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ABSTRACT

MODEL CHECKING PROBLEMS IN MEASUREMENT ERROR MODELS WITH
VALIDATION DATA

By

Pei Geng

This thesis addresses some aspects of regression model checking problems when the co-
variates are observed with measurement errors. Both classical error-in-variables models and
Berkson models are investigated when validation data is available.

In Tobit error-in-variables regression models, the response is truncated at a given level
while the covariate is collected with errors. In this thesis we assume the density of measure-
ment error to be unknown. Using the calibration idea, a new regression function is derived
under the null hypothesis and estimated using the kernel smoothing method and validation
data. Then a class of test statistics are constructed using the nonparametric residuals based
on kernel regression estimators when validation data is available. The proposed class of tests
is shown to be robust to the choices of parameter estimators and consistent against a large
class of fixed alternatives. The asymptotic normality of these test statistics is established
under the null hypothesis and under a sequence of local alternatives. A practical bandwidth
selection strategy is developed. A finite sample simulation study shows superiority of a mem-
ber of the proposed class of tests over the two existing tests in terms of empirical power. A
real data application is presented to validate the current understanding of the data set.

In Berkson models, without specifying the measurement error density, the calibrated re-
gression function is estimated using both the primary data containing the responses and the
validation data. A kernel smoothed integrated square distance is defined between the re-

sponses and the regression estimator. The parameter estimators are obtained by minimizing



the integrated square distance. Further the test statistic is constructed based on the mini-
mized distance. The consistency and asymptotic normality of these estimators are proved.
The asymptotic null distribution of the proposed class of test statistics based on the corre-
sponding minimized distances and the test consistency against certain alternatives are also
established. A simulation study shows desirable behavior of a member of these minimum

distance estimators and tests.



Copyright by
PEI GENG
2017



To my dear and beloved parents Jinchen Geng and Jingmiao Liu, aunt Jingzhi Liu and
sister Ying Geng.



ACKNOWLEDGMENTS

First and foremost, I wish to convey my greatest and most sincere appreciation to my
advisor Professor Hira L. Koul. I am indebted to his constant guidance, encouragement
and enthusiasm in research, endless time and prompt replies to my questions and confusion
over the years. Without his valuable suggestions and comments, vast and sharp knowledge,
passionate and caring attitude, I would not have grown so fast in academia. From Professor
Koul, I have learned not only the professional knowledge and critical thinking in statistics,
but more importantly, the rigorous and responsible spirit towards science which has built a
profound basis for my future work.

Secondly, I would like to thank Dr. Lyudmila Sakhanenko for all her advice and helpful
discussions in the past. Her broad knowledge and innovative ideas has greatly enlightened
me and helped me overcome the difficulty. T would like to thank Dr. Qing Lu for shedding
me the light on the applications of statistics. I also would like to thank Dr. Ping-shou Zhong
for serving as a member of my doctoral committee.

Thirdly, I wish to express my sincere gratitude to Professor Yimin Xiao, my MSc advisor
Professor Wensheng Wang and my undergraduate professor Dr. Zifeng Yang. Without their
encouragement and support, I would not have come to MSU to pursue my doctoral degree.

Last but not in the least, with my deepest affection, I would like to thank my parents
Jinchen Geng, Jingmiao Liu, my sister Ying Geng and my aunt Jingzhi Liu for their endless

love and support over the years.

vi



TABLE OF CONTENTS

LIST OF TABLES . . . . . . . . e viii
LIST OF FIGURES . . . . . . . . e ix
KEY TO ABBREVIATIONS . . . . . . .. X
Chapter 1 Introduction . . . . . ... ... .. ... ... .. .......... 1

Chapter 2 Model checking in Tobit EIV regression using validation data 5

2.1 Imtroduction . . . . . . . . .. 5
2.2 Avclassof tests . . . . . . 9
2.3 Asymptotic distributions . . . . .. ..o o 11
2.3.1 Asymptotic null distribution . . . . . . ... ... 11
2.3.2 Asymptotic power. . . . . ... 17

24 EBEstimationof g . . . . . ..o 20
2.5 Dataanalysis . . . . . ... 23
2.5.1 Simulations . . . . . . . ... 23
2.5.2  Real data application . . . . . . ... .. ... L 29

2.6 Proofs . . . . .. 31
Chapter 3 Minimum distance model checking in Berkson models . . . . . 47
3.1 Introduction . . . . . . . . .. . 47
3.2 Aclassoftests . . . . . . 50
3.3 Estimationof 8g . . . . . . ... 5%)
3.3.1 Consistency of On 56
3.3.2 Asymptotic normality of On o o 57

3.4 Testing . . . . . oL 69
3.5 Simulation . . . . ... 85
3.5.1 Finite sample performance of én ..................... 87
3.5.2  Test performance . . . . . . . . ... 89

3.6 Proofs . . . . . . e 92
BIBLIOGRAPHY . . . . . e 100

vil



Table 2.1:

Table 2.2:

Table 2.3:

Table 2.4:

Table 2.5:

Table 3.1:

Table 3.2:

Table 3.3:

Table 3.4:

Table 3.5:

LIST OF TABLES

Comparison of estimators: absolute bias and RMSE in parenthesis . . . . 27
Empirical levels for p = 1 at nominal level 0.05 . . . . . .. .. ... ... 28
Empirical power comparison for p = 1 at nominal level 0.05 . . . . . . .. 28
Empirical level and power of Vg test for p = 2 at nominal level 0.05 . 29
Estimation and testing results of the enzyme reaction dataset . . . . . . . 31
Performance of 6,,, 0, in the linear case (337),p=1.. ... ... ..... 88
Performance of 6,,, 8, in the nonlinear case (338),p=1.. ... ...... 89
Performance of én, én in the linear case withp=2 . . . .. ... ... .. 90

Empirical level and power under linear null model (left panel) and nonlinear null
model (right panel) forp=1 . . . . . . . ... ... L. 91

FEmpirical level and power under linear null model forp=2 . . . . .. .. .. 92

viii



LIST OF FIGURES

Figure 2.1: Estimated regression functions using three estimation methods

X



KEY TO ABBREVIATIONS

the transpose of an Euclidean vector x
the indicator of event A

convergence in distribution
convergence in probability

minimum of n and N

g-variate normal distribution
with mean vector v and covariance matrix 2

Koul and Ni (2004)
Koul and Song (2009)



Chapter 1

Introduction

In the area of statistical inference, regression model checking is a critical topic to study
the significant relationships between responses and covariates. Extensive research studies
have been focusing on this topic since the early 1990s, as is evidenced by the recent review
article of Gonzdlez-Manteiga and Crujeiras (2013). Among the main classes of tests, kernel-
based test procedures are important tools to investigate if the regression functions belong to
a particular parametric family.

The most of the literature on regression model checking assumes that the covariates are
fully observed. However, in reality, many covariates are observed with errors. Instead of
observing the true covariate of interest, one observes a surrogate variable. The regression
models where covariates are observed with errors are known as measurement error regression
models. In general, there are two types of measurement error models: error-in-variables
(EIV) models and Berkson models. The monographs of Fuller (1987), Cheng and van Ness
(1999) and Carroll, Ruppert, Stefanski and Crainiceanu (2006) provide ample examples
of such models and contain systematic analysis of the underlying issues involved in these
models. In general, the simple analysis using the error-prone covariates as the true ones
causes heavy bias in the estimators of the underlying parameters and loss of power in tests.
Hence regression calibration is needed for parameter estimation and hypothesis tests.

In economics and other social sciences, Tobit regression first introduced by Tobin (1958)



is a useful model to analyze truncated responses. In Tobit models, the early study mainly
focused on parameter estimation. For example, Amemiya (1984) summarizes comprehensive
estimation procedures when the regression error follows a Gaussian distribution while Abarin
and Wang (2009) proposes the second-order least squares estimation when the error has a
general parametric distribution. In Tobit EIV models, Wang (1998) proposed a two-step
moment estimators in the linear case when both the covariate and measurement error are
normally distributed. When the measurement error distribution is unknown, but with the
help of validation data, the least squares estimation procedure proposed by Song (2009) is
applicable after the regression model is calibrated to that based on the surrogate variable.

Regarding the model checking problem in Tobit EIV models, existing methods include
a score-type test proposed by Song (2009) and a transformation-based distribution-free test
proposed by Song (2011). The former test applies to the least squares estimators and the lat-
ter test achieves superior performance for one dimensional covariate when the measurement
error distribution is known.

However, the measurement error distribution is hardly known in reality. An alternative
approach is to conduct statistical inference with an available validation sample. Chapter 2
of this thesis aims to develop a robust model checking procedure in Tobit EIV models with
the help of validation data. In the chapter, a kernel-based nonparametric test is proposed
for fitting a parametric function to the regression function in Tobit EIV models. Given
a consistent parameter estimator, the calibrated regression function is first estimated by
the Nadaraya-Watson estimator based on validation data, then a class of test statistics is
constructed based on the nonparametric residuals. This class of tests is obtained by adopting
the test of Zheng (1996) to the current set up. The proposed tests are shown to be robust to

the parameter estimation choices and the consistency and asymptotic distributions of the test



statistics are established under the null hypothesis and under certain alternatives. With the
two bandwidth parameters involved in these tests, a practical bandwidth selection strategy is
developed and applied in a simulation study. The simulation study shows attractive empirical
power performance of a member of the proposed class of tests compared to the two existing
tests.

When a predicting variable is observed with errors, in many cases, it is more appropriate
to assume that the true variable equals the observed plus an error. This is the so called
Berkson measurement error models. For example, the levels of a certain pollutant, such
as lead, in a place are usually measured at fixed spots while the actual exposure to an
individual is subject to the location, time and air condition. Therefore, it is natural to treat
the actual exposure as the measured pollutant levels with a small random error term. To
ensure the identifiability in the Berkson models, it is often assumed that the density of the
measurement error is known. For parameter estimation, Wang (2004) proposed a minimum
distance procedure based on the first two moments of responses in nonlinear regressions.
As for model checking, the main contribution is made by Koul and Song (2009) where a
minimum distance test is constructed based on kernel smoothing technique.

In all the mentioned studies for Berkson models above, authors have assumed that the
measurement error density is known or known up to an unknown Euclidean parameter. This
is a restrictive assumption as it limits the applicability of the inference procedures. However,
the availability of validation data helps to circumvent this assumption.

Regarding the parameter estimation in Berkson models with validation data, a collection
of attractive methodologies have been studied. In linear and nonlinear EIV models with
validation data, Lee and Sepanski (1995) constructed an estimation procedures based on

least squares methods with regression functions replaced by their corresponding wide-sense



conditional expectation functions. In linear EIV models, Wang and Rao (2002) developed
an estimated empirical loglikelihood based on the validation data and then constructed an
estimated empirical likelihood confidence region for the parameters in regression functions.
For general Berkson-type models, Du, Zou and Wang (2011) proposed a nonparametric
regression function estimation based on kernel smoothing skills.

But the model checking study in Berkson models with validation data seems to be sparse.
To fill this gap, in Chapter 3 below, we adopt the minimum distance methodology of Koul
and Song (2009) to propose analogous procedures for obtaining the parameter estimators and
further perform lack-of-fit hypothesis testing. The regression function given the surrogate
variable is nonparametrically estimated based on validation data. Then an integrated square
distance between the responses and the regression estimator is defined by means of kernel
smoothing and is minimized for parameter estimation. Eventually the minimized distance
is used as the test statistic. Both consistency and asymptotic normality of the proposed
estimator are established. The asymptotic distributions of the proposed test statistics under
the null and the consistency against certain fixed alternative hypotheses are also derived.
It is shown that the asymptotic distributions of these test statistics are the same as in the
case of known measurement error density while those of the corresponding estimators of the
parameters in the null model are affected by the estimation of the regression function using
validation data. A finite sample study shows literally no bias in the proposed minimum dis-
tance estimators. Empirical levels and power are obtained for different choices of the sample
size ratio between primary data and validation data under various alternative hypotheses.
The empirical level is well controlled for most of the chosen cases and the empirical power

significantly increases as the sample size increases for all the chosen alternatives.



Chapter 2

Model checking in Tobit EIV

regression using validation data

2.1 Introduction

In economics and other social sciences, many response variables are observed with lower
or upper thresholds. For instance, household expenditure on certain durable goods is zero
for some families depending on other factors and positive for other families, hours worked in
social science is zero for women who choose not to work and positive for others, and as the
third example, the demand of tickets for a game or conference is also limited to the capacity of
the event. Regression model with truncated response data was first studied by Tobin (1958).
Since then these models are called Tobit regression models. Bhattacharya, Chernoff and
Yang (1983) developed a nonparametric Mann-Whitney type estimator of the parameter
in linear Tobit models. The survey paper of Amemiya (1984) provides a comprehensive
introduction to these regression models with Gaussian errors.

To proceed a bit more precisely, in the Tobit regression model of interest here, the scalar

response variable Y* is observed only when it is positive and is related to the p-dimensional



predicting variable vector X by the relation

Y* = ,u(X) + &, Y = Y*](Y*>O)‘ (2.1)

Here Y is the observed response and the scalar random error ¢ is assumed to have zero mean
and to be independent of X so that u(z) = E(Y*|X =),z € RP.

The last two and a half decades have seen an intense research activity on the topic
of testing for lack-of-fit of a regression model as is evidenced in a recent review paper of
Gonzéalez-Manteiga and Crujeiras (2013). Let © € R? and M := {m(x,0),z € RP,0 € O}
be a family of known parametric functions. In the lack-of-fit testing problem of interest here

we wish to test the hypothesis

Hy : p(z) = m(z, ), for some 0 € © for all x € C, versus Hy : Hy is not true,

where C is a compact subset of RP.

In the case of no measurement error, i.e., when X is fully observed, there are a few tests
for fitting a parametric model to p(z) in the above Tobit regression model. Wang (2007)
developed a nonparametric test to diagnose nonlinearity in the median Tobit regression
model where covariate is non-random, one dimensional, and the function u(x) represents
the median of the distribution of Y* at the design variable z. Song (2011) proposed an
asymptotically distribution-free test for fitting a parametric model to p(z) of (2.1). This
test is based on the supremum of the Stute, Thies and Zhu (1998) type transformation of a
partial sum process of calibrated residuals and is applicable only when the dimension p of

X equals 1. Koul, Song and Liu (2014) adopted the Zheng’s (1996) statistics to test Hy for



a large class of the given functions M and for p > 1.
The goal here is to develop tests for Hy in the model (2.1) when there is measurement
error in the covariate vector X, where one does not observe X. Instead one observes a

surrogate variable Z related to X by the relation

Z=X+U, (2.2)

where the random error U is distributed with mean 0 and unknown covariance matrix >,,.
The r.v.’s X, U, € are assumed to be mutually independent.

Throughout the chapter, the primary data set consists of a random sample of n observa-
tions {(Y;, Z;),i = 1,2,--- ,n} obtained from the model (2.1) and (2.2). We further assume
that there is a validation data set consisting of N i.i.d. observations {()?j, Zj),j =1,---,N}
on (X, Z) of (2.2), independent of the primary data set.

