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ABSTRACT

EVALUATION OF THE FACTORS AFFECTING THE
SURFACE RESISTIVITY OF FLY ASH

By

Prabhat Narayan Shukla

Electrostatic precipitators are one of the more widely used high
efficiency particulate control devices in coal fired power plants.
The enactment of stringent emmissions standards has, in recent years,
motivated a renewed research effort aimed at resolving some of the
many interdisciplinary (engineering) problems, with the objective of
improving the operating efficiency. One of the key factors that
affects the operation of precipitators is the bulk electrical resis-
tivity of the fly ash. An experimental procedure (point-plane
technique) to determine the resistivity is proposed in this res;arch.

The mode of charge conduction through a particulate layer is
determined by the temperature regime of operation. Surface conduc-
tivity is predominant at the lower temperatures (less than 400° F),
and it is sensitive to the chemical composition. The surface conduc-
tivity (or resistivity) is modified by the addition of chemical
conditioning agents. In general, this modification results in a
lowering of the resistivity, and hence in the enhancement of the
leakage current through the ash layer.

The total current through the ash layer is comprised of an

electronic current and an ionic current. The behavior of the ionic
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current is examined from the perspective of a theoretical model.

This model incorporates the effects of two specific factors, viz.,
capillary condensation in the interparticle spaces and the variation
of the axial field upon the particle surface. These factors are
examined individually on the basis of the corresponding thermodynamic
and electric contact theories.

The theory of capillary condensation is examined in light of
the uncertainties associated with its applicability to small (mole-
cular) volumes of the capillary condensate. Below a certain value
of the relative saturation, the condensate is in tension (negative
pressures). It is shown that, in this region, the isothermal sus-
ceptibility (xl) of the condensate decreases nonlinearly with its
density. Under such conditions, the liquid ruptures for Xq equal
to zero, and this constitutes the mechanical instability criterion
for the capillary condensate. The other criterion for the vanishing
of the condensate is the dimensional restriction, and it is shown
that this feature predominates for the interparticle pore structure
of the particulate bed.

The electric contact theory is used to determine the expression
for the constriction resistance between two (spherical) particles in
contact. This expression is utilized to evaluate the order of mag-
nitude of the axial field strength at the neighborhood of the contact
of two particles. Additionally, McLlean's derivation for the surface
resistance is used to secure an expression for the electric field,
Es(e). The expressions for both of these fields predict an electrical

breakdown near the contact.
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The ionic (surface) transport flux due to the electrical gradient
Es(e) is coupled with the molecular diffusion flux in the formulation
of the differential equation for sodium ion migration. This equation
is solved by the method of dominant balance which is applicable due
to fhe speécific location of the irregular singularities.

The results of the ion migration experiments are interpreted
in terms of the MDB solution. The various model parameters are evaluated,
and their interaction is discussed. It is concluded that the pene-
tration distances for the experimental concentration profiles are
inconsistent with the Nernst-Einstein equation. Such a conclusion
follows from a study of the migration parameter a. This provides
the basis for the speculation that surface (micropore) adsorption is
important for an ionic current to exist.

The conclusion above is related to the (power plant) experimental
observation that the surface resistivity is inversely related to the
mositure content. This indicates the likelihood that one of the
"functional" effects of chemical conditioning is demonstrated in

the enhanced degree of surface adsorption.
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INTRODUCTION

I.1 Motivation for the Research

This research problem was motivated by the high efficiency
requirements for electrostatic precipitators in view of the stringent
emissions standards of the revised Clean Air Act (of 1970). Pre-
cipitator technology still abounds in uncertainties, and these
become more significant as the operating efficiency requirements
increase.. Some of the major variables associated with these un-
certainties are the gas flow pattern, electrical operating charac-
teristics, internal configuration, rapping mechanism, flue gas
characteristics, and the fly ash composition. This last variable
has been a subject of some controversy and most investigations in
this area have, at best; been empirical. Some installations now
routinely use chemical additives (conditioning agents) in order to
improve the efficiency of electrostatic precipitators. Sulfur
trioxide and sodium compounds (NaCl) (W1) are two of the more
popular conditioning agents.

These chemical conditioning agents act in a way so as to lower
the bulk electrical resistivity of the fly ash by '"modifying" its
chemical composition. Their effectiveness is only limited to '"cold"

- .
precipitators which operate at temperatures less than 400° F. The
electrical resistivity is one of the more important parameters and
is taken into consideration during the design stage of an electro-

static precipitator.
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Due to the lack of a standard procedure for the determination
of resistivity, the need to develop a reliable experimental technique
was recognized at the beginning of this research. This effort re-
sulted in the development of the point-plane method.

The second part of this research was initiated by the contro-
versy surrounding the effectiveness of sodium conditioning agents.

It was proposed (Bl) that an increase in the sodium content of the
fly ash results in a lowering of the resistivity. This speculation

was supported by similar observations on many glasses.

1.2 Review of Literature

The number of publications in the area of (chemical) compositional
effects on resistivity of glasses are too numerous to mention. An
excellent review of the research, until 1963, has been presented by
Owen (02). The analogy, with regard to these effects, between the
behaviors of glass and fly ash is presented by Bickelhaupt (Bl, B2,
B3). The basis of this comparison lies in the results of studies .
regarding ionic migration in glasses (under the influence of an
externally applied electric field). Charles (C4) has published a
fundamental study of the (alkali ion) migration in silicate glasses.
A similar work by Doremus (D4) also needs to be mentioned in this
context.

As mentioned in the previous section, there is a lack of
literature regarding any theoretical investigation of the effects
of chemical conditioning agents. The work of Dalmon and Tidy (DS)
deals with a comparison of the effectiveness of chemical additives.

Dismukes (D6) has published the results of his work with regard to



ammonia as a conditioning agent.

In comparison to the above, the effect of moisture upon the
surface conductivity of oxides (and other solids) has been the
subject of several (theoretical) investigations. The publications
of Zettlemoyer and McCafferty (Z1, Z2) are pertinent to this area
(of research). Furthermore, the interaction of water with silica
surfaces is investigated by Young and Bursh (Y1). A study of the
effect of water vapor on d.c. (surface) conductivity of solids has
been conducted by Awakuni and Calderwood (A2). Martin and McLean
(M8) have conducted a similar study of the effect of adsorbed
gases.

There are many publications'dealing with the studies of the
behavior of fly ash in electrostatic precipitators. The principal
papers referred to in this work were those of McLean (M1, M2 and
M3) and Masuda (MS). The theoretical approach to the problem was
suggested by the publications of Ditl and Coughlin (D1) and Melroseb
(M4). The latter dealt with the capillary condensation model.

Finally, a comprehensive review of the electrostatic precipi-
tation of fly ash has been conducted by White (W3). Some of the
basic features of fly ash characteristics are given in an earlier

paper by the author (W5).

I1.3. Significance of the Overall Problem

In a broad sense, the overall problem in this work deals with
the migration of sodium ions on the surface of fly ash particulates
(in a bed). The problem is approached on the basis of a theoretical

model which consists of parameters that have a direct bearing upon



the bulk resistivity. For example, the effect of the average electric
field (across the ash layer) is involved in a more complicated fashion
than is suggested by the (relatively) straight forward power plant
resistivity measurements of Chapter 1. The problem by itself, encom-
passes some of the major variables associated with fly ash condition-
ing. This aspect bears out its significance with regard to an operating

electrostatic precipitator.

1.4 Description of the Research

As mentioned in Section I.1, the initial part of this research
resulted in the development of the point plane technique. Very
significant is the fact that the results from this result helps
elucidate the relative effects of the variables involved.

The assumption of surface resistivity is carried through in all
phases of the work. Surface resistivity implies that the leakage
current (through the ash bed) flows along the surface of the particu-
lates and it predominates over volume resistivity at the lower
temperatures (< 400° F). The variation of surface resistivity with
temperature is an important characteristic of the fly ash. This is
shown in Figure I.1.

The second part of this work is devoted to a theoretical study
of the factors which affect the alkali ion migration, and hence, the
resistivity. This study is based on a mathematical model which
recognizes the presence of two physical phenomena. These are:

i) Capillary condensation in the particulate bed

ii) The surface electric field due to the applied voltage

gradient
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Figure I.1 The effect of temperature on the bulk resistivity of
fly ash (M1).



The effects of these two phenomena are examined individually.

The conclusions are made on the basis of a comparison of the
solution equation (to the mathematical model) to the results of the
ion migration experiments conducted in the laboratory. The effects
of the experimental parameters upon the ion migration are discussed.
Finally, these conclusions are discussed in light of (water) condi-

tioning experiments in the power plant.



CHAPTER 1

FLY ASH RESISTIVITY AND ITS INTERPRETATION

Overview

The influence of the bulk electrical resistivity of fly ash on the
operating efficiency of electrostatic precipitators has mainly been
understood in terms of its ''post precipitation effects'" only. The maj-
ority of the present resistivity problems stem from the high resistivity
of the fly ash. Extremely large resistivity values (>1011 ohm-cm) lead
to a virtual breakdown in precipitator operation primarily due to the
large fraction of the voltage between discharge wire and grounded electrode
which is unavéilable due to the high voltage drop across the deposited ash
layer. Figures 1.1 and 1.2 illustrate this situation.

It is apparent that AVd increases with an increase in the particulate
resistivity, layer thickness, and the applied discharge (corona) voltage.
However, this voltage cannot increase indefinitely and is limited by the
sparkover voltage when the ash layer breaks down electrically and back

*
corona may set in. The reduction in this sparkover voltage in a negative

*Back corona is the phenomenon which occurs at or just beyond the electric
breakdown of a resistive layer. Small holes are formed in the layer from
which visible electrical flare discharges are produced and accompanied

by a stream of positive ions flowing in opposition to the corona current.
This phenomenon may be localized or may populate the entire layer. If
the breakdown is localized it may cause a spark to propagate across the

entire gap (W1l).
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point plane geometry due to the introduction of a porous dielectric was
first observed by Walcott (W2) in 1918. An increase in the resistivity
of the ash layer produced a decrease in the sparkover voltage by virtue
of the high voltage gradient in the ash. In the extreme case the spark-
over voltage would be so close to the corona initiation voltage that the
precipitator would be inoperable even at the smallest corona currents.
Besides interfering with the stable operation of a precipitator, the
effects of an early onset of back corona are demonstrated by:

i) a lowering of the corona discharge voltage, and

ii) a reduction in the particle charging level

Both of these factors contribute, in conjunction, to a reduction in
the operating efficiency of an electrostatic precipitator. As noted below,
the efficiency is related to the particle migration velocity toward the
collection electrode and is apprbximately proportional to the product

of the particle charge and the applied voltage at the discharge wire.

Further, a highly resistive fly ash experiences strong cohesive
forces within the deposited layer which lead to a decrease in the
effectiveness of a rapper assembly. These forces are produced by the
high electric fields which also act to reduce the resistivity at
normal corona current densities (=300 uA/mz). This effect* arises due
to the variation of bulk resistivity with the applied electric field.
This is examined in this chapter as a result of resistivity experiments
conducted in the inlet and outlet flues of operating precipitators in

power plants.

—
This effect is due to the high resistivity of the particiritate bed which
induces strong voltage gradients across it and which, in turn, reduces

the operational resistivity that the precipitator "sees'.
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Recently Potter (P1) has discussed the effects of resistivity during
the course of precipitation leading to the argument that this parameter
should, in principle, be included in the theoretical efficiency equation.

One form of this equation is given as (W3):

1 - /Texp (-kx) Y (x) dx

n:
(o}
A eoEcE
k=292¢€pP
v H
eOEcE a
w=2 TL
_ 2
q = IZHEOECa
where
y(x) - particle size - frequency distribution function
W - migration velocity [m-sec'll
q - particle charge [C]
A/v - specific collection area [mz/ms(gas)—sec'll
€, - permittivity constant, [8.85x10-12 Az-secz/kg-m3]
Ec’Ep - charging and precipitating field strengths respectively
[V/m]
a - particle radius [m]
u - gas viscosity [Kg/m-sec]

In the case of high resistivity dust, the voltage drop across the
dust layer is not negligible, and hence any further collection occurs
within a lower voltage drop (between corona wire and surface of ash layer) .

Bearing in mind that collection efficiency n, is directly related to the
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square of the mean applied voltage (VQ). This effect is, however, partially
compensated for by the lowering of resistivity due to the increased field

strength across the particulate layer.

1.1 Factors Affecting Resistivity

The bulk electrical resistivity of a compacted layer of particulates
is a function of several variables, the more important of which are:

a. Particle size and size distribution

b. .Hode of compaction of bed and applied pressure

c. Ambient gas temperature and composition

d. Electric field strengths (E) within the ash layer

The volume and surface effective bulk resistivities vary directly
with particle size (M1). Mode of compaction refers to the stacking arrange-
ment of the particles in the layer and for a bone dry ash the effect is
relatively minor (T1). The degree of compaction or the bulk density is
not a major factor for the bone dry case and the variation with pressure
is given as 1/(Pressure)1/3.

The variation of resistivity with temperature is represented by the
_hump shaped curve (see Introduction) and the temperature regime determines
whether the conduction is through the volume or along the surface (W4).
The gas composition plays a significant role at the lower temperatures,
where surface conduction is the dominant mode. The conditions of com-
bustion and the time during which a coal particle undergoes transformation
to a viscous melt followed by bubble nucleation when volatiles are evolved
determine the shape and structure of the particle (F1,Al}, The influence

of chemical composition (alkali ions in particular) had been proposed

by (Bickelhaupt (B1,B2,B3) and White (W1) based on similar
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behaviour (under an imposed electric field)demonstrated by conventional
glassy materials. McLean (M2) has theoretically investigated the effect
of the electric field strength on the bulk resistivity and this analysis
has been carried further based on Holm's (Hl) theory of electric contacts.
This part of the work was motivated by the discrepancies between
in-plant measurements of resistivity which are subject to the equipment
used and the personnel involved. Inconsistency in results exists partly
due to a lack of standard, recognized methods. Although the variation
of resistivity with applied electric field was recognized, this fact was
omitted in the most common experimental procedure adoptéd and it contri-
buted to variations in the reported value of resistivity on the same ash
sample. Hence, the objective of this work was three-fold:
i) Proposal of an experimental procedure (S1) and specification
of proper experimental conditions.
ii) Identification of the physical significance of the reported
value of the resistivity.
iii) Demonstration of the reproducibility of the resistivity
within reasonable limits.
This work resulted in the proposal of a point plane technique of
measuring in-situ resistivities. The details of this technique are

presented in Appendix A.

1.2. Physical Significance of Results

*
All of the power plant tests involved the use of the SRI resistivity

probe (Figure A.3, Appendix A). The tests were conducted in the cold

precipitator temperature region (300-360°F) where the surface conduction

*
Southern Research Institute, Birmingham, Alabama.
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mechanism is dominant. The point to plane probe best simulates the
particulate collection mechanism in an electrostatic precipitator. Fly
ash transported by the flue gas encounters the electric field between
the negative corona and the grounded plane. All of the parameters needed
to calculate the resistivity of the electrostatically deposited dust
layer are measurable. It is generally agreed (W4,P1) that the reported
value of the resistivity should be as close as possible to the threshold
of electrical breakdown of the dust layer. This is a qualitative state-
ment and therefore subject to the conditions of the experiment, However
high field measurements are more realistic than the resistivity measure-
ments made at low field strengths.

In principle one can calculate the bulk resistivity of a deposited
ash layer if the leakage current corresponding to a given voltage drop

across the layer is known. The effective resistivity is then given by:

o o V) (W
b D (@) 1.1

where

Py = bulk resistivity, [ohm - cm].

AV = voltage drop, [volts].

I = 1leakage current [amperes].

d = thickness of particulate layer, [cm].

A = surface area normal to current flow [cmZ].

The proposed point-plane technique was determined to be physically
meaningful and more reliable than the generally adopted disk method and

the advantages of this technique are discussed in Appendix A.
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Figure 1.3 shows the general shape of the experimental current-
voltage (I-V) curves obtained by the point to plane method. The data
used to obtain these plots are presented in Table 1.1. The figure is a
computer generated plot obtained after fitting second order polynomials
to the data points by the least squares method (see Appendices B-1,2).
Essentially the same program as in Appendix B-1 was used to generate the
fitting polynomial. The choice of the parabolic equation was made pri-
marily because of its relative insensitivity to the data points near
sparkover (breakdown) where the current readings are least stable. It
was determined that a higher order polynomial with a relatively large
negative coefficient for the x3 term decreases in slope in this neighbor-

hood and this is a physically invalid situation. A typical plot of the
I-V relationship for the gas plus ash layer is shown in Figure 1.3. As
the voltage approaches breakdown, the slope of the'dirty' plate curve
increases to very large values. This was extended so as to make the
slope equal to infinity at total sparkover. The plot routine draws a
vertical line where the slope of the curve becomes infinity.

The disk plane technique yields direct evidence of the non-ohmic
behaviour of both air and a particulate bed in that the rate of change
of current with voltage increases with the applied voltage, thus the
resistivity decreases. A linear I-V characteristic is indicated at the
bottom of Figure 1.3 by the straight line representing a hypothetical
situation of constant bulk resistivity. This is only valid at low
average field strengths across the ash layer. The key to the shape of
the non linear I-V characteristics (hence the decreasing resistivity)

lies in the fact that the field strengths in the vicinity of the
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Table 1.1

A. Clean Plate (Flue Gas) Characteristic Data.

Corona Voltage Measured Current
(Kv) (uA)
7.50 0.15
8.00 0.30
9.30 0.45
11.40 1.15
12.80 1.65
14.50 2.25
16.10 3.60

B. '"Dirty" Plate Characteristic Data

Corona Voltage Measured Current

(kv) (uA)
10.40 0.45
12.00 0.70
14.20 1.30
14.60 1.45
15.50 1.85
16.50 2.20

C. Coefficients of Interpolating Polynomials.

V= 2Z(1) + 2(2)I + Z(3)I%.

Coefficient Clean Plate Dirty Plate
Z(1) 6.905 8.088
Z(2) 4.612 5.957

Z(3) -0.571 -0.995
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interparticle contact are much higher than the average field strengths
over the thickness of the layer. Hence, there is sustained an air gap
discharge near the particle contact points due to localized breakdown of
the gas in that region. An estimate of field strengths (assuming no
breakdown) almg the plane of contact and on the surface of the particles
in the neighborhood of the contact has been presented in Chapter 3. The
effective resistance in such a geometry arises due to the constriction
of lines of current flow at the region of contact. It should be noted
that this constriction resistance is expressed in terms of the material
resistivity (Hl). However, the bulk resistivity of the layer takes into
account these points of contact in the particulate bed.

Upon generating the second order polynomial to fit the experimentally
obtained data points, the point plane technique en;bles one to study the
variation of resistivity with the applied corona voltage and with the
average field strength across the layer as well (Figurel.3). From the
figure it is seen that the clean plate characteristic curve corresponds
to a voltage drop between point and plane for the gas between them. The
"dirty" plate characteristic curve is for the particulate layer deposited
on the plane with the gas above it. For a given current level, the
difference between the two values gives the voltage drop across the dust
layer. In view of other measurement techniques (the disk method in
particular) it should be noted that this voltage drop across the layer
is inferred from the nature of the characteristic curves. The figure
shows the variation of AV with increasing corona voltage along the curves.
As the leakage current across the layer increases, the average field

strength also increases; however, the current increase dominates so that



18

the net effect is a decrease in resistivity. As mentioned earlier, this
effect is consistent with the presence of local fields which induce and
sustain an air gap discharge, thus lowering the effective contact resistance
and hence the overall resistivity. The characteristic curves separate and
the horizontal distance between them, AV, continues to increase with applied
voltage. When the threshold for back corona formation and local sparkover
is reached, the layer exhibits a tendency for localized electrical break-
down. At such points, holes may be burned through the dust layer as was
indicated by craters formed on the surface in some experiments. This is
more severe in cases of high resistivity ash when the leakage current is

so unstable that it is difficult to record a reading. Admitting, therefore,
that the threshold corresponds to the first incidence of a local breakdown

at some point on the dust layer (corresponding to current fluctuations

about a mean value), the situation of total breakdown would correspond to
an infinite current and a fairly high population of such '"craters'". It

is relevant here to note that precipitators do often operate at levels
close to the threshold of breakdown thus giving a definite spark rate (H2).
The objective of such operation is to lower the operational resistivity

as far as possible.

In theory, back corona and sparkover are separate but simultaneous
phenomena. A stable back corona can occur for dust layers of extremely
high resistivities when a large voltage drop is present across the layer.
This is true even for corona voltages too low for sparkover. In
Figure (1.3), the voltage drop increases at low voltages up to a maximum
(in this case up to a current of 1.59 ﬁA). This point M then represents

the point of incipient sparking (threshold of breakdown) and is uniquely
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defined for each set of characteristics obtained from a single experiment.
Beyond this point, several sparks have jumped across the layer. The

point of total sparkover is at the transition from the second order
equation to the extended vertical tangent and occurs where the slope of
the dust characteristic curve is infinite. This is calculated from the
coefficients of the polynomials and shown in Table 1.1C. The reported
value for the ash resistivity corresponds to the point M where the voltage
drop in the ash layer is a maximum (in this case it is 2.249 kV). The
variation of resistivity with AV across the deposited ash layer (which is
proportional to the average field strength for a given bed thickness) is
shown in Figure 1.4. The curve was fitted through the data points obtained
from the computer output (see Table 1.2). In Figure 1.5 are presented
results from another experiment (on the same day and location as the
previous experiment) to demonstrate the consistency of the nature of

the Pp = AV curve. The data used to generate Figure 1.3 are presented in
Tables 1.3 and 1.4. In both cases, the resistivity decreases with in-
creasing AV; however AV itself increases initially up to M after which

it decreases due to localized breakdown in the ash layer. The reported
resistivity in both cases is at incipient sparking. The circumstances
which prevent an exact duplication of values (except experimental errors)
are discussed in Appendix A.

*
The current fluctuations observed in the disk method do indeed show

that total breakdown (sparkover) does not occur suddenly at increasing

L J
In this method, the resistivity is measured by determining the leakage
current across a dust layer sandwiched between a high voltage electrode

and a plane grounded through a current meter.
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Table 1.2 Resistivity Calculations Based on Figure 1.3
A.
vV (1)* vV (2)*
AV I Resistivity (clean plate) (dust layer)
(Xxv) (uA) (ohm - cm) (xv) (kv)
1.703 0.45 4.1127 x 10! 8.86 10.57
1.878 0.65 3.1409 x 1011 9.66 11.54
2.020 0.85 2.5830 x 10! 10.41 12.43
2.128 1.05 2.2025 x 10! 11.12 13.25
2.201 1.25 1.9143 x 10'! 11.78 13.98
2.241 1.45 1.6801 x 10} 12.39 14.63
2.247 1.65 1.4803 x 10! 12.96 15.21
2.219 1.85 1.3038 x 10'} 13.48 15.70
2.157 2.05 1.1437 x 10! 13.96 16.12
2.061 2.25 9.9563 x 100 14.39 16.45

Data (for reduced current step size) near region of incipient sparking -
point M on Figure 1.4

11

2.240 1.44 1.6908 x 10 12.36 14.60
2.243 1.47 1.6588 x 10! 12.45 14.69
2.246 1.50 1.6274 x 1011 12.54 14.78
2.248 1.53 1.5968 x 101 12.62 14.87
2.249 1.56 1.5668 x 1011 12.71 14.96
2.249 1.59 1.5374 x 101! 12.79 15.04

B. Sparking Characteristics

Spark Ppd Layer Temper-
Resistivity Voltage Thickness ature

1.5374x10'! ohm-ecm  15.04 KV 7.0719x10° ohm-cm®  0.46 mm  286°F

Point - plane distance = 1.5 inches.
*V (1) and V(2) correspond to the corona voltages in Figure 1.3.
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Table 1.3 Resistivity - Voltage Data Used for Figure 1.5

A.

AV I Resistivity vV (1) VvV (2)

(kv) (uA) (ohm - cm) (Kv) (kv)
1.734 0.90 3.4411 x 10! 9.95 11.68
1.983 1.10 3.2192 x 101! 10.63 12.62
2.153 1.30 2.9568 x 101 11.29 13.44
2.243 1.50 2.6699 x 1011 11.91 14.16
2.254 1.70 2.3673 x 10! 12.51 14.76
2.185 1.90 2.0539 x 1011 13.07 15.25
2.038 2.10 1.7327 x 1011 13.60 15.64
1.811 2.30 1.4059 x 1011 14.10 15.91
1.505 2.50 1.0748 x 10! 14.57 . 16.07
Data (for reduced current step size) near region of incipient sparking
2.240 1.49 2.6847 x 1011 11.88 14.12
2.247 1.52 2.6403 x 101 11.97 14.22
2.253 1.55 2.5955 x 1011 12.07 14.32
2.257 1.58 2.5504 x 101 12.15 14.41
2.259 1.61 2.5050 x 101! 12.24 14.50
2.259 1.64 2.4594 x 10! 12.33 14.59

B. Sparking Characteristics
Spark (0. d) Layer Temper-

Resistivitz Voltage b Thickness ature

2

2:459x10') ohm-cm  14.59 Kv  6.886x10° ohm-cm 0.28 mm  280°F
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Table 1.4 Experimental Current-Voltage Data Used to Generate Table 1.3

A. Clean Plate or Flue Gas Characteristic Data

Corona Voltage Measured Current
(kV) (uA)
6.00 0.10
8.00 0.35 1
10.00 0.80
11.40 1.15
12.40 1.50
13.30 2.00
14.20 2.45
16.00 3.60
17.20 4.65
18.40 5.30
B. Dust Layer Characteristic Data
Corona Voltage Measured. Current
(kV) (uA)
11.70 0.90
13.00 1.20
14.50 1.60
16.00 2.40
C. Coefficients of Interpolating Polynomials.
Vo= Z(1) + Z(2)I + Z(3) I°
Coefficient Clean Plate "Dirty" Plate
Z(1) 6.466 6.099
Z(2) 4,219 7.445

Z(3) -0.392 -1.383
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voltages. Rather, it is preceded by a gradual rise in the spark rate
from the point where conditions are just right for the first spark to
jump across the dust layer. In view of this fact and the observed Py - AV
relationship, it is proposed that M is the point of incipient sparking.
The inverse relationship between Py and AV is borne out by a porous
particulate layer that has no localized points of breakdown. That this
point M is unique clearly follows from the fact that the above relationship
is upheld up to incipient sparking. The sections of the curves below the
horizontal line in Figures 1.4 and 1.5 (corresponding to point M) are
broken to indicate that they cannot be obtained by the disk method. Thus
the point M obtained by a point-plane technique meets the following
criteria: |

a. It is unique.

b. It'artificially defines the breakdown threshold of a porous

dust layer.
c. The calculated value of M is consistent with the convention

of reporting resistivity close to sparkover.



CHAPTER 2
CAPILLARY CONDENSATION WITHIN THE PARTICULATE LAYER

Overview

The bulk resistivity of a particulate layer of, say, fly ash
particles under an externally imposed voltage gradient, is strongly
dependent upon the (electrical) resistance that an electron or an
ion encounters during its passage from one particle to another. At
high temperatures (600o F or greater) such a migration occurs within
the body and through the regions of contact of the particles. The
resistivity under such conditions is called the volume resistivity.

At lower temperatures (less than 400° F), the current carriers migrate
along the particle surfaces and the bulk resistivity corresponding to
these conditions is termed the surface resistivity.

In an electrostatic precipitator operating at the lower tempera-
tures, the bed of fly ash particles is deposited on vertical grounded
plate (collection electrode). The humid flue gas passes over the
layer as it traverses the length of the precipitor. From a thermo-
dynamic point of view, the particulates in the bed may be viewed as
solid adsorbents for the water vapor in the flue gas. This then leads
to a consideration of the adsorption of water vapor on the surface of

the particles and in voids formed at the vicinity of the contact. The

phenomena of adsorption in these voids (or macropores) is defined as

26
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"capillary condensation'" in a restricted sense, since the capillary pores

on a particle surface are excluded in this terminology. The presence of

this condensed phase modifies the path available for the (surface) migrating
ions in the region of particle contact. As indicated later, the liquid
condensate is retained in these macropores because of the effects of

surface tension.

In this chapter, a thermodynamic analysis of the formation of con-
densate has been presented initially with the objective of determining
the feasibility and extent of the condensation process. This analysis
is based on the model developed by Melrose (M4). However, the conclu-
sions based on the present analysis differ from those of the author.
These conclusions, especially for the liquid phase behaviour and its
physical properties, are discussed in Section 2.14, in light of the
arguments presented in the Appendices (C,D and E) accompanying this
chapter. The implications of the thermodynamic analyses in the
Appendices are particularly relevant for small (molecular) volumes of
the liquid condensate.

In Section 2.1 of this chapter, the experimental evidence of the
occurence of capillary condensation is presented. The studies in this
area were partly motivated by observations made by soil physicists
(H5,FS), in the 1920's, on the pick up and retention of moisture in
soils. The bulk of the publications appeared in the mid 1950's (C1,P2),
however some of the conclusions were clouded by controversies and
experimentation continued on through the mid 60's (H6). The present

state of knowledge in this area is not complete, though the speculations
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now have a stronger theoretical basis. Section 2.2 deals with the
idealized particulate model. The necessary physical assumptions
(stated in this chapter) are made in order to arrive at a thermo-
dynamic relationship which characterizes the capillary condensation.
The analysis of the model begins with Section 2.3 where the thermodyna-
mic system is defined, and in Section 2.4 the various contributions to
the total (Helmholtz) free energy change are specified. In Section
2.5, the Laplace and Young equations of capillarity (2.19, 2.20, 2.21),
are developed by matching the coefficients of the thermodynamic equation
in Section 2.4, and the hydrostatic balance equation for the capillary
condensate. The application of the Laplace and Young equations to the
specific gas and liquid phases requires that a reference state be de-
fined. Departures from this reference state are measured in terms of
liquid and gas chemical potentials. Sections 2.6 and 2.7 deal with

the chemical potential changes for the gas, under the assumption that

a (truncated) virial equation of state is valid for this phase. The
potential changes for the liquid phase arise due to the generalization
that the capillary condensate is compressible. These potential changes
are evaluated in Sections 2.8 and 2.9. In Section 2.10, the sought
after thermodynamic relationship (given at the end of Section 2.8) is
discussed in light of the data generated, in this work, for water.

The significances of some of the thermodynamic variables, with respect
to departures from the state of reference, are pregented in Section
2.11. This is followed by a specification of the geometry of the

ideal structure, in Section 2.12; which consists of a capillary ring

of condensate surrounding the spherical particles in contact. The
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important dimensions of this ring are defined; and as outlined in the
Summary (Section 2.13), these dimensions are completely specified by
the known independent variables associated with this process. The
work presented in this chapter is concluded with a discussion of the
results in light of the assumptions made in the model as well as the

specific arguments presented in the Appendices C, D and E.

2.1. Evidence and Significance of Capillary Condensation

The particulate bed of fly ash can be considered to be a porous
system with adsorbate in thermodynamic equilibrium with water vapor
contained in an inert carrier gas. Under such conditions, liquid con-
densate may be present in the crevices formed between solid particles
in contact. For low température (cold) precipitators (where surface
conduction is dominant), this effect needs to be considered because
the capillary condensate provides conducting pathways for the current
carriers. These current carriers are the elecfrons* and ions which
migrate along the surface from one particle to another. Such a move-
ment of the ions and electrons is therefore, facilitated relative to
the case of high temperature (hot) precipitators which operate at
temperatures in excess of 600° F and where the fly ash can be considered
to be bone dry. On a qualitative basis, it would be expected that the
bulk resistivity would be lowered with respect to the bone dry case.
Hence the phenomena of capillary condensation needs to be incorporated

into any model seeking to relate resistivity to the intrinsic parameters

*
Some part of the current carried by the electrons may also be through
the gas gap at the vicinity of contact betwen two particles if the

fields in the region are high enough (see Chapter 1).
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of the fly ash (shape, chemical composition, for example), and the
conditions of the ambient environment.

The experimental evidence of the existence of liquid condensate
was established by Carman, among others, in 1952 (C1,P2). Nonporous
solids exhibit the familiar S-shaped adsorption isotherms. Deviations
from this shape are attributable to the phenomenon of capillary con-
densation, since upon filling of the capillary the pore walls are
no longer available for the growth of multilayer films and the isotherm
flattens out (Figure 2.1).

This is easily visualized if the capillary filling process is
accepted as occurring by one or more of the following two distinct
processes.

i) condensate formation leading to a meniscus which bridges

the pore walls
ii) growth of a multimolecular film on the capillary walls
until the films coalesce to fill the space.

As an example, the adsorption isotherms of two samples of the same
material were determined by Carman: one was a loose powder, and the
other a compressed plug of porosity equal to 0.5. "If adsorption in
the plug only took place by multilayer formation, the adsorption
isotherm should lie below that for the powder, since restriction of
the pore space limits the thickness of multilayer films. That the
converse is true is strong evidence that an additional contribution is
being made by capillary condensation' (Cl).

Capillary condensation occurs due to the action of tensile forces

on the curved surface of the liquid (at the liquid-vapor interface)
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Figure 2.1. Representation of a type V adsorption
isotherm illustrating the effect of

capillary condensation (S2).



32

inside the macropore. The vapor pressure corresponding to the liquid
in that state, at a given temperature, is lower than the normal vapor
pressure (associated with an unconstrained, flat surface). The curva-
ture of the liquid surface reflects the action of the surface tension
along that surface as well as the difference in pressure between the
two contiguous fluid phases in thermodynamic equilibrium. Hence it

is possible to have liquids condensed in the pores and cracks of par-
ticles at temperatures above the dew point (C2). Under such conditions
the liquid can exist in a state of tension if the pressure differen-
tial (between the vapor and the liquid phase) is great enough, and may
exhibit physical properties that depart substantially from the values
normally attributed to it (Cl).

Ditl and Coughlin (D1) approached the problem of moisture condition-
ing by including the effect of condensation in their expression for the
bulk resistivity. This expression contains the liquid phase conduc-
tivity as an adjustable parameter with values in the neighbourhood of

2.0 x 1071 ohm™! !,

The work presented in this chapter was motiva-
ted by their approach, however it was felt that a detailed evaluation
of the capillary condensation process was required before it could be
incorporated into any particulate resistivity model.

This chapter attempts to define the physical extent of the capillary
- condensate by means of a thermodynamic equation (M4) as applied to a
simple physical model. The more familiar Kelvin equation is a first
approximation of this equation. The appropriate restrictions on the

applicability of such an equation to small volumes of condensate (or,

equivalently, to large curvatures in this system) are investigated.
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A discussion of these restrictions has been presented in Appendix E.
A quantitative description of this problem necessitates the specifi-
cation of the structure of the particles constituting the bed, and of
the bed itself.

A description of the idealized particulate resistivity model is
given in the next section. The restrictions specified for the physical
model apply to the thermodynamics of capillary condensation covered in
this chapter. These assumptions also permit some mathematical simpli-

fications of the electrical field equations in Chapter 3.

2.2. Description of the Idealized Model

The particulate bed of fly ash is assumed to be composed of mono-

* .
disperse, non-rigid spheres arranged in a regular cubic packing (Figure

*This characterization of elasticity is restrictive to the extent that
the contact area between two spheres can be directly related to the
cohesive pressure between them (M3). As far as capillary condensation
is concerned, the particles are taken to be rigid. In a rigorous
treatment, the presence of large tensile forces in the liquid phase
would have to be considered in terms of dimensional changes in the
solid phase. However, these tensile stresses act upon a small area
of the solid. Furthermore, interparticle cohesive forces (electro-
static in origin) exist in such a bed and are due to the presence of
strong electric fields in the vicinity of the contact (M3,D2). Since
the particles are elastic, as assumed above, the area of contact in-
creases with the interparticle force, and hence with an increase in

the bulk resistivity (which induces the strong electric fields) (L1).
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Figure 2.2. Arrangement of ideal spheres in a
simple cubic packing.

2.2). The assumption of the spherical shape of the particles is justi-
fied by the fact that TEM micrographs taken of typical fly ash samples
reveal the predominance of spheres (Figure 2.3.).

Fisher, et al., (F1,F2,F3) have, in their studies on the chemistry
and structure of the particulates, published micrographs that reveal
the complex internal structure of the spheres. Eleven major morpholo-
gical classes have been identified and are related qualitatively to their
""probable' matrix compositions. In this classification scheme, these
particles are labeled as cenospheres (hollow spheres) and plerospheres
(spheres within spheres). A mechanism for their formation has been
postulated by Fisher (F4).

The surface morphology, for the purposes of capillary condensate

**
Transmission Electron Microscope



Figure 2.3. TEM micrographs of experimental
fly ash samples.
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calculations in this chapter, is assumed to be identical, and the micro-
pores on the surface which are invariably associated with such 'amor-
phous' particﬁlates are neglected.

The influence of humidity of the ambient gas upon the ash layer
surface resistivity is limited only to the extent of capillary conden-
sation in the macropores. A macropore in this case is defined as the
interparticle space between the ideal spheres. It may be noted here
that formation of multilayers (adsorption on the surface) and conden-
sation in the micropores (on the particle surface) are not considered.
Water is assumed to wet the surface of particles and, hence, the angle
of contact of the meniscus is assumed to be zero (Cl). The angle of
contact is measured between the tangents to the liquid and solid surfaces
at the point of contact of these two phase interfaces. The effect of
an externally applied voltage gradient (as also the magnetic and gravi-
tational fields) upon the capillary condensate is excluded. (A for-
mally complete thermodynamic balance would recognize the presence of
an electric field, at least in the expression for the total free energy
change for the solid-liquid-vapor system). Furthermore, the influence
of the electric field upon such a surface phenomena with polar water
molecules* is not included.

The temperature range of interest corresponds to the regime where
the surface conduction mode is important (<400° F). Both electrons
and ions can be visualized as migrating under an external electric
field gradient along the spherical particle surface. This regime

corresponds to the rising part of the hump shaped curve on the plot

*
Pure water has a dipole moment of 1.84 Debye units (01).
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of resistivity versus temperature (see Introduction).

Finally, this problem is extended to the general case where both
the liquid and vapor phases are assumed to be non-ideal. For the
vapor phase a virial equation of state is assumed, and the departure
from ideality is accounted for by the second virial coefficient. The
liquid, (water in this case) is not assumed to be incompressiblef The
study of the relative change of the isothermal susceptibility+ with
partial pressure of the water vapor is presented in Appendices C and
E, and also discussed in Section 2.14 of this chapter.

In the next section, the analysis begins with a description of

the thermodynamic system which is illustrated in Figure 2.4.

2.3. The Thermodynamic System

This section deals with a model, consistent with the restrictions
imposed upon it, as described in Section 2.2, and with the aim of
arriving at a thermodynamic relationship between the radius of curva-
ture of the capillary condensate and the partial pressure (of water),
at a fixed ambient temperature.

The non flow system is assumed to consist of two equal spheres in
place with a ring of capillary condensate around the region of contact.

*

The liquid is in (static) equilibrium with the surrounding vapor* and

the three phase system is enclosed in a piston cylinder arrangement

—
The assumption of ideality implies that the liquid is incompresible.

fIsothermal susceptibility is defined as BP/apT, where P is the liquid
pressure, p is the density, and T is the temperature.
*k

The vapor phase is a mixture of noncondensible inert gases and water

vapor.



38

which is isothermal. Figure 2.4 depicts the system.

P
f/g’/ Piston
p— ﬂ
jsothermal vessel
S e
| Condensate ring
-——
/
“Tt—Air snd water vapor

Figure 2.4. Arrangement of the
Thermodynamic system.

The objective is to perturb the above system externally by moving
the piston so that the total Helmholtz free energy changes by dA, and
then examine how this total energy change is distributed between the
three phases. The solid is assumed to be inert and a rigid (see foot-
note, Section 2.2) adsorbent. There are no free energy changes associated
with the spherical particles due to lack of dimensional changes. This
leaves the total external free energy change to be accounted for by
chemical potential changes in the liquid and vapor phases only. Some
of the foregoing assumptions (Section 2.2) need to be invoked at this
stage in order to restrict the model system to the specific problem.
Then, the free energy changes of the liquid and vapor phases can be
equated to each other, leading to a simplified thermodynamic equation.

The curvature parameter is introduced by examining the hydrostatic
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balance of the system. A comparison of the coefficients of these two

equations leads to the Laplace and Young equations of capillarity.

The first of the two Laplace and Young equations relates the curvature

to the pressure difference between the vapor and liquid, and is really

a modified form of the thermodynamic equation (or the Kelvin equation).
The total Helmholtz free energy balance for the closed, thermo-

dynamic system (illustrated by Figure 2.4) is given by equation (2.1)

in the next section.

2.4. Helmholtz Free Energy Balance

*
For the closed, macroscopic , system the total free energy change is

given by

dA = -IPdV - SdT + o_.dQ d

s1%s1 * 91499,

*

*
u.dn_ + ul/gdn + terms

dQsg t Mgy 1/g

+0
sg

involving change of 91y (2.1)

*The word macroscopic is used here to designate the amount of the
condensate in the macropores. The free energy equation is valid only
for large numbers of molecules in the liquid phase. As shown in
Appendix E, this corresponds to the situation where the surface tension
and the radius of curvature are invariant with the volume of the cap-
illary condensate.

* %

Chemical potential for liquid and vapor phases are equal at equili-

brium,- that is, W=y H L?l‘/v'
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IPdV = Psdvs + Ppdvy + Pgdvg (2.2)

where,

A = Helmholtz free energy

P = préssure

V = volume

S = entropy

T = temperature

o = interfacial tension

Q@ = interfacial area between phases identified in subscripts

u = chemical potential

n = number of moles

The subscripts are as follows:

s = solid, 1 = 1liquid, g gas

1/g = 1liquid and gas phases, both included.

The sum of the interfacial areas is given in terms of the radius of

sphere, R

_ 2
) * % = 2 (4TRY) (2.3)

The total volume of the system, V, is given as

vV = Vs + V1 + Vg (2.4)

It may be noted that the location of the surface of separation needs
. .
to be specified. For a one component system (as in this case), the
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location of the surface is mathematically specified by the distribution

of that component among the phases (bulk volume) and the interfaces.

n. = PSVs (2.5a)

n, = P1 V1 (2.5b)

ng = Png (2.5¢)
and,

nl/g = n + ng + st-Fsg (2.6)
wherev

p = bulk densities of the various phases

-
(]|

number of moles of water on the appropriate interface

(solid-1liquid, solid-gas)

For isothermal conditions, the assumption of an inert adsorbent in a

closed sSystem yields:

dT = st = dnS dnl/g

n
o

(2.7)
From equation (2.3) it follows

dgsl = -dng (2.8)

and from equations (2.4) and (2.6), respectively,

*
One component refers to the water vapor which alone participates in

the condensation process.
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v = dVg + dV1 (2.9)

dng = - dn1 - drsl - drsg (2.10)

Substituting relations (2.7) through (2.10) into equation (2.1)

dA = - PldV1 - Pg(dV-dVl) + (osl-osg) dgsl
+ olgdﬂlg
or
dA = - Pgdv + (Pg-Pl)dV1 + (osl-osg) dQSl
+ olgdnlg (2.11)

From equation (2.11) it is seen that the total change in the free
energy is associated with pressure-volume work terms and with inter-
facial tensions. Referring to Figure 2.3, the change in the Helmholtz
free energy of the system is effected by a movement of the piston,

hence this total change is given by

Aorar = - PgdV (2.12)

for reversible, isothermal changes.

Decomposing dAtotal

change dAint, ylelds‘

into an external change dAext and an internal
]

dAotal = Pext (2.13)

*
This follows from the first law of thermodynamics (for a closed system),

and the defining expression for A.
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and

dA, = 0 (2.14)

The internal energy change is associated with changes in the

capillary condensate; and from equation (2.11)

dA. = (Pg-P1 )dV:l + (o

int (2.15)

sl'osg)dgsl * olgdglg

volume term surface terms

This equation suggests that any change in the volume term should be
nullified by an equal and opposite change in the surface terms. This

is valid for small changes in V is not small,

1’ 1
so that the coefficients of the terms on the right side of the equation

Qsl’ and ng when V

do not change significantly.

The expression (2.15) for the Helmholtz free energy change is
compared with the hydrostatic balance in Section 2.5. The Laplace and
Young equations of capillarity are obtained upon equating the co-
efficients of similar terms in equations (2.15), and (2.18) given in

the next section.

