norindependent of ¢, as can be seen in figure 2.
However, the specific heat per bond depends only weakly on the concentration and this
dependence does not become greater as S increases.

A useful check is provided by noting that

[ 47 =5(2) - 509 (18)
-]

where S( =) is the entropy of the system at infinite temperature and S(9) is the entropy
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Figure 2. The specific heat per bond (C/Nc’ks) as a function of reduced temperature
(ks T/JS%) for various values of spin S as indicated and concentration c =0 (----- ), %
(o= )b (==), ¥ (===), 1( ). For S = § the specific heat per bond is independent
of c as shown. The ¢ = 0 limit corresponds to two spins joined by one bond and otherwise
isolated.

at a small positive temperature J. Since the total number of states is
(28 + 1) wmberofwpins = (9§ + 1)
S(®) = Nkgc In(2S +1). (19)

On the other hand, the degeneracy of the ground state (in zero field) is 2"2(2S +1)M
where N, is the number of isolated spins and N; is the number of segments of length
greater than one. This gives

S(8) = Nks(1 - )c*1n2 + Nks(1 - ¢ In(25 +1) (20)
and hence
L ) % dT = Nkacq(2 - ¢) In(2S + 1) - (1 = ¢) In2]. 1)

The low-temperature behaviour of the specific heat is dominated by the lowest
excited states. For S = 4, this corresponds to flipping all the spins simultaneously in any
part of that segment, provided that part includes an end spin, as shown in figure 3. For
S = 1, the low-lying excitations come only from reducing by one unit the z component
of an end spin which is also shown in figure 3t. It can thus be shown that at low

t For spin 1, additional degeneracy arises for the lowest excited states in segments of length 2. However, it is
still true that all the lowest-lying excitations are governed by end segment spins for S = 1.



17

Dilute Ising chains with spin S 4195
temperatures.

C/Nkgc? = (BJS)* e ™S S=1% (22a)

C/Nkgc® = [} = fc](1 = c)(BIS)* e™#S =1 (22b)

C/Nkgc® = 2(1 = ¢c)(BIS)* e™# S=% 22¢)

170t 11111 oo 5
eI o0

Figure 3. The lowest excitauons for 5 = rand S = | dilute chains as descnbed in the text.

When c— 1, the right-hand sides of equations (22b) and (22c¢) vanish since end-of-
segment spin excitations are no longer possible, which can be seen in figure 2 where the
¢ = 1 specific heats go to zero much more rapidly as T— 0 for S = 1. This is because
there is an extra factor 2 in the exponent of the next terms in (22b) and (22c) reflecting
the fact that every spin has two neighbours rather than one.

We conclude this section by noting that when one evaluates the high-temperature
expansion of Q = Tr{e "] in powers of S. it is found that

C/Nkgc* = [35(S + 1) gJ}? (23)

which is independent of ¢ for all §.

3. Perpendicular susceptibility

Calculation of the perpendicular susceptibility is complicated by the fact that parts of
the Hamiltonian do not commute with each other. In the absence ot any parallei fieid
r=1

=-1215,='5;'-,—w25:am—a,, i24)
(= =

for an open segment of length r.

Using linear response theory. Grest and Rajagopal (1974) caiculated the perpen-
dicular susceptibility for a closed spin-4 chain. With transter matrices, this was gener-
alised to higher spins (Thorpe and Thomsen 1983). It was shown that the contribution
of each spin to the magnetisation is

=i 5;-

; - 5H %)
X Tspyspoy T 5ty stey Tspay ey - -« Tsesy Tr{e ™27 (25)
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where Tgg., Is as defined in (3) and
]
T = w3 [ explI(B= (57057 + Sisf-0ls;

X exp[Jr(Si-, SF + S S3.1)] dv ST (26)

Using ST =4(S;" + §;7), the matrix T can be evaluated analytically for any S. In par-
ticular, when S = %

_ ((#h‘/l) sinh 387 4Buk® )
}Bun* (uh*/)srans B ’

We now open the chain by setting J = 0 for the 57 S term. If S, is not at the end of a
segment, then (25) becomes

(Sf)=222gl§Tg{5§T5§5;

@n

TS iy
X Tspysto Tstoispor Tstorsior - -« Tspoyst T ssy Tre ~9) (28)

where T is defined in equation (8). In the case of an end spin,

(D = (5 = g,}: . 92 TsisiTsisi- - Tooasio T it/ Trfe "7 (29)

with the new transfer matrix 7% defined as
8

T¥ g, 5= 32‘ ylr‘f exp((B — 1)JS7-, S¥] 57 exp(w/ SZ-, S7] dT S~ (30)
o

We note that the subscript S{ appears for formal reasons only—T"5;_, 5: is independent
of 5. For S = 4, we obtain

i ((ZW/J) snhif/  (2uh¥) sinh w) o
QuieDsmifl  QuiDsia )

Using the above equations. we find the zero-field perpendicuiar susceptibility of a finite
open Ising chain to be

r=1
Xor= [(22 TH{T T T T’]) F2THTTY) ]/Tr[T"‘T ! (32)
2

This expression is valid for = 2. For r = 1, one uses the free-spin Curie susceptibility.
With ali four matrices in equation (32) known analytically, it can be shown that for
S=1%

Xir = [(r = 2)/2](B/4) sech® 387 + [(r + 2)/2J] tanh 3BJ. (33)

Performing a sum similar to equation (16), but singling out the special case of r = 1, we
find that for a dilute spin-# Ising chain

Jx/Ncwd = (1 = ¢)3BT + 38J c? sech” }A7 + ¥(d4c — 3¢?) tanhifl.  (34)
Setting ¢ = 1 reproduces Fisher’s (1963) result for a spin-4 pure Ising chain

Jx/Ni? = 387 sech?® 137 + 4 tanh 4B8/J. (35)
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As c approaches 0 only the first term in equation (34) survives so that
Jx/Nwc = 18]

as expected for Nc free spins.

All four matrices in equation (32) are known analytically tor larger S, but the final
evaluation of that expression must in general be performed numericaily. The results are
displayed in figure 4 where we have plotted the inverse susceptibility per spin as a

i
- i N | [ s L
) 70 0 00 ) 9 NP 30
2
"4
2
] Tr
L $=d
Wb S
r #
| 4”"‘ 3
-z 4
Fr” ’..”‘"' 1
s
‘,/./ )
¥ . !
J i 20 0 N ] s s 3

I

Figure 4. The inverse perpendicular susceptibility per spin (Jx_ Ncur]™' as a function of
reduced temperature kg I/JS*] for various values of spin S as indicated and concentranon
c=0(----- [ R A== (=== 1 ). The ¢ = 1) limat corresponds to a

single 1solated spin.

function of temperature for four different spins: S =43, 1. 4, 3. We note that ¢ *
approaches zero linearly for ¢ < 1, retlecting the etfect of Vct1 = ¢)° isoiated spins
[x. = ¥Nfc(1 = ¢)*S(S + 1)/ksT). For ¢ = 1, we recover the result for the pure chain
that . = #Nu7/J. At high temperatures we obtain the Curie susceptibility of .Vc isolated
spins (x. = 4NucS(S + 1)/ksT]so that [Jx_/Ncu']™! becomes independent of c.

4. Conclusion

The perpendicuiar susceptibility per spin and the specific heat per bond do not change
dramatically upon dilution over much of the temperature range studied. The leading
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term in the high-temperature expansion of each of these quantities is independent of
concentration. For the special case of spin #, the specific heat per bond is independent
of concentration for all temperatures. The most noticeabie effect of diluting an Ising
chain is in the way these thermodynamic quantities behave in the zero-temperature
limit. The specific heat per bond differs in the nature of its exponential approach to zero
upon dilution (for § = 1). Most striking is the divergence ot x_ at T = 0 when the chain
is diluted, owing to the finite probability of finding isolated free spins.

We note that the results for both the specific heat and the perpendicular susceptibility
depend only on |J! and so are identical for an antiferromagnetic Ising chain. This is most
easily seen by performing a rotation of 180° about the x axis.

One can expand on this study by turning on a weak interaction between segments,
particularly those separated by just one non-magnetic site. However, the
independent-segment assumption and hence equation (16) are not valid in this mode{
and the problem becomes significantly more compiex.

Acknowiedgment

The authors wish to thank S D Mahantiand T A Kaplan torseveral valuable discussions.

References

Fisher M E 1963 J. Marh. Phys. 4124

Grest G S and Rajagopal A K 1974 J. Math. Phys. 15 589

Kramers-H A and Wannier G H 1941 Phyvs. Rev. 60 252

Matsubara F and Katsura S 1973 Prog. Theor. Phys. 49 367

Matsubara F and Yoshimura K 1973 Prog. Theor. Phys. 50 1824

Matsubara F. Yoshimura K and Katsura S 1973 Cun. J. Phys. 51 1053

Staniey H E 1971 [ntroduction (o0 Phase Transitions and Criical Phenomena (Oxtord: Oxford University
Press)

Thoroe M F and Mivazima S 1981 Phvs. Rev. B 24 6686

Thorpe M F and Thomsen M 1983 J. Phvs. C. Soua State Phvs. 16 2237



21

Much of the preceding analysis can be carried out in the
presence of an external parallel field, h%®. For instance, using
equation (4) the standard transfer matrix for spin S is determined
in a parallel field. From this one can obtain the partition function,
although for S>3, the transfer matrix is not easily diagonalized
analytically.

Similarly, one can write down the elements of the T* transfer
matrices, introduced in the X; calculation, in the presence of

a parallel field:

X X ”3 - X ~X
T , =h I J exp( (B-T)T;] ST exp(tl)) S, dT  (17)
S 2 sz /o
i-1 i+l i
' =hn%z JB xp[ (B-T),] S* exp(<l,) s¥ dt  (18)
z z z exp 2 r XP 2 r
S S s /0
r-1 71 r
where
Z Z A Z VA VA VA
1"1 = JSi(Si_l + Si+1) +h [(Si__1 + Si+1)/2 + Si] (19)
YA Z VA Z Z Z
[, = JSZ_;S2 + h°[(S]_ + S])/2 + 8] . (20)
For instance, for S=%,
exp(8h%/2)sinh[%8(h%+J)] sinh(gh%/2)
J+h? h%
L. (21)
h sinh(gh%/2) exp(-8h%/2)sinh[R(J-h?)/2]
h® J-h?
and
2exp(gh%/2)sinh[g(:J+:h%) ] 2sinh[B(1J++h%) ]
J+2h% J+2h%
1o, ' (22)
h% 2sinh[g(3J+Lh?)] 2exp(-8h%/2)sinh[B(+J-+h%)]

J+2h® J-2h*
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To calculate the transverse susceptibility for a pure chain,
one needs to calculate the maximum eigenvalue, Xm’ and corresponding
eigenvector |m> of T*. Then by equation (12) of the preceding
letter, "Transverse susceptibility in spin S Ising chains," one

can obtain

XL exp(Bh%/2)sinh[B(J+h%)/2] . exp(-Bh%/2)sinh[B(J-h%)/2]

= yA Z
Nuf 2(J+h%) 2(J-h%)
. exp(BJ/4)sinh(Bh%/2) exp(3h?%/2)sinn[B(J+h%)/2]
2q; J+h?
_ exp(-8h%/2)sinh[B(J-h%)/2] . 2exp(-3J/2) ]
J-h?® h% J
x [exp(BJ/4)cosn(8h®/2) + q )72 (23)
where
a, = lexp(BJ/2)cosh?(8h?/2) - 2sinh(BJ/2)] ¥ . (24)

This result was obtained earlier by Grest and Rajagopal (1974).

The modified transfer matrix, Tx, can be obtained straight-
forwardly for higher spins in a parallel field, but analytic cal-
culation of X; is no longer tractable. Nevertheless, numerical
results may be obtained easily.

Inspection of equation (23) reveals that for h®=tJ, there is
the possibility of a divergence due to vanishing denominators. In
fact, an antiferromagnetic chain in this field will have a divergent
zero temperature transverse susceptibility, as noted by Grest and
Rajagopal (1974). This can be seen for general spin by considering

the Hamiltonian associated with a single bond:
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Z2-~2 V4 z zZ
Hy, = J 7S5 - h*(87+83)/2 (25)
with
J,2=0>0 . (26)
Taking h® = 2J S,
V4 z V4
H, = (J S5 - J 8)S] - J 885 . (27)

H12 can be minimized with respect to ST by setting S§=S, yielding

a ground state energy
E12 = -JOS“ ’ (28)
independent of Sg.
As long as one spin in every bond is parallel to the field,
the system is in a ground state. This state leaves a large number
of spins free to point in any direction, which can be seen by noting

that E12 is independent of S These free spins are then able to

z
2
line up in the direction of an infinitessimal transverse field,
hence creating the divergence.

In particular, from equation (23), one can show that at H=%tJ

and as T + 0,

X /Nud = B(1+/5)/(10+6/5) . (29)
The dilute chain transverse susceptibility in the presence
of a parallel field may also be obtained using the formalism developed
in the preceding paper. It should be noted that now the contribu-
tion of each spin in an open segment is a function of its location
in the segment. This is a direct consequence of the fact that
T and T' are not simultaneously diagonaliéable in the presence of

a field. Thus for dilute chains, analytic work stops at the writing
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] ]
down of the four matrices T, T , Tx, Tx, and the matrix multiplica-

tion and diagonalization is performed numerically.

