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ABSTRACT
QUANTUM INFORMATION THEORY OF MEASUREMENT
By
Jennifer Ranae Glick

Quantum measurement lies at the heart of quantum information processing and is one
of the criteria for quantum computation. Despite its central role, there remains a need
for a robust quantum information-theoretical description of measurement. In this work,
I will quantify how information is processed in a quantum measurement by framing it in
quantum information-theoretic terms. I will consider a diverse set of measurement scenarios,
including weak and strong measurements, and parallel and consecutive measurements. In
each case, I will perform a comprehensive analysis of the role of entanglement and entropy
in the measurement process and track the flow of information through all subsystems. In
particular, I will discuss how weak and strong measurements are fundamentally of the same
nature and show that weak values can be computed exactly for certain measurements with an
arbitrary interaction strength. In the context of the Bell-state quantum eraser, I will derive
a trade-off between the coherence and “which-path” information of an entangled pair of
photons and show that a quantum information-theoretic approach yields additional insights
into the origins of complementarity. I will consider two types of quantum measurements:
those that are made within a closed system where every part of the measurement device,
the ancilla, remains under control (what I will call unamplified measurements), and those
performed within an open system where some degrees of freedom are traced over (amplified
measurements). For sequences of measurements of the same quantum system, I will show
that information about the quantum state is encoded in the measurement chain and that

some of this information is “lost” when the measurements are amplified—the ancillae become



equivalent to a quantum Markov chain. Finally, using the coherent structure of unamplified
measurements, [ will outline a protocol for generating remote entanglement, an essential

resource for quantum teleportation and quantum cryptographic tasks.
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Chapter 1

Introduction

1.1 Introduction and Historical Overview

John Archibald Wheeler famously suggested that information is fundamental to the physical
world with his 1990 “it from bit” doctrine [1]. In our “participatory universe”, we understand
the physical world by interacting with it, and we obtain information about its state through
measurement. When the systems we probe are quantum in nature, so too is the information
they contain. The study of quantum information has grown during the last several decades
into an extensive and versatile field known generally as quantum information science. It
now encompasses diverse areas including quantum communication and cryptography, quan-
tum error correction, and quantum computation. Its far-reaching technological implications
become more evident each year, while its most profound impacts are yet to be felt. The re-
markable progress in this field has promised dramatic impacts to computing and, therefore,
to the global economy. For instance, the development of large-scale quantum processors will
allow for the efficient simulation of complex systems in quantum chemistry, the design of new
materials and medicine, and has created the need for future quantum-proof cybersecurity
systems.

An appreciation for quantum information is perhaps best formed by first recalling its

classical counterpart. Formulated by Claude Shannon in his set of 1948 papers |2, 3], classi-



cal information theory quantifies information in terms of zeros and ones, bits, and describes
its transmission over communication channels. Quantum information theory (QIT), on the
other hand, unifies the quantum behavior of physical systems with information theory, a
prime example being entanglement. While much of quantum information processing relies
on consuming this non-classical phenomenon as a physical resource (e.g., in quantum tele-
portation), entanglement can be understood and quantified entirely with the tools provided
by quantum information theory. Instead of the bit, the basic unit of information is now the
quantum bit, or “qubit”, and its state can be a superposition of the classical bit values. As a
result, an n-qubit system can store all 2" possible bit values, instead of just one at a time.
This “parallelism” is what would allow a quantum device with roughly 50 logical qubits to
execute certain tasks that no existing classical supercomputer could perform in a realistic
period of time [4,5]. In fact, a 300-qubit device would have a state space of dimension larger
than the number of atoms in the universe.

Quantum information theory began to develop rapidly in the 1990s. Two complementary
quantum protocols foundational to quantum communication were discovered at this time:
superdense coding [6] in 1992, in which two bits of classical information can be communi-
cation using one qubit, followed by teleportation [7] in 1993, where one qubit is transferred
by communicating two classical bits. Quantum error-correcting codes, which are a neces-
sary component of fault-tolerant quantum devices, were developed by Calderbank, Shor,
and Steane starting in 1995. Their work was followed quickly by important papers from
several other groups (see, e.g., Refs. [8-14]). These codes showed that it is possible to have
reliable communication over noisy quantum channels and effective quantum computation
in the presence of decoherence. Today, research groups around the world are continually

redefining the state of the art in quantum information processing. There are now several



viable technologies for building quantum devices (see, e.g., [15] for a short review), including
trapped ions, quantum dots, superconducting qubits, and exotic topological qubits, along
with successful demonstrations of entangling multiple qubits and implementations of single-
and two-qubit logic gates.

Quantum measurement is ubiquitous to quantum information processing. As part of the
DiVincenzo criteria [16], it is one of the key requirements for building a quantum computer.
For instance, after an algorithm is run on a quantum device, a measurement is performed
and the result of the computation is read out. In fault-tolerant devices employing error
correction, syndrome measurements are performed to correct errors acquired by qubits during
the computations. And, the standard quantum teleportation protocol relies on quantum
measurement to transfer a quantum state to a remote receiver. Part of the challenge in
realizing large-scale quantum processors is improving the measurement process to reduce
unwanted coupling to the device. Such interactions interfere with the ability to manipulate
and coherently control the device’s qubits. From this perspective, it is essential to have a
robust quantum information-theoretical understanding of how information and entanglement
are processed in quantum measurement.

Over the last several decades many models of quantum measurement have been pro-
posed. Some of the most well-known include the standard Copenhagen model, Everett’s
relative state formalism [17], the two-state vector formalism [18|, Griffiths’ consistent histo-
ries [19], and Zurek’s environment-induced decoherence model [20,21]. To varying degrees,
some of these models have been put forward, in part, to address the so-called measurement
problem. In order to be compatible with empirical observations, it is traditionally stated
that a measurement of a quantum system probabilistically collapses its state to an eigen-

state of the measurement operator corresponding to the measured observable. This collapse



is irreversible and not represented by unitary dynamics, and so stands in contradiction to
the unitary evolution prescribed by the Schrédinger equation. Those seeking solutions to the
measurement problem aim to reconcile this apparent and irreversible collapse with unitary
dynamics.

The formulation of quantum measurement I present in this work is similar to Everett’s
relative state formalism inasmuch as a strong emphasis is placed on the interaction of a
quantum system with a measuring device that is treated quantum mechanically, and their
subsequent unitary evolution, as first formulated by John von Neumann [22]. However,
I greatly expand upon these ideas and model quantum measurement in the framework of
quantum information theory, with a focus on understanding the flow of information and
entanglement throughout the quantum subsystems. A solution is not provided to the mea-
surement problem as I argue that there is no problem and that accounting for a collapse
mechanism is not necessary for a complete description of the measurement process. In other
words, there is nothing inherently mysterious or inconsistent about the measurement process
and the probabilistic nature of measurement outcomes is simply a consequence of the fact
that we can only access part of a large entangled system. Lastly, I prefer to avoid excursions
into interpretations and metaphysics, and instead to direct all efforts towards developing
sound and concrete mathematical formalisms with relevant experimental applications and
whose predictions can be realized and tested in the lab.

This view of quantum measurement is at the heart of the well-established weak mea-
surement formalism [23] where a small coupling is induced between a quantum system and
measurement, device. Indeed, in the first experimental realization of weak measurements
Ritchie, Story, and Hulet wrote that [24] “a measurement is performed by the interaction

of a system with a device which provides some information about the population of the



eigenstates of an observable of the system.” In essence, quantum measurement is nothing
more than a unitary interaction between a quantum system and a measuring apparatus that
yields information about the state of the quantum system.

With this perspective in mind, the main focus of this work has been to frame quantum
measurement, in quantum information-theoretic terms and argue that quantum measure-
ments should be treated on the same footing as other unitary quantum operations. In short,
[ aim to quantify how information is processed in quantum measurement. Considering diverse
measurement scenarios such as weak and strong measurements, and parallel and consecutive
measurements, I perform a comprehensive analysis of the role of entanglement and entropy
in the measurement process and track the flow of information through all subsystems. Along
the way, I will show how weak and strong measurements are of the same nature, derive a new
complementarity relation for the Bell-state quantum eraser, and harness the coherence of the
measurement, process to develop quantum protocols for generating remote entanglement.

There are four areas of focus in this dissertation: (1) weak and strong quantum mea-
surements, (2) parallel measurements made on entangled quantum systems, (3) consecutive
measurements of a single quantum system, and (4) quantum disentangling protocols. Chap-
ters 2-4 contain the necessary background for the subsequent results presented in Chs. 5-8.
Chapter 2 will begin with a review of the physics of entangled quantum systems, while the
main concepts of classical and quantum information theory will be presented in Ch. 3. Here,
some of the useful tools for modeling the information content and entanglement of quantum
systems will be outlined. The standard description of quantum measurement is reviewed
in Ch. 4 along with examples of how the theoretical models for controlling and measuring
qubits are realized in typical experimental settings.

With this foundation, T will introduce the first area of focus in Ch. 5. I will provide



the model of quantum measurement that emphasizes the unitary entanglement between a
quantum system and a quantum measuring device, often referred to as an ancilla, which is at
the core of this work. I will show how such a model is fully compatible with the weak mea-
surements formalism and that measurements of any interaction strength should be treated
on the same footing. Finally, I will analyze in detail strong quantum measurements from the
perspective of quantum information and elucidate the role entanglement and information
play in the measurement process.

The second area of focus will be parallel quantum measurements in Ch. 6. Using the
Bell-state quantum eraser, I will derive a new complementarity relation for a photon trav-
eling through a double-slit apparatus. Specifically, I will compute the trade-off between
the information about the photon’s path obtained by measurement and the coherence of its
density matrix. This demonstrates that an information-theoretic approach yields additional
insights into the origins of complementarity.

An analysis of consecutive measurements of a single quantum system in Ch. 7 forms
the third topic. I will describe how sequences of measurements that remain unamplified
are coherent and that, due to the unique structure of the resulting ancilla density matrix,
the joint entropy of the ancilla chain is determined only by the boundary. [ will show
that amplifying a measurement changes the amount of information gained about a quantum
system and that amplified measurements are equivalent to a quantum Markov chain.

The final topic will be quantum protocols in Ch. 8. The coherence and entanglement
properties of the measurement chains derived in Ch. 7 will be employed to develop quantum
protocols based on disentangling operations. I will use such operations to outline a new
protocol for generating remote entanglement, a key component of quantum communication

protocols including teleportation and quantum key distribution.



Chapter 2

Preliminaries

Before delving into quantum information theory and quantum measurement, I will give a
short review of the mathematical description of quantum systems. I will start with qubits,
which are simple two-level quantum systems. I will discuss how the state of any qubit can
be illustrated by a point on or within the Bloch sphere, with unitary transformations simply
effecting a rotation of the qubit’s state vector. The density matrix, which will be discussed
next, describes both pure (zero entropy) and mixed quantum states (non-zero entropy) and
is a useful tool for modeling multi-qudit (d-dimensional) systems. I will outline the types of
correlations and entanglement that occur in these composite systems, which are key to the
measurement process (see Chs. 4-7). In later chapters, I will show how these correlations can
be more deeply understood using quantum information theory (see Ch. 3) and entropy Venn
diagrams. I will then outline common unitary quantum operations on single- and two-qubit
systems. Finally, T will discuss the teleportation protocol and superdense coding. These
ideas form the foundation of many quantum communication protocols and will be useful for

understanding the disentangling operations of Ch. 8.



2.1 Qubits

The state of a two-level system (a qubit) can be written generally as
1) = a]0) + B 1), (2.1)

with complex amplitudes that satisfy |o|? + [3]2. The states |0) and [1) form the compu-
tational basis for the qubit’s vector space. There are many physical realizations of a qubit,
for example, the spin of an electron or the polarization of a photon. I will describe later in
Ch. 4.2 some typical experimental implementations of qubits and how they are manipulated
and measured.

A qubit can be represented geometrically by considering Eq. (2.1) to be a point on the
surface of a sphere [25], called the Bloch sphere. The north pole (+2) of the Bloch sphere,
shown in Fig. 2.1, represents the state |0), while the south pole (—Z) represents |1). Each
pair of points on opposite sides of the sphere corresponds to orthogonal state vectors. For
example, the +4 axes are written (|0) & [1))/v/2, while the £§ axes are (|0) +14|1))/v/2. As
we will see in the next section, points on the surface of the sphere represent pure quantum
states, while interior points are mixed states. In this picture, the general representation of a

qubit’s state is given by
1) = cos(8/2) |0) + €' sin(6/2) [1). (2.2)

This state is characterized by two real numbers 6 and ¢, where 0 < # < 7 is the polar angle
and 0 < ¢ < 27 is the azimuthal angle, and an unobservable overall phase has been dropped.
For example, the symmetric state [¢) = (|0) + |1))/+/2 is obtained with § = 7 /2 and ¢ = 0,

which is equivalent to the Z axis of the Bloch sphere.



Figure 2.1: The Bloch sphere. The state |1)) of a qubit can be represented as a unit-length
vector in the sphere with coefficients given by the angles § and ¢. Image by Gosser.ca,
distributed under a CC BY-SA 3.0 license.

Applying unitary operations to (2.2) transforms the state of a qubit. An arbitrary rota-

tion by an angle v about the n axis is implemented with the operator
Rj(a) = el /2 cos(a/2) 1 —i(n-d)sin(a/2), (2.3)

where 77 = ng & + ny gy + n; £ is a unit vector with normalization n? = n2 + nz +n? =1,
and ¢ = 0 + oy § + 0, 2 is a vector of Pauli matrices. The unit matrix is denoted 1. In

the standard basis, {|0),|1)}, these matrices are written

(00 () () 24)

and satisfy the following relations,

(@-n)? =1, (2.5)
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Figure 2.2: The three Pauli gates. The lines indicate the incoming and outgoing state of the
qubit. The NOT gate X flips the state of the qubit, Z changes the phase, while Y performs
both a bit and phase flip.

and
(@-n)(@-m)=mn-m)l+i(nxm)-a. (2.6)
An arbitrary operation on a qubit is constructed from a rotation and a phase provided by ~:
U = ¢ Ry(a). (2.7)

Three basic transformations of a qubit are implemented with the Pauli gates, o, oy, and
0, (sometimes the notation X, Y, and Z is used) shown in Fig. 2.2. In the standard basis
the bit-flip, or quantum NOT gate, is the Pauli matrix o, and reverses the state of a qubit.

Up to an overall phase, o, is equivalent to a rotation by 7 around the % axis,
oz]0) =[1) . oz[l) =|0). (2.8)

The phase-flip gate is the Pauli matrix o, and changes the phase using a rotation by 7

around the Z axis,

o210y = [0), asl1) = —|1). (2.9)

A bit and phase flip together is implemented with the Pauli matrix oy via a rotation by =

10
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Figure 2.3: The Hadamard gate performs a rotation by an angle 7 around the axis (#-+2)/v/2.

around the g axis,
oyl0) = il1) . ayl1) = —ilo), (2.10)

Another important single-qubit transformation is the Hadamard gate, H, shown in
Fig. 2.3. Tt is equivalent, up to an overall phase, to a rotation about the axis (& + 2)/v/2 by

an angle a =,

Or + 0

"==7

(2.11)

For instance, this operator maps the state |0) into (|0) + |1))/v/2 and the state |1) into
(|0) — [1))/+/2. In terms of the Bloch sphere, the Hadamard gate is also equivalent to two
rotations: first a rotation by 7/2 around the y axis followed by a rotation by = around the
T axis.

For n qubits initialized in their ground states, the Hadamard gate produces a superposi-

tion of basis states with equal weight,

2"n—1

1

H@...@Hyo...o>:2n/2 Zom, (2.12)
€r=

where |z) is the set of n-qubit states, |[0...00), [0...01), [0...10), |0...11), etc. The tensor
product, denoted by ®, of two operators A (with dimension d 4) and B (with dimension dg)

acts in an extended vector space A ® B of dimension d4 x dg. Therefore, each Hadamard

11



gate on the left side of (2.12) acts on their respective qubit in the joint state |0...0).
The expression (2.12) is known as the Hadamard transform and is a key element of many
quantum algorithms, such as the period-finding subroutine in Shor’s algorithm |26, 27| or

Grover’s search algorithm [28,29].

2.2 The Density Matrix

The general state of a two-level system, which was written previously in Eq. (2.1), can be

generalized to d-dimensional systems, called qudits,
d—1
W)= aili). (2.13)
1=0

The complex amplitudes satisfy 3, |a;|? = 1 and the states |i) form an orthonormal basis.
For example, systems with d = 3 are called qutrits.

The quantum state (2.13) is referred to as a pure state since it has zero entropy. A pure
state can be written down as a linear superposition of kets. In contrast, suppose a quantum
system is one of many (not necessarily orthogonal) pure states, |1;), with some probability

p;- Such a system is described with a density matrix and is written as a mixture,
p=>_pilvi)Wil. (2.14)
i

In this case, the quantum system is in a mixed state with non-zero entropy. Later, in Ch. 3.4
we will see how to compute the entropy of general mixed states.

The expression (2.14) for the density matrix is not unique. That is, there may exist
different sets {p;, [¢;)} and {p}, [4])} that give rise to the same density matrix. Further-

more, the number of terms in the sum (2.14) is not necessarily the same for these different

12



decompositions. For example, for a qubit consider the orthogonal states |¢p) = |0) and
|11) = |1) with weights pg and py. One could equivalently write the density matrix with the
non-orthogonal states |¢g) = \/po |0) + /p1|1) and |[¢1) = /po |0) — /p1|1) with weights
1/2,1/2.

The density matrix, p, is a Hermitian operator with unit trace (meaning its diagonal
elements sum to one) and eigenvalues that are both real and non-negative (p is a “positive
operator”). The trace of a matrix is defined as

Te(p) = Y _(nlpln)

n

—sz (¥iln){(n|y) sz—l

(2.15)

where |n) is a complete set of orthonormal states of p.
In a chosen basis, the diagonal elements of the density matrix correspond to the proba-
bility to observe the quantum system in a given state. For example, expressing (2.14) in the

computational basis, |7),

p=>_ Dici Gt 1), (2.16)
ijj’

shows that the state |j) would be observed with probability > . p; \cij|2. The off-diagonal
elements of p, which are equal to ), p; Cij c;‘j, , characterize how coherent, or how pure, the

state is.
The purity of a quantum state is calculated from the trace of the square of the density
matrix, Tr(pQ), and is equal to one when p is a pure state, and is otherwise less than one.
For example, a completely mixed state of dimension d has the density matrix p = cll 1 with

purity equal to 1/d. If p = |¢)(¢)|, then p? = p and the purity is equal to one. But, if p is

13



mixed the purity is
Te(p?) = Y pipyr (il (2.17)
o
(2

which reduces to Tr(p?) = 3, p? if |1;) are orthonormal.
The state of a general (meaning, not necessarily pure) qubit can be expanded in terms

of the identity and Pauli matrices as

(]1 + ay 0y + ay oy + a; az), (2.18)

N | —

p:%(]l%-o_i-&):

since these matrices form a basis for all two-dimensional Hermitian matrices. Here, @ is
known as the Bloch vector and indicates the point within the sphere corresponding to the
mixed state p [25]. The eigenvalues of (2.18) are (1 + ||@||)/2, where the norm of the Bloch
vector satisfies ||@|| < 1. For pure states, ||@|| = 1 so that Tr(p?) = 1, implying that pure
states are restricted to the surface of the Bloch sphere, while mixed states lie in the interior.

The density matrix formulation is a powerful tool in quantum information theory. It is
used for describing general quantum systems and operations, and, in particular, for under-
standing subsystems that are part of a larger entangled pure state. In later chapters, the
density matrix will be used, among other things, to characterize the coherence and entan-

glement in quantum measurement.

2.3 Composite Systems and Entanglement

Our discussion of single-qubit (or qudit) states in Sec. 2.1 can be extended to describe

composite, or multi-qudit states. For instance, we can write a general pure state of two
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qudits, A and B, as
d—1

[AB) = ) cijli) ®@13), (2.19)

t,7=0

where \cijlz = 1 and ® indicates the tensor product (which we will often drop for notational
convenience). If A and B are each d-dimensional systems, then their joint state, |AB), is
d x d—dimensional. The simplest example of a composite system occurs when A and B are
uncorrelated. In this case, the coefficients in the wave function factor, ¢;; = a; b;, yielding a

product of two pure states,
|AB) = Zaz\ ®Zb 5) = [¥a) ® |¢p). (2:20)

For general, non-factorizable coefficients ¢;; the two systems are said to be entangled. By

performing a partial trace over just the states of B in (2.19), we find that A is a mixed state,

p(A) = Trg(|AB)(AB)) chc,| (2.21)
u]

Although the joint state |AB) is pure and fully known, the entanglement of the state yields
subsystems that are mixed and uncertain.

A special case of the state (2.19) is known as a Bell state (or EPR pair after the famous
1935 paper by Einstein, Podolsky, and Rosen [30]),

100) + |11)

[2F) = 5

(2.22)

and plays an essential role in quantum computing and many quantum protocols including
quantum teleportation and superdense coding. The state (2.22) is entangled as it cannot be

written as a tensor product of two pure states. Furthermore, the entanglement is maximum
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since each qubit is in a maximally mixed state,

p(4) = Trp(|8%) (@) = 21 = ¢ (é f) - (2.23)

The Bell state (2.22) can be trivially extended to n qubits where it is referred to as a GHZ

state, named for Greenberger, Horne and Zeilinger [31]. An important instance is n = 3,

Grzy = 1000+ 1) (2.24)

N

and is used in many quantum communication protocols. For example, in quantum cryptog-
raphy the original proposal for quantum secret sharing [32] used a GHZ state to distribute
quantum information across multiple parts such that two of them are required to reconstruct
the original state. The GHZ state is also important in that it represents one of two distinct

classes of tripartite entanglement |33|, the other being the W state,

~]001) + |010) + |100)
7 .

W) (2.25)

The states (2.24) and (2.25) are inequivalent since they cannot be transformed into each
other via local operations.
Along with three other similar maximally entangled states, the state (2.22) forms a

complete basis for any two-qubit state that is known as the Bell basis:

00) + [11)

%) = L
V2 (2.26)

gy _ 100 £[10)

V2

It is easy to show that the reduced density matrix of all four states is %]l, revealing that
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they are indeed maximally entangled. Another notation that we will sometimes use for the
Bell states is [So) = [®7), [B10) = 7). [Bo1) = [TT), and [B11) = [TT).

The Bell states (2.26) can be transformed into one another by operations on just one of
the qubits (that is, via local operations). For example, application of the phase-flip operator
to the second qubit transforms 1 ® o, |Bpg) = |F10). In general, the Bell states can be

written as

|Ba) = (1@ X*Z%) [Boo), (2.27)

where X* and Z* are powers of the Pauli matrices. In other words, local operations cannot
break the entanglement of the pair. For instance, writing each single-qubit state in the diag-
onal basis |[4) = (|0) £ |1))/v/2 yields equivalently entangled states. Later, when discussing
the von Neumann entropy and the Schmidt decomposition in Ch. 3, it will be clear that the
Schmidt coefficients, and therefore the entanglement, are basis independent in a bipartite
pure state.

Experimentally, the set of two-qubit states (2.26) can be generated in different ways.
One way this can be achieved is with spontaneous parametric down-conversion [34]. In
this method, a laser is focused on a beta-barium borate (BBO) crystal, a nonlinear optical
material, such that one incident photon is converted into two photons that are emitted
with correlated polarizations. Alternatively, Eq. (2.26) can be produced using a sequence
of Hadamard and controlled-NOT gates, discussed in more detail below, on two initially
uncorrelated qubits.

Perhaps the most common two-qubit unitary transformation is the controlled-NOT gate,

Ucnor- This simple gate, shown in Fig. 2.4, can be used to entangle (or disentangle) qubits

17
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Figure 2.4: The controlled-NOT gate flips the state of the target qubit (open circle) only if
the control qubit (filled circle) is in the state |1).

by performing a conditional bit-flip. With the first qubit as the control, this gate will flip
the state of the second qubit, the target, if and only if the first qubit is in the state |1), and

otherwise will do nothing. The operator can be written in the following way,

so that its action on states in the computational basis is

UCNOT : ‘OO> — |00>
01) = [01)

(2.29)
|10) — |11)

I11) — |10).

The set of single-qubit operations and the controlled-not gate is known as a universal set.
Any quantum gate can be decomposed into these gates so that, together, they are sufficient
to perform any quantum computation [35].

Using one Hadamard and one controlled-NOT gate, we can easily construct an EPR pair,

the Bell state (2.22). Suppose two qubits are each initialized in the state |0). Applying the
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sequence of gates Uonot (H ® 1), where the control is on the first system, yields

0) +11) 00) +[11)
U, H®1)|0)®]0)=U, — ®|0) = ——F#—. 2.30
oxor ( ) 10) @10) = Ucexor 7 10) 7 (2.30)
The controlled-NOT gate can be generalized to a controlled-U gate,
CU)=10)(0|®@ 1+ [1)(1| U, (2.31)

where the bit-flip operation, o, is replaced by an arbitrary unitary operation, U. It is easy
to check that the controlled-U gate, as with any other quantum gate, is unitary. This general
operation will be useful when discussing quantum disentangling operations in Ch. 8.

In addition to the pure state in Eq. (2.19), we can also consider mixed states for two
qudits. Two systems, A and B, are separable if their joint state can be written as combination

of product states,
p(AB) = pipf ® pP, (2:32)
)

where p; are non-negative probabilities and ) ;p; = 1. The reduced density matrices for
each of the subsystems, pf and sz , could be pure or mixed. Such states exhibit classical
correlations between the subsystems. Of course, if there is only one non-zero p; then the
separable state (2.32) reduces to an uncorrelated state, p(AB) = p(A) ® p(B). If the joint

state p(AB) cannot be written in the separable form (2.32), then it is said to be entangled.
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2.4 The No-Cloning Theorem

A striking feature of quantum systems is that it is impossible to perfectly copy, or clone, an
arbitrary quantum state. This was proved in 1982 by Wootters and Zurek [36] as well as by
Dieks who showed that this property precludes the possibility of superluminal communication
via EPR pairs [37].

To demonstrate the essence of the no-cloning theorem, suppose that there exists a unitary
transformation, U, that can indeed clone an arbitrary state. Then, for two such orthogonal
states [¢) and |¢), the transformations U(|1)]0)) = [¥)|v) and U(|¢)|0)) = |p)|¢) are

possible. Since U must be a linear operator, its application to an arbitrary superposition,

In) = a|v) + B @), results in

U(Im10)) = al)v) + Blo)le), (2.33)
where |a|? 4 |32 = 1. However, if U is a cloning operation, then it must be true that

U(Im0)) = Im)n) = o® [0)[) + B2 [@)]e) + aB [¥)[6) + aB |6)]¢). (2.34)

Clearly, Eqs. (2.33) and (2.34) are not the same. The presence of the cross terms in (2.34)
implies that this cloning operation is impossible.

The no-cloning theorem is usually discussed for pure quantum states but was generalized
in 1996 by Barnum et al. to include mixed states via the no-broadcast theorem [38]. Al-
though it is impossible to perfectly clone an arbitrary quantum state, approzimate cloning
is permitted. Indeed, the highest achievable fidelity for qubit cloning has been calculated to
be 5/6 [39,40].

The no-cloning theorem has many interesting consequences in addition to the impossibil-
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ity of superluminal communication mentioned above. For instance, classical error correction,
which relies on the redundant encoding of bits in a repetition code, cannot be employed in
quantum algorithms (see, e.g., [41]). The theorem is also responsible for the distinct na-
ture of quantum measurements as compared to classical measurements. As we will see in
later chapters, the inability to perfectly clone arbitrary quantum states suggests that our
measurement devices do not and cannot reflect the true underlying state of the quantum

system.

2.5 Quantum Teleportation and Superdense Coding

Two fundamental and complementary protocols in quantum information processing are quan-
tum teleportation and superdense coding. These protocols rely heavily on the use of the
maximally entangled Bell states. In this section, I will outline both protocols as the main
ideas will be helpful for understanding the quantum disentangling operations in Ch. 8.
Quantum teleportation, discovered in 1993 by Bennett et al. [7], is a method for trans-
ferring a qubit to a receiver using two bits of classical information. Following the original
proposal a few years later, teleportation was implemented using the polarization states of
photons in 1997 and 1998 [42—-44]. Also in 1998, the first “complete” teleportation (where the
final corrections are applied to Bob’s qubit) was achieved across inter-atomic distances in the
nuclear spins of trichloroethylene using nuclear magnetic resonance (NMR) [45]. In 2004,
teleportation across micrometer distances was realized using trapped ions [46,47]. More
recently, teleportation of the state of superconducting transmon qubits over 6 millimeters
was performed in 2013 [48] and of the spin states of nitrogen vacancy centers in diamond

over 3 meters in 2014 [49]. As of July 4, 2017 the world record for long-distance quantum
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Figure 2.5: Shorthand notation for the Bell measurement circuit is shown on the left together
with the complete circuit on the right. A Bell state |3,,) is converted into the two classical
bits z and z (drawn with double solid lines) after a controlled-NOT, Hadamard, and two
single-qubit measurements in the standard basis.

teleportation with photons is nearly 1400 kilometers, the distance between an observatory
in Tibet and a satellite in low Earth orbit [50] (see also [51] for the team’s demonstration of
first distributing the entanglement over such length scales).

In the quantum teleportation protocol, two parties (usually referred to as Alice and Bob)
initially share a maximally entangled state of two qubits A and B, say, |®T) 45 = |800) aB-
The sender, Alice, wishes to transfer an arbitrary quantum state [1))g = a|0) + B[1) to a
receiver, Bob. To do so, Alice first performs a Bell measurement (see Fig. 2.5 for a circuit
diagram of a Bell measurement) on her half of the entangled pair (qubit A) and the unknown
qubit @ in the state |¢)Q. She sends the result of the measurement, two classical bits, to
Bob, who then performs the necessary corrections to his half of the Bell state (qubit B).
Afterwards, his qubit B will be in the state |¢)). Interestingly, as we will see, neither Alice
nor Bob need to know the actual state |¢)) that they are sending.

Before going through each step of the protocol in detail, we first make an observation.
Quantum teleportation can be summarized by the following simple relation for the initial

state of all three qubits @, A, and B before the protocol is implemented,

1
|¢>Q ® [B00)AB = B Z ’Bzx>QA ® X' 77 V) B. (2.35)
z,x€{0,1}
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Here, |(.4) are the four Bell states, and X and Z are Pauli operators (see Sec. 2.3). From
this expression, we can see that the state ) of @ will be transferred to B, up to a unitary
correction. To be clear, only the state of () is transferred to Bob’s qubit, not the physical

particle (). Finally, at the end of the protocol, the state (2.35) evolves to

1 1 1
1 Z ’52x>QA<ﬁzx| ® [y p{Y| = 5162 ® §1A ® |¥) (¥, (2.36)

z,x€{0,1}

where qubits (Q and A are completely mixed and the state of the Bob’s qubit B is |¢), which
is disentangled from the rest of the system.
We can understand the protocol better by considering each step in more detail. The

initial state (2.35) of the three qubits is the product state
60) = 0o @ |60 an = (al0)g + 5I0Q) ® = (1000 as +11ag).  (237)
V2

where () labels the arbitrary state to be teleported from Alice to Bob, and A and B label
Alice’s and Bob’s qubits, respectively. The labels will be dropped from now on since the
ordering of states is always maintained.

In the first step, Alice performs a Bell measurement by applying a CNOT gate to () and

A, with the control on @, followed by a Hadamard gate on (). This transforms Eq. (2.37) to

1) =5 {100} (a10)+ B811) +101) (1) +5/0)) +110) (al0) = B11)) +[11) (1) = Bl0) | (2.38)

N —

Expression (2.38) already suggests that the conditional state of B is nearly equivalent to the
desired state |¢).
In the second step, Alice measures the qubits ( and A in the computational basis. For

example, if she observes the outcome “00” then, according to (2.38), the corresponding state
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Figure 2.6: The quantum teleportation circuit. The dashed line separates the systems under
Alice’s (upper) and Bob’s (lower) control. Alice transfers the state |1)) to Bob by performing
a Bell measurement and sending the two resulting classical bits of information z and x
(denoted by the double solid lines) to Bob. Conditionally on these two bits, Bob performs a
correction Z% X7 to his qubit to obtain the state |¢).

of B is evidently «|0) g + 5|1) g, which is the original state |¢).
For each of the four possible outcomes in Alice’s measurement, Bob’s qubit will be in
one of four states. Each of these states is related to |1)) by a simple single-qubit operation.

That is, Eq. (2.38) can be rewritten as

100) [¢0) +101) o |9h) + [10) 02|90) + |11) (—ioy)[¢) |- (2.39)

| —

1) =

In this form, it is clear which operation Bob must perform on his qubit to recover |¢). For
example, suppose Alice found the outcome “01”. In this case, upon receiving Alice’s two-bit
message Bob corrects his qubit o.|¢) with the bit-flip gate oz, to obtain |¢). Similarly,
for the other measurement outcome “10”, Bob applies the phase-flip gate o, while for “11”
he applies ioy. Thus, with two bits of classical communication, a sender can successfully
transfer an arbitrary qubit to a distant receiver. See Fig. 2.6 for the complete teleportation
circuit.

A modified version of quantum teleportation has also been proposed by Brassard, Braun-

stein and Cleve [52,53| and is implemented without performing a Bell measurement. In this
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case, a sequence of controlled-NOT and Hadamard gates replaces the Bell measurement,
which is no longer performed on the first two qubits, @) and A. Nevertheless, the state [i))
is still transferred to Bob.

The second fundamental quantum protocol is superdense coding, which was published in
1992 by Bennett and Wiesner [6] one year before the teleportation protocol. In superdense
coding, two bits of classical information can be communicated using a single qubit. It
provides a way to transmit classical information over a quantum channel, and is, in a sense,
the inverse of the teleportation scheme. Superdense coding was first experimentally realized
in 1996 in an optical setting by Mattle et al. [54]. In February 2017, the highest bit rate
to date of 1.67 bits per qubit (the maximum, of course, being 2) was achieved using linear
optics over a fiber optic link [55].

In superdense coding, Alice and Bob each have one half of an entangled pair of qubits,
for instance, the Bell state |®1) = |3gg) in (2.22). Depending on the value of the two bits
that Alice wishes to communicate to Bob, she encodes her message by performing one of four
operations on her qubit, A. She then sends A to Bob, who decodes the message. Superdense

coding is based on a simple identity for the Bell state before the protocol is implemented,

(H® 1) Ucxor (27X ® 1) |Boo) = |2)|x). (2.40)

That is, a set of unitary operations on the initially entangled qubits yields a product state.

To see how this works, suppose that Alice wants to send the bit string “00”. In this case,
she performs the unitary operation, 1, and sends qubit A to Bob. The decoding scheme that
Bob follows is always the same regardless of which message Alice sends, and is the inverse of

the entangling scheme described in (2.30) for creating Bell states. Namely, Bob applies the
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Figure 2.7: The superdense coding circuit. The dashed line separates the systems under
Alice’s (upper) and Bob’s (lower) control. The two bits z, x (indicated by the double solid
line) are transferred to Bob when Alice sends her encoded qubit.

controlled-NOT operation (2.28), where the control is on qubit A, followed by the Hadamard

gate (2.11) on A. For this example, decoding yields the state

(H® 1) Ucnor [(L® 1) [Boo)| = [00). (2.41)

If Bob measures his qubits in the computational basis, he will find with certainty the out-
comes “00”, which is precisely the message that Alice intended to send. Or, suppose that
Alice wants to send the message “10”. In this case, she encodes the message by applying
X = 0, to her qubit. The four possible messages that Alice can send to Bob are summarized
in Table 2.1 and the circuit is shown in Fig. 2.7.

The set of unitary operations that Alice performs on her qubit A can be achieved using
two additional qubits, a and @/, which are initially in one of the four basis states |00), |01),
|10), and |11), corresponding to the message that Alice wishes to send. This way, Alice
does not have to directly implement the controlled operations on her qubit A and instead
can send in two qubits prepared in the state |ij), corresponding to the message ij, to Bob.

/

In this case, the circuit diagram in Fig. 2.7 is modified to include qubits a and a’ and a

controlled-NOT gate between A and a followed by a controlled-Z gate between A and a’.
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Table 2.1: Encoding and decoding schemes in the superdense coding protocol.

