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ABSTRACT

STRUCTURES AND BOOLEAN DYNAMICS IN
GENE REGULATORY NETWORKS

By

Anthony Szedlak

Cancer is a complex family of diseases primarily characterized by the accumulation of muta-

tions in cells within multicellular organisms, leading to accelerated proliferation and aggressive

competition over limited space and resources. This is coupled with a loss of DNA replication qual-

ity control mechanisms, creating genetically heterogeneous clonal lines within patients and even

within individual tumors. Each of these clonal lines may respond differently to the same pertur-

bations, making the system naturally resistant to drug therapies. Great progress has been made in

identifying and deciphering the roles of driver mutations in individual genes, but the mechanisms

of oncogenesis can only be truly understood in the context of the misregulation of dynamical pro-

cesses in cells’ underlying gene regulatory networks (GRNs).

This dissertation discusses the topological and dynamical properties of GRNs in cancer, and

is divided into four main chapters. First, the basic tools of modern complex network theory are

introduced. These traditional tools as well as those developed by myself (set efficiency, interset

efficiency, and nested communities) are crucial for understanding the intricate topological proper-

ties of GRNs, and later chapters recall these concepts. Second, the biology of gene regulation is

discussed, and a method for disease-specific GRN reconstruction developed by our collaboration is

presented. This complements the traditional exhaustive experimental approach of building GRNs

edge-by-edge by quickly inferring the existence of as of yet undiscovered edges using correlations

across sets of gene expression data. This method also provides insight into the distribution of com-

mon mutations across GRNs. Third, I demonstrate that the structures present in these reconstructed

networks are strongly related to the evolutionary histories of their constituent genes. Investigation

of how the forces of evolution shaped the topology of GRNs in multicellular organisms by grow-

ing outward from a core of ancient, conserved genes can shed light upon the “reverse evolution” of



normal cells into unicellular-like cancer states. Next, I simulate the dynamics of the GRNs of can-

cer cells using the Hopfield model, an infinite range spin-glass model designed with the ability to

encode Boolean data as attractor states. This attractor-driven approach facilitates the integration of

gene expression data into predictive mathematical models. Perturbations representing therapeutic

interventions are applied to sets of genes, and the resulting deviations from their attractor states are

recorded, suggesting new potential drug targets for experimentation. Finally, I extend the Hopfield

model to modular networks, cyclic attractors, and complex attractors, and apply these concepts

to simulations of the cell cycle process. Futher development of these and other theoretical and

computational tools is necessary to analyze the deluge of experimental data produced by modern

and future biological high throughput methods.
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CHAPTER 1

INTRODUCTION

I must warn the reader that this chapter should be read with care,

for I have not the skill to make myself clear to those who do not

wish to concentrate their attention.

—Jean-Jacques Rousseau, The Social Contract

This dissertation covers a broad range of topics arranged in a bottom-up manner. I begin

by discussing the fundamentals of network theory and complexity from a general, mathematical

point of view. I then focus on the particular case of the gene regulatory networks (GRNs) that

regulate the processes in cancer cells, examining both how these networks are inferred from a

pool of disease-specific experimental data and the resulting topological traits that emerge. These

topological traits are also shown to be strongly related to the evolutionary properties of individual

genes and clusters of genes. I then apply a dynamical Boolean model, the Hopfield model, to

simulate the effects of specific perturbations to cancer GRNs, suggesting potential therapeutic

targets for future experiments. Finally, I introduce a new generalized version of the Hopfield

model, and I apply a specific version to simulate perturbations to genes involved in cell cycle.

Because it is likely that most readers will be knowledgeable of only some of the topics dis-

cussed herein, this dissertation was written under the assumption that all readers are both highly

intelligent and oblivious to all of these things. Unlike Rousseau, I introduce the material in what I

believe to be an approachable, edifying, and hopefully entertaining manner. Because of the diver-

sity of topics, it was deemed more natural to include introductions at the opening of each chapter

rather than kludging together a single long and meandering introduction. This has the added benefit

of creating compartmentalized chapters, allowing readers who are familiar with any introductory

material to easily skip to sections containing unfamiliar material. Some of the gory details have

been pushed to the appendices, including a mathematically dense proof and two lengthy deriva-
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tions. Any reader interested in further details can find them in the original publications referenced

in the text. The remaining chapters are organized as follows.

• Chapter 2, Complex Networks: an introduction to network theory, including many terms and

concepts used in later chapters

• Chapter 3, Gene Regulatory Networks: an overview of proteins, genes, and gene regulatory

networks, as well as network reconstruction algorithms used in modern bioinformatics

• Chapter 4, Evolution of Gene Regulatory Networks: a description of the relationship between

the topology of gene regulatory networks and the evolutionary histories of their constituent

genes

• Chapter 5, The Hopfield Model: a synopsis of the basic properties of one kind of neural

network and its application to simulate the dynamics of cancerous gene regulatory networks

• Chapter 6, Generalized Hopfield Models: an introduction to three generalizations of the Hop-

field model (modular networks, cyclic attractors, and complex attractors) and applications to

cell cycle

• Chapter 7, Conclusions: a summary of the material covered in this dissertation and a list of

work to be done in the future
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CHAPTER 2

COMPLEX NETWORKS

A culture’s icons are a window onto its soul. Few would disagree

that, in the culture of molecular biology that dominated much of

the life sciences for the last third of the 20th century, the dominant

icon was the double helix. In the present, post-modern, ‘systems

biology’ era, however, it is, arguably, the hairball.

—Arthur Lander, The edges of understanding

The following chapter reviews the basics of complex network theory as well as my own con-

tributions, and is organized as follows.

• Section 2.1, The Königsberg bridge problem: a synopsis of the founding problem and solu-

tion of network theory

• Section 2.2, Basic terminology: a review of the basic terminology and notation used in

modern network theory

• Section 2.3, The problem with pictures: explanation of network layouts and motivation for

development of non-Euclidean network measures

• Section 2.4, Basic network measures: a review of basic network measures such as degree

• Section 2.5, Advanced network measures: a review of advanced network measures such as

betweenness centrality and global efficiency

• Section 2.6, Set and interset efficiency: definitions of two related measures I developed, the

set efficiency and interset efficiency

• Section 2.7, Communities: definition of network communities and modularity

• Section 2.8, Nested communities: an unpublished generalization of communities which I

developed, nested communities

Sections 2.1-2.5 and 2.7 may be safely ignored by readers with basic knowledge of the listed topics.
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For detailed definitions and explanations of concepts in canonical network theory, see Networks:

An Introduction by Mark Newman [110].

2.1 The Königsberg bridge problem

Like much of mathematics, the modern field of graph theory was borne from a simple puzzle.

Fig. 2.1 shows a detailed 18th century map from the Prussian city of Königsberg, now named

Kaliningrad. The goal was to find a route through the city that crossed each one of its seven bridges

exactly once. In 1736, Leonhard Euler issued the first proof in graph theory, which demonstrated

that no such route exists.

Euler recognized that most of the information shown in such maps was extraneous. Neither

the details of the city (buildings, streets, shape of the shoreline) nor the details of the bridges

(location, length, construction materials) were relevant to solving the problem; all that mattered

was the manner in which land masses were connected to one another. By reducing each landmass

to a point (a node or a vertex) and each bridge to a line (an edge or a link) connecting points, he

was left with the simplest possible model that could still address the problem. The resulting graph

is shown in Fig. 2.2 with the nodes labeled A, B, C, and D. He concluded that if such a path (a so

called Eulerian path) were to exist, there must be exactly 0 or exactly 2 nodes with an odd number

of edges (or degree). Since all four nodes have odd degree, no Eulerian path exists. See Appendix

A for an informal proof.

2.2 Basic terminology

Networks, or graphs,1 provide a basic mathematical architecture for organizing systems with inter-

acting components, and are especially useful for representing large, heterogeneous systems. Nodes

typically represent entities in a system, e.g. movie actors, and edges typically represent interactions

or relationships between entities, e.g. two actors performing in the same movie.

1Some literature draws a distiction between the terms network and graph, but they will be used
interchangeably here.
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Figure 2.1 Detailed map of Königsberg. For
clarity, the bridges have been circled in red.

Figure 2.2 Bridges of Königsberg, overlayed
with Euler’s graphical representation.

There are many ways to represent networks mathematically. Euler used a diagram to solve the

Königsberg bridge problem, but this was practical only because the network was relatively small

with simple topology. Analyzing large complex networks requires the assistance of a computer,

which requires a symbolic rather than geometric representation. The most compact and convenient

notation for the purposes of this dissertation is using an adjacency matrix A, where

Ai j =

 1 if j→ i

0 otherwise
(2.1)

and j → i denotes a directed edge from node j to node i.2 Note that for undirected networks,

Ai j = A ji. In addition, many real-world networks have weighted edges, signifying the strength of

the connection. Weighted adjacency matrices are sometimes denoted by W , where Wi j ≥ 0 is the

weight of the connection from j to i. For example, the weighted, undirected network shown in

Fig. 2.3A has

W =


0 2 5

2 0 1.5

5 1.5 0

 , (2.2)

2Some literature and software packages use the convention i→ j, but all equations can be
translated between the two conventions using appropriate matrix transposes.
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Figure 2.3 [A] A weighted network with undirected edges, and [B] a weighted network with two
directed edges and one undirected edge. Node labels are shown in black, and edge weights are
shown in red.

and the weighted, directed network shown in Fig. 2.3B has

W =


0 0 5

2 0 0

5 1.5 0

 . (2.3)

Note that in all network diagrams in this dissertation, edges without arrowheads are assumed to

be undirected edges, and networks without edge weight labels are assumed to be unweighted net-

works.

Although a network can be simplistically described as a set of pairwise relationships, informa-

tion may need to flow between nodes lacking a direct connection, e.g. airline passengers traveling

long distances or between small cities may need to make connecting stops, and a request from

a personal computer for information from a remote server may need to connect through several

intermediaries. This sequence of transfers through a network is called a path. Traversing a path

usually comes at a cost such as time or money, and intelligent companies and consumers attempt

to find paths of minimum cost. In both Fig. 2.3A and B, the shortest path, or geodesic, from node

1 to node 3 is the sequence 1→ 2→ 3, and the total distance is d31 =W21+W32 = 3.5. However,

the geodesic from 3 to 1 in Fig. 2.3A is 3→ 2→ 1 with a distance of d13 = W23 +W12 = 3.5,

whereas in Fig. 2.3B the geodesic is 3→ 1 with a distance of d13 =W13 = 5.
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2.3 The problem with pictures

It can be useful to examine networks diagrammatically, especially for Euclidean networks such

as the Königsberg bridge network or a network of airports linked by connecting flights, since the

network can be drawn to scale such that pairwise distances between nodes are preserved. As

Euler realized, this simplifies analysis by removing unnecessary details contained in a normal

map. However, many complex networks such as movie costar networks do not represent spatial

relationships and therefore do not have a single “best” spatial layout.

Projections provide a way to reduce high dimensional data to a low dimensional form, and are

typically used to help humans visualize the same complex data from multiple simplified perspec-

tives. Perhaps the most familiar examples are projections of the Earth’s surface onto a 2D plane,

some of which are shown in Fig. 2.4. Maps like these allow the Earth to be comfortably stored on

the pages of a book or on the walls of the Pentagon, but while a good projection preserves some

properties of the original data (like the surface area of countries or the distance between parallels),

all projections necessarily introduce distortions and so should be used with caution [1].3 Only a

globe can capture the true topology of Earth’s surface, but certain properties can be gleaned from

consideration of multiple kinds of projections.

Similarly, network projections, also known as network layouts, aim to arrange nodes in two

or three dimensions such that the spatial distances between nodes is related to a property of the

network, often but not always the network distance between nodes. For example, a force-directed

layout treats all nodes as positively charged masses confined to a plane and treats all edges as

springs, and then attempts to find a minimum energy configuration as defined by Coulomb’s law

and Hooke’s law. The Coulomb force pushes all particles apart, whereas the spring forces keep

densely connected groups of nodes close. Because there are many energetic minima in such sys-

tems, the layout determined by the algorithm is not unique. Other examples include spectral,

orthogonal, tree, and dominance layouts; and the choice of layout depends on the specific network

3thetruesize.com is an interactive tool that allows the user to move silhouettes of countries on a
Mercator map, demonstrating how country shapes and sizes morph as they are translated northward
and southward.
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Figure 2.4 Some of the countless available map projections, including both common and exotic
projections. Image adapted from here.

and the specific application. Some example layouts are shown in Figs. 2.5–2.8.

By virtue of most networks being both high dimensional and non-Euclidean, however, network

layouts tend to suffer greater distortion than maps of the Earth, which can produce misleading re-

sults. Even the normal notion of metrics breaks down. In Euclidean space, distances are symmetric,

i.e. d(~x,~y) = d(~y,~x); but this is not necessarily true for distances between nodes in directed net-

works. It is important to remember that network layouts provide primarily qualitative information.

In order to understand the structure of complex networks quantiatively, new sorts of non-Euclidean

measures must be defined.
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Figure 2.5 A random layout of a randomly
generated scale-free network. Nodes are
colored from white (low degree) to dark
blue (high degree).

Figure 2.6 A circular layout of the same
network shown in Fig. 2.5.

Figure 2.7 A force-directed layout of the
same network shown in Fig. 2.5.

Figure 2.8 A spectral layout of the same
network shown in Fig. 2.5.
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2.4 Basic network measures

A natural question to ask is, how does a particular node compare with another node, or how does

one node compare with all other nodes? What makes a given node unique, if anything?

One of the most basic measures is the degree of a node i, which is simply the number of edges

connected to i,

ki = ∑
j

Ai j (2.4)

Because nodes in directed networks have both incoming and outgoing edges, the measure splits

into indegree

kin
i = ∑

j
Ai j (2.5)

and outdegree

kout
i = ∑

j
A ji = ∑

j

(
AT
)

i j
(2.6)

for the number of upstream and downstream neighbors, respectively. Note that nodes with zero

indegree are termed sources, and nodes with zero outdegree are termed sinks. For weighted net-

works, the role of the degree is played by the strength, which is the sum of the weights of the edges

connected to a node,

si = ∑
j

Wi j (2.7)

For weighted, directed networks, the instrength and outstrength are given by

sin
i = ∑

j
Wi j (2.8)

and

sout
i = ∑

j
W ji = ∑

j

(
W T
)

i j
(2.9)

respectively. The degree or strength of one node relative to another gives some indiciation of the

nodes’ relative importance. For example, an airport-to-airport network could be constructed by

Wi j = number of people in one year who departed from airport j and arrived at airport i
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This construction means the total number of people who left airport i in one year is given by the

outstrength sout
i . By most reasonable definitions of “importance,” the Harsfield-Jackson Atlanta In-

ternational Airport, which served over 49 million departing passengers in 2015, is more important

than the Houghton County Memorial Airport, which served less than 26,000 [45].

Similarly, one may be interested not in comparing the properties of two nodes within the same

network, but one network with another. A quantitative comparison between the topologies of two

complex networks, particularly large networks, can be quite difficult. Even discerning whether two

networks are isomorphic (i.e. whether two networks are identical under a relabeling of one of the

network’s nodes), the so-called graph isomorphism problem, is an active area of research.

Although each network has its own unique topology, distilling its complex microscopic details

into a handful of coarse-grained measures that capture its basic properties can be enlightening. The

simplest way to do this is to examine the network’s degree distribution. A convenient model net-

work is the Erdős-Rényi network, which is constructed by including an edge j→ i with probability

p for each node pair (i, j). This is a simple type of random network model that is both interesting

in its own right and serves as a control for studying the properties of real networks. Because the

presence or absence of each edge is an independent trial with a fixed probability of success p,

Erdős-Rényi networks have binomial degree distributions,

Pk =

(
n
k

)
pk(1− p)n−k, (2.10)

as shown in Fig. 2.9. This means that hubs, nodes with much higher degree than the mean degree,

are rare because Pk decreases exponentially for k� 〈k〉= np.

However, real networks rarely have binomial degree distributions. One of the most prevalent

distributions is the power law degree distribution which has Pk ∼ k−γ for some γ > 1, and typically

2. γ . 3 for real networks. Although power law distributions also fall to zero as k→∞, they do so

much more slowly than binomial distributions, resulting in many more hubs than in Erdős-Rényi

networks. Fig. 2.10 shows the degree distribution for the Enron email network in which an edge

j→ i means that employee j sent at least one email to employee i. Plotting the histogram in log-log

scale reveals that the Enron email network has a power law degree distribution with γ ≈ 1.6.
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Figure 2.9 Indegree distribution for an
Erdős-Rényi network with 〈kin〉 ≈ 3.69.

Figure 2.10 Indegree distribution for Enron’s
email network with 〈kin〉 ≈ 3.69 and γ ≈ 1.6.
Note that both axes are logarithmic.

There are many other local network measures besides degree. The assortativity coefficient [111]

is the Pearson correlation between the degree of neighboring nodes across the network, the value

of which determines whether the network is assortative (hubs tend to connect to other hubs), dis-

assortative (hubs tend to connect to non-hubs), or mixed (no significant relationship between the

degree of neighboring nodes). The clustering coefficient [157] counts the number of “triangles”

(fully connected node triplets) in the network out of the total number of possible triangles.

2.5 Advanced network measures

All of the previously discussed measures are entirely local. They provide important information

about microscopic properties, but typically cannot identify high level structural properties. For

example, the degree distribution, assortativity coefficient, and clustering coefficient all fail to dif-

ferentiate between the networks in Fig. 2.11A and 2.11B, even though there is an obvious, critical

difference: while there is a path from every node to every other node in the network in 2.11A, the

network in Fig. 2.11B is composed of two components.

Many intermediate- and long-range measures have been developed to understand important

structures in networks. One common class of measures, centrality measures, assigns a score to

each node in the network and identifies nodes that are in some sense “important” or in the “middle”
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Figure 2.11 (A) A network with one component, and (B) a network with two components. Both
networks have identical degree distributions since all nodes have degree 2.

Figure 2.12 An example network. The red node has high betweenness centrality, since all paths
between the left and right sides must pass through the red node.

of the network. The betweenness centrality [54], for example, counts the fraction of geodesics that

pass through a given node. It is given by

bi =
1

(N−1)(N−2) ∑
j=1..N
h=1..N

i6= j,i6=h, j 6=h

ρh j(i)
ρh j

(2.11)

where ρh j is the number of geodesics from node j to node h, and ρh j(i) is the number of geodesics

from j to h that pass through node i. The motivation behind the definition of betweenness centrality

is that removal of a node with high betweenness centrality disrupts important avenues of commu-

nication between remote nodes. The red node in Fig. 2.12, for example, has high betweenness

centrality because all paths between the left and right sides must pass through it.
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PageRank [118] is one of the most famous and widely used centrality measures. It was created

by Larry Page in 1999 in an effort to “bring order to the web,” and served as the foundation of

Google’s search engine. Like other search engines, Google identifies a large set of pages con-

taining text that matches all or part of the user’s query. However, Google’s power comes from

integrating text matching information with network topology to intelligently sort the search re-

sults. The World Wide Web is composed of pages (nodes) and hyperlinks that point from one page

to another (edges), and so can be represented as a directed network. The basic assumption behind

PageRank is that a page’s reputation is a function of its upstream neighbors’ reputations, a sort

of “reputation by consensus.” In other words, if many trustworthy sources of information point

to a page i, then i is likely trustworthy as well. This effect should be tempered by the outdegree

of those pages, however. Wikipedia’s domain hosts a large number of links to other domains, so

while Wikipedia may have high PageRank, the algorithm should be designed such that the score

it passes downstream is inversely proportional to the number of pages to which it links. Formally,

node i’s PageRank xi is obtained by self-consistently solving

xi = α ∑
j=1..N

Ai j
x j

kout
j

+β (2.12)

for ~x given constants α and β . Under this definition, the PageRank algorithm assigns a score to

each node based on the scores of its upstream neighbors divided equally amongst all outgoing

links, plus a small free score so that source nodes contribute a nonzero score to their targets.

Since the primary goal of centrality measures is to rank nodes from most to least central, overall

multiplicative factors are irrelevant, so dividing both sides of Eq. 2.12 by β and renaming xi/β→ xi

gives a form of PageRank with only one free parameter α ,

xi = 1+α ∑
j=1..N

Ai j
x j

kout
j

(2.13)

Conventionally, α is set equal to 0.85, and was likely empirically chosen by Google simply because

it produces the best results [110]. There is no guarantee that α = 0.85 is the best choice for all

applications, however. Google no doubt has improved the performance of its search engine since

the company was founded, but PageRank remains an integral part of the algorithm. There are
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Figure 2.13 An undirected, unweighted, disconnected network with two components.

many variations of PageRank [149], but a simple weighted version of Eq. 2.13 can be obtained by

replacing Ai j with Wi j and the outdegree kout
i with the outstrength sout

i ,

xi = 1+α ∑
j=1..N

Wi j
x j

sout
j

(2.14)

Since there can only be a nonnegative integer number of hyperlinks from a page j to a page i, the

World Wide Web has Wi j ∈ {0,1,2, . . .}; but in general, Eq. 2.14 can be computed and simply

interpreted as long as Wi j is nonnegative and real. As with all network measures, the “correct”

form of PageRank depends on the particular application.

One relatively simple yet potentially informative measure is the mean distance between all

pairs of nodes in a network,

d̄ =
1

N(N−1) ∑
i=1..N
j=1..N

i6= j

di j (2.15)

where di j is the geodesic distance from node j to node i, and di j ≡ ∞ if no path exists from j to

i. The limiting cases produce sensible results: unweighted complete networks have d̄ = 1, since

all nodes are adjacent to all other nodes, and edgeless networks have d̄ = ∞. But real networks

are rarely this regular. Consider the simple network in Fig. 2.13. For the subnetwork composed

of nodes 1, 2, and 3, d̄ = 1; but including node 4 means d̄ = ∞. This network is clearly more

connected than an edgeless network, however, and a different measure is required to capture this

fact.
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The global efficiency of a network is defined as

Eglobal =
1

N(N−1) ∑
i=1..N
j=1..N

i 6= j

1
di j

. (2.16)

This is the mean inverse distance between all distinct ordered pairs of nodes in the network. The

inverse of the global efficiency gives a measure similar to the mean distance, and it is identical in

the extreme cases: for unweighted complete networks, E−1
global = d̄ = 1, and for edgeless networks,

E−1
global = d̄ = ∞. However, the global efficiency is less sensitive to disconnected and weakly

connected pairs of nodes than the mean distance. For the network shown in Fig. 2.13, E−1
global = 2,

whereas d̄ = ∞. Any network with at least one (directed or undirected) edge with nonzero weight

has E−1
global < ∞.

2.6 Set and interset efficiency

Most commonly used network measures concern either global properties (like the assortativity

coefficient, clustering coefficient, and global efficiency) or single-node properties (like degree,

betweenness centrality, and PageRank). However, one may be interested in the properties of a set

of nodes, for example how a set of nodes is distributed across a network. In [116], I defined the set

efficiency4 of a set of nodes I as

EI =
1

|I|(|I|−1) ∑
i, j∈I
i 6= j

1
di j

(2.17)

where |I| is the number of nodes in I. Note that if I is the set of all nodes in the network, EI =

Eglobal. While the summation over i and j is restricted to a subset of the nodes in the network,

the geodesic connecting j to i may pass through nodes not in I. The set efficiency measures

the proximity of a set of nodes embedded in a networks, where large EI implies short distances

between nodes in set I. The red nodes in Fig. 2.14 are scattered across the network and so have

4The set efficiency was originally termed the intraset efficiency in [116], but its name was
changed to the set efficiency in [142] to avoid confusion with the interset efficiency.
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low set efficiency, whereas the red nodes in Fig. 2.15 are separated by only one or two edges and

so have high set efficiency.

In [142], I defined the interset efficiency from a set of nodes J to a set of nodes I as

EIJ =
1

|I||J|− |I∩ J| ∑i∈I
j∈J
i 6= j

1
di j

(2.18)

where I ∩ J is the intersection between I and J. As with the set efficiency, geodesics may pass

through any nodes in the network; the only constraint is that the geodesic begins in J and ends in

I. For example, the interset efficiency from the red nodes to the blue nodes is low in Fig. 2.16 and

high in Fig. 2.17. The interset efficiency is a generalization of the set efficiency, since EII = EI .

See Appendix B for the derivation of the interset efficiency’s normalization. Applications of the

set and interset efficiency will be discussed in Sections 3.4 and 4.3.