It was seen earlier that the isolated spins contributed a
divergence at T=0 to X;. Application of a finite parallel field
destroys this divergence. However, for the same reasons outlined
for the pure chains, an antiferroﬁagnetic chain will have another
T=0 divergence in X, when h%=2JS. A third divergence occurs at
h%=+JS due to the spins at the end of open segments. Figure 1 il-
lustrates one of these divergences, at h%=JS, with a plot of XII
versus temperature. Since the divergence is proportional to 3,

xIl approaches zero linearly, as shown.

One limitation of this formalism that has been developed for
the calculation of X; is that it is based on linear response theory
and hence is valid only for infinitessimal h*. However, in exchange
for this restriction, one has gained the ability to calculate X

for a variety of models that are not tractable by other methods.
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3. P(h): The Local Field Probability Distribution Function

The local field probability distribution function, P(h), has
been studied at zero temperature for a variety of spin glass models
(see, e.g., Palmer and Pond 1979 or Walker and Walstedt 1980).

One of the distinctive features of P(h) these studies bring out
is a dip at h=0. The nature of P(h), measuring the distribution
of effective fields acting on a single spin, suggests that it be
relegated to mean field theory or to low temperature studies. It
is probably for this reason that the temperature dependence of
the distribution has not been studied much before this. It turns
out, however, that for Ising systems one may obtain exact thermo-
dynamic relations using P(h).

This chapter is devoted to a formal discussion of the properties
of P(h). While Appendix A contains details for a very broad class
of Ising systems, for simplicity a more rest?ictive Hamiltonian
is used here:

H=-33% J..o.0. (1)
i,j ij’iTj

where the Oi's (=t1) are spin % Ising variables. The matrix de-
fined by the Jij's is symmetric with vanishing diagonal elements
but is otherwise arbitrary.

One begins by defining a local field operator, hi:

h. =27 0.
i PRSI . (2)

The missing factor of % in equation (2) ensures that hiOi contains

26
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all the o, terms in the original Hamiltonian. The local field
probability distribution function at site i is defined by

P,(h) = <8(h-h,)> . (3)

The notation <...> refers to a thermal average. The site averaged

distribution for a system of N spins is

P(h) = ;Pi(h) . (4)

1

Z|—

L

This function is of course normalized:
J P(h) dh =1 . (5)

Associated with P(h) are the following three exact results:

M = N [ tanh(Bh) P(h) dh ' (6)
£ = f% [ h tanh(Bh) P(h) dh (7)
S(k,w) =-§[P(w/2) F P(=w/2)]/01 + exp(-Bw)] . (8)

These last three equations have simple physical interpretations.
The magnetization of an isolated spin in a field h is ténh(Bh).
Equation (6) performs a weighted average with respect to h; Since
tanh(Bh) 1is odd, M couples to the antisymmetric part of P(h):
Pa(h). The second equation has a similar interpretation with an
additional factor of % present to correct for double counting of
bonds. E couples to Ps(h), the symmetric part of P(h). Finally,
a beam of neutrons polarized in a direction perpendicular to the
z axis interacts with the system by flipping individual spins at
an energy cost proportional to the local field. Since these neutrons
cannot distinguish between +z and -z, they couple to Ps(h).

The statement these equations make is significant. Without

any explicit knowledge of the Jij's, one. can obtain the thermodynamics
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of a system directly from P(h). Furthermore, one can measure Ps(h)
directly, and that is sufficient to determine E.

Detailed proofs of equations (6) - (8) appear in Appendix A.
However, to give the reader a flavor for the proofs, the energy
equation, (7), is derived here. One begins with the energy of an
isolated spin in a field h:

g(h) = -h tanh(Bh) . (9)

In its more primitive form, this is
s(h) = TrOlexp(-BHy(h)) Hy(h)1/Tr lexp(-8Ry(1))] (10

where

Ho(h) = -hoo

and Tromeans trace over Jj = tl. Denoting the energy of all the
bonds terminating at site i by 2Ei (Ei is then the energy associated

with site i), it needs to be shown that

J €(h) P(h) dh = 2Ei . (11)

The following definitions need to be introduced:

Tri = trace over Oi = %]
Tr' = trace over all spins except o,
H. = -h.0O.
i i'i
H' = H - Hi, which is independent of Oi
Z = Tr{exp(-BH)] .

Then,

J P(h) e(h) dh

J  Trlexp(-BS(h-h ) Tr L exp(-BHy() Hp(W)] (1)
= | d
Z Tro[exp('BHO(h))]
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0
i l-Tr exp(-BH) Tr [exp(-BHO(hi)) HO(hi)] (13)
z Tr [ exp(-BH, (h)) ]
-1 o exp(-BH') Tri[exp(-BHi)] Tro[exp(—BHo(hi))HO(hi)] (14)
Z

Te”[exp(~8Hy(h; )]

In the last step, it is crucial that [H',Hi] = 0 so that the expo-

nential can be split up. Since
Tr'[exp(-8H,)] = Tr0lexp(~8H,(h, )] (15)

one can cancel a term from the denominator and the numerator. Now

9y can be relabelled o, and the traces can be regrouped, giving

[ P(h) e(h) dh = -é— Tr[exp(-8H) H, ] (16)
= 2E, , (17)

which was to be shown.

P(h) is fundamentally a local quantity coupling to local pro-
perties such as Ei and Mi' The specific heat and other quantities
which involve long range correlations require differentiation of
P(h). The free energy, meanwhile, is obtained by integration of
E in equation (7). Thus P(h) contains not only all the information
found in the free energy, but it also contains additional information
such as S(k,w).

This formalism does not of course provide short cuts to solving
for the thermodynamics of a system. The price one pays for the
additional information in P(h) is that it in general is harder to
calculate than the free energy. The remainder of this chapter will

be devoted to methods for calculating P(h).
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This part of the discussion will be limited to ferromagnetic
systems with nearest neighbor interactions (although some of the
techniques will be generalizable). Setting the interaction parameter
J =1, the Hamiltonian becomes

H=-%L o0.0. (18)
<ij> +J

where £ indicates a sum over nearest neighbor pairs and the
<ij>

spins are assumed to lie on a lattice. One of the advantages of

this simplification is that Pi(h) = P(h).

The first approach to calculating the distribution is a formal
one starting from the definition,

Pi(h) = <6(h—hi)> . (19)

An integral representation of the § function is used, and a little

algebra yields the form

z
Pi(h) = si_z vy S(h-s) . (20)

z is the lattice coordination and the sum is over the allowed
values of the local field, -z, -z+2, ..., 2-2, z. Details of
this approach are in Appendix A. It is shown there that the weights
W involve numerical factors, which depend only on coordination
number (not on the lattice itself), and all possible correlations
among the nearest neighbors of site i. Hence the real work involved
with this calculation becomes the determination of those correlation
functions. This method will be demonstrated in Chapter 5.

For a system of coordination of two or three the correlations

on the nearest neighbor shell can be eliminated in favor of the
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nearest neighbor correlation, <0001> and the magnetization, <00>.
If, for example, z=3, then the possible field values are %3 and %1
and so four equations are needed to determine the four weights, W
These equations are obtained by using the normalization requirement,
(5), the energy and magnetization relations, (7) and (6), and the

fact that <h> = 3<0.>. One then obtains

0
(w3 + w_3) + (w1 + w—l) =1 (21)
(wy + w_3)3tanh(3B) + (w; + w_;)tanh(B) = 3<040,> (22)
(w3 - w_3)tanh(38) + (w1 - w_l)tanh(B) = <0y> (23)
3wy = w_g) + L(wy - w_) = 3<0> . (24)

The first two equations yield Ps(h) and the last two, Pa(h).

These equations can be solved explicitly to yield

" 3(tanh(3B) - <0,0,>)  3<0,>(tanh(38) - 1)]
(25)

3tanh(38) - tanh(B) * tanh(3B8) - 3tanh(B)

[ 3<0,0,> - tanh(B)  <g;>(1-3tanh(B))
| 3tanh(38) - tanh(B) ™ tanh(3B) - 3tanh(RB)

showing explicitly in this case that the w's depend only on <0001>
and <OO>. No reference is made here to the particular network
other than it has coordination three and is compatible with a
Hamiltonian of the form given in (18).

Finally, some systems lend themselves to calculation of the
moments <h™> by standard thermodynamic methods. If one knows all
the moments up to <hz>, then the z+1 equations,

<h™ = g w s" (27)

S
S
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can be inverted to find the Wy directly.

These methods may be generalized to some other systems, such
as antiferromagnets, but their generalization to disordered systems
is nontrivial. Different and specialized techniques must be de-
veloped for calculation of P(h) on these systems and so discussion
of such techniques will be postponed until a specific disordered

system is introduced (Chapter 7).



4. P(h) for Bethe Lattices

A simple system for which P(h) can be determined consists
of S=% Ising spins on a Bethe lattice with constant nearest neigh-
bor ferromagnetic interactions. The Bethe "lattice" is really
a pseudolattice (see Figure 2). It has the unfortunate property
that, even in the thermodynamic limit, a finite fraction of its
sites lie on the surface. On the other hand, it has the advan-
tage that its coordination number, z, is easily varied. The z=2
case, a linear chain, will not be considered here since many of
its properties are distinctly different from the z>2 Bethe lattices.
Because of the large surface area, calculations must be ap-
proached with caution. For instance, Eggarter (1973) pointed out
that by assuming free boundaries, the Bethe lattice does not
exhibit a phase transition. However, the more traditional Bethe-
Peierls approach (Bethe 1935, Peierls 1936) which assumes boundary
conditions determined by self-consistent fields, does find a phase
transition. This latter approach will be used in this discussion.
The Bethe-Peierls method, leading to the self-consistent
field equation (8) below, is described in Domb (1960) and is
shown to be an exact solution for the system. An effective Hamil-
tonian is assumed for a cluster consisting of site O and its
z nearest neighbors:

z z
H =-JZ0.,0. -H O~ -H, Z O, . (@)
z j=1 073 070 1j=1 J

33
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Figure 2. Section of a Bethe lattice for z=3(upper)
and z=4(lower).
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HO is an external field acting on the system and will be set to
zero later in the calculation. H1 is an effective, temperature
dependent field acting on the Oj's accounting for both HO and
the z-1 neighbors (other than OO) of Oj' It can be shown that

the partition function for H_ is

z
Py 1 _1 11 1 L _1 1 1
_ 172 -2.72 2,2\2 2 2,72 -2.2\2
Qz = AO (Al x ‘ + Alx )7+ AO (Alx + Al x?) (2)
where
Ay = exp(=2Hy/kpT) (3)
A\ = exp(—ZHl/kBT) (4)
X = exp(—ZJ/kBT) . (5)
To obtain Hl’ one requires
<OO>=<Oj> ,
or equivalently,
A
3 139
Ao'SX' anz =z oA, Zan ‘ (6)
0 1
Using equation (2), some algebra yields
z-1
AI/XO = [()\1 + x)/(1 + Xlx)] . (7)

The external field HO will now be set to zero, having served its
purpose. Some rearrangement gives

tanh[Hl/(z-l)k T]

tanh(Hl/kBT)

B

= tanh(J/kBT) , (8)

and this specifies H1 as a function of temperature. An expansion

for small H1 gives a transition temperature defined by

tanh(J/kBTc) = 1/(z-1) . (9)
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Above Tc’ H, = 0, and the effective partition function becomes

1

Q, = 2[cosh(J/kBT)]z , (10)

corresponding to z independent bonds. This result is typical for
spin 4 Ising systems with no loops, in the paramagnetic phase
(see, e.g., Thorpe 1982). It should be noted that QZ determines
only local quantities such as the energy associated with 00 or

the local magnetization <OO>. It is not true that the free energy

F is given by -8F = anz.

Below TC, one needs to determine Hl. Introducing two new
variables

Y = Xll/(z—l) (11)
t = tanh(J/kBT) , (12)

it is now possible to rewrite the self-consistent equation (8) as

-1
1-Y  1+Y?
. — =t (13
Y el )
or

-1 22 i

(1-8)Y*™ -2t 2 Y  + (1-t) =0 . (14)
i=1

By symmetry (H1 > _Hl)’ one expects that if YO is a solution to
this equation, Y6 is also a solution. This fact can be exploited
to reduce the degree of the polynomial by a factor of two. Since
a fourth degree polynomial is solvable (Burington 1946), one can

in principle obtain analytic expressions for Hl up to z = 10.

In practice, the complexity of these solutions makes some of the
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larger z results not worth pursuing analytically.

For completeness sake, analytic expressions giving Al
(=exp(-2H1/kBT)) as a function of x (=exp(—2J/kBT)) are shown
below for z=3 up to z=6:

2

223 A = 3x72 - 2t 1w (2 (1-2x-368) ) (15)

-3 -1

1 -2 -2 .3
z=4 A = 3[x T - 3x "+ (x “-1)(x “=4)7%] (16)

1
z=5 Define C = [1 - x + (Sx2+2x+l)2]/2x

Then A, = ([C + (¥4 (17)

RO IR SO

}S

z=6  Define D = [x

Then A, = {[D + (0%-)31/2 (18)

A system with infinite range interactions produces a mean
field result (Stanley 1971). On the Bethe lattice this corresponds
to the z + ® limit, which is readily accessible. In order to
keep the energy finite, this limit must be taken holding Jz con-

stant. Since H1 should scale with Jz,

NI B | (19)

reducing the partition function (2) to
z
Qz = 2cosh(HO/kBT)[2cosh(H1/kBT)] . (20)

The self-consistent field equation, (8), becomes

Hl/Jz = tanh(Hl/kBT) (21)
Which has a nontrivial solution if and only if kBT < Jz. Hence

With the fundamental equations in place, it is now possible

to calculate P(h) for Bethe lattices. This is most easily done



38

by calculating the moments of the distribution. Inspection of
the Hamiltonian (1) reveals that these moments may be obtained

by differentiation of Qz' Taking

h/J =Za, , ' (23)
j 3

(assuming zero external field), one finds

1 3 "
'Q—z [—2%1 -a—/\—l] QZ . (24)

<(h/NH™> =

As pointed out in the previous chapter, given the moments
up to <(h/J)%>, one can solve for the weights in the z+l1 § functions
associated with P(h). This process, while straightforward, yields
very complex analytic expressions which by themselves do not provide
much insight. For this reason, they are omitted here in favor
of the numerical results below.

