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ABSTRACT

BLOW-UP PROBLEMS FOR THE HEAT EQUATION WITH LOCAL
NONLINEAR NEUMANN BOUNDARY CONDITIONS

By
Xin Yang

This thesis studies the blow-up problem for the heat equation u = Au in a C? bounded
open subset 2 of R™(n > 2) with positive initial data ug and a local nonlinear Neumann
boundary condition: % = u? on partial boundary I'y C 952 for some ¢ > 1 and % =0 on
the rest of the boundary. The motivation of the study is the partial damage to the insulation
on the surface of space shuttles caused by high speed flying subjects.

First, we establish the local existence and uniqueness of the classical solution for such a
problem. Secondly, we show the finite-time blowup of the solution and estimate both upper

and lower bounds of the blow-up time 7%. In addition, the asymptotic behaviour of T on

q, Moy (the maximum of the initial data) and |[';| (the surface area of I'1) are studied.
e As ¢\, 1, the order of T* is exactly (¢ — 1)L

o As My N\ 0, the order of T™ is at least ln(Mo_l); if the region near I'y is convex, then
the order of T* is at least Mo_(q_l)/ ln(Mo_l); if 0 is convex, then the order of T is at
least M(; (qfl). On the other hand, if the initial data ug does not oscillate too much,

then the order of T is at most Mo_(q_l).

e As |[I'1] \, 0, the order of T* is at least In(|T'1|~!) and at most ['y|~!. If the region
1
near I'1 is convex, then the order of T* is at least |I'y] ”—1/111 (I0y|71) forn >3

and ]Fﬂ_l/[ln (\Fl\_l)}z for n = 2. If Q is convex, then the order of T* is at least



_1
IT'y| 7T for n > 3 and |F1|_1/1n (|F1|_1) for n = 2.

Finally, we provide two strategies from engineering point of view (which means by changing
the setup of the original problem) to prevent the finite-time blowup. Moreover, if the region
near ['; is convex, then one of the strategies is applied to bound the solution from above by
My for any My > M.

For the space shuttle mentioned in the motivation of this thesis, I'1 is on its left wing
of the shuttle, so the region near I'y is indeed convex. In addition, the relation between T
and small surface area |I'1| is of particular interest for this problem. As an application of
the above estimates to this problem, let n = 3 and |I'1| N\, 0, then the order of 7™ is between
|F1|_%/1n (|F1]_1) and |I'1|~!. On the other hand, one of the strategies can be applied to
prevent the temperature from being too high.

This thesis seems to be the first to systematically study the heat equation with piecewise
continuous Neumann boundary conditions. It also seems to be the first to investigate the
relation between T and |I'1], especially when |I'{| \, 0. The key innovative part of this
thesis is Chapter 4. First, the new method developed in Chapter 4 is able to derive a
lower bound for 7% without the convexity assumption of the domain which was a common
requirement in the historical works. Secondly, even for the convex domains, the lower bound
estimate obtained by this new method improves the previous results significantly. Thirdly,
this method does not involve any differential inequality argument which was an essential

technique in the past on the blow-up time estimate.
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Chapter 1

Introduction

1.1 Motivation and mathematical model

This thesis is partially motivated by the Space Shuttle Columbia disaster in 2003. When
the space shuttle was launched, a piece of foam broke off from its external tank and struck
the left wing damaging the insulation there. As a result, the shuttle disintegrated during
its reentry to the atmosphere due to the enormous heat generated near the damaged part.
Actually, such damages on the wings were also found in previous shuttles too. But the
engineers suspected that the previous damages were so small that the shuttle managed to
land safely before the temperature became too high. Motivated by this, this thesis intends
to study the relation between the blow-up time of the temperature inside the shuttle and
the area of the broken part on the left wing. The goal is to rigorously verify the engineers’
conjecture from a mathematical perspective. In addition, some strategies that could prevent
the blowup will also be explored.

In Figure 1.1, let u be the inside temperature of the space shuttle. During the re-entry
of the shuttle to the atmosphere, the air was compressed at a very high speed. Then many
chemical reactions happened and produced enormous radiative heat flux, which was the main
source of the heat. In physics, the radiative heat flux is proportional to the fourth power of

the temperature. Due to this nonlinear effect, we consider a simplified model as follows. On



Figure 1.1: Mathematical Model

the broken part I'q, % = H(u) ~ uf for some ¢ > 1; on the other part I'y, g—x = 0, since
the insulation there is intact. Finally, the inside temperature of the shuttle is supposed to

satisfy the heat equation. Thus, the following math model is adopted (see more descriptions
in Section 1.4).

ug(x,t) = Au(z,t) in Q x(0,7],

i = ui(e,t) on Ty x (07],
(1.1.1)
35;5@? =0 on Ty x (0,T],
| (.0 =up(x) i Q
where
q¢>1,T1#0, ug e CHQ), ug(z) >0, ug(x) Z 0. (1.1.2)



1.2 Historical works

1.2.1 Blow-up phenomenon for Cauchy problems

In the seminal work [9], Fujita studied the Cauchy problem

ut(x,t) — Au(z,t) = uP(z,t) in R™ x (0, 00),
(1.2.1)

u(z,0) = ¢(x) in R",

where n > 1, ¢ € CQ(Rn) is nonnegative and v, D;y, D;;1 are all bounded on R™. Tt
is shown that if 1 < p < 1+ %, then the only nonnegative global solution is v = 0, and
iftp>1+ %, then there exist positive global solutions for positive and sufficiently small

1. Since then, there is vast literature studying the nonlinear blow-up phenomenons. The

2

=, any positive

number 1 + % is called the critical power in the sense that when p < 1 +
solution blows up in finite time; when p > 1 + %, there exist positive global solutions. The
existence of such a critical power is a feature of this kind of blow-up problem. The study
of the borderline case is more involved and usually obtained separately after the subcritical
and supercritical are established. In the works [14] and [19], it is shown that the critical
power p =1+ % case belongs to the blow-up regime.

Similar questions were also asked for the nonlinear wave equations and the situation there

is more complicated.

;

Utt(l’,t) - AU(ZL‘,t) = |u|p(x,t) in R"x (Oa OO):

u(z,0) = o(z) in R™, (1.2.2)

ur(x,0) = 1(z) in R",



where n > 1, 9 and 1)1 are nonnegative, compactly supported and let either of them be
positive somewhere. In the pioneering work [17], John showed that when n = 3, the critical
power for (1.2.2) is p = 1 + v/2. Again this means if 1 < p < 1 + /2, then any solution
blows up in finite time; if p > 1 + v/2, then there exist global solutions for suitably small
initial data. For general dimensions, the problem is also called the Strauss conjecture and
the critical power is conjectured to be the positive root of the quadratic equation below for

n > 2 and infinity for n = 1.

(n—1)p* —(n+1)p—2=0.

Now this guess has been confirmed after several decades’ work. The subcritical cases can be
found in [13,39]. The supercritical cases are dealt with in [10,12,26]. Finally, the borderline
cases are also proved to be in the blow-up regime, see [37,46]. The one dimensional case was
discussed in [13] and [18].

It is also interesting to notice a problem which combines both nonlinear heat and wave

equations.

(

u(z,t) + up(z,t) — Au(x,t) = [ulP(z,t) in R™ x (0,00),

u(x,O) = 77Z)0(17> in R",

ut(x,0) = 1(z) in R",

\

where 1y and 11 are compactly supported. See [42,47] for more details.



1.2.2 Parabolic blow-up problems in bounded domains
Now let us focus on the parabolic type of nonlinear equations. Besides the Cauchy problems,

people also study the boundary value problems including both Dirichlet and Neumann types.

ug(x,t) — Au(z,t) = f(x,t,u(x,t)) in Qx (0,7,

F(x,t,u(m,t)) =0 on 09 x (0,77, (1.2.3)

u(z,0) =Y (x) in €,

or

ug(z,t) — Au(z,t) = f(z,t,u(z,t)) in Qx(0,T],

%@? = F(x,t,u(x,1)) on 99 x (0,7, (1.2.4)
u(z,0) = (x) in Q.

For detailed discussions on the history, we refer the readers to the surveys [5,24] and the
books [7,15,35].

The typical examples are

;

ut(x,t) — Au(z, t) = uP(z,t) in Qx (0,77,

u(z,t) =0 on 09 x (0,71, (1.2.5)

u(z,0) = (x) in €,

\

and

ut(z,t) — Au(z,t) =0 in Q x (0,77,

8575%) = ul(z,1) on 09 x (0,77, (1.2.6)
u(z,0) = ¥(x) in €,

\

where p > 1, ¢ > 1 and the initial data is positive. But the blow-up properties of (1.2.5) and

5



(1.2.6) are quite different from (1.2.1). More precisely, for the problem (1.2.5), there exists
some positive global solution, see [28,38]. On the other hand, for the problem (1.2.6), any
solution blows up in finite time, see [16, 36, 44].

For the more general problems (1.2.3) and (1.2.4), the research topics include the local
and global existence and uniqueness of the solutions [1-4,21,27,44]; nonexistence of global
solutions and upper bound for the blow-up time [16,21-23,25,27,31,36,44]; lower bound for
the blow-up time [31-34, 43]; blow-up sets, blow-up rate and the asymptotic behaviour of
the solutions near the blow-up time [8,11,16,21,27,29,36,45].

When considering the bounds of the blow-up time, the upper bound is usually related to
the nonexistence of the global solutions and this area has brought extensive attention over
several decades. Various methods on this issue have been developed, such as the comparison
method, the concavity method, the Green’s function method, the energy method, and the
unbounded Fourier coefficient method (see [23]). Most methods have in common that they
first consider some nonlinear functional of the solution and try to establish a first order
differential inequality for that functional, then it is shown that such a differential inequality
can not hold beyond some finite time 7" which serves as an upper bound.

The lower bound was not studied as much in the past but was paid more attention in
recent years. However, the lower bound can be argued to be more useful in practice, since
it provides an estimate of the safe time. In contrast to the upper bound case, not many
methods have been developed to deal with the lower bound. But the existing methods again
have in common that they first consider some nonlinear functional of the solution and try to
establish a first order differential inequality for that functional, then it is shown that such

differential inequality will hold for at least some time 7', which serves as a lower bound.



1.3 Difficulties and main ideas

Generally speaking, there are two main difficulties. First, Although there has been vast
literature on the blow-up problem of the parabolic type, few of them deal with discontinuous
Neumann boundary conditions. Second, the existing works on the estimate of the lower
bound of the blow-up time only work for convex domains. But by examining the graph
1.1, the domain is clearly not convex. In the following, we discuss these difficulties and the
corresponding strategies in more details.

First, for the theory on existence and uniqueness of the solution to (1.2.4), the key tool
is the jump relation of the single-layer potentials (see Theorem 2.2.1). In order to general-
ize the theory to the linear problem (2.3.1) with piecewise continuous Neumann boundary
conditions, we establish an adapted version of the jump relation in Theorem 2.2.6. Taking
advantage of this adapted relation, a classical solution can be constructed to satisfy (2.3.1)
pointwise. In addition, such a solution also fits the condition (2.3.2). By imposing the con-
dition (2.3.2) into the definition of the solution (see Definition 2.3.1), the uniqueness follows
from the maximum principle and the Hopf lemma. After the theory is established for the
linear problem, the existence and uniqueness for the nonlinear case (2.4.1) will be justified
by applying the iterative arguments and fixed point theorems.

Secondly, for the estimate of the upper bound for the blow-up time, we adopt the idea
in [36] which introduces a suitable energy function and shows the finite blowup of this energy
function. But due to the discontinuity of the normal derivative, the original argument does
not carry through directly. So we need to additionally introduce a sequence of approximated
solutions {v;};>1 to u, see (3.3.5), to justify the argument.

Thirdly, for the estimate of the lower bound for the blow-up time, our method is new



in order to deal with more general domains. In Subsection 4.3.2, the lower bound of 7™ is
derived without any convexity assumption of the domain which is a common requirement in
the previous works. Let M(t) denote the supremum of the solution on € x [0,¢]. The idea
is to chop the range of M () into suitable pieces and find a lower bound for the time spent
in each piece by analysing the representation formula of the solution. Then adding all these
lower bounds together yields a lower bound for T*. This strategy does not introduce any
differential inequalities which often appeared in the historical works on the blow-up time
estimate. The proofs in Subsection 4.4.3 and Subsection 4.5.2 adopt the similar idea but
with some convexity assumptions on the domain. These assumptions make it possible to
chop the range of M (¢) in a more delicate way to improve the estimate.

Finally, for the strategies to prevent the finite-time blowup, the ideas are similar to those

in Chapter 4.

1.4 Notations
In this thesis, unless stated otherwise,
e Q represents a bounded open subset in R™ (n > 2) with C2 boundary 9.

e I'; and I's denote two disjoint relatively open subsets of 9Q. OI'y = 99 £ Tis CL

Moreover, I'; # 0 and 9 = I'; UT U Ds.

e || and |I'| represents the volume of €2 and the surface area of I'; respectively. That

o= [ o ril= [ ds),
0 Iy

is,



The normal derivative in (1.1.1) is understood in the following way: for any (z,t) € 09 x

(0,77,

ou(z,t) o . (Du(a v
on(z) _h1—>0+(D )z 1) (2), (1.4.1)

where 77 () denotes the exterior unit normal vector at z and x;, £ z — h 7 (z) for = € .
Since 99 is C2, xj, belongs to 2 when h is positive and sufficiently small.

In the above notations, I'y is not allowed to be empty, since otherwise the blowup will not
occur. On the other hand, I'y is allowed to be empty and in that case, problem (1.1.1) has
been studied extensively in the past. In Section 4.6, the results obtained in this thesis will be
compared with the previous results when I'9 is empty. Finally, in some extreme situations, r
may also be empty. For example, let Q = {z € R" : % <|lz] <1}, Ty ={z e R": |z| = %}
and 'y = {z € R" : |z| = 1}. It is worth mentioning that all the results in this thesis also
apply to this situation.

For any function f : A — R, we follow the convention to denote the supremum norm of

f to be

[ f[loo,4 = sup | f(2)].
r€EA

When there is no ambiguity, ||f|[cc will be used short for || f||o 4. For any 7' > 0, define
Ap = C3H Q% (0,T)) nC(@Q % [0,T))
and

Br={g:(I1UT9) x (0,T] = R|fori=1or 2, 9|FZ~><(O7T] is uniformly continuous}.



For any g € By, the restriction function 9|FZ-><(0,T] (¢ = 1 or 2) has a unique continuous
extension to I'; x [0, 7] which will be denoted as g;. But one should notice that g may not
be able to extend to a continuous function on 92 x (0, T, since it may have a jump between

'y and I'y. We endow Bp with the supremum norm:

9lso % = sup glz,t)|.
9o, (ryury) < (0,17 (x,t)e(FlLJFQ)x(O,T]| (z, )]

It is readily seen that B is a Banach space.
We write

My = max ug(z) (1.4.2)
x€el)

and denote M (t) to be the supremum of the solution u to (1.1.1) on Q x [0,#]:

M(t) = sup  u(x, 7). (1.4.3)
(z,7)€Qx[0,1]

® always refers to the fundamental solution to the heat equation:

1 |x‘2 n
O(z,t) = G ( - 4—t>, ¥ (z,1) € R" x (0, 00). (1.4.4)

The surface integral with respect to the variable x will be denoted as dS(z). In addition,
C=C(a,b...)and C; = C;(a,b...) represent positive constants which only depend on the
parameters a,b.... One should also note that C' and C; may stand for different constants

from line to line.
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1.5 Main results

The solution to (1.1.1) is understood in the following way.

Definition 1.5.1. For any T > 0, a solution to (1.1.1) on 2 x [0, T] means a function u €

C2L(Qx (0, T)) N C(2x[0,T)) that satisfies (1.1.1) pointwise and for any (z,t) € I'x (0,77,
4

8au (& (m)) exists and

Ou(x,t)
on(z)

:%u%%@, (1.5.1)

Definition 1.5.2. The mazimal existence time T* for (1.1.1) is defined as
T* = sup{T > 0 : there exists a solution to (1.1.1) on 2 x [0,T]}.

When T* > 0, a function u € C%1 (2% (0, 7%)) N C(Q2x[0,T7)) is called a mazimal solution

if u|ﬁx[O,T] is a solution to (1.1.1) on Q x [0,T] for any T € (0,T*).

Based on these two definitions, the existence and uniqueness theory of the maximal
solution u is established in Theorem 2.1.1. In addition, Theorem 2.1.1 also claims the
positivity of u at any positive time. For convenience, we will just call u© to be solution
instead of maximal solution. Actually, we deal with the existence and uniqueness theory in
much more general settings. First, the key tool, jump relation of the single-layer potential
with piecewise continuous density, is set up in Subsection 2.2.2. Secondly, the theory for
linear case is built in Section 2.3. Finally, the theory for the nonlinear case in a very general
form is framed in Section 2.4. The targeted problem (1.1.1) is just a special case in Section
2.4.

Theorem 3.1.1 concludes that the solution u does not exist globally. Moreover, it is the

supremum norm M (¢) that blows up first. As a convention, we just call 7" to be the blow-up

11



time. If the initial data wg is strictly positive, then an explicit formula for an upper bound
of T* is given in Theorem 3.1.1.

In Theorem 4.1.1, a lower bound for T* is obtained for any C? domain. If it is locally
convex near ['1, then Theorem 4.1.3 improves the lower bound estimate significantly. Com-
bining these estimates, the asymptotic behaviour of 7% on ¢, My and |I'1| are understood

quite well. The following is a summary of the conclusions.
e As ¢ \,1, the order of T* is exactly (¢ — 1)~ L.

e As My \, 0, the order of T* is at least ln(Mo_l); if the region near I'y is convex, then
the order of T™* is at least Mo_(q_l)/ ln(Mo_l); if Q) is convex, then the order of T* is at
least MO_ (9=1) . On the other hand, if the initial data ug does not oscillate too much,

then the order of 7™ is at most Mof(qfl).

e As |T'q| \, 0, the order of T* is at least In(|T'1|~!) and at most [I'1|~1. If the region
1

near I'; is convex, then the order of T is at least |F1|_”*1/1n (|F1|_1) forn > 3

and |F1|*1/[ln (|F1\*1)}2 for n = 2. If Q is convex, then the order of 7™ is at least

_ 1
IT1| =1 for n > 3 and |F1|_1/ln (|F1|_1) for n = 2.

In order to compare with the previous results on the lower bound estimate of T for the
convex domains and I'; = 0f2, we also derive a result for the convex domains in Section 4.4,
see Theorem 4.1.4. Since the results will be compared under the assumption that I'y = 012,
the order of the lower bound on |I'1]| as |I'1| N\, 0 is not of interest. Instead, the order of
the lower bound on My as My ~\, 0 or My — oo is more important. So the lower bound in
Theorem 4.1.4 has a better order on My, no matter My N\, 0 or My — oo, than those in

Theorem 4.1.3 and Remark 4.5.11, but it loses order on |T'1|~! as |T'q| \, 0.

12



Finally, we investigate two strategies to prevent the blowup: repairing the broken part
and adding a pump. For the method of repairing the broken part, it is shown in Theorem
5.1.2 that if the area of the broken part decreases at an exponential rate, then the solution
will not blow up in finite time. Furthermore, let the region near I'y be convex and M denote
the maximum of the initial data. Then Theorem 5.1.4 claims that for any M > M, the
solution will be bounded by M (M7 > M) if the area of the broken part decreases at a
super exponential rate. For the method of adding a pump, it is shown in Theorem 5.1.5 that

by adding a suitable pump near the broken part, the solution will not blow up in finite time.

13



Chapter 2

Existence and Uniqueness

2.1 Main theorem and outline of the approach

The goal of this chapter is to establish the existence and uniqueness of the targeted problem

(1.1.1). The main theorem is as follows.

Theorem 2.1.1. The mazximal existence time T* for (1.1.1) is positive and there exists
a unique mazimal solution u € 02’1(9 x (0,T7%)) N C(Q x [0,T%)) to (1.1.1). Moreover,

u(z,t) >0 for any (z,t) € Q x (0,T*).

Since (1.1.1) is a nonlinear problem, the strategy is to first deal with the linear case and
then build the nonlinear case by fixed point theorems. The arguments for the nonlinear
problem is standard, the main difficulty lies in the linear case. The key technique is a
generalization of the jump relation for the heat potentials. Previously, the jump relation of
the heat potentials with continuous density is well-known, but due to the discontinuity of
the normal derivative in (1.1.1), we need to extend the result to the heat potentials with
piecewise continuous density.

The organization of this chapter is as follows. Section 2.2 discusses the jump relation of
the heat potentials with piecewise continuous density. In Section 2.3, we study the linear
problem (2.3.1) and prove the global existence and uniqueness of the classical solution. In

Section 2.4, we first set up the local existence and uniqueness for the nonlinear problem
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(2.4.1) and then discuss the maximal solution. As a corollary, Theorem 2.1.1 is justified.

2.2 Jump relation

The key tool in the proof of the existence of the solution to the parabolic equations with
Neumann boundary conditions is the jump relation of the single-layer and double-layer po-
tentials. Historically, people study these potentials with continuous density, but in order
to adapt to the current problem, we generalize the results for the potentials with piecewise

continuous density in this section.

2.2.1 Heat potentials with continuous density

Let g € C'(9 x [0,T]). The single-layer heat potential with density g is given by

t
Uz, 1) :/ / Bz — gt — )gly, 7) dS(y) dr, ¥ (2,1) € Q x (0,7], (2.2.1)
0 JoQ2

where @ is defined as in (1.4.4) and dS means the surface integral. The double-layer heat

potential is given by

0P (x — y, —7)
V(x,t) / /BQ an g(y, 7)dS(y)dr, V(x,t) € Qx(0,T], (2.2.2)

n

where 7/ (y) denotes the exterior unit normal vector at 3. The following Theorem 2.2.1 and

2.2.2 are two fundamental properties of the jump relations.

Theorem 2.2.1. Let g € C (09 x [0,T]) and U be the single-layer heat potential defined in

15



(2.2.1). Then for any (x,t) € 90Q x (0,T],

lim DU (zy,,t) / / 0 x_y’ =) oy ) dSW) dr + 2 g t),  (223)
h—0F o9 on(x 2

where xj, = v — hﬁ(m) Moreover, the convergence in the above limit is uniform on 02 x

(10, T'] for any 9 > 0.

Proof. The pointwise convergence of (2.2.3) can be found in Theorem 1, page 137 in Section
2, Chapter 5 of [7], note that the author in [7] uses 7/ (z) to denote the interior unit normal
direction at z, so the jump is —g(x,t)/2 which differs a sign with (2.2.3). Actually in
that theorem, it proves the pointwise convergence in much more general cases: arbitrary
parabolic kernels; CL® domains; and convergence from interior cones. As a result, the
uniform convergence is not clear in that setting. But if restricted to the heat kernel ®, C2
domain case and convergence from the normal direction, then the uniform convergence of

(2.2.3) can be established through the same proof. O

Theorem 2.2.2. Let g € C(@Q x [0, T]) and V' be the double-layer heat potential defined in

(2.2.2). Then

lin, V(2 0) = Vie,t) — > gle,t) ¥(xt) € 9 x (0,T], (2.2.4)
h—0t 2

where xj, = x — hﬁ(x) Moreover, the convergence in the above limit is uniform on 02 x
(70, 1] for any 19 > 0. In particular, V can be continuously extended from Q x (0,T] into

Q x (0,7T).

Proof. We refer the readers to the proof of Theorem 9.5, page 176, Section 2, Chapter 9

of [20], note that the author in [20] uses 7/ (y), rather than 77 (y), to denote exterior unit
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normal direction at y. In that proof, it only deals with the dimension n = 2 or 3, but the

proof for arbitrary dimensions can be carried out almost identically. O
Proposition 2.2.3. Theorem 2.2.1 and Theorem 2.2.2 are equivalent.

Proof. By the explicit formulas (2.2.1) and (2.2.2), it suffices to show the uniform convergence

on 02 x (0,T] of the following limit.

t
hlirél+/0 /89 D®(xy, —y,t —7) - [W(y) — W (2)] gy, 7) dS(y) dr

t
= [ [ Do yt—r) [ - )] ly.) dS() dr. (225)
0 JOQ

By Corollary 3.2.2, there exists ¢ > 0 such that for any A < ¢ and for any x € 052, there

exists an interior ball touching x with radius h. As a result, |z;, — z| < |z}, — y| for any
y € 0. Thus,

[z =yl < |z —ap| + [z =yl < 2]y —yl.