It is worth emphasizing that the set efficiency is a property of a set of nodes, and the interset

efficiency is a property of a set of two sets of nodes. In other words, they are both collective

properties of the elements of a set, not merely an average of single-node properties. One possible

set-to-set analogue of the betweenness centrality could be the interset betweenness centrality,5

bHJ
i =

1
Normalization ∑

j∈J,h∈H,
i 6= j,i 6=h, j 6=h

ρh j(i)
ρh j

(2.19)

This is the fraction of all geodesics that start in node set J and end in node set H that pass through

node i. As with the set and interset efficiency, the only difference between Eq. 2.11 and Eq. 2.19

is the limits of the summation. Indeed, many single-node and global network measures can be

adapted to answer questions about sets. This set-oriented approach may be more appropriate

when asking questions about “robust” networks, where redundant connections emerge (as with

metabolic, gene regulatory, and ecological networks) or are intelligently designed (as with trans-

portation, power, and information networks) such that the failure of a single node does not cause

5The author leaves the derivation of the normalization and the task of thinking of a better name
for Eq. 2.19 as an exercise for Carlo’s next graduate student.
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Figure 2.14 The set efficiency of the set of red
nodes is relatively low. One geodesic for one
(i, j) pair is shown with thick edges.

Figure 2.15 The set efficiency of the set of red
nodes is relatively high. One geodesic for one
(i, j) pair is shown with thick edges.

Figure 2.16 The interset efficiency from the set
of red nodes to the set of blue nodes is relatively
low. One geodesic for one (i, j) pair is shown
with thick edges.

Figure 2.17 The interset efficiency from the set
of red nodes to the set of blue nodes is relatively
high. The half-blue-half-red node belongs to
both sets. One geodesic for one (i, j) pair is
shown with thick edges.
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dramatic changes to the system (failure/removal of the red node in Fig. 2.12, for example, engen-

ders such a dramatic change, since the network separates into two components). It may be more

useful to inquire about the behavior of “regions” of the network than individual nodes.

2.7 Communities

The previously discussed set measures are motivated by questions of the form, “what properties

does a given set of nodes have?” Clustering in networks, by contrast, is motivated by questions of

the form, “can a set of nodes which satisfies a given property be identified?” Answers to the second

question are usually far more difficult to compute because the combinatorics of the problem makes

exhaustive searches exponentially harder for every node added to the network. Most clustering

algorithms employ efficient heuristic techniques to find good solutions, but truly optimal solu-

tions are rarely obtained. Like maps of Earth and network layouts, clustering is a dimensionality-

reduction method that gives researchers a bird’s eye view of how a network is structured without

the need to understand the properties of every individual node and edge.

One common feature of real world networks is the organization of nodes into communities,

also known as modules. The quantitative definition of what constitutes a community varies, but

most are designed to segregate the network into relatively densely connected subnetworks. The

most common method for community detection is maximizing an objective function Q(~c) called

the modularity [112],

Q = ∑
i j

(
Ai j−

kin
i kout

j

m

)
δci,c j (2.20)

where m = ∑i kin
i = ∑i kout

i is the total number of edges in the network, ci is the index of the

community to which node i belongs, and δx,y is the Kronecker delta function. The first term in

the sum is the adjacency matrix, Ai j, which is the actual number of edges from j to i (either 0 or

1). The second term, kin
i kout

j /m, is the expected number of edges from j to i given their out- and

indegrees, respectively, under a degree-preserving randomization. Finally, the Kronecker delta

function ensures that a given (i, j) term contributes to the summation if and only if i and j are
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assigned to the same community. Maximizing Q means searching for a ~c that includes as many

positive terms in the summation as possible, i.e. searching for groups of nodes that share more

edges within each group than expected at random. A weighted version of Eq. 2.20 can be obtained

by replacing Ai j with Wi j and the in/outdegree with the in/outstrength. Applications of modularity

will be discussed in Chapter 4.

2.8 Nested communities

The following section contains unpublished findings.

Hierarchical organization is a ubiquitous feature of large complex systems. Phylogenetic trees,

for example, represent the difference between the genomes of organisms that share a common an-

cestor, and are usually represented with dendrograms as shown on the left side of Fig. 2.18. The

difference between genomes is computed using a metric such as the total number of mismatched

base pairs (i.e. the number of single nucleotide polymorphisms, or SNPs) when the DNA sequences

of two organisms are compared. In the phylogenetic tree in Fig. 2.18, this metric has been mapped

to the estimated point in time at which two distinct genomes emerged from a common ancestor,

which is reflected by the x-coordinate of the forking point between any two clades (subnetworks

of a phylogenetic tree formed from a chosen forking point plus all its decendants), with more dis-

tant forks (very different genomes) placed toward the left. The causes of the divergence in human

(and Neanderthal) genomes are many and varied. Geographical divides between prehistoric pop-

ulations caused humans to evolve in a compartmentalized fashion, with great distances, bodies of

water, mountains, and deserts separating major clades, e.g. Sub-Saharan Africans and Aboriginal

Australians, and more modest barriers between genetically similar subgroups, e.g. English and

French. The evolution of languages is similarly hierarchical. Fig. 2.19 shows an inferred dendro-

gram of 103 Indo-European languages. In addition to the best estimates of the fork locations, this

figure also includes 95% confidence intervals (marked with light blue lines), and the gray distri-

bution on the left corresponds to the computed probability density of the location of the root node

(the most recent common ancestor language of all 103 languages shown). Social systems also
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Figure 2.18 An example phylogenetic tree of human ancestry derived from mitochondrial DNA.
Original image from [80].

tend to be organized hierarchically into city, county, state, and federal governments, as well as a

multitude of international organizations like the United Nations and the World Trade Organization.

Although there is great complexity across all scales of such hierarchies, their clades are not neces-

sarily self-similar, as is the case with fractals. Each level of the hierarchy may have its own distinct

topology.

Likewise, numerous real world networks exhibit hierarchical structures [91]. Many of the mul-

titude of existing network measures (geodesic distances, for example) may be directly used or

adapted to build dendrograms, and for some networks, this may prove illuminating. However,

dendrograms are typically constructed using continuous variables for the locations (“heights”) of

the forking points, and for large networks, the resulting dendrograms are highly complex. Futher-

more, assigning nodes to discrete clusters requires a user-defined threshold height that collapses

all subsets below this threshold (i.e. clades which are similar enough) to a single point, making this
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Figure 2.19 Inferred dendrogram of 103 Indo-European languages. Line thicknesses correspond
to languages’ rates of “diffusion” across land masses. 95% confidence intervals are marked with
light blue lines and are included at all forking points. The gray distribution on the left corresponds
to the computed probability density of the location of the root node (the most recent common
ancestor language of all 103 languages shown). Original image from [19].
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a parametric clustering method.

My simple but powerful nonparametric generalization of the concept of communities is nested

communities, which as its name suggests involves searching for communities inside of commu-

nities in a recursive manner. The first step of the algorithm applies the traditional community

finding algorithm to the full network, breaking it into standard communities. The nested commu-

nity algorithm then independently applies the same traditional community finding algorithm to the

subnetworks composed of the nodes from each community from the previous step. This method is

iterated over each output set of communities until some condition is met, terminating that partic-

ular branch of the tree. The algorithm must terminate at the single-node level, but depending on

the application, additional criteria can be used to decide when to break from the algorithm. These

could include reaching a depth where the optimal modulary becomes nonpositive; reaching a depth

where the optimal modularity is no longer statistically signficant compared to a distribution of ran-

dom subdivisions using a chosen p-value threshold; or using external, non-topological information

(such as gene enrichment, discussed in Section 3.2).

In more mathematical notation, applying the traditional community search algorithm f to C

(the set of all nodes in the network) results in n communities, f (C) = {C1,C2, . . . ,Cn}. Note that⋃
iCi = C and Ci ∩Ci′ = {∅} for all i 6= i′. The next level of depth is obtained by applying f to

each of the n communities detected. For community i, for example, its n′ subcommunities
{

Ci j
}

are found via f (Ci) =
{

Ci1,Ci2, . . . ,Cin′
}

, and the same union and intersection properties from the

first output set apply to these output sets. This is applied iteratively until no further communities

are detected. Note that a community’s depth is equal to its number of indicies. Fig. 2.20 shows an

example network with two labelled levels of community structure.

Figs. C.1-C.4 show spy plots of the adjacency matrix for Google’s internal web page net-

work [119]. Each node (row and column indicies) is a web page owned by Google, and each edge

(a black dot located at (i, j)) is a hyperlink from page j to page i, both of which are managed by

Google (google.com, mail.google.com, calendar.google.com, etc.). Nodes were assigned a ran-

dom index in Fig. C.1, so no clear patterns emerge. Fig. C.2 shows the same network, but with
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Figure 2.20 An example network with two levels of community structure. The largest oval
encloses all nodes, C; the two midsized ovals enclose nodes in level-1 communities, {Ci}; and the
six small ovals enclose nodes in level-2 communities,

{
Ci j
}

.

its nodes sorted into standard level-1 communities (boxed in red). Note that this ordering tends to

drive edges toward the diagonal, leading to clear block stucture. Figs. C.3 and C.4 show level-2

and level-3 communities respectively, the result of further iterations of the nested community algo-

rithm. This reveals that a significant amount of substructure is overlooked by standard community

searches. Figs. C.5-C.8 are the same as Figs. C.1-C.4, but zoomed to show only the first 5,000

nodes to emphasize the patterns detected by the nested community algorithm.

To further demonstrate the power of the nested community algorithm, the same analysis was

performed for an arXiv theoretical high energy physics citation network [90], shown in Figs. C.9-

C.16. In this network, each node is an author of at least one high energy physics publication posted

on arXiv, and an edge from author j to author i means that at least one of j’s articles on arXiv cited

at least one of i’s articles on arXiv. These plots show more intercommunal edges than the Google

network, with dense off-diagonal blocks indicating strongly coupled but still distinct subfields.

Finally, gene regulatory networks such as AML 2.3 and HumanNet (discussed in detail in

Chapters 3 and 4) show 7 and 8 layers of nested community structure, respectively, as shown

in Figs. C.17-C.20. The communities in these networks – especially HumanNet – show greater
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heterogeneity than the Google and citation networks, perhaps because these networks are inferred

rather than directly and precisely measured. However, a distribution of communities with high and

low connectivities interconnected in more diverse ways may be an important property for cells.

Some of the more fundamental cellular functions may need to be tightly regulated to keep the cell

alive, whereas others may need to be more flexible to quickly respond to changing stresses. This

could be addressed in the future using enrichment tools such as DAVID (discussed in Section 3.2)

to determine if there is any relationship between the connectivity of communities in these networks

and the kinds of pathways they host.

It is perhaps unsurprising that the Google, citation, and gene regulatory networks show hetero-

geneous community structures: the rules that govern how these networks are designed (in the case

of Google’s pages) or emerge (in the case of citations and gene regulation) are very different from

one another. However, the nested community algorithm, a rather simple extension of the standard

algorithm, successfully identifies deeper underlying trends with little additional effort.
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CHAPTER 3

GENE REGULATORY NETWORKS

Quis custodiet ipsos custodes?

(Who will guard the guards themselves?)

—Juvenal, Satire VI

The following chapter briefly reviews the fundamental concepts of biology underpinning my re-

search as well as my own contributions, and is organized as follows.

• Section 3.1, Basic biology: a basic description of proteins and genes

• Section 3.2, Gene regulation: a discussion of how gene expression is regulated

• Section 3.3, Cancer: brief overview of gene regulatory networks and oncogenesis

• Section 3.4, GRN reconstruction: a network reconstruction algorithm that our collaboration

developed and published, and my primary contribution to the publication concerning an anal-

ysis of the topology and distribution of cancer mutations in a reconstructed acute myeloid

leukemia network

Sections 3.1-3.3 may be safely ignored by readers with basic knowledge of the listed topics. For

further details concerning mechanisms in cellular biology and genetics, see introductory texts such

as [24] and [77].

3.1 Basic biology

Many cellular functions involve proteins, macromolecules dubbed the “workhorses of life.” Pro-

teins are produced by the cell in a wide array of shapes and sizes (one of the smallest known

natural proteins, spoVM, has a mass less than 3 kDa [33], and the largest, titin, has a mass over

3 MDa [117]) and perform a huge variety of vital tasks. Some of the broad categories of proteins

include [24]
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• structural proteins, which provide the materials for structures like histones (the protein com-

plexes which package DNA), cytoskeletons (the scaffolding within cells that maintains their

shape and provides “highways” for the movement of material), and large-scale structures

such as hair, spider silk, and connective tissues;

• transport proteins, which transport material within a cell, between the cell and its environ-

ment, or from one part of the body to another (such as hemoglobin, which moves oxygen

throughout the body);

• hormonal proteins, which transmit information throughout the body and regulate many pro-

cesses;

• receptor proteins, which detect chemicals in the environment surrounding cells;

• contractile proteins, which are used in both the motion of single-celled organisms (as in the

case of cilia and flagella) as well as the motion of multicellular organisms (such as actin and

myosin in muscles);

• defensive proteins, which combat bacteria and viruses;

• and enzymatic proteins, which alter the rates of chemical reactions within cells.

The information for the structure of each protein is encoded in one or multiple genes. New proteins

are created within the cell via protein biosynthesis, which follows these basic steps in eukaryotes

(e.g. human cells):

1. The gene’s contents are read by the protein complex RNA polymerase II (RNAP II) and the

information is copied to pre-messenger RNA (pre-mRNA) in a process called transcription.

2. The pre-mRNA is processed into messenger RNA (mRNA), which is transferred from the

cell nucleus to the cytoplasm.

3. The mRNA is processed by a complex of proteins and RNA called a ribosome, which builds

a protein in a process called translation.

4. The protein may undergo further post-translational processing to produce the mature, active

protein.

There may be processes before, after, and between these steps as well, depending on the organism,
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the particular gene, and the current state of the cell.

In this dissertation, gene expression refers to the concentration of a given gene’s mRNA in a

given cell, i.e. highly expressed genes have high mRNA concentrations. It would be preferable

to use the more traditional definition of expression, meaning the concentration of the final gene

product (either a protein or functional RNA), since there are regulatory steps that occur after mRNA

synthesis. However, it is very difficult to simultaneously measure the concentrations of all final

gene products in a single cell or cell population. Paired with incomplete knowledge about the

existence, functions, chemical states, and interactions between the numerous genes, RNAs, and

proteins in any given organism, compiling a comprehensive snapshot of the internal state of a cell

requires more advanced technologies than are available today. Consequently, many of the findings

contained in this dissertation are based on the simplifying assumption that mRNA concentration is

a good proxy for final gene product concentration. The most plentiful and comprehensive sources

of gene expression data available today come from microarray and mRNA sequencing (RNA-seq)

measurements. See Appendix D for a brief overview of microarray and RNA-seq technologies.

3.2 Gene regulation

The demand for cellular processes varies over time. Cells such as red blood cells die naturally in

the human body and are regularly replenished by stem cells, but unrestricted cell division is one

of the primary hallmarks of cancer. Humans of course require an active immune system to guard

against pathogens, but a hyperactive immune system can lead to a plethora of diseases in which

the immune system attacks the host. The nonlinear, nonequilibrium nature of biological systems

requires each cell to carefully regulate its rate of protein production in response to its immediate

needs and its environment.

Regulation of the amount of final gene product can happen at any point in the biosynthetic

process. Histones and DNA can be chemically altered to change whether a gene is exposed for

transcription; mRNA and proteins can be degraded, or disassembled into their basic components,

by other proteins; but one of the most important and well studied forms of regulation comes from
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the action of transcription factors (TFs). Transcription factors are proteins that bind to specific

segments of DNA, increasing (activators) or decreasing (repressors) the likelihood that RNAP II

successfully binds to and transcribes a given gene. In many cases, transcription of a given gene

cannot begin until its specific transcription factors bind to their respective sites on the DNA.

Of course, gene regulation is useless unless the regulators themselves are regulated. Individual

transcription factors do not make autonomous decisions about whether to up- or down-regulate

their target genes; rather they respond to their own regulatory inputs from upstream genes, which in

turn depend on their upstream regulators, ad infinitum. This complex web of regulatory interactions

and feedback loops, called a gene regulatory network (GRN), provides each cell with a sort of

“brain” that allows it to make decentralized decisions [20] about how to modulate the production

of the cell’s various proteins at any given time.1

As shown in Section 2.8, GRNs are typically modular, where genes share many interactions

within communities and fewer interactions between communities. These communities host path-

ways, or subnetworks of a cell’s GRN responsible for constructing particular cellular components

or executing particular cellular functions. This modular structure allows pathways within the same

community to synchronize and cooperate, while operating more or less independently of pathways

in other communities. Tools such as DAVID [38] have been created to detect which pathways are

enriched, or present to a statistically significantly degree, in a given set of genes drawn from a given

population of genes. The p-value of the enrichment of a given pathway in a given set of genes is

usually estimated using the cumulative distribution function of a hypergeometric distribution,

p(k0) =
K

∑
k=k0

(K
k
)(N−K

n−k
)(N

K
) (3.1)

where N is the number of genes in the population, n is the number of genes in the input set, K is the

number of genes in the pathway, and k0 is the number of genes that are present in both the input

set and the pathway. Applications of gene enrichment in the context of evolution will be discussed

in Chapter 4.

1This emergent decision-making ability motivated us to simulate the dynamics of gene regula-
tory networks using a model developed in neuroscience, the Hopfield model, and will be described
Chapter 5.
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Figure 3.1 Schematic of some known apoptosis components and signaling pathways in humans.
Figure adapted from the interactive version available from KEGG [72].

3.3 Cancer

GRNs make many decisions in a collective rather than centralized manner, which stabilizes against

both external and internal perturbations [98] (however, some functions such as developmental pro-

cesses may be governed by the action of only a handful of genes). These decisions are executed by

proteins, which must fold into very precise shapes largely determined by the their encoding genes’

sequences to function correctly, although the environment and post-transcriptional modifications

play a role in folding, localization, and interactions as well. Mutations, or permanent changes to a

gene’s nucleotide sequence, are sometimes harmless, but certain mutations or collections of muta-

tions can cause encoded proteins to misfold or exhibit altered function. Furthermore, cross linking

and double-stranded breaks in DNA can also cause misregulation of important processes. Cells

have machinery to attempt to repair damaged DNA, but if the damage is too extensive, the cell
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may initiate apoptosis, or the process of “programmed cell death” in which the cell destroys itself

for the sake of the multicellular organism. Apoptosis is one of the most important signaling path-

ways being investigated today. Fig. 3.1 shows a high level summary of some of the experimentally

verified stimuli, genes, and reactions involved in the apoptosis signaling pathway in humans.

Elements of the apoptosis signaling pathway are also susceptible to mutation. One of the

most commonly mutated genes in cancer, TP53 (which encodes the protein p53), is integral to

DNA maintenance and apoptosis initiation. Mutations in TP53 result in not only the loss of p53’s

original functionality, but can give rise to new, undesired interactions [107]. TP53 is also a kind of

tumor suppressor gene because p53 is responsible for pausing cell cycle to allow the cell to check

that the DNA can be replicated without errors. Without properly functioning p53s, cells undergo

division regardless of the fidelity of the daughter cells’ DNA [63], allowing for the introduction

of yet more errors in the next generation’s DNA. Another related category of genes, oncogenes, is

responsible for up-regulating processes like cell cycle. The acquisition of mutations that disrupt

the function of apoptosis, cause tumor suppressor genes to malfunction, and cause oncogenes to

become hyperactive are necessary steps in carcinogensis, or the evolution of normal cells to cancer

cells.2 Recently, more of these hallmarks of cancer have been identified [61], and are shown in

Fig. 3.2. For a review of different cancer types and their corresponding driver mutations, see [153].

Any viable theraputic intervention must kill or control cancer cells while doing little or no

damage to normal cells, and because cancer cells are physically very similar to their normal coun-

terparts, treating cancer clinically is quite difficult. Although broad classes of cancers have many

distinguishing mutations and characteristics, each patient has their own sets of mutations that make

their cancer unique. With the advent of single-cell RNA-seq technology, it is rapidly becoming ap-

parent that the mutation and gene expression profiles of cells drawn from the same tumors are

far from homogeneous [22, 120], a direct consequence of the misregulation of cellular processes.

2In fact, many of the mutations that commonly drive carcinogensis tend to be located in the parts
of the genome responsible for multicellular cooperation (for example, regulation of proliferation).
These kinds of mutations could be considered a form of “reverse evolution” [25] in which the
mutated cell behaves like a unicellular organism, acting with no regard for the health of the host
organism.

31



Figure 3.2 Ten of the “hallmarks of cancer.” Acquiring each of these features drives cells into
more cancer-like phenotypes. Figure adapted from [61].

As the founder clone (marked with N’s in Fig. 3.3) becomes cancerous, it mutates and divides at

a higher rate than normal cells. Each successive generation follows its own unique evolutionary

path, driven by random mutations and natural selection. These mutations accumulate and, just as

with the phylogenetic tree in Fig. 2.18, their genomes begin to diverge. Cells from the same or

different lines may compete (because space and resources are limited) and/or cooperate (by re-

leasing growth factors to further up-regulate growth and proliferation in other cells), increasing

each successive generation’s fitness compared with normal cells. Designing a drug regimen that

effectively kills one of the clonal lines may simply allow more aggressive, drug-resistant lines to

fill the vacuum.

The apoptosis diagram in Fig. 3.1 represents how at least part of a typical functioning signaling

pathway works, but there are a large number of ways for that system to malfunction (removing

or adding edges, changing binding strengths, etc.). Before any progress can be made in treating a
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Figure 3.3 Schematic of clonal evolution within a single patient. As the founder clone (marked
with N’s) becomes cancerous, it mutates and divides at a higher rate than normal cells. Each
successive generation follows its own unique evolutionary path, driven by random mutations and
natural selection. These mutations accumulate and, just as with the phylogenetic tree in Fig. 2.18,
their genomes begin to diverge. Cells from the same or different lines may compete (because
space and resources are limited) and/or cooperate (by releasing growth factors to further
up-regulate growth and proliferation in other cells), increasing each successive generation’s
fitness compared with normal cells. Figure taken from [79].
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malfunctioning GRN, the structure of the GRN itself must be deduced.

3.4 GRN reconstruction

The human genome contains an estimated 23,000 genes [122] that together encode for an esti-

mated 29,000 proteins [106] (some genes encode multiple proteins thanks to alternative splicing).

Although nowhere near the complexity of the network of neurons in the human brain, these num-

bers pose a problem for understanding gene regulation: explicitly determining whether one gene

regulates another or one protein interacts with another across all possible pairs is an enormous

task. This is further complicated by the fact that many genes require the presence of multiple

transcription factors before transcription initiates, effectively giving rise to 3+ body interactions.3

Nevertheless, much effort has been devoted to assembling manually-curated databases of regula-

tory interactions. Some databases like KEGG [72] focus on organizing information about individ-

ual pathways. Others databases like TRANSFAC [101] gather data about transcription factor/gene

interactions across many organisms and cell types. Curated databases such as these rely on manual

or computer-assisted searches through abstracts and publications to identify and categorize known

interactions.

However, assembling a list of known interactions alone cannot predict the existence of un-

known interactions. The true underlying GRN in a given cell type likely has more edges than have

been directly measured. Additionally, it may not be necessary to understand the precise details of

every regulatory interaction to understand some of the statistical properties of GRNs. A practi-

cal alternative to fully combinatorial experimental detection is to employ network reconstruction

algorithms, which infer the structure of the GRN based on some sort of correlation between the

expression of pairs of genes across multiple gene expression profiles. A number of reconstruc-

tion algorithms have been developed recently, driven in large part by the vast quantity of gene

3Hypergraphs are graphs (networks) that are composed of nodes and hyperedges. A hyperedge
is the n-body generalization of the pairwise relationship that an edge in a normal network repre-
sents. Hypergraphs are interesting mathematical constructs and are of potential utility in the study
of gene regulation, but will not be covered here.
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expression and other data produced in recent years. ARACNE [16] is a well known network re-

construction algorithm based on mutual information; TIGRESS [65] uses least angle regression

to detect edges; and GENIE3 [71] ranks the significance of edges using a tree-based ensemble

method.

In 2015 I coauthored A scalable method for molecular network reconstruction identifies prop-

erties of targets and mutations in acute myeloid leukemia [116], which reported on an efficient

network reconstruction algorithm developed by our collaboration. Curiously, we neglected to

name the algorithm in the original publication, so for the sake of this dissertation the algorithm

will be called Ong’s method, named for the primary author. At the most basic level, Ong’s method

builds a GRN from the Pearson correlation between the expression of pairs of genes across sets of

microarray and/or RNA-seq data. The reconstructed network discussed in the original publication

used five carefully selected, high quality gene expression experiments (two RNA-seq and three

microarray) of acute myeloid leukemia (AML), a form of blood cancer from the myeloid line of

cells.4 Each sample in each data set represented a bulk gene expression profile of untreated AML

cells from a unique patient, so that the full collection of data covered many independent, heterge-

neous instances of AML. This disease-specific network was named AML 2.1. Because my chief

contribution to the paper was an analysis of the resulting networks and designing the set efficiency

measure covered in Section 2.6, some of the more esoteric details have been omitted. Full details

can be found in the original publication.