The mean field result is easily derived. -Starting from the

partition function, (20), and applying a modified form of equation

(24), one obtains for HO =0,

<(0/d)"> = (2coshBH,)™* {%Bﬁzjn(zcosheﬁl)z (25)
= z(z-l)...(z-n-l)tanhnBH1 + O(zn-l) (26)
Thus
<(h/Jz)"> = tanh"BH; + 0(1/2) (27)
This implies the § function distribution
P(h) = é(h - JztanhBHl) . (28)

Using equation (21), this can be rewritten
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which is another way of saying that in the large z limit, mean
field theory becomes exact.

In Figure 3, P(h) is plotted against h/z for z = 3, 4, 6, and
infinity. It is symmetric for T 2 Tc' reflecting the fact that
the magnetization is zero. At infinite temperature, the weights
are determined by counting the number of ways to make a particular
value of h. Since there are more ways to make h = O, the distri-
bution is peaked there. When T = TC , the distribution is still
peaked at small h, with more weight being at h = O as the mean
field limit is approached. The symmetry is broken below TC when
spontaneous magnetization sets in. Again the approach to mean
field theory is seen as the maximum in P(h) moves from h = Jz (z = 3)
to h = Jzm for larger z.

It is apparent that there is strong dependence of P(h) on
coordination number for Bethe lattices. While the number of &
functions is clearly determined by z, the profile of the distri-
bution, particularly at TC, is also sensitive to z. It is interesting
to note that the nearest neighbor correlation at TC is also strongly
z dependent:

<0,0.>

ot = VD (30)

It will be argued later that this correlation plays an important

role in the profile of P(h).
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5. P(h) for Two Dimensional Ferromagnets

There are several two dimensional Ising systems for which
P(h) can be calculated exactly. These analytic results can provide
useful insight into systéms with phase transitions not dominated
by surface effects (in contrast to the Bethe lattice).

The first two dimensional Ising system to be solved was the
square net with uniform nearest neighbor interactions (Onsager
1944), Taking the ferromagnetic case and setting J = 1 yields
a Hamiltonian of the form

H=-1I 0.0, . (D)
<ijp> tJ

Since the square net has coordination four, the possible values

of h are *4, +2, and 0. The weights of the corresponding § func-
tions in P(h) are easily expressed in terms of correlation functions
using equations (38) and (43) and Table 1 of Appendix A. The
nearest neighbors of an arbitrary site, 0, have been numbered

cyclically. One finds:

1 1 1 1
Wiy =16 37917 * 37919 * g°99%
] 1
359199 * 16°919%3% (2)
W =1 l<o > ¥ l<0 0,0,> - l<o 0,0,0,> (3)
12 =4 ¥ 8017 + 8791997 ~ 3791999 -
w.o=2>_rtoos _Lsgsy3so00> (4)
0 =8~ 279197 7359937 +3°9,9,939,7 -

Apparently, <010203> is not in the literature, nor is it easily

calculable. This problem is dealt with by using the magnetization
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equation ( (6) in Chapter 3) to eliminate <010203> in favor of

<oo>,

The even spin correlations can be reduced to elliptic integrals
using the Pfaffian method described by Montroll, Potts and Ward
(1963). While all of the two spin correlations needed appear ex-
plicitly in that paper, the four spin correlation does not. Details
concerning the calculation of the latter in terms of elliptic
integrals are given in Appendix B. The final step, evaluation
of the integrals, must be performed numerically.

In Figure 4, excerpted from the preprint in Appendix A, P(h)
is shown at five different temperatures. The infinite temperature
distribution, as for the Bethe lattices, has roughly a Gaussian
profile reflecting the fact that there are more h = O states than
h = t4 states. However, in contrast to the Bethe lattice, a pro-
nounced dip has developed at Tc' This dip will be discussed in
more detail later in this chapter. Below Tc’ the asymmetry in
P(h) develops very quickly, reflecting the rapid rise of the
magnetization.

Results for the honeycomb lattice are more easily obtained.
Since the lattice sites are threefold coordinated, equations (25)
and (26) of Chapter 3 apply and one needs just the magnetization,
<OO>, and the nearest neighbor correlation, <0001>. The former
has been calculated by Naya (1954), while the latter may be obtained
by differentiation of the partition function in Green and Hurst
(1964). The expression for <0001> thus obtained involves a double

integral, making it somewhat awkward to evaluate numerically.
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P(h) for the ferromagnetic square net.
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Analytic work reduced this form to a single integral, details of
which appear in Appendix B. A plot of P(h) for the honeycomb lattice
in Figure 5, excerpted from Appendix A, reveals that it shares many
of the features found in the square net, including having a dip

at Tc'

One can also investigate P(h) for a triangular net. A problem
arises however since for a sixfold coordinated lattice, many more
correlations are needed. While the even spin correlations can be
obtained (Choy 1984), not all of the odd spin correlations can be.
Hence the results in Figure 6, also excerpted frog Appendix 4, are
incomplete. Nevertheless, one can clearly see similarities between
these results and the earlier two. In particular, there is once
again a pronounced dip at Tc'

The existence of the h = O dip means that at Tc most spins
find themselves in the presence of a nonzero lécal field. This
suggests that perhaps small domains form in the sfstem before
long range order sets in. The existence of strong short range order
is consistent with the value at Tc of <0001>, which for these lat-
tices is 0.71%£.06 (Domb 1974). One might expect that for systems
which require short range order stronger than this before long
range order sets in, the h = O dip should be even larger at Tc'

A lattice with a larger value of <0001> at TC can be formed
following a procedure described by Syozi (1972). One starts by
decorating the bonds of a honeycomb lattice with two sites and then
one performs a star-triangle tran%formation, eliminating the original

honeycomb sites (see Figure 7). This process can be carried out
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Figure 5. P(h) for the ferromagnetic honeycomb lattice.
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Figure 6. P(h) for the ferromagnetic triangular lattice.
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Figure 7. Generating the 3-12 lattice from the honeycomb
lattice.
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mathematically, generating exact results from analagous honeycomb
results. The new lattice, called the 3-12 lattice, is more open
than the previous one and hence requires more short range order,

<0001>T = 0.8751, before long range order sets in. Note that
c

for the honeycomb, <0001>T = 0.7698. A comparison of P(h) at TC
c

for these two lattices is made in Figure 8. As anticipated, the
dip is bigger for the 3-12 lattice.

From the two dimensional lattices, one sees that the profile
of P(h) above TC reflects short range order in the system; there
appears to be little effect due to coordination number. Below
TC, the rapid onset of the magnetization dominates. Finally, it
should be noted that many of these calculations can easily be
modified for antiferromagnets. For instance, a square net or
honeycomb structure can be broken up into two sublattices so that
at T = O the system can order by designating one sublattice as a
spin up sublattice and the other as a spin down sublattice. The
spin up sublattice will have a P(h) precisely as in Figure 4
(for a square net), while the down sublattice will have the same
profile but with peaks on the -h side below Tc' The resultant
P(h) for the entire system is symmetric, but below TC,

P,(h) = P(h) . (5)

The antiferromagnetic triangular net does not decompose into
two sublattices and hence cannot order. Calculations by Choy (1984)

indicate that P(h) for this system changes very little with tempera-

ture, which is consistent with its inability to order.
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Figure 8. Showing P(h) at T for the honeycomb(upper) and 3-12
(lower) lattices.



6. P(h) for Ferromagnetic Systems of Higher Dimension

There are no exact solutions for Ising models on standard
three or four dimensional lattices. However, it would still be
interesting to obtain some information, if only approximate, on
systems of dimension greater that two in order to gauge the effect
lattice dimension has on P(h).

Frank et. al. (1982) developed an approximation method which
effectively allowed them to estimate the moments of P(h) for a variety
of three dimensional lattices at TC. In principle, one can take
their moments and recover the original distribution. In practice,
the error bars associated with those moments were too large, so that
negative weights appeared in the reconstructed distribution.

Since it appeared that little progress would be made analytically,
Monte Carlo simulations were develdped.

The temperature scale for these simulations was set by the
values for Tc based on high temperature series and reported else-
where: kBTC/J = 2.7044%.0001 (diamond), 4.5108%.0002 (simple cubic),
6.3533 +.0010 (body centered cubic), and 9.7952%+.0005 (face centered
cubic) from Domb (1974), and kBTC/J = 6.6817£.0015 (four dimensional
simple cubic) from Gaunt et. al. (1979). No attempt was made to
locate TC precisely with these simulations since detailed information
(such as critical exponents) was not sought.

Simulations generally have the most trouble converging when

T = Tc' However, since it is known that P(h) is symmetric at Tc’
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only PS(h) need be extracted at the critical temperature. This
function couples to the energy, or equivalently to the nearest
neighbor correlation <0001>, which is less sensitive to critical
fluctuations than the magnetization and Pa(h). The criterion for
convergence at TC was thus taken to be that <0001> should equili-
brate. This correlation can then be compared to estimates obtained
from high temperature series.

The numerical simulations were performed on lattices of varying
sizes and with periodic boundary conditions, employing the standard
Metropolis algorithm (Metropolis et. al. 1953). Technical details
associated with these studies appear in Appendix C. A given system
would initially be brought into equilibrium and then be allowed
to remain there while data was accumulated for thermal averages.
Statistical errors quoted refer to the fluctuations in the thermal
average during the second half of the averaging part of the simula-
tion. The simulation was performed on three different lattice sizes
(four at TC), with the largest system containing roughly 30,000
spins. Then the data was plotted against the inverse of the num-
ber of spins in the system to allow extrapolation to infinite
size. Figure 9 shows an example of an extrapolation of <0001>
for a simple cubic at TC. The size of the data points is of the
same order as the statistical error.

The results of these extrapolations can now be compared to
high temperature series results (see Domb 1974 and Sykes 1979)
to gauge the accuracy of the simulation. This comparison, reported

in Table 1, shows reasonable agreement between the two results.
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Figure 9. Extrapolation of <0.0.> to the infinite lattice
limit for a simple cubic at Tc'
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Table 1. <0001>T as obtained from Monte Carlo simulations and
c

compared to high temperature series results.

Lattice High T Series Simulation
Diamond .437 = .003 A4 £ 01
SC .3307 + .0001 .34 £ .01
BCC .2732 + ,0002 .28 £ .01
FCC L2474 = ,0001 .26 £ .01
Hypercubic .188 £ .003 .20 + .01
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Based on this, one would expect the data for P(h) to be accurate
to within a few (3 or &) percent, which is sufficient to determine
the general nature of P(h).

Figure 10 displays P(h) for four different three dimensional
lattices. All of these lattices show an extremely flat profile
near Tc' Whether there is a slight dip or bump at h = O cannot
be conclusively determined from this data, but it is clear that
these profiles differ from those of the two dimensional lattices.
It is also evident that in three dimensions as in two, coordination
number plays very little role in the profile.

To see the dimensional dependence explicitly, it is construc-
tive to look at the simple cubics in dimensions one through four
(i.e., the linear chain, the square net, the simple cubic, and
the hypercubic). These lattices all have coordination number equal
to twice their dimension. The infinite dimension limit yields
the mean field result discussed in Chapter 4, and will be included
with this group too. These lattices have critical temperatures
scaling roughly with coordination z, providing a consistent way
to normalize all the temperatures at which P(h) was measured (either
analytically or by simulation). More exactly, one finds

0 < Tc/z <1 (1)

where the lower limit corresponds to the linear chain and the up-
per limit to mean field theory.

The graphs in Figure 11 show P(h) for each of the five systems
measured at each of the five (renormalized) transition temperatures.

The profiles for any group of lattices above their transition
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Figure 10. P(h) for four different three dimensional ferromagnets.
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temperatures are very similar provided they are measured at the same
renormalized temperature. The most dramatic example of this is

seen by looking at the one, two, and three dimensional data at

a temperature corresponding to TC in three dimensions. All three
profiles are extremely flat.

Below Tc’ the symmetry is broken and the profiles lose much
of their similarity. In the case of the four dimensional hyper-
cubic, the approach to mean field theory can be seen by noting the
development of a peak away from h = Jz.

Clearly the coordination of a lattice affects P(h) in that it
determines the number of § functions. It additionally helps set
the temperature scale. Beyond that, the profile of P(h) is sensi-
tive more to the dimension than to the coordination. At Tc’ this

dimension dependence comes chiefly through <0001>T ’ refleqting
c

the amount of local order required before long range order can

be established. Thus in four dimensions, P(h) at TC is more nearly
Gaussian than in one or two dimensions because less short range
order is required in four dimensions for long range order to set

in.