2.5. Laplace and Young Equations

The Laplace and Young equations are obtained by matching co-
efficients in equation (2.15) (which is derived from a thermodynamic
balance), and the equation for the hydrostatic balance. To obtain

this latter balance a mean curvature K, needs to be defined

1 1
K = -+ — (2.16)
rl rz

where T, and r, are the principal radii of curvature of the ring of
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condensate in two mutually perpendicular planes. In this case, if T
corresponds to the curvature on the plane of the paper (Figure 2.5),
then T, belongs in the direction perpendicular to the paper and centered
at the point of contact of the spheres. Again, for small changes in

V1 (when V1 is not small), K is invariant.

The contact angle es is zero (wetting of the solid surface is

1
assumed) and hence, invariant as well. Furthermore, it is assumed
that the liquid-vapor interface is spherical. With these assumptions,

*
the following differential equation holds:

KdV1 + dglg = coseSl dQsl (2.17)

Multiplying through by the liquid-vapor interfacial tension olg’

ongdV1 + Ulgdglg - clg cosesldnsl = 0 (2.18)

On comparing equations (2.15) and (2.18) the appropriate coefficients

are matched to give the Laplacé and Young equations
P -P; = o, K (2.19)
and

g, -0 = 0 coses (2.20)

sl sg 1g 1

for the general case of a non zero contact angle, and

*

Equation (2.17) is easily verified for relatively simple cases, for
example liquid in a cylinder. However, the derivation of this equation

is non-trivial, and is obtained from differential geometry. In Appendix B

the restriction to the use of this equation is discussed.
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csl - csg = clg (2.21)

for water, where the angle of contact is zero. An important conclusion
follows from equation (2.19) in that the difference of pressures be-
tween the two fluid phases is directly proportional to the mean cur-
vature K, provided that the surface tension is constant. As remarked
earlier (see footnote, page 39 this is valid only for "macroscopic"
volumes of condensate. This assumption fails to hold where the volume
corresponds to linear dimensions of the order of molecular diameters.
The pressure Pg in equation (2.19) is related to the gas phase
chemical potential term Aug by means of the (truncated) second virial

equation of state. This relationship is developed in the next section.

2.6. Chemical Potential Changes in the Gas Phase

As stated earlier since the solid has been assumed to be inert,
the equilibrium between the gas and liquid phases need only be considered.
The potential changes are measured with respect to a reference state

which is given by equations (2.22) and (2.23).

K = 0 (2.22)

P, = P

G G (2.23)

This reference state therefore implies a liquid meniscus which is

flat and in equilibrium with gas containing water vapor at its satur-
. o . . .

ation pressure (PG ) for a given temperature. Further discussions

regarding this reference state follow later in this chapter.
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At equilibrium, (see footnote on page 39).
= u (2.24)

Denoting the departure of chemical potential from the reference

state (identified by superscript o) by Aﬁg and Aﬁ

1
aw o= % - (2.25)
g g g )

Ap, = u° - (2.26)

Equation (2.27) holds when the departures from the reference state are

induced reversibly so that the system is always at equilibrium

Au = Au

g 1 (2.27)

To calculate AuG, Aul,state relationships for the liquid and gas phases
are required. For the gas, as mentioned earlier, a virial equation of

state is assumed:

PG 2
z = R—Tg- = 1+ Bp, +Cpo+ ... (2.28)
where
Z = compressibility factor
B,C = second and third virial coefficients respectively

R = universal gas constant
V_ = molar volume of water vapor

p. = molar density of water vapor
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To a first approximation, equation (2.28) is truncated to give

P_ = p _RT (1+B 2.29
g P RT (1+Bp ) (2.29)

The chemical potential is related to the fugacity (f) for a real gas

as

ug = #,(0) + T In £ (2.30)

where ¢1(T) is a function of the temperature only. For a real gas the

fugacity is given (K1) in terms of the state (equation) variables by

3 In(£/P ) \' o lnpP
—_—F o= £ _ __g_ (2.31)
oPg T RT an

This is integrated to give

In f =1InP + [ (—= (2.32)

Substituting for Pg from (2.29)

P
Inf = 1n [pgRT(1+pr)] + [

1 1
o [DgRT' } Déﬁf{l+89£l [RT"'ZBRTPg]dDg

(2.33)

* %
The integral is resolved to give the following expression

*
The second term of this equation is really f/fo; but the standard state

is so chosen that f° = 1.

*E . xdx X a
The standard integral IETER = 5 —3-1n (a+bx) is used.
: b
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In £ =1In P + 2Bp - 1ln (1+B 2.34
p Pq ( og) ( )
The third term in equation (2.34) is approximated as
RT In (1+Bpg) = RT Bpg (2.35)

Substituting the resulting expression for fugacity into (2.30) for

the chemical potential

= T) + RT 1n P_ + RT B 2.3
Mg ¢, (M n P, P (2.36)
at the reference state “g = uz, Pg = PZ, hence
o o o
= + RT 1n P° + RT B 2.37
Mg $, (M n P Py ( )

The departure from the reference state, Aug, is obtained from the

difference between (2.37) and (2.36)

*
Ap = u - ug = <RT lna+ BP; 1<) (2.38)

*
The second term Au(c)in equation (2.38) is obtained as follows:
pg RT = Pg (l-Bpg+....) (2.38a)
2
Bp )<<1
(pg)
c o o o
A = B {RT(p - = B[P  (1-Bp + ...) - P (1-Bp +...
Vg {RT(pg-pg)} [Pg (1-Bog* ...) - Po(1-Bog+...)]
o
~ B(P_-P
(g g)
= BAP
g
c o
or Aug = BPg(l-a) (2.38b)
where AP = PZ(I-a) (2.38¢)

g
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where a = relative saturation (Pg/Pg) or

Ay = Ay - A (2.39)

where Au;d is the departure (from the reference state) for the ideal

gas case
id
Aug = -RT Ina (2.40)
and Aug is the correction term given in terms of the second virial

coefficient
mS = - B 2(1-a) (2.41)
g b )

It is seen that whena =1, Au§ = 0 at the reference state.

The variation of B with temperature needs to be known before
Auz can be evaluated from equation (2.41). This is accomplished in
tﬁe next section beginning with the virial equation of state for

water vapor.

2.7 Estimation of the Second Virial Coefficient for Water Vapor

One method of evaluating the error introduced by truncating the
virial equation beyond the second coefficient would be to determine the
magnitude of this coefficient and the deviation from ideality that it
implies. Generally, at low or moderate pressures the virial equation
of state is a fairly good approximation (as indicated later). Such
an equation is applicable for all uncharged (electrically neutral)

molecules, polar or nonpolar, regardless of molecular complexity (P3).
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For real gases, virial coefficients account for the presence of the
intermolecular forces which are nonexistent in the ideal case. 1In

the case of pure components, the coefficients are functions only of
the temperature. The second virial coefficient takes into account
deviations from ideality resulting from the collisions or interactions
of two molecules. For pure, polar gases this is obtained from the
empirical correlation of O'Connell and Prausnitz (01) in terms of the
reduced second virial coefficient and the molecular polarity. The set
of empirical equations, (2.42) through (2.48) are taken from reference
(01).

For a single component

;%; = fgg)cTR) + waﬁ;)(TR) + iR(vR,TR) + A o (Tp) (2.42)
where,
'Subscripts
¢ = critical
R = reduced

H = homomorph*

v = dipole moment
a = association

f(o) = reduced second virial coefficient for fluids with
o wy = 0 (see equation 2.46)

*
A homomorph of a polar molecule is a nonpolar molecule having

approximately the same size and shape as those of a polar molecule.
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(1)
fBR = correction function (see equation 2.47)
*
wy = acentric factor of the homomorph.

The function va is an empirical one and is a contribution due to
the polarity of the molecule to the term on the left side of equation

(2.42). It is given as

2
va = -5,237220 + 5.665807 (lan) - 2.133816 (lan)
3 1
+ 0.2525373 (Inv,)" + = {¢v,} (2.43)
R TR R
where
= ' 2

¢vR = 5.769770 - 6181427 (lan) + 2.283270 (lan)

- 0.2649074 (lan)3 - (2.44)

(valid for vR>4)
The contribution of the last term on the right side of equation
(2.42) is due to the tendency for a component to associate with
itself (dimerize, for example).
A is the corresponding association constant, and for water it

is equal to zero. The function faR is given by

faR = exp [6.6 (0.70-TR)] (2.45)

The functions f(o) and f(l) are as follows :
BR BR

*
This is a macrospic measure of the extent to which a force field

around a molecule deviates from spherical symmetry. Wy (spheres) = 0.
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f(0) = 0.1445 - 0.330 0.1385 _ 0.0121 (2.46)
BR T 2 3
R TR TR

a _ 0.460 _ 0.50 _ 0.097 _ 0.0073
fgr= = 0.073 + 2 3 8

T
R TR TR TR

(2.47)

As mentioned above, fé;) is a correction function and its product with
w gives the effect of eccentricity on B.
Finally, the reduced dipole moment VR (in Debye units) is defined

by equation (2.48)
(2.48)

Substitution of the values for the above functions in (2.42) gives
the second virial coefficient B at a specific temperature. For water,
the following values are obtained for the reduced dipole moment, the

association constant and the acentric factor

v = 1.84D
Y = 0.00

wy = 0.01

The reduced dipole moment is

. . 10° (1.84%(218.4)

R (374.15+273)2 176.55

All of the laboratory sodium diffusion experiments were conducted in
a temperature regime corresponding to the rising part of the resistivity-

temperature curve between 150° F - 350° F (see Introduction). Hence
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the values of B are required within this temperature range. A sample

290o F-is shown.

calculation for T

Tp = T/T, = 0.643;
fp = -0.8347;
£0) (1) = 0.1445 - 0.330/(0.643) - 0.1385/(0.643)% - 0.0121/(0.643)>
= - 0.7486
£Q0)(Ty) = 0.073 + 0.460/(0.643) - 0.50/(0.643)% - 0.097/(0.643)°
- 0.0073/(0.643)% = - 1.0334
R (gas constant) = 82.057 atm-cc/g mole - °K

Substituting these values in the expression for B (2.42) gives

P B
TE—- = 82.057 {-0.7486 + (0.01)(-1.0334) - 0.8437 + 0.00}
c
or
B = - 387.485 cc/g mole

£0) ()

The values of the functions va’ BR * "BR and the second virial co-

efficient were calculated at other experimental temperatures and

these are shown in Table 2.1 below.

Table 2.1 Values of the second virial coefficient (B) at various

temperatures.
(0) (1) B
Temperature va fBR fBR cc/g mole
°c
65.56(150)* -1.47108 -1.07740 -2.8576 -626.603
98.89(210) -1.16494 -0.91280 -1.7650 -509.487
126.67(260) -0.94981 -0.80430 -1.2497 -429.544
143.33(290) -0.83470 -0.74860 -1.0334 -387.485
157.22(315) -0.74520 -0.70645 -0.8879 -355.122
176.67(350) -0.62960 -0.65340 -0.7243 -313.718

*
The number in parenthesis is the temperature in degree F.
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It is seen that the value of B increases with increasing temperature.

However, the deviation from ideality decreases as the temperature rises.

This deviation is given by the term Bpg in equation 2.29).

Temperature (°F) IBpgl Deviation
150 2.256x10'2 2.26%
350 8.507x10'3 0.85%

It may be noted that the above correlation is only approximate,
principally because information on the dipole moment is not complete.
For example, the location of the dipole moment on the molecule needs
to be known, in addition to its magnitude.

In view of the uncertainty involved in the above correlation, it
was found necessary to compare values of B obtained by other methods.
Black (B4) has used a van der Waals type equation containing an
attraction coefficient ¢ which is a function of temperature and pressure.
The product of z with the van der Waals constant a is called the molal
cohesive energy. Defining ﬁ as the negative of the residual volume,

one obtains
B = b - az/RT (2.49)

The underlying assumption is that, for the nonpolar components, the
molal cohesive energy at zero pressure at® is a generalized function
of the reduced temperature. For polar compounds, additional terms

are required which contain empirical constants specific to each sub-
stance. The second virial coefficient is given by equation (2;49) and

the value at zero pressure B is related to B in equation (2.42) as

0
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B = ﬁo/(1-p§ (2.50)

0

In the case of water vapor, B is not sensitive to changes in pressure
(at moderate pressures). Further, for gases with molecular weights
= 29 (air, flue gas for example), pBO << 1.

Therefore

B = B (2.51)

Black has published values of B, for water vapor and these have

0
been plotted against temperature in Figure 2.6. The calculated values
of B presented in Table 2.1 are shown in the same graph for purposes

of comparison. It may be observed here that at the higher temperatures
chalculated' are greater than Black's values or, equivalently, that

the O'Connell and Prausnitz correlation predicts relatively larger
departures from ideality. However, both curves indicate the decreasing
effect of the dipole moment with increasing temperatures as also shown
by the magnitude of va in Table 2.1.

The choice of the O'Connell and Prausnitz method was made partly
because of the uncertainty associated with the second virial coefficient
(from a van der Waals type equation) at the higher temperatures where
experimental data are lacking (see Figure 3, reference B4). The
number of fitting parameters used in the first correlation are greater,

also specific values are assigned to the individual (physical) variables

listed below:
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— s Black's values (B4)
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Figure 2.6. Variation of the second virial coefficient (By o‘) with temperature
at moderate pressures. 2
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i) Pitzer's acentric factor, Wy
ii) dipole moment, v
iii) association constant, Yy

It is seen from Table 2.1 that the effect of acentricity [fBR(l)] (due
to the noncentral intermolecular forces) on the second virial coefficient
diminishes with increasing temperature, although numerically it is
greater than both the moment and the association functions.

Section 2.8 deals with the chemical potential changes for the
liquid phase. The generalization that the liquid state is compressible

provides the basis for such potential changes associated with departures

from the reference state.

2.8. Chemical Potential Change in the Liquid Phase

Referring to Figure 2.4 it is seen that fractional changes in the
volume of the liquid (capillary condensate) are far more significant
than those in the gas phase since the gas volume is much larger than
the liqﬁid. This fact, although obvious, is highlighted when one
attempts to extend the range of the thermodynamic equation to extremely
small volumes of condensate. As discussed in Section 2.14 the liquid
is in a state of tension (negative pressure) when the relative satura-
tion a decreases below a certain value @y The volume of the capillary

condensate decreases with decreasing a (Section 2.11), and liquid be-

haviour for a < ao'begins to deviate markedly from its behaviour in

the positive pressure region. Hence, in contrast to the previous sec-

tion, where an a priori assumption of an equation of state for a real

gas is valid for the entire range, Pg = Pgo to Pg = 0, an equivalent

assumption for the iiquid phase becomes meaningless when the liquid
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*
volumes are small. In addition, the Laplace and Young equations do

not apply very well and the equations (although intuitively correct),
are essentially incomplete since they lack terms which are not negli-
gible any longer in this extreme case (Appendix E and Section 2.14).

For "macroscopic" volumes of 1liquid, or equivalently, for relatively
small departures of liquid (chemical) potential f;om the reference state

(Pg not << Pgo), a compressibility equation of state is assumed to hold
oP
Xy = g = (EEDT (2.52)

where x; is the isothermal susceptibility. The non-ideality of the
liquid is due to the finite isothermal susceptibility.

*
Defining relative density n

T (at constant temperature) as

- o '
np = °1/°1 (2.53)

and using the general representation for duT+ at constant temperature

du (¥, dP)p (2.54)

T

The change in the liquid phase chemical potential is given in terms of

the isothermal susceptibility by equation (2.45)

*This is because the equations imply the.invariance of surface tension
with curvature, as mentioned earlier.

**B = compressibility coefficient = -1/v (av/aP)T

1'Hem:efor‘ch nr and Wy are designated by n and My respectively, understand-

ing that the terms apply to isothermal conditions.
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1 +
Aul = fﬂ xldln n (2.55)

Also the change in pressure in the liquid (departure from the saturation

vapor pressure) is given as

1 +
AP1 = p fn xldn (2.56)

Generally, the relative density n does not vary drastically even within
a wide range of liquid pressures (see Table D3, Appendix D). So for very
large values of the isothermal susceptibility (in the ideal case this

is infinite), the numerical values of the integrals in (2.55) and (2.56)
are dominated by Xq- Referring back to equation (2.54)*; for the
"macroscopic" case:

p9 A

J8u = AP+ p?Au; (2.58)

where now Aug takes care of the deviation from ideality which arises
due to the change in n with liquid pressures; It must be pointed out
that though equation (2.58) (as written) is formally correct, it is
valid for liquid states not too far removed from the reference state.
The reason for this lies in the fact that the liquid phase pressure
decreases for any departure from the reference state and the avail-
able empirical relationships between compressibility B8 and the liquid
volumes exist in the range of low to high positive pressures. As is
mentioned later, serious inconsistencies occurred with this approach
which, in effect, amounts to the use of a non-deterministic expression

(between x, and n) over the entire range of liquid states (from one of
1 g q
————————— \
AN

*
du = (vdP)T = dP/p1 where Py is the molar density:
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Equations (2.55) and (2.56) are obtained as follows:

P1 dP1
From (2.54), Aul = [/ o 5
P°. P
1
0
ap, = s, 1 ap
1 Pl 1

Substituting for dp from (2.52)

_ o .1
8Py = oy S xgdn
now
0 .n X,dn
Aul Pl fl 1
o
PN

from equations (2.53), (2.57) and (2

Au = s xldln n

1 1

[p, = 1/v1] (2.57)

p0 p0

1 aP 1
i) (= de / Xdp

P1 ap T 1 1
(2.56)
.56)

(2.55)
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compression to one of tension). As stated in Section 2.1, the validity
of such an approach is questionable (apart from the numerical inconsis-
tencies)* in light of the fact that physical properties (of the
capillary condensate) such as density, surface tension (H3), freezing
point and the latent heat of vaporization are different from those for
a bulk liquid.

An integral expression for Aui is obtained from equation (2.58)

upon substitution for Au, and AP1 from (2.55) and (2.56)

1
c _ .l 1
buy = foxy (5 -1)dn (2.59)
or equivalently
0
nC o= rL S w20 P dp . (2.60)

Where vg is the molar volume of the liquid at the reference state.
Substitution of the values of Aug (2.39) and Au1 (2.58) into
equation (2.27) gives the expression for the change (from the reference

state) in the liquid phase pressure API:

id

(o]
AP, = o) [Aug

c c
1 - Aug - Aull (2.61)

Recalling that K = 0 and Pg = PZ at the reference state, equation

(2.19) gives

AP - AP

g ) (pg° - Py - (pg -P) = -0 K

lg

The final thermodynamic expression is obtained by substituting for APl

*
See Appendices C and D.
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from above into equation (2.61)

o id
o, K = Py [Aug

(o C
- A - A - AP 2.62
1g Mg ull g ( )

Thus the curvature of the liquid meniscus is explicitly given in
terms of the (chemical) potential changes of the liquid and the gas
phases. The individual terms need to be (numerically) known in order
to estimate the mean curvature K. The next section deals with the
evaluation of the chemical potential changes for the liquid phase.

2.9. Evaluation of the Chemical Potential Changes in the Liquid Phase
for Positive Pressures

A quantitative estimate for Aﬁl and Aui at given conditions of
gas phase temperature and pressure* presupposes an algebraic relation-
ship between susceptibility Xp» and the relative density of water n.
As stated in Section 2.8, this information is available either as an

empirical equation or as tabulated data for positive pressures. Kell

and Whalley (K2) have formulated a nineteen parameter polynomial relating

the specific volume of water to its pressure and temperature. This

empirical equation of state is written as:

(7,

3
V. (,p,)/V.(T,1atm) = 1+ X Z X (P, -P
1 1’1 oo 101 i 17°1

1
A) (2.63)

The coefficients a5, of this equation are shown in Table 2.2.

The first few terms of this equation are:

*
This refers to the partial pressure of water vapor (PH 0) At con-
2

ditions other than those at- the reference state; and the state

of the 1liquid for K # 0 is sensitive to PH 0
2
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-6 -9
= 1 - 50.9769x10 (Pl—PlA) + 8.2627 x 10 (PI-P

lA)

2

-13 3 -6
- 9.109x10 (P)-P;,)° + 3.7199 x 10°° (0.1T) (P;-P;,)
- 1.3794x107° (0.1T) (P,-P. )2 +
. . 17P1A e
Table 2.2. Coefficients of the Kell-Whalley equation (2.63).
[T in deg. C., P1 in bars, P,, = 1 atm, V1 in cc/gm}
Temperature First term Pressure coefficients
-6 : -9 2 -13 3
1 107° (P,-Py,) 1077 (P-P 0% 10 (Py-P1,)
1 1 -50.97690 8.2626 -9.109
107 1r 3.71999 -1.3794 2.626
10”312 -7.01760 3.4032 -8.913
10”573 6.00227 -3.6432 11.467
10”714 -3.09041 2.0836 -7.102
10”1075 5.93416 -4.1744 14.841

To determine (Vl(T,Pl) using equation (2.63), the specific volume

of water at each of the experimental temperatures T and (1 atmosphere)

pressure is required.

The available data (K2) in this temperature

range is presented in Table 2.4 and was plotted as shown in Figure 2.7.

The required values of Vl(T,l atm) were obtained by interpolation. In

Table 2.3 are shown the specific volumes and the saturation vapor

pressures at each temperature.

obtained from the graph in Figure 2.7.

These specific volume values were
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Table 2.3, Specific volumes of water at the laboratory experimental
temperatures” and 1 atm. pressure

(o) (o)

Temperature Pg Pg 'VI(T,latm)
[°c (°R)] [atm] (bars] [cc/gm]
65.56(150)* 0.2530 0.2563 1.02130
98.89(210) 0.9616 0.9743 1.04261
126.67(260) 2.4107 2.4425 1.06670
143.33(290) 3.9176 3.9692 1.08351
157.22(315) 5.6821 5.7569 1.09856
176.67(350) 9.1617 9.2824 1.12340**

*

*This value obtained from Perry (P4), Table 2.29, page 371.

Table 2.4. Kell and Whalley Specific Volume - Temperature Data (K2).

Temferature Vt(l atm)

oc] cc/gm]

80 1.029024
85 1.032398
90 1.035928
100 1.043450
110 1.051593
120 1.060363
130 1.069790
140 1.079900
150 1.090734

*
These temperatures are for the experiments conducted in the present
work.
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1
1]
1Q8

1-Q8.

100

50 70 90 10 130 150 170 190 210
T°C

Figure 2.7. Variation of the specific volume of water with temperature at
1 atmosphere pressure.
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Once the variation of specific volume with pressure* is known, all
of the other physical properties needed to estimate Aul are easily
evaluated. Appendix F contains the listing for the computer program
written for this purpose. A summary of the results for three of the
temperatures 65.56° C, 126.67° C and 176.67° C is presented in Table
2.5. The columns of the output consist of temperature T, pressure Pl,

specific (molar) volume v , molar density P relative density (pl/plo),

1
the change in pressure from saturation (APl), isothermal susceptibility
(Xl) and the liquid phase potential change (Aul). The suceptibility

was calculated at each step simply as a ratio of the differences

(AP/Ap)T. Aul was obtained by subsequent integration of equation (2.55).

For each temperature the liquid pressure ranged, in arbitrary
small steps, from the saturation vapor pressure (corresponding to
K = 0) to a low value near zero. In this range the density is virtually
invariant with pressure and the relative liquid phase density varies
at most in the fifth decimal place. Also, the high values of X, are
fairly constant indicating correspondingly low liquid compressibilities.
Thus, the capillary condensate can be considered to be an ideal liquid
under these conditions between zero and ten atmospheres which cor-
responds to the (pressure) range of calculations yielding results

listed in Table 2.5. The magnitudes of Au. in each case are not large

1
and the physical significance of these small numbers become apparent
when compared with potential changes in the gas phase. This is

discussed in Appendix D.

*
The Kell-Whalley empirical equation was obtained for positive pressures

only.

‘- g
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To determine Aui from equation (2.59), a form of the relation-
ship between Xq and n needs to be assumed. The relationship suggested

by the values (of X1 and n) in Table 2.5 is a simple linear one

Xl = K n - K (2.64)

1 2

where
Kl,Kz = empirical constants

The values of Kl and Kz were obtained by substituting for X1 and
n at the ends of the range of pressure (in Table 2.5) and the validity
of equation (2.64) checked by comparing the computed value of Xq with
that obtained from the equation. This is shown in Table 2.6.

The integrated form of Aui after substituting for X1 from above

into equation (2.59) is

$ = K {0.5-n+0.5n°} + K, {1-n+ln n}  (2.65)

To determine the order of magnitude of the correction term Aui, sample
calculations were performed by substituting values for n into equation
(2.65). The results of these computations are presented in Table 2.7.
The values of Xq in the last two columns of Table 2.6 compare

reasonably well, hence the linear relationship given by equation (2.64)
is a fairly good approximation. As a check the liquid phase pressures
(API) were evaluated from equation (2.56) on the assumption that the
isothermal susceptibilities were invariant* in the range of pressures

considered. Hence equation (2.56) can be written as:

*
It is evident from Table 2.3 that this is an approximation.
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_ 0

The values for AP, from equation (2.66) were compared with those from
*
Tables 2.6 and 2.7 . Table 2.8 shows that the linear approximation is once
again, justified. It may be noted that equation (2.66) follows from equa-

Y %
tion (2.58) on the assumption that Aui is small compared to Aul

Table 2.8. Comparison of approximated liquid phase pressures with the
exact (computed) values.

Temperature n X AP AP, from
0
°c) . o 1 1 computed eq%. (2.66)
(dimensionless) (cc-atm/g-mole) (atm) (atm)
65.56 0.9999936 4.0503765x105 0.1400 0.1409
126.67 0. 169 3.4694313x10s 1.5000 1.5000
176.67 0.9995986 2.7684914x105 5.500 5.494

Referring to the thermodynamic equation (2.62) it is seen that for a
relatively small range of positive pressure for capillary condensed water,

the Aui correction term may be dropped resulting in

g, K = p$ [auid - Auz] - AP (2.67)

1g g g

Up to this point, all of the terms (with the exception of the curvature K)

*
In the computer program which was used to obtain Tables 2.6 and 2.7,
a step size for the liquid pressure was initiated to determine X1 and
c
Aul.
L L]
Actually both equations (2.64) and (2.66) are implied by the assumption

that water is very nearly an incompressible liquid in this pressure range.
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in an equation such as the above, can be calculated. The next section

considers the evaluation of the radius of curvature of the liquid men-

iscus. The results are tabulated for each of the temperatures at which

the laboratory experiments were conducted.

2.10. Application of the Thermodynamic Equation.

Once the second virial.coefficient is known at the various tempera-
‘tures, the chemical potential departure Auzi(from the reference state)
and the correction term Au§ are readily evaluated. For values of the
relative saturation, a, fairly close to unity and for high temperatures,
the following approximationshold (see equations (2.38c), (2.40) and

(2.41):

APg << |RT 1n qof (2.68)

c id
Au_ << Ap
g

. (2.69)

Equations (2.68) and (2.69) simplify equation (2.67) to the familiar form
of the Kelvin Equation

-RT 1n (P /PO)
K = —— 8 8 (2.70)

where
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To evaluate equations (2.62) or (2.70) the surface tension, o o2 needs

13
to be known as a function of temperature. This was obtained by inter-
polating data available for the air-water (I1) interfacial tension at

various temperatures. The results of the interpolation are shown in

Table 2.9.

%*
Table 2.9 Temperature - Surface tension Data

Temperature Surface tension
(°c) (dynes/cm)
65.56 65.20
98.89 59.06
126.67 53.52
143.33 49.93
157.22 46.73
176.67 42.14

A sample calculation to evaluate the liquid meniscus curvature
from equation (2.62) is shown below. This computation also demonstrates
the relative contributions of the individual terms to the left side of

the equation.

atm 1

X
dynes/cm 9.867x10"/ atm/‘—lﬂgf‘-
cm

(K]

*
It should be noted that these values for °1g are substituted into
equation (2.62) at all partial pressures (of water vapor) thus

implying their invariance with curvature.
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T = 65.56° C; P, = 0.23207 atm; pg° = 0.25297 atm
Vl° = 1.0213 cc/gm; B = -626.603 cc/g-mole
and Ulg = 65.20 dynes/cm
molar density po = —_é— = 0.05435 g-moles
V1 x 18.016 cc
P
1. Relative saturation a = —%- = 0.92094
P
g
. id
2. Gas phase potential change Aug :
id 1"
id _ - cc-atm
bu® = -RT Ina = 2289.18 SoETR

3. Correction due to the second virial coefficient:

Cc

A
g

o
-BP° (1-
g (1-9)

12.532 cc - atm/g-mole

4. Correction due to liquid phase nonideality:

>
=
1}

1 -1
fn X, (n "-1) dn

-6, **
0 {10 "} cc - atm/g-mole

5. APg 0.02 atm

Substitution of these values into equation (2.62) for the mean curvature

yields

*
T% is in degrees Kelvin.

* %
Order of magnitude.
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6

K = 1.9227 x 10° em”!

Mean radius of curvature R - %- = 104.02 Angstrom units.

As indicated by the value of a, the calculation above has been
done for water vapor pressure close to saturation. The magnitude of
the radius of curvature is high (compared to molecular dimensions),
however the liquid meniscus is sharply concave when compared to a flat
surface (R = =; the reference state). The gas phase chemical potential
(Aug) is the dominant term on the right side of equation (2.62) and at
low* temperatures and pressures close to saturation Au; and APg are
small. Since these terms are small the Kelvin equation applies for
small departures from the reference state.

A computer program was written to evaluate the radius of curvature
for all the experimental temperatures (Appendix F). The procedure
followed was similar to the above calculation, however the liquid
potential correction temm Aui was neglected all through the entire
range of values of the relative saturation a*f A summary of the
computation results for T equal to 65.56o C, 126.67o C and 176.67o C
is presented in Tables 2.10-A,B and C respectively.

In each of the three tables, the gas phase chemical potential
correction term Aug is no more than a maximum of 8% of the ideal
potential change Au;d. Hence for relatively small changes of the
liquid phase (potential) correction Aui at moderate temperatures

(so that APg is not significant):
K « -RT 1n «

*
Corresponding to cold precipitator temperatures.

**
The validity of this assumption is discussed in Section 2.14 of this

chapter.
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so that

@ « exp [-g% (2.71)

The variation of the radius of curvature R (in the last columns
of Tables 2.10-A,B and C) is significant in that it decreases over many
orders of magnitude over a small fraction of the change in the relative
saturation a. As discussed later, this observation is particularly
relevant when simultaneous changes in the liquid potential Bu,y and its
correction term Au; are compared with such non uniform changes in R.
Table 2.10 shows the variations in R for all of the experimental temper-
atures. The range of o spans the partial pressure of water vapor
(PHZO) from zero atmospheres to the saturation pressure. It might be
noted that the radius of curvature decreases very rapidly with small
departures from saturation. Table 2.10 shows values of a at which the
radius of curvature has decreased from infinity (at saturation) to 100

Angstrom units.

Table 2.11 Relative saturation a at experimental temperatures
corresponding to the decrease in R from infinity

to 100 A°.
P .
Temperature _H,0 at which

(°0) R £ 100 A a
(atm) (Pg/Pg™)

65.56 0.233 0.9209
98.89 0.890 0.9271
126.67 2.260 0.9378
143.33 3.690 0.9413
157.22 ' 5.380 0.9472

176.67 8.720 0.9520
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The variations of Au;d and R with a are illustrated by the curves
in Figure 2.8. In agreement with the above, it is seen that a change
of 10A° unit in R at about 10A° radius requires a change of 30000 cc-
atm/g-mole in Au;d,as opposed to 160 cc-atm/g-mole required to go from
an R of 110 A° to 100 A°. Since Aug is comparatively small, changes
as large as this in the chemical potential below about 20 A° (see Figure
2.8) reflect on comparable changes in the liquid phase potential by
virtue of the two phase equilibrium condition expressed by equation
(2.27). Such an effect on the small volumes of liquid leads to a
speculation upon the invariance of the physical properties of the
capillary condensate.

Since the Kelvin equation (2.70) is so widely used to determine
the meniscus curvature under such conditionms, it is appropriate to
compare results with the more exact equation (2.62). It may be noted
here that differences between the two are only due to the additional
terms Auz and APg,since Au§ has been omitted in the calculations lead-
ing to the results in Tables 2.10-A, B and C. A comparison of the
values of the radius of curvature R obtained by the two equations is
shown in Table 2.12.

In regard to Table 2.12 the following specific observations may
be made:

i) In each case, the deviation decreases with a since this
decreases the magnitude of APg (equal to Pg - Pg) and Aug;
both terms being positive and the Kelvin equation better
approximates the more rigorous equation (2.62). Similarly

the deviation is greater for the same relative saturation
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Figure 2.8. Variation of gas phase chemical potential (Augid) and radius of
curvature with the relative saturation.
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at the higher temperatures.

ii) At a given temperature, the radius of curvature of the liquid
meniscus increases as the vapor pressure approaches satura-
tion. The volume of the condensate is sensitive to changes
in the partial pressure of water vapor (see also Figure 2.8)
and decreases relatively slowly with a rise in temperature.
Furthermore, it is evident that decreasing partial pressure
will cause the curved meniscus to recede leading to a
decreasing radius of curvature and liquid volume owing to
the restriction of tangency (contact angle of zero) at the
circles of contact between liquid and the solid spheres
(Figure 2.7).

This section concludes the thermodynamic analysis which led to the
results presented in Tables 2.10-A, B and C. It must be recognized,
however, that this analysis is not complete in as much as restriction
of liquid phase ideality needs to be investigated*. In recognition of
this fact, it is necessary to identify the physical (and numerical)
significance of the variables that are pertinent to the liquid phase.
The next section deals with this aspect in connection with the refer-

ence state.

2.11. The Reference State

From Tables 2.5 and 2.10it follows that, corresponding to a partial

pressure P > there exists a unique set of values for the parameters
—_ £

*
An extension of the thermodynamic analysis, pertaining to this assump-

tion, has been presented in Appendices C, D and E.
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that characterize the gas and the liquid states. A given set of
conditions for the capillary condensate is defined for this system
by any one of the following inter-related parameters for the liquid
phase.

i) The chemical potential departure Au, or the pressure

1
specified by AP,
ii) The isothermal susceptibility Xq
iii) The curvature of the liquid meniscus K
iv) The liquid density Py incorporated in the definition for n.
As mentioned above, all of these properties relate to a unique

value of a for the thermodynamic system. For purposes of computation

the liquid and gas states are related by equation (2.27)

Aug = Aul
or
id c
A -4 = A
Ug lig 111
BP; (1-a) - RT 1lna = fi X, dln g (2.72)

It is seen that a equal to 1 corresponds to the lower limit of
the right hand integral n = 1. This defines the reference state for

the liquid phase in terms of the gas phase:
K = 0;P = P% n = 1, (o, =02)
= ’ = s N = )pl-pl

Hence the reference state liquid density belongs to a capillary
condensate with infinite radius of curvature in thermodynamic equilibrium
with its vapor at the saturation pressure for a given temperature.

A unique value of a for each n is obtained by solving equation
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(2.72) after evaluating fhe right hand integral.

In the context of the objective of the work presented in this
chapter, it is necessary to ascertain the fraction of the particle
surface that is in contact with the capillary condensate. This pro-
blem is dealt with in the next section, where the geometry of the

model, depicted earlier in Figure 2.4, is specified.

2.12. Estimation of the Dimensions of the Capillary Ring

A complete quantitative description of the extent of capillary
condensation requires that the dimensions (volume for example) of the
circular ring of liquid surrounding the area of contact of two particles
be specified (Figure 2.4). The general problem for the cases where
the contact angle is not zero (M4), and where the liquid gas interface
is not spherical (F5),results in solutions for the liquid volume in-
volving the iterative computation of incomplete integrals (M4). The
geometry is greatly simplified by imposing the following three
restrictions:

i) The interface (liquid - vapor) is spherical.

ii) The angle of contact 6 is zero.

iii) The mean curvature K (of the liquid meniscus) corresponds
to a mean radius of curvature R given by 2/K and which by
definition is the same in both planes of the capillary
ring (Figure 2.5).

Figure 2.9 shows the co-ordinates for the capillary ring around
the point of contact specified by (0,0). The dimension X, corres-
ponds to the lower limit below which condensation cannot occur. This

limit is specified by two physical restrictions and these have been
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N ' Gss - Water Vapor Mixture

(o, y') __________ Liquid—= Vapor Interface

0, Yg)
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Capiliary Condensate
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Liquid- Solid
Interface o

Angle of Contact = O

Solid Sphere

Mean Radius of Curvature of Liquid Meniscus

2
-
n

Radius of Spherical Particles

Figure 2.9. Geometry of the capillary ring around the
solid spheres.
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discussed in Section 2.14.
The volume of the capillary condensate (Vl) is determined by
rotating the circular interface profile around the y axis and sub-

tracting the volume of the solid spheres included in the process (VS)

Y1 .2
V. = 2/ " mx“dy (2.73)
m Yo
where
Vp = volume obtained by rotation of the

meniscus

For a spherical profile y is known explicitly as a function of x;

y = NRZ - (op)2 (2.74)

Substituting for y into (2.73)

X 2
Vo= -anst %ﬂ&’z‘ (2.75)
0 R°-(x-b) .
where
X, = R1 siny
y; = R1 (1-cosy)
also
y; = Rsin (5 -¥) (2.76)
. . "1
C ¥ = cos (RI/R+R1) 2.77)
and

x; = R, sin {cos™! (R1/§+Rl)} (2.78)
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R, - ¥
$ = cos™! {-31{—-11} (2.79)
1
Yo is the coordinate corresponding to the lower limit.
R, - ¥
and X, = R, sin {cos™} (—lﬁ———ga} (2.80)

1
Expression (2.73) for Vm can be resolved by means of the standard
integral tables (T2) to give the following result for the indefinite
*
integral 1I.
2

I’[{'z'

3

e 2
ab + (2%529 (sz + a)} sin-1 (Pﬁig - {g—-- (

220y (x+3b)
+ %34 VB] ' (2.81)

*

The solution for the general indefinite integral is given as

m : m-1 ' m-1 m-2
X dx _ 1 (X _ (Zm;n)b X dx - (m-1)a X5 dx]
/;5' (m-n+jc  vpn-2 /;5' /;E
(2.82)
where
B = a+ blx + cx2 (quadratic term in the denominator of integral)
a = R% - b2, b, = 2b, c= -1 (<0)
and
dx -1 1N
f[— = — sin =~  — (2.83)
VB -c /:Té
where
- _ 2
Al = dB/dx A, = dac - b1 <0
I = le xz(x-b!dx (2.84)
0 v52

R2- (x-b) >
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and
X

1
v, = 2 [I] X, (2.85)

The volume of the spheres included in the above integration is

Y1 12
V. = 2/~ mx" dy (2.86)
Yo

Let Al be the running variable from 0 to ¥ then

~
]

. 1
Rl sin ¢
for a spherical solid surface

tan wl dx

dy

R1 sin wldw

Substituting into (2.85)

2n s¥ Rf (sin®}) sin ! dy

<
"

2m Ri L% - cos Y + %-cos3 v} (2.87)

The abbreviated expression (2.85) for Vm also contains volume of the

solid spheres included in the rotation. The liquid volume V1 is then

given by (2.88).
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Volume of capillary condensate V1
vV, = V -V (2.88)

Equations (2.76) through (2.80) and (2.88) yield the parameters
needed to determine the extent of condensation. It may be observed
that all of these parameters are given in terms of the known quantities
R and Rl' As mentioned earlier in this section the three assumptions
of spherical interface, contact angle of zero and mean curvature K
simplify the problem considerably. In general, for a non zero angle
of contact 6, the normals to the solid-liquid and liquid-vapor inter-
faces are not collinear so that the radius R (Figure 2.7) makes an
angle 6 + Yy with the y axis. The resulting elliptic integrals re-
quired to solve for the condensate volume have a modulus and an
amplitude which are functions of

i) The filling angle ¥

ii) The modular angle e'*
iii) The mean curvature K

In view of the overall resistivity model and the restrictions
imposed upon it as discussed in general in Chapters 2 and 3, and in
particular in Chapter 4; not all of the features of the condensate
ring are needed. Specifically, the linear dimensions of the ring

given by the coordinates X5 ¥ and x are required to calculate

0’ Yo
the extent of coverage of the particle surface. This enables one to
determine the fractional '"dry surface' length over the circumference

of the particle and along the externally imposed voltage gradient.

»*
The modular angle 6' = m/2 - (8+y)
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Furthermore, the migrating ion encounters a larger "effective' contact
area between two particles due to the presence of a ring of liquid.
As a result of these two effects the overall particulate layer resis-

tivity is modified.

2.13 Summary

The physical model for capillary condensation described has been
assumed to be fairly ideal and has gone through several stages of
development with the objective of determining the size of the liquid
ring around the region of contact. As such it is appropriate at this
stage to recapitulate the procedure used and identify the dependent
and independent variables.

The closed, isothermal and reversible thermodynamic system was
defined with all of the attendant assumptions,and the total (llelmholtz)
free energy change dA was expressed in terms of the individual bulk
phase and interfacial free energy changes. For the case of an inert,
adsorbent solid; dA was given in terms of the liquid and gas phase
properties only. The simplified equation was compared to the hydro-
static equation (2.17) containing the mean curvature term, and this
resulted in the Laplace and Young equations. The changes in pressure
from a reference state for the real gas (water vapor) and liquid phases
were related to their chemical potential departures also from the
same reference state. Substitution of these latter relationships into
the first of the Laplace and Young equations gave the sought after
thermodynamic equation relating liquid meniscus curvature to the gas
and liquid chemical potentials.

The ideal phase chemical potential terms as well as the terms
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arising due to nonideality were determined from the virial equation

of state for the gas and the compressibility equation of state for the
capillary condensate. The magnitudes of each of these terms were
computed for the range of temperatures at which the laboratory (alkali)
ion migration experiments were conducted. The significance of each of
these terms was briefly mentioned, and, particularly, the importance
of the liquid phase chemical potential correction term Aui, for small
liquid volumes, was underscored. It was also noted that, in such
cases, the assumption of constant (bulk) liquid phase properties was
not rigorously valid.

For a given equilibrium state specified by the relative satura-
tion a, equation (2.72) related the gas and liquid chemical potentials
and permitted the simultaneous estimation of the individual phase
properties. Based on this the reference state was defined. The
physical significance of decreasing a was indicated in that the radius
of curvature of the meniscus decreased as it receded back into the
"macropore'.

Finally, under the assumptions of spherical geometry for the
liquid-gas and liquid-solid interfaces it was shown that the dimensions
of the condensate ring could be estimated from known quantities R and
Rl’ These dimensions need to be known in order to determine the
"effective' particulate layer resistivity. The radius of curvature
R is obtained from the thermodynamic equation (2.62). The terms on
the right side of this equation are functions of the relative satura-
tion and the ambient temperature. It follows, therefore; that the

temperature and the partial pressure of water vapor are the independent

variables. The total gas phase pressure is also an independent
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variable and is reflected in the Kell-Whalley empirical equation

(2.63) for liquid volume V1

and temperature. However all of the laboratory experiments were

which is given as a function of pressure

conducted at approximately one atmosphere pressure and the errors
arising due to this, in the evaluation of VP are negligible. The

*
particle size R, is a controlled variable which together with inter-

1
mediate dependent variable R gives the required dimensions X and Y1
respectively.

The thermodynamic analysis presented in this chapter is discussed

in the next section. The discussion is primarily confined to the

extension of this analysis to molecular volumes of condensate.

2.14. Discussion

The model assumptions that have been made in the course of develop-
ment of the thermodynamic relationship [equation (2.62)] need to be
examined in the light of the results that have been tabulated in
Tables 2.10-A, B and C. The basis of such an examination lies in the
correspondence between the numerical values of the relative saturation
a, and the chemical potential departures (from the reference state)
for the liquid (Aul) and the vapor phase (Aug) respectively. As
shown later (and discussed in Appendices C, D and E as well), a
simultaneous comparison of these three quantities brings forth
several important features of the capillary condensation process.
These features help determine the extent of the feasibility of the

calculations which lead, ultimately, to the values for the mean radius

*The mass median diameter of a well mixed sample of the fly ash was

used as the mean particle size.
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of curvature of the meniscus of the capillary condensate.

A key characteristic of the development of the thermodynamic
model presented in this chapter is the formulation of the concise set
of equations (2.19) and (2.20) and equation (2.21) for water. These
relationships, generally known as the Laplace and Young equations of
capillarity are not unique to this development -- indeed, more general

derivations have been recognized prior to the publication of Melrose

(M4, 1966).
Pg - P1 = cng (2.19)
Oy - osg = olg cos 6 (2.20)
<1 ” csg = clg (2.21)

Equation (2.19), in particular; relates the pressure differential
between the two contiguous fluid phases directly to the liquid surface
tension and meniscus curvature.