To proceed further, we recall the testing methodology developed in Koul et al. (2014)
(KSL) when there is no measurement error in X. For any r.v. V| let fj, denote its density.

Under Hy, the regression function of Y, given X, is

q(z,0) = E(Y|X = ) = m(z,0)Qc 0(—m(,0)) + Qe 1 (—m(z,0)),

where Q ;(2) = I w f-(u)du, j = 0,1. Thus one has the regression model

Y =q(X,0)+¢  E(EX)=0. (2.3)

The function ¢ is monotone as a function of m(z, ). Hence the original testing problem is

equivalent to testing for E(Y|X = z) = ¢(z,6). As in KSL, in order to ensure the model



identifiability, and for simplicity, we assume f: to be known. See Remark 2.3.1 for the case
when fz belongs to a parametric family.

In the error-in-variables model here, the regression model (2.3) is of little help, because
X is not observable. Instead we now derive the new regression model, given Z. Let g(z,60) =
E(q(X,0)|Z = z). Direct calculations show that under Hy, E(Y|Z = z) = g(z,0), so that

we have the regression model

Y =g(Z,0) +n,  EMZ) =0. (2.4)

The original testing problem is thus transformed to the problem of testing

H): E(Y|Z = z) = g(2,0), for some 6 € O, for all z € C, versus (2.5)

H;j H(') is not true.

—_~

Clearly Hp implies H(’). The converse need not be true in general. Song (2008) gives a
sufficient condition for the equivalence of Hy and H(’). It suffices to require the family of
densities fy(z — ),z € RP, to be a complete family. From now on, we focus on testing (2.5)
under (2.4) given both primary data and validation data.

Existing literature on parametric measurement error Tobit regression model mainly fo-
cuses on the parameter estimation. Song (2009) obtained consistent estimators by a modified
least square procedure while Wang (1998) proposed method of moments estimators when
X, u and ¢ all follow normal distributions. Both estimators are shown to be y/n-consistent
for the true parameter #y and asymptotically normal. As far as the lack-of-fit testing in

these models is concerned, under the assumption that the measurement error density fis



is known, Song and Yao (2011) generalized the test procedure in Song (2011) to the mea-
surement error Tobit models for the one dimensional covariate while Song (2009) provided a
score-type test based on the least square residuals, which were constructed using the valida-
tion data. In the current chapter we assume the availability of a validation data set, which
is used to estimate g and fy7, thereby avoiding the assumption of having known f;.

In the next section we describe the proposed tests for this problem. Section 2.3 de-
scribes the asymptotic normality of the proposed test statistics under Hy and under some
alternatives along with the needed assumptions. Some parameter estimators under H are
described in Section 2.4. Section 2.5.1 reports findings of a finite sample simulation study,
which shows some superiority of a member of the proposed class of tests compared to the
tests in Song and Yao (2011) and Song (2009) in terms of the empirical power. The proposed
test is also applied to a real data example in Section 2.5.2 and the results validate the current

understanding of the dataset. All proofs are deferred to the last Section 2.6.

2.2 A class of tests

To describe the proposed class of tests, we need to construct residuals in the model (2.4).
Since here the function g is unknown, we need to estimate this function nonparametrically.
The validation data is critical to do this. Let K be a kernel density function, w be a window

width associated with sample sizes n and N, and set Ky, (z) = K(x/w)/wP, x € RP. Let

N N
Wi (z0) = NS Koz = Z0)a(X00), F(2) = NUS " Ku(z = Z), =€ R0 €0,
k=1 k=1



Then, for a given 6, a kernel estimator of g(z, ) using the validation data set is
g9(z,0) = ——"—= z€RP (2.6)

Because the validation data is independent of the primary data, g(z,#) is independent of the
primary data, for each 6, so is the kernel density estimator f of the density f 7 of Z.
Let 6 be the true value of the parameter 6 for which Hy holds. Let 6,, be a \/n-consistent

estimator of 0y, and define the residuals
i =Y; = (Zi6n), i=1 .

Let h = hy, be another sequence of window widths. Based on the idea proposed by Zheng

(1996), under Hy, since E(n;|Z; = z) = 0 for all z € C, we have
EmiEWmilZi)fz(Z)] =0, Vi>1, (2.7)

while it is strictly positive under Hi. In order to use the empirical version of (2.7) in the
primary dataset to form the test statistic, the conditional expectation in the above equation

can be estimated by

n

i 1
Eli|z) = ) K
i 1~ DR (

I ayte(z)) [ 12, (2.9

Upon multiplying this by 7; f(Z;)Ic(Z;) and then summing up over i leads to the class of

10



test statistics, one for each K,

o = e 2 T IeZ)K (Z 5 i (2.9

useful in the current set up. The reason for restricting the covariate Z to a compact set C is
to avoid the usual difficulty associated with the vanishing f (2).

We first decompose the residuals as

i = Y;—§(Z;,0n) (2.10)
= [Y; — 9(Zi,00)] + [9(Zi, 00) — §(Z;,00)] + [4(Zi. 00) — §(Zi, b))

= N, — € — (52', say.

Compared to the test statistic in Zheng (1996), it is important to observe that there is
an extra nonparametric estimation residual term e; involved here, which is shown later to

contribute to the asymptotic distributions of V.

2.3 Asymptotic distributions

In this section we shall derive the asymptotic distributions of V;, under Hy and under

some alternatives.

2.3.1 Asymptotic null distribution

We shall first state the needed assumptions for obtaining the asymptotic null distribution

of Vy. Let 02(2) i= E(?|Z = 2),2 € RP, 32(%) := E{(¢(X,00) — g(Z,00))*|Z = Z},Z € RP,

11



Ny denote an open neighborhood of 6y and || || the Euclidean norm of a vector or of a matrix.
For a given positive integer k, a density kernel K is said to be of order & if [ w K (u)du =0,
forall1<j<k—1and [ uF K (u)du # 0. We are now ready to state our assumptions. All
limits are taken under N A n — oo, unless mentioned otherwise.

(C1) The density function f is continuously differentiable and inf,c¢ f7(z) > 0.

(C2) The regression function m(x, #) is differentiable with respect to 6, for each = € RP, with

its vector of derivatives m(z, 6) satisfying E (supgeg [m(X, 0)|? + supgeo || (X, 9)||2) < 00.

(C3) There exists an estimator 6, of 6y, such that \/n||0, — 6| = Op(1), under Hy.

(C4) For some A > 0, sup,cgp 02 2(2)f4(2) < co. The functions 02(2) f(z) and g(z,00) fz(2)
are continuous and uniformly bounded. The functions f7(z) and g(z,0) f7z(2) and their first

and second derivatives are continuous and uniformly bounded.

(C5) For each z € RP, g(z,6) is twice continuously differentiable in 6 at 6y. The second

differential § satisfies E{SUPGENO 15(Z,6))?} < oc.
(C6) E(0*(2))* + E(*(Z))* < co.
(C7) K is a continuous and symmetric density function on RP with bounded partial deriva-

tives, and of order k > p/4.

(C8) N/n - A, h— 0, w—0,and w/h — ¢, 0 < ¢ < 0.

(C9) (n AN)AP — o, (n A N)wP — 0.

(C10) With k as in (C7), nh?/2w?k — 0.

Remark 2.3.1. Parametric f-. Suppose f- belongs to a parametric family of densities

with unknown parameter vector v. Then Q. 1, Q¢ o and g(z,#) will also depend on v. Let

v o= (HT, I/T)T, and 4 be a y/n-consistent estimator of v under Hy. Then one can apply

12



the above tests with g(z,é) replaced by ¢(z,7%) throughout. The asymptotic distributions
of the thus modified test statistics are not affected by this modification. For example, if

e ~ N1 (0,02) and m(z,0) = o + Sz, then v = (67, 0)T = (a, B,0)7 and

q(z,v) = m(z,0)Qc0(—m(z,0)) + Qe 1(—m(z,0))
oz—i;ﬁa:) +U¢(a+ﬂx>7

g

= (« —i—ﬁx)cb(

where ® and ¢ are the cumulative distribution function and density function of the standard

normal distribution. For more estimation details, see Wang (1998) and Amemiya (1984).

Remark 2.3.2. The conditions (C3)—(C5) are essentially used to ensure the y/n-consistency
of the least square parameter estimators in Section 3.3 while the assumptions (C7)—(C10)
about K and bandwidths are needed to derive the asymptotic distributions of the proposed

test statistics.

Remark 2.3.3. Note that the order & of the kernel function K needs to be larger than p/4
in order to obtain a valid bandwidth A since both nh? — co and nh?/2+2k —5 0 should be
satisfied. For example, if p < 8, (C10) will be automatically true for any symmetric kernel
density. However, the test will suffer from the curse of dimensionality since the asymptotic
bias of kernel regression estimators is of the order O(hk). As p increases, the basic assumption
nh? — oo requires wider bandwidth. As a consequence, the kernel function order k& has to

be increased in order to make the bias negligible compared to the asymptotic rate.

To state the main theorem, here we need to introduce

Ky = /KQ(u)du, (2.11)

13



/{/K(U)K(U)%[K(S—i—c(u—v))+K(_S+C(U_U))]dudv}2ds
0= /

Ie(:)[0* ()P f7(2)dz K1, :=/fc(Z)[?2(2)]2f%(Z)de2,

where ¢ is as in assumption (C8). We are now ready to state the following theorem describing
the asymptotic null distribution of V,,. Throughout, —, and —p denote the convergence in

probability and in distribution, respectively.

Theorem 2.3.1. Under (2.1) and (2.2), the assumptions (C1)-(C10) and under Hy, the

following result holds. With X as in assumption (C8), if 0 < X\ < oo, then
nhP2Vi, =4 N1(0, 271 + (272)/A2). (2.12)

Moreover, T1 and 19 can be consistently estimated by

. 1 6 .
o= — > Ie(Z)Ie(Z)Ky(Zi — Z;)ngi; K1,
nn—1) &
1#j=1
1 N ~
Ty = " Ie(Zy)Ie(Z) Ku(Zy — Z)i; Ko,
NN=1), 2=

where T, = ¢(Xy, 0n) — §(Z,0n), k=1,--+,N.

Consequently, the test that rejects the null hypothesis whenever
‘nhp/QVn/ 2% + 2%2/)\2’ > 242

will have the asymptotic size v, where z,, is the upper a quantile of the N7 (0, 1) distribution.
The proof of the above theorem is given in Section 2.6. Here we briefly sketch the idea

of the proof, which is also helpful in discussing the case of A = co. For the sake of brevity,

14



. N N
write ;. for Yo Z?;éi:h >kt for D01 X oisp—1, and let
Kpij = Kp(Zi—Zj) =h"PK((Z;— Zj)/h), 1<i,j<n.
Then, using the decomposition (2.10), the statistic V;, can be decomposed as

Vo = n—l ZIC Khzgnznj (2.13)

— n _ 1 ZIC Kh Zj{mnj + €;€ J + 5 5 277i€j — 2’!72'5]' — 262'5]'}

We will first show that only V},1 and Vj,2 contribute to the asymptotic variance of nh?/ 2V,
and the asymptotic mean of nh?/2V;, is 0 under assumed conditions. Then both V1 and
V9 are approximated by degenerate U statistics, constructed by the projection of V;,; based
only on the primary data and that of V)9 based only on the validation data. Eventually we
obtain that Vj, is asymptotically normally distributed with convergence rate nht/2.

In fact, 71 = Eo{[0%(Z2)]?f7(Z2)} K1 = Ec{n?|fz(Z)E(n?|Z)]} K1, where Ep denotes the
expectation over the compact subset C. The unconditional expectation can be consistently

estimated by the sample average

—ch Z){E?|Zi)},

where f is a kernel density estimator of f7 based on {Z;,i =1,--- ;n} in the primary data,

15



and the conditional expectation E is the kernel estimator given by

n

~ 1 A
BO\Z) = — > 1ot/ F(Z)
JFi,j=1

Plugging in the estimated conditional residuals in the sample average, we obtain

1 n—l ZIC Khzg”zn]Kl

The parameter 79 can be estimated similarly. Actually, both {Z;,i = 1,--- ,n} and
Z ,k=1,---,N} can be used to formulate the kernel density estimator in 71 to make the
k

estimation more efficient as long as they are i.i.d. copies of Z.

Remark 2.3.4. Alternative consistent estimators of 71 and 79 are given by

7= n—l > 1e(Z)Ie(Zj) P K, i, (2.14)
%#J
1 ~
T o= e 2 Le(Z) Ie(Z)wP K, i
N(N _ 1) kzﬂ w, k'K -

A modification of the proofs in Zheng (1996) yields that 7;, j = 1,2 are indeed consistent for
7j,J = 1,2, respectively. Details are skipped. A simulation study also shows little difference

between the two proposed estimation methods when sample size is large.

Remark 2.3.5. The case A = oo and A = 0. When the validation data size N is much
larger than the primary data size n, i.e., when X is sufficiently large, the regression function
9(Z,0p) can be efficiently recovered by means of the validation data, hence the primary data
dominates the asymptotic behavior of the tests while the validation data does not play a

role in their asymptotic variances. This is justified by letting N/n — oo, or having A = oo.
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From the proof of the above theorem, we see that
nhp/Qan —p N(0,271), and th/QVnQ —p N(0,279).

Moreover, V1 and V,9 are asymptotically independent. All other terms in V;, are asymp-

totically negligible, compared to these two terms. Hence
nh?/2Vy, ~ nhP/2V,1 + nhP/2Vg = nhP/2V,, + %th/ 2V,9 —p N(0,27),

since now n/N — 0.

On the other hand, when the primary data set is much larger than the validation data
set, the asymptotic convergence rate is limited by the validation data sample size. By going

through the proof of Theorem 2.3.1 again with N/n — 0, we obtain

Theorem 2.3.2. Under (2.1), (2.2), assumptions (C1)-(C10), and Hy, as N/n — X =0,

NhP2Vy, = N(0,27).

2.3.2 Asymptotic power

In this section we shall investigate the asymptotic power of the proposed tests under the

fixed alternative

Hy : ple) = (),

where ¢ ¢ M and Ef?(X) < oo. Let h(Z) = E({(X)|Z). Then the relation between Y and
Z takes the form

Y =h(Z)+n.
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Note that E¢?(X) < oo implies that Eh?(Z) < co. Additionally, we assume the following.

(C11) E[(W(Z) — g(Z, 9))2f%(Z)] has a unique minimizer 6.

Under Hy, the decomposition of the residuals (2.10) becomes

hi = Y — 9(Zi,00)] + [9(Zi,00) — 0(Zi, 0a)] + [9(Zi, 0a) — §(Z;,00))]

where 7; = h(Z;) — g(Z;,0,). Because 7; is no longer centered at 0 under Hy, V1 is a
non-degenerate U statistic. As shown in Lemma 2.6.1, under Hy, the asymptotic property

of Vj,1 is still dominated by
Ty = — > ¢2(2. 2;)
nl_n(n—l) '302 <))
7]
where @o(Z;, Z;) = Ic(Z;)Ic(Z;)Kp ijMiNj- Tn1 is a non-degenerate U statistic as well. By

Lemma 3.1 in Zheng (1996),

n

To1 ==Y El¢a(Zi, Z))| Zi) — Elp2(Z1, Z2)] + 0p(1/3/n).
i=1

By the weak law of large numbers, the first term above converges to 2E[po(Z1, Z9)], in

probability. Algebra shows that

E[@2(Z1, 22)] = E{Ic(2)[M(Z) = 9(Z,60)] f2(2)} + o(1).
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Hence

T = E(1e(2)I0(2) = 9(Z.00112(2)). (2.15)
Since T}, is the only leading term in V1, we have

Vo = B(Ie(2)[h(2) = 9(2,00)2f2(2)). (2.16)

Under Hy, both &; and ; share the properties of e; and §; with 6 replaced by 6,. Thus ar-

guing as under Hy, one can verify that all the terms except V},1 in (2.13) are Op(1/(V nhp/2)).