Alice’s encoding (Z*X?*)  State after encoding (|8.,))  State after decoding (z, x)

1 1DF) = [Boo

X ks

Z [idm

ZX =iY %

If an eavesdropper, Eve, intercepts qubit A when it is in transit to Bob, she cannot

ascertain the message. This is because the marginal state of A is mixed,
1
p(A) = Trp(2°X7 @1 |Boo)fool X727 © 1) = Trp (|8a)(Bual) = 51, (242)

and doesn’t reveal anything about the value of z and z. It is the entanglement between the

qubits that allows two bits of information to be sent instead of just one.

2.6 Summary

In this chapter, I outlined the mathematical description of quantum systems, with particular
focus on the two-level system known as the qubit. I reviewed the density matrix formalism
and the properties of general quantum states. I discussed pure and mixed states, as well
as the types of correlations, classical and quantum, between multiple quantum systems. I
then showed how the no-cloning theorem places severe restrictions on the ability to copy
quantum states and, as we will see in Ch. 5, is responsible for the non-classical nature
of quantum measurements. Finally, I reviewed the quantum teleportation and superdense

coding protocols, which will be useful for the protocols presented in Ch. 8.
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Chapter 3

Quantum Information Theory

3.1 Introduction

The departure of quantum states from their classical counterparts can be more deeply un-
derstood using quantum information theory (QIT). The tools provided by QIT allow us
to characterize the structure of quantum states and, in particular, the amount of informa-
tion that can be obtained about a quantum system, or how entanglement and entropy are
distributed in composite systems. QIT can also be used to place constraints on quantum
systems. For example, Holevo’s theorem places an upper limit to the amount of information
that can be extracted about the state of a quantum system via measurement, while the en-
tropic relationship between several quantum systems is bounded by the strong subadditivity
of quantum entropy. In this chapter, I first review the basic ideas of information theory
according to Shannon in order to set the stage for quantum information theory. Then I will
summarize several useful quantum information-theoretic concepts including the Schmidt de-

composition and Holevo’s theorem.

3.2 Classical Information Theory

The foundations of information theory were originally laid by Claude Shannon in 1948 when

he published the set of transformational papers |2,3]. His theory provided a way to quantify
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information and to understand the communication of information over a (noisy) channel.
A measure of information in a random variable is related to the variable’s entropy, which
quantifies the uncertainty of the value of the variable. Equivalently, the entropy reveals how
much information one gains upon learning the value of the variable. The entropy that is
shared between two random variables (the mutual entropy) is a measure of the amount of
information that one variable has about the other. Shannon’s noisy channel coding theorem
established a maximum rate for the information that can be reliably transmitted through a
channel with a particular noise level in terms of a channel capacity, which is a function of
this mutual entropy.

In this section, I will review the main ideas in classical information theory, and provide
the mathematical definitions of entropy and information. By constructing joint and mutual
entropies, it will become clear how information is distributed among many correlated subsys-
tems. This will facilitate the transition to the next section on quantum information theory,

which is able to describe the properties of complex quantum entangled systems.

3.2.1 Shannon Entropy

The entropy of a random variable is a function of the set of probabilities corresponding to
the values that the variable can take. The Shannon entropy [2,56] of a system A is defined

as
d—1
H(A)=—> pilogp, (3.1)
i=0

where the probability of the ith state is p; and the dimension of the system A is d. When

the logarithm is taken to base 2, the entropy is in units of bits. States that occur with
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zero probability (p; = 0 for some i) do not contribute to the entropy according to the limit
lim, gz logxz = 0. Equation (3.1) quantifies what is required to store information about
the variable A so that one is able to reconstruct it later [25]. For example, if A takes on one
of four states with equal probability, then two bits of information are required to specify its
state.

The marginal entropy in Eq. (3.1) is extended to a joint entropy for two (or more) systems

A and B via their joint probability distribution p;;,
— > pijlogpij, (3.2)

which is a measure of the uncertainty in both systems. The marginal and joint probability

distributions give rise to a conditional probability, p;; = pj; / pj, which is used to construct

lj

the conditional entropy
H(A|B) = Zp”logpm (3.3)

This characterizes the average reduction in entropy of A, given the state of system B.
On the other hand, the mutual probability distribution p;.; = p; p;/p;; yields the mutual

entropy
— > pijlogpij, (3.4)

or the information shared between systems A and B. In terms of marginal and joint entropies,
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the conditional and mutual entropies are defined as [56]

H(A|B) = H(AB) — H(B), (3.5)
H(A:B) = H(A) + H(B) — H(AB), (3.6)
H(A) = H(A|B)+ H(A: B). (3.7)

In the next section, we will see how Shannon entropies are bounded according to the possible

correlations that exist between subsystems.

3.2.2 Inequalities for Shannon Entropy

The Shannon entropy of two systems obeys two inequalities, the first of which is known as
subadditivity. Suppose that two systems, A and B, are uncorrelated (independent). In this
case, their joint probability distribution factors into a product of two marginal probabilities,
pij = pipj, and the joint entropy reduces to a sum of marginal entropies, H(AB) = H(A) +
H(B). In general, when A and B are correlated, the joint entropy is reduced by the mutual

entropy as in (3.6). Specifically,

H(AB) < H(A) + H(B). (3.8)

In other words, H(AB) is subadditive and some of the information in the joint system AB
can be found in the correlations between subsystems A and B. From (3.8), one finds that the
mutual Shannon entropy (3.6) is non-negative, H(A : B) > 0. The proof of statement (3.8)

can be shown with the inequality, loggz < (x — 1)/In 2, for all positive = [25]. Note that
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this comes from using Inz = (logg z) (In2) and the fact that Inz < 2 — 1. Using this in
expression (3.4), one arrives at (3.8).

The second inequality for the entropy of two systems establishes a lower bound to the
joint Shannon entropy. That is, the entropy of a composite system cannot be less than the

entropy of any of its parts,
H(AB) > H(A), H(B). (3.9)

It follows that the conditional entropy (3.5) is always non-negative, H(A|B) > 0. This can
also be shown by considering the expression (3.3) for the conditional entropy in terms of its

probability distributions. As the conditional probability is bounded by 0 < p;; < 1, the

lj

expression — log p;|j must be non-negative. Therefore (3.3) is also non-negative.

3.3 Quantum Information Theory

In Shannon’s theory of information, the basic unit of information is the bit, which can take
one of two values. In quantum information theory, information can be contained in the states
of quantum systems, and so the basic unit becomes the qubit. As we saw in Ch. 2.1, the
state of a qubit can correspond to any point on the surface of the Bloch sphere and so can
be in a linear superposition of the classical bit values. In Ch. 2.3, we studied the types of
correlations that arise in multi-qudit systems and know from Ch. 2.5 that some of the most
important applications of quantum information science rely on entanglement as a resource.
Entanglement is a property that is unique to quantum systems and cannot be accounted
for in the classical Shannon theory. More generally, since quantum systems can exist in

superpositions, it is necessary to use density matrices in place of probability distributions for

32



a useful definition of quantum entropy, as the density matrix encodes the phase information
of the quantum system. Classical entropies are functions only of probability distributions,
which correspond to the diagonal elements of a density matrix. Therefore, it is important to
have a theory of quantum information that can correctly describe the behavior of quantum
systems. In the next sections, I review the definition of entropy as proposed by von Neumann,

and show how superposition and entanglement manifest themselves in information theory.

3.3.1 von Neumann Entropy

The entropy of a quantum state, first proposed by von Neumann in 1927 [22,57| (remarkably,
twenty-one years before Shannon’s classical entropy), is defined as a trace over the density

matrix p of a system A,
S(A) = —Tr[p(A)log p(A)]. (3.10)

Note that we will use the symbol S for the von Neumann entropy and H for the Shannon
entropy. Diagonalizing the density matrix, this expression can be written as a summation of
the eigenvalues, \;, of p(A),
S(A) ==X log ;. (3.11)
)

If the state of system A corresponds to a completely mixed state, its density matrix is
proportional to the unit matrix, p(A) = % 1, with eigenvalues 1/2,1/2. The entropy of A is
then S(A) = —% log% — %log% = 1 bit (since the logarithm is base 2) and coincides with
the Shannon entropy. On the other hand, if A is a pure state, then its entropy vanishes,

S(A) = 0, since its density matrix has a single nonzero eigenvalue equal to 1.
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A similar expression can be written for the joint entropy of a density matrix p(AB) of
two systems A and B. The conditional probability (3.3) from Shannon’s theory is extended
to quantum systems with a conditional “amplitude matrix” p(A|B) so that the conditional

von Neumann entropy is
S(A|B) = —Tr[p(AB)log p(A|B)]. (3.12)

The conditional amplitude matrix is not a density matrix since Tr[p(A|B)] # 1, similarly to
Zz’j Pi|j # 1 for classical probabilities. Nonetheless, it is a positive semi-definite Hermitian
matrix with non-negative and real eigenvalues. Cerf and Adami defined in [58| the conditional

amplitude matrix as

p(AIB) = exp(log p(AB) ~log [14@ p(B)] ) = lim_(p(AB)"/" [14® p(B)] *1/’”>n7 (3.13)

n—oo

where the eigenvalues of this operator are related to the separability of the underlying bi-
partite state p(AB) [59,60]. There have been other definitions proposed in addition to the
one described here (see, e.g., Ref. [61]).

With the definition (3.13), the conditional entropy (3.12) is equivalently

S(A|B) = S(AB) — S(B), (3.14)

in direct analogy with (3.5). In the classical limit the matrix (3.13) is diagonal, with elements
pj|j> and the conditional entropy (3.12) coincides with the classical result (3.3). However, it
is possible for the eigenvalues of p(A|B) to exceed unity. This leads to a negative conditional
von Neumann entropy, something that is impossible in classical physics. That is, under

certain conditions S(AB) < S(B), which occurs when A and B are entangled [58,59|. For
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the Bell state |[AB) = —=(]|00) + |11)), the joint entropy is zero, S(AB) = 0, while the

-

2

—~

marginal entropies are S(A) = S(B) = 1, so that the conditional entropies are negative,

S(A|B) = S(B|A) = —1. This negativity of conditional entropies is associated with a
violation of entropic Bell inequalities [62] and has an operational meaning in the context of
partial quantum information and quantum state merging protocols [63].

Similarly to the conditional entropy (3.12), the mutual von Neumann entropy,

S(A: B) = —Tr[p(AB)logp(A: B)], (3.15)

can be defined with a mutual amplitude matrix [58],

p(A4: B) = exp(log [p(4) @ p(B)] — log p(AB) ) = lim ([p(4) @ p(B)]"/"p(AB) /"Y',
(3.16)

This yields the quantum version of (3.6),

S(A: B) = S(A) + S(B) — S(AB) = S(A) — S(A|B). (3.17)

The mutual entropy is a fundamental quantity used in the description of the capacity of

quantum channels and for quantum error-correcting codes [64].

3.3.2 Inequalities for von Neumann Entropy

The von Neumann entropy of two systems A and B satisfies the subadditivity condition,

S(AB) < S(A) + S(B), (3.18)
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in direct analogy with the classical result (3.8). However, in contrast to (3.9), the joint von

Neumann entropy has the lower bound

S(AB) = [S(A) = S(B)], (3.19)

which is known as the triangle inequality or the Araki-Lieb inequality [65]. For example,
if A and B are in an entangled pure state, then S(AB) = 0 and S(A) = S(B) > 0. This
implies that the joint state of the system is fully known, but it cannot be determined from
the subsystems alone since they are entropic.

Both of these inequalities can be extended to an inequality for three systems, A, B and

C'. This property is known as strong subadditivity [66,67],

S(ABC) + S(B) < S(AB) + S(BC), (3.20)

and there is a corresponding version for Shannon entropy. This expression can be recast in

two equivalent forms. First, in terms of conditional entropies,

S(C|B) — S(C|BA) > 0, (3.21)

and second in terms of a conditional mutual entropy,

S(A: C|B) > 0. (3.22)

When discussing consecutive measurements in Chapter 7, we will see that this quantity
vanishes for a particular set of systems A, B, and C, and is called a quantum Markov

chain [68-70].
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A B

Figure 3.1: Entropy Venn diagram for two systems A and B.
3.3.3 Entropy Venn Diagrams

A useful tool for visualizing how entropy is distributed between correlated systems is the
entropy Venn diagram [59]. A general diagram for two systems, A and B, is shown in
Fig. 3.1. In general, the regions that overlap are mutual entropies, S(A : B), while the
non-overlapping regions are conditional entropies, S(A|B) and S(B|A). The entropy of
the entire system is found by adding together all entries in the diagram. In this case,
S(A|B) + S(A : B) + S(B|A) = S(AB). The marginal entropy of one system is the sum
of all entropies in its circle. For instance, the entropy of A is obtained by adding together
S(A|B) and S(A : B), which yields S(A). To visualize the mathematical operation of tracing
over a system in a density matrix, simply ignore the entries that are only in its circle. For
example, tracing over B implies that one is left with S(A|B) and S(A : B), which is just
S(A), the entropy of A.

If the state p(AB) underlying the diagrams in Fig. 3.1 is a pure state, then the joint
entropy necessarily vanishes, S(AB) = 0. From the Schmidt decomposition (discussed later

in Sec. 3.4.1), it follows that S(A) = S(B), and hence

S(A|B) = —S(A), (3.23)

S(A: B) =2S(A). (3.24)
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(a) (b) (c)

Figure 3.2: Examples of entropy Venn diagrams for two systems. (a) Both systems are
independent (uncorrelated); (b) perfectly correlated; and (c¢) quantum entangled.

There are three important cases that capture the types of correlations that can exist
between two systems, A and B (recall the correlations in the context of density matrices that
were discussed in Ch. 2.3). We show the entropy Venn diagram for each case in Fig. 3.2. First,
the two systems can be completely uncorrelated, p(AB) = p(A)®p(B). In this case, the total
entropy is the sum of the marginal entropies so that S(A|B) = S(A), S(BJA) = S(B), and
S(A: B) = 0. Second, they can be correlated such that their conditional entropies vanish.
That is, the state of one system determines the state of the other system. For example, one
possible correlated state is p(AB) = %(\OOMOO] +[11)(11|). Here, S(A|B) = S(B|A) = 0 and
S(A: B) = 1. These two situations can occur in both classical and quantum systems. The
third case occurs when A and B are quantum entangled and is characterized by a negative

conditional entropy. One example of an entangled state is |AB) = ==(|00) + |11)), the Bell

2
state. Here, S(A|B) = S(B|A) = —1 and S(A: B) = 2.

Quantum entanglement constitutes a major departure from the possible correlations in
the Shannon theory. Using (3.9) and (3.19) one can show [71]| that the mutual entropy
S(A : B) is bounded from above by S(A : B) < 2min[S(A), S(B)], which can be twice
the classical upper bound H(A : B) < min[H(A), H(B)]. This feature is exploited in

superdense coding protocols [6]. Quantum entanglement is ubiquitous in quantum computing

and communication protocols, one of the most famous being quantum teleportation.
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Figure 3.3: Entropy Venn diagram for three systems A, B, and C. The entropy shared by
all three systems is the ternary mutual entropy S(A : B : C) and vanishes if p(ABC) is a
pure state.

The entropy relationships that have been discussed thus far can be easily extended to
characterize multipartite systems. Frequently, one is interested in the entropy relationships
(see Fig. 3.3) between three systems A, B, and C [59,60,72|. For example, the entropy of A

conditional on the joint system BC'is

S(A|BC) = S(ABC) — S(BC). (3.25)

The conditional mutual entropy is defined as the mutual entropy between A and B, given

the system C":

S(A: B|C) = S(A|C) — S(A|BC)
(3.26)

— S(AC) + S(BC) — S(C) — S(ABC).
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The entropy shared by all three systems is the ternary mutual entropy and is defined as

S(A:B:C)=S(A:B)—S(A: B|C)
(3.27)

=S(A)+ S(B)+ S(C)—S(AB) — S(AC) — S(BC) + S(ABC).
If the state p(ABC) underlying the system ABC' is a pure state, then the ternary mutual
entropy always vanishes, S(A : B : C) = 0. That is, using the Schmidt decomposition (see
Sec. 3.4.1) a bipartite “cut” of the joint system ABC can be made such that S(A) = S(BC),

S(B) = S(AC), and S(C) = S(AB). In this case, the entries of the Venn diagram 3.3 are

S(A|BC) = =S5(4), (3.28)
S(A:B|C) = S5(B)+S(A)—5(0), (3.29)
S(A:B:C)=0. (3.30)

As an illustrative example of the tripartite Venn diagram, consider the following entangled
state of three qubits (also known as a GHZ state |31]),

1

4BC) = —

(1000) + |111)). (3.31)

Since the state is evidently pure and entangled, the ternary mutual entropy vanishes and the
conditional entropies are negative. However, tracing over any part of the state reveals that
each resulting subsystem is a mixed state with an entropy of 1 bit. See Fig. 3.4 (a). This is
an example of the principle known as the monogamy of entanglement [73]. That is, if two
systems A and B are maximally entangled (e.g., in a Bell state), they cannot be correlated
with a third system, C. Partitioning (3.31) into any two subsystems, say, AB and C, reveals

that the two halves are maximally entangled. However, tracing over A, B or C yields a

40



A C A C
(a) (b)

Figure 3.4: Entropy Venn diagram for (a) the GHZ state (3.31) and for (b) XOR encryption.

mixed state for the remaining system, which cannot be a maximally entangled state.

A second example of tripartite Venn diagrams demonstrates a simple type of encryption.
Suppose there is a joint system that satisfies the following: S(ABC) = S(AB) = S(AC) =
S(BC) = 2 bits and S(A) = S(B) = S(C) = 1 bit. In this case, the Venn diagram is as
shown in Fig. 3.4(b). If the joint state of any two systems is specified, then the state of the
third is fully known. That is, S(A|BC) = 0. Furthermore, tracing over any subsystem leaves
the other two with no information, S(A : B) = 1 — 1 = 0. However, conditioning on the
state of the third system yields full information, S(A : B|C') = 1. For example, consider a
message in plain text (A) and an encryption key (B) that produces an encrypted cipher text
(C) according to the XOR gate. Without the key, one cannot gain any information about
the plain text from the cipher text since S(A : C) = 0. With the key, S(A: C|B) = 1, and
one can extract the original message.

For a general n-partite system, the entropy relationships can be written down in the form

of “chain rules” for quantum entropies. Namely, the joint entropy of n systems is

S(A1...Ap) = S(A1) + S(Asg|Ay) + S(A3|A1A2) + .. ., <3.32>
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while
S(A1...Ap  Apy1) = S(A1 - Ap)+S(Ag - Apiq] A1) +S(Asg - Apq|A1Ag)+. .., (3.33)

quantifies the mutual entropy between the n systems and an additional system A,.1. Re-
markably, we will see in Ch. 6 that the complementarity relation in the famous Bell-state

quantum eraser is due to the chain rule (3.33) for n 4+ 1 = 3 systems.

3.4 Tools in Quantum Information

In this section, some of the most prevalent tools and techniques used in quantum information
theory will be discussed. I will start with the Schmidt decomposition, which is a way of
characterizing the degree of entanglement in bipartite entangled quantum systems. This is
closely related to the idea of purification, where a mixed quantum state can be viewed as
a pure state in an enlarged Hilbert space. I will also describe how to compute the entropy
of mixed quantum states, and in particular derive the joint entropy theorem. Finally, T will
derive Holevo’s theorem, which establishes an upper bound to the amount of information

one can obtain about a quantum system through measurement.

3.4.1 The Schmidt Decomposition and Purification

The Schmidt decomposition is a very useful method for describing bipartite quantum systems
and leads to the idea of Schmidt numbers, which are important for characterizing the degree

of entanglement between systems. If a composite system, AB, is represented by a pure state,
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|1}, then there exist orthonormal states |i4) for A and |ig) for B such that,
[0y =2 Ailia)lip)- (3.34)
1

Here, \; are real, non-negative numbers (one can always absorb any phases into the defini-
tions of the states |i)) called Schmidt coefficients that satisfy > ; /\12 = 1.

To show this [25], suppose A and B have Hilbert spaces of the same dimension and that
|7) and |k) are orthogonal bases for A and B, respectively. Then, in general the full wave

function can be expressed in terms of these bases as
) = ajli) k), (3.35)
ik

where ajj. are the complex elements of a matrix a. The singular value decomposition states
that this matrix can be expressed as a product of three matrices a = wov. The diagonal
matrix ¢ has non-negative elements and u,v are unitary matrices. Writing this matrix
product in index form,
) = > wjiogr v i) k) = uji o vig 15) k). (3.36)
it jk ijk
The second equality follows since o is a diagonal matrix.
Next, redefine the states |j) and |k) as |ig) = >_;uj; |j) and [ig) = D) vig [k). These

new states are still orthonormal since (i'y]i4) = > Wji u;k.l., = o rand (ilig) = > vip U;’k =

0, - Finally, defining \; = 0; yields the Schmidt decomposition,
W) = Ailia)lip). (3.37)
)

It follows directly from this decomposition, that the eigenvalues of the density matrices
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for A and B are identical since

pa=Y Alia)(ial,

! (3.38)
pB =Y A lip)(ipl-

:

Therefore, the two subsystems have the same entropy,
S(A) = S(B) = H[N?. (3.39)

Note that |i4) and |ig) are called Schmidt bases for A and B, and that the Schmidt number
corresponds to the number of non-zero values ;. In particular, a state [¢)) is a product
state of A and B if and only if it has a Schmidt number of one. Therefore, the Schmidt
number is a measure of the entanglement between A and B. A maximally entangled state
(of dimension d) has Schmidt coefficients \; = 1/d.

The Schmidt decomposition (3.34) is not unique since one can always perform unitary
transformations on the two systems individually. That is, if [¢)) = ", A; |i4) |ip) is a Schmidt
decomposition for A and B, then so too is U@ V|¢)) = 3", A (Ulia)) (V]ig)). This implies
that the entanglement of a bipartite pure state is invariant under unitary transformations.

Interestingly, a Schmidt decomposition does not exist in general for a tripartite sys-
tem [74,75]. A tripartite pure state |[ABC) = > . \; |i4) i) lic) has a Schmidt decomposi-
tion if the “bi-Schmidt basis” (i4|ABC) (and similarly for (ig|ABC) and(ic|ABC)) has a
Schmidt number of one [74].

Using the Schmidt decomposition one can use a technique known as purification. Suppose
one has a quantum state p(A) for some system A. By introducing a second “reference” system

R, one finds that the total state of A and R can be written as a pure state |[AR). This
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procedure is called purification [25] and is commonly used in quantum information theory.
To show that this can indeed be done, first write A in its eigenbasis as p(A) = > _; p; |i4) (i 4]
Then, with the reference system, which is defined to have the same state space as A and an

orthonormal basis |ig), one can write the state of A and R together as
[AR) = v/bilia) liR)- (3.40)
T

Tracing out R recovers the state p(A) so that |AR) is indeed a purification of p(A).

3.4.2 Joint Entropy Theorem

Very often in quantum information theory one encounters density matrices that are block-
diagonal in structure, sometimes called classical-quantum states. These states will be used
frequently in the following chapters when discussing parallel and consecutive measurements.
The joint entropy theorem [25], which I will show a simple proof of, provides a way to
compute the entropy of such states.

Suppose one has a density matrix of the form
p=>_pili)i| @ p;. (3.41)
)

Here, p; are probabilities, |i) are orthogonal states for system A, and p; is any set of density
matrices for system B. This is called a classical-quantum state because A is diagonal in

the basis |i) (i.e., classical), while B is a general (pure or mixed) quantum state p; (see,

e.g., |76]).
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The states p; of B can be diagonalized such that their spectral decomposition is
pi = Nijleig)eisl, (3.42)
J

where J; ; are eigenvalues that sum to one for each Zj Ai j = 1. The orthogonality of the

eigenstates guarantees that

<€i,j/‘€i,j> = 5jj/- (3.43)
However, in general,

<€¢/7j|€i,j> # O3t (3.44)

unless p; have orthogonal support.

Using this decomposition, the state (3.41) becomes

p=> piXijliei)iejl. (3.45)
4]

The joint states |i e; ;) are orthogonal because (i'[i) = 8.,

<ZJ ei/’j|z' ei’j> = (S/ (346)

(1

It follows that the entropy of (3.41) is

S(p) == _piXijlog piXij. (3.47)
]
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Expanding the logarithm and performing the partial sums, this simplifies to
S(p) = Hlpl + Y _ i S(pi), (3.48)
7
where Hp| is the Shannon entropy of the probability distribution p; and

S(pz) = — Z)\iaj log Ai,j' (3.49)
J

Although the basis states of p; are not orthogonal to those of p,/, the block-diagonal structure

of p yields an exact result for S(p).

3.4.3 Entropy of Mixed States

Recall from Ch. 2.2 that a mixed quantum state is written as a summation of states p; that

each occur with some probability p;. That is, the density matrix for a system A is
p(A) = pipi. (3.50)
)

In general, the p; may not be orthogonal so that the entropy of p(A) falls somewhere between
a lower and upper bound.
A lower bound is established on S(A) by using the concavity of entropy. Consider an

additional system, B, with an orthonormal basis |i) such that the joint state of A and B is
p(AB) = p;p; @ i) p(il. (3.51)
1

One can easily check that tracing this state over B recovers the state of A written above.

From the joint entropy theorem in the previous Sec. 3.4.2, the entropy of this block-diagonal
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state is
S(AB) = H[p] + Zm S(pi). (3.52)

The subadditivity of entropy (see Sec. 3.3.2) states that this quantity is less than or equal

to the sum of the entropies of its subsystems. That is,
S(AB) < S(A) + S(B). (3.53)

The entropy of system B is simply S(B) = H|[p|, as can be seen by tracing p(AB) over
A. Together with Eqs. (3.52) and (3.53), this yields the lower bound on the entropy of the

mixed state p(A),

S(A) > S(AB) — S(B)
(3.54)
> qu: S(pi),

with equality if and only if the p; are identical.
If the states p; in Eq. (3.50) are orthogonal then the entropy of A can be computed

exactly. The spectral decomposition of the states p; yields
pi = _Aijleig)eisl, (3.55)
J

where ); ; are the eigenvalues of p; and sum to one for a given i Zj Aij = 1. The

orthogonality of the eigenstates guarantees that

<ei’j/|€i,j> = 5]']'/- (3.56)

Since the p; were required to be orthogonal, they have support on orthogonal subspaces so
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that every basis state in Hilbert space H; is orthogonal to every other basis state in Hilbert

space H:
<€i/7j|€i,j> = 0. (3.57)
Inserting the spectral decomposition (3.55) into (3.50),
p(A) = i Nijleij)eil, (3.58)
ij

it is clear that p; A; ; are the eigenvalues and |e; ;) are the eigenvectors of p(A). The entropy
of p(A) is then simply
S(A) == piAijlog p; i j. (3.59)
ij

Expanding the logarithm and performing the partial sums, this simplifies to
S(A) = Hp] + > _pi S(pi) (3.60)
]
where H|p| is the Shannon entropy of the probability distribution p; and
S(p;) = — Z Aij log A ;. (3.61)
J

Note that if the states p; did not have support on orthogonal subspaces, the following

inequality would hold

S(A) < Hlpl + 3 _piS(pi). (3.62)
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Therefore, a general state (3.50) satisfies the two inequalities,

ZPZ’S(M) < S(A) < Hlp] + ZPiS(Pi)- (3.63)

7

For instance, if the states p; in Eq. (3.50) are all pure, then the entropy of the system A is

bounded by 0 < S(A) < H|[pl]. If, in addition, the states are orthogonal, then S(A) = H|p].

3.4.4 Holevo’s Theorem

Holevo’s theorem establishes an upper bound to the amount of accessible information that
can be extracted about a quantum state through measurement [25]. To derive the limit, first
suppose that there is a preparer P that has a classical random variable X with probabilities
pz- In addition, the preparer has access to a set of density matrices, p,, of a quantum

system, (). The total state is described by the classical-quantum density matrix,
p(PQ) = pulz)(| ® pa. (3.64)
T
Tracing over P, the state of () is given by the mixed density matrix,
p(Q) = pups=p. (3.65)
T

Using the results of the joint entropy theorem in Sec. 3.4.2, the mutual entropy between the

preparer P and the quantum preparation @) is
S(P:Q)=S(p) =Y puSlpx) = X, (3.66)
x

where y is usually called the Holevo information.

A measurer, M, can attempt to determine the state x of the quantum system through a
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measurement of (). The measurement is implemented with the unitary entangling operation
U=>,P:®U; between Q and M, where P, = |z)(z| are projectors on the state of @
and the unitary matrices U, move the ancilla from the initial state |0) to the final state
|z) = U,|0). This operator will be discussed in greater detail later in Ch. 4. If the measurer
starts in the initial state |0), then after the measurement the full state becomes (using primes
to clearly distinguish the post-measurement systems)

p(P'QM) =" pa|2)(a| ® Pypa PL @ |y)(2]. (3.67)

TYz

Tracing out the quantum system (), the density matrix of the preparer and the measurer is

P(P/M/) = Z Pz Tr(Py ;01:) |[z) (x| @ [y)(yl. (3.68)

zy
where Tr(Py py P;[) = Tr(Py pz) dy>. The entropy of this state is just the Shannon entropy
of the probability distribution ¢z, = pz Tr (Py px),

S(P'M') = H(P'M') = Hlg) = =3 [pa Te(Py o) log [0 T (Py o)) . (3.69)
Ty

The mutual entropy between the classical preparer P and the measurer M after the
measurement S(P’ : M') is now shown to be bounded from above by the mutual entropy of
P and @ before the measurement S(P : Q). For the remainder of the proof, I will follow
the derivation laid out by Cerf and Adami in Ref. [77]. The measurement (3.67) does not

change the entanglement between P and QM so that

S(P-Q'M)=S(P:QM)=S(P:Q). (3.70)
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The second equality follows from the fact that before the measurement M is uncorrelated
with P and Q. According to the chain rule, S(P' : Q'M') = S(P' : M') + S(P' : Q'|M"),

which, together with the previous expression, leads to
S(P': M"Y =S(P:Q)—S(P QM. (3.71)

By the strong subadditivity of quantum entropy [66,67| in Eq. (3.20), the conditional mutual

entropy is always non-negative S(P’: Q'|M’) > 0, and it follows that
S(P': M) <S(P:Q)=x. (3.72)

The quantity x is the maximum amount of information that the measurer can extract about
the state of the quantum system.

For example, suppose the states p, in (3.64) are pure. The Holevo information (3.66) in
this case is simply x = S(p). This quantity is bounded between zero and H|[p] according to
Sec. 3.4.3. In particular, if the states p, are pure and orthogonal, then the Holevo information
is the Shannon entropy of the probability distribution p;, x = H|[p|. The Holevo information

is further reduced from S(p) if the states p; are mixed.

3.5 Summary

In this chapter, I reviewed the Shannon theory of information in order to set the stage for
quantum information theory. I showed how quantum superposition and entanglement lead to
striking differences between the quantum and classical theory of information, which can be
illustrated using entropy Venn diagrams. These diagrams will prove useful in the following

chapters on quantum measurement. I discussed in Sec. 3.4 some of the important tools that
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are commonly used to describe quantum systems. For example, I showed how the Schmidt
decomposition can be used to characterize entanglement as well as methods for computing

entropies of entangled systems.
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Chapter 4

Introduction to Quantum Measurement

4.1 Basics of Quantum Measurement Theory

As we have seen from the no-cloning theorem, classical intuitions fail us when carried over
to the measurement of quantum systems. That these systems can be in superpositions or
entangled necessarily makes measuring them a non-trivial task. Classically, we can always,
at least in principle, perfectly “copy” the state of an object onto a measuring device and
succeed in getting the same result every time. The no-cloning theorem of Sec. 2.4 generally
removes this feature in quantum systems. In fact, the measuring device becomes entangled
with the quantum system and, as a result, the measurement outcomes are probabilistic.
The measurement postulate of quantum mechanics states that for a measurement of a
quantum system, (), there exists a set of measurement operators, {M;,}, that act on the

Hilbert space of @), yielding an outcome m with some probability,
P = (I My M), (1.1)

where [¢) is the state of @) before the measurement [25]. For an outcome m, the state of @

after the measurement becomes

@IM M)

[¥) = (4.2)
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The probabilities, py,, sum to one, which implies the completeness relation for the measure-

ment operators,
S MMy, =1 (4.3)
m

Within quantum measurement theory, there are two important cases known as Positive
Operator-Valued Measure (POVM) measurements and Projection-Valued Measure (PVM)
measurements. The latter, which are also known as projective or von Neumann measure-
ments, were discussed in detail by von Neumann [22]. In this work, I will focus primarily
on projective measurements (both weak and strong measurements, which will be discussed
later), although it is useful to have an understanding of the features of both types of mea-
surement scenarios.

Measurements in quantum mechanics can be generally described using two mathematical
tools known as a Positive Operator-Valued Measure (POVM) and a Projection-Valued Mea-
sure (PVM). The latter are used to implement projective, or von Neumann measurements.
Although projective measurements are seen as a special case of POVM measurements, by
Naimark’s theorem (sometimes also called Neumark’s theorem), a POVM can always be
realized by a projective measurement on an extended Hilbert space [78|. That is, the combi-
nation of unitary interactions between the quantum system and an ancillary system, followed
by a projective measurement is equivalent to a POVM measurement. In this section, I pro-
vide an outline of POVM and PVM measurements, as well as a description of measurement
when accounting for an ancillary system.

Recall that a measurement corresponds to a set of measurement operators, M,,. In a
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POVM measurement, one defines the operators

Ep = M), My, (4.4)

and calls them the elements of the POVM. The elements of a POVM do not necessarily
commute with each other, but are Hermitian (E,, = E,Tn) and positive ((¢Y|Enp,|v) > 0)
operators that satisfy the completeness relation (4.3). The set of all elements, { Ey, }, is called
the POVM. The apparatus that one uses to measure the quantum system is represented by
the POVM and the elements, E),, are chosen to correspond to each possible measurement

outcome such that they yield the measurement probabilities
Pm = <w|Em|¢> (4~5)

If the quantum system is described by a density matrix, p, then the probabilities are given

instead by the trace,

pm = Tr(Em p), (4.6)
and the post-measurement state is
My p M,
Tr(MmMm p)

For projective measurements, one imposes the requirement that the measurement oper-

ators, M, are orthogonal projectors, P, = |m)({m|, so that

PLP /=6 Pp (4.8)
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That is, the POVM elements are the same as the measurement operators, E,, = P;%Pm =Pp.
In this case, it is straightforward to show that repeated projective measurements yield the
same measurement outcome: if we measure a system and find the result m, then subsequent
measurements will also yield m, assuming that no decoherence has taken place between
consecutive measurements. This is not true for POVM measurements since the measurement
operators, My,, are not necessarily all orthogonal. According to the spectral decomposition,
a Hermitian operator A corresponding to some observable can be diagonalized and written

in the form
m

with eigenvalues A, and projectors Py,. Since the operators P, are orthogonal, the number
of operators in the decomposition (4.9) is equal to the dimension of A’s Hilbert space. In
contrast, a POVM can have an unlimited number of elements.

According to Naimark’s theorem [78], the measurement process can be described as a
unitary interaction between a quantum system, (), and an ancillary system, M, sometimes
called the meter. The coupling induced by the measurement is due to the interaction Hamil-

tonian,
H=9gAR M. (4.10)

The parameter g controls the strength of the coupling between ) and M, and the operator
corresponding to the observable being measured is A. The operator M acts on the pointer
variable of the meter and moves it from its initial state depending on the state of the

quantum system. Here, it is assumed that either the measurement occurs on a short enough
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time scale so that the free evolution of () can be neglected, or that the observable commutes
with the free Hamiltonian of Q. Note that since A and M act in different Hilbert spaces, they
commute. If the measurement has a duration of ¢, the Hamiltonian generates a translation

in time via the unitary operator

U =e R/ (4.11)

In a more realistic scenario, the coupling parameter in the measurement Hamiltonian (4.10)
is time dependent. If g(¢) is nonzero in the interval [0,7] and normalized according to

fOT g(t)dt = go, then we replace expression (4.11) by

U=Te o M)t/ (4.12)

where T indicates the time-ordering operator (which can be ignored if H commutes with
itself at different times). In protective quantum measurements [79-81|, for example, the
interaction is taken to be very slow and weak so that the free evolution of the quantum
system and meter can no longer be neglected. In such a measurement, the interaction is
adiabatic if g(t) is sufficiently smooth and thus the quantum system remains in its initial
eigenstate throughout the measurement. In this work, we assume the interaction is fast (the
impulse approximation) and use (4.11) for the time evolution.