7. The Sherrington-Kirkpatrick Spin Glass Model

Having looked at P(h) for a wide variety of ordered systems,
it is now useful to turn to a disordered system, in particular, to
a spin glass model. The model used is based on the Edwards and
Anderson (1975) concept of a spin glass arising from some form of
random interactions among spins. In the spin glass phase, the spins
appear to be randomly oriented, but they are in fact frozen in. If
one defines a quantity q by

q = lim <Si(O)Si(t)> , (1)

)
then it becomes nonzero in the spin glass phase. Edwards and Ander-
son argued that at least within mean field theory, this model is
capable of reproducing some of the characteristics of experimentally
observed spin glasses such as a cusp in the susceptibility which

is rounded by the application of a field. Whether or not the Edwards
and Anderson approach to spin glasses is an accurate description

of experimentally observed spin glasses is not the focus of this
investigation. Rather, as before, known results of a model will

be exploited to calculate P(h). This form of P(h) will look substan-
tially different from those found in the ferromagnets. Having ob-
tained P(h), one can then perform a neutron scattering experiment

on a disordered Ising system (preferably a spin glass) to link up
with experiment.

The spin glass model to be investigated is that introduced by
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Sherrington and Kirkpatrick (1975). They assumed a Hamiltonian of
the form

= -1
H = ;iZj Jijoioj (2)

with the matrix of Jij's symmetric and having vanishing diagonal
elements. The Jij's are otherwise independently distributed random
variables with mean Jo and variance J2. Since this system has infi-
nite range interactions, one might hope some sort of mean field theory
would work. The infinite range interaction also means some variables
must be rescaled with the number of spins, N:

32 = JZN (3)

o = JIN . (4)

J

The energy scale is then set by J or 30'

When this model was introduced, Sherrington and Kirkpatrick
proposed a solution based on the replica method. Starting from the
identity

n Z = %;g(z“-l)/n (5)

where

Z = Tr[exp(-BH)] (6)
the calculation involves looking at z" for integral n. Some algebra
reduces this to n replicas of the original system with an effective
interaction between a spin in one system and the same spin in a rep-
lica.- The new system, exactly solvable, depends on the integer n.
One then analytically continues Z" to n=0, recovering the free energy
of the original system.

While there appear to be no problems with this approach in the
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paramagnetic phase, it yields incorrect results in the spin glass
phase (e.g., negative entropy). The analytic continuation of z"
with respect to n and replica symmetry breaking are thought to be

at the heart of the problem. The phase diagram obtained by the rep-
lica method is shown in Figure 12. Due to the problems with the
calculation outside the paramagnetic phase, the spin glass-ferromag-
netic phase boundary may not be correct. However, since most subse-
quent studies have been limited to JO=O, this appears to be the

most accurate phase diagram available.

Although Parisi (1980a) has devised a method for obtaining exact
convergent series for various thermodynamic quantities in the spin
glass phase, the less complete solution due to Thouless, Anderson
and Palmer (1977), hereafter referred to as TAP, is more relevant
to this study of P(h). Looking at the SK model for 30=O, TAP compared
it to a Bethe lattice with the coordination number, z, tending to
infinity. The interactions on the Bethe lattice were taken to be
nearest neighbor only and with a random distribution identical to
that for the standard SK model. In the paramagnetic phase, TAP showed
that the difference between the free energy per spin associated with
such a Bethe lattice and the free energy per spin of the SK model
with z spins, vanishes in the infinite z limit. They were also able
to show this is true just below the transition temperature and for
temperatures near zero.

The TAP equations reproduce the replica result in the paramagnetic
phase,

E/N = -483° . (7)
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The phase diagram of the Sherrington-Kirkpatrick model
(reproduced from Sherrington and Kirkpatrick 1975).
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Unfortunately, their equations do not lead to exact, closed form
solutions below TSG' They do however yield some information about
the zero temperature form of P(h) for small h.
First, a digression is required to a discussion which appeared
in a paper by Palmer and Pond (1979). They assumed that
P(h,T=0) « h® ' (8)

and tried to determine t. Starting with the system in a local mini-

mum, the N sites are relabelled in order of increasing Ihi . The
spins at sites 1 through n are flipped, where
1<<n<<N . (9)

Before the spins were flipped, the energy associated with all the
bonds comming into a given site was just —ihii. By flipping the
spins, the energy has changed by an amount
n n n
AE = 2 % lhil -21 I J 00, . (10)
i=1 i=1 j=1 31 J
If the system was originally in a local minimum, then
AE 2 0 . (11)

n
Consider | L J..0.|: one expects that the signs of J, . and O,
jop 117 1] ]

are not correlated so that the sum should yield
n 1 L 1
| £ J,.0.] =n?J = JIn?/N?
j=1 13 3]

n
However, the signs of L Jijcj and Oi are correlated in the ground
j=1

state so that
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n n

I IJ..0.0,~ Jn3/2/N
i=1 j=1 ¥4 %I

1/2 (12)

Returning to the first term in (10), assume that for small h,
P(|h|) = ah® . (13)

Then,

|=
[}
—
log
=]
>
=2
(ad
[N
=

Ny
A t+l
=Tl Mm ’ (14)

where hm is the largest field associated with the n flipped spins.
Thus

hoo [Eil

: ]l/(t+l)

==

) (15)

so that

[ ae =]
E3
[
=

—

=3
8
>
=3
T
+
—
[=%
=2

|
=
>
N
(ms
+
—
|=

J(c+2)/(t+l)

1/(t+1)

const X N'% (n/N)

= const X n (n/N)l/(t+l)

(16)
If the constants are dropped, requiring that AE > 0 yields

1/(t+1)

n(n/N) n/(n/N)l/2

v

or,

\

E%T ga(a/N) > %-ln(n/N) ) (17)
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Since 2n(n/N)<0, this requires
75T
or,
t 21 . (18)
This is as far as Palmer and Pond took their analysis. It shows
that it is plausible that
P(h,T=0) = h
In fact their simulations of the SK model at zero temperature as
well as simulations by Kirkpatrick and Sherrington suggested that
this was the case (Kirkpatrick and Sherrington 1978).
This evidence makes reasonable the assumption by TAP that
for small h,
P(h,T=0) = h/H® . (19)
They were able to obtain some information about the slope, H-Z.

It should be noted that their definition of P(h),

1
Pryp(h) = Wf §(h-|<h >|) , (20)

is in general not equivalent to the definition used in equations

(3) and (4) of Chapter 3,

P(h) = Z<6(h—hi)> .

1

N °
i

However, at T=0 for a system that orders, that is, when Pi(h) is

of the form

P,(h) = 8(h-hJ) , (21)

these two definitions yield essentially the same result.

PTAP(h) has the advantage that at low temperatures, it appears
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to be less temperature sensitive than P(h) so that TAP can neglect
temperature dependence in their calculation. However, PTAP(h) is
a mean field quantity and will not necessarily yield exact results.
Returning to their calculation, they first define
m, = <0.> . (22)
Using the fact that the Jij's scale with J = J/¥z and are all hence
small, and using standard Bethe lattice techniques, they arrive at
3. m, - m,BLJ%, (1-n®) = k.T tanh™lm . (23)
; i ] i j ij j B i

This equation is simplified by approximating

2 2\ . 7 2
; Jij (l—mj) > (l—mj) ; Jij
J J
= (1-q) J? (24)

where q is the Edwards-Anderson order parameter. It will turn out
to be consistent to take the low temperature behavior of q to have
the form

q=1-a0 /D% . (25)

To further simplify notation, define

¥*

h, =<h,>=Z2Z J, .m, . (26)
i i A B
J
Then equation (23) can be rewritten
*® -1
hi = akBTmi + T tanh m; . (27)

While an exact expression for q is

q=n’=1%I[fP (h) tanh gh dn]®

1

Z|—

it is plausible within the mean field limit to write

= f w2 (") Po,o(h) dh
q = m TAP ’ (28)
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where m(h) is obtained by inverting (27). No attempt is made either
here or in TAP to rigorously justify (28). Combining equations

(28), (25), and (19) one arrives at

2
kT *
aP%}4 - J: [1-m2(h*)]-5§ dh"

H
Lo 2 n" an"
= J [1-m"] = i dm . (29)
0 H

*
Equation (27) will provide h (m) and its derivative so that

1 = 1dn . (30)

2 2

kT k,T 1

B B ( 2 -1

a[ ] = L——J [1-m"] [am + tanh 1[0 a+
T H J 0 m m an m -

Integration and rearrangement yields

22n2+1 : in2
3 o

/N =%+ (31)

While this equation relates H2 to &, it does not determine
either of them. It is consistent with the results of Monte Carlo
simulations reported in Palmer and Pond (1979) to take the minimum

value of H2 compatible with (31). This occurs when

o = 2V2n2 (32)
giving
w/n? - 22l g (33)

Taking care of a factor of two discrepancy arising from the dif-
ferent definitions of P(h) used, one would then expect at T=0
P(h) = 0.307h (small h) , (34)

where P(h) is as defined in Chapter 3.
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Clearly, the approach used in TAP to calculate this slope has
been mean field. Nevertheless, as reported in the next chapter,
it meets with much success when compared to Monte Carlo simulations.
Finally, because of TAP's definition of P(h), there appears to be
no straightforward way to use this argument to investigate the low

temperature properties of the P(h) defined in Chapter 3.



8. P(h) for the Sherrington-Kirkpatrick Model

As pointed out in the previous chapter, most of the attention
paid to P(h) has been concentrated on the zero temperature problem.
However, using the TAP trick of replacing the SK model with a
Bethe lattice, it is possible to obtain P(h) in the entire para-
magnetic regime of this model. To do this, one makes use of the
fact that for a Bethe lattice in the paramagnetic phase, that is

when boundary conditions are of no concern,

<g.0. > = <0.0., ,><0. ,0. > 1
i i+2 i i+l i+l 7i+42 (1)

tanhBJ, (2)

i+l,i+2

tanhBJi,i+l

This is valid when site i+l is the only site crossed by the path
from i to i+2 (see Chapter 4 or Thorpe 1982). In this model, the

temperature scale is set by

kT ~ J = J/N (3)
so that
BJiJ. ~ 1/ (4)
and one can approximate
tanhBJij ] BJij . (5)

Starting from the integral representation of the § function,
Pi(h) = [d6 exp(-ihB) < exp(ihie) > (6)
or

Pi(e) = <exp(ihie)> ? (7)

68
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and using

h, = § Jijoj (8)

(where the sum is over the z neighbors of site i), it follows that

Pi(e) = <§ exp(iJij0j9)>

= <[[ J. .6 io .sin(J. .9)]>
: [cos( i] ) + 1 J51n( i] )]

<§ cos(Jije)[l + iojtan(Jije)]>

<[l J. .0)[1 ic.J. .6]> . 9
; cos( T )L+ i i3 ] (9)

P(8) is obtained by averaging over all configurations of {Jij}'

n

That average will be denoted by an overbar. Thus
P(8) = F_(®)

<[l cos(J..0)[1 + i0_J. .8]>
j 1] J 1]

S [ —
cos(JiJS) (1 + 1z(Jij6<Oj>)

2
<°j°k>

+12MJ..J. 0
2! ij ik

>

.3 z(2=1)(2-2) 3
1 31 137711979995

4 z(z=-1)(z-2)(z-3) 4
+1 41 5 79110117 1m® <9590

Om>

+ ...] +0(1/2) . (10)
The order 1/z corrections, arising from averaging over all the
cos(Jije) terms independently of the Jij<"'0j"'> terms, are
neglected.

In the paramagnetic phase, the thermal average of an odd number

of spins is zero. Furthermore, using equations (2) and (5),
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a2
<ojok> ) JijJik . (11)

Thus, in the large z limit,

—_— z2 2{.2
B(o) = cos(Jijﬁ) [1 - ETB Jij

This last step has used

7 [7]2
52 9% - IJij] (13)

which holds since Jij and Jik are independent random variables.
The infinite sum in (12) is the Taylor expansion of cosine,

so that

—_— 2
BP(8) = cos(Jije) cos(BzJiJE) . (14)

Using notation and scaling introduced earlier,

22324+ 3
ij o
= 3%/z + 32/2 : (15)
For large z,
"2 ~2
z Jij = J . (16)
Furthermore,
z _ _ 1 2.2 z
cos(JijG) = (1 50 Jij + ee.)
2~2
8<] 2,12
—.[1 -5, 0(1/z%)]
= exp(-6232/2) (17)

and hence

P(g) = exp(-ezsz/z) cos(BJze) . (18)
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Taking the inverse fourier transform, one obtains

P(h) = exp(-823%/2 - 1%/23%) cosh(Bh) . (19)

/2nJ
Equation (19) is valid throughout the entire paramagnetic phase
and interestingly contains no explicit 30 dependence.
Figure 13 shows a plot of P(h) at three temperatures. It

was assumed that 30 < J so that (19) would be valid at k,T = J,

B

which is then the spin glass temperature. The infinite temperature

limit is, as expected, a Gaussian:

P(h,T==) = exp(-h2/23%) . (20)

vanJ
When the temperature is decreased, the Gaussian broadens and flat-

tens, a phenomenom made clearer by looking at the small h expansion,

2
22 h 22
P(h) = exp(-B“J“/2) [1 - —(1 - B“I%)
/o3 232
h* 22 ls
+ 32(1/8 - B4 + BIY/24) + ..0) . (21)

The fact that the h2 term vanishes precisely at TSG indicates
how extremely flat this function becomes for small h.