The system (illustrated by Figure 2.4) is considered to be isother-
mal, reversible and closed. The total Helmholtz free energy in Section
2.4 was shown to split into internal and external free energy changes.
These changes are associated with the thermodynamic work done within

and without the boundaries of the system respectively,

total dAexternal * dAinternal (2.89)

The net internal free energy change was shown to be zero for such a

system, and dA,

internal in turn was decomposed as follows:
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dAinternal = dAliquid * dAsurface =0
volume
(2.90)
hence
ldAliquidl = IdAsurfaceI (2.91)
volume

Thus the change in free energy due to a decréase or increase of
condensate volume is exactly counterbalanced by an equivalent change
in the surface free energy. This argument assumes that no part of
the solid moves* such that an energy exchange takes place with the
surroundings as a result of changes in the condensate volume. It may
be noted at this stage that the surface energy contribution to the
internal free energy change is shown in equatioh(Z.lQ to be associatéd
with the change in the interfacial areas only.

Perhafs one of the more important implications of the thermodynamic
analysis of the earlier sections results from its extension to molecular
volumes of the capillary condensate within the macropore. The state
variables that specify a liquid state (and some of its physical proper-
ties**) are ascertained reliably by such an analysis (beginning with
Section 2.4) which, owing to its very nature, is valid for macroscopic
volumes of condensate. However, when statiscally large numbers of

liquid molecules are not present, the foregoing analysis must be

*
The solid is assumed to be incompressible (rigid) for the capillary
condensation process only.
*d - ' .
The liquid surface tension, for example, is given as a function of

the curvature (Appendix E).
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subject to refinements (or modifications); indeed, the question whefher
the condensate can really exist needs to be resolved. This question
becomes increasingly important as the water vapor partial pressure de-
creases, and this results in smaller liquid volumes as noted at the

end of Section 2.10.

There are two independent features that predict the existence of a
lower limit below which capillary condensation cannot occur. The first
of these results directly from the dimensions of the macropore. By
moving into the pore from its open end (Figure 2.9), it is seen that
when the pore dimension (in the y direction) equals the molecular
size of the liquid, no further condensation can occur. This is visua-
lized in analogy with the fact that the condensate meniscus recedes
into the pore as the relative saturation a decreases. Hence this limit
is specified by the radius of curvature R when it corresponds to the
molecular diameter of water.

The second feature which predicts the lower limit (of capillary
condensation) results from the fact that the isothermal susceptibility
(xl) is a function of the liquid relative density n*. A linear form
of this relationship, valid for values of a (Pg/Pgo) close to unity,
is indicated by equation 2.64. For a general case (as also for lower
a) this relationship is nonlinear, however X1 and n still vary in the
same direction as a. Hence, as the partial pressure of water vapor

decreases (decreasing a), X, decreases, and ultimately a value of a

1

is reached where X1 vanishes. The liquid becomes mechanically unstable

*
This is shown in Table 2.3 where n varies with the liquid pressure,

and hence X1 changes as well.
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at this value of o and this point is identified as the point of rupture
of the liquid. This has been discussed in detail in Appendices C and
D where this point is associated with the limit of metastability (Figure
C.1) on the van der Waals isotherm.

The partial results of the computations for the liquid phase are
presented in Table 2.3. For each temperature, the value of AP1 (equal

o
to P
g

- Pl) does not exceed the corresponding saturation pressure
Pgo, hence for the range of results in this table the liquid pressure
is always positive. When AP1 equals or exceeds Pgo, it follows that
the liquid pressure is zero or negative, respectively, and the value
of a corresponding to this state of liquid-vapor equilibrium is given
by equation 2.72 as

1
Bpg° (1-a) - RT Ina = f x; dlnn (2.72)

The right hand side of this term is equal to Au,, and for the

1’
range of pressures in Table 2.5, it is seen from the results in Table

2.7 that
Bl << dwg

so that the following holds (see equation 2.56)

Au;d (2.92)

1]

Bpg° (1-a) - RT 1lna

1

0
APl/p 1

The relative saturation o and the liquid phase pressure AP, are

1

- Au, values were taken

in Figure 2.10. The AP 1

plotted against Au

1 1
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fr&m Table 2.5 (for a temperature of 126.67° C). The point A on the
plot identifies the value of Au1 for which AP1 = Pgo or, equivalently,
P1 = 0. Equation (2.92) is solved for Auid for various values of a
and the results are plotted on the graph to give the point B which
corresponds to the value of a at which P1 = 0. Hence at this fairly
high value of ), (=0.99855) the liquid phase does not experience any
compressive stress due to the adjoining gas. It follows from this,
that for any a < ay; the capillary condensate is in a state of tension.
Although there is no abrupt transition from a state of compression
(positive pressures) to one of tension within the liquid, a decreasing
relative saturation induces increasing tensile stresses in the conden-
sate. As a result, some of the physical properties of the liquid
deviate from the values normally ascribed to the bulk phase (Cl).
Furthermore, the increase in liquid tension is limited to the tensile
strengthf (at a given temperature) at which point the liquid becomes
mechanically unstable.
Melrose (M4)*, in his calculations, has arrived at values for
Aul by extrapolating the linear relationship (2.64) (established for
a state of compression) to high tensile states within the liquid. The

liquid ruptures when Xy = 0, and from equation (2.64) the value of n,

at this point, is given by

3
n

ng = X/l

+This is the maximum theoretical tension a liquid can withstand before
rupturing.

*

The author has used argon and an inert solid as the absorbate - absorbent

system (M4).
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Program Liquid (listed in Appendix F) was modified to calculate
Buy for values of n up to o The results obtained, however, were
inconsistent with the expectation that X1 vanish when n decreases to
its final value of no*. A typical set of results, for a temperature

of 65.56° C is presented in Table 2.13.

Table 2.13. Parameters for the liquid phase H,0 near its estimated
point of rupture [calculated from“equation (2.64)].

P v n

L cl o APl Xq Aul
(atm) (—E (= (atm) (cc-atm) (cc-atm)
gn p? g-mole g-mole
n-3275 1.2855 0.7945 3275 2.376x10° 8.089x10°2
n = Ky/K, = 0.7954

It is evident from the results in the table above that X1 is far
from zero at n close to Ny Also, Ault* is smaller than would normally
be expected for a volume of liquid that has undergone a large pressure
variation from about 0.25 atmospheres (Pgo) to minus 3275 atmospheres
(tension). The immediate conclusion to be drawn here is that an
empirical relation such as (2.64), upon which i is based, is far

too simplistic and is valid, at best, for a limited region of partial

*
It may be noted here that the empirical constants K, and Kz are

obtained for the range of positive pressures only (see Table 2.6)

d
Aul is zero when n =1 (P1=Pg°) at the reference state.
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pressures (beginning with Pgo).

Xy = Kln - K2 (2.64)

A linear interpolation between X1 values was also not possible
when empirical constants Kl and K2 were based on the entire range
a=1toa= a- This kind of an interpolation assumes, of course,
that the computation procedure (leading to numbers such as those in

Table 2.13) is appropriate, in particular, that the Au, values are

1
correct.

In view of the above, the overall problem mentioned here' appears
to stem from the compressibility equation of state for the liquid. A

" _
modified form of this equation, stated earlier, is as follows:

_ o .1
AP1 = P In Xq dn (2.56)

An analytical evaluation of an integral such as the above [see
expression (2.55) for Aull presupposes a relationship between the
isothermal susceptibility Xy and the relative density n. Quite
obviously this is not known, and the process of determining this for
the region of (liquid) tension is equivalent to searching for another
equation of state which is valid for this region. In effect, this
amounts to substituting an "empirically fitted" compressibility
equetion (of state), which is obtained from the pressure-volume
(constant temperature) data generated by the foregoing alternative

equation of state.

*
This is obtained from the generally recognized form:

Xy = - l/ogB = (3P/3p)q (2.52)
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The isothermal susceptibility (or compressibility) of a liquid
can be determined from an empirical relation typically given as

*
follows (V1) :

= ¢ + P - P2 (2.93)

°1 17 %M1 T %3

20 and c, are given as functions of temperature, Normally
and 0 (M) of {c2} = ¢

where ¢ys

¢ >> % 3 3

The empirical equation for susceptibility [x1 = (3P1/3°1)T] is

>> C

obtained from (2.93) and given as,

Gso)p** = (e, - 2¢4P)) (2.94)

Substituting the quadratic solution for the liquid pressure P1

[from equation (2.93)] into (2.94) gives

X, = 1/[c2 - 2c3 {c2 :_/gg + 4c3 (cl-pl)/2c3}] (2.95)

Although (2.95) is derived from an empirical relationship (2.93),
the nonlinearity between X1 and oy (and, hence, also n = pl/plo) is
evident from the above equation. This may be viewed in contrast to
equation (2.64) over the range of ;r*in light of the fact that the

region of extrapolation (or tension) is not insignificant when compared

with the positive (liquid) pressure region for which the empirical

*
Type of equation used by Melrose (M4) to extrapolate to lower values

of pressure and susceptibility.

* %
Subscript T implies constant temperature.

de kK .
The range of the relative density n extends from 1.00 to o> which

includes states of (liquid) tension.
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coefficients ;s 5 and cg are established.

. An alternative, simpler, expression for X, may be derived from

£
equation (2.93)  and is given as

3P P
K. = (=Y = 1 (2.97)
1 Bpl ( p2
Pi=cy) = e3Py

Hence X > 0 if
i) P1 +0 (2.98)
or ii) ]c3P 2| >> P (2.99)

1 1

This latter condition assumes, of course, that |c3P12| >> (pl-cl)
and Cs is negative. Both conditions (i) and (ii) are unrealistic,
since in the first case P1 tends to increasing negative values (tension),

and in the second case P, would have to be extremely large (far

1
greater than the tensile strength of water). The tensile strength
is discussed and evaluated for various temperatures in Appendix C.

In view of physical property changes of the liquid associated with

its_tensile state and the foregoing incompatibility between state
-1-

1 “1
5-1- = ﬁ + C2 - C3P1 (2.96)
p "'cAl )
(‘l—pl ) - egPp = ey - 2¢5P)
From equation (2.94)
8P1 2
X1 = 3o Pl/{pl-cl) - c3Pl } (2.97)
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relationships valid for the regions of compression and tension, an
expression such as (2.93) for "o is suspect. The use of this expression
or the compressibility equation (2.56) amounts to drawing a physical*
conclusion from an extrapolation of an empirical relation, valid in a
region of positive liquid pressures, to one of high (liquid) tension.
This fact necessitates the adoption of another equation of state that
approximates liquid behaviour for negative pressures. The work of
Benson and Guerjoy (BS5), published in 1949, shows that the simple

van der Waals equation can be used to approximate the liquid behaviour
under such conditions.

This is examined in detail in Appendices C and
D.
As mentioned in the beginning of this discussion, the key to the

validity of the thermodynamic analysis, presented in this chapter, lies

in the correspondence between the simultaneous values of a, Aug, and

Aul. Both Aug and Au1 are given by similar equations as follows,
ideal corfection
A = A - A 2.39
Mg Mg Mg ~( )
A“l - Aul1dea1 + Aulcorrectlon (2.100)
From equations (2.40), (2.41) and (2.58)
dug = -RT Ina + Bpg° (1-a) (2.101)
AP
1 c ;
Aul = — * Aul (2.102)
1

*
That the capillary condensate cannot sustain itself due to mechanical

instability.
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At equilibrium between the liquid and gas phases, the chemical
potentials for the two phases, for any a, must be equal, so that

AP
1
-RT Ina + BP ° (1-a) = —5 + &u € (2.103)
g Py 1

For a equal to say 0.4 and T = 126.67o C, the left hand side

(Aug) is equal to 2.94x104 cc-atm . Assuming, therefore, that Aulc

.g mole ‘
is small compared with Aullg*, the value of AP1 would have to be very

large so that equation (2.103) holds. Added to this' unreasonably

large value is the fact that both equations (2.56) and (2.64), predict

c
1

temperature.

Au << Auid even at the tensile strength of the liquid at that
The above inequality stipulates that the liquid is ideal at
large (negative) pressures corresponding to the tensi}e strength of
the liquid, at a fixed temperature. Recalling that the liquid volume
decreases with the relative saturation o (increasing tension), de-
viation from ideality of the liquid is much more likely to occur.
The implications of the compressibility equation regarding the mag-
nitudes of By and X; are not self consistent. This aspect of the
argument (against the use of the compressibility equation) is covered
in Appendix D.

In contrast to the compressibility equation, it has been shown
in Appendix E that the van der Waals equation does indeed imply large

deviations from ideality for the liquid phase, when molecular volumes

*
Which indeed the compressibility equation predicts (see Appendix

D).
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of the capillary condensate are involved. Furthermore, the van der Waals
equation also allows the estimation of the tensile strengths of liquids,
for fixed temperatures. These have been tabulated in Table (C.2) in
Appendix C.

The liquid potential change (from the reference state) was given
earlier [equation (2.102)] by an ideal term Aﬁlid, and a correction
term to account for the fact that the liquid is not truly incompressible.

APl c
Aul = — * Aul (2.102)

°1
An order of magnitude calculation of the terms in the above

equation for T = 126.67° C and a = 0.4, yields the following results:

Aul = Aug = 2.94 x 104 cc - atm/g-mole

Tensile strength (at 126.67° C) of water, from Table C.2, Appendix C} =

500 atm.
]APll = 500 + 2.4 = 502.4 atm

plo (from Table 2.3) = 0.052 g-moles/cc

Aulc = 1.97 x 104 cc - atm/g-mole

Hence, Aul at a = 0.4 exceeds the maximum* value of AP /plo so
that even Aulc exceeds the ideal term contribution. Consequently,
the utility of an equation such as (2.102) where the correction term
exceeds the magnitude of what should be the dominant term (Auéd), is
*API/plo is computed at the tensile strength of the liquid to illustrate

the point being made here.
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limited to a fairly small range of a. It may be noted here that the
potential changes given by (2.102) are associated with free energy
changes given by pressure - volume type work terms. This observation
is especially pertinent when considered in light of the fact that
smaller volumes of the capillary condensate are present at the lower
partial pressures (of water vapor). Furthermore, varying interfacial
tensions and the resulting surface free energies involved at the
liquid-solid and liquid vapor interfaces assume increasing importance*.

The variation of surface tension with curvature has been investi-
gated by several workers (H4, for example) and one form of the dependence
of °1g upon K is shown and discussed in Section E-2, Appendix E. This
fact does away with the assumption of the invariance of surface tension
used to formulate the Laplace and Young equations (Section 2.5), which
are intermediate in the development of the final thermodynamic expres-
sion for the radius of curvature.

Referring back to equation (2.11), the modified expression of

total (system) free energy change becomes

dA = -Pg dv + (Pg-Pl) dV1 + (osl—osg) dﬂsl + Qsl (dosl-dcsg)

+ olgdnlg + ngdolg (2.104)

The above expression takes into account the change in the inter-
facial tensions, and equation (2.15) for the internal free energy

change is rewritten in a similar manner as

*
See Appendix E.
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= (Pg-Pl) dV1 + (osl-csg) dQs + Q (do_,-do_ )

int 1 sl sl ““sg

+ Ulg dng + ngdclg (2.105)
It should be emphasized here that equations (2;104) and (2.105)

may not be complete in themselves as far as the inclusion of all con-

tributing (free energy) terms are concerned. However; even a qualita-

. tive approach to the extension of such a system of thermodynamic and

hydrostatic equations to meniscus curvatures corresponding to molecular

sizes necessitates the inclusion of the curvature effect on the spread-

ing pressure: and a modified hydrostatic equation [Appendix E, equation

(E.8)]. 1In light of this, the first of the Laplace and Young equations

(2.19) for the molecular- (l1iquid volume) region should be of the

following form:
Pg - P1 - ¢1 (ong) = 0 (2.106)
where ¢, is an explicit or implicit function given by

¢, = 9, {olg,osg,nlg,K} (2.107)

The calculation procedure, shown earlier, to evaluate Aulc
involved, first, an estimation of Aug. This is because the gas phase
potential change is explicitly given, once the temperature and the
relative saturation are fixed. This was then equated to the right hand
side of equation (2.102) which consisted of two terms involving pressure-

volume free energy changes only. It was then concluded that Auid was

*
Surface tension



111

low enough so that Aulc dominated and the liquid was therefore
non-ideal. This tentative conclusion is implied by the van der Waals
equation (Appendix E). However, in light of equations (2.104), (2.105)
and (2.106), it is logical to deduce that the total liquid potential
change (Aul) is also associated with the surface free energy contribu-
tions, in addition to the P-V terms. These contributions become
important at small liquid volumes and this, perhaps, is suggested by
the (relatively) low value of APl/plo (Auid) itself which, as seen
earlier, cannot numerically account for the magnitude of Aﬁg (equal

to Aul) outside of a small range of a.
Assuming |BP, ‘(1-a)| << |RT Inal (2.108)

a threshold value of a, equal to a, is defined as

1

@ = exp [-Aul/RT] (2.109)

The significance of ay is that it is the lower limit to the range
(mentioned above) of the relative saturation over which equation
(2.102) holds. The criterion here is that below o = al,Aulc is
acceptably small* such that it is low compared to APl/pco. Below

@ =a,, therefore equation (2.102) is essentially incomplete, and
must at least include thermodynamic potentials associated with changes

in clg and ng (solid-1iquid contact area).

*
In the context of this discussion this is arbitrary.
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Thus
AP1 c
Aul = = ¢t f (csl’ ng, K) + Aull (2.110)
1
where
f = a function of the variables indicated
Auil = modified correction term.

The significance of Auil is evident in equation (2.110). How-

ever, it is important to recognize that now
c c
Buy; < By (2.111)

so that the capillary condensate may not be as non-ideal as stated
earlier, and as the van der Waals equation purports it to be
(Appendix E).

It was stated, earlier in this section, that there are two
physical limits that need to be examined to assure the existence of
the capillary condensate. These two limits relate to the dimensional
restriction of the pore and the mechanical instability of the liquid.
It is important to determine whether the values of the relative
saturation a at these limits are only marginally different or that
one prevails over the other. The results of the calculations to
this end are presented in Table 2.11 for the six experimental temper-
atures in this work.

The pore dimensional restriction was estimated on the premise
that one molecule of water can fit at the point in question (inside

the pore), such that the linear dimension along the y axis (Figure



113

By = Tiy <mraqrrimbe 2y

*

UOT3IOTIISOX Teuorsudurg 03 Burpuodsariod UOTIBINIBS SATIBRIAY = ua,

UOTIOTIISOI AJTTTIqeISU] [BOTUBYISW = IW

- UOTIOTIISAX [euorsuawrgq = ¥Yd
0T X £48°2 0T X 952°1 952£0°0 291°6 L9°9LT
0T X S8Z°% OT X OvE°T 62120°0 289°S 2z LSt
0T X 2ST°9 GOT X TI¥°T 1¥S10°0 816°€ gesvl
O XTI T 0T X 98¥°T 9$010°0 1§ U A4 L9°921
,01< 0T X 109°T 61500°0 296°0 68 °86
JUS 0T X LLS°T ¥8100°0 €52°0 95°59

8 3 :
(et0u-3/w3e-37) (etou-3/m3e-22) (, 4/ d) (me) 3 ©y)
mz.~=< zn.~;< ¥a, (uorzeinies) d eanjexaduwoy,

‘uotjesuspuc) Axeyrrde) Jo SITWIT OM] 9Yl 3®
(e3e31s 9douUax9Fax woxy) saanjxedeg TeTIUaIOd TEOTWAY) (Sseph Io) prnbr7 ay3l yo sonyep  *pr°Z 2I9qel
L



114

2.9) from one point of liquid-solid contact to another is equal to the
molecular diameter (2.725A°)*.

The entries in the fifth column for u, are obtained from Table
D.2 in Appendix D. In each case, Aul corresponding to the mechanical
instability limit (of the liquid) exceeds the value in column 4 by at
least one order of magnitude. Since a decreases as Au1 (or Aﬁg) in--
creases, it is evident from the results in the table that a receding
liquid meniscus encounters the dimensional limit before the instability
criterion can be met. Hence the sizes of the molecule and the pore
are relatively more important than a consideration of the tensile
strength of the liquid.

The emphasis of the previous paragraph is not so much on the
numerical accuracy of the values of the liquid potential; instead
the main focus is on the fact that the molecular and macropore dimen-
sional restriction prevails over the limit imposed by the rupture of
the liquid. As mentioned in Appendix E, the objective of the work
presented in this chapter was not to arrive at a thermodynamically
complete model of the capillary condensation process. Such a model
would at least begin with a formally complete expression for the
total (Helmholtz) free energy change for the closed system as well as
a generalized hydrostatic balance. The problem would, as a result,
become more involved particularly if the variation of surface tension

with curvature were included.

—
The molecular diameter in this case is taken to be one of the force
constants (collision diameter) for water vapor and this value is

calculated from a modified Stockmayer potential equation (H3).
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The uncertainties involved in the use of the van der Waals
equation to approximate liquid behaviour (in the tensile region)
have been discussed in Appendices D and E. Additionally, the expres-
sions for the surface tension in terms of curvature include the assump-
tion that the liquid is incompressible. Hence, a quantitatively precise

expression for o, as a function of K (without the restriction of liquid

lg
incompressibility) changes the structure of this problem to an implicit
one* since K is then known in terms of an equation of state which is
precisely what the Kelvin equation seeks to determine in a modified
form.

The purpose of Chapter 2 ties into the overall objective of the
work in so far as the (particle) surface coverage by condensate can
be estimated from the known variables. This coverage can be calculated
if the radius of curvature of the meniscus and the solid particle
diameter are known. In this context, it may be noted that the uncer-
tainties involving equation (2.102) do not reflect on the accuracy
of the values of curvature calculated from equation (2.62). This is
true as long as Aufl < Aug*f Such an assumption is not far fetched
in light of the discussion related to equation (2.110). The correc-

tion to the liquid phase chemical potential Auil (which arises due to

compressibility) is therefore assumed to be small enough compared to

*

In contrast to equation (2.67), which is an explicit expression for
the radius of curvature.
*

* . R
Auc should be, at worst, small enough relative to Au_ so that it
11 g

doesn't affect the magnitude of K significantly.
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Aug so that the thermodynamic equation [2.67] is accepted as being
valid.

The principal objective of evaluating liquid chemical potentials
at low values of a was to be able to arrive at the foregoing conclu-
sion regarding the physical limitations upon the existence of the
capillary condensate. Hence, the partial results presented in Tables
2.8-A, B and C for the three temperatures (65.56° C; 126.67° C and
176.67° C) cover the range of the relative saturation that is accepted

as being theoretically feasible.



CHAPTER THREE

EXAMINATION OF THE ELECTRIC FIELD IN THE VICINITY
OF THE INTERPARTICLE CONTACT .

Overview

The phenomenon of capillary condensation of water in the macropores
of a particulate layer was examined in Chapter 2. The presence of liquid
(condensate) affects the bulk surface resistivity, and therefore it was
determined necessary to evaluate the extent of the condensation for a
given temperature, hu idity and pressure. In this chapter, the other
important aspect of high field strengths in the macropore* is investi-
gated. The physical significance of this feature is highlighted by
the non-linear current-voltage (I-V) curve of particulate layers of
fly ash as indicated by the results of Chapter 1.

In the context of the overall problem** this chapter provides the
necessary continuity in the sense that the "electrical behaviour' near
the contact (or macropore) is investigated. In Chapter 2, the 'ther-
modynamic behaviour" (of the system), at the macropore, was examined.
For the purposes of this work, only these two aspects of the particulate
layer are considered. The thermodynamic and electrical considerations
provide a physical (and mathematical) basis for the overall problem.

In addition to this, the resistances that are encountered by a mi-

grating charge carrier (ion or electron on the particle surface) are

%
This constitutes the vicinity of the contact.
**
Of characterizing the bulk surface resistivity of a layer of

particulates.

117
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*
visualized. This is schematically illustrated by Figure 3.1.

It is generally recognized that the non-ohmic behaviour of a
particulate layer of fly ash, under normal operating conditions in
an electrostatic precipitator, partly results from the high field
strengths in the vicinity of the contact between particles (M3).
These field strengths may be high enough to sustain a charge emission
across the gap. This implies a '"region of breakdown' in the vicinity
of the contact, and it is therefore (at least) qualitatively apparent
that the resistivity is modified as a result.

In order to substantiate the phenomenon of electrical breakdown, -
one needs to know the variation of the relevant fields with respect to
position in the gap. These are the field strength at the line** of
the interparticle contact El’ and the field on the particle surface
Es (8). The derivétion of the expressions for El and gs (6) are in-
dependent of each other, however a unique feature of this problem is
the contact or the constriction resistance. Since electrostatic
forces are roughly proportional to the square of the electric field
(W4, M3), the presence of high gap field strengths gives rise to
appreciable cohesive forces within the particulate layer (L1). This
is discussed in Section 3.1 where the interparticle contact spot is
described.

*The resistance due to the capillary condensate, in the macropore, is
not considered in this chapter.

**Although the interparticle contact forms a plane, this is visualized
in the figures in this chapter as a line. The "line of contact" goes

symmetrically through the plane of contact and the term is used in the

following text as a matter of convenience (see Figure 3.1).
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Capillary Condensate
Resistance

/ Charge Emission
il hih

“’4. " - Line of Contact
Constriction Resistance

<«-Surface Resistance

Figure 3.1 Schematic illustration of the resistances
near the interparticle contact.
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The contact resistance is introduced in Section 3.2, where it
is shown that this is the resistance between equipotential surfaces
(inside a spherical particle) that are normal to the lines of force
"radiating'" from the actual contact (or constriction). A simple
expression due to Holm (H1), illustrating this feature,is derived in
this section.

A more formal approach than the above (suggested by Smythe, S4)
is required* for the case where the objective (as in this chapter)
is to ascertain and compare the magnitudes of the field strengths
El and Es (6). This is presented in Section 3.3 where the analysis
leading to the expression for the contact resistance begins with a
general representation of the (oblate hemispheroidal) equipotential
surfaces. The Laplace equation is used to arrive at a second order
differential equation for the potentiali(of an equipotential surface)
in terms of Cartesian coordinates and a characteristic distance
parameter u. This leads to a general (integral) solution, equation
(3.27). The spatial derivative of the potential gives the field
strength at an equipotential surface. For the contact resistance
problem, one needs to know the capacitance between two equipotentials
in terms of the parameter u.:. Sinte capacitance G is directly.
related to the charge (on a surface), the relationship between field
strength** and the surface charge density must be established. This
is accomplished by means of the Gauss law for E field (Appendix H).

Once the capacitance (between a charged surface and an equipotential

in this case) is known as a function of u, the foregoing problem is

*
For the determination of the contact resistance.

* %
Which is given in terms of p now.
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transformed to a (geometrically similar) current or resistance problem.
The current density is given in terms of the potential gradient. Since
the electrical resistance and capacitance are both related to the po-
tential difference, the contact resistance is easily obtained, after
some manipulation, as a function of u only [equation (3.67)].

The final expression for the contact resistance can now be used to
determine the potential and potential gradients (field strength) on the
particle and in the gap near the contact. This is done in Section 3.4
where the axial* field strength, El’ on the line of contact, is given
in terms of the .dimensionless distance from the contact. In Section
3.5 the expression for the axial (particle) surface field strength
Es (8) is derived. The significance of Es(e) is based upon the fact
that it is this field strength that a migrating charge carrier (ion
or electron) experiences on the surface of the particle.

The methods used to determine the fields El and ﬁs (8) was sug-
gested by McLean (M2, M3), however the final expressions differ from
those of the author. The differences between the corresponding results
are discussed in Sections 3.4 and 3.8, in light of the physics of the
problem. In Section 3.6, the field strengths El and Es (8) are numeri-
cally evaluated, and it is shown that both these fields can achieve
the breakdown value. This fact establishes the phenomenon of charge
emission across the gap. From this information, a region of breakdown
can be defined in terms of the particle surface area.

The procedure leading to the results in Section 3.6 is recapitulated
in Section 3.7. The foregoing material is reviewed, in this section,

*
In the direction of the external voltage gradient.
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additional resistance due to the constriction, and is caused by the
narrowing of the lines of current flow at the contact spots (for both
surface and volume conduction). This resistance depends upon the
size and shape of the contact spot. In the absence of any interparticle
forces (electrical or otherwise)*, the contact is theoretically a point
where two neighbouring spheres meet. However, as mentioned in Section
2.2, where the idealized model is described, a resistive body of par-
ticulates experiences cohesive forces when under the influence of an
externally imposed electric field. A theoretical expression for the
"electrical" component of the cohesive force can be derived for the
idealized layer (M3). As described in the Introduction, the magnitude
of the cohesive forces within an electrostatic precipitator partly
determine the effectiveness of the (vibrating or impulse) rapper
that dislodges particles deposited on the collection electrode.

The interparticle cohesive force induces a contact of a certain
area between two particles. This area is related to the force F

* %
between two particles by means of the Hertz equation (Ml):

(075 § (1-v%) F 1/3

a = Y (3.1)
where
8 = radius of common contact between particles
§ = particle radius
v = Poisson's ratio
Y = Young's modulus

*
See reference D2.

* %
See also reference M5.
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from the perspective of the overall problem of characterizing the
bulk surface resistivity of a particulate layer. This is followed by
a discussion of the procedure and results, of this chapter, in Section

3.8.

3.1 The Interparticle Contact Spot

The non-ohmic behaviour of a particulate bed of fly ash, under
normal operating conditions in an industrial electrostatic precipitator,
results from the high electric field strengths in the vicinity of the
contact. Such a behaviour was illustrated by the current-voltage
characteristics of the type shown in Figure 1.3, Chapter 1. It was
8lso pointed out in Section 1.2 that the presence of strong fields*
(E), near the contact of two adjoining particles, explains the pheno-
menon of an air (or gas) gap discharge between the particles.

Referring to Figure 2.2 (Chapter 2), it is seen that an ion or
electron, migrating along the surface or through the body of any
spherical particle, encounters a constriction at the point of contact.
This physical constriction of the lines of current flow across the
layer, is associated with an electrical resistance defined as the
constriction resistance.** This type of a resistance is a common

feature of the theory of electrical contacts (H1).

The constriction resistance, according to Holm (H1l), is an

*

It is shown later in this chapter (Sections 3.3, 3.4), that the magni-
tudes of the field strengths, in the immediate neighborhood of the
contact, is equal to the breakdown value.

* %

The constriction resistance is described, in more detail in Appendix

G.
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It may be recalled here that the particles were considered to be
rigid as far as capillary condensation was concerned (Section 2.2,
Chapter 2; and Section E.2, Appendix E). This restriction is removed
in the present context partly because a well defined deformation
resulting in a (plane) circular contact area can be mathematically
related to a compressive force F as shown in equation (3.1). It is
a plausible assumption at this stage, that the magnitude of this area
affects the constriction resistance since it directly determines the
degree of the constriction of the lines of current flow. It can,
therefore, be expected that the size of contact will also influence
the overall bulk resistivity (of the layer).

The above generalization of particle compressibility implies the
existence of two separate but distinct phenomena:

i) The cohesive forces within a layer

ii) The interparticle contact spots, and their effect on the
layer resistivity.

In as much as particle elasticity is taken to be a generalization,
it has been stipulated above that the resulting contact spots are cir-
cular with a well defined radius. Such a stipulation is a restriction
which simplifies the mathematics of the problem (Section 3.3). One
method of determining a simplified general expression for the contact
resistance between two resistive bodies involves the representation
of the contact spot by a (relatively) small conducting sphere, and
this is presented in the next section. In the context of the analysis
in Section 3.2 (and in subsequent sections as well) it may be borne
in mind that electrical breakdown* of the air or gas, in the vicinity

*
Hence, also an air gap discharge.
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of the contact, is not mentioned (nor assumed) until it is first established.

3.2 The Contact Resistance - A Simplified Analysis

The electrical resistance of two bodies in contact always implies
a constriction resistance. This is a consequence of the current flow
being localized through the small conducting spot. The main part of
the constriction resistance is localized in the immediate vicinity of
the contact area.

A simplified analysis of this problem congists in representing
the contact spot by a conducting sphere, of radius r, joining two
plates as shown in Figure 3.2*. The radial lines of electronic
current flow are normal to the hemispherical equipotential surfaces,
which are symmetric with respect to the spherical contact.

Consider the resistance in the lower contact member. The resis-
tance between two equipotential surfaces B and C, separated by a dis-

tance dr, is given by

1 * %

drR! = o dr/2nr? (3.2)

*The analysis, in this section, is restricted to the extent that the
equipotential surfaces are considered to hemispheres (as shown in

Figure 3.2). The generalized analysis is presented in the next section.
Furthermore, in the present section, only a crude representation of the
confact resistance is sought, with the immediate objective of charac-
terizing the resistance due to the constriction only.

**The resistance due to a volume current is given by

R = p L/A

where R = resistance, p = material resistivity, L = length of current

flow, A = cross sectional area normal to current flow.
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where
de = differential resistance, ohm.
p = resistivity of the monolothic material of the contact
members, ohm - cm.
r = radius of hemisphere C, cm.

The constriction (or contact) resistance for one contact member, is
obtained by integrating this expression (3.2) from r = T tor = »,
where T is the radius of the spherical contact. The contribution to
the resistance, due to an increase in r, decreases as l/rz; hence the
inclusion of more distant hemispherical equipotentials contributes

relatively little to the integral below. The value r = », therefore,

may be chosen as the upper limit of integration in (3.3).

1 1o} o dr
R = — | = (3.3)
2m T r2
1
+ R = p/21rr1 (3.4)

Thus the total constriction resistance RlT (due to both contact members)

is given as

I
R T = p/nr1 (3.5)

This expression is true only for the idealized case above, however,
the dependence of the contact resistance upon the size of the contact
(rl) is indicated by (3.5):

As stated in the overview of this chapter, the objective of the
work in this chapter is to be able to arrive at formal expressions for

the directional variations of the field strength in the vicinity of the
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contact. These, then, can be incorporated into a resistivity model for
the bulk particulate layer. For this purpose, the problem of determining
the constriction resistance requires a generalized approach, and this

is presented in the next section.

3.3 Generalized Representation of the Contact Resistance.

This section deals with a formal approach to the problem of deter-
mining the resistance due to one contact between two spherical particles
in the idealized model. The idealized model was described earlier in
Section 2.2, Chapter 2. A rigorous analysis would begin by defining
the surface of the contact spot as an equipotential surface which has
the (generalized) contour of a conicoid and is confocal with similar
equipotential surfaces in the vicinity. The immediate problem is one
of electrostatics, where it is required to determine the capacitance
between a surface Ac containing some surface charge, and another equi-

potential surface Al at a distance away from it (Figure 3.3).

Equipotential Surfaces

p.—.- [ ]
p=0 V=0
V=V,
Charged Body Ero .

Figure 3.3 Schematic representation of equipotentials and field
lines of force from a charged semi-ellipsoid.
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The equipotential surfaces, as shown in Figures 3.2 and 3.3 are
a set of non-intersecting surfaces (or lines in a two dimensional
plane) in space; and to each value of the potential function V there

corresponds a single value C (S4):

Let V = £ () (3.6)
where C is some function of the three dimensional co-ordinates,

C = ¥ (x,y,2) (3.7)
V being harmonic* satisfies Laplace's equation,

vV = 0 (3.8)
From equation (3.6) the first and second derivatives are as follows:

v

VO aC
x - 'O 5% (3.9)

and

*Harmonic functions satisfy Laplace's equation. If two families of
curves V (x,y) and U (x,y) intersect each other orthogonally, and if
one of them, say V, is called the potential function, then U is known
as the stream function. In this case if V represents the set of
equipotentials then U represents the lines of force. The potential and
stream functions are conjugate and analytic and hence satisfy the

Cauchy-Riemann equations:
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3x dy > 3y 9x
if
W = U+ iV

The magnitude of the electric field strength (voltage gradient)

is given by

il
dz an
where

z=x+iy

and dn is the length in the direction of the maximum increase of

potential.
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2 = 2=
3V wEm (302, eoim 2C
o= 0 G EO 3 (3.10)

aX axX

Substituting (3.9) and (3.10) into Laplace's equation for one dimension

only
ey’ s £ = o0 (3.11)
2= " _
R MO X > (3.12)
(vC) £'(C)

Since the right hand side of equation (3.12) is a function of C
only, C is unique and corresponds to a non-intersecting equipotential,.
surface. Equation (3.11) can be solved if two boundary conditions are
known.

As mentioned earlier in this section, the most general férm for
an equipotential surface is one of the three sets of non intersecting

confocal conicoids:

’2‘ y L+ 2 - (3.13)

where
a,b,c = conicoid semi-axes in the three directions x, y and
z respectively
u = a parameter with features relevant to the physical
*
problem.
* 2 . . .
For example, u = - a~ represents an ellipsoid flattened to a disk on

the y - z plane.
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Let
2 2 2
n (a“+u) (b+u) (c“+u)

be the generalized representation of a conicoid.

Also define N such that

N oz — ¢ —_ = (3.15)
(a"+u) (b™+u) (c™+u)
Equation (3.13) above becomes
M1 = 1 (3.16)
The total derivative of M1 (in one dimension) is:
2 2
d X d X
dM, = — ) dx = — ( ) du = 0
1 dx az+u du a2+u
or
2x du
> M2 Ix (3.17)
a +u

where M2 (in terms of x coordinate only) is suggested by definition

(3.14)

M, = x2/ (a2+n)? (3.18)
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The parameter p here is analogous to C in equation (3.11). Since now
the equipotential surface has been specified by equation (3.13), a
solution to the differential equation (3.12) is sought in terms of u,

after making the appropriate substitutions as shown.

2 3u;2 3u, 2 (3.19)
+ (3), G

Substituting for each of terms on the right side of equation (3.19)

using equation (3.17)

2 2 2
2 4 X y z
()< = = + + —2 1 = 4/M
Mg (az+u) 2 (b2+u) 2 (c2+u) 2 2
(3.20)

The second derivative of u with respect to x is obtained from (3.17)

e - 2 } 2x du . _2x RN SV I'S
) Mz(azw) Mz(az+u)z ox (a2+1) M§ (a2ep)2 3 3x
o M . 8M M
M 2 3
2 M3 M
2
Viuo= 2N/M, (3.21)

Substitution of the derivatives, Vu and Vzu, into the Laplace's equation
yields a second order differential equation of type (3.12). It may be

noted that this results in a function f(u) shown below, that is given
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in terms of the variable u only .

V'u _ 2. 2 _ N
= f(n) (3.22)
where now
B o= gt —— + D (3.23)
(a"+u) (b%+u)

from the definition for N in equation (3.15). In equation (3.23) the
z axis parameter c¢ is dropped so that the set of equipotentials is
characterized, along this direction, by u only. The general solution
to (3.22) is straight forwérd, and is obtained by substituting f(u)

into the solution for equation (3.12) as shown below.

JE@© dC = S fifl dc (3.24)
£'(C)
So-Vto o= f(C) = A fE exp [-/ £(C) dC] + B (3.25)

from equation (3.6). A and B are integration constants. Replacing

F(C) by f(u) which is now defined, one gets:

Vo= A exp [fa—3— +—— + i} dul du+ B
(a™+u) (b"+u)

(3.26)

*
a, b and ¢ are the constants (semi-axes) of the conicoid.
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where V may be viewed as the electric potential corresponding to an
equipotential surface for a fixed value of u. The potential, then,
is given by the right hand side of (3.26).

The inner integral simplifies to:

% In {(a%+u) )}

hence,

<
1]

£w) = A [(a2+u) (b2+u)ul? dyu + B (3.27)

It may be recognized that the expression for V is given in terms
of an elliptic integral. The general solution (3.27) for the potential.
V may now be applied to the present problem by setting boundary condi-
tipns. This is depicted in Figure 3.3, where semiellipsoidal (c2 =0 <u)
equipotential surfaces are located symmetrically, and at increasing
distances away from a charged surface which is at a potential Vo'
These distances, along the z axis, are given by the parameter p. It
is assumed that the potential is zero at a point far removed from the

surface charge. Hence the two boundary conditions are,

<
n

Voatu = 0 (3.28)

<
[}

Oat y = = (3.29)

Using boundary conditions (3.28) and (3.29), in that order, gives
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B = 0 (3.30)

and

Vo= - A SSIER) (0Pl TR du (3.31)

So that the integration constant A is given as
O O (L DI L M R R (3.32)

The electric field strength (voltage gradient) at very large

*
distances due to the charged ellipsoid is evaluated as follows:

As y » »

rz, where u = r (3.33)

2
X" +y +2

so that at infinity the equipotential surfaces are approximated by

hemispheroids of radius r (equal to ).

3w

= |r s e = 21 (3.34)
. B R L A
T |r+°o T 3r |r+°° au or au 2r (3.35)

%*
Relative to the dimensions of the body containing the surface charge.
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For large values of u: u 3_a2, U z.bz; equation (3.27) simplifies to
_1
Vo= A e (3.36)

*
yielding upon the substitution p = r2 [into (3.36)]

> oV
E, lr +®  dr
= -E% (3.37)
r

Equation (3.37) gives the field strength at very large distances
from the charged ellipsoid. This field strength is given in terms of
the two semi axes of the ellipsoid; its potential due to charge, and
the distance from it to the point where the field is to be determined.
It may be noted from (3.37) that Er decreases as r (or vu) increases.

Having determined the field strength at large distances from the
surface charge, it is now necessary to relate it to the electric charge.
The objective here, is to arrive at an expression for the capacitance
between two equipotential surfaces. To accomplish this, two established

relationships are required.
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*
1) Maxwell's first equation of electrostatics

vE - g-(;) (3.38)

where

iy
1

electric field strength (function of ;)

volume charge density

o|
"

+

™
"

permittivity of medium

Hence, the divergence of an electrostatic field is directly related
to the (free) charge density of an isolated body which is the source of
that field.

2) The divergence theorem, Mathematically, this simply relates
the surface integral of a vector (over a closed surface) to the volume
integral of its divergence.

A

[ VE A = fsﬁ £ ds (3.39)

where
V'

-

n

volume of body

unit outward (normal) vector on closed surface S.

*This has béen derived in Appendix H. The familiar Poisson equation
follows from this:

vor) = - 5d)/e
where ¢ is the potential and is related to E by means of E = - V.

+The medium is not a dielectric.
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From equation (3.38)

;v -BdV = %IVB(;) av (3.40)
1 >
= =/.o(r) ds (3.41)
v

*
Equation (3.41) applies to a pure surface charge only , where o is

the surface charge density. From equation‘(3.39) one gets

- o
S Eds = =Q (3.42)

Equation (3.42) is the Gauss law for E field.

Q is the total surface
(or volume) charge.

For the condition that,

the equipotential surfaces can be considered to be hemispherical.

Hence
the integral in (3.42) resolves to

B®) = rE = r—3- (3.43)
T 2
2ller

~

where E. is the scalar component in the r (which in this case is identical
to the unit vector n) direction.

*
It may be noted that the quantities inside the integrals in (3.40)

and (3.41) are both differential (electric) charges.
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. E, = Q/2er’ (3.44)

Expression (3.44) gives the field strength, far removed from the
charged surface, in terms of the charge Q and the distance r. The
field strength E decreases as 1/r2.

From equations (3.37) and (3.44)

2A  _ Q
- = (3.45)
;7 2Her2

As described earlier the equipotential surfaces are normal to the lines
of force, and situated symmetrically (confocal) with respect to the

charged ellipsoid. This is illustrated by Figure 3.3 below.

Equipotential Surfaces

l.l.—.”
/ ph=0 V-0
V=V,

Charged Body r-» o

Figure 3.3 Schematic representation of equipotentials and field
lines of force from a charged semi-ellipsoid. (repeated)
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The capacitance C is, by definition, equal to Q/V°

of Q fron (3.45) gives

c = v, = -4TeA

v (3.46)
o

The surface potential Vo is substituted above from equation (3.31) to

give

cC = 4ne[{: {(a2+u) (b2+u) udu}'%]"1 (3.47)

Equation (3.47) is the formal expression for the capacitance of

the charged surface, with the restriction that c

= 0. This is an
elliptic integral of the first kind and is numerically solved by the

use of tables.

The surface charge density o is given by [see equation (3.44)]

Q
1]

cE = -eW| o (3.48)

~el3L . |} (3.49)
u =0
To determine %¥4u=6 the orlglna;ly complete equation, where spheroidal

z axis parameter c # 0, is required. This equation is of the form

*
(3.26) as shown (see Footnote) .

*
The derivative 3i-cannot be determined by the modified equation (3.27)
since

3V
|

Sico = A L@ OPulT? = 0

Substitution
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Vo= AN expl-Mel—i— o+ 22—+ L} qulde (3.50)

(a%h) %) (eZp)

This equation simplifies to a form given by (3.27) with ¢ # 0.

