REDUCTION OF THE NUMBER OF INDEPENDENT
VARIABLES AND OPTIMZATION IN
SWIRLING FLUID FLOW

- Thess for the Degree of PR.D.
MICHIGAN STATE UNIVERSTTY
MICHAEL JEROME BRINK

e L



VT

1293 10729 6851

Il

This is to certify that the

thesis entitled

REDUCTION OF THE NUMBER OF INDEPENDENT
VARIABLES AND OPTIMIZATION IN SWIRLING FLUID FLOW

presented by

Michael Jerome Brink

has been accepted towards fulfillment
of the requirements for

Ph.D. degree in Mechanical Engineering

4.2+, /&MMM%

Ma]or rofessor

Date May 12, 1971

0-169




JUN 0 8 1998


















ABSTRACT

REDUCTION OF THE NUMBER OF INDEPENDENT VARIABLES
AND OPTIMIZATION IN SWIRLING FLUID FLOW

By

Michael Jerome Brink

The major objective of this investigation is to determine so-
lutions to the system of fundamental equations governing inviscid, in-
compressible swirling flow in (R, 6, Z) space by using group theory to
reduce the number of independent variables and obtaining the solutions
for the resulting system of ordinary differential equations.

Transformations obtained by the application of continuous
one-parameter group theory are applied to the fundemental system of
non-dimensional equations for conservation of mass, conservation of mo-
mentum, and conservation of energy. The number of independent varia-
bles is reduced from three to two to one using the sbsolute invariants
determined for each transformation group. The resulting system of non-
linear ordinary differential equations is then solved numerically by
Hamming's modified predictor-corrector technique. The one-dimensional
solutions are transformed back to the three-dimensional space using the
transformations obtained from the application of the continuous one-
DParameter group theory.

Computer curves are presented for both the one-dimensional
and the trensformed three-dimensional solutions to the conservation of
mess and conservation of momentum equations. Two continuous one~
parameter transformation groups and their invariants which were discov-

ered and then utilized to accomplish the reduction in the number of







Michael Jerome Brink
independent variables for cylindrical polar coordinates are also pre-
sented.

A Mayer type optimization problem is solved using the one-
dimensional representations for conservation of energy and the swirl
parameter to optimize the one-dimensional representation for pressure.
The one-dimensional optimization results are transformed back to the
three-dimensional space using the transformations obtained from the ap-
plication of the continuous one-parameter group theory.

Computer curves are presented for the optimization results in

both the one-dimensional and the three-dimensional space.
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Pressure

NOMENCLATURE

Physical coordinates, independent variables

Velocity components

Density

Velocity

Internal energy and base of the natural logarithm system

Total energy change

Bernoulli constant

Legrange multipliers

Augmented function

Functional forms of optimal constraint equations

Swirl aspect ratio = r2/72

Tangential energy fraction = vo/(h/p)

Swirl parameter = LERY

Axial swirl length

Tangential velocity at the outer swirl radius

Dimensionless

Dimensionless

Dimensionless

Dimensionless

Dimensionless

Dimensionless

independent veriable = r/z,
independent varieble = z/z,

radial velocity component = u/vO
tangential velocity component = v/vo
axial velocity component = W/V

2
static pressure = p/(pv)

ix






- Dimensionless Bernoulli constant = h/(pvg)

=]

; — Constants

a - Group parameter

-

1 - One-parameter group

® - Differential form of k-th order in m independent variables
.~ - Arguments of the k-th order differential form

1; - Independent variasbles, absolute invariants of Al

- Absolute invariants of A

£ - Group constant = t2/t1

o - Group constant = th/t

2
' - Two-dimensional representation for the radial velocity
component
“2 - Two-dimensional representation for the tangential velocity
component
’3 - Two-dimensional representation for the axial velocity

component

Ji s Two-dimensional representation for static pressure

~

- Constant

; - Constants

¢ - Group parameter

| - One-parameter group

( -~ Independent variable, absolute invariant of Bl

' — Group constant = Yl/k




g - Kb

G1 - On
co

Gy - On
G3 = 0On

[
G, - O
P

=D



G

Go

Absolute invariants of Bl

One-dimensionel representation for the radial velocity
component

One-dimensional representation for the tangential velocity
component

One-dimensional representation for the axial velocity
component

One-dimensional representation for static pressure
sl s bl e 48
Constant = Gl + G3 G

Denotes differentiation with respect to the independent
variable

xi




L1 Infrodu
Sw
engineers si
cently, it s
el in Wheele
"tlack hole'
G

shich the ¢,
1hat the £
oeewr in gi
ad rotatiy
1

o the e
ferentiq)
Utiea) 4
fere oome
“Oloneps
e 6, 1

Vere assyy

1 the 1

e obgy



I. FUNDAMENTALS

__Introduction

Swirling fluid flows have been of interest to scientists and
ineers since 1797 when Venturi studied the free vortex. Most re-
tly, it seems that swirling flow may appear in the motion encounter-
in Wheeler's theory of gravitational collapse [51] and the so-called
-ack hole" in space.

Generally, swirling flow may be categorized as any flow in
.ch the tangential velocity component has a finite magnitude such
't the fluid has a macroscopic rotary motion. Typical flow examples
ur in Hilsch tubes, vortex amplifiers, tornados, large fuel tanks,
| rotating fluid machinery.

The system of fundamental equations describing swirling flow
the general case includes three-dimensional, nonlinear partial dif-
ential equations which are not amenable to solution by standard ena-
ical techniques. Therefore, investigators of swirling type flows
e compelled to make various simplifying assumptions. All velocity
ponents were assumed to be functions of only one independent varia-

[6, 11, 14, 15, 16, 30, 36, 47] or particular velocity components
e assumed to have only certain specisl forms [13, 29, 35].

In this work, the major objective is to determine solutions
he fundamental equations governing swirling flow. The solutions
obtained by accomplishing a reduction in the number of independent

1
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2

bles utilizing one-parameter group theory and solving the result-
rdinary differential equations.

The minor objective of this work is to discover two sets of
arameter transformation groups such that the system of partial
rential equations for the model in three independent variables is
formed into a system of partisl differential equations in two in-
dent variables which is then transformed into a system of ordinary

rential equations.

Scope of this Investigation

The fundamental fluid flow model is posed using the three-
1sional system of equations for conservation of mass, conservation
omentum, and conservation of energy.

One-parameter group theory is applied twice in succession to
*e the number of independent varisbles from three to one. To ac-
lish this reduction, two sets of one-parameter transformation
s are discovered since the one-parameter group theory allows a re-
lon by one in the number of independent variables per transforma-

The resulting system of ordinary differential equations is non-
ir. Hemming's predictor-corrector numerical method is used to de-
ne the solutions to this system of equations.

Calculus of variations techniques are applied to the one~
1sional system of equations to determine an optimum solution con-
ned by a transformed swirl parameter.

The one-dimensional solutions are then transformed from one-
sional space to two-dimensional space and next to three-
sional space using the two sets of transformations discovered by

application of the continuous one-parameter group theory.
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The axioms [2, 18] which a set of elements must follow under

ticular operation are stated below. A star (#) symbol denotes the

cular operation between two elements.

losure.

\ssociativity.

eft Identity.

eft Inverse.

ommutativity.

If a and b are two elements of the set, then

a¥b = ¢ is also a unique element of the set.

When three or more elements are formally manipula-
ted using the defined operation, the order of meni-
pulation makes no difference. Hence,

(a¥b)¥c = a*(bwc).

Among the elements there is an identity element,
denoted by I, with the property of leaving the ele-
ments unchanged after formal manipulation with the

defined operation. Therefore, I*a = a.

Each element, a, in the group has a left inverse

a~1 such that a~l#a = I.

When two or more elements are formally manipulated
using the defined operation, the order of manipula-

tion may be reversed. Hence, a¥#b = b¥a.

11 groups satisfy the fifth axiom. Those groups that satisfy the

axiom are known as Abelian or commutative.

Continuous one-parameter groups are multiplicative groups

The groups of interest in this work are continuous one-parameter

formation groups. The defined operation for multiplicative
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N

formation groups is the successive application of the transforma-

Hence a point x is taken into a point X as follows:

X=A,X =4 _(A JolE A ol

b3
al a2 al

where 32 and al are parameters.

of transformations is said to be closed under the defined opera-
of transformation multiplication if, given any set of parametric

1 2

s a— and a&“, a set of parametric values a3 can always be found

that A 3 is a unique member of the set of given transformations
a

s Bisumihos
al a2 a3

1g defined the operation for closure, the transformation group con-

is now formulated in terms of the group axioms.

"losure. Apho =g (1.3.1)

\ssociativity. Aal(Aaz Aa3) x = (Aa,l AE2) Agx (Lesi2)

.eft Identity. A transformation I exists such that
Thyx=hyIx=4hyx (1.3.3)

Any transformation which leaves a point unaltered

is defined as an identity transformation.
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5
eft Inverse. An inverse transformation A'i belonging to the set
a

exists such that

AlAalx=Ix=x. (1.3.4)

ion 1.3.1 - If a numerically valued (scalar) function
unaltered by an r-paremeter continuous group of transformations,

e.
(xL,eeey 2@, y1,..., v®) = a(xL,..., 3, 71,..., ¥8), (1.3.5)
the function Q(x, y) is called an absolute invariant of A,

Definition 1.3.2 - The m+n functions, Ql(x, )y statln
<, ¥), are said to be functionally independent if and only if the

7ing determinant is non-vanishing.