If the operator A in the Hamiltonian of Eq. (4.10) is written in its spectral decomposition

with eigenvalues a,, and d eigenvectors |ay,),

A — Z Qn Pﬂ - Z Qn ’an><an‘, (413)
n n
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then the unitary operator (4.11) can also be expressed as
U= Pi@Uy=Y Pywe 9tanM/h (4.14)
n n

where Uy, = exp(—igtan M/h) are unitary operators on the pointer variable. In this form,
it is clear that if the quantum system is in the state |ay, ), the pointer is shifted by an amount
controlled by the eigenvalue a,,. That is, writing the initial quantum system in the eigenbasis
of the observable as |Q;) = >_,, am |am) with complex amplitudes oy, the measurement

unitary (4.14) entangles @ and M according to
UIQa)M;) =" am lam) @ e 91 MM INGY =N |am) @ lam) ar- (4.15)
m m

Here, | M;) is the initial state of the meter, and |am)yr = exp(—igtam M/h)|M;) are its d
final states.

The final state of the quantum system can be computed from the total wave func-
tion (4.15). Tracing over the states of the meter, the density matrix of the quantum system

1s
po = Trar (U1Q(Qil © M) (iU, (4.16)

which has been left general since the final pointer states may not be orthogonal. In contrast,
the states |am,) of the quantum system are orthogonal, so that the density matrix of the

meter is

PM = Z |04m’2 |am) pr{aml. (4.17)

m

One of the most well-known examples of quantum measurement is the Stern-Gerlach
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experiment [82]. Here, the spin component of a spin-1/2 particle is measured by sending
it through a Stern-Gerlach apparatus. The interaction with a inhomogeneous magnetic
field couples the spin of the atom with its spatial degree of freedom (the meter) resulting
in two deflected beams with different spin. If these beams are then observed, one has
obtained information about the state of ). For example, a measurement of the spin along
z corresponds to the Hamiltonian H = —g 6, ® Z. The eigenvalues of the observable are 31

so that the final state of the quantum system and pointer is

UlQp|M;) =ap|+ 1) @[+ Dy +ar[-1) @[ = 1)
(4.18)

=aqp|+1)® e—igté/ﬁ ’Mz> + aq ’ — 1> X €+i9té/h | M;).

Thus, the pointer is shifted up or down according to exp(+igt z/h).

4.2 Qubits and Quantum Measurements in Experimental
Settings

There are many different physical realizations of qubit systems, ranging from photons [83—
85| and the spin states of trapped ions [86-88| or quantum dots [89], to artificial atoms
fabricated from superconducting circuits. These latter qubits are fabricated with Josephson
junctions [90] and are designed to operate optimally under different conditions (see Refs. [91,
92| for a review). The three basic types of superconducting qubits are the charge qubit [93-96]
(logical qubit states correspond to the number of excess Cooper pairs on a superconducting
island), also known as the Cooper pair box, the phase qubit [97-99] (logical states are
associated with the phase across the junction), and the flux qubit [100,101] (logical states

correspond to supercurrent flowing clockwise or anticlockwise around a loop). In this section,
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the theoretical description of quantum systems and measurements discussed thus far will be
connected to typical experimental settings. In particular, I will summarize single-qubit
operations and measurements in optical systems where the qubit states are constructed from

the degrees of freedom of a photon.

4.2.1 Photonic Qubits

Linear optical quantum computing (LOQC), which uses photons as the basic unit of infor-
mation, is one promising pathway to universal quantum computation [83,84,102,103]. In
the dual-rail representation [25], the qubit is a single photon in one of two optical modes.
These modes can be the spatial, polarization, or time degrees of freedom of the photon. The
state |n)q ® |n’) is one where there are n (n/) photons in mode a (b). The logical states of

the qubit are written in terms of the occupation numbers of the two modes as

0} = 1) ®|0),
(4.19)

Lz =10) @ |1).
An alternative encoding is the single-rail representation [104|, where one considers only one
optical mode but with two distinct Fock states. For example, the logical states could be
|0), = |0) and |1);, = |1), which are the vacuum and single-photon states. The discussion
here will be in the context of the dual-rail representation.

Single-qubit operations on the logical states are performed with standard optical ele-
ments. Furthermore, arbitrary single-photon unitary gates can be formed from a combina-
tion of beam splitters and phase shifters [25,105]. Measurements of photonic qubits can be
made in a destructive manner using photodetectors to convert incident photons into a cur-

rent, or, the in the case of weak measurements, with optical elements like wave plates [106]
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and birefringent crystals [24]|. First, a description of photonic qubits encoded with spatial
states is given, followed by a discussion of polarization states.

The logical states of a spatial qubit can be written in terms of the occupation numbers
for the two ports of a beam splitter, for example. That is, [0); = |10) and |1); = |01)
could be used to indicate a single photon entering the first or the second port, respectively.
Operations on these logical states can be performed with beam splitters and phase shifters.
A beam splitter is an optical element containing a partially reflective surface with some
degree of reflection and transmission. For a 50-50 (symmetric) beam splitter, the reflection
and transmission coefficients are both 1/2. The unitary matrix for a general beam splitter

is [83,84]

cos 0 A ging
U — ) 4.20
BS (e‘m sin 6 cosf ) ’ ( )

where the transmission and reflection is controlled by # and A accounts for possible phase
shifts due to the material used in the beam splitter. For instance, a beam splitter with no

phase shift is

Ups(A =0) = R;(20), (4.21)

Y

which is a rotation by 26 around the g axis (recall Eq. (2.3) for a general rotation in the

Bloch sphere representation). If the beam splitter is symmetric, it acts on the logical states

to produce
0 L+ 1 L
Usps|0)r = 9z + )z \/§| L,
(4.22)
I 10—
sBs |l = — 5
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On the other hand, a beam splitter with phase shift A = 7/2 is a rotation around the & axis,
Ups(A =m/2) = R;(20). (4.23)

Another basic optical element is the phase shifter with the corresponding gate [103]

Up = ((1) e%) . (4.24)

This shifts just the mode [1);, by 9. Up to an overall phase, this gate is equivalent to a

rotation by ¢ about the 2 axis,
Up = ¢*/2 R, (¢). (4.25)

It can be shown [25] that an arbitrary single-qubit operation can be decomposed into ro-
tations about Z and about y. Thus, beam splitters and phase gates can implement any
single-qubit gate. Furthermore, they can be combined to construct other types of gates,
for example, the Hadamard gate (2.11). First, note that the symmetric beam splitter with

A=—-7/2
1 (1
Usps(A = —7/2) = 7 <Z 1) = Ry(—7/2), (4.26)

is equivalent to a /NOT gate (which has the property that +/NOT/NOT = NOT) up to an
overall phase [102,103,107|. By placing phase shifters at the input and output ports of the

beam splitter, this turns into the Hadamard gate:

H = Up(~/2) Uspg(A = —/2) Up(~n/2). (4.27)
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Similarly, a single 7 phase gate at the input produces the Hadamard gate,

H =Ugps(A=0) Up(m). (4.28)

In order to construct two-qubit gates (which are used to entangle qubits) two photons must
be made to interact. In principle, this can be done using nonlinear media via the optical
Kerr effect [108]. In this way, gates that are necessary for universal quantum computation
can be realized (e.g., the controlled-phase and controlled-NOT gates) [102]. However, the
nonlinearities required of a material must be very large to induce a 7 phase shift (according
to O’Brien [85], no such material yet exists) and so the proposal for LOQC without nonlinear
media [83,109] may be more promising [110].

In contrast to the spatial qubit, the logical states of a polarization qubit are, for example,
the horizontal and vertical linear polarization of the photon, |0);, = |H) and [1);, = |V). A
general state of a polarization qubit is written in terms of these logical states as (dropping

the subscript L)

[¥) = al0) + BI1). (4.29)

For a photon propagating along the Z direction, one can define |0) = |H) as the (linear)
horizontal polarization along the & direction and |1) = |V') as the (linear) vertical polarization

along . A general linearly polarized photon is then a superposition of these states

) = alH) +b[V), (4.30)

where a and b are real.

In the Bloch sphere representation, linearly polarized photons are described by vectors
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in the zz plane: |H) and |V) are the eigenstates of o, while the eigenstates of o, are the

diagonal and anti-diagonal polarization states,

_|H)+ V)
o= vz (4.31)
V2o

On the other hand, circularly polarized photons are written in terms of the left- and right-

circular polarization states

_ H)+i]V)
e . ‘/2‘/ (4.32)
|R>:‘ >_Z’ >

/3 ;
which are the eigenstates of oy.

The polarization states of a photon are manipulated using standard optical elements like
wave plates. Wave plates are made from birefringent material and are used to rotate the
polarization of single photons (see Ch. 6 for wave plates in the context of the quantum eraser
experiment) by imparting a polarization-dependent phase shift to the incident photon. The
wave plate has different refractive indices along the orthogonal principle axes. They can be
constructed such that the extraordinary axis coincides with the fast axis, while the ordinary
axis is the slow axis. Photons travel faster along the fast axis than the slow axis since
the index of refraction is smaller in that direction and so pick up different phases. Two
types of wave plates, the half-wave (HWP) and the quarter-wave plate (QWP), are the most
commonly used.

To describe the effect of the wave plate, we can use the Jones matrix, which performs a
rotation of the photon’s polarization. For a general wave plate (WP) oriented with its fast

axis at an angle § to the coordinate system of the incident photon (say, |H), |V')), the Jones
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matrix is [111,112]

- <COS(%) +isin(§) cos(23) isin(§)sin(23) > ’ (4.33)

isin(§)sin(23) cos(§) — isin(§) cos(23)

If the wave plate is oriented such that § = 0, then this reduces to

ia/2 0
U (e . e_ia/2> 7 (4.34)

where the relative phase shift has a = 7/2 for a QWP and a = 7 for a HWP. Thus, the
QWP introduces a complex relative phase and can convert linear to circular polarization and
vice versa. On the other hand, the HWP adds a real relative phase (dropping the overall
phase of i) and performs rotations of linear polarization or changes the handedness of circular
polarization.

The Jones matrix for a HWP oriented at arbitrary angle g is (dropping the overall phase)

cos(23)  sin(23) ) ' (4.35)

Unwe = (sin(26) —cos(20).

Right away, we see that choosing = 7/8 yields the Hadamard gate. On the other hand,

the Jones matrix for a QWP with 8 = 7/4 to the |H) direction is

1 1 2
Uqwe = 5 (Z 1) — Ry(—7/2), (4.36)

which is a rotation by —m/2 around the Z axis. This QWP transforms the linearly polarized

states |H) and |V') into circularly polarized states,

Uawe ) = I ),
U V)= i)
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Note that choosing 3 = 0 leaves the polarization linear (H, V'), while 0 < § < m/4 yields
elliptical polarization.

To transform between the spatial and polarization encodings of an optical qubit, we
can use a polarizing beam splitter (PBS). This device, which is similar to a standard beam
splitter, splits the path of the photon depending on its polarization. For example, if the PBS
is oriented in the |H), |V) basis then photons that are horizontally polarized are transmitted,
while vertically polarized are reflected. The PBS can be oriented to distinguish between any
two orthogonal polarization states, |H) and |V'), or | D) and |A), or |L) and |R). In this way,
we can measure the polarization of a photon in any basis. The PBS is also equivalent to
the controlled-NOT gate, so that the state of the location qubit is flipped if the polarization
qubit is in the “1” state [103].

A standard method for measuring photonic qubits is with a photodetector, which yields
information about the number of photons in a given mode incident on the device. There are
two types of detectors: photon-number detectors, which can detect the number of incident
photons, and bucket detectors, which cannot discriminate between different photon numbers
and can only detect the presence or absence of photons [113]. For a photon-number detector,
the detection probability using Fock states was first derived in [114]. Given an input state p;,
the conditional probability to detect n photons is p(n|i) = Tr(|n)(n|p;) = (n|p;|n), where
In)(n| is a projector formed from the number states. However, for bucket detectors, we
use the POVM description with elements P, cjick = [0)(0] and Pk = > peq [7)(n|. The
probability to record a click given input state p; is p(click|i) = > 0% (n|p;|n) [113,115].

To account for possible inefficiencies in a photodetector, we can introduce a model for
an inefficient number-resolving device. Such a device can be characterized (neglecting dark

counts, which occur when the detector responds even when there is no incident photon [113])
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by pp(t), the probability to detect ¢ photons [114,115],
pp(t) =) (t) 7' (1—n)"""pg(i), (4.37)
1=t
where 7 is the efficiency of the detector, and pg(i) is the probability the photon source
produced 7 photons. The binomial coefficient accounts for the number of ways ¢ atoms in
the photodetector can be excited by incident photons, from ¢ atoms. For a general source,
the probability to detect a single photon ¢ =1 is
m .
pp(1) => in(1—n)"""pg(i). (4.38)
=1
For instance, if the source produces only one photon, the probability to detect one photon
is pp(1) = n, and zero photons is pp(0) = 1 — n. The conditional probability of detecting ¢

photons given that ¢ photons were actually present is

pp(tli) = (;) (1 —n) " (4.39)

Unlike the destructive nature of photodetectors, it is possible to alternatively measure
photonic qubits using optical devices. This is commonly encountered in the context of weak
measurements. Such measurements do not disturb the quantum system as much as standard
strong measurements since they involve small couplings between the quantum system and
the ancilla. A few specific experiments using weak measurements are discussed here, while
the details of the theoretical model are provided later in Ch. 5.

The first experimental implementation of weak measurements was performed by Ritchie,

Story, and Hulet in 1991 using a birefringent crystal to measure the polarization of a pho-
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ton [24|. Depending on the incident photon’s polarization, the crystal separated the beam
into two components with orthogonal polarizations. If the distance between the component
beams is small (smaller than the waist of the Gaussian beam), then a weak measurement
was performed. Here, the position of the photon was used as the pointer variable and was

coupled to the polarization. The measurement Hamiltonian [116] can be written as

H=9gZ®p, (4.40)

where Z = |H)(H| — |[V)(V| is the Pauli matrix in the |H), |V basis, and p is the momen-
tum operator for the pointer. The interaction, with coupling strength parameterized by g,
shifts the position x of the pointer “up” or “down” according to the eigenvalues (41) of the
observable. In this way, a (weak) measurement of the polarization is made.

In another experiment by Lundeen et al., a weak measurement of the transverse position
of a photon was performed by coupling it to its polarization (the pointer variable) using a
half-wave plate [106]. If the rotation induced by the plate is small then the measurement is

weak. Here, the measurement Hamiltonian can be written as [106, 117]

where 7, = |x) (x| is a projector formed from the position states. The Pauli matrix 6, acts on
the pointer variable and rotates it according to the angle 6. Polarization measurements have
been made in other ways. For example, Hosten and Kwiat used the Spin Hall Effect of Light

(SHEL) and a variable angle prism to measure different spin projections of a photon [118§].
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4.3 Summary

In this final introductory chapter, T gave an overview of the theory of quantum measurement,
including the basic formalism of projective and POVM measurements. I ended by connecting
the theory to physical realizations of qubits in an optical setting and how they are controlled
and measured in typical experiments. I showed how the description of measurement that
includes the entangling interaction between a quantum system and a meter is realized in weak
measurements via the coupling of a photon’s polarization to its spatial states (the meter)
or vice versa. The next chapter will explore in more detail these types of measurements,
where the focus will be on coupling strengths that are weak and strong, as well as on how

information is processed in a quantum measurement.
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Chapter 5

Weak and Strong Quantum

Measurements

5.1 Introduction

In addition to the description of measurement outlined in the previous chapter, quantum
measurements can also be weak or strong. Weak measurements are usually named for the
weak coupling induced between the quantum system and the measuring device. As a re-
sult, the measurement reveals little information about the quantum system on average. In
contrast, strong measurements (e.g., projective measurements) yield more information but
greatly disturb the system.

When weak measurements and their associated weak values were first introduced by
Aharonov, Albert, and Vaidman in 1988 [23], they were greeted with a degree of skepticism
and doubts as to their practical importance. That one can obtain large expectation values
outside the range of the measured observable’s eigenvalues was viewed by some as merely an
interesting theoretical puzzle. Nearly 30 years later, weak measurements are now understood
to be a useful measurement technique with a wide range of applicability (see Ref. [116] for
a review). They can be used, for example, to amplify small signals |24, 118|, to directly

measure quantum states [106,119,120], or to continuously monitor a quantum system with
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a sequence of many weak measurements, yielding a so-called quantum trajectory [121,122].

We should keep in mind that there are different definitions of weak measurements in the
literature (see, e.g., [123] for an introduction). In one definition, a POVM is constructed
such that one measurement outcome is very likely compared to all of the others. In this way,
the measurement almost always leaves the system in nearly the same state, thus yielding
little information. There is a small probability that one of the unlikely outcomes will occur
and, in this case, the measurement will greatly change the state of the system and reveal
much more information.

In another definition, which will be the one used in the rest of this chapter, weak mea-
surements are those where all possible outcomes lead to small changes in the system and only
a little information is ever obtained. In this case, the measurement operators M, [recall
Eq. (4.2)] are equal to the identity matrix plus a small correction.

A concept that is closely associated with weak measurements is the weak value. It arises
when a system that is prepared in a certain state (it is preselected) undergoes first a weak and
then a strong measurement, with those measurement outcomes postselected. For a quantum
system prepared in an initial state |@;) and postselected in a final state |Q ¢), the weak value

for the observable A is defined as [23]

(Qf1AIQy)
w = (QrlQ:) 5-1)

To understand the origin of this quantity [116], consider a quantum system that is pre-
pared in the state |@;). A strong (projective) measurement yields the standard probability

to detect an outcome corresponding to a final state |Qf>,

p=QfQ) (5.2)
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If, before this strong measurement, a weak measurement is made, then the probability (5.2)

is changed to
' = [Qf1UlQ)I, (53)

where the unitary operator U, = exp(—iefl) is associated with the observable A of the weak
measurement.
Since the interaction is weak, ¢ < 1, the operator can be approximated using its Taylor

expansion, U, = 1 —ieA + ..., and Eq. (5.3) becomes (to first order in €)
P = [QuIQ) + 2¢Tm (QilQ Q| A1Q3)- (5.4)

Renormalizing this quantity (for p # 0), yields

/
% = 1+ 2¢Im (A)yy, (5.5)

where (A)yy is the weak value in (5.1). Thus, a weak measurement of the preselected state
alters the original measurement outcome probability, p = [(Q f|Qi>|2- The result (5.5) is
linear in the weak value and is valid in the weak interaction regime. Higher order terms can
be dropped when p’/p — 1 is sufficiently small and when the linear correction eIm (A)yy is
sufficiently larger than the contribution from all higher order terms [116, 124].

If the preselected and postselected states are the same, then (5.1) reduces to <Q@-]A\Qi>,
which is the usual expectation value. However, if the postselected state is chosen to be nearly
orthogonal to the preselected state then the weak value can be very large, greater than the
largest eigenvalue of the operator A, since we divide by (QrlQi) < 1. If the postselected

state is ezxactly orthogonal to the preselected state, then the divergence of the weak value
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is countered by the vanishing probability of a successful postselection (that is, p in (5.2) is
zero). Furthermore, the weak value can be complex since the numerator and denominator
of the expression (5.1) are in general complex.

The meaning of the weak value becomes more clear if we consider the influence of the
measurement on the pointer variable of the meter that is coupled to the quantum system.
In the original weak measurement formalism [23], the meter is described by a Gaussian wave
function for its position x, centered at x = 0 with some width . When the quantum system
and meter become entangled in the measurement, both the position and momentum of the
pointer variable are modified. The shift in the position, Ax, is related to the real part of the
weak value, while the change in momentum corresponds to the imaginary part [125-127|.
The measurement is considered weak when the width of the pointer’s distribution is much
larger than the subsequent shift in position, 0 > Az. As a result, there is uncertainty in the
measurement outcomes. However, if the measurement is repeated on an ensemble of such
systems, the average shift of the pointer (the weak value) can be accurately determined [126].
From another perspective, the weak value has been shown to be related to the amplitudes of
the quantum wave function [106]. In this sense, the complex amplitudes of a quantum state
can be directly read off of the weak value result.

Since weak values can be large and complex, there have been many interesting theoretical
predictions [23] and paradoxical results in experimental settings. Some examples include the
quantum three-box paradox, which was first described by [128,129] and later experimentally
confirmed in [130], and Hardy’s paradox [131]. Large weak values can be used to amplify
signals that would otherwise be very small [23,24,118,132,133| and the weak measurement
formalism was shown to be related to Vaidman’s two-state formalism [125,128|. The Lun-

deen group used weak measurements to directly measure the quantum wave function of a
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photon [106] instead of the conventional yet indirect technique of quantum state tomog-
raphy [134]. Although the initial implementations of weak measurements were in optical
experiments, more recently, weak measurements have been made of solid state qubits (quan-
tum dots) [135,136] as well as superconducting (transmon) qubits [137,138|. See Ref. [116]

for an introduction to weak values and their experimental significance.

5.2 Extended Model of Weak and Strong Measurements

In the standard description of weak measurements and weak values, the interaction between
the quantum system and ancilla is assumed to be weak. In this way, the expansion of the
measurement interaction can be approximated by the unit operation plus a small correction
that weakly couples the quantum system and ancilla. It was shown, however, that in some
cases weak values can be computed exactly for interactions that are not weak (see, e.g.,
Ref. [139]) and that even strong measurements can directly probe the wave function in a
unitary manner [117].

Here, I outline a general description of quantum measurement that accounts for interac-
tions of arbitrary strength, and different choices of measured observables. 1 argue that weak
and strong measurements should be treated on the same footing as it allows us to understand
measurements in a more general sense. In particular, I derive new results for the shift in
the expectation values of a set of noncommuting observables for the pointer variable, which
yields the real and imaginary components of the weak value. I show that for two-dimensional
pointers (qubits), the imaginary part of the weak value is proportional to the expectation
value of an observable along an axis perpendicular to the plane of initialization, while the real

part depends on the expectation values in the plane. The results hold for any postselection
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of the quantum system as well as for arbitrary initializations of the pointer. I focus on qubit
pointers, but the generalization to higher dimensional qudits is straightforward.

Although T discuss measurements in the following sections in the context of spin-1/2
systems, the formalism is general and can be used for any effective two-level system. In
particular, T first consider the case of spin measurements using a qubit pointer, and later
consider position measurements. Such measurements have been implemented experimentally
in many different settings. Recently, for example, weak measurements of a transmon qubit
have been made using another transmon as the ancilla [137]. For position measurements,
recall the discussion of Ref. [106] in Ch. 4.2.1, in which a weak measurement of a photon’s

position is made by coupling its polarization (the pointer) to its position using a wave plate.

5.2.1 Spin Measurements with a Qubit Pointer
5.2.1.1 The Measurement Process

As we have seen many times already, to measure an observable of a quantum system, we
couple the system to an ancillary system (the pointer variable of a meter) according to the
unitary von Neumann interaction. The time-evolution operator for the measurement Hamil-
tonian, H, is given by U = exp(—iHt/h), where t indicates the length of the measurement
interaction.

The interaction Hamiltonian, H, for a qubit quantum system () and pointer M corre-

sponding to a measurement of the spin along an arbitrary axis, n, is

H=0(5n)®F m), (5.6)

with interaction strength given by 6. The observable we will measure is 57 = szpng + syny +
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sznz where s; = 0;/2 is the spin operator. The operator acting on the pointer, (7 - 1m)/2,
will lead to a rotation of its initial state about the axis m by an angle 6/2. To see this, we
write the unitary operator U = e~ t#Ht/h (setting ¢t = 1 and & = 1) using the series expansion

for the exponential,

U:§l<—i0(5'ﬁi®(ﬁ-m>>k, (5.7)

k!
k=0
From the property of Pauli matrices, (& - ﬁ)2 = 1, we can evaluate the series exactly to find
U=cos(f/4)1 @1 —isin(f/4)(d-n) R (d-m). (5.8)

When the interaction strength vanishes, 6 = 0, the operator (5.8) reduces to 1 ® 1, so that
no entanglement is created between () and M. To first order in #, the interaction for a weak

measurement is
Uy =1®1—1i(0/4) (5 -n)® (& -m). (5.9)

The interaction (5.8) can be rewritten in a slightly more useful form. First, note that the

Pauli matrices can be expressed in terms of projection operators along the axis n as

n 1 T -
Pé ):§(1+g-n)=|on><0n|’ (5.10)
> :
2

(IL _5'ﬁ) = |1n><1n’a

where |0p,) and |1,) are the eigenstates of & - n. Equation (5.8) can then be expressed in

terms of projections on the quantum system as

U=P" @Ry 0/2) + PM™ @ Ry (—0/2), (5.11)
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where the operators acting on the pointer are simply rotation operators around the axis m

by an angle 0/2,

Ry, (£0/2) = cos(0/4) 1 F isin(0/4) (& - ). (5.12)

In this form, it is clear that the measurement rotates the pointer by an angle +6/2 depending
on the state of ().

In a strong measurement, the final pointer states are orthogonal so that they can be
reliably distinguished and the quantum state is strongly disturbed from its initial state. To
ensure this orthogonality requirement, the pointer variable must be initialized in a state
|M;) that is an eigenstate of an operator & - ' with a basis that is orthogonal to the
pointer’s rotation axis m: 7 -1/ = 0. In other words, the pointer is initialized in the plane
perpendicular to its rotation axis. For instance, for a pointer that is prepared in the state
|M;) = |0,) with respect to the Z axis, the rotation must be around an axis in the zy plane.

In general, the overlap between the two final pointer states is

(M;|R;5,(—0/2)Rp,(0/2)|M;) = cos(0/2) + isin(0/2) (M;|d - m|M;), (5.13)

which does not necessarily vanish when 6 = m. Writing the initial pointer state in the
eigenbasis |0y, ), |1m) of the operator & -m as |M;) = a|0y,) +b|1,,) with complex amplitudes
a and b, the matrix element in (5.13) evaluates to (M;|& - m|M;) = 2|a> — 1. Thus, the
final pointer states are orthogonal at § = 7 only if |a| = 1/+/2 since at this angle (5.13) is
(M| R (—7/2) Ry (/2)|My) = i(2laf? — 1)

To see how strongly the quantum system is disturbed by the measurement, we compute

its density matrix after the coupling to the pointer. The initial state of the quantum system,
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written in the eigenbasis of the measured observable, is
Qi) = a|0p) + B|1n). (5.14)

Applying (5.11) to the initial system |Q;)|M;) and tracing out the pointer variable yields

the final density matrix for @),
plg = cos”(0/4) Qi) (Qil + sin®(0/4) (5 - 1) Qi) (Qi (5 - 7). (5.15)

Here, we used the fact that Tr[|M;)(M;|G - ] = 0. Writing this in the eigenbasis |05,), |1n)

of the operator 7 - n yields

(P ateostof2)
”Q‘<a@*cos<9/2> 2 ) 10

From this expression, it is clear that a strong measurement corresponds to a state p'Q that
is maximally disturbed from its initial state (it is entirely diagonal) and the final pointer
states are orthogonal. In a weak measurement, p’Q is nearly unchanged from its initial pure
state, p’Q ~ |@Q;){(Q;|, while the final pointer states of the meter are almost parallel according
to (5.13) and cannot be perfectly distinguished. Therefore, there is a trade-off between the
amount of information the meter has about ) and the resulting loss of coherence to the
quantum state.

For example, suppose the pointer is initialized in the state |M;) = |0,) and the rotation
axis is m = y. Writing @ in the eigenbasis of the observable & - 7 as in (5.14), the effect

of (5.11) when the interaction is strong is

UlQ;)[02) = a|0n) [0z) + B [1n) [12), (5.17)
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Figure 5.1: Left: The eigenvalues A+ (solid) and diagonal elements pg, p; (dashed) of pjs, the
pointer density matrix. For a strong measurement, § = 7, the eigenvalues exactly correspond
to the square of the amplitudes |a|? and |3|? of the initial quantum state |@Q;). Right: The
shared entropy between () and M. The pointer has the most information about the state of
@ at 0 = ™ where the mutual entropy is maximum.

where |0;) and |1;) are the eigenstates of 0. For a general angle 6 we find instead

U1Q4) 102) = a [0a) ((cos(8/4)]02) + sin(0/4)|1.))

+ 310} ((cos(8/4) 02) — sin(9/4)|1.) ),

(5.18)

Tracing out the quantum system, the diagonal elements and eigenvalues of the pointer density

matrix p)s are

po = cos?(0/4), p1 = sin?(0/4), (5.19)

and

At = % (1 + \/1 — 4]a?|p)2 sin2(9/2)) , (5.20)

which are shown in Fig. 5.1. At 6 = 7, the eigenvalues reduce to |a|?, |3|%, which are the
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squares of the amplitudes in the initial quantum state (5.14). When 6 < 1, the eigenvalues
are approximately |a|?|5]? sin?(0/2) and 1 — |a|?|8|?sin?(6/2). Also in Fig. 5.1 is the shared
entropy between @ and M, S(Q : M) = S(Q)+S(M)—S(QM) = 2S5(M), which is maximum
at § = m and goes to zero as § — 0, demonstrating that weak measurements extract less

information about the quantum state.

5.2.1.2 Weak Values

In the original weak measurement formalism [23], the quantum system is projected onto a
final state (postselected) after the sequence of preparation and weak measurement. In this
way, the weak value can be determined. If the initial wave function of () is not known, then
the weak value can be used to compute the coefficients in |@Q;) [106]. In this section we
compute the weak value for a general initialization of the pointer and arbitrary interaction
strength.

Supposing @ is prepared (preselected) in the initial state |@;) and the pointer is initialized

in the state |M;), after the measurement interaction (5.8) the joint state is
U[Qi)|Mj) = cos(0/4) |Qq) | M;) — i sin(6/4) (7 - 1)|Q;) (7 - )| M), (5.21)

If the quantum state is postselected to be in the state |Q) ), then the final (conditional) state

of the meter is
(Qf|U[Q4) [M;) = cos(0/4) (Q|Qs) [M;) — i sin(0/4) (Qy|d - n|Q;) (7 - ) [M;).  (5.22)

Renormalizing this expression yields the final state [M) of the meter,

(Qrld - 7|Q3)

M) = |3 = tan/) s

(& - )| M), (5.23)
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The weak value of the observable A = 7 /2 -n is defined as the matrix element

(QrlA|Q;)

(Qflo - n|Q;)
(QrlQ;) '

(QrlQi)

(A = =3 (5.24)

Choosing |Q ¢) nearly orthogonal to [Q;) can lead to weak values that are much larger than
the largest eigenvalue of A.

To determine the weak value, the shift in expectation values for a set of complementary
observables are computed in the final state of the meter (5.23). Together, these yield the
real and imaginary parts of the weak value. By straightforward calculation, the expectation

value of the observable & -/ in the final state (5.23) is

(i) p = (1 - 4tan®(0/4) (A [2) (7 - '),
— 4tan(0/4) Re[(A)yy] ((m x m') - 7); (5.25)

+4tan(0/4) Im[(A)yy] (- ),

where <O>f = (Mf\O]Mf> and (O); = (M;|O|M;) are the final and initial expectation values
of the operator O in the pointer states. The first two terms in (5.25) are contributions from
the expectation value in the plane of initialization, while the last term shifts the pointer out
of the plane. Setting 1/ = 2, 9, 2, for example, in the above formula will yield a set of three
equations that can be solved for the weak value.

The choice of the rotation axis m is arbitrary and simply sets the reference frame for
the pointer. For example, if we choose m = g, then the pointer must be initialized in the
xz plane. In this case, we consider the set of expectation values for 7/ = #, ¢, 2. The first
two terms of (5.25) contribute to (0y) ¢ and (o) ¢ via (0z); and (0z);, while the third term

shifts the pointer out of plane by producing a nonzero <0y>f. Specifically, the expectation
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values from (5.25) for o4, oy, and o, are:

(o) = (1= 4tan?(0/4) (Apw[?) {o2); — 4tan(6/4) Re[(A)w] (o2} (5.26)
(o0 = (1= 4tan?(0/4) {(A)wl?) (o0)i +dtan(0/4) Re[(Ahw] (o2)i  (5:27)

and
(oy)p = 4tan(0/4) Im [(A)y]. (5.28)

Here, we used the orthogonality condition for the final pointer states, which requires that
(oy); = 0 since |M;) must be in the zz plane. Thus, (oy); is proportional to just the
imaginary part of the weak value.

We can rewrite the expectation values (5.26), (5.27), and (5.28) in terms of the proba-

bilities P to observe polarization measurement outcomes. If

m/ m,
P = (0, /M) = (M| P | M), (5.29)

m! m!
P = (1, M) 2 = (g P ), (5:30)

are the probabilities to observe the outcomes |0, /) and |1 /) in a measurement of polariza-

tion along the 7/ axis, then

(m) _ p(m)

(@-m)y=py ' =Py . (5.31)

With the pointer’s initialization left arbitrary in the zz plane (the rotation axis m is still §),

the real and imaginary components of the weak value can be written in terms of measurement
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probabilities using (5.26), (5.27), and (5.28) as

(02)i <U:17>f — (o) <Uz>f

Rel[(Ahw] = 4 tan(0/4) -
o (PP — o (P — P
N 4 tan(6/4) ’
and
B <‘7y>f B p(gy) _ ’P{y)
Il ADw] = @/ ~ 7 tan(a/a) (5:33)
To arrive at these results, we used the fact that
(02)7 + (02)7 = 1, (5.34)

since the pointer is initialized in the 22 plane. That is, |M;) = sina|0;) + cos «|1;) yields
(02); = —cos(2a) and (oy); = sin(2«). Therefore, the real part of the weak value has contri-
butions from both z and z polarization measurement probabilities, while the imaginary part
depends only on the y measurement probabilities. In addition, in this form, the weak value
is directly obtained from the statistics in the measurement (counts from a photodetector, for
example).

As a specific example, let’s choose the pointer to be initialized in the state |M;) = |0,)
with respect to the z axis. In this case, (0;); = 0 and (0,); = 1. Then, Eqs. (5.26), (5.27),

and (5.28) evaluate to

(02)f = 1—dtan®(0/4)|(A)w]*, (5.35)
(oz); = 4tan(6/4) Re[(A)w], (5.36)
(oy)f = 4tan(0/4)Im[(A)y]. (5.37)
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We see that the expectation value of o, is proportional to the real part of the weak value,

while the expectation value of oy is proportional to the imaginary part,

(o2) p +ioy)
1 tan(6/4)

<7;(()x> _ Py)) w (P(()w _ 7>§9>> (5.38)
4 tan(0/4)

(Aw =

Therefore, the probabilities P from the experiment can be used to obtain the weak value.

5.2.1.3 Computing the Wave Function

Here we review how weak measurements can be used to directly compute the quantum
wave function rather than employing standard state tomography techniques. This was first
performed experimentally for pure states by Lundeen et al. in Ref. [106] and quickly was
followed by a generalization to mixed states [119].

If the probabilities P from the previous sections are determined in an experiment, then (5.38)
can be used to compute the weak value. For a general initialization of the pointer, the weak
value is instead given by Egs. (5.32) and (5.33), from which the coefficients in the wave

function |Q;) can be directly determined. From (5.24),

C@ARVIQ) 1 Qo) (0alQ) 1
Ahw = (QrlQi) 2 (QylQy) 2 (5:59)

Since [Q)f) can be selected in the experiment, the terms (Q7|0p) and (Qf|1y) are known.