Differentiation of (3.50) with respect to u, and setting u = 0,

gives
oV A
Si4u=o abc (3.51)
also
2
[vu] = = from (3.20)
"y

where M, is given by the general definition (3.14). From equation

(3.45),
A = X (3.52)

Substituting for 2!1 |7u| and using (3.52), the expression (3.49)

du'u=0’
for the surface charge density is:

¢ = =R [X_4_+L+Z_]"i (3.53)
a
For the special case where the charged surface is an elliptic disk on
the x-y plane (so that c = 0), equation (3.53) may be written in the

following form
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2.2 2.2 .2,
s = X [°x+°i T (3.54)

(o
(g]

The first two terms in parethesis vanish for ¢ = 0 in this last
expression. The third term is indeterminate (as given) since both z,
c + 0 as the charged ellipsoid of Figure 3.3 is flattened to a disk.

This term, zz/cz, is however, given by the general equation (3.13) for

u = 0.
2 2 2
hence 53 = 1 - 57-- XE
c a b

Substitution of zz/c2 into (3.54) gives the final expression for the

*
surface charge density of an elliptic disk .

q 2 2,
9 = ZFmab (1 - ff B ifl-ﬂ (3.55)

Up to this point the problem depicted by Figure 3.3 has been solved
in terms of the following:
i) The equipotentials are defined.

ii) The capacitance and the surface charge density is determined.

The problem, thus far, is one of electrostatics and has been
completely determined, except for the resistance between two equipoten-
tials. To determine this latter quantity, the flow of current (or
current density) along the lines of force needs to be assumed. As will
be shown later, the particular arrangement of the equipotential surfaces

* %
and radiating lines of force is of the same form as that in an

*
To obtain the charge density for a circular disk, a similar procedure
is adopted with a = b and ¢ = 0.

*
As shown in Figure 3.3.
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interparticle contact, which is symbolized by tae charged surface.

Lines of force

7

\ .——_ Equipotentials

Pe

Figure 3.4  Equipotentials in the current flow
problem:

The determination of the contact resistance requires the expression
for the capacitance C derived earlier [equation (3.47)]. To begin with,
Figure 3.4 shows a slightly lossy* medium which is interposed between
a current source Ac and sink Al' For this (electric) current problem,
the region between AL and A is free of any sources or sinks; further-

more, the following boundary condition is satisfied at the boundaries M:

¥ -0 (3.56)
9n, 'y

*
This term implies that the material (dielectric) medium is highly

resistive so that only a leakage current flows through it.
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where

potential function

¢

-

n, = unit vector as shown in Figure 3.4.
The potential function satisfies Laplace's equation (3.8), also,
*
the Gauss law applies [equation 3.42] for the electrostatic case.

Hence,
/ n-Eds = % (3.42)

where Q is the total charge, and S refers to Ac.
The capacitance C of the medium between equipotentials ¢ and
¢, is
C = (3.57)

¢C-¢1

and the current density J is formally expressed as

o

I (3.58)

Q)
=

1
3L

where p monolithic material resistivity

=3
n

unit vector directed normal to Ac.

The total (leakage) current is therefore, given by

*
The E field in all three directions, except the one shown in Figure

3.4 is zero, so that the divergence theorem is valid.
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T = {Ac j" dAc
1 36
= 5 J:Ac IHI dAc (3.59)

from (3.58)

Referring to Figure 3.4, the resistance Rcl from Ac to A1 is

by definition;

|6.-9,
_ c '1
Rcl * —5 (3.60)
From equations (3.57) and (3.59)
- Q/e
Rcl l.f |§EJdA (3.61)
p Ac an' ¢

It is appropriate to recall, at this stage, the characteristic
feature of the contact resistance, namely, that it is a surplus resis-
tance arising due to the constriction of the lines of current flow at
the point of contact. The shape of the contact is assumed to be
either that of a elliptical or circular disk. Figure 3.5 illustrates
this situation. 1In Figuré 3.6 an enlarged view of the region of
contact is shown.

Both of these figures indicate the lines of current flow which

*

are normal to the equipotentials at the points of intersection. As

mentioned earlier, both of these are harmonic in the region shown
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Equipotentials

Solid Spheres

Figure 3.5. Volume conduction across solid spherical dielectrics.

Area of Contact

m¢

Equipotentials

Figure 3.6. Detail of region of contact showing equipotentials
and charge transfer (discharge) across gap.
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and are conjugate to each other. Before proceeding with the deter-
mination of the constriction resistance, it is worthwhile to note the
geometrical similarity of this current flow problem in a dielectric
and the electrostatic problem of Figure 3.3.

In accordance with equation (3.13), the equipotential surfaces

**

in the contact members , for ¢ = 0, are given by

2
X + L 4+ - ' (3.62)
a“+yu b™+un

. . . / 42
where the magnitude of u locates the equipotential and a2+u, +u
are the semiaxes on the x-y plane. The equipotentials are oblate

hemispheroids.

The capacitance from A. to an equipotential ¢ [see equation (3.47)]

_ du
¢ = ame (S 17t (3.63)

fa%+) 2w

Substituting for Q from (3.42) into expression (3.47) for the

contact resistance Rc¢ (between Ac and equipotential ¢)

€ ~ 33
E'IA n '35' dAc (3.64)
"l 3y

where

——
Within the solid particles.

%* %
The contact members are isotropic, homogeneous dielectrics.
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-+ -+
E = d¢/dn

Rc¢ = pe/C (3.65)

The capacitance C is given by equation (3.63). Hence

Yu du
e ICREOI

(3.66)

for a general elliptic disk contact.
In the context of the objective of this chapter and the overall

resistivity model, the simpler case of a circular interparticle contact

is assumed. In such case, then, a = b in equation (3.66) and the contact

resistance Rusimplifies to:

- B
. J —z-d—“—— (3.67)
(a“+u)

Integrating (3.67), and recalling that Rc¢ is- the resistance between

the contact and an equipotential ¢ in one contact member only, the

total contact resistance Ru is

Ru = 2Rc¢ (3.68a)
Hence,
1 /u*
= P_ - -
Ru = 3 tan (3.68b)

*
See reference M2.
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The inverse relationship between the contact resistance Ru and
the contact parameter(s), given above by the circle radius a, may be
viewed in analogy with the similar (but crude) expression [equation
(3.5)] derived in Section 3.2. Thus the resistance between two spherical
particles in (circular) contact is given in terms of the equipotential
surface coordinate p, the material resistivity p and the contact radius
a. Furthermore, it should be noted that the inclusion of the p co-
ordinate is in terms of the trigonometric term in equation (3.68b).
The additional contributions, due to the increase in this coordinate*,
decrease in magnitude.

Having established the expression for the contact resistance, it
is now necessary to determine the electric field intensity at the

vicinity of the interparticle contact. This is examined in the next

section.

3.4 The Electric Field Strengths at the Plane of the Contact

In Chapter 1, it was mentioned that the particulate layer of fly
ash demonstrated non-ohmic behaviour leading to nonlinear current-
voltage characteristics of the type shown in Figure 1.3. This was
partly due to the high electric field strengths near the interparticle
contact. McLean (M2) has discussed the variation of the electric
field strength along the contact plane, under the prior assumption
that the air or gas gap can sustain field strengths greater than the

breakdown value. Upon establishing this phenomenon of breakdown in

*
In other words, the equipotentials further away from the contact are

included, for the purpose of determining the contact resistance.
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the immediate vicinity of the contact, he concludes that a gap discharge
does indeed occur. In this section, the expressions for the gap field
strengths, perpendicular to and coplanar with the plane of an idealized
circular contact, are derived.

For a current I, the voltage drop between an equipotential surface
of coordinate u and the line of contact is given by the potentiai )

[from equations (3.67)] as:

_ Ip -1 Yy
¢ = ana tan a (3.69)

In the following, all distances are normalized with respect to
*
the contact circle radius a , so that a distance variable r (along the

x axis) is given by

T = )a (3.70)

where
A = normalized distance parameter, (A>1.0).
It should be noted here that the equation for the hemispheroidal

equipotentials (3.62) consists of parameters a and b. Thus, while

a and b are the semiaxes of the plane elliptical (or circular, in
which case a = b) contact : /gi:; and 2+u are similar semiaxes

of the equipotential surface. Hence a point along the surface of
contact corresponding to an equipotential specified by vu, and located

*
beyond the area of contact (along the x axis)is at a distance r, where

—
See Figure 3.3. It may be recalled here that while the contact area
is a plane circle on the x-z plane, the equipotentials are oblate

hemispheroids.
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T = /a2+p (3.71)

Substitution for u from (3.71) into equation (3.69) for the
potential gives

I an A2 72
>, tan /A%-1 (3.72)

in terms of the normalized distance A from (3.70), A = 0 at the center
of the contact circle.

Equation (3.71) for ¢, then gives the electrostatic potential of
an equipotential with respect to the (circular) surface of contact.
In order to evaluate the electric field strength at any point near the
vicinity of the contact, the potential must be known as a function of
the distance along the vector joining the contact perimeter and the
point in question. In view of the perspective of the problem* in this
section it is logical to determine the field strength along the z axis
(Figure 3.3), i.e., in the same direction as the externally applied
field. §rior to doing this, however, it is necessary to establish
certain geometrical features of this problem.

The illustration in Figure 3.7 depicts a metal sphere in contact
with the surface of an insulating glab. If the metal sphere is considered
to be a perfect conductor, then it is easily established from electro-

statics that the lines of force are incident normally at the sphere

*
That of determining the order of magnitude of the field strength,

and of the variation of E along the line of contact.
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Metal Sphere

Lines of force

Ac
Insulating Slab

Figure 3.7 Representation of the
equipotential surfaces and
the lines of force in the

gap between an interparticle
contact.

Solid Sphere

a

Figure 3.8. Detail of one contact showing the simplified
geometry (exaggerated).
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*
boundary. In the case of a material that is not a perfect conductor

(fly ash particles), the lines of force are not as curved as shown,
and align themselves more toward the z axis. Hence, in order to simplify
the geometry, shown in Figure 3.8, the line of force FD is taken to be

. * %
straight .

The solid sphere in Figure 3.8 represents a particle pressed
against the slab which results in a circular contact of radius a. The
straight line of force meets the sphere surface at D, and the radius

AD forms an angle 8 with the vertical line AC.

Thus,

A = /s%a (3.73a)

where S = particle radius

+The metal ball models the equipotential surface between two particles

and the insulating slab models the contact.
*Seé, for example, reference S4. In contrast to the situation in
Figures 3.5 and 3.6, the lines of force shown here are through the

gap in the vicinity of the contact. The reason only these are shown

is due to the anticipation (to be confirmed subsequently) that strong
fields exist in the interparticle spaces, as indicated by the non ohmic
behaviour mentioned in connection with the fly ash resistivity measure-
ments (Chapter 4).

**In reality this is slightly curved toward the spherical surface, and

the angle of incidence at the particle surface is determined by the

dielectric constant.
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AB = VS -r (3.73b)

s(1-217 -s(1-(H?*

Since S >> a, the foregoing simplifies to

2 .2
2 = s|2IX=2, (3.73¢)
2 2
S
Substituting for r above, from equation (3.56)
a2(22-1!
= (3.73d)

2S

The potential drop ¢, between F and D, is given by expression (3.72).
+ - 3 3 3 .
Hence the field strength El, assuming this to be linear in the short

distance FE, is given by

I -1,2
a " (A\"-1)
From equation (3.67),
-1 2 0%
p = ZnaRc¢/tan (A"-1) (3.75)
Substituting for p into (3.74) one gets
vV S 1
El = Z-a-; » A > 1.0 (3.76)

%1
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where V is the voltage drop (equal to IRC¢) due to a single contact.

Equation (3.76) is the final expression for the electric field
strength, in the interparticle gap, along the direction of the exter-
nally applied field. It is seen that El decreases with an increase
in the contact area (El ¢=a2L hence for a given particle radius S,
the intensity of the electric field is quite sensitive to the contact
area which is represented by az. The term S is ratio of the particle
radius to the contact radius; this ratio, tﬁerefore, can be taken to
represent the degree of the constriction (Figures 3.5 and 3.6, and
Figure G.2 in Appendix G). The larger the ratio 23 the longer* the
constriction and vice versa.

McLean, in his analysis (M2), has used the equation

>
Ry = 0/4 a (3.77)

to substitute for p into equation (3.74) for El' This leads to the

expression for the field strength as follows:
(3.78)

In light of the disagreement between equations (3.76) and (3.78), it
may be recalled that one half of the total contact resistance Runwas

given earlier by equations (3.68a) and (3.68b) as follows:

%*

By a long constriction is meant that the lines of current flow are less
constricted when compared with a short constriction. Long and short
constrictions are discussed in Appendix G.

* %

This equation has been derived by Holm (H1),
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R . = =2 tan"! A2 (3.79)

co 2ra

where u is replaced by the dimensionless distance parameter A from
equations (3.70) and (3.71). As A + «», the following approximation

holds,

Rey = £ tan"! 2 (3.80)
~ 23
= (0.2499) &
= P
4a

Thus equation (3.77), and hence (3.78) as well, are applicable in the

situation where A is large. Since Rc is the resistance measured be- .

¢
tween an equipotential (within the solid) surface and the plane of the
contact, and Yy = a/(ijz , the above implies the equipotential is far
removed from the contact. Hence the contact resistance Rc¢’ from (3.77)
is that of a long constriction. This criteria constitutes an assump-

tion, which is implicit here, and is valid for the case where the contact

*
area between two large spheres is relatively small . In view of this

*Furthermore, equation (3.77) is associated with two identical cylinders
in contact, where the constriction is long, and where the lines of cur-
rent flow are straight immediately outside the constriction volume
(Appendix G). The boundary of the constriction volume is not as readily
apparent for spherical bodies, where the differences in curvature of the
lines of force (or current flow) due to the constriction and due to the

particle shape are not as marked. See also Section 3.8.



158

restriction, Equation (3.76) for the field strength is accepted as

> . e e
being general, and is used for the evaluation of E, in the vicinity

1
of the contact.
*
In addition to El’ the field strength along the line of contact

can also be evaluated from equation (3.72). Differentiating the pot-

ential ¢ with respect to r, where r = Aa (3.70)

d %%
T . d¢
Eg = Zdr (3.81)
Differentiation of equation (3.72) with respect to A gives:
d¢ pI 1
= _ ; (3.82)
dax 2ma A(Xz-l)i
Substituting for p from equation (3.75), where V =1 RC¢
g—i’ = v/A%1 tant A2
Hence, from (3.81)
\'
Eg iy 1 (3.83)
A/A2-1 tan™! A2-1

If instead of (3.75), the expression for p in (3.77) is substituted

into (3.81), one gets

*
The line of contact (as shown in Figures 3.5 and 3.6) is the line that
goes symmetrically through the contact. In this context it is the same

as the plane of contact.
%* %

This equation azpplies to near the circumference of the contact circle.
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Eo- A& _ 1 (3.84)

Equations (3.83) and (3.84) are equivalent for large values of A so

that

1

.2
tan” ! /&iji "

and hence, again as in the case of El’ equation (3.84) is valid for
relatively large constriction volumes (Appendix G), i.e., for long
constrictions. This equation gives Eg as a function of A, where X is
the distance parameter along the surface or line of contact, and Eg is
also directed along the same line. Hence the variation of the electric
field strength is known as a function of the distance along the line of
contact. Again, Eg decreases with increase of A, and for large A

(AZ >> 1); this inverse dependence is second order with respect to A.

The derivation of the general expressions for the electric field
strengths in the vicinity of an interparticle gap has been accomplished
in this section. These expressions for El and Eg are given by (3.76)
and (3.83) respectively. A representative calculation leading to a
value for EI is presented in Section 3.6. The objective of such a
calculation is to establish the phenomenon of the electrical break-
down at the gap.

In the next section (3.5), the electric field strength Es(e), at
the particle surface is derived. The significance of Es(e) lies in
the fact that it influences the surface migration of ions and electrons.

This has a direct bearing upon the present work, where (as stated in
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Section 2.1, Chapter 2) the objective is to characterize the overall
electrical resistivity of a particulate layer within the temperature

regime (<400o F) of '"cold" precipitators.

3.5 Electric Field Strength at a (Spherical) Particle Surface

This section deals with the variation of the electric field
strength along the surface of a single idealized (spherical) particle
in contact with an identical particle. The contact formed is a circle
of radius a, as in the previous section, and is identical to the other
contacts in the idealized cubic packing of spherical particles (Figure
2.2). The evaluation of the (particle) surface field strength, near
the contact, is independent of the procedure of Section 3.4. This, then,
provides a consistency check on the magnitudes of the field strength
at the line of contact, ﬁl at F on Figure 3.8, and the field strength
on the particle surface at D on the same figure. For a line of force
FD sufficiently close to the circumference of contact, these two field
strengths, although not equal, should be of a comparable order of
magnitude.

The resistance to (ionic and electronic) current flow is, in the
case of surface conduction, explicitly recognized to occur as a result
of the following:

a) constriction of the lines of current flow at the contact

spots.

*
b) resistance to current flow along the surface of a particle.

%*
In addition to a) and b) above, resistance may also be encountered due

to the capillary condensate. This aspect is not considered here.
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The model assumed, in this analysis, is consistent with the
description given in Section 2.2 (Chapter 2). In the present case,
only two particles in contact need to be considered. Figure 3.9

below shows the parameters that are involved in the analysis.

Contact Rnluo‘a'

Figure 3.9. Geometrical parameters for two
particles in contact.

The figure shows two identical spheres of radius S forming a
circle of contact of radius a. The location on the particle surface
is specified either by the polar angle 6 or the vertical distance,
z(8), to the line of contact. It may be recalled from Section 3.4

(Figure 3.8) that z(8) represents a line of force. As indicated on

the diagram, ec is half the angle projected by the actual contact to

the spherical center. The length of the current pathway that is

relevant to the surface resistance problem corresponds to the range

oy
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*
of 6, ec <8 < w2 .
The resistance from 6 to 6. is obtained from Ohm's law applied to

a surface current,

my
"

=¥

©

(3.85)

where
E = electric field strength (Volts/cm)
K = surface current density (amp/cm)
Py = surface resistivity (ohm).

For any surface current I flowing along a rectangular lamina of

length 1, the Ohm's law applies as follows:

vV _ 1 '
T 7 5 °s (3.86)
where
V = voltage across length 1
b = width, ( 1 to current flow).

From (3.85) and (3.86),

Equation (3.86) is rewritten to give a relationship between the
resistance and the surface resistivity. If the resistance R = V/I,

then

*
The other lengths of the current path on the surfaces of particles

are obtained from symmetry.
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1 L]# to current flow)

R = b (Lto current flow) * °s (3.87)

By analogy with (3.87), the resistance over a differential angle d6

in Figure 3.9 is given by

) ~ 2de
drR(6) = Ps " 275 sin 6

Integration of the above from 6 = 6 to 8 = ec gives the total

resistance R(9for the length of the current path mentioned earlier.

) 6 S do

R(®) = Ps fec 21S sin 6 (3.88)

LR = g In [FEROZ (3.89)
C

From equation (3.89) the approximate value of the surface potential

8, with respect to the point along the line of force on contact plane,
can be estimated. Let Ea be the average field strength of a particu-
late layer which is given by the voltage drop across it divided by its
thickness. Then assuming ec << w/2, the approximate potential differ-
ence between 6 = m/2 (on the particle surface) and the corresponding

point on the line of contact is given by:
V(8) = R(8) S Ea/R(%) (3.90)

Substituting for R(8) from (3.89)

PP TR
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]
v(e) = SE, [In (tan %#tan —) / 1n (1/tan® /,]  (3.91)

where the value of R (7/2) is obtained by the appropriate substitution
into (3.89).
As mentioned earlier, the voltage V(8) given by equation (3.91)
is the potential of the point (S5,8) on the surface with respect to
the point along the line of force where it meets the contact plane.

The length of this line of force z(8) is given as,
z(6) = S (cos ec - cos 0) (3.92)

Assuming that the electric field Es at (S,6) is predominantly

*
axial , the magnitude of ES at this local point is given by:

E;(6) = dV(8)/dz(6) (3.93)
where,

dv(e) _ dv(e) , de

dz(6)  de dz(8) (3.94)

The derivative in equation (3.93) is

> 0 6
4V (6) Ea{d 1n (tan %/tan—isa / 1n (1/tan 7;9}

dz(8) d {cos 8, - cos 0}

(3.95)

* %
The expression on the right hand side simplifies to
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Footnote

*
That is, in the same direction as the externally applied field ga

-
(across the particulate layer). Also, it may be noted that if z(6) is
the running distance variable along a vertical line from the line of
the interparticle contact to the point on the particle surface then

the true field strength on the particle surface is given by

> >
’s (e)lz i Lﬁ”l{: z
dz
where z is not a variable as indicated in equation (3.93). Instead,
it is now the maximum value of z. The above equation is more rigorous
than equation (3.93) due to the fact that a non linear variation of
Es(e) with Z is implicitly recognized here. This is discussed in more

detail in Section 3.8.

* %

6 0
E, d {(1n tan S 1In tan 7;)/- 1n tan —%J

d {V(8)} . 2
d {z(8) - dcos 6

Numerator
3]
Let B = - 1n tan 1;

. 0 Ea 1 S
. E_.d {(ln tan 5/8) + 1} = — d (tan =)
a 2 B ) 2

tan =

2

Ea deé
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Footnote continued

. 8 9
28 sin i cos-i

Ea'de*
dv(®)} = I s

Denominator

%*
d{z(8)} = -dcos ® = sin 6 d6

. {d vV(8)} _ . 2
EEIOF: = Ea/B sin 8

or

0
B, (0) = E,/-{In tan -} {sin%0} (3.96)

*
The radius S is dropped from the numerator and denominator.



167

E (9 = E/-Q1 e°} {sin 8}  (3.96)
s (8) = a/' n tan - n .

If, in Figure 3.8, eC is small, then,

" ec/Z = a/2s ' (3.97)

Substitution of (3.97) into the denominator of (3.96) above, gives
> . 2

Eg (8) = E,/- {In 53t {sin® 6} (3.98)

Hence equation (3.98) gives the expression for the (axially
directed) field strength Es(e) in terms of the average layer field
§trength Ea and the polar coordinate 6. It may be noted that since
a/S < 1.0, the magnitude of Es(e) decreases when a/S decreases. This
is in contrast to the expression (3.76) for the field strength at the
line of contact, which indicates an inverse dependence between El and
the contact area 'a' (or, equivalently, the dimensionless ratio a/S).
The (particle) surface field strength is, therefore, higher for a long
constrictionf than for a short constriction. However, as indicated
in the discussion (Section 3.8), the degree of dependence of Es(e) on

the constriction ratio S/a in equation (3.98) is not as strong as that

*

% (short constriction) > %-(long constriction)




168

of gl in equation (3.76). Furthermore, Es(e) decreases as 6 increases
up to 6 = /2 which corresponds to the point on the surface most distant
from the contact.

Having established the expressions for the field strengths El
(equation 3.76) and §5(6) (equation 3.98), it is now necessary to
determine the magnitudes of these terms, aqd their variation with
position along the contact vicinity. This is presented in the next
section which begins with a representative calculation showing the
typical orders of magnitudes of the terms involved.

3.6 Magnitudes and Variation of the Electric Fields in the Vicinity
of the Contact

The interparticle gap field strength along the line of contact is

given by equation (3.76) as

L a2 1.0 (3.76)

A2-1

E o= 2V
a

plo

It may be recalled that the term V above is the voltage drop per contact.
If it is assumed that the major portion of the resistance for two par-
ticles, in contact, is due to the constriction*, then the bulk of the
voltage drop V should occur in the vicinity of the contact. The vicinity
of the contact may be visualized as the axial** dimension of the constric-
tion volume. This corresponds (roughly) to the linear dimension® between
*This is mentioned at the beginning of Section 3.2.

**Along the direction of the externally imposed field (across the layer).
Refer to Figure G.2, Appendix G.

oo, . . . . .
This dimension is for half the contact as, for example, depicted in

Figure 3.8.
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the line of contact and the equipotential beyond which the curvature

of the current flow lines are no longer due to the constriction.
Assuming that this dimension is of the same order of magnitude as the
contact, the electric field strength in its vicinity should be approxi-
mately given by %&. For an order of magnitude estimate of El the

following typical values are assumed:

1. D (particle diameter = 20 um
2. S/a (constriction ratio, reference M2) = 100
3. H (bed thickness) = 0.32 cm*
4. AV (voltage drop across bed) = 2 Kv
. Radius of contact = 0.10 u

Number of particles in the cubic packing (along one vertical stack)

-2
_ 0.32 x ig - leo
20 x 10
Voltage drop per contact = %%%2 = 12.5V
e (Rltsy 22 = 6.25 x 107
2 (0.1x10" %)
. 0M) ofE, = 10’ to 10% v/m

1

The high value of the gap field strength above is sufficient to
support a charge emission across the air (or gas) gap (M2). This
constitutes the phenomenon of electrical breakdown in the neighborhood

of the contact, and when this occurs the procedures leading to the

*
This value for H is the particulate layer thickness in the laboratory

experiments conducted in this work.
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expressions for El and Es(e), equations (3.76) and (3.98), do not apply.

The axial field El along the line of contact, given by equation
(3.76), is plotted against the dimensionless parameter A in Figure 3.10.
The numerical values of the voltage per contact V/a and the constriction
ratio S/a are the same as in the sample calculation above*.

Figure 3.10 illustrates the non linear variation of El with the
distance (along the line of contact) parameter. The field strength
rises sharply with decreasing distance from the contact. If, as indicated
on the figure, the value of 5 x 107 volts/meter is assumed to be the
(approximate) value of the breakdown field strength, than a gap charge
emission is sustained for A < 22. Again, it may be recalled here, that
El is the field strength at the center line of contact between the two
particles. Hence, electrical breakdown of the medium (gas or air), in
the immediate vicinity of the contact is established.

The variation of the surface field strength Es(e) with the polar
angle 6 is shown in Figure 3.11. As mentioned earlier, the angle 6
locates a circle on the particle surface at which the axial field
strength is ﬁs(e). Es(e) is obtained (as a function of 6) from
equation (3.98). The value of %-is the same as in Figure 3.10, and

equal to 0.01. This value corresponds to half the contact angle Oc-

O]
"

arc tan 0.01

0.573% (34.4 minutes)

*
The particle diameter D and the bed thickness are approximately equal

to that used in the laboratory experiments.
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Figure 3.10. Variation of the gap field strength El along the line of contact.
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Figure 3.11.
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z1er s, dim L

Variation of the (dimensionless) surface field strength with position on
particle surface.
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Both of the variables in Figure 3.11 are dimensionless, and the
surface field Es(e) is normalized with respect to the layer average

field Ea which is given as follows:

E

a AV/H

2000/0.0032, from page

6.25 x 10° Volts/meter

The numerical values of the normalized variables are tabulated in Table

3.1. The table has some entries for @ < 10°, whereas the figure (3.11)

covers the range of z(6)/S corresponding to 10° < 8 < 90°,

Table 3.1 Axial field strength at the particle surface
[from equation (3.98)].

o 2(Q)/S E (0)
(degrees) (dimensionless) (Volts/meter)
1 0.00015 3.873 x 108
3 0.0014 4.307 x 107
5 0.0038 1.553 x 10’
7 0.0075 7.942 x 10°
10 0.0152 3.911 x 10°
20 0.0603 1.008 x 10°
30 0.1340 4.719 x 10°
40 0.2340 2.856 x 10°
50 0.3572 2.013 x 10°
60 0.5000 1.575 x 10°
70 0.6580 1.338 x 10°
80 0.8264 1.219 x 10°
90 1.0000 1.181 x 10°
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Once again, as in the earlier case, if the approximate breakdown
value of Es(e) is 5.0 x 107 V/m then Table 3.1 shows that a gap
emission is sustained on the particle surface at a value of 6 slightly
less than 3 degrees. The surface field strength at 6 = n/2, i.e., at
the equator of the sphere, is 1.181 x 10s V/m. This value (also obtained
from Figure 3.11) is the magnitude of the weakest field intensity on
the surface of the spherical particle. Furthermore, it is seen from
Figure 3.11 that the rate of change of gs(e)vincreases with decrease
in 6 (and hence also z(8)/S). This increase stabilizes somewhat at
z(8)/S equal to 0.26 (6 * 42°), which is approximately half way along
the circumference (from 6 = 7/2) to the edge of the contact circle.

The figures (3.10) and (3.11), in this section, do indeed show
that the magnitudes of El and ﬁs(e) are high enough in the contact
vicinity so that the electrical breakdown of the air {(or flue gas) is
feasible. Whgn breakdown sets in, the calculations (in this section)
for E*greater than EB** are not valid. The graph in Figure 3.10,
and the values for Es(e) (e :.30) in Table 3.1, are presented beyond
the breakdown value under the '"hypothetical' assumption that the air
(or gas) in this contact region ddeSIun:permit a charge emission at
these field strengths (about 5 x 107 Volts/meter). In effect, the
pre-breakdown calculations have been extended to the region where
"E 3_E ", and the very "existence" of such a region indicates the
theoretical feasibility of a charge emission. Once this is established,
the above assumption is removed since the field strength in the fore-

going region is uniformly equal to the breakdown value.
*
E = any one of two fields, El or Es(e).

* %

EB = breakdown field strength.
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This concludes the analysis of the problem in the present section,
and, at this stage, it is desirable to review the procedure that led
to the formulation of the expressions for the fields §1 and Es(e)
[equations (3.76) and (3.98)]. A summary of the preceding Sections,

3.1 through 3.6, is presented in Section 3.7.

3.7 Summary

It was stated in the overview to this chapter that one of the more
important aspects of the overall resistivity problem . involves the
study of the electrical behaviour in the neighbourhood.of an inter-
particle contact. An important feature that characterizes an electrical
contact is the constriction resistance, and this was introduced in
Section 3.1. (The constriction resistance is explained in more detail
in Appendix G). The fact that (electrical) cohesive forces are present
in a resistive particulate bed waé mentioned in brief. The orgin of
the cohesive force is traceable, ultimately, to the size of the con-
striction, one form of which is expressed by the dimensionless con-
striction ratio S/a**. This is discussed in the next section (3.8)
where an expression for the attractive force between two particles is
given. In addition, a simplified representation for the contact
resistance was presented. The objective here was to show the inverse

dependence between the contact resistance RT1 and the radius T of

the spheroidal contact [equation (3.5)]. The actual contact in this

*

Characterization of the bulk surface resistivity of a particulate
layer.

*k

For spherical particles in contact, where S is the particle radius

and 'a' is the radius of the contact circle.
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case is modeled by a conducting spherical ball. Also, this section
introduces, in Figure 3.2, the arrangement of the lines of current
flow and the equipotential surfaces with respect to the spherical
contact. The more rigorous procedure, leading to a generalized repre-
sentation of the contact resistance, is dealt with in Section 3.3.
This section begins with a discussion of the mathematical criterion
for an equipotential to be unique. This criterion leads to the formu-
lation of a second order differential equation (3.12) for a parameter
C (unique for each equipotential surface), which is given in terms of
the three dimensional coordinates. Equation (3.12) can be solved for
the potential V = £(C). A functional representation of C requires
that the equipotential surfaces be given algebraically. This is done
in equation (3.13) wherevan equipotential surface is defined as a
general non-intersecting conicoid. (The key variable here is the
distance u which uniquely specifies an equipotential). Some algebraic
manipulation follows, yielding an expression [£(u)] which replaces
?IE) in the solution for (3.12). The solution (3.27) then gives an
explicit expression for the potential V in terms of u and a pair of
integration constants. These two integration constants are obtained
from the boundary conditions for the physical problem. In the problem,
a charged surface is situated symmetric to (confocal) oblate hemispher-
oids which represent the equipotential surfaces. The assumption that
the equipotentials can be considered to be hemispheres, at large
distances from the circumference of the contact, leads to a simple
expression for the field strength (voltage gradient at u + «) in
equation (3.37). This field strength needs to be related to the total

charge, and this is accomplished by using the Gauss law for E field
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[equation (3.42), which is obtained from Maxwell's first equation and
the divergence theorem, Appendix H]. The objective is to obtain an
expression for the capacitance (between the charged surface and an
equipotential). Since capacitance is given in terms of the charge
which is related to the E field using Gauss's law, the final expression
for the capacitance is obtained solely in terms of p as shown in
equation (3.47). Although not directly related to the problem (of
determining the contact resistance), it is shown that the surface
charge density o at u = 0, can also be obtained by means of the rela-
tionships established up to this point.

The electrostatic problem is now transformed to a current flow
problem, although the geometry of the charged surface (now a current
source) and the equipotentials is retained in this transformation.

The current density vector (3.58) J and the resistance (3.61) Rcl are
defined for this case. The capacitance C for the resistive material
here is given by equation (3.47) derived earlier. Using the Gauss law
in combination with the expressions for 3, R., and C gives the general
expression for the contact resistance Rc¢ in the integral form of
equation (3.66). The resistance Rc¢ pertains to the region (of the
material) from the current source Ac to an equipotential (¢) which

is specified by the length of its semi-axes /u. For the simpler case
where the contact is a circle of radius 'a' the total contact resis-
tance is given by equation (3.68b). The contact (or constriction)
resistance is taken to m&an the resistance, of the constriction volume,
along the direction of the externally applied voltage. The constriction
volume is the volume (of the material) enclosed by the '"end" equipo-

tentials due to the constriction at the contact. This is described in

LR
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Appendix G.

In order to establish the phenomenon of electrical breakdown in
the vicinity of an interparticle contact, one first needs to determine
the expressions of the electric field strengths in that region. This
is examined in Section 3.4 where the potential at a particular equipo-
tential surface is simply given by the product of the current and the

contact resistance (derived in the previous section). From this the

o

field strength El at the line of contact, and at a known distance

from the periphery of the contact, is known [equation (3.76)]. Further-

more, the field strength along the line of contact Eg is also known
[equation (3.83)]. In Section 3.5, the expression for the axially
directed* field strength on the surface of a spherical particle ﬁs(a)

is derived [equation (3.98)]. The approach to the development of this
latter expression is independent of the previous section, in fact, the
contact resistance does not figure in this case. However, the relevance
of Es(e) to the overall problem lies in the fact that it is this field
intensity that a migrating charge carrier encounters on the dielectric
particle surface.

The expressions for the .field strengths El and Es(e) are numeri-
cally evaluated in Section 3.6. Typical values of the parameters
involved in these expressions are assumed in a representative calcula-
tion presented in this section. The order of magnitudes of the numbers
for El and Es(e) in the gap, in the immediate neighbourhood of the
contact, show that electrical breakdown is feasible in this region.

This supports a charge emission across the gap, from the surface of

*
In the direction of the externally imposed voltage across the layer.
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one particle to another. Further, the variations of ﬁl and Es(e),
with distance (A) and position (given by 8) respectively, are presented
in Figures 3.10 and 3.11. In both cases, as expected, it is seen that
the field strength increases as the contact is approached.

The theory of electric contacts as presented in this chapter, and
the numerical results that follow from it, are discussed in the next

section (3.8).

3.8 Discussion

It was shown in Section 3.6 that the phenomenon of electrical
breakdown in the interparticle space is conclusively supported by the
result of the sample calculation and the magnitudes of the surface
field strength (Table 3.1). The procedures used to determine the
expressions for Es(e) and ﬁl [in this case beginning with the equation
for the contact resistance Ru’ equation (3.68b)] was essentially
similar to that adopted by McLean (M2, M3). However, as indicated in
Section 3.4, the end result of the procedure (in Section 3.3) for ﬁl
given by equation (3.76) is different from that obtained by the author.

The two equations for El are:

E| (this work) = 2 %2 ; (3.76)
(A"-1)

E (McLean) * = i y_ § t_a_ﬁ__)‘_z.._l. (3.78)
1 T aa (Az_l)

These two expressions are equivalent for the condition that X is large,

since

*
See reference M2.
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%—tan"1 A2-l 2

as A > o

In the example calculation of Section 3.6 the maximum value of A is
approximately 100 (S/a = 100). This A maximum corresponds to the point
along the line of contact (Figure 3.9) which is collinear with the
equatorial points on the surfaces of the contacting spheres (8 = 7/2).

At this value of A = A max,

-:—tan-l A2l = 1.987

and the two values of El from the equations above differ by a small
margin of 0.65%. The discrepancy between the two equations increases
as A decreases, i.e., as the circumference of the contact circle is
approached. For example at A = 6 (at a distance of six times the
radius of contact),

%tan-l A2-1 = 1.787

This number differs from the factor 2 in equation (3.76) by about 10.7%.

*
The underlying assumption of a long constriction, which is implicit

» equation (3.77) [and hence equation (3.78)

in the expression for Rc¢

*
See Appendix G

1 anowmmy

——— e
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as well], is discussed in Section 3.4. In the case where the constric-
tion is not long, equation (3.76) is valid for the situation where A

is large. It must be remembered that ﬁl is the field strength obtained
by dividing the potential ¢ by a distance FD which represents half the
line of force from one particle to another (see Figure 3.8). The dis-
tance GF is given by A, and the value of ¢ is the potential of D with
respect to F. Hence D is the end point (on the particle surface) of

an equipotential surface whose felative* potential is given by ¢. Thus,
in as much as a large value of A means that F is distant from G, it
alos implies that D (and hence the corresponding equipotential) is
equivalently further away from F. This statement is exactly true under
the assumption, of course, that the lines of force are straight**

In contrast to the above, the general equation for resistivity
is used to obtain the expression (3.76) for El' This equation incor-
porates no assumptions of the type mentioned in the previous paragraph,
and is therefore valid for short or long constrictions, and for small
or large values of the dimensionless distance A.

It may be noted that the mathematical procedure that led to the
formulation of the expression (3.76) for El does not refer to any lines
of current flow or lines of force on the particle surface. Indeed, the
figures, 3.2 through 3.5, depict equipotentials which are inside the
sphere, and lines of force that go through the volume of the particle.
In the context of the final objective (of this work) of characterizing
the bulk surface resistivity of a particulate layer, the relevance of

the above procedure lies in the fact that, irrespective of the dominant

*
Relative to the plane of contact.

* %
This is an approximation, as mentioned in Section 3.4.
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mode of conduction of the charge carriers*, the lines of force and
equipotentials exist by virtue of the externally applied voltage. If
these equipotentials are known, then the potentials on the particle
surface are also known, so that the average voltage gradients along
a "straight" line of force, joining two particles, can be evaluated.
Furthermore, an impo?tant aspect of the algebra presented in Section
3.3 is that it helps elicit the concept of the contact resistance. An
important significance of this is that it is this electrical feature
of the contact that accounts for the high electric field intensities
in the interparticle gap, as evidenced by the magnitude of §1' The
fact that this field strength, as indicated earlier, may exceed the
breakdown value (thus sustaining a charge emission across the gap)
then, partially béars out the observed non ohmic behaviour of a layer
of particulate fly ash.

In addition to the above, it is shown later that a comparison of
El and the surface field strength Es(e) can be used to define a '"'region
of breakdown'". The procedure leading to the expression for Es(e),
equation (3.98), does not recognize the presence of equipotentials
inside the spheres. Hence it has no bearing on the contact resistance
Ru [equation (3.68b)]. However, as stated in Section 3.5, equation
(3.98) does include the effect of the size of the constriction which,

in this case, is given by the constriction ratio S/a.

E(e) = E/ - {In =) {sin%0} (3.98)

*
Surface or volume conduction.
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It was stated in Section 3.5 that.Es(e) decreases with the dimen-
sionless ratio a/S, in contrast to the relationship between El and
a/S in equation (3.76). However, this preliminary observation, which
is based on the equations (3.76 and 3.98) alone, needs to be quantita-
tively investigated on the basis of the variations of El and ﬁs(e) with
respect to the parameters in the two equations. Table 3.2 shows that

field strengths at different values of S/a and A,

Table 3.2 Magnitudes of E and E (8) at different constriction
ratios [from equations™ (3.76) and (3.98)].

Constriction Ratio A El E (8) {e=9.1°}
S/a (Volts/meter) (§olts/meter)
100 16 9.80 x 10’ 4.72 x 10°
1000 160 9.77 x 107 3.29 x 10°

The results in this table are obtained from the data used in the
calculations fbr ﬁl and Es(e) in Section 3.6. The different values
of A correspond to the two constriction ratios for which the field
strengths have been estimated. The field strengths El and Es )
are along the same line of force*, corresponding to an angle 6 equal
to 9.1°. The difference in the two rows of figures in the table
is only due to the contact areas which differ by a factor of 100.

It is seen from Table 3.2 that El is relatively invariant with
the constriction ratio. This invariance occurs when the line of force

is fixed i.e., the absolute distance from the circumference of contact

is constant. Hence if r is fixed in equation 3.70,

*
For example, line FD on Figure 3.7. Es(e) is the field at D while

El is at F (on the line of contact).
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1
)\ @< Z (3-99)

and it is readily apparent that El [equation (3.76)] does not change as

a result of this. If, instead, the field strength El is calculated at
the same value of A, when S/a = 1000, the result is an order of magnitﬁde
several times higher than 9.80 x 107 Volts/meter. In this case El is

given as:

e /

> ) ) 2,02
E, (A,=16) = El (A,=160) - {1, “/2,°}

9.77 x 10° Volts/meter.

This result is consistent with the remark made in Section 3.4, that is,

El « l/a2

As expected, the variation of the surface field strength Es(e) is
in the same direction as a/S. The degree of dependence of Es(e) on
the constriction ratio S/a is not as strong as El (for the case of
constant A, as shown above). This dependence {Es(e) = f (a/S)} increases
as 0 decreases, i.e., as the point of contact is approached. It is
evident from the expression for Es(e) (shown below) that its minimum
value occurs at 6 = n/2. This is also intuitively obvious since the

equatorial circle is furtherst from the contact.

From the perspective of an idealized particulate layer model, it
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is important to note here that lateral* interparticulate contacts do

not modify the electric field distribution. It may be recalled that

the physical model consists of a well ordered, homogeneous, and mono-
disperse spherical particles arranged in a cubical packing (Section

2.2, Chapter 2). No voltage gradients exist in a direction that is
transverse with respect to the externally applied voltage, and therefore
there are no lines of force (or current flow) that go through the

lateral contacts. Hence the distribution of Es(e) (on the surface of

R 2

a spherical particle), as calculated from equation (3.98), applies to

this model. A similar argument may be invoked in the case of capillary
condensation, where the condensate formed at these (lateral) macropores
is really extraneous to any consideration of layer resistivitf modifi-
cation (due to capillary condensation). Since there is no electronic

or ionic current flow perpendicular to the appiied voltage, the presence
of capillary condensate in these macropores does not affect the bulk
resistivity of the layer.

The pair of equations (3.91) and (3.92), from which Es(e) is
determined in Section 3.5, may be used to obtain an average field
strength ﬁz(e) in the gap and along a line of force. Assuming that
the line of force is short so that the voltage varies linearly with
distance along it, Ez(e) is obtained simply as,

*The electrical contacts formed in a vertical stack of particles, such
as the one shown in Figure 3.9, are considered to be longitudinal con-
tacts. Lateral contacts are formed in a transverse direction. Thus a
plane which goes through the centers of circles of lateral contact, is

perpendicular to the applied voltage gradient.
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T
~
D
~—
[]]

V(8)/z2(8)

0 )
E, [In (tan %/tan 7;9 / 1n (1/tan ?;]

[cos ec - cos 8] (3.100)
where V(6) is the potential difference between the points (on the
surfaces of two contacting spheres) that form the ends of an axial
line of force of length z(6). The similarity between Ez(e) and El
may be noted here; thus, while El is estimated from the voltage drop !

*
between symmetric equipotentials, fz(e) is based on the voltage

difference between two points on the particle surface due to the
surface resistivity (ps).

Under the assumption that the electric field is predominantly
axial across the entire gap, McLean (M3) has defined a cohesive force
Fz between two particles. The electrostatic cohesive force is pro-
portional to the square of the field strength, hence the dominant
contribution to Fz would be due to the high electric field in the

**x
air gap. The force Fz is given below as,

F o= A28 )2 aa (3.101)
z 2 "z

where Fz is in the same direction as Ez(e) and dA is the annular
differential area on the contact plane. The total cohesive force

for a layer is obtained by summing FZ over all the contacts in the

layer.

*
Symmetric (equidistant) to the plane of contact.

* %
See reference M3.
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The '"region of breakdown' mentioned earlier in this section, is
obtained by comparing the magnitudes off1 and Es(e). Table 3.3
below shows the values of these two field strengths at different

locations in the interparticle gap.

Table 3.3. Variation of E and Es(e) with position in the
interparticle gap.