Now using the fact 9Q € C2 again, we get
|7 (y) — 7 ()| < Cly — 2| < Clay, —y).
Consequently,

Czp, — y|? e — yl?
(D@(xh —yt—7) - [T(y) — 7 (2)] g(ym)‘ < # exp (—4(};—_3»
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Since the right hand side of the above inequality is integrable on 9 x [0, ¢], if we split the

t € t
o= b Lt L L=
0 JoO 0 JoN e JOQ

then the integral I is uniformly small and the uniform convergence on II is clear. As a

integral as following

result, the uniform convergence of (2.2.5) is established. O

2.2.2 Heat potentials with piecewise continuous density

The previous subsection introduces jump relation of the single-layer and double-layer poten-
tials with continuous density. But Theorem 2.2.1 and Theorem 2.2.2 are still not enough
for our problems. For example, in order to show the existence of the solution to (2.3.1),
the boundary functions g and g are only assumed in Bp, not in C’((?Q X [O,T]). Thus we
need to adapt this jump relation to our case. So in this section, we will establish a similar
jump relation for the single-layer heat potential with piecewise continuous density as that
in Theorem 2.2.1. This jump relation for the single-layer heat potential with discontinuous
density in Theorem 2.2.6 will be mainly applied to show the existence and uniqueness of the
solution to (2.3.1) and (2.4.1).

First, we extend the definition of the single-layer heat potential to include the function
space Br in which the function is only piecewise continuous on the boundary. For any

@ € B, define the single-layer heat potential with density ¢ to be

t
U(z,t) = / / O(x —y,t — 1)y, 7)dS(y)dr, V¥ (x,t) € Qx(0,T]. (2.2.6)
0 JoQ
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Then we introduce a similar definition in which the integration is on I'; (i=1 or 2):

t
Ui(z,t) = /0 /F O(zx —y,t — 1)y, 7)dS(y)dr, ¥ (z,t) € Qx (0,T]. (2.2.7)

Recalling that the interface between I'y and I'y is defined to be [ = Ty NTy. Thus, the

surface measure of I is 0, which implies that
U(z,t) = Ui(z,t) + Us(x,t).

Recalling also the notations in Section 1.4: for i = 1 or 2, @’Fix(O,T] is uniformly con-
tinuous, thus we can extend this function to a continuous function ¢; on I'; x [0,7]. In the
following, when x € T and ¢ > 0, Lemma 2.2.5 will establish the jump relation for U; (i = 1
or 2) at (x,t) with the jump p;(x,t)/4; when z € I'; (i = 1 or 2) and ¢ > 0, Lemma 2.2.4
state the jump relation for U; at (z,t) with the jump ¢;(z,t)/2 (here p;(z,t)/2=p(x,t)/2,
since x € I';).

The essence of the proof is the same as that of Theorem 2.2.1. Before the proof, we
introduce some notations that will be used in the proof and later argument. We write 0 and
0 to be the origins in R” and R"~! respectively and en denotes the point (0,0,---,0,1) in

R"™. For any point y = (y1,¥2, -+ ,yn) € R", we write

g = (3/17y27 e 7yn—1)'

For any r > 0,

B, 2 B(0,7)
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means the ball in R" with radius r and
B, 2 B(0,7)

represents the ball in R” ™1 with radius r. T is used to denote the Gamma function, i.e.

[': (0,00) — R defined by
0
I'(a) —/ et at.
0

It should not be confused with the partial boundaries I'y, I'y and r.

Lemma 2.2.4. Assume ¢ € By and i = 1 or 2. Define U; as in (2.2.7). Then for any

xelyandte (0,T],

hl;l(r)l DU;(xyp,,t) / / 90 (z — y, —7) oy, 7)dS(y)dr + %(p(x,t), (2.2.8)

where xj, = x — 7 (z).

Proof. The proof is almost the same as that of Theorem 2.2.1, since I'; is a relatively open

subset of d€ and ¢ is continuous on I'; x (0, 7. O

But the situation when z € I is different from that in Lemma 2.2.4, since [ is the
boundary of I';. The following lemma claims that in this situation, the jump is only half of
that in Lemma 2.2.4. The proof for Lemma 2.2.5 is also similar to that of Theorem 2.2.1,

but for completeness, we include a detailed proof.

Lemma 2.2.5. Assume ¢ € Bp and i = 1 or 2. Define U; as in (2.2.7). Then for any
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el 2T NTy and t € (0,T],

lim_DUi(ey, ) // aq”j_y’ ") oy 7Y dS(y) dr + ~ pi(z.t), (2.29)
h—071 4

where xp, = x—hﬁ(:p) and p; represents the continuous extension 0f90|Fix(O,T] onT;x[0,T].

Proof. We assume i@ = 1 (The case i = 2 is similar). By (1.4.4), (2.2.9) becomes

. x — (:L") |a7 _ |2
z x —yl? )2
/ /1“ T n/2+1) exp (— ll(t _yT|)> e1(y, 7)dS(y) dr + “ ; p1(x, 1)
1 —T

(2.2.10)

Without loss of generality, we assume x = 0, otherwise we can do a translation. After this,
we further assume W(O) = —ep, otherwise we can do a rotation which preserves dot product
and the distance. By these two simplifications, we have z = 0 and ﬁ(x) = —ep, therefore

xyp, = hen and (2.2.10) is reduced to

) h—uyn |he11 y|2
lim wp( = 2= I (T
h—)l 0 / /I‘l t— 7' n/2 1 P ( 4(t T) 1(y7 )dS(y) i

2 T)/2
‘/O/F @l’%e@(—qfﬂ >)w1<y,7>ds<y>d7+<4g £1(0,1).
1 \b=7 T

By a change of variable in 7, it is equivalent to

: h hen — y|?
h1—1>%1+ / /F 7'77‘/23'”1/ ( o %) ¥1 (y>t - 7-) dS(y) dr

2 T)/2
/ /F T”/2+1 eXp< ‘Z’ )<p1(y,t—7) dS(y) dr + “ ; ©01(0,t).  (2.2.11)
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Because 92 € C? and T = or; € O, we can straighten the boundary. More specifically,
after relabeling the coordinates, there exist ¢; € C2 : R* 1 5 R, ¢y € C1 : R" 2 & R,

no > 0 and a neighborhood Sy, C 99 of 0 such that Sy, can be parametrized as
577() = {(ga 4251(3?)) 1y € BUQ}

and for any y € I'N Sho» We not only have yp, = ¢1(7), but also 5,1 = ¢2(y1, 92, , Yn—2)-

Fixing ng and then for any n < ng, we define
Sy ={(5,917)) : 7 € By},
which is a subset of Sy, and a small neighborhood of 0. Then we denote
Sy1=SyNTy, S;=5,nT,

By1={9€By: (5,6109)) € Sy1}, Py=1{9€ By: (3.61(8)) € Sy}

After these preparations, we begin the technical proof. Given any € > 0, we want to find
d = 6(€) > 0 such that for any 0 < h < 4, the difference between the two sides of (2.2.11) is
within Ce for some constant C.

For any n € (0,79) which will be determined later, we split the integral over I'1 in (2.2.11)

into two parts: frl = ‘[57771 + fF1\5n,1' Since I'1 \ Sy 1 is away from 0, it is easy to see there
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exists 61 = d1(n, €) such that when 0 < h < §1, then

h— hen — y|?
n/;iq €xp ( - |n4—y|> 901(y>t - 7_) dS(y) dr
Fl\sn 17 T
R o2 (2.2.12)
Yn
+ ex Jt—T1)dS(y)dr| < e.
/0 /F1\Sn,1 prypEs] p( = >901(y ) dS(y)
Next since W(O) = —ep, then D¢1(0) = 0. As a result, for any y € S 1
lynl = 161(9)] = |¢1(9) — ¢1(0)] = [Dp1(07) - §
(2.2.13)

<|D¢1(67) — Dé1(0)] 13] < C I3,
where by the mean value theorem 6 is some number between 0 and 1. By (2.2.13), together

with the fact |hen — y| > |y|, we attain

h 12 ~12
yn| exp | — hen — yI” < Cljl* exp | — 97y,
4Tt 4T

Noticing

2
)
n/2+1 exp ( |4‘ ) dS(y) dr < oo,

Ik,

then it follows from Lebesgue’s dominated convergence theorem that

' hen — y|?
7,1

h—0t

/ / Tn/2—|—1 eXP( |i|2) e1(y,t —7)dS(y) dr.
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As a result, there exists do = do(n, €) such that when 0 < h < do, then

t . hey — )

‘/ / n72+1 eXp(—%) e1(y.t —7)dS(y) dr
2

/ / n/2+1 eXP( |4’ )m(y,t—r)dS( ) dr

Now it suffices to verify that |I;;(h,t) — % (47)"2 £1(0,1)| < Ce, where

(2.2.14)

< €.

hen — y/?
n(h?) / / n/2+1 exp ( - %) e1(y,t —7)dS(y) dr. (2.2.15)

Recalling that y, = ¢(7), (2.2.15) can be rewritten as

Lot = [ f hen — yI” t 1+ Doy ()2 dij d
77( ) )_ 0 E Tn/2+1 €xXp _T Sol(ya _7_) +| ¢1(y)| yart
n

t h =12 +|h — 2 - i
- /0 /é 21 P ( - |47 d ) 1yt —7)\/1+ |Dér ()| dj dr,
n,1

(2.2.16)

where y = (g}, (;51(@)). I;) is hard to compute, so we approximate it by a simpler function.

We define I;(h, t) as following

; t h |hen — (. 0)|
Iy(h,t) = = : 0.t —7)dijd
n(h.1) /O /Em Y exp( = )sm( Jt—7)dydr

! h g° + h2>
= . ——exp| ———F— | ¢1(0,t —7)dydr.
[ i, e o (-2 o=

Our strategy is to show that I, (h, ) is close to both % (47)"/2 ©1(0, t) and Iy(h,t).

(2.2.17)

Based on (2.2.17) and noticing h is strictly positive, so the integrand is absolutely in-

tegrable. Thus, we can reverse the order of integration. Then using the change of variable
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T—0= (|gj|2 + h2)/(47'), we attain

t ~12 2
- h y©+h _
Iy(h,t) = /~ / e exp ( — —| | i ) ©1(0,t — 7)dr dy

4n/2 n/2— 1h B §2+h2 ~
/ / TR *Ol(o’tJ |40 ) dody

1 |y| +h
° ~12 | 12
_ 4n/2 / h / O_n/2—16—0' 901 <O,t . |y| + h >d0'dg
(1912 + 22 4o
By 1 |§12+h2
4t
h
:4”/2/ — = _H(|§|*>+ 1% t) dy, 2.2.18
By 1 (|12 + h2)n/? (7 ) ( )

where

It is readily to see that

lim H(\,t) = r(g) ©1(0,%). (2.2.19)

A—0

Consequently, there exists 3 = d3(¢€) such that when n < d3 and 0 < h < d3, then
. n -
(H(Iy\2 +h%t) — F(§)so1(0,t)‘ <€, VyeEBy;. (2.2.20)

After taking care of the H term in (2.2.18), let’s consider the following integration

/ h di
gy

By

where the integrand h (|gj|2 + hz)_n/2 is radial in § € R" 1 and positive when h > 0. Since
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[ = or'; € C, it ensures that Py, almost bisects EU when 7 is small, which means En,l is

close to a hemisphere and

|§77,1‘ :1
n—0 |§77| 2

This limit is the essential reason why the jump is %gp(m,t) in (2.2.8). As a result, we can

find 04 = d4(€) such that for any n < d4,

h
e

B
1—6<117’1 - <1+e,
3/ 7
5 (a2
n
i.e.
h 1 h € h
~—dg——/~—dg‘ < —/~—dg. (2.2.21)
‘~/ (g2 +n2)n/2 7 2 ) (g% + h2)n/? 2J (|g? + h2)n/?
B77’1 B77 Bn

Next, we will estimate [ djj. Making the change of variable § — Z £ §/h,

h
J1a12152\n/2
5, (412

h 1
—————=dy = —-dz.
| G = | g

B By

On one hand,

/;M / I S
AN (EES . (|22 + 1)n/2 r(%)’
Bn/h R—
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while on the other hand,

I L / Lo
im ——dz = Z = .
h=0_J o ([22 + 1)/ (|22 + 1)n/2 (%)
B’I]/h Rnfl
Thus, there exists 5 = d5(n, €) such that for any 0 < h < d5,
h 7rn/2
g <. 2.2.22
It -
By
and
h 71_71/2
S C— Ty R — Yo (2.2.23)
‘~/ (1[% + h2)n/2 2r'(3)
By,

by noticing (2.2.21). It then follows from (2.2.18), (2.2.20) and (2.2.23) that

Iy(h,t) — (47r;”/2¢1(o, t)| < Ce. (2.2.24)

Now it suffices to show that I(h,t) is close to I(h,t). Firstly, because of (2.2.13),
7|2 + |h — yn|? is comparable to |j|2 + h%. More precisely, there exist positive constants

mq < 1 and Mj; > 1 such that
my (|7 +8%) < 1517 + |h = yal? < My (151% + 17). (2.2.25)
We can equivalently write it to be

mq [hen — (,0))? < |hen — y|? < M |hen — (7,0)]%. (2.2.26)
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Consequently, it follows from (2.2.16) and (2.2.17) that

|I77(h’ t) - fn(hv t)|

Lo _lhen—y>  _|hen—(3.0)2 —
<[ ma [ T F e a0+ Da@P diar
0T B7771
) _lhen—(30)? — )
+/ /241 /~ e A7 ‘<P1(y,t—7) 1+ |D¢1(7)] _801(07t—7')‘dyd7'
0T B7771
SI+1T (2.2.27)

For I1, since @1 € C’(fl x [0, T]), then there exists dg = dg(€) such that when n < dg,

‘901(%15 - T) \V 1+ |D¢1(Q)|2 - 301(0775 - T) <€, Vy S En,la T E [Ovt]

As a result,

. to _|z7li+hzdd~
‘/Bl/ow Todrdy
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another change of variabel § — Z = §j/h, we get

1
[1<Ce —  _di=Ce. (2.2.28)
R (52 + 177
To estimate I, firstly it is easy to see that for any h > 0 and y € En,l,
h < |hen — (7,0)]. (2.2.29)
Then by (2.2.13),
[Ihen = yI? = [hen — (5, 0) 2
= |(h - yn)2 - h2|
= [ynl |22 = yn|
<ClgP*(2h+13)
< C'lhen — (7, 0)]3.
Now it follows from the mean value theorem and (2.2.26) that
_lhen—y>  _|hen-@0)2| 1 _mqlhen—(5.0) ) o
e i —e ir < ¢ dr |hen — y|* — |hen — (7,0)]
hey — (5.0)]3 _m1lhen—(5,0)
<o hea =017, I7 (2.2.30)

T

Thus, based on (2.2.29) and (2.2.30), we attain

t m1 |hen—(7,0)[2
[?/ﬁ PR fhen — (7,0)| dg dr.
0 /By
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(7502
Again, by reversing the order of integration and the change of variable 7 — o £ |he—n4(Ty’L)|,

we get

t mq |hen—(3,0)[2
|hen — (7, 0)|4/0 /272 ar dr dy

o
B"771
1 (0.¢]
<C/ — / Un/2e_m10d0dg
<€ J5, , Thea = G002 Jy

1
B77,1 |y|n 2

Hence, there exists d7 = d7(€) such that when n < d7, then

I<e (2.2.31)

Combining (2.2.31) and (2.2.28), we get

[ Iy(h, t) = In(h,t)| < Ce.

Therefore, we finish the proof.
In summary, for any € > 0, we firstly determine d3(¢), d4(€), dg(€), d7(¢) and choose
n < min{ng,d3,d4,dg,07}. Then we determine d1(n,¢€),d2(n,€),d5(n,€) and choose § <

min{d1, d2, 3, 05 }. O

Theorem 2.2.6. Let ¢ € By and define U to be the single-layer heat potential with density

¢ as (2.2.6).
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(1) If x €eT1UT9 and t € (0,T], then

lim DU (zy,,t) / / 0% x_y’ =) oy 1) dS () dr+ (o 1), (2.2.32)
h—0t o0 on(z 2
(2) If z €T and t € (0,T), then
0P (x — y —7)
lim DU(xy, / / ’ ,7)dS(y) dr
i, (zp,t - e ey, 7)dS(y)
+3 [g01($ t) + oz, t)], (2.2.33)

where p; (i =1 or 2) represents the continuous extension of 90|1“Z-><(0,T] on T; x [0,T].

Proof. (1) Without loss of generality, we suppose x € I'1, then by Lemma 2.2.4,

O(x — 1
hm DU (xp, t) / / 00( y, =7 o(y, 7)dS(y)dr + = ¢(x,t).
h—0t 'y 2

In addition, since the distance between x and I'9 is positive, then it is easy to see that

Q) _
fim_ DUs(e, 1) / / 00( y’ =) oy, 7) dS(y) dr
h—0t Iy

Adding these two equations together, (2.2.32) follows.

(2) (2.2.33) is directly implied by Lemma 2.2.5.
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2.3 Linear case

2.3.1 Definition of the local solution

In this section, we will show the existence and uniqueness of the solution to the following

linear initial-boundary value problem:

ug(x,t) — Au(z, t) = f(x,t) in Qx (0,77,

852(—%) + Bz, u(z,t) = g(z,t) on (I'1 UT9) x (0,77, (2.3.1)
u(z,0) = ¢() on €,

where [ € Cx0/2 (ﬁ x [0, T]), 8,9 € By, ¥ € CY(Q). We will first show the existence and

then apply the existence result to derive the uniqueness.

Definition 2.3.1. For any T > 0, a solution to (2.3.1) on Q x [0, T] means a function u in

Agp that satisfies (2.3.1) pointwise and for any (x,t) € T x (0,7, a;éag) exists and

Ou(x,t)
on(x)

+ % [B1(x, 1) + Pa(x, )] u(z, t) = % [91(2, 1) + g2(=,1)], (2.3.2)

where B; and g; denote the continuous extensions of B’Fix(O,T] and Q‘Fix(O,T] to T; x [0, 7]

(i=1or2).

2.3.2 Auxilliary lemmas

Before showing the existence, we state some preliminary results.

Lemma 2.3.2. Suppose Q) is an open bounded subset in R™ with 0Q € C2, then there exists
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a constant C' > 0 such that for any x,y € 012,

(x—y)- 7 (2) < Clo—yf”.

Proof. This is a standard fact, we omit the proof. O]

Lemma 2.3.3. Suppose Q is an open, bounded set in R™ with 90 € C2, 0 < a <n —1,

0 <b<n—1, then there exists a constant C' = C(a,b,n,Q) such that for any x,z € 09,

/ dS(y) _ Cle—z2P" 17070 4f a+b>n—1,
7]

alr =yl =27 | ¢ if a+b<n—1.

Proof. We refer the readers to ( [7], Lemma 1, Sec. 2, Chap. 5). O

The following Lemma is mentioned in ( [7], Theorem 2, Sec. 2, Chap. 5), but it does not
explicitly give the estimate (2.3.6), which will be used in some other places of this thesis.

So for the convenience of the readers, we decide to include a complete proof for it. For any
T > 0, define

Dor={(z,t;y,7) |2,y e Qo £y 0<7<t<T} (2.3.3)

to be the domain of {Kj};>0 mentioned in Lemma 2.3.4. The sequence of the functions
{K}j>0 will be utilized to find the explicit formula for ¢ in (2.3.26), where K™ is defined

in (2.3.24). K* is evidently bounded by K in Lemma 2.3.4.

Lemma 2.3.4. Given Ky : Dpg — R. Let C be a positive constant such that for any

(z,t;y,7) € Dr g,

|Ko(a,t;y,7)| < C(t —7) 73/ |z — y|~(0=3/2), (2.3.4)
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For any j > 1, define K : Dy — R by

t
Kj(m,t;y,T)é/ aQKQ(ZL‘,t;Z,O') Kj_1(z,07y,7)dS(2) do. (2.3.5)
T

Then all the K;(j > 1) are well-defined and the series Z]oio |Kj| converges uniformly to
some function K on Dr.q. Moreover, there exists some constant C* = C*(n,Q,T) such

that fOT Cmy (‘T7 ta y? T) S DT,Q’
Rio,tyy,m) < Ot —r) 3/ |z — y|~(0=3/2), (2:36)

Proof. We first justify that all the K;(j > 1) are well-defined. In fact, by (2.3.4) and (2.3.5),

one has

Ky (2. tiy,7)] < C / / o) 3w — 2~ 0312) (g )/, m =32 45 (1) do
o0

_ C/ )3/, )_3/4d0/ 2 — 2|~ (=3/2), _ y=(n=3/2) gg(2).
a9

Making the change of variable p £ 9=L for o, then we obtain

Ky (2, 6y, 7)] < C(t —7)71/2 / & — 2|7 (372 |2 — |~ (073/2) g5 (2.
o

Now there are two cases:

e If n > 2 then by Lemma 2.3.3,

[l =70 oy 032 a5(2) < O — g0
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Therefore

Ky (2, by, )| < C(t — 7)1 |z —y|~ (072, (2.3.7)

e If n =2, then we can not use Lemma 2.3.3 directly since (n —3/2)+(n—3/2) =n—1

is on the borderline. However, since €2 is bounded, we have |z — y|~("=3/2) < ']z —

y\_(”_3/2) |z — y]_1/4. Then Lemma 2.3.3 can be applied to get
|l el ey 32 sz
o0
<C [ o= a3 s -y~ sz
o0
<Clo—yl V4
Consequently,

K1 (. ty, )| <Ct =)V e~y Vi =0 — 7)1V 2 |z -y~ (=T (2.38)

Comparing (2.3.4) with (2.3.7) and (2.3.8), the exponent of (t —7) term is added by 1/4 and
the exponent of (z — y) term increases by at least 1/4. In other words, the singularity of K3
in both time and space variables is weaker than K{y by a certain number 1/4. Thus, after

finite steps, we can find jj (only depending on n) such that

Kjy(z, t;y,7) < C, V(2. ty,7) € Dar, (2.3.9)

for some constant C. Moreover, for any j > jo, Kj is also well-defined and bounded.
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From (2.3.4) and Lemma 2.3.3, there exists a constant C such that
[Ko(z, ty,7)| < CL(t—7) 3 o —y|73/2) v (2,19, 7) € Do (2.3.10)

and

/L@)gq, Ve 00,
o0 |x — y|n=3/2

For the rest of the proof, C'y and C will be fixed. We start from (2.3.9) to prove by induction

that for any m > 0 and for any (z,t;y,7) € Do T,

CQm(t—r)m/
T(1+m/4)

|Kjotm(@, 6y, 7)] < (2.3.11)

where ) = 012 I'(1/4).
When m = 0, (2.3.11) is just (2.3.9). Now we suppose (2.3.11) is true for m = i and try to

verify it for m =i 4+ 1. Applying (2.3.11) with m = ¢ and (2.3.4), we obtain

t
Kigrin ot < [ [Kofati00) Kjyai(e.o0m)] dS(:) do
T

_GiCQ /t R T IR
SF(l—i—i/ll) T(t o) (c —71)"*do aQ|x z| dS(z)

cioQ ot ~3/4 i/4
gm[_(t—a) (0 —7)""do

5Qi+1 t B ;
T T/ T(1+i/4) /T (t= o) o =)o

where the third inequality and the fourth equality are due to the definitions of C] and @
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respectively. By the change of variable p £ == for o, we attain

| Kjg+it1(@, Gy, 7)| <

Consequently, (2.3.11) is true for m =i + 1 and therefore it is true for any m > 0.
By (2.3.11), we get that for any m > 0 and for any (z,t;y,7) € Do 7,

Qm Tm/4

K jgm (@, G5y, 7)] < T m/D) (2.3.12)

This estimate is significant because the right hand side of (2.3.12) is independent of x, y, ¢,

7. By applying the ratio test, we can prove

x Tm/4
Z BT ) <% (2.3.13)

m=0

Next, due to (2.3.4) and the fact that the singularity of Ky is stronger than any other
K;(j > 1), we can find a constant Cy = C3(n, 2, T) such that for any (z,t;y,7) € Do T,
Jo

STIK (e ty, 7)< Oy (t— 1) 73 o — g7 (0732, (2.3.14)
=0

o0

Combining (2.3.14), (2.3.12) and (2.3.13) together, it is readily to see that ) |Kj(x,t;y,7)]
j=0

converges to K (z,t;y,7) uniformly on Dgq 1 and moreover, there exists some constant C*,
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only depending on n,  and T' such that for any (z,%;y,7) € Dr g,

}?(a:,t;y,T) < CO*(t — 7-)_3/4 |z — y|—("—3/2).

Lemma 2.3.5. If f € C*2/2 (Qx1[0,7]) and
t
W(a, 1) & / / B(x — gt — 1) fy,7)dS(y) dr, ¥ (2,1) € T x [0,7T],
0 JQ
then W e C’Q’l(Q x (0,T]) and
(Wh — AW (1) = f(z.1), ¥ (2.1) € Q2 x (0,T].

Proof. This is a standard argument, we refer the readers to ( [7], Theorem 9, Sec. 5, Chap.

1). O

2.3.3 Existence

The idea of the proof for the following Theorem 2.3.6 is analogous to ( [7], Theorem 2, Sec.