The Data Processing step runs each of the five gene expression data sets z through common

software packages5 (which convert the raw data to a usable form and conduct statistical tests to

control for experimental errors) to produce a “normalized” gene expression matrix Xz, where 0≤

Xz
i,µ <∞ is the expression of gene i in sample µ from data set z. Although the gene expression from

two distinct samples µ and µ ′ taken from two distinct data sets z and z′ cannot be directly compared

(since the reported absolute expression is sensitive to experimental conditions and platforms), the

4This video provides an excellent summary of acute myeloid leukemia (AML) as well as a
related but distinct form of cancer, acute lymphoblastic leukemia (ALL).

5Expression data was processed using the R package Bioconductor for microarrays and the
“Tuxedo” suite for RNA-seq.
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normalization procedure enables comparisons between Xz
i,µ and Xz

i,µ ′ for µ 6= µ ′. This means the

correlations can be sensibly computed for any two genes i and j across all samples µ within a

single data set z.

Some high but coincidental correlations may be detected in which one or both of the genes

exhibit only minor random fluctuations around a high mean value, such as housekeeping genes

(genes which are consistently active across many or all cell types). The second step in Ong’s

method, Optimization and Method Selection, was designed as both a filter for such genes and a way

to compare the four algorithms (ARACNE, TIGRESS, GENIE3, and Ong’s method). A minimum

threshold for the coefficient of variation (CV, the standard deviation divided by the mean) was

introduced so that genes are included in data set z only if they show high variation across samples

relative to their means. To determine the best value of the CV threshold, 90 TFs which showed

high expression in the AML samples were randomly selected from the TRANSFAC database.

These 90 TFs had 2486 known regulatory interactions (hereafter true interactions or TIs) spread

across 1273 unique target genes. These 90+1273=1363 genes were selected from the full data set,

and each of the four algorithms attempted to reconstruct this subnetwork using the five data sets.

The CV threshold was varied until the number of TIs identified in the top 100 most significant

interactions was maximized for each of the data sets and each algorithm, producing a total of

(5 data sets)× (4 algorithms) = 20 optimal CV cutoffs.

All four algorithms aim to reconstruct the true underlying GRN, but because each was designed

using different assumptions, they produce somewhat different networks for the same set of input

data. In order to judge which method produces the best results, the list of inferred interactions

was compared with the TIs. Of course, TIs only represent a fraction of all existing interactions,

and the coverage of various regulatory interactions in scientific literature is uneven: famous genes

such as TP53 have been the focus of a multitude of experiments because of their importance in

diseases or development, while other genes like C9orf37 and C16orf59 are currently predicted

genes (predicted from sequence motifs) with no known functions. These may not be genes at all,

or may play subtle but crucial roles in studied or novel biological functions. Even considering
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Figure 3.4 Binned Pearson correlation of inferred TF/gene interactions in one of five data sets
using Ong’s method, with maximum correlation (0.98) on the left and minimum correlation (0.15)
on the right. The vertical red line identifies the computed Pearson correlation threshold, meaning
all edges with Pearson correlation above the threshold are included in the final network. Figure
taken from [116].

this potential bias, however, the ability to recreate a large number of known interactions is likely

indicative of a meaningfully reconstructed network. The top 100 most strongly correlated pairs of

genes identified by Ong’s method contained as many or more TIs than the top 100 using ARACNE,

TIGRESS, and GENIE3, both before and after CV optimization. Coupled with its relative speed

and algorithmic simplicity, Pearson correlation was selected for Ong’s method.

The TFG (transcription factor/gene) Subnetwork Reconstruction step proceeds with the five

full data sets, excluding genes whose expression profiles failed the above CV threshold test. The

Pearson correlation coefficient was computed between all pairs of genes (i, j) where at least one

of i and j were known to be TFs according to the databases AnimalTFDB [162] and KEGG.

The resulting list of interactions was ranked from largest to smallest Pearson correlation. Under

the assumption that genes linked by true interactions should show higher correlation than two

randomly selected genes, a Pearson correlation threshold was computed to identify which edges

were likely real and which should be discarded.

To determine this threshold, the sorted Pearson correlations were divided into 50 bins, and the
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number of TIs identified in each bin was tabulated, as shown in Fig. 3.4. (Note that, as expected,

the bin containing edges with the highest correlations were most enriched for TIs, labelled as “TI

hits” in the figure.) For a single randomly chosen interaction from this list, the probability that it

is a TI is q = NT/N, where NT is the number of TIs and N is the number of inferred interactions.

Thus, given NB randomly chosen interactions in a given bin, the probability that at least k0 of these

interactions are TIs (i.e. the p-value of the number of TIs) follows a binomial CDF,

p(k0) =
NB
∑

k=k0

(
NB
k

)
qk(1−q)NB−k (3.2)

which, given NB� 1 and q� 1, can be approximated as a Poisson distribution,

p(k0) =
∞

∑
k=k0

λ ke−λ

k!
(3.3)

and λ ≈ 2. The Pearson correlation threshold was chosen by moving through the bins in Fig. 3.4

from left to right and locating the first bin with p(k0) > 0.15, or in other words, the first bin with

k0 ≤ 3 (indicated with a red line). All edges in bins to the left of the cutoff were included in that

data set’s final list of edges.

Finally, the resulting TFG subnetwork was built by combining the edges inferred from each

of the five data sets according to the above rules. An edge’s overlap category, or the number of

times it was detected across these five networks, is a measure of its reproducibility. To further

avoid reporting spurious edges, only edges in overlap ≥2 (i.e. edges which were detected in at

least two data sets) were included in the final network. Because Pearson correlation is a symmetric

measure, the direction of inferred TFG edges were taken from TRANSFAC when available, and

otherwise were left undirected. Although not directly addressed in the original publication, addi-

tional external information could aid in assigning directionality. Since only regulators can have

nonzero outdegree, a list of which genes are regulators could define the direction of edges linking

regulators and non-regulators.

The PPI (protein-protein interaction) Subnetwork Reconstruction step is a parallel and nearly

identical step to the TFG step, except that it used the protein-protein interaction database HIP-

PIE [131] as its TI database. Because HIPPIE does not report any directionality, these inferred
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interactions were left undirected. Combining the TFG and PPI subnetworks resulted in the com-

pleted (unweighted) network AML 2.1.

The network clustering algorithm MCODE6 was used to identify sets of highly interacting

genes, which were in turn provided to DAVID for enrichment analyses. Thirteen of these clusters

are shown in Fig. 3.5, with some of the most significantly enriched pathways listed. The multi-

colored, dense core hosts pathways crucial for any cell from nearly any organism, such as DNA

and RNA processes and cell cycle. In contrast, the more remote, homogeneously colored clusters

host cell type-specific functions like leukocyte/lymphocyte activation, immune response, and heme

biosynthetic process. The presence of these blood-specific pathways is to be expected given that

the input data sets were from AML studies. The relationship between the topological structures of

GRNs and the functions of their genes will be discussed more quantitatively in Chapter 4.

The process of building this AML-specific network reduced the number of nodes from over

20,000 genes in the raw microarray and RNA-seq data to 5,667 genes. Out of the 26 most com-

mon mutations found in AML cells [86], 21 were present in the 5,667 genes in AML 2.1. By

Eq. 3.1, the p-value of this enrichment was 2.3× 10−8. To determine the functional context of

these mutations, the set of the 21 mutations plus each mutation’s immediate upstream and down-

stream neighbors (a total of 257 genes) was provided to DAVID to test for enrichment. Table 3.1

shows the resulting enrichment profile for all pathways with FDR-corrected (Benjamini) p-values

below 0.01. As expected, nearly all identified pathways are related to one of the hallmarks of can-

cer, particularly processes involving DNA metabolism and maintenance (DNA metabolic process;

chromosome organization; response to DNA damage stimulus; DNA repair; chromatin modifica-

tion; DNA replication; histone modification; and negative regulation of nucleobase, nucleoside,

nucleotide, and nucleic acid metabolic process), proliferation (cell cycle), and resisting apoptosis

(regulation of cell death).

6MCODE [10] is an older, parametric network clustering algorithm designed specifically for
biological/molecular networks like GRNs, and can be easily implemented using network analysis
software like Cytoscape [133]. However, modularity-based algorithms (which are typically non-
parametric) are the most common network clustering algorithms used today. See this video for an
animated description of the MCODE algorithm.
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Figure 3.5 Force-directed layout of the largest connected component of AML 2.1. Because of the
large number of nodes in the network, only the edges (gray lines) are rendered. Some of the most
highly enriched GO pathways within clusters identified by MCODE are colored. Figure adapted
from [116].

Pathway name Number of genes detected p-value Benjamini value
DNA metabolic process 43 4.28E-16 7.55E-13
Chromosome organization 42 5.06E-16 9.44E-13
RNA processing 42 3.00E-14 5.08E-11
Response to DNA damage stimulus 33 7.17E-13 1.22E-9
Cell cycle 47 3.29E-12 5.58E-9
Cellular response to stress 39 8.55E-12 1.45E-8
DNA repair 27 2.79E-11 4.73E-8
Chromatin modification 23 1.16E-8 1.97E-5
DNA replication 18 1.20E-7 2.03E-4
Histone modification 14 5.17E-7 8.77E-4
Regulation of cell death 37 1.69E-6 2.90E-3
Cellular macromolecular complex
subunit organization 22 4.39E-6 7.40E-3

Negative regulation of nucleobase,
nucleoside, nucleotide, and nucleic
acid metabolic process

27 4.67E-6 7.9E-3

Table 3.1 Pathway enrichment of 21 common AML mutations plus their first neighbors in AML
2.1. Nearly all pathways are related to the hallmarks of cancer from Fig. 3.2.
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Figure 3.6 Force-directed layout of the largest connected component of AML 2.1. Mutations and
neighbors of mutations are identified. Figure adapted from [116].

The close spatial proximity of the mutated nodes highlighted in red in Fig. 3.6 hints that the

mutations are not randomly distributed across the network, but are concentrated in certain regions.

As discussed in Section 2.3, however, a measure needed to be designed to assess the significance

of the proximity of mutations in AML 2.1. This problem inspired the creation of the set efficiency

from Section 2.6. To repeat, the set efficiency of a set of genes I is given by

EI =
1

|I|(|I|−1) ∑
i, j∈I
i 6= j

1
di j

(3.4)

where di j is the distance from node j to node i. Defining I to be the set of 21 genes commonly mu-

tated in AML, the set efficiency was computed for I as well as for a control composed of 10 million

randomly generated sets of 21 genes. EI was found to be 0.2979, 1.8% larger than the largest set

efficiency of the random sets observed and 145% larger than the mean. A skew normal probability

distribution was fitted to a histogram of the randomized sets with R2 = 0.999982, and an approx-

imate right-tailed p-value of 7.3× 10−8 was obtained for EI (see Fig. 3.7). A more conservative
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Figure 3.7 Set efficiency of 21 common AML mutations in AML 2.1, and the distribution of the
set efficiency of 10 million randomly selected sets of 21 genes from the 5,667 genes in AML 2.1.
The set efficiency of the mutated genes is far greater than expected at random. Figure adapted
from [116].

estimate of the p-value was obtained by assigning a random direction to each protein-protein in-

teraction whose true direction is unknown (rather than using an undirected edge). Adding edges

to a network guarantees an increase in the global efficiency as well as the average set efficiency.

The genes in I communicate with their neighbors predominantly through protein-protein interac-

tions, and some of the PPI edges are listed as undirected in the AML 2.1 network because their

true directions are unknown. To ensure that these undirected edges were not the sole cause of the

statistical significance of EI , a new network was constructed in which each undirected PPI edge

was assigned a random direction. The significance of EI was then calculated from the new network

using 10 million random sets of 21 nodes as a control. Only 63 of these sets had set efficiencies

greater than EI , which gives an estimated p-value of 63/107 = 6.3×10−6. Both estimates of the

p-value clearly demonstrate the significance of the proximity of the mutations in AML 2.1.

It is well known in data science that even simple models based on a large amount of data
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can outperform complex models based on a small amount of data [59, 66]. Efficient network

reconstruction algorithms that can leverage the large and ever increasing amount of freely available

gene expression (and perhaps other) data across many organisms and cell types could provide

researchers with insights into the mechanisms governing properly functioning cells and suggest

therapies for malfunctioning cells. Given its ability to identify expected characteristics such as the

compartmentalization of pathways in communities and the functional location and close proximity

of mutations, Ong’s method appears to successfully reconstruct a reasonable AML GRN.

Our collaboration recently developed a weighted AML network, AML 2.3, built using a tweaked

version of Ong’s method with a total of twelve AML data sets. Ten of these data sets were used

to build a network in precisely the same way as AML 2.1. The weight assigned to each of the xn

edges in overlap category n is given by the fraction of those xn edges detected by performing Ong’s

method on the two remaining data sets. For example, if xn = 1,000 edges were detected in overlap

3, and 600 of those same edges were detected in either of the two remaining data sets, then all

edges in overlap 3 would be assigned a weight of 600/1000 = 0.6. By construction, 0≤Wi j ≤ 1.

This weight can be interpreted as the probability that an edge from a given overlap category is

actually representative of a real edge based on its expected reproducibility. Chapter 4 analyzes the

evolutionary properties of AML 2.3, further validating the reliability of Ong’s method.
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CHAPTER 4

EVOLUTION OF GENE REGULATORY NETWORKS

Evolution is a tinkerer.

—François Jacob, Evolution and tinkering

The following chapter is adapted from my 2016 publication, Evolutionary and topological

properties of genes and community structures in human gene regulatory networks [142], and is

organized as follows.

• Section 4.1, Background: an overview of previous work concerning the evolution of individ-

ual genes and GRNs

• Section 4.2, Single-gene evolutionary measures: a discussion of the connection between the

two evolutionary measures of interest in this chapter, gene age and gene evolutionary rate

• Section 4.3, Evolution and GRN topology: an analysis of how the evolution of individual

genes is linked to the topology of two GRNs, AML 2.3 and HumanNet

• Section 4.4, Conclusion: a summary of the chapter’s findings

Supplementary information including extra plots and tables deemed too unwieldy for this disser-

tation can be found in the original publication.

4.1 Background

The evolution of a gene can be mapped in various ways. The absolute evolutionary rate (ER) of

a gene, for example, can be computed from observed differences in orthologs1 across species in

the context of their phylogenetic relationships [82], whereas the age of a gene can be measured by

1Orthologs, also known as orthologous genes, are genes from separate species that can be traced
back to a common ancestral gene, but whose sequences may have diverged due to accumulated
mutations.
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tracing when the gene first appeared in the organism’s phylogenetic tree [25]. Quantities such as

these allow researchers to chronicle the journey of individual genes across evolutionary history.

But genes do not exist, and therefore do not evolve, in isolation. Mutations in a transcription

factor may affect the expression of the genes it regulates, since changes in a protein’s amino acid

sequence can cause it to lose compatibility with former binding partners, and gain compatibility

with new partners. Accumulation of these alterations can lead to changes in fitness and, eventually,

speciation. The evolution of individual genes is thus coupled with the evolution of the structure of

the organism’s GRN, and network properties should be related to the evolutionary properties of its

constituent nodes and edges.

It has been proposed that GRNs grow and evolve incrementally via gene duplication followed

by mutation and functional divergence [15, 115, 130, 146, 152], although changes may have oc-

casionally arrived in bursts, as in whole-genome duplication [37]. This time-dependent network

formation suggests that GRNs are composed of a core of ancient, conserved genes with funda-

mental functions, and younger, peripheral genes with species- or cell type-specific function, which

mutate frequently until the functions of the newly created pathways are optimized. These muta-

tions can alter GRNs by creating, removing, reassigning, or changing other properties of nodes and

edges.

Fraser et al. demonstrated that interacting pairs of proteins have similar ERs [53]. This con-

straint is likely driven by the necessity of coevolution, since a change in one protein’s sequence

may require a corresponding change in its partner’s sequence in order for the pair to remain com-

patible. Daub et al. showed that genes which are part of many biological pathways have lower ERs

than genes which belong to few or no known pathways, further supporting the idea that related

genes share similar evolutionary properties [34]. It has also been shown that ERs are weakly, but

significantly, negatively correlated with degree, closeness centrality, and betweenness centrality,

and that essential genes have high centrality and low ERs [58].

Originally in [142] and reproduced below, I establish quantitative relationships between the

evolutionary history of genes and their topological properties in AML 2.3 [116] as well as for a
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general human GRN, HumanNet2 [88]. In contrast to the earlier studies mentioned above, this

analysis moves beyond single-node centrality and pairwise measures by studying the connection

between network topology and evolution, particularly from the point of view of network commu-

nity structures. It will be shown that the ERs and ages of genes are not randomly distributed across

the networks, but are naturally organized in communities with well-defined evolutionary charac-

teristics: old genes cluster with old genes, and young cluster with young. Likewise, “cold genes”

(genes with low ERs) cluster with cold genes, and “hot genes” (genes with high ERs) cluster with

hot genes. This segregation also exists for enriched groups of genes identified by DAVID within

the communities. In terms of network topology, genes and DAVID groups which are old and cold

tend to be central, and those which are young and hot tend to be peripheral. This is demonstrated

with traditional single-node centrality measures as well as with new network measures, the set

efficiency and the interset efficiency (defined and discussed in Section 2.6). PageRank, a finite-

range centrality measure, shows stronger biological significance than degree (a local measure) and

betweenness centrality (a global measure), and the set efficiency and interset efficiency correlate

strongly with the evolutionary histories of individual genes and DAVID groups.

4.2 Single-gene evolutionary measures

To compute the ER of a gene, the absolute ER for each amino acid position of the protein it

encodes was computed using the method from Kumar et al. [82]. Given the multiple alignment at

an amino acid position in 46 species [55], the ER of a given amino acid position equals the number

of different residues divided by the total evolutionary time span, based on a known phylogenetic

tree [82]. The ER of a gene is the average ER over all amino acid positions, in units of the number

of substitutions per amino acid site per one billion years. The ER value ranges from 0.011 (most

conserved) for LSM2 to 6.928 (least conserved) for CDRT15.

Ages, taken from Chen et al. [25], were estimated by comparing the human genome to the

2HumanNet is a GRN constructed from 21 different methods using diverse data types, including
microarray co-expression, databases and mass spectrometry proteomics.
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Figure 4.1 Phylogenetic tree used to compute gene ages. Image taken from [25].

genomes of species from 13 major clades which branched from the evolutionary path that resulted

in humans, indexed 0 (oldest) through 12 (youngest). A gene’s age (more technically, a lower

bound on its age) was determined by searching for the earliest time at which an orthologous gene

appears in an organism from one of these 13 clades (see Fig. 4.1).

While computed differently, a gene’s ER and its age are related. It could be that young genes

with novel functions need time to fine-tune their properties in order to optimize the fitness of

the host organism, so young genes tend to be hot. Likewise, old genes with fundamental roles,

such as protein translation, may have had enough time to sufficiently optimize their functions, and

so should change very slowly. As expected, the ERs and ages of genes are strongly correlated

(R = 0.504, p < 10−300).

4.3 Evolution and GRN topology

Consistent with previous results [53], interacting genes tend to have similar ERs and ages. The

distributions of differences in ERs and ages between genes linked by an edge in AML 2.3 are closer

to zero than those of degree-preserving randomizations of the same network. The distribution of

ER differences is shown in Fig. 4.2. To estimate the significance of this difference in widths,

20,000 degree-preserving randomization of AML 2.3 were conducted and the standard deviation
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of each distribution was recorded. Comparing the true standard deviation to the randomized trials

resulted in an approximate Z-score3 of −96.8 for differences in ER and −72.0 for differences

in age. This tendency for connected genes to have similar ERs and ages hints that there may be

large-scale segregation between clusters of old, cold genes and young, hot genes. Indeed, this is

reflected in the natural community structure present in AML 2.3, as well as in the DAVID groups

present within these communities.

The main results of the community analysis are in Table 4.2 for AML 2.3 and Table 4.3 for Hu-

manNet. These tables list the ER and age properties for the ten largest network communities, and

for the three most significantly enriched DAVID groups found within each community. Communi-

ties and DAVID groups in Tables 4.2 and 4.3 labeled “cold” and “hot” have significantly lower and

higher ERs than the network average, respectively. Likewise, groups of genes labeled “old” and

“young” are significantly older and younger than the network’s average age, respectively. A rela-

tively strict one-tailed significance level of p < 10−3 in the difference from the mean was chosen

for both ER and age.

The ERs and ages for many of these DAVID groups reflect their biological functions. Zinc fin-

ger proteins, which are enriched in both AML 2.3 and HumanNet, are involved in a large number

of heterogeneous cellular processes [28], so it may be that their genes need to adapt more often

than genes with very specific singular functions. They also have a particularly high rate of dupli-

cation and loss, so while the family itself is old (found in animals, plants [28], and fungi [14]),

individual genes in this family are young [95]. Genes involved in transcriptional regulation may

also need to be flexible enough to tune the expression of target genes in response to environmental

changes over time [145, 160]. The olfactory group is enriched in HumanNet, and it is significantly

younger than average. A small number of olfactory genes were present in early chordates, but

olfactory systems became far more complex and diverse in land-dwelling animals, particularly in

mammals [113]. Conversely, the most fundamental DAVID groups have experienced few changes

since early single-celled lifeforms. DAVID groups such as mRNA metabolic process [8] and trans-

3Z = (x− µ)/σ where x is the measurement, and µ and σ are the distribution’s mean and
standard deviation.
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Figure 4.2 Difference in evolutionary rates (ER) between pairs of genes, (ER j−ERi), for pairs
connected by an edge j→ i in AML 2.3 (green) and for pairs connected by an edge in one
degree-preserving randomization of AML 2.3 (purple). Note that the distribution is asymmetric
because AML 2.3 is a directed network. The width of the true distribution is significantly smaller
than the mean of the standard deviation of 20,000 degree-preserving randomizations, resulting in
an approximate Z-score of −96.8.

lational elongation [78] in AML 2.3 as well as ribosome [138] and protein kinase core [99] in

HumanNet are old and stable, having nearly optimized their functions long ago.

As a control for the enriched DAVID groups, ten new communities were built by randomly

shuffling the genes between communities from the network, while maintaining the size of each

community. The resulting random communities were then analyzed using DAVID. This random-

ization procedure was followed for both AML 2.3 and HumanNet, and in both cases, the en-

richment was far less significant than for the real communities. The enriched DAVID groups in

Tables 4.2 and 4.3 are thus biologically meaningful, not merely coincidental.

Fig. 4.3 analyzes DAVID groups in AML 2.3 and their relationship with network communities

and evolutionary properties. Fig. 4.3A shows that the ER distribution of translational elonga-
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Figure 4.3 (A) Distribution of evolutionary rates (ERs), measured in units of the number of
nonsynonymous substitutions per amino acid site per billion years, for all genes (purple) and for
genes in the translational elongation DAVID group (green). This DAVID group has a very low ER
compared to the background distribution. (B) Distribution of ages for all genes (purple) and genes
in the transmembrane DAVID group (green), where age=0 is the oldest and age=12 is the
youngest. Transmembrane genes are much younger than average. (C) Summary of mean ER and
mean age for DAVID groups in Table 4.2. The relative ERs on the x-axis are computed from
ERrelative = ERDAVID group mean−ERnetwork mean, and likewise for relative age on the y-axis.
The DAVID groups from (A) and (B) have bold labels in (C). Each marker type corresponds to
one of communities 0 through 9. As expected, old DAVID groups tend to have a low average ER
(i.e. are “cold”), and young DAVID groups tend to evolve frequently (i.e. are “hot”).
Unabbreviated DAVID group names are listed in Table 4.2.

tion genes is noticeably left-shifted relative to the ERs of all genes, indicating that it hosts rela-

tively slowly evolving genes. Transmembrane genes are much younger than average, as shown

in Fig. 4.3B. Fig. 4.3C provides a comprehensive picture of the evolutionary properties of the ten

largest network communities (symbols) with their main DAVID groups (as labeled).
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Degree centrality PageRank Betweenness centrality
R p-value ρ p-value R p-value ρ p-value R p-value ρ p-value

Single-gene ER -0.06 8.9E-10 -0.15 7.4E-51 -0.14 1.5E-43 -0.25 5.6E-141 -0.07 1.2E-11 -0.21 3.0E-103
Single-gene age -0.06 7.3E-09 -0.18 2.5E-73 -0.12 4.1E-33 -0.22 1.7E-111 -0.04 5.5E-05 -0.14 2.0E-47
DAVID group ER -0.13 5.3E-01 -0.04 8.4E-01 -0.58 2.3E-03 -0.57 2.8E-03 -0.25 2.3E-01 -0.18 3.9E-01
DAVID group age -0.1 6.4E-01 -0.21 3.1E-01 -0.75 1.4E-05 -0.86 5.1E-08 -0.26 2.1E-01 -0.23 2.7E-01

Table 4.1 Correlations (Pearson’s R and Spearman’s ρ) between evolutionary measures and
network measures in AML 2.3. The most significant correlation is between PageRank and ER for
individual genes, and between PageRank and the mean age of DAVID groups (see Fig. 4.4).