The initial quantum system, written in the eigenbasis of the observable, is

Qi) = |0n) + B[1p). (5.40)
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Thus, the coefficient « is computed from

- <Qj’0n> 1
(Aw = Qa2 (5.41)

Alternatively, with the second coefficient (3,

1 <Qf|1n>
AV — — — 5.42
W =3 =T 042
The overlap (Qf|Q;) can be determined by normalizing the wave function,
1 1+ 2(A)w 1—2(A)w
D = ~(04]0; )+ ——— Wy, 5.43
Q) 2<@f\@>< o LSRR e >) (5.43)

From this expression, it is clear that the complex amplitudes of the quantum wave function
can be directly seen from the measurement outcomes via (5.38).
5.2.1.4 Weak Measurements without Postselection

We can also consider the situation where the quantum state is not postselected after the weak
measurement. In this case, we compute the standard expectation value of an observable in
the initial quantum state from the pointer. The density matrix for the pointer is found by

tracing out ) from the final joint state (5.21),

par = cos2(0/4) | M;)(M;] + sin?(0/4) & - 1| M;) (M;|5 - 1
(5.44)

+ Lsin(0/2) 52} [|M3) (M35 - — & -l M) (0

where

(g = Trg |7 7 |Qi) (@] (5.45)
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is the expectation value of & - n in the initial quantum state. Similarly to the previous
sections, we compute the expectation value of & -/ in the final state of M. In contrast to

Eq. (5.25), we now find

(5.46)

which does not have a term proportional to 772/ - . That is, there are no imaginary contri-

butions to the expectation value (as expected) and (oy) f = 0. In addition,

(0z) p = cos(0/2) (oz); +sin(0/2) (7 - ) (02)i, (5.47)

(02) § = cos(8/2) (0); — sin(6/2) (& - 1) (o). (5.48)

When the interaction is weak, these expectation values are, to first order in 6, equivalent

to those in Egs. (5.26) and (5.27) obtained by postselecting Q:

(o) ~ (02)i +0(5- 1) (02)i; (5.49)

(02)f ~ (02); —0(5- 1) (02)i- (5.50)

When |Q ) = |Q;), the weak value is equal to the expectation value (5'- 1)), which has no

imaginary contributions since §-n is Hermitian.

5.2.2 Position Measurements with a Qubit Pointer

We now derive the weak value for measurements of an observable that takes the form of
a projector. For instance, we could measure the position with |z)(x|, or momentum with

Ip)(p|. Here, we suppose that we are measuring the position x of a quantum system using
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a qubit pointer. Since the dimension of the ancillary system is two, this scheme yields
only information about whether the quantum system is at location x or is not. A higher-
dimensional ancilla is needed to distinguish between more than two spatial states.

The interaction Hamiltonian for a position measurement is written as
H=07,x (5 m), (5.51)

where 7, = |z )(xp| is a projector composed of one of n position eigenstates. The series

expansion for the time-evolution operator, U, can be exactly evaluated to
U=181+7% & (Ru(0) - 1). (5.52)
Since the projectors add to unity, ) ,, 7 = 1, this can be rewritten as

U= ) #y®1+, & Ry(9), (5.53)
n'#n

where it is clear that the pointer is only rotated by an angle # about the m axis when the
quantum system is found at location x,,. When 6 = 0, the interaction reduces to the identity.
When 6 = 7, the final pointer states 1|M;) and Ry, (7)|M;) are orthogonal, as long as the
pointer variable is initialized in the plane perpendicular to its rotation axis, m.

We now proceed as before. With the quantum system preselected in the state |Q);) and

the pointer initialized as |M;), the measurement interaction (5.52) leads to

UlQi)|M;)=Q:)|M;) + 7| Qs) ((cos(0/2) — 1) | M;)
(5.54)

— 7n|Qi) i sin(0/2) & - 7| M;)
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Defining the weak value,

(Aw = NG (5.55)

the final pointer state after postselecting the quantum system in the state <Qf| and renor-

malizing is
|My) = [1 — Ay sin2(9/4)] M) — i A)yy sin(0/2) & - 1 | M;) (5.56)

The expectation value of the operator & -7/ in the final pointer state (5.56) is

(1) = (1= Rel(A)w] g — (A eg cos(6/2)) (7 - 1),
— sin(8/2) (2Rel(A)w] = [(Ahwl? ep) (7 x i) - 5); (5.57)

+sin(6/2) (2 Im[(A>W]) (),

where we defined
g = 4sin®(0/4). (5.58)

If we set the rotation axis of the pointer variable to be m = ¢, then it is initialized in
the 2z plane. The three equations obtained from (5.57) for /' = &, ¢, 2 yield the real and

imaginary parts of the weak value. The imaginary part is

(y) p(y)

tm[(A)w] = 251?(2?2) - 2Osin(0/§) ’ (5:59)
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while real part is

Rel(Ayw] = 5 (1 - 0:(0) (o) — 92(6) {02} ) e
~ %(1 ~9:(0) (P5 - Pf) - 9:(0) (P5 — PY)).
The 6 dependence of Re[(A)yy] is contained in the functions
92(0) = (02); + cot(0/2) (o), (5.61)
92(0) = (o2)i — cot(0/2) {02);. (5.62)
Here, we used the fact that
()2 + (02)? =1, (5.63)

since the pointer variable is initialized in the xz plane.

For a strong measurement, § = m, these functions reduce to g,(0) = (0,); and g(0) =
(04);. For a weak measurement, g,(f) ~ %<O’x>i and g, (0) ~ —%<O’Z>Z’. It is interesting to
note that Eqs. (5.32) and (5.33) are identical to (5.60) and (5.59) when 6 is small. In other
words, the weak value is the same for spin measurements and position measurements when
the interaction is weak.

If we initialize the pointer variable along Z such that (o,); = 1 and (o;); = 0, the more
general results derived in this section reduce to those of Vallone et al. in Ref. [117], and of
Lundeen et al. in Ref. [106] for small §. In [117], it was shown that strong measurements, as

opposed to the weak approximation made in [106], yield a more accurate result in a direct
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measurement of the wave function. Our result, Eq. (5.57) with ' = 2, ¢, 2, yields

(0:) 5 = 1= Rel{A)w] eg — [{A)w|? ep cos(8/2), (5.64)
(oa)p = sin(0/2) (2Rel(A)w] — (Al ). (5.65)
(o) = sin(6/2) (2 Im[<A>W]). (5.66)

Solving the first two equations yields the real part of the weak value

Py =P+ an(0/2) (1- P + P

Re[(Ahw] = 2 tan(6/2) (5.67)
P =Py 2tan(6/4) P
2 sin(0/2) :
In the second equality we eliminated P(gz) by using
(02) 7 = (My|M) — 2P1) = 1 = egRe[(A)yyr] + eg| (A)yy|2 — 2P, (5.68)

This normalization of the state |M[) is valid only for the initialization along 2. For small ¢

the weak value is
(A =5(P” = P7) + 2 (P - PY), (5.69)

while for 0 = 7,

(5.70)

Therefore, the results derived here, Egs. (5.59) and (5.60), are more general and account for

arbitrary pointer initializations and interaction strengths.
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5.2.3 Relationship Between Measurement Interactions

In this section we will see how different measurement interactions for two-level systems can
be related through global rotations of the quantum system and /or pointer. If the observable
A is a two-dimensional projector ]5, then the corresponding measurement operator with
A = P is related to the measurement operator with A=2c n Specifically, writing the

projector as P = %(]l + & -7) for the Hamiltonian H = 6 P ® & - 1, yields the measurement

operator
U= (IL ® Rm(0/2)> e~ 10/4GA®F 1 (5.71)

Thus, the operators with A= Pand A = &-p are related by an overall rotation of the
pointer.
Similarly, if both the measured observable and pointer variable are written as two-

dimensional projectors, then % = 6P ® (). Writing the projectors as P = %(1[ +d-n)

and Q = 5(1 43 -m),

DNol—

U = ~i0/4 (Rﬁ<9/2) ® Rm(9/2)> o~ 10/4GABF 1 (5.72)

In this case, the operators with A= f’, M= Q and A=5- n, M = & -1 are related by an

overall rotation of the quantum system and the pointer.
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5.3 Quantum Information Theory of Strong Quantum

Measurements

In the rest of this chapter, I will focus on projective (strong) measurements. I will expand
upon the ideas introduced previously and will analyze how information is processed in a
strong measurement from the perspective of quantum information theory. Using entropy
Venn diagrams, I will track the distribution of entanglement and entropy in the measure-
ment of a single quantum system and in parallel measurements made on an entangled sys-
tem [59,140,141]. T will also distinguish between measurements made on prepared (pure)

and unprepared (completely mixed) quantum states.

5.3.1 The Measurement Process

Suppose a given quantum system is in the initial state

d—1
Q) =3 ol @), (5.73)

z1=0

(1)

where o are complex amplitudes. Here, () is expressed in terms of the d orthonormal
basis states |71) associated with the observable that we will measure. The von Neumann
measurement is implemented with a unitary operator that entangles the quantum system
with an ancillary system (the pointer) Ay,

d—1

Uga, = Y Pry®Us, (5.74)
z1=0

where Py, = |71)(Z1] are projectors on the state of Q. As we’ve seen many times already, the

operators Uy transform the initial state 1) 4, of the ancilla to the final state Uy, |M;) 4, =
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|x1>A1. Since we are considering strong measurements, the states of the ancilla, ’$1>A17 are
orthogonal. From now on, we drop the subscripts A on the final states of the ancilla. The
unitary interaction (5.74) between the quantum system and the ancilla leads to the entangled

state [59]
QA1) = Uga, 1Q) |M;) 4 Zarl [71) 1) (5.75)

(1)

The coefficients o reflect the degree of entanglement between () and Ajy: the number of
non-zero coefficients is the Schmidt number [25] of the Schmidt decomposition.

The measurement process thus described contains the essence of the no-cloning theo-
rem [36], which states that it is impossible to perfectly copy a quantum state unless it is
in an eigenstate of the measurement operator (see Sec. 2.4). In other words, if the an-
cilla. A1 had faithfully copied @, then the final state would be the separable wave function
QA1) = le a&ll) |71) ® le agl) |z1) instead of Eq. (5.75). Therefore, in general, the
entanglement produced in quantum measurement prohibits the measurement device from
making a perfect copy of the quantum system. This is very different from classical measure-
ments, where the measurement device can, in principle, always perfectly reflect the state of
the system.

Information about the measurement outcomes is obtained from the state of the ancilla.

Tracing over (5.75), the marginal density matrix of Ay (and similarly for @) is
p(A1) = Trg (|QA1)(QA:]) Z !Oé:cl 2 1) (z1]- (5.76)

From the symmetry of the state (5.75), the marginal von Neumann entropy of Ay is the

same as (), which, in turn, is equal to the Shannon entropy of the probability distribution
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(1)

1
qwl - |a.§3 )|2:

S(Q) = 5(A1) = HlgM] = =3 ¢ loggat?. (5.77)

1

Recall that we denote the Shannon entropy of a d-dimensional probability distribution Pa;
by Hp| = — Zdi_:lo pr;108q pa;- The von Neumann entropy of a density matrix p(X) is
defined as S(X) = S(p(X)) = —Tr[p(X)logg p(X)], which on account of the logarithm to
the base d, gives entropies the units “dits”.

The ancilla and quantum system are not classically correlated in (5.75) (as is required for
decoherence models, e.g., [142]), but in fact are entangled. This entanglement is characterized
by a negative conditional entropy [59,143|, S(A1|Q) = S(QA1) — S(Q) = —S(A1), where
the joint entropy vanishes since (5.75) is pure. We illustrate the entanglement between A;
and @ with an entropy Venn diagram [59] in Fig. 5.2(a). The mutual entropy at the center
of the diagram, S(Q : A1) = S(Q) + S(A1) — S(QA1), reflects the entropy that is shared

between both systems and is twice as large as the classical upper bound [59,71,143].

5.3.2 Unprepared Quantum States

In the previous section, we considered measurements of a quantum system that is prepared
in a pure state (5.73) with coefficients oz(xll). Suppose instead that we are given a quantum
system about which we have no information, that is, where no previous measurement results
could inform us of the state of ). In this case, we write the quantum system’s initial state
as a maximum entropy mixed state

(I S
p@) =~ > [Fo) (ol (5.78)

=0
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with coefficients that now correspond to a uniform probability distribution. We call this an
unprepared quantum system. We can “purify” p(Q) by defining a higher-dimensional pure

state where () is entangled with a reference system R [25],
1 d—1
R) =— o) o) , 5.79
QR) ﬂm0220| 0)leo) (5.79)

such that p(Q) is recovered by tracing (5.79) over R. In this way, we can see explicitly
how the total system evolves unitarily as a pure state. Here and earlier, the states of () are
written with a tilde, |Zg), to distinguish them from the states of R, which are denoted by
|zg). In this section, we assume that @ is an unprepared (or “unknown”) state with maximum
entropy so that it is maximally entangled with R, as in (5.79). With such an assumption,
we do not bias any subsequent measurements |144].

To measure ) with an ancilla A, we express the quantum system in the eigenbasis |71)
of the observable that ancilla Ay will measure using the unitary matrix U;%)Ccl = (T1|70).
The orthonormal basis states of the ancilla, |x1), with 1 =0,...,d — 1, automatically serve

as the “interpretation basis” [145]. We then entangle [59] @ with Aj, which, as before, is in

the initial state |M7;>A1, using the unitary entangling operation Ugy4, in Eq. (5.74),

|QRA1) = 1g ® Uga, |QR) [M;) 4,

1 1) |~
=— Y Uy, |71) |20) |21),
0<1
Vi

(5.80)

where 1p is the identity operation on R. We always write the states on the right hand side
in the same order as they appear in the ket on the left hand side. We express the reference

in a new basis by defining |z1)p = Zl’o U]%)J;TO |z0) g with the transpose of U1, so that the
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Q@ Aq Q Ay
(a) (b)

Figure 5.2: Entropy Venn diagrams [59] for the quantum system and ancilla. (a) For pre-
pared quantum states, ) and A are entangled according to Eq. (5.75). (b) For unprepared
quantum states, ) and Ay are correlated according to Eq. (5.82) when the reference R has
been traced out. In this figure, we use the notation S; = S(A;) for the marginal entropy of
ancilla Aj.

joint system (QRA; appears as
(QRA) = Zm 1)) - (5.81)

Note that (5.81) is a tripartite Schmidt decomposition of the joint density matrix p(QRA;) =
|QRA1){(QRA1|, which is possible here because the entanglement operator Uqa, ensures the
bi-Schmidt basis p(x1|QRA1) has Schmidt number one [74].

Tracing out the reference system from the full density matrix p(QRA1), we note that the

ancilla is perfectly correlated with the quantum system,
p(QAL) = Z |71 71) (T 21], (5.82)

in contrast to Eq. (5.75) where Ay and ) are entangled. Such correlations are indicated by
a vanishing conditional entropy [59], S(A1|Q) = S(QA1) — S(Q) = 0. Tracing over (5.82),
we find that each system has maximum entropy S(Q)=S(A1)=1. In Fig. 5.2, we compare

the entropy Venn diagrams that are constructed from the states (5.75) and (5.82).
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Figure 5.3: Composition of the quantum ancilla. Dashed lines indicate entanglement between

the quantum system, (), and each of the n qudits, Agl), e ,Agn), in the ancilla A;. Time
proceeds from left to right.

We note in passing that R can be thought of as representing all previous measurements of
the quantum system that have occurred before A;. We contrast measurements of unprepared
quantum states (5.79) as described in this section, with measurements of prepared quantum
states (see Sec. 5.3.1), which are initially pure states (5.73) defined without a reference

system R.

5.3.3 Composition of the Quantum Ancilla

The ancilla A1 may, in practice, be composed of many qudits Agl). . Agn) that all participate

in the measurement of ) according to the sequence of entangling operations UQA(n) . UQA(l)
1 1

between Q) and Agz) (see Fig. 5.3). In this case, Eq. (5.75), for example, is extended to

QAL =S ol [F) le1) (1) -+ l21) (- (5.83)
7 Al Al

Tracing out the quantum system from Eq. (5.83), the joint state of the entire ancilla is
p(Aq) = p(Agl). . .Agn)) = le |a:(L.11)|2|351 ...x1)(x1...21]. That is, each component of A;
is perfectly correlated with every other component, so that Ay is internally self-consistent

(“all parts of Ay tell the same story”). However, while A; appears classical, and could
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conceivably consist of a macroscopic number of components, it is potentially fragile, in the
sense that its entanglement with other devices may become hidden when any part Agi) of
Aqp is lost (traced over). In the following chapters, we will distinguish “amplifiable” from
non-amplifiable devices. That is, a state is amplifiable if tracing over any of its components
does not modify the correlations between its subsystems.

To do this, we will consider in our discussion of Markovian quantum measurements in
Ch. 7, an additional step to the measurement process by introducing a macroscopic detector
D1 that is used to measure the quantum ancilla A7. In other words, D1 observes the quantum
observer Ajy. This second system, which is also composed of many qudits, amplifies the
measurement with Ay, by recording the outcome on a macroscopic device. While A1 may
be fragile depending on the situation, Dy is robust: any part of D could be traced over
without altering its correlations with other macroscopic measurement devices. While such a
procedure (a quantum system observed by a quantum ancilla, which is observed by a classical
device) may appear arbitrary, it represents a convenient way of splitting up the second
stage of von Neumann’s measurement [22] to better keep track of the fate of entanglement.
This gives rise to two classes of quantum measurement: those performed within a closed
system where every part of the measurement device remains under control (unamplified
measurements), and those performed within an open system, where some degrees of freedom
are traced over (amplified measurements). In fact, a similar construction is used in the
weak measurement formalism discussed earlier in this chapter (a quantum system is weakly
coupled to a pointer variable, followed by a strong measurement of the pointer) as well as in
other measurement settings (e.g., superconducting qubits can be measured by first coupling
to another superconducting qubit, the ancilla, whose state is later measured and read out).

In Ch. 7, T will formally define the concept of a quantum Markov chain that is used
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Figure 5.4: Illustration of parallel quantum measurements. Two different measurement
devices, Ay and Ag, are used to separately measure the components, ()1 and @9, of an
entangled quantum system.

in this work, in the context of consecutive measurements of a quantum system. I also
further develop the formalism to describe unamplified measurements with quantum ancillae,
A;, which I will show are non-Markovian, and amplified measurements with macroscopic

detectors, D;, which are Markovian.

5.3.4 Parallel Quantum Measurements

In the previous section, we saw how to perform a single measurement of a quantum system.
We can extend this description by considering measurements made in parallel on compos-
ite systems (see Fig. 5.4). A common realization of this idea is the set of (in)compatible
measurements made on Bell states to test for violations of Bell inequalities [146, 147].
will describe these measurements in some detail below since the results will be helpful for
understanding the calculations in Ch. 6 on the Bell-state quantum eraser.

Consider the Bell state for two qubits @)1 and ()9, written in the eigenbasis |0) and |1)

of the operator o,
101Q5) = 7 Z |ii) = \oo> +]11)). (5.84)

To perform a parallel measurement of this composite system, consider a measurement of )1
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using device A; and of (09 using As. Here, the first measurement is of the spin component
along the ny direction where ny - Z = cos#q, while the other measurement is of the spin
component along the ng direction where ny - Z = cos . Since these measurements are made
on separate components of the entangled system, the time ordering has no effect on the
subsequent calculations.

Entangling the ancillae with the quantum system, the state (5.84) becomes

Q1Q241 Ag) = IZ i Vik ik jk). (5.85)

ijk

If we restrict the qubit states to the zz plane of the Bloch sphere, then we can write the

transformation between the basis of o, and ¢ - n as the rotation matrix U,

[ cos(6y) —sin(6q)
U= < sin(f1)  cos(6q) ) ’ (5.86)

and similarly for & - no. Tracing over the composite quantum system, the density matrix of

the ancillae is

p(A1Ag) = Z UijUs; VieViny ik) (k] = Z‘ZUszk

zz lik

17k) (k|- (5.87)

The probability to observe outcome j in device Ay together with outcome k in device Ag is

the coherent distribution,

, (5.88)

1 2
pijE)ZUijVik
(3

while the marginal probabilities of A; and Ag are perfectly random (both equal to 1/2).

Thus, the conditional probability to observe outcome j with Aq, given that outcome &k was
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obtained with As (and vice versa), is

2
. (5.89)

Ptk = Pigs = | D2 Ui Vi
{

The effects of the entanglement between systems )1 and ()9 can be understood through
the correlation between measurement outcomes. First, consider compatible measurements
in which both measurements are of o, so that #; = 69 = 0. In this case, the full wave

function (5.85) becomes a four-particle GHZ state [recall Eq. (2.24)],
Aylos], Aslos] s |Q1Q9A1Ag) = \/_an <|0000> + |1111>> (5.90)

The measurement outcomes are described by the joint probability

1

Pjk = 5 9jk, (5.91)
which yields the conditional probabilities,
Pjlk = Pk|j = Ojk- (5.92)

We see that the measurement outcomes are perfectly correlated, so that whichever of the
two states we observe, we know that the corresponding outcome for the other system must
be the same.

This perfect correlation of measurement outcomes does not imply faster-than-light sig-
naling. Indeed, the choice of basis and the measurement outcome for Ay would have to
be sent along a causal classical communication channel to Ag, where both results can be
compared [37,148]. It is straightforward to show that for any set of parallel measurements of

the same observable, the outcomes will be perfectly correlated. That is, due to the Schmidt
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decomposition, the degree of entanglement is invariant under a change of basis so that the
measurement, outcomes will always be correlated in the same way.

For the second example, we consider incompatible measurements where we measure o,
using Ay and o, using As. Such measurements are incompatible in the sense that the

observables do not commute, [0, 0] = 2i€; 1, 0. In this case, the wave function (5.85) is

1 L1
Ailos], Aslos]: |Q1QaA1Ag) = EZUM |ikik) = 5<|0000> —10101) +[1010) + |1111>).
ik

(5.93)
The measurement outcomes are now described by the joint distribution
1
and conditional probabilities
1
Pjlk = Pr|j = 5- (5.95)

In other words, the outcomes are completely uncorrelated and random. If the state j is
observed with Ay, then this has no correlation to the state k observed with As.

Using entropy Venn diagrams, we can examine how the entanglement is distributed for
different sets of measurements. The diagrams for three different measurements are shown
in Fig. 5.5. In all three scenarios, the center of the diagram, the ternary mutual entropy,
vanishes because the underlying state (5.85) is pure. The negative conditional entropies are
indicative of the entanglement between the subsystems. As we already saw, tracing over Q1
and Q9 always leaves the ancilla correlated. Interestingly, when making incompatible mea-
surements, the ancillae are uncorrelated with each other, but are even more strongly entan-

gled with the quantum systems as compared to the case of compatible measurements [59,72.
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(d) Perfect correlation (e) No correlation (f) Perfect correlation

Figure 5.5: Entropy diagrams for three different parallel measurements of a Bell state. When
incompatible spins (middle) are measured, the ancillae are uncorrelated. The ancillae are
fully correlated for compatible measurements (left and right).

5.4 Conclusions

As part of Chs. 2-4, T introduced the main ideas underlying quantum correlations, quantum
information theory, and quantum measurement. Here, in this chapter, I described the basic
model of measurement that is used in this work. Starting with an expanded model of weak
measurements, I showed how the formalism can equally well describe measurements of arbi-
trary interaction strengths and derived generalized results for the weak values corresponding
to spin and position measurements. I discussed strong measurements from the perspective of
quantum information theory, using entropy Venn diagrams to track how information is pro-
cessed in a measurement. I focused on measurements of a single quantum state and parallel
measurements of an entangled system. I will expand upon this foundation in the following
chapters in the context of parallel and consecutive measurements. In the final chapter, these

results will be used to construct a protocol for generating remote entanglement.
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Chapter 6

Parallel Quantum Measurements

6.1 Introduction

Parallel measurements of a composite quantum system appear in many measurement schemes
such as, for example, in Bell inequality violations [146,147| and the quantum eraser [149).
In this chapter, I will apply the parallel measurement formalism to the Bell-state quantum
eraser experiment, where one part of an entangled pair of photons is sent through a double-
slit apparatus. I will show that a full quantum information-theoretic analysis can be used to
derive the complementarity relation that is fundamental to this system. That is, I will con-
struct the trade-off between the information extracted about the photon’s path through the
slits (conventionally termed the “which-path” information) and the coherence of its density
matrix.

Quantum systems can display particle- or wave-like properties, depending on the type of
measurement that is performed on them. The Bell-state quantum eraser is an experiment
that brings the duality to the forefront, as a single measurement can retroactively be made
to measure particle-like or wave-like properties (or anything in between). Here we develop a
unitary information-theoretic description of this quantum measurement situations that sheds
light on the trade-off between the quantum and classical features of the measurement. In

particular, we show that both the coherence of the quantum state and the classical infor-
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mation obtained from it can be described using quantum-information-theoretic tools only,
and that those two measures satisfy an equality on account of the chain rule for entropies.
The coherence information and the which-path information have simple interpretations in
terms of state preparation and state determination, and suggest ways to account for the
relationship between the classical and the quantum world.

Wave-particle duality is an iconic feature of quantum mechanics, one not shared by
classical systems in which an object cannot simultaneously have a wave and particle nature.
Unraveling the mysteries behind wave-particle duality has occupied the better part of the
last century, while significant advances in our understanding have come both from clever
experimental approaches as well as theoretical developments. Pivotal experiments were
the quantum optical implementations of Wheeler’s [150] delayed-choice experiment (see,
e.g., [151], as well as [152,153|, which were based on the theoretical proposal in [154]),
which are equivalent in principle to delayed-choice quantum eraser experiments [34, 155].
For a thorough review of delayed-choice experiments, see [156] and references therein. The
theoretical advances have framed the discussion of the wave-particle duality in terms of a
quantum-information-theoretic trade-off between the coherence of the quantum system and
the information that one may attempt to obtain about the particle path in the interferometer
or double-slit experiment (the “which-path” information) [157-161].

The delayed-choice experiments highlight an important feature of this new understanding
of wave-particle duality: while as per Bohr’s complementarity principle [162] it is the nature
of the experiment that determines whether we shall observe wave- or particle-like behavior,
it is clear that the nature of the experiment can be changed after it has already taken place.
In other words, the same experiment can retroactively be made to measure wave or particle

properties, or anything in between [152,153,163]. Such a state of affairs is often greeted
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with skepticism, as the experiments seem (to some) to imply that the delayed choice of the
measurement changes the quantum state retroactively, thus violating causality (see, e.g., the
discussion in [163]). The natural interpretation of these results is that a quantum system
has both particle-like and wave-like properties at the same time, and that the results of
measurements can reveal one or a mixture of those characteristics. Due to the classical
nature of the measuring devices, however, they do not—in fact, cannot—reflect the true
nature of the quantum state. In the following, we will make these arguments in a strictly
information-theoretic setting.

We develop the framework of (possibly delayed) complementary measurements (which-
path or which-phase) in terms of a quantum information-theoretic description of the Bell-
state quantum eraser, but the formalism is general and applies equally to any situation where
measurements are made in parallel on two (and in an obvious extension to several) entangled
quantum systems, such as the Garisto-Hardy entanglement eraser [164].

We first describe the ordinary double-slit experiment performed on one half of a Bell
state, then the polarization-tagged version where which-path information can be extracted,
followed by the quantum erasure procedure. In the next section we describe these steps in
terms of classical and quantum information theory that results in an information-theoretic
equality that mirrors (and is completely analogous to) the trade-off between distinguishability
and visibility of Greenberger and Yasin [157] as well as Englert [158]. The equality involves
the coherence of the quantum system and the information obtained about its path just
as Bagan et al. have recently shown [161], but we do not assume a specific form for the
measure of coherence as it emerges naturally from the information-theoretic analysis. The
“conservation law” between coherence and information appears simply as a consequence of

the chain rule for entropies. We offer conclusions in which we suggest what information is
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actually encoded in the measurement devices, given that it cannot reflect information about

the quantum state.

6.2 The Bell-State Quantum Eraser

The Bell-state quantum eraser experiment [165], as illustrated in Fig. 6.1, proceeds as follows.
An entangled pair of photons, A and B, is prepared by spontaneous parametric down-

conversion (SPDC) [34] in the Bell state,

W) 4p = |h>|v>\;r§|v>|h> ’

(6.1)

where the first and second states refer to photons A and B, respectively, and |h), |v) are
the horizontal and vertical linear polarization states. Note that an obvious extension of the
present construction is to allow for arbitrary entangled photon pairs, such as for example
the ¢-Bell states [71] in which a parameter ¢ interpolates between product states (¢ = 0 or
1) and fully entangled states (¢ = 1/2). We mention briefly the consequence of ¢ # 1/2 at
the end of Sec. 6.4.

Photon B, called the “idler”, travels along the upper path where a polarizing beam splitter
(PBS) with its optical axis oriented at an angle € to the |h), |v) basis allows for polarization
measurements in specific bases. Meanwhile, photon A, called the “signal”, travels along the
lower path towards a double-slit apparatus. Photon A will pass through the double slit
to subsequently be detected by a CCD camera (denoted Dy ) from which it is possible to
construct an interference pattern. The pattern is erased by placing two quarter-wave plates
(QWPs) in front of each slit. This tags the path of photon A and provides path information.

See Fig. 6.1 for a schematic of the experiment.
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laser

Figure 6.1: Schematic [165] of the double-slit Bell-state quantum eraser experiment. Af-
ter production of the Bell state (6.1) by type-II spontaneous parametric down-conversion
(SPDC) in the BBO (-barium borate) crystal, photon B travels along the upper branch to
a polarizing beam splitter (PBS), with optical axis oriented at angle 6 relative to the |h), |v)

basis. Its polarization is subsequently measured in the rotated basis by the photodetectors
Dg)), Dg) . Photon A travels down to the quarter-wave plates (QWPs) and double slit, and
then to a CCD camera, denoted Dy, which plays the role of an interference screen.

6.2.1 Splitting the Photon Path

The full wave function describing the entangled pair of photons A and B is

W) 5 = |h>P\U>B\J/r§|U>P|h>B ® o, (6.2)

where the Hilbert space Hy = Hp ® Hg of photon A is composed of polarization P and
spatial ) degrees of freedom. The polarizations of photons A and B, entangled in a Bell
state, are decoupled from the spatial state |¢)) of photon A. We drop the spatial states of
photon B as they remain decoupled throughout. Sending photon A through the double slit

transforms only the spatial states of A so that Eq. (6.2) evolves to

\h)plv)g +v)plh)p _ 1V1)q + |¢2>Q.

W) aB = NG 7
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The states |1Z)j> denote the path of photon A corresponding to slit j. Note that the extension
of this framework to allow for N-path devices is straightforward. The spatial degree of
freedom of A, denoted by @), is still independent from its polarization.

Tracing over the polarization states of photons A and B, the density matrix describing

the spatial modes of photon A is the pure state
1
pa=j (1on)g 1| + [i2dolusl + lin)qlua + a)qlunl). 1)

The expectation value in the position basis |x) of the screen Dy yields the probability to

observe photon A at the spatial location x

2

(alpgla) = plx) = 5|1 (x) + ()] (65)

where we define the coefficients ¢ (z) = (x|¢);). This probability distribution is a coherent
superposition and the usual double-slit interference fringes will be observed on the screen.
In the appendix we show how the characteristic fringes can be derived from a von Neumann

measurement of () by the detector Dx.

6.2.2 Tagging the Photon Path

To extend this discussion to a quantum eraser experiment, a tagging operation is performed
on the two branches of the double-slit apparatus in order to provide information about the
path of photon A. In practice, this is implemented by placing a quarter-wave plate (QWP)
in front of each slit. Recall from Eq. (4.33) in Ch 4.2.1 that the Jones matrix for a general
wave plate oriented at an angle 8 (the fast axis) to our coordinate system (in this case, |h)

and |v)) is [111,112]
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U:<cos<%>+z-sm<%>cos<2ﬁ> isin($) sin(25) ) (6.

isin(§)sin(23) cos(§) — isin(§) cos(25)

where o = /2 for a QWP. More specifically, the QWP in front of slit 1 (slit 2) has its fast

axis at 5 = 45° ( = —45°), which leads to

(+) 1 - o)
U, = — 6.7
QWP /2 (ﬂ 1) (6.7)
where U((QJ\FZ\)fP = U((Ql\avP and éz_ngP = Ug\gvp are the matrices associated with slit 1 and 2,

respectively. These transform linearly polarized states |h) and |v) into circularly polarized

states according to

Ufue 10y = 1,
Ufoe 10 = 220 i),
R L]
Uy L= _ iy,

QWP lv) = NG

where |R) (|L)) denotes right-handed (left-handed) circular polarization.
When photon A passes through the QWPs and the double slit, its polarization becomes

entangled with its spatial degree of freedom so that the wave function (6.2) evolves to

)45 =

1 (|L)plv)g +i|R)plh R)plv)p —i|L)p|h
E<| )Pl >BJ\F/§| )Pl >B®|¢1>Q+| )Pl >B\/§| )Pl >B®w2>@>7 (6.8)

where the tilde indicates that the tagging operation has been performed. Grouping together
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(a) (b)

Figure 6.2: Entropy Venn diagrams showing the effect of the tagging operation. (a) Before
tagging, the polarization of photons A (denoted by P) and B are entangled in a Bell state. (b)
After tagging, the spatial degree of freedom of photon A (denoted by @) becomes entangled
with the polarizations of A and B according to Eq. (6.9).

the polarization states of photon B, we can equivalently express this state as

; W)l RYp — [Y2)olL)p
V2

) 4p =

1 <|¢1>Q|L>P + [v2lollp v} g +

7 7 ® |h>B>. (6.9)

The entanglement between the two degrees of freedom of photon A causes the spatial modes

() to become completely mixed

(lo1) (w1l + [¥2) @(¥al), (6.10)

N =

pPQ =

so that interference is no longer observed on the screen. In Fig. 6.2 we show the entropy
Venn diagrams [59] before (a) and after (b) the tagging operation with the QWPs. In these
diagrams, the sum of all the entries in a circle add up to the entropy of the subsystem,
and the entropy shared between subsystems is indicated in the overlap between circles.
Conditional entropies appear in unshared areas of the circle, and can be negative in quantum

mechanics [58] (they must be positive if they are classical Shannon entropies). Entropies
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shared between three systems (the center of the diagrams in Fig. 6.2) can be negative both
in classical and quantum physics [59]. All of the von Neumann entropies S(p) = —Trplogp
can be calculated in a straightforward manner from the density matrix pgpp = 1045 (V]
and the marginalized density matrices pg = Trpg(poprR): PB = Trgor(PQPB) €tc.

Before tagging [see Eq. (6.2)], @ is completely decoupled from the polarization P of
photon A and of photon B, which together are entangled in a Bell state. After tagging [see
Eq. (6.9)], all three variables @), P, and B are in a tripartite entangled state. Note that
the ternary mutual entropy S(Q : P : B) vanishes in both diagrams since the underlying
density matrix is a pure state [59]. The expression for the ternary shared entropy in terms
of subsystem entropies can be read off the Venn diagram in general as S(Q : P : B) =
S(Q)+ S(P)+S(B)—S(QB)—S(QP)— S(PB)+ S(QPB), and similarly for any pairwise

shared entropies.

6.2.3 Erasing the Photon Path

As is by now well-known [166], it is still possible to extract an interference pattern from the
screen data, even when the system () has been tagged, if we have additional information
about the state of photon B. Suppose we perform a polarization measurement of B in a
basis that is described by an angle 6 relative to the |h), |v) basis. For a general change of

basis, the polarization states of B are written as

lv) B = Unol|0) g + Up1|1) B (6.11)

1h) B = U10l0)g + Un|1) - (6.12)
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For simplicity, we use the following parametrization for the matrix elements U;; of the
rotation operator that transforms |h), |v) to the new basis spanned by [0), |1) in terms of the

single angle 6:

U (cos@ —sm@). (6.13)

sin cos 6

Rewriting the states of B in the basis |0), |1) and entangling B with a polarization detector

Dp transforms Eq. (6.9) to [59]

~ 1 )
[Wanpg=5> " [Wh)q © m)p @ |kk) pp - (6.14)

mk

where k£ = 0,1 labels the polarization of B and Dg while m = 0(“L”),1 (“R”) denotes the

polarization of A, and where we defined the spatial states ]¢%>Q of photon A

WhY o = Unkltn)g — iUmklv2) o, (6.15)

W) o = Utglvn) g — iUk a) - (6.16)

These states describe the spatial state of photon A (the system ) when it has a circular
polarization m and is correlated with photon B that has polarization k. Only the states for

a given polarization m are orthonormal

/

(R oY = S, (6.17)
Kok * X

W7 gy = Ug Utk + Uor Uj - (6.18)

Of course, the state pg derived from (6.14) is still completely mixed as in (6.10) so that
no interference can be observed on the screen. However, as long as the erasure angle 6

is nonzero it is now possible to extract an interference pattern given the outcome of the
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polarization measurement of photon B (even if that measurement occurs much later than
the measurement of photon A).
From the wave function (6.14), we can compute the joint density matrix for photon

A = QP (spatial @ and polarization P) and detector Dg. Tracing over B yields
1 k
pADE=5 D P4 ® k) glkl, (6.19)
k

where the (orthonormal) states of photon A, conditional on the state k of detector Dp, are
pljl = |¢p)(dp| and |@) = \/Lﬁ dom i Wf@@@ |m) p. The effect of the erasure is contained in
the behavior of these states as the measurement angle 6 is varied. For a measurement in the
original basis (# = 0), detector Dp prepares photon A in one of the fully entangled states:
[¢0) o [U1)QlL)p + [W2)qlR) pand |¢1) o [¥1)q|R)p — [¢2)@|L) p- From these expressions
we can infer, with a polarization measurement of photon A, its path. For instance, outcome
k =0, m = L is associated with the spatial state |¢)1) for slit 1. Therefore, polarization
measurements of photon B at § = 0 yield full path information and no interference fringes.

