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ABSTRACT

NONPARAMETRIC ESTIMATION OF INTEGRAL CURVES USING HARDI DATA
By
Michael DelLaura

We develop a fully non-parametric method for the estimation of curve trajectories using HARDI
data. For a set of locations X; € G, G representing a region of the brain, we consider the diffusion
process by applying multivariate kernel smoothing techniques for the estimation of a general
function f describing the signal process obtained from the MRI image. At each location x € G
we search for the direction of maximum diffusion on the unit sphere to obtain estimates of curve
trajectories. We establish the convergence of the deviation between estimated and true curves to
a Gaussian process to develop tests for the connectivity likelihood of regions. This method is
computationally efficient as with each step of the curve tracing we construct a pointwise confidence

ellipsoid region rather than exhaustive iterative sampling methods.
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CHAPTER 1

INTRODUCTION

Diffusion MRI makes use of the properties of protons under an applied magnetic field to measure
dominant diffusion directions in cerebral white matter. Magnetic resonance imaging (MRI) utilizes
the dynamics of self-spinning protons, most commonly in water molecules, as the source of
energy to generate MRI signal. Under a strong magnetic field, a group of these spins form a net
magnetization. This net magnetization can be perturbed by a radio frequency electromagnetic
wave. Its wobbling (precessing) phenomenon can be measured as signals by an MRI scanner. By
manipulating the magnetic field by gradients, we can identify the locations of the signal which
in turn allow us to generate images. Because MRI contains no radiation and thus the potential
damage to the human body is minimal, it has become an important tool in both clinical and research
applications.

These directions for which water is diffusing correspond to those directions that the neural
pathways, or axons, are aligned. Water moves along, but not across these pathways, which is a key
component in determining these path orientations through the use of magnetic fields as in dMRI.
The phenomenon of water diffusion is further taken advantage of in MRI to develop diffusion
weighted imaging (DWI). Water diffusion with the presence of a magnetic field gradient leads
to MRI signal loss. In an unrestricted environment, water and other molecules move or diffuse
randomly in three dimensions resulting from thermal energy. The motion is called Brownian
motion.

These protons in the water molecules moving in constant random motion contained in neural
pathways behave as gyroscopes that either ‘tilt’ or ‘align’ under a magnetic field applied in a
particular direction. A lack of alignment corresponds to a larger signal response. This would
indicate that the applied magnetic field direction is not in agreement with the path orientation.

This lack of alignment increases as the magnetic field gradient becomes more orthogonally

applied with respect to a pathway. In the case that there is an agreement between the applied



direction and pathway we get an aligned assortment of protons. Indeed, this corresponds to a lower
signal response.

Thus these methods make use of the signal response under an applied magnetic field to measure
the degree to which water is diffusing in a given direction as a means of tracking neural pathways.
With this knowledge one can build models relating the signal response to an orientation distribution
function (ODF) such as in kernel regression estimation. This ODF gives an empirical descrip-

tion of the distribution of diffusion at a location x € R in each particular diffusion direction b € R3.

Studying the Brownian motion of molecules (water molecules in our case) in the brain can
provide information regarding the neuronal structural connectivity in vivo. These measurements
have been made possible with DWI [18, 19], which applies diffusion-weighted gradients in various
directions to assess the diffusing directions of the water molecules. With DWI data, as in the
commonly used diffusion tensor imaging (DTI) techniques, diffusivity values and principal diffusion
orientation can be estimated at each voxel. Since healthy axons contain intact myelin sheaths and
tend to align in organized orientations, water diffusivity in a voxel tends to be preferentially along
the direction of the axonal bundles. By inspecting the orientations of the diffusion tensors at
neighboring voxels, axonal fiber bundles can be tracked. The success of the axonal tracking can
be used to understand the structural connections between brain regions [21, 25], and can be used
to assess axonal changes over time in applications such as brain maturation in young children
[20], axonal degeneration in Alzheimer’s diseases [26], and potential axonal damage in traumatic
brain injury [24]. However, successful tractography based on DWI data faces some fundamentally
challenging demands, specifically the need for high image signal-to-noise ratio (SNR), high spatial
resolution, a relative long scan time, the ability to resolve crossing fibers, full coverage of tracks of
interest, and the ability to track at regions with low diffusion anisotropy. To address the issue of
crossing fibers, high angular resolution diffusion imaging (HARDI) [23] in DWI has gained some
success. The issues related to neuronal fiber tractography in DWI motivated our research on the

integral curve estimation.



The application of a diffusion gradient leads to low image SNR. The subject’s motion as well
as physiological signals within the relatively long scan time in DWI, with a typical range of 8 to
20 min, can further exacerbate the noise issue in DWI. In this work, our goal is to understand the
error propagation due to noise in neuronal fiber tractography under as few model assumptions as
possible, leading to a nonparametric setup.

Using the methods of dMRI one can also discover the degree of likelihood for which two regions
are connected. Of course, this is of great scientific interest since developing our understanding of
the connective features of the brain would inevitably help in the planning of neurosurgeries. This
knowledge would serve as a strong basis for the studying of brain disorders, and research could build
upon itself in a more fruitful manner. Creating an underlying physical connectivity map would
serve as a highly useful foundation in the investigation of functional brain connectivity, i.e., fMRI.
A more informed schematic of this structure on this small a scale could reveal potential patterns and
insight into understanding of the proportions of the brain used for their respective purposes. One
could upon combining this with fMRI analysis create a more rich analysis of region interactions
and understanding of their purposes. Indeed, continued analysis of brain microstructure should
produce a trustworthy anatomy. These methods could potentially be developed further and applied
to uncover nerve pathway interactions on a small scale.

Probabilistic fiber tractography [19] is one popular technique in DWI because it can assess
the relative strength of fiber connection. However, this technique employs Monte Carlo sampling
and bootstrap techniques, and depends on arbitrary prior parameter assumptions based on fully
parametric models. Incorrect parameter assumptions will exacerbate the error due to the repeated
Monte Carlo sampling. To reduce the need of parameter assumptions, Koltchinskii et.al. [5]
developed a theoretically more rigorous semiparametric approach for the simple vector model [5],
Carmichael and Sakhanenko investigated the “low-order” DTI model [2] and “high-order” HARDI
model [9]. With the later approach, they demonstrated tighter confidence ellipsoids around the
fibers, and their method is more robust in handling crossing of fibers than other DTI methods

[10, 11]. Deterministic fiber tractography [22] is another popular technique in DWI, which does



not provide the assessment of uncertainty such as confidence regions or occupancy probabilities
estimation.

Based on the improvement of the semiparametric approach in the work by Carmichael and
Sakhanenko, we want to assess the fiber tracking performance based on a completely nonparametric
model using HARDI data. Although the proposed technique is computationally intense, it avoids
the typical limitations of deterministic tractography techniques, and recovers the connectivity

information similar to probabilistic tractography techniques.



1.1 STEJSKAL TANNER EQUATION

The general form of the Stejskal-Tanner equation relates the diffusion signal E(x,b) to the

diffusion tensor D at a location x € G and for some applied magnetic gradient direction b € R3:

R(.x, b) _ —CbTDb
Ro(x)

At a given location x, R(x,b) denotes the relative amount of water diffusion along the spatial

E(x,b) =

direction b. Ry(x) represents the amount of signal observed without any applied magnetic field.
The ratio of these two gives a metric for amount of diffusion at a given location and direction. This
serves as a basis in dMRI methodology for the construction of any particular type of model.

The amount of diffusion in a particular direction at a given location x € G can be characterized
by this diffusion tensor D. The above relationship between the signal and the diffusion tensor was
first given by Stejskal and Tanner. According to this classical equation, we may report the observed

log-loss of signal obtained from the DTT data (see [8]) as related to a diffusion tensor as follows

R(x,b)

yb) = ~log ( Ro(x)

) = cb! M(x)b, (1.1)

where for each x € G, M(x) (in place of D) is a positive-definite symmetric matrix representing the
3D distribution of diffusion at a location x € G. This M can be visualized as an ellipsoidal structure
describing diffusion at a given location whose diagonals are the eigenvalues corresponding to those
eigenvectors of M aligned with the principal eigenvectors of said ellipsoid. The elongation of
said ellipsoid is determined by those corresponding eigenvalues. Note this makes sense since the
process of water diffusion is Gaussian and the diffusion tensor is representative of the covariance
matrix of the diffusion process at a particular point. This model is quite natural for a single fiber
where the ellipsoids would be really streched out along the fiber, while in the grey matter most

ellipsoids would be spheres.



1.2 Definitions/Preliminaries

Nonparametric Statistics makes use of methods for which no assumptions are placed on the data
belonging to a parametric family of distributions. The need for these methods arises frequently in
areas for which little is known about the underlying data structure of interest (e.g. the setting of this
paper). Considering the highly unknown structure of the brain, and the unavoidably high amounts
of noise shrouding the details we can in fact uncover, it makes sense to approach the problem with
fewer assumptions. One can then formulate a more theoretically rigorous foundation upon which to
proceed with analysis. Before discussing specific modeling methods we will introduce some basic
concepts in the non-parametric methodology particular to Kernel Regression Estimation.

In Integral Curve Estimation we are concerned with estimating curves able to be represented as

integrals of smooth functions. We have the general form of a regression model

Y, = f(Xp) + o(X)s;,

where the ¢ are random i.i.d. errors with Eg; = 0, and o > 0 is a scaling smooth enough function.
The functions f and o are unknown. We only assume that f exists and is at least ’smooth’ in some
sense. The quantity of interest is the curve x(z) which is known as the ’integral curve’. So as stated

it will be the case that

t
x(1) = /0 g(x(s))ds

for some smooth function g dependent on f. Usually the X; are non-random points on a regular grid
but they can be approximated by a X; ~ Uniform[0, 1] setup, which makes analysis slightly easier.
Thus we observe {(X,-,Y,-)};’:1 where the X; ~ Uniform[0, 1] and ¥; are some observed responses

thought to be a function of the data. We write

Y = f(Xp) + o(Xp)s.



Then the goal would be to first estimate f on [0, 1], and then to estimate o~. The field of Kernel
Regression Estimation is interested in the function £, for estimating f.
Let us review some basics here. Consider again X1, ..., X;; ~ Uniform[0, 1]. If we construct a

histogram to consider f, then a natural estimator of f would be

. 1 < ~-X;
fn(X)=n—h;I(x hX € [—1,1])Yi,

where 4 is called the bandwith, or window-width, and it is a smoothing parameter used to correct
"oversmoothing” or "'undersmoothing’. Then we can include all of the X; within 4 of x. Alternatively

one can introduce a weight function w(x) = %I (]x] < 1). Our estimator would then have the form:

R 1 < - X;
i = o Yo
i=1

Now one can go from uniform weights w to arbitrary weights defined by K. More precisely, let

K(x) be a kernel function, which is a probability density satisfying the conditions (K):
(K1) Kis non-negative and symmetric about 0,

(K2) [ K(x)dx =1,

(K3) [ xK(x)dx =0,

(K4) 0 < [ x> K(x)dx < oo.

Then rather than a simple weighted function w, one may select K to be Gaussian, for example.

Then

alx) = % ZK(X _hX")Y,-

i=1
where the subscript 7 is included to indicate that (as usually is the case), the bandwith is a function

of the sample size n.
A primary concern in regression function estimation is how to handle the error on a local vs.

global scale. Of course, there is a trade-off between minimizing the error locally and globally,



and the problem of minimizing the bias and variance of the estimator f of f with respect to the
bandwith 4 is problematic since as & increases so does the bias. Optimizing with respect to the
mean squared error is the common practice. We consider the mean integrated squared error (MISE)

between f and its estimator f , that is,

MISE = E / (fulx) = f(x))*dx.

1.3 Simple Vector Model

The first of these works explored by Sakhanenko er al. was the simple vector model (see [5]), in
which the diffusion tensor D was calculated at each location, characterized by a symmetric positive
definite 3 x 3 matrix. Recall one can envision this diffusion tensor as an ellipsoidal structure whose
principal eigenvector is pointed in the direction of dominant diffusion, giving a measure of the path
direction so that the fiber tract can then be reconstructed in small steps. The method is basically
making use of Euler’s method to reconstruct the curve locations.

Stated explicitly, there is a vector field v : G — R3 observed at uniformly i.i.d. locations X; € G
with i.i.d. random errors & for which E¢ = 0 and Cov(&,€) = Z. The &; are taken to be independent

of the locations X;. The observations are:
(X, Vi) = (Xi, v(Xi) + &i).
To trace the curves, we look at the Cauchy problem of solving the differential equation:

dx(t)
dt

=v(x()), t =0, x(0) =a € G,

or equivalently,
t

x(t) =a+ /v(x(s))ds.
0
If the vector field is a very simple one (e.g., a constant vector field), then integrating along the

vector field gives an integral curve x that is another regression function in the space of dimension



one less than the dimension of the space for which V; is a member. Note that the set G € R3is a
bounded open set of Lebesgue measure one and represents some scaled region of the brain.
The Nadaraya-Watson type estimator was used as an estimator of the vector field v (see reference

[5] of [5]):

P = T = - 3 k22X,

(x) = Va(x) = W ; n i»
where the kernel K satisfies the assumptions (K). The kernel K also should be noted to be defined
on a region of bounded support wherein it is twice continuously differentiable. In particular, the

estimate V(x) = 0 outside a bounded neighborhood of G. Thus there is defined a plug-in estimate

of the curve x(z) as X(¢) = X,,(¢) for t > 0 of the Cauchy problem:

dX,(t) ~ .
;t( ) _ Va(Xn(2)), t =0, x(0)=a € G,

or equivalently,
t
0

1.4 DTI Model

A more complete account of how noise in DTI data impacts fiber trajectory estimates is provided
with the low order DTI model. As before, the main goal is to estimate the curve x(f) only now
driven by the vector field v(M(x)) for x € G, where M is a tensor field and M(x) represents the
calculated tensor at the location x. Thus v(M(x)) is a tensor-driven vector field.

The observations are modeled as according to the Stejskal-Tanner equation (1.1) with het-

eroscedastic noise function o= > 0:

R(x,b)

y(x,b) = —10g(m

) = chM(x)b + o(x,b)&.



Thus, given N magnetic field gradient directions by, ..., by we have the elements y(x,b;), j = 1,..,N

that make up the vector Y (x) for a location x € G modeled by
Y(x) = BM(x) + 2V/2(x)E,. (1.2)

Here the fixed matrix B is related to the set of diffusion gradient directions and timing parameters
of the imaging procedure. For DTI, we require at least N = 6 directions. Denoting each diffusion

directional vector b by b = (b(l), b(z), b(3)), we then have for these N directions b; the fixed matrix

[ (1) 5 (D2 5(D,3) 122 52,3 13),3)]
b by 260 b 26 b bIb 2676 b7

(D1 5 (1) 2) 5, (1D),3) 1(2),(2) 5,(2),3) 1 (3),(3)
by by 2by by 2by b5 by'by” 2b57bs7 by by

(1), (1) (1,2 1),3) (2),(2) 2),3) (3, (3)
_bN by’ 2b)'by 2b\'by bybyt 20y by by bN_
This second order tensor M describing the diffusion locally at each x can be represented by a 3 X 3

positive-definite symmetric matrix:

MID(x) MU (%) M13)(x)
M(x) = [MPD(x) MZD(x) MZ3)(x)
MBD(x) MBD(x) MG3)(x)
where the entry M (@) represents a measure of the amount of diffusion in the (i, j) direction. To
be clear, for example, the (1, 1) direction would be the direction (1,0,0) and the (1,2) direction
would correspond to the direction (1, 1,0). Likewise the (1,3) direction would correspond to the
directional vector (1,0,1). Note each of these matrices in the field is an average within a voxel
located at x that has been corrupted with noise.

¥ is an N X N symmetric positive definite tensor with entries
Z;j(x) = cov(a(x,b;),0(x,bj)).

The N X 1 tensor Ey is a vector of random noise with entries &;, j = 1,..,N.

10



The Cauchy problem of solving the ODE for the curve trajectory is now given by

dx(t)
dt

=v(M(x(t))), t 20, x(0)=a € G,

or equivalently

t
x(t)y=a+ [ v(M(x(s)))ds.
/

The vector field v(M(x)) consists of the leading eigenvectors of the tensors M(x) for each x € G.
The direction of diffusion is the eigenvector corresponding to the maximal eigenvalue of M(x).