R I Y
axi axi
#0(i=1,...,m)=1,...,1) (1.3.6)
¥ e
ayd ayd

ring the approach developed by A.J.A. Morgan [44], attention is
stricted to a one-parameter continuous group of transformations
> form:

g = ri(xl,..., x®; a) {4 & T vea, By 0880
&4 (1.3.7)

79 = £y, v 8) (3= 1,005 m3 n21)
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6

e a is a numerical parameter. The transformations
2= el L, ) e) (1.3.8)

| a subgroup SA of Al' The xi and the yJ denote the independent
the dependent x];ariables of a system of partial differential equa-
s. The yj are considered to be differentiable functions of the xi
o any required order. If the transformations of the partial deriv-
es of the y‘j with respect to the xi are appended to those of

.7), the resulting set of transformations also forms a continuous
parameter group, A};. New groups constructed in this manner are

n as enlargements of the group Al‘

The group Ay (1.3.7) has m#n-1 functionally independent ab-

te invariants

n (xl,...,fn),... l(xl,...,xm) (1.3.9)

e
n ug m
Sl(yl,---, e S CMEREE. ) (e gn(yl,m, ¥ ey x0) (133010)

it is possible to choose them such that the Jacobian

a(gys---» 8y)

0 (253,327
ayl, .. v 4
a(nl,..., nm_l)
R| ——8= [=m1 (1.3.12)
C e

e R denotes the rank of the indicated Jacobian matrix.
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7
The y'il and {r‘j are considered to be implicitly defined as func-

ons of the xi and ®* by the equations

zd(xl, v )= gj(yl,..., 7 b ) (1.3.13)
(.., ) =gy s (1.3.14)

ere the gj are the absolute invariants of the group (1.3.7) indicated

(1.3.10).

Theorem 1.3.1 - A necessary and sufficient condition for the

, implicitly defined as functions of xl,.. 2 5 b by equation (L3135

be exactly the same functions of xl,. i io ™ as the FJ, implicitly

1

fined as functions of X ,..., X by equation (1.3.1k), are of the

seees B is that

=z (g,..., ). (1.3.15)

e condition given by equation (1.3.15) can be replaced by the equiva-

nt condition

). (1.3.16)

zj(x 0 on KA FLLEIEE

e "Il,... 5 Np-1 are functionally independent absolute invariants of
e subgroup SA of the group (1.3.7). The equivalence of equations
.3.15) and (1.3.16) is seen from the group theory statement that any
solute invariant of a group is expressible in terms of the function-

ly independent sbsolute invariants.




D
entiel equaf
same funeti
solutions o

¥
differentia
essery to ¢

form,

By equatio
Troperties
exresseq

it (xd,

¥ indepey

Vhoge g
e copg;

Bt op



8

Definition 1.3.3 - Solutions of a system of partial differ-
ial equations which have the property that the y‘j are exactly the
e functions of the x' as the ?‘j are of the }‘ci are called invariant
utions of a system of partial differential equations.

When considering invariant solutions of systems of partial
'ferential equations, Theorem 1.3.1 demonstrates that it is only nec-
ary to consider equations (1.3.13) or (1.3.1Lk) to be given in the

n,
Sj(yl,..., >, xl,..., x™) = FJ(nl,..., nm—l)' (1.3:17)

equation (1.3.11) and the assumed continuity and differentiability
perties of the functions FJ and gy it follows that the yJ can be
ressed as functions of the F;) and xi in some neighborhood of the

ot (xb,..., ).

I N s XD (1.3.18)

Definition 1.3.4 - A differential form of the k-th order in

ndependent veriables is a function of the form

(1.3.19)

1 n
o(x,..., <&, yl,...,yn,...,alfx U Los k)
C S IC)
J
se arguments include derivatives of the y" up to order k. The ¥
For convenience, the p argu-

2P,

i
considered to be functions of the x™.

3 1
ts of the differential form will be designated DY z7,...»
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9

Definition 1.3.5 - A differential form ¢ is conformally in-
nt under a one-parameter group Al’ if, under the transformations
e group, it satisfies the relation

1

zL,..., @) = M(z1,..., 2P a) o(zl,..., ZP) (1.3.20)

s 2

¢ is exactly the same function of the z's as it is of the z's and

some function of the z's and the parameter a.

Definition 1.3.6 - A differential form ¢ is constant conform-
invariant under a one-parameter group Al, if, under the transfor-

n of the group, it satisfies the relation

o(zL,..., 2°) = M(a) o(zt,..., 2P) (1.3.21)
. ¢ is exactly the same function of the z's as it is of the Z's

{ is some function of the parameter a.

Definition 1.3.7 - A differential form ¢ is absolutely in-
nt under a one-parameter group A,, if, under the transformations

le group, it satisfies the relation

o, ..., ) = olzt,..., ) (1.3.22)

. ¢ is exactly the same function of the z's as it is of the z's.

Definition 1.3.8 — A system of k-th order partial differen-

equations QJ = 0 is invariant under a continuous one-parameter
k-th order differential

> of transformations Ay if each of the
the transformations of Alf_. The

is conformally invariant under

3%
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10
up Ai is the k-th enlargement of the group Al which has been dis-
sed previously.
Let
k 1 k n

U S S yﬂ,...,Lﬁ,...,a—Y—k) =0 (1.3.23)
a(x) 3(x")
. system of partial differential equations of the k-th order in
') independent variables x!,..., x® and n(21) dependent variables

.5 ¥y where each of the differential forms is conformally invari-

under the k-th enlargement of the group Al

Theorem 1.3.2 - If each of the differential forms ¢l,..., )

n

he system of partial differential equations (1.3.23) is conformally
riant under the k-th enlargement of the group (1.3.7), then the in-
ant solutions of (1.3.23) can be expressed in terms of the solutions

system of the form

BJ(nl,..., Npeqs Fpoeees Foeee

1 is & system of k-th order partial differential equetions in m-1

vendent variables Npsees In equation (1.3.2L4), the n's are

s Um_l-
-1 ebsolute invariants of the group SA and the functions FJ are
1
> of equation (1.3.17).
Theorem 1.3.2 gives the conditions under which the number of

endent varisbles in a system of partial differential equations can

duced by one in the process of obtaining invariant solutions.
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11
Optimization Techniques
The optimization techniques used in this work are the stan-

techniques from the calculus of variations as presented by Miele

The calculus of variations is concerned with the maxima and
a of functional expressions where entire functions must be deter-
. Hence, the unknown of the calculus of variations problem is
ssembly of an infinite set of points which identify either a curve
surface, depending upon the nature of the problem.

A functional form to be optimized may be defined as shown

-2 [rxs yk)]f + {‘xf a(x, ¥y» yl;) ax (Aade )
i

iation (1.4.1), subscripts i and f denote initial and final points

: N %y} The form @ is optimized by finding that special set of

Lons
¥, (x) [ IR (1.4.2)

1ich it is either & maximum or a minimum. The class of functions

) satisfy the constraints

¢J(x’ > Tg) =0 J Sl pis (1.4.3)

involve m = n-p degrees of freedom. The number of degrees of
m of a differential system is defined to be the difference be-
‘the number of dependent variables and the number of equations.
x) are consistent with the follow-

assumed that the functions yk(

d conditions.
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12

o (xgs ¥y ) =0 B=1,..,q (1.4.4)
w,(xgs Yge) =0 W=g+1l,...,ss 2n+2 (1.k.5)

blem as formulated in the preceding paragraph is known as the

roblem.
The Bolza problem can be treated simply and elegantly by in-

1g a set of variable Lagrange multipliers
A (x) § = Lvius @ (1.4.6)

‘orming the following expression which is known as the augmented

L.

Ao (1.4%.7)

own that the optimal arc (the special curve optimizing @) must
not only equations (1.4.3) but also the following equations

e known as the Euler-Lagrange equations.

d_(sL) -

dx Sylz

3K

ayk= 0 XL i o0 (1.4.8)

erential system composed of the constraining equations (1.4.3) :
Fuler-Lagrange equations (1.4.8) includes n+p equations and un-
Therefore, the solution of this sytem of differential equa-
e1lds the n dependent variables and the p Lagrange multipliers
cously.

There are 2n+2 boundary conditions to which equations (1.4.3)
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13
1d (1.4.8) are subjected. Equations (1.4.4) and (1.4.5) supply s of
1e boundary conditions and 2n+2-s of the boundary conditions are sup-

lied by the following condition which is known as the transversality

ndition.

lat + (K - E=1 gK_’ ¥y) ax + Eﬂ 3;.*2_ dyk]i =0 (1.1.9)
Vi Vi

e transversality condition is to be satisfied identically for all

stems of infinitesimal displacements consistent with equations (1.k.L)

d (1.h.5).

After an optimal arc has been‘ determined, it is necessary to
vestigate whether the functional Q attains a meximum or minimum value.
e Legendre-Clebsch necessary condition is used to determine this.

e Legendre-Clebsch condition for a relative minimum is

n T
N %}{:Tyj. sy, 8y, 2 0. (1.4.10)
r a relative maximum, the inequality (1.4.10) is reversed.

There are two particular cases of the Bolza problem. The
rst case is when the integrand of equation (1.4.1) is identically
r0; that is, when o = 0. This case is known as a Mayer problem. The
lber of end conditions s is less than 2n+2 for a Mayer problem. The
ond case is when the functional to be optimized appears entirely in
egral form; that is, when t = 0 in equation (1.4.1). This case is
wn as a Lagrange problem. BEquations (1.1.8), (1.k.9), and (1.4.10)

> valid for both of these particular cases.



T
to this worl
the reader

excellent r



1k
This section reviews only the optimization relations relevant
this work. For a comprehensive treatment on calculus of variations,
e reader is referred to the literature on calculus of variations. One

cellent reference on calculus of variations is Akhiezer [1].
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II. MATHEMATICAL SWIRLING FLOW MODEL

Type of Fluid Flow and Coordinate System

In swirling flow, the fluid has a macroscopic rotary motion
e the velocity has a tangential component of finite magnitude.
following assumptions are made for this type of flow:
(1) Viscous effects are negligible.
(2) The dependent variables are not functions of time
E-=o0.
(3) The fluid is incompressible (p = const.).
(4) Gravitational and electromagnetic body force effects
are negligible.
(5) The flow is isentropic.
2fore, the class of flows of interest are inviscid, isentropic, in-
ressible flows.
Since the fluid has a macroscopic rotary motion, the natural
e of coordinates is a cylindrical polar coordinate system. These
linates are related to cartesian coordinates by the familiar rela-

 shown as equations (2.1.1), (2.1.2), and (2.1.3).