This calculation of P(h) cannot be repeated in an ordered
phase for several reasons, among which are

<g.> =0
J

<0.0

jk k

> z <0 .0,><0,0, > .
ji i
Without being able to express higher order correlation functions in

terms of the nearest neighbor correlation functions, there appears

to be little hope for finding an analytic expression for P(h) in
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Figure 13. P(h) from the analytic result for the Sherrington-
Kirkpatrick model in the paramagnetic phase ( o <.
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the spin glass phase of the model. For this reason, a Monte Carlo
simulation was employed to study an ordered phase, specifically,
the spin glass regime.

The probability distribution for the Jij's was taken to be
of the form

p(J; ) = b, = ) + (1 =), + 1), (22)

where

a=31+I /D) . (23)

This form ensures

J.. =J
ij o)
and
2 g2 i
1]

Since it was explicitly seen in the paramagnetic phase that once
Jo and 32 have been fixed, the details of the Jij distribution are
irrelevant, it is clear that in this phase one is free to choose
the particular form of p(Jij) for convenience. The same statement
cannot be proved in the spin glass phase but is believed to be
true there owing to the infinite range of the interaction.

The advantage of the distribution defined in (22) is that
now Jij can be represented as a single binary digit. This fact
was exploited to increase the effective memory available for the
computer simulation and to increase the execution speed of the
simulation. The details of this technique are provided in Appendix
C. Unless otherwise noted, the data displayed in this chapter

results from an average over four different 1020 spin systems.
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In Figure 14 the results of a simulation for 30 =0at T = 2Ty,
are compared to the analytic calculation, and a similar comparison
at T = TSG is made in Figure 15. While there is some noise in these
simulations, it is clear that they are in essential agreement with
the analytic result.
| In Figure 16, P(h) as obtained from the simulation is plotted
at four temperatures. In keeping with the trend established above
TSG’ a dip at h = 0 has now developed below TSG'

The data at T = 0 was accumulated by taking forty different
{Jij} configurations and searching for one state in each that was
stable against single spin flips. Kirkpatrick and Sherrington
(1678) and Palmer and Pond (1979) have already studied the zero
temperature problem in detail, so no attempt was made to be more
careful in searching for local minima. Those authors, in fact, report
lower values for P(h=0,T=0), and it is believed that for an infinite
system, P(0,0) = 0. However, even using states stable against
only single spin flips, the small h slope obtained from this simu-
lation, 0.311/32, is in excellent agreement with the TAP (1977)
prediction of 0.307/32 discussed in the previous chapter. Hence
the slope appears to be less sensitive than the intercept to the
particular local minimum one is in.

As the temperature is reduced from TSG/Z to O, most of the
change in P(h) occurs for small h. The large h regions are relatively
stable. This suggests that the formation of the h = 0 dip is an
important characteristic of the spin glass phase.

To study P(0) in more detail, first note that above TSG’
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Figure 14. A comparison between the Monte Carlo simulation
of the Sherrington-Kirkpatrick model and the
analytic result: T = ZTSG'
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Figure 15. A comparison between the Monte Carlo simulation
of the Sherrington-Kirkpatrick model and the analytic

result: T = TSG'
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Figure 16. Results of the Monte Carlo simulations of the

Sherrington-Kirkpatrick model: P(h) at four dif-
ferent temperatures. The T=0 data has been
symmetrized.
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P(h=0,T) = exp(-B23%/2) (24)
/2nJ
so that at Tg. = J/kB,
P(h=0,Tg;) = —— S (25)
v/2md
It is also easily shown that
LSG v 2T

Since it is believed that the specific heat and energy are
continuous at TSG for this model, these values hold for just under
TSC also. If one adds to this the assumption that

P(0,0) =0 , (27)
there are three constriants on P(h=0,T) for 0 < T < TSG' One solution,
but certainly not the only solution, is to try the linear form

1 k

_% B
—Je TT . (28)
Nt

P(h=0,T<T
v2m,

sg) =

Figure 17 compares this function to the data from Monte Carlo simu-

lations. The deviation at T = O is probably, as discussed before,

a finite size effect. Attempts to study the size dependence in

the rest of the regime were not conclusive. It is clear, however,

that even if (28) is not exact, it is at least a good approximation.
It was noted in Chapter 5 that for the antiferromagnetic square

net below Tc’ P(h) is symmetric while Pi(h) is not. That is, when

the phase transition occurs, a symmetry is broken so that there are

two distinct sublattices, one with a positively biased Pi(h) and

the other with a negatively biased Pi(h). One might expect a similar

symmetry breaking for this model. While an extensive study was not
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Figure 17. P(0) as a function of temperature in the spin

glass phase of the Sherrington-Kirkpatrick model.
Open circles indicate simulation results. The
dashed line represents the linear hypothesis.
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made, a few simulations of a 540 spin system (30 = 0) yield the
tentative conclusion that

Pi(h) = P(h) T>T (29)

SG

Pi(h) z P(h) T < TSG . (30)

The detailed nature of this broken symmetry is not as of yet clear,
although one can say that it is substantially more complicated than
the two sublattice state of the antiferromagnet.

Following the temperature development of P(h) has allowed the
tracking of its development from a Gaussian function to a function
with a hole in the center. It has been seen that the dip develops
precisely at TSG and the system very quickly establishes the large
h states. Below about TSG/Z, most of the action in P(h) occurs
in the small h region.

There has been some recent work (Mézard et. al. 1984) sugges—
ting that the relevant order parameter in this system is not q
(the Edwards-Anderson order parameter), nor is it q(x), a generalized
probability function introduced by Parisi (1980a). Rather it has
been suggested that the system is best described by a probability
distribution governing the distribution q(x). That is, by performing
a configurational average to calculate q(x), one is throwing away
valuable information in the spin glass state. One might be con-
cerned then that the Monte Carlo simulations performed configurational
averages and that what should have been measured was the probability

distribution of the distribution, P(h). However, it has been noted
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earlier that one cannot calculate q directly from P(h); one needs

to know Pi(h) at all sites. Thus q is not expected to couple strongly
to P(h). It is not unreasonable that even though q and q(x) may

not be well defined thermodynamic variables, P(h) may nevertheless

be well defined for this model.



9. Future Work

While the nature of disorder in Ising systems has been examined
here, the major development has been thaﬁ of a new tool, P(h), to
study Ising systems at all temperatures. This function leads to
exact thermodynamic results as well as having a measurable symmetric
component.

An understanding of this function for a wide variety of Ising
ferromagnets is in hand. However, only one disordered system, the
Sherrington-Kirkpatrick spin glass model, has been studied. While
some useful conclusions were drawn, it was not possible to determine
which general characteristics of P(h) were common to Ising spin
glasses in general and which were peculiar to infinite range spin
glasses. Therefore, it would be useful to look at an Ising spin
glass model with short range interactions. It is reasonable to
expect that a system that orders will have a dip at h = 0, but
beyond that it is difficult to generalize on the basis of the
Sherrington-Kirkpatrick model.

One can extend the definition of P(h) for Ising systems to
a P(H) for classical XY and Heisenberg systems. While the relation-
ship between this function and the inelastic neutron scattering law
is not clear, inspection of the proof in Chapter 2 reveals that a
similar relation between the energy and P(H) should hold. It was
crucial in that proof that all parts of the Hamiltonian commute with

each other, and this is the case for these classical systems.

82
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Extension to these systems would allow for the simulation of
a Heisenberg spin glass. One possibility would be the EuxSrl_xS
system. Eu2+ ions have spin 7/2 and lie on an FCC lattice. They
have ferromagnetic nearest neighbor interactions and antiferromag-
netic next nearest neighbor interactions. EuS acts as a ferromagnet,
but dilution with the nonmagnetic Sr2+ ions enhances the competition
between the nearest and next nearest neighbor interactions, creating
a spin glass at appropriate concentration and temperature. This
system has been well studied both experimentally and by simulation
(see, e.g., Krey 1981). To the extent that spin 7/2 can be approxi-
mated as classical, EuxSrl_xS then provides a prime candidate for
studying the temperature dependence of P(H) in a well characterized
system. A connection between S(K,w) and P(H) could be extremely
useful in comparing simulation results to experiment.

Another system worth investigating consists of classical XY
spins on a triangular lattice with nearest neighbor antiferromag-
netic interations. A study by Lee et. al. (1984) indicates a very
rich phase diagram in the H-T plane. With this single system it
would be possible to sample several different phases.

It may also be possible to extend the definition of P(K) to
the spherical model (Berlin and Kac 1952). This would provide
access to the well studied spherical infinite range spin glass
model (Kosterlitz et. al. 1976).

A more difficult extension of this formalism is to quantum
Heisenberg or XY models. Problems arise early on since the local

field operator,
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h, =1J. 3. (1)
J

is not diagonalizable. Hence,

P,(h) = <d(h - h,)> ~ (2)

is not well defined. Preliminary efforts to relate the Ising P(h)
to P(IKI) or to P(hz) for quantum systems have not yielded a use-
ful formalism. It could be that there exists a relation between

the energy and some generalization of the Ising P(h) that is more
complicated than a simple integral. Any such hypothesized relation-
ship can be checked against the known results for the infinite quan-
tum XY chain (see, e.g., Lieb et. al. 1961) or for finite length
quantum Hdeisenberg systems (Bonner and Fisher 1964). An extension
of the P(h) formalism to quantum systems, while difficult, has the

potential for providing new insight into these models.
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Abstract

We show that the statistical mechanics of Ising models :zan be comveniently
reformulated in terms of the local magnetic field probability distribution

function P(h). It is shown that Zor arbitrary exchange interactioms .. _,

i
which may or may aot be random, both thermodynamic quantities like magneti-
zation, specific heat etc.; and the neutron'scatteting law S(E,u) can be
obtained from P(h). Indeed S(E,u) provides a direct measurement of the
symmetric part of P(h) which also determines the energy, specific heat etc.
while the magnetization can be obtained from the antisvmmetric part of P(h).
As an example, specific results for P(h) are presented for the homeycomb,
square gnd triangular lattices with constant nearest neighbor interactionms.

All three lattices exhibit a pronounced dip in the center of P(h) at the

transition temperature.
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I. INTRODUCTION

At various stages in the development of the theory of magnetism, the
local field probability distribution function P(h) has been used.l-5 Despite
the fact that P(h) has a simple physical interpretatiomn, it has aot been
widely adopted. This is probably because its usage has been associated with
mean field type theories and as such it is regarded as an approximation.

In this paper we show that an exact, useful and complete description
of the thermodynmamics of a rather general class of Ising models can be
obtained in terms of P(h). These models have localized spins Si associated
with sites Ki' The spins can have different magnitudes and the sites ii do
not have to form a crystalline lattice. The Hamiltonian involves only the
Si components and contains arbitrary exchange interactions Ji and external

3

is also quite general. All these results

ij
are scattered around in the literature of the early 1960'51-4 and are

fields Hi. The range of the J
summarized by Southern.S We collect them together in this paper.

We show that a measurement of the inelastic neutron scattering law
S(E,m) at a particular temperature provides a direct measurement of the
symmetric part of P(h) at that temperature. The total magnetizatiomn of
the system can be obtained directly from the antisymmetric part of P(h),
although the converse is not true. Finally the total energy can be obtained

from the symmetric part of P(h), if all the Hi = 0. Other thermodynamic

quantities of interest, like the free energy, specific heat etc. can be

N



88

obtained from the energy. The above connections are very powerZul Secause

they require a knowledge of only P(h) and the temperature and no other infor-

mation about the system. In the case where the Hi # 0, the energy, and
hen¢e the other thermal thermodynamic quantities, can still be found from
?(h) in simple cases. 3uch an example would de a uniform Zield wnere

all the H, = H, and a knowledge of P(h), the temperature and I would lead

i
o the energy.

The layout of this paver is as follows. In the next section we develop
the zeneral Iormalism for S = 5. This is for pedagogical reasons and the
rather obvious generalizations to arbitrarv spin are ziven in the Appendix.
In Sec. III we illustrate these results for various 3pin »% aearest neighbor
Ising models; the one-dimensional chain and the honeycomb, square and cri-
angular net in two dimensions. These results are exact and could have
been obtained at any time in the past 20 years. Surprisingly they do
not appear to be in the literature. The results in two dimensions are
rather interesting as P(h) changes from a roughly Gaussian shape at high
temperatures to develop a pronounced dip in the center at the tramsition

-~

temperature T . It is unclear 20w 3eneral this phenomenon is. We define

[

a quantity that measures the fluctuations in the local field h and show,

not surprisingly, that it has a maximum at Tc.
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The attraction of P(h) is that it provides an alternative description
of a thermodynamic system with perhaps a more intuitive interpretation than
the free emergy. It contains more information than just the free emergy and,
for example, the neutron scatgeting law S(E,w) can also be derived from it.
We note that S(E,u) cannot be derived from the free energy.