For a point X; € G we estimate M (X;) using the ordinary least squares estimator:
M(X;) = (BB 'BTY(X)),

provided that (B B)~! exists.

We use a kernel smoothing method to estimate M (x) at locations x € G between our observations

where K is a kernel function and £, is a bandwidth.

We then compute the eigenvectors and eigenvalues v(M,(x)) and A(M,(x)) of M,(x). These are
our estimators of the true eigenvectors of M(x). The eigenvector v(M,(x)) with the corresponding

maximal eigenvalue A(M,(x)) gives the solution for the estimate X,,(z) of x(¢):

df;t“) = V(M (Ru(®), 1 2 0, £a(0) = a.

The low order DTI approach utilizes a second order tensor. This method requires that one

assume there only be one fiber present per voxel. That is, that only one fiber extends outward from

11



each cubic region in consideration rather than branching, touching, or ’kissing’ of two or more
fibers. These situations require a more rich sampling of the directional diffusion space. This gives
us the need for the higher order model known to HARDI, or "High-Angular Resolution Diffusion

Tensor Imaging’ in which a tensor of order greater than two is utilized.

1.5 HARDI Model

Under the higher order tensor approach the Stejskal - Tanner equation becomes:

3
Z Dj; iy, (X)biy...biy, + 0 (x,b)Ep,

3
1 igy=l

R(x,b)
log ( ) =—c
Ro(x) 112‘
where b is the vector in R3 denoting the applied magnetic field gradient direction on the unit
sphere and c is a constant that depends on the parameters of the imaging procedure. The numbers

Dj, iy (x) are components of the high order diffusion tensor D(x), which is a supersymmetrical

positive definite 3 X ... X 3 tensor. Due to symmetry, D(x) can be represented by a vector D(x) €
N—

Mtimes
R/M, where Jy; = (M + 1)(M + 2)/2. Thus at locations x € G we observe log-losses of signal

Y(x) =log (M) e RN

Roy(x)

stacked into the vector Y for all directions b. Now the diffusion signal is modeled as:
Y(x) = BD(x) + =/2(x)E,, (1.3)

where again we require N > 6. B € RV%/M is the fixed matrix whose components are combinations
of the diffusion directions as in the DTI model. =, € RY is random noise and X(x) is an N x N
symmetric positive definite tensor.

When M = 2 we have the usual eigenvalue problem. Computing the eigenvalues and eigenvec-
tors of the high order tensor requires a different approach than the usual eigenvalue problem. For

details see [13]. We will outline the basic idea here. First, the rank R of the high order tensor D is

12



the minimal number R for which:

D = ka@) -®vy for some v1,...,vReR3,
=1 v
M times

where u @ w = ul

w means the outer product, (1 ® w);; = u;w;. In other words, the minimal
number of vector outer products needed to sum to D.

As we are now considering the possibility of multiple fibers per voxel, we consider the tensor
D) describing fiber r, for r = 1,..., R. Then the best rank-1 approximation of the tensor pW =p
isdjvy ® --- ® vy, where 41 > 0 and vy is a unit vector. Then R is the minimum number of rank-1
tensors that sum to D.

A0 v (k) make up the best rank-1 approximation of a tensor D) = plk=1) _ (k=1),,(k=1) g

- ® y&=1) for all k = 2, ..., R, which minimize the Frobenius norm:

3 3 ©

2
E E (D o = Wi Vi)™
ii=1 =1

/1(1), ...,/l(R) are called the pseudo-eigenvalues of the tensor D. v(l),...,v(R) are called the
pseudo-eigenvectors of the tensor D.

For locations X; € G, we estimate D(X), using the ordinary least squares estimators:

D(X;)=@B"B)'BTY (X)), j=1,.n

or the weighted LSE:

D(xj) =Bz x)B) BT 2 (X))v (X)), j=1..n
As before we use a kernel smoothing method to estimate D at locations x € G between our

observations X i

ﬁn(x) = _dz (

)D(X ),

13



where K is a kernel function and /4, is a bandwidth.
Given D, (x), x € G we calculate its do-ei Tues A -ei p(r)
n(X), pseudo-eigenvalues 4,, ’(x) and pseudo-eigenvectors ,, *(x)

for r = 1,...R by minimizing the Frobenius norm above.

Then we have our r-th curve estimate

o(r)
a0 506 ). 120800 =a

A7

It is the curve whose gradients are the pseudo-eigenvectors ¥,, ). In practice we trace it in small
o(r)

steps in the direction V,, ’, starting at location a.

1.6 Main Result

The primary result is that for each of the above models one can establish the convergence of the

properly normalized deviation process
Vrhd=1(Xn(1) - x(1))

to a vector valued Gaussian process G(¢) on [0,7T], i.e., the normalized deviation process converges
in the space C[0,T], whose mean and covariance will be a function of the vector field estimates
p or, in the case of the non-parametric approach discussed in this paper, f, and in both cases, the
noise X. Of course, the dimension d is usually d = 3. This result allows one to provide hypothesis
tests of whether two regions are connected. This also allows for the production of the popular
probabilistic tractography p-value maps, and the construction of statistics such as inf |X(r) - z|?
that allow the consideration of the curve reaching a location of interest z. These arteE E)i]ful because

they allow scientific users of such data to easily perform tests for the likelihood of regions being

connected without requiring familiarity with the background processes.

14



CHAPTER 2

ESTIMATION & MAIN RESULT

2.1 Preliminaries

In the current scenario we wish to model the signal completely non-parametrically (note that the
previous were semi-parametric approaches). We will consider the problem of modeling diffusion

signal with a general function f with heteroscedastic error in the non-parametric regression set-up:

Yiik = f(Xi, 0, 0k) + S(Xi, ¢, 01)€i i

where (¢}, 0y) are the applied directions on the unit sphere. Recall the Stejskal-Tanner equation

(1.1). Under this regime, we have:

R(x;,bjx)
Ro(x;)

where R, Ry are as before and by, is the vector in R3 corresponding to the magnetic field gradient

Yijk = —10g( ) = f(xis @), 0k) + S(xi 0, 0k )€ ks (2.1)

applied in the direction (¢}, 6y) on the unit sphere. We also include the noise S(x;, ¢;,0)€;jx in
the Stejskal-Tanner equation. S describes the covariance structure of the noise at a given location

and direction. € are standardized error terms satisfying the following assumptions (X):

(Zl) Eeijk = O, Eeizjk = 1, and Esiljkgizjk = Zili2 for all i,j,k,il,iz.
(Z2) {8l-1j1k1} & {aizjzkz} are independent when j| # jp or k| # k».

— Jko _
Let€jy := (Eiljk’ e €k )- Eiliz = COV(Eiljk,éizjk)

sk wik
iy Tiyip
ik )
Var(ejk) =x/" =
Jjk Jk
> X

niq
Naturally, the degree of diffusion at the locations Xi) and Xis exhibits short range dependency

for a given direction (¢;, 0y ) so that the covariance matrix consists of a high number of zero

15



or near-zero entries. For example it could be diagonal or banded. This leads to the sparsity

of X described in the condition (XZ3).

h3
(£3) For some k > 0 as n goes to co we have -t Zk1¢k2 Zklkz — «, where the sequence h; — 0

will be introduced in the main theorem.

As it is true that the diffusion is strongest at a location x; when R is smallest (indeed, the order
of magnitude of R is dependent on the degree of proton disalignment), to search for the direction
of dominant diffusion we seek to maximize the function f in (2.1). As in the previous works, this
will drive the vector field of curve tangents, v. For each x € G we will search for the direction

(¢*(x),0%(x)) on the unit sphere for which

0 * * _ d * * —
%f(X,(P (x),@ (X)) - %f(x"p (X),9 (X)) - 0’

s N D e
a—gozf(x,so (x),07(x)) <0, @f(x,so (x),07(x)) <0,

82 02 62 5
a—gozf(x,90*(?6),9*(X))@f(x,90*(x),9*(x))—(mf(x,QO*(X),@*(X))) >0. (22

This indicates that (¢*(x),6%(x)) is the direction of the maximum gradient flow at x. We use this

direction to define the ODE for which the curve x* is a solution:

sin 0% (x*(¢)) cos ™ (x*(2))

dxdt(t) = v (x*(1)) := | sin0* (x* (1)) sin *(x*(r)) |» *"(0) = xo. (2.3)

cos 0*(x*(1))
This integral curve models an axonal fiber x*(z), ¢ > 0, starting at x( and flowing along the maximal
gradient direction. The location x) is typically given as a seed point located in a region of interest.
We assume condition (F) : The function f is twice continuously differentiable in G X [—m, 7] X [0, 7].
Then the uniqueness of the direction is guaranteed for some open subset of G containing xq. It
then determines implicitly the end time ¢ = T. Thus, the goal is to estimate x*(¢), ¢ € [0,T], based

on the dataset (Yijk,X,-,goj,Hk), i=1,...,n, j,k=1,...,N.
A natural estimation procedure consists of estimating f by some fy, then finding the direction

of maximum estimated diffusion (¢;,(x), 9Z(x)) as the pair that maximizes f,(x,¢,6) at a given
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location x, followed by ODE (2.3) where unknown true x*, ¢*,0* are replaced by their respective

estimators £, ¢%, 0%, Thus the estimated integral curve is defined as the solution of the ODE:

sin 9, (25 (1)) cos @5(5(1))

00 g e10) = | sin (e300 sin @20 |+ £4(0) = %0,

dt

cos B3 (%5 (1))
Before introducing our estimator f we make a few comments on the nature of Simpson’s integral

approximation scheme, which would be used later.

2.2 Simpson’s Rule

For a curve g on an interval [a, b] we can approximate the area under the curve of g from a to
b using Simpson’s rule. Rather than the trapezoidal rule, or the left or right Riemann sum, which
use lines or constants, the Simpson’s scheme uses quadratic forms to approximate the function g.

That is, for x;, i = 0, ...,n, forming a partition of [a, b] with x¢ = a and x,, = b, the quadratic forms

P(x) :px2+qx+v, p,q,v € R,

can approximate g. P is often called a second order interpolating polynomial because it can be
chosen such that it goes through the points in consideration. In particular, the Lagrange polynomials

defined as

P(x) = > pi(x)
k=1

where

oX =X
pr(x) = £ |
c Xk T Xj
j=1
j#k
will pass through the curve f at the points x;, i = 1,..,n.

Requiring an even number of intervals to divide [a, b] into and letting Ax = %, as well as

requiring
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P(x;))=g(x), i=1,..,n

enables one to show that we will have

b
[ P = 5@+ glr) + 2800 + .+ A1) + 20

And the main result is used as an approximation to the integral:

/abg(x)dx ~ /ab P(x)dx.

An easy case to demonstrate this is to take [a, b] = [—h, h] and n = 2. We will use the Simpson

rule in our estimator ﬂ when dealing with variables.

2.3 Estimation

Our estimator fn(x, ¢, 0) is acombination of a multivariate kernel smoothing on x with Simpson’s
scheme for numerical approximation of an integral with respect to ¢ and 8. More precisely, introduce

Fa(x,0,6) (2.4)
2Ny 2Ng

am by 0(x) — Om @(x) = @1\ [ X = Xk
P ZZ hg h¢nh3 ( hg )K9"( he )K( hn )Y"l’"’

m=0 [=0 k=

where a,, by are coeflicients in the Simpson’s scheme, and Ay, hy, hg are bandwiths for the kernels

K, Ky, Ky, respectively, to be optimized later. We have the following conditions (K) on the kernels:

(K1) K is a symmetric probability density in R4 with bounded support,

/K(u)du =1, /uK(u)a’u =0

/ K’ (w)du = / lul2K (u)du < .

(K2)

These conditions hold for the kernels K, Ky, and Ky in R3, R, and R, respectively. Additionally we

assume
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(K3)
SUPP(KQO) =[-c,c] C [-N,N], SUPP(KH) =[-d.d] c [-N,N].

Recall N2 is the number of equally spaced angles for the observed directions (¢;, 6y ) on the unit
sphere. These conditions are quite typical in kernel density estimation practices. The follow-
ing proposition will be useful in establishing asymptotic unbiasedness of the estimators of the

derivatives of the signal function f.

Proposition 1. For any kernel K satisfying conditions (K) and any twice continuously differentiable

on compact sets function g we have as h — 0:

/ h-dK(” ‘huo)gut)du = g(ug) +0.5h%¢ " (ug)Kx(1 + o(1)),
where Ky = f lu|2K (u)du.

Next we will discuss the Simpson’s scheme for the integral of a real function g on a bounded

interval [a, b]. Define

SN(g(I/lO), ceey g(”ZN)’ a, b)

1 2 ¥ | ¥
= e l8tuo) + gtam)] + 55 D7 8luam1) + 53 D 8(uam)
m=1 m=1
with u;;, = a + %(b —a), m=0,1,...,2N. The following result is well-known in literature.

Proposition 2. For any four times continuously differentiable function g defined on the interval

[a,b] we have as N — o

(b Cl) IV( )

b
-/a g(u)du = Sn(g(up), ....g(uaN), a,b) — ———— 180 (2N)4

with some u* in [a, b], where 'V is the fourth order derivative of g.

These two propositions together indicate that Ef,(x,¢,0) = f(x,¢,60) + o(1) as h, hp,hg —
0 and n, Ny, N9 — oo. We will establish the exact nature of the remainder term in our proofs

section.
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Our curve estimators will be brought about through the estimation of fu. The direction (¢, 0)
for which ﬂ is maximized will yield the tangent vector 7,,. We apply Euler’s method to obtain the
curve estimators using this tangent vector field, meaning that we follow the vector field ¥, in small
steps. We establish the convergence of the properly normalized deviation between our estimator and
the true underlying curve, X,,(r) — x(¢), ¢ € [0,T], to a Gaussian process. We derive test procedures
for testing whether two regions of the brain are connected. This allows us to construct so-called
p-value maps that can rival the probability occupancy maps often used in probabilistic tractography
methods to make inference about the likelihood of connected regions.

There are two cases for each of the bandwidths:
() h=0n""2), hy=hg=h=0mn""%), Ny=Ng=N=vn)=0n? asn— o,
Or
(I1)  hy=OWNPn 10 py = hg = =019, N, =Ny =N =o0(n?) asn — .

In practice the number of gradient directions N 2 is much smaller (typically around 64) than the
number of voxels 7 (on the order of 10%) in a typical HARDI dataset, so case (II) is more practical,

which is what we will use in the simulation study with simulated and real data.

2.4 Main Result for Asymptotic Normality of Deviation Process

Lemma 1. Suppose that (I) or (II) holds. Then uniformly in t € [0,T], X;(t) is a consistent
estimator of x*(t). That is,
O % P
sup |X,(r)—x"(t)] >0 as n— oo
te[0,T]
Theorem 1. Under case (1),

n(Xn(t) - x(1)) B G(1)

in the space C|[0,T], where the Gaussian process G has mean function u(t) and covariance function

C(11,1p) introduced in the next section.
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Under case (I1),

W SNS(R(1) - x(1)) B Golt)

in C[0,T], where the centered Gaussian process G has covariance function Cy(t1,tp) introduced

in the next section.
Then we can show by the Delta Method the following result:

Theorem 2. Suppose conditions of the previous theorem hold under case (Il). Moreover, suppose
there exists the unique point T € (0,T) such that mins¢[o.) |x*(1) — 2|7 = |x* (1) = 2| Ifx*(r) # 2
then the sequence

n]/5N2/5 min |X;ll<(t)_z|2_ |X*(T)—Z|2
te[0.T]

is asymptotically normal with zero mean and variance
4(x"(7) = 2)"Co(r, T)(x" (77) — 2).

If x*(t) = z then the sequence n2/5 N4/5 mine[o 7] | X (t)—z|? converges in distribution to a random
variable |Z|* - (%x*(r)t Z)2, where Z is a normal random variable with zero mean and variance

Co(,7).