On the other hand, for a measurement in the diagonal basis at § = 7/4, detector Dp
prepares photon A in one of the completely decoupled states: |¢g) o< (|91)g — il12)q) ®
(1) p+ ilR)p) and |61) o ([d1)q + ila)g) ® (—|L)p+ilR)p). Now, a polarization mea-
surement of A cannot reveal path information, and the coherently summed spatial modes
lead to interference fringes. In the appendix, we compute these interference patterns and
show their dependence on the erasure angle . Regardless of the temporal order of the two
polarization measurements, the measurement of B can be seen as state preparation, while

the measurement of A is state determination, that is, extraction of which-path information.
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6.3 Information Theory

6.3.1 State Preparation

We illustrate the quantum erasure mechanism by building on the entropy Venn diagrams in
Fig. 6.2 and constructing the entropic relationships between the random variables @), P, and
Dp from the joint and marginal entropies associated with Eq. (6.19). In the basis |¢;) ® |k)
it is clear that the entropy of (6.19) is S(QPDp) = 1, while the marginal entropies are all
S(Q) = S(P)=S(Dpg) = 1. Tracing over detector Dp, the total entropy of A = QP is also
S(QP) = 1. The pairwise entropy S(PDp) is equal to S(QB) by the Schmidt decomposition
of (6.14), which in turn is equal to S(QDp) by the symmetry between the B and Dp states.

The remaining pairwise entropy is computed from the density matrix
1 k
PQDE =5 D00 @ k) ghl, (6.20)
k

where the state of () conditional on the outcome k of detector Dp is

1
P =5 2 [Um)Q(unl o

_ %(|¢1>Q<¢1’ + |92 (o] +i(—1)F sjn20[w1>Q(¢2| - |¢2>Q<¢1|D'

From this expression, we see that for a given outcome k, the spatial degree of freedom of

photon A is generally no longer mixed |as in Eq. (6.10)] and has a coherence that is controlled

by the sine of the measurement angle. In turn, it is possible to extract interference fringes

from the screen. With the Bloch vector @=—(—1)¥sin(26) ¢, Eq. (6.21) can be expressed as
1

pg =5(1— (—1)k sin(20) oy), where 7 is a unit vector, 1 is the identity matrix of dimension

two, and oy is a Pauli matrix. This density matrix varies from a fully mixed state |a| = 0 at
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Figure 6.3: Entropy Venn diagrams for (a) state preparation with detector Dp [see
Eq. (6.14)], and (b) state determination with detector Dy [see Eq. (6.23)]. Here, S is
the entropy of Eq. (6.21).

6 =0 to a pure state |@| =1 at 6 = 7/4.

To compute the entropy of the block-diagonal matrix in Eq. (6.20), we first find the
entropy of pg. The eigenvalues of ,0152 are Ay = %(H:]cﬂ) = %[H:sin(?@)] and are independent
of the index k, leading to equal entropies S(p%) = S(pé). Therefore, the entropy of (6.20),

which is also equal to the entropy S(PDp), is [25]
! k
S(@Dp) =1+ zk: S(ph) =1+, (6.22)

where S = —Ay log A; — A_log A_ is the entropy of (6.21), and varies from S =1 at § =0
to S=0at 0 =mn/4

The relationship between the variables @), P, and Dpg is summarized by the entropy
Venn diagram in Fig. 6.3(a). As a result of tagging the path of photon A, the spatial and
polarization modes of A are entangled, given the state of Dpg, for S > 0 (6 < 7/4). The
amount of entanglement S varies with the erasure angle 6 and specifies the degree to which

the polarization P can reveal information about the spatial mode ). The non-zero ternary
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mutual entropy S(Q:P:Dp) = 1 — 25 indicates that the mutual entropy of ) and P can

be shared by detector Dp |71].

6.3.2 State Determination

In order to reveal information about the path of photon A, its polarization is measured after
it passes the double-slit apparatus using a detector D 4 in the circular |L), |R) basis. After
the measurement with D 4, the wave function (6.14) evolves to

1,
¥ apBDE = 5 Y i m)q @ lmm)pp , @ kk)Bp - (6.23)

mk

The entropic relations between the variables @), D 4, and Dp are computed from their joint
density matrix, which is found by tracing out the polarization states of photons A and B

from (6.23),
1
pap 4D = + 0 WE) QW @ Im)p ,(m| @ k) K] (6.24)
mk

For a set of outcomes k and m, the corresponding spatial state of photon A is Wﬁ;ﬁ@- It is
straightforward to show that the entropy of Eq. (6.24) is S(QD 4Dp) = 2, while the marginal
entropies are S(Q) = S(D4) = S(Dp) = 1.

Tracing over the spatial states @ in Eq. (6.24), we find that the two polarization detectors

are uncorrelated

1 1
PD4Dp = 51D, @ 5lDp, (6.25)
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with a joint entropy S(DDp) = 2 and
S(Dy: Dpg)=0. (6.26)

Thus, the measurement with D4 reveals no information about the state of Dp. This is
not surprising as the QWPs act as a “controlled-NOT” gate on the polarization. Indeed,

conditioning on the spatial states of photon A yields
S(Dy:Dpg|lQ)=S>0. (6.27)

In a sense, therefore, the states of () encrypt the relationship between the state preparation
with Dp and its readout with D 4.

Tracing out the states of the polarization detector D4 in Eq. (6.24), the joint density
matrix pQp is unchanged from Eq. (6.20), since the measurement with D 4 does not affect
the correlations between () and Dp.

Tracing over the states of Dp in Eq. (6.24), the joint density matrix for @ and D4 in

turn is

1 1 1
pQDA=§Zp8®]m>DA<m\:§1Q®§]IDA, (6.28)
m

where the density matrix of ), conditional on the polarization outcome m of detector D4,

o = %; Wkl = 5 (Wil + lizdglual). (6.29)

which is independent of the polarization index m, and is equivalent to the full density matrix

pq- That is, pg‘ =pQ = %ILQ is a completely mixed state. Finally, the joint entropy of @)
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and Dy is S(QD4) = 2. The entropic relationships between the variables ), D4 and Dpg

are summarized by the Venn diagram in Fig. 6.3(b).

6.3.3 Information-Theoretic Origins of Coherence and Path Infor-

mation
From the marginal and joint entropies computed in the previous section, we can construct
information-theoretic relationships between the variables ), D 4, and Dpg.
6.3.3.1 Coherence
The information shared between the preparation with detector Dp and the quantum system
@ (the spatial state of photon A) is given by the mutual entropy

S(Q:Dp)=1-8<1, (6.30)

with S defined in Eq. (6.22). We can understand how this entropy depends on the erasure
angle 6 by considering two cases. First, from the joint density matrix pgp, in Eq. (6.20), a

measurement, of photon B at an angle § = 0 decouples ) from detector Dp

1 1
0=0: pQDB:§1Q®§1DB’ (6.31)

and the conditional state pg in Eq. (6.21) becomes a statistical mixture, i.e., interference
cannot be observed on the screen. In this case, S(Q : D) = 0 and there is no information

shared between the two variables. However, increasing the erasure angle to 6 = 7 /4 leads to
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perfect correlation
T 1
0="21 pong = 5(1NQU1® 0)p5 (0] +labglal © [1)py 1l). (6.32)

where |f)g = \%(Wﬁ@ — i[thg)g) corresponds to a fringe pattern and |a)g = \%(Wﬁ@ +
il12)q) corresponds to an anti-fringe (phased-shifted) pattern. Now, pOQ = |f)o(f| and
pb = |a)g(a| are coherent superpositions, i.e., it is possible to extract interference on the
screen. At this angle, S(Q : Dg) = 1. Therefore, the mutual entropy S(Q : Dpg) is related
to the coherence of the conditional states plgz, and in turn, to the visibility of interference

fringes as we will see below.

6.3.3.2 Path Information

From the joint density matrix PQD 4 computed in Eq. (6.28), the polarization measurement
with detector D4 reveals nothing about the spatial degree of freedom of A since the joint

state is completely decoupled. It follows that the mutual information vanishes
S(Q:Dy)=0. (6.33)

In other words, if we do not know the outcome of the polarization measurement of photon
B, an attempt to measure the polarization of A after it traverses the double slit and QWPs
will not reveal anything about the spatial state of A. On the other hand, if we do know the

state of Dp, then the conditional mutual information is
S(Q:Dy|Dg)=S >0, (6.34)
and varies with the erasure angle 6.
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To understand the behavior of this quantity as a function of 8, consider the state of @)
and D 4, conditional on the outcome k of Dg. According to Eq. (6.24), this state is pIEQDA =
20 Wk oWk | ® Im)p 4 {m|. For an outcome k = 0 of a polarization measurement of

photon B at angle 6§ = 0,
1
0=0: php, =5 [ W11l ® |L)p, (LI+ Wa)olal ® [R)p,(RI|.  (6.35)

At this angle, the conditional mutual information is maximal, S(Q : Dy|Dg) = 1, and it
is clear that the state of the polarization detector D 4 is associated with one of the states
]zﬂj}Q, so that the measurement can reveal information about the path of photon A. For
instance, an outcome L corresponds to the state |¢1>Q. As the erasure angle 6 increases
from zero to m/4, the information we have about the spatial state of A is reduced to zero,

since the density matrix becomes decoupled:

s 1

0=>1 Pop, =1Holfl®51p, (6.36)

At this angle, S(Q : D4|Dpg) = 0. Therefore, the tagging operation with the QWPs only
reveals information about the path of A as long as we have additional information about the
state of photon B from its polarization measurement with detector Dg. Thus, Eq. (6.34) is

the correct expression for which-path information. Note further that
S(Q:DyDp)=1, (6.37)

which implies that—given the outcomes of both polarization detectors D4 and Dp—it is

possible to predict with certainty the outcome of a direct measurement of the path of photon

A.
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6.4 Discussion

The quantities considered in the previous section can be used to generalize the usual concepts
of coherence and path information, allowing us to construct a more fundamental relation-
ship that is derived from information-theoretic principles and a unitary model of quantum
measurement [59].

Recapitulating the results from the previous section, we know that whether we extract
fringes or antifringes from the screen is controlled by the state of Dp. The visibility of the
fringes is, in turn, related to the coherence of the conditional state plé of @ in Eq. (6.21)
and the mutual information S(Q : D). As we have already seen, at angle § = 0 (0 = 7/4)
the two variables () and Dp are completely uncorrelated (correlated), the conditional state
pg is a statistical mixture (coherent superposition), and we observe no interference (full
interference).

On the other hand, information about the path of photon A is determined by the cor-
relation between its polarization (via the state of detector D 4) and its spatial states. This
correlation is computed from the conditional mutual information S(Q: Dy|Dpg), and must
be conditioned on the state of Dp since () and D, are otherwise uncorrelated. When
6 = 0 (0 = n/4), the variables @ and D4 are completely correlated (uncorrelated) given
Dp, so that D4 can (cannot) reveal path information, and we extract no interference (full
interference) from the screen.

These two information-theoretic quantities, namely, the coherence S(Q : Dpg) of system
@ and its path information S(Q:Dy|Dp), are fundamentally linked through the chain rule

for entropies

S(@Q:Dp)+ S(Q:Da|Dp) = 5(Q:DyDp) =1, (6.38)
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Figure 6.4: Top: Relationship between coherence and path information in (6.38) for the
Bell-state quantum eraser as a function of the erasure angle . Shown are the information-
theoretic quantities for the path information S(Q : Dy|Dpg) = S (solid) and coherence
S(Q:Dp) =1— 5 (dashed). Bottom: The square of the distinguishability D (solid) and
fringe visibility V' (dashed), defined in the text, as a function of the erasure angle . When
6 =0 (0 = m/4) there is full (no) path information and no (full) coherence.

and their sum is conserved throughout the erasure process. This information-theoretic formu-
lation of complementarity generalizes earlier attempts [160,161,167| by explicitly referencing
the measurement devices. We note that the absence of correlations between detectors D 4
and Dg, S(Dy : D) =0, is crucial to enforce complementarity.

We show in the top of Fig. 6.4 the coherence and information in Eq. (6.38) as a function
of the erasure angle 6. From the eigenvalues A+, we can derive an alternative form for the
entropy, S, appearing in the complementarity relation (6.38). First, we rewrite the argument
of the sine function as 2\ = 1 £sin(2[0 + 7/4 — 7/4]). Using the sum-difference formula,
this can be expressed as 2A\+ = 1 F cos(20 4+ 7/2). Finally, by the double-angle formula, we
find 2A\4 = 1 F (1 — 2sin?(0 + 7/4). Therefore, the entropy is S = H|[sin?(0 + 7 /4)]. We

can compare these expressions to two other measures that are commonly used to discuss the

124



wave-particle duality, namely the distinguishability, D, and the visibility, V' [157,158]. In
general, D?21v2< 1, but becomes an equality when the detectors are prepared in pure
states. In the particular case we are discussing, D? = COSQ(2t9), while the fringe visibility
is V2 =sin?(26). They are shown in the bottom part of Fig. 6.4 and exhibit a remarkably
similar behavior when compared to the information-theoretic complementarity principle.
From Eq. (6.38), we can derive additional information-theoretic relations with conditional
and mutual entropies. With the definition of conditional mutual information [59], S(@Q :
Dy|Dp) = S(Q|Dp) — S(Q|DaDp) = S(Q|Dpg), Eq. (6.38) becomes a relation between a

mutual entropy and conditional entropy:

S(Q:Dg) + S(Q|Dg) = 1. (6.39)

Furthermore, S(Q:D4) — S(Q:D4|Dp) = S(Q:D4:Dp) <0, so that Eq. (6.38) becomes

0<S5(Q:Dg)+S(Q:Dp) <1, (6.40)

where the lower bound comes from the non-negativity of mutual entropies. This can be

rewritten in terms of conditional entropies as

1<5(QID4) +5(QI1Dp) <2, (6.41)

where we used S(Q) = 1.
Bagan et al. recently constructed an entropic complementarity relation between coher-
ence and path information in an interferometer [161] using an entropic measure for coherence.

For path states with equal probability, orthogonal detector states, and orthogonal measure-
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ments, their relation can be written as an equality very similar to ours

Crelent(p) + H(M : D) =1, (6.42)

where Clelent () = 1—5(p) is a measure of the coherence of the particle’s state p in the inter-
ferometer, and H(M : D) = S(p) is the path information, which is the mutual entropy of the
path detector states D and the results M of probing them with a measurement. The connec-
tion to our result (6.38) is immediately obvious, as S(p) in Eq. (6.42) is indeed equivalent to
our S, the entropy of the conditional state pg of photon A in Eq. (6.21). However, our mea-
sures of coherence and path information emerge naturally from a full information-theoretic
analysis and yield more insight into the origins of their complementarity, in particular how
the entropy of system @ is distributed among the detectors D 4 and Dp (as summarized by
Fig. 6.3).

We end this discussion by noting that if we prepare photons A and B in an imperfectly
entangled state, e.g., the ¢-Bell state [71] /g |h)|v) + /1 — q|v)|h), the coherence and path
information we derived are modified from their original forms. For an erasure angle § = /4,
we can write down a simple replacement for Eqs. (6.30) and (6.34) that appear in the

complementarity relation of Eq. (6.38). That is,

0= S(Q:Dp)=1-S5(q), (6.43)

1

S(Q: Da|lDp) = 5(q), (6.44)

where S(q) replaces S, the entropy of the state (6.21). The quantity S(¢) is defined by
the eigenvalues A4 = 1/2 + 1/q(1 — ¢). The parameter ¢ controls the initial entanglement

between photons A and B and allows us to extract nonzero path information, at the cost of
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reduced coherence, even when 6 = w/4. Setting ¢ = 1/2 recovers the original result of zero

path information and full coherence, S(¢ = 1/2) = .S = 0, at this erasure angle.

6.5 Interference Patterns

Here we derive the spatial intensity distribution for photon A that is incident on a screen
Dx by modeling the interaction as a von Neumann measurement of the spatial location of

photon A. Expanding the spatial states of A in terms of the position basis yields
n
Wil =Y ¥j(@) |7)q (6.45)
=1

where j = 0,1 labels each slit. The states |x) can be discretized into n distinct locations

according to

z=1) = [100---0),
lz =2) = [010---0),
|t =n) = |[0---001),

which denote the location x at which a photon is detected by Dx. Inserting this basis into
the expression (6.14) and performing the measurement of ) with Dx (which starts in the

initial state |z = 0) = [0---0)), we come to

1

¥ aDyBDR = 5 Y i (@)ex)opy © m)p @ |kk) D, (6.46)

xmk

where we define the coefficients ¥ (z) = <a:|¢f%>Q
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Tracing over A and B in Eq. (6.46), we arrive at the (classical) joint density matrix for

detector Dp and the screen

PDyDp = Zwm )1 12) Dy (2] @ k) p g (K]
o (6.47)

1
=52 Phy @ KDy k|
k

where

p’ij =Y (@) @)Dy (2], (6.48)

are the conditional states of the screen Dy with corresponding conditional probability dis-

tribution
1
=2 Y @) (6.49)
m

Tracing out detector Dp from (6.47) yields the full density matrix for Dy

_ %;@X = 3" p(@)|a) py lal, (6.50)

where the total probability distribution of the screen is

_ %Zpk@;). (6.51)
k

It is straightforward to show that the total probability distribution p(x) for the screen
is completely incoherent due to the cancellation of the cross terms of the two conditional

probabilities. That is,

p(e) = 5 (I @) + o)), (6:52)
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This distribution describes two overlapping intensity peaks on the screen corresponding to
the pattern obtained from each slit individually. From the data as a whole (i.e., when we do
not know the outcome of detector Dp) no interference is observed on the screen.

However, suppose we do know the outcome of the polarization measurement of photon
B. For an outcome k, the conditional state of the screen Dy is given by Eq. (6.48). To
discern the type of interference pattern the probability distribution (6.49) of this density
matrix describes, we rewrite the conditional probability in terms of the original coefficients

Yi(x) = (z[1j) @, which leads to

pr(a) = = |[1(2)[? + [o(@)[* + i (—1)F sin 26 <¢1(ﬂ?) Yo(x)* — apy(z)* ?/Jz(ff))} . (6.53)

N | —

where we used Uy, Uy + Uy Upp = (=1)Fsin20. In general, this expression will describe

interference fringes with a visibility that is controlled by the magnitude of the coefficient

sin 26 in front of the cross terms. Let us consider two specific cases of the erasure angle 6.
First, # = 0 corresponds to a measurement of photon B in the linear |h), |v) basis. In

this case, expression (6.53) reduces to an incoherent sum
0=0: _! 2 2 6.54
2 pr(a) = S (@)1 + 2 (2))°), (6.54)

and describes two overlapping intensity peaks on the screen with no interference. In turn, we
have full information about the path of photon A. Second, § = 7/4 describes a measurement
of photon B in the diagonal |+) = \%(\h}i |v)) basis. In this case, expression (6.53) becomes

a perfectly coherent sum

0=~ ppz) =< [ti() —i (1) Fys(a)| . (6.55)

IS

129



L |

X
Screen

Figure 6.5: Geometry of the double-slit apparatus. The slit width is a, the distance from
the origin to the center of slit j is x;, and the distance between slits is d = |rg — x1]. The
distance from the slits to the screen is L, while the angle from the center of slit j to point x
on the screen is given by tan¢; = (z — x;)/L.

That is, the effect of tagging has been erased since the standard double-slit diffraction pattern
can be observed. In general, given an outcome k for detector Dp, the corresponding state
of the screen is pl]%X with probability distribution pg(z). This leads to fringes with a level
of visibility that is determined by the erasure angle . The distribution for £ = 0 is phase
shifted relative to £ = 1, so that depending on the state of Dpg, one observes either fringes
or antifringes. Therefore, measuring photon B in a basis characterized by the angle 8 allows
one to tune the visibility of the interference fringes from the standard two-slit diffraction to
single-slit diffraction [153].

To explicitly compute the interference patterns, we write the coefficients of the jth slit

for a photon of wavelength A as [168|

Yj(r) = e I (6.56)

where o = wa sin ¢j/)\. The geometry of the double-slit apparatus (see Fig. 6.5) is described
by the slit width a, the distance z; to the center of the jth slit, the angle ¢; = tan~!((z —

x;)/L) from the center of slit j to the position z on the screen, and the distance L from the
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Figure 6.6: Intensity distributions in the quantum eraser. The conditional distributions
pr(z) are plotted as a function of the position on the screen, z, in meters, and normalized so
that the maximum is at 1. The solid gray (black dotted) oscillations describe the interference
pattern pg(x) (p1(x)) of photon A conditional on outcome k = 0 (k = 1) of detector Dp.
The solid black line is the total distribution p(x) and is the single-slit diffraction result.
Parameters for this specific case are a = 10 um, d = 20 yum, L = 1 m, and A = 702 nm. Top
to bottom: probability distributions for three erasure angles 6 =0, 0 = 7/16, 6 = 7 /4.

slits to the screen. For a single slit at the origin, the intensity corresponding to detection of
a photon at position x on the screen is

sin o 2

[ ()] = , (6.57)

Q

which is the standard result for single-slit Fraunhofer diffraction. For two slits separated by
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a distance d = |z9 — x|, the coefficients for each slit are coherently added. In the far-field
limit L > d, we can use the approximation ¢; = ¢ = tan~!(z/L). Using the coefficients
¥;(x) in the expression (6.53) for py(x), leads to the interference patterns for the intensity
shown in Fig. 6.6. The two patterns pg(z) and pi(z) are shifted relative to each other on
the screen, and the envelope of each pattern is a single-slit diffraction pattern. We show the
distributions for three erasure angles: § = 0, 7/16, 7/4. For a measurement in the linear
|h), |v) basis (§ = 0), there is no interference on the screen, since there is full information
about the path of photon A. As the erasure angle increases to /4 (a measurement in the
diagonal |£) basis), the oscillations increase to the level of the usual interference pattern
for two-slit diffraction. The solid black line is the total distribution p(z), which is the full
data observed in the experiment, and shows no interference. Only by knowing the outcome
k of detector Dp can one extract the associated conditional distribution py(z) from the full

distribution p(z).

6.6 Conclusions

We prefer to tread lightly when using our results to discuss aspects of quantum theory
that have been discussed in a controversial manner since the discussions between Bohr and
Einstein concerning these matters [169]. Nevertheless, we believe some statements can be
made unequivocally. For example, it is now clear (and has been pointed out repeatedly
before us), that a quantum system not only carries both particle and wave attributes, but
that these quantities are manifested in measurement devices in a fluid manner. In particular,
the dynamics of the Bell-state quantum eraser, which allows us to give measurements different

“meanings” depending on what state preparation we may choose after the state determination
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has taken place, cannot possibly be consistent with a picture of quantum measurement in
which the quantum state is irreversibly projected so as to be consistent with the state of
the measurement device. The actuality of not only information erasure, but the production
of alternative outcomes via the retroactive manipulation of state preparation, confirms the
picture that the wave function after measurement continues to carry amplitudes that are not
consistent with the state of the measurement device.

That the quantum state can be inconsistent with the state of the measurement device
should not come as a surprise to practitioners of quantum information science. After all,
the idea of the classical measurement, in which the state of the system to be measured
is copied onto the state of the measurement device, cannot carry over to quantum me-
chanics on account of the no-cloning theorem [36,37|. Indeed, the central idea of classical
measurement—in which the variation of the system is fully correlated with the variation in
the device—is impossible for pure quantum states that carry no entropy whatsoever.

Of course, mixed quantum states (pure joint states with a reference state traced out)
can carry entropy, and this entropy can be shared with classical measurement devices. This
appears to be the case in the construction described here, as the entropy of the system @ is
exactly one bit (in the ideal case whose extension was discussed in Sec. 6.4). If the classical
device (here the device D 4) cannot carry information about the state of @, what information
does it reflect? In our view, a classical device’s state must be consistent with the state of
other classical measurement devices, so as to ensure a causally consistent world. Here,
the information S(Q : D4|Dpg) predicts the outcome of a measurement of the which-path
information that would be obtained if a device was placed squarely in the path of the beam.
Of course, such a device would record a random outcome (the photon would be found in

state 11 half the time), and D 4 would perfectly predict this random outcome. Still, neither
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of these states predict the state of (), which after all is neither here nor there. We are thus
forced to admit that our classical devices do not (and cannot) reveal to us the quantum reality
underlying our classical world [170]. However, experimental (and theoretical) ingenuity has
allowed us to be aware of our classical device’s deceptions, and shown us the path to perhaps

design even more clever schemes to lift the veil from the underlying quantum reality.
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Chapter 7

Consecutive Quantum Measurements

7.1 Introduction

Consecutive measurements performed on the same quantum system can reveal fundamental
insights into quantum theory’s causal structure, and probe different aspects of the quantum
measurement, problem. According to the Copenhagen interpretation, measurements affect
the quantum system in such a way that the quantum superposition collapses after the mea-
surement, erasing any knowledge of the prior state. We show here that counter to this view,
unamplified measurements (measurements where all variables comprising a pointer are con-
trollable) have coherent ancilla density matrices that encode the memory of the entire set
of quantum measurements, and that the quantum chain of a set of consecutive unamplified
measurements is non-Markovian. In contrast, sequences of amplified measurements (mea-
surements where at least one pointer variable has been lost) are equivalent to a quantum
Markov chain. An analysis of arbitrary non-Markovian quantum chains of measurements re-
veals that all of the information necessary to reconstruct the chain is encoded on its boundary
(the state preparation and the final measurement), reminiscent of the holographic principle.

The physics of consecutive (sequential) measurements on the same quantum system has
enjoyed increased attention as of late, as it probes the causal structure of quantum mechan-

ics [171]. It is of interest to researchers concerned about the apparent lack of time-reversal
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invariance of Born’s rule [172,173], as well as to those developing a consistent formulation of
covariant quantum mechanics [174,175|, which does not allow for a time variable to define
the order of (possibly non-commuting) projections [176].

Consecutive measurements can be seen to challenge our understanding of quantum theory
in an altogether different manner, however. According to standard theory, a measurement
causes the state of a quantum system to “collapse”, repreparing it as an eigenstate of the
measured operator so that after multiple consecutive measurements on the quantum system
any information about the initial preparation is erased. However, recent investigations of
sequential measurements on a single quantum system with the purpose of optimal state
discrimination have already hinted that quantum information survives the collapse [177,178],
and that information about a chain of sequential measurements can be retrieved from the
final quantum state [179].

Here we investigate the circumstances that make chains of quantum measurements “Marko-
vian” (meaning that each consecutive measurement “wipes the slate clean” so that retrodic-
tion of quantum states [179] is impossible) and under what conditions the quantum trajectory
remains coherent so that the memory of previous measurements is preserved.

In particular, we study the relative state of measurement devices (both quantum and clas-
sical) in terms of quantum information theory, to ascertain how much information about the
quantum state appears in the measurement devices, and how this information is distributed.
We find that a crucial distinction refers to the “amplifiability” of a quantum measurement,
that is, whether a result is encoded in the states of a closed or an open system, and con-
clude that a unitary relative-state description makes predictions that are different from a
formalism that assumes quantum state reduction.

While the suggestion that the relative state description of quantum measurement [17]
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(see also [59,140,141,145,180]) and the Copenhagen interpretation are at odds and may
lead to measurable differences has been made before [145,180], here we frame the problem
of consecutive measurements in the language of quantum information theory, which allows
us to make these differences manifest.

We begin with the unitary description of quantum measurement [59, 140, 141] discussed
previously in Chs. 4 and 5, and apply it in Sec. 7.2 to a sequence of quantum measurements
where the pointer—meaning a set of quantum ancilla states—remains under full control of the
experimenter. In such a closed system, the pointer can in principle decohere if it is composed
of more than one qubit, but this decoherence can be reversed in general. We prove in
Theorems 1 and 2 properties of the entropy of a chain of consecutive measurements that imply
that the entropy of such chains resides in the last (or first and last) measurements. We then
show that for coherence to be preserved in such chains, measurements cannot be arbitrarily
amplified—in contrast to the macroscopic measurement devices that are necessarily open
systems.

In Sec. 7.3, we analyze sequences of amplifiable—that is, macroscopic—measurements
and prove in Theorem 3 that amplified measurement sequences are Markovian. Corollary 3.1
asserts an information-theoretic statement of the general idea that two macroscopic measure-
ments anywhere on a Markov chain must be uncorrelated given the state of all the measure-
ment devices that separate them in the chain. This corollary epitomizes the essence of the
Copenhagen idea of quantum state reduction in terms of the conditional independence of
measurement devices that are not immediately in each other’s past or future. It is consistent
with the notion that the measurements collapsed the state of the wave function, erasing any
conditional information that a detector could have had about prior measurements. How-

ever, no irreversible reduction occurs and all coefficients in the underlying pure-state wave
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Figure 7.1: Illustration of consecutive measurements of a quantum system, @), using devices
A1, Ag, and A3 (numbers indicate the time ordering of the measurement sequence). We will
see how the ancillae A1, A9, and A3 become entangled with the quantum system during the
measurement, process and compute how information is distributed throughout the subsys-

tems. This scheme can be extended to a sequence of n consecutive measurements, which will
be considered in the later sections.

NI

function continue to evolve unitarily.

Section 7.4 unifies the two previous sections by proving three statements (Theorems 4, 5,
and 6) that relate information-theoretic quantities pertaining to unamplified measurements
to the corresponding expressions for amplified measurements. We show that, in general,
amplification leads to a loss of information.

After a brief application of the collected concepts and results to standards such as quan-

tum state preparation and the quantum Zeno effect in Sec. 7.5, we close with conclusions.

7.2 Non-Markovian Quantum Measurements

In Ch. 5 we introduced the concept of non-Markovian measurements as those sequences
of measurements that are not amplified by macroscopic devices, which we called D. In
preparation for Theorem 3 in Sec. 7.3.4 that establishes this correspondence, we first consider

consecutive measurements (see Fig. 7.1) with quantum ancillae of prepared and unprepared
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quantum states (recall Ch. 5.3 for these definitions), and demonstrate the non-Markovian
character of the chain of ancillae. Throughout, we assume that the measurements are made
on a short enough time scale so that the free evolution of the quantum system during the
sequence of measurements can be neglected. In the following, we will use entropy Venn
diagrams to study the correlations between subsystems and the distribution of entropies

during consecutive measurements.

7.2.1 Consecutive Measurements Prepared Quantum States

Building on the discussion from Ch. 5 where we described a single measurement of a quan-
tum system, we now introduce a second ancilla A9 that measures (). This measurement
corresponds to a new observable with an eigenbasis |Z2) that is rotated with respect to the
basis of the first observable, |z1), via the unitary transformation Ué?)@ = (To|71). Unitarity
requires that

S0, v s

2 (7.1)
; U, Uﬁ);é =3yt

After entangling Q and Ao with an operator analogous to (5.74), the wave function (5.75)

evolves to

QA1 A9) = 3 o) UL, 7o w10a), (72)
L1122

where the orthogonal basis of the second ancilla, As, is formed from the states |z2).
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Tracing out @), the quantum ancillae are correlated according to the joint density matrix,
(A1 As) Z a! U2 UD* o 29) (@ o) (7.3)

1 2 zl :z:lmg x’le 142/\L1421, .
while A; and Ay together are entangled with the quantum system. The marginal ancilla

density matrices, obtained from (7.3), are

= > a el =12 (7.4)
j
where qﬁ}f = |04§311)|2 is the probability distribution of ancilla Ay, while the probability dis-

tribution of As is the incoherent sum (a sum of squares), qu le o ffl |2 |le$2|2 We
can compare this expression to the coherent probability distribution (a square of sums),
} le 049(,;11) Ua(%)xQ ’2 for Ag had the first measurement with Ay never occurred. The marginal
entropy of both A; and Ay is the Shannon entropy S(A4;) = H [q(i)] of the probability distribu-
tion qé?. Recall from Chs. 3.2 and 5.3 that we denote the Shannon entropy of a d-dimensional
probability distribution p,; by H [p] = — Zdi_:lo Pa; 1084 Pa;» while the von Neumann entropy
of a density matrix p(X) is defined as S(X) = S(p(X)) = —Tr [p(X) logg p(X)]. Taking the

logarithm to the base d gives entropies the units “dits”.

A third measurement of (Q with an ancilla Ag yields

1 2 3 ~
QA1 AgA3) = ) agzl) Uz(l)m2 U$(2)173 |73 717223), (7.5)
112223
where Ugg2)333 (x3|T9) describes the relative transformation between the bases of the third

and second observables, and |x3) are the basis states of ancilla A3. The quantum system is

entangled with all three ancillae in (7.5), as illustrated by the negative conditional entropies
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Q A1Ar A3

Figure 7.2: Entropy Venn diagram for the state (7.5). The presence of negative conditional
entropies reveals that the quantum system, (), is entangled with all three ancillae, Ay, Ao,
and As. In this figure, we use the notation S3 = S(A3), which is the marginal entropy of
the last ancilla Ag in the measurement sequence. To generalize this diagram from three to n
consecutive measurements of a prepared quantum system, S5 is replaced by S, the entropy
of the last ancilla, A, in the chain.

in Fig. 7.2. The degree of entanglement is controlled by the marginal entropy S(Asg) = H[q(?’)]
. .1s N . 3 1 2 3 .
of ancilla As, for the probability distribution qég) = le@ ya§1)|2 |U;l(;1>j;2|2 |U§;2)$3|2. This
procedure can be repeated for an arbitrary number of consecutive measurements and can be
used to succinctly describe the quantum Zeno and anti-Zeno effects (see Sec. 7.5.1). In the

following sections we will quantify how information is distributed in states like (7.5), and

how that distribution changes when the measurements are amplified.

7.2.2 Consecutive Measurements of Unprepared Quantum States

Sequential measurements of an unprepared quantum system yield entropy distributions be-
tween the quantum system and ancillae that are different from those created by measure-
ments of prepared quantum systems (see Sec. 7.2.1). In this section, we consider a sequence
of measurements of an unprepared quantum system that is initially entangled with a refer-
ence system as in (5.79). Adding to the calculations in Sec. 5.3.2, we measure () again in

a rotated basis Ugg?l.2 = (Zo|T1), by entangling it with an ancilla Ao. Then, with |z9) the
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basis states of ancilla A9, the wave function (5.81) becomes

1 2) i~
[QRA1Ag) = — )~ Ux(l)l’Q Ty x12179) - (7.6)
Vi i,

It is straightforward to show that the marginal ancilla density matrices are maximally mixed,
p(A1)=p(A2)=1/d 1, where 1 is the identity matrix of dimension d. It follows that A; and
A9 have maximum entropy S(A1) = S(Ag) = 1. Recall that all logarithms are taken to the
base d, giving entropies units of dits. If d = 2, the units are bits. The joint state of Ay and
Ag is diagonal in the ancilla product basis,

p(A1dg) = & 3" faa) 1] ©3 (U2, ) ] (7.7

] 79

in contrast to Eq. (7.3). Still, the quantum ancillae A1 and As are correlated. Equations (7.3)
and (7.7) immediately imply that if the quantum system is measured repeatedly in the same
basis (Ugg)f2 = Oz ;L»Q) by independent devices, all of those devices will be perfectly correlated
and will reflect the same outcome [59, 140].

Let us entangle a third ancilla, A3, with the quantum system and perform a measurement

of an observable with eigenbasis rotated via Ux(:;)f?) = (T3|T2). We find that (7.6) evolves to
R A Ag) = — S v, vl |F 7.8
|QRA1 A2 A3) > Uswy Unyeg [T3 2121 2973). (7.8)

The entropic relationships between the variables @), R, and Aj A3 A3 are shown in Fig. 7.3.
The zero ternary mutual entropy, S(Q : R : AjAsA3) = 0, indicates that the entropy
S(A1Asz) = Sig that is shared by R and A1 A9A3 is not shared with the quantum system.
Tracing out the reference state, we find that the quantum system is entangled with all three

ancillae. However, this entanglement is now shared with the reference system, which yields
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A1 Az A3 A1 A5 Az

(a) (b)

Figure 7.3: Entropy Venn diagrams for the pure state (7.8), where S35 = S(A;Aj3) is the
joint entropy of Eq. (7.11). (a) The entropy S13 that is shared by the reference state, R, and
the chain of ancillae, A]AgAs, is not shared with the quantum system, @), since the ternary
mutual entropy vanishes: S(Q : R : AjAsAs3) = 0. (b) Tracing out the reference leaves
(@ entangled with all ancillae. To generalize these diagrams from three to n consecutive
measurements of an unprepared quantum system, Si3 is replaced by Sy, the joint entropy
of the first and last ancillae, A; and Ay, in the chain.

a Venn diagram that is different from Fig. 7.2.