Dividing genes into DAVID groups causes stronger relationships between network topology

and evolutionary properties to emerge. Traditional single-node centrality measures such as degree,

betweenness centrality, and PageRank show small but significant correlation with ERs and ages,

with the oldest, coldest genes being the most central (see Table 4.1). Grouping genes by DAVID

group leads to stronger correlations, the clearest of which is between the mean PageRank and

mean age, shown in Fig 4.4 (Pearson’s R = −0.75, p = 1× 10−5; Spearman’s ρ = −0.86, p =

5× 10−8). These three centrality measures are related, but differ in their global reach. Degree is

completely local, only dependent on the number of neighbors of a gene; betweenness centrality is

global, requiring information from the entire network; but PageRank is between these extremes,

influenced by all genes but with more weight granted to those genes which are nearby. The strong

correlation between PageRank and evolutionary measures thus may be explained by the presence

of communities in the GRN, since community structure itself is strongly correlated with ER and

age, as shown in Tables 4.2 and 4.3.

Because of the strong correlation between a gene’s history and that of its neighbors, genes are

expected to evolve in groups rather than as individuals, which should be evident in the structure of

the network. The set efficiency is shown in Fig. 4.5 for genes in AML 2.3 ranked from coldest to

hottest, computed for the first 500 genes in the list, then the first 510 genes, etc. in steps of 10. As a

control, the same “cumulative set efficiency” was computed for 100 sets of randomly ranked genes

(but leaving the underlying network, AML 2.3, unchanged). Fig. 4.5 shows the mean of these

100 controls (solid green line) plus/minus one standard deviation (dashed green lines). Fig. 4.6

shows the same plot for genes ranked from oldest to youngest, with similar results. These plots

indicates that the oldest, coldest genes tend to be close, separated by approximately four directed
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Figure 4.4 Mean PageRank versus mean age of each DAVID group from Table 4.2 (age=0 is the
oldest and age=12 is the youngest). Old DAVID groups tend to have high PageRank.
Unabbreviated DAVID group names are listed in Table 4.2.

edges, significantly smaller than the network average of approximately six. The set efficiency

monotonically declines as hotter, younger genes are included. Note that the plateau below rank

2000 in Fig. 4.6 is a result of the discrete nature of the age data.

Furthermore, the oldest DAVID groups efficiently exchange information with each other, and

the youngest DAVID groups are distant from the oldest DAVID groups as well as from each other.

Fig. 4.7 shows the interset efficiency between all pairs of DAVID groups in AML 2.3, where the

DAVID groups are sorted from oldest to youngest. Note that each diagonal term of the interset

efficiency matrix is the set efficiency of that DAVID group. Similarly, Fig. 4.8 shows the interset

efficiency between DAVID groups in HumanNet.

Purely locally, AML 2.3 and HumanNet look quite different from one another. AML 2.3 is

composed of roughly 10,000 genes and 338,000 edges, and HumanNet is composed of 14,000
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Figure 4.5 Set efficiency and evolutionary rate for AML 2.3. The cumulative set efficiency (SE)
of all genes below a given evolutionary rate (ER) rank (lowest to highest ER, i.e. “coldest” to
“hottest”). The SE of the 500 coldest genes is significantly higher than the control, and including
hotter genes monotonically decreases the SE. This indicates that the coldest genes are located
near each other, while the hottest genes are more dispersed.

genes and 876,000 edges. While they share roughly 9,000 genes, they share only 26,000 edges.

However, modularity and interset efficiency, which are coarse-grained network measures that re-

veal the properties of sets of nodes rather than individual nodes or pairs of nodes, demonstrate that

the same evolutionary signatures are present in both networks.

4.4 Conclusion

It was demonstrated that slowly evolving, old genes tend to interact with each other, and frequently

evolving, young genes tend to interact with each other, whereas edges between those groups are

less common. This naturally creates communities of genes with relatively homogeneous evolu-

tionary attributes. Analyzing the networks in terms of communities and DAVID groups rather than

single genes provided a new perspective which established clear relationships between network
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Figure 4.6 Set efficiency and age for AML 2.3. The cumulative set efficiency (SE) of all genes
below a given age rank (oldest to youngest). The SE of the 500 oldest genes is significantly
higher than the control, and including younger genes monotonically decreases the SE (after a
transient period due to the discrete nature of the age data). This indicates that the oldest genes are
located near each other, while the youngest genes are more dispersed.

topology and evolution. The abundance of connections between old DAVID groups and the rel-

ative scarcity between old-and-young and young-and-young DAVID groups suggests that during

the course of human evolution, the primitive gene regulatory network present in early metazoans

began as a core of fundamental genes and pathways. As genes duplicated and mutated, novel func-

tions arose and eventually, through selective duplications, deletions, mutations, translocations, and

rewirings, novel regulatory pathways emerged, growing outward from these ancient genes. This

placed the oldest genes near the middle of the network and the youngest genes toward the periph-

ery. These findings were mainly derived from an AML network and a general human network, and

are consistent with previous reports [58].

No gene is an island. A real understanding of the evolution of a genome only comes from

studying its constituent genes in the context of the underlying complex network of interactions
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Figure 4.7 Interset efficiency and age for AML 2.3. Interset efficiency from DAVID group in
column j to DAVID group in row i. The list of DAVID groups was sorted by average age from
oldest (transcriptional elongation) to youngest (hemoglobin complex). Old DAVID groups
exchange information efficiently, as indicated by the high interset efficiency values in the
lower-left corner. Younger DAVID groups, particularly the blood cell-specific DAVID groups of
lymphocyte activation and hemoglobin complex, are remote from most other DAVID groups.
Note that the above matrix is asymmetric because the network is directed, and that the colors are
log-scaled.
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Figure 4.8 Interset efficiency and age for HumanNet. See Fig. 4.7 for explanation.

56



rather than as independent units. As network reconstruction methods continue to improve and

more high quality networks become available, researchers will find more evidence of how evolution

shaped, and continues to shape, the topology of gene regulatory networks.
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0 1760 hot 0.24 2.5E-81 young 1.01 6.7E-28 Zinc finger P 275 1.2E-19 hot 0.32 6.0E-19 young 0.75 4.4E-05
Transcription regulation B 298 1.9E-16 hot 0.28 4.8E-14 young 1.17 9.3E-11

1 1579 average -0.03 2.3E-02 old -0.39 6.8E-07 Transcription B 304 4.8E-24 average -0.05 4.6E-02 young 0.69 5.6E-05
Intracellular organelle lumen L 239 9.7E-19 average -0.07 7.1E-02 old -1.18 1.7E-08
Protein localization B 145 2.9E-10 cold -0.27 7.3E-05 old -1.50 5.2E-08

2 1208 cold -0.10 2.6E-10 old -1.30 1.2E-58 Nuclear lumen L 332 8.4E-107 cold -0.21 2.6E-07 old -1.94 1.6E-28
Cell cycle phase B 169 3.6E-98 average 0.06 1.0E-01 old -1.67 5.4E-07
Response to DNA damage stimulus B 135 3.5E-58 average 0.03 3.1E-01 old -1.97 3.2E-07

3 1055 average 0.01 2.4E-01 young 1.41 5.4E-53 Cell-cell signaling B 146 3.6E-39 cold -0.16 7.0E-04 young 1.12 1.3E-05
Plasma membrane part C 359 1.1E-67 cold -0.11 2.5E-04 young 0.82 4.1E-06

4 867 cold -0.27 3.7E-55 old -0.94 1.7E-16 mRNA metabolic process B 124 9.5E-66 cold -0.46 2.7E-25 old -1.84 2.7E-06
Nuclear lumen L 212 9.3E-60 cold -0.34 5.3E-24 old -1.45 1.2E-09
mRNA transport B 27 1.2E-11 average -0.36 5.8E-03 average -2.17 7.2E-03

5 780 cold -0.11 1.1E-05 old -0.91 5.1E-10 Establishment of protein localization B 105 1.1E-19 cold -0.33 5.2E-09 old -2.03 1.6E-12
Actin filament-based process B 51 1.9E-16 cold -0.41 9.0E-06 old -1.96 9.0E-06
Regulation of programmed cell death B 79 2.6E-07 average -0.03 4.2E-01 average -0.63 3.0E-02

6 748 hot 0.18 3.5E-22 young 1.34 2.8E-29 Lymphocyte activation B 40 1.2E-11 hot 0.68 1.2E-10 young 3.27 6.2E-11
Hemoglobin complex P 13 1.3E-12 average 0.54 5.1E-03 young 4.43 1.1E-04
Transmembrane P 252 1.8E-05 hot 0.51 2.0E-34 young 2.55 4.5E-28

7 417 average -0.08 1.2E-02 old -1.54 8.3E-22 Mitochondrial envelope C 103 1.0E-68 average -0.14 2.0E-02 old -1.98 4.5E-10
Respiratory chain C 44 4.9E-47 average 0.03 3.4E-01 old -1.57 9.3E-05
Ribosomal protein P 62 2.4E-53 average 0.18 2.3E-02 old -1.73 3.2E-05

8 296 hot 0.16 1.5E-05 young 1.49 4.8E-14 Homeobox P 27 2.2E-12 average -0.22 7.3E-02 young 3.01 3.7E-07
9 270 cold -0.28 5.7E-14 old -1.96 2.9E-20 Translational elongation B 77 1.7E-114 cold -0.60 6.0E-18 old -3.04 1.7E-13

rRNA processing B 27 1.1E-22 average -0.24 3.2E-02 old -2.93 1.7E-05

Table 4.2 Evolutionary properties of communities and DAVID groups in AML 2.3. Gene evolutionary rates (ERs) take real values from
0 (most conserved) to approximately 6.9 (most variable), and ages take integer values from 0 (oldest) to 12 (youngest). The table is
organized as follows. "Comm. Index" is the index of the ten largest communities. "Num. genes" is the number of genes in the
community. "Comm. ER" indicates whether the community is significantly hotter (i.e. has a higher ER) or colder (i.e. has a lower ER)
than the mean of 300 equally-sized sets of genes randomly selected from the network, with a significance threshold of p = 10−3. "Diff.
in mean" is the difference between the mean ER of the community and the mean ER of the 300 randomly selected sets. "p-value" is the
significance of the difference. "Comm. age", "Diff. in mean", and "p-value" are the same as previously stated, but for age rather than
ER. "DAVID group name" is the name of the DAVID group that DAVID identified as enriched in each community. “Group type” states
whether the DAVID group is a protein type (P), location of final gene product (L), biological process (B), or cellular component (C).
"Num. genes" is the number of genes in the DAVID group. "DAVID Benjamini" is the significance of the enrichment of the DAVID
group, as reported by DAVID. The remaining DAVID group columns are computed in the same manner as the community columns.
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0 2961 hot 0.38 1.0E-185 young 2.05 7.1E-198 Immunoglobulin domain P 201 7.6E-66 hot 0.92 4.0E-82 young 4.16 2.2E-58
EGF-like domain P 122 6.8E-55 hot 0.25 1.5E-04 young 1.02 3.3E-04
Chemotaxis B 93 1.5E-40 hot 0.86 4.7E-31 young 4.09 1.9E-23

1 2849 cold -0.14 8.7E-30 average 0.10 8.2E-03 Protein kinase core P 344 3.2E-226 cold -0.30 1.5E-15 old -1.69 2.0E-18
Pos. reg. of transcr. from RNAP II promoter B 181 4.0E-57 cold -0.30 1.3E-08 young 0.69 4.6E-03
Transcription regulation B 503 4.2E-59 cold -0.22 2.0E-11 young 1.04 1.8E-12

2 2665 cold -0.12 9.1E-21 old -1.50 5.3E-97 Mitochondrial envelope C 211 2.7E-81 cold -0.16 5.0E-04 old -2.24 1.0E-23
Protein transport B 243 1.2E-51 cold -0.35 2.6E-15 old -2.20 1.9E-21
Peroxisome C 54 2.6E-30 average -0.11 1.2E-01 old -2.39 2.0E-06

3 1402 cold -0.07 1.7E-05 old -1.05 2.7E-28 Response to DNA damage stimulus B 145 1.9E-71 average 0.03 3.3E-01 old -2.35 2.0E-16
Cellular macromolecule catabolic process B 195 1.6E-70 cold -0.31 5.4E-10 old -2.10 7.2E-16
Mitosis B 82 1.2E-58 average 0.01 3.8E-01 old -1.83 1.9E-06

4 1115 cold -0.24 7.1E-30 old -2.20 8.3E-89 Ribosome C 68 7.2E-89 cold -0.64 9.6E-16 old -3.50 1.8E-15
Nuclear lumen L 241 3.6E-59 cold -0.29 5.6E-13 old -2.38 5.6E-27
Nucleosome C 61 2.5E-29 cold -0.50 9.6E-06 average -0.09 4.0E-01

5 781 cold -0.26 1.6E-24 old -1.08 8.1E-16 mRNA processing B 151 1.4E-144 cold -0.51 9.8E-25 old -2.32 3.5E-15
Nuclear lumen L 185 1.1E-75 cold -0.39 1.9E-15 old -2.15 1.1E-15
WD40 repeat region P 83 5.1E-60 cold -0.30 5.3E-05 old -1.95 9.3E-07

6 736 cold -0.09 6.1E-04 young 0.75 1.3E-07 Sulfotransferase P 26 1.6E-33 average 0.06 3.4E-01 average 0.23 3.6E-01
Vision B 32 1.2E-16 average 0.03 3.9E-01 average 0.84 1.1E-01
C2 calcium-dependent membrane targeting P 25 6.7E-11 average -0.14 1.7E-01 average 0.14 4.5E-01

7 731 hot 0.20 9.7E-16 average 0.17 1.1E-01 KRAB P 168 9.5E-208 hot 0.67 4.9E-36 average 0.66 1.1E-02
Zinc finger P 205 3.4E-245 hot 0.62 1.4E-32 average 0.84 1.3E-03
Domain: SCAN box P 22 1.4E-20 hot 0.54 3.2E-04 young 4.82 8.1E-10

8 320 average 0.05 1.2E-01 young 0.70 4.6E-04 ANK repeat P 58 2.4E-72 average 0.07 2.4E-01 average 0.15 3.9E-01

Table 4.3 Evolutionary properties of communities and DAVID groups in HumanNet. See Table 4.2 for explanation of column headers.
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CHAPTER 5

THE HOPFIELD MODEL

Children and lunatics cut the Gordian knot which the

poet spends his life patiently trying to untie.

—Jean Cocteau

The following chapter introduces a dynamical mathematical system, the Hopfield model, and

is adapted from my 2014 publication, Control of asymmetric Hopfield networks and application to

cancer attractors [141]. It is organized as follows.

• Section 5.1, Why Boolean?: the motivation behind using Boolean models to understand gene

regulatory networks

• Section 5.2, The Hopfield model: a description of the canonical Hopfield model and some of

its basic properties

• Section 5.3, Cancer signalling and the Hopfield model: an application of the Hopfield model

to signalling in cancerous gene regulatory networks

• Section 5.4, Conclusion: a summary of the chapter’s findings

For further details concerning the Hopfield model and its applications, see Introduction to the

Theory of Neural Computation by John Hertz, Anders Krogh, and Richard Palmer [67].

5.1 Why Boolean?

The boom in the volume of biological data over the past decade has made mathematical model-

ing in biology both more feasible and more important. Analyzing genome-wide expression data

increasingly requires the use of advanced clustering techniques and network models (and even

network-based clustering techinques [97, 148]). However, standard static networks provide only a

sort of time-averaged representation of gene regulation. In reality, GRNs are dynamical systems
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Figure 5.1 [A] Schematic of a protein energy landscape. The high dimensional configuration
space has been collapsed to the horizontal axis, with isolated configurations drawn on the left and
highly interacting configurations on the right. Local energetic minima are stable configurations,
and transitions between configurations can occur due to thermal fluctuations, protein-protein
interactions, and changes in the microenvironment. [B] Diagram of some of the possible
transitions in the configuration of a protein. Image taken from [13].

that transmit information via molecular signals across networks. Predicting the effects of per-

turbations such as gene knockouts (disabling a gene or multiple genes in an organism to observe

changes in expression and/or phenotype) or the application of kinase inhibitors (a class of drugs

which blocks certain protein enzymes called kinases) requires a dynamical model.

It is perhaps natural for physical scientists, and particularly physicists, to try to design a first-

principles mathematical model built from a handful of microscopic details to predict and explain

macroscopic phenomena. The power of this approach is clear [158]: knowing the lattice structure

of a crystal can lead to highly accurate predictions of X-ray diffraction patterns, and the critical

temperature of a noninteracting Bose-Einstein condensate can be computed to great precision from

just two parameters, the mass and the density of particles.

A similar ab initio approach is taken in the field of protein folding, the primary goal of which

is predicting the folded shape of a protein from its sequence and local environment (including

both small molecules and other macromolecules) alone [13]. Much effort has been devoted to

understanding the folding landscape, shown schematically in Fig. 5.1A, where proteins transi-
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Figure 5.2 Schematic of Eq. 5.1. Genes produce mRNAs, mRNAs produce proteins, proteins
regulate mRNA production rates, and mRNAs and proteins decay, all at varying rates. Image
taken from [26].

tion between states on an energetic landscape and settle into local energetic minima, occasionally

“hopping” to neighboring wells with the assistance of thermal fluctuations and interactions with

chaperone proteins as shown in in Fig. 5.1B.

While the configuration of a protein is defined by many degrees of freedom, the vast majority

of states are transient states. However, a great number of local minima pocket the landscape, some

of which are energetically highly favorable but biologically damaging, such as the protein aggre-

gates formed in mad cow disease. Furthermore, mutations which alter the amino acid sequence

of encoded proteins can alter this landscape, making the normally functional configurations of the

protein inaccessible, and creating new nonfunctional energetic minima. Given that a host of afflic-

tions such as Huntington’s disease and sickle cell disease are caused by the misfolding of a single

protein (the proteins huntingtin and HBB, respectively), understanding the mechanics of protein

folding is a crucial task for advancing medicine.

However, cells are highly complex, diverse, crowded, stochastic, non-equilibrium microenvi-

ronments whose processes and components span a broad spectrum of length and time scales, and

the combinatorics of multi-gene diseases such as cancer make the problem far more difficult to

analyze and understand from a molecular point of view. Even if all of the innumerable parame-

ters that govern the dynamical processes of a particular cell were known, modelling the dynamics
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of genome-wide GRNs atom-by-atom to predict the effects of mutations is computationally in-

tractable. Accordingly, some approximations must be made.

An alternative to the molecular dynamics approach is modelling gene regulation with coupled

differential equations [150]. One possible system of differential equations, shown schematically in

Fig. 5.2, is [26]
d~r
dt

= f (~p)−V~r

d~p
dt

= L~r−U~p
(5.1)

where
N = the number of genes in the genome

~r = mRNA concentrations, functions of t

~p = protein concentrations, functions of t

f (~p) = transcription functions

L = translational constants, N×N diagonal matrix

V = mRNA degradation rates, N×N diagonal matrix

U = protein degradation rates, N×N diagonal matrix

(5.2)

While much simpler than large-scale molecular dynamics simulations, modelling the behavior

of a signficant fraction of the genome using this approach requires knowledge of a great deal

of parameters, and the model’s nonlinear nature (buried in the f (~p) term) makes solving such

systems computationally expensive. Hill functions are commonly used [75] to model protein-gene

interactions. Activating Hill functions with a single regulatory protein, for example, take the form

f (p) =
apn

kn + pn (5.3)

for amplitude a, Hill coefficient n (a steepness parameter), and apparent dissociation constant k

(the ratio of unbinding to binding rates for the protein/gene pair). A family of curves for a = 1 and

k = 5 is shown in Fig. 5.3. For large n, the rate of transcription is sensitive to protein concentration

only over a short range near k,1 resulting in switch-like [47] gene regulation.

1For large n and given k, a Taylor expansion at p = k shows that f (p) has nearly zero slope
everywhere except in the approximate range k

(
1− 2

n

)
. p. k

(
1+ 2

n

)
.
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Figure 5.3 Family of Hill functions from Eq. 5.3 for a = 1 and k = 5.

As argued in Section 3.4, it may not be necessary to understand the precise details of every

interaction in a GRN to understand some of its high level properties. Inspired by the approximate

switch-like nature of some genes, Boolean models provide a simple way to interpret both the

current state of a gene (either inactive or saturated) and the nature of interactions between multiple

genes. Boolean models tend to be defined via discrete-time (t ∈ Z) mappings of the form

~σ(t +1) = f (~σ(t)) (5.4)

where N is the number of nodes, ~σ(t) ∈ {0,1}N , and the particular model is defined by the form

of the mapping function f : {0,1}N → {0,1}N (mapping a Boolean vector to another Boolean

vector).

One of the most famous Boolean models, the Kauffman model [74], also known as a random

Boolean network (RBN), treats interactions between genes as random sets of digital logic gates

embedded in a random network, and was created to demonstrate the complex dynamics that can

emerge from a collection of many elements interacting via a simple set of rules. For example, a

system in which the production of a protein D is activated by transcription factors A and B and is
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Figure 5.4 Circuit and logic table for Eq. 5.5.

repressed by C could be modelled as

D(t +1) = [A(t) AND B(t)] AND [NOT C(t)] (5.5)

as shown diagrammatically in Fig. 5.4.2 Because the trajectory of an RBN is deterministic and

confined to a finite number of configurations
(
2N), all states are guaranteed to eventually converge

to point attractors (stable states) or cyclic attractors (periodic states).3 Fig. 5.5 shows the dynamics

of one such random Boolean NK network for N = 100, K = 2, and a random initial state. Although

there are 2100 ≈ 1030 unique configurations, the system settles into a cyclic attractor with period

4 in less than 20 time steps. The simple rules that govern RBNs generate rich, complex dynamical

properties and have been studied extensively [41, 42, 135], including phase changes, stability (sen-

sitivity to single bit flips), and capacity (average number of attractors per node) on various network

topologies.

5.2 The Hopfield model

The Hopfield model is a kind of associative memory model that was introduced by the physicist

JJ Hopfield in 1982 [68], and was designed to mimic the way a brain stores memories (attractors)

and recalls them from particular stimuli, and has been applied to areas such as neural computation

2In Eq. 5.5, C is a canalyzing variable, since C(t) = 1 guarantees D(t+1) = 0 regardless of the
state of the other inputs. Canalyzing variables have been shown to greatly increase the stability of
the Kauffman model [73, 87, 121].

3A point attractor is a special case of a cyclic attractor with period 1.
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Figure 5.5 Trajectory of a random Boolean NK network with N = 100, K = 2, and a random
initial state. Black and white pixels represent 0’s and 1’s. The system quickly settles into a cyclic
attractor with period 4.

and image recognition. It belongs to the class of infinite-range spin glass models such as the

the Sherrington-Kirkpatrick model [76]. Similarities and differences between the Kauffman and

Hopfield models have been studied for many years [5, 83, 84, 126]. The most important distinction

for the purposes of this dissertation is their differing abilities to encode data: RBNs define random

interactions that give rise to emergent attractors, whereas the Hopfield model begins with a set of

desired attractor states and constructs a set of node-node couplings which guarantees them. As

with the protein folding energy landscape in Fig. 5.1A, the (symmetric) Hopfield model defines

a high dimensional energy landscape with local energetic minima corresponding to programmed

attractor configurations.4

Formally, the canonical Hopfield model is an Ising model whose configuration is defined by N

spins σi(t) at time t ∈Z. The state of each node takes one of two values, σi(t) =±1 (on/off). The

coupling matrix, which defines both the strength and the sign of the signal from node j to node i

4Only Hopfield systems with symmetric (i.e. undirected) connections can be visualized as en-
ergetic landscapes. Hopfield systems with directed edges still obey the same signaling rules, but
may produce cyclic attractors.
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(+ for ferromagnetic and − for antiferromagnetic), is constructed according to

Ji j =
1
N

p

∑
µ=1

ξ
µ

i ξ
µ

j (5.6)

where p is the number of attractors, ξ
µ

i =±1 is the state of the ith spin in the µ th attractor, and the

leading factor of 1/N is conventional. (Note that the superscript µ is an index, not an exponent.)