Moreover,
~ ~2 2
n o = th]C )Kh g
Z#J
- n — 1 Z hpIC )Kh zynz n] + Op(l)

S [ K B{Ic(210X(2) + 12) ~ (2,00 7(2)} = 7

Unlike 71, 75 does not involve any information of ;. Instead, since 7, = ¢(Xj) — §(Zj, 0n),
the kernel regression estimator §(Zy, 0,,) always consistently estimates E(q(Xy|Z;)), hence

To —y, 79 under Hy. Now we state the asymptotic property of the proposed test under Hy.
p 14 14

Theorem 2.3.3. Under the conditions (C1)-(C10) and (C11), and under the alternative

hypothesis Hy, for finite 0 < X\ < 0o, we obtain

Vo B{Ile(2)MZ) — 9(Z,00)12(2)}

V2r + 2702 V271 + 219/ A2

> 0.
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The standardized test statistic nhp/QVn/\/Zﬁ + 279 /A2 = 0o, under Hy. Hence the pro-
posed test is consistent against the alternatives Hy.

Now we consider a sequence of local alternatives:
H,: E(YZ*’XZ) = m(XZ-, 90) + bp, a(Xi),

where a(-) ¢ M, a(-) is continuously differentiable, E[a(X)]? < oo, and b, — 0.

Theorem 2.3.4. Under (C1)-(C11), Hy with by, = (nh?/2)~Y2 and 0 < A < 0o, we have

nh?/2v, R
V271 + (272) /N2

p N(v,1),

where v = E{Ic(Z2)Ela(X)|Z]*f7(Z)}/ /21 + (212) /A%,

2.4 Estimation of 6,

To perform the proposed testing procedure, we first need to obtain a +/n-consistent

estimator 6. Song (2009) uses the least square estimator

n

A . . 2

fors = argmean[C(Zi)(Yi_gws(Zi79)) : (2.17)
i-1

where the Nadaraya-Watson regression estimator g, employs a bandwidth ws. In order to
assess the performance of the proposed test under different estimation procedures, we also
introduce the weighted least square estimators. In particular, we choose the weight function

f (Z;) for each observation Z; to avoid the unstableness of kernel regression estimation with
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f(Z;) close to 0. In other words, we considered the weighted least squares estimator
. A 2z
Owrs = arg malnz (Y; — guws(Z:,0)) [ f(Z:))*. (2.18)

An argument similar to the one used in Song (2009) shows that éW Lg 1s also asymptotically
normal with convergence rate /n. In addition, when all r.v.’s X, u and ¢ are Gaussian
in the above linear errors-in-variables Tobit model, Wang (1998) obtained two-step moment
estimators éT M E- Inorder to conveniently apply the estimator in the next section, we briefly

describe it here. Assume

V¥=a+ 81X +e, YV =max{V* 0}, Z=X+u,

XNN(:UX7EX)7 UNN((]aEU)a gNN(()’ZE);

where X, v and ¢ are mutually independent and A := Z)_(l Yy is known. Under the normality

assumption, the first and second moments can be calculated

pys =+ BTy, px =pz, (2.19)

0by = BUSxB+ 02, ogyx=3xB, Sz=3Ix+ S (2.20)

One can construct estimating equations by the substitution of sample moments in the above
euqations in order to obtain the parameter estimation. However the moments of Y* are also

needed. But algebra shows that

E(Y)=0BO)EXY|Y >0), 8:=pys/oys (2.21)
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E(Y[Y > 0) = iy + oy+(6)/D(5) (2.22)

E(ZY|Y > 0) = oy« + nz E(Y[Y > 0). (2.23)

Let [ty denote the overall sample mean of Y;’s responses and iy, be the mean of the positive

Y;’s only. Using sample moments in equation (2.21), we obtain

S

=& iy /iy 4).

Then combining this with (2.22), we obtain the estimates of y1y+ and oy« as follows.

fiy+ = dfty 1 /[0 + $(8)/®(5)], Gy = fly+ /0.

By equation (2.23), one can further estimate o,y by

Ogy* = fzy* = [izfly +-

Then plugging jiy*, 0y, 0 7y* in (2.19) and (2.20), and using A = E)_(lZu, which is known,

we obtain the following estimators of « and f.

R . . . L ) L )
BrvME = Xx0zyx, Xx =Xz(I+A)"", aryp =y —ixB, px =iz

Computationally, éTM e = (drmE, BT M E)T is more efficient due to the closed form
while the other two estimators require optimization. We use all three estimators in the

simulation study of the next section.
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2.5 Data analysis

2.5.1 Simulations

In this section we present the findings of a Monte Carlo simulation study. In this study
we used the three estimators of §y mentioned in Section 3.3. Let Vi denote the corresponding
test statistic with estimator of 6y equal to 0. We chose p =1, 2. The empirical level of the Vg
test is seen to be robust against these choices of the estimators for p = 1. In all simulations
we set N = 2n for convenience. All the results are obtained by generating 1000 replications.

In the case of one-dimensional covariate, i.e., when p = 1, we compared the power
performance of the Vé test with the two existing methods: one is the W, test of Song and
Yao (2011) based on Stute, Thies and Zhu (1998) type transformation of a partial sum
residual process and the other is the score-type test Sy in Song (2009). Although Song’s
score-type test does not directly apply to the Tobit model, it can be successfully adapted
to the current model when the testing problem is transformed to (2.5). In order to clearly
see how the simulation is implemented, we briefly describe both existing methods here.

Regarding the score type test, Sy, is defined as

ZIC = Gus(Zi))W(Zy),

where W (-) is a weight function of the covariate Z. Specifically, we used the uniform weight
function W(Z;) =1 in the simulation.

As for the transformed test W), first define the stochastic process

Wi(z)=—= él(c< Z; < z) ! En: [ Z (Z)M; (e < Z; < Z; £ 2)|1(Z)),
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where

& — Y; _Q(Z}ﬁen), Z(ZZ) — g(ZZ'—,@An),
7(Z;,00) 7(Z;, 0n)
. 1 . -
My = =Y U2 (Z)1(Z), > Zj > o),
k=1

7(2,0) = E((Y —9(2)*Z =)
= o2(a+ B2)%®(a + Bz) + 0% (a + B2)p(a + f2) + 02 ®(a + f2) — g(z,0),
9(2,0) = o(a+ B2)®(a+ fz) + og(a+ Bz),
a@ = (a+(1-2A)Bug)/o, B=(1-A4)8/o,

o2 = 0.+ AR, A=02/(02+02).

One rejects Hy if

sup  Wa(2)/y/ Fz(20) - F2(0)] > b,
c<z<z

where by, is the value such that P(supg<,<i |B(u)| > by) = a and B(u) is the standard
Brownian motion. For the nominal level 0.05, by, = 2.242. We used ¢ = min{Z;} and z is
the 95th quantile of Z;.

The simulation results show that in terms of the empirical power, the V' test with éT ME
outperforms all other tests for small and moderate sample sizes, and it behaves as well as
the W), test for the large sample size. Moreover, all the three Vé tests corresponding to the
three different estimators 6 of 6o produce higher power than the corresponding score-type
tests at the chosen alternatives. In addition, the empirical powers of the proposed Vé test

under the three specified estimation options match the estimation performance in the sense
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that more accurate estimator 6 leads to higher empirical power of the corresponding Vé
test. The estimators of 6y used in W,, and 5, tests are éT M E and éo LS, respectively, as
was done in Song and Yao (2011) and Song (2009). We used the kernel density K(u) =
0.75(1 — u?)I(|u| < 1) of order k = 2 for all the kernel density related tests.

In the case p = 2, the only other available test is the Song’s score-type test. However,
in Song’s test, the bandwidth wg should satisfy both conditions N wzp /log(N) — oo and
N wgk — 0, where k is a positive even integer specifying the order of the symmetric kernel
density K. When p = 2, the above bandwidth conditions require k& to be larger than 2,
which means that symmetric densities like the above kernel K (u) can not be used here. If
we take £ = 4, K will take negative values at certain points. In a simulation, using the
fourth order density kernel, K 4)(u,v) = (0.086 — 0.2u2)(0.086 — 0.20%) K (u) K (v)/0.046% as
introduced in Jones and Signorini (1997), the least square estimator of 6y showed large bias
and mean square error, which in turn makes the score-type test difficult to implement. For
these reasons we only report the finite sample behavior of the Vé tests. We find both the
empirical levels and powers under the chosen alternatives are satisfying.

Bandwidth selection: As is evident, the implementation of the proposed tests requires the
selection of the two bandwidths. One is the kernel regression bandwidth w and the other
is the bandwidth A used in forming the test statistics Vj,. It is thus important to provide a
practical strategy for the selection of these bandwidths.

Given a consistent estimator é, we propose to obtain the optimal w, denoted by wy, by

minimizing the mean square error of the kernel regression estimator g,, as follows.

1 & R A .
MSEy(w) =~ Ie(Z)(Y; — §u(Z:,0))*,  wy = argmin MSEy(w).
=1
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Note that no cross validation is needed since the Nadaraya-Watson estimator g, is con-
structed based on the independent validation data {(¢(Xy), Z),k = 1,..., N} instead of
{Y;,2),5=1,...,n}.

Regarding the bandwidth h, recall that h was originally used to estimate E(n;|Z;) by the
estimator given in (2.8). Since, under Hy, E(n|Z = z) = 0, we propose to obtain an optimal

h by minimizing the mean square error

MSEy(h) = - S le(Z)(Elmlz)? = - S (3 IC(S,LZi_)ﬂC)(}Lij)K(Zj iy fz)”
=1 =1 =1

To satisfy that h — 0 and w/h — ¢ < 0o in (C8), we enforce the constraint 0.1w;, < h < 10wy,
in the above minimization. In our simulation, we applied the grid search of bandwidths
starting from 0.1wy, with step 0.02 to obtain the optimal bandwidth hep. In some cases, a
grid search study showed that M SFy(h) decays slowly to 0, for all sufficient large values of
h. This will cause the chosen bandwidth to be much larger. Hence, we set a threshold 0.05

for M SFEs to avoid choosing too large a bandwidth. To summarize,
hopt :==min {h : h = argming jy, <h<10uw, max{MSFE3(h),0.05}}.

Simulation 1: p = 1. In this simulation, the data were generated from the model (2.1)
and under Hy, where m(x,0) = a + Sz, 0 = (a,ﬁ)T, with a = 1,6 =0.6, and Z = X + u,
where X ~ N7(0,22), € ~ N1(0,1) and u ~ N(0,0.5%) so that the ratio 02 /02 = 1/16 in
the TME procedure of Wang (1998). The truncation rate is approximately 26%. Moreover,
here ¢(z,0) = (a + fz)®((a+ Bx)) + ¢((a + pz)), where & and ¢ are distribution function

and density function of the N7(0,1) r.v., respectively.
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Following the estimation procedure in Song (2009), ws was set as N ~1/3 6 obtain esti-
mators éo s and éW 1s- Table 2.1 reports the absolute bias and square root of mean square
error (RMSE) (in parenthesis) of the three estimators of fy mentioned in Section 3.3. As ex-
pected, both bias and RMSE decrease as the sample size n increases for the three estimators,
which indicates the consistency of the estimators. Moreover, under the Gaussian scenario,
éT ME 1s seen to be superior among the three and éW Lg is the least favorable. In the power

analysis section, we will see that the empirical power of the Vé—test shows a similar pattern.

n,N  (50,100)  (100,200) (200, 400) (300, 600)
&ors 0.019(0.196) 0.005(0.129) 0.004(0.090)  0.002(0.076)
awrs 0.018(0.237) 0.010(0.152) 0.005(0.104) 0.0001(0.087)
ararp  0.008(0.166) 0.004(0.116) 0.004(0.082)  0.001(0.069)
n,N  (50,100)  (100,200)  (200,400) (300, 600)
Bors 0.021(0.142) 0.003(0.083) 0.004(0.057)  0.001(0.049)
Bwrs 0.023(0.183) 0.011(0.113) 0.004(0.081)  0.002(0.068)
Brae  0.005(0.103) 0.004(0.069) 0.0006(0.049) 0.0003(0.041)

Table 2.1: Comparison of estimators: absolute bias and RMSE in parenthesis

In the discussion below, we write Vorg, Vivrs and Vg for Vj when 6 equals the
éo LS, éW s and éT A E of the previous section, respectively.

To implement the proposed test, the set C was used to be the overlap interval of {Z;,i =
1,...,n} and {Zk,k: = 1,...,N}. In other words, C is chosen as the interval [a,b], where
a = max{min{Z;}, min{Z;}} and b = min{max{Z;}, max{Z;,}}. As mentioned in the
main theorem, there are two options for estimating the asymptotic variances. To simplify
the computation, we used the estimators given at (2.14). Applying the above bandwidth
selection scheme, Table 2.2 shows that the empirical levels of all the V' tests are well controlled

for the large sample sizes.

To investigate the power performance, we compared the proposed test with the W), and
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(n,N) (50,100) (100,200) (200,400) (300,600) (400,800) (500,1000)

Vors 0.008 0.011 0.030 0.029 0.043 0.046
Viwrs  0.022 0.019 0.036 0.031 0.041 0.051
Vrue  0.011 0.014 0.033 0.034 0.049 0.048

Table 2.2: Empirical levels for p = 1 at nominal level 0.05

Sy tests mentioned above. We performed a finite sample power comparison by generating
data under the model (2.1) and the alternatives Hy : pu(x) = m(x,0,b), for all z € C and
some b € R, where m(z,0,b) =1+ 0.6z + b sin(z), b € R.

Table 2.3 displays the empirical power of the three types of tests for increasing sample
sizes. One can see that the empirical power of all tests increases as the sample sizes n, N
and the nonlinear effect b increase. For small and moderate sample sizes, Vg performs
the best, and both W, and Vs achieve the highest power for the large sample size among
the five tests. All the three V' tests outperform the score-type test for the larger sample
sizes. Among the three V tests, Vg performs the best, followed by Vprg and Viyrg.

This finding also matches the behavior of the three estimators of 6y presented in Table 2.1.