Consecutive measurements provide a unique opportunity to extract information about
the state of the quantum system from the correlations created between the ancillae, as we do
not directly observe either the quantum system or the reference. Tracing out @) and R from

the full density matrix associated with Eq. (7.8) yields the joint state of the three ancillae,
p(A1A2A3) = < Z |21) (1] ®Z leazQ 9] ®Z Ux2x3 | 3){(x3|. (7.9)

Unlike the pairwise state p(Aj1As) in Eq. (7.7), the state of all three ancillae is not an
incoherent mixture. Performing a third measurement has, in a sense, revived the coherence
of the A9 subsystem.

An apparent collapse has taken place after the second consecutive measurement in Eq. (7.7)
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as the corresponding density matrix has no off-diagonal terms. However, the third measure-
ment seemingly undoes this projection, as can be seen from the appearance of off-diagonal
terms in Eq. (7.9). This “reversal” is different from protocols that can “un-collapse” weak
measurements [181,182], because it is clear that the wave function (7.8) underlying the den-
sity matrix (7.9) remains a pure state. The presence of the cross terms in Eq. (7.9) has
fundamental consequences for our understanding of the measurement process, and may open
up avenues for developing new quantum protocols. In particular, the cross terms in Eq. (7.9)
enable the implementation of disentangling protocols [183] (see Ch. 8).

As mentioned in Sec. 5.3.3, the ancilla A; may be composed of a large number of qudits.
To account for a possibly macroscopic ancilla, we suppose that n qudits Agl) e Agn) , which
comprise the ith ancilla A;, measure the quantum system. In this case, the joint density

matrix (7.9) is extended to

xlwé

1 2 2
(AL AgAz) — E% 1)o@ Y U, UP oy o) (e )

$2$é

(7.10)
3 3
0> U, Ui,;s (5. .. 3){zs .. . z3).
3

In principle, accounting for macroscopic ancillae does not destroy the coherence of the joint
state (7.10), which is concentrated in the Ag subsystem. The coherence is protected as long
as no qudits in the intermediate ancilla A9 are ‘lost’, implying a trace over their states, which
removes all off-diagonal terms. In practical implementations, it may be effectively impossible
to prevent decoherence when the number of qudits is sufficiently large. On the other hand,
the pairwise density matrices p(A1A2), p(AgsA3), and p(A;As) are unaffected by a loss of
qudits as they are already diagonal. In addition, it can be easily shown that the coherence

in Egs. (7.9) and (7.10) is fully destroyed if just the A measurement is amplified by a device
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Do (as we will see in Sec. 7.3.3). That is, amplification of the first and last ancillae has no
effect on the coherence of (7.9) and (7.10).

From the joint ancilla density matrix (7.9), we now derive several properties of the chain
of quantum ancillae and summarize them using an entropy Venn diagram between Ap, Ao,
and As. First, we construct all three pairwise ancilla density matrices and compute their
entropies. Tracing out As from the joint density matrix (7.9) recovers p(AjAs) in Eq. (7.7),
as it should because the interaction between ) and Ag does not influence the past interactions
of @ with Ay and As. Tracing over As in Eq. (7.9) gives

p(A1A3) = Z|Jf1 DY |Ux2x3|2 |Ux2m3|2|5153><173| (7.11)
1 T2T3

while tracing over A; yields
p(A2A3) = - Z |29) (z2| @ Z |Ux2x3|2 |z3) (23] - (7.12)

All three pairwise density matrices are diagonal in the ancilla product basis (see Theorem 2
in Sec. 7.2.3 for a general proof). We take “diagonal in the ancilla product basis” to be
synonymous with “classical”. From Eqs. (7.7), (7.11), and (7.12), we can calculate the entropy
of each pair of ancillae and of the joint state of all three ancillae from Eq. (7.9). The pairwise

entropies are

1 2 2
S(A142) = 1= =3 [Ushy [ loga [US3r, (7.13)
172
1 3 3
S(AgAs) =1 = o > Ul P logg U gl (7.14)
1273
1
S(A1A3) =1— 1 Z ‘5T11‘3|21 084 ’6$1T3‘2 (7.15)
173
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Figure 7.4: Entropy relationships for three quantum ancillae that measured an unprepared
quantum system. The vanishing conditional entropy, S(A2]A1Asz) = 0, is a consequence
of the property that the entropy of the entire ancilla chain is equal to the entropy of the

borders, S(AjA2As) = S(A1Ag). This will be discussed more in Sec. 7.2.3. In this figure,
S(A;A;) = S;; denotes the pairwise entropy of any two ancillae A; and A;.

where |63(311%,;)3|2 = ZJC? |U£?)UPE2|2|U£)$3|2. Furthermore, it is straightforward to show that
S(A1A2A3), the entropy of p(A1A2A3) in Eq. (7.9), is equal to S(A;Asz). This equality
holds for any set of three consecutive measurements in an arbitrarily-long measurement
chain as we will later prove in Theorem 2 of Sec. 7.2.3. With these joint entropies, we
construct the entropy Venn diagram for the three ancillae that consecutively measured an
unprepared quantum system, as shown in Fig. 7.4.

We apply the formalism presented thus far to the specific case of qubits (Hilbert space
dimension d =2). The eigenbasis of the second observable that is measured using ancilla
A9 is rotated relative to the basis of the first observable by an angle 6. Similarly, the
eigenbasis of the third observable measured using As3 is at an angle 63 relative to the second
observable. If we consider observables with eigenbases in the zz plane of the Bloch sphere,

we can implement the basis transformations with the rotation matrix,
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Figure 7.5: Diagram for three qubit ancillae that measured an unprepared quantum system.
The eigenbasis of the second observable is at an angle 05 = 7/4 relative to the basis of the
first observable and likewise for the third observable.

() _ <cos(9i) —sin(&i)) . (7.16)

For measurements at 0y =03 =m/4, for example, we have \Ua(j?x2 2= |Uf;)x3|2 =1/2, and we
expect each ancilla to be maximally entropic: S(A1) = S(A2) = S(A3) =1 bit. The joint
entropy of each pair of ancillae is two bits, as can be read off of Eqgs. (7.13-7.15). Because
of the non-diagonal nature of p(A1A2A3) in Eq. (7.9), the joint density matrix of the three

ancillae (using o, the third Pauli matrix, and 1, the 2 x 2 identity matrix),
(7.17)

has entropy S(AjAsA3) = 2 bits, as can be checked by finding the eigenvalues of (7.17).
Figure 7.5 summarizes the entropic relationships for unamplified consecutive qubit measure-
ments at o = 03 = 7 /4.

It is instructive to note that the Venn diagram in Fig. 7.5 is the same as the one obtained
for a one-time binary cryptographic pad where two classical binary variables (the source

and the key) are combined to a third (the message) via a controlled-NOT operation [184]
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(the density matrices underlying the Venn diagrams are very different, however). The Venn
diagram implies that the state of any one of the three quantum ancillae can be predicted
from knowing the joint state of the two others. However, the prediction of As, for example,
cannot be achieved using expectation values from As’s and Aj’s states separately, as the
diagonal of Eqgs. (7.9) and (7.17) corresponds to a uniform probability distribution. Thus,

quantum coherence can be seen to encrypt classical information about past states.

7.2.3 Coherence of the Chain of Unamplified Measurements

So far we have seen that the joint ancilla density matrices describing unamplified measure-
ments generally contain a non-vanishing degree of coherence. This suggests that coherence is
not lost in the measurement sequence, but is actually contained in specific ancilla subsystems.
In this section, we extend our unitary description of consecutive unamplified measurements
of a quantum system to an arbitrarily-long chain of ancillae, and derive several properties of
the measurement chain.

Many of the joint ancilla density matrices that we have encountered in describing con-
secutive quantum measurements are so-called “classical-quantum states” (recall Ch. 3.4.2, or
see Ref. [76]). Such states have a block-diagonal structure of the form p =), p; p; ® |i) (i,
where the density matrix p; appears with probability p;. In addition, the ancilla states that
we derive here have the property that the density matrices p; are always pure quantum
superpositions (we defined the purity of a quantum state in Ch. 2.2, which is 1 for a pure
state and 1/d for a completely mixed state of dimension d).

For measurements of a prepared quantum system, classical-quantum states occur in
the joint density matrices of two or more consecutive ancillae. For instance, recall the

state p(A1As) from Eq. (7.3) that resulted from two measurements of a prepared quantum
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system. We can diagonalize this state with the set of non-orthogonal states oz%) [V2y) =
le aéll) Uﬁz@ |z1) for subsystem Aqp, so that (7.3) appears as
p(A14s) = 37 g8 1y} (tay| ® |22} (], (7.18)
2

where the normalization is equal to the probability distribution for the second ancilla Ao,
2 2 1 2
qf(€2) = !a§:2)|2 = Z ’&r(rl)IQ ’Uél):v2|2- (7.19)
x

On the other hand, classical-quantum states occur for measurements of unprepared quan-
tum systems when there are at least three consecutive measurements, as the first measure-
ment in that sequence can be viewed as the state preparation. For example, Eq. (7.9) can
be diagonalized with the set of non-orthogonal states 5x1x3 |Gz y2g) = sz Ux(?)@ Uf;)mg E2)

for the Ag subsystem, so that
p(A1AgA3) = Z pxlxg |[w123) (2123 @ [Py 23) (Prq 23], (7.20)
x1x3

where the normalization is

13) 2 3
i, = 188312 = S, 21U, 1 (7.21)

2
Evidently, from (7.18) and (7.20), each density matrix p; in the general state p =
> iDipi @ |i)(i] corresponds to a pure state in our ancilla density matrices. This leads
to an interesting observation that the entropy of a chain of ancillae is contained in either
just the last device or in both the first and last devices together. In the first example above
for p(A1A9), it is straightforward to show using Eq. (7.18) that S(A1As) = S(A2). That is,

the entropy of the sequence AjAsg is found at the end of the chain, Ao. From the definition
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of conditional entropy [58], it follows that the entropy of Ay vanishes (it is in the pure state

|¢x2>), given the state of As:

S(A1]Ag) = S(A1A2) — S(Ag) = 0. (7.22)

In the second example above for p(A1A2A43), we find from Eq. (7.20) that S(A;A3) =
S(A1A2As). In other words, the entropy of the chain resides in the boundary, A; and As.
It follows that, given the joint state of A; and As, Ao’s state has zero entropy (see the gray

region in Fig. 7.4) and is fully determined (it is in the pure state |¢x;z4)):

S(Ag|A1A3) = S(A14243) — S(A143) = 0. (7.23)

In the following Theorems 1 and 2, we extend these results to an arbitrarily-long chain of
quantum ancillae. These findings are important as they show that unamplified measurement
chains retain a finite amount of coherence. Specifically, for measurements on unprepared
quantum states, the coherence is contained in all ancillae up to the last, while for unprepared
quantum states it is contained in all ancillae except for the boundary.

To begin, we define (ancilla) random variables A; that take on states x; with probabilities
qgi). Each ancilla has d orthogonal states and the set of outcomes for the ¢th ancilla is labeled

by the index x;, where x; =0,...,d — 1.

Theorem 1. The density matriz describing 7 + 1 ancillae that consecutively measured a
prepared quantum system s a classical-quantum state such that its joint entropy is contained

only in the last device in the measurement chain. That is,

S(A1... Aj 1) = S(Aj41). (7.24)
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Proof. Generalizing the result (7.5), the wave function |V) = [QA; ... A; 1) for j + 1 con-
secutive measurements of a prepared quantum state is
(1) ;(2) (j+1)
W) = Z oz Uzizg - i Zjp1 2100 252 j41). (7.25)
xl...xj_H

The first ket |§j+1> in the joint state on the right hand side of (7.25) describes the quantum
system, which is written in the eigenbasis of the last measured observable. Each A; measures
an observable with an eigenbasis that is rotated relative to the basis of the previous observable
such that Uggli)_l,%. — (7;|%i_1). The unitarity of U(®) requires that

U ;=0
Z Z 1IZ xl ]_J} "L‘Z.’L‘/7

i
Ti—1

(1) @ _
; Uxi—linxé_lzi - 5957;_19;;_1 :

(7.26)

Recasting expression (7.25) in terms of the following set of non-orthogonal states,

+1) 1 2 +1)
O‘(jy+1 |w~’%+1> Zo‘gfl) Uf£1)~”62"' igi Tj+1 21 z), (7.27)
1
yields
1) |~
=3 angH) 41 Yoy Ti41): (7.28)
Tj+1

This is not a true tripartite Schmidt decomposition [74] as the states |¢“1’j+1> are not or-
thogonal: the partial inner product <¢xj+1 |¥) does not give a state with a Schmidt number

of one. Although the states Wﬂ?j +1> are not orthogonal, they are normalized according to

I+ Ur) 2 2 (G+1) 2
qg’jJrl) o j+1 Z ’ Qzq | ‘Uﬁﬂug‘ x]:c]Jrl’ (7.29)
xl CC
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which is the probability distribution of ancilla A;_.
Tracing out the quantum system from the density matrix |¥)(¥| formed from (7.28), the

state of all 7 + 1 ancillae can be written as

+1
p(AL. Ajp1) =) CI:%H) [V 1) (W q | ® |2jp0) (241 (7.30)
.%‘j+1

This state is non-diagonal in the ancilla product basis |z1---2;41), but is diagonalized
by (7.27). The density matrix (7.30) is a classical-quantum state where the first j ancillae
are in the pure state wxj +1>. In the following, we will compute the entropy of the joint
state (7.30) and show that it is equal to the entropy of the last ancilla, A;1.

The appearance of classical-quantum states in the sequence of measurements leads to
the interesting (and perhaps surprising) observation that the joint entropy of all ancillae in
Eq. (7.30) resides only in the last device in the measurement chain. Since the joint state

|w$]_+1> ® |zj41) is orthonormal, it is easy to see that the entropy of (7.30) is equal to the

Shannon entropy of the probability distribution qg(cjjill) This is equivalent to the entropy of
the last ancilla, so that

]

Note that this implies that there is an upper bound to the joint entropy: max[S(A7 ... Aj+1)] =
max|[Sj41] = 1.

From this property, it immediately follows that the entropy of the first j ancillae, condi-
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Ajy Al A

Figure 7.6: Diagram for the unamplified measurement sequence with ancillae Ay, Ag, ...,
Aj, Ajyq. According to (7.30), the joint entropy of the first j ancillae vanishes when given
Ajy1, since the entropy resides only at the end of the chain. In this figure, we use the
notation Sj. = S(Ay,) for the marginal entropy of the kth ancilla.

tional on the state of the last ancilla, vanishes,
S(A1.. AjlAj) = S(A1.. . Aj11) — S(Aj4) = 0. (7.32)

Therefore, if the state of the end of the measurement chain is known, then all preceding
ancillae exist in a pure quantum superposition: The state of Ay ... A; is fully determined
(a zero entropy state), given A;,q. This implies that the entropy of all ancillae in an
arbitrarily-long sequence of measurements resides only at the end of the chain. The entropy

Venn diagram for these two subsystems is shown in Fig. 7.6.

Theorem 2. For j + 1 consecutive measurements of an unprepared quantum system, where
the reference is traced out, the density matrixz for three or more consecutive ancillae is a
classical-quantum state such that its joint entropy is contained only in the first and last

device of the measurement chain. That is,
S(AiflAi ce AjAj+1> = S(AiflAj+1). (7.33)

Proof. Generalizing the result (7.8), the wave function [¥') = [QRAy... Ajq) of j + 1
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ancillae that consecutively measured an unprepared quantum state is

Z Uazla;Q Uy xj+1|$y+1 T1 1T - Tjp1). (7.34)
xl Cﬂ
Of the full set of consecutive measurements, consider the subset A; 1, A;, ..., Aj, Aj i1,

where 1 < ¢ < j. Tracing out @, the reference, and all other ancilla states from the full
density matrix |U/)(¥’|, and using the unitarity of each U() as stated in Eq. (7.26), the
density matrix for this subset can be written as
A (i=1,j+1) . . .

p( 1—1- j—l—l d Z Ti 17541 |ZEZ_1><ZE2_1| ® |¢xi_1xj+1><¢xi_1xj+1| ® |ZL‘]+1><ZE]+1’.

Ti—1

Tl

(7.35)

In the following, we will compute the entropy of this state and show that it is equal to the
entropy of p(A4;_14;41).

The density matrix (7.35) is a classical-quantum state with the intermediate ancillae
Aj, ..., Ajin the pure state |¢xi—1xj+1>‘ In the ancilla product basis [v; _12; ... z;7;1), this
matrix is block-diagonal due to the non-diagonality of the subsystem A;, ..., A;. However,
it is diagonalized by the non-orthogonal states

(i 17j+1 (j+1 '
B q2j41 |92 i) Z us} ziywy - Usjagyy [0 ), (7.36)

which are normalized according to

(i—1,j+1) 1,54+1) 2 (J+1) |2
Prj_qrjq = ’ﬁxz lzj+1’ Z |U lxz ’Urjx]—&-l‘ (7.37)
xi...x
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These normalization coefficients obey the sum rule
(i-1j+1) _ (i—=1j+1) _
> Paj_yzjiq = > Pa fzjy =1 (7.38)
Ti—1 Ti+1
The density matrix for any two ancillae is already diagonal in the ancilla product basis

(it is classical). For example, the joint state of A;_1 and Aj,q is

1 i—1,5+1
p(Ai14j41) = - > pu%_léﬁ)l |zi—12j41) (Tim1 2541, (7.39)
;1

so that its entropy reduces to the Shannon entropy H[p(i=2J%1)/d] of the distribution

Pr;_{rj) /d. However, the density matrix for three or more consecutive ancillae corresponds

to a classical-quantum state (7.35). This state has non-zero coherence that is contained in
the subsystem of the intermediate ancillae, which are in the (non-orthogonal) pure state
|¢$i—1$j+1>' Since the joint state |z;_1) ® |¢f’3z‘—19€j+1> ® |zj41) is still orthonormal, it
is straightforward to show that the entropy of (7.35) is equal to the (Shannon) entropy

of (7.39), despite the fact that the underlying state (7.35) is non-classical:

O
It follows directly that the entropy of the intermediate ancillae A;, ..., A; vanishes when
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Ai1Ajn Aj

Figure 7.7: Diagram for an unamplified measurement sequence with ancillae A;_1, 4;, ...,
Aj Aj-l-l According to (7.35), the entropy of all intermediate ancillae, A;, ..., A;, vanishes
When given A;_1 and A; 1, since the entropy resides at the boundary of the chain. In this
figure, we use the notation Sy = S(ApAy) for the pairwise entropy of any two ancillae A;,
and Ay.

given the joint state of the ancillae A; 1 and A1,

— S(Ai—14541) (7.41)

=0.

Evidently, if the state of the boundary of the chain is known, then the intermediate ancillae
exist in a pure quantum superposition. The joint state of A;,..., A; is fully determined
(a zero-entropy state), given the joint state of A; 1 that measured @ in the past, together
with A; 7 that measured @ in the future. Thus, for measurements on unprepared quantum
systems, the entropy of an arbitrarily-long ancilla chain is found only in its boundary. The
entropy Venn diagram for the boundary and the bulk of the measurement chain is shown in
Fig. 7.7.

That the entropy of a chain of measurements is determined entirely by the entropy of the
chain’s boundary may seem remarkable, but is reminiscent of the holographic principle [185—

187|. Indeed, it is conceivable that an extension of the one-dimensional quantum chains we
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discussed here to tensor networks [188] could make this correspondence more precise [189).
We contrast this result with the previous Theorem 1 for measurements on prepared quantum
systems, where the entropy resided only at the end of the chain since the preparation was

already known.

7.3 Markovian Quantum Measurements

The non-Markovian measurements we have been discussing up to this point are potentially
fragile: while the pointers can consist of many subsystems (even a macroscopic number),
the entanglement they potentially display with other quantum systems will be lost even if
only a single qudit escapes our control (and therefore, mathematically speaking, must be
traced over). In this section we discuss a second step within von Neumann’s second stage
of quantum measurement, where we observe the fragile quantum ancilla using a secondary
observer. While this quantum “observer of the observer” also potentially consists of many
different subsystems, it is robust in the sense that tracing over any of the degrees of freedom
making up the pointer variable does not modify the relative state of the pointer and the

quantum system or other devices.

7.3.1 Amplifying Quantum Measurements

To amplify a measurement, we observe the first quantum observer (denoted by Ap) by
measuring A with a device Dj. This additional interaction with the first ancilla in (5.75)

leads to the tripartite entangled state

|QAID1) = 1g ®Ua, py [QAL) [M;)p Z%l |Z12121), (7.42)
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(a) (b)

Figure 7.8: Effects of amplification for (a) the tripartite entangled state (7.42). (b) Tracing
over the quantum system, A; and D are perfectly correlated as in Eq. (7.43). The S(A; :
D1) = 51 bits of information gained in the measurement are not shared with the quantum
system since the mutual ternary entropy vanishes, S(Q : Ay : D;) = 0. The quantity
S1 = H[q(l)] is the marginal entropy of each of the three subsystems, ), A1 and D;.

where [M;)p, is the initial state of the device Dy and |z1) are its final orthogonal states.
Tracing over the quantum system, we find that Dy is perfectly correlated with the quantum
ancilla Ay according to the density matrix

p(A1Dy) = qu(cll) |z1z1)(z121], (7.43)

|

) _ 0p.

where qw) = |O‘§51 That is, they consistently reflect the same measurement outcomes.
Together, A; and D are still entangled with the quantum system. In Fig. 7.8 we show the
entropy Venn diagrams for the entangled state (7.42) and the correlated state (7.43). Since
the underlying state (7.42) is pure, the ternary mutual entropy vanishes, S(Q : Ay : D7) = 0.
In other words, the correlations that are created between the devices (the S(A; : Dy) dits of

information that are gained in the measurement) are not shared with the quantum system.

The macroscopic device Dy is composed of many qudits Dgl), e Dgn) that all measure
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Figure 7.9: Observing the quantum observer Ay with a device D1. Dashed lines indicate the
entanglement created by the measurement between the ancilla A1 and each of the n qudits

D%l), e Dgn) that comprise D1. Time proceeds from left to right.

the quantum ancilla A1 according to the sequence of entangling operations U U
q 1 g q gling op Angn) Angl)
(see Fig. 7.9). That is, Eq. (7.42) can be expanded to
1)~
QAIDY) = 3~ afy 7)) o) o)1) la1) ) (7.44)
D D
7 1 1
The measurement outcome is read out from the state of the joint system
1 1
p(Dg ). Dgn)) = Zqél) lz1 . o) {xy ..oy (7.45)

|

where it is clear that the device Dy is self-consistent and all of its components reflect the
same measurement outcome. This state is robust in the sense that it is not necessary to
“keep track” of all qudits in D1 to observe correlations. Thus, tracing over any of the states
in the expression above returns an equivalently self-consistent state.

In the following two sections, we amplify a chain of consecutive measurements of a pre-
pared and an unprepared quantum system. Unlike our previous results for unamplified mea-
surements, we will find that the joint state of devices Dy, Do, ..., is now always classical

(diagonal in the ancilla product basis), leading to entropy distributions that are significantly
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different from those of the unamplified ancillae.

7.3.2 Amplifying Consecutive Measurements of Prepared Quantum

States

We begin by first considering the amplification of consecutive measurements of a prepared
quantum state. Introducing a second pair of devices Ay and Dy, Eq. (7.42) evolves to

1), () ~
QA D1 AgDy) = >~ a:(zsl) Uagl)xQ T 2171 2279). (7.46)

Again, we find Ds to be perfectly correlated with the quantum ancilla Ao. The joint state

of Dy and Dy is the classical density matrix

p(D1Dy) = > |Oé§c11)|2 |Uag?x2\2 |[z172) (T122]. (7.47)

This state is diagonal in the ancilla product basis, unlike the state (7.3) before amplification.
Thus, the effect of amplifying the ancillae is a removal of all off-diagonal elements in the
joint density matrices.

From (7.47), we see that for repeated measurements in the same basis (Ui?xz = Ozya9)
the results are fully correlated. The joint density matrix (7.47) reduces to p(D1D3) =
le |04(x11)|2 |z121)(x121]| so that the entropy of Do given Dy vanishes, S(Ds|D1) = S(D1D2)—
S(D1) = 0. The conditional probability to record the outcome 9, given that the first mea-
surement yielded x1, is simply p(72|71) = dzya4. In other words, both devices agree on the
outcome, as expected. It appears as if the quantum system had indeed “collapsed” into an

eigenstate of the first observable since the second device D9 correctly confirms the measure-

ment outcome. This result is consistent with the Copenhagen view of the quantum state
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during the measurement sequence as Q) — |71) — |71). However, we see that no collapse
assumption is needed for a consistent description of the measurement outcomes and their
correlations, and in fact, all amplitudes of the quantum system are preserved. That is, (7.46)
continues to evolve as a pure state.

In addition, the probability distribution for the second measurement with the pair Ao Do
is consistent with a collapse postulate as it is given by the incoherent sum (a sum of
squares), q%) = le |a§cll)|2 |Uﬁ)gc2 12, instead of the coherent expression (a square of sums),

‘Zzl agjll) UJ(;?WF, which is the result if the first measurement with A;D; had never oc-

curred.

7.3.3 Amplifying Consecutive Measurements of Unprepared Quan-
tum States

In this section, we study consecutive measurements of an unprepared quantum state, which
will yield an entropy Venn diagram that differs significantly from Fig. 7.4 for the quan-
tum ancillae. To begin, we follow the procedure introduced in Sec. 7.3.1, and amplify the
state (7.8) of three consecutive measurements of an unprepared quantum state.

First, we show that amplifying the qubits on the boundary of the chain of measurements
does not alter the coherence of the joint state (7.9). Introducing devices D; and D3 that

amplify the quantum ancillae Ay and As, respectively, the state (7.8) evolves to

1 2 3)  ~
|QRAD1A3A3D3) = 7 > Uagl)@ Uﬂ(zg)mg T3 12101 29 T373). (7.48)
1913

As before, each pair of systems A;D; are perfectly correlated and reflect the same outcome

from their measurement of (). Tracing over the density matrix formed from this wave func-
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D1 D3

Figure 7.10: A sequence of devices D1, D, and D3 that observe (amplify) the quantum
ancillae A1, Ao, and As, according to (7.49). Only amplification of the intermediate ancilla
Ay is sufficient to destroy the coherence in the original state (7.9). The zero conditional
mutual entropy, S(Dq : D3|Ds) = 0, indicates that the last device D3 has no information
about the first, from the perspective of the second. This property will be connected to
quantum Markov chains in Sec. 7.3.4. Note that all the pairwise entropies are unchanged by
amplification, S(A4;A4;) = S(D;Dj) = S;;.

tion, we find that the new state of AjAsA3 is unchanged from Eq. (7.9).

In contrast, amplifying the intermediate ancilla destroys all of the coherence in the original
state (7.9). That is, measuring Ao with Dy leads to a fully incoherent density matrix for
A1A9As that is now equivalent to the joint state

p(D1DaDy) = é S U, PIUSD, Pleraars) (100w, (7.49)
17273

We can contrast this state to the result we obtained for unamplified measurements in
Eq. (7.9) using entropy Venn diagrams. Compare the diagram in Fig. 7.10 for the state
p(D1DyD3) |Eq. (7.49)] to the diagram in Fig. 7.4 for the unamplified state p(A;A2A43)
[Eq. (7.9)]. Clearly, amplification of just the intermediate ancilla Ay (or, equivalently, all
three quantum ancillae) has destroyed the coherence of the original state p(Aj A2 As), which

was encoded in the As subsystem. Note that pairwise entropies are the same for both
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Figure 7.11: Amplification with D, Do, and Ds in (7.50) of three qubit ancillae that
measured an unprepared quantum system. The second measurement of () is of an observable
with eigenbasis rotated by #o = 7/4 relative to the eigenbasis of the first observable. And,
the third observable is at 03 = m/4 relative to the second. In this case, all three devices
are uncorrelated. Amplification of A9 with Dy alone is sufficient to destroy the coherence
in (7.17).
amplified and unamplified measurements of unprepared quantum systems, e.g., S(4;A4;) =
S(D;Dj). We proved previously in Theorem 2 of Sec. 7.2.3 that pairwise density matri-
ces (7.39) are always diagonal, so that amplifying those ancillae does not modify their joint
density matrix.

We apply these results to the case of qubit measurements (d = 2), which we implemented
with the rotation matrix in Eq. (7.16). For three consecutive measurements with 0o = 03 =

7/4, the joint density matrix of Dy DoDs, which we show for comparison to the unamplified

state (7.17), is diagonal:

1

p(D1D2D3) = o (7.50)

o O O =
o O B O
o B O O
= o O O

As with the unamplified state (7.17), the pairwise entropies here are also 2 bits. However,
the tripartite entropy has increased to S(D1D9D3) = 3 bits from the 2 bits we found for
S(A1A2As). Compare the resulting entropy Venn diagram in Fig. 7.11 to the diagram in

Fig. 7.5 obtained for unamplified qubit measurements.
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The difference between the unamplified density matrix p(A;AsAs) in Eq. (7.9) and the
amplified state p(D1D2D3) in Eq. (7.49) can be ascertained by revealing the off-diagonal
terms via quantum state tomography (see, e.g., [190]), by measuring just a single mo-
ment [191] of the density matrix, such as Tr[p(A;AA3)?], or else by direct measurement of
the wave function [106].

The results in the two preceding sections are compatible with the usual formalism for
orthogonal measurements [192, 193], where the conditional probability p(z2|z1) to observe

outcome x9, given that the previous measurement yielded outcome x1, is given by
2) 2
plaslar) = Uy (7.51)

Indeed, our findings thus far are fully consistent with a picture in which a measurement “col-
lapses” the quantum state (or alternatively, where a measurement recalibrates an observer’s
“catalogue of expectations” [194-196]).

To see this, we write the joint density matrix p(DqD2), found by tracing (7.49) over Ds,
in the collapse picture. For a device Dy that records outcome z1 with probability 1/d, and
a device D9 corresponding to a measurement of () at an angle determined by the rotation
matrix U (2), the resulting density matrix is

_ 1 o
p(D1Dg) = EZ|JJ1><$1| D Ppy (7.52)

1

where the state pr12 of Dy is defined using the projection operators Py, = [r1)(z1| on the

state of D1,

Sl

Trp, | Pey p(D1D2) P}
o, = P J—Z@%W@@« (7.53)
Trp, D, [le P(D1D2)Px1} 73
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In other words, the state p(D1Ds) that was obtained in a unitary formalism is equivalent
to the collapse version p(D1Ds). However, despite these consistencies with the collapse
picture, we emphasize that the actual measurements induce no irreversible collapse and that
all coefficients in the underlying pure-state wave function (7.48) are preserved and evolve

unitarily throughout the measurement process.

7.3.4 Quantum Markov Chains

One of the key differences between the entropy Venn diagrams in Figs. 7.4 and 7.10 is the
vanishing conditional mutual entropy [59] for amplified measurements, S(Dy : D3|Ds) = 0.
Before amplification, the equivalent quantity for the quantum ancillae is in general non-
zero, S(Ay : As|A9) > 0. Evidently, the intermediate measurement with Dy has, from
the perspective of Do (meaning, given the state of Do) erased all correlations between the
first device D1 and the last device D3 in the measurement sequence. The vanishing of the
conditional mutual entropy is precisely the condition that is fulfilled by quantum Markov
chains as we will outline below.

Using the results for unprepared quantum states (this holds equally for prepared quantum
states), we demonstrate that the chain of devices, Dy, Do, D3, which amplified consecutive
measurements of a quantum system, is Markovian as defined in [69] (see also |68] and refer-
ences therein). We prove later in this section in Theorem 3 that this result can be extended
to any number of consecutive measurements, not just three. To show that S(Dp:Dg|D2) is
indeed zero, we compute the joint entropy S(D1D2D3) of all three devices. From Eq. (7.49),

we find

1 2 2 1 3 3
S(D1D2Dg) = 1= = 7 [Us ey Ploga UL oy 2 = = D7 [0S [P0 (U g2, (7.54)
172 273
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or, S(D1DyD3) = S(D1) + S(D2|D1) + S(D3|D3). However, using the chain rule for en-
tropies [59], the tripartite entropy can also be written generally in the form S(DjDyD3) =

S(D1) + S(D32|D1) + S(D3|DoDy). From these two expression, we see immediately that

S(D3|DoD1) = S(D3|Ds). (7.55)

Thus, the entropy of D3 is not reduced by conditioning on more than the state of the previous
device Ds. This is the Markov property for entropies |68, 69].

The Markov property further implies that D and D3 are independent from the per-
spective of Ds, since the conditional mutual entropy [59] vanishes (see the gray region in

Fig. 7.10),

S(D1:Ds3|Dg) = S(D3|D2) — S(D3|DaDy) = 0. (7.56)

This result is consistent with the notion that the measurement with D9 collapsed the state of
the wave function, erasing any (conditional) information that Dg could have had about the
prior measurement with Dy. The conditional mutual entropy does not vanish for unamplified
measurements, S(Aq : Ag|As) > 0, reflecting the fundamentally non-Markovian nature of
the chain of quantum ancillae. In other words, as long as the measurement chain remains
unamplified (for example, the A subsystem in (7.9)), the intermediate measurement does
not erase the correlations between A; and As (compare the gray region in Fig. 7.10 to the
same region in Fig. 7.4).

We now provide a formal proof of the statement that the chain of devices that amplified

the quantum ancillae is equivalent to a quantum Markov chain.

Theorem 3. A set of consecutive quantum measurements is non-Markovian until it is am-
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plified. Specifically, the sequence of devices D;, ..., Dj, with i < j, that measure (amplify)
the quantum ancillae A;, ..., Aj (which themselves measured a quantum system Q) forms a

quantum Markov chain:

S(DJ|DJ_1 ce Dz) = S(DJ|DJ_1) (757)

Proof. We first show that the Markov property of probabilities implies the Markov property
for entropies (see, e.g., Refs. [68,69]). If consecutive measurements on a quantum system can
be modeled as a Markov process, the probability to observe outcome z; in the jth device,

conditional on previous measurement outcomes, depends only on the last outcome z; 1,

p(xjlzj—1... ;) = p(zjlrj-_1). (7.58)

Inserting Eq. (7.58) into the expression for the conditional entropy [58| gives

S(DjIDj_1... D) == > plai...x;)loggplxjlrj_ ... ;)
‘T’L JI
(7.59)
== > pla...zj)loggp(jlej_1).
xz ZL'
A partial summation over the joint probability distribution gives
plzj_1z5) = Z p(x (7.60)
x/l:“. .] 2
so that the entropic condition satisfied by a quantum Markov chain is
S(Dj|Dj—y...Dj) ==Y plxj_12;) loggp(rjlrj_1)
Tj—175 (7.61)

= S(Dj|Dj_1),.
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We now show that the chain of amplified measurements satisfies the entropic Markov
property (7.61). For n consecutive measurements, the state |U) = |QA; ... Ap) of @ and all
ancillae is given by

Z Oéx Ulle U( n) " qzn |Tn 21 ... Tp). (7.62)
TqTn
After amplifying this state, we find that the density matrix for the joint set of sequential

devices, Dj, ..., D;, with ¢ < j, is diagonal, as expected,

(i+1) ]
qul e @3 WS P lriga) wia @ @ SO 0l g,
a?l+1 x]
(7.63)

The probability distribution qé? of the ith device can be obtained from (7.29). The entropy

of (7.63) is
(i+1) (i+1) |2 1)
S(D;...D { USiryP VUE) ey P toga ) U8y U 5,
Z q ]ij 175 |210gd|Ux3 17§ |2=
Tj—1%j
(7.64)
(1)

where Gi;_q is the probability distribution of D;_1. The first term in Eq. (7.64) is just

the joint entropy S(D; ... Dj_l), so that the entropy of the jth device, conditional on the

previous devices, is

. ‘ ‘ 7.65)

==Y )PP g UYL
Tj—1%§

All that remains is to show that (7.65) is equal to S(D;|D;_1). A simple calculation
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using the density matrix for two amplified consecutive measurements with D; 1 and Dj,

2
p(D — 1D Z Q:r] 1 ‘Uj 11:’ ’@7 1$]><$] 155]‘ (7.66)
Tj—1%j

yields the joint entropy,

2 2
S(Dj_1Dj) Z ij 1 IOngxj 1 Z q ‘U] 175 | logd|UJ 175 . (7.67)
Y-l Y1

The first term in this expression is the entropy of D; 4 (all marginal density matrices and
entropies are the same for amplified and unamplified ancillae; this is proved formally later

in Lemma 2 of Sec. 7.4.1),
-1
S(Dj1) = }j o Voggaf ). (7.68)

The conditional entropy S(D;|D;_1) is thus

S(Dj|Dj_1) = S(Dj—le) —S(Dj-1)

(7.69)
= _Z 9z |U:ch 17§ |21Ogd|Uaz] 12§ |2a
J}j_le

which is the same as (7.65). O

We emphasize that the result that amplified measurements are Markovian holds for mea-

surements of unprepared as well as prepared quantum states.