A certain subset of interactions can be selected by introducing an adjacency matrix Ai j so that

Ji j =
Ai j

N

p

∑
µ=1

ξ
µ

i ξ
µ

j (5.7)

The total field at node i at time t is given by

hi(t) = ∑
j

Ji jσ j(t)+hext
i (t) (5.8)

where ∑ j Ji jσ j(t) is the internal field at node i due to its coupling with all nodes j, and hext
i (t) is

an optional external field applied to node i. The dynamical update rule is defined by

σi(t +1) =


+1 with probability (1+ e−2hi(t)/T )−1

−1 otherwise
(5.9)

(known as Glauber dynamics) where the factor of 2 in the exponent is conventional and T is the

“temperature,” i.e. the level of noise. Biologically, this noise represents the effects of all kinds of

fluctuations present in cells. Note that for hi(t)→±∞, σi(t+1) =±1; and for T →∞, σi(t+1) =

±1 with equal probability. For T → 0 (i.e. fully deterministic dynamics),

σi(t +1) = sign(hi(t)) (5.10)

A family of curves for Eq. 5.9 for various temperatures is shown in Fig. 5.6.

There are two main ways to apply the Hopfield update rule: the synchronous and asynchronous

schemes. The synchronous scheme assumes that there is some sort of centralized “clock” that

updates all nodes simultaneously at every time step, analogous to the clock signal used in syn-

chronous digital circuits. In contrast, the asynchronous scheme selects one node i at random and
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Figure 5.6 Family of functions from Eq. 5.9.

updates its state, then selects another (or possibly the same) node and updates its state, etc. Al-

ternatively, a “quasisynchronous” scheme can be constructed by assigning a fixed probability q

that each node is updated at each time step, so that the number of updates follows a binomial

probability distribution and the expected number of updates at each time step is Nq. Note that for

q = 1, the quasisynchronous scheme is the same as the synchronous scheme, whereas if Nq . 1,

the asynchronous and quasisynchronous schemes give nearly identical results aside from statisti-

cal fluctuations around Nq. Because the Hopfield model was selected to simulate the dynamics of

gene regulation, a stochastic system which lacks a central clock, the remainder of this chapter uses

the asynchronous scheme.

For the sake of the following analysis, assume that all attractors are randomly and indepen-

dently drawn from the space {−1,+1}N (so that ξ
µ

i = ±1 with equal probability for any given i
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and µ). Consider the special case of p = 1 and T = 0. If σi(t) = ξ 1
i , then

σi(t +1) = sign

(
∑

j
Ji jσ j(t)

)

= sign

(
1
N

ξ
1
i ∑

j
ξ

1
j ξ

1
j

)

= sign
(

ξ
1
i

)
= ξ

1
i

(5.11)

which utilizes
N

∑
j=1

(
ξ

1
j

)2
=

N

∑
j=1

1 = N (5.12)

This means σi = ξ 1
i is a stationary point in state space, but in order to be an attractor, it has to be a

stable point as well (i.e. the system must relax to ξ 1
i if perturbed). This is indeed the case: as long

as more than half of the spins are in the state ξ 1
i , the field on all nodes will be in the direction of

ξ 1
i , guaranteeing that σi(t + 1) = σi(t + 2) = . . . = ξ 1

i . Note that if +ξ 1
i is an attractor, −ξ 1

i (its

mirror state) is also an attractor. This is a basic symmetry of the system and is true for all attractors

µ regardless of the number of attractors p. Only the application of a nonzero external field hext
i

can break this symmetry.

More generally, the stability of an attractor ξ
µ

i in a system with an arbitrary number of at-

tractors p can also be computed. It is helpful to break the coupling matrix into two terms, Ji j =

N−1
(

ξ
µ

i ξ
µ

j +∑ν 6=µ ξ ν
i ξ ν

j

)
. If σi(t) = ξ

µ

i , then the internal field at node i is

hi(t) =
1
N

ξ
µ

i ∑
j

ξ
µ

j ξ
µ

j +
1
N ∑

ν 6=µ

∑
j

ξ
ν
i ξ

ν
j ξ

µ

j

= ξ
µ

i +
1
N ∑

ν 6=µ

∑
j

ξ
ν
i ξ

ν
j ξ

µ

j

= ξ
µ

i

(
1+

1
N

ξ
µ

i ∑
ν 6=µ

∑
j

ξ
ν
i ξ

ν
j ξ

µ

j

)

≡ ξ
µ

i

(
1+Cµ

i

)
(5.13)

This is the same as the p = 1 case, plus an additional crosstalk term ξ
µ

i Cµ

i which depends on

the patterns’ particular values. As long as the term Cµ

i is greater than −1, it cannot change the
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sign of the field at node i, making ξ
µ

i a stationary point. Furthermore, the pattern ξ
µ

i is stable to

small perturbations as long as the self-term is not overwhelmed by the crosstalk term. Because the

crosstalk term is a sum of many equally probable ±1’s for large N and p, the central limit theorem

implies that its sum follows a normal distribution with mean zero and standard deviation
√

p/N.

The probability that the crosstalk term flips a given bit i away from ξ
µ

i after one time step is thus

the probability that Cµ

i <−1,

Psingle flip =
1
2

[
1− erf

(√
N
2p

)]
(5.14)

This means that for N → ∞, p→ ∞, and a single-node error tolerance of Psingle flip = 0.001, the

maximum number of attractors per node is p/N = 0.105. However, NPsingle flip only represents

the expected number of flips after one time step. Each of these subsequent errors can also produce

more errors in the next time step, and even more in the next time step, etc., leading to a cascade

of spin flips that drives the system away from the desired attractor state ξ
µ

i . It can be shown

via a laborious mean field solution [6, 67] that the maximum capacity (also known as the load

parameter) is αc ≡ p/N = 0.138, beyond which errors compound and destabilize states intended

to be attractors. The asymmetric case (i.e. using a directed network Ai j) can also be exacty solved

in some limits [40]. See Appendix F for a derivation of the Hopfield mean field equation on

directed Erdős-Rényi networks, as well as my unpublished derivation of the Hopfield mean field

equation on modular directed Erdős-Rényi networks.

5.3 Cancer signalling and the Hopfield model

The Hopfield model has been used to model biological processes of current interest such as the

reprogramming of pluripotent stem cells [85]. Moreover, it has been suggested that a biological

system in a chronic or therapy-resistant disease state can be seen as a network that has become

trapped in a pathological Hopfield attractor [7]. To a major extent, the final determinant of a cell’s

phenotype is its gene expression profile, which is relatively stable, reproducible, unique to cell

types, and can differentiate cancer cells from normal cells, as well as differentiate between differ-
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ent types of cancer [21, 46]. In fact, there is evidence that attractors exist in cells’ gene expression,

and as with protein folding, these attractors can be reached by different trajectories rather than only

by a single transcriptional program [69]. While the dynamical attractors paradigm was originally

proposed in the context of cellular development, the similarity between cellular ontogenesis (the

development of different cell types) and oncogenesis (the process under which normal cells are

transformed into cancer cells) has been recently emphasized [140]. The main hypothesis of this

chapter is that cancer robustness is rooted in the dynamical robustness of signaling in an under-

lying cellular network. If the cancerous state of rapid, uncontrolled growth is an attractor state

of the system [9], a goal of modelling therapeutic control could be to design complex therapeu-

tic interventions based on drug combinations [51] that push the cell out of the cancer attractor

basin [31].

Many authors have discussed the control of biological signaling networks using complex ex-

ternal perturbations. Calzolari and coworkers considered the effect of complex external signals

on apoptosis signaling [23]. Agoston and coworkers [2] suggested that perturbing a complex bio-

logical network with partial inhibition of many targets could be more effective than the complete

inhibition of a single target, and explicitly discussed the implications for multi-drug therapies [32].

In the traditional approach to control theory [137], the control of a dynamical system consists in

finding the specific input temporal sequence required to drive the system to a desired output. This

approach has been discussed in the context of RBNs [4] and their attractor states [27]. Several

studies have focused on the intrinsic global properties of control and hierarchical organization in

biological networks [52, 18]. A recent study has focused on the minimum number of nodes that

needs to be addressed to achieve the complete control of a network [94]. This study used a linear

control framework, a matching algorithm [124] to find the minimum number of controllers, and

a replica method to provide an analytic formulation consistent with the numerical study. Finally,

Cornelius et al. [30] discussed how nonlinearity in network signaling allows reprogramming a sys-

tem to a desired attractor state even in the presence of constraints in the nodes that can be accessed

by external control. This novel concept was explicitly applied to a T-cell survival signaling net-
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work to identify potential drug targets in T-cell large granular lymphocyte (T-LGL) leukemia. The

approach in the present paper is based on nonlinear signaling rules and takes advantage of some

useful properties of the Hopfield formulation. In particular, by considering two attractor states it

will be shown that the network separates into two types of domains which do not interact with each

other. Moreover, the Hopfield framework allows for a direct mapping of a gene expression pattern

into an attractor state of the signaling dynamics, facilitating the integration of genomic data in the

modeling.

Originally in [141] and reproduced here, I consider an asymmetric Hopfield model using two

GRNs, mapping gene expression data from normal and cancer cells to attractor states. Focus was

placed on the question of controlling of a network’s final state (after a transient period) using ex-

ternal local fields representing therapeutic interventions, e.g. gene knockouts or kinase inhibitors.

General strategies aiming at selectively disrupting the signaling only in cells that are near a cancer

attractor state are investigated. The strategies use the concept of bottlenecks, which identify single

nodes or strongly connected clusters of nodes that have a large impact on the signaling. A theorem

that places bounds on the minimum number of nodes that guarantee control of a bottleneck con-

sisting of a strongly connected component is also provided. This theorem is useful for practical

applications since it helps to establish whether an exhaustive search for such minimal set of nodes

is practical. These strategies are then applied to lung and B cell cancers. Two different networks

are used for this analysis. The first is an experimentally validated and non-specific network (that is,

the observed interactions are compiled from many experiments conducted on heterogeneous cell

types) obtained from a kinase interactome and phospho-protein database [161] combined with a

database of interactions between transcription factors and their target genes [100]. The second net-

work is cell-specific and was obtained using network reconstruction algorithms and transcriptional

and post-translational data from mature human B cells [89]. The algorithmically reconstructed

network is significantly more dense than the experimental one, and the same control strategies

produce different results in the two cases.
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5.3.1 Mathematical details

See Table 5.4 for a list and description of all mathematical symbols introduced in this chapter. In

order to derive analytical results, the remainder of this chapter makes the simplifying assumption

that the signaling in GRNs is fully deterministic, i.e. T = 0. Real biological systems are stochastic,

however, and the importance of this stochasticity is covered in Chapter 6. It is convenient to

introduce a new kind of notation for networks in addition to the adjacency matrix Ai j. Let G =

{V (G),E(G)} be a network composed of the set of vertices (nodes) V (G) and the set of edges

E(G) = {( j, i) : j→ i}. Note that because the networks of interest in this chapter are directed, care

must be taken concerning source nodes (nodes with zero indegree). Source nodes are fixed to their

initial states by a small external field so that σq(t) = σq(0) for all q ∈ Q, where Q is the set of

source nodes. However, the source nodes flip if directly targeted by an external field. Biologically,

genes at the “top” of a network are assumed to be controlled by elements outside of the network.

In this application, two attractors are needed. Define these states as ~ξ n and ~ξ c, the normal state

and cancer state, respectively. The magnetization (also called the alignment or overlap) along

attractor state a is given by

ma(t) =
1
N

N

∑
i=1

σi(t)ξ
a
i . (5.15)

Note that if ma(t) =±1, ~σ(t) =±~ξ a. Also define the steady state magnetization along state a as

ma
∞ = lim

τ→∞

1
τ

τ

∑
t=1

ma(t) . (5.16)

There are two ways to model normal and cancer cells. One way is to simply define a different

coupling matrix for each attractor state a,

Ja
i j =

Ai j

N
ξ

a
i ξ

a
j . (5.17)

Alternatively, both attractor states can be encoded in the same coupling matrix,

Ji j =
Ai j

N

(
ξ

n
i ξ

n
j +ξ

c
i ξ

c
j

)
. (5.18)

Systems using Eqs. 5.17 and 5.18 will be referred to as the one attractor state (p = 1) and two

attractor state (p= 2) systems, respectively. An interesting property emerges when p= 2. Consider
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a simple network composed of two nodes, with only one edge 1→ 2 with attractor states ~ξ n and

~ξ c, and T = 0. The only nonzero entry of the matrix Ji j is

J21 =
1
N

(
ξ

n
2 ξ

n
1 +ξ

c
2 ξ

c
1
)

. (5.19)

Note that if ~ξ n =±~ξ c, J21 = 2ξ n
2 ξ n

1 . In either case, by Eq. 5.9,

σ2(t +1) =

 +ξ n
2 if σ1(t) = +ξ n

1

−ξ n
2 if σ1(t) =−ξ n

1

, (5.20)

that is, the spin of node 2 at a given time step will be driven to match the attractor state of node 1

at the previous time step. However, if ξ n
1 =±ξ c

1 and ξ n
2 =∓ξ c

2 , J21 = 0. This gives

σ2(t) =

 +1 with probability 1/2

−1 with probability 1/2
(5.21)

In this case, node 2 receives no input from node 1. Nodes 1 and 2 have become effectively discon-

nected.

This motivates new designations for node types. Define similarity nodes as nodes with ξ n
i = ξ c

i ,

and differential nodes as nodes with ξ n
i = −ξ c

i . Additionally, define the set of similarity nodes

S =
{

i : ξ n
i = ξ c

i
}

and the set of differential nodes D =
{

i : ξ n
i =−ξ c

i
}

. Connections between two

similarity nodes or two differential nodes remain in the network, whereas connections that link

nodes of different types transmit no signals. The effective deletion of edges between nodes means

that the original network fully separates into two subnetworks: one composed entirely of similarity

nodes (the similarity network) and another composed entirely of differential nodes (the differential

network), each of which can be composed of one or more separate weakly connected components

(see Fig. 5.7). With this separation, new source nodes (effective sources) can be exposed in both

the similarity and differential networks. For the remainder of this article, Q is the set of both source

and effective source nodes in a given network.
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Figure 5.7 Network segregation for two attractor states (p = 2). Every edge that connects a
similarity node to a differential node or a differential node to a similarity node transmits no signal.
This means that the signaling in the right network shown above is identical to that of the left
network. Because the goal is to leave normal cells unaltered while damaging cancer cells as much
as possible, all similarity nodes can be safely ignored, and searches and simulations only need to
be done on the differential subnetwork.

5.3.2 Control Strategies

The strategies presented below focus on selecting the best single nodes or small clusters of nodes

to control, ranked by how much they individually change ma
∞. In application, however, controlling

many nodes is necessary to achieve a sufficiently changed ma
∞. The effects of controlling a set of

nodes can be more than the sum of the effects of controlling individual nodes, and predicting the

truly optimal set of nodes to target is computationally difficult. Heuristic strategies are discussed

for controlling large networks where the combinatorial approach is impractical.

For both p = 1 and p = 2, simulating a cancer cell means that ~σ(0) = +~ξ c (i.e. starting

in the cancer state), and likewise for normal cells. Although the normal and cancer states are

mathematically interchangeable, biologically useful results are obtained by decreasing mc
∞ as much

as possible while leaving mn
∞ ≈+1. “Network control” thus means driving the system away from

its initial state of ~σ(0) = ~ξ c with ~hext. Controlling individual nodes is achieved by applying a

strong field (stronger than the magnitude of the field due to the node’s upstream neighbors) to a set
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of targeted nodes T so that

hext
τ =

 lim(u→∞)−uξ c
τ if τ ∈ T

0 otherwise
. (5.22)

This ensures that the drug field can always overcome the field from neighboring nodes.

In application, similarity nodes are never deliberately directly targeted, since changing their

state would adversely affect both normal and cancer cells. Roughly 70% of the nodes in the

networks surveyed are similarity nodes, so the search space is reduced. For p = 2, the effective

edge deletion means that only the differential network in cancer cells needs to be simulated to

determine the effectiveness of ~hext. For p = 1, however, there may be some similarity nodes

that receive signals from upstream differential nodes. In this case, the full effect of ~hext can be

determined only by simulating all differential nodes as well as any similarity nodes downstream of

differential nodes. All following discussion assumes that all nodes examined are differential, and

therefore targetable, for both p = 1 and p = 2. The existence of similarity nodes for p = 1 only

limits the set of targetable nodes.

5.3.2.1 Directed acyclic networks

Full control of a directed acyclic network is achieved by forcing σq = −ξ c
q for all q ∈ Q. This

guarantees mc
∞ = −1. Suppose that nodes q ∈ Q in an acyclic network have always been fixed

away from the cancer state, that is, σq(t →−∞) = −ξ c
q . For any node i to have σi(t) = ξ n

i , it is

sufficient to have either i ∈ Q or σ j(t− 1) = ξ n
j for all j→ i, i /∈ Q. Because there are no cycles

present, all upstream paths of sufficent length terminate at a source. Because the spin of all nodes

q ∈Q point away from the cancer attractor state, all nodes downstream must also point away from

the cancer attractor state. Thus, for acyclic networks, forcing σq =−ξ c
q guarantees mc

∞ =−1. The

complications that arise from cycles are discussed in the next section. However, controlling nodes

in Q may not be the most efficient way to push the system away from the cancer basin of attraction

and, depending on the control limitations, it may not be possible. If minimizing the number of

controllers is required, searching for the most important bottlenecks is a better strategy.
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Consider a directed network G and an initially identical copy, G′ = G. If removing node i (and

all connections to and from i) from G′ decreases the indegree of at least one node j ∈V (G′), j 6= i,

to less than half of its indegree in network G, {i} is a size 1 bottleneck. The bottleneck control set

of bottleneck {i}, L(i), is defined algorithmically as follows: (1) Begin a set L(i) with the current

bottleneck i so that L = {i}; (2) Remove bottleneck {i} from network G′; (3) Append L(i) with all

nodes j with current indegree that is less than half of that from the original network G; (4) Remove

all nodes j from the network G′. If additional nodes in G′ have their indegree reduced to below

half of their indegree in G, go to step 3. Otherwise, stop. The impact of the bottleneck i, I(i), is

defined as

I(i) = |L(i)| , (5.23)

where |X | is the cardinality of the set X . The impact of a bottleneck is the minimum number of

nodes that are guaranteed to switch away from the cancer state when the bottleneck is forced away

from the cancer state.

The impact is used to rank the size 1 bottlenecks by importance, with the most important as

those with the largest impact. In application, when searching for nodes to control, any size 1

bottleneck {i} that appears in the bottleneck control set of a different size 1 bottleneck { j} can be

ignored, since fixing j to the normal state fixes i to the normal state as well.

The network in Fig. 5.8, for example, has three sources (nodes 1, 2 and 3), but one important

bottleneck (node 6). If maximum damage, i.e. mc
∞ = −1, is required, then control of all source

nodes is necessary. If minimizing the number of directly targeted nodes is important and mc
∞ >−1

can be tolerated, then control of the bottleneck node 6 is a better choice.

5.3.2.2 Directed cycle-rich networks

Not all networks can be fully controlled at T = 0 by controlling the source nodes, however. If there

is a cycle present, paths of infinite length exist and the final state of the system may depend on the

initial state, causing parts of the network to be hysteretic. Controlling only sources in a general

directed network thus does not guarantee mc
∞ =−1 unless the system begins with σi =−ξ c

i .
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Figure 5.8 A directed acyclic network. Controlling all three source nodes (nodes 1, 2 and 3)
guarantees full control of the network, but are ineffective when targeted individually. The best
single node to control in this network is node 6 because it directly controls all downstream nodes.

Define a cycle cluster, C, as a strongly connected subnetwork of a network G. The network in

Fig. 5.9, for example, has one cycle cluster with nodes V (C) = {4,5,6,7}. If the network begins

with ~σ(0) = ~ξ c, forcing both source nodes away from the cancer state does nothing to the nodes

downsteam of node 3 (see Fig. 5.10). This is because the indegree deg−(4) = 4, and a majority of

the nodes connecting to node 4 are in the cancer attractor state. At T = 0, cycle clusters with high

connectivity tend to block incoming signals from outside of the cluster.

The most effective single node to control in this network is any one of nodes 4, 6 or 7. Forcing

any of these away from the cancer attractor state will eventually cause the entire cycle cluster to

flip away from the cancer state, and all nodes downstream will flip as well, as shown in Fig. 5.10.

This cycle cluster act as a large, hysteretic bottleneck that motivates a generalization of size 1

bottlenecks.

Define a size k bottleneck in a network G to be a cycle cluster B with |V (B)|= k which, when

removed from G, reduces the indegree of at least one node j ∈V (G), j 6∈V (B) to less than half of

its original indegree. Other than now using the set of nodes V (B) rather than a single node set, the

above algorithm for finding the bottleneck control set remains unchanged. In Fig. 5.9, for instance,
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Figure 5.9 A network in which nodes 4, 5, 6 and 7 compose a single cycle cluster. The high
connectivity of node 4 prevents any changes made to the spin of nodes 1-3 from propagating
downstream. The only way to indirectly control nodes 8-10 is to target nodes inside of the cycle
cluster. Targeting node 4, 6 or 7 will cause the entire cycle cluster to flip away from its initial
state, guaranteeing control of nodes 4-10 (see Fig. 5.10).

Figure 5.10 Cancer magnetization from targeting various nodes in the network shown in Fig. 5.9,
averaged over 10,000 runs. The averaging removes fluctuations due to the random flipping of
nodes with hi = 0. Targeting node 7 results in the quickest stabilization, but targeting any one of
nodes 4, 6 or 7 results in the same final magnetization.
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V (B) = {4,5,6,7}, k = 4, L(B) = {4,5,6,7,8,9,10}, and I(B) = 7. Note that controlling any size

k bottleneck B guarantees control of all size 1 bottlenecks B′ in the control set of B for all k ≥ 1.

For any bottleneck B of size k ≥ 1 in a network G, define the set of critical nodes, Z(B,G),

as the set of nodes Z(B,G)⊆V (B) of minimum cardinality that, when controlled, guarantees full

control of all nodes i ∈ V (B) after a transient period. Also define the critical number of nodes

as ncrit(B,G) = |Z(B,G)|. Thus, for the network in Fig. 5.9, Z(B,G) = {4}, {6}, or {7}, and

ncrit(B,G) = 1.

In general, however, more than one node in a cycle cluster may need to be targeted to control

the entire cycle cluster. Fig. 5.11 shows a cycle cluster (composed of nodes 2-10) that cannot

be controlled by targeting any single node. The precise value of ncrit for a given cycle cluster C

depends on its topology as well as the edges connecting nodes from outside of C to the nodes inside

of C, and finding Z(C,G) can be difficult. The following theorem places bounds on ncrit to help

determine whether a search for Z(C,G) is practical.

Theorem:5 Suppose a network G contains a cycle cluster C. Define the set of externally influ-

enced nodes

R(C,G) = {i ∈V (C) : j ∈V (G\C),( j, i) ∈ E(G)} , (5.24)

the set of intruder connections

W (C,G) = {( j, i) ∈ E(G) : i ∈V (C), j ∈V (G\C)} , (5.25)

and the reduced set of critical nodes

Zred(C,G) = Z(C,G\W ) . (5.26)

If N = |V (C)| and

µ ≡ min
i∈V (C)

deg−(i) , (5.27)

where deg−(i) is computed ignoring intruder connections, then⌈
µ

2

⌉
≤ ncrit(C,G)≤ ζ , (5.28)

5This is admittedly a rather technical theorem. It won’t hurt my feelings if you don’t want to
parse it out.
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Figure 5.11 A network with a cycle cluster C, composed of nodes 2-10, that cannot be controlled
at T = 0 by controlling any single node. Here, the set of externally influenced nodes is
R(C,G) = {2,9}, the set of intruder connections is W (C,G) = {(1,2),(1,9)}, the reduced set of
critical nodes is Zred(C,G) = {9,10}, the minimum indegree is µ = 1 and the number of nodes in
the cycle cluster is N = 9. By Eq. 5.28, this gives the bounds of the critical number of nodes to be
1≤ ncrit ≤ 6.

where

ζ ≡min
(⌈

N
2

⌉
+ |R(C,G)\Zred(C,G)|,N

)
. (5.29)

See Appendix E for the proof.