This allows us to construct hypothesis tests for the likelihood of different regions being connected

as well as the so-called probabilistic tractography p-value maps (see [2], [5], [9]).
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CHAPTER 3

MEAN AND COVARIANCE OF THE LIMITING GAUSSIAN PROCESSES

3.1 Preliminaries

Before we introduce the step-by-step algorithm for computing the estimated integral curve
together with confidence ellipsoids we need to discuss the mean function and covariance functions
of the limiting Gaussian processes, which in turn require introductions of several auxillary functions.

Define the integrals:

Y(z) = /K(u)K(z +u)du, Y'(z)= /K(M)K'(z + u)du.

Then integration by parts of the above gives

Y(z) = - / K' (WK’ (z + u)du.

_lz?
e 4

ym)3’

For instance, for a standard Gaussian kernel W(z) =

Now out of kernels K, and Ky build

the matrix
WIO)Wg(0) W,(0)W)(0)

0_

WL(0)¥)(0) Fe(0)¥(0)

If both K, and K, are Gaussian then ¥ = —diag( ). For v € R3 define

1 1

81’ 8m

tﬁ(v):/‘{’(—rv)dr,
R

1

T2 for a standard Gaussian kernel. Also introduce

which is
Yo(v,x) = /(‘I’(—VT) + k) X

(—\ng(";—*f(x>vr>%(%<x>w) G OB

WO o)W (G (vr) (B ()P (2 (x)v)
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In case of a standard Gaussian kernel

Pl T+ (2 )? —(%x))(a"* @)

Yo(v,x) =
DO | () () 1 (2 ()2
where
2 . \2\3/2
D(x) = 64rn ( ( ) (689 (x)) ) )
X
Also, define
—sin 0% sin ™ cos 6 cos ¢*
M(s) = | sin@* cos¢*  cos6* sin ¢*
0 —sin 6%
x*(s)
and
Cpof
F(x,0.0) = ( o9 5*"‘” ) .
(x.0.0)

awef @f

Next, Green’s function U(t, s) is defined as the solution of the PDE

ou(t,s)
ot

=W (x @)U, s), U(s,s) =1Vs > 0,

where )
oge [ (s) )
O f(x*(s)

We will show that in case (I) the limit process G(¢) has the mean function

Vu(x*(s)) = =M()F~" (x"(s), " (x*(5)), 9*(x*(S)))(

1t
EG(t) = — / U(t, )M (s)F 1 (x*(s))
0
O O (OO ONE KoK 1
o 29f<x*<s> ©*(x*(5)), 0" (x*(5))) 1 Ko2Kp 1.1
a—3f(X*(S) ¢ (" (). 6" (" (9)) 5K g1

S (), 9% (x*(5)), 0% (x*())) § Ko,1.1 K 02

9y 29
Wf(X*(S), @ (*()). 67 (x*(5)) 3K 1,1 Ko 02

3 ] ds,
A3 (5), 9" (6 (9)). 67 (" (5))§Kp1 3
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where K4 = / pr(q)(x)dx. As well as that in case (I) the limit process G(z) has covariance

function satisfying:

SRS}
Cov(G(11).G(1r2)) = /o U(t1, s)M(s)F~" (x*(s))

o[ Grofee s o« v G

|

x52<x*<s),so*<x*<s)>,9*<x*(s>>>}MT<s><FT>—1(x*(s))UToz, s)ds.

For case (II) the centered limit process G(#) has covariance function defined as follows

|

IARAYS
ot = [ 2U(tl,s>M<s>F-1<x*<s>>§—f‘Po(d;

XxS2(x*(s), " (x*(5)), 0" (* ()M T (s)(FLY L (x* (s)UT (8, 5)dis.

Moreover, the variance function C,(t) = Cy(t,1) satisfies the ODE:

10— Mo ot e (r)))—‘l'o(

XS (x* (1), " (x* (), 0" (MM ()(FT) (" (1), " (6" (1), 07 (x* (1))

+VVH(x*(1))Co (1) + C () VIV T (x* (1)), Cy(0) = 0. (3.1)

dx*(t) o ))

Our method for numerically approximating the confidence regions is outlined in the following

section.

3.2 Green’s Function

We will present the basic facts and usefulness of Green’s function here so that the reader need
not refer elsewhere.
Let ®,Q c R™ be open and consider a linear differential operator Q on ®. Then Green’s

function U(t,s) on ® x Q at a point (¢, s) is a solution of

QU(t,s) = o(t — s), (3.2)
where 6 is the normal ’Delta-function’. i.e.,
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1 x=0
o(x) =

0 x#0
By the definition of the function ¢ for the integral over R we have a unit point mass at the

point for which this function is non-zero:

/ o(t — s)h(s)ds = h(t).
Rm

Now consider the definition of Green’s function and to see its usefulness multiply both sides of

(3.2) by h(s):

QU(t,s)h(s) = 6(t — s)h(s).

Then integrate both sides over R™:

/ QuU(t, s)h(s)ds :/ o(t — s)h(s)ds.
Rm Rm

For the linear differential operator Q acting on ¢t € ® we have

0 /Rm U(t,s)h(s)ds = /Rm 5(t — s)h(s)ds.

Thus consequently we have

0 /Rm U(t,s)h(s)ds = h(t).

Thus if we have a differential equation of the form:

Ow(t) = h(z),

we will have

ow(t) =0 /Rm U(t,s)h(s)ds.
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In other words, we have the integral form solution

w(t) = /Rm U(t,s)h(s)ds.

By Theorem (2.2) in chapter (7) in Coddington and Levinson (1955) [17] the unique solution

of Green’s function U(t, s) exists and is unique.
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CHAPTER 4

ALGORITHM

Our algorithm for calculating curve trajectories with their surrounding confidence ellipsoids is
listed below. We will consider how to trace the fiber in case (II), since this is the typical scenario

in DT-MRI where 7 is on the order of millions and N is 10-20. The steps are

* Initialize ¢y, ¢p, x(, 0, tj = 0j and
hy = clN_l/Sn_l/lo, hy=hg=h= czN_l/Sn_l/lo, N = nzgn, eyn — 0.
o Let fu(x, ¢,0) be defined as in (2.5).
* Find a direction (g;,(x), 9Z(x)) on the unit sphere such that
a 7 A% A% a r Ak Ak
@J”n(x, En(x), 0 (x)) = =0 fu (X, G (%), O (x)) =

z A 0 . R
_fn(x’ @Z(x)’ H;kl(x)) < O’ _fn(x’ Sa;kl(x)’ QZ(X)) < O’

fn(x Gn(x), 0, (X)) fn(x G(x), 05(x))

02 L\
606 fn(x " (x),0,(x))| > 0.

This direction indicates where the maximum gradient flow is.

« Solve the ODE that governs a curve along the direction (¢};(x), :(x)) :

sin 05(23(1)) cos @5(£3(1)

dx; (1) . o
“— = [sin 0% (£5(0)) sin @5 (£5(0) |- %2 (0) = xo.

dt

cos G (£5(1))

numerically using Euler’s method as %5 (1) = £n(t;—1) + 605 (% (tu—1))-
* Now consider the noise scaling function S. To estimate it we propose 2 approaches. Approach

1: If several by-images are available then one has m sets of

l .
Y = F(Xi 0,00 + S(Xj 67,0085, 1= 1,. = 1,.um, jok = 1,..,N,
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(l).izl.

where {8 ,..n, j,k = 1,..,N} are independent for [ = 1,...,m. Then for each

(Xi» ¢, 0x) we estimate 52 as follows
yO _ 1 p@y
ij —IZ( ijk mZ; ljk) ’
=
Approach 2: If only one by-image is available then we will assume that S is smooth locally

so averaging locally should serve as its reasonable estimator. This can be done as in step 3 in

section 5 of [9], yielding S‘lzj Iz
* Obtain S‘,%(x, @, 0) by plugging S‘lzj . in instead of ¥; in step 2.

* Calculate and estimate the limiting covariance C,(t) := Cov(G(t), G(t)), which will be done
by C,, the solution of the ODE similar to (3.1) where all unknown functions are estimated.

The solution is then approximated by Euler’s method as follows

CA‘n(l‘m) = én(tm 1) + 5Mn(tm—1)F_l(£n(tm—l)a ‘ﬁ;(fn(tm—l))v é;kz()eZ(tm—l)))

25 d m A% A A¥ A%k [ ok Ve
g LUnt) )| 283 ). G5 ) By )T 1)
X(ED) T @t G5 (B tm=1)), O (R (tra-1)))

+SVIE (& tm—1))Ctm-1) + 6Cu(tm_ )V 02T (£5(tyu—1)), Cu(0) = 0

where
—sin ) sin ¢¥  cos 7 cos @i
ML) = | sin 67 cos ¢ 0 sin @
n ¥ cos @y cos@y sin gy
0 —sin 6
SRR ()
and
92 2 92 2
. 22 deas/n
Fa(x,0.0) = | 7] - :
0" f hy N(xp6)

3¢59fn an

S () )

Vin(x) = =M, (s)F;1<x*<s>,so*<x*<s>>,e*<x*<s>>>( o
()
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» The asymptotical 100(1 — @)% confidence ellipsoid for x(z,,),m > 1, is approximated by

|

where Z is a standard normal vector in R3.

Co(tm) ™ 2 Gultm) = x(tm))| < Ran—1/5N—2/5}, P(Z| < Ry)=1-a,

* Repeat the steps above until #; reaches 7.

Use of Euler’s method for numerical approximation of the solutions is justified by its simplicity
and by the work of [6], where it was shown that for DTI using the higher order Runge-Kutta
approximations gave no benefit. In fact, the statistical accuracy outweighs the numerical accuracy

on scales typical for brain imaging applications so it is of no concern.
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CHAPTER 5

SIMULATIONS

5.1 Artificial example

To simulate various curve scenarios, we need to design a function f whose maximum will be
in the direction tangential to those curves of interest. To this end, we consider the function of the
form

f(x,¢,0) = a(x) cos ¢ sin 6 + b(x) sin ¢ sinf + c(x) cos &

with some generic real valued functions a, b, ¢ to be chosen later. The maximal direction is

0*(x) = tan”! (M)
c

, " (x)=tan"! (é)
a

Then the integral curve is defined by the following ODE

sin 6(x(t)) cos p(x(t)) a

dx*(t) 1
g sin 6(x(¢)) sin p(x(2)) | = m b
cos 6(x(t)) c

We first simulate a spiral in 3D which mimics a C-shaped fiber. So we take a = —(xp — 0.5),

b = x1 —0.5, and ¢ = x3 and have
f(x,,6) =(0.5—x3)cos¢sinf + (x; —0.5) sin ¢ sin 6 + x3 cos 6.
Then solving the ODE:s yields

x(t) = 0.5 +rgcos(Inz(t) + ¢), y(t) =0.5+ rgsin(In z(¢) + ¢),

y(0) - 0.5

c= atan(—x(o) ~05

) ~Inz(0), g =(x(0)- 0.5+ (»(0) - 0.5)%.
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Figure 5.1: The true curve is in blue, while the estimated curve is in red.

31



0.525 ~

0.52

0515 4

0.51 4

0.664 AB

0.662
0.66 0.684

Figure 5.2: This is an enlargement of the previous figure to show the 95% confidence ellipsoid
surrounding a point on the estimated curve. The true curve in blue touches it.
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We take S to be a constant function which we varied. We take n = 4000, N = 100, m = 5 (from
step 5), 0 = 0.02. We trace the curve for 30 steps of size 6. The tracing is very fast but it relies
heavily on the numerical search for the maximal direction in step 3, which we do using Matlab’s
fminsearch. It requires an initial direction, which we take as (¢, ) = (1, 1). During the tracing the
initial direction is taken to be the maximal direction obtained on the previous iteration with added
small random perturbation. It was added to prevent the optimization algorithm from getting stuck
at a local maximum. Without it the optimization step 3 introduces a systematic numerical bias
contrary to expected zero bias. This is also the bottleneck of the implementation. It is possible to
improve this step by utilizing a different optimization algorithm.

The results are shown in Figures 5.3 and 5.4. The noise scaling is § = 0.25 and the noise &; 1
is taken to be standard normal, which corresponds to signal-to-noise ratio of 4-5. If we increase §
the curve does not trace, it veers off and tends to go out of bounds. The confidence ellipsoids are
very tight around the estimated curve. The norm of the limiting covariance function is on the order

of 1077, It is excellent in comparison to typical confidence ellipsoids’ sizes for methods in [2] and

[9].
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Figure 5.3: Diffusion ellipsoids illustrate the corresponding diffusion tensors along the fiber
across the genu of corpus callosum.
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Figure 5.4: Visualization of diffusion via ellipsoids using DTI/HARDI tensor model.

35



5.2 Real HARDI dataset

A DWI dataset was collected from a twenty-something-year-old healthy male brain on a GE 3T
Signa HDx MR scanner (GE Healthcare, Waukesha, WI) with an 8-channel head coil. The subject
signed the consent form approved by the Michigan State University Institutional Review Board.
DWI images were acquired with a spin-echo echo-planar imaging (EPI) sequence for 20 minutes
with the following parameters: 32 contiguous 2.4-mm axial slices in an interleaved order, FOV
= 22 rmcm X 22 cm, matrix size = 128 x 128, number of excitations (NEX) = 1, TE = 72.3 ms,
TR = 7.5 s, 150 diffusion-weighted volumes (one per gradient direction) with » = 1000 s/mm?, 9
volumes with b = 0 and parallel imaging acceleration factor = 2.

The desired three-dimensional model is not obtained altogether, but rather by imaging a ‘slice’
repeatedly along the z-direction and then reconstructing using a Fourier transform to form the
aggregate image (see [1]). Typically, the number of pixels n representing the number in a sample
of spatial locations is on the order of n = 128 X 128 x 32 = 524,288. That is, 32 slices in the z
direction with 128 x 128 in each plane. The number can be increased to n = 256 X 256 x 32.

The directions did not have the angular components on a regular grid, so we first used kernel
smoothing of Y-values based on 1350 pairs of (¢, 8) to obtain Y-values for 1600 pairs of regularly
spaced angular components, which corresponds to N = 40. The sample of spatial locations X;
had the size of n = 128 x 128 x 32 = 524,288. For all kernels we used Gaussian kernels of
various dimensions. We used Matlab with C-subroutines to perform the computations. To find the
maximal directions (¢*,8%) we used fininsearch. However, we observed that it is very sensitive
to the choice of the initial vector near which it looks for the local optimizer. We ended up using
the direction from previous iteration perturbed by a small random vector. Without the perturbation
fminsearch would simply take the initial direction as the optimizer and trace out short straight lines.
We speculate that it is possible to use a more sophisticated optimization code to get faster and more
robust numerical solution for step 3 of our algorithm.

Our rationale for choosing seed regions for evaluation is based on the following: The corpus

callosum (CC) contains thick axonal fibers connecting the two cerebral hemispheres and enabling
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the communication between them. The general anatomical locations of these axonal fibers are well
established. These fibers can be used to evaluate new techniques in fiber tractography. The anterior
part of the CC, called the genu of CC, contains axonal fibers connecting the right and left frontal
lobes.

The second region is the right fornix, which is a much shorter fiber than the CC and it is quite
challenging for tracing, but important for early diagnostics of Alzheimer’s disease. The results are
presented in Figures 1 and 2. The estimated curves are shown in magenta color. The corresponding
confidence ellipsoids are hardly visible, since the norm of the corresponding limiting covariance
matrix was of the order 1078, Both fibers follow the anatomical ground truth. Anterior fiber is
perfectly centered where expected, while fornix fiber is a bit shifted off the center of the expected
location.

Use of Euler’s method for numerical approximation of the solutions is justified by its simplicity
and by the work of Sakhanenko [6] where it was shown that for DTT using the higher order Runge-
Kutta approximations gave no benefit. In fact, the statistical accuracy outweighs the numerical

accuracy on scales typical for brain imaging applications so it is of no concern.
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Figure 5.5: Axonal fibers across the genu of Corpus Callosum. We traced each fiber branch for 40
steps of size 6 = 0.01. The estimated curve is shown in magenta accompanied by blue 95%
confidence ellipsoids.