2= x2 + y2 (2.1.1)
tan8 = y/x (2.1.2)
z=2 (2.1.5)

15
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gure 2.1, the cylindrical polar coordinates are shown referred to
ic system of cartesian coordinates. Any point not on the z-axis
unique representation (r,0,z) with the restrictions r20 and
m.
The vector form for velocity in cylindrical polar coordinates

be written as shown by equation (2.1.k).

Q=ueé_ +veé,+wé (2.1.4)
b 0 z

2locity components at a point in (r,8,z) space are shown in

2 2.2,

damental Equations
The equations governing the types of swirling flow described
tion 2.1 are based on the basic laws of conservation of mass, con-
ion of momentum, and conservation of energy.
The conservation of mass is given by the continuity equation

1id dynamics.

L Lov + LI o] Conservation of Mass (2.2.1)
b s 2

8952 (Continuity Equation)

For inviscid, isentropic, incompressible flows, the conserva-

f momentum is given by the three Euler equations.

uou v du  w3du _ 1’.2 =-1 32 r-Momentum (2.2.2)
r " r 286 3z r p dr
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r b:(r,8,2)

z

r r cos 6

r sin 6

FIGURE 2.1 CYLINDRICAL POLAR COORDINATES
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FIGURE 2.2 VELOCITY COMPONENTS
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udv vav  widv uv 13

ar * r 96 3z T r = " or 39 6 -Momentum  (2.2.3)
udw vow wow _ 13p

dr r 36 z - T 0 9z z-Momentum (2.2.4)

e Euler equations are non-linear, first order, partial differential
nations.

The conservation of energy is expressed by the first law of
ermodynamics. For the assumed model, the first law of thermodynamics

y be written as the familiar steady flow energy equation.

Q= ale + p/p + %qz + gz) (2.2.5)
s the total energy change or difference between the heat energy added
the system and the shaft work done by the system. Assuming no shaft
'k, isentropic flow, no temperature variations, and negligible gravi-
.ional body forces, the quantities Q, e, and gz all vanish. For the

sumptions mentioned, equation (2.2.5) reduces to Bernoulli's equation:

h=p+ %oqz = constant. (2.2.6)

The fundemental governing equations for this investigation
. (2.2.1) - conservation of mass; (2.2.2), (2.2.3), and (2.2.4) -

1servation of momentum; and (2.2.6) - conservation of energy.

3 Boundary Conditions and Swirl Parameter

The boundary conditions are all specified at the outside swirl

lius, r,, for any 6 and any z. The specific values of the dependent

-jables will be denoted as shown in the following equations. At

:ro’
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u = u, | (2.3.1)
v = v, | (2.3.2)
LA (2.3.3)
P = Py (2.3.4)

four independent variables have specific values at the outside swirl

15 and these values are the boundary conditions for this investiga-

The swirl parameter is defined to be the product of a geomet-
similarity ratio known as the swirl aspect ratio and a kinematic

larity ratio known as the tangential energy fraction.

S = I, I, Swirl Parameter (2.3.1)
n, = r2/22 Swirl Aspect Ratio (2.3.2)
I, = X;_ Tangential Energy Fraction (2.3.3)

h/p

ituting equations (2.3.2) and (2.3.3) into equation (2.3.1), the

Parameter equation becomes

_rl vy ) (2.3.4)

uantity h in equation (2.3.4) is determined from Bernoulli's equa-

(2.2.6).
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Non-Dimensional Equations

For greater generality and convenience, all variables are
dimensiohless. A reference length, Zgs which is the axial length
e swirl, reduces the radial and axial lengths into dimensionless
linates. Similarly, the velocity components and static pressure
1ade dimensionless by comparing them to the tangential velocity,
ind the tangential dynamic pressure, bvg. The dimensionless vari-

, are defined as follows:

R =r/z (2.4.1)
Z = z/zg (2.4.2)
U = u/v, (2.4.3)
V= v/v, (2.4.4)
W= w/vg (2.4.5)
P = p/ove. (2.4.6)

Application of the dimensionless variables to equation (2.2.2)

ls the following intermediate result.

2 2
Us gy | Vs v . W5 oy Vo V2 _ 1P% _ 9P
$ — — - = -
z,0R Rz, 39 2,92 2z, R P z,9R
result reduces to
v VU, Wau _Vv2_ 2P R-Momentum (2.4.7)

‘R TRoe T 2 R T~ oR






22
Similar applications of the dimensionless variables to equations
(2.2.3), (2.2.4), (2.2.1), and (2.2.6) yield the following set of non-

dimensional equations:

UV VAV, WOV UV _ 120P
®*Rset 32t R--53 9 -Momentum (2.4.8)
U oW V W W oW oP
Rt B35 37 - 3% Z-Momentum (2.4.9)
oU U 1 3V oW .
RTR*R35 T3z =0 Conservation of Mass (2.4.10)
H="P +1/2(02 + V2 + W°) Bernoulli Equation. (2.4.11)

The quantity H in equation (2.4.11) is defined to be

H = h/pvg. (2.4.12)

The dimensionless boundary conditions at R = Ry are:

U= U, (2.4.13)
vV=v, =1 (2.4.14)
W=, (2.4.15)
P=P. (2.4.16)

When converted to dimensionless variables, the swirl para-

meter (2.3.4) becomes

RS V2 (2.4.17)



a=
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Equations (2.4.7), (2.4.8), (2.4.9), (2.4.10), and (2.4.11)
are the non-dimensional forms of the fundamental governing equations

for this work.






III. REDUCTION OF THE

NUMBER OF INDEPENDENT VARIABLES

In this chapter, the ideas outlined in section 1.3 are ap-
plied to the non-dimensional model equatidns given in section 2.L. The
number of independent variables is reduced from three to two and then

from two to one.

3.1 Three to Two Reduction in the Number of Independent Variables

The three independent variables (R,e,Z) are reduced to the
two independent variables (nl,nz). The new independent variables
(ﬂl,ne) are functionally independent absolﬁte invariants of a subgroup
of the one-parameter continuous group of transformations, Al’ The one-
parameter continuous group of transformations, Al, will subsequently be
referred to as the group Al'

The group Al is chosen as shown below:

R = 2 R g=e%hy P=e®Tp
A 5 =6 + at, 7=y (3.1.1)
7 = 83 7 7= ey

where ty, to, t3,s t)s t5’ t6’ and t7 are constants and a is the group
parameter. The group labeled as (3.1.1) has the general form specified
by equation (1.3.7). The transformed independent variables are func-
tions of the parameter a and the previous independent variables.

2k
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ilarly, the transformed dependent variables are functions of the
smeter a and the previous dependent variables. There is no unique
nod for specifying groups such as (3.1.1) and the form for § is
t proposed by Hall [2L4, pg. 93]. By specifying 6 as shown, the au-
r discovered that the group Al would satisfy all the required con-
ions to affect a reduction by one in the number of independent vari-
es for the sysfem of equations giveh:in section 2.k,

The group A1 (3.1.1) must satisfy the four group axioms given
equations (1.3.1), (1.3.2), (1.3.3), and (1.3.4). To demonstrate
satisfaction of the group axioms, only the transformations on R and
re considered. All the remaining transformations are similar to the
nsformation on R and if the R transformation satisfies the group ax-
S, SO will the remaining transformations.

The closure axiom, equation (1.3.1), is applied using the

0ol A j to denote a particular transformation utilizing the parameter
a

2 1y, =
a“t _ 5= o1l R =
A1 A>»R=A1(e* "L R)=A7R=c¢e R
ol a® al( al
(3.1.2)
1 2 1 2 a3t _
ea'tl eath=e(a +a)th=e lR:AaBR
A, A8 =A-(0+at,) =A,6 =0 +at,
al a2 al 2 al
(3.1.3)
3; = al
e+a2t2+alt2=9+(al+a2)t =e+at2-Aa39
2 - g3, (3.1.4)

1
Where a- + a
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closure axiom is satisfied since Aa3 and Ai3 have been shown to be
que members of the set of given transformations.
Equation (1.3.2), the associativity axiom, is applied where

denotes a particular transformation utilizing the parameter al.

2 1 2 3
(A2 4 3) R-_-Ale(a +83)ty g o ealty (8 +a3)t1p o
a a

{3.1.5)
Jlal + (a2 + 83)]ty

3t (al + 2a2)t; a3t
A1 AL, A =A,A,e*1R= 1 M g s
( 8.1 5.2) 3-3 R B.l &2 < e

(332:.6)
e[(al +a2) + 831ty

ce equation (3.1.5) equals (3.1.6), the associativity axiom is satis-

d for the type of transformation employed on R.

(aly a13) 0 = al (0 + (2 + a¥)ep) = 0+ [t + (2 + ad)Jt, (3.1.7)

LRl i, aln o < 14 a2 31t .1.8
LAE2)Aa3e—Aa1A52(e+a3t2) o + [(al +a%) + a°lt, (3.1.8)

ation (3.1.7) equals equation (3.1.8) which demonstrates that the
>ciativity axiom is satisfied also for the type of transformation

Loyed on 6.

Any transformation which leaves a point unaltered is by defi-
lon an identity transformation. For the group Al’ it is seen by in-
stion that this definition is satisfied when the parameter a equals

>. The left identity axiom, equation (1.3.3), is satisfied when

a=0. (3.1.9)
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= 0,
F=e®lg=g (3.1.10)
B =0 +at, =p, (3.1.11)

For the types of transformations employed on R and 0 , it is
by inspection that the inverse transformation is obtained by allow-
che parameter a to be negative. Therefore, the left inverse axiom,

ion (1.3.4), is satisfied when

a = -a. (3.1.12)
xample ,
IR = R (3.1.13)
L = - at, = g. 1.1k
, 0 = A o +at, - at, = 9. (3 )

roup Al (3.1.1) satisfies the four group axioms for closure, asso-
vity, left identity, and left inverse.