There can be more than one Zred for a given cycle cluster. Note that the tightest constraints on

ncrit in Eq. 5.28 come from using the Zred with the largest overlap with R. If finding Zred is too

difficult, an overestimate for the upper limit of ncrit can be made by assuming that R∩Zred = {∅}

so that ⌈
µ

2

⌉
≤ ncrit(C,G)≤min

(⌈
N
2

⌉
+ |R(C,G)| , N

)
. (5.30)

The cycle cluster in Fig. 5.11 has N = 9, R = {2,9}, µ = 1, and one of the reduced sets of

critical nodes is Zred = {9,10}, so 1≤ ncrit ≤ 6. It can be shown through an exhaustive search that

for this network ncrit = 2, and the set of critical nodes is Z = {9,10} (see Fig. 5.12). Here, Z = Zred,

although this is not always the case. Because the cycle cluster has 9 nodes and 1 ≤ ncrit ≤ 6, at
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Figure 5.12 Magnetization for network from Fig. 5.11, averaged over 10,000 runs. There is no
single node to target that will control the cycle cluster, but fixing nodes 9 and 10 results in full
control of the cycle cluster, leaving only node 1 in the cancer state. This means Z(C,G) = {9,10}
and ncrit = 2.

most ∑
6
n=1

(9
n
)
= 465 simulations are needed to find at least one solution for Z(C,G). However, the

maximum number of simulations required to find Z(C,G) increases exponentially and for larger

networks the problem quickly becomes intractable.

One heuristic strategy for controlling cycle clusters is to look for size k′ < |V (C)| bottlenecks

inside of C. Bottlenecks of size k � 1 and average indegree 〈deg−(B)〉 � k can contain high

impact size k′ bottlenecks, where k′ < k. Size k ≥ 1 bottlenecks need to be compared to find the

best set of nodes to target to reduce mc
∞. Simply comparing the impact is insufficent because a

cycle cluster with a large impact could also have a large ncrit, requiring much more effort than its

impact merits. Define the critical efficiency of a bottleneck B as

ecrit(B) =
I(B)

ncrit(B,G)
. (5.31)

If the critical efficiency of a cycle cluster is much smaller than the impacts of size 1 bottlenecks

from outside of the cycle cluster, the the cycle cluster can be safely ignored.
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For some cycle clusters, however, not all of the nodes need to be controlled in order for a large

portion of the nodes in the cycle cluster’s control set to flip. Define the optimal efficiency of a

bottleneck B as

eopt(B) = max
n=1,2,...

(
I
(⋃n

i=1 Bi
)

n

)
(5.32)

where Bi ⊆ V (B) are size 1 bottlenecks and I(Bi) > I(Bi+1) for all i. Note that for any size 1

bottleneck B, eopt(B) = ecrit(B) = I(B). This quantity thus allows bottlenecks with very different

properties (I(B), ncrit(B,G), or |V (B)|) to be ranked against each other.

All strategies presented above are designed to select the best individual or small group of nodes

to target. Significant changes in the biological networks’ magnetization require targeting many

nodes, however. Brute force searches on the effect of larger combinations of nodes are typically

impossible because the required number of simulations scales exponentially with the number of

nodes. A crude Monte Carlo search is also numerically expensive, since it is difficult to sample an

appreciable portion of the available space. One alternative is to take advantage of the bottlenecks

that can be easily found, and rank all size k ≥ 1 bottlenecks Bi in an ordered list U such that

U = (B1,B2,B3, . . .) (5.33)

where

eopt(Bi)≥ eopt(Bi+1) , Bi 6⊂ L(B j) (5.34)

for all Bi,B j ∈U and fix the bottlenecks in the list in order. This is called the efficiency-ranked

strategy. If all size k > 1 bottlenecks are ignored, it is called the pure efficiency-ranked strategy,

and if size k > 1 bottlenecks are included it is called the mixed efficiency-ranked strategy.

An effective polynomial-time algorithm for finding the top z nodes to fix, which called the

best+1 strategy (a kind of greedy algorithm), works as follows: (1) Begin with a seed set of nodes

to fix, F ; (2) Test the effect of fixing F ∪ i for all allowed nodes i /∈ F ; (3) F ← F ∪ ibest, where

ibest is the best node from all i sampled; (4) If |F | < z, go to step (2). Otherwise, stop. The seed

set of nodes could be the single highest impact size 1 bottleneck in the network, or it could be the

best set of n nodes (where n < z) found from a brute force search.
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5.3.3 Cancer signaling

In application to biological systems, the magnetization of cell type a is assumed to be related to the

viability of cell type a, va; that is, the fraction of cells of type a that survives a drug treatment. It is

reasonable to assume that va is a monotonically increasing function of ma
∞. As few controllers as

possible should be used to sufficiently reduce mc
∞ while leaving mn

∞≈+1. In practical applications,

however, the set of druggable targets is limited. All classes of drugs are constrained to act only on

a specific set of biological components. For example, kinase inhibitors have two constraints: the

only nodes that can be targeted are those that correspond to kinases, and they can only be inhibited,

i.e. turned off. The example of kinase inhibitors will be used to show how control is affected by

such constraints. In the real systems studied, many differential nodes have only similarity nodes

upstream and downstream of them, while the remaining differential nodes form one large cluster.

For p= 2, focus is placed on controlling only the largest weakly connected differential subnetwork,

ignoring all islets (isolated nodes). All final magnetizations are normalized by the total number of

nodes in the full network, even if the simulations are only conducted on small portion of the

network.

5.3.3.1 Lung Cell Network

The network used to simulate lung cells was built by combining the kinase interactome from Phos-

phoPOINT [161] with the transcription factor interactome from TRANSFAC [100]. Both of these

are general networks constructed from experimentally observed interactions. This bottom-up ap-

proach means that some edges may be missing, but those present are reliable. Because of this, the

network is sparse (∼ 0.057% complete, see Table 5.1), resulting in the formation of many islets

for p = 2. Note also that this network presents clear hierarchical structure characteristic of biolog-

ical networks [56, 125], with many sink nodes [134] that are targets of transcription factors and a

relatively large cycle cluster originating from the kinase interactome.

It is important to note that this is a non-specific network, whereas real gene regulatory networks

can experience a sort of “rewiring” for a single cell type under various internal conditions [96]. In
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Properties Lung B cell
Nodes 9073 4364
Edges 45635 55144
Sources 129 8
Sinks 8443 1418
Av. outdegree 5.03 12.64
Max outdegree 240 2372
Max indegree 68 196
Self-loops 238 0
Undirected edges 350 23386
Diameter 11 11
Max cycle cluster 401 2886
Av. clustering coeff. [50] 0.0544 0.2315

Table 5.1 General properties of the full networks. The network used for the analysis of lung
cancer is a generic one obtained by combining the data sets in [100] and [161]. The B cell
network is a curated version of the B cell interactome obtained from [89] using a network
reconstruction method and gene expression data from B cells.

this analysis, the difference in topology between a normal and a cancer cell’s regulatory network is

assumed to be negligible. The methods described here can be applied to more specialized networks

for specific cell types and cancer types as these networks become more widely available.6

The IMR-90 cell line [105, 108] was used for the normal attractor state, and the two cancer

attractor states examined were from the A549 (adenocarcinoma) [70, 109, 129, 139, 154] and NCI-

H358 (bronchioalveolar carcinoma) [154, 139] cell lines. Gene expression measurements from all

referenced studies for a given cell line were averaged together to create a single attractor. The

resulting magnetization curves for A549 and NCI-H358 are very similar, so the following analysis

addresses only A549. The full network contains 9073 nodes, but only 1175 of them are differential

nodes in the IMR-90/A549 model. In the unconstrained p = 1 case, all 1175 differential nodes

are candidates for targeting. Exhaustively searching for the best pair of nodes to control requires

investigating 689725 combinations simulated on the full network of 9073 nodes. However, 1094

of the 1175 nodes are sinks (i.e. nodes i with outdegree deg+(i) = 0, ignoring self loops) and

therefore have I(i) = eopt(i) = 1, which can be safely ignored. The search space is thus reduced to

6The original article containing these results was published before Ong’s method was devel-
oped.
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81 nodes, and finding even the best triplet of nodes exhaustively is possible. Including constraints,

only 31 nodes are differential kinases with ξ c
i = +1. This reduces the search space at the cost of

increasing the minimum achievable mc
∞.

There is one important cycle cluster in the full network, and it is composed of 401 nodes. This

cycle cluster has an impact of 7948 for p = 1, giving a critical efficiency of at least ∼ 19.8, and

1 ≤ ncrit ≤ 401 by Eq. 5.30. The optimal efficiency for this cycle cluster is eopt = 29, but this is

achieved for fixing the first bottleneck in the cluster. Additionally, this node is the highest impact

size 1 bottleneck in the full network, and so the mixed efficiency-ranked results are identical to the

pure efficiency-ranked results for the unconstrained p = 1 lung network. The mixed efficiency-

ranked strategy was thus ignored in this case.

Fig. 5.13 shows the results for the unconstrained p = 1 model of the IMR-90/A549 lung cell

network. The unconstrained p = 1 system has the largest search space, so the Monte Carlo strategy

performs poorly. The best+1 strategy is the most effective strategy for controlling this network.

The seed set of nodes used here was simply the size 1 bottleneck with the largest impact. The

best+1 method works better than effeciency-ranked method because best+1 includes the synergistic

effects of fixing multiple nodes, while efficiency-ranked assumes that there is no overlap between

the set of nodes downstream from multiple bottlenecks. Importantly, however, the efficiency-

ranked method works nearly as well as best+1 and much better than Monte Carlo, both of which

are more computationally expensive than the efficiency-ranked strategy.

Fig. 5.14 shows the results for the unconstrained p = 2 model of the IMR-90/A549 lung cell

network. The search space for p = 2 is much smaller than that for p = 1. The largest weakly

connected differential subnetwork contains only 506 nodes (see Table 5.2) , and the remaining

differential nodes are islets or are in subnetworks composed of two nodes and are therefore unnec-

essary to consider. Of these 506 nodes, 450 are sinks. Fig. 5.15 shows the largest weakly connected

component of the differential subnetwork, and the top five bottlenecks in the unconstrained case

are shown in red. If limiting the search to differential kinases with ξ c
i =+1 and ignoring all sinks,

p = 2 has 19 possible targets. There is only one cycle cluster in the largest differential subnetwork,
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Figure 5.13 Final cancer magnetizations for an unconstrained search on the lung cell network
using p = 1. The efficiency-ranked strategy outperforms the relatively expensive Monte Carlo
strategy. The best+1 strategy works best, although it requires the largest computational time. Note
that the mixed efficiency-ranked curve is not shown because it is identical to the pure
efficiency-ranked curve. Key for magnetization curves: MC = Monte Carlo, B+1 = best+1, ERP =
pure efficiency-ranked.

containing 6 nodes. Like the p = 1 case, the optimal efficiency occurs when targeting the first

node, which is the highest impact size 1 bottleneck. Because the mixed efficiency-ranked strategy

gives the same results as the pure efficiency-ranked strategy, only the pure strategy was examined.

The Monte Carlo strategy fares better in the unconstrained p = 2 case because the search space

is smaller. Additionally, the efficiency-ranked strategy does worse against the best+1 strategy for

p = 2 than it did for p = 1. This is because the effective edge deletion decreases the average inde-

gree of the network and makes nodes easier to control indirectly. When many upstream bottlenecks

are controlled, some of the downstream bottlenecks in the efficiency-ranked list can be indirectly

controlled. Thus, controlling these nodes directly results in no change in the magnetization. This

gives the plateaus shown for fixing nodes 9-10 and 12-15, for example.

The only case in which an exhaustive search is possible is for p = 2 with constraints, which is
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Properties
Lung B

I/A I/H N/D N/F N/L M/D M/F M/L
Nodes 506 667 684 511 841 621 457 742
Edges 846 1227 2855 1717 3962 2525 1501 3401
Sources and eff. sources 30 34 12 11 9 9 9 12
Sinks and eff. sinks 450 598 286 198 369 275 204 333
Av. outdegree 1.67 1.84 4.17 3.36 4.71 4.07 3.28 4.58
Max outdegree 52 51 155 143 336 138 132 292
Max indegree 8 10 40 29 49 35 27 44
Self-loops 27 31 0 0 0 0 0 0
Undirected edges 0 4 1238 738 1468 1000 596 1214
Diameter 9 9 12 15 12 13 14 12
Max cycle cluster size 6 3 351 280 397 305 199 337
Av. clustering coeff 0.035 0.042 0.188 0.197 0.245 0.175 0.194 0.239

Table 5.2 Properties of the largest weakly connected differential subnetworks for all cell types. I =
IMR-90 (normal), A = A549 (cancer), H = NCI-H358 (cancer), N = Naïve (normal), M =
Memory (normal), D = DLBCL (cancer), F = Follicular lymphoma (cancer), L =
EBV-immortalized lymphoblastoma (cancer).

Figure 5.14 Final cancer magnetizations for an unconstrained search on the lung cell network
using p = 2. As in the p = 1 case, the efficiency-ranked strategy outperforms the expensive
Monte Carlo search. The plateaus in the efficiency-ranked strategy when fixing 9-10, 12-15,
20-21, etc. nodes are a result of targeting bottlenecks that are already indirectly controlled.
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Figure 5.15 Largest weakly connected differential subnetwork for IMR-90/A549 and p = 2. Out
of the 506 pictured nodes, 450 are sinks and therefore have an impact equal to one. The top five
bottlenecks are labeled with their gene names and colored orange.
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Figure 5.16 Final cancer magnetizations for a constrained search on the lung cell network using
p = 2. This is the only case in which a limited exhaustive search is possible. Interestingly, the
exhaustive search locates the same nodes as the best+1 strategy for fixing up to eight nodes. The
efficiency-ranked strategy performs poorly compared to the Monte Carlo strategy because the
search space is small and a large portion of the available space is sampled by the Monte Carlo
search.

shown in Fig. 5.16. Note that the polynomial-time best+1 strategy identifies the same set of nodes

as the exponential-time exhaustive search. This is not surprising, however, since the constraints

limit the available search space. This means that the Monte Carlo also does well. The efficiency-

ranked method performs worst. The efficiency-ranked strategy is designed to be a heuristic strategy

that scales gently, however, and is not expected to work well in such a small space when compared

with more computationally expensive methods.

5.3.3.2 B Cell Network

The B cell network was derived from the B cell interactome of Ref. [89]. The reconstruction

method used in Ref. [89] removes edges from an initially complete network depending on pair-

wise gene expression correlation. Additionally, the original B cell network contains many protein-
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protein interactions (PPIs) as well as transcription factor-gene interactions (TFGIs). TFGIs have

definite directionality: a transcription factor encoded by one gene affects the expression level of

its target gene(s). PPIs, however, do not have obvious directionality. These PPIs were filtered by

checking if the genes encoding these proteins interacted according to the PhosphoPOINT/TRANSFAC

network of the previous section, and if so, kept the edge as directed.

Because of the network construction algorithm and the inclusion of many undirected edges, the

B cell network is more dense (∼0.290% complete, see Table 5.1) than the lung cell network. This

higher density leads to many more cycles than the lung cell network, and many of these cycles over-

lap to form one very large cycle cluster containing about two thirds of all nodes in the full network.

All gene expression data used for B cell attractors was taken from Ref. [29]. Two types of nor-

mal B cells (naïve and memory) and three types of B cell cancers (diffuse large B-cell lymphoma

(DLBCL), follicular lymphoma, and EBV-immortalized lymphoblastoma) were analyzed, giving

six combinations in total. Results are presented for only the naïve/DLBCL combination below, but

Tables 5.2 and 5.3 list the properties of all normal/cancer combinations. Again, all gene expression

measurements for a given cell type were averaged together to produce a single attractor. The full

B cell network is composed of 4364 nodes. For p = 1, there is one cycle cluster C composed of

2886 nodes. This cycle cluster has 1 ≤ ncrit(C) ≤ 1460, I(C) = 4353, and 3.0 ≤ ecrit(C) ≤ 4353.

Finding Z(C) was deemed too difficult.

Fig. 5.17 shows the results for the unconstrained p = 1 case. Again, the pure efficiency-ranked

strategy gave the same results as the mixed efficiency-ranked strategy, so only the pure strategy was

analyzed. As shown in Fig. 5.17, the Monte Carlo strategy is out-performed by both the efficiency-

ranked and best+1 strategies. The synergistic effects of fixing multiple bottlenecks slowly becomes

apparent as the best+1 and efficiency-ranked curves separate.

Fig. 5.18 shows the results for the unconstrained p = 2 case. The largest weakly connected

subnetwork contains one cycle cluster with 351 nodes, with 1 ≤ ncrit ≤ 208. Although finding a

set of critical nodes is difficult, the optimal efficiency for this cycle cluster is 62.2 for fixing 10

bottlenecks in the cycle cluster. This makes targeting the cycle cluster worthwhile. The efficiency
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I/A I/H
p = 1 p = 2 p = 1 p = 2

Gene I Gene I Gene I Gene I

UNC

HNF1A 29 OR5I1 35 HNF1A 29 HMX1 41
TMEM37 22 TMEM37 25 MAP3K3 18 PBX1 38
OR5I1 20 HNF1A 23 TP53 18 MYB 25
MAP3K14 19 POSTN 21 RUNX1 17 ITGB2 20
MAP3K3 18 RORA 18 RORA 16 TNFRSF10A 18

CON
MAP3K14 19 SRC 15 TTN 16 BMPR1B 18
SRC 14 BMPR1B 7 RIPK3 6 LCK 8

N/D N/F N/L
p = 1 p = 2 p = 1 p = 2 p = 1 p = 2

Gene I Gene I Gene I Gene I Gene I Gene I

UNC

BCL6 12 NFIC 22 BCL6 12 NCOA1 20 RBL2 11 RBL2 22
MEF2A 5 TGIF1 19 MEF2A 5 NFATC3 15 FOXM1 8 ATF2 12
NCOA1 5 BCL6 14 NCOA1 5 BCL6 11 ATF2 7 NFATC3 11
TGIF1 4 FOXJ2 12 TGIF1 4 CEBPD 8 RXRA 5 RXRA 9
NFATC3 4 NFATC3 12 NFATC3 4 RELA 8 NFATC3 4 PATZ1 8

CON
BUB1B 2 CSNK2A2 2 BUB1B 2 WEE1 2 BUB1B 2 PRKCD 2
AAK1 1 AKT1 2 AAK1 1 CSNK2A2 2 AAK1 1 AURKB 2

M/D M/F M/L
p = 1 p = 2 p = 1 p = 2 p = 1 p = 2

Gene I Gene I Gene I Gene I Gene I Gene I

UNC

BCL6 12 FOXJ2 12 BCL6 12 NCOA1 18 RBL2 11 RBL2 16
MEF2A 5 NFIC 12 MEF2A 5 BCL6 13 FOXM1 8 ATF2 10
NCOA1 5 BCL6 11 NCOA1 5 E2F3 9 ATF2 7 ZNF91 8
NFATC3 4 NCOA1 9 NFATC3 4 RUNX1 9 RXRA 5 STAT6 8
SMAD4 4 MEF2A 8 RELA 4 TFE3 7 TGIF1 4 FOXM1 8

CON
AAK1 1 RIPK2 1 AAK1 1 ROCK2 2 AAK1 1 AURKB 2
RIPK2 1 MAST2 1 RIPK2 1 RIPK2 1 SCYL3 1 RIPK2 1

Table 5.3 Best single genes and their impacts for the p=1 and p=2 models. The unconstrained
(UNC) and constrained (CON) case are shown. The constrained case refer to target that are
kinases and are expressed in the cancer case. I = IMR-90 (normal), A = A549 (cancer), H =
NCI-H358 (cancer), N = Naïve (normal), M = Memory (normal), D = DLBCL (cancer), F =
Follicular lymphoma (cancer), L = EBV-immortalized lymphoblastoma (cancer).

of this set of 10 nodes is larger than the efficiencies of the first 10 nodes from the pure efficiency-

ranked strategy, so the mc
∞ from the mixed strategy drops earlier than the pure strategy. Both

strategies quickly identify a small set of nodes capable of controlling a significant portion of the

differential network, however, and the same result is obtained for fixing more than 10 nodes. The
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Figure 5.17 Final cancer magnetizations for an unconstrained search on the B cell network using
p = 1. The Monte Carlo strategy is ineffective for fixing any number of nodes. The
efficiency-ranked and best+1 curves slowly separate because synergistic effects accumulate faster
for best+1.

best+1 strategy finds a smaller set of nodes that controls a similar fraction of the cycle cluster, and

fixing more than 7 nodes results in only incremental decreases in mc
∞. The Monte Carlo strategy

performs poorly, never finding a set of nodes adequate to control a significant fraction of the nodes

in the cycle cluster.

5.4 Conclusion

Signaling models for large and complex biological networks are becoming important tools for

designing new therapeutic methods for complex diseases such as cancer. Even if knowledge of

biological networks is incomplete, rapid progress is currently being made using reconstruction

methods that use large amounts of publicly available omic data [36, 64]. The Hopfield model al-

lows mapping of gene expression patterns of normal and cancer cells into stored attractor states

of the signaling dynamics in directed networks. The role of each node in disrupting the network
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Figure 5.18 Final cancer magnetizations for an unconstrained search on the B cell network using
p = 2. The rather sudden drop in the magnetization between controlling 5 and 10 nodes in the
efficiency-ranked strategies comes from flipping a significant portion of a cycle cluster. This is the
only network examined in which the mixed efficiency-ranked strategy produces results different
from the pure efficiency-ranked strategy.

signaling can therefore be explicitly analyzed to identify isolated genes or sets of strongly con-

nected genes that are selective in their action. The concept of size k bottlnecks to identify such

genes led to the formulation of two heuristic strategies, efficiency-ranked and best+1, to find nodes

that efficiently reduce the cancer state’s magnetization. Using this approach, small sets of nodes in

lung and B cancer cells were located which, when forced away from their initial states with local

magnetic fields representing targeted drugs, disrupt the signaling of the cancer cells while leaving

normal cells in their original state. For networks with few targetable nodes, exhaustive searches

or Monte Carlo searches can locate effective sets of nodes. For larger networks, however, these

strategies become too cumbersome and the discussed heuristic strategies represent a feasible alter-

native. For tree-like networks, the pure efficiency-ranked strategy works well, whereas the mixed

efficiency-ranked strategy could be a better choice for networks with high-impact cycle clusters.

Two important assumptions are made in applying this analysis to real biological systems. First,
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it is assumed that genes are either fully off or fully on, with no intermediate state. Modelling the

state of a neuron as “all-or-none” has long been accepted as a reasonable assumption [102], which

inspired the spin glass framework for the Hopfield model. While similar switch-like behavior in

gene regulatory networks has been proposed as an explanation of, for example, segmentation in

Drosophila embryos [81], assigning a Boolean value to gene expression may be overly simplistic

in many cases. A model which uses spins with more than two projections could prove to be more

realistic and predictive. Second, all nodes are assumed to update their status with a single timescale

and with a single interaction strength. If the signaling timescale τi j (i.e. how long it takes for a

gene j to produce a protein that regulates gene i) for each edge in the biological network were

known, simulations could be conducted in which a signal traveling along an edge ( j, i) reaches its

target after τi j time steps. This would amount to a “queue” of signals moving between nodes.

Despite these issues, the model shows promise. Some of the genes identified in Table 5.3 are

consistent with current clinical and cancer biology knowledge. For instance, one of the effective

targets in the lung cancer list is the well known tumor suppressor gene TP53 [12] that is frequently

mutated in many cancer types including lung cancer [143]. Mutations in PBX1 have recently been

detected in non-small-cell lung cancer and this gene is now being considered as a target for therapy

and prognosis [103]. MAP3K3 and MAP3K14 are in the MAPK/ERK pathway which is a target

of many novel therapeutic agents [104], and SRC is a well known oncogene and a candidate target

in lung cancer [128]. BCL6 (B-cell lymphoma 6) is the most common oncogene in DLBCL, and

it is known that its expression can predict prognosis and response to drug therapy [62, 127, 159].

BCL6 is also frequently mutated in follicular lymphoma [3, 43]. This analysis identified BCL6 as

an important drug target for both DLBCL and follicular lymphoma using either naive or memory

B-cells as a control for both p = 1 and p = 2. RBL2 disregulation has been recently associated

with many types of lymphoma [35, 123, 156]. FOXM1 is a potential therapeutic target in mature B

cell tumors [147] and ATF2 has been recently found to be highly disregulated in lymphoma [151,

155]. Besides BCL6 discussed above, the N/D list for DLBCL contains genes (MEF2A [11],

NCOA1 [49, 163], TGIF1 [17, 60, 92], and NFATC3 [57]) that are all known to have a functional
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role in cancer, even if they have not been associated to the specific B-cell cancer types considered

here. All of these predictions were made from data from cell lines commonly used in in vitro

testing in many laboratories. RNAi and targeted drugs could be used in these cell lines against

the top scoring genes in Table 5.3 to test the disruption of survival or proliferative capacity. If

experimentally validated, this analysis based on attractor states and bottlenecks could be applied

to patient-derived cancer cells by integrating in the model patient gene expression data to identify

patient-specific targets.