Our original motivation for this work was that computer experiments on
spin-glass models at zero temperature often focus on P(h). Indeed it is
a "natural"” quantity to compute. Such experiments have universally demon=-
strated a zero-field ninimum in 3pin-glass models with competing interactions
in their zround or low-lying metasctable states.é A similar ainimum aas
Seen found in simulations of amorphous an:iferromagnets.7’3 3ecause of the
interesting aew results found for simple Ising models, we have deferred a

discussion of more complex spin systems with competing interactions until a

subsequent papet.9
II. GENERAL FORMALISM

We define a spin % Ising system with the Hamiltonian

d= - 4, o, (1)

[SIT

ij Ti 7

Hre
[l ]

where the Jij’ Hi are arbitrary and the factor % is to prevent double counting.
This Hamiltonian describes a completely general spin ) Ising system with
o, == 1, an arbitrary range of exchange parameters Jij and an external field

Hi that can vary from site to site. We define the Jii = 0, The sites can be
inequivalent and we make no assumptions about the existence of a crystalline
lattice or translational invariance. Although we develop these results for

spin ', all the results of this section easily generalize to arbitrary spin
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as shown in the Appendix.
There are a number of ways of decomposing the Hamiltonian (l). The

most obvious is

where

..‘
L}
N

-
4
+
53
—
w
<

This is not userul in discussing local Zields where it is necessary :o decompose

(1) as
B - 1]
H hi ai + H . 4)
where
hi-ZJij o, +H . (5)

The first term in Zq. (4) contains all terms involving 7; and ocher cerms

are lumped together in H'. Notice that hi as defined in (3) and hi as defined
in (5) differ in the factor % in front of the exchange term.. This means that
some care must be taken in calculating the 2nergy of the system later in this
section.

We consider the thermal average < 00, > where O is any operator not

involving site 1i;

Y
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< Ooi > =< ?{ [00i exp (Bhisi)] / Tf[exP(ahici)] >

= < 0 tanh Shi > . (6)

od
Putting 0O equal to the unit operator we find that

’

<3,>=<ctanh 8h, >=<canh 3¢} J. 3, +H)> . )
i i PR % i
-
We note in passing that replacing the thermal average of the tanh in (7) bv
]
cthe tanh of the thermal average leads to mean field theory.  Putting 0 2qual

=0 hi in (6) leads to

(SN oY

=< h; tanh 3h, > (8)

It is not possible to obtain the energy from (8) alome for Hi # 0 because

of the missing factor % in front of the exchange as required for the

decomposition in Zgs. (2) and (3). However the energy can de obtained as
- <7 >
Ei = y tanh Bhi

- - 1L . (9)
2 < (hi + Hi) tanh Shi > .

The magnetization M and the energy E are given by

Y
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M=

[
=

(10)

We introduce the probability distribution Pi(h) for the local magnetic

field at site i by
Pi(h) =< 5(h - hi) > (11)

where both the "intermal” and 2xternmal fields are included in hi via Zg. (5).
It is of course possible to define a similar quancity ?i'(h) with only che
internal f{ield contribution counted;

i

B,'(h) = < &(h - § Jij

For the rest of this paper we shall use (11). From the definition of

P.(h), we see that

j P,(h)dh =1 , (13)
(T3, 3 +H)YT> a [0 P.(h) dh (14)
Yoty i TR [ ’ “
and, from (7) and (9),
<9y > = ( tanh 3h P, (h) dh (13)
/
- 1 . p 1,
g, =-3 2 tanh 3h ?fh) dh - 54, <z, > . (16)
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The distribution function P(h) for the whole system with N sites is

obtained from (11) via

P(h) = % z P, (h) . 7
1

It can be seen from (15) that a knowiedge of P(h) and the :zemperature is

sufficient to determine the magnetization

¥ = N ' caoh 3h ?(h) d4h . (18)

It is not necessarv :o xnow anything <=lse about the 3ystem; in particular
it is not necessary to know the Jij or the Hi. [t is this sense in which
P(h) provides a description of the system in the same way as the free energy
does. Because tanh Bh is an odd functiom of 3h, only the antisymmetric part

Pa(h) of P(h) contributes to M;

) ,
p,(h) =3 [P() - P(-m)], (19)
M=N j tanh 3h P_(h)dh . (20)

In general the energy cannot be obtained directly from P(h). However if

all the Hi are known to be zero, then from (10) and (16)

r
E= - % J h tanh 3h P(h) dh (21)

and E can be calculated directly from P(h) without any knowledge of the Jij'

Y
;
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Because (h tanh 3h) is an even function of h, only the symmetric part Ps(h) of

P(h) contributes to E ;

P, = 3 [2(w) + P(-m)] (22)

9]

p
! h taoh 3h P_(h) dh . (23)

4

In this case the free energy F is ziven by

S

w
"
[
23
-
=]
1o
+
(O]
[
w
-~
t
o~
~

<

L[£ the Hi are surficiencly simple, the free energy can still be Zound.
For example if the magnetic field is constant at every site Hi = H§, the

energy given in (9) becomes
Ny !
E= - ? j (h + H) tanh 3h P(h) dh (25)

and che Iree emergy F(H,I) is ziven by {24) with che integration done at
constant H.

It can be seen that under appropriate conditions the local magnetic field
probability distribution P(h) leads to the magnetization M and the energy E.
All other thermodynamic quantities like the free energy, specific heat etc.
have to be found by integrating or differentiating M or E. This is because

M and E are determined from the expectation values of local operators

whereas other thermodynamic functions are not. Thus M and E play a special

role when the statistical mechanics is done via P(h). This point appears not to
. . ; 4 . .

nave been appreciated by Klein and Brout who attempted to write the free energy

as an integral over P(h) [see their equation (2.5)].

~a



The function P(h) contains more than just thermodynamic information; it

is directly related to the inelastic neutron scattering cross section,lo

where x is any direction perpendicular to the z axis. In the previous part

; z
of this section we suppressed the z superscript on the 7 operators. This
cross section is x independent because Ising systems nave no dynamics, 30

1
that transforming to raising and lowering operators ,

<o, 1, T(e)y + 3.3, () > . (27)
1 pd 1 1

-

The time dependence of these operators is given by

-

ci'(c) = exp(ifit) o~ exp(-iHt) = 9.~ exp(lith,J,) (28)

where the 7, ire ziven dy (5). Combining (27) ind (28) we Zind that

~

4:00
> 1 -iwt T ,
sk,w) =5- | e Yt de i < exp(zitho.) >
<400
- i { e—iwc dt 7 < cos 2th, + i o, sin 2th, > .
2r i i i i

Using equation (6), this can be rewritten as

LY
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+=c0
S(k,w) = fL ( e ™% 4t ¥ < cos 2th, + i tanh 3h, sin lth. >
T i i i i

27

-—

4+
L | ( e™'F de J(cos “th + 1 tanh 8h sin 2th ) P, (h)dh
: 1

[]
[S1P4

(P(w/2) + P(=w/2)] / [1 + exp(-3w)] , (29)

which shows that the neutron scattering law provides a direct measurement of

the symmetric part ?sih) of 2(h);
S(kyw) = N 2 (w/2) / (L + axp(=3u)] (30)

The thermal factor [1 + exp(—am):l.L ensures detailed balance.

From the properties of P(h), it is easy to show that

1 f -
3§ | S(kw) [1 + exp(=3w)] dw = 1 (31)

‘

and if all zhe Hi =]

|

r -
} S(kyw) [1 - exp(-8w)] wdw = =E . (32)

Both (31) and (32) hold for arbitrary Jij' The expression (31) could be useful
in normalizing neutron data taken at different temperatures, if this daca were

to be used to find E.
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III. TWO-DIMENSIONAL ISING MODELS

In this section we present results for P(h) for some pure two dimensional
Ising systems.l'2 This is straightforward but does serve to illustrate some of
the points made in the previous section and provides some interesting results.

It is convenient to redefine the Hamiltonian (1) with only a nearest

neighbor Jij which is set equal to 1
4= - % I (33)

where the sum goes over naearest neighbor jairs onliy and the factor !s is to

orevent double counting. In what follows we use a slightly modified form of
. - . 3 . .

the notation of Choy and Sherrington. As all sites are equivalent we can

ignore the distinction between Pi(h) and P(h). Therefore

P(h) = < 5(h -
b

g,) > (34)
1 4

[ 1]

where the sum over j goes over the z nearest neighbors of atom i. This can be

conveniently rewritten as

o
»

! r4
P(h) = == | exp(-ihe) d6 < exp(L 3 § 5.) >

z

-L exp(-iho) d8 < I (1L + i g, tan 5) > cos? 3 (35)
2| j=1 j

-0
where we have used the an integral representation of the Dirac delta function

with the usual convergemnce factors implied at ==,

“ry
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Multiplying out the brackets in the product, this becomes

L

2% s

P(h) = a o8 d(h - s) (36)

rs

Vean
T an

where the r sum is in steps of 1l and the s sum is in steps of 2. The {inal

result has the form

P(h) = v 3(h - 3) 37

4

-

)
SB=2

with

L - z . o
z - s r (3%)

7
~
1
(=]

z
and the a_ g are given by the generating function

e
71; J exp(-ih8) dé cos®~F 3 sin® 3 1¥
-0

-
<

L ‘ z .,
> N ats 35th = s) (39)

27 gm-z

The factor L/ZZ is included so that the a:s are integers. They are easily
obtained for a given z by doing the simple integrals involved in (39) and are

. . s - . 13 . .
given in Table 1. The c. are correlation functions defined by

- = 7 3.3, « . 3,2 (40)
c 2 .
Todyi..y B ¢

LY
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where the round brackets denote that only the distinct products of r operators
among the z nearest neighbors are to be taken. If we label the z nearest

neighbors of an atom cvclically from 1 to z, then for the linear chain
c = 1 )

<3,>=22<73,> (3N

Tor -he atoneycomb Lactzice ‘z = 3J)

<, = 1 W
= = <3.>=23<=:, >
1 ) i 1
> (42)

c, = > <3 3,>=23<3 3,>
2 (i3) i73 1 72
c = <3,7,3, > = <3, 3,32,

- 17273 :
3 ({3k) i 73 "% J
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For the square net (z = 4)

C = 1 7

o

'vl = _‘ <3, 2= 4K Jl >
(1)

e a v a / B (43)

) B < 7 Ij >a 4 < Jl 7, >+ 2L Il 73 > P
(1)

c., = - <sz,73,73, >2=2=4< 3 3, 3,>

3 (<5k) L 7] " 17273

c, = ° <37,9,93_ 3,>2=<3 3,3,3,> ,

s (i7k2) 177 "% 1 7°2 7374 J

and for the triangular net (z = 6)

Coal 1
¢ = §J <3 >=26<gq >
L@ 1 L
C = 7 -
2 ({' < Iy 3j >=56K< 9, 9, >+6< 3, 9, >+ 3K< I 9, >
i) .

¢ = L < 33759 >=6< 319,94 >+ 12< 313,59, >+ 2< 71 93 95 >

(1ik)

> (44)
¢ = 7 <g,9,0, 0, >2=6<43 0,0,09, >+6<o09, 3,0, J. >
4 (19k2) i7"k "2 17273 74 1727375
+3< I 95 7, 95 >

SN ) <g,93,9, 3, 0 >=26<3 3,439,093, 3.>
5 (ijkim) i 7] "k "L m 1 °2 737475
¢ = ) < Iy Jj 3 Ji gm gn > =< I 9, 949, I35 9, >

(1jk2mn) J
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z . . . . .
From the ars and the Cr’ the amplitudes of the various fields v occurring
in (37) can be calculated using (33). Many of these correlation functions

Ct can be obtained rrom the literature for two-dimensional lattices. No
exact calculations of the Cr exist in higher dimensions. We include the linear
chain only because it is very simple. In whac Zollows X = 2J, where J has

oreviously been set equal to one.

;
For the linear chain‘é

30 that from (38) we have

1 2
w - -
o™ 3 (1 - tanh® K)
(46)
W, =w_ mx 1+ tanh® X)
2 =2 4
There is 10 phase transition in the linear chain so <. = ) act all cempera-
tures and P(h) is symmetric at all temperatures. At infinite temperature
(K = 0) we have v, % and v, =w_, = %, whilst at zero temperature
(K = =) we have w, = 0 and w, =w_, = L.
for the honeycomb lgttice all the Cr can be expressed in terms of the
reduced energy ¢ and the reduced magnetization =
= < >
= Jo Jl
(47)

a=<73 >
0
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where 9 is the spin at the site of interest. This is achieved by rewriting

(6) as 15-18

<0 9, > =A< O(ol + I, + 03) >+ B<KO0 9,9, 73 >

273
where
1 . 1
A= % [cann 3K + tanh K}
L - I R
3 = 7 Ltann 3K = 3 tanh K, .

2utting 0 = 1 vields

< I Iy 7, >=a(l -2A) /3
and putting 0 = cl yields
a2 (z - /(2
<Jl 32> (¢ =3a)/ A+ 3) .

Combining all these results we find that19

R § 3(tanh 3K - ¢) . Jm(tanh 3K - 1) )
1 2 3 tanh 3K - tanh K - tanh 3K - 3 tamnh K
N § 3e - tanh K - a(l - 3 tanh X)
=372 3 tanh 3K - tamh K - tanh 3K - 3 tanh K J
e s 12,13
The reduced energy ¢ can be written as an elliptic integral and the

20
reduced magnetization m is a known function™ of K. These results are

illustrated in Fig. 1.

(48)

{49)

(30)

(51)

(52)
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For any lattice at high temperatures P(h) obeys a binomial distribu-
tion. The field is h if !4(z + h) nearest neighbor spins are up and %(z - h)
are down. This occurs with probability zC%(z +h) / 2z so that at infinite

temperature

z

2(h) = Z i Sth-s) .

2 E(z + s)
s = -2

As z gets large this approaches closer to a Gaussian distributiom.