38



0.8

0.6

0.4

0.2

0.6

0.4

0.2

08
06
02 04

Figure 5.6: Right Fornix. We traced the fiber for 30 steps of size 6 = 0.01. The estimated curve is
shown in magenta accompanied by blue 95% confidence ellipsoids.
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CHAPTER 6

PROOFS

6.1 Some Results for Simpson’s Scheme and Kernel Smoothing.

Proposition 3. For any kernel K satisfying conditions (K) and any twice continuously differentiable

on compact sets function g we have as h — 0:

fra

where Ky = / |lu|2K (u)du.

. ”O)g(u)du = g(ug) +0.5h%¢" (ug)Kr(1 + o(1)),

Proof. The above follows easily by a Taylor expansion of the integrand. For a detailed description

see [15]. O

We will state the following standard result by Simpson for approximating integrals without

proof:

Proposition 4. For any four times continuously differentiable function g defined on the interval

[a,b] we have as N — o

(b-a)®

gV
—g0 & N

b
| st = $netuo). ... tua) ) - (2N)4

with some u” in |a, b], where gl Vis the fourth order derivative of g.

Lemma 2. For any kernel K € C “([0,119) satisfying conditions (K) and any function g € C (/) on

a compact set, we have as h — 0
/ h™ <d+f>1<<f>( - )g(u)du = ¢D(ug) + 0.5h2gU* D (up)Ky(1 + o(1)),

where j is a non-negative integer and K, = / |u|2K(u)du as before.
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Proof. Using integration by parts and proposition 1,
/h (d+1)K'(uOh )g(u)du—/h dK( h )g (u)du
’ 2 44
=g (ug) +0.5h"g  (ug)Kr(1 + o(1)).
By induction the proof is complete. m|

Proposition 5. Consider ordinary Simpson’s scheme for fa b g(u)du defined by

N

o (8(up) + i) + % stz v 3, i)

Then as N — oo

o (e) + gl ) + 5 Zg< o)+ 5 s Zg< =5 / g@du(1 + ONY).

Proof. Straightforward calculation yields the result:

N N-1

36N2(8(u0)+g(u2N))+ oN? 1g( 2m=1)+ 53 :18(M2m)

2 2 & 1 &

3—N[@(g(uo) +8(uan)) + ﬁm_lg( 2m—1) + ﬁm_lg(uzm)]

2 1S 2
—ﬁ[@@(uwg(um)n@; 8] + o 3 (800) + gluaw)

b b

= s |, i+ 0w ) - 252 [ttt + o)
8 + st = o [ st + o)

6.1.1 Existence of Unique Direction and Establishing A pproximation of X,, — x

We now prove the existence of the unique direction corresponding to the direction of dominant

diffusion:

Lemma 3. The direction satisfying (6.2) exists and unique for each x in a neighbourhood of a.
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Proof. Define the function H : G X 52 > R? as

0 0
Hixon0) = (551 00.0) 55 (500) )

It is continuously differentiable in G by assumption. For each x € G, the direction (¢*(x),0%(x))

yields the maximum of f. Thus we have H (x, ¢*(x),0"(x)) = 0 and

o 02 frg* (0% () 82 f(re* (2).6% ()
[ oH (x, 9" (x),0%(x)) | _ 52 9099
9 (p(x),0(x)) 02 f(x g ()% (%) 92 f(xg™(0)0* (%)
0¢pdb 562

By the implicit function theorem, there is an open set W C R3 containing x and a unique continu-

ously differentiable function g : W — R2 such that

g(x) = (¢"(x),6"(x))
and

H(x',g(x")) =0 forall x" € W.

Remark on Lemmas 3 and 4:

Before stating and proving lemmas 3 and 4, we would like to explain their place in our estimation
procedure. Now to approximate the process %,,(¢) — x*(¢) we will consider a process z,(¢),t € [0,T1],

defined as the solution of ODE:

dzu(t)
dt

= W (O)za(t) + (0, = v (@), z2(0) = 0.

Similar to arguments in [5] we can show that z,(r) approximates £;,(f) — x*(z). In order to
solve the ODE above note that there exists a function U(t, s) € [0, T]2 which satisfies the following

conditions:

0
1. EU(I,S) =W (x*(1))U(t,s), 0 <s <t <T;
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2. U(t,l‘):I3X3;
3. U(t,s) =0 ,0<t<s<T.

Then by Theorem (2.2) in chapter (7) in Coddington and Levinson (1955) (see [17]) the unique

solution to the ODE above is given via the Green’s function U(t, s) as the following:

'
Za(t) = /O U(t,$)(Py — v)(x™(s))ds.

Even though 2,,(¢) approximates £%(¢) — x*(¢) up to terms of order O(|| £} — x*||?), we need to relate

an estimation procedure to terms based on the deviation f; — f. Thus we introduce:
Lemmad. Let Ay = 91 — @3 and Ag = 01 — 6. Then

sin 81 cos ¢ — sin 6 cos ¢y Ag cos 6 cos g3 — Ay sin 0 sin @y
sin @1 sin g1 —sin @y sin @y | = | Ag cos 0 sin ¢y + Ay sin 6, cos ¢p

cos 81 — cos b —Agsin by

+0(max{(|A9| +1Ag)% (1Ag] + |A¢|>3}).

Proof.

sin @ cos ¢1 — sin G, cos ¢y

1 . 1 1 . |
=3 sin(61 + ¢1) + 3 sin(f1 — ¢1) — 3 sin(6 + ¢2) — 7 sin(62 — ¢2)

01 -0+ ¢ — 01 +60>+ ¢ +
:sin(l 22¢1 902)COS(1 22901 <P2)

6 — 0y — (o1 — 61+ 0, — o) -
1= 62— (g1 902))008(1 2 — ¢l 902).

.
(0= 2
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By a Taylor expansion, at Ag = A, = 0,

Similarly,

01 -0+ ¢ — 01 +60>+ ¢ +
Sin(l 22901 wz)cos(1 22901 902)

01— 6y — (o] — 01+ 6y — op —
+Sin(1 2 — (¢ 902))008(1 2 — ¢ 902)

2 2

2
= (% + %) [005(92 + @) —sin(6, + gaz)(— + %) + 0((% + %) )]

A A Ap\?
+(% - %)[005(92 — ¢p) — sin(6y —902)(— - 790) +0((% - %) )]
Ag D¢\’
of(F+))

= Ag cos 0 cos gy — Ay sin 0 sin @) + O(max{(|A9| + 1Ag))% (1Ag] + |A¢|)3}).

sin @ sin ¢ — sin @5 sin ¢y

1 1 1 1 .
=3 cos(f1 — ¢1) — 3 cos(f + ¢1) — 3 cos(fy — ¢2) + > sin(6 + ¢7)

. (91+92—¢1—902) . (91—92—(901—902))
= —SIn Sin

2 2
0 - -
+sin 1+02+ 91+ ¢ <in 01 -0+ 91—
2 2
A A Ag Ag
= (70—%) Sin(92—¢2)+COS(92—¢2)(7——90) 0((7——"0) )]

2 2
Ay
+(% + 7)[sm(92 + o) + cos(6, + (,02)(— + %) ((A? 7‘;7) )]

wof(3+ %))

= Ag cos 0 sin ) + Ay sin 65 cos ¢y + O(max{(lAgl + A2, (|Ag] + |A¢,|)3}).
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Finally,

0, +6 0, -6
cos@l—c0592:—2sin(%)si ( 12 2)

= —AQ sin 6, + O(Ag),

thus

sin 61 cos @1 — sin 6 cos ¢o Ag cos 6 cos g3 — Ay sin 0 sin @y
sin 61 sin ¢y —sin @y sin gy | = | Ag cos 0, sin ¢y + Ay sin 6, cos @y

cos 1 —cos 0y —Ag sin 6,

+0(max{<|A9| +1Aph? (1Ag] + |A¢|>3}).

Lemma 5. In a neighbourhood of (x, ¢*(x),0%(x)) we have

( ¢n(x) — ¢*(x) ) _ _( f (9(,069f ) 1( 59—90]”;1— %f )
G(x) = "(x) 6—f s6In = 35/

9% .
6—902(f—f)

+0(A920+A§+A(p +A9 (f )+ (Ayp + Ag)

5 (- f)‘)

Proof. By lemma 2 we have for each x € G a direction (¢*(x), 8% (x)) for which

d * * _ i * * _
%f(x’()o (X),H (X)) - agf(x"p ()C),H ()C)) =0

and likewise a direction (&7 (x), 85 (x)) for f, for which

a a Ak A% _ i a Ak N _
%fn(x, En(x),6(x)) = 7 f(x, € (%), 0 (x)) = O
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Expanding the function f(;, at the point (x, ¢*(x) + Ay, 0%(x) + Ag) gives

£, 0% (), 07(x)) = Fp(x, % (x), 6%(x))

= fp(x, 0" (%) + Ay, 07(x) + Ag) — F(x, ¢*(x), 0%(x))

= fpip (60" (0, 0" (A + Fr3y(x, 0" (x), 6 (x))Ag + O(Ai + Ag)
= firp(x, 0" (%), 0*(x>>>A¢ + [, 0" (%), e*<x>)A9

+0(A§D+A§+A |7, ag(f f)')

—(f - f)‘

Note that the continuity of fg’, in ¢, 6 and the fact that
Fo6, 07 (X) + Ag, 0(x) + Ag) = fo(x, " (x), 6%(x))
= — (x5, 0" (x),6"(x)) = f(x, 9" (x),6"(x)) = fip(x, ¢" (%), 6% (x)

we have that fé(x, ©*(x),0%(x)) — 0 as Ay, Ag — 0 and is included in the term O(Ai + Ag)

Likewise, expanding the function fe’ at the point (x, ¢*(x) + Ay, 0%(x) + Ag) gives

(6, 9% (2,67 (x)) = fi(x, " (x), 6 (x))

= fo (5, 0" (x) + Ay, 0°(x) + Ag) — fi(x, 0" (x),07(x))

= Jor (6 9" (), 0 (X)Ag + fio(x, 9" (x), 0 (x))Ag + O(Afa + Ag)
= foo (5@ (), 07 () Ay + fop(x, " (x),0%(x))Ag

52
+0(A§0+A§+A9 |3 80(f f)’)

9% .
ﬁ(f—f)‘Jr

Thus, we have the result:
62 (92 Ak * r
( _f agg6) )( Pn(x) — " (x) ) :( (9% n_a%f )
2 A% * J 7 0
e VA TO R Bifn— 1

2 2 92 9% .
+0(A¢+A9+A¢a_(p2 @(f—f)

(f—f)‘+A9

+ (A + Ag)

92
593 - f)‘)
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Therefore, we can approximate 7, by

Zn(t) =

. E 3 ES % *
sin 6 sin ™ cos 0 cos ¢ -

f awef (= 1) )
aw'jgf @f C’)g(fn f)

1
- / U(t,s)| sin@*cosg* cos6*sin*

0 x*(s)
0 —sin 6*

which approximates £%(r) — x*(¢) in terms of f, — f .

6.1.2 [Establishing Asymptotic Unbiasedness of Estimators of Derivatives of f

Recall that our model is

Y;'jk = f(Xi,(pj,Qk) +S(Xi,g0j,9k)8ijk, i=1,.. LN = 1,. ..,ng;k =1,.. ., Ng,

o 3V i = — J - Ty gk
where X; ~ U([0,1]°), ¢; = 7r+27r2N¢,and9k— 2+7T2N9‘

First, define
1 & (x-X;
wijk(x) = e 51 K(h—n)Yijk-

Immediately note that

(92
Ew; (x) = / K (5= oty 600 = (., 00) + 0.5 F (5,01, 00Ka(1 + 0(1),

Secondly, define

1 -9
up(x,¢) = SN¢(h Kso( O)Wo,k(X),
®

1 (90 ~ P2Ny
he

EKso T)WZN‘O’k(x)’ -7, ﬂ)-
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Again, note that

1 ©® = Qo 1 ¥~ 2N,
Euy(x,¢) = SNgo —K, Ewg g (x), ..., — K| ———— EWZN(,D (x),—m,

h h(p ’ ’ hgo h(p
p+chyp 1 ¢ — 62
= / - K(p( ; )[f(x u,0;) + 0. 5h2 —f(x u,0;)K>(1 + o(1))]du
chy ¢
+ —K X, ,9
180(2N,)* dp* | Ay “’( hy )f( #0k) p=u’

2 2
= f(x,0,0;) + o.5h,%8— F(x,0,0)Ky(1 + o(1)) + 0.5k K F(x,0,01)K,0(1 + o(1))
dx2 (’D(')goz L&

C IV(QO M*)
+———K flx,uy,0p)(1 + o(1)),
1440Ng0S 9\ by k

where ul’z € [¢ = chy,p + chy].

Thirdly, let

R 1 (6-6 L 0 — 02 nom
fn(x,so,9)=SN9(h—0K9( Iy )Mo(x @) (—Q)MZNQ(X"P)’_Ea_)-

Te he 2
Then
. 1 6 — 6 1 6 — 62, n
Efu(x,¢,0) = SNQ(h_HKQ( 7 )Euo(x @), .. —Ke(h—g)EuNg(x @) - 2)
9+C/’l9 1 0—v (92
= [ ko C ) 0582 a1 + o)
6—chy 0 6 0x
+0 Shza—zf(x WK go(1 + o(1)]dv + —— R
Pl 2l e IRel 1440N2 1%
2 02 ) 02
= f(x.0.0) + 050 - f(x.0.0)Ka(1 + (1) + 0.5h¢—2 F(5,0,0K (1 +0(1))
92 c 6 - c
+0.5R2 2 f(x,0,0)K ,5(1 + o(1 +—KIV( ) 0+ —S R
0 g2/ 9 OKpa(l + o) 1440N4 03 0 flrp. )+ 1440N4H3

where the remainder is

1 (6-6 ¢ - u .
R = SNG(/’I_QKQ( hy )Kgév( h(p )f(X, Upys 80

Lo (9= 0N\ v (7 “ong "
’h_gKg(h—g)K‘p (T)f(x,MZNg,HZNQ),—0.57'(,0.571').
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To assess R let u* = ZN;ﬁ Zj:g u;k € [¢ = chg, ¢ + chy]. Then

K (S o0 = K (5525 o

¥ 90

+ = )[K’V(“” p )f(xu 0 )—iKV( )f(xu 011 + o(1)).
¥ 90

Then R = O(1), since

R = /hngg(thu)Kév(QO e )f(xu ,u)du(l + o(1))
1 O—-u\1l yle- ) 1
_ZCh(’D/thG( 7 )EK ( o ) fOx,u™,u)du(1 + o(1)) + O(h )+0(Ng'hg)

IV|¥— V(¥ — * 2 1
=K, ( e )f(xu ,0) — 2CK( o )f(x,u,9)+0(h)+0(h)+O(N4h

Qb-lk

0
Thus, combining several previous calculations we obtain
A 02 02
Efn(x,9,0) = f(x,¢,60) + 0.5h5@ f(x,0,0)Kx(1 + o(1)) + 0.5h§0—2 F(x,0.0)K,0(1 +o(1))

K’V( )f( )

)f( )] 1440jvgthéV(0 - )f(x 26

+0.5R2 f2 (%, 0, 0)Kgr(1 + (1)) + ———
oa0(% 9. 00K g2 1440N2H%

-2cK V(
90

for some ¢* € [ — chy, ¢ + chy] and some 6 € [0 — chy,6 + chg].