(n, N) b Wn  Su Vors Vwrs Vrume
(100, 200) 0 0.059 0.039 0.011 0.019 0.014
0.5 0.213 0.119 0.115 0.08 0.218

1 0382 0.306 0.448 0.300 0.743

(300, 600) 0 0.067 0.049 0.029 0.031 0.034
0.5 0.563 0.317 0.592 0400 0.643

1 0927 0504 0983 0.966 0.984

(500,1000) 0 0.077 0.058 0.046 0.051 0.048
0.5 0.822 0.394 0.805 0.640 0.834

1 0991 0.583 0984 0.979 0.983

Table 2.3: Empirical power comparison for p = 1 at nominal level 0.05

Stmulation 2: p=2. We conducted a brief simulation study for the bivariate predicting

variables case. Here, both primary sample {(Y;,Z;),i = 1,...,n} and validations sample
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{(Xg, Zp), k =1,..., N} are generated from the model

V¥ = a4/ X1+ BXo+b(XP+ X+, Y =YIY*>0), Z=X+u,

where o = By = fly = 1, & ~ N1(0,05%), X = (X1, Xp)" ~ N5(0,52), B = (0i5)2x2,
011 = 099 = 1, 019 = 0.5 and u ~ N(0,%,), Sy = 0.525. Here Iy is a 2 x 2 identity
matrix. b = 0 corresponds to the null model. The Gaussian distribution assumption and
known covariance ratio X, 153, suggests the use of Vi p-test. The compact set C is now
a rectangle with sides chosen in a similar way as in the case of p = 1. We used the kernel
function K (u,v) = K(u)K(v) of order k = 2, where K is the same as in the case of p = 1,
and the bandwidths were selected by the above MSE criteria. In Table 2.4, the empirical
level is seen to be slightly liberal for the larger sample sizes and the empirical power increases

as b, n and N increase.

b (100,200) (200,400) (300,600) (400,300) (500,1000)

0 0.032 0.047 0.051 0.055 0.068
0.1 0.051 0.060 0.096 0.154 0.164
0.3 0.156 0.269 0.502 0.683 0.782
0.5 0.385 0.758 0.896 0.975 0.989

Table 2.4: Empirical level and power of Vs test for p = 2 at nominal level 0.05

2.5.2 Real data application

The enzyme reaction speed data was originally collected in 1974 to study the relationship
between the initial rate of enzyme reaction and the concentration of UDP-galactose. The
data set has been analyzed by both Stute, Xue and Zhu (2007) and Du et al. (2011). The

primary sample contains n = 30 observations of (Y}, Z;), where Y; is the initial rate of reaction
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speed and Z; denotes the basal density of UDP-galactose, for the ith individual, 1 <17 < 30.
The basal density can be measured in the two ways described in Du et al. (2011): as a
simple chemical treatment and by an expensive precision machine. The former treatment
produces surrogate observation Z while the latter treatment serves accurate observation X.
A validation data consisting of N = 10 pairs of basal density were obtained. We manually
truncated the responses at 125 with truncation rate 27% to apply the proposed test. It is

commonly believed that the Michaelis-Menten model given by

m(x,0) = 01x/(02 + x),

is an appropriate model for this data set.

In the estimation step, we adopted the ad hoc bandwidth wg = 6, N —1/3 as recommended
in Sepanski and Carroll (1993) and obtained both éo s and éW s- DBesides these two
estimators, the empirical likelihood estimator 6 g1, obtained in Stute, Xue and Zhu (2007)
is also presented in Table 2.5. Then in the test step, we continued applying the bandwidth
selection method introduced in Section 3.5. The parameter estimators, optimal bandwidths
and p-values of the V tests are presented in Table 2.5 and the estimated curves by both
least square methods and empirical likelihood in Stute, Xue and Zhu (2007) are displayed

in Figure 2.1. None of the V' tests using the three estimators are significant, which validates

the current understanding that the above Michaelis-Menten model is proper for the data set.
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Reaction speed and basal density
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(01,602) wy  hopt  p-value
Vors (217.37,0.071) 0.12 0.49 0.464
“+++ Estimation by fos VWLS (218.41,0.072) 0.12 0.45 0.592
ZZ Eatimation by s Vgpr (212.70,0.065) 0.12 029 0.462
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reaction speed

125 140

e et Table 2.5: Estimation and testing results of the
00 02 04 06 08 10 enzyme reaction dataset

basal density

Figure 2.1: Estimated regression func-
tions using three estimation methods

2.6 Proofs

Recall the notation given in (2.10). Throughout this section, f stands for the density f
of Z. We begin by listing some of the important facts about the first and second moments

of the three parts of the residuals below, where 6 is a vector such that ||6 — 6| < [|65, — 6p|.

Eni|Z;) =0, E(m?|Z;) = 0%(Z;), forall 1 <i < n. (2.24)
E(e;|Z;) = O(wk), E(622|ZZ') = O(1/(NwP) + w%), uniformly in i for Z; € C. (2.25)

N A A X A 1 A N = A
0; = §(Z;,00) = §(Zi, On) = §(Zi, 00) (6 — On) + 5 (60 — 0n)"5(2;,0)(00 — ). (2.26)

Fact (2.24) is assumption (C3). Fact (2.25) follows from Theorem 2.2.1 of Bierens (1987)
pertaining to Nadaraya-Watson regression estimators while the claim (2.26) follows from
Taylor expansions of § at y. Intuitively, both e and § are asymptotically negligible com-
pared to 7, however {e;,i = 1,--- ,n} are not independent since they are all based on the

validation data set ()Z'k, Zk)k:l,m,N- Hence we need to study those terms that involve
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{e;,i=1,--- ,n}.

In the sequel,
D = (Zym), 1<i<n;  Dp=(Z;,X}), 1<k<N.

We have

Lemma 2.6.1. Under Hy and (C1)-(C10),
nhP/2V,1 =g N1(0,271), (2.27)

where 71 is defined at (2.11).
Proof. Recall (2.13). Rewrite
1
Vil = —— > _1e(Z)Ic(Z)Kp(Zi — Zj)minj.
n(n—1) vy
Define

Hyp(Dj, Dj) = 1c(Zi)1c(Z;) Kp(Zi — Zj)nin;.-

It can be seen that V1 is a degenerate statistic since E[Hp|D;] = 0. The result is immediate

by a slight modification of the proof in Zheng (1996). O

The proofs of Lemma 2.6.2 and 2.6.3 use Lemmas 2.6.4 and 2.6.5 which are given in the

end of the section.

Lemma 2.6.2. Assume (C1)-(C10), Hy hold and 0 < X\ < co. Then, with T is as in (2.11),

NP2V =4 N1(0, 279). (2.28)
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Proof. Let I;; = Ic(Z;)Ic(Z;). In the proof here the indices 4, j vary from 1 to n. Let

N N
Vg =——— ;;g iy h” Ty (o ik a(Xp) — 9(ZD)la(X) — 9(Z5)).

Direct calculations show that under (C1) and (C7)—(C9),

sup ?8 — 1] = 0p(1). (2.29)
Now rewrite
Vo = WD ZIC Z)Kp(Z; — Zj)eie;
= oD wa hw( )f(gmz))(g(z‘j)f_(gf.)N(Zj))

= n_lNQZ ”K"” ZZKWKW [a(Xp) = 9(Z))a(X)) — 9(Z;)]

k 11=1

The above fact follows from (2.29).

We shall now analyze XN/ng. Rewrite

= 1 1 1Ky ~ ~
T % ; N T (2 KK ahlaXn) — g Zlla(Ky) — 0(Z))]
1 LiiKp i
Tl 1>N2%k# Pz ) kT atldX) = 9Z)a(X) — 9(2;)]
= Vha1 + V2o
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For V91, define the symmetric function

LijKh,ij v v
o K ik K k(X)) — 9(Z)[a(Xy) — 9(Z;)]
and L(Z;, Zj, Z;,) = El(q(Xg) — 9(Z:)*(@(Xy) — 9(Z;))?|Zi, Z;, Zt). Note that this kernel
depends on both n and NN, but this dependence is not exhibited for the sake of brevity. In

order to apply Lemma 2.6.4, we need to calculate variances of all projections of ¥1. Rigorous

calculation shows that

Var(f(/)l) (230)
< E¢2=E{i—l”K’%’” K2 K2 (X5 — o(Z0Pla(K) - a2}
= 1 N2 f2<Zz>f2(Z]) w,ik kaq k g\4y q k g i
1 I; K?”] s o _
_ WE{WK K ]kL(ZZ,Zj,Zk)}
1 I; K%m 5 o _
- mE{WE[K K2 L(Z, j,Z,g)|ZZ-,Zj]}
Z ZZ
— N2L3PEC{f2 h ] /K2 K2 u)L(ZZ-,Zj,Zi—wu)f(Zi—wu)du}
1 Z Z; s
_ O(WEC{K2<T>L(ZZ-,Z]-,Z /K2 K2 +u)du}>
1
h O<N2w3php>‘

In the above derivations we used assumption (C1) that guarantees that the density f is

bounded from below. Next, consider

E(41|D;, Dy)
1 K

N P Ko gilaXe) = o Z0a(52) ~ o(Z))Ds Dy}
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LiiKn i _ N

B %W%E{Kwﬂk%k[ﬂﬂzw — (9(Z) + 9(Z)9(Z1) + 9(Z:)9(Z))]| Di, Dy}
L 1ijKpj 1 (Zi—x

- N (Zi)fll(Zj)/ wQPK( w ><u2(x>_(g(Zi)+9(Zj))9(95)+9(Zi)9(Zj))f(z:)dx

NwP  f(Z;) f(Z;)

Furthermore, uniformly in 7, j,

Var(E(¥1|D;, D;)) < E(E(1|D;, D;))” = O(W)

Similar arguments imply that uniformly in 1 <i<nand 1 <k < N,

Var(B@D) = 05z ) VarB@aIDy) = 055 )

N2w2p N2w2p

- 1
Var(E(y1|D;, D)) = O(W) '

Assumptions (C9), (C10) and 0 < A < oo together with Lemma 2.6.4 yield

2 2 4 AnhP nh?
Var(NWP/?Vi91) = O = o(1).
ar( n21) ((pr)S T N2 T Ny (Vi) T (Nwp)2 T 2uz) =W
Moreover, direct calculations show that E[Vj,91] = E¢1 = o(1/N). Hence,
BNV = Var(NWP2V1) + B2 NWPVy91] = o(1), (2.31)

Vo1 = op(1/(NRP/2)),

In order to analyze the variance of V99, for i # 7,1 < i, <n, k#1,1 < k, Il < N, we
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define the following symmetric function

1ij K ij
f(Z)f(Z))
K i1 K kla(X0) — 9(Z))la(Xy) — 9(Z5)]}/2.

Yo(Dy, Dj, Dy, Dy) = {Kow.irFow jila(Xy) — 9(Z)]la(X;) — 9(Z;)]

i.e., ¥ is symmetric within the blocks (D;, D;) and (Dy., D). Then we have

N

1 " ~ -

Viga = m Z Z ¢2(DiaDj;DkaDl)-
i#j=1k#l=1

In order to apply Lemma 2.6.5, we need to calculate the variances of all projections of 9.

Computations similar to the above used for analyzing Var(V,,21) yield the following facts.

Var(z) = 0o ). Var(B(wal D)) = O(u™), (232
4k
Var(E(ih| Dy)) = O(w?),  Var(E(y2|D;, Dj)) = o(%),
_ w2k o ]
Var(B(ya|Di, Dy)) = O( =), Var(B(| Dy, D) = 0(+5).
_ w2k o )
Var(E(49|D;, Dj, D)) = O(W)’ Var(E(ib| Dy, Dy, D)) = O<W>'

Given the above projection variances, (C8)—(C10), 0 < A < oo and Lemma 2.6.5 imply that

4 qwt g2k otk 2 16wk
Var(Vog) = 0( 2.33
ar(Vnz2) 2w Tt T T e T aver (239
N 8 N 8 N Sw2k >
nN2hP  nN2R2P  n2NhPwP

= %Var(E(iﬁg‘ﬁk,ﬁl)) + 0(@) - O(ﬁ)

In fact, the variance term of E(i2| Dy, D;) dominates the variance of Vj,29. The facts (2.31)
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and (2.33) in turn imply that
Vaz = Vaza + op(1/(NHP/2)). (2:34)

To further investigate V90, we study the projection of )9 on the validation data set
E(¢2|Ek7 51) From the format of 19, we only need to study the projection when Zk eC
and Z € C. In fact, for fixed Zk, suppose gk ¢ C, there is small enough r such that
Ny (Z;;) N C = 0 where Ny (Z},) is the neighborhood of Zj, within radius of Mr and M is the
boundary of the density support of K on each coordinate. It leads to Ky, ;5 = 0, then ¢o = 0.
For kernel function with density support on RP such as normal density, one can argue with
large enough My such that the kernel density is arbitrarily small outside of [— Mg, Mg]|P.

Details are skipped. Hence asymptotically, change of variables and Taylor expansion yield

E(iho| Dy, D)
— L Ie(ZD{la(%) - 9Z)Ia(R) ~ 9(Z)] [ KK ()Rl 0)duds
by [ K@E Rl - o(Zol (Ze*
+a(X)) = 9(ZDlg™) (Zy)u Ydudv } + Op(w)

= JQ(ﬁk‘? El) + R/2<ﬁk‘7 El) + Op(ka)a

where K, i(u,v) = 1/2{K((Zy—Z)) [h+w(u—v)/B) [P+ K ((Z,— Z3,) [h+w(u—v) /) [1P},
C1 = 1/k!. Notice that Jg(ﬁk, l~)l) is the leading term, the other two terms are negligible as

w — 0. Hence (2.33) can be rewritten as

Var(Vyg9) %var[@(f)k, D] + o(ﬁ) _ o(ﬁ). (2.35)
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Next, we will show that V)09 is asymptotically equivalent to ‘N/ngg defined below:

1 ~ ~ o~ ~ ~

Vizz = 55 >_{02(Dg, Dy) + Ry(Dy, Dy)} + Op(w?) (2:36)
k#l

= Tha + Thy + Op(w?F).

It can be seen that ‘7”22 is the projection of V20 on the validation data. Hence E{(V,20 —

‘77122)‘77122} =0, and

Var(Vy09 — Vp99) = Var(Vy,99) — Var(V,,22). (2.37)

Now we will prove that T},9 dominates ‘N/ngg by showing the asymptotic properties of each
term. The last term in (2.36) is negligible with asymptotic rate N hP/2 since NhP/2w2k —
by assumption (C10).

First, note that T;,o is a degenerate U statistic. After verifying the conditions in Theorem

1 of Hall (1984), we apply the theorem and obtain that

NTya
{2E¢3(Dy, Do) }1/2

—q N1(0,1). (2.38)

Since E(?Zg(ﬁl,ﬁg)) = 0, (2.32) further implies that EJ%(E]_,ZBQ) = Var[’lZQ(ﬁl,[jQ)] =

O(1/hP). Moreover, (2.38) implies that

VCLT(TnQ) = %V&r(&z(ﬁl, Ez)) + O<N21hp> = O(ﬁ) (2.39)

Second, note that Tr’l2 is a non-degenerate U statistic with mean 0. By applying the
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central limit theorem for non-degenerate U statistics presented in Serfling (1981), we obtain

VNT!,

{4Var(E(R)|Dy))}1/2 —q N1(0,1).