0 A E, E,(0)
(degrees) (dimensionless) (Volts/meter) (Volts/meter)
1 1.745 1.222 x 10%° 3.873 x 10°
5 8.749 3.309 x 108 1.553 x 10’
10 17.633 8.067 x 10’ 3.912 x 10°
15 26.795 3.487 x 10/ 1.761 x 10°
20 36.397 1.889 x 10’ 1.008 x 10°
25 46.631 1.150 x 107 6.605 x 10°
30 57.735 7.502 x 10° 4.719 x 10°
35 70.021 5.100 x 10° 3.586 x 10°
40 83.910 3.551 x 10° 2.855 x 10°
45 100. 000 2.500 x 10° 2.359 x 10°

The variation of El and Es(e) with the polar angle 6 in the foregoing
table is illustrated by the plots in Figure 3.12. The plots span the
range 0° < 8 < 45°, It is seen that E1 always exceeds the surface
field strength Es(e). When © exceeds 45° the corresponding value of

A is greater than 100, and the field strength El in this region is due

to the neighbouring longitudinal contact. Also Es(e), for 6 > 450, is

the field strength on the hemispherical surface due the other (longitudinal)




(6) (voits/meter)
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Figure 3.12. Variation of El and Es(e) with polar angle 6.
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contact of the particle. The graph shows that while the fl curve
predicts breakdown at 6 equal to 12.5°, the surface field fs(e)

assumes that magnitude at 6 = 3°. Hence the "region of breakdown",
based upon ES(O), corresponds to the portion of the spherical surface
(excluding the contact) that subtends a solid angle of 6° at the center.

The figure (3.12) is based on the parameter values of Section 3.6;

TN oﬂ-ﬂﬂ

- -’ 3
however this example shows that the E1 plot predicts the larger break-
down region. If it is considered that a charge emission can occur from

the surface of one particle to another, then this may be initiated by

the field strength Es(e) if it equals the breakdown value. Thus, it is
assumed here that the criterion of charge emission is that the surface
field strength Es(e) = Eﬁ‘ Hence the region of breakdown is given as
indicated in Figure 3.12, i.e., the region for which Es(e) 3_%5.

This region may also be estimated in terms of the spherical surface

area over which charge emission occurs. From equation (3.92) if

= = 20
8 = eb 3
z(eb)/s = cos ec - cos eb
= 0.0013
where
_ -1 a
@C = tan g

A, = 4n (0.0013)s2 - 7(.0013)% s - A
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where,

surface area over which breakdown occurs

>
n

area of contact

>
I

Hence, the fractional breakdown surface area (on one side) is given by

T 2 1 a2
0.0013 - z—(0.00lS) - Z-(gq

Aog

13

0.0013

Hence, in this example, the total breakdown surface area (for
both contacts) is approximately 0.26% of the sphere area. It may be
remarked that this figure is not necessarily typical, for the surface
area evaluated by this procedure is an implicit function of the bed
geometry, the constriction ratio, the applied voltage and the field
strengths §1 and Es(e). However, it might be observed that even
though Abf is not large, it is quite significant in view of the fact
that I-V plot of such a particulate layer is decidedly nonlinear (if
this is the cause of non-linearity).

The equation (3.100) for Ez(e) recognizes it as being the average
field strength along a line of force specified by 6. 1In the strict
sense, the field may be assumed to vary and the modified expression

for Ez(e) is then given as
E-(6)| = dv(z)/dz (3.102)
z

where z is the running variable defined in Section 3.5 [see footnote

TS U T G R vasw Copegrrangy
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to equation (3.93)].

Hence,
B, = EO)o,

Thus the surface field strength Es(e) is (rigorously) given by the

value of EZ(G) at the surface. By way of comparison, it may be noted

Rk

that equation (3.93) for E (6) is given as the ratio of dV(6) and '
dz(6) which are the differential changes of those variables (for a

differential change in the polar angle,(6) on the particle surface.

The expressions for ﬁl and ES(G) both involve approximations
that are associated with the assumptions used to arrive at the two
equations (3.76) and (3.98). The approximation for El involved the
assumption that the gap lines of force are straight, as shown in
Figure 3.8. In the case of equation (3.98) for Es(e), the voltage
drop per contact was assumed to uniform throughout the layer. It is
apparent that in the realistic case (of an operating electrostatic
precipitator) that is not true. However, from the perspective of
characterization of the bulk surface resistivity, this latter assump-
tion is valid for the specifically chosen idealized model as shown in

Figure 2.2 (Chapter 2).



CHAPTER FOUR
FORMULATION OF THE MATHEMATICAL PROBLEM TO DESCRIBE
SURFACE (ALKALI) ION TRANSPORT AND ITS SOLUTION.
Overview
The material presented earlier in Chapter 2 and 3 was restricted !
to an investigation of two important:physical features of the model é

depicted in Figure 2.2 (Chapter 2). The phenomenon of capillary conden-

sation (in a humid environment) within the macropores of an idealized
particulate bed was discussed in Chapter 2. As indicated in Figure 3.1,
the presence of liquid water in the interparticle spaces modifies the
(resistance) path of a migrating sodium ion. This migration of a
singly charged ion occurs in the presence of two forces, namely a con-
centration driving force énd an electric driving force. While the
"concentration (transport) flux" is accountable by molecular diffusion,
the "electrical" flux is dependent upon the local voltage gradient on
the particle surface. Thus the variation of voltage gradient with
Fosition on the particle surface is required, and this was evaluated
in Chapter 3 along with an examination of the various electric fields
within the bed in the presence of an externally applied voltage gradient.
The mathematical description of the ion migration problem is
straightforward . once the model parameters specific to the ambient con-
dition, as outlined in Chapters 2 and 3, are obtained. In effect one
seeks to arrive at alkali (sodium) ion concentration profiles on the

particulate bed for fixed values of these parameters.

192
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In this chapter the migration problem is illustrated in Section
4.1. This is followed by a mathematical formulation of the problem in
Section 4.2, in terms of an ordinary, linear differential equation
(4.10). The technique adopted to solve this equation is called the
"method of dominant balance' (B7). Briefly, this technique helps
determine asymptotic approximations to the exact solution in the neighbor-
hood of the irregular singularities of the differential equation. This
is presented in Section 4.3 along with a formal solution to the equation
(4.10). Finally, this chapter is concluded with a discussion of the

"appropriateness' of the solution and of some of its relevant features.

4.1 The Physical Problem

The physics of the ion transport problem is visualized for the
simple case of contact of two identical spherical particles. This is
shown in Figure 4.1. The average electric field strength across the
bed is given by Es(e) which, as shown in Chapter 3 [equatign (3.98)],
is a function of 6. For a particle of a given radius S the extent of
capillary condensation is completely determined by the angles eo and
ec. As shown in the next chapter* these values are easily determined
once the radius of curvature of the capillary condensate is specified.

As depicted in Figure 4.1 there exists a '"pool'" of sodium ions
in the capillary condensate at the bottom end of the lower particle
(tetween Bc and eo). For this problem the sodium ion concentration on
the surfaces of the two particles outside of this region is relatively

small and hence neglected. The spherical path of migration on the

*

See also equations (2.77) and (2.79) in Chapter 2. Here the angles

¥ and ¢ correspond to ec and eo respectively.

- '..,-xw
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——— Capillary Condensate

Illustration of ion transport problem.

Figure 4.1.
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surface of a single particle is given by the region ec <® <t - zec.
It is assumed that the electrical resistance of the condensate is
negligibly small relative to the particle surface resistance. Further-
more, the volume of the condensate is small enough so that no concen-
tration gradients persist within it; in effect the sodium ion concentra-
tion is uniform in the region 0 < 6 :-ec'

In the ideal situation the two particles are perfect identical
spheres which contact each other at a point. However it was mentioned 4
in Chapter 3 [equation (3.101)]* that a resistive particulate bed

experiences a cohesive force when an external voltage gradient is

applied across it. This cohesive force then determines the area of
contact between the two spheres, or the radius of contact 'a' in
Figure 4.1 (M3, M5).

Finally, as revealed by the current-time data for the. experiments
conducted in the laboratory (Chapter 5),it was determined that the
(solid state) rate of surface transport of sodium ions was small enough
so that the diffusion was essentially at steady state. This follows
from the fact that the variation of current, after an initial period
of stabilization, was negligible for the duration of the experiments.

Having specified the physical structure of the problem, it is now
necessary to transform it to a mathematical expression to describe the
'electrical' and 'concentration' fluxes. In the next section a second
order differential equation is derived to describe the steady state ion

diffusion for the problem of Figure 4.1.

*

See Section 3.1, Chapter 3.
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4.2 The Ion Transport Equation

A general form of the continuity equation for a constant density

binary system is given as (B8):

Tt Vev o= Vo (Dvc) + R (4.1)
where
¢ = surface concentration
v = velocity of the ionic species
D = mass diffusivity
R = rate of reaction

For the condition of steady state and no reaction equation (4.1) becomes
DvVie -V - ¢cv = 0 (4.2)

Transformation of this equation into spherical coordinates (with

*
no ion concentration gradients in either the r or ¢ directions) yields:

2
25 (8 g + cot 6 3¢
a6

96

"
(e}

-V - cv

(4.3)

wn

The velocity v in the second term of the above equation arises due
to the interaction of the single positive charge on the sodium ion and
> L sy s
the local electric field Es(e). Under these conditions it is related

to the mobility u as:

*
r and ¢ are the usual spherical notations for the radius and transverse

angle. See reference B8, page 740.
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\
o= Y (4.4)
Eg(e)

If the diffusivity is assumed to be a constant then the electrical
mobility may be considered to be a function of temperature only so that
the variations in the velocity v is reflected by the corresponding changes

in ﬁs(e). Substituting (4.4) into the second term of equation (4.3),

* %
v cv = © - cuf
s
= ¢ (v-uﬁs) + (uEg-ve) (4.5)
now
. - C _ 9 .
c(v UES) = STsine - 39 (uﬁs sin 8) (4.6)
From equation (3.98), Chapter 3, the surface field strength Es is
given as,
> > . 2
E. = E /- 1n K - sin” © (3.98)
s a
where
K = a/28

*
This is analogous to the hydrodynamical mobility (see reference B.8,

page 513).

* %
The 6 notation is dropped for convenience.

R s e 1m
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Substitution of (3.98) into equation (4.6) and subsequent simplification

gives

> uEac ]
¢ (VUE) = gimy o3 (4.7)
sin™ 6

The second term of equation (4.5) is written as

uE
uE e = e (4.8)
S InK - sin” 6

Incorporating the substitutions (4.7) and (4.8) into equation (4.3) one

gets the ordinary differential equation

D 3% +D _cos 8 3c _ uEac cos 6 uEa ) € _ o
gf 202 g2sin630 " SInk 3" SInK sin? 6 30
(4.9)
Equation (4.9) can be divided by D/S° and the term WSE,/p 1n K set
equal to a to give a simplified form as follows:
" ~ 2 = 2 = *
c'" + (cot 8 + acsc  B8) c' -accotBcscc 6 = 0 (4.10)

. Equation (4.10) is the mathematical representation of the ion
migration problem described in the previous section. This equation is
valid for isothermal, steady state diffusion for which the parameter o

is assumed to be a constant.

*
Double and single primes correspond to the usual notations of second

and first derivatives respectively.
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!

The method of dominant balance approach is used to obtain a solution
to the foregoing differential equation (B7). A general solution to (4.10)
is initially sought prior to applying the boundary condition appropriate

to the problem. This is presented in the next section.

4.3 Solution by the Method of Dominant Balance

It is known that a Taylor series solution to a differential equation,
about a point x = X s must be analytic in the neighborhood of X, and at
X, A Frobenius series solution is constructed if X, is a regular singular
point (H7). However at an irregular singular point all solutions to a
linear differential equation cannot have a Frobenius series representation;
i.e., at least one solution has no Frobenius form. Hence, to begin with
a solution, it is first necessary to identify the singular points in the
differential equation (4.10).

It is seen that the coefficients of c' and ¢ in equation (4.10)
are not analytic at 6 = 0. Further, as shown subsequently, 6 = 0
is not a regular singular point.

The series solution obtained by the method of dominant balance is
valid in the neighborhood of the singular point and the controlling
factor in the leading behavior of such an asymptotic series is the same
as that of the exact solution. The controlling factor is usually in
the form of an exponential (B7), hénce a substitution of the form
c(8) = exp {s(6)} is appropriate. Using this substitution in equation
(4.10) gives

e> {s" + (s')z} + {cot 6 + E'csc2 g}es ©s' - e’ - o cot 6 csc2 8 =

(4.11)

0

) L r‘.:m
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If 8 = 0 is an irregular singular point it is usually true that (B7)
s" << (s')%, 8+ 0 (4.12)

Working with this assumption (to be verified subsequently), one gets

the following asymptotic equality

war .-.-.u‘p-.;nrr7
ot

(s')2 = -{cot 6 + & cscZ 8} s' + & cot 6 csc> B (4.13)

6 »+-0

It is apparent that the second order differential equation (4.11)
has been reduced to first order by means of the inequality (4.12), and
is valid in the neighborhood of the singularity.

Solving for the asymptotic relationship (4.13), which is a

quadratic in s', gives

s' =~ -% (cot 6 + T csc> 8) + % {(cot & + & csc? e)2 + 43 cot® csc? e}%

(4.14)

Some algebraic manipulation of the above yields

cot? o . 6a_cot © cscz‘e}%

6 {1 + a-4 c5c49 ; C‘,SC4 ¢}

s' = -1 (cot 6 + 3 csc> 8) +% T csc?

6+ 0 I II (4.15)
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If
cot2 0 .8 o cot O csc2 9
x = -4 4 -2 4
a csc 6 a  csc 6
2

then as 6 - 0 x~ << 1

Hence the term within the second parenthesis in (4.15) can be

expanded to give

(1+x)?f = 1ey{T T + S_cot8
a c¢sc 6 — 2
o csc” 6
cot4 6 6 cot 6
_l{T-—4—— + :'——}+.... (4.16)
8 o c¢csc 6 a csc” 6

Integration of (4.15), term by term, to determine s gives
Integral I = -% f (E'csc2 6 + cot 6)de

= % cot 6 - % 1n sin 8

cot © cot 6

Integral II = + % fo csc? 8 {1 + ) (= 1 +'§ > )
a” csc 6 a csc— 8
4 2 3
1 cot 6 36 cot™ 12 cot™ ©
- § (——.-4 8 + z 4 + —3 6 )+o.-}de
a csc 6 a csc 6 a” csc

---+-fm
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It is evident that as 6 - 0 the magnitude of the subsequent terms

decrease rapidly, relative to the first term. Hence only the first two

terms in the expansion (4.16) are considered.

Solving integral II above gives

Integral II = +% {-%-cot g + 1 (§lﬁ£ﬁi

29 + Z-ln sin 6}
4o

Addition of integrals I and II gives the two solutions, s;,and So»

to the quadratic (4.13).

1 T cot 8 + 2 In csc 8 - —— (o 20,8

sin 2 6 | 8, (4.17)
R z

and

[}

In sin 8 + L (328 9 | (4.18)
4a 4 2

8 +0

As stated earlier it is essential that the controlling factors be

such that both roots Sy and S, satisfy inequality (4.12). Examining s,

first, one obtains upon differentiation of (4.18) and squaring,

4 3
(52,)2 N cotz g + 1 cot 8 *'%i cot2 8
2 csc 6 20 csc” 6

and

n
N

- escl g - cos_? sin 6
20

I,
;
i
I
]
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' (1]
As 8 = 0 it is seen that indeed (s2 )2 >> s, , since

' 2 " 1
| (s, )% - [s, | = —cots
20

cot2 g = csc2 6 : 08 -+0

Similarly for the first root s,» one obtains

' —_—
s =—acosze-2_cot6~-—l_—_cosz

4a

8

6 -0

Thus one gets for the root $1

' —
(Sl )2 = 0-2 CSC4 ¢] R 6+~ 0
and
1] - .
Sl = 2 o CSCZ e COt e + 2 CSCZ e + 2 COSs 9_511‘1 6
4 o
so that
" —_ 3
S = 2 o cot” 6, 8 + 0

Since cot2 e » csc2 Bas® + 0, it is seen again that inequality (4.12)
holds for this solution. In view of the fact that both roots s and

s, satisfy this approximation for 6 - 0, it is concluded that 6 = 0 is

2

'-EI-‘AKF-..»‘:- s hﬂ‘?’

-
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an irregular singular point. Hence S, and s, are valid roots of equation
(4.13).
The leading behavior is determined by just those contributions to

s (8) which do not vanish as 6 approaches the irregular singularity.

Hence the two solutions are:

a cot 6 + In csc2 6, and (4.19)

(7]
1]

(2}
[}

2 In sin 6, 6 = 0 (4.20)

The solution to the differential equation (4.10) corresponding to
s, can be improved by estimating an integrating function.f1 (8) such
that
2

s, = acot + In csc

1 o + f1 (8)

where

£, (8) << 3 cot 68 + 1n csc? 8, 8 +0

Substitution of s; (6) into equation (4.13) yields a differential

equation in terms of f1 (8),

— 1
1 -a csc2 - 2 cot 8 + f1 (8) and

(7]
n

—_— 2 2 ”"
1 20 csc” 6 cot B8 + 2 csc” 9 + f1 (9)

(7]
n
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" L) —_ 2 ] - 2
+ (f1 ) = (acsc“" 6+ 3cot )f, - 2acsc” 8 cot

£ 1

1

-2 (csc2 o + cotze) (4.21)

This equation may be approximated by an asymptotic differential equation

f1 using the criterion stated earlier, i.e.,

£, << Tcot o+ lncsc? o, 80 (4.22)

Using (4.22) the following approximations may be obtained

% cot 8 > 1n cscl o

— ]

S a csc? 8| »>> £, (9) ]6-+0
— "

|2 o csc? 8 cot 8] >> f1 (9) (4.23)

. ' — 2
Hence, if f1 (8) << o csc” 8, then

'.2 - ! 2

(f1 )T << @ fl csc” 6, 6 >0 (4.24)

Inequalities (4.23) ahd (4.24) may be used to reduce the order of
equation (4.21) giving
- 2 ! - 2 2
(¢ csc” 68 + 3 cot 8) f1 = 2 a csc 6 cot O + 2 (csc” ©

+ cot 6) 8 >0
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!
Solving for f1 gives

2 acot § + 2 (1 + cot? 8/csc? 8)

f1 = a + 3 cot e/csc2 9
since
2
cot © - 0 5237—2- > 1
2 >’ ¢sc 6
csc ©
and
4 *
/ cot 6 do >> =6 as 6 + 0
a
one gets
f. = 2 1n sin © (4.25)

1

Substituting for f1 (®) in the solution for the root Sy> the following

is obtained:
s; (8) = o cot 8

It may be verified that f1 (6) << Sy (6) 6 » 0. Further it may be
seen that the effect of including f1 (8) eliminates the less dominant
term in the leading behavior 1n sin2 8.

The addition of integration functions like f1 (6) to the original

root S, (8) can be continued indefinitely to yield better estimates of

the exact solution to the differential equation (4.10). These functions

*
The right hand side of this inequality goes to zero as 6 -+ 0.

Al L

——
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satisfy the criterion

f1 (8) »>> f2 (8) >> f3 ®... , 6 >0

Instead of the above the solution is conveniently represented in the

following form

R

c (9) c, exp (e cot 8) w(H) (4.26)

where

B oD ey
a!,

w (8 = 1+¢ (8) (4.27)

and

€ (Q) +-0;06-+>0

¢ is a constant determined by the boundary condition of the problem.
The function w(8) in the solution (4.26) asymptotically behaves

like a constant. The determination of w(6) involves the substitution

of c (6) from the above into the original equation (4.10) so that, in

effect, the leading behaviour in (4.26) is '"'peeled off'. This results

in a differential equation for w which still exhibits the same irregular

singularity as equation (4.10).
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w" = E'csc2 6 w' - w' cot 6, 6 >0
Substitution for w (6) from (4.27) into the above gives
" = (E'csc2 8 + cot 8)e', 6 > 0 (4.28)

This differential equation may be simplified by using one of three of
the following approximations:
2 '

I e" >> acscbe, 6+ 0

2

II €' = (acsc“ 6 + cot 6)e', 6 +0

ITI " << (E'csc2 ® + cot 8)e', 6 -+ 0

Since it is anticipated that € (8) is decaying function as 6 »+ 0 it is
*
verified that only in equality III is valid . Hence equation (4.28)

simplifies to
d; csc2 8 + cot 6)e' =0,6 -0 (4.29)

In order to satisfy € (6) - 0,86 - 0, it is seen that ¢ (6) is at

3

least of the order of 1/csc™ 6. One way in which this may be expressed

is
%

Approximations I and II 1lead to an unbounded increase in e (8) as

6 - 0.
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et = - 8%/3 cscd o

cot 8 << csc2 6, 6> 0 (4.30)
2
where B is a constant and the negative sign is chosen for convenience.

Since sin 6 - 8, 8 - 0 the following substitution may be made,

e = (82363
or

e = -8 87,0 +0 (4.30)

As would be expected for a decaying function (6 + 0), equation
(4.30) suggests that € (8) is a series in 6 beginning with the lowest
power of four. To determine this series it is assumed that w (8) =

T a "™,

n=0

Before substituting for w (8) into the differential equation
for w it is necessary to modify equation (4.28) slightly in view of

(4.30). The reconstructed equation for ¢ is

€' = ¢' (3 csc® B + cot 8) 482, 8 + 0

]
—

Since w + e, w' = €' and w' = ¢€'", one gets

W' - w' (@cscle +cos) = +82w, 840 (4.31)
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since Bze << 82, 8 +0(e +0)

Substituting the series expansion for w (8) into the equation (4.31),

one obtains

2 n+u-3

© n+p- - ©
an HEO (LI"’]’I) (u+n-l) 6 -a an ngo (11"‘“) 6

n+p-2 . 2 $ ghtn

B an n§0 =0

-aa néo (u+n) 8
The indices are shifted to equalize the powers of 6 and the resulting

coefficients are matched to give

u = 0; a, = 0, a, = o, az = 0 and

For the general case the following recursive relation is. obtained

{(k+4) (k+2) - & (k+3)} a 8% a

_ k+3
a (k+4)

k

Ak+4

*
a, = 1, since the first term in the power series expansion for

w (8) is 1.
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This yields a general expression for 3.4 and the resulting series for

the w (8) is:
3 z
2 I'(k+2) ® 1 I'(k+2) B I'(k-2), .k+4
w() = 1 - 8" [T ———=e1+ I { - = 1.8
k=0 (ked)a<*l k=g (k¥4) ‘gkel k-2
If
_ —k+1 _ 1 T(k+2) 2 r(k-2)
Yy = 1/(k+4) « and ¢, = 57 { = - B _‘Eriri}
then
2 3 © k+4
w(®) = 1- a8 [z Vi T'(k+2) + ¢k] 8 (4.32)
k=0 k=4

Substituting this expression for w(8) into equation (4.26) one obtains

the full local behavior of this solution as follows, .

3

c(e) = ¢ exp(a cot 8) {1 - aosz[kz wk:r(k+2) + 4}
=0

B oo 0k
k=4

0+0 (4.33)

3 ] m?
o
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The expression (4.33) for c (6) is the approximate solution
corresponding to the root s, for the original differential equation
(4.10). The complete solution would entail the inclusion of the
leading behavior due to the second root S, of the quadratic equation

(4.13). This root was earlier given as

S, = In sin 6, 6 >~ 0 (4.20)

The leading behavior of the solution corresponding to this root
is obtained in a similar fashion as the foregoing procedure. A better
estimate of the leading behavior may be made by adding an integration

function g; (8) to the above so that

S, (6) = 1n sin 6 + g, (98) (4.34)

and

g, (6) << 1Insin 6, 8 > 0 (4.35)

Substituting (4.34) into the differential equation (4.13) for s' one

gets
' !
S, = cot 8 + g
1A 2 "
s, = =-c¢csc” 8 +g, and
' ' —
gl' + (gl )2 = -(3 cot 6 +a csc2 8) gl' -2 cot2 8 + CSCZ )

6 -0 (4.36)
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Again, from criterion (4.35) the following approximations are valid

1
g, << cot 6
" 2
g, << ecsc 6 and
l2 ]
(g1 )<< g, cot 9, 6 +0
1
Equation (4.36) for g is reduced by this set of approximations to a
first order differential equation.
L csc2 6 - 2 cot2 0
&1 * =T 2
a csc” 6 + 3 cot 6
or
2 2
v 1_- 2 cot e/csg e, 6+ 0 (4.37)
€ % &+ 3 cot 8/csc’ @
or
*
' 1
g, ® = -= (4.38)
a
hence
)
g (&) = - = (4.39)
a

*
The integration of (4.37) above may be performed slightly more rigorously

as follows:
1 -2 cos2 0

~

gl R g
a + 3 cos 6 sin 8
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(footnote continued)
or
1 cos 2 6 d6
gl ~ - ::f —_—
a S _sin 26
2a
= -Llina+isinz2ed
a 2a a

[}

(]
| -~

In (1 + 3/2 @ - sin 2 6)
6 - 0; a (minimum) = 25, from Chapter 5.

This is approximately equal to the simpler expression (4.39) as 6
approaches the irregular singularity. Furthermore, it may be noted

that this expression, like (4.39), also goes to zero as 8 approaches

zero.
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It is seen that the inequality (4.35) holds in this case for
8, (8). However it may be noted that g; (8) is not nonvanishing
as 0 approaches the irregular singularity. This is relevant in light
of the statement made earlier with regard to the terms that can be
included in the leading behaviour. The terms in the full local behavior
of an asymptotic solution that vanish (as & + 0, in this case) are
lumped in a series such as w(6) in equation (4.26). Let an analogous
series for the present case be given by u (6)'50 that the complete
solution for the original differential equation (4.10) is given as a
linear sum of the solutions for the two roots. Hence the concentration
c (6) is given by

3 k+4

c, exp (o« cot 8) {1 - a, 82 [ I wk r'(k+2)6
k=0

n

c(8)

? k+4 sin8.u (6) (4.40)

o ¢, 0 1) €2
where y (8) =1+ e (68) and e (8) - 0, 6 - 0, so that u (6) asymptotically
behaves like a constant. The constant ¢, in (4.40) corresponds to the
second solution (the root sz) and both ¢ and c, are determined from
the boundary conditions. The boundary condition for the determination
of the particular solution (to this problem) is presented in the next
chapter.

Equation (4.40) is now a formally complete asymptotic approximation
to the solution of the ion transport equation (4.10). It represents

the alkali ion concentration profile (c as a function of 6) over the
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particle when the migration occurs in the presence of an electric field
Es on the surface. This concentration profile is formally valid in the
neighborhood of the irregular singularity (6 = 0). A discussion of its
validity outside of this neighborhood and of some of its important fea-

tures is presented in Section 4.4 as well as in Chapter S.

4.4 Diséussion

The method of dominant balance approach used to arrive at the con-
centration profile over the particle surface yields a solution near the
irregular singular point of the differential equation. The component
of the leading behavior that varies most rapidly is called the controlling
factor. The controlling factors for the two solutions in Section 4.3
(corresponding to the two roots $1 and s,) are exp (a cot 8) and sin ©
respectively. The several approximations made in this section are
subsequently verified in each case so that the solution is consistent
with the assumptions. Furthermore, once the controlling factor is
determined all subsequent additions to the roots have progressively
decreasing magnitudes near the point of singularity.

The key term in the solution for the concentration c¢ (8), equation
(4.40), is the controlling factor corresponding to the first root (sl),
exp (a cot 8). Hence the solution function, then, exhibits an essential

*
singularity at ® = 0. The degree of variation also depends upon the

*

A function f (8) has an essential singularity at 6 = a, say, if 6 = a
is an isolated singular point and if the first derivative does not exist
(at 6 = a), and there is no integer n for which é%-[(e - a)n f (8)]

exists at 6 = a.

Sy

——TEC O
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magnitude of the (parameter) constant E*into which is lumped the average
layer field strength Ea’ particle size(s), diffusion coefficient D, the
electric mobility u, and the constriction ratio a/s**. As will be seen
later this dimensionless parameter o has an important bearing upon the
extent of ion migration and ultimately upon the electrical response of
a (sodium ion) chemically conditioned fly ash to an external voltage
gradient in terms of its bulk surface resistivity.

A comparison of the solutions in expression (4.40), for the two
Toots ) and S,» indicates that

51 52
e w(6) > e " u(e), 60 (4.41)

Additionally, it is evident that as 6 decreases, exp sl{, w(8)}
increases while exp szLu(e)}decreases. In view of this fact the boundary
condition at the bottom end of the lower particle (Figure 4.1) corresponds
almost completely to the solution due to the first root (51)' In this‘
respect this boundary condition appropriately applies at a region for
which the differential equation (4.10) has been solved. Thus the
constant c, of equation (4.40), evaluated at this boundaryf is at least
as accurate as the approximate solution itself. The second constant c

2

is determined if information concerning the concentration at any other

*
A discussion of the dependence of the concentration c(6) upon the

(experimental) parameter a is postponed until Chapter 5.

*

*
See Chapter 3, equation (3.76).
~l‘This boundary condition refers to the 'initial' concentration of sodium

ions in the capillary condensate (between 6, and ec). See Section 4.1.

0
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*
point of the particle is known . This, of course, entails the inherent

approximation involved in evaluating a (solution) constant from a

boundary condition which extends beyond the neighborhood of the essential

singularity of the differential equation (4.10).

One of the important features of the solution obtained by the
dominant balance approach is that it is an asymptotic approximation.
In contrast to a local series about an ordinary or a regular singular
point, the behavior of a solution near an irregular singular point 'may
be relatively, but not approximately, equal to the exact solution" (B7).
The reason for this is that the absolute value of the slope approaches
a maximum as 6 -~ 0; hence the concentration changes very rapidly in
this region. However, most importantly, the controlling factor in the
leading behavior of this solution is the same as that of the exact
solution. This is true when the equation obtained after 'peeling off'
the dominént balance solution has a solution that does not vary as
rapidly as the dominant balance solution. The significance of this
lies in the fact that the rate of change of concentration is largely
determined by the controlling factor and that this rate of change
determines how '"good" the asymptotic approximation is.

Referring to the original equation (4.10) for the surface ion

wAlternatively, as evidenced by the experimental results of Chapter 5
the following criterion may be used, with some loss of accuracy, to
evaluate Cyt

w-ZBO
I co) dA{8)= W,
0
where dA(6) is the differential (spherical) surface area, and W is the

total amount of ions participating in the diffusion process.

TEATIE

PR i N
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concentration it is seen that 6 =7 is also an irregular singular point.
Since the independent variable 6 occurs in the differential equation as
trigonometric (periodic) functions, the solution behavior (not the mag-
nitude) is similar to the above (6 -+ 0) near the end of second quadrant

2 2

*
(6 - 7) . The behavior of cot® 6 and csc” 6 are identical to each

other at

TS “‘Tm

As a result the binomial expansion in equation (4.16) is valid and the

(order reduction) approximation:

s" << (S.)Z (4.12)
is also justified near the irregular singularity 6 = m. Hence a
first estimate of the two roots is the same as in the case 6 -+ 0.
— 2
s; ¥ acot 8 + 1n csc (4.19)
Sy, = In sin © (4.20)

The estimate integration fl(e) also satisfies the same criterion:

£, (8) << acot6, 6-+0

B ——
This refers to the top end of the lower particle in Figure 4.1.
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so that the dominant balance solution corresponding to the first root

is the same as given earlier. The asymptotic series approximation,
however, is different in this case since sin 6, tan 6 - 6, 68 »
[equation (4.30)]. Upon examing the coefficients of equation (4.10) the
following observation may be made with regard to the series in the

leading behaviour

sin2 6 {6 >0} >0 = sin3 8 >m -6 {6 > w}
and

tan 8 {68 >0} >898 = - tan®-+>7m -6 {6 > w}

This series also (asymptotically) goes to a constant as before. A
replacement of this series (not evaluated) by just the one term for
e (8), given by the coefficient 3, yields a similar formal solution

corresponding to the root s

c (8) {sl} = c; exp (o cot 8) {1 - ﬁ;-(w-&j} (4.42)
4o
By a similar procedure it is determined that the leading behavior due
to the second root (6 - m) is the same as derived earlier. Once again
the asymptotic series u"(n-e) for this case is given about the term
(v - 8). Hence a formally complete solution for this case would be
given by

2
c(e) = ¢, exp (E cotd {1 -E_ (r-6)} + c, sin 6 o (r - 8)

6 > 1 4a (4.43)
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Hence the general solution to the differential equation (4.10) is
valid near the region of both irregular singularities of the particle.
Beyond 6 = n/2 it is seen from both equations (4.33) and (4.43) that
the second solution grows (relative to the first one) in magnitude,
and depending upon the value of o it may be dominating. This feature
is discussed in Chapter 5.

In conclusion, it may be observed that the validity of the general
solution near the two ends of the particle enables the determination
of an approximate concentration profile. It is expected that the
deviation from the exact solution will increase as the MDB* solution
is extended beyond the regions 6 - 0, m, toward the center of the
particle. However, as seen in the next chapter, this does not detract
from the objective of estimation of the parameters of the migration

process.

*
Method of dominant balance.
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CHAPTER 5

INTERPRETATION OF THE RESULTS OF THE ION
MIGRATION EXPERIMENTS
Overview

The phenomenon of capillary condensation within the macropores of
an ash layer and the effects of an externally applied electric field
have been discussed in Chapters 2 and 3 respectively. In Chapter 4
these two factors are incorporated into a mathematical model which is
developed in order to explain the observations made in connection
with the alkali ion migfation experiments. This chapter begins with
a description of the (laboratory) apparatus and the procedure used
with regard to these experiments (Section 5.1). One of the objectives
of the experiments was to determine the extent of the migration of
sodium ions into a (particulate) fly ash bed. The ash layer itself
is supported on the plane of the resistivity probe which was modified
for this purpose. The experimental arrangement and the equipment
used are illustrated by the figures in this section.

The material of Chapters 2 and 3 is used to determine the experi-
mental parameters associated with the fly ash bed. This is presented
in Section 5.2 where the effects of capillary condensation and the
applied electric field are quantitatively evaluated. The results of
this evaluation are essentially presented in Tables 5.4, 5.7 and 5.8.
The importance of the current-time data (for the laboratory experiments)

is indicated and these data are presented as plots in Figures 5.6,

222
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5.7, 5.8, and tabulated in Appendix K as well.

The physical significance of the experimental parameters and the
assumptions involved in their evaluation are also stated in Section
5.2. These assumptions need to be consistent with those made earlier
and have a bearing upon the interpretation of the ion concentration

profiles obtained from the laboratory experiments.

The experimental concentration profiles are presented in Section
5.3 and the '"extent'" of migration is discussed in terms of the

penetration thickness, § The effect of the capillary ring angle is

2p
also discussed in terms of §,p. In Section 5.4, the nature of the
experimental plots is discussed in light of the solution (4.40)
to the mathematical model. The Nernst-Einstein equation is intro-
duced at this stage. It is seen that the values of the migration
parameter E'predicted by this equation are far too high. This
analysis is done- in view of the controversy surrounding the mech-
anism of ionic migration. Following this the more realistic values
of aﬁax are evaluated and its relationship with the capillary ring
angle is underscored.

Finally, the implications of this result are discussed in a
broader sense in Section 5.5. The appropriateness of the particular

theoretical model of Chapter 4 is viewed in light of the physical

phenomena associated with this problem.
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5.1 The Experimental Unit and Procedure

The experimental arrangement used to study the ion migration problem
consists of the resistivity probe with a (high voltage) corona point at
a fixed distance from the plane. The plane is grounded through a micro-
ammeter. The probe was used in connection with fly ash resistivity
measurements described in Chapter 1 and is shown in Figures A.2 and A.3
(Appendix A).

For the purposes of the present experiments the resistivity probe
was modified to accomodate a stable layer of fly ash over the plane.
This was accomplished by inserting a teflon cylinder with the same inside
diameter as the plane. One end of this teflon cylinder has a protrud-
ing lip which fits snugly in the gap between the guard ring and the
collecting plane.* Figure 5.1 shows this modification of the probe
~along with a schematic of the entire experimental set up. Metered air
(through a rotameter) is bubbled through water impingers in a temperature
controlled water bath. This moist air is then led via an insulated tube
through a flask in order to prevent any condensate carry over to the
heating chamber of the probe. This section of the probe (Figure 5.2) is
enclosed by a protective casing and is maintained isothermal by means
of a heating tape wrapped around the casing. Variations in temperature
in the probe chamber and the (electrically) heated water bath, which
occur due to line voltage fluctuations, are minimized by the use of
voltage stabilizers.

A 20 Kv DC power supply is used with the probe to obtain the required

corona voltage. The leakage current across the ash bed is monitored by

*
See also Figure A.1l.
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Figure 5.2. Modified point-plane configuration
in the probe chamber.
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means of a microammeter connected to the grounded plane. The current
readings during the experiment are recorded on a strip chart recorder
which is calibrated appropriately for this purpose. The probe tempera-
ture* is also recorded on a separate strip chart (recorder) in order to
ascertain the isothermal conditions of an experiment. The vertically
positioned resistivity probe, the high voltage power supply and the
microammeter are shown in Figure 5.3.

The determination of the relative saturation of the moist air
involved the use of a standard stack gas sampler (Appendix I) and
silica gel impingers in an ice bath. The sampler is shown in Figure
5.4. The metered air is bubbled through glass (water filled) impingers
in a water bath at the sametemperatures as those in the ion migration
experiments.** The moist air is then led through an insulated tube,
via the condensing flask, to the (ice bath) silica gel impinger where
the condensed water adds to the weight of the impinger. The dry air is
drawn from the impinger outlet to the stack gas sampler which measures
the total volume and temperature of the air sampled through the impinger.+
Since the air line is under vacuum all of the joints and connections
are checked for leaks before each experiment.

In order to be able to analyse the fly ash for sodium it is

necessary to separate the ash bed into thin layers. This is accomplished

*Which is the same as that of the fly ash bed.

**These (humidity) experiments were conducted separately from the
migration experiments.

+This equipment gives the temperatures at the inlet and the outlet of

the sampler (see also Appendix I).



Figure 5.3. High voltage power supply and
microammeter.
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by modifying the probe so that the collection plane can be moved
vertically by means of a calibrated turn screw with a predetermined
pitch. The calibration divides the pitch into eight equal parts so

that the minimum (measurable) thickness of the ash layer equals pitch/sf

At the beginning of each experiment the insulated lines and the
probe chamber are checked for air leaks. The distilled water contained
in the glass impingers in the water bath is brought'up to the desired
temperature and the air valve opened gradually to permit air to
bubble through the impingers at a specified flow rate. Valve A is
closed and D open at this time. This procedure enables the insulated
(air) line to the probe chamber to be thermally stabilized before
the corona voltage is turned on. This stabilization is ascertained
by a constant rate of moisture condensation in the condensing flask.
Furthermore, this is confirmed by a constant air temperature reading
at the inlet'to the probe chamber (near valve A).

The (alkali ion) chemical conditioning agent selected for these
experiments was in the form of sodium hydroxide solution (1.824 g/lit
NaOH). With the cylindrical teflon support removed**from the position
indicated in Figure 5.1, a measured amount of NaOH solution is carefully
deposited on the plane with a pipette. The handling of the sodium

hydroxide in the solution form, at this stage, enables a uniform

*Bqual to 0.009922 cm.

**The support is inserted in place only after the solution is completely
evaporated from the plane in order to ensure that there is no sodium
hydroxide on its inside surface. As is evident from the direction of

sodium ion diffusion (toward the negative corona), this is an important

precaution. (See also Section 5.3, Chapter 5).
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deposition upon the plane. This is subsequently evaporated under an
infra-red lamp.

The cylindrical support is inserted in place and the plane is
raised (with the turn screw) so that it is flush with the top surface
of the support. The plane is now lowered to a predetermined position
and the corresponding number of turns of the screw noted. This gives
the thickness of the fly ash layer. The ash is carefully placed into
the hollow space thus formed, and the upper surface aligned with the
top edge of the support (Figure 5.1).

The probe chamber is now closed and valve A opened to let the
humidified air into the chamber*. The probe heater is turned on and
a sufficient** amount of time is allowed for the ash bed to equilibrate
with the (humid) ambient environment. The bed temperature is monitored
on the temperature recorder.

The current (strip chart) recorder and the DC power supply are now
turned on simultaneously, and the latter adjusted to give the predeter-
mined corona voltage. This gives the initial leakage currents through
the ash layer (for a given applied voltage).

The experimental unit is left on for the duration of the
experiment (90 - 120 hours) and the system variables (temperatures,

air flow rate, voltage) periodically checked to assure constant

%*
The line leading to the ice bath and sampler is isolated at this time.
*%x

For the present set of ion migration experiments the system above was
left on for about 4 hours in each case before the corona voltage was

applied. (See also Section 5.4).
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conditions. The condensate in the flask is also drained periodically to
prevent any moisture carry over to the probe chamber.

After the experiment time has elapsed, the system is turned off
and the probe allowed to cool. The probe chamber is opened by removing
the shroud. The ash bed is now separated into layers of a predetermined
thickness by rotating the turn screw so that the plane moves upward by
a given number of divisions.* The (amounts of) ash corresponding to
these layers are then carefully removed from the top and collected in
weighed plastic vials. These vials are irradiated in a nuclear reactor**
and the resulting ash saﬁples analyzed for the sodium ion concentration.
This is determined by the standard neutron activation analysis procedure

* k%
24 isotope.

by obtaining the gamma ray peak areas for the Na
Finally, after the completion of an ion migration experiment the
(water bath) temperature and air flow conditions are reproduced in
order to determine the humidity. Valves A and D are closed and the air
is led through the (ice bath) silica-gel impinger before it enters the
stack gas sampler (for volume measurement). As described in Appendix I

the moisture content is obtained simply from the increase in the weight

of the impinger and the volume of air sampled. The moisture content

*As stated earlier these (eight) divisions are etched on the bottom
of the screw head.

**Michigan State University Triga reactor. The ash samples were irradia-
ted at a flux of 1012 neutrons/sq cm/sec for about 15 minutes.

***The equipment used for this analysis consists of a standard Ge-Li
detector (15% relative efficiency) coupled with a signal amplifier and

interfaced with a computer based multichannel analyzer (CANBERRA SERIES

-80).



Figure 5.4. Standard stack (flue) gas sampler.
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giveé the relative saturation (a) of the air in the probe chamber

which, in turn, is used to estimate the radius of curvature of the
capillary condensate by the method of Chapter 2. This is presented
in the next section where also the other model parameters lumped in

the term & (Chapter 4) are calculated.

5.2 Estimation of Model Parameters . !ﬁ

This section deals with the estimation of the experimental para-
meters involved with the ion transport in the presence of an applied
electric field. A numerical evaluation of the (ion) concentration

distribution requires that the term a in equation (4.10) be specified.

R

Before doing this, it is appropriate at this stage to list the experi-
mental conditions of each of the migration experiments conducted iﬁ
the laboratory. These conditions are the externally adjusted variables
which (partially) determine the parameters o, 8. and eo (in Figure
4.1). These are presented in Table 5.1.

Referring to Figure 4.1 (Chapter 4) it is seen that the quantit-
ative effect of capillary condensation is completely specified by the
angles eo and ec. As discussed in Chapter 2 these angles correspond
to the surface coverage of a particulate sphere* (Figure 2.9). The
value of ec is given directly by the calculated radius of curvature.
It is seen from Figure 4.1 that this value determines the length of
the "dry" resistance path on the spherical surface from one end of the
particle to another. " Without making any presumptions regarding the

—————e
eo and ec are the same as ¢ and ¢ respectively (Figure 2.9).
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variation of the surface electric field strength (with 8), it is
seen that 6. is a significant parameter in the determination of
the concentration distribution.

The evaluation of eo (and Gc) is relatively straight forward
once the radius of curvature of the capillary condensate and the particle
size are known [equations (2.77) and (2.79)]. To determine the radius
of curvature R one needs to know the moisture content of the air (Bwo)'
The procedure and formulas involved with this computation is presented

**

in Appendix I.

The moisture content is determined from the humidity experiments
by the foregoing procedure. The results of the calculations are pre-

sented in Table 5.2. The values of the relative saturation a are also

shown in this table. This is obtained directly as,

BWO

To0yP
It was mentioned earlier (Chapter 2) that the effect of surface
(multilayer) adsorption is not considered in this model. Hence the

region of the particle surface subtended by the angle m - 26c is

"dry" relative to the ring of capillary condensate.

**The method used to evaluate the (air) moisture content is part of

a standard procedure for conducting a stack gas analysis (B9). This

method conveniently applies where a stack gas sampler is used (@s in

this case, Appendix 1I).