Theorem 1.3.2 gives the conditions under which the number of
endent varisbles in a system of partiel differential equations can
duced by one in the process of obtaining invariant solutions. The
imensional equations given in section 2.4 must be conformelly in-
nt under the k-th enlargement of the group Al (3.1.1). Conformal
iance is defined by Definition 1.3.5 and given in equation form by
ion (1.3.20). For convenience, equation (1.3.20) for conformal in-

nce is displayed in this section.

5152) (1.3.20)




B
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'y conformal invariance, the group A, (3.1.1) is formally sub-
l into an equation and the mathematical manipulations indicated
‘quation are performed. The resulting form must then be the
equation (1.3.20) for the equation to be conformally invariant.
The group A (3.1.1) is formally substituted into equation

the R-Momentum e quation.

T, Tol, Wal R, ab_ e2(@th-t2) gy
3R R 98 37 R 3R
(ty+ts-t ) vy ea(t6+tb—t3) wou  ea(2t5-ty) 2
Roe* B3 R
a(t7-tq)
g e (3.1.15)

lential terms in equation (3.1.15) must equal each other to ob-
necessary form for conformal invariance as indicated by equa-
.20). Equating the exponential terms, the following results

ned:
1% By +Hbg -ty = tg by -ty = 2t -ty =ty - by, (3.1.16)

= i i
tu=t5,tb=t6+tl—t3,t7 2t),. (€3 )
dent from equation (3.1.15) that the function M of equation
is only a function of the parameter a. By Definition 1.3.6,
rential form represented by equation (3.1.15) is constant con-
invariant.

The group A, (3.1.1) is formally substituted into equation
3

he 6-Momentum equation.






U T, W, W, 10 ) gy
%R R 08 % R R 8 3R
a(2t5-tp) v av caltgtts=ts) av | eltutts=ty) uw
Ras * i R
a(tr-tq)
e* 7T 1 3P
+ 19P
T (3.1.18)

onential terms in equation (3.1.18) must equal each other to ob-
le necessary form for conformal invariance as indicated by equa-
.3.20). Equating the exponential terms, the following results

ained:
tu+t5-tl=2t5—tl=t6+ts-t3=t7-t1, (3.1.19)

t) = tg, b5 = tg + by - By, by = 26y (3.1.20)
son of equations (1.3.20) and (3.1.18) indicates that the func-
of equation (1.3.20) is only a function of the parameter a. By

ion 1.3.6, the differential form represented by equation (3.1.18)

tant conformally invariant.

The group A; (3.1.1) is formally substituted into equation
, the Z-Momentum equation.

2 (Eu+tet1) y gy
R

i a(t7-t3) 5p (3.1.21)
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- obtain the necessary form for conformal invariance as indicated by
uation (1.3.20), the exponential terms in equation (3.1.21) must
ual each other. The following results are obtained by equating the

ponential terms:
By * g - by = bg F b - by = 2bg = By = b - b, (3.1.22)

ty = tgs 2bg = toe (3.1.23)

mperison of equations (3.1.17), (3.1.20), and (3.1.23) yields the

sult,
ty = tg = tg. (3.1.24)
om equations (3.1.22) and (3.1.24), it follows that

ty = t3. (3.1.25)

mparison of equations (1.3.20) and (3.1.21) indicates that the func-
on M in equation (1.3.20) is only a function of the parameter a.
erefore, the differential form represented by equetion (3.1.21) is
nstant conformally invariant according to Definition 1.3.6.

The group Ay (3.1.1) is formally substituted into equation

.4.10), the Conservation of Mass equation.

s e2tt) gy | erltt) y

@
<l

U

U 2 = U
—_—t=t=—=+ ==
R R R 38 0% 3R R
e tg-t
(s t1) 1 gy o2(%6 3) aw (3.1.26)

1
+ Rae ¥ 3z







31
e exponential terms in equation (3.1.26) must equal each other to ob-
in the necessary form for conformal invariance as indicated by equa-

on (1.3.20). Equating the exponential terms, the following results

e obtained:
By = b5, t5 = tg t By - g, By = g = b {3.1.27}

uations (3.1.27) agree with the results obtained from the previous
nformal invariance verifications. Again, by comparison of equations
.3.20) and (3.1.26), the function M in equation (1.3.20) is seen to
- only a function of the parameter a. Therefore, the differential
rm represented by equation (3.1.26) is constant conformelly invariant
cording to Definition 1.3.6.

The group A (3.1.1) is formally substituted into equation

.4.11), the Bernoulli equation:
= 2t), 2
HoP-1/2 @+ +7) =H- TP -1/ (¥

+ 825 2 4 2% ). (3.1.28)

r conformal invariance, the exponential terms in equation (3.1.28)
st equal each other as indicated by equation (1.3.20). The results

equating the exponential terms are shown below:

ty = 2ty By = tg = tg- (3.1.29)

1ations (3.1.29) agree with the results obtained previously. Compari-
1 of equations (3.1.28) and (1.3.20) indicates that the function M in
1ation (1.3.20) is a function only of the parameter a. By Definition

3.6, the differential form represented by equation (3.1.28) is
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constant conformally invariant.

By inspection, it is seen that equation (2.4.17) for the
Swirl Paresmeter is constant conformally invariant under the group Al
(3:2:1)

Since the equations (2.4.7), (2.4.8), (2.4.9), (2.k.10),
(2.4.11), and (2.4.17) are all constant conformally invariant under the
<-th enlargement of the group Al (3.1.1), Theorem 1.3.2 states that the
wmber of independent variables for the system of equations mentioned
above can be reduced by one in the process of obtaining invariant solu-
tions.

Using the results (3.1.17), (3.1.24), and (3.1.25) obtained
from the conformal invariance verifications, the group Al (3.1.1) is

nodified as shown below:

R=e21 R T=ethy F=eotp
Ar B=0+ aty 2ty (3.1.30)
E - eatl Z W = eath w

here tl, t2, and th are constants and & is the group parameter.

The group A, (3.1.30) has m+n-1 = 6 functionally independent
bsolute invariants. Equation (1.3.9) gives the form for m-1 = 2 of
he absolute invariants and equation (1.3.10) gives the form for the
emaining n = 4 absolute invariants. Definition 1.3.1 and equation
1.3.5) give the definition and general form for an absolutely invari-
nt form. The manner in which absolute invarients are selected is not

ell defined. The functions n, and np are chosen as follows:




I @443 |||||L
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ny = e %P (3.1.31)

-0 Zb. (3.1.32)

"
o

n2

For the functions in equations (3.1.31) and (3.1.32) to be absolute in-

variants, the following relations must hold:

nl(§,ﬁ) = nl(e,R) (3.1.33)

no(8,Z) = ny(8,2). (3.1.34)

'he values of the exponents p and b of equations (3.1.31) and (3.1.32)
mst be determined such that equations (3.1.33) and (3.1.34) are true.
'he required tranformations from the group Al (3.1.30) are utilized in

the following equations to determine p and b:

-T P = o-(0+atp) paty pp o (a(pti-tp) -0 P

nl =e
P = tp/ty (3.1.35)
n, = o0 7P = o-(B+at2) baty gP o calbti-tp) -6 ;b
& 3.1.36)
b= ty/t) (

lquations (3.1.35) and (3.1.36) are substituted into equations (3.1.31)
md (3.1.32):

- o8 gte/ta (3.1.37)

= om0 gte/ty (3.1.38)
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functions fl, fo, i‘3, and fl& are chosen to resemble ny and not

-5 60 % s
£ =0e™18, £ = vem®2f, £y = We 838 ¢, = pemtO, (3.1.39)

the functions in equations (3.1.39) to be absolute invariants, the

owing relations must hold:

£,(0, 3) = £,(U, 0), £,(V, B) = £,(v, o), (3.1.10)

£3(W, B) = £,(0, 0), £, (P, 8) = £, (P, o). (3.1.41)

values of the exponents 51, 53, and §) of equations (3.1.39)

62,
' be determined such that equations (3.1.40) and (3.1.41) are true.
required transformations from the group Al (3.1.30) are utilized in

following equations to determine the exponents 67, 8o, 63, and §):

e S L -81t -510
- Gem018 o8t ye 8 (oratp) _ ea(tu 81t2) a0l

8 = t,/t, (3.1.42)

= 5.9 t),  -6p(o+atp)  alty-6ptp) 68
=Ve 2 = ea 4 Ve 2 =e Ve

2
5, = /% (3.1.43)

‘- 5.m838 _ oty -63(ovatn) _ alty-83tp) =830
b i (3.1.44)

), = 5e-0,0 = S2ot pe-Sy (o+atp) _ oa(2ty-84%2) p -840
(3.1.45)

61“ = 2tu/t2.







35
e values of the 6i's ere substituted into equations (3.1.39) to ob-

in the following results:

£ Ue-tb/tze’ £, = Ve-th/tge’ £, - We—th/tge, £, = pe2t0/t28

(3.1.46)

The condition given by equation (1.3.11) must be satisfied by

> chosen functions f‘l, o, f3, and f),.

3£y, T, £3, f))

I3, v, WoT YO (3.1.47)

afy  8ry  afp  ary
3 v W 3P

Aty Aty Aafy  Afp
W W W P
g (3.1.48)

af3  df3  3f3  afg
3 W W P

3f),  3f)y  Af),  Afy
U v W 3P

ng equations (3.1.46), equation (3.1.48) becomes:

e-tu/tee 0 0 0
x ty/t28 o
J =
o 0 e—th/t26 0
-2t),/t08
" g 5 o2t /%
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The Jacobian determinant J is non-vanishing for the chosen functions
f1s fp, f3, and f). Therefore, the condition (3.1.47) is satisfied.
The condition given by equation (1.3.12) must be satisfied

by the functions ny and no.