The above unconstrained searches assume that there exists some set of “miracle drugs” which

can turn any gene on and off at will. This limitation can be partially taken into account by us-

ing constrained searches that restrict the set of nodes that can be addressed. However, even the

constrained search results are unrealistic, since most drugs directly target more than one gene. In-

hibitors, for example, could target differential nodes with ξ c
i = −1 and ξ n

i = +1, which would

damage only normal cells. Additionally, drugs would not be restricted to target only differential

nodes, and certain combinations could be toxic to both normal and cancer cells. Few cancer treat-

ments involve the use of a single drug, and the synergistic effects of combining multiple drugs

adds yet another level of complication to finding an effective treatment [52]. On the other hand,

the intrinsic nonlinearity of a cellular signaling network, with its inherent structure of attractor

states, enhances control [30] so that a properly selected set of druggable targets might be sufficient

for robust control.
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Symbol Explanation
G Set of nodes and directed edges (network)
N Number of nodes
Ai j Adjacency matrix
V (G) Set of nodes in G
E(G) Set of edges in G
deg+/−(i) Outdegree/indegree of node i
σi Spin of node i, =±1
ξ a ath attractor
ξ n/c Normal/cancer attractor
Ji j Coupling matrix
hi Total field at node i
hext

i External field applied to node i
T Temperature
Q Set of source and effective source nodes
ma(t) Magnetization along attractor a at time t
ma

∞ Steady-state magnetization along attractor a
p Number of attractors in coupling matrix
S Set of similarity nodes
D Set of differential nodes
L(B) Control set of bottleneck B
I(B) Impact of bottleneck B
C Cycle cluster
B Size k bottleneck, where k = |B|
Z(B,G) Set of critical nodes for bottleneck B in network G
ncrit(B,G) Critical number of nodes in bottleneck B in network G
R(C,G) Set of externally influenced nodes
W (C,G) Set of intruder connections
Zred(C,G) Reduced set of critical nodes
µ Minimum indegree of all nodes in a cycle cluster
ecrit(B) Critical efficiency of bottleneck B
eopt(B) Optimal efficiency of bottleneck B

Table 5.4 Reference table of all symbols used in this chapter.
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CHAPTER 6

GENERALIZED HOPFIELD MODELS

Figure 6.1 Ascending and Descending by MC
Escher.

Figure 6.2 Relativity by MC Escher.

The following chapter contains unpublished but exciting new directions for the Hopfield model

in general and for its application to gene regulation in particular, and is organized as follows.

• Section 6.1, Stability in Hopfield GRNs: a discussion of the starkly different behavior of

the magnetization of modular Erdős-Rényi networks and real gene regulatory networks as a

function of the level of noise in the Hopfield model

• Section 6.2, Programmable nonequilibrium Hopfield systems: a discussion of one known

extension of the Hopfield model which encodes cyclic attractors, and one novel extension

which enables more complex shapes to be programmed into state space

• Section 6.3, Cell cycle and the Hopfield model: an application of the cyclic Hopfield model

to cell cycle

98



Figure 6.3 Schematic of the magnetization phase transition for Hopfield systems on Erdős-Rényi
networks. Note that the symmetric (mirror) solution is also shown below the T axis.

6.1 Stability in Hopfield GRNs

The Hopfield model is designed to balance stability and flexibility, which is an indispensable at-

tribute of all biological systems: a cell temporarily driven away from its native gene expression

state by temporary or weak external perturbations or noise (e.g. fluctuations in the environmental

temperature) is able to self-correct and return to its native state, but is also capable of switching its

state in response to particular sets of signals and stresses (e.g. an increased concentration of growth

hormones or other chemical signals in the cell’s environment may lead to upregulation of prolif-

eration). Furthermore, the modular structure of gene regulatory networks means that individual

communities of genes may respond differently to the same stresses. This means that perturba-

tions to genes in a particular community may transmit only weakly or not at all to neighboring

communities due to the smaller number of connections between them (by the definition of maxi-

mum modularity). Understanding how community structures affect signaling is thus important for

designing control techniques for GRNs.

The mean field solution for Hopfield systems on asymmetric Erdős-Rényi networks [40] is

rederived in Appendix F. Because in the limit N → ∞ the vast majority of nodes in Erdős-Rényi

networks are average nodes (they all have nearly identical degree and are wired together in a

uniformly random way), there is a sharp phase transition in the magnetization as a function of

temperature, m(T ), at a critical temperature Tc, as shown schematically in Fig. 6.3.
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In the same appendix, I generalize this result to a class of model networks called stochastic

block model networks (SBMNs). Each of the Ω communities in a SBMN is its own Erdős-Rényi

network, and these communities are also randomly wired together. A SBMN is defined by a

connectivity matrix, CΩ×Ω, where CIJ is the average number of connections per node from nodes

in community J to nodes in community I (and so CII is the average number of connections per

node within community I). This allows for different levels of stability within communities and

asymmetric couplings between communities, meaning that the state of J may influence the state of

I more strongly than the reverse case.

Fig. 6.4 shows the mean field solution (dashed lines) and a numerical solution (circles with

error bars) for a SBMN constructed using the connectivity matrix from AML 2.3 (using level-1

communities only) and random attractor states, with Tc ≈ 20. There is good agreement between

the analytical and numerical solutions, and this agreement improves when larger networks are

used. However, simulating the dynamics on the real AML 2.3 network across the same range of

temperatures reveals very different behavior, as shown in Fig. 6.5 (which includes the dashed mean

field solution for reference). While the zero temperature system has lower magnetization than the

SBMN case, it maintains finite magnetization even for T � Tc, showing no sign of a phase transi-

tion. This is perhaps because AML 2.3 has a power law rather than a binomial degree distribution,

as verified by simulations using modular power law networks, which show qualitatively similar

m(T ) curves. The nested modular structure of AML 2.3 may also play a part in the long tailed

behavior of m(T ), as the lack of a phase transition could be caused by a level-by-level breakdown

of order as the temperature is increased. This is an open question that merits further investigation.

6.2 Programmable nonequilibrium Hopfield systems

Note: in the previous chapter, the patterns
{

ξ
µ

i

}
were indexed according to µ = 1,2, . . . , p. For

mathematical convenience, this chapter simply relabels these indices to µ = 0,1, . . . , p−1, and the

limits on the summations have been disregarded for simplicity. Additionally, the previous chapter

used an asynchronous update scheme, in which a node was randomly selected to be updated at
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Figure 6.4 Mean field (dashed) and explicit
simulations (circles with error bars) of the
magnetization of communities in SBMNs over a
range of temperatures. There is a phase change
in the mean field solution at Tc ≈ 20, and the
explicit simulation is in good agreement.

Figure 6.5 Mean field SBMN (dashed) and
explicit AML 2.3 simulations (circles with error
bars) of the magnetization of communities over
a range of temperatures. Unlike the explicit
simulations from Fig. 6.4, the real network
shows no apparent phase change, instead
maintaining finite magnetization over all
temperatures examined.

each time step. The following models require using the synchronous scheme, in which the state of

all nodes is simultaneously updated at each time step. The background and original publications

for this section can be found in [67].

The original definition of the coupling matrix,

Ji j =
1
N ∑

µ

ξ
µ

i ξ
µ

j (6.1)

encodes each of the p patterns as point attractors for N, p→ ∞, p/N ≡ α < αc ≈ 0.138, and

ξ
µ

i =±1 with equal probability. As explained in Appendix G, a more stable form of the coupling

matrix which accomodates correlated patterns may be constructed according to

Ji j =
1
N ∑

µν

ξ
µ

i

(
Q−1

)
µν

ξ
ν
j (6.2)

where

Qµν =
1
N ∑

i
ξ

µ

i ξ
ν
i (6.3)
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A slight alteration to Eq. 6.2 enables cyclic attractors to be encoded as well. A simple cyclic

attractor of period p can be created by

J̃i j =
1
N ∑

µ

ξ
modp(µ+1)
i ξ

µ

j (6.4)

or, as futher explained in Appendix G, the matrix Qµν can be included to orthogonalize the patterns

in the cyclic case by using the form

J̃i j =
1
N ∑

µν

ξ
modp(µ+1)
i

(
Q−1

)
µν

ξ
ν
j (6.5)

At zero temperature, this coupling matrix cyclically maps through the p patterns (or the mirror

cycle, depending on the initial configuration); in other words, if σi(t) = ±ξ
µ

i , then σi(t +∆t) =

±ξ
modp(µ+∆t)
i for all ∆t = 0,1,2, . . .. Cyclic attractors may be envisioned as a ball falling down a

flight of Penrose stairs, such as MC Escher’s Ascending and Descending shown in Fig. 6.1.

A delay may be introduced by combining the point attractor coupling matrix and the cyclic

attractor coupling matrix into a single coupling matrix,

J′i j = Ji j +λ J̃i j (6.6)

for an adjustable transition strength parameter λ ≥ 0. If σ(t) = ξ
µ

i , λ � 1, and T = 0, the point

attractor term dominates and σ(t) = σ(t + 1) = σ(t + 2) = . . .. If T > 0, however, stochastic

fluctuations will eventually begin to push the configuration out of the basin of attraction of the

µ th attractor and initiate the cascade of spin flips that causes the configuration to transition to

ξ
modp(µ+1)
i . The system will remain there until another stochastic fluctuation pushes it into the

next basin of attraction, and so on. One of the possible applications of this delayed cycle model

will be covered in Section 6.3.

The point and cyclic attractor coupling matrices may be rewritten as

Ji j = ∑
µ

ξ
µ

i

[
1
N ∑

ν

(
Q−1

)
µν

ξ
ν
j

]
(6.7)

and

J̃i j = ∑
µ

λξ
modp(µ+1)
i

[
1
N ∑

ν

(
Q−1

)
µν

ξ
ν
j

]
(6.8)
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I define the common bracketed term

Sµ

j =
1
N ∑

ν

(
Q−1

)
µν

ξ
ν
j (6.9)

to be the source term, and the ξ
µ

i and λξ
modp(µ+1)
i terms to be particular examples of target

terms. A more general way to write J′i j is

J′i j = ∑
µω

ξ
ω
i MωµSµ

j (6.10)

for some p× p mapping matrix M. The point attractor coupling matrix is constructed by setting

Mµω = δµω (the identity matrix). For p = 3, the cycle ξ 0
i → ξ 1

i → ξ 2
i → ξ 0

i is constructed by

M =


0 0 1

1 0 0

0 1 0

 (6.11)

and for a delayed cyclic attractor, M takes the form

M =


1 0 λ

λ 1 0

0 λ 1

 (6.12)

M may be used to store transition maps which are more complex than simple point and cyclic

attractors. For example, a system with p = 3 can encode the transitions ξ 0
i → ξ 2

i , ξ 1
i → ξ 2

i , and

ξ 2
i → ξ 2

i using

M =


0 0 0

0 0 0

1 1 1

 (6.13)

This ensures that all states map to ξ 2
i . M can also be designed to store multiple point and cyclic

attractors in the same system. In fact, any target term may be used to generate complex transition

maps in state space, as long as each state transitions to exactly one other state (in addition to an

optional self-loop that delays transitions). This enables the encoding of maps such as deterministic

random maps [39], an example of which is shown in Fig. 6.6. Furthermore, different transition
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Figure 6.6 An example deterministic random map that can be stored in a Hopfield coupling
matrix using an appropriate mapping matrix M. Each node µ = 0,1, . . . ,9 represents a stored
pattern ~ξ µ and each edge represents a transition.

strengths can be set to values other than 0 and 1, meaning that transition rates can be tuned as well.

Similar to cyclic attractors, this complex landscape of attractors may be envisioned as a ball falling

down a labyrinth of stairs such as in MC Escher’s Relativity shown in Fig. 6.2, where doorways lead

to closets (point attractors) or flights of Penrose stairs (cyclic attractors). The concept of mapping

matrices could be used in the future to model gene expression changes in complex biological

processes such as cell differentiation.

6.3 Cell cycle and the Hopfield model

One of the most important misregulated processes in cancer is cell cycle (CC), in which a cell

replicates its DNA and divides into two daughter cells. Understanding CC in both normal and

cancer cells is undoubtedly important for medical research, and the ability to slow CC in cancer

cells without affecting CC in normal cells could be therapeutically beneficial. Below, I present

the preliminary results of encoding time series gene expression data (gene expression measured

at regular time intervals) for the process of CC in a delayed cyclic coupling matrix J′i j, with the

eventual goal of predicting effective perturbations which control CC.

Dominguez et al. [44] recently released time series bulk (i.e. many cells) RNA-seq data of

HeLa cells (human cervical cancer). The CC processes in the many cells in the sample were
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synchronized using a double thymidine block, freezing all cells in the G1 phase and then releasing

the block. RNA-seq measurements were conducted on subsamples at regular intervals for the

duration of two full cycles, producing a raw (continuous) expression matrix Diµ ≥ 0.

I used the continuous matrix Diµ to construct Boolean patterns as follows. For convenience,

each row i of the raw matrix was linearly rescaled so that its minimum value was set to −1 and

its maximum was set to +1. Because CC is a periodic process, only genes whose expressions

were found to be sufficiently periodic were kept, and all non-periodic genes were discarded. The

resulting data set had N = 592 genes and p = 8 gene expression patterns per CC period. The

raw expression was then converted to Boolean form by assigning ξ
µ

i = +1 (overexpressed) for

samples in which Diµ > 0 and ξ
µ

i =−1 (underexpressed) otherwise. These patterns were encoded

cyclically in J′i j according to Eq. 6.5.

In order to conduct simulations, the free parameters λ and T must be defined. λ = 0.23 and

T = 0.07 were chosen here because it placed the system in a regime in which the fluctuations were

great enough to cause transitions from one attractor to the next in a delayed, somewhat periodic

manner. The system was initialized with σi(t = 0) = ξ 0
i (representing a single isolated cell in

the G1 phase) and was allowed to evolve. The resulting trajectory spanning nearly three periods

is shown in Fig. 6.7. The bottom plot shows the overlap (magnetization) between the system’s

configuration and each of the p = 8 patterns as a function of time, where an overlap of +1 with

attractor µ signifies perfect alignment. The top plot shows which pattern has maximum overlap at

any point in time, and represents the cell’s phenotype.

Unlike a purely cyclic system, the delay term in the coupling matrix causes the duration of

each pattern to fluctuate from cycle to cycle. Real bulk gene expression measurements of CC show

a decoherence of initially phase-matched cells because the length of each stage of CC for each

cell fluctuates somewhat. This decoherence is shown for the randomly selected gene RNFT1 in

Fig. 6.8. This effect can be observed using the Hopfield model by running parallel, independent

simulations representing many cells and averaging the expression results. For example, Fig. 6.9

shows the resulting mean expression of RNFT1 across 50 isolated cells, each of which is governed
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Figure 6.7 Simulated trajectory of a single HeLa cell. The bottom plot shows the overlap between
the system’s configuration and each of the p = 8 patterns as a function of time. The top plot shows
which pattern has maximum overlap at any point in time, and represents the cell’s phenotype.

by the same coupling matrix and parameters but subject to its own unique stochastic fluctuations.

Although the expression of any given gene from any cell is either ±1, the mean expression of a

given gene across many cells reproduces the expected decaying sinusoid.

A heat map of J′i j is shown in Fig. 6.10, separated into symmetric (point attractor) and anti-

symmetric (transition) parts, and sorted into nested communities according to the algorithm from

Section 2.8 applied to the symmetric part. Efficient control of the entire CC system (for example,

arresting the system in the G1 phase) could begin by searching for control sets across different

levels of the hierarchy of nested communities. If this method proves to be effective, it could sig-

nificantly reduce the combinatoral complexity of searching for optimal or nearly optimal sets of

genes to control.
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Figure 6.8 Experimental bulk mean expression
for the gene RNFT1 as a function of time, taken
from [44]. Although all cells were initially
synchronized to the G1 phase, progression
through cell cycle takes slightly different
amounts of time for each cell and their gene
expression profiles becomes less and less
correlated, leading to a decaying sinusoid.

Figure 6.9 Mean of simulated Boolean
expression for the gene RNFT1 across 50
isolated cells as a function of time. All cells
began in identical states, but because transitions
occur stochastically, the 50 cells decohere over
time, leading a decaying sinusoid similar to
Fig. 6.8.

Figure 6.10 Cell cycle coupling matrix, separated into symmetric (point attractor) and
antisymmetric (transition) parts on the left and right, respectively, and sorted into nested
communities applied to the symmetric part. Examining the nested community structres may aid
in the search for sets of nodes which, when targeted, could control cell cycle.
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CHAPTER 7

CONCLUSIONS

This dissertation covered a wide variety of topics, but all were unified by the theme of investigating

complex biological systems with relatively simple mathematical models. While my experiences

have taught me a great deal, much work remains to be done, and my research has led me to ask

more questions than I have answered.

The relationship between nested communities and Hopfield dynamics is intriguing. It has been

shown for coupled oscillator models that nested community structures create distinct timescales

wherein the lowest levels communities with the densest sets of connections synchronize first, fol-

lowed by the next lowest, etc. up the hierarchy until all of the nodes in the entire network finally

synchronize [136]. This could also happen in Hopfield systems; perhaps starting in a random ini-

tial state at low temperature causes a similar hierarchical synchronization. This deserves futher

consideration.

As stated in Section 6.3, the ultimate goal of the cell cycle model is predicting the effects of per-

turbations such as drugs and searching for sets of genes which, when controlled, drive the system

toward a desired state. Our collaborators in San Diego can test these predictions experimentally,

and we can use the experimental results to further refine our mathematical models.

Another cell cycle data set using S. cerevisiae (yeast) cells [48] will also be examined in the

future, and its results will be compared with the human data set. Because cell cycle is a fundamen-

tal process in many forms of life, I expect to find similarities between the models for humans and

yeast, but it is possible that the evolutionary distance between humans and yeast resulted in very

different cell cycle mechanisms. This will also provide two separate systems to test experimentally.

I recently unearthed a publication which demonstrates that cyclic attractors can be stored using

an asynchronous update scheme [114], which is biologically more realistic than the synchronized

case discussed in Section 6.3. This will certainly be integrated into the cell cycle model if possible.
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Finally, all of the material presented in this document assumes that the simulated cells are iso-

lated, but it is well known that cells communicate with one another using chemical signals. It

may be possible to model cell-cell communication effects (such as the release of growth factors) in

addition to the intracellular process of gene regulation. Furthermore, cells may compete over the

limited space and resources in the environment. I have done some work with modelling population

dynamics using competitive Lotka-Volterra equations with additional terms representing the dif-

ferent effects a set of drugs has on, for example, normal and cancer cells. Understanding not only

the genetic heterogeneity of cells within populations, but how these different cells communicate

and compete is critical to designing therapies to fight cancer. I plan to continue studying these and

similar complex biological systems in my postdoctoral research.
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APPENDIX A

EULER’S SOLUTION TO THE KÖNIGSBERG BRIDGE PROBLEM

Assume an Eulerian path exists. Aside from the starting and ending nodes, every node that was

entered via one bridge must be exited via another bridge, guaranteeing that all of the intermediate

nodes have even degree. If the starting node was distinct from the ending node, then each of them

must have odd degree, and if the starting node was the same as the ending node, then that node

must have even degree. Because all four nodes in Fig. 2.2 have odd degree, no such path exists.
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APPENDIX B

INTERSET EFFICIENCY NORMALIZATION

The interset efficiency,

EIJ =
1

|I||J|− |I∩ J| ∑i∈I
j∈J
i 6= j

1
di j

,

measures how efficiently nodes in set J signal to nodes in set I. Below is the derivation of the

number of terms in the summation, (|I||J|− |I∩ J|).

Fig. B.1 shows an Euler diagram for the relationship between sets I and J, allowing for a

non-empty intersection between them. For convenience, define

A = J \ I

B = J∩ I

C = I \ J

All that is left is to count the number of distinct pairs (i, j) such that

1. j ∈ A and i ∈ B: |A|× |B|= |J \ I|× |I∩ J|

2. j ∈ B and i ∈C: |B|× |C|= |I∩ J|× |I \ J|

3. j ∈ A and i ∈C: |A|× |C|= |J \ I|× |I \ J|

4. j ∈ B, i ∈ B, and i 6= j: |B|× (|B|−1) = |I∩ J|× (|I∩ J|−1)

The total number of terms is the sum of these pieces,

Normalization = |J \ I|× |I∩ J| + (A to B)

|I∩ J|× |I \ J| + (B to C)

|J \ I|× |I \ J| + (A to C)

|I∩ J|× (|I∩ J|−1) (B to B)
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Figure B.1 Two overlapping sets, I and J.

Performing the substitutions

|I \ J|= |I|− |I∩ J|

|J \ I|= |J|− |I∩ J|

and canceling terms results in

Normalization = |I||J|− |I∩ J|. �
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APPENDIX C

NESTED COMMUNITY PLOTS

This appendix contains the spy plots referenced in Section 2.8.
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Figure C.1 Spy plot of Google’s internal web
page network [119]. Each node (row and
column indicies) is a web page owned by
Google, and each edge (a black dot located at
(i, j)) is a hyperlink from page j to page i.
Nodes were assigned a random index.

Figure C.2 Same network as Fig. C.1, but the
nodes indices have been sorted into level-1
communities (boxed in red). This is the
standard result from normal community
detection.

Figure C.3 Same network as Fig. C.1, but the
nodes indices have been sorted into level-2
communities. Note that the new level-2
communities are inset in the level-1
communities from Fig. C.2 (boxes within
boxes).

Figure C.4 Same network as Fig. C.1, but the
nodes indices have been sorted into level-3
communities.
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Figure C.5 Same network as shown in
Fig. C.1, zoomed in to focus on the first 5,000
nodes.

Figure C.6 Same network as shown in
Fig. C.2, zoomed in to focus on the first 5,000
nodes.

Figure C.7 Same network as shown in
Fig. C.3, zoomed in to focus on the first 5,000
nodes.

Figure C.8 Same network as shown in
Fig. C.4, zoomed in to focus on the first 5,000
nodes.
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Figure C.9 Spy plot of an arXiv theoretical
high energy physics citation network [90].
Each node (row and column indicies) is an
author of at least one high energy physics
publication, and an edge (a black dot located at
(i, j)) from author j to author i means that one
of j’s articles on arXiv cited at least one of i’s
articles. Nodes were assigned a random index.

Figure C.10 Same network as Fig. C.9, but the
nodes indices have been sorted into level-1
communities. This is the standard result from
normal community detection.

Figure C.11 Same network as Fig. C.9, but the
nodes indices have been sorted into level-2
communities.

Figure C.12 Same network as Fig. C.9, but the
nodes indices have been sorted into level-3
communities.
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Figure C.13 Same network as shown in
Fig. C.9, zoomed in to focus on the first 5,000
nodes.

Figure C.14 Same network as shown in
Fig. C.10, zoomed in to focus on the first
5,000 nodes.

Figure C.15 Same network as shown in
Fig. C.11, zoomed in to focus on the first
5,000 nodes.

Figure C.16 Same network as shown in
Fig. C.12, zoomed in to focus on the first
5,000 nodes.
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Figure C.17 Spy plot of AML 2.3, a gene
regulatory network, sorted into nested
communities. Each node (row and column
indicies) is gene, and an edge (a black dot
located at (i, j)) from gene j to gene i means
that j regulates the expression of i. The
maximum depth of this network is 7.

Figure C.18 Same network as shown in
Fig. C.17, zoomed in to focus on the first
5,000 nodes.

Figure C.19 Spy plot of HumanNet, a gene
regulatory network, sorted into nested
communities. Each node (row and column
indicies) is gene, and an edge (a black dot
located at (i, j)) from gene j to gene i means
that j regulates the expression of i. The
maximum depth of this network is 8.

Figure C.20 Same network as shown in
Fig. C.19, zoomed in to focus on the first
5,000 nodes.
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APPENDIX D

MEASURING EXPRESSION

This appendix is intended as a basic introduction to two of the multitude of methods available

for measuring bulk (i.e. many cells pooled together) genome-wide expression profiles. The recent

breakneck speed of technological innovation in biological science will likely render this appendix

hopelessly obsolete before the author finishes writing it. Any reader interested in detailed coverage

of modern gene expression measurement techniques should consult the most recently published

review articles available.

Two of the most popular methods today for measuring gene expression profiles are microar-

rays and mRNA sequencing (RNA-seq). First introduced around 1983 [144] and firmly established

in 1995 [132], typical microarrays use a substrate, called a chip, which is subdivided into a lat-

tice of spots. Each spot hosts many single-stranded DNA probes corresponding to a given gene

from a given organism. Cells of interest are lysed and their mRNA is extracted from the lysate.