»

~—.<
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where Bwo is volume percent moisture in the air and psat is the
saturation vapor pressure corresponding to the ash bed temperature
(equal to the probe temperature). The total pressure inside the probe
chamber is assumed to be equal to 1 atmosphere. The variation of the
moisture content with water bath temperature is shown in Figure 5.5.
The moisture content ﬁ;o in this particular case is equal to the
volumetric ratio of water vapor to dry air (expressed as %). The plot
itself is specific to the actual configuration of the experimental

set up*, however the nature of the variation is as expected, i.e., the
value of E;o (or Bwo) declines with water bath temperature. The relatively
steep increase of Bwo at the higher temperatures is reflected by the

fact that Psa also rises with temperature at an increasing rate.

t

The values of the relative saturation a shown in Table 5.2 are
now substituted into the modified Kelvin equation (2.67) in Chapter 2.
K = »p ° [Auid - Auc] - Ap (2.67)
1 g g g
All of the other terms are known (at a single temperature), hence the
curvature K can be calculated by means of this equation. The mean radius

— * &
of curvature of the capillary condensate is given by R, where

*In other words, the actual E;o values (in Figure 5.5) depend upon
the rates of condensation within the insulated lines and in the con-
densing flask, and upon the degree of saturation at the outlet of the
impinger(s) in the water bath as well (see Figure 5.1).

* %
See Section 2.12, Chapter 2.
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E

Molisture Content %,B,,

s — Lower flow rate

a — Extrapolated values
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Temperature x 10" (°F)
Figure 5.5. Variation of B__ (vol. H,0 vapor/vol. dry air) with

water bath temggrature .
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The numerical values of each of the individual terms in equation (2.67)
are presented in Table 5.3. The last column of this table shows the
values of R for each of the experimental temperatures.

It may be observed from the table that the underscored values of
R (cases 2, 3, 4) are lower than that corresponding to the assumed
molecular size* of 2.725A° (R = 1.363A°). This is a simple dimensional
restriction which implies that the pore size is not large enough to
accomodate a water molecule. This assertion is made purely on the basis
of the results generated in Table 5.3 and must be viewed in light of
the uncertainty associated with the use of an equation such as (2.67)
in such cases. The applicability of this equation (and the Kelvin
equation as well) in the region of '"dimensional restriction'' has been
discussed in detail in Section 2.14 (Chapter 2) and in Appendices C,
D and E.

As mentioned earlier in this section the angles ec and eo can be

*

*
calculated once the radius of curvature R is known. For the perfect

geometry of Figure 2.9 the following relationships hold,

- _ = t
ec = ecc = arc cos (S/R +3) . (2.77)

*
See Section 2.14, Chapter 2.

* %
This means that the spheres are perfect and meet each other at a

single point of contact.

+The particle radius S is equal to R, in Chapter 2.

1
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and

eo = eco = arc cos (S-1.363)/s (2.79)
where ecc and eco are the angles due to the capillary condensate ring.
For the more realistic case where the interparticle contact is not at
a point* the ring may be visualized to be '"pushed'" further out of the
macropore so that in general ec > 0. and 8y > 80" ec; is referred
to as the capillary ring angle in order to distinguish it from Bc.

The values of ecc obtained from the foregoing equations are
shown in Table 5.4 for all of the nine different experiments. As
remarked earlier the thermodynamic equation (2.67) predicts no cap-
illary ring for the cases 2, 3, and 4. Hence, for these cases, one

would expect that the surface (ionic) migration is not assisted by

capillary condensate formation i.e., the entire path of migration is

* %

"dry-" .
The angle eco of the capillary ring corresponds to the lower
limit imposed by the dimensional (molecular size) restriction. Since

this depends only upon the particule radius S (equal to 9.575 x10'4cm]+

*
It was stated in Chapter 3 that the actual contact is specified by an

area (of contact). In the simplest case this is assumed to be a circle
of radius a.

*x

The effect of surface (micropore) adsorption is not considered.

*The bulk properties of the fly ash used in the laboratory experiments

(BET specific surface area, size analysis, etc) were determined separately.

These are presented in Appendix J.
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Table 5.4. Estimation of the capillary ring angle from equation

(2.77).
Experiment No. T @ R ?cc
°c) (P/Pg°) (A°) (degrees)
1 146.67 0.0184 1.398 0.310
2 174.69 0.0070 0.946 --
3 154.44 0.0121 1.207 --
4 157.22 0.0143 1.234 --
5 156.67 0.0317 1.533 0.324
6 98.89 0.0522 2.440 0.409
7 126.67 0.0473 2.048 0.375
8 65.56 0.1774 4.939 0.582
9 65.56 0.1630 4,709 0.568
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the value of eco is constant and equal to 0.306° [from equation (2.79)].
Thus, as mentioned earlier, the results of Table 5.4 (ecc and R in
particular) completely specify the extent of the capillary ring for a
given particle geometry. The next step is to evaluate the average
electric field strength Ea for the ash layer. It may be recalled from
*

Chapter 4 that this term is contained in the exponential parameter a in

the solution equation (4.33) where

a = uSE/D-1n K (5.1)
where

u = electric mobility, mz/V-hr.
S = particle radius, m.
Ea = average electric field strength within the fly ash layer,

V/m
D = diffusivity, mz/hr.
K = dimensionless constriction ratio equal to a/2S (Section

3.4, Chapter 3) where
a = radius of the circular contact between two spherical particles.

It should be noted here that the term Ea denotes both a time average

*%
as well as a distance average electric field strength. A consideration

of a time average value of Ea is necessitated by the nature of the current-

* —
Henceforth a is also referred to as the migration parameter.
*%
This implies that E, is a representative value of the field strength
along the length of ash bed in the direction of the applied voltage

gradient (See Figure 5.1).
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*
time data for the ion migration experiments . It is seen that after

an initial rapid decline the leakage current through the ash bed re-
laxes to a steady value. A similar observation has been made by
McLean (MZ).**

The variations of current during the length of an experiment is
indicated by vertical bars in the plots of Figures 5.6, 5.7 and 5.8.
The current value ;t which the voltage drop AV is assumed (Experiment
No. 1, Figure 5.6) is obtained as a time weighted average from the
current-time data of Appendix K. This average current as well as its
maximum and minimum values (after an initial period of decrease) are
shown in Table 5.5.

The initial period (of stabilization) referred to earlier is
obtained from tﬁe current-time data in Table K.1 (Appendix K). This
period designates the time (after switching on the power supply) re-
quired for the leakage current to fall to its lowest value. The
minimum value is determined by the criterion that at least one current
measurement, after this time period, is equal to or higher than this

value' . The stabilizing period ranges from about 5 minutes for

*

The current-time data for the ion migration experiments are presented
in Appendix K.
**

That the current drops from an initial high value immediately after
switching on the power supply.
+This criterion, however, is partly subject to the error that the current
measurement may be made during a (current) fluctuation due to the equip-
ment. This minimum current is not the same as Imin (Table 5.5) in

every case.
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Table 5.5. Maximum, minimum and average currents through the ash

layer.

Expt. No. Voggzgza(KV) Thickgzgs (cm) I&ax(“A) Imin(uA) Iave(“A)
1 9.40 0.4367 3.470 1.320  2.010
2 10.00 0.4862 1.430  1.020  1.230
3 9.50 0.3175 0.945  0.540  0.559
4 9.00 0.3175 5.560  0.980  1.458
5 9.50 . 0.3175 1.485  0.500  0.678
6 9.00 0.2580 1.150  0.490  0.685
7 9.00 0.3175 1.010  0.210  0.409
8 7.50 0.3175 1.970  1.030  1.304
9 ~ 8.00 0.3175 2.600  0.760  1.023

1.I is the current.
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Experiment 5 to over an hour for Experiment 8. This, of course, depends
on the magnitude of the current at zero time and one expects that a
higher initial current would lead to a longer stabilizing period. The
data in Table K.1 shows that the initial current in Experiment 8 is
significantly higher than in Experiment 5.

Table K.1 also indicates that the leakage current, in general,
decreases with time. However, in all of the cases the corona-ash layer
system relaxes to a final current value which is more stable (relative
to the variations at the end of the initial stabilizing period). This
is suggested by comparing the underscored Imin and Iave values in Table
5.5. The current-time data for the other cases (1, 2, 4, and 9) indicate
that the Imin was measured during short lived current fluctuations (due
either to the equipment or the variations in the line voltage). In fact
the Imin for each of these cases is not the final 'relaxed'" value of
the current. The final current values (Ifinal) for experiments 1, 2, 4

and 9 are shown in Table 6.

Table 5.6. End currents for experiments 1, 2, 4 and 9.

Experiment No. Ifinal
(vA)

1 1.565

2 1.300

4 1.200

9 1.270
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A comparison of the Ieinal values from the above table and the
underscored Imin (from Table 5.5) with the corresponding time weighted
Iave indicates that the average current is more stable than is suggested
by the relatively rapid decrease (of leakage current) toward the beginn-
ing of an experiment*. This is illustrated by the plots in Figures 5.6,
5.7 and 5.8. The plotting of the clean plate data in these figures per-
mits the determination of the average voltage drop across the bed. The
term ''distance average" mentioned earlier refers to the fact that in the

* %
ideal case the electric field strength is uniform along the ash layer

and is obtained simply by dividing the AV obtained from the plots by

w

the bed thickness. It should be noted that Ea calculated by this pro-
cedure is an approximation in the sense that E, is not really indep-
endent of time as it is purported to be in the steady state differential
equation (4.9), Chapter 4. Further discussion of this aspect is deferred
until Section 5.5.

The "average" field strength E, estimated from the plots of
Figures 5.6, 5.7 and 5.8 can now be used to calculate the constriction
ratio K (equal to a/2S) which appears in the expression (5.1) for the
migration parameter a. It was mentioned in Chapter 1 (Overview) that
an electric field within a fly ash layer induces an interparticle co-
hesive force Fz. An expression for this cohesive force is also given

as a function of an average (interparticle) gap field strength Ez

—
Since Imax is the current at the end of the initial (stabilization)

period this conclusion is also supported by the fact that I . is
closer to Imin than it is to Imax'

* %
Perfectly spherical and identical particles in a cubic packing.
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[equation (3.101), Chapter 3]*. If the fly ash particles are assumed
* %

as being elastic (M3) , then the radius of the interparticle contact

can be estimated from the Hertz equation (M5, M1l) given earlier in

Chapter 3 [equation (3.1)].

s X
. - F.3
a = [1 7581(1 vT) ] (3.1)
where
fA € 2
F = Fz = - Ez dA (3.101)

For a simple cubic packing the total number of particles in a plane
of unit area is 1/452. The total cohesive force per unit area is FT

where

_ 2
FT = 0.25 Fz/S (5.2)
McLean (M3) has proposed a semi-empirical correlation between FT and

the applied electric field strength as follows,
F. = AE (5.3)

where A and § are constants and § = 1.54 for Y (Young's Modulus) =
7.5 x 1010 Newtons/m and v (Poisson's ratio) = 0.25. The constant A

varies between 90 x 10—6 and 150 x 10-6. In this case an average

*
See also reference D2.

**
See Section 2.2, Chapter 2.
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value of A is selected; A = 120 x 1076,

Substitution of F., from equation (5.3) into (5.2) yields an

T
expression for F, in terms of the particle radius S. This expression
replaces F in equation (3.1) to give the following relation for the

constriction ratio:

—

-5 2 =
9x10 . (1-v9) E 1.54]3 (5.4)

= 2 -
K = [ 32 Y a

2S

An important significance of equation (5.4) is that the constric-
tion ratio K is independent of particle size. Hence the average inter-
particle gap field strength Ez(e) [equation (3.100)] and the cohesive
force FZ [equation (3.101) above] are also independent of particle size.
The constriction ratio, therefore, is simply a function of the (average)
applied eiectric field across the layer.

An alternative and a more rigorous procedure to evaluate the
contact aréa 'a' involves the substitution of FZ (or F) in equation
(3.101) into the Hertz equation (3.1). However this means that the
integral expression for Fz first needs to be evaluated by replacing
Ez in (3.101) with its expression (3.100) in terms of the 6 variable*.
The semi-empirical method is simpler to use than this integral procedure.
Furthermore, the relative contribution of the term ln K to the migration

— * %
parameter a is smaller than that of the average field strength E,

*
The integration variable 6 has 6 = 0 and 6 = n/2 as the lower and

upper limits respectively.
*k
As stated earlier the assumption of an average (constant) Ea is an

approximation. This is discussed in Section 5.4.
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The values of the constriction ratio (a/2S) calculated from the set of
equations (5.2), (5.3) and 3.1) are presented in Table 5.7.

The voltage drop (AV) is estimated as the difference between the
operating corona voltage (during the experiment) and the clean plate
corona voltage at the (time) average current level of the migration
experiment. This is illustrated in Figure 5.6 for Experiment 1. The
average field strength is then simply given by dividing AV by the layer
thickness.

The interparticle cohesive force is calculated from the explicit

expression obtained by combining equations (5.2) and (5.3),

*

E, = (4.8x107% s? g 1> (5.5)
Two specific observations may be made with regard to this expression:
i) ' The dependence of the cohesive force (Fz and FT) upon the
applied electric field is less strong than that for a homo-
geneous dielectric where FT oc Eaz.
ii) In an electrostatic precipitator it is the ash resistivity
(p) that determines the cohesive force**. The average
corona current J varies from 60 uA/m2 to 250 uA/m2 and
Ea = Jp so that a large change in Ea is more likely due to a

change in the bulk resistivity (p) which may vary over

several orders of magnitude (M3).

* -
The particle radius S = 9.575 x 10 6m. The results of the bulk

property determinatias for the fly ash are presented in Appendix J.

%* %
This force holds the particulate layer onto the collecting plate.
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Table 5.7. Values of the cohesive force (Fz), the average field strength
(E.), and the constriction ratio (a/2S) for the ion migration

experiments.
Experiment Voltage drop, AV Bed Thickness szlo5 Eaxlo_5 a x103
No. (Kv) (cm) (Newtons) (Vm) 25
1 3.96 0.4367 6.579 9.069 9.439
2 3.97 0.4862 5.598 8.166 8.944
3 3.36 0.3175 8.341 10.580 10.216
4 3.35 0.3175 8.305 10.550 10.201
5 4.12 0.3175 11.428 12.980 11.346
6 3.15 0.2580 10.407 12.210 10.997
7 3.48 0.3175 8.807 10.960 10.402
8 1.45 0.3175 2.287 4.567 6.637

9 1.79 0.3175 3.164 5.638  7.395
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The calculated values of the constriction ratio (K) in Table 5.7
are in agreement with those found in literature*. Referring to
Figure 4.1 (Chapter 4) it is seen that when the two spheres meet at a
circular contact (of radius a) the angles ec and 90 must take this
feature into account. This was mentioned earlier in the present section
where ecc was described as the capillary ring angle, and ecc4- eco

corresponds to the angle due only to the ring of capillary condensate

around the interparticle contact. It follows, therefore, that

0
6 > and 90 > 8

c cc co’

If the particles are assumed to be elastic then the cohesive force

-—

acts in such a way so as to deform them into (almost spherical) spheroids.
Since the deformation is small, the contact between two spherical par-
ticles (at the circumference of the circle of radius a) can still be
assumed to be tangential. This deformation is not significant enough

so as to disturb the spherical curvature of the particle beyond the
contact. Hence the liquid-vapor interface** of the condensate ring
extends out (of the pore) the same distance+ i.e., X; = X, in Figure

2.9 is assumed to be the same irrespective of whether K**

equals zero
or not. Thus if X; - X, (Figure 2.9) and the radius of curvature R

are unchanged then the length of the solid-liquid interface is the

S
In terms of the order of magnitude. See reference M2 for example.

* %
This is also spherical. See Section 2.12, Chapter 2.

+As in the ideal case of point contact.
ffK = a/2S in this chapter is distinguished from the same notation used

for the mean curvature of the capillary condensate in Chapter 2.
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same for the two cases of point and circular contact. From this it follows

*
that the angle due to the capillary condensate is also unchanged and

a

ec = arc tan 3t ecc (5.6)

where ecc is the capillary angle defined earlier in this section and
-8 = 6, - 6_. The angle arc tan 2 is subtended by the contact

8
cc co c o S

circle at the center of a sphere. Furthermore the lower limit eco
(due to pore restriction) is also increased by the same amount as above,

i.e.,

8, = 0.306 + arc tan”] a/s (5.7)

The equations (5.6) and (5.7) are used to evaluate to the capillary
ring angles** for the real case of a finite area of (circular) contact.
This is different from the ideal situation principally due to the cohesive
forces which are present in a (resistive) particulate layer. The results

of the calculations leading to ec and eo are presented in Table 5.8.

These angles are referred to as the modified capillary angles.

*
This is discussed in Section 5.5.

* %

ec and eo.
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Table 5.8. Capillary ring angles 6 _ and 6, in the presence of cohesive
forces within the ash ldyer.

S a ] 0

Experiment E_x10~ arc tan c )
“No. trem (Deg) (Deg) (Deg)
1 9.069 1.0815 1.391 1.387
2 8.166 1.0247 1.0247" -
3 10.580 1.1705 1.1705° -
4 10.550 1.1688 1.1688" -
5 12.980 1.3000 1.624 1.606
6 12.210 1.2600 1.669 1.566
7 10.960 1.1918 1.567 1.498
8 4.567 0.7605 1.342 1.066

9 5.638 0.8473 1.416 1.153

*
These cases corespond to the situation where there is no capillary
condensation. :

It is seen from the above table that the capillary angles exceed
1° in every case. Although ec (and 00) appears to be small its effect
upon the ionic concentration profile is significant. The data in
Table 5.8 are the end result of the evaluation of the effect of capillary
condensation upon the particulate layer. The information regarding the
experimental conditions (temperature, humidity, ash layer geometry)
are sufficient to evaluate the parameters in the expression (5.1) for
o. The term u/D in this equation, however, is obtained from the con-
centration profiles over the particulate bed. As is discussed later
(Section 5.4), the evaluation of the ratio of the electric mobility

to the molecular diffusivity is one of the objectives of this work. In




258

the next section, the experimental concentration profiles are presented

as plots of concentration vs. distance through the ash layer.

5.3 Experimental Concentration Profiles for the Particulate Bed

As mentioned earlier in this chapter one of the important objec-
tives of the (sodium) ion migration experiments is to determine the
(surface) concentration distribution when the transport process occurs r‘
under the coupled effect of a concentration gradient and an electric t
field gradient. The shape of the concentration profile along the bed

*

leads one to conclude about the relative importance of the ionic

contribution to the (surface) leakage current. It may be recalled

that such a conclusion applies only to low temperature electrostatic
precipitators in which case the surface resistivity is more important
than the volume resistivity.

The configuration of the fly ash bed with respect to the corona
point was described in the experimental procedure (Section 5.2). The
sodium hydroxide solution is deposited on the plane (Fiéure 5.1) prior
to filling the hollow space of the cup (formed by the support) with
the fly ash. This sodium hydroxide therefore provides the ''pool" of
sodium ions** at the lower boundary of the ash layer. As in the case

of an electrostatic precipitator a negative corona is used in this

instance. As a result the positive ions migrate up through the ash bedf.

*

Relative to the electronic current.
*xk .
This was referred to earlier in Section 4.1, Chapter 4.
+Hence it must be assured that the inside surface of the (teflon) support

is entirely free of sodium (as NaOH) at the beginning of the experiment.
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It was stated in Section 5.2 that the sodium ion concentration
of the fly ash samples is determined by neutron activation analysis
of the irradiated samples*. The (gamma) count data are generated by
a computer based analyzer** and these are compared with the standard
counts to give the desired concentration by means of the following
formula:

(standard)
Na. Concentration = A (sample) . MNa - 100%

A (standard) M (sample)

where
A - activity (area under sodium - 24 peak), counts.

M - mass, gﬁ.

The ion concentration calculated above is assigned to a sample
of known thickness which in turn, is estimated from the corresponding
rotation of the turn screw attached to the plane of the résistivity
probe (Figure 5.1)+. From this the location of the sample in the
original ash layer (in the probe) is also determined.

The foregoing calculations were performed for all of the nine
cases and the results for one typical case (Experiment No. 3) are

shown in Table 5.9. As mentioned before++ the minimum rotation of

*
This also includes one standard sample with a known concentration of
sodium.
* b
See Section 5.1 and Appendix L.
+This is described in the experimental procedure, Section 5.1.

H'See also Appendix K and Appendix L.
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the turn screw corresponds to a vertical motion of the plane by
0.009922 cm; hence all distances in the ash bed are multiples of
this number and are given as 62 in the table. The distances are
measured from the plane, i.e., from the bottom of the ash layer in

each case.

Table 5.9. Typical laboratory data for the sodiup ion concentration
distribution within the fly ash layer

Sample Distance § Na Concentration, c c/c
No.** (cm) 2 (% wt.) °

19 0.0198 2 2.5673 1.0000
18 0.0298 3 0.3422 0.1333
17 0.0397 4 0.2847 0.1109
16 0.0496 5 0.2832 0.1103
15 0.0595 6 0.2846 0.1109
14 0.0794 8 0.3062 0.1193
13 0.0992 10 0.3017 0.1175
12 0.1191 12 0.2860 0.1114
11 0.1389 14 0.2855 0.1112
10 0.1588 16 0.3156 0.1229
9 0.1786 18 0.2781 0.1083

8 0.1984 20 0.2974 0.1158

7 0.2183 22 0.3128 0.1218

6 0.2381 24 0.3072 0.1197

5 0.2580 26 0.2682 0.1045

4 0.2778 28 0.2892 0.1126

3 0.2977 30 0.2685 0.1046
1§2 0.3175 32 0.2602 0.1014

*These data are for Experiment No. 3.

**The samples are numbered in the order that they are withdrawn from
the ash bed in the probe chamber (Figure 5.1).

+Sample numbers 1 and 2, in this experiment, were lumped together and

treated as a single sample.
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The last éolumn in the foregoing table is the dimensionless
sodium concentration where SR is the concentration of the first sample
(in this case Sample No. 19). It is seen that for 62 > 3 the sodium
concentration does not decrease any further but varies about a mean
value {c/co (mean) = 0.1127}. This abrupt drop in concentration from
a high value at the bottom of the ash layer* (Sample No. 19) is typical
for all of the ion migration experiments conducted in the laboratory**

The variation of the surface ion concentration with distance (62)
from the plane is shown in Figures 5.9 through 5.15. The concentration-
distance data for each of the laboratory experiments are presented in
these figures*. The term "concentration-distance'" refers to the sodium
(ion) concentration of the fly ash sample which is located at a known
distance from the bottom of the particulate bed in Figure 5.1. The
sample (in the irradiation vial) in its "origina1"++ state represents a

thin layer in .the bed which has a uniform ion concentration. Addition-

ally, the voltage at all points on the top surface of this layer is constant?f

*
This refers to the fly ash bed within the cylindrical (teflon) support

inside the probe chamber (see Figure 5.1).

*

*See Appendix L.

1'The data for Experiment No. 7 are not shown for reasons discussed later.
1-+T}1is term is used to imply the fact that the sample is present as a
thin layer during the experiment, i.e., before it is removed from the
bed for suBsequent analysis.

*

1.This suggests that the voltage drop in the portion of the bed above

this layer is constant at all points.
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as well.

As stated above the drop in the ion concentration near the bottom
of the ash layer occurs for all of the experiments. The concentration
falls from a high value at the lower boundary to the mean sodium con-
centration of the fly ash matrix itself.* This rate of fall (with respect
to distance) is a function of several factors and for this particular
case (the experimental conditions in the laboratory) these factors are:

i) Bed temperature, T

ii) Radius of curvature of the capillary condensate, R
iii) Thickness of the bed
iv) Corona voltage
V) Sodium ion concentration at the lower boundary (of the ash
layer), and
vi) Time duration of the experiment.

The radius of curvature R is directly related to the amount of
capillary condensate in the bed macropores and factors iii) and iv)
above determine the magnitude of the average layer field strength Ea
(Section 5.2). These factors, in effect, constitute the variables
which determine the distance of penetration**of an alkali ion through
the particulate layer. In this work the effect of some of the variables
above were accounted for in the dimensionless migration parameter a
in equation (5.1)

*
The concentration units are normalized with respect to the Na

concentration of the lowest layer. See Appendix L.

ok
The penetration distance is taken to mean the distance (from the plane

of the probe) over which the ion concentration falls to a mean value.
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a = WSE,/D 1n K (5.1)

The dimensionless constriction ratio K is itself a function of E,
as given by equation (5.4).

In light of the material presented earlier (Chapter 2, 4 and this
chapter) one would expect the penetration distance, 62p’ to increase
with the awount of liquid present in the macropores. This is observed
in the results of experiment numbers 8 and 9* (Figures 5.14 and 5.15)
where the value of 62p
and 5 in the other. The relative amounts of condensate for these two

is 8 in one case (Experiment No. 8, Figure 5.14)

cases is reflected by the values for the capillary ring angles given
in Table 5.4. The dimensionless penetration distances, Gép, for the
laboratory experiments are shown in Table 5.10.

It is observed from the figures (5;9 through 5.16) that 62p is
fairly small relative to the bed thickness. The effect of the ash
layer thickness appears to be significant only with respect to the
average field strength Ea and (hence) to the constriction ratio K.

Finally, it is noted that the shape of the concentration-distance
plots for all of the experiments are consistent. The significance of
this feature needs to be interpreted in light of the method of

dominant balance solution (MDB) of Chapter 4, and this is presented

in the next section.

*
The results of these two experiments are compared to each other because
the other experimental conditions (except for the water bath temperature)

are similar for the two cases.
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Table 5.10. Ion penetration distance through the particulate layer.

* * % 5

Experinent (gC) (gggrees) E?t}g) (dimeﬁggonless)
1 146.67 0.310 9.069 2
2 174.69 -- 8.166 S
3 154.44 -- 10.580 3
4 157.22 -- 10.550 2
5 156.67 0.324 12.980 3
6 98.89 0.409 12.210 5
7 126.67 0.375 10.960 -
8 65.56 0.582 4.567 8
9 65.56 0.568 5.638 S

T is the temperature of the particulate bed (assumed equal to the

probe temperature.

* %

ecc is the capillary ring angle in degrees (see Table 5.4).
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5.4 Significance of the Profile Shape with Respect to the MDB
Solution

It is evident from the results of the previous section (Figures
5.9 through 5.16) that.the sodium ion migration through the particulate
layer is restricted to fairly small values of the penetration distance,
62p (Table 5.10). As a result the ion concentration falls sharply
from the lower boundary to the layer (Figure 5.1). The number of
particles over which the concentration falls to its mean* value may
be estimated from the ion penetration distance. For a value of 62p
equal to three the corresponding number of (spherical) particles is
approximately equal to 16.** In an ash layer of thickness equal to
. 0.3175 cm (Table 5.7) the total number of particles in one vertical
stack of cubic packing is equal to 0.3175/19.15 x 10-4 or 166
(approximately). Hence the penetration distance in this case is
about 9.6% of the thickness of the ash layer.

The relatively short ion penetration distances such as the above
indicate correspondingly large concentration gradients over the sur-
face of a particle near the end of the lower boundary layer. Further-
more, the (semi-logarithmic) plots also show that the slope decreases
with increase in distance and approaches zero at the end of the pene-
tration thickness (Szp) within the ash bed. As seen later in this

section, this feature is also indicated by the theoretical model.

*

As stated earlier in this chapter the mean value refers to the
intrinsic concentration of sodium in the fly ash. The sodium occurs
primarily as sodium oxide.

* % -
Equal to (6, x 0.009922) cm + 19.15 x 10 4 ¢m (particle diameter).
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One of the objectives of the following analysis is the determina-
tion of an '"average' concentration gradient. The term average refers
to the (linear) gradient obtained from the concentrations at the two
boundaries* of a particle, where the particle is within the distance
62p' This does not imply, however, that the local concentration
gradient (at a point, on the surface) is linear. The solution
equation to the mathematical model of Chapter 4 does indeed predict
that the local concentration gradient is non linear. The formal
solution obtained in Chapter 4 is given as

3

c(8) = c exp (@ cot 8) {1 - a 82 [kzo

wk (k+2) 6k+4

+ £ 0 0*"*1} + ¢, sine - u(o) (4.40)
k+4

J %

6 > 0,m

where the functions wk and 6, have been defined in connection with

k

equation (4.32) and the function w (8) is given as:

3 (-]
w () = 1-a g2 [kzo b (k+2) gk+4 +kz4 » oK+

41 k=4

(4.32)

*

The upper and lower boundaries refer to the neighbourhood of the two
"longitudinal' contacts of a particle. (See footnote in Section 3.8,
Chapter 3).

* %k

For the case © + w, the series expansion is in terms of (m-6) and

u(8) is given as un(n-e). See equation (4.43).
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Both w(8) and u(®) behave asymptotically like a constant as 6
Differentiating equation

approaches the irregular singularities.

(4.40) above with respect to 6 one obtains:

-a csc“ 6 exp (o cot 8) w(8) + exp (a cot 6) w'(8)

FE
c 62

+ — cos 6 u(8) + = sin (8) u'(6) (5.8)
1

o

1

where C is the normalized c oncentration with respect to the constant
*
c;- As 8 0, w'(8) and u'(6) - 0 so that the asymptotic approxi-

mation to the first derivative of the concentration is given as,

= -3 csct o exp (o cot 8) w(8)

@l
@|o|

2
+ C cos 8 u(e)

(5.9)

6 +0, m

It may be observed from this equation that the first term dominates

as 0 approaches zero. Similarly as 6 approaches m (at the upper boundary)*

Mo and w and p are series expansions

*
Or as 6 + w, in which case u

about (m-8).
*
In this context the upper and lower boundaries of any particle are

*
taken to represent the neighborhoods of 6 + m and 6 -+ 0 respectively.

See Figure 4.1
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the second term is the dominant part of the approximation for the

first derivative. At 8 = %-, however, the second term vanishes

and
oc —
-a -w(b) (5.10)

It is seen from equations (5.9) and (5.10) that the slope
(3c/36) is negative in all of the three -cases, 6 < m, 6 = m and
8 > m. Hence the ion concentration decreases from 6 = ec to
g =1 - ec in a manner specified by equation (4.40). Furthermore,
the migration parameter a may be estimated from equation (5.10)
since an approximation to w(6) is already given by equation (4.32).
One way to ascertain the nature of the concentration profile

(over one particle) is to determine the relative magnitudes of

*
%% as 6 increases from 6, tom - 6. The modified asymptotic

approximations for the first derivative may be obtained for the

three cases as follows:

%E ~ % csc? @ exp (o cot 6) w(8) (5.11)
8 >0

ac —

ﬁ = -q w(e), 6 =-g- (5.10)

%
The modified capillary angle (see Section 5.2)
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and

_— C

& . 2 cos 8 u(9) (5.12)
€1

6 > m-06

C

Upon comparing equations (5.11) and (5.10) it is immediately evident

ac 3c
that |3=lo o > 1561gan/2°

*
value near the end of the lower contact to a magnitude which is

Hence the slope falls from a very high

approximately given by o * w(8). Since w(8) is an asymptotic series
whose first term is 1 it may be expected that the first derivative
near 6 = m/2 has an order of magnitude similar to that of the migra-
tion parameter a. It is emphasized, however, that the accuracy of
this conclusion depends upon how close w(8) is to one. This, in
turn, reflects upon the accuracy of the solution (4.40) itself.

From equation (5.12) above it is seen that the ion concentra-
tion falls near the upper boundary (n-ec). However, this rate of
decrease (3c/36) can be compared to that in the region 8 = /2 from

equation (5.12) as follows:

ac) _
39 6=1T/2 - 'a-W(e) (S 13)
- c
ac 2
§€|e=n-e E—-cos 8-u(8)
c 1

* —
Due mainly to the controlling factor exp (a cot 6). As is indicated

later the migration parameter o is positive.
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The ratio of the derivatives in equation (5.13) depends upon
the relative magnitudes of a and the ratio of the solution constants
cz/cl. It is, therefore, necessary to evaluate the magnitudes of
a (from the experimental data) and to determine the nature of the
ratio cz/c1 as well.

One method to estimate the migration parameter a is provided

*
by the Nernst-Einstein equation (El, D4)

% = f’f (5.14)
where
y = electric mobility
D = diffusivity
e = electronic charge (1.6022 x 10719 coulombs)
k = Boltzmann's constant
= 1.3805 x 10°23 joules/molecule/® K
T = absolute temperature, °x

This equation is obtained for the case of ion transport in the
solid state where the diffusion occurs under the effects of a concen-
tration driving force and an electric field driving force. From
the condition of electroneutrality the mass fluxes due to these two
forces are equated to yield the number of ions per unit volume at a

*
any point within the solid . This is also obtained, independently,

*
See, for example, reference M6.
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from the Boltzmann's law and upon equating the two expressions for
the ion (volume) concentration one gets the Nernst-Einstein equation
(5.14).

The equation indicates that the ratio of electric mobility to
the molecular diffusivity u/D is only a function of the absolute
temperature T. The underlying assumption is that the ionic migration
occurs through the solid matrix*. The validity of the Nernst-Einstein
equation, therefore, establishes a mechanism of migration. The ratio
u/D was calculated from equation (5.14) for each of the laboratory

experiments and the results are shown in Table 5.11.

*Charles (C4) has, for example, postulated a migration mechanism on
the basis of the fact that there are a number of equivalent positions
of stability, for an alkali ion, within a glassy matrix. These
positions occur around a non-bridging oxygen ion in the glass. Fly
ash can be considered to be a glassy material (B3) in terms of its
principal constituents which are metal oxides. Besides its chemical
composition, a glass must also confirm to a non-crystalline structure
given in terms of network formers and network modifiers. This
terminology occurs in the context of the random network theory or

the Warren-Zachariasen theory (02).
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Table 5.11 The ratio of the electric mobility to molecular
diffusivity (u/D) from the Nernst-Einstein equation.

Experiment No. Bed Temperature u/D *
(°K) (couls/joule)
1 419.83 27.644
2 447.85 25.915
3 427.60 27.142
4 430.38 26.967
5 429.83 27.001
6 372.60 31.149
7 399.83 29.027
8 338.72 34.264
9 338.72 34.264

The foregoing estimates of the u/D ratio may now be used to
evaluate the migration parameter a. The other terms lumped in

this parameter have been evaluated earlier in Section 5.2 (Table 5.7).
— %* %
a = uS Eé/D 1n K (5.1)

The values of a, from equation (5.1), are shown in Table 5.12.

*1 Volt = 1 joule/coulomb

**x 1

The units are as follows: [=] = Volt ~, [S] = m, [E,] = Volts/m,

(K] = dimensionless.
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Table 5.12. Values of the migration parameter o from the Nernst-
Einstein equation (5.14).

*

Experiment No. Temperature firaxlo"5 Kx10° )
°c) (V/m)
1 419.83 9.069 9.439 51.481
2 447.85 8.166 8.944 42.959
3 427.60 10.580 10.216 59.985
4 430.38 10.550 10.201 59.410
5 429.83 12.980 11.346 74.927
6 372.60 12.210 10.997 80.743
7 399.83 10.960 10.402 66.717
8 338.72 4.567 6.637 29.876
9 338.72 5.638 7.395 37.696

The nature of the variation of a with the experimental parameters
is already indicated by equation (5.1). However, the results of
Table 5.12 indicate that a is sensitive to changes in the average
layer field strength E, and bed temperature T than it is to variations
in the constriction ratio. Furthermore, as explained subsequently
it is also significant that the value of a estimated above is much

greater than unity.

—_—
The average layer field strength E, actually has a negative sign
since both the negative voltage (due to the corona) and distance

(from the plane) increase in the same direction. Hence a is positive.
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The ‘(weighted) average slope %% (ave) of the concentration
profile over the surface of a single particle may be evaluated from

equation (5.9) as follows:

-0 -0

ac ¢ ac ¢

35 (ave) = [ 38 de / 6 de (5.15)
6 c

(o

where ec is the modified capillary angle.

Substituting for 3c/96 and integrating the expression, one gets

*

EE:(ave) = L {exp (o cot®) + £, sin G}I"-ec
30 =28, P 1 8,
where fl = c2/c1
This can be simplified to
-g—g (ave) =- —1——{exp (@ cot ec)} (5.16)

m-26
c

The magnitudes of the capillary angle 0. for the laboratory
experiments were shown earlier in Table 5.8. It is seen that ec
is small enough in each case so that the above simplification is
possible. An alternative method for obtaining an approximation to

an average first derivative is to determine the ion concentrations

In this case the asymptotic functions are treated as constants and
equal to unity. This feature distinguishes equation (5.15) is view
of the fact that it appears to be a linear derivative (see equation

5.19).
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at 6 = ec and 6 = m - Bc. In the solution equation (4.40), the first

term is dominant near the lower boundary, hence,
c (6.) = exp (@ cot 8)) - w(6) (5.17)

Similarly the second term dominates near upper boundary at 6 = w - BC.

c (n—ec) = f1 sin (n—ec) "t oM (ﬂ-ec) (5.18)
Since both solutions (5.17) and (5.18) are near the regions of
irregular singularity the asymptotic functions w and W, may be

* . -—
dropped from the above. Additionally, sin (w-ec) << exp (& cotec),

so that the magnitude of (linear) concentration gradient is given by

- *x exp (@ cot 6)

dc . .
FTl (linear) = - "'Zec (5.19)

Hence, by using the set of approximations applicable to this

problem, one arrives at identical expressions for the two derivatives,

%%-(ave) in equation (5.16 and %% (linear) in equation (5.19). More

significant is the fact that the effect of the second solution of

*As explained in Chapter 4, both w(6) and o (t-8) -1 as 6 - 0 and
6 » n-ec respectively.

**It may be noted here that f1 is not mentioned in this case. For
the approximation [sin (n-ec << exp(a cot ec)] not to hold, the

value of the ratio of the solution constants, fl’ has to be extremely

large. This is discussed later.
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equation (4.40) is ignored in both cases. The average slope of the
concentration profile is therefore almost completely determined by

the magnitudes of the migration parameter a and the modified capillary
angle ec. This also follows from equations (5.10) and (5.11) in

that the first term in equation (4.40) not only dominates in the
region ec < & < w/2 but it is also very large compared to the second
term*. This assumption is used to obtain the expression for the

"average' linear derivative, however, it may also be viewed as a

corollary to the result:

ac d .
75 (ave) = 3% (linear) (5.20)

It was stated in the footnote to equation (5.19) that the expres-
sion for the line#r derivative is not valid in the event that the
ratio of the solution constants is very large. For this to occur the
magnitude of f1 is of the order of exp (a cot ec)/sin (n-ec). In
such a case the assumptions leading to the conclusion associated
with equation (5.20) are not valid. In particular, the first and
second terms in equation (4.40) cannot be ignored (relative to each
other) except in the immediate neighborhood of the singularities.
This aspect is further investigated on the basis of the following:

%* %
i} The nature of the variation of the local (first) derivative .

* . -
The value of o is assumed to be given by the Nernst-Einstein

equation (Table 5.12).
* %

Or, equivalently, the second derivative, 3227392.
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ii) The experimental concentration profiles.

The set of equations (5.10) and (5.11) which are derived from
equation (5.9) indicate that the absolute value of the first deriva-
tive decreases in the region of the lower boundary. Furthermore,
irrespective of the value of cz/c1 (or fl), equation (5.12) indicates
that the slope increases in magnitude as the upper boundary is
approached (68 -+ m - ec). Then if fl is of the high order of magni- | F
tude indicated above i.e., O* {exp a cot ec/sin (w-ec)} one can

obtain an estimate of the average derivative by substituting this

expression for cz/cl, into equation (5.9).

Bc}

=5 = - E'cscz 6 exp (x cot 8) - w(8)

0 {
+ exp (a cot 6.) csc (n-ec) cos 6 -u(e)

(5.21)

In a manner similar to equation (5.15) the weighted average can

be obtained. The result is,

1 n-ec

Zec{exp (o« cot 8) + fl snle}le

0 {%%} (ave) =

™=

c
(5.22)

This expression simplifies to the following,

! - - 2,
L.H.S. = ;:552-[exp {a cot (w-ec)} + exp {a cot ec} csc(m-6,)

- exp {a cotec} - exp {a ootec} cscz(w-ec)]

*
Order of magnitude.
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or, upon neglecting the term exp {a cot (n-ec)}, one gets,

exp (a cot ec)

ac .
0 {ﬁ-} (ave) = - "'Zec (5.23)

This result is the same as that obtained earlier in equations (5.16) and
(5.19). However, it is observed that the numerator in the above equation
has a minimum value of 1. This is suggested by the criterion that the

*
concentration at the upper boundary (6 = m-6 c) of the particle cannot be

zero or negative. Furthermore, this is in contrast to the experimental

results in Table 2.10 where the penetration distances 62p’ are shown to
have real values.

The apparent disagreement with the experimental results stems from the
(implicit) assumption of the order of magnitude of the migration parameter,
a, from the Nernst-Einstein equation. The expressions for the average
derivative [equa;ions (5.16), (5.19) and (5.23)]are valid for the case where
a ranges from 30 to (approximately) 80 as in Table 5.12. However, this leads
to extremely large (negative) values for the derivative in these equations.
‘The existence of such (infinitely) large concentration gradients within
the first (particulate) layer is not possible in view of the experimental
Observation referred to earlier.

The assumption of the values of o (from Table 5.12) leads the
approximation exp (a cot 8.) >> exp {a cot (m-6)}. This inequality is
Uused in all of the three cases resulting in the expressions (5.16), (5.19)

and (5.23). It therefore follows that neither one of the terms is negligible

k)
This refers to a particle in the first layer (of particles in the ash bed)

Contacting the (probe) plane.
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compared to the other and the "average' slope for all of three cases is

given as:
&E[ = L [exp{a cot (m-6_ )} - exp (o cot 6_)] (5.24)
36'mean m-28 xp e P c :

Thus, for a non-zero value of 52p to exist, it is observed that the
numerator of this expression cannot be greater than 1. This, therefore,
is the cut-off value and may be used to estimate the maximum value of

the migration parameter, o The results of this evaluation are pre-

max’
sented in Table 5.13.

Table 5.13. Estimates of the maximum values of the migratibn parameter,

@ ax’ for the laboratory experiments.

Experiment Modified Capillary angle, o, ;ﬁax

No. (from Table 5.8)
1 1.3910 1.220 x 1072
2 1.0247 8.600 x 1073
3 1.1705 9.830 x 10™3
4 1.1688 9.800 x 10™°
5 1.6240 3.710 x 1072
6 1.6690 3.810 x 1072
7 1.5670 3.590 x 1072
8 1.3420 1.150 x 10”2
-2

9 1.4160 1.200 x 10
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The significance of the results in Table 5.13 lies in the fact that
the variations in the magnitude of the modified capillary angle influence
the migration parameter « and, hence, the penetration distance (GZP) as
well. Additionally, the nature of the effect of the capillary angle
upon m is also indicated. It is seen by comparing cases 8 and 9* (in
the table) that an increase in the value of 0, corresponds to an increase
in the maximum permissible value of a. Thus, for a fixed o, it is seen

ac

from equation (5.24) that —

decreases with increasing 6 . This
aelmean g c

implies a larger penetration distance and hence an increase in the
extent of migration of the alkali ion.

The Nernst-Einstein values of the migration parameter exceed the
corresponding E;ax by several orders of magnitude (Tables 5.12 and
5.13). As discussed in the next section, this is an important conclusion
since it suggests that the ion migration mechanism mentioned earlier
(in this section) may not be operative. Finally, as was mentioned in
the overview (to this chapter), the objective of the analysis based on
the Nernst-Einstein theory was to substantiate the above speculation.

The next section deals with a discussion of the various estimates
and analyses conducted in this chapter so far. The important assumptions,
made in this connection, are mentioned and the effects of departures

from the idealized model are discussed.

*
The experimental conditions for these two cases are similar. See

Section 5.2.
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5.5 Discussion

In Section 5.1 the laboratory apparatus which was used for the
ion migration experiments and the hﬁmidity measurements, is described.
The procedures used for both of these experiments are not free from
the usual measurement errors. It was also mentioned earlier that the
moisture content (Bwo) determination needs to be made under conditions
(water bath temperature, air flow rate) identical to the corresponding
ion migration experiment. The two important sources of error in this
regard are: A

i) Moisture condensation in the (initially cold) line leading

to the ice bath impinger. This is significant because the
volumes of (humid) air sampled were low (less than 10 cu.
ft).

ii) Water level in the (bubbler) impingers. During the migra-

tion experimenfs* the glass impingers were periodically
Aopened to be refilled. The average water level may not
be the same as that during the relatively short (= 2
hours) humidity experiments and this affects the degree
of saturation of the air.
Both of these sources of error have a direct bearing upon the cal-
culated value of Bwo'

The ion migration experiments presented two significant pro-
cedural problems. One of these involves the scraping method used to
remove the samples from the ash bed in the probe chamber. With few

exceptions, almost all of the samples were carefully removed by

—
Which ran over a period of 100 hours (typically).
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scraping over the bed just once; however, during this process, there
is a strong likelihood of some degree of mixing between vertical
layers of particles. This is particularly significant in view of the
small* penetration distances for particle layers within the thickness

62p from the plane of the resistivity probe.