3(ny, np)
R 37, 5, 2)| = =2 (3.1.49)

The rank of the indicated matrix must equal 2. Expanding the matrix
given in equation (3.1.49) gives the following result:
any  Any  ony

3R 8 92
{35507

m
=

Inp Inp anp
3R 36 3Z

Using equations (3.1.37) and (3.1.38), equation (3.1.50) becomes:

=M, (3.1.51)

where £ = tp/tq. (3.1.52)

Jince M is a 2x3 matrix and the row rank equals the column rank for a
1atrix, 2 is the maximum rank that M in (3.1.51) can have. Both rows
f M in (3.1.51) are linearly independent and hence, M has rank of 2.
he condition indicated by equation (3.1.49) is satisfied for the cho-

en functions Ny and ny.
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It has been demonstrated that equations (3.1.37), (3.1.38),
(3.1.46) represent the functionally independent absolute invariants
the group Al (3%2:30);
Application of equation (1.3.17) to the invariants of the

up A (3.1.30) yields the following result:

£4(U, V, W, P, R, 8, Z) = Fyln;, ny) J=1,2,3, k  (3.1.53)

ations (3.1.46) are rearranged using the symbolic equation (3.1.53):

U= e®ry(ng, np), V= e® Fplny, np), (3.1.54)
W= e® Pylng, np), B = 2% Fylng, np), (3.1.55)
vhere o= t)/ty. (3.1.56)

For convenience, equations (3.1.44) and (3.1.45) and the par-

1 derivatives of these equations are listed together.

-6
n o= e R (3.1.57)
-9
np=e z° (3.1.58)
any ang .
7 =0 w0
an an,
b e (3.1.59)
P Tl 36 2
anp & m_ £

® R M 3% B 02
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The relations (3.1.54) through (3.1.59) are now used to re-

e the number of independent variables in the system of equations
en in section 2.4. The three independent varisbles (R, 6, Z) are
luced to the two independent variables (nq, n2) in equations (2.L.7),
4.8), (2.4.9), (2.4.10), (2.4.11), and (2.4.17). Figures 3.1

-ough 3.6 illustrate the transformation details and give the final
Note that the final result dis-

ult for each of these equations.
yed in each figure is obtained by summing all the transformed terms

en in the figure.
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A three-to-two reduction in the number of independent varia-
has been accomplished for the system of equations given in section
The new system of equations for the fluid flow model in (nl, n2)
- consists of equations (3.1.66), (3.1.72), (3.1.77), (3.1.82),

83), and (3.1.8Y)

Two to One Reduction in the Number of Independent Variasbles

The two independent variables (nl, n,) are reduced to the one
endent variable (X). The new independent variable (X) is a func-
1ly independent absolute invariant of a subgroup of the one-

eter continuous group of transformations, B The one-parameter

R

nuous group of transformations, B, will subsequently be referred

1
the group Bl'
Taking advantage of the experience gained from choosing the

A (3.1.1), the group B, is chosen as shown:

F =c1lF
LT PO Rgeats
: F =c'lF (324
B3 2 E3ie e ;
o - 2v
it =21 F
Fl c'l Fl F]4 c L

k and Yl are constants and c is the group parameter. The group
ed as (3.2.1) has the general form specified by equation (1.3.7):
rensformed independent variables are functions of the parameter c

1e previous independent variables. Similarly, the transformed de-
1t variables are functions of the parameter c and the previous de-

1t variables.
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The group Bl (3.2.1) must satisfy the four group exioms given
ations (1.3.1), (1.3.2), (1.3.3), and (1.3.4). The form of the
ormations in group Bl (3.2.1) is the same as the form for the R
ormation in group A, (3.1.1). Since the R transformation in
A (3.1.1) satisfies all the group axioms, it follows that the
ormations in the group Bl (3.2.1) satisfy all the group axioms.

The conditions under which the number of independent varia-
n a system of partial differential equations can be reduced by
the process of obtaining invariant solutions are given by
m 1.3.2. The two-dimensional equations (3.1.66), (3.1.72),
7), (3.1.82), (3.1.83), and (3.1.84) must be conformally invari-
der the k-th enlargement of the group B, (3.2.1). Conformel in-
ce is defined by Definition 1.3.5 and given in equation form by
on (1.3.20). To verify conformal invariance, the group By
) is formally substituted into an equation and the mathematical
lations indicated by the equation are performed. The resulting
ust then be the same as equation (1.3.20) for the equation to be
mally invariant.

The group Bl (3.2.1) is formally substituted into equation

5), the two-dimensional representation of the R-Momentum equation.

)5 oF = W 1/E _F 5 3F] - F2 4 oF F
-F) n, F1 e (gF (ML)t - Fy) Ny, T1-F; + ofF,
Lo el Mg 3z

> oy
F 3 2y n, 1/8 3F
Py = o@Mery - Bp) oy 1w Ery Ly - Ty T
. an. no 2;
1 1
- c2V1F§ + czYluFlFe = cz"lsnl :Fh (3.2.2)
n.

1
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; evident from equation (3.2.2) that the function M of equation
20) is only a function of the parameter c. By Definition 1.3.6,
lifferential form represented by equation (3.2.2) is constant con-
11y invariant.
The group B, (3.2.1) is formally substituted into equation

72), the two-dimensional representation of the 6-Momentum equation.

EFRY iR, JoF .16 _F 7 Fr 4+ FF 7
Fy)m * (PP Fo) M #" 0 M‘F'g
- 2 2

- F 2 5 3Py 4 o0F =c2Y1(gFl-F)n

2Yqy n, /€ _ ¥y, 2Mp 4+ 2MaF?
+ ¢ (EFa(_l) 2 © Fl > c >

3
% "2

- czylnl F), 02Y1n2 F), 4 czYlZuFb (3.2.3)

anl 3n2

equation (3.2.3), it is evident that the function M of equation
20) is only a function of the parameter c. By definition 1.3.6,
ifferential form represented by equation (3.2.3) is constant con-
1ly invariant.

The group By (3.2.1) is formally substituted into equation

TT), the two-dimensional representation of the Z-Momentum equation.
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= =\ = oF « T8 - _ o gl
F - F
(eF, - F,) Ay - + (EF3(ﬁ_1) 2) s a_3 + oF F,
1 2 2
F 2y Y
oF), l(EFl “E) F3 4 M (nl /e _ T,y 1, oFy
. 3
n, n n, 3n2
2y 2y, n, 1/€ 37
1 =ML
* T aF Ry - eile T ny a_h (3.2.4)
o N2

arison of equations (1.3.20) and (3.2.4) indicates that the func-
1 M in equation (1.3.20) is only a function of the parameter c.
efore, the differential form represented by equation (3.2.4) is
tant conformelly invariant according to Definition 1.3.6.

The group Bl (3.2.1) is formally substituted into equation

..82), the two-dimensional representation of the Conservation of

, equation.
3F, . oF %, 1/g - oF
gny _1+F) +0aFy -7y _2-1my __2+ &1 fip _3
5 an, an, Tip an,
Y F. Y. Y aF b
=Cl~5n1 l+chl+cluF2—cln1_2-cln2 2
any ang any
1/g
Yy, N oF
+elely  mp 3 (3.2.5)
ny any

5 evident from equation (3.2.5) that the function M of equation
.20) is only a function of the parameter c. By Definition 1.3.6,
{ifferential form represented by equation (3.2.5) is constant con-

\1ly invariant.
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The group B (3.2.1) is formally substituted into equation
(3.1.83), the two-dimensional representation of the Bernoulli equation.

208
[

o =2 =2 .2 206, 2.
H-e Fh+l/2(F1+F2+F3))=H_e (c th

+ 17205 & P2 4 N2y (3.2.6)

Comparison of equations (1.3.20) and (3.2.6) indicates that the func—
tion M of equation (1.3.20) is only a function of the parameter c. The
lifferential form represented by equation (3.2.6) is constant conform—
ally invariant according to Definition 1.3.6.

The group Bl (3.2.1) is formally substituted into equation
3.1.8L4), the two-dimensional representation of the Swirl Parameter

quation.
s - n_l)z/a ezaeﬁg/ﬂ i ceYl(n_l)z/é e?anglH

2

(3.2.7)

3
N

rom equation (3.2.7), it is seen that the function M of equation
1.3.20) is a function of only the parameter c. By Definition 1.3.6,
quation (3.2.7) is constant conformally invariant.

The group By (3.2.1) has m+n-1 = 5 functionally independent
bsolute invariants. Equation (1.3.9) gives the form for m-1 = 1 of
le absolute invariants and equation (1.3.10) gives the form for the
maining n = 4 absolute invariants. Definition 1.3.1 and equation
.3.5) give the definition and general form for an absolutely invari-

't form. As previously mentioned, the manner in which absolute
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invariants are selected is not well defined. The function X is chosen

as shown below:

Xim == (3.2.8)

This choice is suggested by the appearance of this ratio in equations
(3.1.66), (3.1.72), (3.1.77), (3.1.82), and (3.1.84). For the function

X to be an absolute invariant, the following relation must hold:

X(fiy, fip) = X(ng, np). (3.2.9)
[he specific condition for the absolute invariance of X is determined
oy substituting equation (3.2.8) into relation (3.2.9):

=2 . (3.2.10)
n,

'sing relations from group B, (3.2.1) for ny and np, it is evident that
quation (3.2.10) is satisfied and that X is an absolute invariant.

he functions 81> 82, €3, and g) are chosen as shown:

-0 2, -0 - -2u. 2.
g = Fn’, g, = F,;n1%s gy = Fn %, g, = Fyn; (3.2.11)

or the functions in equations (3.2.11) to be absolute invariants, the
ollowing relations must hold:

g1 (Fp, fiy) = g1 (Fys ny)s gp(Fp, p) = gp(Fp, ) (3.2.12)

g3(F3, 1) = g3(F3, m),  ey(Fys W) = &y (Fys m)- (3.2.13)
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» value of the exponent ¢ in equations (3.2.11) must be determined
h that symbolic equations (3.2.12) and (3.2.13) are true. The re-
red transformations from the group By (3.2.1) are utilized in the

|lowing equations to determine o:

= FiE0 M k. -0 o Y1-0 ]
g = R c Fl(c nl) c k'Fln:L A
R E o k y-o _ Y1-ok; -0
8y = ¥y e tFy(etn, ) i oy s
(3.2.14)
B ¥ = Y- =
=% 79 =o'l k. o _  Yi-0kp -0
gy = Fiii) c F3(c n) c S

_ 2N k_\-20 2(Yy-ok), -20
=c Fh(c nl) c thl &

&, =

m the set of equations (3.2.14), it is evident that the g; will be

solutely invariant if

o=V /k. (3.2.15)

The condition given by equation (1.3.11) must be satisfied by

+ chosen functions 815 8ps B3> and -

_a(gy, €p» 83> &)

T A v v 0] #0 (3.2.16)
3(F s Fyp Fou Ty

g, %8 % 38y
aF, oF, oF3 3F)

g,  dgy 8y 38
aF, 0oFp oF3 OF, ot
ng dg3 %83 283
3F, 0dFp OF3 9F)

L TR TS

aF, 0oF, oF3 9F)
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Using equations (3.2.11), equation (3.2.17) becomes:

-0
ny 0 0 0
-0
[¢] ny 0 [¢]
J =
=~y
0 0 ny [¢]
-20
0 0 0 ny

'he Jacobian determinent J is non-vanishing for the chosen functions
15 825 83> and g),. Therefore, the condition (3.2.16) is satisfied.
The function X must satisfy the condition given by equation

13012}

R 2—59—; =ml=1 (3.2.18)
nl, n2

'he rank of the indicated matrix must equal 1. Expanding the matrix

iven in equation (3.2.18) gives the following result:

2.9 X l=zwm (3.2.19)
Snl 3n2

sing equation (3.2.8), equation (3.2.19) becomes,

= M. (3.2.20)

-
ol
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nce M is a 1x2 matrix and the row rank equals the column rank for a
itrix, 1 is the maximum rank that M in (3.2.20) can have. The columns
" M in (3.2.20) are not linearly independent (one is a multiple of the
her) and hence, M has rank of 1. The condition indicated by equation
3.2.18) is satisfied for the chosen function X.

It has been demonstrated that equations (3.2.8) and (3.2.11)
present the functionally independent absolute invariants of the group
(3.2.1).

Application of equation (1.3.17) to the invariants of the

oup By (3.2.1) yields the following result:
gJ(Fl, Fp, F3, Fiy, m, np) = GJ(X) J=05025 35k (3.2.21)
juations (3.2.11) are rearranged using the symbolic equation (3.2.21)

) obtain the following general form for the Fi:

F, = n“%, (x)

i e § 1 (3.2.22)
2

For convenience, equation (3.2.8) and the partial derivatives

the function X are listed together.

= .2.23
X = ny/ny (3 )
X _ L & . (3.2.24)
oy T an, ng

The relations (3.2.22) through (3.2.24) are now used to reduce

> number of independent variables in the system of equations given in







23
tion 3.1. The two independent variables ("1’ n2) are
independent variable (X) in equations (3.1.66), (3.1.
1.82), (3.1.83), and (3.1.84). Figures 3.7 through 3.
transformation details and give the final result for
ations. Note that the final result displayed in each

ned by summing all the transformed terms given in the

reduced to the
Vi) (BRI
11 illustrate
each of these
figure is ob-

figure.
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To obtain a complete reduction to one independent variable in
equations (3.2.57) and (3.2.58), the constants a and o must vanish.
Let o =0 = 0, equations (3.2.32), (3.2.42), (3.2.49), (3.2.56),

(3.2.57), and (3.2.58) then become:

£XG.G; - gxlﬂ/EGBGi -6k - -gx6; (3.2.59)
£XG,G) + GG, - gxlﬂ/g(}BGé =0 (3.2.60)
&xe o] - gxl+1/5c3cg = gXl*l/EGL (3.2.61)
G, + £xe] - gxl*l/gcé =0 (3.2.62)

G, = H- 1/2((;:2L + G+ Gg) (3.2.63)

s = XZ/EGS/PL (3.2.64)

A two to one reduction in the number of independent variables
has been accomplished for the system of equations given in section 3.1.
Equations (3.2.59) through (3.2.64) comprise the new system of equa-

tions for the fluid flow model in (x) space.

3.3 Summary
The partial differential equations of the fluid flow model in

(R, o, 2) space have been transformed into partial differential equa-
tions in (nl, nz) space by the application of the continuous one-
parameter transformation group A1 (352:30): Subsequently, the partial

lifferential equations of the fluid flow model in (nl, n2) space have
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»een transformed into ordinary differential equations in (X) space by
che application of the continuous one-parameter transformation group

31 (3.2.1).







IV. SOLUTIONS FOR THE CASE £ = -1

t.1 One-Dimensional Solutions of the Ordinary Differential Equations

The group constant £ which is defined by equation (3.1.52)
ippears as an exponent in the transformation equations (3.1.57) and
:331%58) %, V& may be chosen to be positive, negative, or zero. The ef-
"ect of each of these choices is readily determined after substitution
f equations (3.1.57) and (3.1.58) into equation (3.2.8). For each

hoice, the variable X is influenced as shown:
20, X = (R/2)% . £0, x= (z/R)'E, g=o0,x=1.

'or the choice £ = 0, X becomes a constant and is not a variable and
he system of ordinary differential equations (3.2.59) through (3.2.62)
ecomes meaningless.
For an example in this investigation, & is chosen to be nega-
ive. By inspection, it is noted that for g = -1:
1. The system of ordinary differential equations
is simplified.
2. The velocity components will be proportional
to 1/R in (R, 8, Z) space and the pressure
will be proportional to l/R2 in (R, 8, Z) space.
3. The system of ordinary differential equations on
page 60 is greatly simplified as the exponential

term 1 + 1/& vanishes.

62
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The system of ordinary differential equations consisting of equations
(3.2.59), (3.2.60), (3.2.61), and (3.2.62) simplifies to the following

system of ordinary differential equations:

-XG, 6 + 656, - Gg = X6 (4.1.1)
—XGlGé + 6,6, + G3G2’ =0 (k.1.2)
_xclc; + GSG:; = -G (k.1.3)
_xci #3168 G:; =0 (L.1.4)

where G{ = dG;y/dX. Since this system of ordinary differential equa-
tions is non-linear, a numerical analysis approach is required to de-
termine its solutions.

Hamming's modified predictor-corrector numerical method is
utilized to obtain solutions for the system consisting of equations
(4.1.1), (4.1.2), (4.1.3), and (4.1.4). The method employs the follow-

ing numerical calculations:

2 o Yh(ne” _ o° 2
Predictor: Py, =Gy 5+ -5-(2(;J Giy + 265 )
Mogifier: M, =P __ -2 -c)

J+1 j¥1 1217 3

1 = -
Corrector: CJ+1 = ‘—(9G\j =Wy ® 3h(MJ+l & 2Gj Gj_l))

9
i . = 4 (P el
Final Value: GJ+1 cj+1 121( 341 541
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If the results are known at the equidistant points XJ—3’ Xd’z’ xj—l’
and XJ; the results at point Xj+l = XJ + h (vhere h is the step size)
can be computed using the numerical equations given above. Hamming's
predictor-corrector method is not self starting; that is, the function-
al values at a single previous point are not enough to get the func-
tional values ahead. To obtain the starting values, a special Runge-
Kutta procedure followed by one iteration step is added to the
predictor-corrector method.

It may be demonstrated that the convergence criterion given
by Wilf [52, pg. 98] for Hamming's modified predictor-corrector method

requires that the step size be chosen such that h<8/(3IBF‘/3M‘j ) where

xJﬂ, Mjﬂ_) = Mjﬂ.

fied predictor-corrector method, the reader is referred to Carnahan

+1|
F( For an extensive discussion on Hamming's modi-
[9, pp. 381-392] or Wilf [52, pp. 96-108].

Appendix A contains the computer printout of the IBM scienti-
fic subroutine DHCPG, a double precision arithmetic routine utilizing
Hemming's method, which was used in this work to solve the system of
non-linear ordinary differential equations. The numerical computations
were performed by an IBM 360 computer and the numerical results are
displayed in Table A.l.
equations (4.1.1), (k.1.2), (4.1.3), and

After rearrangement,

(4.1.4) become:

G = C/E (k.1.5)
‘=6 4.1.6
e = Gy /A (4.1.6)
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¢ = (G6,)/a (h.1.7)

o] = (6y + ¢5)/x (h.2.8)

where A = XG) - G3, C = —(AGl)/X, and E = X + 1/X.

The boundary conditions (2.4.13), (2.h.14), (2.4.15), ana
(2.4.16) are constants and transform to X space unaltered. The values

for the boundary conditions are selected as shown:

U™ F147G1y = 1.0, V3 F,o6,, = 1.0,

(4.1.9)

g F3,703, = 1.0, PO R, oG, = 0.5.

In X space, GJ* H GJ(X*) vhere § =1, 2, 3, ),

The boundery point Xy is the left limit of the X interval
(X*S)ﬁxz). Using the result obtained from substituting equations
3.1.57) and (3.1.58) into equation (3.2.8), X, is defined to transform

s indicated by the following equation:

(k.1.10)

For the selected boundary conditions, the numerical solutions
> equations (L.1.1), (4.1.2), (4.1.3), and (4.1.4) are plotted for the
iterval 0.1<X<1.0 in Figure 4.1. The output from the computer program
ing the DHCPG subroutine was stored as the input to a subroutine
ich controls a Calcomp plotter from which the plots were produced.

pendix B contains a printout for the Calcomp plotter routine.
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At the point X = 0.46531 in Figure 4.1, the solution func-
ions Gl, G2, and G3 all have a discontinuous derivative. GL; (the one-
limensional representation for pressure) reaches its maximum value and
¥2 (the one-dimensional representation for the tangential velocity com-
onent) reaches its minimum value. Therefore, the point X = 0.46531 is
esignated as the "tangential quasi-stagnation point" for this flow.