Straightforward calculation indicates that Var(E(R’2|l~)1)) = O(w?F). Then, as n AN — 0,
Var(NWP/2T! ) = O(N?hPw? IN) = O(NWPw?F) = o(1),
under the condition that nh?/2uw?¥ — 0 and 0 < A < co. Therefore
Tho = op(1/(N1P/2)).
This fact combined with (2.39) and (2.36) yield

Var(Vy,22) = %VM[@ZQUN)L Do)] + 0(

Nth) (2.40)

The results (2.35), (2.37) and (2.40) together imply that

1
Var(Vi2e — Vigo) = 0(@)-

Hence

Vi = Vaoz + 0p(1/ (NWP/2)) = Vg + 0 (1) (NHP/2)) = Ty + 0p(1/(NBP/2)). - (2.41)
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Given the asymptotic results in (2.38), we have

WP Evo(Dy, Dy) — / { /K(u)K(v)[K(s +c(lu—0))+ K(—s+c(u— v))]/2dudv}2ds

< [ Ie@)3 @) Pa)de = 7
By connecting the above limiting variance with (2.38) and (2.41), eventually we obtain that
NhP/2T,5 —1 N1(0,279), hence NIP/2V,5 =4 N1(0,272). (2.42)

This in turn completes the proof of Lemma 2.6.2. O
For the next lemma recall the decomposition (2.13).

Lemma 2.6.3. Under assumptions (C1)-(C10) and 0 < A < oo, the following holds when

Hy 1s true.
Vig = 0p(1/(nhP/2)); - Upj = 0p(1/(nh/?)), j=1,2,3.

Proof. The proof of the claim about V},3 is similar to that of Lemma 6.2. Rewrite

1
Vo3 = m;fijf(h,iﬁﬁj
= L Bt g 0) - Wig(Z0)W(24,60) — Wir(2,.6)]
n(n 1) £ [(2,)[(2)) J ]
1

Lii Kp i ~ . ~
S R e Ko ala(X g, 6) — a(X, 0
n(n — 1) N2 ;% F(Zoi(z) " k ,jl[Q< K 0) — a(Xk, 0p)]

X [Q()?b é) - Q()?la 90)]

= Vs + Op(Vn?))a
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where

VA ; Ie(Z; )IC(Z )Khm
Vo= s 2 F(Z0)1(Z;)

i2j kil

[a( X, 0) — a(Xp, 00)][a(X;, 0) — a(X;, 0p)].

Furthermore, XN/ng is decomposed as the sum of the following two terms.

~ Kh ~ . ~
Vng = ——— 3 Z Z s ” Kw kK jrla(Xg, 0n) — a( X, 00))°
n(n—1)N f
1] h 2]
N2 Z Z f(Z Kw szw 2l
1#£] k#l

% [q(Xp. On) — a(Xy, 00)][a(Xp, 0n) — q(X), 6p)]
= Vn31+ Vizz, say.
Similar to the analysis of V},21, define the symmetric function

]UKh 17 K

¢1(DiaDj’5k) = m w szw,jk[Q()N(knén) — (X, 0p)]%.

Because v/n(0, — 0y) = Op(1) and by the Taylor expansion, we have
2(Xp, On) = a(Xp 6) = Op(1/V/n).

Then we can easily check that V31 = 0p(1). Following the routine argument showed in the
proof of Lemma 3.3d in Zheng (1996), we obtain that V},32 = op(1) under Hy and (C2),

(C3), (C5), (CT)—(C9).
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Similarly, U, can be written as

1
U = NAREEIE N2 Z IZthzwaszw]lnz( (Xl) (Zj))
n(n — 1)N
1#5,k,l
= a9 Z Khm wzk:ijkzm( ()Zk)_g(zj))
n(n—1)N
1#5,k
t—— n(n—1)N Z Khzg wszwjmz( ()N(l)_g(zj))
z;éj k#l

= Up11 + Uni2, say.
Analogous to the analysis of V1 and V},9, similar results can be derived for U, as follows:
Un11 = op(1/(nh?/?)),
and U192 can be formulated as a non-degenerate U statistic with the kernel function

¢2(DiaDjaﬁk‘al~)l) = I KhZJszkijl[nz( (Xl) _Q(Z ))+77]( ()N(k‘)_g(zi))]/4

+1; Kh zwa il Kw jk[”l( ()?k) - g(Zj>) + nj(Q()?l) —9(Z;))]/4.

By the central limit theorem of non-degenerate U statistics, we can see that /nUpia =

Op(wk). Thus
nh?12U,1 = Op (Vaht - /i) = Op(Vnhpwk) = o,(1)

under the assumption (C10). The proofs of the claims pertaining to U,,2 and U,,3 are similar.

Details are omitted for the sake of brevity. m
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Proof of Theorem 2.3.4. Similar to the proof of V;, under Hy, we can show that under H,

Vi (2.43)
= n—l ZIC Khzﬂhnj
Z#J
= n—l ZIC Khzﬂhnj
Z#J
ZIC Zy,) fc(Zz){[Q(ffk) — 9(Zp)][a(X)) _9(2)]/K(U)K(U)f{h,kl(u?“)dUdU}
k£l

+op(1/(nhP/?))

= To1 + Tpa + 0p(1/(nh?/2)),  say.

One can verify that 7T, and T2 are the leading terms of Vj,; and Vj,, respectively, as

derived in Lemma 2.6.2. Rewrite 77; = n; + by, E(a(X;)|Z;), where E(n;|Z;) =0

T = n—l Z Khzﬂhnj

Z#J

= =Ty 2 i+ o B@(X0)|Z0)]In; + b Bla(X;)| ;)
Z#J

- n_l Z Khlﬂmn]—i_bn Z Khzgm ( j)lZ]]
17&] z;éj

+b2 5 2 i n 1 Ela(X0)| Zi) Ela(X;) 12
Z#J

:Im+m%+ﬁm}

W1 is a degenerate two sample U statistic, hence

nhp/2W1 —a N1(0,277).
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After symmetrization, Wo can be written as a non-degenerate U statistic, hence /nWo =
Op(1), furthermore,

nhP/2b, Wy = hP/*(\/nWa) = 0.

A similar argument as (2.15) indicates that

W3 = E{Ic(2)Ela(X)|Z)f(2)}.

Hence

nhPPP Ty —q Ni(E{Ie(2)Bla(X)| 2] f(2)},271). (2.44)

As for Tj,9, the result of Tj,9 in (2.42) still holds since T},9 only involves the validation data

and it is irrelevant to the hypothesis of the regression model, i.e.,

nh?/ 2Ty — 4 N1(0, 275). (2.45)

Note that T},; and T}, are independent since they are constructed based on independent

samples. Combining (2.43), (2.44) and (2.45), we obtain that

0?2V, =g Ny (B{Ie(Z)Ela(X)|Z1F(2)}, 27 + (27) /A2).

This completes the proof of Theorem 2.3.4. U

Lemma 2.6.4. Let {D;,i = 1,--- ,n} be a set of i.i.d. r.v.’s and {ﬁk,k =1,---,N} be

44



another set of i.i.d. r.v.’s, which is independent of {D;}. Define the two sample U statistic

N
1 & ~
T=——u > Y ou(D;Dj,D
TL(?’L— ].)N : Qpn( 1= k))
i#j=1k=1

where @p, is a symmetric function with regard to permutation of (D;, D;) and square inte-

grable for each n. Then

Var(T) = O Varlpn) + - Var(E(ea| D1)) + Var(B(eal D)) (2.46)

n

2 4 ~
+=5Var(E(gul D1, Da)) + —Var(E(pa| D1, D1)) ).
n nN
Proof. Algebra shows that

Var(Nn(n —1)T)
~ 2
= E{ Z ©On DZ,DJ,Dk;) ESOn(Dz}DjaDk:)]}
i#4,k

= Z Z E{ ¥n DZijaDk) Egpn(D%D]’Dk)][(pn(D&Dtle) Egpn(D87Dt7Dl)]}
i)k s#t1

:{Z+Z+4Z+4Z

{s,t}={i,5},i=k {sjt}={i,g},k£l  s=it#jk=l  s=it#jk#l
+ Z + Z }E{[QOTL(DiaDjaEk) _E@n][Qpn(DSaDtaﬁl) — Egnl}
sidtik=l st kAl
= 2n(n — 1)NVar(¢p) + 2n(n — 1)N(N — 1)Var(E(p,| D1, D2))
+4n(n — 1)(n — 2)NVar(E(on|D1, D1)) + 4n(n — 1)(n — 2)N(N — 1)Var(E(¢n|D1))

+n(n —1)(n — 2)(n — 3)NVar(E(¢n|D1)).

The claim (2.46) follows from this identity upon dividing both sides by (Nn(n — 1))2 and

using the fact that (n — k)/n — 1, and (N — k)/N — 1, for k = 1,2, 3. O
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Furthermore, define

1 n N

1 ~ ~
S:m Z m Z ¢H(Di7Dj7Dk’Dl)7

i#j=1 k£l=1
where vy, is square integrable and symmetric with regard to permutation of (D;, D;) as well
as (ﬁka 51), i.e., @/Jn(DZ, Dj, ° ) = @Dn(D], Di, ., ) and @/Jn(, ° ﬁkv 51) = @/Jn(, ° 5[7 Ek)v for

each n. An argument similar to the one used in Lemma 2.6.4 yields the following lemma.

Lemma 2.6.5. Suppose {D;,1 < i < n} and {Dj,1 < k < N} are the two independent

random samples and S is the two sample statistic defined above. Then

4 4 4 ~
Var(S) = O(W\/ar(z/}n) + ﬁVar(E(wn|DZ’)) + NVar(E(z/zn]Dk))
2 2 ~ ~ 16 ~
+ﬁVaF(E(¢n|Di, Dj)) + g Var(E(n| Dy, Dy)) + —Var(E(vn| Dy, Dy))

+ var(E(wn‘Dw[jkaﬁl))—i_

8 ~
5 5 Var(E(¢a|Di, Dy, D)) ).
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Chapter 3

Minimum distance model checking in

Berkson models

3.1 Introduction

In statistical data analysis, the data is often collected subject to measurement error. One
typical way to treat the measurement error is the errors-in-variables model which assumes
that the real observation Z is a surrogate of the true unobserved variable X, i.e., Z = X +mn,
where 7 is the measurement error variable. Regression models with measurement error in
covariates has received broad attention in the literature over the last century. In the last
three decades it has been the focus of numerous researchers, as is evidenced in the three
monographs by Fuller (1987), Cheng and Van Ness (1999) and Carroll, Ruppert, Stefanski
and Crainiceanu (2006), and the references therein. However, as Berskon (1950) argued that
in many situations it is more appropriate to treat the true unobserved variable X as the
observed variable Z plus an error, i.e., X = Z +n. For instance, in economics, the household
income is usually not precisely collected due to the survey design or data sensitivity. It was
described in Kim, Chao and Hérdle (2016) that when the income data were collected by
asking individuals which salary range categories they belong to, such as between 5,000 USD

and 9,999 USD, then the midpoint of the range interval was used in analysis. In this case, it is
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sensible to assume that the true income fluctuates around the midpoint observation subject to
errors. Another example is an individual’s exposure to some contaminant in epidemiological
study, for instance, the atmospheric particulate matter that have a diameter less than 2.5
micrometers (PM2.5). Usually the concentration of PM2.5 in an area is reported hourly or
daily as an average measurement, however, the true exposure for an individual relies on the
specific location and the time of the day. This type of data also favors the Berkson error
model. More examples can be found in Du et al. (2011) and Carroll et al. (2006).
Proceeding a bit more precisely, in the Berkson measurement error regression model of

interest here one has the triple X, Y, Z, obeying the relations

Y = u(X) +¢, X =Z+n. (3.1)

Here Y is a scalar response variable and ¢ is an error variable with Fe = 0. The random
vectors X, Z,n are p-dimensional, with X being the true unobservable covariate vector, Z
representing an observation on X and 7 denoting the measurement error having En = 0.
For identifiability reasons, the three r.v.’s £, X, are assumed to be mutually independent.
Thus p(z) = E(Y|X = z), for all x € RP.

Let © C RY be a compact set, {mg(x);0 € O,z € RP} be a family of given functions and

C be a compact subset in RP. The problem of interest here is to test

Hy: p(x) = my, (x), for some §y € © and all z € C, versus

H1 : Hp is not true,

based on the primary sample {(Z;,Y;),7 = 1,...,n} and an independent validation sample
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{(Z,.,X}.),k = 1,..., N}, all satisfying (3.1). Then the empirical version of 7 are naturally
obtained by 7, := X, — 23,1 < k < N.

The literature contains several references that address the estimation of the underlying
parameters in the model (3.1). In the case pu(x) is linear, Berkson (1950) showed that the
ordinary least squares estimators continue to be unbiased and consistent for the underlying
parameters. For polynomial regression, Huwang and Huang (2000) use the method of mo-
ments based on the first two conditional moments of Y, given Z, when Z, ¢, n are Gaussian,
to produce consistent estimators of the underlying parameters. Relaxing the normality error
distribution assumption to a parametric density family, Wang (2004) developed a minimum
distance approach based on the first two conditional moments of the response variable to
consistently estimate more general parametric regression functions. In the case the measure-
ment error density f, is known, Delaigle, Hall and Qiu (2006) constructed nonparametric
estimators of p(z) by means of trigonometric series and deconvolution techniques. In the
case fp is unknown but validation data is available, Du et al. (2011) used integrated lo-
cal linear smoothing and Fourier transformation to formulate a nonparametric estimator of
p(x). Schennach (2013) obtained a sieve-based nonparametric regression estimator with the
help of instrumental variable without assuming f;, to be known.

Relatively, the literature is scant on the above testing problem. Koul and Song (2009) are
the first authors to address this problem. Assuming f; is known, they proposed parameter
estimation by minimizing an integrated square distance between a nonparametric regression
function estimator and the model being fitted and then utilized the minimized distance to
implement the hypothesis test. In the current chapter, we extend this methodology to the
case when f; is unknown, but when validation data is available.

A surprising finding is that the asymptotic distributions of the minimum distance (m.d.)
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test statistics in the case of unknown f, is the same as in the case of known f;,. The
asymptotic distributions of the corresponding m.d. estimators of the null model parameters
are affected by not knowing fy in general. Exceptions are provided by the linear models
when the set C and the integrating measure used in the definition of the above mentioned
distances are symmetric around zero.

This chapter is organized as follows. Section 3.2 describes the proposed m.d. estimators
and test statistics and the needed assumptions for the derivation of their consistency and
asymptotic normality. Section 3.3 establishes the consistency and asymptotic normality of
the m.d. estimators while in Section 3.4 we state the main results of the proposed tests
under the null and certain fixed alternative hypotheses and provide sketches of the proofs.
It is worth mentioning that the variation in validation data contributes to the asymptotic
distributions of the proposed m.d. estimators of the null model parameters but not to the
asymptotic distributions of the m.d. test statistics. Section 3.5 reports findings of a Monte
Carlo study that assesses some finite sample properties of an estimator and a test in the
proposed classes of these inference procedures. Some of the proofs are relegated to the last

Section 3.6 of the chapter.