* %
The second procedural problem deals with the analytical technique

after (neutron) irradiation of the individual samples. It is essential
that the geometry (location of the samples) with respect to the Ge-Li
detector be identical for all of the samples of the experiment. How-
ever, during the transfer of fly ash into the plastic vial** some
material adheres to the side of the vial and this affects the counting
data.

The minimum measureable thickness of the ash layer depends upon
the pitch of the turn screw, and this value (thickness) is equal to
0.009922 cm. Since the mean particle diameter is 19.15 upm, this
minimum thickness corresponds to a (layer) sample which is approxi-
mately ''S particles'" thick. Hence the measured sodium concentration
for such a sample is averaged over 5 particles which were originally
in one vertical stack in the ash bed. In the plots of Figures 5.9
through 5.15 the sample concentration, for an "original"flayer, is

indicated by a horizontal line where the length of the line is

proportional to the layer thickness.++ The penetration thickness,

—
The penetration distances are small relative to the thickness of

ash bed. For example, §_ _ is 9.6% of the bed thickness in experiment

2p
no. 3 (Table 5.9).

* %
From the ash bed.
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62p’ is estimated as the distance from the bottom of the ash bed
(where c/co equals unity) to the position of the first layer that
exhibits a (mean) matrix sodium ion concentration. As mentioned
in the previous section, the value of 62p is dependent upon the
magnitude of the migration parameter a.

The dimensionless parameter a is constituted by the fundamental
parameters [equation (5.1)] of the model and these are evaluated in
Section 5.2.* The extent of capillary condensation is determined
by the magnitude of the capillary angle Bect This, in turn, depends
upon the radius of curvature,'ﬁ, of the capillary condensate. The
evaluation of E; from the exact thermodynamic equation (2.67), is
based on the material of Chapter 2. A detailed discussion pertain-
ing to the validity of this equation has been presented in Appendices
C, D and E. In order to evaluate R the relative saturation a must
be known. The relative saturation a is obtained from the moisture
content Bwo (determined from the humidity experiments) and the
probe temperature T. In Table 5.3 the (pore) dimensional restriction
is used to conclude that capillary condensation cannot occur for
the conditions of Experiment Nos. 2, 3 and 4. The data in Tables

5.2 and 5.3 indicate that for Experiment 2 the probe temperature

"This term was explained in Section 5.3.

f*In Experiment numbers 1 and 7, the porous ash bed collapsed near

the plane yielding a concentration profile with a maximum value for

the lowest layer and a mean (matrix) composition for every subsequent
sample. An evaluation of the penetration distance, 62p, is not possible
in such cases and hence these data are not presented.

*
Except for the ratio u/D.
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is too high (to permit capillary condensation) relative to a water
bath temperature of 146° F. Increasing the water bath temperature
raises the mositure content, Bwo’ of the air and the likelihood of
capillary condensation is greater. The explanation given above for
Experiment 2 is also valid for the other two cases (3 and 4). A
comparison of the data (results) for Experiments 4 and 5 indicates
that at a (probe) temperature of about 157° C the water bath tem-
perature must be at least between 160° C and 175° C for capillary
condensation to occur.

The magnitude of the capillary ring angle, Bcc does not
identify the location of the outer ring of the condensate for the
case of an "area"* contact. This type of contact occurs due to
the presence of a cohesive force acting on particles (which are
assumed to be elastic). This force occurs when an electric field
is applied across a resistive body of particulates. In Section 5.2,
the empirical relation of McLean (M3) is used to evaluate this force,
FT [equation (5.3)]. It is seen that FT is entirely given by the
average ash bed field strength Ea (with the exception of constants

A and §). This force, F., is then substituted into the Hert:z

T
. * % . .
equation to evaluate the area of contact or the constriction
ratio. McLean's empirical equation is simple to use and the

effect of errors in the resulting estimate are mitigated by the

*

As opposed to a point contact between the solid spheres.
* %

In the analysis of Section (5.4) this area is assumed to be
circular in agreement with the assumption made in Section 3.4,

Chapter 3.
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fact that the logarithm of this term is used in the expression for
the migration parameter a.

The evaluation of the constriction ratio K presupposes the
determination of Ea‘ In the development of the model in Chapter 4,
Ea is isolated as a constant. Since the average field strength is
given by the voltage drop across the bed (AV) divided by its thickness,
the assumption of a constant Ea is tantamount to the assumption that
AV is constant over the time duration of the experiment. This, in
turn, implies that the bulk resistivity of the ash bed is a constant*
and one concludes that the leakage current must have a steady state
value. Since the leakage current is comprised of both the electronic
and ionic flow, a steady state current implies that the ionic migra-
tion also occurs at steady state. Hence it is seen that the assump-
tion of constant Ea also stipulates that no local concentration
changes (with respect to time) occur in the ash bed. This is in
agreement with the steady state differential equation (4.9), Chapter
4. However, it has been noted in Section 5.2 that the current-time
do not strictly confirm to the steady state assumption. In any case
the Iave values (Table 5.5) are closer to the (final) relaxed current
an& the steady state assumption is used to evaluate a (time weighted)
mean value of Ea from the plots in Figures 5.6, 5.7 and 5.8.

The existence of a non zero area of contact**(or the constriction

ratio K) implies that the outer edge of the capillary ring is ''pushed"

*
This conclusion follows from Section 1.2, Chapter 1.

** .
Or a point contact.
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out of the pore by the amount of the angle* corresponding to the
contact radius 'a' (Figure 4.1). Hence, to determine the 'dry"
resistance path along the surface, the capillary ring angle ecc
must be increased by the amount arc tan a/s [equation (5.6)]. This
yields the modified capillary angle ec. It is noted here that ec
depends ultimately, in part, upon the magnitude of the average
layer field strength Ea.

The calculations of Section 5.2 enable one to determine all of
the model parameters with the exception of the electric mobility-
molecular diffusivity ratio, u/D. This being the only unknown (in
the expression for o), it was determined appropriate to examine the
shape of the concentration profiles before evaluating u/D (or a).
The experimental ion concentration profiles are shown as plots in
Section 5.3. The key observation here is that the plots are charac-

terized by penetratién distances, § Although relatively small

2p°
2p indicates the existence of

finite (negative) concentration gradients within the thickness §

in magnitude a non zero value of §
2p
from the lower boundary of the ash layer. It would be expected
that an increase in ecc (or the amount of capillary condensate)
results in an increase in the penetration distance. This was
implicitly suggested in the speculations in Chapters 2 and 3.

In Section 5.4 the nature of the experimental plots (Figures
5.9 through 5.15) is interpreted in terms of the solution [for

the ion concentration, equation (4.40)] to the theoretical model

*
The angle subtended at the center of a particulate sphere.
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of Chapter 4. The basis of such a comparison lies in the magnitude
of the average (first) derivative for the concentration. The
Nernst-Einstein equation (5.14), which gives u/D only in terms of
the absolute temperature, is used to estimate the migration para-
meter a. This equation presupposes a mechanism of ion migration
through the solid matrix* of the fly ash. The results are shown
in Table 5.12.
The order of magnitudes of a in Table 5.12 is implicitly
assumed in the analysis following the table. The key assumption
made in the evaluation of an average derivative (for the concentration)

is:
exp {a cot (ﬂ-ec)} << exp (o cotdg) (5.25)

This inequality is valid for the first layer of particles at
the bottom of the experimental ash bed. Such a criterion translates
into an infinitely large (negative) concentration gradient over a
particle. This has been discussed in the previous section where it
is also noted that this feature is in contrast to the plots of
Figures 5.9 through 5.15. It is therefore concluded that such high
values of a are not possible in view of the observed penetration

**
distances.

Hence, in the analysis following this conclusion, it is

recognized that inequality (5.25) is not valid anywhere in the

*
This migration occurs on the surface of the particulates.

* %k
Although 62p is relatively small, it is not negligible.
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region ec <8 :_n-ec. This results in a modified expression for
the average (or mean) derivative in equation (5.24) which is used
to evaluate new values of a. The assumption made here is that the
maximum (negative) value of the derivative corresponds to an ion
concentration of zero at the upper boundary of a particle (6 = n-ec).
This enables one to estimate the maximum value of the migration
parameter, aﬁax’ for each of the experiments. The results of these
calculations are shown in Table 5.13. There are two important ob-
servations that may be made with regard to Table 5.13.

i) The influence of the modified capillary angle upon the

— *
migration parameter, o

max’

ii) The difference in the magnitudes of aﬁax and the a

obtained from the Nernst-Einstein equation.

This latter observation indicates the wide discrepancy between
the prediction (for the value of a) of the Nernst Einstein equation
and the Eﬁéx obtained in Table (5.13). This discrepanc} leads one
to the speculation that the ionic migration does not proceed through
the particulate matrix.

One of the conclusions that follows from this is that the migra-
tion parameter for the laboratory experiments is indeed much lower
than that predicted by the Nernst-Einstein equation. Furthermore,
in view of the (relatively) lower values of a, the ionic migration

on the fly ash surface is perhaps facilitated by an additional

phenomenon not accounted for in this work.

*
This has been discussed in the previous section.
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In this connection it may be recalled that the effect of
micropore adsorption* has not been considered in this work. This
was stated earlier in the overview to Chapter 2. Micropore adsorption
refers to the (multilayer) adsorption upon the particle surface. It
is expected that the effect of this phenomenon would be to increase
the penetration thickness and hence to enhance the '"extent of the
ionic migration'". As stated earlier, this effect would be in agree-
ment with the lower values of the migration parameter a,

As observed in Table 5.13, the influence of capillary conden-
sation is demonstrated by the dependence of Eﬁax upon Bc. This is
not apparent from equation (5.1) where a appears to be independent
of ec. Hence the coupling of the phenomena of capillary condensation
with the other parameters in equation (5.1) is established.

Finally, it may be noted that the results of the laboratory
experiments are used to interpret the phenomenon of (alkali) ion
migration in terms of two important quantities viz., ec and a. The
shape of the concentration profiles permitsone to evaluate the
relative effects of both these terms. In essence, the theoretical
bases behind the development of ec and o were presented in Chapters

2 and 3 respectively.

*
Of moisture.



CHAPTER 6
CONCLUSIONS

The major implications of the results of the theoretical and
the experimental portions of this research are presented in this
Chapter. From the perspective of the mathematical model formulated
in Chapter 4 it is seen that the effects’ of the two important
physical factors of capillary condensétion and the (applied) electric
field are examined in this work. The quantitative effects of these
factors are individually evaluated (in Chapters 2 and 3) from the
corresponding thermodynamic and the electric contact theories.

The results of the analyses of Chapfer 2 and 3 are incorporated
into the model (of Chapter 4) for the surface migration of alkali
ions. As mentioned at the end of Chapter‘S, the objective in this
case is to determine the extent of the ionic migration within the
particulate bed. It is assumed, a priori, that the total leakage
current through the bed is comprised of an electronic current and
an ionic current. For a fixed value of the voltage drop across the
bed, the leakage current is inversely proportional to the bulk
resistivity of the fly ash. Hence, if the (alkali) ion concentration
of the particulate bed is artifically increased (by chemical condition-
ing) then the leakage current is also expected to increase. As a

result of this, the bulk resistivity decreases.

*
Upon a particulate bed.
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The term bulk resistivity refers to the overall resistivity of
the particulate bed, irrespective of the nature of conduction*. A
new method for the determination of this property is proposed in
Chapter 1**, and the advantages of this (point-plane) technique are
underscored in light of the experimental results obtained from
power-plant measurements. Furthermore, the influence of the experi-
mental variables upon the bulk resistivity is also indicated in this
chapter. This, therefore, provides a convenient starting point in
view of the overall problem that provided the motivation for this
work.

In Chapter 2 (Section 2.14) the uncertainties involved in the
use of the Kelvin equation are discussed. It is shown that the
"uncertainties'" increase with decreasing volumes of the capillary
condensate (as the gas-liquid interface recedes into the macropore).
The magnitudes of the pertinent thermod}namic variables (Apl,

Aucl, and xl)**are estimated for small (molecular) volumes of the
capillary condensate (Appendices C, D and E). The liquid (condensate)

is under tension' and its physical property values++ depart from

*
Either surface or volume conduction. The bulk resistivity has

units of ohm-cm.

*

*
See also Appendix A.

*
~l'Liquid phase chemical potential, Au, correction term, and the

1

isothermal susceptibility.

T .
Negative pressures.

~|""Freezing point and latent heat of vaporization, for example.
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those normally attributed to it (Cl). It is concluded that, under
these circumstances, the compressibility equation of state for the
liquid cannot be used in the region of tension. This, in turn,
suggests the non-linear variation of the isothermal susceptibility,
X1 with the liquid density. This inference is contrary to the
assumption made by Melrose (M4) in his paper.

As discussed in Section 2.14, there exists a lower limit to the
radius of curvature, R, of the capillary condensate. This limit is
specified by one of the following criteria:

i) Size of the liquid molecule (pore dimensional restriction)

ii) Rupture of the liquid, at which point X] = 0 (mechanical

instability criterion).

It is ebserved that the first criterion is the limiting one in
the temperature range of the ion migration experiments. It is also
shown that the modified liquid potential correction term Aucll* <
Aucl, and the net effect of this inequality is such that the use of
the thermodynamic equation (2.67) is favored.

In Chapter 3, the electric fields El and Es(e) near the region
of the interparticle contact (or macropore) are examined. This
chapter begins with a description of the electric contact between two
(spherical) particles. A generalized expression for the contact

* % )
resistance is formulated and it is seen that this resistance induces

*
This term is based upon the inclusion of additional contributions to
the total change in the liquid potential (from the reference state),
c
Au 1
*

This expression is analogous to that derived for the case of heat

flow (C3).



300

electric field strengths which assume near breakdown values near the
immediate neighborhood of the contact. This is true for the case
where the externally applied voltage gradient Ea is of the same
order of magnitude as that commonly encountered in resistivity
measurements. As a result of this, the gap (near the contact)
experiences an electric breakdown and hence a gap discharge.
It is observed that this phenomenon is largely responsible for the
non linear I-V characteristics of the particulate layer (Chapter 1).
The expression for the surface field strength Es (8) is derived
in Section 3.8* and its variation with position on the particle
surface is obtained. It is observed that Es (6) behaves in the same
way as El** (with respect to position), however the regions of
electrical breakdown for the two cases are different (Figure 3.12).
The effect of the constriction ratio %-(or f%) upon the fields El
and Es (6) is noted viz., while Es (6) varies in the same direction
as %u the expression for E, indicates an inverse dependence (upon %J.
The ion migration problem (for the configuration of the
experimental set up) is mathematically represented in Chapter 4.
The method of dominant balance solution for the first order differ-
ential equation (4.9) is an approximation to the unknown exact
solution and is derived near the regions of the (irregular) singu-
larities of the equation (6 = 0, m). These two regions 'coincide"
with the boundaries (of a particle) for the diffusion problem, as

indicated by the magnitudes of the modified capillary angle, ec, in

*
This derivation is based of the surface current.

* %
The axial field strength.



301

Chapter 5. This is a fortuitous circumstance and thus provides a
stronger basis for the validity of the MDB solution.

The identification and subsequent evaluation of the model para-
meters in Chapter 5 constitute an important part of this work. The
electric mobility and the diffusion coefficient D, the particle dia-
meter S and the constriction ratio K are all lumped into a dimension-
less migration parameter o. The significance of this parameter with
regard to the ion penetration distance, 62p’ is elucidated in Section
5.4. A higher value of a suggests a smaller penetration distance and
vice versa. Hence it is evident [from equation (5.1)] that as the
particle diameter increases the penetration distance decreases.*- If
the ionic current is assumed to contribute to the leakage current one
would expect the bulk (surface) resistivity to increase with increasing
particle size. This conclusion concurs with the results of McLean's
semi-empirical analysis (M1). However this analysis (M1) recognizes
the presence of electronic conduction only. Since both are charge
carriers* it is expected that their qualitative response to a change
in any model parameter to be similar. Hence, an increase in the

leakage current should occur due to an increase in both the electronic

-
Electrons and alkali ions have different electrical mobility.

* %
It is observed that the upper boundary of the ash bed does not

affect the value of § Hence a smaller thickness of the fly ash

2p°
corresponds to a larger value of 62p (relative to the bed thickness)

and when 62p is equal to the bed thickness the flow of the ionic

charge carriers through the bed is possible.
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and ionic urrents although smaller). As indicated in plot for the
power plant data in Figure 1.3, a higher leakage current implies a
lower resistivity (pb). It is seen (in the same plot) that the volt-
age drop (and hence Ea) across the ash bed increases as oy decreases.
However, this is contrary to the suggestion in equation (5.1)*. In
a more realistic model, therefore, one would expect the influence of
E, to be opposite to that suggested in the expression for a. In
effect, the power plant resistivity data suggest that the migration
parameter does not fully account for the (overall) influence of Ea
and hence the expression (5.1) lacks in (certain) qualitative features.
The quantitative features of a are observed with regard to the
Nernst-Einstein equation (5.14) in Section 5.4, Chapter 5. ‘The lab-
oratory experimental results indicate that the values of E'(anduhence
the concentration gradients) predicted by the above equation are far
too high. Hence it is co ncluded that the ion (surface) migration
does not occur through the solid matrix of the particulate and the
possibility of the occurence of other** physical phenomena is strong.
In this context, the assumption of the ''dry'" resistance path
(e

of Table 5.13 establish the fact that an increase in the volume of

c S8 2m8.), on the particle surface, is significant. The results

capillary condensate (increase in ec) corresponds to an increase in

the penetration thickness. Hence, if the resistance path ec <6< w-ec

is not assumed to be dry,-i.e., if multilayer adsorption occurs, one

%*
An increase in Ba increases the cohesive force Fz [equation (5.5)]

and hence the constriction ratio K (< 1.0).

*%k
Not included in this work.
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expects a penetration distance of 100% (of the ash bed thickness).
Equivalently, this suggests the possibility of ionic current.

The phenomenon of multilayer adsorption on oxide* surfaces has
been investigated by several authors (Z1). The structure of the
bonded adsorbate molecule is different (from water) and therefare the
ionic conductivity is not the same as that for water. Furthermore,
it has also been observed that the conductivity (which is related to
the dielectric constant) changes as the number of (adsorbed) lafers
upon the surface changes. This indicates that the degree of adsorp-
tion affects the (extent of) ion migration.

On the basis of fly ash resistivity (conditioning) tests conducted
in the power plant, it was determined that the amount of adsorption
(capillary condensation and surface adsorption) does indeed affect
the resistivity. That the correlation between these two variables is
negative is indicated by the results in Table 6.1.

The apparatus for the conditioning experiments in the power
plant is shown in Figure A.4. The resistivity probe and the stack
sampler were used in these experiments and these are described in
Appendices A and I respectively. The conditioning equipment comprises
of a race track unit and a jet sprayer arrangement for moisture
injection. Water is fed, at a predetermined rate, into the flue gas
entering the race track unit. The resistivity measurements are
conducted upon the gas exiting = this unit.

The surface resitivity values in Table 6.1 indicate the coupled

*
Fly ash is principally composed of alkali and other metal oxides.
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Table 6.1 . Power Plant Conditioning Data

Date Probe Temperature Bwo prr
2/12 225 4.207 2.921 x 101!
2/13 198 3.220 2.381 x 10!}
2/14 220 4.965 1.667 x 1011
5/2 223 5.242 9.886 x 10'°
5/2 227 4.382 1.069 x 101!
« "R - 9.811 x 1011
5/8 230 4.006 . X

* % 1 1

C - 4.230 x 10
* 11

5/9 230 7.345° R - 5.586 x 10
C - 1.620 x 10!
* 11

6/24 218 5.587 R - 1.199 x 10
C - 8.946 x 10°
* 11

6/26 235 7.536° R - 4.061 x 10
C - 7.119 x 1010
* 11

6/30 224 7.535° R - 1.521 x 10
9

C - 8.657 x 10

*
These values refer to the (moisture) content during conditioning.

* %
Terms R and C are the raw and conditioned fly resistivities.

+As measured by technique in Appendix A.
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effects of temperature (Figure I.1) and moisture content, Bwo' It

is clearly evident from the last five results (5/8 - 6/30) that the
effect of the addition of moisture (conditioning), into the flue gas,
is demonstrated by a lowering of the ash resistivity.

Hence, in the context of ionic migration, it may be concluded
that both surface (multilayer) adsorption and capillary condensation
are important factors. The lowering of the ash resistivity is accom-
panied by an increase in both the electronic and ionic currents in
the presence of capillary condensate and the adsorbate in the ash bed.
This is contrary to the suggestion of Bickelhaupt (Bl) that resis-
tivity is a function of the alkali ion content of the fly ash. The
author's (Bl) correlation of resistivity with the alkali ion content
is at odds with the conclusions of this work, since the effect of
moisture condensation is ignored. It is important to recognize that
a key feature of the conclusions of this work is based upon a migra-
tion mechanism that is different from the one suggested for volume
conduction through glassy materials.*

The effect of enhanced adsorption of water vapor due to the
presence of hygroscopic (chemical) conditioning agents is pertinent
to the above conclusion. It may be speculated that multilayer
adsorption is perhaps increased due to the presence of the condition-
ing agent.

Finally, it may be noted that the results of this work provide
a theoretical basis for the speculations and conclusions in this

chapter. These conclusions may be used to develop a model at least

*
This mode of conduction agrees with the Nernst-Einstein equation.
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to the extent where the effects of surface adsorption is included.
This development may lead to an estimate of the relative magnitudes
of the ionic and electronic currents and thus resolve the present
controversy (M7) regarding the sensitivity of resistivity (pb) to

the chemical composition of the fly ash.



APPENDIX A

A.1. The Resistivity Probe

The operating manual for the SRI resistivity probe used in all of
the field tests has been presented in reference S2. Briefly, the probe
consists of a movable disk mounted coaxially with a tapering needle, the
tip of which (corona point) is at a fixed distance away from a sym-
metrically situated plane (Figures A.1,A.2). A perforated sheet metal

shroud protects the deposited layer from outside turbulence (Figure A.3).

KV Power Supply '
(oc)
— Movable Disk
| |
|
| * Flue Gas Flow
I | F==" N&:
| ———t _——t | rona Point
Shroud Ve AV
i . P Dust Layer
Guard Ring e _/COlloetlng Piane
Thermocouple
T «—Current Meter
(o
v j".
Figure A.1l Schematic illustration of the probe collection chamber.

A.2. Experimental Procedures

In either of two measurement techniques, herein referred to as the
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Figure A.2. Detail of disk, point-plate arrangement.
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Figure A.3. (SRI) Resistivity probe and shroud.
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the disk method and the point plane method, the clean probe is inserted
through a port into the flue gas stream, with shroud openings perpen-
dicular to the local direction of flow to prevent deposition. After a
steady state temperature is reached, the initial clean plate dial reading
is taken and the probe rotated by 90 degrees. In the disk method the
collection voltage V, is set to a fixed value depending upon the point
plane distance. During this stage the fly ash is deposited on

the plane. The principle involved is the same as that in the precipitator
where a particle upon entering the charging region acquires a negative
charge and is driven toward the collecting electrode. The current decreases
progressively (due to corona current suppression) as the dust layer thick-
ness increases. When the current drops to a low value (usually in the
range of 0.0 to 0.5 microamperes), the voltage is cut off and the probe
again rotated carefully so that the shroud openings are aligned perpen-
dicular to the gas flow. The disk is gradually lowered until it touches
the top surface of the particulate layer and the dial indicator needle
ceases to move. This gives the final dial reading and dust thickness.

The power is turned on and the leakage current corresponding to the
applied voltage AV, is measured until sparkover occurs. In the point
plane method, the clean plate I-V characteristics (actually the flue gas
characteristics) are measured after thermal equilibration, until spark-
over is reached. This point is indicated by the sudden jump in the current
value. The power is then shut off and the probe rotated so that the

slots are now parallel to the gas flow. Dust collection is started at

a voltage level determined from the clean plate sparkover as explained

later. When the current falls to a low value as in the disk method, the
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probe is rotated carefully to its initial position and the particulate
layer I-V characteristics measured until breakdown. The layer thickness
is measured at this time. Knowing the independent variables in Equation

1.1 the ash resistivity can be calculated.

Py = (V) (A / (1) (d) (1.1)

(see Chapter 1)

In both of these methods, care should be taken so that the flue gas
temperature does not change appreciably during the test. The general

experimental set up is shown in Figure A.4.

A.3. Comparison of Procedures

The initial resistivity tests were conducted by the disk method,
however this was later discarded in favor of the point plane technique
owing to several inherent problems. -In principle, though, both procedures
are equally valid and should yield identical results. The disk method
suffers from the severe disadvantage that the leakage current can only
be measured when the movable disk touches the upper surface of the
initially uncompacted particulate layer. This disturbs the structural
integrity of the dust deposit and (particularly in cases of high thick-
nesses) it was found that a portion of the dust was dislodged. A phy-
sical compression of the dust is unavoidable and causes a change in
the resistivity due to rearrangement of the layer (M1). Furthermore,
there exists a strong likelihood (as was discovered in numerous instances)
that all of the disk surface may not uniformly contact the surface of
the layer. This results in air gaps at some points. This fact therefore

introduced a serious error in the reported value of the ash resistivity.



Figure A.4. Power plant experimental set up.
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The measurement of leakage current by the disk method was especially
difficult with ashes of high resistivity. When the value exceeded 5.0 x

1011

ohm-cm, wide current fluctuations (in the microampere rangg were
observed. These progressively worsened as the applied voltage (correspond-
ing to layer breakdown) was approached. In the point plane method, the
negative corona is used to obtain the current voltage characteristics for
both the clean plate (gas only) and the particulate layer (gas plus dust).
In contrast to the disk method, there is no external contact with the
layer surface and the disk is lowered to contact the surface to determine
the thickness of the layer only after all current voltage measurements

are completed. In the disk method, the reported value of the resistivity
corresponds to the last set of recorded current-voltage values just prior
to total breakdown. However, in the neighborhood of the breakdown region,
fluctuatioﬁs of current are very strong. The resistivity value reported
is quite possibly inconsistent and would vary from experiment to experi-
ment with the same fly ash. This is particularly true for high resistivity
dusts of thicknesses.exceeding 0.5 mm and for non uniform deposits, as
explained earlier. Hence this method establishes a value for the ash
resistivity in a voltage region where it is likely to be most suspect.
Further, the suggestion of reporting resistivity just prior to sparkover
is non-specific since the last set of I-V data partially depends upon

the judgement of the personnel involved. It is noteworthy at this point
that once a small spark goes through the dust even before total breakdown
is encountered, the dust layer characteristics change.

The procedure the disk method permits evaluatiom of the resis-

tivity at all field strengths below sparkover. However, as indicated
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earlier only the final value is useful. The point plane technique also
enables one to calculate the same at arbitrarily small current increments
(Chapter 1). Since no voltage is applied ''directly'" on the upper surface
of the fragile dust layer, the problems associated with the disk method
do not arise. It is also difficult to identify the incipient spark

point M (Figure 1.3) in the disk technique particularly where the first

spark is weak and is immediately followed by a succession of sparks.

A.4. Optimal Layer Thickness

As mentioned in Chapter 1 the sparkover voltage for negative corona
drops with increasing values of the resistivity for the ash layer upon
the plane. That point M (Figure A.5) lies to the left of the clean plate
sparkover indicates incipient sparking at that point. This is illustrated
in Figure A.5 where HD, IE, JF and KG are the ''dirty' plate characteristics
for dust layers of different thicknesses, and D, E, F and G are the cor-
responding spark points. The higher the value of the constant voltage
(Vc) during collection, and the longer the collection time, the higher
will be the corresponding layer thickness.

As the thickness of the dust layer of a given resistivity increases
upon the plane, the corona initiation voltage, VID’ also increases due
to the "insulating'" effect of the ash. Curves HD, IE, JF and KG represent
layers of increasing thicknesses and lie below each other due to the
increasing corona current suppression. The net result of increasing the
thickness of a particulate layer upon the plane is that the incipient
sparking voltage is shifted to lower current values. By the same token
a low dust layer thickness will move the dust layer I-V curve close to

the clean plate characteristics and incipient sparking will be close to
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total breakdown. H, I, J and K are the corona initiation points.
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the clean plate sparkover. Therefore, a good experiment corresponds to

a layer thickness which yields the incipient spark point M midway between
these two extremes. Since the dust layer thickness is controlled by Vc

and the collection time, a high collection voltage (for a given collection
time) implies a high corona initiation voltage, while at low Vc’ longer
time is required for a reasonably thick layer. It is not possible to
specify these parameters universally, since they depend upon the conditions
of power plant operation, port location, ambient temperature, flue gas
composition, point to plane distance, and resistivity of the fly ash.

For the same thickness, fly ashes of increasing resistivity will corres-
pond to lower sparkover voltages. Long collection times are also required
for low end current values of less than 0.5 uA, particularly for flue gases
with low particulate concentration. Some preliminary runs help establish
the value of Vc and length of time required. It is suggested that Vc be
set at approximately 75% of the observed clean plate sparkover voltage,
Vor~. The collection time is suggested by the criterion that vID should

STC
be about 30% of the clean plate range VSTC'VIC in excess of VIC'

Vip = Vic * 0-3 Ugpe Vi)
Ve = 0.75 VSTC

where
VC = collection voltage
VIC = clean plate corona initiation voltage
VID = dust layer corona initiation voltage
\ = clean plate sparkover voltage

STC
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It is emphasized that the above values are suggested for a point
plane distance of 1" and dust thickness between 0.3 mm and 0.5 mm. In
order to achieve the desired layer thickness, it is necessary to deter-
mine the final collection current (and hence the collection time) experi-

mentally for each situation.

A.5. Sources of Error

Measurement errors in the variables of the resistivity equation
contribute to errors in the calculated value. Some of these are associated
with the experimental problems. The resistivity is sensitive to the clean
plate dust thickness (if any) because any significant accumulation of dust
during clean plate measurements will shift the clean plate I-V curve to
the right (Figure A.5), giving a lower value of AV. The thickness of the
layer will be more than that corresponding to the true AV fesulting in a
lower value of resistivity. An order of magnitude estimate of the error
on one set of data gave an average resistivity value of 25% lower than
the true resistivity. The range of variation was from 0.0% to 31.6%.

The actual measurement (instrument) errors in thickness, voltage and cur-
rent values contribute proportionally to the resistivity.

The ash layer temperature also varied in a few cases by as much as
12° F in one test as indicated in Table A.1. Since all of the experiments
were conducted on low temperature precipitators, the seénsitivity of resis-
tivity to temperature depends upon the location of the experimental point
on the left leg of the hump shaped (see Introduction) resistivity tempera-
ture curve. Calculations made on the data showed the variability to range
from 4.7% to 70.0% for different coals. Hence, it is important to assure

that the gas temperature is stable and no more than up to 5° F variation
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should be tolerated.
Based on these sources of error equipment modifications and a field

resistivity data format have been suggested (S1,S2).

A.6 Conclusions

0f the two techniques for determining the resistivity of fly ash
(with the SRI probe), the point plane method is preferable primarily
because it does not involve contacting the particulate layer surface before
or dur;ng I-V measurements. Furthermore, this procedure is conceptually
similar to the actual situation inside a precipitator when compared to
the operation of other resistivity cells (N1).

The point plane method gives a point () on the I-V plots defined
as incipient sparkover, on which the resistivity is based. This definition
meets the criteria stated at the end of Chapter 1. The resistivity as it
relates to an operating precipitator is the value that belongs to an ash
layer deposited on the collecting electrode. The calculated values should
represent this '"operational'" resistivity. Furthermore, repeated measure-
ments (ideally) should be made at the same field strength across the
layer. Figure A.5 shows that AV increases with layer thickness so that
the incipient spark point moves to lower current values. Hence the resis-
tivity is reported at lower current values. However, both AV and d
change in the same direction so that within a ''good experimental range"
(as explained earlier), the field strengths at the different incipient
spark points should be approximately equal.

Referring to results in Table A.l1 for 4/5, 4/24, 5/17, and 5/19 it
is seen that the duplicate sets of results for each case are comparable.

The effect of the changes of temperature is inhibited in some cases since
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Table A.1l. Experimental Data - Power Plant

Dust Thickness ReiiiSEY}tY o o
Date (mm) (ohm - cm) Tl( F) Tz( F)
4/5 0.81 0.811 290 289
4/5 0.50 1.269 289 280
4/10 0.28 2.460 280 285
4/10 0.46 1.540 285 286
4/24 0.71 1.520 348 360
4/24 0.28 1.200 350 360
4/27 0.76 0.940 320 315
4/27 0.44 2.330 313 310
5/15 0.25 1.180 276 286
5/15 1.34 0.713 309 305
5/16 1.13 0.856 287 289
5/16 0.72 1.580 280 280
5/17 0.53 2.330 305 312
5/17 0.41 2.180 297 310
5/19 1.32 0.676 305 300
5/19 1.15 0.649 301 307
5/26 0.57 1.720 285 280
5/26 1.11 3.230 280 283

T1 and T2 are temperatures at the beginning and end of each experiment.
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it is expected that the operating points are near the peak of the pb—T
(temperature) curve.

The variables that need to be studied before conducting tests to
yield reliable values have been indicated. From the discussion it is
evident that these parameters need to be ascertained during trial tests.
There @s an optimum region within which a dust layer (thickness) ought

to lie for a good experiment.
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APPENDIX B

Appendix B is a listing of the Fortran (IV) programs associated
with the computations of Chapter 1. Program CURFIT (Section B.1l) is
the final version of the working program used to evaluate the data
from the power plant (sodium sulfate) conditioning tests*. As
described in Chapter 1** this program evaluates the incipient spark
point resistivity as well as the sparking voltage. Subroutines GOSELM
and BACKSO (S2) are used with program CURFIT and are presented in
Section B.2. Subrouting FETCH (Section B.3) is a STAT4 plot routine
which traces the clean plate and dust layer V-I characteristic curves.
This subroutine utilizes the coefficients of the (power plant data)

fitting polynomial to plot the experimental curves.

*

This program evaluates the bulk resistivity for both the raw and
conditioned fly ashes at the same temperature.

* % .

See also Appendix A. Even though this listing was used for condition-

ing tests it is equally applicable to the situation where no chemical

conditioning is used.
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The capillary condensate ring is under a state of temnsion for

values of AP1 (equal to P °. Pl) exceeding the water vapor saturation

g
pressure at a particular temperature. As indicated in Section 2.14
(Chapter 2) this follows from equation (2.72) when numerical values

of the relative saturation a are substituted to evaluate the equilib-

rium liquid phase properties.
BP,° (1-a) - RT Ina = I1xg dinn (2.72)

The fact that the compressibility equation of state for the liquid
ceases to be valid for low water vapor partial pressures was discussed
in the same section. In particular, the empirical linear relationship
between the isothermal susceptibility X1 and liquid relative density,
equation (2.64), does not hold. It may be recalled that compressibility
data are determined for positive pressures only and using equation
(2.64) for liquids in this case amounts to extending its region of

*
applicability to negative pressures.

X; = Kln - K2 (2.64)

C.1. The van der Waals Approximation to the Equation of State

In light of the above argument it is evident that an alternative,

perhaps a semi-empirical equation of state for the capillary condensate

*
This term implies the tensile stress in a liquid.
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is required. An obvious, semi-empirical equation of state is the
van der Waals equation or an expression similar to it. It is known
that most simple molecular models incorporating almost any law of
force yield expressions very similar to the van der Waals equation
as a first approximation (T3, BS). It has been applied with consider-
able success in the prediction of liquid béhaviour for non-associating
liquids.

The following phase P-G diagram (Figure C.1) shows the typical

isotherms for a van der Waals gas.

TLY T

-  van der Waals' Isotherms

Theoretica! Tensile Strength

Figure C.1. Illustration of the tensile
strength of a liquid.

The isotherms indicated are those for the critical temperature
T, and for other temperatures less than T.. As seen from the figure
the solution for the cubic van der Waals equation (C.1) has three

roots in V at a fixed pressure for a given isotherm within the
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two-phase region.

(P+2) (V-b) = RT €.1)
)
and
2352 RT > a ab _
Ve -V (b+P_)+VF'T’—' 0 (C.Z)
In the figure the points Bl’ Cl’ D1 and BZ’ C2,D2 represent the
roots of equation (C.2). The curves BIZICIWID1 and BZZZCZWZD2 represent

regions of metastability for the gas and liquid phases. For example on
the T1 isotherm, the point Z1 implies that the liquid has a vapor pres-
sure which is lower than the equilibrium vapor pressure at the temper-
ature CTl), or equivalently that the liquid is superheated. This is
evidently a metastable condition and the points 21 and 22 represent

the limit for this kind of metastability from the van der Waals iso-
therm. In contrast to the representation by the curve BIZICIWID1 for
_example, the liquid to vapor transition, in reality, is not continous,
and the points Z1 and Wl may be approached under carefully controlled
conditions from the liquid and vapor sides respectively. Ordinarily,
the isotherm follows the straight line BlDl;

The usual definition of compressibility implies decreasing volumes
of liquid as the pressure increases upon it. However, as shown in the
figure (C.1), the rising portion of the isotherm Zlc1 within the two
phase region indicates a positive slope (aP/BG)T. This is a physical
inconsistency and obviously not realized in practice. It may be noted
that along the labeled curves within the two phase region the value of
the thermodynamic potential is stationary. The limits of metastability

indicated by Zl, Wl, zZ, and W2 on the isotherms are approached from
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the negative slope side of the curves in practice. These limits are

then given by the vanishing of (aP/aV)T

(P - £, + 2ab/v (3/ (V-b) = 0 (C.3)
v
P -2 n1-223 -9 (C.4)
v v

Thus P is positive for V > 2b and negative for V < 2b.

For a liquid at conditions corresponding to Z2 (zero pressure)

V = 2 (C.5)
from equation (C.4).

From the criteria at the critical point
(@P/aV); = (P¥avi) = o (C.6)
one gets
T, = 8a/17Rb (C.7)

Substituting P = 0 and equation (C.5) into the van der Waals equation

T -
2 | 27
T % (C.8)

for water T2 = 270° C.

It should be noted that (C.8) is a universal relationship. The
validity of this relationship was verified by Kenrick, Gilbert and
Wismer (see Reference T3) who obtained a good correlation with experi-
mental results for various liquids. This evidence indicates, qualita-

tively at least, the appropriateness of the use of the van der Waals
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equation to examine the tensile strength of liquids.

From equation (C.1) at the limiting case for T = 0
V = b (C.9)

Below zero pressure the liquid is in a state of tensions (negative

pressure); hence the entire range of tension is covered by the criterion
b <V < 2 (C.10)

At T = 0, equation (C.4) gives

P = -2y - -3 (C.11)
v v b

Since Pc = a/27b2, equation (C.11) states that the tensile strength
at T = 0 is 27 times the critical pressure Pc (217.7 atm for water).
As temperature increases the volume of the liquid increases as

*
well (V goes from b to 2b), and the tensile strength 1is given by

a
P, = - & (C.12)
T .

The extremely large value of the tensile strength for water at
absolute zero reflects the crude approximation by the van der Waals
of the liquid state in such an extreme case. Further, the variation
of the constants a and b with temperature has been neglected. The

effect of temperature on the excluded volume is related to the 'soft-
ness' of the molecules which reduces the tensile strength below the
value predicted by equation (C.11). This "softness' favors the
formation of '"holes' in the liquid (T3).

*This tensile strength is the pressure necessary to rupture the fluid

and is also known as the intrinsic pressure.
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Finally, using PT as the criterion of mechanical instability of
the capillary condensate, it is seen that the likelihood of rupture
for low values of the relative saturation a is far greater at the

higher experimental temperatures than at the low values of T.

C.2. Temperature Variation of the Tensile Strength of Water.

As was discussed in Section C.1 the validity of the van der Waals
equation for estimating the tensile strength and its variation with
temperature is justified. As will be evident later, this procedure
will also yield estimates for the orders of magnitude of the terms
Aul and Aulc* for the capillary condensate.

The reduced form of equation (C.1) is

Pr

= — - (C.13)
(3YR-1) v

where

PR’ VR’ TR = P/Pc’ V/Vc and 'I'/Tc respectively.

Differentiating (C.13) with respect to V, and setting the deriva-

R

tive to zero

9Py -24T, 6
Cr, = = 2 " 73
W R (3Vp-1) Vo

= 0 (C.14)

It may be observed that the derivative (BPR/BVR) is independent

Aul = Liquid phase thermodynamic potential departure from the reference
state (P = Pgo)
Aulc = Correction to Aul.
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of the gas constant R, so that any alternate P-V relationship of the
van der Waals type containing some other thermodynamic constant in
place of R is also valid in this derivation.

It was mentioned in Section C.1 that the vanishing of the
derivative (EP/BG)T corresponds to the limit of metastability at a
given temperature and pressure. This is equivalent to the condition
for mechanical instability of the liquid at which x14+ 0 or B* +> o,

The cubic in VR from equation (C.14) yields three roots of which

-~

* %
one value of VR is relevant for the region of tension

1 : 2
3 2WR <3

(C.15)

-]
A

27/32

[see equation (C.8)]

From equations (C.13) and (C.14) the following expressions are

obtained
2 -3
PR = 3/VR - 2/vR (C.16)
and
L | v - »?
TR = Z' ~ 3 (C.17)
VR

*8 = Liquid compressibility |- %,- (av/aP) 1.
**Of the other two roots one corresponds to the region of the isotherm -
where PR is always negative and hence is meaningless, while the third
root represents the gas phase metastability at the maximum of the

isotherm, for example point W, on Figure C.1 (D3).

1
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It should be noted that PR is the maximum reduced tension a body
of liquid can sustain, without rupture, at a particular temperature
TR given by equation (C.17) while at thermodynamic equilibrium with
its vapor. Benson and Gerjouy (BS) have obtained PR at various values
of TR (TR < 27/32) from equations (C.16) and (C.17) and the results
are shown in Figure C.2. The sensitivity of the tensile strength is
evident due to the steep descent of the curve especially at the lower
temperatures. The curve intersects the x-axis at 270° C which is the
maximum superheating temperature at zero atmosphere pressure [see
equation (C.8)].

The values of the maximum tensile strengths at the experimental
temperatures were deduced from Figure C.2 and these are shown in Table
C.1. In the third column of the table are presented values of the
ideal case (incompressible) liquid chemical potential departures,

Aul (approximately equal to API/plo)‘obtained from the compressibility

equation of state.

Table C.1. Tensile strength and approximate values of Aul
(ideal) at experimental temperatures.

AP
.1
Temperature Tensile strength Au1-p16
(%) (atm) (cc-atm/g-mole)
4

65.56 791 1.456 x 10
98.89 626 1.176 x 10
126.67 500 9.656 x 10
143.33 434 8.549 x 10
157.22 378 7.592 x 10
X

176.67 306 6.372 x 10

(7 IV ¥ R 7
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Figure C.2. Variation of the maximum tensile strength of water with temperature.
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A physical interpretation of the magnitudes of Ay from the
above table is possible as follows:

id

At 126.67° C, for Augc << bug

- RT 1lna = Au1 (C.18)

[from equations (2.37) and (2.38)]

For o = 0.75, fu = 9.44 x 103

From the results of the computer program o evaluate Aul at
negative pressures using the procedure of Section 2.9), the value of
the isothermal susceptibility X, at -500 atm (maximum tension) is

2.987 x 10°

cc - atm/g-mole. From the foregoing discussion it is
obvious that this is an inconsistency, since X1 is expected to vanish
at this pressure. The value of 0.75 for the relative saturation «

appears to be too high for the liquid to exhibit instability.

Furthermore
pu. = a4 alC (C.19)
1 1 1 ¢
and id o
Aul APl/p1 (C.20)

and it is seen by comparing the value of Aul calculated above with

the corresponding value in Table C.1 that

au ®] << [auld]

(C.21)
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Inequality (C.21) implies that the capillary condensate is still
fairly ideal af this high tension. For the liquid to demonstrate
ideal behaviour (approximately), Xq should be large, corresponding
to a low value for the compressibility B.