The solutions Gl’ G2, G3, and Gh were determined by simul-
aneously solving the one-dimensional representations for conservation
f momentum and conservation of mass. To verify these results, the
1e-dimensional representation for conservation of energy, equation

3.2.63), is used to determine the Bernoulli constant H at each point X.

From equation (3.2.63), it is seen that the equation for H is:

3
H=G, +1/2 I G%. (k.1.11)
i=1

e value of H is fixed by the selected boundary conditions and for
is case, H = 2. Data values for H were computed at each point X
ing equation (4.1.11) and the solutions Gy, Gy G3, and Gy,. From the
date values listed in Table A.1, the maximum percent deviation of H
om the value H = 2 is determined to be 0.28%. This maximum percent
viation occurs at only one point. Most of the percent deviations for
are in the range from 0.00% to 0.09% and hence, equation (3.2.63) is
isfied.

Polynomial expressions for the solutions Gl’ GZ’ G3, and Gh
 determined using a Gaussian least squares method known as Polfit.
0lfit computer printout is included in Appendix C. The polynomial

ressions for the interval 0.15X<0.46531 are:
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ONE DIMENSIONGL FUNCTIONS
, Gl SOUARE.G2 CIRCLE,G3 TAIANGLE,GY PLUS =
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FIGURE 4.1  ONE-DIMENSIONAL FUNCTIONS
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Gy = 0.88531 + 1.1040X + 0.LL6E5TX2
Gy = 1.4366 - 9.5497X + 82.897X2 - 383.95x3
+ 829.38x ~ 601.74x5

G3 = 1.0909 - 0.91970X + 0.13199%2

Gy, = 0.4OTHO + 1.031LX - 1.0941%2,

The polynomial expressions for the interval 0.465315X<1.0 are:

Gy = 1.5338 - 0.29709X + 0.43202%2
G, = -36.184 + 241.0bX - 636.39X° + 838.23x3

- Su6.oux* + 141.25%

G3 = 1.4350 - 1.7466X + 0.30862X°

G, = 0.31091 + 1.550LX - 1.7556X2

4.2 Three-Dimensional Pressure and Velocity Curves

(4.

Application of equations (3.1.54), (3.1.55), (3.1.57),

12)

.13)

.1k4)

.15)

.16)

.17)

.18)

.19)

(3.1.58), (3.2.8), and (3.2.22) to this case results in the following

transformation equations:

X = np/np = Z/R

(k.2.1)
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G (X) = F(ny, ny) = UR, 8, 2),
(k.2.2)

Gp(x) = Fylny, mp) = V(R, 0, .2),

G3(X) = Fy(ny, ny) = W(R, 8,.2),

(4.2.3)
G, (X) = Fy(ny, n,) = PR, 8, 2).

The three-dimensional equations for pressure and velocity
components are obtained by substituting the transformation relations
(k.2.1), (4.2.2), and (4.2.3) into equations (4.1.12) through (4.1.19).

For the interval 0.15Z/RS0.46531, the polynomial expressions become:
U = 0.88531 + 1.1040(Z/R) + 0.hh657(Z/R)2 (k.2.4)

V= 1.14366 - 9.5k97(2/R) + 82.897(2/R)? - 383.95(2/R)3

+ 829.38(z/R)* - 691.74(2/R)5 (k.2.5)
W = 1.0909 - 0.91970(%/R) + 0.13199(z/R)? (k.2.6)
P = 0.407h0 + 1.03L4(2/R) - 1.0941(2/R)%. (4.2.7)

‘or the interval 0.46531<Z/RS1.0, the polynomial expressions become:
U= 1.5338 - 0.29709(Z/R) + 0.432.02(2/R)? (4.2.8)
V= _36.184 + 241.0k(2/R) - 636.39(2/R)2 + 838.23(z/R)>

~ su6.94(z/R)* + 141.25(2/R)’ (4.2.9)
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W= 1.4350 - 1.7h66(2/R) + 0.30862(z/R)2 (4.2.10)
P = 0.31091 + 1.5504(Z/R) - 1.7556(z/R)2. (4.2.11)
The

absence of the 6 coordinate in the transformed equations
or U, V, W, and P signifies that for this case an axially symmetric
low is obtained.

The U, V, W, and P curves are plotted as functions of R using
as a parameter. For 7 as a parameter, the plot intervals become:
-0Z5R<2.1491%Z and 2.1491Z5RS10Z. The Calcomp plotter routine is given
nput data from the author's subroutines PCO5El and PCO5SE2 which calcu-
ate data points from the polynomial expressions for pressure and the
2locity components. Appendix D contains the PCOSEl and PCOSE2 subrou-
ine programs and a sample of the computed date for these curves.

Figures 4.2, 4.3, 4.4, and 4.5 display the curves for pres-
wre, radial velocity, tangential velocity, and axial velocity, respec-
vely. For the parametric values Z = 0.1, Z = 0.4, and Z = 0.7, the
rresponding tangential quasi-stagnation point locations are
= 0.21491, R = 0.85964, and R = 1.50kk. In each set of curves except
e set for axial velocity, the location of the tangential quasi-stagnation
int is pronounced by an abrupt slope change for a particular curve.
gure 4.6 displays the real space functions U, V, W, and P on a single

agram for the parametric value Z = 0.7.

3 _Summary and Recommendations for Further Research

Numerical solutions to the non-linear ordinary system of dif-
‘ential equations have been obtained for selected boundary conditions

n the group constant £ = -1. These solutions are plotted in Figure






1
i.1. Polynomial expressions were determined for each of these solu-
tions and the polynomial expressions were transformed from the one-
limensional (X) space back to the three-dimensional (R, 6, Z) space.
'he three-dimensional polynomial solutions for pressure and the velo-
ity components are plotted in Figures 4.2, 4.3, L.L4 and L4.5.

Solutions to the case £ = -1 for boundary conditions other
than those reported on in this chapter were investigated by the author.
lowever, the investigations were not completed as the computer expense
7as prohibitive. The author's bill for computer time on this investi-
zation is $2,765.47. During this investigation, funds for computer
;ime were generously provided by the Process Engineering Department of
seneral Motors Institute, Flint, Michigan.

Many interesting areas for further research are exposed by
his work. The author suggests that profitable results could be ob-
;ained from investigation into the case £ = -1 in this work, transfor-
lations for a system of equations in spherical coordinates, and trans-
‘ormations for a system of equations including derivative boundary

onditions.
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V. OPTIMAL SOLUTIONS

1L Application of Optimization Techniques in X Space

The mathematical optimization model employs the one-
mensional representations for the conservation of energy (equation
.2.63)) and the swirl parameter (equation (3.2.64)). For the case

= -1, these equations become:
. 152 2
Gy = H - 1/2(62 + ¢®) where @ = 6§ + 6§ (5.1.1)
5 = 65/(1x?). (5.1.2)
e optimization problem is posed to discover those functions G, and G
at will optimize the function Gh subject to the restriction imposed

the swirl parameter S.

Let

4, =0, -E+1/2(65+F) =0 (5.1.3)
and ¢p = Gg - s = 0. (5.1.1)

. augmented function for this case is written as:

A
Ly 2 2 2
D= Agby + Apbp = A6y - AqH * 5405 + G ) + ApG5 - ApSHX®. (5.1.5)

76 A
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Comparison of equation (5.1.5) to equation (1.4.7) demonstrates that
this problem is formulated as a classical Mayer type problem (refer to
section 1.k4).
Following the proposition given in reference [41, pg. 33] for
solving problems not involving derivatives of the dependent variables,

a change of dependent variables is introduced.
Let o =G), B” = Gp, and Y = G. (5.1.6)

Substitution of equations (5.1.6) into equations (5.1.3), (5.1.4), and
(5.1.5) yields the following expressions for the constraint equations

and the augmented function:

b= -Es12(8% + 72) 2 0 (5.1.7)
9, = 8% - sm? = 0 (5.1.8)
Mg ip -2 2
K= Ad - MH+ 57877 + Y7%) + 287% - apsm®. (5.1.8)

A single degree of freedom exists for this problem as there
are three dependent variables (o, B,Y) and two constraint equations
(5.1.7) and (5.1.8). Hence, one optimum requirement can be imposed on
a. The following end conditions are specified for this problem: X5
Xps Op, V;, and Yp. Now the optimum problem is specifically formulated
as follows: In the class of functions &(X), 8(X), and Y(X) which are
consistent with the constraint equations (5.1.7) and (5.1.8) and the
specified end conditions, find that special set which minimizes the

difference At = Tp - Ty, Where T = a. Note that for a, specified, min-

imizing the difference At corresponds to meximizing a, .
& 1
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Applying equation (1.4.8), one Buler-Lagrange equation is ob-

tained for each dependent variable.

a 3K K _
TGe) ~ 5= 0 (5.1.10)
d 3K 9K _
lag) - 550 (5.1.11)
4 3K K _
o) =0 B

Substitution of equation (5.1.9) into equations (5.1.10), (5.1.11), and

and (5.1.12) leads to the following results:

Ai =0 or A; = constant (551.:13)
(g +2x) 87+ O] +203) 8" =0 5.0,k
MY Ha3Y =0 (5.1.15)

Substitution of equation (5.1.13) into equation (5.1.15) leads to the

following result:

Y =L where L is an integration constant. (5.1.16)

Since A, is a constant, an obvious solution to equetion (5.1.14) is ob-

tained by choosing A, to be a constant. Let

A
1.1
Ap = constant = 2—1 & )
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The value of Al is determined by applying equation (1.%.9),
'he transversality condition. The specific transversality condition
"or this problem becomes:
82 7 ) 2
do - = = -
a- (A (H+ 2 2 ) 48 *+SHXT)) aX + Ajda+ (A + 2),) B7as

T
+A,Y7aY]" = o. (5.1.18)
1 i

quation (5.1.18) is to be satisfied identically and for the specified

nd conditions this then requires that:

Ay = -1 (5.1.19)
rom equation (5.1.13),
f
l,/d)xl =0
1erefore,
2 & = -1, .1.20
Mp=Ay = A end Ay =-1 (5 )

ws, from the application of the Euler-Lagrange equations and the
ransversality condition; )‘l’ >\2, and Y~ have been determined.