3, Chap. 5).
Theorem 2.3.6. For any T > 0, there exists a solution u € Ap to (2.8.1) on Q x [0,T].

Proof. We will construct a solution u to (2.3.1). Firstly, since ¢ € C'1(Q) and 9Q € C2,
one can extend v to a larger domain. More precisely, there exists an open set ; D Q and

Y1 €C 1(51) such that 11 agrees with ¢ on Q. In the rest of the proof, for convenience, we
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just write ¥ for ;. We are looking for a solution u in the following form:

u(x, t) = / P —y,t)Y(y) dy + / / 7=yt =) fy,T)dydr (2.3.15)

// B(x — gt — 1) p(y, ) dS(y) dr, ¥ (x,) € T x [0, T,
o0

where ¢ € B will be determined later.
Due to Lemma 2.3.5, it is easy to see that the function u defined in (2.3.15) belongs to
A7 and satisfies the first and the third equations in (2.3.1), so in order to verify u to be the

solution, the only things left to check are

—agéf;? + Bz, tu(e,t) = g(x,t), ¥ (z,t) € (T1UTg) x (0,T] (2.3.16)
and
agﬁf;f)% [B1(x, t)+Ba(x, t)ulz,t) = % (91 (2, ) +g2(x,1)], ¥ (x,t) € Tx(0,T]. (2.3.17)

The plan is to firstly find a function ¢ € By such that u defined in (2.3.15) satisfies (2.3.16),
then we will prove this u satisfies (2.3.17) as well.
By (1.4.1) and (2.3.15), for any (x,t) € (I'y UT'9) x (0,77, it follows from the Lebesgue’s

dominated convergence theorem and Theorem 2.2.6 that

Tacr =y o L 1 [ PEE= ndvar

/ / 0P( l’a— y,t —7) o(y, 7)dS(y) dr + % o(x,t). (2.3.18)
N

TL
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Therefore, (2.3.16) is reduced to for any (z,t) € (I'y UT'9) x (0,77,

t
oz, t) = /O - K(x,t;y, 1) p(y, 7)dS(y) dr + H(z,1), (2.3.19)
where
K(otiy.7) = ~2[ "= (o) 0o gt 7)
and

0d(x —y,t)
He =2 [ [F5d 4 o0 et -y oluw)d

—2// aq)x_y’t_ﬂ+ﬁ(x,t)(l>(x—y,t—T)}f(y,T)dydT

+2g(x,t).

In other words, the proof of (2.3.16) becomes the search for a fixed point ¢ € By of (2.3.19).

In the following, we will construct a fixed point of (2.3.19) in Bp. Noticing

1
=

g2 2208 m-3 _|o—yl?
) e 4(t—7) (t—T)_3/4|l‘—y|_(n_3/2)

<Ot —7) 73 g -y~ (32,

so by the similar argument, we have

|z — y|? —‘ft_iyp ~3/4 ~(n—3/2)
T <l gy )
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Then it follows from Lemma 2.3.2 that for any z,y € 092, 0 <7<t < T,

1 |z — y|? izﬂAi
<C(t—7) 3| = y~n=3/2), (2.3.20)

Then using the fact ¢ € C' 1(51) and the integration by parts, we obtain
0P(z —y,t)
— o Yy)dy
/Ql on(z) (v)

=— [ Dy[®@—y.t)] () v(y)dy
U

. / Bz - y.t)¥(y) () - 7 (2) dy + / O(x - y.t) Dyy) - T () dy.  (2.321)
o0 0

Consequently, as a function in (x,t),

/Ql %W?J) dy € C(9Q x [0,T]) C By.

Then it is readily to check that H € Bp.
Next, two sequences of functions { K} ;>0 and {¢;} ;>0 will be constructed as following.

First, define Ko = K on D 7 and g = H on (I'y UT'g) x (0, T]. Then for any j > 1, define

t
Kj(x,t;y,T):/ aQKO(x,t;z,a)Kj_l(z,a;y,T)dS(z)da (2.3.22)
T

on DQ,T and

-1 4
pj(r,t) = ;/0 - Ki(x,t;y,7) H(y,7)dS(y) dr + H(z,1t) (2.3.23)
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on ('t UT9) x (0,T]. Because of (2.3.4), we can prove by induction that for any j > 0, ¢;
is well defined and belongs to By. Our goal is to show that ¢;(x,t) uniformly converges to
some function ¢(x,t) on (I'y UT'2) x (0,7 as j — oo, which makes ¢ to be the fixed point

of (2.3.19) in By. Writing
K*(z,t;y,7) £ ) Kj(x,t;y,7), (2.3.24)

by Lemma 2.3.4, we know K™* is well-defined and Z;X;O K converges uniformly to K™ on
Dr.q. Moreover, there exists a constant C* = C*(n,,T) such that for any (v,t;y,7) €

DQ,T7

\K* (2, t;y,7)| < CF(t — 7) 734 o — y|~(0=3/2), (2.3.25)

Consequently, it follows from (2.3.23) and (2.3.24) that ¢; converges uniformly to the func-

tion ¢ on (I'y UT'y) x (0,77, where
t
o2 [ K(tir) By 1) as()dr + Ha.t) (2.3.26)
o0

Thus, ¢ is a fixed point of (2.3.19) in By and therefore the function u defined in (2.3.15)
satisfies (2.3.16).
Now as our plan, it only left to show this function wu satisfies (2.3.17) as well. Making use

of (2.3.15), (1.4.1) and Theorem 2.2.6, we get for any z € f, 0<t<T, 881;(—?;1;) exists and

ou(x,t) 0%(r —y,t) Db ( x—y, .
on(z) _/Ql an() y) dy +// fly,7)dydr

/ /39 0P( xa— UL=T) ) dS(y) dr + 411 o1 (1) + 411902(9,;,@. (2.3.27)

n
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Then we choose two sequences of points {{}r>1 C 'y and {2;};>1 C I's which converge to

x, it follows from (2.3.18) that

Ou (1) :/ 90(&p —y, 1)

7)

[ /m = f’“a; 3,;

and

du(zj,t) 8@(2] y,t
on(z;) _/1 an(zj

—)

/ / 6(1)
o0 z]

Taking k — oo and 7 — 0o, we obtain

o Ou(g,t) [ 9P —uyt)
(e _/Ql 6n(

g [ 2T )y

¢y, 7)dS(y) dr + % (& 1)

o [y v

oy, 7) dS(y) dr + % oz 1).

e [ P gy ayan

7)

// 8<I)x—y,
90 on(x

and

Y Ou(zj, 1) / 90(x —y,t)
im =
j—oo On(zj) o) 871(

)

/ / 0P( w—y,
90 on(x

Adding (2.3.28) and (2.3.29) together and noticing (2.3.27), we attain

Ou(x,t)

1
on() 2L
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ply,7) dS(y) dr + 5 1 (2,1
/ /8¢$_% % fy,r) dydr
1 (2.3.29)
ply, 7)dS(y) dr + 5 pa(z,1).
oueet) | Oulzd)
Sniey +lm i) ] (2.3.30)



Moreover, since u satisfies (2.3.16), we have

8u(€k, t) =
Tntey * B(&pst) u(pst) = g(Ep, ),

o) TP DUt = g(0)

Sending £ — oo and j — 0o, we obtain

L Ou(pt)
. Ou(zyt)
jgn;o onlz) 92(x, 1) — Ba(z,t) u(z, ) (2.3.32)
Combining (2.3.30), (2.3.31) and (2.3.32) together, (2.3.17) follows. O

2.3.4 Comparison principles, uniqueness and global solution

Next, we will prove the comparison principle and the uniqueness of the solution by applying

Theorem 2.3.6. But before that, let’s prove the following easier comparison result.

Lemma 2.3.7. Suppose in (2.3.1), f >0 on Q x [0,T], ¥ >0 on Q and

inf g >0,
(' Ul9)x[0,T]

then the solution u > 0 on Q x [0, 7).

Proof. Since 1 > 0 on Q, we have m 2 minv > 0. Now we claim u > 0 on Q x [0,T]. If
Q

not, then there will exist xg € Q and ¢y € (0, T] such that

u(zg,tg) =0=_min wu.
QX[O,to]
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By the strong maximum principle, xg € 0. If zg € I'1 UT'9, then

du(xg, tp)

ou(xq,t
0 < g(z0,1t0) = “On(zg) + B(xo, to) u(zo, tg) = Qulzo, to) 0

on(zg) ~

which is impossible. If xq € f, then

1
0<; [91(0, t0) + g2(x0, t0)]

_ Ou(xo, tp)

<
On(zg) ~ v

which is also a contradiction. Thus, the Lemma follows. O

Corollary 2.3.8. Suppose in (2.3.1), f > 0 on Q x [0,T], ¥ > 0 on Q and g > 0 on
(T1UT9) x (0, T, then the solution u > 0 on Q x [0, T]. In particular, the solution to (2.3.1)

on Q x [0,T) is unique. If further assuming that 1 #Z 0 on Q, then u(x,t) > 0 for any

(z,t) € 2 x (0, 7).

Proof. Due to Theorem 2.3.6, there exists a solution v € A7 to the following problem:

ve(x,t) — Av(x,t) =1 in Qx (0,77,

a@%é}? + Bz, t)v(z,t) =1 on (I't UT'9) x (0,77,

v(z,0) =1 on .
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Now for any € > 0, define we = u + € v, then w, satisfies

(we)t(z,t) — Awe(z,t) = f+e>e¢ in Qx(0,7T],

Owe(z,t)
on(x)

+ Bz, we(z,t) =g+e>¢c on (I'1UTg) x (0,77,

we(z,0) =Y +e>¢ on (.

By invoking Lemma 2.3.7, we > 0 on © x [0, T]. Taking ¢ — 0, we get u > 0 on Q x [0, 7.
Now we further assume that 1 is not identical 0 on Q. If there exists some (xq,ty) €

Q x (0,T] such that u(zg,tg) = 0, then

u(zg,tg) = min  wu.
QX[O,to]

By strong maximum principle and ¥ # 0, zg has to be on the boundary 0f2. In addition, it

follows from the boundary condition

du(zo, to)
— t ty) = t
Inx0) + B(xo, to)ulzo, to) = g(o, to)
that ag(x t0) > 0. But on the other hand, the Hopf lemma implies that du(z 1) < 0,
n(o) onlzq)
which is a contradiction. So u(z,t) > 0 for any (z,t) € Q x (0, T). O

Corollary 2.3.9. Let u be a solution to (2.3.1). Then for any T > 0, there exist constants

C =C(Q,B,T) such that for anyx € Q and 0 <t < T,

lu(z,t)] < C( sup [f|+  sup  |g|+suply]).
Qx(0.7] (TUT'y) % (0,T] a

Proof. Similar to the proof of Corollary 2.3.8, there exists a solution v € Ap to the following
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problem:

ve(x,t) — Av(x,t) =1 in Qx (0,77,

WD 4 Bty 1) =1 on (P UT2) x (0.T],
v(z,0) =1 on €.

\

Let K = supqy (0,7 |f| + sup(rury)x(0,7) 19/ + supg [¢|. Then it follows from Corollary

2.3.8 that |u| < Kv. Since v is bounded on Q x [0, 7], the conclusion follows. O

By combining Theorem 2.3.6 and Corollary 2.3.8, the existence and uniqueness of the

global solutions is established.

Theorem 2.3.10. The linear problem (2.3.1) has a unique global solution u € c21 (Q X
(0,00)) N C(Q % [0,00)), where the global solution means a function that solves (2.3.1) for

any T > 0.

2.4 Nonlinear case

2.4.1 Definition of the local solution

This section is devoted to the existence and uniqueness of the solution to the following

nonlinear initial-boundary value problem:

ut(x,t) — Au(z,t) = f(x,t) in Qx(0,T],
ou(zt) _ p x,u(x,t) on I'y x (0,77,
onz) ( ) (2.4.1)
36’,‘753,’;) —0 on Ty x (0,7],
u(,0) = () on 0
\
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where f € C’O"O‘/2(ﬁ x [0,T]), F € CHT1 x R) and ¢ € C1(Q). For any (z,0) € 1 x R,
we will use Fi, (z,0) (1 <i < n) to denote the ith spatial derivative of I and use Fy(z,0)

to denote the derivative of its (n + 1)th variable.

Definition 2.4.1. For any T > 0, a solution to (2.4.1) on Q x [0, T] means a function u in

Agp that satisfies (2.4.1) pointwise and for any (x,t) € T x (0,7, a;éa? exists and

ou(zx,t)
on(x)

= %F(x,u(:c,t)). (2.4.2)

2.4.2 Comparison principles and uniqueness

This time, we will first show some comparison principles and then discuss the existence of

the solution.

Theorem 2.4.2. Suppose u; € Ap(i = 1,2) is the solution to (2.4.1) on Q x [0,T] with
right hand side f;, F; and ;. If f1 > fo on Qx [0,T], F| > Fy onT1 x R and ¢ > 1o on

Q, then up > ug on Q x [0,T]. As a consequence, the solution to (2.4.1) is unique.

Proof. Let w =uj —ug, f = fi — fo and ¥ = 91 — 9. Then f > 0on Q x [0,7] and ¥ > 0

on Q. In addition, since F; > F5 on I'1 x R, we have

Py (:E,ul(x,t)) — FQ(:C,UQ(x,t))
> (x,ul(x,t)) - R (ZL‘,UQ(ZE,t))

= 6(1:7 t)w(J:v t>7

where
1
Bz, t) = /0 (F1)o (z, sup(z,t) + (1 — s)ug(z,t)) ds.
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Thus, w satisfies the equations below

wi(z,t) — Aw(x,t) = f(x,t) >0

G = Ba, (1) 2 0
ow(xz,t)
on(z) =0

w(z,0) =¢(x) >0

Now it follows from Corollary 2.3.8 that w > 0.

in Qx (0,7,
on Ty x (0,7],
on Ty x (0,77,

on §.

]

Theorem 2.4.3. Suppose u € Ag is the solution to (2.4.1) with f > 0 on Q x [0,7],

F(-,0) >0 o0onTy and ¥ > 0 on Q, then u > 0 on Q x [0,T). If further assuming ¢ # 0,

then u(z,t) >0, Vo € Q, 0<t < T.

Proof. To prove the first statement, we write

F(z,u(z,t)) = F(z,u(x,t)) — F(z,0) + F(x,0) = 8(z, t)u(z,t) + F(z,0),

where

Hence, u satisfies

1
B(x,t) :/0 Fy(z, su(z,t)) ds.

in Qx (0,7,

8u(x,t) o 6($,t> U,(I‘,t) — F(I’,O) Z 0 on Fl X (O7T]7

49

on Iy x (0,77,

on S



It then follows from Corollary 2.3.8 that u > 0.
Now suppose additionally that ¢ # 0, then similar to the proof of Corollary 2.3.8, by
applying the strong maximum principle and the Hopf lemma, we get u(x,t) > 0,V €

Q0<t<T. O

2.4.3 Existence

Now we turn to the existence of the solution. As a common process to deal with the nonlinear
problem, we will take advantage of the theories for the linear problems and some fixed point
theorems. For any T' > 0 and R > 0, define Xp = C(Q x [0,T]) and Xpp = {v € Xp

llv|| < R}, where the norm in X is the supremum norm as following

lull = max Ju(z,t)], Vue X
(x,6)eNx[0,T]

Then X7 is a Banach space and X7 g is a closed and thus complete subset of Xp. For
any v € X g, it follows from Theorem 2.3.6 and Corollary 2.3.8 that there exists a unique

solution u € A7 to the following problem

ur(w,t) = Aula,t) = f(w,t) in Q@ x (0,T],
du(zt) _ F(z,v(z,t) on I'y x (0,77,
s = P ( ) (2.4.3)
881175(21;) -0 on I'g x (0,77,
u(x,0) = 1(z) on 2.
\

Thus, it determines a mapping W : X7 p — Ap. Our strategy is to pick up suitable T

and R such that ¥y has a fixed point in X7 g, which turns out to be the unique solution to
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(2.4.1).
In the proof of Theorem 2.4.5, we will utilize the Schauder fixed point theorem, which

requires to verify the following three things:
(i) Y7 maps X7 g to Ap N X7 g for some suitably 7" and R;
(ii) W : X7 gp — X7 g is continuous;
(iii) W7 (X7 R) is precompact in X g.

The requirement (iii) is the most technical part, so in order to make the argument more
readable, we state the following Lemma 2.4.4 separately which will be used in the proof of
(iii). Actually, Lemma 2.4.4 is a fact mentioned without justification in the proof of ( [7],
Theorem 13, Sec. 5, Chap. 7), but here for the convenience of the readers, we would like to

give a complete proof.

Lemma 2.4.4. Given T >0 and {¢;};>1 C L>((I'y UT3) x (0,T7]), we define

t
w;(z,1) = / / Bla—y.t —1)pi(y,r)dS(y)dr, V() €A x[0,T].  (24.4)
0 JON
If {¢;}j>1 are uniformly bounded on (I'y UT'9) x (0,77, then {w;}j>1 are uniformly bounded
and equicontinuous on 0 x [0,T].

Proof. From the assumption, there is a constant C* such that for any j > 1 and (x,t) €
(T'1ul2) x (0,71,

|pj(z,t)] < C*. (2.4.5)

In the rest of the proof, we will use C' to denote a constant which only depends on n, Q, T’
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and C*. Noticing that

_lz—yP?
|P(x —y,t —7)| < C(t— T)_n/2 e 4t-7)
<C(t—7) g =y~ (n=3/2) (2.4.6)
it then follows from (2.4.5) and Lemma 2.3.3 that
lw;(z,t)] < C'/ / 3/4 y|_(n_3/2) dS(y) dr
0Q
<C / )34 dr (2.4.7)

<ottt <crT/t=C

This showed the uniform boundedness. Next, we will prove the equicontinuity, which means

for any € > 0, there exists 0 > 0 such that the following (1) and (2) are satisfied.

(1) For any j > 1,t € [0,7T] and 21,79 in Q with |71 — 29| < J, we have

jwj(21,t)

—w;j(w9,t)| < Ce.

(2) Forany j > 1,2 € Q,0<t] <ty < T with t9 — t; < §, we have

|wj(xat1) -

By a change of variable in 7, we attain

() //asz )iy, t —
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7)dS(y) dr,

wj(z,to)| < Ce.

Y (z,t) € Q x [0,T). (2.4.8)



Sometimes it is easier to use (2.4.8) to do the estimate.
To prove (1), we split the interval [0,¢] into [0, €] and [e,t] and take advantage of the

uniform boundedness of {¢;};>1, it follows from (2.4.8) that

t
[ fur
e JON

€ /o oy —yl?
—I—C// e w dS(y)dr
0 JoQ

B e
e 4t —e 4t |dS(y)dr

[wj(21,t) —wj(w,1)

€ /o |zg—yl?
+C// e TR dS(y)dr
0 JoQ

ST+ 1T+ 111.

Analogous to the derivation of (2.4.7), we get I1 < Cel/4 and ITT < C /4. To estimate 1,

we exploit the mean value theorem and find for any 7 € (0, 7], y € 99,

eyl g —yl|?

e At —e 47 SCT_1/2|x1—:E2.

As a result,

t
I< C/ / r—(n+1)/2 |z1 — z2| dS(y) dr
e JOQ

< Cef(nJrl)/Q 5.

As long as we take § < e<”+3)/2, then I < Ce. Thus, we finish the proof of (1).

In order to prove (2), we consider two cases.
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e 11 < 2e. In this case, we choose 0 < ¢, then again by (2.4.7),

(wj(z,t2) —wjz, t1)| < Jwj(z, to)| + |w;(x, t1)]
<oty od

<C@2e+ )Y 4 @)/t </t

e {1 > 2¢. In this case, using (2.4.4), we get

’U)j(l',tQ) - U)](l’,tl)‘

tl € % 1 _4|z:—y|)
77) - e AT pi(y, )] dS(y) d
! /‘ n/2€ (tl_T)n/Qe ’90](3/,7')| (y)dr
) |a: y|2
* / (1 _T)n/Qe 0270 |y, 7)| dS (y) dr
t1—e€ 2
P
+ / (t _T)n/Qe A=) ’QO](Z/, )|ds(y)dT
t1—e€ 1
ST+ 1T+ 111

If we choose § < ¢, then similar to (2.4.7) and using the mean value theorem,

< cf* =t — o4

C

Sm(tQ—t1+€)

<Ce 3546 <O/ (2.4.9)
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Similarly,

r< o/t = 4 — o4 < c e/t (2.4.10)

Employing the mean value theorem again, there exists a constant C' such that for any
7€10,t1), 7 €Q, y € 09, we have
_ oy { eyl

1 e
me 4(t2—7)_me 4(t1—7) SC(tl—T) /2 1’t2—t1|

< C(t; —7) 21y,
If we choose § < £n/2+3 , then

t1—e€
I< C’/ / (t1 — T)_n/2_1 dS(y)dr
0 o9 (2.4.11)

SCG_n/2_1(5§Ce.

Combining (2.4.11), (2.4.9), (2.4.10), we proved (2) and therefore the Lemma follows.

]

Now similar to the arguments in ( [7], Theorem 13, Sec. 5, Chap. 7) and ( [27], Theorem

1.3), we conclude the following theorem on the existence of the solution.
Theorem 2.4.5. For the nonlinear equation (2.4.1) with f, F,1 described there.

(1) There exists Ty > 0 such that for any 0 < T < Ty, there exists a unique solution

u € Ap to (2.4.1) on Q x [0, 7).

(2) If F is bounded on T'1 x R, then for any T > 0, there exists a unique solution u € Ap

to (2.4.1) on Q x [0, 7).
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Proof. Just as the heuristic idea before Lemma 2.4.4, in order to prove the existence of a
solution, we will use Schauder fixed point theorem to prove Wr has a fixed point in X7 g

for suitable T and R. Thus, we need to verify the following three requirements:
(i) Y7 maps X7 g to Ar N X7 Rg;
(ii) W : X7 p — X7 g is continuous;
(iii) Wy (X7 R) is precompact in X g.

In the following, we will prove (1) and (2) in Theorem 2.4.5 together. Actually, the proofs
of requirements (ii) and (iii) for (1) and (2) are identically the same, only the proofs of
requirement (i) has slightly difference.

Firstly, given 7' > 0, let’s recall how we construct u = Up(v) for any v € X7 r. We
will use the same notations as those in the proof of Theorem 2.3.6 with 8 = 0 and g(x,t) =
F(z,v(z,t)) Ip, (x), where

1, zeIy,

Ip, (r) £ (2.4.12)
0, z¢TIq,

is the indicator function. Thus u has the following expression: for any (z,t) € Q x [0,T],

u(a:,t)é/ O(z —y,t) dy+// (x —y,t—71) fy,7)dydr

//a@ (x —y,t = 1)y, 7) dS(y) dr.

Here ¢ € By satisfies for any (z,t) € (I'y UT'9) x (0,77,

(2.4.13)

t
o 1) = /0 [ K@t 7)ol 1) aS(0) dr + H(z.),
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where

_ B 0b(x —y,t — 1)
Kz, t;y,7) = =2 () (2.4.14)
and
B 0®(x —y,t)
H(z,1) ——2/91 8n—()¢(y)dy
— 2/ / 00 (x y, —7) fly,7)dydr (2.4.15)

+ 2F (z,v(, 1)) 1Ip, (@).

Since this K also satisfies (2.3.4), we can follow the same way as the derivations of (2.3.26),

(2.3.25) to get
t
o) = [ [ Kty ) B dS() dr + Hs. (2.4.16)
o0
for some function K*. Moreover, there exists a constant C* = C*(n,Q,T'), such that
|K* (2, t;y,7)| < CF(t — 1) 3/ g — |~ (773/2), (2.4.17)

Next, we will first assume requirement (i) and prove requirements (ii) and (iii), then we
will confirm requirement (i) for the Cases (1) and (2) in Theorem 2.4.5 respectively.