However, as stated earlier, the physics of the situation requires
the vanishing of X instead, the compressibility equation of state
[equation (2.56)] predicts relatively small departures of ideality
resulting in large values for the susceptibility. These values,which

are obtained from the above equation, are shown in Table C.2.

Table C.2. Isothermal susceptibilities from the
compressibility equation at the point
of liquid rupture.

Temperature Tensile strength ()(1),I.J<10'°S

(°C) (atm) (cc-atm/g-mole)

65.56 791 3.4412
98.89 626 3.2480
126.67 500 2.9852
143.33 434 2.7936
157.22 378 2.6372
176.67 306 2.4447

The magnitudes of Xq from the table are obviously inconsistent
with the conditions that require mechanical instability within the
capillary condensate. This discrepancy is partly resolved by dis-
regarding the compressibility equation for the liquid phase and
resorting to the van der Waals equation of state in this region

of tension. It is apparent that if X1 approaches zero [from
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O(M)* of losl,the liquid is no longer ideal and an expression for
the correction to the chemical potential departure Aulc from the
reference state is needed. Such an expression has been derived in
Appendix D where this analysis continued with the objective of

arriving at a quantitative basis to support the above arguments.

* .
O(M) = Order of Magnitude
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The analysis in Appendix C resulted in the estimation of the
liquid (water) tensile strength at various temperatures. The dis-
cussion presented at the end of Section C-2 demonstrated the contrast-
ing assertions made, regarding liquid behaviour, by the compressibility
and the van der Waals equations of state. These assertions for the
liquid under tension) lend themselves to further scrutiny when the
values for the liquid chemical potential (Aul) and the potential
correction (Auf) terms, from the two equations of state, are compared
with each other. The expression for Ay based on the van der Waals
equation is derived in this Appendix. The resulting magnitudes of
8y as well as the values from Table C.1 and Aulc from equation (2.65)
yield a quantitative basis for discriminating between the two equations
of state. In as much as the results of this section are required to
complete the analysis, two specific comments may be made with refer=
ence to the computations involving liquid state parameters in
Chapter 2:

i) The compressibility equation is valid for the region of
tension. This assumption has been made by Melrose (M4),
however, as is shown in this Appendix, such an "extra-
polation" is not true for water.

ii) The degree of uncertainty associated with these calcula-

tions is reduced when the change in the total (Gibbs)

free energy, accompanying a (liquid) volume change, is

341
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examined. This uncertainty arises due to the variation in

the liquid phase bulk properties (Cl, H3).

D.1. Variation of Liquid Chemical Potential (Au.) with Temperature
for States of Tension. -

The dimensionless van der Waals equation is used to formulate an
expression for (Aul)T.

The isothermal departure (Aul)T was given in Chapter 2 as

p.0
1 ~
(Aul)T = fp (v dP)T (D.1)
g
v
1 ~ oP
=/ ' quq dv
v1 mim 13 1 T 1

Introducing critical constants into the integral above

(Aul)T = Pcvc S . VR(EV_aT dvR (D.2)
R min R

A

o . . . .
where vp 1is the reduced molar volume at saturation. Substituting

for the derivative inside the integral from equation (C.14)

A

(o]
. f"R . 24T, 6 .
(Aw,) = Pv ° V[-———_——z-"'—'—»-:,,]dv
1 c'C Vp onim R (SVR 1) Vp R

Integration (T2) of expression (D.3) yields:
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-

[o]
~ ~ V.
(Aup)p = [M(Tp) {In (9v§ - 6vp + 1) + 2 3.5,k
1.SVR YR "R min (D.4)
where, M(TR) = - 24'1‘R
The lower limit v, . is the minimum liquid volume corresponding to

R min
the point of rupture at which X; = 0. Itis estimated from equations

(C.16) and (C.17) for given values of PR and TR' Benson and Gerjuoy
(BS) have determined the reduced volume by this method and their data

are shown on the plot of v versus temperature (Fig. D.1). The

R min

values of YR min for the experimental temperatures are deduced from

this figure and are shown in Table D.1 below.

Table D.1 Minimum and Saturation Reduced Volumes at the
Experimental Temperatures.

Tempgrature ;R min ' ;Ro
(°c)
65.56 0.5080 0.3251"
98. 80 0.5265 0.3319"
126.67 0.5427 0.3400 "
143.33 0.5530 . 0.3453
157.22 0.5630 0.3503

176.67 0.5770 0.3580
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Figure D.1.
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Variation of the minimum reduced volume with temperature.
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*Prom equation (D.3) it is seen that the integrand has a point of
discontinuity at ;; = 1/3. For ;g < 1/3 equation (D.4) gives values
of (Aul)T which are negative. This corresponds to one of the two
roots described in the footnote on page .representing the portion
of the isotherm for which PR is always negative. In the present
context, this circumstance arises due to the choice of a specific
equation of state, (in this case the van der Waals equation) where
the critical constants are so defined in terms of the van der Waals
constanta a and b that the expression for the reduced pressure PR in
equation (C.13) contains the term (SGR-I) in the denominator. This
situation could be circumvented by using some other simple P - V

relationship; however, as shown later it does not detract from the

objective of this analysis.

**These values of the liquid volume are calculated for a AP1 of

25 atm. Since all of the saturation vapor pressures are less than
25 atm, the upper limit of the definite integral [equation (D.4)]
corresponds to negative liquid pressures. Hence the van der Waals
equation is used to calculate By, only in the region of liquid tension.
A complete computation would require the summation of this value and
the liquid potential departure Au1 in the positive pressure region
(POR - 0 atm) and the region of tension up to AP1 < 25 atm utilizing
the compressibility equation of state [equation (2.55)] for positive
pressures. This latter calculation assumes that equation (2.55) is
valid up to Apl.i 25 atmospheres. Table C.1 shows that this region

of negative pressure represents a small fraction of the entire range

of tension for all of the experimental temperatures, and as indicated
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Footnote continued

by the order of magnitudes of Aul in Table D.2, the approximation does

not introduce any significant error.



347

The upper limit VOR [in equation (C.25] is given by

“o
o \' 1

c (0%) (56.6)

where V. = 0.0566 lit/mole

The value of the (thermodynamic) potential departure for the capillary
condensate in tension is calculated from equation (D.4) upon substitut-
ing the limits from Table D.1. These values for (Aul)T are presented

in Table D.2. -

Table D.2 Values of the Liquid Potential Departures
From Saturation up to Point of Rupture of
the Capillary Condensate (from the van der
Waals equation of state)

Temperature Au1
(°c) (cc-atm/g-mole)
65.56 >1.000 x 107
98.80 >1.000 x 107
126.67 1.111 x 107
143.33 6.152 x 10°
157.22 4.285 x 10°
176.67 2.873 x 10°

The immediate observation to be made here is that of the large differ-
ences in the magnitudes of Ay in Tables C.1 and D.2. The former

values were estimated using the compressibility equation of state
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[equation (2.55), Chapter 2]
- n
Aul = fl Xq dln n (2.55)

The apparent failure of the above equation to relate liquid state
variables for large negative pressures was demonstrated in Section C.2.
In addition, far from being ideal, the capillary condensate shows
"large"* departures from the ideal incompressible case since,

AP
(from Table D.2) >> Aul (equal to —;l, from Table C.1)

P

* %

Aul

v.d.V
(D.5)

*The description of "large'" departures is used tentatively in the present
context. This is directly inferred from equations (D.5) and (D.6)

only if the total change in Auid is completely accounted for by the
condensate pressure which is given in terms of APl. As discussed in
Appendix E, the change in liquid potential for small volumes is, in
addition to the above; given by terms which were neglected in the
analysis in Chapter 2 beginning with the expression for the H 1lmholtz
free energy change [equation (2.1)]. It was also mentioned in Chapter

2 that the assumption of invariance of the intensive properties of

the liquid starts to break down with decreasing volumes and the changes

in Aul would, therefore, partly result from some of these properties.

* %
Subscript v.d.V = van der Waals.
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and
_ id c
Aup = A v By
. (D.6)
id _ o

It must be mentioned here that the represenfation of Buy, in the third
column of Table C.1, only by liquid pressure (APl/pol) implicitly
asserts that the correction term Aucl is negligible compared to the
total potential change By, . Furthermore, in the computations result-
ing in Table 2.3, Aucl was neglected. While the magnitudes of the
numbers for Aucl in this latter case (shown in Table 2.5) justify the
above assumption for relatively small departures from the reference
state, the validity of the inequality, Auci << Buys needs to be
verified for the liquid in the region of high tension. The values
given in the fourth column of Table N3 have been calculated from the
following equations [(2.59) and (2.65)] which were derived from the

integral form of the compressibility equation of state [equation (2.56)].

c 1 1

Au 1 = fn X1 (ﬁ--l)dn (2.59)
c* 2

Au 1 = Kl{O.S -n+0.5n°} + Kz{l-n+1n n}

(2.65)

*
Kl and Kz are the constants relating the isothermal susceptibility

X; to the relative density n [see equation (2.64)].
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Table D.3. Magnitudes of the Liquid Potential Correction Term
(at the estimated point of rupture) Using the
Compressibility Equation of State.

Temgerature Relative density Tensile Strength, P |Au°1|
c n (atm) (cc-atm/g-mole)
65.56 0.9607 791 2.799 x 102
126.67 0.9699 500 1.423 x 102
176.67 0.9754 306 7.712 x 101

It may be noted that even though the dimensionless van der Waals

equation was used in this region of tension (Section C-1), the com-

pressibility equation (2.56) has been assumed to apply as indicated

in Table D.3. In the light of this substitution of the equations of

state and magnitudes of Aucl in Table D.3, the following two pértinent

observations may be made:

1) -

2)

The compressibility equation has been used to compute Aucl [from
from equation (2.65)] at tensile strengths estimated from equation
(C.16). This latter equation was derived from the van der Waals
equation. Equation (2.56) cannot be used to estimate tensile
strengths, indeed it can only be used in the present context,

to estimate parameters that define a given liquid state which is
not far removed from the region of positive pressures (Section
2.14, Chapter 2).

A comparison of the values of Aucl for the three temperatures in
Table D.3 with the corresponding entries for Aul (appréximated
by Auid) in Table C.1 justifies the validity of the following

assumption stated earlier:
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S, << Auy (from compressibility equation)

1

The liquid potential correction term is approximately two order of
magnitudes lower than Aul (= Apl/pol)’

These two conclusions do not confirm the assumptions made by
Melrose (M4) in the estimation of Aucl for liquid Argon at negative
pressures. The values of the liquid potential, given by Auy in
Table D.2, are far too large (for a << 0.01) so that one might expect
large deviations from ideality for large departures from the reference
state. Furthermore Aul increases (as a decreases) at a rate much
higher than APl/po1 (equal to Auid). This, in turn implies one or
more of the following:

i) The potential correction term Aucl takes up the slack in Auid

to account for the total change By [see equation (2.58)] accompanying
" a decreasing volume of liquid.

ii) The representation of Auid by the condensate pressure change
API/po1 only [as given by equation (D.6)] is essentially incomplete,
and, as stated earlier in this section, additional terms involving
liquid property changes need to be included.

In any case, the compressibility equation is not valid for the
liquid at negative pressures, and a further examination of observations
(i) and (ii) is required in order to complete the present analysis.
Contrary to a possible speculation earlier, that the compressibility
equation would at least yield order of magnitude results comparable
with those from the van der Waals equation, it has been shown that

Aucl is still <« Aul [Table D.3] with the associated implication that
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the liquid demonstrates near ideal behaviour even when under high
tension. This speculation would be legitimate if based solely on the
results tabulated in Section 2.9 (Chapter 2), and, were it to be true,
at least the first of the two observations made above would be inap-
propriate. A discussion of these observations has been presented in
Appendix E, which, again is based upon the a priori assumption that
the van der Waals equation approximates the equation of state for

water under tension.
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The inappropriateness of the extension of the compressibility
equation of state [Equation (2.56), Chapter 2] to high negative
pressures in the capillary condensate was discussed in Appendices
C and D. This is largely due to the fact that the isothermal sus-
ceptibility X] was fairly high* at the point of mechanical insta-
bility of the liquid where instead it is required to vanish. Further-
more, the results from this equation did not show the expected large
deviations from ideality, indeed in this region (of tension) Auc1 << Aul.

In order to circumvent this problem, the van der Waals relation-
ship was invoked with some justification. This equation was used to
estimate tensile strengths of the liquid at different temperatures,
and the liquid phase chemical potentials as well. The large values
of 8y, obtained by this method in Table D.2 did not agree with those
obtained from the compressibility equation. As far as the degree of
departure, from ideality, of the liquid phase was concerned, it was
concluded at the end of Appendix D that two distinct possibilities
arise as a result of such magnitudes of Aul.

In this Appendix, therefore, these two alternatives are invest-

igated in order to ascertain the nature of the uncertainty in equation

*
Table C.2 (Appendix C) shows that Xq changes by less than one order of
magnitude over the entire pressure range Pséturétion - PTensile strength.

The values of X, near saturation are shown in Table 2.3, Chapter 2. -
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(2.58), as well as to present the analysis of the phenomena of

capillary condensation in as complete a form as possible.

E.1l. Estimation of the Liquid Potential Correction Term Auc1 in the
Region of Tension.

It was established in Appendices C and D (see Tables C.1, D.2)

that for large negative pressures within the capillary condensate

uy # AP /0% (E.1)

where Aul is the liquid phase potential term estimated from the -
van der Waals equation.

Thus referring to the set of equations (D.6), it is seen that
Aucl is not small any more but assumes orders of magnitudes comparable
to Aul.

For example, from Table D.2 at 126.67° C

* 7
sup = 0 {10} (E.2)
and from Table C.1
AP /0%, = 0{10%} (E.3)
€y = buy - 8P /%)
7
= 0{10"} (E.4)

*
Order of magnitude
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It may be recalled at this stage that Aucl is, by virtue of its
definition in equation (2.60), a correction term to account for non
ideal 1liquid behaviour. It is employed in equation (2.58) to account
for the real case where the specific molar volume is a function of

the liquid pressure:

o -
G Aul = AP1 ey Au 1 (2.58)
[o] 0o
8 = Sl 230 fpldp (2.60)
1 1°P 1 ‘

1 p1

This functional dependence of v upon P1 is relatively weak for small

departures from the reference state, or equivalently

3P1
5 xl’f' f(Pl) ' (E.5)

For a ( = Pg/Pgo) close to unity, Xq is large and approximately
invariant with liquid pressure.

For large departures equation (E.5) does not hold and Py (or ;)
is strongly dependent on Pl. Hence; as the liquid meniscus (in the
interparticle region of contact) receded into the pore, the suscep-
tibility decreases. Referring to Figure C.1 (Appendix C) it is seen
that this rate of decrease of X1 is slow at the beginning (starting
with positive pressures, Pog, close to the P = 0 line) and then rises

subsequently until the limit of metastability is reached where 35

v
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and X1 become zero*. As mentioned in Section C.2 (Appendix C), this
limit of metastability (for example, the point Z2 on Figure C.1) is
approached from the direction where 3P/3v is negative and represents
the vanishing of the isothermal susceptibility X

It has been established up to this point that the van der Waals
approximation to the thermodynamic state (of tension) representation
of the liquid confirms the anticipated deviation from ideality. In
the present context, ideal behaviour is not taken to imply that X1
is infinite, but instead that it is finitely large {0 (105) for water}
and constant. In each case Aucl vav exceeds APl/po1 (Table C.1), where
APl/ool is the ideal caSe:poténtiai (departure from reference) with
constant susceptibility. Furthermore, the van der Waals potentials
(Aul), in Table D.2, which vary from approximately 3 x 10% to 1.0 x 107
(or greater) are associated with free energy changes associated only

with a pressure - volume type of energy term.
(duy)p = (vydey)r (E.6)

If equation E.6 is valid and complete for large negative pressures
within the liquid, then the van der Waals equation, in effect, states
that the liquid is (very) non ideal and that this non ideality arises
due to the liquid demonstrating (gas like) compressible behaviour.

However, an equation such as (E.6) is a '"macroscopic'" relationship

(3P/ov)p = PGS = 6Py /ey - (0%} x)7

((aP/av)p > 0} = {(x))g * 0} (E.S)
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involving thermodynamic properties and (state) parameters which are
defined for the bulk phase. Though there is no sudden transition from
"maccroscopic' bulk to molecular volumes, it is evident that equation
(E.6) cannot be applied with equal rigor in the latter case. This is
further complicated by the fact that the total free energy changes, in
this case, are not only of the pressure-volume type, but also include
surface energy changes which become increasingly important as the mean
radius of curvature R (Figure 2.7) decreases. The surface (free)
energy contributions are due to the (relatively)* rapidly varying
dimensions of the liquid-vapor and solid-liquid interfaces and the
associated interfacial tensions. These contributions are described

qualitatively in the next section.

E.2. Additional Contributions to the Change in Liquid Phase Potential

(from the reference state) - Applicability of the Thermodynamic

Equation (2.62) to Molecular Dimensions.

It has’been emphasized so far (Appendix D and Section E.1l) that
the application of the van der Waals equation to the expression for
dul (equation E.6) leads one to the conclusion that the liquid is
extremely non ideal. This conclusion is valid for R (the mean radius
of curvature) approaching molecular dimensions.

The following material provides the necessary contrinuity to the
discussion presented in the foregoing section, since it is an extension

of the second of the two observations made at the end of Appendix D.

*
In other words, the proportional contribution of the surface (free)
energy changes to the total free energy change is small when R is

large, unlike the case above.
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The hydrostatic balance for the capillary condensate {equation
2.17} which led to the Laplace and Young equations {(2.19), (2.20)}

of capillarity in Chapter 2 is written as

KdVl + dng = cos esl d Qsl (2.17)
P -P, = o, K (2.19
g 1 lg Laplace and

and Young equations.
Ogy - °sg = olg (2.21)

for an angle of contact of zero.

For macroscopic volumes of liquid where large numbers of molecules
are present, the meniscus curvature K is assumed to be constant, as
stated in Chapter 2. It is seen that this is also implied by the first
of the Laplace and Young equations above, provided, of course, that
the liquid-vapor interfacial tension Ulg is constant. Thus, for small

curvatures, the following numerical criterion is valid:
[VldKI << |kav,| (E.7)

As molecular volumes of the condensate are approached, with
decreasing a (relative saturation, Pg/Pog), the curvature increases
typically, for all of the experimental temperatures, by about two
orders of magnitude. This is indicated in Figure E.1l which is a

plot of K versus a. For instance, at 143.33° C



Mean curvature, K (cm™')
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Figure E.1. Plot of the meag curvature K versus relative saturation

a at T = 143.33 C.
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-1
a K (cm !

0.9872 4.353x10

0.3899 3.246x107

Thus the change in the meniscus curvature K is relatively larger
at the smaller values of a. Additionally, low values of o correspond
to molecular volumes of the liquid so that inequality (E.7) does not
hold in this region and the two terms are of comparable magﬁitude.
The hydrostatic balance equation is then appropriately given by

KdV1+V dK+ dQ = CoS es dQ

1 1g (E.8)

1 sl

It may be noted here that the Laplace and Young equations do not
immediately follow by matching the coefficients of equation (E.8) with
those of the expression for the total (Helmholtzi free energy change,
as was done in Chapter 2.

One of the restrictions imposed upon the thermodynamic system
described in Section 2.3 (Chapter 2) was that the surface tension is
invariant with curvature K (or condensate volume). This assumption
breaks down under the present situation where the liquid-vapor interface
id highly curved (large K) with respect to a plane surface. Buff and
Kirkwood (B6, 1950) have commented on the dependance of the surface
tension clg‘ Hill's (H4, 1950) extension of Fowler's (approximate)
theory of surface tension for plane surfaces also leads to the same

qualitative conclusion that surface tension decreases with increasing

curvature. The underlying assumption made by Hill in his thermodynamic
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model is that the liquid phase is incompressible, however he specifically
notes that ''this becomes serious at large curvatures owing to accompany-
ing large internal pressures' (within the liquid). One representation

of the variation of % with K is given by the Gibbs - Tolman - Koenig

g
equation (E.9), (H3):

0 z yA

1 70,2

S L3P0
1g o I — d E.9
In ol = -l g 20 1.%0.2 i (-9

lgO 14'2';'[1*'?4'3(?)]
where
r = radius of curvature

olg = gurface tension corresponding to r
o = gurface tension at r = »
120

Z0 = displacement of the surface toward the body of the liquid.

Once again, there are uncertainties associated with the variation
of the physical properties of liquid in the model that led to the
derivation of equation (E.9). It is noteworthy, as the authors them-
selves point out, that an equation such as the above should be applied
with caution.

The emphasis, in the context of this discussion, is not so much
on the numerical values of the surface tension as on the fact that it
decreases with increase in curvature. 1In fact the calculations
resulting from Hills' (liquid incompressibility) model show a surpris-

ingly small effect, as the author notes, of the curvature on surface
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tension. However, both the rates of change of surface tension and
surface energy increase with increase of curvature.

The physical model as pictured in Figure 2.3 is different from
the liquid drop (or bubble) model of either Hill or Buff and Kirkwood
(B6). In addition to the liquid-vapor interface, surface energy
(contribution to dul) is also associated with the solid-liquid inter-
face as the liquid meniscus moves within the pore. It follows from
Figure 2.3 that for tensile stresses within the liquid, the spherical
particles would experience deformation forces within the circle of
contact with the liquid: In the present analysis, the adsorbent
particles were assumed to be incompressible (Section 2.2). The general
case of dimensional changes within the nonrigid solid particles has
been given by Flood and Farhan (F6).

It was not the objective of this work to formulate a thermo-
dynamically '"complete' (mathematical) model which would enable a
prediction of changes of pertinent liquid phase properties. As
mentioned in Section 2.14, at the end of Chapter 2, such an endeavour
would need to abandon the approach (of the problem) that leads to a
Kelvin type equation. A formal approach would at least require that
the expression for the total (Helmholtz) free energy change be
modified to incorporate surface energy terms involving variable
interfacial tension. The variation in the liquid-vapor tension olg
would then be given by meniscus curvature under the assumption that
the liquid is not incompressible. The mathematical problem would be
formidable, especially with this restriction in force, and at this

point one needs to speculate upon the relevance of the results of such
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a rigorous approach. At the very least, it would clarify the integrity
of the simplifying assumptions which have been stated earlier and in
Appendices C and D as well. The discussion pertaining to this aspect
of the capillary condensation model has been presented in Section

2.14, Chapter 2.
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APPENDIX F

This appendix lists the FORTRAN (IV) programs to evaluate the
parameters associated with capillary condensation in the macropores.
The results of the cémputations are presented in Chapter 2. Sections
F.1 and F.2 are essentially the same programs, however program LIQUID
(F.2) was written to study the variation of liquid properties at high
states of tension.* Program CAPILL (Section F.3) uses a modified
version of the Kelvin equation to evaluate the radius of curvature of

the capillary condensate.

*
See Appendices C, D and E.
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APPENDIX G

When two resistive bodies contact each other, and a voltage is
impressed across them, the lines of current flow are constricted in
the small conducting spots where the contacting members meet. The
bulk of the measured resistance is due to this contact resistance.
Equation 3.68 (Section 3.3, Chapter 3) gives the expression for the
contact resistance, where the contact spot ié a circle of radius a

and is formed by two solid spherical particles.

(3.68)

However, when this contact resistance needs to be incorporated into
a model that has a larger scope*, some assumptions could perhaps be
made that would enable a simplification of the mathematical model.

Furthermore, to complete the description of the contact resistance,
beyond the expression given in (3.68), a qualitative examination of

the contact resistance is required. This is accomplished in the next

section.

G.1 The Contact or Constriction Resistance

The constriction resistance is (simplistically) defined in this

section. In contrast to a rigorous mathematical representation, the

*
Such as in the present case of determining the resistivity of a

(spherical) particulate layer .
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emphasis here is on the physical significance behind the narrowing of
the lines of current flow near the contact.

Figure G.1 shows two cylinders, Al and AZ’ (contacting members)
joined at a contact which has an area less than the cylindrical cross

section. This (electrical) contact is indicated by Ac in the diagram.

Cylinders — | A,

Contact Ares -

Figure G.1. Electrical contact between
two identical cylinders.

If an external voltage V,p is applied as shown, then the effective
*
resistance R between points a and b is given by

R =V

ab I (G.1)

ab

where I is the (measured) current resulting from the impressed voltage.
Let a new resistance ﬁéb be measured for the case where the contact
area is equal to the cylindrical cross section, i.e., A1 and A2 are now
parts of a single solid cylinder. In this instance, there is no con-
striction of the current flow (lines). Then, by definition, the

constriction resistance is

*
Due to Holm. See reference H1.
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R = R, -R (G.2)

V. = RI (G.3)

where the quantities V_, R and I are terms due to the constriction

only. Having defined these parameters associated with a constriction,
it is appropriate, at this stage, to look into the types of constric-

tions. This is investigated in Section G.2.
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G.2. Types of Constrictions

To enable an understanding of the constriction of the lines of
current flow (hence also the magnitude of the resistance), these are
classified into two types; namely, short and long constrictions. The
constriction region refers to that region within the contacting members
where the lines of current flow deviate from their straight path. This

is illustrated by Figure G.2.

48 J..
| [
Contact Spot A
Equipotentiale A / / ¢
- r‘ ~
\CMctrIctlon Volume
B
)
pe @n P e g @ L--- -— onf
b
— r —y

Figure G.2. The constriction region in a
contact.

The figure shows lines of current flow and equipotential surfaces
for the two members, A and B, in contact. A and B are of the same mat-
erial. The constriction is indicated near the contact, and it is the
region beyond which the lines of force are straight. The distance of
the equipotentials from the line of contact is of the same order of

magnitude as the radius T' so that the approximate resistance (between
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u— *
the equipotentials) R, in the absence of a contact , is

R = o (&5 (G.4)
nl

(see also equation (3.2), Chapter 3)

where,

o material resistivity, ohm-cm

r radius of cylinder (Figure G.2)

Let R be the resistance measured for the configuration of Figure
G.2. This resistance is also measured between the equipotentials as
before. This resistance then comprises of two separate contributions:
1) The resistance Rc due to the constriction, where r (in the
figure) is the radius of the contact A..
2) The resistance between the equipotentials, due to the material
itself.
For the case where T' >> r, the constriction volume is small relative
to the volume nrs, across which ﬁ'[in‘equation (G.4)] is measured. Hence

3

if ar”  >> rs, R is negligible compared to R. This is the criterion

for a long constriction. When, instead, a constriction is limited to

a distance comparable with the radius r, R is not negligible, and the

constriction is called short.

*
That is, if A and B are parts of a single solid cylinder [see equation
(G.2)] obviously, the equipotentials are not as shown, for this particular

case.

%* %
O(M) = order of magnitude. Also see footnote to equation (3.2), Chapter 3.
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The relation between electrostatic field strength and charge density
(which is the source of the field) is one of Maxwell's (electrostatic)
field equation. These are developed beginning the familiar Coulomb's
law for the interaction between two point charges. The first field
equation is derived in Section H.1.

H.1. Relation Between the Electrostatic Field Strength and the Charge
Density in Vacuum.

The force between two stationary point charges q, and q, is given

by Coulombs law as

9 - -
flz = e (H.1)
lrl-rzl
where
12 T force on qQ, due to q,
> > g
|r1-r2| = shortest distance between q; and q,
n = unit vector from q, to q,.

The force %12 is collinear with n and n is given as

> >
l-rz/lrl-rzl (H.2)
K is a proportionality constant given by,

in MKS units

1
4ne
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permittivity of free space

L.
36m

The force f due to a fixed ensemble of charges on a charge q is

)

1072 (farads/meter)

! : > > 2, "
L Z 5/ GEpT (H.3)
= q E(M (H.4)

where

> >
E(r) is the electrostatic field strength, and is given as

ED) = . ;{q /F-2)%) n (H.5)
q R j j

j=1
The foregoing expression is for a discrete charge distribution. If,

instead, the charge distribution is continuous and specified by a density

o(;) on a surface of area dS', the following holds:

+
1 o(r')ds',

dE = f (H.6)
Ty 7312

where
>
o(r) dS' = dq
and
S »
n o= —— (H.7)
B

Substituting for the unit vector n into (H.6), from above
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£ 1 T ;' -

- = [ (]

dE = 41re0 | — o(r') dS
r-r'

Taking limits as AS' + O

. e
EH = g T EIL @) as
0 8820 12313
r-1'|
or
B = —= I3 @) ds (H.8)
(r) 4weo s l;_;,IS olr ’

Similarly, for a volume charge distribution,

3 > 1 T-T! >y
E(T) = g [ e(T) v (H.9)
0 V |r-r|

where

o (")

v,V

volume charge density

volume.

From vector algebra it can be shown that

(H.10)

Using the substitution from (H.10) into the expression for the field

strength, equation (H.9), one gets
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o (F)aV!

0 Vv [T

> > 1 .
E(r) = -V [4"8 ] (H.11)
The above transposition is possible since the V operator is in dependent
of the T' vector.

If the scalar potential ¢ is defined by the term within the paren-

thesis in (H.11), the more familiar expression for the field strength is [

>y

obtained.

E(x) = -V (H.12)

Fp( AT

Thus the field is equal to the spatial gradient of the scalar potential.
From equation (H.11), the divergence of the electric field strength

V-f(?) is

2 1

V-E@T = — I [|++|
r-1'

T, 1 o(T') Qv (H.13)

Using the divergence theorem it can be shown that

-4m; Rin Vv

L V@) a -
0; Rnot in V

where
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also
v2 (%) = -4ms(F-TY) (H.14)

where § is the Dirac delta function having the following properties,

DEEY = genne
ii) s 8(F-T) dv' = 1
so that
LEED 8(E-T) AV = £(P) (H.15)

Using the substitution (H.14) into equation (H.13)

VED) = -2 [, -4n8(3-T') o(D) dV!
4weo V!
hence
VBT = p(?)/eo (H.16)

Equation (H.16) is Maxwell's first relation. Applying the divergence
theorem to this equation, the following useful relationship are

obtained,
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r.ovE avt s n-E ds Loav

or

This last equation is the Gauss's law for E field.

(H.17)
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I.1 The Stack Sampler

The determination of the moisture content (of air and flue gas)

in the laboratory and the power plant involved the use of a stack

*
sampler.

unit.

The equipment comes with a control unit and a sampling train

The sampling train unit comprises of a pitot tube probe, a

filter (to remove particulates) and a set of four (ice bath) impingers.

The control unit houses all the electrical and mechanical controls

needed for operation and provides all readouts for directly obtainable

* %
data (see Figure 5.4). Some of these are:

1.

Meter Temperature: Two temperature gauges designated OUT
and IN measure the respective gas (or air) temperatures.
The sample temperature at the gaé meter (see below) is
the arithmetic average of these two temperatures.

Gas Meter: This measures the volume of sample gas drawn
through the instrument.

Sample Box Heater: This switch controls the heater in
the sampling train unit which also encloses the (gas)
filtering assembly. The heater prevents any moisture

condensation in this housing.

*

Lear Siegler, PM100 Manual Stack Sampler.

* %

This was also used in the power plant experiments as indicated by,

Figure A.4.
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4. Probe Heater: This on/off rocker switch controls the
sampling (pitot-tube) probe heater.

5. Pump: The vacuum pump inside the control unit is used
to draw the flue gas (or air) into the sampling train.
Attached to this are two coarse/fine valves which provide
the desired control of the sample flow through the instru-
ment.

6. Pitot - AH Gauge: These instruments provide the velocity

T A TRREKYS m‘?

and flow pressure differentials respectively.

e

In the laboratory ion migration experiments only one silica gel

impinger was used.* The outlet from this impinger is connected to the =
control unit. The length of the line leading to the impinger from

valve B (Figure 5.1) is made as small as possible in order to prevent

condensation in this line. The glass impinger containing silica gel

is weighed on an ordinary pan balance before and after an experiment.

The difference between these two weights is the amount of moisture

condensed. Barring any errors involved with an experimental run and

subsequent measurements, this weight difference can be assumed to be

équal to the moisture content of the air sampled through the instrument.

A typical set of data for a humidity experiment is given below.

*
This is generally appropriate for low volumes of samples gas (less

than 10 cu. ft.).
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Humidity Measurement Data for Experiment No. 2

Meter Temperature (°F)

Volume of air

sampled (cu. ft) In Out
838.558 83.5 83.0
838.900 102.0 84.0
838.200 106.5 86.0 gr
839.480 110.0 88.0 g
840.200 117.5 94.0 i
841.850 ’ 119.0 98.0
842.600 120.0 98.0 ~
845.550 120.0 98.0
845.720 120.0 98.0

2. Water Bath Temperature - 147.46° F.

3. Weight of moisture condensed in impinger - 9.60 gms.
4. Total volume (of air) sampled - 7.162 cu. ft.

5. (Air) Flow Rate - 142 cu. in/min.

To evaluate the moisture content (Bwo) both the gas and water
volumes are needed at standard conditions (70O F, 29.92 in Hg).
These are given as,

°R Phar

]
Vp = (V) 17Tl e - (I.1)

and
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v, = o.o474°—“l'ﬁf-t- v," (1.2)
where

Vm = sample volume through dry gas meter at standard

conditions, cu. ft.
Vm' = sample volume at meter conditions, cu. ft. Et
Tm = average meter temperature, oR, E
Pbar = barometric pressure, in. Hg. E
Vw = volume of water vapor in the air (or gas) sample

at standard conditions cu. ft. X
Vw' = volume of liquid collected in impinger(s), ml.

The mean temperature Tm is evaluated as the weighted mean of the

T. +T
average temperatures. The average temperature (equal to _lﬂljr_ﬁﬁﬂb

is weighted by the volume (of air) sampled between two consecutive
readings.
Hence, Tm = 106.87° F and from equations (I.1) and (I.2) one gets

the following values for Vm and Vw,

<
n

6.712 cu. ft. (P = 30 in. Hg)

bar

<
]

0.455 cu. ft

Hence, the (volumetric) moisture content is

oo
]

W0 0.455/(0.455 + 6.712) x 100%

6.349%
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The relative saturation a (Chapter 2) is obtained from Bwo if
the saturation pressure corresponding to the resistivity probe (or

ash layer) temperature is known.

a = = (I.3)

This assumes, of course, that the probe chamber is at 1 atmosphere
pressure. Furthermore, the value of the relative saturation calculated
applies to the region in the probe chamber.

This completes the description of the stack sampler and of the

computations associated ‘with the humidity measurements.
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This appendix presents the results of tests* conducted to physically
characterize the fly ash used in the ion migration experiments. Two
separate samples** of the fly ash were used for the analyses. The samples
were extracted by repeated halvings of the entire original bulk which was

well mixed. The results of these tests are as follows:

Bet Specific Bulk Porosity

Surface Density (% Void Volume)

Sample No. (mz/gm) (gm/cc) Loose Tapped
1 3.31 2.20 73.0 59.5

2 3.28 2.23 75.8 57.3

Specific surface area was determined using the classic BET method
with nitrogen gas as the adsorbent. The density was determined with a
gas (He) pycnometer. The bulk porosity was measured volumetrically
after pouring into a calibrated cylinder and after tapping to maximum
density.

The particle size distribution was determined with precision

sieves using a Sonic-Sifter. The results are listed below.

*
This work was conducted by W.A. Hockings at the Institute of Mineral
Research, Michigan Technological University.

%
The samples weighed approximately S50 grams each.
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SIZE ANALYSIS
(Micro-Mesh Sieves, Weight %)

Size (um) Sample No. 1 Sample No. 2
33.9 31.1
- 37 + 20 16.3 15.7
- 20 + 10 17.6 20.8 P
-10 + 5 27.2 23.9
5.0 8.5
Median size (um) 20.0 - 18.3

"

The arithmetic average of the values for the two test samples are

as follows:
1.
2.

Density - 2.215 gm/cc.
Bulk Porosity (loose) - 74.4% void volume,

Bulk Porosity (tapped) - 58.4% void volume at maximum
density.

BET Specific surface area - 3.295 mz/gm.
Geometric mean diameter (2S) - 19.15 um.

Standard deviation (size analysis) - 0.3311S5.

*
The fly ash sample was obtained from the power plant combustion

of 0.75% sulfur coal. The sample was withdrawn from the precipitatdr

hopper.
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APPENDIX K

This appendix contains the current time data for all of the nine
laboratory ion migration experiments. As mentioned in Section 5.1,
Chapter 5, these data are obtained on a strip chart recorder. The pen
movement on the recorder is calibrated to correspond to a scale of
0 - 10 pA across the chart. The recorder is coupled with microammeterf-
which is used to monitor the initial rapid decline in the leakage current

through the fly ash bed (Table K.1). The data obtained is presented in

Section K.1.

K.1. Cﬁrrent-Time Data and Clean Plate Characteristics

The current-time data** obtained in Table K.l are used to evaluate
the time average field strength Ea across the ash layer (Section 5.2,
Chapter 5). This also involves the determination of the clean plate
characteristics (I-V plots) for each set of experimental conditions
(moisture content and probe temperature). In this instance the probe
geometry (corona point-plane distance) is identical to that corresponding
to the ion migration experiments with the exception of the ash layer.

It may be recalled with that clean plate I-V data are also

*

Simpson Model 269, Series 3, scale 0 - 16 pA. The power supply used
with the resistivity probe was part of an MSA (Mining Safety Appliance),
Electrostatic Sampler (115 V, 60 Hz, 0 - 20 Kv, F.S. - 150 pA).

* %

The data presented in Table K.l are a summarized form of the complete

laboratory data.
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requiréd in the ash layer resistivity determinations of Chapter 1.

The clean plate current-voltage data for the laboratory experiments
are shown in the plots of Figures 5.6, 5.7 and 5.8, Chapter 5. A
typical I-V data set for one experiment is presented in Table K.2.

The specifications for the resistivity probe are given in Section
K.2. The specifications apply to the modified probe (see Section 5.1,

Chapter 5) used in the laboratory ion migration experiments.

K.2. Specifications for the Modified Resistivity Probe

- o o venr ol

As described in Section 5.1, Chapter 5, the probe was slightly
modified for the migration experiments. The (corona) point-plane dis-
tance is constant for all of the experiments and the surface of the
ash layer is flush with the top edge of the cylindrical (teflon) supbort
in each case.

1. Plane diameter - 4.997 sq. cm.

2. Point-Plane distance - 2.6797 cm.

3. Height of support - 1.619 cm.

4. Distance between corona point to the (top) surface of ash

layer (or support) - 1.061 cm.

5. Pitch of Turn Screw - 0.079375 cm.

The bottom face of the screw is subdivided into eight divisions

Pitch

so that the minimum thickness of the fly ash layer is equal to -5

(equal to 0.009922 cm).




Table K.1.

Experiment No. 1

395

Current-time data for the ion migration experiments.

Experiment No. 2

Experiment No. 3

9.40 Kv 10.00 Kv 9.50 Kv
Time Current Time Current Time Current
(hrs) (uA) (hrs) (uA) (hrs) (uA)
0.000 6.500 0.000 4.700 0.034 1.300
0.050 4.560 0.250 1.900 0.169 1.030
0.217 2.640 0.317 1.670 0.253 0.850
0.317 3.470 0.450 1.330 0.506 0.945
0.583 2.450 0.667 1.430 0.708 0.720
0.883 1.830 1.533 1.220 - 4.170 0.625
41.433 2.130 2.400 1.120 12.520 0.625
59.190 1.690 23.373 1.220 20.110 0.625
71.028 1.830 31.265 1.170 23.900 0.560
74.974 1.830 41.129 1.280 31.490 0.550
78.920 1.950 47.049 1.190 44.570 0.540
92.731 1.800 54.940 1.210 66.270 0.540
106.542 1.720 78.616 0.920* 86.720 0.540
118.380 1.560 88.4381 1.190 103.130 0.540
124,299 1.020 90.455 1.210
130.218 1.565 92.427 1.300

+ .
Constant corona voltage for the experiment.

" :
The corona voltage dropped from 10 Kv to 9 Kv at this time.
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Table K.1. Continued
Experiment No. 4 Experiment No. 5 Experiment No.6
9.00 Kv 9.50 Kv 9.00 Kv
Time Current Time Current Time Current
(hrs) (uA) (hrs) (uA) (hrs) (uA)
0.000 7.220 0.000 1.850 0.000 1.760
0.337 7.030 0.034 1.580 0.017 1.520
0.675 7.220 3.795 1.485 0.051 1.340 r*
0.810 6.660 6.520 1.125 0.118 1.250 ;
0.995 5.800 6.820 1.275 0.236 1.050 g
1.434 5.560 7.130 0.900 0.538 0.980 Q
1.687 5.520 8.650 1.080 9.250 1.150 ,
2.243 4.750 12.900 1.150 14.190 1.125 L'
3.172 3.570 16.240 1.030 18.175 1.010 -
6.325 2.580 18.360 0.875 23.610 0.980
14.220 1.600 31.800 0.760 30.170 0.600
26.921 1.675 40.910 0.800 41.760 0.850
35.370 1.180 66.700 0.580 ° 60.380 0.550
48.040 1.375 120.460 0.500 78.670 0.500
55.920 1.140 95.330 0.490

120.570 1.200
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Table K.1. Continued

Experiment No. 7 Experiment No. 8 Experiment No. 9
9.00 Kv 7.50 Kv 8.00 Kv
Time Current Time Current Time Current
(hrs) (uA) (hrs) (uA) (hrs) (vA)

0.000 1.970 0.000 7.410 0.000 8.550
0.034 1.625 0.008 7.360 0.017 7.260
0.067 1.485 0.017 6.100 0.051 6.570
0.101 1.370 0.051 5.475 0.084 5.800
0.169 1.125 0.084 4.990 0.118 5.080
0.236 0.978 0.118 4.650 0.152 4.630
0.422 0.720 0.152 4.160 0.186 4.325
0.692 0.650 0.186 3.810 0.219 4.070
8.890 0.670 0.270 3.780 0.270 3.730
15.090 0.520 0.793 2.870 0.573 3.010
23.270 0.425 1.400 - 2.225 0.894 1.720
24.050 0.375 3.373 1.900 1.000 2.600
36.080 0.230 6.527 1.970 ‘ 4.167 1.600
62.580 0.400 11.417 1.750 7.134 0.990
111.28 0.380 34.577 1.730 23.200 0.830
120.82 0.210 41.930 1.575 35.384 0.790
64.860 0.940 56.517 0.900

74.120 1.260 90.184 1.180

95.650 1.030 103.067 1.270
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Table K.2. Clean plate current voltage data for Experiment
No. S (Probe temperature - 3140 F).

Corona Voltage Recorder Current
(Kv) (vA)
5.60 1.30
5.75 2.16
6.00 3.20
6.30 4.56
6.50 5.66
6.55 6.63
6.65 9.14

Figure 5.7 (Chapter 5) shows the I-V curve for the above data.
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APPENDIX L

The information regarding the specific quantities of materials
used in the migration experiments is presented in this appendix. As
stated in Chapter 5 the sodium ions migrate upward from the lower
boundary of the vertical fly ash bed towards the negative corona
(Figure 5.1). The (ion) concentration gradient and the overall volt-
age gradient* therefore superimpose each other with respect to the
direction of the ion migration.

The ions "available for migration'" are provided by the sodium
hydroxide deposited on the plane of the probe. The amounts of sodium
hydroxide used in each of the experimental cases is indicated in

Table L.1.

Table L.1. Quantities of NaOH deposited on probe plane.

Experiment No. NaOH (1.824 g/1)
(ml)

2.490
1.680
3.010
3.020
3.025
1.700
1.510
1.490
1.505

O O N O N1 & KW N =

*
This is the voltage drop across the bed divided by its thickness.

399
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After the completion of an experiment the samples are withdrawn
beginning from the top of the ash bed. The turn screw (attached to
the plane) is rotated by the requisite number of divisions (one-eighth
or one-fourth of the pitch) so that the ash bed rises above the top
surface of the support. The amount of fly ash equivalent to this
thickness is carefully removed by means of a sharp edged scraper.

This removal is facilitated by the use of a protruding (teflon) lip
which is inserted over the support and is flush with its top edge.

The (ash) sample is then transferred to an irradiation vial. The vial

is heat sealed, washed and rinsed with double distilled water and stored
in an environment free from any contamination (especially sodium).

Each set of samples for an experiment are irradiated with a
(sodium) standard. The standard is prepared with the same NaOH solution*
as used for the experiments (Table L.1). Approximately 1.5 ml of NaOH
solution is used as standard in each case. The standard is evaporated
(in a vial) prior to irradiation.** Finally, during the counting
process, care is taken that the irradiated vials are in a geometrically

identical position with respect to the detector.

*
The concentration of the irradiation standard was 0.1824 g/1

* %
This was not done for the first five experiments. For these cases

the liquid standard was irradiated instead.
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