Corollary 3.1. The Markovian nature of amplified measurements implies that the devices D;

and Dj share no entropy (are independent) from the perspective of the intermediate devices,
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Diyq,...,Dj_1, since the conditional mutual entropy vanishes:

S(D;: Dj|Diy1-..Dj_1) =0. (7.70)

Proof. The conditional mutual entropy is defined [59] as a difference between two conditional

entropies,

From Theorem 3, the two quantities on the right hand side of this expression are both equal

to S(Dj|Dj—1). Therefore the conditional mutual entropy vanishes [69]. O

For three devices, the Markov property is

S(Di-1: Diy1|D;) = S(Dj1|D;) — S(Dj41|DiDi—1) = 0. (7.72)

We see that, from the strong subadditivity (SSA) of quantum entropy [66,67],

S(Di+1|D;D;—1) < S(D;y1]D;), (7.73)

amplified measurements satisfy SSA with equality.

The previous theorem established that the sequence of amplified measurements is a
quantum Markov chain. Now, we will demonstrate that unamplified measurements are
non-Markovian. In the following calculation, we use the state (7.34) for measurements of
unprepared quantum states for simplicity. We will find that the Markov property (7.61) is
violated in this case, so that in general unamplified measurements are non-Markovian.

First, consider the joint density matrix for the sequence of quantum ancillae A;, ..., A;
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(with ¢ < j), similarly to (7.34). Asin Eq. (7.35), we find
p(A; Z p:clx |lzi) (il ® Wml J><¢x1x | ® ‘xj><xj‘ (7.74)

where the coefficients p&.’% i = ‘59(512‘795) j |2 and the normalized, but non-orthogonal states \(bxixj)

were defined in Eq. (7.36). The joint states |z; qﬁxixj ;) are orthonormal, so the entropy of

Eq. (7.74) is simply
S(A;.. A;) = dzpm logg p/} ) (7.75)

(i7)

The coefficients Prjz; can be equivalently expressed in terms of U () as

il = 1812 = 3 o) (7.76)

) ] [
xj_l

Next, we use the log-sum inequality [56] to rewrite the joint entropy (7.75) as an inequal-

ity. The log-sum inequality states that for non-negative numbers ay,...,a4 and by, ..., by,
d d z
Qg .—1 Qx;
> awglog 7t > | D7 aay | log = —— (7.77)
$i=1 ) mi=1 Z *1 bx

with equality if and only if ay, /by, = const. Inserting (7.76) into (7.75) and using the

(i,j—1)

log-sum inequality with bgcj_1 =1 and ;| = Pujv;_)

|ij 17 |2 we find that the joint

entropy is bounded from below by

1 J—1) (i,j-1)
S(A;.. Aj) > — Elep:c ) logg plet i1
i

1 j 2 ‘ 9
=2 > 0 e Proga UE) 0P
l'jflxj

(7.78)
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The first term on the right hand side of Eq. (7.78) is simply S(4;... A;_1) — 1, while the
second term is S(A;_1A;) — 1. Given that S(A;_1) = 1, it is straightforward to show that

Eq. (7.78) can be rewritten as a difference between two conditional entropies,
S(A;]A;—1) — S(AjlAj—1 ... 4;) < 1, (7.79)

(27]_1)

xlm] —1

) ’2:

with equality only when p _E

]Ugg.)_lxj\Q is a constant. This occurs when |U5g‘]7
1/d and ]Uggillx€|2 = 1/d for one or more of the ¢ = i+1,...,7—1 matrices. This shows that
conditioning on more than just the state of the last ancilla A; ;1 will reduce the conditional
entropy of ancilla A; (by at most 1). Since Eq. (7.79) is not equal to zero in general, we
conclude that the sequence of unamplified measurements is non-Markovian.

In the next section, we will compute the information a measuring device has about the
quantum system or other devices in a sequence of measurements. In particular, we will
show that amplifying measurements (which yields a quantum Markov chain) reduces the

information that can be obtained about other systems, as compared to measurements that

remain unamplified.

7.4 Effects of Amplifying Quantum Measurements

In the previous Secs. 7.2 and 7.3, we focused on consecutive measurements of a quantum
system and discussed the concepts of non-Markovian (unamplified) and Markovian (amplifi-
able) sequences, respectively. It is reasonable to ask whether there are entropic relationships
between those two kinds of measurements. Introducing a second step to von Neumann’s
second stage serves precisely to establish such relationships. In this section, we establish

the following three properties: Markovian devices carry less information about the quantum
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system than non-Markovian devices; the shared entropy between consecutive non-Markovian
devices is larger than the respective quantity for amplified measurements; the last Markovian
device in a quantum chain is inherently more random than its non-Markovian counterpart,

given the combined state of all previous devices.

7.4.1 Information About the Quantum System

We first calculate how much information about the quantum system, @), is encoded in the
last device in a chain of consecutive measurements of (). To do this, we prove two Lemmas
that state that the marginal entropy of the quantum system is always equal to the entropy
of the last ancilla in the chain of measurements, and that the marginal entropy of a quantum

ancilla is unaffected by amplification.

Lemma 1. The entropy of the quantum system, QQ, is equal to the entropy of the last ancilla,

Ay, in the chain of measurements:
S(Q) = S(Ay). (7.80)

Proof. Consider a series of consecutive measurements on a quantum system, (), with n
ancillae. In general, following the measurements, the joint state of the quantum system and
all ancillae |¥) = |QA7 ... Ay) is given by the pure state [see also Eq. (7.25)]
1 2 ~
) =S o) Ul U L ). (7.81)

The density matrix for the quantum system is found by tracing out all ancilla states from
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the full density matrix associated with (7.81),
p(Q) = TrAl Ap (1) (T]) ZQIn |Zn) (T, (7.82)

(n)

where gz,

is the probability distribution for the last ancilla A, that can be obtained generally
from Eq. (7.29). Clearly, (7.82) is equivalent to the density matrix for the last ancilla, and
so the corresponding entropies are the same: S(Q) = S(4,) = H[g™)]. An alternative
proof is to note that a Schmidt decomposition of the pure state |¥)(¥| implies that S(Q) =
S(A1...An). And, by Theorem 6 (see Sec. 7.4.2), S(A,) = S(A1...Ap), so that S(Q) =

S(Ap). O

Lemma 2. The entropy of a quantum ancilla, A;, is unchanged if it s measured by an

amplifying device, D;, so that for all © in the chain of measurements:
S(4;) = S(D;). (7.83)

Proof. Amplifying the ith ancilla A; in (7.81) with D; yields the joint density matrix for A;

and DZ‘,
=S¢ feiwi) @i, (7.84)
.

where q;(rli) is the probability distribution for A;, as defined in (7.29). The two subsystems
are perfectly correlated so that the density matrix and marginal entropy of A; is equivalent

to Dj: S(D;) = S(A;) = H[qW]. O

In the remaining sections, we will use the shortened notation S(4;) = S(D;) = S; for

the marginal entropies. Using Lemmas 1 and 2, we are now ready to prove the first theorem
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regarding information about the quantum system.

Theorem 4. The information that the last device in a series of measurements has about the

quantum system is reduced when the measurements are amplified. That is,

S(Q:Dp) <S(Q: Ap), (7.85)

for n consecutive measurements of a prepared quantum state, Q).

Proof. We start with the state (7.81) for an unamplified chain of consecutive measurements
of a prepared quantum state, (), with n ancillae. Tracing out all previous ancilla states
from (7.81), the joint density matrix for the quantum system and the last ancilla is
n—1) ;.(n) n) * ~ ~ ]
pQAn) = 3 VU e U () (@ 2, (7.86)

, n—14n
Tp—1TnTn

(n—1)

Tn—1

where ¢ is A,,_1’s probability distribution.
If we amplify the measurement chain (or, equivalently, just the last measurement) the

state (7.86) becomes diagonal. That is,

p(QDy) = > qé?f_ll) IUJEZ)_lxnIZ | ) (T (7.87)

I’n_llin

Note that the amplification is equivalent to a completely dephasing channel [197-199] (see

also [25]) since we can write

In
where Py, = |x,)(xn| are projectors on the state of Aj,. In other words, p(QDy,) is formed

from the diagonal elements of p(QA;). The dephasing channel is also called the phase-
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damping channel and serves as a quantum mechanical noise model where phase information
about a quantum state is lost. For example, if the initial quantum state of a system A is
|Y) = al0) 4 + B|1) 4, with density matrix py, then the output of the dephasing channel
is p'y = (1 —p)pa+p(PypaPo+ PipaPr). That is, with probability (1 — p) nothing
happens to the quantum state, and with probability p/2 one of the projectors P; = |i) 4(i
is applied. The channel is equivalent to the phase-flip channel since it can be written as
Py = (L —p/2)pa+p/2Z py Z, where the Pauli matrix Z performs a phase flip. In the

basis [0) 4, |1) 4, the depolarizing channel yields

;r |04‘2 (1—p)aps*
PA = ((1 _p) Oé*ﬂ ’6|2 ) ) (789)

so that for a completely dephasing channel, p = 1, the off-diagonal elements vanish and the
state of A becomes completely incoherent.

To show that the amplified mutual entropy is reduced as in Eq. (7.85), it is sufficient
to show that the joint entropy is increased. The mutual entropy for two subsystems is
defined [59] as S(Q : Ap) = S(Q) + S(An) — S(QAy) and similarly for S(Q : Dy,). Since, by
Lemma 2, the marginal entropies are unchanged by the amplification, S(Ay) = S(Dy,), we

have
S(Q: Dn) = 5(Q : Ap) + S(QAn) — S(QDn). (7.90)

Therefore, we just need to show that S(QDy) > S(QAy), which is easiest by considering
the relative entropy of coherence [200,201]. This quantity, Crelent.(p) = S(pdiag) — S(p),
is the difference between the entropies of a density matrix p and a matrix pgi,g that is

formed from the diagonal elements of p. It is derived by minimizing the relative entropy
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S(p|ld) = Tr(plogp — plogd) (see, e.g., [202,203]) over the set of incoherent matrices d.
By Klein’s inequality [204], the relative entropy is non-negative so that S(pgiag) = S(p),
with equality if and only if p is an incoherent matrix. In our case, p and pgiag are given by

p(Q : Ap) and p(Q : Dy), respectively. Therefore, it follows that S(QDy) > S(QAy) and

S(Q: D) < S(Q: Ap), (7.91)

with equality if and only if p(QAy,) is already diagonal in the ancilla product basis. O

To directly compute the mutual entropies in Theorem 4, we first diagonalize the density

matrix (7.86) with the orthonormal states @, ;) =>_, g™

Tp—1Tn ’fn In>, so that

p(QA) = 3 oV as (@, (7.92)
n—1

The joint entropy of this state is simply the marginal entropy of A, 1. That is, S(QA,) =
S(Ap_1) = Sp—1, which can also be derived using the Schmidt decomposition and the results
of Theorem 6 (see Sec. 7.4.2). Thus, using Lemma 1, the information that the last ancilla

has about the quantum system is

If we now amplify the measurement chain (or, equivalently, just the last measurement)
the information that Dj, has about @ will be reduced from (7.93). From Eq. (7.87), the joint

density matrix of () and D), can also be written as

p(QDy) = Z QJ(CZ) [T, xn) (T Tnl, (7.94)

n,
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(a) (b)

Figure 7.12: Effects of amplification on (a) the quantum system and the unamplified ancilla
according to Eq. (7.86), and on (b) the quantum system and the amplifying device according
to Eq. (7.94). The information that the last device has about the quantum system is reduced
when the measurement is amplified. That is, S(Q : D) < S(Q : Ap).

which leads to S(QDy) = S(Dy) = Syp. Therefore, amplifying the measurement reduces the

quantity (7.93) to

S(Q : Dn) = S, (7.95)

where we used Lemmas 1 and 2 to write S(Q) = S(A4p) = S(Dn) = Sp. This quantity
depends explicitly on only the last measurement, unlike (7.93), which depends on the last
two. The amount of information that the last device has about the quantum system before

amplification, (7.93), and after, (7.95), is related by

S(Q:Dn) =S(Q: An) + Su_1 — Sp . (7.96)

Thus, the marginal entropies in a chain of consecutive measurements never decrease, Sy, >
Sp—1, since S(Q : Dyp) < S(Q : Ap). The entropy Venn diagrams for the devices A, and
Dy, and the quantum system are shown in Fig. 7.12.

We can illustrate this loss of information about the quantum system by considering

consecutive qubit measurements. Suppose that the eigenbasis of observable (n — 1) is at an
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angle 0,,_1 = 0 relative to observable (n — 2), and that observable n is at an angle 6,, = 7/4
relative to observable (n — 1). In this case, the marginal entropies are S, 1 = S;,_9 =
H[q("_2)] and Sy, = 1 bit. The last device, D,,, has one bit of information about the quantum
system, which is less than that of the unamplified ancilla: S(Q : A,) = 2 — H[g("2)] > 1.
Interestingly, how much we know about the state of () prior to amplification is controlled by

the entropy of an ancilla, A,,_9, located two steps down the measurement chain.

7.4.2 Information About Past Measurements

We now calculate how much information is encoded in a measurement device about the state
of the measurement device that just preceded it in the quantum chain. In particular, we will
show that the shared entropy S(A; : A,—1) between the last two devices in the measurement
chain is reduced by the amplification process so that S(Dp, : Dy—1) < S(Ap @ Ap—1). These
calculations have obvious relevance for the problem of quantum retrodiction [179], but we

do not here derive optimal protocols to achieve this.

Theorem 5. The information that the last device has about the previous device is reduced

when that measurement is amplified. That 1s,

S(Dp:Dp—1) <S(Ap:Ap_1). (7.97)

Proof. From the wave function (7.81), the density matrix for the last two ancillae in the

measurement chain is

1 -1
p(Ap—14n) = EE: QIH 2 z: Z;n 1Cﬂn )t Légzlxn[]gwiwn’xn1xn><$%—1xn'
n—

Tn—2Tn—1 n—2"n-1

)
;Ln_lwn
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Amplification removes the off-diagonals of p(A,_1Ay) so that
p(Dp—1Dn) = Z Pxn_l p(An—1An) Pl'n—l’ (7.99)
Tn—1

where Py | = |2,1)(2—1] are projectors on the state of A, 1. Note that, from (7.98), it
is sufficient to amplify just the second-to-last measurement with A, _1. Since the marginal
entropies are unchanged by the amplification (Lemma 2), the amount of information before

amplification, S(Ay, : A,—1), and after, S(Dy, : Dy,_1), is related by

S(Dp:Dp_1)=S5(An: Ap_1) + S(Ap_143) — S(Dp_1Dy). (7.100)

In a similar fashion to the calculations in Theorem 4, it is evident from (7.99) that the joint
entropy is increased, S(Dy,_1Dn) > S(A,_1An). It follows that the information that the

last device has about the device that preceded it in the measurement sequence is reduced:

with equality if and only if p(A,,_1Ay) is already diagonal in the ancilla product basis. [J

Using the case of qubits, we can show how amplification reduces the amount of informa-
tion about past measurements. In this example, suppose that the last two measurements
in the chain are each made at the relative angle 7/4. As expected, the amplified density
matrix (7.99) becomes uncorrelated, p(D,,—1Dy) = %an—l ® % 1p,,, where 1 is the 2 x 2
identity matrix, and the shared entropy vanishes S(Dj : D,,_1) = 0. In other words, the
last device has no information about the one preceding it. In contrast, prior to amplification
the density matrix (7.98) is coherent with joint entropy S(A,_1An) = 1+ S,,_o. Therefore,

the corresponding shared entropy is nonzero, S(Ay : Ap—1) =1— 5,0 =1— H[q(”_z)],
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revealing that information about the previous measurement survives the sequential 7 /4 mea-
surements (as long as A, _1 is not amplified).

The calculations described above can be extended to include the information that the
last device has about all previous devices in the measurement chain. We claim in Theorem 6
that the amplification process reduces this information by a specific minimum (calculable)
amount. To prove this statement, we make use of Theorem 1, where we showed that the
joint entropy of all quantum ancillae that measured a prepared quantum system is simply

equal to the entropy of last ancilla in the unamplified chain.

Theorem 6. For n consecutive measurements of a quantum system, the information that
the last device has about all previous measurements is reduced by amplification by at least an

amount Xy :

S(Dn:Dp1...D1) < S(An: Ap_q... A1) — S, (7.102)

where Xy, = S(A,_1|An) > 0 is a non-negative conditional entropy that quantifies the un-

certainty about the prior measurement given the last.

Proof. We begin by recognizing that the amplified mutual entropy S(Dy, : Dy_1...D1)
for the full measurement chain is equal to S(Dy, : D,_1) by the Markov property (see

Theorem 3). Then, by Theorem 5, we can place an upper bound on the amplified information

S(Dyp :Dp1...D1)=8S(Dp:Dp_1) <S(Ay: Ap_1), (7.103)

where S(Aj @ A,—1) is the mutual entropy before amplifying the measurement. Next, we

will relate S(Ay, @ Ap—1) to S(Ap : Ap—1...A7). From Theorem 1, the latter quantity can
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be written simply as

S(An: Ap_1... A1) = Sp_q, (7.104)

so that with the definition of S(A;, : A;,—1), we come to

where ¥, = S(A,_1|Ay) represents the information gained by conditioning on all previous

measurements. Inserting (7.105) into the inequality (7.103), we come to

S(Dp i Dy_1...D1) < S(Ay: Ay_1... A1) — Sn. (7.106)

The information is reduced as long as ¥, > 0. To show this, we recall the joint density

matrix (7.98) for A,_1 and A,. This state can be written as a classical-quantum state

p(An—14n) =348 pay ® |on) (zal, (7.107)
In
where
2
an Prp = Z qycn 2 :137:1 QZn |¢J;n an><¢a:n 2$n| (7.108)

and the non-orthogonal states ]gbxn_an} were previously defined in Eq. (7.36). In this

block-diagonal form, the entropy is

S(Ap—14n) = Sn + Z QLn (Pan), (7.109)
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so that the quantity of interest, >, can be written as

S = S(Ap_1]4n) = qun (pap) > 0. (7.110)

() > 0 and S(pz,) > 0V zp. Therefore,

This quantity is clearly non-negative since both g,

with >, > 0, we find that the information is indeed reduced by the amplification process,

and by at least an amount equal to X,. O

Continuing with our qubit example that followed Theorem 5, if the last two measurements
were each made at the relative angle 7/4, the ancilla A, has 1 bit of information about the
joint state of all previous ancillae. That is, S(Ay, : Ap_1... A1) = 1 bit, while the amplifying

device Dy, has no information at all, S(Dy, : D,,—1... D7) = 0.

Corollary 6.1. Amplifying the measurement chain increases the entropy of the last device,

when conditioned on all previous devices, by at least an amount Xy, :
S(Dp|Dp—1...D1) > S(Ap|Ap—1... A1) + Zp. (7.111)
Proof. By definition, the mutual entropy and conditional entropy are related by
S(Dp:Dp_q...D1)=Sp, —S(Dp|Dp—1...D1), (7.112)

which, from Theorem 6, is bounded from above by S(A, : A,_1... A1) = X, = Sp —

S(Ap|Ap—_1... A1) — Xy, Therefore,
S(Dn|Dp—1...D1) > S(Ap|Ap—1... A1) + Zp, (7.113)

and the uncertainty in the last measurement is increased by at least an amount X,. O]
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An Al "‘An—l D, Dy---D,_1
(a) (b)

Figure 7.13: Diagram (a) before amplification with n ancillae that consecutively measured
a quantum system @, and (b) after amplification. The information S(Q : Ajy) is reduced
to S(Q : Dy), and S(Ap:Ap_1... A1) to S(Dy, : Dyy_1...D1). The zero ternary mutual
entropy in (a) indicates that the underlying state of QA; ... Ay, is pure.

This section quantified a number of unsurprising, but nevertheless important results:
amplifying measurements reduces information, and increases uncertainty about quantum
states. The key quantity that characterizes the difference between unamplified and amplified
chains is Y5, which quantifies how much we do not know about the state preparation, A,,_1,
given the state determination, A,. Depending on the relative state between A, _1 and A,
we may know nothing (3, = 1), or everything (3, = 0). We summarize the results presented

in this section with the entropy Venn diagrams in Fig. 7.13.

7.5 Applications of Consecutive Quantum Measurements

The formalism developed in this chapter can be directly applied to several interesting situa-

tions. Here, we focus specifically on the quantum Zeno effect and quantum state preparation.
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7.5.1 Quantum Zeno and Anti-Zeno Effects

In the quantum Zeno effect [192,205,206], a quantum system that is observed repeatedly and
sufficiently rapidly using projective measurements will be protected against state transitions
from its initial state. If a series of n measurements are made in a time 7" (so that the
measurements are spaced in time by 7'/n), then the probability the state will survive goes
to one as n — oo. In this section, we derive results for the quantum Zeno and anti-Zeno
effects in the context of unitary consecutive measurements. Instead of the standard approach
where a time-varying quantum state is controlled by quantum measurements of the same
observable, we study a static quantum state consecutively measured by quantum detectors
where the measured observable changes in time. At the end of the calculation, we show that
these two perspectives are equivalent.

We start with a two-level quantum system in the state
Q) =v/pl0) + v1—pll), (7.114)

with arbitrary p, which is written in the eigenbasis of the first observable to be measured
with the device Dq. It is then subsequently measured by Do ... D)1, with each observable’s
eigenbasis at an angle 7/(4n) relative to the previous one, completing a full 7/4 rotation
after n observations. The density matrix for the preparation with Dy (equivalently for Q) is
p(D1) = p|0)(0] + (1 —p)[1)(1], which has an entropy S(D1) = —plogap— (1 —p)loga(1 —p).

The density matrix for the second device is

p(D2) = > (p U2 + (1= p)|U3,2) 1)1 (7.115)

J

where the transformation between the two observables’ eigenbases can be written
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Figure 7.14: Entropies for two consecutive measurements Do and Ds, after the preparation
with Dy, of the quantum state (7.114). The variable p characterizes the initial state of Q.
The eigenbasis of each observable is at an angle of 7/8 relative to the previous one (n = 2).

3

U - ( cos(z7) —sin(

sin(4;)  cos(

3 ) . (7.116)

SsEls

The entropy of the second device is S(Dg) = —¢(?) logy ¢(2) — (1 — ¢(@) logy(1 — ¢(?)) with
(2) = _ T
¢@ =1/2 4 (p — 1/2) cos <2n) (7.117)

the probability to observe the state |0) for the second measurement. Figure 7.14 shows the
entropies S(Dq), S(D2), and S(D3) for measurements using Dy and Dg after the preparation
with device Dj.

In general, following the preparation, the probability q(”+1) to observe the state |0) after

all n measurements is

1 1
any :5—1— ( —§> cos”(%) —p asmn — 00 . (7.118)

We see that the measurement probabilities after the sequence of measurements are the same
as those of the initial quantum system and the density matrix of the last device is equal to

that of the preparation with D;. For polarization measurements, for example, this results in
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perfect transmission of an initially polarized beam even though the n polarization rotators
would eventually rotate the polarization to an orthogonal state [207].

In the usual description of the quantum Zeno effect, the quantum state evolves unitarily in
time between a sequence of measurements made in the same basis. Suppose that after the first
measurement using D1, the quantum state is rotated through an angle —7/(4n) (using, e.g.,
polarization rotators in an optics setting to rotate a photon’s polarization [208]) according
to (7.116). Applying such a transformation to the quantum state, U(—7/4n)® 1 |Q D7), and
then measuring a second time using Ds in the same basis as the first measurement yields
a density matrix for Dy (and @) with probabilities identical to (7.117). Therefore, both
descriptions are equivalent since the relative angles between the states are the same in each
case.

The anti-Zeno effect is often described as the complete destruction of a quantum state
due to incoherent consecutive measurements [209-211]. In the present language, this corre-
sponds to the randomization of a given (prepared) quantum state after consecutive measure-
ments at random angles with respect to the initial state. We begin again with the prepared
state (7.114), but now observe it consecutively using measurement devices D;. and relative
angles 6;. drawn from a uniform distribution on the interval [0,7/4]. The probability to

observe the state |0) after all n measurements with random angles is now

q(n+1) _ % + (p — %) I}, cos(26y,) - (7.119)

In order to obtain the most likely state probability we calculate the expectation value,

E[II}_; cos(20y)] =11}, E [cos(20y)] = (z)n, (7.120)

™
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so that £/ [q(”Jrl)} — 1/2 asn — oo. Thus, any quantum state is randomized via consecutive
quantum measurements in random bases. A similar result was derived for the dephasing of

photon polarization in Ref. [207].

7.5.2 Preparing Quantum States

For our final application, we discuss how to prepare quantum states by considering consecu-
tive measurements on unprepared quantum states. Suppose a quantum system is prepared

in the known state
d—1
p(Q) =Y pr [B)(T, (7.121)
x=0

which we already wrote in the eigenbasis of the first observable to be measured after the
preparation. We can always prepare a state like (7.121) by measuring an unprepared quan-
tum state (5.79), with the pair A1Dp in a given, but arbitrary basis. Then, a second
measurement with As Dy of an observable at a relative angle 09 gives rise to the state

1 2) |~

|QRA1D1A9Dg) = — Z Uzizo |T2 21 121 X272). (7.122)
Vd 2
L1122

From this we can compute the operator [59] describing the state of the quantum system,

conditional on the state of the first device, D1,

p(@ID1) = p(@Dy) (p(D1) ™ @ 1)

=Y rg ® )z,

|

(7.123)

where p(D;)~! is the inverse of the density matrix. The density matrix pgl is the prepared

state (7.121) of the quantum system, given that the outcome z; was observed in the first
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measurement,

Trp, | Py p(QD1) P}
pgt = oy P00 TJ = 31U [72) (B, (7.124)
TrQDl |:PI10<QD1)P$1} 9

Here, Py, = |21)(w1] are projectors on the state of Dy. If we choose for the quantum state
preparation the outcome z7 = 0, for example, then py, = |U(()§C)2|2 provides the probability
distribution for the quantum system, and we arrive at the desired prepared state (7.121)
from (7.124).

The purification of (7.121) in terms of the orthogonal states of ancilla Ay is

QA2) = Y \/Puy |T2)|x2), (7.125)
>

which is an entangled state with the marginal entropies S(Q)=S(A2)=H|[p|. If we rename
As to Aq, then expression (7.125) is equivalent to (5.75). Equipped with this state prepara-
tion, we can now make the usual consecutive (amplified or unamplified) measurements of @

with Ao Do, A3D3, etc.

7.6 Conclusions

Conventional wisdom in quantum mechanics dictates that the measurement process “col-
lapses” the state of a quantum system so that the probability that a particular detector fires
depends only on the state preparation and the measurement chosen. This assertion can be
tested by considering sequences of measurements of the same quantum system. If a “memory”
of the first measurement (the state preparation) persists beyond the second measurement,

then a reduction of the wave packet can be ruled out. We discussed two classes of quantum
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measurement: those performed within a closed system where every part of a measurement
device is under control (unamplified measurements), and those performed within an open
system, where part of the pointer variable is ignored (amplified measurements). We found
that sequences of quantum measurements in closed systems are non-Markovian (retaining
the memory of past measurements) while sequences of open-system measurements obey the
Markov property. In the latter case, the probability distribution of future measurement re-
sults only depends on the state preparation and the measurement chosen. It is clear from
our construction that the Markovian measurements are a special case of the non-Markovian
ones, and that the loss of memory is not a fundamental property of quantum measurements,
but is merely a consequence of the loss of quantum information when tracing over degrees
of freedom that participated in the measurement. We quantified this loss by calculating
the amount of information lost when observing coherent quantum ancillae using incoherent
devices.

We have found that the entropy of coherent chains of measurements is entirely determined
by the entropy at the boundary of the chain, namely the entropy of the state preparation
(the first measurement in the chain) and the last measurement. (If the chain is started on
a known state, then the entropy of the chain is contained in the last measurement only).
This property is a direct consequence of the unitarity of quantum measurements, and signi-
fies that any quantum measurement outcome is constrained by its immediate past and its
immediate future. It has not escaped our attention that this property of quantum chains is
reminiscent of the holographic principle, which posits that the description of a system can be
encoded entirely on its boundary alone. Because the holographic principle is often thought
to have its origin in an information-theoretic description of space-time [212], it is perhaps

not surprising that an information-theoretic analysis of chains of measurements would yield
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precisely such an outcome. In particular, it is perhaps not too hard to imagine that the
past-future relationship that consecutive quantum measurements entail create precisely the
partial order required for the “causal sets” program for quantum gravity [213]. Of course, to
recover space-time from sets of measurements we would need to consider not just sequential
measurements on the same system, but multiple parallel chains that are entangled with each
other, creating a network rather than a chain (we have already shown in Ch. 6 that the
unitary formalism deployed here can be extended to parallel measurements when discussing
the Bell-state quantum eraser [141]). In that respect, the network of quantum measure-
ments is more akin to van Raamsdonk’s [214] tensor networks, created using entangling and
disentangling operations (see also [215]). Incidentally, the present formalism implies the ex-
istence of a disentangling operation for consecutive quantum measurements that can serve
as a primitive for generating remote quantum entanglement [183] (see Ch. 8).

Using a quantum-information-theoretic approach, we have argued that a collapse picture
makes predictions that differ from those of the unitary (relative state) approach if multiple
consecutive non-Markovian measurements are considered. Should future experiments cor-
roborate the manifestly unitary formulation we have outlined, such results would further
support the notion of the reality of the quantum state [216] and that the wave function is
not merely a bookkeeping device that summarizes an observer’s knowledge about the sys-
tem [195,196]. We hope that moving discussions about the nature of quantum reality from
philosophy into the empirical realm will ultimately lead to a more complete (and satisfying)

understanding of quantum physics.
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Chapter 8

Quantum Disentangling Operations

8.1 Introduction

One of the fundamental results of the consecutive measurement scheme discussed in Ch. 7
is that the chain of quantum ancillae is coherent as long as it remains unamplified. That
is, the joint density matrices for the unamplified quantum ancillae are non-diagonal in the
ancilla product basis and, specifically, are classical-quantum states. In this chapter, I seek to
exploit this fact and construct a general disentangling protocol in which a chain of ancillae
can be partially disentangled using a set of unitary operations. I show that disentangling
operations are in fact quite common and appear in many quantum protocols, including
quantum teleportation. I first start by outlining a general method for disentangling ancilla
chains using local operations and consider two different cases that depend on whether the
quantum system was initially prepared in a pure state or started in a maximum entropy
mixed state. Finally, I use the general construction to establish a protocol for generating

remote entanglement.

8.2 One-Bit Disentangling Scheme

The first disentangling scheme considered here requires operations that are conditional on

the state of a single qubit. We know from Ch. 7.2.3 that if j + 1 consecutive measurements
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are made on a prepared quantum system, then the joint entropy of the resulting ancilla chain
is determined only by the last ancilla in the sequence. This is a consequence of the specific
coherent structure of the ancilla density matrices. We will first review the relevant results
of consecutive quantum measurements before introducing a protocol to disentangle the first
7 ancillae from the rest of the system. In particular, we can understand the essence of the
protocol by studying a sequence of just two measurements.

We saw previously in Ch. 7.2.1 that for two measurements of a prepared quantum system,

@, using ancillae A and B, the combined wave function is
QAB) = a; Uy ljij). (8.1)
ij

Ignoring the readout stage with the devices A’ and B’, the density matrix for the quantum

ancillae is

paB = Y a;ay Uy Uy )i/ © 1) - (8.2)

i’ §
This state has a particular structure that will make it possible to disentangle ancilla A

from the rest of the system (@ and B). To see this, we recall from Ch. 7.2.3 that we can

diagonalize the matrix (8.2) using the set of non-orthogonal states,
s iby) = Uj i), (8.3)
)
with normalization equal to the probability distribution for ancilla B,

2 217 12
0P = g5 =) loy? U35 . (8.4)
i
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Thus, Eq. (8.2) can also be written in the classical-quantum form,

pas =Y ¢ p;® )l (8.5)
j

where p; = |;) (1| are the (conditional) pure states of A.
As a result of the classical-quantum structure of the state (8.5), the entropy of the
sequence of ancillae (in this case, AB) is contained in just the last ancilla, B. That is,

Sap = Sp, so that the entropy of A, conditional on B, vanishes,
S(A|B) =S — S =0. (8.6)

This zero conditional entropy suggests the possibility of transforming the joint state of A
and B in such a way that A becomes disentangled from the rest of the system. In particular,
the vanishing conditional entropy suggests that there exists a unitary operation, V', on pgp

that leads to
Vpap V= pap = by © o, (8.7)
where
Pa = ). (8.8)

As a result, ancilla A is forced into the pure state [¢), and is in a product state with B. In
fact, A has been disentangled from both B and Q.

The operator that performs the transformation (8.7) is a controlled unitary of the form
v=> vUgp, (8.9)
J
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where P; = |j) g(j| are projectors on B and V() are d unitary operators on ancilla A that
depend on the state j of B.
If we choose the set of operators V() such that they describe a transformation between

each of the conditional states [1;) to a new state [),
65 = VT ), (8.10)
then (8.5) is rewritten as
pAB—Zq] My v @ 15)(]. (8.11)
Clearly, applying (8.9) transforms this state to
VoasV' =dag = 10)WI©D_ 4 )0l (8.12)

where A is fully disentangled from B [and also from @ via the symmetry between @ and B
in the wave function (8.1)] and is in the pure state [)).

It is straightforward to generalize this scheme to an arbitrarily-long sequence of measure-
ments. It turns out that the first n — 1 ancillae can be disentangled from the nth ancilla
and (. In general, this requires a set of operations analogous to (8.10) but for the joint
state of n — 1 ancillae, which may be rather difficult to implement in practice. The en-
tropy Venn diagram for the disentangling scheme is shown in Fig. 8.1 for a general chain
Ay, Ag, ..., Aj, Aj 1. Notice how the conditional entropy of the first n — 1 ancillae always
vanishes.

To see how this disentangling procedure might work, we consider the case of qubit mea-

surements of two observables with eigenbases at the relative angle § = m/4. The non-
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Aj A Ay Ajn Ap---Aj
(a) (b)
Figure 8.1: Correlations of an arbitrarily-long chain of ancillae Ay, Ao, ..., A;, Aji1 (a)

before and (b) after disentangling. The two zeros in (b) indicate that the state of Ay, ..
Aj is pure and disentangled from A; .

]

orthogonal states [t);) of ancilla A are written

oly [go) = %(amm L arll)),

ol 1) = —%(amm ~anl1)).

(8.13)

Suppose we choose the disentangled state of A to be |¢)) = ag|0) + aq|1). Then, the set of

conditional operators, %% ), on qubit A is

(8.14)

where Z is the Pauli matrix. The full operator V is then simply a controlled-phase gate,

where the control is on the state of B. In terms of these operators, the joint state of AB is

pAB = Q0 [¥) (W] @ [0)(0] + q1 Z|)($|Z @ [1)(1], (8.15)

so that applying V' to this state yields (8.12).