When the temperature is lowered P(h) at first Zlattens and then develops
a pronounced dip just above Tc for the noneycomb lattice as shown in Fig. L.
At Tc’ the values of ws can be obtained by putting " QV379, o, = 0 and
exp(ZKc) = 2 + v3 in (52). The distribution fumction rapidly develops an
asymmetry below Tc as the magnetization increases from zero as (Tc - ‘1‘)3 with
B = 1/8. At zero temperature there is a single peak at h = 3 as»we would expect
when the alignment is complete.

Note that P(h) contains the critical exponents a (through &) and 3
(through m) in Eqs. (52). All the critical exponents of interest can be
obtained from these cwo.ll

As the coordination increases, so does the number of correlation functions
that must be known. For the square net, the three.spin correlation function
is still proportional to the reduced magnetization via a relationship

15-18 L .
However, it is necessary to compute two other indepen-

similar to (50).
dent even spin correlation functions as they cannot all be reduced to just €
via relations like (48) and (49). These involve evaluating elliptic integrals.
For the triangular net the situation is much more complex but a similar
reduction to elliptic integrals for even spin correlations can be made starting
from the Pfaffian form given by Stephensonzz. The details are complicated and

23 . . . ; , 24 .
are given elsewhere“”, While the magnetization is given by Potts ', the remain-
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ing odd spin correlations can be found using the methods of Barry, Mdnera and
Tanakazs. However, we found their results to contain errors and have not
pursued this further. Consequently, Fig. 3 for the triangular net is not
complete for T < Tc.

The results for the square net and the triangular anet are shown in
Figs. 2 and 3. They are very similar to those for the honeycomb lattice
given in Fig. 1, showing a rather universal benavior for P(h) for all two-
dimensional lattices.

Results have been d>ublishned ;reviouslyls 5y two Jof us Zor the anciferro-
magnetic triangular aet which show that chere is very Little change in P(h)
Setween T = » and T = J apart from some flattening. This is related to che fact
that this model does not have a phase transition and has a finite entropy at
zero temperature. The antiferromagnetic honeycomb and square lattices map on
to their ferromagnetic counterparts as they are both bichromatic. Using the
definition (11) for Pi(h)’ these functions will be identical above Tc for both
sublattices and equal to the ferromagnetic counterparts. However below Tc, the
asymmetry will develop on opposite sides of h = 0 for the two sublattices and
so P(h) for the whole system is just the symmetric part ?s(h) of 2(h) derined
in (22) for the ferromagnetic counterpart. This leads to zero net magnetization
via (18) as expected. In order to get the staggered magnetization it would be
necessary to know Pi(h) at the up and down sites separately and not just the
average.

The one-dimensional Ising model can also be regarded as having a dip in
P(h) at TC if Tc is identified with zero temperature. At zero temperature
w, = 0 and Wy T W_, = i from (46).

If the distribution P(h) is to be characterized by a single parameter,
the most userul is

valht-@mi]/ 2 (53)
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where the bar denotes an average over P(h). From the definition of the c
this can be rewritten as

v=1+ (2¢, - clz) / z (54)

2
and is shown in Fig. 4 for ferromagnetic interactions in the honeycomb,

square net and triangular net. At high temperatures v - 1 for all lattices

as the correlation functions cl, Cq become zero. Not surprisingly chis quantity,
which measures the local fluctuations, 1as a maximum at Tc and then decreases
rapidly to zero as the temperature 3o0es to zero. The increase in v as the
temperature is lowered from infinity towards Tc is due to the flattening and
then the dip in P(h). The rapid drop in v bélow %C isrdue to the asymmectry

caused by <y and hence the magnetization.

For antiferromagnetic interactions, the quantity v keeps going up as the

temperature is lowered. For two sublattice antiferromagnets, like the honey-
comb and square net, the local magnetic field distribution function is given
by the symmetric part (see Eq. 22) of the distribution for the corresponding
ferromagnet, (i.e. ail =xchange interactions changing sign). Thus v increases
monotonically from 1 at high temperatures to z at zero temperature. For the
triangular net antiferromagnet v increases from 1 at high temperatures to
1.097809 at zero cemperacure.13

Finally in this section, we consider the neutron scattering law (26) and
(30). The scattering only takes place at discrete energies. In Table 2 we
have included the thermal factor in (30) to give S(E,m) for the square nect.
At very low temperatures, only the 'spin wave peak' is seen at w = 8.10 This

corresponds to flipping a spin where all its nearest neighbors are parallel.

As the temperature is raised, other peaks have nonzero weights.
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Even at Tc’ we note that 63% of the weight is still in the spin wave peak.
However there is some weight at w = 4, which corresponds to a spin flip
where 3 nearest neighbors are up and 1 is down. The peak at w = 0 will
combine with the elastic peak and the peaks at negative frequencies are
related to those at positive rfrequeuncies by detailed balance factors. At
infinite temperature the thermal factor is % for all frequencies and the
aeutron scattering law becomes symmetric. There is a useful sum rule Zor
spin ' (additional to (31) and (32)) which shows that the total integrated

intensity is independent of temperature, is 1s clear from Table 2;

}( SKy,w) du = 1 . ' (55)

This is easily proved from the definition (26).
IV. CONCLUSIONS

We have shown that the statistical mechanics of Ising models can be
described through the local magnetic field probability distribution function
P(h). This function determines both the neutron scattering law S(E,u) and
the thermodynamic quantities of interest for a large class of Ising systems.
We have calculated P(h) for the ferromagnetic honeycomb, square net and tri-
angular net and have shown that in all cases a pronounced dip develops at TC.

In a subsequent paper, we plan to extend these results to random spin
systems and spin-glass models and also to look at systems described bv

classical rather than Ising spins.
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APPENDIX

The results of Sec. II can be generalized to case of arbitrary spins
Si whose magnitude can vary from site to site. We will adopt a numbering
scheme for equations such that 2quactions in the text and the ippendix corre-

spond. The Hamiltonian is

H==%2 ¢ 7 s*s*-74 s? . (A1)
2 & ij 1 7; s 11
ij i

Note that cthis Ji. differs from zhe Jij in the main text by a factor 4 in the
limit when the spin Yecomes ‘s. This is because we found it more convenient
zo use Pauli operators in the main zext. In a similar way there is a factor
2 different in the definition of Hi’ Rather than redefine these quantities
we prefer to start from (Al). The reader will easily discover places where
factors of 2 appear between equations in the main text and the corresponding

equations in the Appendix. In order to proceed it is necessary to ingist

that the Jii = 0. The most obvious decomposition of (Al) is

a. s (A2)

MO~
-
-

J.. 5% +H, (A3)
ij 7j i

Caeg )
fs

but the most useful for our purposes is

= - z '
Ho=-h, S; +Hd (a4)

h, =g, s;‘+a. . (45)
b

"h‘
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Note that it is important that H be linear in all the Sz so that terms like

z
j’

present formalism is to be used.

z,2 z,2 z.2,2 . o i . .
(Si) , (Si) S (SiSj) etc. are not allowed in the Hamiltonian if the

The thermal average < 0 S: > where 0 is any operator not involving site

i is given by

z r z z - el
<os;> = < Tf (o s] exp(BhiSi)] / Lf [exp(ﬂhsi)] >

= < 0 3. (3h,) > , (A6)
5. i
i
; . 26 . .
where the modified 3rillouin Zunction is ierfined oy
3.(x) = (S+3) coth [(S+3) x ] - +coch (x/2)
(% 7) coch L 3 X J 7 coch (x/2) ,
and hence
8, (x) = = tanh x/2 '
s x) 3 tanh x/2.
Putting 0 equal to the unit operator in (A6) we find that
z
- 3 (th,) > H A7
<si> <s. i (a7)
i
putting O equal to h, leads to
<h $2> a2 <1yg. s¥s?iys? o>
i~ j ij "1 i1
= < ay BS (phi) > . (A8)
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There is the same problem with the factor % in obtaining the energy as

before and we have

(Bh)) >

i

E, = - < hi B

S,
i

1
s - =< + . .
2 (hi Hi) 351 (Bhi) > (a9)
The magnetization M and the energy E are given by (10) as before.
It is convenient Zo define a ?2(h) for the whole system as

2(h) = [ _ 3. (Za) 2.h) )
7 >, 1
1 i

B 3 (3h) ] (All)
i

et

and, further, an average 3rillouin Zunczion 3(8h) by

Ban) =5 [ 35 (8m) .
i i

This takes account of a varying spin magnitude. It is only necessary to know
the number of sites with each spin magnitude in order to know 3(8h).

From (7) and (9) we have

’
|

z =
< Si > j BSi(Bh) Pi(h) dh (Al1S)
and
£, =~ -+ ,"' h 3. (fh) P(h) dh - B H < s2> . (A16)
i 2 Si i 2 i i

The magnetization M is given by

M= | 3 (gh) P(h) dh (a18)
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and, as berfore, it is not necessary to know the Jij or the Hi in order to find

M from P(h).

Again as before, the energy cannot be obtained directly from P(h). How=-
ever if all the Hi are known to be zero, then from (10) and (Al6)
E= -% [ a3 (8h) P(h) dh (A21)
j
the free energy F is given by
3
3F = - © ln(2s, + 1) - Id8 (a24)
i t ;
5]
and aquation (21) zeneralizes in the obvious way with tanh 3h - 3(8h).
The Inmelastic neutron scattering cross section is given by
+
s =2 [ et gt axv[i @&, - Ej)]< s.% s X > (a26)
i J.j +

-0

where x is any direction perpendicular to z. Using arguments similar to

those in Sec. II, we find that
-0
*.-—l-l. -iwt - + - - .t
S(k,w) el e dt _;:< Si S () + Si Si (e) >

i

(2w + B (=0 ] 3 (Bw) / [ 1 - exp(-3w) ]

= 2 ;
i

-
i

2 2N [ P(w) + P(=w) ] B(Bw) / [ 1 - exp(=3w) ] (A29)
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or

S(-k’,.u) = &NPs(u) 3Bw) / [ 1 - exp (=3w) ]

These lead to the sum rules

1 [ 1 - exp(-8uw) -
N | SGw T30~ =l

and if all the Hi = 0

-

. S(I:,u) {1 - axp(=3w) ] »dw = -

m

w |

These sum rules are very zeneral and can be proved without introducing

(A30)

(A31)

P(h). The second one is particularly easy to establish as the magnitude of the

spin does not enter explicitly.

Using che identity '
< A(0) B(t) > = < B(t - iB) A(0) >
for any operators A,B; we see that

S(z,u) T 1 = 2xp(-3uw) 1

-+
1 7 -iwt - . T3 = - -
T dt fJ exp[l X (Ri Rj)]< S. S, () + Si S, (t)
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Only the diagonal terms contribute for Ising models so that

+o
s - __l_;’-iwt + -
S(k,w) [ 1 - exp(-8w) ] ) e dt~§:<[si’si(t)]
- L+, 1
+0s; s, 1>,
Therefore
S(k,w) L L - exp(-3w) ] wdw
J
- +
. B +SS‘, _ _ 38, .
=t ~:-<L>i’ St I Lsi’ e 4 >
1
L+ - - +
'§<[°i’“151] (s, ns, 1>
=47 <h52>
Z ii
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Table Captiomns

Table 1
The coefficients a:s defined in Eq. (39) are given for z = 2, 3,

4, and 6.

Table 2

The inelastic neutron scattering intensity per site S(ﬁ,u)/N at various
special temperactures for the square net. The frequency is in units of J and
the aumbers in the table zive the weights ZWS/[l + oxp(=3w)] of the five

delta functions.



117

9- Y z-
St [ -
0Z- o Y
(31 S 1-
9- v- -
| | 1
9 S Y
—l
€
Hl
1
€

V]

t

4

1

t 9-
9 9=
St -
0z [}]
Sl 4
9 Y
{ 9
o e
9 = 2
f -
1-
I
f
._./.mu. )
f =2




118

Table 2
0\T T =20 T=T, T=o
8 1 0.6324 0.0625
4 0 0.2254 0.25
0 0 0.0849 0.375
-4 0 0.0387 0.25
-8 0 0.0186 0.0625
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Figure Captions

Fig. 1 For the honeycomb lattice, the bar graph at the left and the line
graph in the upper right show the behavior of P(h) as a function
of temperature. The ordinate gives the weight v, in the delta

functions. The table in the lower right gives the value of w

h
(defined in Eq. 37) at special temperatures.
Fig. 2 Same as Fig. 1 except for the square net. The parameter x = 1l/7 - 1/«2.
Tig. 3 Same as Fig. 1l except for the triangular aecr. The results for T < Tc

are not complete as we have not been able to compute the required
odd spin correlation functions.

Fig. 4 The fluctuation v in the local field as a function of reduced
temperature '1'/'1'c for ferromagnetic interactions in the honeycomb,

square net and triangular net.
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Appendix B. Some 2D Correlations

In this appendix, some details are given for the calculation
of correlation functions needed in Chapter 5. First the calculation
of a four spin correlation on the square net will be discussed
and then the second part of this appendix will discuss the one honey-
comb correlation needed.

As mentioned in Chapter 5, most of the square net correlations
needed are found in Montroll, Potts, and Ward (1963), the exception
being the four spin correlation. Rather than rederive or rewrite
what has already appeared in 1PW, their notation will be adopted here
and then enough information will be presented so that in conjunction
with MPW, the interested reader can calculate this particular
correlation.