Lemma 6. Let hy, hy, hy — 0 and Ny, Ng — oo. Under conditions (K) on kernels K, and Kg we

have
g9 ¢ g =9 6) + 0(h2) + O(h2) + O(h2) + 0| — o[
_fn(X,QO, ) = %f(x’ (2 )+ ( n) + ( 4,0) + ( 9) + N4h5 + 4h4 ’
("2 00
]Ea 3 9) = 0 6) + O(h2) + Oh2) + O(h2) + 0| — o
— fu(x, 0, )—%f(x,% )+ O(hy) + O( )+ ( )+ NARA + 4—h5’
(2% 00
EaZA 9—62 8) + 0(h2) + 0(h2) + 0(h2) + o — o[
a2 "0 = gl Lt O+ O 0+ O e | * O\ ngng )
EZA 9—‘92 6) + 0(h2) + O(h2) + O(h2) + O — o[
_fn(x‘P, )—ﬁf(x#% )+ (n)+ ((p)+ ( )+ N4h4 + 4h6 ’
(72" 00
E 62 Ful(x,0,0) = 62 £( 9)+0(h2)+0(h)+0(h)+0 L ), o]
600" " = 5057 Nang) T \NARS
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Proof. (1) By linearity of the differential operator,

0 »
a_fl’l(x5 @, 9)
¥

hg ) oy hg hg 0y

1 (6-6y)\ 0 1 (-6 &
:SNG( K ( 0)—u0(x,<p),..., —Kg(—e)—uzjvg(x,<p),—0.57r,0.571).

h_H 0

Then by the linearity of the expectation operator, we have

0 4
Ea_fn(x’ ®, 9)
Y

1 _(6-0 0 1 (90, 0
= SNG(—KQ( O)E(—uo(x, go)) Kg(—G)E(%uZNH(x, go)),—O.Sﬂ,O.SJT).

hg hg e " he hg

First, note that

0 1 ®— ¢ 1, (%~ %2Ny
E—up(x,¢0) = Sy (—K’ ( )Ez x)yee, =K, | ————
d¢ k @ h(,% 2\ hy 0.k h(’% ¢ hy

90+Ch¢7 1 , (o —u 2 o
:/ , h—zK(p = |LF (610, 0) + 0.5k £7(x, 1, 0) Ko(1 + o(1)) ] du
$—C " 1) ®
2chy V[ 1 ,(o—u
- ’ 99
+180(2N¢)4 6u’V[ ( he )f(xu k)]

27
h‘P

%k
u=u
k

By the previous lemma,

0
B uk(x.0) = £5(x,0,01) + 0.5h7 £ (%, 0,01)Ko(1 + (1))

+0.5h3 oo (%, 0. 610K (1 + 0(1)

c V(QD - MZ) *
+ K Flxub,0,)(1 + o(1)).
4:5°°¢ k
1440Ng Ry, hy
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Thus by proposition 2,
0
Ea_fn(x, SD’ 9)
¥

1 (6-46 0 1 (0-6 0
= SNe(h—ng( o O)E(%uo(x, go)), - h_gKe(h—ge)E(%MZNg(x’ <p)),—0.57r,().57r)

0+Ch6 1 0—u / 2 1
= —Kg| = | (e 0) + 0.5 £ (o pu ) K(1 + 0(1)
9—ch0 0 6

+0.5R2 1 (x, 000K (1 + 0(1)]du + ———R
L A 1440N2hS

)f(x, ¢,0°)(1 + o(1))

+ C KIV(H - 9*
1440N7 i hg

= f(x,0.0) + 0.5k 17 (%, 0.0 Ko (1 + 0(1)) + 0.5h3 707 5 (x, 0, 0)K g o (1 + 0(1))

6 — 6
+0.512 7 (x.0,0)Kn-(1 + o(1)) + ¢ K’V( ) x, 0,01 + o(1
0/ o0 (% 0:0)Kg (1 + o(1)) La0N A o\ g f(x,0,0%)(1 + o(1))

c v(e- sO*) " vi[e—¢" "
+ K f(x7‘10 ,8)—2CK (— f(x"p ’9) (1 +0(1))
1440N2R3 1% ( hy Ak
Note the remainder R is calculated exactly the same as above. O

Proof. (2) As in the proof of lemma 2(1), the linearity of the differential operator and expectation
operator gives

d » 1 _,(6-6 1, (0-0w,

%fn()@ ®, 6) = SNQ (h_gKQ (h—g)uO(x’ QO)’ ) ﬁKQ I’l—g MZNH()C, ‘P)’ _O'Sﬂ’ 0.57

and

0
E%‘fn(-xa ®, 9) =

1 -0 1 60— Oy,
O L S )

— Euypn, (x,¢),—0.57, 0.57‘[).
2 ) 2Ng
hy hg 5 hg

51



By proposition 2,

0 4
E—

9+Ch0 1 , 6 — .,
_ / KR T C) + 052 f (e ) Ka(1 + 0(1)
O-chy Iy 0

c
+0.5h2 X, @,V 1+o(1)]dv+ —— R
oS0 0K o (1))] 440N AL

144ON4h5K9 (9 — )f()C ©,0%)(1 + o(1))

(o

= fo(x,¢,0) +0.5h f;ge(x 0, 0)K>(1 + o(1)) + 0. 5h2 f”'g(x ,)Kpn(1 +0(1))

44 9 9*
+0.5h3 f1(x, 0, 0)Kg (1 + o(1)) + N K} ( ) F(x 0,61 + o(1))

K (55 - 2cKV(9” o

c

C
144ON4h4

(I +o(1)).

Note that R was calculated in the same way as before, but this time with

1 0 =600\ .1v(¥ "o .
R = SNe(h—gKé( hg )K‘p (T f(x,uO,H())(l + 0(1)),

1 0 — 6N LYY .
- ﬁKé(h—ee)KgIDV(h—g)f(x’ uZNg’HZNG)(l + 0(1)), —0.57T,O.57T).
9 [

Proof. (3)

9% .
— fu(x, 0,0

1 (6-60) 0 1 (00w 62
=S K —Kg| ——— —-0.57,0.5
Ne(hg 9( Iy )5902 up(x, @), .. o 9( e g — Ny (X, ¢),=0.57,0.57
So again, by the linearity of the expectation operator, we have

9% 4
E— fu(x, 0,0

1 (6-6)\_ [ 0° 1 (0-0an,\ (&2
B _K E 502 K E - . . .
SNe(hg 0( Iy ) (690 g (x, SO)) g 9( hg 0¢2u2N9(x,¢) ,—0.571,0.57
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‘We must then first calculate

92 1 © — @ 1 L
E— = —K/ E —K —E -
952 ug(x, @) SN¢( 7 <p( g 20,k (%), ... e Ty 2Nk (X), =7, 70
(,0+Cl’l§0 1 ® -
= / —3K‘1’0'( )[f(x u,0;) + 0.5h2 £ (x,u, 05 ) Ko (1 + o(1))]du
—Chgp h(p hQD
2ch oV 1 —u
y 4 Ja% 3 (;)’(QD—)f(xa u, 9/{)]
180(2N )*outt L hy, hy

uzuk

By the preceding lemma,

82
Eamx, ©) = [ (x,0.0) + 0.5 f1Y 0 (x,0.0)K2(1 + (1))

+0.5h5 £ 18 50 (x. 0. 00K 52 (1 + 0(1))

*

@Y — I/t
g [y 0000 o)

Thus by proposition 2,

8% .
E— fu(x, 0,0

1 (0-6p\_( > 1 (00N _( 82
=Sn,| —K, E|— —K, E ,9)],—0.57,0.5
Ng(hg 9( o ) (890 g (x, QD)) g 9( o a(pzuzzvg(x ¢) 7,0.57

6’+Ch9 1 0
= [ k| T Ut + 058 5 K1+ o(1)
6—chy ho

C
+0.5h2 f17 oo (X, 0. )K g2 (1 + 0(1))]du + —————R
[iadad 4 1440N2hS

K’V(e )f (5 0,6%)(1 + o(1))

C
+
414
1440N h
= f7ro(x,0.0) + 052 LV (6, 0,0 Ko (1 + 0(1)) + 0.5h3 £ 55(x, 0, 0)K s (1 + 0(1))

C IV(Q - 9 ) 7 %
72K Flo(x.0.6%)
1440N, h; he

c o—¢ . vir[e— ¢ «
KY f(x,¢",0) —2cK (—)f(x,go ,0)
1440N4h6 [ ( hy ) Y\ hy

Note that R was calculated in the same way as before, but this time with

+0.5h5 f (p%(x, ©,0)Kgo(1 + o(1)) +

(1+o(1)).

R = SNH(hlng(g ;090)[{9‘51(90 hsou )f(x uo,eo)(l + 0(1)),

Lo (07028 vi(¥ ™ "2Ng
..,—Kg(—)K (—)f(x Wi L 0yn.)(1 + 0(1)),-0.57,0. Sn)
hg hg |\ hy 2Ny’ " 2N
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Proof. (4)

2

%fn(x, ®,0) = SNy ( hlg K”(G hgeo )”O(X ), .. hle Ké'(%)uz]ve(x, ¢),—0.5mx, 0.57r)
and
9% .
E?fn(x, ¢,0) =
SN@(higKg(ez—jo)E”O(x’ @)y higKg(—e _he;ZN )EMZNQ(X ¢),—0.57,0. 5”)
By proposition 2,

9% .
Eﬁfn(% ®,0)

O+chg 1 0 — )
= / —Ké’( )[f(x @, v) + 0.5h; f1i(x,0,v)K>(1 + 0(1))
9—0]19 ]’13

+0.5K2 7 (x, v 1+ o(1)]dv+ ——R
oS0 @ VK o (H)] 1440N$h;40
C VI 6 9)
K x,0,0)(1 + o(1
o ( F @671+ o(1)

7 (x,0,0) + 0582 1V, (x,0,0)Kp(1 + o(1)) + 0. 5h2f1 2059, 0)K (1 + 0(1)

c 0 —0* .
+0.555 f9(%: @, 0)Kp (1 + o(1) + 40N4h61<9”( " )f(x,¢,9)(1+0(1))

C
1440N4h4

(I +o(1)).

e [ R eme PR

Note that R was calculated in the same way as before, but this time with

1 ,(6-6 @ — u
R:SNg(h—gKg( hQO)K;V( e )f(x . 00)(1 + o(1)),

%
1 17 9_921\/0 1V SO_MZNO
—K (— K/ | ——

TR0\ hg - )f(x’”;NO’GZNQ)(l+0(1)),—0.57T,0.57T),
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Proof. (5)

9% .
b ,6 =
G35 e .0
1 ,(6- 90)(') 1 ,(9_62N9)6
S K |—— ug(x,¢), ..., =K)| ———— |—urp,(x,¢),—0.57,0.57
Né'(h2 9( hy ) ae 0¥ W2\ he ) 2Ng 5 ¥
and
9% .
E—— ,0,0) =
09890fn(x ®,0)
1 _,(0-6p)_ 0 1, (9= 0ng\_d
S K, E— @)y —=K)| ————— |E— ,9),—0.571,0.57|.
Nﬁ(hz e it 2 5 2Bt os-0sm0sn
By proposition 2,
2 A
E , 0,0
898<pfn(x ®,0)
O+chg 1 0—v
= / _2Ké(h—)[f‘;’(x’ 0, V) + O.Sh,%f)é;'so(x, 0, V)K>(1 + o(1))
0-chy h 0
+0.5K2 £ (x, 00K (1 + 0(1)]dv + ——— R
el Vg2 1440N RS

C vV 9 - 9*) ’ *
+ K So(x,0,67)(1 + o(1))
1440N 413 9( hg )Y

(x »,0)+0. 5h2 S we(x 0, )K>(1 + 0(1)) + 0. 5h2 o/ ‘p‘pe(x, ¢, 0)K,2(1 + 0(1))

6 —
+o.5h2 x, 0,0)Kn-(1 + o(1)) + ¢ KV( ) ! (%, 0,.0%)(1 + o(1
o/y Lo, 0, 0)Kp (1 + o(1)) La0N o\ "y Jo(x,0,60%)(1 + o(1))

C
1440N4h5

(1 +o(1)).

K, (‘” ‘”)fg(xso ,6) - chW(%”h )fg’(x,cp*ﬂ)
‘P (2

Note that R was calculated in the same way as before, but this time with

L, (0=60\ v(¥ 4 .

1 (006 ¢ -y .
) ﬁKé( ; b ) Kg( 2N ) f 63,02, )1+ 0(1), —O.57T,O.57r).
0 [
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6.2 Calculation of Mean and Covariance of Z,

Recall the process

:Zn(t) =

—sin 0% sin¢*  cos 6 cos ¢*

f a¢aef) (f—go(ﬁz—f))

t
—/0 U(t,s)| sin@* cos@*  cosB* sin ¢*

f f (fn=1)
0 —sin0* a(pag 96° 9
Keep in mind that g_f;<x*<s>> = U (x*(s) =0
The partial derivatives of f, are easier to write as
2Ny 2Ny
an(X) am by (G(X) Gm) ,(¢(X)—¢z) (x—Xk)
) K K Yeims
mZ;) IZ(:) Z:: ho "h3 he AN hn "

where a;, = O(N, Dyand b, = O(Ng, 1) are the coefficients in Simpson’s scheme. Denote

K :/ulK(m)(u)du.

Furthermore, denote

—sin #* sin ¢*  cos 8 cos ¢*

M(s) = sin6*cos¢* cos@*sin¢*
x*(s)
0 —sin 6*
and
f f
F(x) = ( 5902 Bgoag

awef a?f

Consider the mean function of the process Z,(t).
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Lemma 7. Suppose hy, — 0, hy — 0, hg — 0. Then

EZu(t) = (1 + o(1)) /Ot U(t, s)M(s)F~" (x*(s))

2 axa;a(pf (x*(5), @*(x*(9)), 0% (x*(5))) 3 Ko 2K 1.1

—af;agf (x*(5), @*(x*(5)), 0*(x*(5))) 5 K02Kp,1,1

n2 ( %f(x*(S), O (X" (), 0° (x* () K13
+

6(523[)6‘ f(x* (S)’ ‘10* (X* (S))7 6* (X* (S)))%KQ,I,I K(’D’O’Z

3 * (K Lk
+hg( G T (69" (), 0 ( () 5K 1,1 K02

%f (x*(s), @*(x*(5))s 0*(x*(s)))% Kg.13

]ds

Proof. We calculated the asymptotic expressions of the expectations of the estimators of the
derivatives of f in the previous section. The above is a result of applying those calculations to the

defined process Z,. No other methods are needed to show the above.

Next consider the covariance for any #y,¢, € [0,T]

Cov(Zn(t1). Zn(12)) = / / I(s1 € [0.0DI(s3 € [0. 02U, s1)M(s1)F = (x*(s1))

8 fn(x*(s1)) C"fn(x*(32))) Cov(afn(x*(n)) afn(x*(Q)))
) ’ dy dy ’ 00

0 fn(x*(s1) 0fn(x*(s0)) O fn(x*(s1) 8fn(x*(sp))

T n;gosz ) Cov(*g= = 2)

M*(s)(F*) L (x*(52))U* (12, 52)ds 1 dsy.

Cov(
(6.1)

Cov(

’

Consider the covariance array in the middle of the above. Then for the first entry we have:
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8 fu(x*(s1)) 0 fu(x*(52))
o ’ o
2Ny 2Ny 2Ny 2Ny

Amyam, b1, b1, 1
IDIPIPIPIPIT LI

ml Oll Okl 11’)’Z2 012 0k2 1

0(x) = Om, 0(x) = Omy\ , (eX) =@\ (e(x)— ¢
KG( hg )Ke( he )K¢( hy )KQD( hy )

X — Xkl X - sz
COV(K( hn )Yklllml’K(h—n)YkZZZmZ)’

The latest covariance term consists of two terms
xy — Xk

x1 = Xy 2 = Xk,
T S Xy @1, 0mp ). K T

Cov( )

COV(K( )f(XkZ’ 9012’ Hmz))

and

Xy — Xg

X1 —Xk1 )
S(Xkl’goll’gml )gklllml’K - 7

Cov(K| ——
ov( ( i i

) S(sz’ ()Dlz’ sz )Skz lzmz)-

The first term is zero for k| # kp due to independence, while for k| = kp we have
X1 — Xkl
hn

Xy — X

)f(Xkl’(pll’gml )’K(—l

Cov(K
ov( ( "

)f(Xkl’ Qolz’ sz))

X1 — X
= hfl/K(u)K(u + lh 2)f(xl - uhn,goll,eml)f(xl — uhy, <p12,9m2)du

n

= h?ﬂ’(h—n)f(m @1, 0my ) [ (52, @1y Oy (1 + O(hy)),

where we used the substitution u = % and ¥Y(z) := f K(u)K(u + z)du.
The second term is zero when [y # [y or my # my, while for the case of I} = lp,my = my we

have for k1 = ky

X1 — Xkl Xy — X

n

1

X1 — X
= hzly(%)s(xla ‘Pll,gml)s(xz, (,Dll,gml)(l + O(h}%))’
n

while for k1 # ko we have

X1 _Xkl xz—Xk1
)S(Xkla‘pll’le)gklllml’K( )S(Xkla ‘Pllagml)gklllml)

hy hn

= Sk, ky IS (X1, @1, Oy VS (2 01, Omy (1 + O(h7).