If qubits A and B are spatially separated, then one could implement this operation in
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Vi1
7=

T
Encode

Figure 8.2: Circuit for disentangling the joint state psp — p's 5 = [¢)(¢|®p’5. The encoding
scheme consists of a series of two measurements of @) with ancillary qudits A and B. The
(conditional) operator shown acting on A is one of the set of d operators v,

practice using local operations and classical communication (LOCC). Suppose Alice and
Bob have qubits A and B, respectively. To perform the controlled unitary (8.9), Bob could
measure (amplify) his qubit B with B’ and send the result of the measurement (one bit) to
Alice. Based on the value of the bit that Bob sends, Alice would perform one of the two
operations VU ) on her qubit. Afterwards, Alice has disentangled A from B (and Q). In this
case, the degrees of freedom of system B’ should be accounted for, and the final state of QB
will no longer be pure, but mixed. See Fig. 8.2 for the corresponding circuit diagram. The
“encode” operation refers to the sequence of two measurements with ancillary qubits A and
B, while the double solid line indicates the single bit of information that Bob communicates
to Alice about the state of qubit B.

To consider more general disentangling scenarios, we must keep in mind that a universal-
NOT gate does not exist [217-220|. That is, it is not possible to construct a unitary gate
that flips any input state to its orthogonal version. For example, o, will correctly flip the
computational states |0), |1), but does not flip |0) £ |1) to |0) F |1) (instead, o, would).
Flipping a qubit to an orthogonal state is equivalent to an inversion of the Bloch sphere.
Such an inversion preserves angles and corresponds, via Wigner’s theorem [221], either to a

unitary or antiunitary operation. Proper rotations (determinant equal to 1) are implemented
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with unitary operations, while orthogonal transformations with determinant —1 correspond
to antiunitary operations. Therefore, since it is not possible to construct a unitary operation
that flips the state of an arbitrary qubit, there is no universal-NOT gate.

However, if we restrict our states to the equatorial plane (§ = 7/2) or the xz plane (¢ = 0)
of the Bloch sphere, then it is possible to unitarily flip the state of an arbitrary qubit. We
can show this by considering two states |¢;) = @;|0) + b;|1), with ¢ = 1,2. A unitary
transformation U to an orthogonal state, Ult;) = b7(|0) — aj|1) = |77/JZ-J‘>, must correspond to
(|UTU|¢) = (4]¢) so that either § = 7/2 or ¢ = 0. For general angles, the transformation
(U — A) is antiunitary, Af);) = b7|0) —a|1) = |¢Z-J->7 and has ()|ATA|¢) = (¥|¢)*. In the
following protocols, we restrict the qubit states to the zz plane so that if the conditional
states [1);) are transformed to an orthogonal state, we can still construct unitary operations
to flip them. Of course, if we are not transforming the states [¢;) into orthogonal states,
then we can always find a unitary operation.

In a general qubit scenario, we can implement the disentangling operation by first trans-
forming the conditional state |1)1) into |¢g). If we assume real coefficients (so that we are in

the zz plane), the two non-orthogonal states of qubit A are

[v0) = a’0) +0']1),
(8.16)

[¥1) = —'|0) + d'|1),
where @’ = a/va? + b? (and similarly for the other three coefficients) and where a = ) cos 6,
b= aysinf, c = apsinf and d = «aq cos .
We can rotate these states into any other state in the xz plane of the Bloch sphere with

a rotation about the y-axis by an angle a. The state [¢1) is transformed into |¢g) by the

198



rotation
Ry(a) = cos(a/2)1 — i sin(a/2) Y, (8.17)
at an angle
o =2cos ! (W'd —dd). (8.18)
In terms of this rotation operator, the state of AB is
paB = 40 [0} (Yol ©10)(0] + a1 R (@)lio) (ol By() @ [1)(1]. (8.19)
The operator that disentangles qubit A is
V =1®0)(0] + Ry(a) @ |1)(1], (8.20)
and transforms p4p into
VoapV" = lvo) (ol © > q; 1), (8.21)
J

where it is clear that A is pure [the first state in (8.16)] and in a product state with B.

8.3 Two-Bit Disentangling Scheme

In the previous section we saw that the joint ancilla states resulting from measurements of
prepared quantum states required only operations conditional on the state of the last ancilla
in the chain to disentangle A from the rest of the system. In this section, we extend this

procedure to the states resulting from measurements of unprepared quantum states. We will
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see that, in this case, the disentangling operations are now conditional on the states of the
last and first ancillae. In particular, we will study three consecutive measurements and find
that if the ancillae are spatially separated, this feature corresponds to the communication of
two bits of information to place ancilla B in a product state with A and C.

Recall from Ch. 7.2.2 that the joint ancilla state for the three ancilla that measured an
unprepared quantum system is non-diagonal in the ancilla product basis. It can, however,
be written in a diagonal and classical-quantum form,

1 21
PABC = D leirlP 1) @ pi @ [k} (K|, (8.22)
ik
where p;1. = |0;1) (01| are the (conditional) pure states of B. This set of non-orthogonal

states is defined as
i [Pi) = > Uij Ui 17) (8.23)
J
which are normalized according to
el =D U312 U7 (8.24)
J

We know from Ch. 7.2.3 that states such as (8.22) have the property that any intermediate
ancillae (in this case, just B) do not contribute to the total entropy. That is, the joint
entropy of (8.22) is Sypc = Sac, so that the entropy of the ancilla chain resides only in

the boundaries. It follows that the conditional entropy of the intermediate ancilla vanishes,
S(B|AC) = Sapc — Sac = 0. (8.25)

In other words, the state of the intermediate ancilla, B, is fully known (has zero entropy)
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when given the joint states of the first and last ancillae, A and C.
The presence of a vanishing conditional entropy suggests that there exists a unitary
operation, V, that disentangles the joint state (8.22), transforming B into an unconditionally

pure state, |¢). That is,
V pape VI = pape = dlac ® oy (8.26)
where
g =10)(9l. (8.27)

Now the intermediate ancilla, B, is in the pure state |¢) and is in product with the rest
of the system, AC' (and also @) due to the symmetry between ) and C' in the underlying
wave function). After disentangling, the conditional entropy S’(B|AC) still vanishes since
Sjg =0, so that SfélBC = Sj&lC'

The full unitary operator V' is of the form
V= Z e ® VR, (8.28)

where V%) is a set of d2 unitary operations on B, and Py = |i) 4(i| @ |k) ¢ (k| are projectors
on A and C. If we choose the set of operators, V(ik), such that they transform each of the

states |¢;;.) of ancilla B into a new state |¢),

pig) = VIR |g), (8.29)
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(a) (b)

Figure 8.3: Correlations of an arbitrarily-long chain of ancillae Ay, Ao, ..., A;, Aji1 (a)
before and (b) after disentangling. The two zeros in (b) indicate that the state of Ao, ...,
Aj is pure and disentangled from Ay and A, ;.

then (8.22) is rewritten as
1 ) .
papc = =3 lal? )il © VI To) (6] VI @ k) (h. (8-30)
ik

Clearly, applying the full operator (8.28) to this state disentangles ancilla B from AC,
1 N
VoapcV'=pape = <3 > lewl li)il @ |k><kr) ® [6){0]- (8:31)
ik

Similarly to the one-bit scheme, this scheme can be generalized to any number of mea-
surements. The entropy Venn diagram for the two-bit version is shown in Fig. 8.3 for a
general chain Ay, Ag, ..., Aj, Ajq.

We now apply this disentangling scheme to the case of qubit measurements. The ability
to force ancilla B into a pure state that is in a product state with the rest of the system
suggests a simple protocol. Namely, a single-qubit state |¢) can be extracted from the joint
state of ABC' by a sequence of unitary gates and measurements as shown in Fig. 8.4. In such

a protocol, we assume that we have access to an unprepared quantum state. Three parties

202



Chinn|
Y |¢>
A
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N W x O =

Figure 8.4: Circuit for disentangling the ancilla state papc — o'y o = P40 @ 10)(4]. The
encoding scheme consists of three consecutive measurements of () with ancillary qudits A,
B, and C. The (conditional) operator shown acting on B is one of the set of d? operators,

V(%) The initial entanglement between () and the purifying reference R is indicated by the
dashed line.

(Alice, Bob and Charlie) that each possess a qubit, measure an observable of @), creating the
entangled state pypo in (8.22). Alice and Charlie each amplify their qubit with a second
qubit A" and C’, respectively, and then send the results of their measurements (two classical
bits i and k) to Bob. Based on the values of the two bits, Bob can perform one of the
four unitary transformations, V(ik), on his qubit B. Following these operations, Bob has
produced the pure state |¢) that is in a product state with the rest of the system.

Suppose that the measurements of () with ancillae B and C' were of observables with

relative angles § = 6/ = /4. In this case, the four possible states, |¢;;), of ancilla B are

o) = 7510~ 1)),

1
_ﬁ(|0> i |1>>’ (8.32)

1

610) = =5 (100 -+ 1)),

o) = =—=(10) = 1)).

|po1) =

If we choose the disentangled state of ancilla B to be |¢) = |0), the corresponding conditional
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operators are rotations about the ¢ axis by an angle +m/2,

v (00)f (1+iY) = Ry(~7/2),

Sl -

(01

(1=Y) = =Ry(m/2),

Sl -

(8.33)

0t _ (Il — Z'Y) = R@(W/2)7

Sl -

1 .
vt = _ﬁ(l +iY) = —Ry(—7/2).

With these transformations, the state (8.22) is written as
1 : :
papc =7 > i)l @ VT 0) 0] VI © k) (k. (8:34)
ik

Applying the full operator (8.28) to the state (8.34) disentangles ancilla B from the rest of

the system,
i1 1
VoapcV! =5 14910)0/@ 3 10, (5.3)

where 1/21 are maximally mixed states.
Note that one could also select the disentangled state to be |¢) = \%(\0) + 1)), instead
of |¢) = |0) in the example above. Then, the corresponding set of conditional operators (for

measurements at the relative angles = 6’ = 7/4) can be written as

vyt — 7
vt — _x

(8.36)
vy A0t _ ¢

)

vt = _zx = 5y,

instead of (8.33).
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In a more general qubit scenario, suppose we implement the disentangling operation by
first transforming |¢g1), |¢10) and |¢11) into |pgg). If we assume real coefficients so that we

are in the xz plane of the Bloch sphere, the four non-orthogonal states of qubit B are

|¢o0) = a’|0) — b'[1),
[¢11) = —b'|0) + d[1),

(8.37)
[¢o1) = —'[0) — d'|1),

|é10) = d'[0) + ]1).

Here, we defined a’ = a/va? + b* (and similarly for the other three coefficients) and where
a=cosf cost, b=sinf sind, c = cosd sind and d = sinf cosf’. First, we note that two

of the states can be written in terms of the other two as

[911) = X|doo),
(8.38)

|P01) = —X]910),

so that we only have to find a rotation for |¢1¢) into |pgg). Using the results from the one-bit

disentangling scheme, we write the transformation as a rotation about the y-axis by an angle
o =2cos ™! (d'd = V). (8.39)

Thus, with this set of transformations, qubit B ends in the state |¢qq)-

8.4 Examples of Disentangling Operations

It turns out that many quantum protocols utilize a disentangling scheme similar to what

was described previously. Here, we discuss two well-known examples, the Garisto-Hardy
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disentanglement eraser and the teleportation protocol.

8.4.1 Quantum Disentanglement Erasers

The disentanglement eraser was formulated by Garisto and Hardy in 1999 [164] as a way
to recover entanglement in a quantum system that was destroyed through additional cor-
relations with another system. In the disentanglement eraser, we start with the entangled
state

1

|AB) = 7

(|00> + |11>>. (8.40)

Additional correlations are introduced by tagging the components of this state with a tagger

qubit 7" using a controlled-NOT gate (A or B can be the control qubit):

1

Ucnor |AB) |0)r = |ABT) = 7

(|000> + 1111>). (8.41)

The initial entanglement of AB has been destroyed since it has become completely mixed,

pap = 3(|00){00] + [11)(11]).
The entanglement can be restored by measuring the tagger 7" with another ancilla 7”7 in

some basis. If one chooses the basis |£) = (|0)7 £ |1)T/)/\/§ then the joint state becomes

U|ABT) |+) ;v = |ABTT')

1 \00>AB+!11>AB|++> .
= TT

V2 V2

00) 4 — |11) 4 (8.42)

\/§ ’ - _>TT’

If one registers the outcome |+), then the entangled state [00) 4 p+|11) 4 g is fully recovered.

206



A—
B
T i 2

Figure 8.5: Garisto-Hardy disentanglement eraser. After tagging with system 7" the entan-
glement of AB (indicated by the dashed line) is lost. Measuring 7' with 77 in a rotated basis
and applying a conditional unitary to AB restores the original entangled state |AB).

V[ 1B

However, for the outcome |—);/, a phase shift restores the entanglement:

100)4B + [11)4B

V2

00)ap + [11)aB

V2

H_}_)TT,_{— :H.A@O'Z

o L
|ABTT>_ﬁ[

|__>TT/] . (843)

Conditional on the outcome of the 77 measurement, one applies the appropriate unitary to

AB to obtain

V|ABTT') = {|00>AB + ‘11>AB] [| + ) ppr = =)y

N N (8.44)

Thus, A and B are restored to their initial entangled state. The conditional unitary that

implements the disentangling operations can be written as
V=1r® (ILA QI @ [F)p(H+ 14 R0, ® |—>T/<—|). (8.45)

A quantum circuit diagram for the disentanglement eraser is shown in Fig. 8.5.
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8.4.2 Quantum Teleportation

The standard teleportation protocol was presented previously in Ch. 2. Recall from (2.35)

that the initial state of the unknown qubit and the shared entangled pair is
1
) ® |Boo) = 5 Y 1=x) @ VEIT ), (8.46)
zZx

where VT = XT 72 In this form, it is clear that the conditional unitary operator that
disentangles Bob’s qubit is

V=> P,evE) (8.47)

zZr

where P,; = |B.2)(82z| are projectors in the Bell basis. After applying (8.47) to (8.46),

Bob’s qubit is disentangled and is in the state |1).

8.5 Undoing Quantum Measurements

A natural question that we might ask is what the state of the quantum system is after the
disentangling process. Specifically, whether it is equivalent to the situation where certain
measurements were never performed so that the disentangling operation is equivalent to
undoing a measurement. For example, recall the simple case of two measurements on a

prepared quantum system. After disentangling ancilla A, the wave function is

VIQAB) =Y af |bjj) ®¢), (8.48)
J
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where the amplitudes satisfy

/12 2 2
@7 = lail* (U] (8.49)
]
If the measurement with A had never occurred, and instead we only measured () using

B, the resulting wave function would have been
@B) =Y _a}|b; ), (8.50)
J

with amplitudes that satisfy

2

5&“2 = ‘ ZO&Z' Uij (8.51)
{

The difference between (8.49) and (8.51) is that the amplitudes in the disentangled state are
an incoherent sum of terms, reflecting the fact that a measurement of ) had been performed
before B. Thus, the disentangling operation is not equivalent to undoing past measurements.
This means that if the measurement with A represented an “error” in a quantum algorithm,
then disentangling A does not reset the state of QB to the pre-error state, and cannot be

used as an error-correcting protocol.

8.6 Extracting Entanglement

The schemes in the previous sections can be extended to disentangle multi-qudit entangled
states. Here, we consider three measurements of a prepared quantum system, from which

an entangled state of AB can be extracted. Recall from Ch. 7.2.1 that the ancilla density
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matrix after such a set of measurements is

paBc = Y dy [Ur) (r| @ [k) (K], (8.52)
k
where
af ) =D ai Uy Ujy i), (8.53)
ij
and
o ? = gl = loal* |U 1 [Uf. (8.54)

ij

For instance, for § = 7w /4, the two conditional states of AB in Eq. (8.52) are

[thg) = a|00) 4 b|01) + ¢|10) + d|11),

(8.55)
|11) = b]00) — al01) — d[10) + ¢|11),
where a = agcosf, b = —agsin®, c = ajcosd and d = agsind’. It is straightforward to
show that applying —Z ® 1Y to the second state yields the first state:
(=2 ®iY)[¢1) = |to)- (8.56)
Thus, the operator
V=> ZFe (—iv)" ® k) k|
k (8.57)

—1®1®|0)(0] - Z®iY @ |1)(1],
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Figure 8.6: Entanglement entropy Sg of the disentangled state [ig) of A and B in (8.55).
Three curves plotted as a function of the second measurement angle 6’ (with 6 = 7/4)

for different amplitudes aq of the initial quantum state. Maximum entanglement occurs at
a9 =1/v/2 and ¢ = /4.

leaves the state p4pc disentangled,
# 1
VoapcV'! = [vo)(dol @ lc- (8.58)

In this way, a two-qubit entangled state is extracted from the ancilla chain. The entanglement
of |1g) in (8.55) is characterized by the entanglement entropy Sg, computed from the entropy
of the reduced density matrix for A or B. This is shown in Fig. 8.6 as a function of the
measurement angle §/. Evidently, increasing 6’ produces a state that is more entangled. In

particular, a maximally entangled state is produced when ag =1/ V2 and 0/ = /4.

8.7 Generating Remote Entanglement

Shared entanglement between spatially separated systems is an essential resource for quan-

tum information processing including long-distance quantum cryptography and teleporta-
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tion. Here, I describe a protocol for generating a maximally entangled state between remote
locations that requires only local operations and does not rely on communication between
the separated parties.

Much of quantum information processing relies on entanglement as a resource. For exam-
ple, entanglement that is shared between distant parties is necessary to implement Ekert’s
quantum key distribution protocol for secure communication [222|, to transfer quantum
states using teleportation [7], or to establish large-scale quantum networks. Remote entan-
glement generation has been realized in many systems such as with optical photons [223-225|,
the nitrogen vacancy centers of solid state qubits [226], and superconducting qubits [227-229].

I describe a method for deterministically generating remote entanglement between two
qubits using local operations on pairs of separated qubits. T consider two versions—one with
and one without classical communication—and show how the degree of entanglement created

can be tuned by the choice of encoding parameters.

8.7.1 Encoding Scheme

To generate remote entanglement, four ancillary qubits A, B, C, and D are first encoded via
a sequence of unamplified measurements [70] of a quantum system (). Such measurements
are equivalent to the unitary entangling operations implemented in weak measurements |23,
24,106,116,118,119] (see Ch. 5), but the interaction considered here is strong (see, e.g., [117,
139]). Following the encoding, local operations are performed on the qubit pairs AB and
CD, which are spatially separated from each other, such that a shared entangled state of
BC' is produced. The entanglement of this state is will depend on the details of the four
measurements.

The density matrix of the qubit quantum system, (), is taken to be proportional to the
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identity matrix, pg = %Il, so that it is a maximum entropy state. The four consecutive
entangling operations between the quantum system and the ancillary qubits lead to the

total wave function [59,70],

|IQRABCD) = Z ij Ui Ut i jke), (8.59)
mké

where the initial mixed state of () has been purified with a reference R and each system is
of dimension two. The measured observables are characterized by the matrix elements of U,
U’, and U”. That is, the eigenbasis of the first observable is rotated relative to the eigenbasis
of the second via [1) = >, Uj;|j), and similarly for the third and fourth observables with
U’ and U”. Since the measurements are strong, the final states of the ancillary qubits,
1) 4, 17) B, |k, and |€) p, are orthogonal. If we consider only measurements of observables
corresponding to the xz plane of the Bloch sphere, such a transformation can be implemented

with a rotation by an angle # according to

U:<C9SQ —sm@)j (8.60)

sin 6 cos

and similarly for U’ and U” with angles ¢’ and 0", respectively.

The encoding operation starts by first entangling qubits A and B with @), with a relative
angle of 6 between the first two observables, and sending them to Alice. Qubits C'and D are
subsequently entangled with @), with a relative angle 8” between the last two observables,
and are sent to Bob. As we will see, the intermediate angle 6’ can be left arbitrary in the
protocol so that it is not necessary for Alice or Bob to know the measurement bases the
other chose.

The coherence of the chain of ancillary qubits will be used to create the remote entan-
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glement. Their joint state can be written in terms of a new basis for B and C such that

tracing (8.59) over ) and R it appears as

PABCD = %ZP% ) (il @ |ie) (diel @ [€) (L. (8.61)
it

The four non-orthogonal states of BC,

eit10ie) = Y Ui Ul Uply k), (8.62)
ik
are normalized according to
pie = lexl® =D Ui [P U U, (8.63)
7k

Consistent with the choice of encoding parameters (9, 6, and 6”) Alice and Bob construct
a set of conditional unitary operations to perform locally on their pairs of qubits (AB and
CD) to generate remote entanglement. At the end they share an entangled state of B and
C that is in a product state with the rest of the system.

As local unitary operations alone cannot change the entanglement of a state (recall from
Ch. 3.4.1 that local operations do not change the Schmidt coefficients in the Schmidt de-
composition of a bipartite pure state and, therefore, do not change the entanglement [25]),
remote entanglement can only be generated in this protocol by local operations on B and C'
when the entanglement entropies of each state |¢;¢) in (8.62) are the same.

We consider two versions of the protocol. The first, which is more general, occurs when
Alice chooses the relative angle § = 7/4 (Bob could, equivalently, have picked " = 7/4).
We will see that, in this case, classical communication is required between Alice and Bob

concerning the states of their qubits A and D (but not the states of B and C). Furthermore,
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the final degree of entanglement between B and C will depend only on Bob’s measurement
angle §”. The second version is a special case of the previous scheme where both the first
and third angles are § = 0" = 7/4. Here, communication about the states of A and D
will no longer be required and a maximally entangled state will be produced with only local

operations on the two pairs of qubits.

8.7.2 Protocol with Communication

The first scenario requires Alice’s measurement angle to be §# = m/4, which necessitates
classical information to be communicated between Alice and Bob. Using local operations on
B and C in addition to classical communication about the states of A and D, they generate
a new state of BC that is entangled according to Bob’s measurement angle 6.

To encode the ancillary qubits, Alice selects the relative angle 6 = 7 /4 while Bob’s angle

0" is left arbitrary. When 6 = /4, the density matrix (8.61) can be written as
pascp = 3 S 1ikil @ Vo) anol V0 @ [0, (5.64)
14
where the coefficients p;y = 1/2, and
Vot = zitlxt g x* (8.65)

is a conditional unitary operator on qubits B and C. Here, Z and X are Pauli operators
and (i + ¢) is modulo two.
The conditional joint states (8.62) of qubits BC' are functions of the angles ¢ and 6.

The key observation is that each of them can be written in terms of local operations on the
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state |pgo) as
[030) = VU Tg0) = 27 X" @ XF [ gop). (8.66)
The ¢ = ¢ = 0 state can be written as

|600) = — sin®’ |Bo1) + cos ' | Bro), (8.67)

where the states

|B00) = sin 8”]00) + cos §”[11),
Bo1) = sin6”|01) + cos 0”[10),

(8.68)
|§10> = cos 0"|00) — sin 0”[11),

B11) = cos6”]01) — sin 6”]10),

form the generalized Bell basis.

The entanglement entropy [25] S, which is a standard measure of the entanglement of
a bipartite pure state, is the same for each state (8.66) since local operations do not change
the amount of entanglement. The entanglement entropy is computed from the von Neumann
entropy of one of the subsystems pgg) = Tro(|pip) (#;0]), and turns out to be independent of

the angle ¢,

Sp=S(r)

2 91/

(8.69)
= —cos“f" log cos20” — sin?0" log sin20”.

Evidently, the conditional states (8.66) are in a product state (uncorrelated) when 6" = 0

and are fully entangled when 6” = 7/4 (this second case is the one considered in the next
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Figure 8.7: Entanglement entropy Sg of the conditional states (8.66) of qubits B and C
for § = /4. In this case, Sg is independent of the intermediate angle #’. The states are
maximally entangled at 6" = 7 /4.

section). Thus, Bob can control how entangled the shared state of BC is by choosing a
particular measurement angle 6" (see Fig. 8.7).

The operation that disentangles the qubits B and C' from A and D takes the form

v =3"liNil o Vi @ e, (8.70)
il

where the unitary operators V(i) were defined in (8.65). This does not completely factor
into two separate operations on the pairs of qubits AB and C'D. In other words, classical
communication is necessary between Alice and Bob in order to implement the disentangling
operation. From (8.65), it is clear that Alice must know the state ¢ of Bob’s qubit D before
performing her controlled unitary on A and B, while Bob does not need to know the state 7 of
Alice’s qubit A. Despite the communication requirement, the conditional operations (8.65)
are independent of the angles & and 6” so that Alice and Bob do not need to know each

other’s measurement bases.
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Figure 8.8: Entropy Venn diagrams for the ancillary qubits before (a,c,e) and after (b,d,f)
disentangling with (8.65). The first angle is § = 7 /4, while § and " are left arbitrary. The
entropy Sgp (Spc) |Scp| depends on 6" and 6" (') [#”] and the entanglement entropy Sg
is defined in (8.69).

After applying (8.70) to the state (8.64),

1
VoapepV' = §1®|¢00><¢00\® -1, (8.71)

qubits B and C are successfully disentangled from the rest of the system, leaving qubits A
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and D in maximally mixed states.

The entropy relationships between qubits A, B, C, and D are illustrated using entropy
Venn diagrams [59] in Fig. 8.8 before and after the disentangling operation (8.70). Note that
the shared entropy S(A : D) is always zero, and that Alice and Bob will share a maximally

entangled state when Bob chooses the angle §” = 7/4 so that Sg = 1.

8.7.3 Discussion
8.7.3.1 Conditions for Entanglement Generation

In the most general scenario, for local operations to successfully disentangle the joint state
of qubits B and C' from the rest of the system, it is necessary for the entanglement entropy
of (8.62) to be a constant for all 7, ¢. In other words, disentanglement is only possible if the
Schmidt coefficients in the Schmidt decomposition of each state (8.62) are the same. This,
however, does not guarantee that the resulting state of BC' will be entangled. For instance,
at 0 =0 or 0" = 0, the entanglement entropies are indeed the same, but vanish, so that the
resulting state of BC' is completely uncorrelated and no shared entanglement is created.
When nonzero entanglement between qubits B and C'is successfully generated, the shared
entropy of A and D vanishes, S(A : D) = 0. In all other situations, S(A : D) > 0. Given the
correlated structure of the coefficients % piv |see (8.63)] in the density matrix p4p, a vanishing
mutual entropy can only occur if at least one of the three angles is 7/4 so that %pig =1/4.
In turn, this corresponds precisely to a constant and nonzero entanglement entropy. Thus,
the necessary and sufficient condition for the entanglement generation scheme described here

is simply

S(A:D)=0. (8.72)
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Figure 8.9: The trace distance, T, averaged over all intermediate measurement angles €', as
a function of #”. Here, § = 7 /4.

8.7.3.2 Reliability

We can characterize how coherent the joint state of all four ancillary qubits is before the
disentangling operation (8.70) is applied. The closer the state is to its classical counterpart,
the more robust it is to decoherence during the phase of the protocol when the qubit pairs
are sent to Alice and Bob. We quantify how close papcp is to the classical (completely
decoherent) version, o4pcp, which has only diagonal elements, by computing the trace
distance between (8.61) and the decoherent state

1 . .
TABCD = N UG P 1T P U ko) (ike). (8.73)
ikt

The trace distance between two states p and o is defined as [25] T = %Tr(]p —o|) =
%Tr(m), which is bounded between 0 and 1. The trace distance, averaged over all
intermediate angles ¢, is shown in Fig. 8.9 for # = 7/4. This distance measure increases
(the state becomes more coherent) as Bob’s angle 6" increases, and the resulting state of

BC' becomes more entangled.
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8.7.4 Protocol without Communication

In the first protocol, the ancillary qubits were encoded using § = 7 /4, while 8’ and 0" were left
arbitrary. Here, I consider at a special case where both the first and third relative angles are
set at @ = 0" = /4. We will see that this removes entirely the communication requirement
between Alice and Bob because the disentangling operation completely factorizes.

For this set of angles, the density matrix (8.64) can be written with
VOt = 7l g (—2)!, (8.74)

which are conditional unitary operators on B and C. There are two important features
of (8.74): the operators on B and C' are completely factorized, and they do not depend on
the intermediate angle §/. That is, the operator Z', with only the index 4, acts on B, and
(—Z)f, with only the index ¢, acts on C'. Thus, communication between Alice and Bob is no
longer required to generate remote entanglement since they do not have to know the state
of the other’s qubit.

The four conditional states of BC' can be obtained by applying (8.74) to the t = ¢ =0

state,
|b00) = —sind' |Bo1) + cos ' [Bro), (8.75)
where the standard Bell basis can be written as
|Boa) = (1@ X*Z7) |Boo) (8.76)

with |Bgg) = |®T) the usual Bell state. It is clear from (8.74) that if Alice and Bob each
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Figure 8.10: Circuit schematic for generating shared entanglement. Alice holds qubits A and
B, while Bob holds qubits C' and D. The state of qubits ABC'D after the encoding scheme
is found from (8.59). In this figure, the entangled state |¢) that is generated corresponds to

|#00) in (8.75).

perform a controlled unitary on their set of qubits of the form,

V:‘N/AB®‘~/CD

PLLEFALE

(8.77)

@Y (-2)" @ 0) ey]

L

the resulting state will be (8.71), where |¢gg) is now given by (8.75). Note that according
o (8.77), Alice and Bob each perform a controlled-phase gate on their pairs of qubits.

Thus, by using only local operations on their pairs of qubits, Alice and Bob disentangle
the joint state of BC from the rest of the system. I emphasize that this does not require any
classical communication between Alice and Bob, and afterwards they share one half each of
the entangled state (8.75). This state (8.75) is maximally entangled regardless of the angle
¢ (its entanglement entropy is equal to one). Since the conditional unitary operators (8.77)
on B and C are independent of the angle #’, the disentangling can occur when Alice and
Bob do not know &’. In other words, they do not need to know each other’s measurement
bases.

Figure 8.10 shows a simple schematic of the complete entanglement generation process

without communication. The operation denoted “encode” is the sequence of measurements
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Figure 8.11: The trace distance, T, as a function of the intermediate angle §’. Here, both
Alice’s and Bob’s relative measurement angle is § = 0" = 7/4.

that produces the state (8.59). In the figure, the final state |¢) corresponds to (8.75). The
trace distance is plotted as a function of the intermediate angle, ¢, in Fig. 8.11. The
entanglement between subsystems A, BC, and D is shown in Fig. 8.12 before and after the

disentangling operation (8.77).

8.8 Conclusions

Consecutive measurements on a single quantum have a wide range of applications, from
extracting joint weak values in weak measurements [230] and modeling the quantum Zeno
effect [192,206,209-211] to probing the nature of quantum measurement [177-179|. Here,
I showed that the consecutive measurement construction can be used to generate remote
entanglement. The protocol uses a simple encoding scheme and requires only local operations
on the resulting entangled qubits. In the general case, the degree of entanglement can be
tuned by the choice of encoding parameters (the set of measured observables), while the

second version always produces a maximally entangled state.
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Figure 8.12: Entropy Venn diagrams for § = 0" = 7/4 before (a,c,e) and after (b,d,f) the
disentangling operation (8.77). The intermediate angle ¢ is left arbitrary.
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Chapter 9

Conclusions

9.1 Summary of Results and Future Work

The primary focus of this dissertation was the formulation of a unitary model of quantum
measurement that is treated on the same footing as quantum operations and cast in the
framework of quantum information theory. In this manner, [ was able to quantify how infor-
mation is processed in quantum measurements. I began with the early model of measurement
that was first introduced in 1932 by von Neumann where a quantum measuring device is
entangled with a quantum system. From there, I built on the ideas of Adami and Cerf who,
starting in the '90s, described measurement in the context of quantum information theory
and introduced the useful quantum entropy Venn diagrams. In this framework, they showed
the striking departures of quantum entropy from its classical counterpart, in particular, the
emergence of negative conditional quantum entropy from entangled systems, which stands
in stark contrast to the non-negativity constraints of classical conditional entropy.

In this work, I expanded upon these ideas and quantified how entanglement and entropy
are distributed and evolve in diverse measurement scenarios. I considered parallel and con-
secutive measurements as well as measurements with variable interaction strengths. Along
the way, T discussed how strong measurements are not fundamentally different from weak

measurements (Ch. 5), derived a new quantum information-theoretic complementarity rela-
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tion for the quantum eraser (Ch. 6), explored the Markovianity of sequences of measurements
(Ch. 7), and developed protocols based on disentangling operations (Ch. 8).

The main results of this dissertation are organized into four sections. First, in Ch. 5 I
described a generalization of weak and strong measurements. Then, in Ch. 6 I described
parallel measurements that are made on an a composite quantum system, while in Ch. 7
[ analyzed consecutive measurements made on the same quantum system. Finally, I used
the findings of Ch. 7 to construct measurement-based quantum protocols, which were the
subject of Ch. 8.

In Ch. 5, I argued that within our model of measurement, weak and strong measurements
should be treated on the same footing. Furthermore, I showed that certain measurement
interactions do not have to be approximated by a weak coupling and can be computed exactly.
I focused on the case of spin and position measurements with a qubit pointer and derived
the real and imaginary components of the weak value. I only considered qubit systems, but
the formalism could readily be extended to include higher-dimensional quantum systems and
pointers.

In Ch. 6, T described parallel measurements of an entangled quantum system in the
context of the Bell-state quantum eraser experiment. The results of the quantum eraser
in all of its various forms have been well established for quite some time so my aim was
not to make new experimental predictions, but instead to analyze the (possibly delayed)
manipulation of the interference patterns in the eraser mechanism in the light of quantum
information theory. I showed how the experiment can be broken down into distinct stages
that can be understood using entropy Venn diagrams, which elucidate not only the flow of
entropy and entanglement between subsystems, but also how these quantities are ultimately

connected to the structure of the photon’s interference pattern. To tie all the results together,
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I derived a complementarity relation between the coherence and “which-path” information
of the photon traveling through the eraser apparatus, which is fundamentally a consequence
of the chain rule for entropies. Unlike many previous efforts in this area, our approach
did not require definitions for coherence and path information to be specified beforehand.
In this way, an information-theoretic approach offers additional insights into the origins of
complementarity.

In Ch. 7, I turned from parallel measurements to an arbitrarily-long sequence of consecu-
tive measurements of a single quantum system. I utilized the notion of unprepared quantum
states, which in my view are more basic than prepared states. Such states can be thought of
as arising from a (possibly infinite) sequence of measurements that randomize the quantum
system, leaving it in a maximum entropy state, quite similarly to the quantum anti-Zeno
effect. I studied the differences that arise from measuring prepared and unprepared quantum
states in terms of the structure of the resulting density matrices and entropy Venn diagrams.
I described two types of quantum measurements (unamplified and amplified) and quantified
how information is “lost” if the measurements are amplified. I distinguished measurements
that remain coherent from those that are amplified, and proved that amplified measurement
sequences are equivalent to quantum Markov chains. In contrast, I showed that the state
of unamplified ancillae remains coherent regardless of the size of the measurement chain.
The unique structure of these joint ancilla states leads to the interesting property that their
entropy is encoded in the boundary of the measurement chain. Using the tools of quantum
information theory, I quantified the amount of information a measurement device has about
the quantum system and about previous devices in the measurement chain, and showed that
this information is always reduced by amplification.

A natural next step may be to extend and generalize the results in this work to tensor
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networks. I already alluded to a possible connection to the holographic principle from the
fact that the entropy of measurement chains are described by the boundary only. The
simple one-dimensional description presented here could be extended to multidimensional
measurement networks where the entropy of the entire network may be found on the surface
of the volume. In this case, we might ask what sequences of measurements would satisfy this
holographic property and what would be the structures of the underlying density matrices.

Another possible avenue of future investigation is to study in more detail quantum Markov
chains and the structure of states that satisfy the Markov property. I showed that amplified
measurement chains are always Markovian, but we could investigate how non-Markovian are
unamplified chains. That is, how the structure of unamplified chains compares to a quantum
Markov chain.

Finally, in Ch. 8 I harnessed the coherent structure of the joint ancilla density matrices
to construct disentangling schemes. I first considered general one- and two-bit disentangling
protocols in order to demonstrate the basic construction. Then, I outlined a protocol for
generating remote entanglement, which is a necessary component of quantum information
processing. I discussed a method for encoding a set of ancillary qubits via consecutive mea-
surements and applying conditional operators to extract an entangled state shared between
two spatially separated locations. Future work in this area could include investigating meth-
ods for certifying the entanglement generation. That is, whether Alice and Bob can verify
that the entangled state is indeed produced. This is important for quantum key distribu-
tion, where we need to determine whether a third party (Eve) has tampered with any of the
qubits. We could also probe further the structure of the ancilla chains and the conditions

under which disentangling operations are allowed.
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