Given T' > 0, we assume there exists R > 0 such that W : Xp p — Ap N X7 g. Define
Mp, Mg, :[0,00) = R by

Mp(r)=_sup |F(z,0)|
Iy x[—rr]

57



and

Mg, (r)=_sup [Fy(x,0)|.
'y x[—r,r]

Then for any fixed r > 0, both Mp(r) and Mz, (r) are finite number since F' € Cl(R). In
the following, for any v € X g, we define u, ¢ and H as in (2.4.13), (2.4.14) and (2.4.15)

respectively. For any v; € X7 p ( > 1), we define uj, ¢j and H; analogously.

e Proof of Requirement (ii). Given {v;};>1 C Xp g and v; — v in X7 g, we want
to show Wp(vj) — Wp(v) in X7 g. Since v and all the v;(j > 1) belong to X7 g,
then for any (z,t) € Q x [0,77], |v(z,t)] < R and |v;(x,t)| < R. Thus, by the mean
value theorem and the fact My (R) < oo, it follows from (2.4.15) that H; = H on
('t UTg) x (0,77 (here © = ” means uniform convergence). Then by (2.4.16) and
(2.4.17), 0; = @ on (' UT9) x (0, T]. Finally, due to the expression (2.4.13), we have

uj =3 won Q x [0,7], which is equivalent to say ¥p(v;) = Up(v) in X7 p.

e Proof of Requirement (iii). In this proof, we will use C' to denote a constant which
is independent of j, z and ¢, but may depend on n, Q, Qq, T, R, Mp(R), sup|f|,
sup || and sup|Dvy|. C may be different from line to line. Given any sequence
{vj}j>1 C X7 g, we want to show {Ur(v;)};>1 has a subsequence which converges
to some function w in X7 . Since v; € Xp g for any j > 1, then for any j > 1 and

for any (z,t) € Q x [0, 7], |v;(x,t)] < R. Now recalling (2.3.21), we know

[ 1 i o D 4 (y) dy

is bounded by some constant C'. Consequently by (2.4.15), these exists some constant
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C such that for any j > 1 and for any (x,t) € Q x [0, 7],

Then due to (2.4.16) and (2.4.17), there exists some constant C' such that for any j > 1
and for any (x,t) € Q x [0, 7],

lpj(z,t)] < C.

Now using (2.4.13) and Lemma 2.4.4, we find {u;};>1 is uniformly bounded and
equicontinuous on © x [0,7]. Hence it follows from the Arzela-Ascoli theorem that
{u;};>1 has a subsequence {Ujk}k21 which converges uniformly to some function u
on Q x [0,T]. Since uj, € Xp g, it is readily to see that u is also in Xp p. Thus,

U7 (X7 R) is precompact in Xp p.

Now we turn to verify Requirement (i).

e Proof of Requirement (i) for (1). We will find 0 < Ty < 1 such that for any 0 < 7" < Ty,
there exists 2 > 0 such that W7 maps X1 g to ApN X7 g. In this proof, C' will denote
a constant which is independent of x, ¢, R and T, but may depend on n, £, 1, sup | f|,
sup 1| and sup |Dvy|. C' may be different from line to line. For the first term of (2.4.15),

we recall (2.3.21) again to get for any (z,t) € (I'y UT'9) x (0,77,

|, o e

‘ /an Oz —y, ) Y(y) Wly) - 7 (z) dy‘ + ‘ /Ql O(z —y,t) DY(y) - 7 (z) dy

IN

< C / |z —y| " dy+ C < C. (2.4.18)
a9
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For the second term of (2.4.15), we have for any (x,t) € (I'yt UT') x (0,77,

\//a‘”_y’ D (g, ) dy dr

<C suplf] / / )73/ |z — 4|~ 45 (y) dr

<ctth<eorM<cort<c (2.4.19)

where the last inequality is due to the assumption 7y < 1. Then it follows from

(2.4.18), (2.4.19) and (2.4.15) that for any (z,t) € (I'y UT'9) x (0,77,
|H(z,t)] < C+ CMp(R). (2.4.20)

Although the constant C* in (2.4.17) depends on T, it is readily to see that C* is an
increasing function in T'. As a result, when T is bounded by 1, C* will also be bounded

by some constant C', which only depends on n and (2. Based on this observation and

(2.4.16), we get for any (x,t) € (I'y UT'9) x (0,77,

t
p(z,1)] < C* [C + C Mp(R)] / / (t = 1) e — =3/ dS(y) dr
0 JoQ
+C+CMp(R)
<[C+CMp[R)]TY*+C+CMp(R)

< C+CMp(R). (2.4.21)
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Now by (2.4.13) and (2.4.21), we obtain for any (z,t) € Q x [0, T],

t
fu(z, £)] < sup ] + ¢ sup || + suple] / / (t— )4 o — y~=3/2) 45(y) dr
0 JoQ
<C+[C+CMpR)]CTY
<C+CMp(R)T

20y 40y Mp(R)T)*, (2.4.22)
Hence, if we choose R and T < 1 such that
1/4
R=2C; and T, Mp(2C7) <1, (2.4.23)

then we have |[u|| < R and therefore u £ Up(v) € X7 p.

e Proof of Requirement (i) for (2). We will prove for any 7' > 0, there exists R > 0 such
that W maps X7 g to A7 N X7 g. In this proof, F' is a bounded function on Ty xR,
so sup |F| < oo. In the following, we will use C' to denote a constant just like that in
therll):oﬂif for (1) but allowing C' to depend on 7" and sup |F|. As the same derivations

flxR
as (2.4.18), (2.4.19) and (2.4.20), we attain for any (z,t) € (I'y UT'9) x (0,77,

|H(z,t)] < C+CMp(R)

< C+Csupl|F|=C. (2.4.24)
R
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Then based on (2.4.16) and (2.4.24), we get for any (z,t) € (I'y UT'9) x (0,77,

o(z, )| < C* C // )34 | — = (13/2) 45 dr 4 C
oN
<cT'1cC
—c

Therefore, by (2.4.13) and (2.4.21) again, we obtain for any (z,t) € Q x [0, T,

fu(z, £)] < sup ] + ¢ sup ] + sup|] / / )73/ & — =32 a5 (y) dr
<C+CoTVA

£ Cy.

Thus, as long as we take R > Cy, we have [|u|| < R and consequently u = Up(v) €

2.4.4 Maximal solution and application to the target problem

As we can see from Theorem 2.4.2 that the solution to (2.4.1) is only proved to be global
when the function F' is bounded on R. Thus, we need to study the maximal solution when

F' is unbounded.

Definition 2.4.6. We call

T* £ sup{T > 0 : there exsits a solution to (2.4.1) on Q x [0,7T]}
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the mazimal existence time for (2.4.1). Moreover, a function u € C! (Q x (0, T*)) ﬂC’(ﬁ X

[0, 7)) is called a mazimal solution if it solves (2.4.1) on Q x [0,T] for any T € (0,T7*).

Remark 2.4.7. It follows from Theorem 2.4.5 and Theorem 2.4.2 that the mazximal solution

exists and is unique.

Just like ( [27], Corollary 1.1), when T* is finite, it coincides with the blow-up time of
the L® norm of u. Thus in order to estimate 7™, one only needs to focus on the L* norm

of the solution. We state it more precisely in the following theorem.

Theorem 2.4.8. Let T™* be the mazximal existence time for (2.4.1) and u be the mazimal

solution. If T* < oo, then

lim sup lu(z, 7)| = oo.
LT (or)eQx [0,

Proof. We prove by contradiciton. Assume

lim sup lu(z, )| < oo.
t/T* (7)€% [0,4]

Then we denote K = SUPG, [0,7%) |u| < oo. The strategy below is to find a solution that
exists beyond T, which contradicts to the definition of T*.
To do this, we firstly construct a bounded and C! function F T x R — R such that

F(z,0) = F(x,0) for any x € 'y and |o| < K + 1. Then by Theorem 2.4.5, for any T > 0,
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the problem

(
ut(x,t) — Au(z,t) = f(x,t) in Qx (0,7,
Gilzt) _ x,u(z,t) on I'y x (0,T]
af‘(”“") ( ) (2.4.25)
Ty =0 on Ty (0,7,
u(x,0) = () on g,
\

has a unique solution @. Especially, when 7" = T + 1, there exists a solution & € Apx {1 to
(2.4.25).

Since u also solves (2.4.25) for T < T*, then by uniqueness, & = u on Q x [0,T%).
Therefore

sup |u| = K.
Qx[0,T*)

Now by continuity, there exists e > 0 such that

sup || < K +1.
Qx[0,T*+€]

Recalling that F(z,0) and F(z, o) coincide when |o| < K + 1, so @ is the solution of (2.4.1)

on Q x [0,T* + ¢]. This contradicts to the definition of T*. O

As a particular application of the theories established in this section, one can apply
Theorem 2.4.5, Theorem 2.4.2, Theorem 2.4.3 with f =0, F(z,0) = 0% and ¢ = ug to our

targeted problem (1.1.1) to obtain Theorem 2.1.1
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Chapter 3

Upper Bound Estimate of the

Blow-up Time

3.1 Main theorem and outline of the approach

The goal of this chapter is to show the finite-time blowup of the solution to (1.1.1) and find
an upper bound for the blow-up time. In this chapter, M(¢) is defined as in (1.4.3). The

next theorem is the main result of this chapter.

Theorem 3.1.1. Let T* be the mazximal existence time for (1.1.1). Then T* < oo and

lim M(t) = oo,
T

where M(t) is defined as in (1.4.3). In addition, if minug(xz) > 0, then
x€l)

T < m/ﬂué_q(x) da. (3.1.1)

Inspired by [36], the idea of this proof is very simple, define
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Then by formal computations (assuming w is smooth up to the boundary),

R(t) = (1— q)/Qu_q ut dx
=(1- q)/ w1 Audx

Q
<(1-¢q) | V-(u 9Du)dz
Q

ou
— — —q -
(1-9q) /GQU o as

— (1—q)IT]. (3.1.2)

(3.1.2) implies that h(t) decreases at a speed which is at least (¢ —1)|I'1| every unit time. As
a result, (3.1.1) is justified. Although the solution  is smooth inside the domain, it is not C'*
up to the boundary. So we need to consider the integral of ul =7 over interior domains of §
and then take limit as the interior domains approach €2. In addition, in the limiting process,
the uniform limit of the normal derivative is required, so we also have to approximate u by
a sequence of smoother functions whose normal derivative is uniformly continuous up to the
boundary after any positive time and strictly less than the blow-up time.

The organization of this chapter is as follows. In Section 3.2, we explore some geometric
properties of the C? domains which make it possible to approximate from inside. All the
conclusions in this section should be standard, but for the sake of completeness, we also
include the detailed proofs. Section 3.3 discusses how to approximate the solution by some
functions with desired regularity of the normal derivative. Finally, Section 3.4 carries out

the rigorous proof for the main theorem.
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3.2 Approximation for C? domain from inside

For any bounded domain 2 C R™ and for any h > 0, we define
Qp, = {z € Q: dist(x,00) > h} (3.2.1)
and
b ={z ¢ Q:dist(x,0Q) > h}. (3.2.2)

Lemma 3.2.1. Let Q be a bounded, open subset of R™ with dQ € C2. Then for any x € 9,
there exist positive constants v and o which only depend on x and 2 such that for any

y € B(x,r)NOQ, there is an interior ball touching y with radius o. Namely,

Bo(y — o7 (y)) NQ° = {y}. (3.2.3)
Analogously, there is also an exterior ball at y with radius o. Namely,
Bo(y+o7(y) N0 = {y}. (3.2.4)

Proof. We will only prove (3.2.3), since the proof of (3.2.4) is almost identical. Fix any
z € 90, by translation and rotation, we can assume z to be the origin and 7 (z) = (0, —1),
where 0 denotes the origin in R?~1.

Since 9Q € C?, there exist a C? function ¢ : R”~! — R and r € (0,1] (depending on ¢

and ) such that

67



(1) For any y € By, N 012,
yn = (@) T(y)-en <0; [D()| < 1/4 (3.2.5)

(2) By NQ = By N {y “Yn > ¢(?j)}
(3) By na’ = By N {y yn < ()}

Now for any y € B, N 02, writing y = (¢, #(9)), then

_ (Do(y),—1)
) =" Do) >

where < - > is defined as < x >= /1 + |2[2. We will show that there exists a positive
constant o, which only depends on ¢ and € such that (3.2.3) is satisfied.

Let o € (0,7] be determined later. Define

Then
o~ oDo(y) 0 L/~ o

where y¥ denotes the first n — 1 components of y¥ and y! denotes the last component of V.
n

For any z = (%, z,) € By (y"), we have |z — Y] < ¢ and
2l <z =+ W0 < o+ (Jy| + o) < 3r.

So in order to show (3.2.3), it suffices to prove z, > ¢(3) for any z € By (y") \ {y}. Since
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|z — 4% < o, then

2 > Y0 — \/02 — |z —49)2. (3.2.6)
Next, the goal is to verify
W) —\Jo? =12 = PP 2 6(2). (327)
Namely,
6(2) = 6(7) < — o — o2 — |5 = 40|
~ < D¢(y) >

By Taylor expansion, there exists some 1 between y and 2z such that
- - T S
w@—¢w>=wa-@—yy+;z—wTD%mxz—w.
Let A = max¢<3, |D26(€)||2, where || - ||2 denotes the matrix norm. Then
- - SO
(%) = 0(y) = Do(y) - (2 — g) + 5AIZ — g

So it suffices to show

D¢@)'(2_g)+%>‘|5_?j|2§#@)>— 02—|5—yNO|, (3.2.8)
Noticing
o=y =0~ i - g+ 7 Do(y) 12
< Do(y) >
2
_ 9 s 42 o e
“Dagy 2 I 2oy Do) (G- 9)
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Let

A=Do(y) (2-9); B=—F-== E=[z2—yg"

Then (3.2.8) boils down to

1
A+§/\E§B—\/B2—E—2AB,

that is

1
VB2—FE—-2AB<B—A- SAE. (3.2.9)

Since

1Z—g| < |2 =9+ |y° — 7|

<o+ 0 =20,

then |A| < |2 — §|/4 < ¢/2 and FE < 462. On the other hand, |Dé(j)| < 1/4 implies that

B > 20/3. As a result, as long as we take
& minfr, =)
o = min{r, o},

B—-A- %)\E > 0. Hence (3.2.9) reduces to

B?—E—-2AB < (B—A—%AE)Q.
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Simplifying the above inequality, we obtain an equivalent form

AE(B—A)<E+ A%+ }lﬁE?,

which is always true because of the fact that
INE(B — A)| < AE(c/2+0) < E/8 < E. (3.2.10)

Thus, we proved (3.2.7). Then it follows from (3.2.6) that z, > ¢(Z), which means z € Q.
In addition, if z,, = ¢(2), then (3.2.10) should take “equal sign”. This implies E = 0, which
means Z = §. Moreover, since both (3.2.6) and (3.2.7) should also take “equal sign”, we have

zn = ¢(Z) = ¢(§) = yn, which implies z = y. As a result, (3.2.3) is justified. O

Corollary 3.2.2. Let Q be a bounded, open subset of R™ with dQ € C2. Then there exists
a positive constant o = o (§2) such that for any x € 0SY, there exists an interior ball and also

an exterior ball at v with radius o.
Proof. 1t follows from (3.2.1) and the compactness of JS2. O

Corollary 3.2.3. Let Q be a bounded, open subset of R™ with dQ € C2. Then there exists

a positive constant o = o(2) such that

(1) for any h € (0,0), the map W;, : I — Oy, defined by U, (x) = x — h7 (z) is a CL

diffeomorphism.

(2) for any h € (0,0), the map ¥}, : 90 — o0 defined by Uy(z) =z + b7 (x) is a CL

diffeomorphism.

Proof. Again, we will only prove for (1), since the proof for (2) is analogous.
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Define o1 as that in Corollary 3.2.2. Then for any h € (0,07) and for any x € 0f2, there
exists an interior ball touching @ with radius h. Namely, By (x — k7 (2)) N Q¢ = {z}. As a
result, dist(¥y,(z), 0Q) = h. So ¥y, is well-defined. Moreover, this also implies that ¥y, is an
injection. To show Wy, is surjective, take any y € € such that dist(y,0Q2) = h. Then there
exists = € 9 such that |y — 2| = h. As a result, y = 2 — b (z) = Uy ().

Now W¥j, has been proved to be a bijection. Next, since 02 is C2, then 7 is C1 on 9.
Hence, by the inverse function theorem, there exists oo > 0 such that for any h € (0,09),

W), is a C1 diffeomorphism. Finally, by taking o = min{oq, o9}, (1) is justified. O
The following corollary is a simple version of the tubular neighborhood theorem.

Corollary 3.2.4. Let Q) be a bounded, open subset of R™ with 9Q € C2. Then there exists a
positive constant o = o (§2) such that the map ¥ : 00U x (—0,0) — {x € R™ : dist(z,00) < o}

defined by U(z, h) = x — h7 (z) is a C1 diffeomorphism.

Proof. First, by Corollary 3.2.3, there exists ¢ > 0, only depending on 2, such that W :
IO x (—0,0) = {z € R" : dist (z,0Q) < o} defined by U(x,h) =  — b7 (z) is a bijection.
Then again by the inverse function theorem, by choosing ¢ smaller enough, ¥ is a C?

diffeomorphism. O

Lemma 3.2.5. Let Q be a bounded, open subset of R™ with 9Q € C2. Then there exists a

positive constant o = o(2) such that for any h € (0,0) and for any x € 012,

i (Uh(2) = 7 (@), (3:2.11)

where Wy, is defined as in Corollary 3.2.5 and n_h> denotes the exterior unit normal vector

with respect to 0SYy,.

72



Proof. By Corollary 3.2.3, there exists 0 = o(€2) such that for any h € (0,0), U is a
C' diffeomorphism between 9 to 9€,. Next fix h € (0,0) and = € 99, we will show
(W (@) = 7 (@),

Just like the proof for Theorem 2.2.6, by translating and rotating the coordinates, we
can assume that x to be the origin 0 and W(O) = —ep = (0,0,---,0,—1). As a result,
U}, (x) = hep and then it is equivalent to prove that nj,(hen) = —en. Suppose the point

near 0 can be parametrized by

y=(7,yn) = (7, 0(1))-

So when y is near 0, the exterior unit normal vector at y is

— (D¢(?j)7_1)
) =2 Dé(7) >

Then the point near hep can be parametrized by

(Do), 1) »

< Do(y) > o)

z2=Up(y) = (3,0(9) = h

n—1

As a result, the tangent plane at hep with respect to 99, is spanned by {D;F(0) 1
Thus in order to prove n_;l)(hen) = —ey, it suffices to show ey is perpendicular to each
D;F(0), or equivalently the nth component of D;F(0) is 0. For each 1 <i < n—1, by direct

calculations and noticing D;¢(0) = 0, we find the nth component of D;F(0) is indeed 0. [
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3.3 Approximation for the solution by smoother func-
tions

By Theorem 2.1.1, there exists a unique nonnegative maximal solution u € 0271(9 X

(0,7%)) NC(Q x [0,7%)) to (1.1.1) such that

ug(x,t) = Au(z,t) in Qx (0,7%),

%@? =ul(x,t) on Iy x(0,7%),
< (3.3.1)
agéé;? —0 on Ty x (0,7,

u(z,0) = ug(z) on €,

where T* is the maximal existence time to (1.1.1). It is readily seen that the normal derivative
of this solution is not continuous along the boundary. But in many discussions, it really
requires the continuity of the normal derivative. Thus, the purpose of this section is to
construct a sequence of functions that has normal derivatives of better behavior hear he

boundary.

Lemma 3.3.1. Assume g is continuous on 9Q x [0,T] and ¢ € C1(Q). Let v be the solution

to
ve(x,t) = Av(x,t) in Qx (0,7,

a;éa? = g(z,1) on 00 x (0,7T],

v(x,0) = Y(x) in Q.

\

Then for any 19 > 0, the following limit converges uniformly on 02 x [1g,T].

lim ov(zp,t)  Ov(z,t)
hoot On(z)  On(x)
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Proof. We will mimic the proof of Theorem 2.3.6 with f =0, 3 =0, I'y = 0Q and I'y = 0.
First, we extend v to a C1 function to a larger domain Q Q. Then from that proof, the

solution v can be written as

t
ol 1) = /Q (e —y, t)(y) dy + /0 /m@@—y,t—T>¢<ym>ds<y>dr (3.3.2)
1

2 vy (x,t) 4+ vo(x, 1), (3.3.3)

where ¢ is a continuous function on 9 x [0, T that is related to g and .
Now fix any 79 € (0,7, it is readily seen that the following limit converges uniformly on

0f) x [To,T].

lim vy (zp,t)  Ovi(x,t)
h—ot On(z) — On(z)

On the other hand, Theorem 2.2.1 implies the uniform convergence of

i 2v2(@n,t) _ Oz, 1)
hsot  On(x)  On(x)

on 09 x [rp, T1. O

Next, we take a sequence of boundary pieces {I'1 j}j>1 such that I'y ; C T'y and T'y ; 7 T'y

oo

(see Figure 3.1). Then a sequence of C*° cut-off functions {n;} 21 are chosen so that for

Figure 3.1: I'y ;
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each j > 1,

=1, S Fl,j7
nj(x) 4 €[0,1], xeTy\Iyy, (3.3.4)
=0, x € 0f) \ Fl-

In addition, we require that n;1(z) > n;(x),Vj > 1, v € Q.

For any T € (0,7™) and for each j > 1, we consider

(vj)t(x,t) = Avj(z,t)  in Qx(0,T],
P @) utat) on 92 (0.7], (3.3.5)
\ vj(z,0) = ug(z) in €,
where the function u in the boundary condition 82% ((J;’)t) = n;(z) ul(z,t) is just the solution

to (3.3.1). Since u is continuous and (3.3.5) is linear in vj, it follows from Theorem 2.3.6
that there exists a solution v; € C%1(Q x (0,7]) NC(Q2 x [0,T7]) to (3.3.5). In addition, by

(3.3.4) and Corollary 2.3.8, v; < u on € x [0, 7].

Lemma 3.3.2. For any (z,t) € Q@ x (0,T), lim v;(z,t) = u(z,t).
J—0

Proof. Define the indicator function 1p, as (2.4.12) and let wj = u — v, then

)
(wil(z,t) = Awj(z,t) in Qx(0,T],
ag}izgz’)t) =9 (x,t) on (T uTy) x (0,7, (3.3.6)
{ w;(z,0) =0 on Q,

where g;(z,t) = [1p, () — n;(z)]u(z, ?).
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Then similar to the proof of Theorem 2.3.6, for any (z,t) € Q x (0,77,

t
wj(z,t) = /0 /&)Q O(z —y,t —7) 9y, 7)dS(y) dr, (3.3.7)

where p; € By satisfies for any x € 'y UT'y and ¢ € (0,7,

t
pj(r,t) = /0 - K(z,t;y,7) p;(y, 7) dS(y) dr + 2g;(z,1) (3.3.8)

with
00(z —y,t — 1)

K(:U>t;y77—) = —2 an(:z:)

Since K satisfies (2.3.4), we can follow the same way as the derivations of (2.3.25) and

(2.3.26) to obtain
[K*(x,tyy, )| < CF(t — 1) 73/ o — g~ (0732, (3.3.9)
for some constant C* = C*(n, 2, T). Moreover,
t
ooty = [ [ K@t B n) dS@)dr + 2000, 3310

Due to the fact that u is bounded on Q x [0, 7] and the choice of {n;};>1, we know H;

is also bounded on Q x [0, T] and

lim Hj(l‘ﬂf) =0, Veel1UT9 te(0,T].

J—00
Then it follows from (3.3.9), (3.3.10) and the Lebesgue’s dominated convergence theorem
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that

lim ¢;(x,t) =0, VxeliuUlyte (0,T]

j*)OO

In addition, the boundedness of H; implies the boundedness of ¢, hence by (3.3.7) and the

Lebesgue’s dominated convergence theorem, we obtain

lim wj(x,t) =0, V(xt)eQx(0,T].

]*)OO

]

Lemma 3.3.3. Foranyj > 1 andT € (0,T*), let v; be the solution to (3.3.5) on (2x[0,T7]).

Then for any ¢ € C(ﬁ X [O,T]) and for any 0 < t; <ty < T,

t2 a 8 t
lim / 0051 16wy dt = / o) 29 hsyar
k=00 00, /k 3%( 1 Jog an( )
where n_;g denotes the normal derivative with respect to an/k-

Proof. By Corollary 3.2.3 and Lemma 3.2.5, for sufficiently large k, the function ¥y, : 02 —
oYy Jk defined by

() =€6—-T(), VEeQ,

wIH

is a C1 bijection such that
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As a result, by the change of variable x = W () for x and denoting dS(x) = F(£)dS (),

/ ¢(z,t)Dvj(x,t) - nj(z) dS(x)
02/,

_ /a G((€).1) Dy (4(). 1) - T (W ©) Fil€) dS(©)

_ /8 (). ) Dy (14().0)- TOF(E) dS(E).

Integrating ¢ from ¢1 to t9,

§ ] n_>9c T
/t1 /891/k; ¢z, t)Dvj(z,1) - nj(z) dS(z) dt

t
= [T o000 Du(u©)0) - RO ELO dS(©) (3.3.11)
1 JOQ

It is readily seen that ¢(\Ifk(5),t) converges uniformly to ¢(&,t) and Fj(£) converges to
1 uniformly on 9Q x [t1,t3] as k — oo. In addition, it follows from Lemma 3.3.3 that
Du;(¥(6),t) - 7 (€) converges uniformly to Dv;(&,1) - 7 (€). Thus the limit can be taken

inside the integral to justify the conclusion. O

3.4 Upper bound on life span: case of C? domain

The goal of this section is to prove the unique solution u of (1.1.1) always blows up (i.e.
L®° norm of u goes to 0o) in finite time. In addition, we will derive an upper bound for the
blow-up time in terms of |I'{|, the nonlinearity ¢ and the initial data ug.