3.2 A class of tests

This section describes a class of the proposed tests and estimators of the null model
parameters along with the needed assumptions. To overcome the difficulty created by not

observing X we use the calibration idea as used in Koul and Song (2009). Accordingly,
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assume E|u(X)| < 0o, E|mg(X)| < oo, for all § € © and z € RP, define

H(z) = E[u(X)|Z=2] = / (@) fy — 2)dx = / uly + 2) foly)dy.
Hy(z) = Elmg(X)|Z = 2] = / mg(z) fole — 2)dz = / m(y + 2) f(y)dy

Then the original model can be transformed to
Y=H(Z)+¢  E(EZ)=0, (3.2)
and the hypothesis testing becomes

H): H(z) = Hgo(z), for some 6y € © and all z € C, vs.

H{ : H(') is not true.

To proceed further, let w = wy, = ¢(log n/n)l/(p+4), ¢ > 0, and h = hy be two band-
width sequences associated with sample sizes n and N, K be a density kernel and G be a

nondecreasing right continuous real valued function on R and define

12— Zi\ - gl _
Kpi(2) = 35K (=), ful?) ZKW = NTUY (=47 (3:3)
k=1

)Y; — Hp(Z )]} dG(z), 0y = argmingMy(8),

)Y; — Hy(Z >]} dG(2), 6y = argmingMn(9),

0=/l
0=/l
.

~ Hy(2)]] dG2).
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Note that the density estimator fw is based on a bandwidth w that is different from the
bandwidth h employed in the numerator of the regression function estimator. This plausible
scheme was proposed in Koul and Ni (2004) (KN) in order to have an nh?/2-consistent
estimator of the asymptotic bias in My (6y,).

In the case f; is known then Hy is a known parametric function and Koul and Song (2009)
(KS) proposed the minimum distance testing procedure based on M, (6y,). However, this
method is not feasible without the knowledge of f;,, which renders the regression function
Hy to be unknown also. But, with the availability of validation sample {X}, Z;}, where
N 1= )N(k — Zk, 1 <k < N is a random sample from fy, we are able to estimate Hy(z)
by ﬁg(z) defined above. This then leads to the class, one for each G' and K, of m.d. test
statistics Mn(én)

We shall now present the needed assumptions for establishing the consistency and asymp-
totic normality of én and M\n(én) Many of these assumptions are the same as in KS. Define,

for x,y € RP and 6 € O,

og(w,y) == Cov(mg(z + 1), mg(y + 1)), 05(x) := op(,x) = Var(mg(x + n)).

(A1) {(Y;.Z;),Z; € RPi = 1,...,n} is an ii.d. sample with regression function H(z) =
E(Y|Z = 2) satisfying [ H2dG < oo, where G is a o-finite measure with continuous
Legesgue density ¢ on C while {(Zk,)?k),ék € Rp,)?k. €eRP k=1,..,N} is an ii.d.
sample from Berkson measurement error model X = Z + .

(A2) 0 < 02 := Var(e) < oo, 72(2) = E(mg, (X) — HQO(Z))QIZ = z] is a.e. (G) continuous
on C.

(A3) Both E|e|**9 and E|(mg,(X) — HQO(Z)\2+5 are finite for some § > 0.
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(A4) Both Ele|* and E|(mg, (X) — ]-190(Z)|4 are finite.

(A5) fag(z)dG(z) < o0, for all 6 € ©.

(F1) The density fy is uniformly continuous and bounded away from 0 in C.
(F2) The density fy is twice continuously differentiable in C.

(H1) my(x) is a.e. continuous in z, for every 6 € ©.

(H2) The parametric function family Hy(z) is identifiable with respect to ¢, i.e, Hy, (z) =
Hp,(z) a.e. in z implies 6 = 0.

(H3) For some positive continuous function 7 on C, and for some 0 < § < 1, [Hy, () —
Hy, (2)] < |61 — 62]|Pr(2), for all 61,65 € © and = € C.

(H4) For each z, my(x) is differentiable with respect to  in a neighborhood of 6y with the

derivative vector mg(z) such that for every sequence 0 < §,, — 0,

[NTESR [mg(Zi + ) — mgy (Zi + ) — (0 — 00) T ring, (Zi + )|
i3 6ol — oot
1,0

where the supremum is taken over 1 <i <n, |6 — | < 0.

(H5) The vector function meo(:v) is continuous in x € C and for every € > 0, there are n.

and N, such that for every 0 < a < oo, and for all n > ne, N > N,

P( max WP |ring (Z; + i) — 1ingy (Zi + )|l > 6) <e
1<i<n,1<k<N,(nhP)1/2)0-0,| <a

(H6) [ ||H90||2dG < oo and Xg = [ HgOHgE)dG is positive definite.
(K) The density kernel K is positive symmetric and square integrable on [—1, 1]P.
(W1) nh?’ — oo and N/n — A, A > 0.
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(W2) h ~n~% where 0 < a < min(1/2p,4/(p(p + 4))).

We state some facts that will be often used in the proofs below. Note that (H4) implies
that for every 0 < a < oo,
1N ~ ~ : -
‘N U3 [ma(Zs + 7ik) — may(Zi + ) — (0 — 00) 1ing, (Z; + ik, ‘

sup =op(l), (34
iy 16— 6ol p(L), (34)

where the supremum is taken over 1 < i < n,(nh?)/2||6 — 6| < a. From Mack and

Silverman (1982) we obtain that under (F1), (K1), (W1) and (W2),

sup 1fu(2) = 22 = opl1), sup ful2) = F2()| = op(1), sup

zeC zeC zeC

1| =op(1). (3.5)

~

f7(2) ’
fa(2)

Theorem 2.2 part (2) in Bosq (1998) yields that under assumptions (F2) and (K1),

(logr. n) "' (n/ log n)Q/(p+4) sup | fuw(2) — fz(2)] = 0, as., ¥V integer k > 0. (3.6)
zeC

We also recall the following facts from KN and KS. Let dp = 24a, dp = fzj 2dG. For

any continuous function a(z) with [ |a(z)|de(z) < oo, (3.5) implies

| [ a0 - [a@ia)] < s 2 1| [la@ide = o [ lat)ido
Hence
[ae) = [a@io) +o,( [la)lde) (3.7
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From (3.9) in KN, for any function a(z) as above, (F1), (K1) and (W1) imply

/E{% En: Ky(z — Zi)a(ZZ-)}ngo(z) - /anG +o(1) = O(1). (3.8)
=1

In the sequel, we shall not exhibit the set C in the integrals. All the integrals with respect

to the measure GG are supposed to be over this set, unless specified otherwise.

3.3 Estimation of 6,

In this section, we establish the consistency and asymptotic normality of 0,, under Hy.

To begin with, consider the following decomposition that shows a connection between

]\//Tn(H) and My, (6), where Wy, (0) is as in (3.3).

0 = [ [ Y Kni - Hy(2) + Hy(2:) — Fy(22)] d6) (39

= Mpn(0) + Wn(0) + 2Rn(0),

where Rj(0) is the cross product term. We can see that the validation data is involved
through the extra terms W, and R,. The following lemma about W), is found to be useful
in deriving various results in the sequel. Its proof is given in the last Section 3.6 of the

chapter. Let K1 be as in (2.11) and let

10) = [ o3 )dG@aGl).  Ax®) = - [ oh(2)dc(2)

Lemma 3.3.1. Suppose (A1), (A2), (A5), (F1), (H1), (K), and (W1) hold. Then for every
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0 € © for which p(x) = my(x),z € C, we have

N (Wn(0) — An(0)) = N1(0,7(0)). (3.10)

3.3.1 Consistency of én

We first establish the consistency of the proposed m.d. parameter estimators O, Many
details below are similar to those in KN and KS. Recall p(x) = E(Y|X = x). Let H(z) =

E(u(X)|Z = z), and define

olv. Hy) = / (v — Hy)2dG,

T(v) = argming /(V — Hp)%dG = argming p(v, Hy), v € Ly(G).

Lemma 3.3.2. Suppose (A1), (A2), (A5), (F1), (H1), (H3), (K) and (W1) hold. If, in

addition T'(H) is unique, then

The proof is deferred to the last Section 3.6 of the chapter. Assumption (H2), Lemmas
3.3.1 and 3.3.2 immediately imply the consistency of the proposed estimators 0, as stated

in the following theorem.

Theorem 3.3.1. Suppose (A1), (A2), (A5), (F1), (H1)-(H3), (K), (W1) and Hy hold.
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3.3.2 Asymptotic normality of 0,

Here we present the asymptotic normality result about 6,, under Hy.

Theorem 3.3.2. Suppose (A1)-(A3), (A5), (F1), (F2), (H1)-(H6), (K), (W1), (W2) and

Hy hold, then under Hy,
\/ﬁ(én —bp) —q Ny <0, 261(21 + )\_122)261>,

where X is giwven in (H6) and

(02 + 72(u)) Hg () HE. ()% ()
1= / fz(w)
S = [ o0y, ) Hop o), ()46 ()G ).

du, (3.11)

This theorem shows that 6, is \/n-consistent for #y and the asymptotic covariance matrix
is mainly determined by the two terms X1 and 9. The matrix Y1 represents the variation
in Berkson measurement error model when f; is known as in KS while Y9 represents the
contribution due to the estimation of Hy by PAIQ using the validation data. Moreover, the
covariance tends to decay as N/n increases. When N/n — oo, in other words, when the
validation sample size N is sufficiently large, compared to the primary sample size n, not

surprisingly the above asymptotic covariance degenerates to the case as if fy is known.

Remark 3.3.1. Here we verify that the quantities ¥1 and 9 in the asymptotic variance-
covariance matrix are well defined under the given assumptions. Given (A2) and the com-
pactness of C, 72(u) is bounded on C. Assumption (H6) further implies that X1 is finite and

positive definite.
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Next, consider ¥9. The Cauchy-Schwarz inequality implies that og(z,y) < op(x)oy(y)

for all z,y € R,0 € O, and that for any a € RY,

a"Ssa| < [ ogy(o.0)|a” Hyy (o)) (v)a]aG(0)dG )
— [ ny (@, @)lla” Hop (o)l a7 Hoy )1 4G ()G )

— ([ @ la gy (@)d6())” < al? [ of (@)aG(a) [ |1ty o) PG,

Hence assumptions (A5) and (H6) ensure that the entries of ¥ exist and are finite. Moreover,

as seen in the proofs below, Y9 is a positive definite covariance matrix.

Now we describe some parametric function families along with the corresponding 3o that

satisfy the assumptions (H3)—-(H5).

Example 3.3.1. The linear and polynomial cases. Suppose ¢ = p, my(z) = 0Tz,
0,2 € RP. Then Hy(z) = 67 2 is a known function. In this case there is no need to estimate
this function and one can also use 9~n as a m.d. estimator of . See Remark 3.3.2 for an
asymptotic equivalence between 0,, and 0.

In the polynomial regression of order p, ¢ = p + 1 and my(z) = 67¢(x), z € R, where
0= (61, ...,9p+1)T and ((x) := (1,z,...,2P)T such that E|¢(X)| < oo, where || - || denotes

the Euclidean norm. Then
L(z) == E(((X)|Z = 2) = (1,2, B(z +n)?, ... E(z + n)")T,  Hy(z) = 0T L(2).

This model is a simple deviation from the linear model and one already sees the need to
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estimate Hy(z). Given the validation data, an estimate of Hy(z) in this case is given by

N
1 _
o(z + 1) _NE (61 + 02 (z + ) + 03(z + )2 o+ Opr1(z + )P
k=1

=] =
1M-
3

Here (H3) is satisfied with 7 = L. Furthermore, rg(z) = ¢(x) and Hy(z) = L(z) for all

0 € ©. Therefore, similar to the linear case, (H4) and (H5) hold. Moreover,

op(z,y) = 0T [El(x + )" (y +n) — L(=)LT ()],

Sy — / 0T (0 4+ n)T (y + ) — L(x) LT (9)]60 L(x) LT (4)dG(x)dG y).

Example 3.3.2. The nonlinear case. In biochemistry, one of the well known models for
enzyme kinetics relates enzyme reaction rate to the concentration of a substrate x by the
formula agz/(0 + ), ag > 0, 0 > 0, z > 0. This is the so called Michaelis-Menten model.
The ratio v = «ag/0 is defined as the catalytic efficiency that measures how efficiently an

enzyme converts a substrate into product. With g known, the function can be written as

0
ovr 0

Y

mg(x) = >0, z>0. (3.12)

We will verify that this nonlinear function satisfies (H3)—(H5).
Regarding (H3), as shown in KS, one sufficient condition is that the regression function
my(z) satisfies the same condition in (H3). In this case, direct calculation shows that

Y0x2]61 — 6|
(Og +x)(01 +

[mg, () —mg,(z)| = < Y0l61 — bo|.

Hence (H3) holds for (3.12).
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Furthermore, suppose for each z € RP, the ¢ x ¢ matrix mg(x) = 9*my(x)/00% exists
for all # in a neighborhood Uy of 6y and |7y (x)|| < C, for all 8 € Uy and = € RP, where the
constant C' may depend on 6. Then, (H4) holds because by the Mean Value Theorem, with
probability 1, for all 1 <i<mn, N > 1, [|§ — || < dn,

INTLS g (Zs + i) — mgy (Zi + Tik) — (0 — 00) T ring, (Z; + )|
16— Boll

< C[10 = ol < Cn.

In particular, for the function (3.12), p = 1 = ¢, the second derivative of the function
ng(x) = —2y02% /(8 + x)? is bounded for # > 0 and z > 0, so (H4) holds in this case.

As for (H5), with vnhP|0 — 0y| < a and 67 falling between 6 and 6y, we have

sup WP ing(Z; + i) — gy (Zi + )| = sup, P fiings (Z; + ) (0 — 0)|
LR, LR,

< sup Ch P21 — 0y = Op(h™P/2 |NnhP) = Oy (1/(v/nh?)) = 0p(1),
0

where C'is the upper bound for the second derivative mg(x). Therefore (H5) is satisfied.
Another nonlinear example is the exponential function my(z) = P 9,z e R. In practice,

it is reasonable to assume that both © and the domain of X are bounded subsets in R, i.e.,

0] < Cq and |z| < Cy. Again it suffices to verify that the condition in (H3) holds with

Hy(z) replaced by mg(z). With 6* falling between 61 and 6o, we obtain

gy (x) —mg, (z)] = ligs(x)(0y — 01)] = |z =(6y — 01)]

< (Jz)e“1l#) 6y — 0y := r(2)|62 — 61].

Therefore (H3) holds for the exponential regression function. Moreover, the second derivative
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ing(z) = x2e% is bounded by the constant C’%eClCZ. Hence the argument similar to that

for (3.12) yields that the exponential function also satisfies (H4) and (H5).

Next, we provide a sketch of the proof of Theorem 3.3.2. The most of the details of

the proof are the same as in KN and KS. So we shall be briefly indicating only the major

differences.

Proof of Theorem 3.3.2. We first show that

nh?||f — B2 = Op(1).

Define

We shall shortly prove the following two facts.

nh? Dy (0) = Op(1).

For any 0 < a < oo, there exist ng and N, such that

P(ﬁn(én)/nén —o|?>a+ inf bTZOb> >1-a VYn>ng N> N,

1Bl =1

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

where Y is defined in (H6). Then, as in KS, (3.13) follows from (3.16), (3.17) and the
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relation

nh? Dy (6) = [nhP]|61, — 00][*)[Dn () /161 — bo?).