Complementary DNA (cDNA) is synthesized from the mRNA sample by an enzyme derived from

retroviruses called reverse transcriptase in a process called reverse transcription (making cDNA

from mRNA, the reverse of making mRNA from DNA). Fluorescent tags are also attached to the

resulting cDNA, and the cDNA count is amplified via polymerase chain reaction. The resulting

single-stranded cDNA is then passed over the probes, and the cDNA binds to probes with comple-

mentary sequences. Finally, a light source is shone over the microarray and light intensities are

recorded for each spot, with a bright spot meaning higher expression for that gene. Because the

technology relies on bulk measurements of fluorescence rather than counting individual segments

of cDNA, microarrays can only quantify relative differences in gene expression. Thus, all measure-

ments (e.g. the gene expression of a sample of acute myeloid leukemia cells) must be paired with

controls (e.g. healthy myeloblast cells) to identify which genes are over- or underexpressed. Ad-

ditionally, different cDNA segments have different binding affinities with their matching probes,
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and some can cross hybridize, or bind to mismatched probes. Even within a single experiment,

the relative expression of a pair of genes cannot be reliably compared: a bright spot can be ex-

plained as either a high concentration of mRNA from the given gene, or a low concentration with

high binding affinity. This experimental design makes combining microarray measurements from

different experiments quite difficult, although more modern microarrays use tens of probes per

gene to circumvent this issue. Furthermore, microarrays must be manufactured with a specific set

of probes ahead of time, making them unsuitable for searching for novel transcripts in a known

organism and unsuitable for less well studied organisms. Although there is a large amount of pub-

licly available microarray data across many organisms and experimental conditions, microarrays

are fading in popularity due to their limited quality and the rise of RNA-seq methods.

RNA-seq was introduced around 2008 [93], and was designed to take advantage of the cheap

and highly accurate DNA sequencing methods and tools developed for the Human Genome Project

in the 1990s. As with microarray technology, RNA-seq requires that cDNA is derived from the

mRNA sample via reverse transcription. After the first round of cDNA synthesis and duplication

via PCR, however, a second round of PCR is performed in four batches. Each of these four batches

contains both normal free nucleotides as well as modified versions of one of the four DNA bases,

A, C, G, and T. If a modified base is added to a given cDNA template, sythesis of that strand is

halted. For example, a template strand of DNA in the T batch with the sequence ACTGCTTGA

would produce the strands ACT, ACTGCT, ACTGCTT, and ACTGCTTGA in the final round of

PCR, since there is a fixed probability that the DNA polymerase will pull a modified T from

its environment. The same sequence in the C batch would produce the strands AC, ACTGC,

and ACTGCTTGA. These reads are then sequenced by a machine via electrophoresis through

narrow capillaries, with shorter segments of DNA moving through the gel more quickly than longer

segments. To sequence with high fidelity, either the mRNA or the cDNA needs to be fragmented

into small pieces (hundreds or thousands of base pairs each, depending on the platform) before

being read. It then falls to computers to reconstruct the sequence of strands of cDNA, and thus the

original mRNA, from the millions of resulting fragmented reads. RNA-seq is much more accurate
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than microarrays because there are no artifacts from varying binding affinity or cross hybridization

(but still may suffer from amplification and cDNA conversion artifacts), but the experimental and

computational costs are much higher than microarrays. RNA-seq has the added advantage of

being able to detect previously unknown transcripts. This has enabled researchers to learn about

the regulatory and other roles of non-coding RNAs such as long non-coding RNAs (lncRNA), short

interfering RNAs (siRNA), and micro RNAs (miRNA).
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APPENDIX E

PROOF OF THEOREM FROM SECTION 5.3.2.2

Theorem: Suppose a network G contains a cycle cluster C. Define the set of externally influenced

nodes

R(C,G) = {i ∈V (C) : j ∈V (G\C),( j, i) ∈ E(G)} , (E.1)

the set of intruder connections

W (C,G) = {( j, i) ∈ E(G) : i ∈V (C), j ∈V (G\C)} , (E.2)

and the reduced set of critical nodes

Zred(C,G) = Z(C,G\W ) . (E.3)

If N = |V (C)| and

µ ≡ min
i∈V (C)

deg−(i) , (E.4)

where deg−(i) is computed ignoring intruder connections, then

⌈
µ

2

⌉
≤ ncrit(C,G)≤ ζ , (E.5)

where

ζ ≡min
(⌈

N
2

⌉
+ |R(C,G)\Zred(C,G)|,N

)
. (E.6)

Proof: First, prove the lower limit of Eq. E.5. Let C be a cycle cluster in a network G with

R(C,G) = {∅}. (A cycle cluster in a network with |R(C,G)| > 0 will have the same or higher

activation barrier for any node in the cluster than the same cycle cluster in a network with R= {∅}.

Since the lower limit of Eq. E.5 is being examined, the case with the lowest activation barrier is

considered. Any externally influenced nodes cause ncrit to either increase or remain the same.) For

any node i to be able to flip away from the cancer state (although not necessarily remain there), it

must be that hi =−aξ c
i for a≥ 0, meaning that at least half of the nodes upstream of i must point

123



away from the cancer state. The node i requiring the smallest number of upstream nodes to be in

the normal state is the node that satisfies deg−(i) = µ . Controlling less than µ/2 nodes will leave

all uncontrolled nodes with a field in the cancer direction, and no more flips will occur. Thus,

ncrit ≥
⌈

µ

2

⌉
. (E.7)

For the upper limit of Eq. E.5, consider a complete clique on N nodes, C = KN (that is, Ai j = 1

for all i, j ∈V (KN), including self loops) in a network G. First, let there be no connections to any

nodes in C from outside of C so that R(C,G) = {∅}. For odd N, forcing (N + 1)/2 nodes away

from the cancer state will result in the field

∑
j

Ji jσ j =

(
N−1

2
− N +1

2

)
ξ

c
i =−ξ

c
i (E.8)

for all nodes i. After one time step, all nodes will flip away from the cancer state. For even N,

forcing N/2 nodes away from the cancer state will result in the field

∑
j

Ji jσ j =

(
N
2
− N

2

)
ξ

c
i = 0 (E.9)

for all nodes i. At the next time step, the unfixed nodes will pick randomly between the normal and

cancer state. If at least one of these nodes makes the transition away from the cancer state, the field

at all other nodes will point away from the cancer direction. The system will then require one more

time step to completely settle to σi =−ξ c
i . Thus, for C = KN in a network G with R(C,G) = {∅},

ncrit(KN ,G) =

⌈
N
2

⌉
. (E.10)

KN with σi(0) = ξ c
i gives the largest activation barrier for any cycle cluster on N nodes with

R(C,G) = {∅} to switch away from the cancer attractor state. A general cycle cluster C with any

topology on N nodes with R(C,G) = {∅} in a network G will have deg−(i) ≤ N for all nodes i,

and so the upper bound is

ncrit(C,G)≤
⌈

N
2

⌉
, (E.11)

thus proving Eq. E.5 for the special case of R(C,G) = {∅}.
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Now consider a cycle cluster C on N nodes in a network G with |R(C,G)| ≥ 0. Suppose all

nodes in Zred(C,G) are fixed away from the cancer state. By Eq. E.11, |Zred(C,G)| ≤ dN/2e.

For any node i ∈ (R(C,G)∩Zred(C,G)), σi(t → ∞) = −ξ c
i is guaranteed because it has already

been directly controlled. Any node i ∈ (R(C,G) \ Zred(C,G)) has some incoming connections

from nodes j /∈V (C), and these connections could increase the activation barrier enough such that

fixing Zred(C,G) is not enough to guarantee σi(t→ ∞) =−ξ c
i . To ensure that any node l ∈V (C)

points away from the cancer state, it is sufficient to fix all nodes i ∈ (R(C,G)\Zred(C,G)) as well

as Zred(C,G) away from the cancer state. This increases ncrit by at most |R(C,G) \ Zred(C,G)|,

leaving

ncrit(C,G)≤
⌈

N
2

⌉
+ |R(C,G)\Zred(C,G)| . (E.12)

ncrit can never exceed N, however, because directly controlling every node results in controlling C.

It can thus be said that

ncrit(C,G)≤min
(⌈

N
2

⌉
+ |R(C,G)\Zred(C,G)|,N

)
. (E.13)

Finally, combining the upper limit in Eq. E.13 with the lower limit from Eq. E.7 gives Eq. E.5. �
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APPENDIX F

HOPFIELD MEAN FIELD SOLUTION

F.1 Mean field for Erdős-Rényi networks

I now rederive Derrida’s mean field result [40]. Without loss of generality, define m to be the

overlap between attractor 1 and the state vector at time t,

m =
1
N

N

∑
i=1

ξ
1
i σi(t). (F.1)

where N is the number of nodes in the network, and N→∞. Assume that {σi(t)} has macroscopic

overlap with attractor 1, and microscopic overlap with all other attractors µ 6= 1. Define the inde-

gree of node i to be k, and label its upstream neighbors { j1, j2, . . . , jk}. At a given time t, let n be

the number of upstream nodes which have σ jr = −ξ 1
i (and so k−n have σ jr = +ξ 1

i ). Similarly,

define s to be the number of attractors across all upstream nodes which have ξ 1
jr =−ξ

µ 6=1
jr (and so

(kp− k− s) have ξ 1
jr =+ξ

µ 6=1
jr ). The total field at node i is given by

hi = kp−2n−2s. (F.2)

The probability for a randomly chosen node to have a given triplet (k,n,s) is given by

P(k,n,s) = P(k)P(n,s|k)

= P(k)P(n|k)P(s|k).
(F.3)

Directed Erdős-Rényi random networks have a Poisson indegree (and identical outdegree) distri-

bution,

P(k) =
cke−c

k!
, (F.4)

where c is the mean indegree (which equals the mean outdegree). Since (m+1)/2 is the expected

fraction of nodes in state ξ 1
jr , P(n|k) follows a binomial distribution,

P(n|k) =
(

k
n

)(
1+m

2

)k−n(1−m
2

)n
. (F.5)
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Each ξ
µ

jr is an independent random variable, so for the remaining p− 1 attractors, P(s|k) also

follows a binomial distribution,

P(s|k) =
(

k(p−1)
s

)(
1
2

)k(p−1)
. (F.6)

This means that the expected spin of node i can be computed from

〈σi〉= m =
∞

∑
k=0

k

∑
n=0

k(p−1)

∑
s=0

P(k,n,s) ∑
σi=±1

σi

1+ e−(kp−2n−2s)σi/T

=
∞

∑
k=0

k

∑
n=0

k(p−1)

∑
s=0

P(k,n,s) tanh
(

kp−2n−2s
T

) (F.7)

This gives Derrida’s mean field equation for a Hopfield system on a dilute directed Erdős-Rényi

network,

m =
∞

∑
k=0

k

∑
n=0

k(p−1)

∑
s=0

cke−c

k!

(
k
n

)
(1+m)k−n(1−m)n

2kp

(
k(p−1)

s

)
tanh

(
kp−2n−2s

T

)
, (F.8)

where c is the mean indegree, p is the number of attractors, and T is the temperature.

In principle, m can be computed from Eq. F.8 numerically. However, the nested summations

produce many non-negligible terms for even modest values of c and p (e.g. for c = 5 and p = 3,

Eq. F.8 is composed of 4940 separate terms when keeping all terms that satisfy P(k) > 10−3).

Some approximations are now made to solve for m. Recall that

lim
a→0

1√
πa

e−x2/a = δ (x), (F.9)

where δ (x) is the Dirac delta function. This means that for large c and p (but keeping the ratio

(p−1)/c fixed),
∞

∑
k=0

cke−c

k!
≈
∫ +∞

−∞

dk√
2πc

exp

(
−(k− c)2

2c

)

=
∫ +∞

−∞

(dk/c)√
2π/c

exp

(
−
(k

c −1)2

2/c

)

≈
∫ +∞

−∞

d
(

k
c

)
δ

(
k
c
−1
)

.

(F.10)
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Similarly for large k,

k

∑
n=0

(
k
n

)
(1−q)k−nqn ≈

∫ +∞

−∞

dk√
2πkq(1−q)

exp

(
− (n− kq)2

2kq(1−q)

)

≈
∫ +∞

−∞

d
(

n
cq

)
δ

(
n
cq
−1
)

.

(F.11)

The summation over s can also be approximated as

k(p−1)

∑
s=0

(
k(p−1)

s

)(
1
2

)k(p−1)
≈
∫ +∞

−∞

ds√
π

c(p−1)
2

exp

(
−
(s− c(p−1)

2 )2

c(p−1)
2

)

=
∫ +∞

−∞

d
( s

c
)√

π
(p−1)

2c

exp

(
−
( s

c −
(p−1)

2 )2

(p−1)
2c

)

=
∫ +∞

−∞

dy√
π

e−y2
,

(F.12)

where α = (p−1)/c and a variable substitution was performed by setting

y =
s
c −

p−1
2√

α/2
. (F.13)

Combining these approximations results in Derrida’s mean field integral equation,

m =
1√
π

∫ +∞

−∞

dye−y2
tanh

(
cm− cy

√
2α

T

)
. (F.14)

F.2 Mean field for modular networks

The topology of a stochastic block model network (SBMN) with Ω communities is defined by the

nonnegative connectivity matrix CΩ×Ω, where CIJ is the mean number of edges from nodes in

community J to nodes in community I. Note that while AML 2.3’s CIJ is diagonally dominant

(i.e. there are more edges internal to communities than between communities), it is not necessary

for the following results to hold.

Eq. F.8 will now be generalized for modular networks. Consider a SBMN with connectivity

matrix CIJ . Without loss of generality, define the overlap between all spins i ∈ I and attractor 1 to

be

mI =
1

NI
∑
i∈I

ξ
1
i σi(t), (F.15)
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where NI is the number of nodes in community I, and NI → ∞. The variables k and n now gain

indices to signify the source and target communities for each edge. P(kIJ) is the probability that

a randomly chosen node i ∈ I has kIJ upstream neighbors from community J, and is given by a

Poisson distribution,

P(kIJ) =
C

kIJ
IJ e−CIJ

kIJ!
. (F.16)

nIJ is the number of these upstream neighbors with a current spin antialigned with attractor 1 (and

therefore kIJ−nIJ is the number of upstream neighbors with current spin aligned with attractor 1).

nIJ follows a binomial distribution which depends on the overlap of community J with attractor 1,

P(nIJ|kIJ) =

(
kIJ
nIJ

)(
mJ +1

2

)kIJ−nIJ
(

mJ−1
2

)nIJ
. (F.17)

Since all attractors are composed of independent random variables, the number of upstream attrac-

tor diagreements follows a binomial distribution and depends only on the total indegree across all

communities,

P(sI |ktot
I ) =

(
ktot

I (p−1)
sI

)(
1
2

)ktot
I (p−1)

, (F.18)

where ktot
I = ∑

Ω
J=1 kIJ . The joint probability distribution can now be written as

P(kI1, . . . ,kIΩ;nI1, . . . ,nIΩ;sI) =

[
Ω

∏
J=1

P(kIJ,nIJ)

]
P(sI |ktot

I )

=

[
Ω

∏
J=1

P(kIJ)P(nIJ|kIJ)

]
P(sI |ktot

I ).

(F.19)

Substituting Eqs. F.16, F.17, and F.18 into Eq. F.19 gives the probability density

P({kIJ},{nIJ},sI)=

 Ω

∏
J=1

C
kIJ
IJ e−CIJ

kIJ!

(
kIJ
nIJ

)
(mJ +1)kIJ−nIJ (mJ−1)nIJ

(ktot
I (p−1)

sI

)(
1
2

)ktot
I p

.

(F.20)
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This means that the modular form of the mean field equation is given by

mI =

 ∞

∑
kI1=0

∞

∑
kI2=0

. . .
∞

∑
kIΩ=0

 kI1
∑

nI1=0

kI2
∑

nI2=0
. . .

kIΩ

∑
nIΩ=0


(p−1)∑

Ω
J=1 kIJ

∑
sI=0


×

 Ω

∏
J=1

C
kIJ
IJ e−CIJ

kIJ!

(
kIJ
nIJ

)
(1+mJ)

kIJ−nIJ (1−mJ)
nIJ


×
(

∑
Ω
J=1 kIJ(p−1)

sI

)(
1
2

)
∑

Ω
J=1 kIJ p

tanh

(
∑

Ω
J=1(kIJ p−2nIJ)−2sI

T

)
. (F.21)

Note that for Ω = 1, Eq. F.21 reduces to Eq. F.8. Again, there are too many terms in Eq. F.21 for

computation of mI to be practical. For large values of p and CIJ for all I and J, the approximations

in Eqs. F.10, F.11, and F.12 hold. This means that Eq. F.21 becomes

mI =

[
Ω

∏
J=1

∫ +∞

−∞

dkIJ√
2πCIJ

exp

(
−(kIJ−CIJ)

2

2CIJ

)∫ +∞

−∞

dnIJ√
2πkIJqJ(1−qJ)

exp

(
− (nIJ− kIJqJ)

2

2kIJqJ(1−qJ)

)]

×
∫ +∞

−∞

dsI√
π

p−1
2 ∑J kIJ

exp

(
−
(sI− p−1

2 ∑J kIJ)
2

p−1
2 ∑J kIJ

)
tanh

(
∑J(kIJ p−2nIJ)−2sI

T

)
. (F.22)

where qJ ≡ (1−mJ)/2. Letting CI ≡ ∑J CIJ , αI ≡ (p− 1)/CI , and taking p → ∞, CIJ → ∞

such that αI remains constant and the ratios CIJ/CI′J′ remain constant for all I, I′, J, and J′, the

Gaussians in kIJ and nIJ turn into delta functions. Only the sI integral remains, so

mI =
∫ +∞

−∞

d
(

sI
CI

)√
2

παI
exp

−(2 sI
CI
− p+1)2

2αI

 tanh
(

∑J(kIJ p−2nIJ)−2sI
T

)
(F.23)

Performing the substitution

yI =
2 sI

CI
− p+1
√

2αI
(F.24)

gives the final form for mI ,

mI =
1√
π

∫ +∞

−∞

dyI e−y2
I tanh

(
∑

Ω
J=1CIJmJ−CIyI

√
2αI

T

)
. (F.25)

This system of Ω coupled self-consistent integral equations can be solved numerically. The vari-

ance of the magnetization is given by

(∆mI)
2 =

〈
σ

2
I

〉
−〈σI〉2

= 1−m2
I .

(F.26)
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Introducing a control term Qi, our system’s magnetization vector becomes

mi =
1√
π

∫ +∞

−∞

dye−y2
tanh

(
Qi +∑

Ω
x=1Cixmx− yCi

√
2αi

T

)
. (F.27)

Note that

lim
T→0

mi(T ) =
1√
π

(∫ wi

−∞

dye−y2
−
∫

∞

wi
dye−y2

)
(F.28)

where

wi ≡
Qi +∑

Ω
x=1Cixmx

Ci
√

2αi
. (F.29)

Define χi j as the total derivative

χi j ≡
dmi
dQ j

∣∣∣∣
mx=m∗x , Qx=0 ∀x

, (F.30)

where m∗x is the numerical solution to (F.27). χi j is thus the expected change in the magnetization

of community i when community j is targeted by an external field. I define this using the total

derivative rather than the partial derivative because I’m making no assumptions about mi remaining

constant when m j changes for i 6= j. This is required to see off-target effects. I drop all of the

“evaluated at” bars hereafter, but keep in mind that all derivatives are evaluated at mx = m∗x , Qx = 0

∀x. In general, if f = f (x1(t),x2(t), . . . , t), the total derivative is given by

d f
dt

=
∂ f
∂ t

+∑
i

∂ f
∂xi

dxi
dt

, (F.31)

where I am being very careful to correctly distinguish between partial and total derivatives. In our

case, since mi = mi(m1(Qi),m2(Qi), . . . ,mΩ(Qi),Qi),

dmi
dQ j

=
∂mi
∂Q j

+
Ω

∑
k=1

∂mi
∂mk

dmk
dQ j

=
∂mi
∂Q j

+
Ω

∑
k=1

∂mi
∂mk

χk j,

(F.32)

Using the definition from (F.27),

∂mi
∂Q j

=
1√
π

∫ +∞

−∞

dye−y2 ∂

∂Q j
tanh

(
Qi +∑

Ω
x=1Cixmx− yCi

√
2αi

T

)

= δi j

(
1

T
√

π

∫ +∞

−∞

dye−y2
sech2

(
Qi +∑

Ω
x=1Cixmx− yCi

√
2αi

T

))

= δi jai,

(F.33)
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where, recalling that mx = m∗x , Qx = 0 ∀x,

ai ≡
1

T
√

π

∫ +∞

−∞

dye−y2
sech2

(
∑

Ω
x=1Cixm∗x− yCi

√
2αi

T

)
. (F.34)

Note that ai = ai(T ), so all of the temperature dependence is in a single term. Also note that in

general,

lim
T→0

1
T

sech2
(

y0− yγ

T

)
= 2δ (y0− yγ) =

2
|γ|

δ

(
y0
γ
− y
)

, (F.35)

so

lim
T→0

ai(T ) =

√
2

C2
i αiπ

exp

−(∑
Ω
x=1Cixm∗x
Ci
√

2αi

)2
 . (F.36)

Also,
∂mi
∂mk

=
1√
π

∫ +∞

−∞

dye−y2 ∂

∂mk
tanh

(
Qi +∑

Ω
x=1Cixmx− yCi

√
2αi

T

)

=Cik

(
1

T
√

π

∫ +∞

−∞

dye−y2
sech2

(
Qi +∑

Ω
x=1Cixmx− yCi

√
2αi

T

))

=Cikai.

(F.37)

Putting everything together,

χi j = aiδi j +
Ω

∑
k=1

aiCikχk j. (F.38)

If Ai j ≡ aiδi j and Bi j ≡ aiCi j (matrices which only depend on T , which is fixed) are defined, then

χi j = Ai j +
Ω

∑
k=1

Bikχk j, (F.39)

or in simpler notation,

χχχ = AAA+BBBχχχ . (F.40)

This can be solved by

χχχ = (111−BBB)−1AAA. (F.41)

Since I defined χi j as the derivative evaluated at equilibrium, χi j is the solution to the linear

equation (F.41). However, χi j is a nonlinear function of the temperature T and the topology Ci j

because it depends on ai.
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APPENDIX G

CORRELATED ATTRACTORS

Note: for mathematical convenience, this appendix labels the attractors
{

ξ
µ

i

}
using the scheme

µ = 0,1, . . . , p−1.

The basic Hopfield model was designed under the assumption that ξ
µ

i = ±1 with equal prob-

ability for any given (i,µ) pair, and if N → ∞ and α � αc ≈ 0.138, then ∑i ξ
µ

i ξ ν
i /N ≈ 0 for all

µ 6= ν , and the crosstalk term from Eq. 5.13 can be ignored. However, the capacity for correlated

attractors is less than 0.138 and depends on the degree of the correlations. A simple trick from

linear algebra called a Moore-Penrose pseudoinverse can be used to stabilize correlated patterns.

If the coupling matrix is constructed as

Ji j =
1
N ∑

µν

ξ
µ

i

(
Q−1

)
µν

ξ
ν
j (G.1)

for the matix

Qµν =
1
N ∑

i
ξ

µ

i ξ
ν
i (G.2)

then for σi(t) = ξ λ
i ,

hi(t) =
1
N ∑

jµν

ξ
µ

i

(
Q−1

)
µν

ξ
ν
j ξ

λ
j

= ∑
µν

ξ
µ

i

(
Q−1

)
µν

Qνλ

= ∑
µ

ξ
µ

i δµλ

= ξ
λ
i

(G.3)

Note that this only works if the matrix is invertible. If the patterns are uncorrelated, then Qµν =

δµν , reducing Ji j to the basic form from Eq. 5.6. The matrix Qµν may also be integrated into the

cyclic Hopfield matrix by

Ji j =
1
N ∑

µν

ξ
modp(µ+1)
i

(
Q−1

)
µν

ξ
ν
j (G.4)
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Again, if σi(t) = ξ λ
i ,

hi(t) =
1
N ∑

jµν

ξ
modp(µ+1)
i

(
Q−1

)
µν

ξ
ν
j ξ

λ
j

= ∑
µν

ξ
modp(µ+1)
i

(
Q−1

)
µν

Qνλ

= ∑
µ

ξ
modp(µ+1)
i δµλ

= ξ
modp(λ+1)
i

(G.5)

In general, using this formulation for the coupling matrix ensures higher fidelity point and cyclic

attractors than the original form which omits Qµν .
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