The usual way to prove the blowup of a solution is to introduce a suitable energy function
and then derive a differential inequality to show the energy function blows up. This process

usually involves integration by parts and therefore requires some continuity of the spatial

79



derivative Du near the boundary. However, u is not smooth, since the normal derivative
of u is not continuous along I. Thus, some approximations are needed to get through this
process.

For any k, let 2y ;. be the same as in (3.2.1). For any x € 08y /1., we use nj,(z) to denote
the exterior unit normal vector at = with respect to 9€y Ik For any x € 012, W)(x) represents

the exterior unit normal vector at x with respect to 0f).

Proof of Theorem 3.1.1. Let u be the maximal solution to (1.1.1) as in Theorem 2.1.1.

Fix any 0 < 79 <7 < T*. For any j > 1, let v; be the solution to (3.3.5). Then define

€ = min vy (z,t).

(z,t)edx [T@T]

It follows from Corollary 2.3.8 that €y > 0. Noticing that {v;};>1 is an increasing sequence

of functions that converges to u, so
o <vj(x,t) <wule,t) < M(T), Vji>1,V(xt)eQx[n,T]. (3.4.1)

Mimicking the idea in [36], for any j > 1 and k > 1, define h;; : (0,7] — R and

h;:(0,7] — R by

and
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Then

=(1- CI)/ v ! L ds. (3.4.2)
o0, 1,

Integrating (3.4.2) for ¢ from 7y to 7T,

T _ ov;(x,
a0 = typtm) < =) [ [ e G s
0 SOy,

Taking k — oo, by Lebesgue’s dominated convergence theorem and Lemma 3.3.3,

T Vi
b0 =ty < =) [ [0 S D s
70

T
=(1-¢q) /T() /6(2 vj_q(x, t)'r]j(:c)uq(x,t) dS(x)dt. (3.4.3)

When j — oo, it follows from Lemma 3.3.2 that v; goes to u pointwise. Moreover, 7;
converges almost everywhere to Iy, on 0€). Thus by taking j — oo in (3.4.3) and noticing

the bound (3.4.1), it follows from the Lebesgue’s dominated convergence theorem that

T

/Qul_q(a:,T) dx — /Qul_q(a:,m) dr < (1— Q)/ P1fdt = (1= q)(T = 70)[I'1]-

70
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So

(q—1)(T -] < /Qul_q(x,m) dr — /Qul_q(x,T) dz

g/ulq(x,ro) dr.
Q

Namely

1
T <7+ —/ w9z, 1) da.
(¢ =Dl Jo

Noticing the right hand side of the above inequality is independent of 7', so we can send T’

to T, then
T* 3.44
q—1) \Fl\ / (. m0) (3:44)

Hence, T* is finite. Then it follows from Theorem 2.4.8 and the positivity of u that

lim M(t) = oc.
tT*

Now if minug(z) > 0, then u has a strictly positive lower bound on Q x [0,T*). As a
x€f)

result, by taking 79 — 0 in (3.4.4), (3.1.1) follows. O
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Chapter 4

Lower Bound Estimate of the

Blow-up Time

4.1 Main theorems and outline of the approach

The goal of this section is to obtain lower bounds for the blow-up time. Again in this chapter,

M(t) is defined as in (1.4.3). The main results consist of three parts.

Part I: C2? domain .

Theorem 4.1.1. Assume (1.1.2). Let T* be the maximal existence time for (1.1.1). Then

there ezists a constant C = C(n,Q) such that

T >

__2_
—qn (1 +(30Mp) 4D |1y n—l), (4.1.1)

where My is given by (1.4.2).
From this theorem, we can study the asymptotic behaviour of 7.

o As ¢ \( 1, T" is at least of order (¢ — 1)_1. Combining with the upper bound in

Theorem 3.1.1, the order of T* is exactly (¢ — 1)L

o As My N\, 0, T* is at least of order ln(Mo_l). As My — oo, T™ is at least of order
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M0_4(q_1).

o As |I'1] \(0, T* is at least of order In (|F1]_1).

Part II: C2 domain Q with local convexity near I';.

Definition 4.1.2. Let Q) be a bounded, open subset in R™. Then for any I' C 9Q and d > 0,

the boundary part of Q2 near I' within distance d is defined to be
[[)g £ {x € 00 : dist (x,T) < d}. (4.1.2)

In the following, as a standard notation, for any set A C R", Conv (A) denotes the convex

hull of the set A.

Theorem 4.1.3. Assume (1.1.2). Let T be the mazimal existence time for (1.1.1) and
My be defined as in (1.4.2). Assume Conv([I'1]y) € Q for some d > 0. Then there exist

constants Yy = Yy(n,Q,d) and C = C(n,,d) such that the following statements hold.

e (Case 1: n > 3. Denote

-1 N
Y = MJ g Y/,

IfY < %, then

T* > = 1)(;‘ TVl (4.1.3)
o (Case 2: n=2. Denote
Y = MI7H | In (ﬁ + 1).
Ify < Y#, then
> = 15/' vl (4.1.4)
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It is readily seen that the asymptotic behaviour of T has been improved a lot. More

precisely,

o As My \, 0, the order of T™ is at least Mof(qfl)/ln (Mal)

1
o As |T'1] N\ 0, the order of T* is at least |T'{] m/ln (04|71 for n > 3 and

3|~/ [In (03|~ 1)]? for n = 2.

Recalling the upper bound in Theorem 3.1.1, if ug does not oscillate too much, which
means fQ u(l)_q dx is comparable to Mg_q, then as My \, 0, the order of T is at most

—(q—1)
MO

. So the lower bound is almost optimal on Mj. In addition, the order of T* is at

most |I'1|™1, so when n = 2, the lower bound is also almost sharp.

Part III: Convex C? domain (.
Theorem 4.1.4. Assume (1.1.2). Let Q2 be convex. Then for any a € [O, n—if), there exists

C =C(n,Q,«) such that

T > C;_l (min {1, q_—l}) . , (4.1.5)
(g —1)My ~ | qMy Ty |«

where T* is the mazimal existence time for (1.1.1) and My is given by (1.4.2). In particular,

if v is chosen to be 0 in (4.1.5), then

1
(q— 1)M0 qMO

for some C1 = Cq(n, Q).

Remark 4.1.5. As |I'1| \( 0, the lower bound (4.1.5) is not the best that we can get. By
_ 1
Remark 4.5.11, the order of T* is at least |I'1| 7—1 forn > 3 and |F1|*1/1n (|F1|*1) for
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n = 2. Noticing that when |['1| is not sufficiently small, Theorem 4.1.3 and Remark 4.5.11
are not applicable. So the advantage of (4.1.5) is its validity for any I'y. This advantage is
important when comparing with the previous results for I'y = 0.

In addition, Theorem 4.1.4 concluded better asymptotic behavior of T* as My (0 than

Theorem 4.1.3 and Remark 4.5.11.

o As My \, 0, (4.1.6) implies that T* is at least of order Mo_(q_l). So by the same
discussions after Theorem 4.1.3, if the initial data ug does not oscillate too much, then

the order of T* is exactly Mo_(q_l).
o As My — o0, (4.1.6) implies that T* is at least of order M()_Q(q_l).

To obtain a lower bound for 7%, we first exploit the common Gronwall’s technique in
Subsection 4.3.1. But this estimate is too rough, in order to get better results, we need
to be more careful. The idea is to chop the range of M (t) into suitable pieces and find a
lower bound for the time spent in each piece by analysing the representation formula. Then
adding all these lower bounds yields a lower bound for 7. In the proof for Theorem 4.1.1,
the pieces are just chosen to be [Bk_lMO, BkMO] for k£ > 1. In the proofs of Theorem 4.1.3
and Theorem 4.1.4, due to the convexity assumptions and more delicate divisions of the
range, the results can be improved significantly. More precisely, we will chop the range to be
[M};_1, My] for k > 1, where the sequence {M}};>( satisfies a nonlinear iterative relation.

The organization of this chapter is as follows. In Section 4.2, we first prove that the
classical solution w is also the weak solution which implies the representation formula of w.
This representation formula is the fundamental tool in the later sections. In Section 4.3, two
methods are presented to obtain the lower bound of T* for any C? domains €. The first

method is simpler and uses the Gronwall’s inequality. The second method performs more
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delicate estimate and yield Theorem 4.1.1. In Section 4.4, the lower bound is derived for
any convex domains € and Theorem 4.1.4 is verified. We also explain the main idea in the
proof which is also used in the next section. In Section 4.5, we deal with C2 domains € with
local convexity near I'y and justify Theorem 4.1.3. We also mention a similar result for the
convex domains in Remark 4.5.11. Finally, Section 4.6 compares the results in this chapter

with the historical works.

4.2 Weak solution and representation formula

By Theorem 2.1.1, there exists a unique nonnegative maximal solution u € 02’1(9 X
(0,7%)) N C(Q x [0,7%)) to (1.1.1), where T* is the maximal existence time to (1.1.1).
In this section, we will first verify that the solution u to (1.1.1) is also a weak solution (See

Definition 4.2.1) and then derive representation formulas (4.2.2) and (4.2.3) for w.

4.2.1 Weak solution

Definition 4.2.1. Let T* be the mazximal existence time for (1.1.1). Then a function u €
C(Q2 x [0,T7)) is called a weak solution of (1.1.1) if for any t € (0,T*) and for any ¢ €

C2(Q % [0,1]),

/ / wly, ™) (ér + AD)(y,7) dy dr = / u(y, 1)6(y, £) — uo(y)d(y.0) dy

//Fluqy, (y,7) dS(y d7+//m Y. agny’))dS(y)dT.

In order to prove u satisfies (4.2.1), we will again take advantage of v; which is the

(4.2.1)

solution to (3.3.5).
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Theorem 4.2.2. The mazximal solution u to (1.1.1) is also a weak solution as in Definition

4.2.1.

Proof. Fix any t € (0,7%). Let {v;};>1 be the solution to (3.3.5). For any k > 1, define
Qy as in (3.2.1).

Then for any 0 < 79 <t, k>1,j>1and ¢ € C’Q(ﬁx [0,¢]), we have

t t
[t otwnavar= [ [ sujtr) ot dyn
70 /S 0/

Integrating by parts and arranging the terms,

t
/ / 0 (0, 7) (67 + AD)(y, 7) dy dr
70/ g

B / —U\Y, T T — t M T T
_/91/k vj(y, 1)o(y,t) — vj(y, 0)¢(y, 10) dy /TO /391/k o (3) oy, 7)dS(y) d

t (o 09y, 7) )
" /TO /aszl/k %6 7) ng(y) 45(y) dr.

where n_/; denotes the exterior unit normal vector with respect to 02, Jk-

Sending £ — oo, by Lebesgue’s dominated convergence theorem and Lemma 3.3.3, we
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obtain

t
/ / 03, 7) (6r + AD)(y, 7) dy dr
) Q

= [ vy, ) (y, t) = vj(y, 70)0(y, 70) dy — L2 5y, 1) dS(y) dr
fy [ fo iy

o on(y
) T)
vi(y, dS(y)dr
/70 /39 %7 y) )

/vg(yi)aﬁ(y,t) v;(y, 70)(y, T0) dy — /TO/ 1;(y t) oy, 7)dS(y) dr

/T 0 /a ) y? dS(y) dr.

Taking j — oo, then it follows from Lemma 3.3.2 and the Lebesgue’s dominated convergence

theorem that

/; [ wt.7) @+ 20) 0.7 dyar

/ a(y, (. ) — uly, )6y, 70) dy — /

70
/TO /m Y, ))dS(y)dT.

Finally by sending 79 — 0, (4.2.1) holds. O

/ u(y, 7)ply, 7) dS(y) dr
Iy

4.2.2 Representation formula

Next by (4.2.1) and some standard steps, we are able to attain the representation formula
of u for inside points. Note that this representation formula is different from (2.3.15) which

is used in the proof of the existence of the solution.
Lemma 4.2.3. For the mazimal solution u to (1.1.1), it has the representation formula for
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the inside points (z,t) € Q x [0,T%),

u(z,t) = /(I)(a:—y, t)ug(y dy—i—/ /F1 (x —y,t —1)ul(y,7)dS(y) dr

//89 - xa_n% 2 u(y, ) dS(y) dr.

Proof. Fix € Q and t € (0,T*). Define ¢ : Q x [0,¢) — R by

L1 it
,7— = (b xr — ’t — T ) = e —T
¢y, 7) ( Y ) (47T)n/2 (t — 7_)n/2
For any € > 0, define ¢ : Q x [0,#] — R by
1 1 _|a—yl?
O, 7) =P~y t+e—7) = o AtFe).

(Am)/2 (t + € — 7)/2

From these, one can see that ¢ is smooth in its domain and

(@) (Y, 7) + Ay(¢)(y,7) =0, V(y,7) € 2x[0,].

Applying (4.2.1) for ¢ = ¢,

t
/ oy uly, ) dy = / 6 (4, 0)uo(y) dy + / oy, 7) ul(y, 7) dS(y) dr
0 IN]

/ /. af;ny 7)dS(y) dr
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Sending € — 0, it follows from the Lebesgue’s dominated convergence theorem that

t
ule,t) = / oy, 0) ug(y) dy + / [ o). dS () dr
1

- an ,7)dS(y) dr

/CI)(Q:—%)UO dy+//rl (z —y, t —7)ul(y,7)dS(y) dr
//89 = xa_n% 2 u(y, ) dS(y) dr.

The last equality is because ¢(y,7) = ®(x — y,t — 7). Now we have proved (4.2.2) for

(x,t) € Qx (0,7%), next it is obvious to see that (4.2.2) holds for any point (z,t) € 2 x {0},

thus the Theorem follows. O

Lemma 4.2.3 only gives the formula for the inside points, but we still need the formula
for the boundary points (z,t) € 92 x [0,7%) . In order to get that, we combine Lemma 4.2.3

and Theorem 2.2.2.

Corollary 4.2.4. For the mazimal solution u to (1.1.1), it has the representation formula

for the boundary points (x,t) € 90Q x [0,T*),

u(z,t) 2/@(x—y,)u0( dy—l—2//F (x —y, t —7)ul(y,7)dS(y) dr
1

—2/ /aQ O xa_ny’ ") u(y, 7) dS(y) dr.

Proof. For any h > 0, we write xj, = x — hﬁ(x) for x € 092. As shown in the proof of

(4.2.3)

Theorem 2.2.2, when h is sufficiently small, z;, € € for any € 0Q2. Consequently we can
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apply Lemma 4.2.3 to conclude that

w(apt) = /@(xh—y,>uo< dy+//F (2, — y.t — ) ud(y, 7) dS(y) dr
1

/ /m S ; UL 2T) Ly 7y dS () dr

Taking h — 07, then it follows from Theorem 2.2.2 that

(1) = /@(x—y, P uoly dy+/ /1“1 (x— gt — ) ul(y, 7) dS(y) dr

/ /agz — xa_ 2o u(y,7) dS(y) dr + 5 u. 1)

n

which implies (4.2.3). Now we have proved (4.2.3) for (z,t) € 9 x (0, T*), next it is obvious

to see that (4.2.3) holds for any point (z,t) € 92 x {0}, hence the Theorem follows. O

4.2.3 Time-shifted representation formula

In Corollary 4.2.4, it derived the representation formula (4.2.3), where the initial time is 0
and the initial data is u(-,0) = ug(-) € C1(Q). Now for any T' € (0,7%), we are asking
that if regarding 7" to be the initial time and u(-,T") to be the initial data, then is there a
representation formula similar to (4.2.3)7 It seems trivial, but we should be careful, since u
is in C1(Q) but u(-, T") does not. The next lemma claims that as long as u is the solution to
(1.1.1) with the assumption (1.1.2), then for any 7" € [0, 7*), there also holds a representation

formula which is similar to (4.2.3) but with “initial data u(-,7)”.

Lemma 4.2.5. Assume (1.1.2). Let T* be the maximal ezistence time and u be the mazimal
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solution to (1.1.1). Then for any x € 0Q, T € [0,T*) and t € [0,T* — T),

u(x,T—i—t)—Z/@(m—y, t)u(y,T) dy—l—Q/ /F (x—y,t —7)ul(y, T+ 7)dS(y)dr
1

0P(x — y, —7)
— 2/ /89 an( u(y, T +7)dS(y)dr (4.2.4)

n

Proof. When T' = 0, (4.2.4) is just the representation formula (4.2.3) which has been proven.
Next let T' > 0. We intend to verify (4.2.4) which can be regarded as a representation formula
with initial time 7" and initial data u(-,T).

Define v : Q x [0,7* = T) — R by v(z,t) = u(z,T +t). Then v € C%1(Q x (0,T* —

T))NC(Q2 % [0,T7* — T)) and satisfies

ve(z,t) = Av(z, t) in Qx(0,7"-T),

WD) _ (0, T +1) on Ty x (0.7° = 1),
(4.2.5)
ov(x,t
a%;; —0 on Ty x (0,T* —T),
v(x,0) = u(z,T) in Q.

Note that (4.2.5) is a linear problem in v, since u is a fixed function.
We continuously extend wu(-,7") to R™ and still denote it to be w(-,7). Then for any

j > 1, we choose the standard mollifier {7}~ and define

g5(@) = (ne; () % u(, 7)) (),
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where €j is chosen to be so small that

max |g; (z) — u(z, T)| < 1/;. (4.2.6)
x€ef)

Since g; € C1(Q), it follows from Theorem 2.3.10 that there exists vj € 02’1(9 x (0,T* —

T))NC(2 % [0,7* — T)) such that

(vj)¢(z,t) = Avj(z,t) in Qx (0,T* = 1T),
ov;(x,t
;iz((i)) = uq([L’, T+ t) on Fl X (O7 T* — T>7
< (4.2.7)
8vj(x,t) .
on(x) 0 on I'9 x (0,7* —T),
v;(2,0) = g;() in €.

In addition, by an analogous argument as that for Subsections 4.2.1 and 4.2.2, there exists

a representation formula for (4.2.7): for any (x,t) € 092 x [0,T* —T),

vj(z,t) = 2/@( —y,t) 95 (y) dy+2/ /Fl (x—y,t —1)ul(y, T+ 7)dS(y)dr

0P (x — y, —7)
9 / /a T v;(y,7) dS(y) dr. (4.2.8)

TL

Let wj = vj — v, then w; € 02’1(9 x (0, 7% = T)) N C(Q x [0,7% = T)) and satisfies

( (wj)¢(z,t) = Aw;(x,1) in Qx(0,7"-1T),
25 (1) = 0 on Ty x (0,T%—T),
88&@ t)=0 on I'9x (0,7 -1T),

\ wj(r,0) = gj(z) —u(z,T) in Q.
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So it follows from the maximum principle and the Hopf lemma that for any (z,t) € Q x
0,7 = T),

lwj(z,t)| < max|g;(z) —u(z,T)] < 1/j.
e

Thus

vj(z,t) —v(z, 1) <1/, Y(x,t) € Qx[0,T" =T).

Now fixing any point (z,t) € 0Q x [0,7* — T') and let j — oo in (4.2.8), then it follows

from Lebesgue’s dominated convergence theorem that

U(x,t)—Q/ O(z—y,t)u(y, T) dy—|—2/ /1“ (x —y,t —7)ul(y, T+ 7)dS(y) dr
1

—2/ /{ma@ ma_ny’ D oy, 7)dS(y) dr.

Finally noticing that v(x,t) = u(z,T +t) and v(y,7) = u(y,T + 7), we obtain (4.2.4). O

4.3 Lower bound on life span: case of C? domain

4.3.1 A traditional way by Gronwall-type technique

Lemma 4.3.1. Let Q be a bounded open subset in R™ with 9Q € C2. Then there exists a

constant C = C(2,n) such that for any x € 0 and t > 0,

1 _z—y
W/@Qe 4t dS(y)SC

Proof. Tt is easy to prove this conclusion by simply using the definition of a C? boundary

and the dimension of 02 is n — 1, we omit the proof here. O
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Theorem 4.3.2. Assume (1.1.2). Let T* be the mazimal ezistence time for (1.1.1). Then

there exists a constant C' = C(n,q,Q2) such that

2
2

T* > C 7 2 | In (T (n+2)(¢g—1)InMy—1In(g—1) —InC : (4.3.1)

where My is defined as in (1.4.2) and C' remains bounded as ¢ — 1. As a result, no matter

IT1] 0, My N\ 0 or g™\ 1, we have T* — oo.

Proof. In the following, C' will be used to denote a positive constant which only depends
on n,{2,q and is bounded when ¢ \, 1. Moreover, C' may be different from line to line.
We prove by analyzing the representation formula (4.2.3) for u on the boundary points

(x,t) € 002 x [0,T7):

u(z,t) = 2/@($—y, t)ug(y) dy—|—2//r (x —y,t —1)ul(y,7)dS(y)dr
1

—2/ /maq) x(,;ly’ ") u(y, 7) dS(y) dr

= I+1I+1II (4.3.2)

Define M, M : [0,T*) — R by

M(t) = Hé%?;) u(y,t) (4.3.3)
and
M(t) = max M(7).

T7€[0,t]
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It is clear that M is increasing and also blows up at T*. It is also easy to see that

I < 2My, (4.3.4)
t ey
II1<c / MY(r) / (t—71) "% AU=7) 4S(y) dr
0 1 (4.3.5)
t__ |—y|?
_ —n/2 —
_c/ Mq(t—r)/ 2 T GS(y) dr
0 ry
and
[z — ol —Lf(t_mz)
—T
117 < C’/ M (T /69 EYyeR dS(y) dr
2
i [z —y* _lz—yl
:C'/Mt—r/ e 4t dS(y)dr
(=) o T/2+1 ) (4.3.6)
T
<C/Mt—7')/897_n/2 87 dS(y)dr
< c/ M(t—7)7 Y2 dr.

In (4.3.6), the first inequality is due to Lemma 2.3.2, the last inequality is due to Lemma

4.3.1 and the second inequality is because

—yl? ‘z y|2
x _
—| vl e 8 <sup re /8 < O,
T r>0

Now we are trying to estimate (4.3.5) and (4.3.6) further. Taking m = 1+ n%_l, it follows
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from Holder’s inequality that

1/m
Iy
ey L/m
,5 ( dS( )) ‘Fl‘(m—l)/m

< Cr it Ty |

2n+1 1
= C’T—QZ+4|F1|T-‘1-27

where the second inequality is because of Lemma 4.3.1. Thus (4.3.5) leads to

1 et _ 2n+1
1< [Ty / Nt — r) -2 ar (4.3.7)
0

By Holder’s inequality again,
m— 1
on+1 t__ gm ) B (2n+1)m m
/Mqt—TT 2n+4d7'<(/ Mm=1(t—71)d ) < T 2n+4 dT)

-4 o+l o)
= ([ weeer) ™ (/ 2"“6”)

L
_Ct2—4</ qu+2 +2

Based on this, (4.3.7) becomes

1

1
IT < C|y|n+2 ¢ (/ MI+2) (7 )dT> " (4.3.8)
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To estimate I11, it follows from Holder’s inequality that

b ﬁ t _1nt2 ;%1
II]§C’(/ M"+2(7')d7'> (/ 7 2n+l d7'>
0 0
n t -4
T — n
= C't2n+1 ( / M"2(7) dT) . (4.3.9)
0

Combining (4.3.2), (4.3.4), (4.3.8), (4.3.9), we obtain

1
1 1 t o
u(z,t) <C [MO + || nt2 t2n+4 (/ MQ(n+2)(T) dT) n+
0

1
n b _ n+2
+ t2n+4 </ M"2(7) dT) S
0

Since x is arbitrary on 02, by raising both sides to the power n + 2,

_ t t
M"P2(t) < C|MPF2 + |1y /2 / MAF2) () dr /2 / M (r) dTl.
0

0

Thus, due to the definition of M,

Mn-i-Q(t) <C M61+2+ \Fl\tm/ MQ(n—i—Z)(T) dT+tn/2/ Mn—I—Q(T) dr}
0 0

t t
<O+ 2 | MPH2 4y / D () ar 4 / JUARRICY m}
0 0

As a consequence,

t t
30 < ) gt e ry| [ 3P yar s [ H”*%)ch] (4.3.10)
0 0

99



We define
b (n+2) t—n+2
E(t) = My + |F1|/ M7 (7) dr+/ M" (1) dr, (4.3.11)
0 0
then E(0) = M6H'2 and F(t) is increasing. Now (4.3.10) becomes
M) < o1+ 2V E(t)

and consequently

E'(t) = [0y | 37D (1) + 77 (1)

<Oyl (1+ ") IEY 1) + C(1+ ") E(1). (4.3.12)

Moreover, E(t) also blows up at T*, since M is increasing. (4.3.12) looks like the Bernoulli
equation, so we multiply both sides by E~4(t) and define W(t) £ E1=9(¢). Then ¥(t) — 0

as t approaches to T and
V(1) + Clg—1)(1+ ") (t) > —=C(g = 1)|Ty| (1 + "/2)4. (4.3.13)
We introduce the integration factor p(t) which is defined as
4
u(t) = exp [C’/ (¢—1)(1 —1—7”/2) dr|, Vt=>0.
0

It is readily seen that

p(t) < Cexp (C’t1+%). (4.3.14)
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Multiplying (4.3.13) by u(t), one gets

()W) = =Clg = 1)T1] (1+ ") u().