Proof of (3.16). Subtracting and adding Y; to the ith summand in (3.14) and the trian-

gular inequality yield
Dn(6n) < 2(M(6n) + M (60)) < 2(Mn(6) + Mn(60)),

because 6y, is the minimizer of M,. From (3.4) of KS, we obtain nh? My (0p) = Op(1).

Lemma 3.3.1 and the decomposition (3.9) of M,, imply that nth\/Zn(Qo) = Op(1). Therefore
nhP Dy (6) = Op(1). (3.18)

Next, subtracting and adding HGO(ZZ‘) to the ith summand in (3.15) and the triangular

inequality yield
Du(fn) < 2(Wa(0) + Du(6n)).

Lemma 3.3.1 implies that N W;,(6p) = Op(1). This fact, (3.18) and (W1) yield (3.16).

To prove (3.17), define

un = Op — 00, dpig, = my (Zi + 1) = mey (Zi + 1) = up gy (Zi + 7y, (3.19)

: 1 s 1 | o
n\< V) = - hi 0\ %4 = — hi o\ %1 k )
fines0) = [ 23" K Hg(Z0d0(2) = [ 23 3 Kiiehina(Zi-+ 7))

i1 i=1 k=1
n N 2
D1 :/{HLN;I;KM(Z) mzb_:m}?d@(z), Do :/{ugﬁziﬁ,e)}%@(z).
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Then by the Cauchy-Schwarz inequality,

D) [ S5 o+ T

2 2 ] ]

> Dnl + Dn2 —2 V DnanZ-

By (3.7) and (3.8),

/4 S Kni)} o(2) = 0,01) (3.20)
=1

The consistency of 0, (H4) and (3.20) in turn imply

Dm < m?x{N_li\755]}2/{%gKhz(z)}Qdﬂz):op(m (3.21)

An argument similar to the one used in KN in the analysis of the analog of D, yields
(3.17) for D,,9, thereby completing the proof of (3.13).
Now we provide a sketch to derive the asymptotic variance of \/n(f, — ). Proceeding

as in KN and KS, 6, is the root of the score equation

Ma0) =2 [ [ ZKM v~ Hy(z)] [ ZKM ) Hy(Z)]dp(z) = 0. (3.22)

Arguing as in Lemma 4.2 of KN pertaining to g,,1, the above equation becomes

ﬁn<0>=—2/[%ff<m< v — Byl z)] [ ZKM 2)Hy(Z))]dp(z) = 0. (3.23)
=1
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Define

=SS K Ho(Z), in(0) = B = D)F(2)), & = Vi~ Hyy(Z)

z>:%;f<hi<z>@-7 Una(z ZK,“ (Tlgy (%) — Hy(Z1)).
Su= [ Un@in(zo0)de(z), T = / Unia ()i (2. 00)dip(2),

0) = > KnilWHol2) - Hag(Z2)), Do = [ Ha@) i (2)dGlo)
=1

Then the equation (3.23) is equivalent to

/ Un1(2) — Una())iim (2, fn)d(2) = / Vi, )i (2, ) dp(2). (3.24)

A major difference between the proofs in KN, KS and here is the presence of the additional
term [ Upa(2)fin(z,0n)dp(2) in (3.24) due to the estimation of Hpg,(z) by f[go(z). A slight

modification of the arguments in the proofs of Lemmas 4.1-4.3 of KN yield

Vit [ U (@i, 80)d2(2) = ViaSu + opl1), VS —5a Nyf0.E1),

Vit [ Una()in 2, 00)d6(2) = VT + op(1)

It thus remains to investigate the asymptotic property of T;,. For that purpose, define

or(Zisny) = /Khi(z)[meo(zi + 1) — Hoy (Zi)lfin(2,00)de(z), 1<i<n,1<k<N,

00 i= [lmay(z + ) = Hyy (=2 60) () (2)
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Then

n N
\/ﬁ ZZ Zank
=1 k=1

The statistic T3, is a two sample U statistic with kernel function ¢7. We shall be using
Theorem B.1 in Sepanski and Lee (1995) to derive asymptotic distribution of 7}, and some
other statistics. For the sake of completeness we include statement of this theorem as Lemma
3.6.1 in the last Section 3.6.

In order to apply Lemma 3.6.1 to T}, we need to identify the limits of projections of
o, 1., limy o0 E(op|Z1) and limy oo E(dp|71) as well as their corresponding variances.
Algebra shows that E(¢r|Z1) =0, E(ér|m) —p €(m1), Var(£(n1)) = Yo, where X9 is as in

(3.11). Applying Lemma 3.6.1 in Sepanski and Lee (1995) yields that
\/ﬁTn —d NQ(07 22/)\)7

where A > 0 is as in assumption (W1). Note that the asymptotic property of T}, is dominated
by the behavior of E(¢p|1), the projection of ¢ on the validation sample space and Sy, is
constructed only based on the primary sample (Y;, Z;). Hence Sy, and T}, are asymptotically
independent. Therefore the left hand side of (3.24) is asymptotically normally distributed
with convergence rate y/n and variance-covariance matrix X1 + (Xo/)\).

Now we will show that the right hand side of (3.24) equals Qy, (6, — 0p), where

Qn = S + op(1). (3.25)

65



Let ey := up/||unl|,

N
- 1 & dpik: 1 . S . Y ,
Uim [ o0 303 (B 72 i e, 6u)a(e), L= [ i, Bui (2, 80)d0(c).
Then the right hand side of (3.24) can be rewritten as

Argue as in KN to show that (H4) implies V,, = op(1) and L, = Xg + op(1). Moreover, ey
being a unit vector, we obtain ||[Vyel| = op(1). This completes the sketch of the proof of

(3.25), thereby that of Theorem 3.3.2.

Remark 3.3.2. Connection between én and én in linear regression. Here we shall

investigate a relation between the estimators én and 9~n in the linear model. Assume

p(z) = mg(x) =072, xeCcCRP, forsomefe® CRP. (3.26)

Then Hy(z) = 8Tz and a closed form of 6, can be derived by taking derivative of ]\/Zn(ﬁ)

and solving the equation 8]\/4\n(9)/89 =0, i.e., Bpb, = Ay, where

a = f [%gffhxzm} [%gmmmm}d@(@,

B= [[5 ; Kya(2)(Zi + )] [ ; Kni(2) (Z; + 1) | dia(2),
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with 7 = N1 Zi};l M. Similarly, Enén = Avn, where

A= [ 2; Ky [ 2; Kpi(2) 2] di(2),

B = / [%;;Khmzi] [%;;Khmz? aaz).

Roughly speaking, because 7 —p 0, A, — A, = op(1), Bp — B, = op(1) and hence 0, —
6y, —p 0. Furthermore, under some specific conditions, both 0,, and 0,, can achieve the same

asymptotic efficiency. We present two such assumptions here.
(A6) En? < co. 71(2) := E(|e||Z = 2) is a.e. (G) continuous.
(A7) v = [ 2dG(2) =0, [ 22TdG(z) is positive definite.

Proposition 3.3.1. Suppose (3.1) and (3.26) hold with 0 = 0. In addition suppose (A1),

(F1), (K), (W1), (A6) and (A7) hold, then /n(6y, — ) —p 0.

Proof. For the transparency of the exposition, we give details for the case p = 1 only.
Then B, = [ [n= 1570, Khi(z)Zifd@(z). By (3.5), (3.7), (3.8) and direct calculations,
Bn = kg + 0p(1), where kg = [ 22dG(z). By (A7), kg > 0. Then 6, = B, 1A, is well
defined for all sufficiently large n and the consistency of 6y, yields that gn = Op(1). We shall

shortly show that
(a) Vn(An—An) =0p(1),  (b) Bp = By+op(n~'/?). (3.27)

Then for all sufficiently large n, 6, = B, 14,, and

© o n(AuBa— AuBn)  vilAnBn — An(Bn + op(n~112))]
Vn(bp —0p) = B.G, = gn(gn N 0p<n—1/2))
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_ = B — o) _
K2+ op(1) P
To prove (3.27)(a), rewrite
\/E(An - gn) = \/ﬁﬁ/ [% ZK]M( ] [ ZKhz } = V/ni] Ap.
1=1

By (A6) and CLT, y/nfj = Op(1). It thus suffices to show that A, = o,(1). Let A;, denote
the A;, with ¢ replaced by ¢. Then the facts (3.7), E(|Y||Z = z) < |6pz|+71(2), assumption

(A6) and rigorous calculation yield that

=il = op [ 3 K lde) = o)

i,j=1

Now we rewrite

1 n n
An 2Z/Kh2 )Yide(z _QZ Z /Km 2)Kpj(2)Yido(2) == Ap1 + Apa.

Calculation of moments shows that EA,; = O((nh)™1), EAps = Ogvg + o(1), Var(Ap1) =
O(n=3h72) and Var(Ays) = O(n~1). Hence A = Oyvg +op(1), and (A7) implies (3.27)(a).

Now we prove (3.27)(b). Let
= [ L w2 [ 3 o)zt
1=1 1=1
Then, by (3.8),

Bn_én = 277871"‘7_72/[ ZKhz ] —Qan—i-Op( )
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Argue as in the analysis of A, to obtain that By, = v + op(1). This fact and /n7j = Op(1)
imply that \/n(Bp—Byp) = 2(v/nij)vg+0p(n~1/2), which together with (A7) imply (3.27)(b).

This also completes the proof of the lemma. n

3.4 Testing

In this section we establish the asymptotic behavior of the proposed tests associated with

J/\/[\n(én) under the null and certain fixed alternative hypotheses. Let

& =Yi—Hy(Zi), & =Yi—Hy (Z),

n

~ 1 & ~ th 9
G2 2 [ KRt rn——lﬁ ([ Kn@misegde)

TL

R 1 & . ~ 2hp 2
C = ﬁzl / Kj(2)Edp(z), Tn="5 : / Ki(2) Ky (2)6idg (=)
= 7

Because £ = Y — HQO(Z) =ec+ mgo(X) - HgO(Z) and because Z,n and ¢ are mutually
independent, E(¢2|Z = z) = 02 4+ 72(2), where 72 is as in (A2). Since C is compact, and by
(A2), 72 is continuous, we obtain [ E(§2|Z = 2)dG(z) < oo.

The following theorem gives the main result of this section.

Theorem 3.4.1. Suppose (A1), (A2), (A4), (A5), (F1)-(F2), (K), (H1)-(H6), (W1) and
(W2) hold. Then, under Hy, nh?/2Ty " (M (6) — Cn) =4 N1(0,1).

Y2 M (6) —

Consequently, the null hypothesis is rejected by the test if 7}L = nhP/ 2F
6n| > Zo/2 with the asymptotic size @ > 0, where z, is the upper 100ath percentile of the

standard normal distribution.

The theorem shows that the ratio parameter N/n does not play a role in the limiting
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null distribution. This finding is also reflected in the finite sample simulation study through
the empirical level and power with different choices of N/n.

Here we provide a sketch of the proof of the above theorem. Rewrite

~

My ()

1=1

B /[Unl (2) = Una2(2) — Val(z, 9”)]2d¢(2)

— a0 - Vo) + [0

The following three lemmas are needed for the proof of Theorem 3.4.1.

Lemma 3.4.1. Suppose assumptions (A1), (A2), (A4), (A5), (F1)-(F2), (K), (H1)-(H6),

(W1), (W2) and Hy hold. Then
nhP20 Y2 (1 — C) = N1(0, 1), (3.28)
Lemma 3.4.2. Under the assumptions of Lemma 3.4.1, the following holds.

(a) nhP/2Dy(6y) = 0p(1),  (b) nhP/2 K, (0,) = op(1). (3.29)

Lemma 3.4.3. Suppose assumptions (A1), (A2), (F1), (K), (H1)-(H6), (W1) with A\ < oo,
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(W2) and Hqy hold. Then

~

() nhP2(Cp—Cn) =0p(1). (b)) Tp—Tpn=0p(1). (3.30)

The above three lemmas yield the asymptotic normality of Mn(én) in Theorem 3.4.1 in
a routine fashion. Here we provide the proofs of these lemmas.

Proof of Lemma 3.4.1. Let J); denote the J,, with ¢ replaced by . Algebra shows that
BT =B [ UB (o) + E [ U3(:)dp(e) = O((ub) ™) + O = 0((ub) ).
Then, by (3.6) and (W2),

nhP2| gy — JE| < nhP/2 7% sup
zeC

f22)
20) 1‘

- nhp/Qop((nhp)1)op(1ogk(n)(@)p/ <p+4>) = op(1),
Therefore,
Jn = JE 4 0p((nhP/?) ™) = Op((nhP) ™). (3.31)

It thus suffices to prove (3.28) with J,, replaced by J5. To proceed further, define for

1<i,j<n 1<kI<N,i#j k#l

Aip = mgy(Zi + 1) — Hpy(Zi),  Di=(Z;,&), (3.32)

V1(D;, Dj, g, mp) = %/Khi(z)Khj(z)[(@ = D) (&5 — Q) + (§ — Q) (& — Agp)ldep(2),
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Yo(Di, g, M) = /K%Li<z)(§i_Aik)(fi_Ail)dSO(z);
43(D D7) = / () K ()€ — D)€ — Dj)dio(2),

ba(Di) = / K2,(2)(& — A2 (2).

Rewrite

— 1 Sy ?
= [ XY K6 - s} dote)

1 n N
_ > 3 [ K@K - (& - Aol

202
n*N
ij=1kl=1

1
— Se{ T T+ Y+ Y} K@ - 2w - Apde
1£5,kFEl  i=5k#El iEj k=l i=j,k=l
=t Jp1+ Jn2 + Jp3 + Jng-

All these four quantities are similar to the two sample U statistics. We will show that only
Jno contributes to the asymptotic expectation and only .J,,1 contributes to the asymptotic

variance in the limiting distribution. Note that F(A;;|Z;) = 0 and E(&;|Z;) = 0, a.s. Hence

EJy = 0, (3.33)

E(Jyy — Cn) = E{ﬁ > ) E(We(Dy, iy, )|D;) — 5n}

i=1 k£l
— [ EERGE]de()] = o(vanr) ),
Elps = nn;\,lE/Km(Z)Km(Z)AnAQldSD(Z) = O(NY),

EJpy = O((NnhP)™1).
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Now we investigate the variances of J,;,7 = 1,2, 3,4, using Lemmas 2.6.4 and 2.6.5. We

verify that J,,1 is the only leading term. Note that
1 -
Jn1 = 2N2 Z U1(Di, Dy, g, mr)-
i), k#l

In order to apply Lemma 2.6.5, we first calculate the projections of q:

B@ilDuDy) = [ Ko Ky(2)6igjdez),

BT = [ (g (= + ) — Hop:)) gy (= + 1) — Hop () 2(:)do(z) + op(1),
BilDuDs ) = 5 [ KKl - 8 + (€ - An)éldez),
BT = 5 [ Knl(E — Sax)may =+ ) = Hay(2)

+(& — Ai)(mgy (2 + 1) — Hy, (2))]f (2)dp(2) + 0p(1).