Cov(K(
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Now we consider the summation for the (1, 1)-component of (6.1):

2Ny 2Ny 2Ny 2Ny

1+ 00), (- x amyimy biy bty (0Ge1) ~ Oy | (0(x2) — O
2 (1 2)2 Sy Z 19 21 zKe( - 1)K0( - 2)

ml Oll Omz Olz
(P =@\ (e(x2) - ¢
chp K
h(p ¢

2
)f(?% @11+ 0my S (x2. @1, Omy)

bZ
1 O(h - Z ! 0(x1) -0 0(x2) — 0
+ ( n)\}/(xl .X'2) my IKQ( 1 my )KQ( 2 ml)
I’lh3 hn hg hg

(o) =\ (e(x2) e
K(p h(p K(p h(p S(xl»()ol]’le)S(XZ»SDII’le)

2Ny 2N,

N Zklikzzklkz ZH Zgoaml 11 Q(X1)—9m1 K 9(X2)-9m1
0l h2 h4 Ks hg o hg

, so(m)—sozl L (#(x2) — @
xK‘p K‘p 7
@

)5ttty Oy Sty O 1+ 0GR
[

The first term above is an ordinary Simpson’s double integral. The next two terms have the
coeflicients squared so we need proposition (5).

Now the (1, 1)-component of (6.1) becomes

1+ O(hz) (xl _ xz) ptchyp ‘/go+ch¢ /0 chy /
nh,3, —chyp chy JO-chg JO—chy h2 h4
0(x1) —uy 0(x2) —u\ ., [p(x1) = vi\ ., [¢(x2) =2
K, K, K K| ——=
9( hg N hy A\ hy A\ hy

fxevi,uy) f(x,vp,up)dvydvoduy duy

1 + O(h? _ 1 + O(h? g+chg  pb—chg 1
+ ( n)\}'(xl X2) n ( n) Z Zk1k2:|/ / o
nh3 hn n2 0 h2 b

ky#ky <p—ch¢ —chy
O(x1) —u O(x2)—u\ _, (ex1)—v\_, [¢(x2) -V
K K K K
9( > ) 9( g ]\ g )T
S( )S( )dvd 25
X u Xy, V., U u .
b 1S B O S TN Ny

Now we make substitutions in the integrals:
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1+0(h; -
S [ ] grovsoasieorie

fxo(xy) = z21hg, 6(x1) = Y1h9)f(X2, @(x2) — 22hy, 0(x2) — yzhe)d21dZ2dy1dy2
1+ O0(h2) (x1 —xz) 1+0(h2) ]//
+ ¥ by
nh,?; hy k;@ kik2 hy h3

0(x2) — 0(x1)\ ., ’ (x2) — @(x1)
St Iy - )Kw(y)’%(w—go 2 hf ol )

Ke(Z)Ke(Z +

S(x1,@(x1) = 2hy,0(x1) = yhg)S(x2, o(x1) — 2hy,0(x1) — yhg)dzdy

Recall properties (K). Applying Taylor expansion to functions f and § yields the following expres-

sion for the second summand of the (1, 1)-component of (6.1):

+ 1+ O(h’%)\{l(xl - XZ)
nh;’, hn

1+ 0(h2 _
7 2( n) Z 2k1k2]\}19(%99(xl))

n ki #ko

X(—l)\Pg(gD(XZ) - QD(Xl)

5
; )S(xl, @(x1),0(x1))S(x2, @(x1), 9()61))LL3 2
¢

hg h@ 81N¢,N9 ’

Where we have defined the integrals:

¥(z) = /K(u)K(z +u)du, Y'(z)= /K(u)K'(z + u)du,

and the integration by parts gives

Y (z) = - / K (w)K'(z + u)du.
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Consider the first summand of the (1, 1)-component of (6.1):
1+ 0(hy) (%1 = x2\[0f of >
i Y\ = a_(xl’ p(x1), 9(361))%()62, p(x2), (2K

3
+h2<—f<x1 0. 00) 5 s 02 p(2).0012)

3

o 2L ot 9(x1)>—f(x2, P(2). 60Ky 11Ky

5
+h4<—f<x1 o), e<x1>>—<xz, o(62).6(x2))

55
+a_9[)];(x1, @(x1), 9()61))%(?“2, @(x2),8(x2)))K 11K,

(93f (93f
+h28—¢3(x1,90(xl), 9()61))8—903@2’90()62)’ g(xz))Ksil,?’ ’

where Ky, = / o' KM (p)de. Recall that this expression is calculated on x; = x*(sq),xy =
of

x*(s7), where 35 is zero. i.e., recall the equations:

G 5 (0.6°(2) = 5 g’ (9,6°(0) = 0,

(92 02
f(x ¢ (x),6"(x)) <0, —f(x, ¢*(x),6"(x)) <0,
2
g 00 5000~ G 50,070 > 0

Then only the last summand in the first summand of the (1, 1)-component of (6.1) is nonzero.

As aresult, the (1, 1)-component of (6.1) is:

1+ 0(h3 - 93 53
+nh§ )\P(x1 hnxz)hfo 9 J;(xl <P(X1)9(X1)) f(xz,go(xz) G(XQ))K

1+ 0(h2) (x1 = xz) 1+ 0(h2) ] (9(xz) - H(xl))
+ ¥ 2k )k  hy
nh?l hn n2 kI;Q 152 hg

gp(xl)) 11 25

(% (1, (1), 0(x1))S (x2, (1), ‘9(’”))_}1_3 81NpNg-

X(=1)¥g
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The (2, 2)-component of (6.1) is easily obtained from the above by the exchange of ¢ and 6, so

itis

1+ O(h> - f
+ g ) (x1 x2) f(xl o(x1), (xl))—(xz,sa(xz) 0(x2)Kg 0,13
nh;, hn

1+0(h2)  (x1 —x3\ 1+0(h?) o(x2) — @(x1)
)+ sz«lkz]%(—m ")

1 25

0(xp) — 0(x1)
hyg

x(—l)‘I';’( )S(Xl @(x1),0(x1))S(x2, p(x1), 9(X1))

Now consider the (1, 2)-component of (6.1):

0 fu(x*(s1)) 8 fu(x*(52))
dp 00
2Ng 2Ny 2Ny 2Ny

amyam, b1, by, 1
=2 22 2 0 D T

ml_Oll Okl 1m2 012 0k2 1

0(x) = Omy\  (0(x) = Omy\  (9(xX) =1 ¢(x) - @1,
KH( hg )KQ( hg )K¢( hg )KQD( hg )

X = Xkl X = sz
COV(K( hn )Yklllml’K(h—n)Ykzlzn’lz)’

Cov(

)

which is

2Ny 2Ny 2Ny 2Ny

l+0(hn) X]—Xx amy am, b1, by 0(x1) = Om , 0(x2) = Om
nh3 (1 2) Z Z Z Z 1 - ZKQ( he I)Ke( he 2)

ml_Oll Om2 0[2 0

L (e(x1) — e ¢(x2) - @1,
K¢ Ky » Jx1 @11 0m ) f (X2, €1, Omy)
2Ny 2N,

1 + O(h? - Diky ke Sk k a’ z O(x1) -6
N ( n)q,(m Xz)+ 1# z 1 2] Z Z 9y "y 9( ml)
nh3 hn h3 h3 hg

0(x2) — 6 @(x1) = @1 ¢(x2) = @1

)S(xl’ Qoll’eml )S(XZ’ 9011901711)-

Then applying Simpson’s approximation to the last expression we have:
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1+0(h’%)q;(x1 —Xz) p+chy ‘/‘90+C/’l(p /-0 chy /9 chg 1 1
nh,31 hn p—chy Jo—chy JO-chg JO-chy hg h;
KQ(Q(Xl)—Ml)Ké(H()Q)—Mz)K:D(QO(xO—v1)K¢(¢(x2)—v2)

f(xp,vi,up) f(x2,vo,up)dvidvoduyduy

1+ O(h? - 1+ O(h? p+chg  pb-chg | |
N ( n)\P(Xl xz) N (hy) Z zklkz}/ / 11
hn n? o-chg 3 I

nh,31 ky#ky p—chyp chy
O(x1)—u\ _,(0(x2)—u\_, (ep(x])—v @(xp) —v
K K K K
0( hg ) \ ho A ke kg
St v, ), v, w)dvdu —
X1, V, X7, v,u)dvdu .
L V> 1112 81N, N
Introduce
Vi = 0(x1) —uy by = 0C2) —up  _ plx1) =V o = @(x2) =2
as well as

_0x) —u y= o(x1)—v
hg ’ hso ’

Then by substitution the above becomes:

1+ O(h3 - ,
+"hr§z S (X1 xz)/ / / / —Ke(yl)Ke(y2)Kga(Zl)K¢p(Zz)

fxro(xy) = 21hg, 6(x1) = YIhH)f(XZ’QD(xZ)_Zzhtp,e(XZ) y2hg)dz1dzodydy;

1+ 0% (x| -x 1+0(h2)
" \P( lhn 2) 2 zklkz]//hZhZ

3
nh” k ¢k2

K0<Z>Ké(z + W)mw@ (y . M)
0 ®

25
S(x1,(31) = 2, 00x1) = Yhe)S (02, (1) = 2hg, 001) = Yhg)dzdy g,
®

Finally, the (1, 2)-component of (6.1) is:
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1+O(h2) —x0) 0,20 f 3f
e ( h h‘phga—gﬁ(%so(xl),@(m))%()fz,90(X2),9(X2))K¢,1,3K9,1,3

1+ 0(h2) (m —X2) 1+0(h2) ] ,(9<x2>—9<x1>)
+ y + Sk ky [Py —————
nh% hy n2 k;z 172 hy

11 25

3’ @(x2) — @(x1)
¢ 2 h2 81N Ng

h )S(xl @(x1),0(x1))S(x2, p(x1),0(x1))—

Similarly, the (2, 1)-component of (6.1) is

1+ O(h2 P f
+nh§ Dy ( hnxz)hihz 3 (x1 90()61)9()61)) (X2,¢(X2) 0(x2))K,13K0,13

1+ O(h,%) X1 — X2 , [0(x2) — 6(x1)
¥y z Y |———
i e kYo T,

1 25
2 h2 81N, Ng

1+ O(h2) Z

n

k1#ko

)S(xl @(x1), 0(x1))S(x2, p(x71), 0(x 1))

, [e(x2) — (x1)
R
To balance both terms with f and S in the covariance matrix (6.1) we need the following

assumptions :

1+ 0(h?) K
n2 Z Zhiky = h3
k1¢k2 n
and

where k > 0 is a constant.
Now we plug in the expression for (6.1) into the covariance function of the process Z,. First
we define the following (which is a slight restatement for convenience):

Recall:
Y(z) = /K(u)K(z +u)du, Y'(z)= /K(u)K’(z + u)du,

and the integration by parts gives
Y (z) = - / K (w)K'(z + u)du.
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_ﬁ
4

@ﬂ3

For instance, for a standard Gaussian kernel ¥(z) =

build the matrix

W(0)Pg(0) W, (0)¥5(0)
)=

WL(0)¥)(0)  We(0)¥7(0)

If both K, and Ky are Gaussian then ¥ = —diag(%, %) For v € R3 define
y(v) = / Y(-1v)dr,
R
which is e | | for a standard Gaussian kernel. Also introduce

Yo(v,x) = /(‘P(—VT) + k) X

(—%ﬁ%—f(x)w)%(%(x)m W (9 (o) w (2 () )dT
WO ()W (A () (D (o) W (9L ()

In case of a standard Gaussian kernel

‘PO(V’ .X) = -

1( 1+ () (% <x>)( (x)))
(

0p™ *
PN (G2 (%Ew) 1+ (Frw)
where
2 « 3/2
D(x) = 64rn ( ( (x )) (69 (x)) ) .
Also, define
—sin 6% sin ¢*  cos 0% cos ¢*
M(s) =| sin6*cos¢g* cos@*sing*
x*(s)
0 —sin 6*
and
02 oL
F(x,¢,60) = ( o0 69069 ) .
(x.0.0)

9
gea0/ @f

Green’s function U(t, s) is defined as the solution of the PDE

ou(t,s)
ot

=W ()U(t,s),U(s,s) =1Vs > 0,
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where

3905xf(X*(S)) )

Vo(x*(s) = =M()F~" (x"(s), " (x*(s)), 9*(x*(s)))(
mf (x*(s))

Then back to the covariance function of the process Z, we combine the above calculations using

these definitions:

where

and

with

Cov(Zn(t1). Zn(12)) = / / I(s1 € [0.0DI(s3 € [0. 02Ut s1)M(s1)F~ (" (s1))

1 + O(h?

{h4 +nh§ ity (x s (sz))G(X*(Sl))G*(x*(sz))
1 1+0Mm) [ (x*(s1) — x*(s2) 25

+N2h4 e ( 1 . 2 ) + K]g—l"I’(Sl,SZ)

XS(x"(51), " (x*(s1)), 07 (x" (s1)))S(x* (s2), ¢ (x" (51)), 9*(x*(S1)))}

M*(s)(F*)  (x*(52))U* (12, 52)ds1 dsa,

93 f(x) K,
G(x) := 9¢ )
(x) (63f(x)K
963

¥(s1,52) :

(\P"< )LP( IR AC S )\P'(AG’U)
(,,w EAC ) (G (52)

Ap® = ¢ (x7(52)) = @7 (x"(51)), AG" = 07(x"(52)) = 07 (x"(51))

Now consider the change of variable s, = s + 7h with ds, = hdt. Then we have proven the

following result:
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Lemma 8.

1+ 0(h2) /f )

Cov(Zn(t)), Zn(12)) = U(t1, s)M(s)F~" (x*(s))

s

xﬂu%@@%fm»ﬁ%f@»ﬂMWQUﬁr%f@»vw%wm.

%ummu&m—%ﬁf%m@n@ﬂ

6.3 Mean Squared Error of the Process Z,

Proposition 6. The optimal bandwidths (hy, h) that minimize the MSE of Z, are attained under

either one of the following cases:
() hpy=0n""?), h=0w"1%), N3>0n* asn— .

or

(I) hy=0WN"53p~ 110 p=oN15,7119) N = om?) as n — .

Remark. In practice in HARDI the number of gradient directions N is much smaller than the

number of voxels n, so we have the case (/7).

4
Proof. The MSE has the form ey} + co i+ 3l + %oy 4 —3
n

. Take partial derivatives
n nhyN

254

with respect to &, and s and set them to zero:

2¢4h* 2¢s

4crh3 + 2302 hy, — =
S R PNeY L

and
4eg 4es

dcah> + 2c3hh> + =
ST T2 ahINZRS

Consider the second equation:

2C5

4 3,2 3 —
canhh,, + 2conh” hy, + 2c4h” — NS

It is quadratic with respect to h,% Then

—2c2nh3i\/4c§n2h6 denh(2eqh3 - NZCiS)

h2 = ,
" 2c3nh
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which is
c c 2c 2¢
h%z——zhzi—zhzi—52$—4
c3 c3 conh8N2  con
265 204

up to terms of smaller order. Since ¢, /cz > 0 we take h? ~ - .
P 2/ 3 n C2nh8N2 con

Consider 2 cases:
1
(I) N*m® - Ce(0,+], h2= 0(—)

n

and

1
218 2 _
(I) N2%h® =0, h”_O(nhSAﬂ)'

Now we consider the first equation with respect to & for case (/):

2C1n_3/2 + C3h2n_1/2 - C4h4n1/2 -——F=0

or equivalently
2

2cin”“ + C3h2n_1 - C4h4 —

and furthermore with positive constants c, cg
nt - cohzn_l —en? = 0,
which implies /% = 0(%). As a result case (/) becomes
() hp=0n"'?), h=0w1?), N3>0n* asn— .