Integrating this inequality and noticing that p(0)¥(0) = M()_(n+2)(q_1)

, one obtains
t
u()w(t) > My "D _ o — 1)y / (1 + 7Y u(7) dr. (4.3.15)
0

It follows from (4.3.14) that

t t Ln
/ (1 —f-Tn/z)qM(T) dr < C’/ (1 +T”/2)q exp (CT +7) dr
0 0
< C(l + tn/Q)qt exp (C’tH_%)

< Cexp[(C+1)#72].
Plugging in (4.3.15), we obtain
u(eyu(t) > My "V _ogg - 1)y exp (C11F2).

Taking ¢t — T, one obtains

Clg ~1)Iy] exp [€ () FE] > agy 207
exp |:O (T*)1+%:| > C—l(q N 1)—1‘F1‘—1M0—(7”H—2)(q—1)
n+2

C(T*) 2 > (|r1|—1) —(n+2)(g - )InMy—1In(g—1) — InC.
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Hence,

2
2 T2
T* > Otz 1n<|F1|_1>—(n+2)(q—1)lnM0—1n(q—1)—lnC !

4.3.2 Better estimate by a new method

The aim of this subsection is the same as the last subsection, which is to find a lower bound
of T*. But this subsection will provide a different method which leads to a better lower
bound as in (4.1.1).

Comparing (4.1.1) with (4.3.1), for convenience of statement, we use T and T to repre-
sent the lower bounds in (4.1.1) and (4.3.1) respectively. The advantage of (4.1.1) is in the

following aspects.

Ty is always positive, but To will be negative unless |T'1] is sufficiently small, M is

sufficiently small or ¢ is sufficiently close to 1.

_2_
As g \( 1, the order of T7 is q_%, while the order of 75 is only [ln (q_%)} n+2,

2
As |Tq] \( 0, the order of T} is In (ﬁ), while the order of T is only [In (ﬁ)} n+2,

2
As My \, 0, the order of T7 is In (MLO)’ while the order of T} is only [In (MLO)] n+2,

The problem of the method in Subsection 4.3.1 is that the estimate for the integral terms

lose a lot when t is large. For example, in (4.3.6), the term

R T
/89 T”/26 5 dSw)
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is bounded by C7t1/2. When 7 is small, this estimate is okay. But when 7 is large, the

Je—yl?

term [, ﬁ e 87 dS(y) obviously decays like 7n/2

, so the bound 71/2 i5 too rough.
As a consequence, the main change in this subsection is that we divide the range of M ()
into small pieces and analyse each piece separately. Once we found the lower bound of the
time spent in each piece, adding them together yields a lower bound for T*.

In the rest of this thesis, we define

-1 2
B1 £ sup sup 7 e~ lr=ul?/(47) dS(y). (4.3.16)
7>0 €00 o0

It is shown in Lemma 4.3.1 that By is a finite positive constant depending only on €2 and n.
In addition, for convenience of notation, for any « € [O, %), let

é1—(71—1)&

5 (4.3.17)

N

DI

It is readily seen that 0 < ng <

Lemma 4.3.3. Let Q2 and I'1 be the same as in (1.1.1). Then there exists C' = C(n, Q) such

that for any a € [O, ﬁ), x €I andt >0,

t C
d(x — - < — I [* ", 4.3.1
[} vt masw i < e (4318)

In particular, if o« =0, then

4
// Oz —y,t —7)dS(y)dr < C V1.
0 Jry
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Proof. Let x € 00, t > 0 and o € [0, %) We denote

t
LHS:// O(x —y,t —71)dS(y)dr.
0 Jry

By a change of variable in 7,

LHS = /Ot/rl O(z —y,7)dS(y) dr

1 t 9
_ —n/2/ —lz=yl*/(47) 45 (y) dr. 4.3.19
(47r)”/2 /0 T . e (y)dr ( )

For any m > 1, applying Holder’s inequality,

1/m
/F e lr=u2/(47) g () < (/p e‘m|$—y|2/(4f)) iy |(m=1)/m, (4.3.20)
1 1

Recalling the definition of By in (4.3.16),

/ o—mlr—y2/(4r) g _ / o= le=yl2/[4(r/m)] g
I'y I'y

< <1> (n—=1)/2 B

m

< v,
Combining this inequality with (4.3.20),

/ e—la=2/047) gg(y) < BUM H(n=1)/(m) |y (m=)/m
I'y

< (By + 1) 7(=D/@m) |y (m=1)/m. (4.3.21)
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Plugging (4.3.21) into (4.3.19),

B +1 ¢ —1
LHS < (41;/2 |r1|(m—1)/m/ 2 I dr. (4.3.22)
m 0

Let

Then m > 1 and (m — 1)/m = a. Therefore (4.3.22) becomes

By +1 t
LHS < 21t |r1|a/ =l gy
(47T)”/2 0

B +1
- n/2 [Ta e,
(4m)M 4ng

where the last equality is due to the assumption that o < ﬁ O

Proof of Theorem 4.1.1. In this proof, C' denote the constants which only depend on n
and €2, the values of C' may be different in different places. But C* will represent a fixed
value which also depends only on n and 2. Recalling that M (t) is defined as in (1.4.3). For
any k > 0, define

My, = 3% My (4.3.23)

and T}, to be the first time that the function M (t) reaches M. Obviously Ty = 0. For any
k > 1, denote

tr =Ty — Ty (4.3.24)

to be the time spent in the kth step. For any £ > 1, we are trying to find a lower bound ¢,

for t;., then summing up all ¢, gives a lower bound for T*.
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By the maximum principle and the Hopf lemma, there exists 2% € T such that
w(z® T = M. (4.3.25)

Applying the time-shifted representation formula (4.2.4) with T' = T},_q and (z,t) = (zF, t},),

then

u(a®, T) = 2 / B — yty) uly, Tp_1) dy
tr 0P (2" —y,t
o [ PSS gy as)ar
90 371

+ 2/ / O(zF —y,ty — T)ul(y, Ty_q + 7) dS(y) dr. (4.3.26)
o Jry

Combining (4.3.25) and (4.3.26),

U OD(zk — . t, —
My 2y [ ok~ dy+oan [ [P = D gy or
Q 0o Joo on(y)

127
+ 2M,§/0 /F O(zF — y, tp — 7)dS(y) dr
1

LI+ 10, + 111 (4.3.27)
Since @ is the fundamental solution of the heat equation, it is evident that
I < 2Mj_q. (4.3.28)

Secondly it is easy to check that

11, < C\/t}, M. (4.3.29)
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Now define

\g
I

2(n—1)’

then it follows from (4.3.18) that
1, < |y m 6/ M. (4.3.30)

Combining (4.3.27), (4.3.28), (4.3.29) and (4.3.30), there exists a constant C' = C'(n, §2) such
that

My, < 2My_y + C /i My + C [Ty [" 6/ M.

Recalling that M;. = BkMO and Mj_1 = 3k_1MO, SO

_ 1/4
3kM0 < 2.3k 1M0+C\/tk 3kM0+C’F1’rtk/ 3qug.
Subtracting 2 - Bk_lMO and then dividing by Sk_lMo, we obtain the existence of a constant

C = C(n, Q) such that
1< O/l +C |0y |71/ 3l Dk a1, (4.3.31)

Rearranging (4.3.31),

1

1/4\2 -1 — 1/4
(62 [ Mg gDk ¢/ - 520

/

Regarding the above inequality to be a quadratic inequality in t/llﬁ 4, then it is readily seen

that tllc/ 4 has to be greater than the positive root of the corresponding quadratic equation,
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that is

1/4 _ 1 1 5(g—1)k 2(g—1 _ 4
tk/ > 5(— )" Mgt 3lab) +\/\F1\27"M0(q ) 32(a 1>k+5 .
After some algebraic simplification, we obtain

1/4 1
0/t >

- C\/‘F1‘2TM§(Q_1) 32001k 4 4

Hence, there exists C* = C*(n, 2) such that

C*
tp = .
‘F1|47'M61(Q*1) 34(¢—1k 4 1

After obtaining the lower bound for each ¢, we can add all of them together to get a

lower bound for 7*. Namely,

- 1
reey
| |F1|47“M61(q_1) 34(¢=1)k 11
Therefore,
* * > 1
™ =>C yToms] dx
1 |p1|47~M0(q— ) 34(g-1)z 4 1
c* 1
= ———In| 1+ .
4(q — 1) In(3) ( Ty ’4TM61((]_1) 34(q—1)>
Recalling that r = m, then (4.1.1) follows. O
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4.4 Lower bound on life span: case of convex C? do-
main

4.4.1 Main idea

First of all, let us recall the method in Subsection 4.3.1. Define M as in (4.3.3). Then for any
t > 0, there exists 20 € 9Q such that u(20,t) = M (t), so it follows from the representation

formula (4.2.3) that

— t __ IO— T
M(t)§2M0/QCI>(:UO—y,t)dy+2/O M(T)/89’a®( ané’)t ) dS(y) dr

t
A7 0
+2/0 MQ(T)/quxx oy t— ) dS(y) dr

S T+11+111. (4.4.1)

I, II and III are called the constant functional, linear functional and nonlinear functional

in M (t) respectively. After estimating

8<I>(x0—y,t—7') 0 .
fol =y st ana /Fl%f .t = 7)dS(y)

the lower bound in Theorem 4.3.2 is achieved by applying a Gronwall-type technique to
(4.4.1). However, this lower bound is only logarithm of |T'1|~! as [T'1| \, 0. The obstruction
that prevents this method obtaining a polynomial order of |I'y|~! for the lower bound is

explained through the following remark.
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Remark 4.4.1. Consider the following two simple integral inequalities. First,

$1(t) < A+ [f o (r)dr + |T1] fg ol(r)dr, t>0,

(4.4.2)
»1(0) = A > 0.
It is easy to see by the Gronwall’s inequality that the blow-up time T satisfies
1 1
Ty > In(1+——7F—
1—q—1“( *Aviwn)
which is of order In(|T1|~1) as |T'1| — 0. Second,
d2(t) < A+ D1 fy é3(7) dr, ¢ >0,
Jo &2 (4.4.3)

$2(0) = A > 0.
It is easy to see by Gronwall’s inequality that the blow-up time T5 satisfies

1
Ty > ,
2= (¢ —1)AT1|ry|

which is of order |F1|_1. From these two differential equations, the obstruction that prevents
the lower bound being a polynomial order of |T'1|™1 is the linear term fg o1(T)dT in (4.4.2).

Corresponding to (4.4.1), it is the linear term II:

t Oyt
/OM(T)/(?Q(%( an(yy)t )‘dS(y)dT.

If the linear term II can be eliminated from (4.4.1), then the lower bound is expected to

be a polynomial order [I'{|~® for some o > 0. Taking advantage of the convexity of €2, the
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identity (4.4.8) in Lemma 4.4.2 can be used to absorb the linear term II into the constant
term [ in (4.4.1). Let’s see how it works.
First, if ¢ € (0, 7") satisfies

M(t) > My and max u(z,t) = M(t), (4.4.4)
x€0f

then there exists a point 20 € 99 such that u(2?,t) = max u(z,t) = M(t). Thus, it follows
Tre

from (4.3.3) and (4.4.1) that

M(t) < 2M0/Qcp(x0_y,t) dy+ 20 (%) /Of/m‘a@@oa_

Y, t— T)
) dS(y)dr

+oMa(p) /O t /F B2 — y.t — ) dS(y) dr. (4.4.5)
1

Invoking (4.4.8),

Plugging this identity into (4.4.5) and simplifying, one has

t
M(t)/ O(20 —y,t)dy < MO/ 020 — y,t) dy + Mq(t)/ / ®(20 —y,t — 7)dS(y) dr.
Q Q 0 JI

(4.4.6)
Now this estimate does not contain the linear term, which should enable us to get a lower

bound of polynomial order \Fl\_ﬁ for some g > 0.
To continue from (4.4.6), the Gronwall-type technique will not work, since (4.4.6) is
proved to be true only for ¢ satisfying (4.4.4). Then what kind of time ¢ satisfies (4.4.4)7

By the maximum principle, if at some ¢ > 0, M(t) > M(t1) for any 0 < ¢; < ¢, then such
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t satisfies (4.4.6). As an instance, for any Ay > 1, if we write M; = A\ My and denote T}
to be the first time that M (t) reaches My, then T7 satisfies (4.4.4). Another disadvantage
of (4.4.6) is that although it gets rid of the linear functional of M (t), there is an extra
term [, ®(20 — y, ) dy on the left hand side, which decays like +~"/2 when t becomes large.
Hence, to avoid the effect of this decay, A1 should be kept small. Taking these restrictions
into consideration, we need to come up with some delicate strategies. The rough idea is as
follows. We will firstly choose a suitably small A1 such that there is still a lower bound %
for Ty, where T} is the first time for M (t) to reach A\{My. Then we regard u(-,77) as the
“initial data” and repeat the first step. Finally if such process can proceed for at least Ly
steps, then Lty is a lower bound for T, since the time in each step has a lower bound ¢,

(the choice of ¢4 will be the same in each step).

4.4.2 Auxiliary lemmas

The second conclusion of the next lemma is the only place that the convexity is used in this

section.

Lemma 4.4.2. Let ® be the heat kernel as in (1.4.4). Then

t 0b(x —y,t — 1) 1
O(x —uy,t)d —// ; dS(y)dr ==, VYzed, t>0. 4.4.7
| oa—voay- [ [ LD s ar (147

In addition, if Q) is convex, then

¢ 00(z —y,t— 1) 1
O(x —y,t)d +// ’ dS(y)dr ==, Vzreo,t>0. 4.4.8
J o =vtyays [ [ (T s () ar - ; (149
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Proof. The problem

ug(x,t) = Au(z,t) in Q x (0,00),

Ou(z,
grgg"xg) =0 on 0% x (0,00), (4.4.9)
u(z,0) =1 in

obviously has the unique solution u = 1 on Q x [0,00). As a result, plugging v = 1 into the

representation formula (4.2.3) (taking 'y = (), (4.4.7) follows.

Now if  is convex, then

(4.4.8).

Lemma 4.4.3. Define F': 0Q x [0,1] — R to be

F(z,t)

Then F' is continuous on 092 x [0,1]. As a result,

—%(gg(yy’f_ﬂ < 0 for any z,y € 092. Thus, (4.4.7) implies
[
Jo @@ —y.t)dy for xe€dQ,te(0,1],
1/2 for x €90t =0.
by = min F (4.4.10)
00x[0,1]

s a positive constant depending only on 0 and the dimension n.

Proof. Since 9 has been assumed to be C2, the proof can be carried out by standard

analysis. We can also prove it by applying (4.4.7) and noticing the uniform decay for = € 9

of the following integral

lim
t—0

/ et
/0 /an‘%( 0n(yy)t ) dS(y) dr = 0.
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The details are omitted here. O

Next, My and M (t) are still defined as in (1.4.2) and (1.4.3). In addition, we define
Eg=(g—1)""/q¢1, VYqg>1. (4.4.11)

By elementary calculus,

1 11
< E < min{—,—} <1 4.4.12
3¢ 1 ¢ (g—1e ( )

Lemma 4.4.4. For anyq > 1 andm > 0, write Ey as in (4.4.11) and define g : (m,00) — R

by

A\ —
g(\) = Aqm, YA > m. (4.4.13)

Then the following two claims hold.
(1) For any y € (O,ml_qEq], there exists unique X € (m, qg—lm} such that g(\) = y.
(2) For any y > m'~9E,, there does not exist X > m such that g(\) = y.

Proof. Since g is strictly increasing on the interval (m, m} and strictly decreasing on the

Tk

<

interval [q%qlm, oo), it reaches the maximum at A = m. Noticing that

=

q—

then the claims (1) and (2) follow directly. O
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4.4.3 Proof of Theorem 4.1.4

Proof. Let M(t) be defined as in (1.4.3). In the following, the first step is that for any

€ (0,1], we will find a finite strictly increasing sequence {M}}o<p<y such that if T},
denotes the first time that M (t) = M}, then T}, — Tj._1 > t« for 1 < k < L. The second
step is to derive a lower bound for Lt as an explicit formula in ¢4 and then maximize that
lower bound for ¢, € (0, 1].

Step 1. Let t« € (0, 1] which will be determined later in Step 2. Define M as that in
(1.4.2) and Ty = 0. Then for k& > 1, suppose M._1 has been constructed, we are trying to
find My, such that T}, — Tj._1 > ts.

Denote tj, = T}, — Tj._1. We will first check what happens if ¢, < 1. By the maximum
principle, there exists zF € 90 such that u(z¥, T},) = My, so T, satisfies (4.4.4). Applying

the time-shifted representation formula (4.2.4) with 7' = Ty,_ and (z,t) = (2F, ¢1.),

u(e® Ty) = 2 / (% — y. 1) uly, Th_y) dy
/ / ot _y’tk ) u(y, Ty,—1 + 7) dS(y) dr

/ / (2 =y, tp — 7)ud(y, Tj_y +7) dS(y) dr (4.4.14)

As a result,

My, < 2Mk—1/ o(z* —y, 1) dy
Q

U oD (zF — y,ty — 1)
+2M, / / ’ dS(y)dr
“Jo Joa ‘ In(y) W

by
+2M/Z/ / O (2" —y,ty — 1) dS(y) dr. (4.4.15)
0o Jry
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Since (2 is convex, it follows from (4.4.8) that

Uk 6®($k—ytk—7') 1 / k
! dS(y)dr = = — | ok =y, ;) dy.
/0 /39\ e w)ir =5 = [ o —y00)dy

Plugging this identity into (4.4.15) and simplifying,

b
(My, — Mj,_y) / O(2" —y,ty) dy < M}l / / ®(z" —yty, — 7)dS(y)dr.  (4.4.16)
9) 0 Jry
Due to the assumption that ;. <1, it follows from Lemma 4.4.3 that
/ (2" —y,t) dy > by, (4.4.17)
Q

In addition, Lemma 4.3.3 implies the existence of a constant C' = C'(n,€2) such that

b C|F1|O‘ e
m —y,tp —7)dS(y)dr < ——F— (4.4.18)
F1

Na

where nq is defined in (4.3.17). Plugging (4.4.17) and (4.4.18) into (4.4.16),

My, = My—y _ C Ty e

4.4.19
In summary, this paragraph claims that if ¢;, < 1, then M;. will satisfy (4.4.19).
Based on the above observation, denote
C Ty 82
51 = 4.4.20

where the constant C' is the same as that in (4.4.19). Then we define M}, to be the solution

116



(if it exists) to
My — My

T 5. (4.4.21)

With such a choice for My, it is evident that

On the other hand, by applying Lemma 4.4.4, (4.4.21) has a solution M}, > M;._; if and
only if 91 < Mg:qu. In addition, as long as such a solution exists, M} can be chosen to

satisfy

q
My < My, < FM/@—L

Thus, the strategy of constructing {M}.} is summarized as following. First, My is defined
to be the same as in (1.4.2). Next, for £ > 1, suppose M}._; has been constructed, then

based on Lemma 4.4.4, whether defining M. depends on how large M}, _; is.

1

o If Mg:l 01 < Ey, then we define My € (Mk—laq_%Mk—l} to be the solution to

(4.4.21).

o If Mg:i 01 > Ey, then there does not exist My, > M1 which solves (4.4.21). So we

do not define M}, and stop the construction.

Based on this construction, if {My}j<x< Ly have been defined, then for any 1 < k < Ly,
Ty — Tj._1 > tx. Therefore, T} > kty for any 1 < k < Lg. Applying Theorem 3.1.1,
Loy < T*/t« < oo, which means the cardinality of {M}.} has be to finite. So we can assume

the constructed sequence is { M} }g<p <, for some finite L.
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Step 2. By Lemma 4.4.5,

SO
T* > Lty > — ( ! 3q)t (4.4.22)
~ T 100 = 1) N Ty " -

Plugging (4.4.20) into (4.4.22),

T > 1 ( bing [lena _ 34 t*)

10(g = D\ o ryle
3 C _
=1 ( et ”a—t*), (4.4.23)
10(g = 1) \gmd™" 1y o

where C7 = b1/(3C) is a constant only depending on n and 2.

In order to maximize the right hand side of (4.4.23), let

C 1
. R LN )
gMg || 2
and define
ts 2 (min{1, A} Y15, (4.4.24)

Then it follows from Lemma 4.4.6 that t, maximizes the right hand side of (4.4.23) on (0, 1]

and

3q

- B/(1=P)
m(l — B)A (min{1, BA}) :

T >
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Noticing that 5 > 1/2, so

x 3q . AY\B/(1-5)
>__ 1 _(q_ 4
R TESTAS 5)A<mm{1’2}>
3C1n? Cin g1
S )
10(g — )My [Tp|® 2qMy [T [®
1
> 03—1 (min {1, q_;l}) e (4.4.25)
(¢ —1)My [y qMy [T
where
_3Cwng Crng |\ ng L
Cy = T (mln {1, 5 }) (4.4.26)

is a constant depending on n, 2 and «.

In particular, if we choose o = 0 in (4.4.25) and (4.4.26), then it follows from n, =

1-(n—1)a 1
C 1
T* Z —3(]_111'1111 {1, T},
(q— 1)M0 QM()
where ('3 is a positive constant only depending on n and 2. ]

Lemma 4.4.5. Given ¢ > 1, My > 0 and 61 > 0, denote Eq as (4.4.11) and construct
a finite sequence { My }o<p<r, inductively as follows. For k > 1, suppose Mj_y has been
constructed, then based on Lemma 4.4.4, whether defining M, depends on how large Mj._q

18.
o If Mg:% 01 < By, then we define My, € (Mk—la q—EI Mk_ﬂ to be the solution to

My — My

% 5. (4.4.27)

o If M]g:i 81 > Ey, then there does not exist My, > My_1 which solves (4.4.27). So we

119



do not define M}, and stop the construction.

Denote the last term of this construction to be My, then

1 1
L> —3q). 4.4.98
10(g — 1) (Mgl(gl ) ( )

Proof. First, we want to mention that the construction indeed stops in finite steps. In fact,

it follows from (4.4.27) that the sequence {M}} is strictly increasing and
My = My + M16y > (1 + ME01) My .

As a result,

My > (1 + (51Mg_1)kM0.

Thus, when £ is sufficiently large, M g 1 will exceed E4/d1, which forces the construction to
stop.

Next, suppose the construction stops at My, that is to say, the constructed sequence is
{M},}o<k<r, then the lower bound (4.4.28) for L will be justified based on two situations.

Case 1. Mg_151 > Fg. In this case, it follows from (4.4.12) that

L < L <3
—0 - < 7= <3¢,
Mg 01 Ly

so the right hand side of (4.4.28) is negative. Thus, (4.4.28) holds since L > 0.

Case 2. Mg_ldl < Ey4. In this case, it is evident that L > 1. Therefore, since the last
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term of the sequence is My, then

MIZ6 < By and MIT's) > By

According to the recursive relation (4.4.27),
-1
My_q = Mp(1— M "6).

Raising both sides of the above equality to the power ¢ — 1 and multiplying by d1,

1
1

oy =My (1— M)

g—
M
Let 3. = Mg_151. Then

2 =2, (1—zp)0 Y, VI<k<L. (4.4.29)

Moreover,

x():Mg 01, zp1 < FEy and xp> Ey.

Noticing that M < qg—lML_l, SO

My, g-1 q q—1 1
L (ML—l) Lol <Q - 1> 17 ¢

Since the right hand side of (4.4.29) is a nonlinear function in zy, it is better to consider

the “reversed” relation of (4.4.29). Thus, we define a new sequence {yj}o<r<y in the

121



following way: yo = min{1/2, E,} and
v 2 yp1(1—yp_)? Y, V1<k<L. (4.4.30)
In addition, define h : (0,1) — R by
h(t) =t (1 — )41

It is easy to see that h is strictly increasing on (0,1/¢| and strictly decreasing on [1/g, 1).

As a result, it follows from 0 < yg < By < 2y, < 1/q that

y1 = h(yo) < h(rp) =21 _1.

Keep doing this, we get y;. < xy_; for any 0 < k < L. In particular, when &k = L,
yr, < xp = Mg_lél.