If expression (1.4.10), the Legendre-Clebsch necessary condi-
on, is negative, the optimum obtained is a maximum. For this case,

pression (1.4.10) becomes:

K ... 8y, 8y7<0 (5.1.21)
Vs kY

where repeated indicial subscripts indicate summation.
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By inspection of the form of the augmented function, equation (5.1.9),

it is seen that

K..=0 for j # k. (5.1.22)
ykyj
Utilizing equation (5.1.22), the specific expression for expression

(5.1.21) becomes:

2 o -2
K- a,(set) + KB,B‘(GB )<+ KY,Y,(GY )e<o. (5.1.23)

From equation (5.1.9), the following relations are determined:

o) Kgog- = At 2k, s K. = (5.1.24)

Upon substitution of equations (5.1.2L), expression (5.1.23) becomes:

(O + 22) (887)2 + 2y (87 )2<o0. (5.1.25)

From equations (5.1.17) and (5.1.20) it is indeed evident that expres-

sion (5.1.25) holds and hence a maximum is obtained for this case.
The optimum expression for GL is obtained by substituting

equations (5.1.6), (5.1.8), (5.1.16), and (5.1.20) into equation

(5.1.7).
Gy = H - 1/2(six? + 1?) (5.1.26)

‘quation (5.1.26) represents the optimum G), when the sum G2 = GJZ_ + G% =
:2 = a constant and G2 is governed by the swirl parameter S as given by

quation (5.1.2). Gb attains its maximum value at X = Xi'
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Since Gh is the one-dimensional representation for pressure,
it is restricted to positive values.

This restriction on Gh places

the following restriction on the swirl parameter:

s<2 - 12/m. (5.1.27)

From Teble A.1, the values H = 2.0000 and L2 = 2.6951 are selected
since they occur at the point where the function Gh is a maximum as de-
termined by the solution of the system of ordinary differential equa-
tions in Chapter IV. For the selected values of H and L2, equation
(5.1.27) requires that 5<0.6525.

Computing the maximum Gh at X = Xi = 0.1 using equation
(5.1.26) with the above-mentioned values for H and 12, the computed
naximum Gh for S = 0.25 is found to be within 0.02% of the maximum
‘alue given in Table A.1. For § = 0.65, the computed maximum value of
}h is found to be within 0.63% of the maximum value given in Table A.l.
herefore, the maximum G), value determined by equation (5.1.26) com-
ares favorably with the maximum G), value determined by the solution
f the system of ordinary differential equations in Chapter IV.

Figures 5.1 and 5.2 illustrate the 62 and Gh curves generated
rom equations (5.1.2) and (5.1.26) using S as a parameter. The S val-
es chosen are S = 0.25, S = 0.45, S = 0.55, and S = 0.65. The maximum
alue of Gh occurs at the left end of the X interval where G, is at a
inimum.

The curves were plotted by a Calcomp plotter which is con-
rolled by the output data from an IBM 360 computer. The computer fa-

1ity used during this investigation is located at General Motors
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Institute, Flint, Michigan. Appendix E contains the program for compu-

ting the data for these curves and the actual curve data.

5.2 Three-Dimensional Optimal Pressure and Velocity Curves

The three-dimensional equations for optimum pressure and tan-
gential velocity are obtained by substituting the transformation rela-
tions (4.2.1), (4.2.2), and (4.2.3) into equations (5.1.26) and

(5.1.2)¢
P =H - 1/2(su(z/R)? + 17), (5.2.1)
v = [su1/? z/R. (5.2.2)

Equation (5.2.1) represents the optimum pressure and equation (5.2.2)
represents the tangential velocity for optimum pressure.

The optimum P and V curves are plotted as functions of R
using Z as a parameter and S = 0.65. For Z as a parameter, the plot
interval becomes: ZSRS10Z. The maximum value of P occurs at the right
end of the R interval where R = 10Z. At R = 10Z, V is e minimum.
Therefore, the maximum pressure occurs at the point where the tangen-
tial velocity is a minimum. This same result is obtained in Chapter IV
for the transformed equations of the solutions to the system of ordi-
aary differential equations.

These curves were also plotted by & Calcomp plotter. The
somputing program and the actual computed data are contained in
\ppendix E.

Figures 5.3 and 5.4 display the curves for optimum pressure

:nd tangential velocity, respectively. For the parametric values
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Z=0.1, Z=0.4, and Z = 0.7, the corresponding meximum pressure loca-
tions are R =1, R= L4, and R = 7. Hence, the maximum pressure value
occurs at the right-end point for each pressure curve in Figure 5.3.
Similarly, the minimum value of the tangential velocity occurs at the

right-end point for each velocity curve in Figure 5.L.

5.3 Summary

A one-dimensional optimal expression for Gh has been deter-
mined for the case where the G2 expression is governed by the swirl
parameter and the expression G2 is required to be a constant. Optimal
curves for G2 and Gh are plotted in Figures 5.1 and 5.2. The expres-
sions for G2 and Gh were transformed from the one-dimensional (X) space
back to the three-dimensional (R, 6, Z) space omitting the passage to

the two-dimensional ( ) space. The three-dimensional expressions

nl’ o
for optimal pressure and tangential velocity are plotted in Figures

5.3 and 5.h.
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APPENDIX A



APPENDIX A

NUMERICAL DATA FOR THE SOLUTIONS

TO THE SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS

A computer program utilizing Hamming's modified predictor-
corrector method for numerically solving a general system of ordinary
differential equations is presented in this appendix. This program is
written in Fortran IV language and includes a file save such that the
computed output data can be stored and used as input data to the sub-
routine which controls a Calcomp plotter. The IBM scientific subrou-
tine DHCPG mentioned in Chapter IV is included in this particular pro-
gram.

Table A.l presents the numerical data for the solutions to
the system of non-linear ordinary differential equations given in
Chapter IV. In addition to values for Gl, G2’ G3, and Gh’ values for
H, 8, L2, and ", are listed. The values of these functions at each
value of X are displayed in the order shown in the following 2X5

matrix:
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APPENDIX B

CALCOMP PLOTTER ROUTINE

A special library subroutine named LYMIKE was used to control
the Calcomp plotter which plotted all the curves displayed in this the-
sis. This subroutine allows the user to title curves, title axes, se-
lect scale lengths, plot parametric curves where the plot interval is a
function on the parameter, specify the order and number (up to 20) of
variables to be plotted per diagram, and identify each curve by at
least 10 identification marks (squares, circles, triangles, etc.). The
input data for the LYMIKE subroutine is taken from a stored file and
all data points in the file are plotted, but only 10 or 11 identifica-
tion points are marked on each curve. The LYMIKE subroutine is written
in Fortran IV language.

This appendix presents the computer printout listing of the

LOMIKE subroutine used for controlling the Calcomp plotter.
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APPENDIX C






LEAST SQUARES POLYNOMIAL CURVE FITTING PROGRAM

A computer program utilizing the method of least squares for
determining a polynomial approximation of tabular data is presented in
this appendix. The program is written in Fortran IV language and the
least squares portion is a part of a library of standard scientific
subroutines. The program is named PCOSMB and it will fit 2 through 100
points with a polynomial of degree 1 through 11. For this program, the

stenderd error of estimate is defined as:

1/2
i 1 2
4 1(G - Gegt.)

Stendard error of estimate = e v | A

I~ B

In the equation for the standard error of estimate, m represents the
total number of observations and n represents the degree of the approx-

imating polynomial.

Table C.1 displays the polynomial coefficients and the curve
fitting data for the functions G,, Gy, G3, and G, in the interval

0.100005X<0.46531.

Table C.2 displays the polynomial coefficients and the curve
fitting data for the functions Gl’ Gz, (}3, and Gh in the interval

0.1465315X<1.0000.
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APPENDIX D
PRESSURE AND VELOCITY PROGRAMS AND NUMERICAL DATA

This appendix presents the computer program utilizing the
subroutines PCO5SEL and PCOSE2 to calculate the pressure and velocity
component data for the polynomial equations given in Chapter IV.

Table D.1 displays some sample data for these functions at

each R value in the order shown in the following 3X5 matrix:

R value U.l V‘l w‘l P.l H.l
U N v 4 w i P i H N
U v W P H

-7 .7 T .7 T

The subscripts indicate the value of the Z parameter used to calculate

each of the functions U, V, W, P, and H. Only a single page sample of

the data is included in this appendix as it would teke T6 peges to dis-

play it all.
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APPENDIX E

PROGRAMS AND NUMERICAL DATA FOR OPTIMUM FUNCTIONS

This appendix presents the computer programs utilized to gen-
erate the data for the functions G2, Gh’ V, and P as given in Chapter V.

Table E.1 displays the data for the functions G2 and G at
each X value for different values of the swirl parameter S in the order

shown in the following 2X5 matrix:
X value | g:25 :25 g-45 .45 .55
2 L 2 4 2

6% Gées less : =
The superscripts indicate the value of the S parameter used to calcu-
late each of the functions G2 and Gb'
Table E.2 displays the data for the functions V and P at each
R value for different values of the Z parameter at S = 0.65. The data
for these functions is displayed in the order shown in the following

2X5 matrix:

R value | v P v P v
o . .

The subscripts indicate the value of the Z parameter used to calculate

each of the functions V and P.
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