Now consider case (/7). The first equation with respect to £ is

2cq L c4 h s
n3h2AN6  p2plan4 n nN2 W4

which is equivalent up to terms of higher order with N h* =g —>0and h = g!/4N~1/4
-2c1N - nN/2g31% 4 c5n285 =0,
which is quadratic in &/2. Then & = O(N 1/5,-2/5 ). As a result case (/1) becomes
r h, = O(N_l/sn_l/lo), h= O(N_l/sn_l/lo), N = 0(n2) as n — oo,
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which completes the proof of the proposition.
Remark. From the proof it is clear that in case (II) the second part of the covariance of Z,
with § is the leading term, while the first part is of smaller order. Also the bias squared is of smaller

order as well.

6.4 Asymptotic normality of the Z, process

First we need to establish consistency, which will help justify the approximation of X;(¢) — x*(z)

by Z.

Lemma 9. Suppose that (I) or (II) holds. Then uniformly in t € [0,T], X(t) is a consistent

estimator of x*(t). That is,

X~ P
sup |X,;(t)—x*(t)] >0 as n— oo.
te[0.T]

In the following proof we use the Gronwall-Bellman Inequality and formulate it before for
completeness: Let F,G be non-negative continuous functions in [a,b] and D > 0 be a constant.

Suppose that for all 7 € [a, b),
t
G(t) <D+ / F(s)G(s)ds
a

Then for all 7 € [a, b]

G(t) < Dexp{ /[ F(s)ds}

t
£3(0) = x°(1) = /O L)) — v (r*(5))ds

Proof. Now,

t t
- / (O —v")EE(s))ds + / (F(R1(s) — v (e (s)ds
0 0

= /t(fz;‘: — V) (&, (s))ds + /t Vv*(x*(5))(£;(s) — x*(s5))ds + 0( sup |£,(¢) — )2
0 0

te[0.T]

t t t
- / (O = V") (s))ds + / (OF = v*)(EE(s) — x*(5))ds + / Vot () (E4(s) — 2 (s)ds
0 0 0

+0( sup |)2;’;(t)—x*(t)|2).
te[0,T]
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Let 0( sup |%5(t) — x*(t)lz) = ry Since,
te[0,T]

t t 1
/ (% —v)E2(s) = X (s))ds = / / (0 — VY (EL(s) + (1= Dx*()(EX(s) = x°(s)ds =
0 0 J0

= o(|£,(s) = x*(5)]) (6.2)

We have

t t
£3(0) = (1) = /O (7 — V) (s))ds + /O Vot (e () (E(s) — x*(5))ds +

(6.3)
Now,
zn(t) = /0 t Vv*(x*(s))zn(s)ds + /0 t(ﬁ,’i —v)(x"(s))ds
So that
t
Xn(1) = x°(1) = zp(t) = /0 VyF (" (), (s) = x7(5)) = zn(s)]ds + rn
Then by the Gronwall-Bellman inequality
t
|1%5(1) = x7*(t) = zn()]] < IIFnIIeXP{/ Vv*(x*(S))dS}
0
Now,
0 F _ *
1Za(0)] < / e s)M(s)F—1<x*(s)>( agn = (o) )‘ds
0 Lo — H)x*(5)
(9 *
30 F)x*(s))
<||A||/(‘98 te )'
75 (fn = N(x*(s))
(6.4)

Then

sup |Zn(t)| < ||Al|T sup
te[0,T] xeG

( 2= H) )‘
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Note ||A|| is the operator norm and we will denote || - ||cc = sup| - | as usual for the supremum
xeG

norm. By GG proposition 3.1 (see [14]) we have

0 0 log(h)

a ) 99 - E_ ) ’9 =
Thus

0 0 log(h)
— 0)— — 0 =
Hawf(x’ Y, ) 8Q0fn(x’ 2 )HOO 0( nN2h6)

and analogously

0 d 4 _ log(h)

Haef(x’ #0) = gl 9)”00 ) O( nN2h6)

To control the error term, we note that

( 2 (fu= )

A
( Y ) = F7'(x, ¢*(x),0"(x))
Ag

And

oo, @ (8, 0% (x*) = fo(x, 0% (), 0%(x*)) =
Fl g g (). 0" (N A + f1L 050" (2).0% () Ag + O(AL + A2)

(6.5)

So we may rewrite it as:
(o= ) )
Lo = )

0 . 0 4
+0(%(fn . f)(x)) + 0(@% _ f)(x))

A
( Y ) - —F—l(x,so*u),e*(x))(
Ag

Regarding the second order derivatives of f we have by GG proposition 3.1

‘ log(h)
nN2K7

(92 62
A5 5 90 N
a¢2f(x ) 552

Fa(x, e, G)H =0

and analogously
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) |,

L ) - L hr00)
092 ’SD’ 60 n 9(109 - nN2h7

So that the terms governing

92
O(A2 + A2 + A<p

(f f)‘ +Ag

(f D)+ (Ap + Ag)

389

y 92 " (- f)')

have almost sure convergence to zero.

Thus, as n — o

P
sup 155(0) = x*(0)] 5 0
te[0,T]

We now prove the asymptotic normality of the normalized deviation process Z,(f) in the space
C[0,T]. First, we have to establish the convergence of the finite dimensional distributions of
this process for general functions. To this end we will establish that the CLT holds by checking

Lyapunov’s condition and prove asymptotical equicontinuity of the process Z(z).

Theorem 3. Under case (I),

n(X(1) - x(6) 2 G(1)

in the space C[0,T], where the Gaussian process G has mean function u(t) and covariance function

C(t1,1) introduced in the next section.

Under case (11),

nSNS(R, (1) - x(1)) B Go(r)

in C[0,T], where the centered Gaussian process G has covariance function Cy(t1,tp) introduced

in the next section.
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6.4.1 Lyapunov’s Condition

Under assumption &, = hy = hg one can write

. 1 v [ g 2o x*(s) - X
Za(t) = -— ;; /0 U(t,s)M(s)F~1(x*(s)) Z_‘:) ;) K(Tk)ambl

K, e(x*(sh))—em K, e(x*(5)—¢;
X[f(Xk» 01, 0m) + S(Xk, 01, Om)Ekim]

h
ds
0(x*(s))-0 @(x*(s))-¢ )
Ké (x (52) m Ktp - [

1 &
= r_ll;lnn,j

For the case (I) one has to establish the following convergence:
n
Z ]E|77n,j - Enn,j|4 — 0,
k=1
which is the Lyapunov’s condition for the process nZ,.

For the case (II) one has to establish the following convergence:

n
[N Bl - Bl — 0,
k=1

which is the Lyapunov’s condition for the process nlSN2157,.
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Consider E|n,, x — En, « 4. It is bounded by

2Ny 2Ny 2Ny 2Ny

1 t t
2 [ 30 Y, ambyangby

mle 1120 m2=0 1220
x*(s1) = Xk
{K(T (f Xi> @115 0my) + S(Xk» @1y 0my Vet my)
x*(s1) — Xk

; )(f(Xk,wll,Gml) + S(Xk’ﬁoll’eml)gkllml)}

=

X" (s2) = Xi
{K(T)(f(Xk, Ply» sz) + S(Xg, ¥ly> sz)gklzmz)

x(sz)T_Xk)(f(Xk, Ply» Omy) + S(Xk, @1y 9m2)8k12m2)}
O(x*(s1)) = Omy |, (P (1) =@\ (0(x"s1) = Om, p(x*(s1)) = ¢y
o = el T e e

=

0(x* (52))~0my ” e(x" (s2)-¢1,

Ko h ¢ 1 e 2
B(Slatl’SZ’tz) , 0()‘7*52)_8}’}12 ‘P(X*(Sz))—solz §14S8)
Kp\m— 7 |Ke|\— 57—

where B(s1,11,52,1) = (F71(x*(51)))* M*(x*(s)))U*(t1, 1)U (12, 59) M (x*(5)) F~ 1 (x*(s7)) is a 2 X
2 matrix.

The expression after Y’s is a linear combination of 4 summands of the type

K(rl)(e(x*(sl)) — Om, )K(l_,l)(gou*(sl)) -y )

0 h ¢ h
() (O (52)) = Omy \ (121 (X7 (52)) — @y
A e O e

with bounded coefficients. Here K") stands for the r-th order derivative. One gets all 16 summands

for the squared expression since ry, 7, 73,14 take values 0 and 1, which are all bounded in the same
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way. So it is enough to consider one of them. Thus, E|n,, x — En, « |* is bounded by

C t pt pt pt
==L L
h o Jo Jo Jo

2Ny 2Ny 2Ny 2Ny 2Ny 2Ny 2Ny 2Ny

20 20 20 20 20 2 2o D ambuamyPyamsbiyangby,

m1=0 ll =0 m2=0 1220 I/I/l3=0 1320 I’)’L4=O l4=0

Kérl) 9(’“*(31])1)—9;111 Kg(ol—rl) <P(X*(S1h))—9011
Kérz) Q(X*(S2})l)—9m2 K(;l—rz) SD(X*(Szh))—SDlz
K(S@) Q(X*(SSi)—ng Kg(pl—r?’) SD(X*(Ssh))—S%
Kém) 9(?6*(54})1)—9:714 K‘,(Ol—r4) w(x*(Szth))—%
[6K(x*(Lh_Xk)S(X’<’9011’le)K(MT_&)S(Xk,wzzﬁmz)

* -X * -X
[K(wTk)f(Xk’Wyemﬁ - EK(WTk)f(Xk’%’gmﬁ]éh =ly.my=my
* -X * - X
x[K(x(M)Tk)f(Xk’ @1y Omy) = EK()C(M)Tk)f(Xk"%’9m4)]613=l4,m3=m4

x°(51) = Xp \ (x5 (s2) = Xp \ [ x7(s3) = Xi | (X" (s4) — X
e L e L e L e

X(511 212213 =l4,m1 =m2=m3 :m4 + 6511 =12¢l3 =l4,m1 =m2¢m3 :m4)
x*(s1) = Xk x*(s1) = Xk

h

h

h

h

X(511 =lz=l3 =l4,m1 =m2=m3 =m4 + 6511 =12¢l3 =l4,m1 =m2¢m3 =m4) d51d52d53 dS4.

x*(s2) — X
x*(s3) — X

x*(s4) — X

f(Xk7 ‘10[2’ sz) - EK
f(Xk, ¢l3a 9!’}13) - EK

J (X €14,0my) — EK

h

x*(s2) — X

h

x*(s3) — Xk

h

x*(s4) — X

h
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This is further bounded by
2Ng 2Ny 2Ng 2Ny

Ch3 t pt pto pt
L LY > S Y.

mle ll=0 m2=O 1220

K(rl) 0(x*(s1)) — Omy K(l_rl) @(x*(s1)) — LN
0 h 4 h
()"2) H(X*(SZ)) - gml (1—r2) QD(X*(Sz)) - Qoll
K, h K, W
(r3) (07 (53)) = Omy \ (1-ry) (X" (53)) = @1,
K, . K, .
(r) [0 (52)) = Oy \ (1) (P(X"(54)) = 01,
KG A K‘p 7
x*(s9) — x*(s1) x*(s3) — x*(s1) x*(s4) — x*(s .
v, ( 2)h ( 1), ( 3)h ( 1)’ (4)h (s1) P2 (51001 6my)

X[F2(*(51): 1> Omy) + S7 (X" (51), @1, Omy) s dsydszdsa,

where Wy4(z1,22,23) = /K(u)K(u + 21)K(u + 72p)K(u + z3)du. Now using the Simpson’s scheme

and the proposition we bound the above by

Ch3 t pt ptopt tp(x*(sl))+ch ¢(x*(s2))+ch H(x*(sl))+ch H(x*(sz))+ch
h24N4/0 /o /o /o /go(x*(sl))—ch /go(x*(sz))—ch /e(x*(sl))—ch </9(x*(s2))—ch

Kérl) Q(X*(S;L))_Hl K;l—rp ¢(X*(S;l))_901
Ké’z) Q(X*(Si))—el K;l—rz) SD(X*(Sil))_‘PI
Kér3) H(X*(Sz))—Hz K;I_r3) w(x*(sz))—soz
Kéq) H(X*(S;tl))—f)z Kfpl_r“) QO(X*(S;Ll))—st
v, X*(Sz);X*(Sl),X*(S3);X*(S1)’X*(S4);X*(Sl) P21, 01.61)

XLF2(x*(51), 02, 02) + S2(x*(51), 92, 02)1dep1 dprdf d6y sy dsyds3dsy,
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then by change of variable we have
ch? t pt optoptope opcope po
h24N4/////_c/_c/_c/_c
Ky ankg V0K Pk )

Ké@(ul N 0(x*(s2)) — . 9<x*<s1>)) K;l—@(w N so(x*(sz));

Kg4>(u2 o) - e<x*(s3>)) Ku—m(vz L PO (sa) -

P(x*(s1 )))

¢(X*(S3)))
¢ h

w (X*(Sz) —x*(s1) x"(s3) — x™(s1) x"(s4) — X*(Sl))
4 h : h ’ h

LA (1) @(x*(51)) = huy, 0(x*(s1)) — hvy)

X[ F2(x*(51), @(x*(53)) — hug, O(x*(53)) = hva)

+82(x*(51), p(x*(53)) — huo, 0(x*(53)) — hvy)]duydusdvidvydsy dsydssdsa,

By a linear approximation and Defining \Pefl’rz we have:

Ch’ x*(sp) — x*(m x*(s3) = x*(s1) x"(s4) — x*(s1)
h24N4/ / / / ( ’ h ’ h )

"Pg’rl’rz(g(x (SZ)) . G(X (SI)))TGJS’M_(Q(X*(&")) ; 0(x*(S3)))

(<P(X*(S2)) -

\PSO’V 12 h
PR (1), @(x"(51), 0(x* (1))

X[F2(* (51, @(x"(53)), 0(x*(53))

+82(x*(51), @(x*(53)), O(x*(s3)DI(L + 0(h))dsy dsyds3dss,

QD(X*(Sl))) O0(x"(s4)) - 9(x*(S3)))

Yorym ( A
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By a change of variable, s; = 51 + 7;h, the above becomes:

10 t
= h(214]+V4 D /0 PR ()@ (D)) 0 L2 (1), o (53)). 0(x* (s3)

+52(x*(51), (x*(53)), B(x*(53)))]
///q, (x*(sz) —x*(s1)  x"(s3) —x¥(s1) _ x"(s4) —x"(s1) )
4 0, T3, T4
Sy — 81 $3 — 81 S4 — 81

Yr 11 (9(X (st)z) = fl(x (sl))Tz)‘Pe,r3,r4 (9(X (S4S): = i(x (s3) (14 — 73))
\P%rl’rz(qx*(sz;z) - ?:’fx*(sl))Tz)\l,w}r4 (H(x*(s4s)j - 33( x*(s3)) (4 — 73)) ds|drydrydzy

As h — 0, by the boundedness of the integrands on their bounded support and their continuity

on their support, we have by the LDCT

///\P(x*(sz)—x*(ﬂ) x*(s3) —x*(s1)  x*(s4) — x"(s1) )
4 ™, 3, et

§7 — 8] $3 — 8] sS4 — 81
T&rl’rz(g(x*(szs)z) : fl(x*(Sl))TZ)\P%M(H(X*(Ms)j : f3(x*(S3)) (14 - T3))
T%rl,rz(SD(X*(st)z) : S()Dl(x*(S1)) TZ)Tw,rs,m(g(x*(M;z : f;x*(SS)) (14 - 7'3))d7'2d7'3d7'4

R / / / T4(v<x*(s1)>rz,v(x*<s1)>r3,v<x*(s1)>r4)

d . d
‘Pe,rl,rz(EG(x (Sl))Tz)‘Pa,r3,r4(E9(x (s3))(74 - 73))
d . d .
\Pgo,rl,rz(ae(x (51))7'2)\P¢p,r3,r4(ae(x (s3))(74 - T3))dT2dT3dT4 (6.6)
And so

Ch'%(1+0(1))  C
h24N4 - nM,,

Elnn,k - Enn,k|4 <

(6.7)

Therefore
n

C
Emn,j _Enn,j|4 < ﬁ -0
k=1 n
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For case (II) we have h = O(N ~1/5,-1 10) and N? = na, with a;, — 0. Then following the

calculation done above (where h was arbitrary):

Chl%(1+o(1))  C1+o(1)) _ C(+o(l1)

Imnnk"Enmkﬁ-S

124 N4 (n2a,)6/50= /5 nadl’
(6.8)
and
4/572/514 N 4 a,”
— n
[N ) Bl ~ Bl < =gz =0
k=1 @y,
6.4.2 Asymptotic Equicontinuity of the Process Z,
Define Zu(1) := Wa(g:(s)). 81(s) = Ijo ) U(t.)M(s)F~" (x*(5)) E(t1). Then
2= 1)
A n
Zy(t) = —/g;(S)( ‘;‘” R ) ds.
36Un = 1) x*(s)
and
n 4
ElnZn(t) = nEZn(t)* = | "tk — B
k=1
- [nm =~ DE 1k — Bl + nElm g~ Enn,m“].
(6.9)

Since 1, j are row-wise independent we have the last line.