MPW number the spins using rectangular coordinates so that
in their notation, what is needed is

Cu = <912910921%1” - (1)

It is useful to rewrite this as

Cy = <912911911910%1%11%11%1> - (2)

In analogy to MPW equation (49), one obtains the form

c, = 2% Py tq) PCY) (3)

4
where
z = tanh(BJ) , (4)

P(A) stands for the Pfaffian of matrix A, and Y and Q are matrices
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which are defined below. It can easily be shown, as in MPW equation
(50), that

4

P(Y) = x (5)

where
X =2 -2z . (6)
The matrix (Y-1+Q) can be written down almost directly. The
columns and rows of the matrix are labelled in MPW's notation to
aid the reader in seeing how this particular form came about:
vy = 0
(0,150 (1,1)D (1,1)U0 (2,1)D (1,0)R (1,1)L (1,1)R (1,2)L

(0,1)U 0 A 0 B C D -D -C
(1,1)D  -A 0 F 0 -D E E -D
(1,1)U 0 -F 0 A -D -E E D
(2,1)b -B 0 -A 0 C -D -D C
(1,0)0R -C D D -C 0 A 0 B
(1,1)L  -D -E E D -A 0 F 0
(1,1)R D -E -E D 0 -F 0 A
(1,2)L C D -D -C -B 0 -A 0

The six different entries are defined by:
-1

A= (1-329)F ) - 2(l+2))Fy, - x (8)
B = (1-2°)Fy - 2(l4z°)F - 22°F (9)
C = 22F ) + 2Fyy - F ) (10)
D = (1—22)F10 - 2F), - 2F, (11)
E = ~Fyy + 22F)y + 2°F | (12)
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2 2 2
F = z(l+z )Flo + 2z F11 - (1-z )FOO (13)

The Fij's depend on elliptic integrals and are defined in the
appendix of MPW. In practice they are calculated numerically before
the Pfaffian is taken. Since the Pfaffian is the square root of

the determinant, the desired correlation is

1
¢, = 2**[oer(y lh0))? (14)
Turning to the honeycomb lattice, one starts with the partition

function (Green and Hurst 1964)

Z = c°[cosh3(BJ)]N°Z' (13)
or .
in Z = in ¢ + 3N&n cosh(BJ) + &n 2' (16)

where ¢ is a constant and

2™ 2m 4
J dé J do 2n{l + 3y

2n 2' = —lf
0 0

8w
- 2y2(1—y2)[cose + cosd + cos(B-0)]} ; (17)
y = tanh(BJ) . (18)
Noting that, unlike the convention used in Chapter 5, Green and

Hurst double count their bonds,

1 3%n Z'
<0001> = tanh(BJ) + 3 3(80)
L}
= tanh(BJ) + & secn?(gyy X0 Z. | (19)
3 dy
One can show
fn z2' 1 JZﬂde szd¢ A + BcosH (20)
Jy 8n2 0 0 C + Dcos6 + Esin®

with
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A= 12y°

B = -3(4y - 8y3)

C = (1+3y4) - 2y2(l-y2)cos¢
D = -2y2(1-y2)(1+cos¢)

E = -2y2(1-y%)siné

Stephenson (1964) pointed out that

2T C + DcosO + Esin®

1
a = [(C% - D% - E%)?

(S

1 Jn 46 exp(inb) - an(CZ - D
™

- Ci/(D - iE)

(21)
(22)
(23)
(24)

(25)

(26)

(27)

This relation is used to perform one of the integrals in equation

(20), giving

' 2m 1
n 2' _ 1 J " [A , _BCD ] . (cPop?og?y-}

oy 4w 0 D2+E2
2m
o J de gn 2
0 D"+E

(28)

Now <0001> is expressed (through equations (28) and (19)) in terms

of a pair of single integrals, a more suitable form for obtaining

numerical results.



Appendix C. Details of Monte Carlo Simulations

The basis for the Monte Carlo simulations of the spin glass
and ferromagnetic systems was the algorithm introduced by Metropolis
et. al. (1953). Given a system at a temperature T, the algorithm
generates an ensemble of states {Si}, which can be used to deter-
mine the thermal average of properties of the system. From the
ith member of an ensemble, Si’ the next member is generated by
creating a new state st. In Ising systems this is typically done

by flipping one spin in Si' Given

E' = energy of S° (1)
E; = energy of S, (2)
O = E - E; , (3)
Si+1 is defined in the following way:
St

1) AE < 0 » Si+1 =
2) AE > 0

Choose a random number p such that 0 < p < 1.

S

a) p < exp(—AE/kBT) > Si+1

S. .
i

b) p > exP(—AE/kBT) > S
The initial state, Sl’ may be chosen at random or taken to
be the last state generated by a simulation at a nearby temperature.
In either case, one generally excludes some of the initial members:
of the ensemble from the averaging process, which is equivalent

to allowing the system to come into equilibrium before making
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a measurement.
In the simulations described below, a system change consists
of flipping a single spin. A Monte Carlo step is defined by N
attempted spin flips, where N is the number of spins in the system.
Most of the rest of this appendix will describe the spin
glass simulation, with some details of the ferromagnetic simulations
appearing at the end.
The Hamiltonian for the Ising Sherrington-Kirkpatrick model
is

H=-}%¢ J. .o.0. (&)

where as usual the superscript, z, is suppressed for convenience.

Let O? - denote the value of Oj in the pth state of the ensemble.
. . . N .th .

Suppose a trial state is arrived at by flipping the 1t spin so

that its new value 1is OE = —OE. Then

AE = -Z J. oP(ot - 02)

. 1 1
i JJ
_ > P P
= 2( z Jijoj) al
_ P 4P
B Zhi S5 . (5)

At this point, the difficulties involved in doing a simulation
of the SK model are apparent. First one has to have stored in
an accessible way, the N(N-1)/2 independent values of Jij' Second
one must be able to calculate h?, which has N-1 terms, efficiently.
Modifying an array packing scheme suggested by Jacobs and Rebbi
(1981), these difficulties can be overcome to a degree.

Neglecting the fact that the Jii's are zero, the information
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describing this system is binary in nature:

J.. =%l
1]

of = #1 .
1

The Jii = 0 problem is easily treated separately in the computer
program. Rahter than taking an entire computer word, which is sixty
bits on a Cyber 750 system, to store one value of, say, 0?, one

can store sixty spin values in one word. These individual bits

can be accessed and modified through such FORTRAN commands as SHIFT,
OR, XOR, and AND. The last three correspond to the logical functions

whose operations are defined below.

AND(4, B) OR(4,3) XOR(4,B)
BN o B o 1 BN o g
olo o o o1 o |lo 1 (6)
1 | o 1 1 |11 1 11 o0

The corresponding FORTRAN functions, operating on two words,
perform these logical operations on a bit by bit basis. For example,
AND(1,7) =1 (7)
because 7 = 1112 and 1 = 0012.
(LSB) do both words have a 1 so that 1 appears only in the LSB of

Only in the least significant bit

the answer. In fact, a projection operator, projecting out the
LSB of a word M, can be defined by

PI(M) = AND(1,M) . (8)
The SHIFT(M,Nb) function performs a cyclic permutation of the bits
of word M, N bits to the left. Hence one can define a projection

operator for the Nth LSB of a word M by
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PN(M) = AND(SHIFT(1,N-1),M) . (9)

Similar use of the OR function will allow the definition of a par-
ticular bit in a word. Hence each bit of the sixty bit word is
both definable and accessible.

The values of N spins can be stored in an array with N/60 words.
This is why N was taken to be a multiple of 60 for the spin glass
simulations. Similarly, one could store the N(N-1)/2 values of
Jij in an array of approximately N2/12O words. However, for ease
in calculation of the hg , the full matrix of Jij values was stored
in an array of N2/60 words. A simple rescaling of the energy allows
one to let a binary O represent -1 in the physical system.

The calculation of the h? is achieved by noting that when Jij
and Og have the same value, Og contributes positively to hg , while
negative contributions arise when Jij and 0? have opposite values.
Hence the product Jijog can be represented by the XOR function.
Furthermore, the FORTRAN XOR function will perform these multipli-
cations sixty at a time. What remains is to sum up over all j.
Apparently there is no easy way of doing this, and so each bit of
the product word is projected out separately and the results are
added as integers.

The memory limit of the Cyber 750, 127,000 words, is reached
for an SK system of about 2400 spins. The practical computation
limit, based on cpu time, is 2040 spins, while systems of 1020
spins were sufficiently large for most calculations. A typical
measurement at one temperature involved averaging over four 1020

spin systems; that is, four different Jij matrices were generated.
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Each system was brought into equilibrium by running for sixty Monte
Carlo steps and then thermal averages were performed over two hundred
steps. Such a run requires about 37,000 words of storage and five
minutes of cpu time on the Cyber 750.

Not all of the advantages to using binary methods for simulating
the infinite range spin glass model hold for simulating short range
ferromagnetic systems. First, for uniform nearest neighbor systems,
it is more efficient to devise a way of locating nearest neighbors
than to store the entire Jij array. Secondly, the number of multi-
plications involved in calculating hi no longer scales with the system
size. However, with long range order being important in ferromag-
netic systems, it is useful to be able to work with larger systems,
particularly near Tc’ Hence the amount of central memory associated
with storing the spin configurations becomes important.

There is a trade-off between efficiency of use of storage space
and easé with which spin values can be accessed. One compromise
between these two optimizations is to utilize the sixty bit length
of each word as an extra dimension. As an example, the spin con-
figuration of a 30%X30%30 simple cubic lattice was stored in an array
of 30%x30 words, with each word in the array containing information
about 30 spins.

The chief difficulty in programming a Monte Carlo simulation
of these ferromagnetic systems is finding an efficient way to locate
the nearest neighbors of a spin. For a D dimensional simple cubic

system, the method is intuitive. A spin located at

(i1s1i9s-005ip) )
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where iD refers to the bit number in word
(il’iZ""iD-l) ,

has nearest neighbors located at
(ilil,iz,...,iD),
(il,izil,...,iD) ) eeee-

A body centered cubic lattice, in three dimensions, can be
represented by two interpenetrating simple cubic lattices. Locations
on the BCC lattice are thus described by four integers:

(L’il'iZ'iB)
where L=1,2 is the sublattice number and

(il’iZ'iB)
locates the position on that sublattice. Wwith this decomposition
it is straightforward to write out a table which describes the
nearest neighbors of a given spin. Similarly, a face centered cubic
structure can be decomposed into four simple cubic sublattices and'
a diamond structure into eight. The mearest neighbor locations
which are obtained in this decomposition are shown in Table 2.
The periodic boundary conditions used in these simulations are imposed
with the aid of modular arithmetic.

Typical runs on ferromagnetic systems began with 1000 Monte
Carlo steps to bring the system into equilibrium. This was followed
by 1000 steps (2000 steps at Tc) during which thermal averages were

computed.
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Table 2. Nearest neighbor locations for three dimensional lattices.

Site

(1,i,j,k)

(Z’iyjyk)

Site

(1'i’jyk)

(2,1i,j,k)

(3,1,3,k)

(Aii’j,k)

Site

(1,i,3,k)
(2,i,3,k)
(3,1,3,k)
(4,1i,3,k)
(5,1,3,k)
(6,1,3,k)
(7,1i,3,k)
(8,1,3,k)

BCC
Nearest Neighbors

jrk=1)
1) (2,i-1, §-1,k=1)

(2,1 . ) (2 i-1,3,k) (2,i,j-1,k) (
(2,1 1,k) (2,i-1,j,k-1) (2,i,j-

(1,i,j,k) (1,i+1,j,k) (1,i,j+1,k) (1,i,j,k+1)
(l,i+1,j+1,k) (1l,i+1,j,k+1) (1,1i,j+1,k+1) (1, 1+l,3+1 k+1)
FCC
Nearest Neighbors
7i,j1k) (211"19J’k)
7ivj,k) (3’i-lsj’k)
rivj’k) (4)19J_1’k>

A~~~
S UV O]

(
(
( 1k"']-)

(1,i,j,k) (1,i+l1,j,k) i,j,k+1) (1,i+l,j,k+l)

(3,1,3,k)
(Aoi’j’k)

(3’iaj“1’k)
(4,i+1,5,k)

(1,i+1,j,k)
(2,i,j+1,k)
(4,i+1,j,k)
+

~~~
x N K
N~

1,i,j
2,i-1,
3,i-1,

(—J(_ai—‘

9
’
9

(1,i,j,k+1)
(2,i,j+1,k)
(3,i,j,k+1)

DIAMOND

Nearest Neighbors

(5,i9j‘1’k) (6ai-19j-1’k-1) (7ai—1sj_l:k) (89ivj-1tk'1)

(3,i,j-1,k+1)
(4,i+1,j-1,k)

(1,i+1, j+1,k)
(2,i,j+1,k-1)
(4,i+1,j,k-1)

(5,i,j-1,k) (6,i,j-1,k) (7,i,j-1,k) (8,i,j-1,k)
(5,i,j,k) (6,i,j,k-1) (7,i,j-1,k) (8,i,j-1,k-1)
(5,i,j,k) (6,i-1,j,k) (7,i-1,j-1,k) (8,1i,j-1,k)
(1,i,j+1,k) (2,i,j+1,k) (3,1i,j,k) (4,i,j,k)

(1,i+1,j+1,k+1) (2,i,j+1,k) (3,1,j,k+1) (4,i+1,j,k)
(1,i+1,j+1,k) (2,i,j+1,k) (3,i,j+1,k) (4,i+1,j+1,k)
(1,i,j+1,k+1) (2,i,j+1,k) (3,1i,j+l,k+1) (4,i,j+l,k)
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