Since {y;.} is a decreasing positive sequence and yg < 1/2, then y; < 1/2 for any
0 <k < L. As a result, it follows from (4.4.30) and the mean value theorem that for any
1<k<I,

Y = Yr—1[1 — 2(q — Dyp_1]. (4.4.31)

Recalling (4.4.12) again,

SO
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Hence, taking the reciprocal in (4.4.31) yields

1
Ye—1]1 —2(¢ — Dyg_1]
1 2(q —1)
Yp—1 1—2(q—1Dyr_y

1
— <
Yk

1
< ——+10(q—1). (4.4.32)
Yr—1

Summing up (4.4.32) for k£ from 1 to L, then

11
— < —+10(g—1)L. (4.4.33)
YL Yo

Since yy, < Mg_151 and

1
Yo = min{E,Eq} > —

it follows from (4.4.33) that

<3¢+ 10(¢ —1)L.
-1
M{™ 6

Thus,

1

L> 10(g = 1) (Mg_1(51 - 3q>.

Lemma 4.4.6. Given two constants A > 0 and 8 € (0,1), define f : (0,1] — R by f(t) =
AtP —t. Let

to = (min{1, A}/ (1-5),
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Then

fto) = sup f(t) > (1 — B)A (min{1, BA})7/(170). (4.4.34)

0<t<1

Proof. For any t € (0,1], f'(t) = BA tP~1 — 1. So when 0 < t < tg, [ is increasing.
e If A > 1, then
sup J(t) = F(1) = A~ 1> (1-§) A

0<t<1

e [f0 < A <1, then

sup f(t) = f[(8A)Y1=A)]

0<t<1
= A(BA)YP/(=B) _ (34)1/(A-F)
= (1-p)A (8410,
Combining these two cases, the lemma is justified. ]

4.5 Lower bound on life span: case of C? domain with

local convexity near [';

The global convexity of €2 is not practical in real applications. So in this section, we try to
extend the result to locally convex case. Namely, we assume the local convexity near I'y as

in Definition 4.1.2.
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4.5.1 Estimates for boundary integrals

Lemma 4.5.1. Let Q2 and I'y be the same as in (1.1.1). Then for any d > 0, there exists

C = C(n,Q,d) such that for any x € T and t € (0,1],

t 0b(x —y,t — 1) d?
dS(y)dr < C 4.5.1
/0 /<99\[F1]d ’ on(y) (y) dr exp ( 8t> ( )

Proof. In this proof, C' denotes a constant which depends only on n, €2 and d. By a change

of variable in 7 and the definition of ®,

/ / a@ ! ’dS

DO\[Mq]y On(y)

_ / / ‘9‘1’ L ’dS
DO\[I'q]y On(y)

2
C T=y) T (y)| _ =Y ds) an 452
/o/m\[rﬂd ooty e s

Since 9N is assumed to be C2, then |(z —y) - 7 (y)| < Clz — y|2. As a result,

IN

n
(z —y) - 7 (y)| |z — y|? ol =y 2 |z — y|?
— = )< = I
7%4—1 exp( 41 ) Clo =yl T ¢ p( 41 )
2
< Cla—y| Mexp (- )
d2
< -n — — ). 0.
< Cd "exp ( 87‘> (4.5.3)

where the last inequality is due to the fact that € 'y and y € 9Q \ [I'1]4.
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Plugging (4.5.3) into (4.5.2),

/ / A PROL
OO\[T] 4 On(y)

Cd~ // eXp d)dS()d
O0\[T'11y 87
a2
n
cd~ \GQ]/eXp = )d
2

C’d_n|8Q|texp< > C’exp( t)’

IN

IN

IN

where the last inequality is due to the assumption that ¢ < 1. O

By exploiting Lemma 4.5.1, the following is a variant of the identity (4.4.8). So (4.5.4)
will play the same role in the proof of Theorem 4.1.3 as (4.4.8) did in the proof of Theorem

4.1.4.

Corollary 4.5.2. Let Q and I'y be the same as in (1.1.1). Assume there ezists d > 0 such
that Conv ([T'1]g) € Q. Then there exists C = C(n,Q,d) such that for any v € T} and

t € (0,1],

/Q@(x—y,t)dynL/Ot/aQ‘a(p(xé;lz/y’;_ﬂ dS(y)dT§%+C’exp<—Z—j). (4.5.4)

Proof. Splitting the second term on the left hand side of (4.5.4) into two parts:

('M) y,
/ /5-9 on(y ’ dS(y

//I‘l aq) 8"% ‘dS deL//m\rl aq)( 8n§/’) )ds(wdT
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It follows from z € I'; and Conv([I'1]4) C Q that

0b(x —y,t — 71
On(y) 7

As a result,

t 0b(x —y,t — 1)
dS(y)d
/0 /89‘ In(y) Wydr
_/’f/ 0z —y.t=7) 4 dT+// 22 =02 1)) 4 g
0 JIrqly In(y) OO\[[1]y On(y)

¢ T —1, )
[ [, P s

Combining (4.5.5) with Lemma 4.5.1, there exists a constant C' = C'(n, 2, d) such that

! (z—yt—7)
I

— /Of /89 aq)(xa_n??;)t —7) dS(y)dr + Cexp ( Zt) (4.5.6)

Hence it follows from (4.4.7) and (4.5.6) that

t _ _
/@(m—y,t)dy—i—// 8(1)(m y,t 7) dS(y) dr
Q o0 on(y
2

0P(z y7 —7) d
< —
< /QCIDa: y,t)dy //6(2 Iy dS()dT—l—C’exp( 8t>

1

- §+CeXp< 8t>

Next, we introduce a simple fact which can be regarded as a rearrangement result.
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Lemma 4.5.3. Let n > 1 and f : (0,00) — [0,00) be a decreasing function. Then for any

bounded, open subset U of R"™ and for any x € R",

/f(!w—y!)dys/ f(2]) dz (4.5.7)
U BRr(0)

where R satisfies |Br(0)| = |U| (namely the volume of Br(0) equals the volume of U ).

Proof. Define

Uy =U —{z}.

Then by a change of variable z = y — x,

/U F(lw — yl) dy = /U (D

_ / F(l2)) d= + / £(12]) dz
UlﬁBR(O) Ul\BR(O)

20+, (4.5.8)
Since f is decreasing, then

I < f(R)|Ui\BR(0)|

Since R is chosen such that |Br(0)| = |U| = |Uj], then we have |Br(0)\U1| = |U1\Br(0)]|.
As a result,

I < F(R)|BR(0)\Uy] < /B o [0 (45.9)
R 1

where the last inequality is again due to the decay of f. Combining (4.5.8) and (4.5.9), we

finish the proof. O
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Definition 4.5.4. Let Q be a bounded, open subset of R with C' boundary. Let T be a
relative open subset of Q2. We say T is given by a graph if (upon relabelling and reorienting

the coordinates axes), there ezists a bounded, open subset U C R*" 1 and o C! function

¢ :R" 1 5 R such that

I'={(©,¢(@):yeU}.

In the following, for any = € R, we will decompose it to be x = (Z, xy, ), where Z denotes

the first n — 1 components of x.

Lemma 4.5.5. Let Q be a bounded, open subset of R"™(n > 3) with Ct boundary. Let T be
a relatively open subset of 02 that is given by a graph as defined in Definition 4.5.4. Then

there exists a constant C' = C(n, ||V || oo (1)), where ¢ and U are the same as in Definition

4.5.4, such that for any x € R",

/ ;_2 dS(y) < c|r/n=h),
Tz —yl"

where || & [ dS.

Proof. By Definition 4.5.4, without loss of generality, we can assume there exists a cl

function ¢ : R”~1 — R and a bounded, open subset U of R”~! such that

I'=A{(5 ¢®):y€U}. (4.5.10)
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Thus,

| B T VeGP
. g2 W)= /U Goan) = (0@ 2™
%/,M1+¢v¢ |2d~

E =g

U!ﬂf— !” 7

Define

1
f(?“) = 7‘n—_27 VT' > 0.

Then it follows from Lemma 4.5.3 that

s
< /B R(O)f(!ZD :

= CR=C|u|/ =D,

Again by the parametrization (4.5.10), it is readily seen that |U| < |I'|. Hence,

/ ;ds(y) < oluM/ =1 < o)/ (1),
[

Corollary 4.5.6. Let Q be a bounded, open subset of R™(n > 3) with C boundary. Then

there ezists a constant C = C(n, Q) such that for any relative open subset I' of 02 and for

any v € R",



Proof. Since 99 is C, for any point zy € 99, the boundary part of Q near zy can be
straightened out (thus can be given by a graph as in Definition 4.5.4). As a result, we can
split 0f2 into finite pieces:
K
o0 = U A;, (4.5.11)
=1
where each A4;(1 < i < K) is given by the graph of some C function ¢; on some open set
U; C R" 1. The number of total pieces K and ||V¢i||LOO(UZ_) only depend on 2.
So for any 1 < < K, I'N A; is also a boundary part this is given by a graph. Therefore

by Lemma 4.5.5, there exists a constant C' = C(n, 2) such that for any 1 < i < K,

/ %ds(y) <c|r ﬂAill/(n—l)'
ro4; [ —y["

Hence,

I/\

K
Z /F L _dS()

na; [z —y|"

/ 1
r |z —y"™ 7
scDmAiP/(”—”
=1

< oK)V (=1 = ¢/ (1),

]

Lemma 4.5.5 and Corollary 4.5.6 will be applied to show our desired Lemma 4.5.7 which

is an improvement of Lemma 4.3.3 when n > 3.

Lemma 4.5.7. Let n > 3. Let Q and I'y be the same as in (1.1.1). Then there exists
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C = C(n,Q) such that for any x € R™ and t > 0,

t
/ / O(x —y,t — 7)dS(y) dr < C|T¢|/ (1), (4.5.12)
0 J1q

Proof. In this proof, unless otherwise stated, C represents constants which only depend on

n and Q. First, by the explicit formula (1.4.4) of ® and a change of variable in 7, we have

t t
/ / ®(x —y,t —7)dS(y)dr = C / / 2=y /(40) g a5 (y).
0 JI'q r{Jo

Then by the change of variable s = |z — y\2/(47) for T,

t o0 n
/ / /2=ty g7 as(y) < © / S / 57275 ds ds(y).
ry Jo T |2 =y"™% Jja—y|2/(4t)
(4.5.13)

n_
Since n > 3, s2 205 is integrable on (0,00). As a result,

1 > n_9 _4 1 > n_9 _4
/ —_2/ s2 ‘e dst(y)S/ ﬁ/ s2 “e “dsdS(y)
Ty |2 =y Jjp—y)2/(at) ry lz—yl 0

1
:c/ s
F1|x_y|n_2 ()

Now applying Corollary 4.5.6,

[]

The following Lemma 4.5.8, Corollary 4.5.9 and Lemma 4.5.10 are parallel results as

Lemma 4.5.5, Corollary 4.5.6 and Lemma 4.5.7, but they deal with dimension n = 2 rather
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than n > 3.

Lemma 4.5.8. Let Q be a bounded, open subset of R? with C! boundary. LetT be a relatively
open subset of OS2 that is given by a graph as defined in Definition 4.5.4. Then there exists a
constant C' = C(Q,[|[V¢|[ oo rr)), where ¢ and U are the same as in Definition 4.5.4, such

that for any x € €,

/Fln <|xd_9y|> dS(y) < C||1n <\Fi| + 1),

where dg denotes the diameter of 0, namely dg = sup{|u — v| : u,v € Q}.

Proof. By Definition 4.5.4, without loss of generality, we can assume there exists a C1

function ¢ : R — R and a bounded, open set U C R such that

P ={(7.6(5)) : § € U}. (4.5.14)

In addition, we define

flr) = (4.5.15)

Since z = (%, ) € €, then for any (7, (7)) € T,

7 =gl < (T, 2n) — (4, 0(9))] < da.
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As a result,

f () 50 = f, (= )V + PO

= C/U f(z —gl])dy. (4.5.16)

R
:2/0 f(r)dr, (4.5.17)

where |Br(0))| = |U|, namely 2R = |U]|.

For any 91,92 € U,

191 — T2 < [(1,9(F1)) — (G2, ¢(F2))| < dg,

which implies diam(U) < dg. Moreover, since U C R, then |U| < diam(U) < dgq. Thus,

R =|U|/2 < dg/2. So it follows from (4.5.15) that

= R|In (d—ﬂ) +1]. (4.5.18)
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Again by the parametrization 4.5.14, it is readily seen that |U| < |T'|. Therefore,

: \Fld}
< —_—, — 7.
R_m1n{2,2

Define
g(r) = r[ln (d—ﬂ) + 1}, Vr > 0.

r

Then g is increasing when r € (0,dg]. In addition, (4.5.18) implies that

R
/0 f(r)dr = g(R).

Next, we will estimate g(R) in the following two situations.

o I <djg.

o(R) < o(r) = 1| [1n (2) +1]
= Ir|[1n (%) +In(dg) + 1|

< C|0|In (ﬁ + 1)

for some constant C' only depending on ).

o |['| > dg.

Define
1
h(r) =rln (; + 1), Vr>0.
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Then

1
N
h(’l")——m<0, Vr > 0.

This implies /() > 0 for any r > 0, since lgn h'(r) = 0. Hence, h is an increasing
r—00

function and

T/ In (é‘ ) — h(|T|) > h(dg) = dgIn (% + 1).

Thus, there exists a constant only depending on €2 such that

1
g(R) < O[T In <W + 1) (4.5.21)
Combining (4.5.16) through (4.5.21), the conclusion follows. O

Corollary 4.5.9. Let Q be a bounded, open subset of R% with C1 boundary. Then there

exists a constant C = C(Q) such that for any relative open subset T' of 02 and for any

x €,

/Fln <|:)3d—Qy|> dS(y) < C|T|In <|1£| 1),

where dg denotes the diameter of 0, namely dg = sup{|u — v| : u,v € Q}.

Proof. Similar to the proof of Corollary 4.5.6, we first decompose 02 as that in (4.5.11).

Then

Jom () s Z/m (52 s

Now since each I' N A; is given by a graph, we can apply Lemma 4.5.8 to conclude there
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exists a constant C' = C(2) such that for each 1 <i < K|

dq 1
In dS(y) < CII'NA;|In +1).
/mi (=g7) 480 < €Ir 0 i (g +1)

Recalling the function h defined in (4.5.20) is an increasing function, so

As a result,

/Fln <|xd_9y|> dS(y) < C|T|In <|Fi| + 1).

O

Next, Lemma 4.5.8 and Corollary 4.5.9 will be applied to show our desired Lemma 4.5.10

which is an improvement of Lemma 4.3.3 when n = 2.

Lemma 4.5.10. Let n = 2. Let ) and I'y be the same as in (1.1.1). Then there exists

C = C(Q) such that for any v € L and 0 <t <1,

t 1
/ / O —y,t —7)dS(y)dr < C|I'y|In (— n 1). (4.5.22)
0 Jry T'1]

Proof. We proceed similarly as that in the proof of Lemma 4.5.7 until (4.5.13). Next, the sit-

n/2-2,—

uation is different since s % is not integrable near s = 0 when n = 2. For convenience,

we rewrite (4.5.13) when n = 2 as following:

jo—y|2/(41)

t 0
/ / el /4r) g dS(y) < C/ / sle S dsdS(y). (4.5.23)
r{Jo I
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Since t < 1 and z € Q, |z — y|?/(4t) > |z — y|>/4. Thus,

(0.¢] (0. ¢]
/ sle™8ds < / s le ™5 ds
|lz—y|2/(4¢) lz—y[2/4

As a result,

o0 d
~Le=5 dsdS(y) < C|T +2/1 _ T2 ) aS(y).
/ 1 /|m_y2/(4t)s rsdsty) < Nl 2 [ (52 as

Now applying Corollary 4.5.9,

/Fl o (|xd—Qy|) dS(y) < C|l1|In <|FL1| + 1).

Finally noticing that

1 1
Iny| < Dyl (— 41
109
Ty (— +1)
= 1M\ 7= )
T

the lemma is proved.
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4.5.2 Proof of Theorem 4.1.3

The idea of the proof in this subsection is similar to that in Subsection 4.4.1. The main
difference is that in the proof of Theorem 4.1.4, we treat t« as a variable in (0, 1] and the
choice of { M}, } depends on t«; however, in the proof below, the lower bound ¢, will be a fixed

number in (0, 1] and the choice of {M}.} does not depend on t4. On the technical aspects,

e First, Lemma 4.5.4 will be used instead of Lemma 4.4.8 to overcome the lack of global

convexity.

e Secondly, Lemma 4.5.7 and Lemma 4.5.10 will be exploited in place of Lemma 4.3.3
to obtain higher order of [I'1|~! for the lower bound of 7% as |I'1| \, 0. The price for

obtaining this higher order is that the results in this section only work for small |I'q].

Proof of Theorem 4.1.3. We will only give the proof for the case n > 3, since the proof
for n = 2 follows the same argument except applying Lemma 4.5.10 instead of Lemma 4.5.7
to estimate the last term I11j in (4.5.27).

First, without loss of generality, we can assume d < 1 for convenience. In the proof
below, C;(1 < i < 3) and C’;‘(l < j < 2) denote constants which only depend on n, 2 and d.
Let M (t) be defined as in (1.4.3). The first step of the proof is to find a constant ¢, € (0, 1]
and a finite strictly increasing sequence { M}, }o<p<z, such that if T}, denotes the first time
that M(t) = M}, then Ty, — Tj,_q > tx for 1 < k < L. The second step is to derive a lower
bound for Lt.

Step 1. Let ty € (0, 1] which will be determined later in this step. Define M as that in
(1.4.2) and Ty = 0. Then for k > ¢, suppose M;._1 has been constructed, we are trying to

define M} such that T —Tj_1 > 4.
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Denote tj, = 1), — T}, 1. We will first check what happens if ¢, < 1. By the maximum

principle and the Hopf lemma, there exists 2k e T’y such that
k _
’LL(.T 7Tk) = Mk-
Applying the representation formula (4.2.4) with T = Tj,_; and (z,t) = (2", t3,),

u(a®, T) = 2 /Q (a* — yty) uly, Tp_1) dy

t oD (zF —y,t — 1)
-2 d u(y, Tp_1 +7)dS(y) dr
|* ] s . T ) dst)

tk
—l—2/ / @(xk —y,tp — 7)ul(y, Ty + 7)dS(y) dr.
o Jry

Noticing (4.5.25), the above equality implies that

(4.5.25)

(4.5.26)

t OB (2 — ot —
M 2y [ @t~y dy+oan [ [P = D gy or
Q 0o Joo on

(v)
tk s
+2M,§/0 /F (2" —y,ty, — 7)dS(y) dr
1

= oMy, — My) /Q Sk — g, ty) dy

8(1) t
+2Mk(/<1>(w -y, tg) dy+/ /m 8n?, k— ‘dS d¢>

+2M‘1//F (zF =y, tp — 7)dS(y) dr
1

£ I + 10+ 111;.
First, since ;. < 1, Lemma 4.4.3 yields that

Iy, < 2(Mp_q1 — My)by,
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where by is the same as in (4.4.10). Secondly it follows from Corollary 4.5.2 that there exists

a constant (] such that
d2
I, < My + Cy My, exp ( - 87). (4.5.29)
k

Thirdly, Lemma 4.5.7 implies the existence of a constant Cg such that

111}, < CyM¥|y M/ (=1, (4.5.30)

Combining (4.5.27), (4.5.28), (4.5.29) and (4.5.30),

2

d
My, < 2by (M1 — My,) + M;. + C1 M. exp < — g) + CQMg’f‘l’l/(n_l).
k
Subtracting M. from both sides,
d? _
21 (M, — My,1) < C1 Myexp ( - %> + CyMY|ry |/ (=),
Dividing by 2b; and rearranging the equation,
C1 d? CoM{|Ty M/ (n=1)
. (——)]M My, < .
[ 20, TP\ T g /IR T kLS 2,
Define
Ch Cy
* = 1} == 4.5.31
C1 max{%l, . G5 o, (4.5.31)
then
d2
1 Cfexp (- 87)]Mk — My_y < CyMATy Y/ (D), (4.5.32)
k
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Let us further temporarily assume ;. is so small that

d? 1 Mg — M 4
e 4.5.33
exp( 8tk> - QCT Mk ’ ( )
which is equivalent to
d? 1
[1 — CY exp ( - —>]Mk — My > (M — My_q).
8t} 2
Then it follows from (4.5.32) that
My = My _ 205|111, (4.5.34)
M7 o
k

As a summary, this paragraph claims that if ¢, < 1 and (4.5.33) holds, then M;. will satisfy
(4.5.34).

Based on this observation, denote

&1 = 4Cy |y |V (1) (4.5.35)

Then we define Mj, to be the solution (if it exists) to

My — My

7 51. (4.5.36)

With this choice of My, it is evident from (4.5.34) that either ¢, > 1 or ¢; violates (4.5.33).
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Due to (4.5.36), t;, violating (4.5.33) implies

-1 -1
d? 1 My — My, M6 M6
exp ( 8tk> 207 M, 207 T 20} (4.5.37)
Now if (the following requirement will be clear later)
Mils < - (4.5.38)
0 = 6q’

then the right hand side of (4.5.37) is smaller than 1. Therefore, (4.5.37) is equivalent to

wsEm( 29

8 Mg_151
Define
d? 20% -1
t*:—[ln (%)} . (4.5.39)
8 M{ ™6

Since d < 1 and Cf > 1, it is obvious that ¢4 € (0,1]. Moreover, we can conclude that

On the other hand, by applying Lemma 4.4.4, (4.5.36) has a solution M} > Mj_q if and
only if 97 < M;:gEq. In addition, as long as such a solution exists, M} can be chosen to

satisfy

q
My < My, < FMk—l-

Thus, the strategy of constructing { M.} is summarized as following. First, My is defined

to be the same as in (1.4.2). Next, for k& > 1, suppose M}._; has been constructed, then
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based on Lemma 4.4.4, whether defining M} depends on how large M._; is.

1

o If Mg:l 01 < Ey, then we define My € (M]C—17q—gIMk/’—1j| to be the solution to

(4.5.36).

o If Mg:% 01 > Ey, then there does not exist My > M}, which solves (4.5.36). So we

do not define M, and stop the construction.

Based on this construction, if {M}}1<j< Ly have been defined, then for any 1 < k < Ly,
Ty — Tj._1 > t«. Therefore, T}, > kty for any 1 < k < Lg. Applying Theorem 3.1.1,
Ly < T*/ty < 0o, which means the cardinality of {M}.} has be to finite. So we can assume
the constructed sequence is { M}, }g<j<y, for some finite L.

Step 2. By Lemma 4.4.5,

1 1
L > < — 3q>.
_ -1
10(g =)\ md™ sy
Taking advantage of the requirement (4.5.38),

12
20(g — )M 's;

T > Lty >

Writing

Y = Mgy Y0,

then (4.5.38) reduces to

S * *
24C5q
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In addition, recalling the definition (4.5.39) of ¢4, then

for some constant C'3. Define

1 205 1}

Yo= min{mc;’ i

Then for any YV < %,

Hence,

]

Remark 4.5.11. If the whole domain ) is convex, then due to Lemma 4.4.2, (4.5.29)
becomes

11}, < M.

Based on this change, all the exponential terms in the proof of Theorem 4.1.3 will disappear.
As a result, t« can be just chosen as 1 instead of the expression (4.5.39) which contains
the logarithm term in the denominator. Consequently, the logarithm term which is in the
denominator of (4.1.8) and (4.1.4) will also disappear. Namely, the lower bound in (4.1.3)

and (4.1.4) can be improved to be

g
v

“(g-1Y
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4.6 Comparison with previous works

As mentioned in the introduction, there are vast literature on the blow-up problems of the
parabolic type equations. But few of them deal with the lower bound estimate of the blow-up
time. A popular method dealing with the lower bound is established in [32-34]. After that,
the similar idea is also applied to some more generalized problems, see [6,30,40,41,43]. In
this section, we will compare Theorem 4.1.4 with the result in [34].

In [34], it studied the problem

ug(x,t) = Au(z,t) in Qx(0,7T],

8&%@? = F(U(%t)) on 09 x (0,71, (4.6.1)
u(x,0) = ug(x) in

where € is a convex, bounded open subset in R? with smooth boundary and

0< F(s) < ks™ (4.6.2)

for some k > 0 and m > 3/2. By introducing the energy function

and adopting a Sobolev-type inequality developed in [32], they derive a first order differential

inequality for ¢(t) and then obtain a lower bound for T*:

T > , (4.6.3)
0(0) K11 + Kon?/2 + Kan3
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where K1, K9 and K45 are some positive constants depending on €2 and m.
Let us compare Theorem 4.1.4 with (4.6.3) for the problem (4.6.1) where F(s) = s%. For
convenience of statement, the lower bounds in Theorem 4.1.4 and (4.6.3) are denoted as Ty

and T respectively.

e First, T} works for any ¢ > 1 and also give the exact asymptotic rate of T as ¢ \, 1.
However, T is valid only for ¢ > 3/2, due to the restriction (4.6.2) and m > 3/2 (let

k=1 and m = q).

e Secondly, as My 0, T is of order Mo_(q_l); however, if the initial data ug does not

oscillate too much, that is
4(g—1 4(g—1
¢0) = [ ™V @ydo ~ 200,

then
Ty~ In ( ! ) ~ g~ D (M)
p~In(——)~4(¢—1)In ,
»(0) 0
which is only a logarithm order of M, L
e Thirdly, as My — oo, Ty is of order M 2(q_1); however, if the initial data ug again
does not oscillate too much, then 75 grows like

Ty ~ [p(0)] 72 ~ My 7Y,

Since M is large,

M()_Q(q_l) >> M()_S(q_l) ]
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Chapter 5

Prevention of Blowup

5.1 Main theorems and outline of the approach

In this chapter, we provide two methods to prevent the finite-time blowup. The first strategy
is to repair the damaged part. The second way is by adding a suitable pump near the

damaged part. In this chapter, for any a € [O, ﬁ), nq is defined as in (4.3.17).