Consider the above with arbitrary g :
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E|nWy(g) — nEW,(g)|*
2Ny 2N¢ 2N9 2N¢

h12 [// Z amlbllamzblz

ml Oll 0m2 012

h
( *(s1) -

{K(x(sl)—_xk)(f(xk,wl,eml) + S(Xk,goll,Gml)Ekllml)

)(f(Xk @1,-0my) + S(Xi, 01, 6m )Skllml)}

h

x*(s2) — X
| Xk 01y, Omy) + S(Xy @1y Oy ekiymy)

0(x*(s1) = Omy \ , (xX(s1) =@\ (0(x"s1) = Oy e(x*(s1)) — ¢y
o Jil e |

-X

=

h h h h

00" (52)=0my | 1./ e(x"(s2))-¢1,

. Ko h ¢ h o d
g (s1)8(s2) K,(G(x*sz)‘@mz)K (SD(X*(SZ))—‘PZZ) . 52]
0 h ¥ h

2Ny 2Ng 2Ng 2Ny

hlZ// DI Zamlbllamzblz

ml 011 0m2 0[2

COV(K(W_X/«)YWI, K(Msz)_—Xk)Yklzmz)

h h
X 0(x*(s1)) = Om, p e(x*(s1) — ¢y p 0(x*s1) = Om, © e(x*(s1)) — @1
o ; ¢ h Kol = | K¢ I
0(x*(s9)~6m, \ ., (P (52)=¢y
Kg Zh 2 Ky I 2
g (s1)g(s2) . ds1dsy
, H(x*sz)—em e(x™(s2))—¢y
Ke( 7 2)’%( T

2Ng 2N¢ 2N9 2N¢

h12// Z “mlbllamzblz

m=01, 0m2 017=0

COV( ( (Sl) Xk) lml’K( (sz) Xk)Yklzmz)G(i,j)(sl’SZ)

D) H(x*(sl)) Om, (071 P(x* (Sl)) o1
CH s |
) (H(x (52)) - emz) (177 (so(x (Sz)) Pl )

0 n dSl dSZ



For some (i, j) and 1,7 € {0,1}. g%(s1)g(s2) = G(s1,52) and G; )(s1, 52) are the components

of G

From the previous covariance portion,

x*(s1) — X x*(s2) — Xy
COV(K(— Ykllml’K T Ykl2m2 =

h
x*(s1) — x*(s2)
h

(1+ 0(h))h3‘{’(

[f(X*(Sl)’ ‘pll’gml)f(X*(SZ)’ Solza 01’1’!2) + S(X*(Sl), ‘pll’gml )S(X*(SZ)’ ‘Pll’eml)l{ml :m2,11 212}

Thus E[nW,(g) — nEW,(g)|* is bounded above by

2Ny 2Ny 2Ny 2Ny

3 * %
M//‘P(x (Sl)hx (sz))G(i,j)(Sl,Sz) 20 2y 2 2 ambyambi,

h12
m1=011=0my=01,=0

f(X*(Sl)’ QOII’HM1 )f(X*(SZ)’ ‘plza sz) + S(X*(Sl)a Qoll’eml )S(X*(SZ)’ Qoll’eml )I{m1=m2,ll =l}

e (G(x*(sl)) = O, )K(l_r1>(¢(X*(S1)) - )

h ¢ h
() (07 (52) = Omy \ (1= (©(X7(52)) — @1,
Kg 2 ( 7 K(p 2 7 dsidsy.

First consider the sum:

2Ny 2Ny 2Ny 2Ny

D000 D0 D amybiyamybiy F (51, @1y 0my ) (X (52), 91y Omy)

m =011 =0 my=0l,=0

(rl) Q(X*(Sl))_gml (l—rl) SO(X*(SI))_ ‘Pll
Ky ( h Ke h
Kérz) (Q(X*(Sz)) — Om, )K(1—r2) (so(x*(sz)) -1 )
h L4 h
Now consider just
2N9 ZNSD g(x*(sl)) _ 9 * _
* : | (1o £ (51) = @

D N R B e e

m1:0 ll=0
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The error term in Simpson’s method will be absorbed into the leading (1+O(h)) term above and

will be ignored. It is approximated by:

/¢(x*(s1))+ch /a(x*(s1))+ch FE sy u1>K(”)(M)K(l_”)(m)duldw
@(x*(sp))—ch  JO(x*(sy))—ch Y 0 h ¢ p

= i / SO (s (1)) = pr 0 (s1)) = Ty V)R~V pr)didpy

cJ—c
hS 77 2K d h5 " 3K/ d
f(pgg 5] Q(Tl) T+ f(ptpgo o (p(pl) P1

or

W15 [ P3Keo0dor + 055 [ iR man
If r; = 0orr = 1, respectively. Call it B2 C(x*(s1), 7).
Note we have used a Taylor approximation and the fact that

Jo((x*(s1), p(x*(51)), 0(x*(51))) = f((x*(s1), p(x*(51)), 8(x"(s1))) = 0.
Then
2Ny 2Ny 2Ny 2Ny

D0 D D amybiamybiy F* (50,01, 0m) (X (52)s @1y Omy)

m1=0 11 =0 m2=0 1220
K(rl)(e(x*(sl)) - Hml )K(l_rl)((p(x*(sl)) - )

6 h ¢ h
Kérz)(e(x (Szl)l) - 0m2 )K‘(pl—rz)(so(x (Szh)) - Qplz )

= K10C(x*(51),r1)C(x*(52),72) + O(N™%).

(6.10)
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Now consider

2Ny 2Ny 2Ny 2Ny

Z Z Z Zan’llbllamzblzs(X*(sl),‘pllaeml)S(X*(SZ)"pllaeml)I{ml=mZ,ll=lz}

ml =0 ll =0 m2:O 1220

K(rl)(e(x*(sl)) — O, )K(l_rl)(so(x*(n)) - )

6 h ¢ h
e (H(X*(Szi)l) ~Omy ) Kg_m)(s"(x"‘@zh)) ~ ¢ )
2Ng 2Ny
= > Z iy b S (51), 011 Om) S (52), 017 Om))
m1=0101=0
(,1)(9(x (s1)) — 9m1) U rl)(so(x (s1) - sozl)
6

K(rz)(e(x (sz)) le) (1 rz)(SD(X (52)) ‘Pll)
0

1 o(x* (sl))+ch 0(x*(s1))+ch . .
= / / S(x"(s1),vi,up)S(x™(s2),v1, 1)
@(x*(s1))—ch JO(x*(s1))—ch

Kgp(@(x*(n)) —u )Ku—rl)(so(x*(sl» ~ v )
h 14 h

Kérz)(e(x*(si)) —uj )K;I—rz)(¢(x*(sli)) -V )duldvl(l N O(N_l))
2
M / / S (51,0 (51)) = hpy. 8(x"(51)) — hay)

S(x* (Sz) (" (s1)) = hp1, 00" (1)) — haDKy VanKS V()
Kéq)( NGOV 9(x*<s1))) (- r2>(pl L 0 (52) - so(x*(sl)))

h ¢ h
(1 + O(h))h?
- N2

O(x* - 6(x*
%’rl’rz( (o)~ <s1)))q,mr2

S (s1), (6" (51)), 0(x™ (s1))S(x™(52), @(x (51)), 0(x(51)))

(SO(X*(SZ)) - 90(X*(S1)))
p :

Thus E|nW,(g) — nIEW,,(g)l4 is bounded above by
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3 (s1) — x*
(H;?#//‘P(x (SI)hx (SZ))G(i,j)(SLSz)[hloc(x*(so,rl)C(x*(Sz),rz)+

(1 + O(h)))h?

N2
Yoo 1, (G(X*(Sz)) ; G(x*(sl)))\y‘p’rl,rz(go(x*(sz)) ; (p(x*(sl)))] dsydsy.

Change of variable s, = s1 + 7h yields:

(1+0(h))h4// ( x*(s1) = x*(s; + Th)

h12 52— 81

S(x"(51),(x"(51)), 0(x" (51)))S(x* (52), (x™(51)), 0(x" (1))

)G(i’j)(sl,sl + T/’l)

[thC(x (1 r1)CG (51 + Th).ra) +

2
L+ ORI 51 1), ol (51)). B (s NSCE (51 + T o (s1). O (51)

N2
% n)) — % . ) — .

¥, ) (TG(x (s1 +st E)SI 0(x (S1)))\PW112 (TSD(X (s1 +ST2 E)Sl o(x (Sl)))]dsldf

1 h * —y* h
< W/\P X (s1)s2x_(ssl1 +7h) /G(l—,j)(sl,sl + Th)dsdt

3
K+ O(h * — x* h
- %/‘P X (sl)szx_(ssl1 +7h) ];/gik(sl)gjk(sl + Th)ds dt
< w/q, Tx*(ﬁ)—x*(sl +7h)
n §7 — 81

3 1/2 1/2
> ( [1eatsoiasn) ([ gt emian) ar
k=1
K*(1+0(h) < ( 5 )

- KOOB) S (g asy

|

< w( / |g,-p<s1>|2ds1)

for some p € {1,2,3} and some large enough constant K to bound both the first and second terms
in brackets.

Thus,

nC
+
nM,

2
ElnWa(g) ~ nEWa(g)|* < [n(n - )| L2 [ g o0Pas
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Since E|n,x — Enpk 4 < nAC;In and g;(s) is Lipschitz and bounded, we can for its components

find an M > O such that, with g := g, — g1,

2
[ letints0) = saplsn)Pasy < €l = .

Then

E|nW (g1, (5) = 81,(5)) = nEWn (g1, (s) = 81,(s))|"
= E|n(Zu(t)) = EZu(11)) = n(Zn(t2) = BZa(t2))|*
= E|Za(t1) - Ex(t)|

< C[h‘] —l‘2|2+K

When t; = tp, K may be taken to be zero. If |t; — ;| > 0, choose a constant C large enough so

that K < C|t] — tp].
Therefore
E|En(n) - En()|* < Clty = 1o,
To establish the asymptotic equicontinuity of the process n(Zn(tl) —EZu(t ), we will apply the
following two lemmas from [16].

Here || - [l = [| - [l4. In terms of the above, we have

1 1
[1Z2n(t1) — En(0)lly < C2|t1 — 1|2 = Kd(t1,12)

For the semi-metric d, a ball of radius € is the interval [¢ — €2t + 62] for eacht € T. Then

we have N(e,d) = 2%, the number of balls of radius € needed to cover 7. Note that since
€

W) = ¥y = 51,

To find the integral above, we note that

N(e,d) < D(e,d) < N(%,d).
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As is shown in [16], the idea is to, upon defining a nested sequence of maximally separated

subsets Sg € S1 C ... ¢ T, with d(s,t) > 21,1 for s,t € S, bound the maximum of the process on Sy,

by and ||max|Z,(s) — E,(¢)||| where the second maximum is taken over

max |Ep(s) — En(7)|
SESn
tESn_l lv[’
all (s,7) < 6 € S, whose chains end at a unique pair sq,#y € Sp.

The second lemma bounds the second term:

max|Zp(s) — S| < Ky~ (D? (7, d))max||Zp(s) — En(t)

¥
The integral

n
./O y! (D(e,d))de

1
n(or)\4
0 \e

Thus, given any r > 0, by Markov’s inequality and the maximal inequality in the theorem,

can be bounded above by

1 1 1
K| [m(2r\* 2T\2| 2KQT)% 1 \2TSK
Pl sup |En(t1) —En(2)|>r| =< — / - de + 06 - = #7]2 + 1 .
|s—t|<8 r{Jo \e€ n r renm

Choose n arbitrarily small and we have established the asymptotic equicontinuity of the process

n(Zn(t1) — EZn(t7)).
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CHAPTER 7

CONCLUSION

The proposed methods provide a general mathematical and statistical framework for tractography
based on HARDI data. Similar to the tensor model approach, the main advantage of the approach
under consideration is the following through of the uncertainty from the acquired raw data level
to the fiber level as it propogates via our ’signal fields’ to vector fields and finally to the integral
curves. But unlike the tensor model approach we do not impose structural assumptions on the
diffusion signal such as supersymmetric tensor or a positive definite matrix.

This approach to tracing curves with surrounding confidence ellipsoids is unique and offers a
computationally cheap alternative to probabilistic tractography methods which are tied to iterative
MCMC sampling techniques. This way, the errors from data measurements are followed through
the model to the level of axonal fibers in an easy to interpret way.

The methods in DTI and HARDI give fiber estimates within O(n~!/3) from the true fiber,
and they require O(n) operations for Gaussian type kernels as well as 0(n?) operations for the
asymptotical covariance calculation. Furthermore in DTI and HARDI one has h;, = O(n_l/ 6).
Typically the number of locations n in HARDI is on the order of hundereds of thousands or millions.
The sampling of the directional space contains at least 6 directions for DTI and between 30 and
150 directions for HARDI, that would be N? in our model. In the non-parametric scenario this is
accomodated by case (II), and then the fiber estimates are within O(n_ls,: 2/ 5) from the true fiber,
and they require the same amount of operations. Our bandwidth is 4, = O(n_l/ 28,; 1 5), where
en — 0. If we take g, = O(n_s/ 3), which corresponds to N = O(nl/ 3), then we will obtain the
same order for bandwidth and accuracy as the methods based on tensor fields.

The practical downside of our approach is the third step of the implementation, in which we
need to solve a complicated optimization problem numerically. In our simulation study this was
the bottleneck and this step often introduced numerical bias which ruined the subsequent statistical

estimation. This systematic bias through the fminsearch is unexpected and difficult to control
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through Matlab. The expected bias should be zero, however the process strays off in a line away
from the true curve before regaining the correct estimated maximum direction. However, the bias
always maintains its roughly distant initial distance strayed from the curve rather than switching
back and forth as in the HARDI simulation scenarios. At this time we can only speculate as to
why the Matlab function cannot escape these *'minimum wells’ to find a more maximal direction
estimate at the beginning of the curve trace.

As a direction of future research one could investigate the interplay between numerical errors
and statistical errors, and one could balance them to come up with a practical guide on how to
select tuning parameters in the optimization step. For future work we will compare in the same
way the performance of the completely non-parametric method to that of the higher-order HARDI
model and low order classical DTI model in the C-pattern scenarios as in [11].

It is also worth considering how one might build this same modeling method without the
assumption of a unique maximal direction at each location so that branching scenarios can be
explored, however the mathematical reasoning behind this may require an approach quite different
than those we have discussed. We may consider the set of all points on a manifold and only require
this existence rather than requiring conditions on the function f for which the unique maximal
direction can be found at each point x.

Although we have an imperfect method when considering the inability to handle crossings or
branchings of fibers, this study was very fruitful in showing that the data can speak for itself in
these noisy MRI data scenarios for which we wish to uncover curve estimates for the C pattern.
The proof of concept that one may obtain these curve estimates is quite valuable as the methods
of obtaining MRI data can continually improve and with them the noise can be reduced through
gathering of multiple images. In addition, all of the methods could in theory trace a sequence
of fibers, although one may be more tedious than another. For example, in the HARDI scenario
we can trace multiple curves simultaneously without violating any assumptions. In the discussed
methodology of this paper, we could skip branch points and search nearby for dominant diffusion

directions outside of a fiber cluster and still within reason estimate a network of fiber trajectories.
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Figure 7.1: A fiber across the genu of corpus callosum with diffusion "blobs" along it.
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Figure 7.2: Visualization of diffusion via nonparametric function using our model.
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