Part I: Repairing the broken part
The first strategy is to repair the broken part I'y in the original problem (1.1.1). We are
trying to find the repairing rate at which the temperature can be prevented from blowing

up in finite time. The setup below will be studied.

ug(x,t) = Au(z,t) in Qx (0,7T],

657%) =ul(w,t) on I'y;x (0,77,
\ (5.1.1)
8;17(%) =0 on I'oy x (0,77,

u(z,0) = up(z) in Q,

where I'1 + represents the broken part at time ¢ and I'y o = I';. However, since the broken
boundary in problem (5.1.1) is changing, the existence of the solution is harder to justify.

So in this part, we will assume the existence of the weak solution to (5.1.1) as in Definition
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5.1.1 and then show that the weak solution does not blow up in finite time.

Definition 5.1.1. Given T > 0, a continuous function u on Q x [0,T)] is called a weak

solution to (5.1.1) if for any Ty € [0,T), t € (0,T — Ty] and for any ¢ € C%(Q x [0,1]),

t
/b/U@Jh+ﬂWT+A@@ﬂ?@dT
0 JOQ

= T+ 0000 0) = ulo To)o.0 @K/A ully, Ty + 7)6(y,7) dS(y) dr

8¢(y 7)
// u(y, Ty + 7) on(y) dS(y) dr. (5.1.2)

It is readily seen that if u is a smooth solution, then it is a weak solution. In the rest of
this section, we will only deal with the weak solution. The first result below works for any
C? domain Q and it says that as long as the area of [I'1,¢| decreases at some exponential

rate, the temperature will not blow up in finite time.

Theorem 5.1.2. Let My be defined as in (1.4.2). Then there exists a constant C =
C(n,, q, My) such that if

0y < e CYry,

then for any weak solution u to (5.1.1) on Q x [0, T],

u(z,t) < 3Mye®t, ¥ (x,t) € Q x [0,7).

The second result deals with convex domains and it says that as long as |I'1 ;| decreases
at a suitable exponential rate, the temperature can be bounded by any data that is larger

than the initial maximum.
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Theorem 5.1.3. Assume 2 is convex. Let My be defined as in (1.4.2). Then for any

B > My, there ezists a constant C = C(n, <, q, My, B) such that if

IP14] < e Oy,

then for any weak solution u to (5.1.1) on Q x [0,T],

u(z,t) < B, VreQ 0<t<T.

Again, the global convexity may not be practical in real applications. So we want to
obtain a similar result by only assuming local convexity near I';. But this time, we can only

prove the boundedness of the temperature with double-exponential decay rate of [I'q 4.

Theorem 5.1.4. Assume Conv ([T'1]y) € Q for some d > 0. Let My be defined as in (1.4.2).

Then for any B > My, there exists a constant C' = C(n,,d,q, My, B) such that if

IP14] <exp[2(n—1) (1—e“D)] |y,

then for any weak solution u to (5.1.1) on Q x [0,T],

u(z,t) < B, VreQ 0<t<T.

Part II: Adding a pump In this part, we consider adding a negative source locally to
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prevent the finite-time blowup. Now the problem becomes

ug(x,t) = Au(z,t) — 1 (x)uP(x,t) in Qx (0,7
S — wi(a, 1) on Ty x (0,7]
. (5.1.3)
i;ﬁ;? =0 on Ty x (0, 7]
u(z,0) = ug(x) in Q

where (see Figure 5.1) Q1 € o € Q, 1 €, p> 1,9 > 1 and

=1, x € Q,

1(z) § =0, z e\ Qy,

6(071)7 erQ\Ql

\

is a smooth function.

Figure 5.1: Model with a pump

For problem (5.1.3), by the similar outline as that in Section 2.4, we can show it has a

local nonnegative solution and the solution can extend as long as the L° norm of u is finite.
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We want to demonstrate that by choosing suitable p, the solution will not blow up, which
implies the solution is global.

Now we consider the following problem

ve(x,t) = Av(x,t) — 1 (x)vP(x,t) in Qx (0,77,

Ov(z,t
;Tg(xx)) = n(x) vi(z,t) on 99 x (0,77, (5.1.4)
| v(2,0) = ug(x), in Q,
where )
=1, rxely,

nx)§ =0, z e IN\T,

| €(0,1), zeT\TI'L.

By comparison principle, v > u. So if we can prove that v is always finite, then u will not

blow up. The following conclusion is valid for any C? domain .

Theorem 5.1.5. If p > 1, ¢ > 1 and p > 2q — 1, then the solution v to (5.1.4) does not

blow up in finite time. As a result, the solution u to (5.1.3) exists globally.

The organization of this chapter is that in Section 5.2, we discuss how to prevent the
finite-time blowup by repairing the broken part. In Section 5.3, we provide another way to

control the solution by adding a suitable pump.

5.2 Repairing the broken part

In this section, we study the problem (5.1.1). The results are divided into three subsections,

due to different geometric properties of . The Subsection 5.2.1 deals with any C'? domains
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but the conclusion only prevents blowup in finite time without providing any specific bound.
Next, both Subsection 5.2.2 and Subsection 5.2.3 try to control the temperature under any
value that is larger than the initial maximum. Subsection 5.2.2 assumes the global convexity

of €2 while Subsection 5.2.3 only requires the local convexity near I'y.

5.2.1 Prevention of finite-time blowup

The idea in this subsection is similar to that in Subsection 4.3.1. The difference is that
we will use the decay of [I'1 4| to eliminate the nonlinear effect on the boundary. First,
we need the analogous representation formulas for the weak solution. The first lemma is
the representation formula of the solution for the inside points. Then its corollary is the

representation formula for the boundary points.

Lemma 5.2.1. Assume u is a weak solution to (5.1.1) on Q x [0,T)] for some T > 0. Then

for anyx € Q, Ty € [0,T) and t € (0,T — Tp),

t
u(z, Ty +1t) = /Cb(x—y,t)u(y,To)dyﬁL/O/F O(x—y,t —7)ul(y, Ty +7)dS(y)dr

// 0®( ”Ta_y’ 7) u(y, Ty + ) dS(y) dr (5.2.1)
20

n

Proof. This proof is similar to that of Lemma 4.2.3. Fix any = € Q, Ty € [0,7) and

€ (0,7 — Tp). For € > 0, define

Oe(y,7) = P(x —y,t — T +€).

Plugging ¢, into (5.1.2) and sending ¢ — 0, (5.2.1) will be justified. O
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Corollary 5.2.2. Assume u is a weak solution to (5.1.1) on Q x [0,T] for some T > 0.

Then for any x € 02, Ty € [0,T) and t € (0,T — Ty,

u(x,To+t>—2/<I><m—y, Duly, To) dy+2// O — y,t — r)ul(y, Ty + 7)dS(y)dr
F].’T

P / /a ) 9%( xa_ LT oy, T + 7)dS(y)dr (5.2.2)

n(y
Proof. Similar to the proof for Corollary 4.2.4, by Lemma 5.2.1 and the jump relation of the

double-layer heat potential, (5.2.2) can be proved. ]

In the proof below as well as the proofs for Theorem 5.1.3 and Theorem 5.1.4, Corollary

5.2.2 play an essential role.

Proof of Theorem 5.1.2. Applying the representation formula (5.2.2) to (5.1.1) with Ty = 0,

we get for any x € 02 and t € (0,7),

u(a:,t):2/(l>(x—y, ug(y dy—2/ /g)Qaq) :Ea_y’ m) u(y, 7)dS(y)dr

TL

+2/O /1“177 Oz —y,t —7)ul(y,7)dS(y) dr.

Define M as (4.3.3). Then for any m > 1,

—~

() < 2Mg+2/0t]\7(7) /{m]a@(x&;(yx”)‘dS(@/) dr

t__
+2/0 Mq(T)/FLTCI)(x—y,t—T)dS(y)dT

t 1 — tN -1
< 2M0+C/ (t—71) 2M(7)dr +C Mq(T)|F17T|LLm (t—ﬂ‘%*% dr.
0 0
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In order for the integrability of the last term of the above inequality, the power —% +

should be greater than —1, which means m < Z—:% Define A : [0,7] — R by
A(t) = Ty ).

In addition, let

a=(m—1)/m and [=1—ng.

Then « € (0, %), B e (%, 1) and

If

A (r)MT (7) < 3071y oM

then

M(t) < 2M0+C/Ot(t—7)%]\7(r) d¢+c/0t(t—7)—5Aa(T) M4(7)dr.

n—1
m

(5.2.3)

(5.2.4)

— ¢ 1 t —
M(t) < 2M0+C/ (t—71) 2M(7) dT—i—C’/ t—7)" 3q_1|F1]0‘M371 M(T)dr.
0 0

Now we are looking for a function

v(t) = 3Mp e

for some constant k& determined later such that

t 1 t
v(t) > 2M0+C/ (t—71) 2v(r) dT—l—C/ (t—T)_B 3q_1]F1\0‘M8_11}(T) dr.
0 0
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Plugging (5.2.5) into the above inequality, we obtain an equivalent form

t t
3Mpe*t > 2My + 3C My / (t — T)_l/QekT dr + 31O M| | / (t —7) P dr.
0 0

Notice

t t
e_kt/ (t—T)_ﬁedeT:/ (t—T)_Be_k(t_T) dr
0 0
t
:/ 7Bk qr
0
1 [kt s\-8B s
% /0 (7) e
< k= 1=A1(p)

(5.2.6)

where I' is the standard Gamma function. So in order to satisfy (5.2.6), it suffices to have

2 _
1> ge_kt + Ok~ V2 4 o3 I Ty [k e

for some constant C' = C'(n, ), «). Noticing %e‘kt < 2/3, so by taking k > 36C2, then it

suffices to have

> 030 Iy |k

=

The above inequality is equivalent to

k> (030 I~y o) na,
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Therefore, it suffices to have
— —1 1
k= C'max {1, (39 Mg Yoq™) /") (5.2.7)

for some constant C' = C(n, Q, a).

By this choice of k, if A satisfies
A%(r) o0 () < 397 Mgy (5.2.8)
Then it follows from (5.2.6) and (5.2.8) that
v(t) > 2My+ C /Ot(t — 7')_%1)(7') dr + C’/Ot(t — 1) B A ()i (7) dr. (5.2.9)

Since v(0) = 3My > M(0), then it follows from (5.2.4) and (5.2.9) that

namely

1
2(n—1)’

Finally, by choosing o = or equivalently by choosing m = %, the proof is finished.

]
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5.2.2 Control of the solution under a given value for convex do-

mains

In Subsection 5.2.1, we have discussed the strategy which can prevent the finite-time blowup.
But for the practical problems, it is more useful to control the temperature by a certain
value. This section provides a way to control the temperature by any value that is larger
than the maximum of the initial data under the assumption that €2 is convex. The idea of

this subsection is similar to that in Section 4.4.

Proof of Theorem 5.1.3. Define A(t) as in (5.2.3). The goal is to bound u above by B for
any B > Mj. Let € > 0 such that B = e®M and let t« € (0,1] be a constant which will be

determined later. Define Ty = 0 and pg = 1. For any £ > 1 and ¢ > 0, let

My = exp [(1 — 27F)e] M. (5.2.10)

Let T}, be the first time that M(t) reaches M}, then the maximum principle implies the
existence of z¥ € 90 such that u(z¥, T3,) = Mj,. In the following, we will use induction to
show that T}, > kts. When k = 0, it is obviously true.

Step k (k > 1): Suppose Tj,_1 > (k — 1)t«. Let t), = T}, — T},_1 be the time spent in
the kth step. We intend to show ¢;. > t«, which implies T}, > kt,. First, if £, > 1, then it

has already implied that ¢;, > t«. So in the following, we assume ¢;. < 1. By representation
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formula (5.2.2), we have

u(e® Ty) = 2 / (" — y. 1) uly. Thy) dy

th Pz —
/ / 0% (a* y’tk )(y,Tk—1+7)d5(y)dT
o0 on(

TL

g
+2/ / O(z* —y, bty — 1) ul(y, Ty_q +7)dS(y) dr.
FlTk 1+7‘

According to the definition of 7} _1 and T},

aQ 3”( )

+ 2Mq/ /1“ (zF =y, t), — 1) dS(y) dr. (5.2.11)

1 Tk‘ 1+T

Since {2 is assumed to be convex, by applying Lemma 4.4.2 and Lemma 4.4.3 to the above

inequality, we obtain

b1 (M — My <2Mq/ / (zF =y, tp — 7)dS(y) dr
W 1—|-7'

s
< 2M,§/ / (" —y, t — ) dS(y) dr.
My
Now Lemma 4.3.3 implies the existence of a constant C' = C(n, 2) such that
(M — My_1)by < CMIAY(Ty,_1)t), (5.2.12)
for any « € (0, %) Recalling the expression (5.2.10), then

My, — My_q > 27%e M
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and

Mk < eeMo.

In addition, by the assumption that 7},_; > (k — 1)tx and the fact that A is a decreasing

function, we know A(T}_1) < A((k — 1)t4). Therefore, it follows from (5.2.12) that
27 Fe < Ce IMITIAY((k — 1)) £ (5.2.13)

Now if

__t
A(t) < 27 ak |1y, (5.2.14)

which implies

A%((k = 1)t) < |Ty|* 2 =1,

then it follows from (5.2.13) that

e ( 1 p )1/na
k=1\20 €€qu_1|I’1|O‘ '

Define

1 € 1/na
ty =minq 1, | — . 5.2.15
" { (20 eequl|F1|a) } (5:2.15)

Then t;, > ts and this finishes Step k.
In summary, if ¢4 is defined as in (5.2.15) and A(t) satisfies (5.2.14), then the above

induction process is valid and can proceed forever. Thus, u will be bounded by B for all the
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time. Noticing that

1 € 1/na
t*Zmin{l, (— T ) }éK,
2C eequ— 60

where K is a constant which only depends on n, €, q, My, o and B. In order to satisfy
(5.2.14), it suffices to have

t
A(t) <2 oK.

Finally, taking o = m, the proof is finished. m

5.2.3 Control of the solution under a given value for the domain
with local convexity near I’y

Again, since the global convexity is not practical in real applications. In this subsection, we
try to extend the result to locally convex case. But the decreasing rate will be required to
be much faster than the convex case. The idea of this subsection is similar to the previous
subsection. But different lower bounds will be chosen for each piece, since only the local

convexity is available instead of the global convexity.

Proof of Theorem 5.1.4. In the following, unless stated otherwise, C' and Cy will represent
constants which may depend on n, €2, d, @ and B. The value of C' may change from line to
line. The goal is to bound u above by B. Let € > 0 such that B = e“Mj and let t, € (0, 1]
be a constant which will be determined later. Define Ty = 0 and pg = 1. For any £ > 1,
define

My, = exp [(1 —27F)e] M. (5.2.16)

Let T}, be the first time that M(t) reaches Mj. Then the maximum principle implies the
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existence of 2% € 90 such that u(:pk, T.) = Mj.. We will use induction and choose suitable

t« to show that for any k£ > 0,

k
Z 7* (5.2.17)

with the convention that ZO: =+ = 0. Since limy,_,, T}, = oo and M}, < B, the solution u
will be bounded by B for all the time. When k =0, (5.2.17) is obviously true.

Step k (k > 1): Suppose (5.2.17) is true for k& — 1, we will show it also holds for
k. Let t;, = T}, — T)_1 be the time spent in the kth step. Then it suffices to show that
tp > ?* If ¢, > 1, then it has already satisfied ¢, > %, so we assume #;, < 1 below. By the

representation formula (5.2.2), we have

u(e® Ty) = 2 / (" — y. 1) uly, Th_y) dy

th b (2" —
—2/ / 0% (a y’tk m) u(y, Ty—1 +7)dS(y) dr
o0 on(

n

tk
+ 2/ / a: —y, bt — 1) ul(y, T, + 7) dS(y) dr.
Fl Tk 1+T

According to the definition of 7} _1 and T},

Uk
M, < 2M;,_ 1/ O (" —y,tk)dy+2]\/[k/ / acp — Yl = 7) dS(y)dr
a0 3n( )

+2M} / /1“ x —y,tp. —7)dS(y) dr. (5.2.18)

1 Tk‘ 1+T

Since Conv ([Fl] d) C Q, by applying Lemma 4.4.3 and Corollary 4.5.2 to the above inequality,
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we obtain

d? t
2b1 (M. — Mp._q) SC’Mkexp<—§> —1—2]\/[13/0 /1“ @(xk—y,tk—r)dS(y)dT.

k 1T} q+7

Define A(t) as in (5.2.3). Noticing |F1’Tk—1+7| < |F17Tk—1|’ Lemma 4.3.3 implies

2

d
Mk - Mk—l < CMk exXp ( - %> + OMgAa(Tk_l)tZa,

for some a € (0, ﬁ) Again, noticing that

Mk — Mk—l > Q_kEM()

and
M. < eeMo,
then
—k € d? qe g9 A no
27 "My < CeMyexp ( - %) + Cel“ MyA“ (Tj—1 )t~

Dividing by eMj), then there exists a constant C1 = C1(n, 2, d, q, My, B) such that

2

d
9~k <Ciexp|——)+ OlAa(Tk_l)tZa.
8t}

By induction,
k—1 ¢
Tyq > Z} 7* >ty Ink.
1=
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Hence,

2

d
9=k < O exp ( _ %) + CLAY (1, In k)Ere, (5.2.19)

Since the right hand side of (5.2.19) is an increasing function in tj, if ¢4 and A(t) are chosen

to satisfy both

2
O exp [— dt* ] <9 k-l (5.2.20)
8(%)
and
C1AY(t, In k)(%‘)no‘ <o k-1 (5.2.21)

then ¢ > %‘ and this finishes Step k.
In summary, if ¢4, and A(t) are chosen to satisfy both (5.2.20) and (5.2.21), then the
above induction process is valid and can proceed forever. Thus, u will be bounded by B for

all the time. By elementary calculations, if

d2
te < 5.2.22
© = 8InCy +2mn2) ( )
then (5.2.20) is satisfied. Next, in order to realize (5.2.21), it suffices to have
A%t Ink) < 217F|0g|@ (5.2.23)
and
t* Na 1
a(5)" < . 5.2.24
W%/ — 4y ( )
It is readily to check that if
1 1/’11@
te < | —=——=— 5.2.25
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then (5.2.24) is satisfied. According to (5.2.22) and (5.2.25), we define

_ a2 1\ Yne
b = min {1’ 8[nCy + 22’ (401|aQ|a> } (5.2.26)

It is readily seen that t4 is a constant which only depends on n, €2, d, ¢, My, B and «.

With this choice of ¢y, if A(t) satisfies
In2
A(t) < exp [ == (1= /™) |1y | (5.2.27)

Then it is readily seen that (5.2.23) holds. Finally, taking oo = 2(n£1) and requiring

A(t) < exp [2(n = 1)(1 = /)] |1y,

then A(t) satisfies (5.2.27) automatically. Hence, the proof is finished. O

5.3 Adding a pump

In this section, we provide another way to prevent the finite-time blowup. Let v be the
solution to (5.1.4). If
(p— 1N

mZT and m > (¢—1)N,

then [3] shows that if the L™ norm of v does not blow up in finite time, then the L° norm
of v will not blow up in finite time either. Thus, it is equivalent to bound the L™ norm of
v. The idea of the proof of Theorem 5.1.5 is similar to that in [31] where the domain €2 is
assumed to be star-shaped. By using Corollary 5.3.2, we are able to generalize the proof for

any C2 domain .
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Lemma 5.3.1. Let [a,b] be a bounded interval and f be a nonnegative C function on [a, b].

Then for any r > 1 and € > 0,

T b ey 1 b r r? [0 2r—2
HfHLoo[a,b}ge/a (1)l dt+m/a f (t)dt+?/a FA2() dt. (5.3.1)

Proof. Vt1,t2 € |a, bl

t
() — £ (t2) = / Ll di

to

b L b
/ 2 2r—2
§r<61/a ) dt*a/a f <t>dt),

where €; is some positive constant to be determined. Integrating to from a to b,

b b
(b—a)f (1) < / () dt+ (b— ayrey / SR e

LLzar /b F2r2(t) dt.

€1

Let €1 = €/r, then

b b
(b—a)f" (1) < / () dt 4 (b — a)e / ()2 dt
+ b-ay” —Ea)rz / ’ 22t dt.

Since t1 is arbitrary, then

b o 1 b r2 rb -
1o §e/ £(0) dt+m/ fr(t)dt+?/ 221 dt.
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Corollary 5.3.2. Let U = U x |a,b], where U is a bounded set in R*1. Let w be a

nonnegative C* function on U. Then for any s € a, b],

1 2
ﬂ lw(Z, s)|" di < e/ |Dypyw()|? da + / w' () dx+T—/ w? 2(z) dx.
U U b—aJy € Ju
Proof. For any & € U, define f : [a,b] — R by
f(t) =w(z,t), Vtela,b.
Then by Lemma 5.3.1, for any s € [a, b],
b 1 b 7‘2 b
s <e [1roPas = [ roas s [t
a b—aJ, € Ja

That is,

b b 2 rb
1
lw(Z, s)|" §6/ | Dy w(i, t)|% dt + / w' (%, 1) dt+r—/ w? 72(z,t) dt.
a b—a g € Ja

Integrating = on U , the conclusion follows. O

Proof of Theorem 5.1.5. Let m > max {M, 2} and define
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Then

E'(t) = m/ 0"y da
Q
= m/ " (Av — 1y oP) da
Q
= m/ V- (" Vo) = (m— 1) 0™ 2 Vol da — m/ P 0™
Q Q

< m/ "I 4S — m(m — 1)/ "2 |Vl do — m/ P g (5.3.2)
T Q o

Next it will be shown that for any € > 0, there exists a constant C' = C(T", Qq, ¢, m) such

that

C
/vm+q—1ds < e/ Um_2|Vv!2d:r+C/ VT g 4 —/ R e (5.3.3)
r ] 971 Q

€

Noticing that v 2|Vo|2 = [V(v™/2)|2, so by writing w = v™/2 and r = 2 + 2(q — 1)/m,

then » > 2 and (5.3.3) is equivalent to

/wrnge/ |Vw|2dx+C’/ w’"dx—i-g/ w2 da. (5.3.4)
r o 0 e Jo,

Fix any point zyp € I'. Since I' is C?2, there exists a neighborhood V of zg in O that
can be straightened by a C? bijection ¥ : By — V. Denote Er to be the ball in R”~1 with
radius r. Define

U:§1/2 X (0,%) C Bj.

Then V & U (U) C V. Define

Up = Byjy x {0}, and Tg=¥(Up).
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By change of variable x = ¥(y), we obtain

/ w'(x)dS(x) < C / (wo W) (y)dS(y)
Io

Uo

<c [ (wouyod.
Byo

Now applying Corollary 5.3.2 to the function w o ¥,

[ wewr@od
Byo

7“2
SE/UIDyn(wOW)(y)IZdy+2/U(wO‘P)T(y) dy+;/U(wO‘If)2T_2(y) dy.

Then using the change of variable y = \IJ_l(x),

/|Dynwoqf>< >|2dy+2/U<wow> (v >dy+—/ (wo W)22(y) dy

<Ce/\vfw )| dy+2/ " (0 dy+—/ 2r=2(W(y)) dy

:C’e/ |Vw(x)| dSB—I-C/ wr(x)d:v+€/ w? 2 (z) dx
Vo Vo “ N

In summary, we obtain

/ w”(z) dS(z) < Ce / Vw(z)|? de+C / w' (z) dz+ & w”2(z)dz  (5.3.5)
Loy 4 ) AT

Finally by a finite cover argument, (5.3.4) is justified, which also means (5.3.3) is verified.

Now combining (5.3.2) and (5.3.3) with ¢ = m — 1, we obtain that

Ewy<c | o™ e de+C | o™ 2@ ) de —m [ 0™TP e t) d,
Ul Y U
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for some constant C' = C(I", 1, ¢, m). Since p > 2¢ — 1 from the assumption, then

E't) <.

This implies that E(t) will not blow up in finite time. By applying Theorem 1.1 in [3] and

the assumption that p > 2¢ — 1, we can conclude that u will exist globally. O
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