All other projections vanish. We also verify the variances of the above projections

Var(¢1) = O(h™P),  Var(E(¢1|D;, D;)) = O(h™P),  Var(E(y1]mg,m)) = O(1),

Var(EWl’Dia Dja ﬁk)) = O(h‘_p)7 Var(E(wl‘Diaﬁkaﬁl)) = O<1)

Therefore, Lemma 2.6.5 implies that

1 1 1 1 1 1
Var(J :O( 5 )ZO( )
ar(Jp1) 2N Tz TN T e T a2 nZhp

Furthermore, it is seen that only the variance term associated with E(¢1|D;, D;) dominates
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the variance of .J,,; and all other projection variances are o(1/(nhP)). Thus, if we let

n n

Jn1 = ﬁz > E@1|D;,Dy),

i=1 j£i=1
then

nhP2 (Tt — Jn1) = op(1).

From Lemma 5.1 in KN, we obtain nhp/2f£1/2jn1 —4 N1(0,1). Hence
nhP 2T Y2 100 s 0 N1(0, 1), (3.34)
By using arguments similar to those used in the proof of Lemma 3.3.1, one can verify
Var(nhp/QJng) =o(1), Var(nhp/QJng) =o(1), Var(nhp/QJm) =o(1).
Combining these facts with the expectation results in (3.33), we have
Jnz = Co -+ op(1/ (%)), Jug = op(1/ (%)), Ja = op(1/ (nh?/?)).
Therefore, (3.31) and these facts above imply

nhP 22 (0 — Cr) = nhP/2T50 Y2 0 + 0p(1).

This fact together with (3.34) yield the conclusion (3.28).
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Proof of Lemma 3.4.2. Recall the notation from (3.19). We have

A 1 & N T . ~ 2,
Dp(0n) = /{ ZZKM mk"f_u mHO(Zi"’nkﬂ} de (3.35)

1=1 k=1

<2 [%Viéx Vi () +2 [ [l (2, 60)] a2

1=1 k=1

The Cauchy-Schwarz inequality and (3.5) imply that

D2 S/Ilﬁn(z,90)||2d¢(2)=/[ﬁn(z,90)]Tﬂn(z,90)d<p(2)+0p(1).

Calculation shows that E [[jin(z,00)]7 fin(2,00)dp(z) = O(1) under (H6). Hence D5 =
Op(1). This fact, (3.21) and the fact n|lup|?> = Op(1), implied by Theorem 3.3.2, together
with (3.35) imply Dy (6,) = op((nhp/Z)_l), thereby proving (3.29)(a).

In order to prove (3.29)(b), let Uy, := U, — Upo and rewrite

n N
Kalb) = [ U] 30 3 Kiie)lmg, (2 -+ ) - my (2 + ) gl

1=1k=1
n N
-/ Un<z>{%i§;;f<m<z>[dmk g (Zi + )] (2
1 n N
-/ O {5 2o 2 e o) + [ Une)udjnz00)d5()

5



The facts (3.4), (3.31), and the Cauchy-Schwarz inequality imply that

ah?PIR| < il x {/(HLNii%(@dnm)?dﬂz)}lm

Next, rewrite

The score equation (3.22) implies that

Ry = /Vnz On) | _12Km ff (Zi)]dp(2)
_— / Va2, 6) [n*ZKm(z)ﬁeO(Zi)}d@(z)
=1
sl [ Vi) —12Km Z;) - Ho, (2:))]d3(2)

=1 Ran + Rapo.
Direct calculations together with (3.29)(a) and (3.8) yield

~ —1/2
a2\ Ra| < a2l Dol 2 ( [ IZKhZ a2 Pap()
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= k20, (n )0y (nhP12)TH2)0y(1) = 0p(1).

Similarly, assumption (H5), n/2|uy|| = Op(1) and (3.29)(a) imply that nhP/2Rypy = op(1)
thereby nh?/2Ry; = op(1).

Regarding Rog, the Cauchy-Schwarz inequality implies that

1 : - , - L2
k2 Rog| < a9/ x { [ 1 Kna( v, (Zi-+ ) = gy (Zi+ TP }

= P20, (= V20, (nhP) "1 2)0, (WP1?) = 0, (1).

The last equality holds because of assumption (H5) and (3.8). This completes the proof of
the lemma.

Proof of Lemma 3.4.3. Recall that

& =Yi— Hy(Z) = [Y; — Hyy(2))] + [Hyy(Z) — Hy (7)) = & + 0.

Note that é; are not independent due to the common use of validation sample, we further

decompose the residual as

~

0; = Hgy(Z;) — Hyy(Z;) + Ho, (%) — Hy (Zi) = si+1i,  say.

Proof of (3.30)(a). Let

_ 1 < ~ 1 < .
Cn = 2 Z/K}%i(z)5z'2d90(z)a By, = 2 Z/Kﬁi(z)fﬁid@('z),
=1 1=1

05(2i7) = o [ KRy (2 + ) — Hag(Zo)Pdela)
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gb (Zhnk: 77[ /Khz meo(Z "‘Uk) H@o(Z )Hmeo(z +Tll) HQQ(Zl)]dQD(Z)

Let C; denote the én with d¢ replaced by dy. Arguing as for (3.31), it suffices to show

that (3.30)(a) holds with Cj, replaced by C*. Decompose
e LN~ [ <o -
Ch=—3> | Kii(2)(& +6)%dp(z) = Cp + Cy + 2By,
A
We claim
(a) nhP/2Cy =o0p(1),  (b) nhP/’B, = op(1). (3.36)

To prove (3.36)(a), by the triangular inequality, we obtain

~

Cr = 22 / K3 Hay (%) — oy (23) + Hoo(20) - By (Z0)dg(2)

IN

2[4 ; [ KR Hyy(20) - By Z0Pde(2)

QZ [ Ky 70~ i (2t

=: 2C1 +2Cy9, say.

First, consider

n N
Cr = Z > [ KRy 2+ ) — Hag (20 (Z: + ) ~ Hay(Z0)de(2)

1 n N 1 n N _ _
— _NZZ% Z;, ) —Z Z Zi, kM) =t Ca1 + Cpa2.
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The summand C,,11 is a two sample U statistic with the kernel function ¢5. Direct calcula-

tions yield the following facts.

Bos = O(1/(nNW)),  E0sl2) = - [ KR (2102 (Z)de(o)
Ewwngﬁg/w%u+mwi%@nﬂmww+%@mwwm

Var(B(65120)) = O g ). Var(B(@slii) = Oy )

n2N2h3p n2N2h2p

Because A = lim N/n < oo, by Lemma 3.6.1, we obtain
VNCon1 = Op (Var(E(6512)) + \Var(E(@5[ii)) ) = Op(1/(nNhP/2)).
Therefore, (W1) implies

/27 I S
nh (Jnu_op(thm)_opu).

Next, consider Cj,19. It is a two sample degenerated U statistic with the kernel function
¢6. Similar to the analysis of Y3 in Lemma 3.3.1, we have Var(C),12) = O(N_Q(nhp)_Q).
Hence under (W1),

nhp/Q)

2
2otz = O (s

_ op(m) — o,(1).

Therefore nh?/2Cy,; = op(1).

Next, consider

N

- 1 2

Cn2 = QZ/Khz NZ L (Zi+ k) mao(Zi+77k)]} dp(2)
k=1
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IN
3m|l\3
[~]=
—
=
O
2]~
[]=
o,
g
=
——
[\
Q.
S
O

1=1 k=1
2 1 &
+ﬁ Z / K%Z(Z){N Z uanO(Zz + nk)} dp(2)
1=1 k=1
= Cpa1 + Cpaz, say.
By the facts (3.4) and nl|up > = Op(1), we obtain
Cuan = op([lual2)0p (5 / K3(:)do(2)) = opln2h7)

The facts N1 Zfﬂvzl rigy (2 + 1) = Hgo(z) + 0p(1), n|lun||? = Op(1) and (H6) yield
_ 9
Croz = Op( 'S [ 13,00 [ (202 6(2)) = Oyl 2079)
i=1

Hence, by assumption (W1), we obtain nh?/2C,y = nhp/20p((n2hp)_1) = 0p(1), thereby
completing the proof of (3.36)(a).

Next, consider

1 n

Recall the notation in (3.32). Rewrite

n N
Bpy = ﬁZZ/Km Ajpdp(z).

=1 k=1



Algebra shows that F(By1) = 0 and

N
1 n
Var(But) = i 30 O B [ KRR (66 80Ade0)d (2
1,7=1k,l=1
1
N O(n3Nh2p)
Therefore, nh?/ 2B, = op(1). An argument similar to the one used in the analysis of

C,o vields that nh?/2B, = op(1), thereby completing the proof of (3.36)(b), and also
of (3.30)(a).

Proof of (3.30)(b). Rewrite

o= 205 ([ i) 6 + 806 +5)de()
i#]
~ p ~ ~
= Tt 2 3 ([ Ko Kusla)d + &8+ 83,)d0(2))

i#]
-1—4ni2pZ/Khi(Z)Khj<Z)§ifjd¢(Z)/Khi(Z)Khj(z)(giSj +&;6; + 6:0;)d(2)
i#£]

= T+ D1+ DTpo, say.

It suffices to show that I';;; = op(1) and I'y2 = 0p(1). The triangular inequality implies that

6hp 2 6hp 2
L < 0 3 ([ K@i asaae) + o5 ([ Ko Kn)dgde0)
n n
i#] i#]

6hp IRY:
+_ /Khz Kh]( )(5(5 dp(z ))

n

i#j
= 11+ 1+ I3.
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Substituting s; + ¢; for 5]’ in I7, it can be seen that

p 2 p 2
no< %;( [ Eui) 0 )6tda0)) +%§( [ Knite) K e)6isidat))
1%£] 7]
= I11 + Lo

Rewrite

1 o 2
(NEZ/KM@KWQMW%#@+%%ﬂ%&%+mﬂwVD'
1 k=l

Analogous to the analysis of Cy,9, by (3.7) and the Cauchy-Schwarz inequality, for 1 < i #

7 < n, we obtain

Hence 11 = hpOp(n_1/2h_p) = op(1).

Regarding I19, let I}, denote the /19 with ¢ replaced by ¢, then it suffices to prove that

I7y = op(1) by (3.5). Rewrite

L K
o= oyz 2. 2. / K () K (0) K i (2) Ky ()6 A A jdip (y) dip(2).
i#j=1k,l=1
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Define

67(Di, D) = 5 / K (0) K () Kni(2) K (2) [ A% + ] AR Jdp(y)deo (=),

-~ 1
¢8(Dj, Dj, g, 1) = 5/Khi(y)Khj(y)Khi(Z)Khj(Z)[ifZZAjkAjz+§§Aikﬁil]d@(y)d¢(z)-

Then I]5 can be rewritten as

np n N np n N
Iy = == > Y ¢1(DiDj.ip)+ —5—5 > > ¢s(Di, Dy, 7. 1)
n N 4 n=N+ 4
i#j=1k=1 i#j=1k#l=1
=: L1+ Lo, say.

Both Lj and Lo are two sample U statistics. Verify that by (A2), (A5) and (W1),

(n—1)h

B(1y) = B(Ly) = " pos = o((v) ) = o).

Furthermore, by calculating the second moments of the conditional expectations in Lemma

2.6.4, it can be shown that, under (A2), (A4), (A5) and (W1),

B¢} = O(N72h=%),  Var(E(¢7|D;)) = O((NhF)~2),

Var(E(¢7|D;, D;)) = O(N“2h~P),  Var(E(¢7[7)) = O((NA)~1).

Lemma 2.6.4 implies that Var(Lj) = o(1). Thereby L1 = op(1). Similarly, Lemma 2.6.5
yields that Lo = op(1). The results Iy = op(1) and I3 = op(1) are obtained in a similar

manner. Details are skipped for the sake of brevity of the chapter. The fact I';2 = o0p(1) is
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derived by using the fact that

w2 Y ([ K@) Ky el lae)” = 0,)
i#]
proved in KN, the application of Cauchy-Scharwz inequality and the fact that I'y1 = op(1).
This completes the proof of (3.30)(b) and also of Lemma 3.4.3.

We further briefly discuss the consistency of these tests. We establish that under some
regularity conditions, |7A;1| —p 00, under certain fixed alternatives, which implies the consis-
tency of the sequences of tests based on 7A}L

Recall the definitions of H(z) and T'(H) in the beginning of Section 3.3.1. Let 6,, be an

consistent estimator of T'(H) and define

& =Y~ H(Z), &u=Yi—Hy (Z),

1 <& . 2hP . 2
o= 2y f Kb, T 57 ([ et ntsta)

Let 7, = nhp/2FE1/2(j/[\n(9n) — Cp). Then the theorem below presents the asymptotic

behavior of the proposed test under certain alternative hypotheses.

Theorem 3.4.2. Suppose (A1), (A2), (A4), (A5),(F1), (F2), (H3), (K), (W1) and (W2)
hold and the alternative hypothesis Hy : pu(x) = m(z), © € C satisfies that infy p(H, Hy) > 0

and T'(H) is unique. Then |Ty| —p 00 for any consistent estimator 6y, of T(H).

By Lemma 3.3.2, 0, is consistent for T(H), therefore the above theorem implies that
]ﬁ] — o0 in probability under the same regularity conditions, and the test based on 7\;1
is consistent against the alternative m for which infy p(H, Hy) > 0. The proof of Theorem

3.4.2 is similar to that of Theorem 5.1 in KS with slight modifications. The techniques used
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for analyzing Wp,(6) in Lemma 3.3.1 and ﬁn(é’) in the proof of Theorem 3.3.2 are enough to

produce the conclusions. Details are skipped for the sake of brevity.

3.5 Simulation

In this section, we present the results of a Monte Carlo study of the proposed estimation
and testing procedures for p = 1,2. For p = 1, both linear and nonlinear functions are
chosen as the underlying true regression to generate the primary and validation data. For
p = 2, a linear regression is assumed. Various values of the ratio N/n are selected to
demonstrate its role on the performance of these inference procedures. Throughout the
simulation, the kernel function K is chosen as K(u) = 0.75(1 — UQ)I(\u|§1) for p = 1 while
K(u) = 0.752(1 — u?)(1 — U%)](|u1|§1,|u2|§1) for p = 2. All of the results obtained are based
on 1000 replications.

We need to determine the two bandwidths for the implementation of the above estimation
and testing procedures. As mentioned in the beginning of Section 3.4, one bandwidth used
for estimating f is w = c(log n/n)l/(p+4), ¢ > 0. We propose to obtain ¢ by minimizing,
w.r.t. ¢, the unbiased cross-validation criterion UCV (w) developed in Wolfgang, Marron

and Wand (1990), where

UCV(w) = wgfg)p + n(n—ll)wp > (K*K—K)(Zi;zj),
i#j=1

with R(K) = [ K?(z)dx and K * K(z) = [ K(y)K (v — y)dy. We apply a grid search to
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choose the optimal coefficient ¢ starting from 0.1 with step 0.02, i.e.,
¢y, 7= argming 1<.<19 UCV (c(log n/n)l/(p+4)>, Wopt = ¢y (log n/n)l/(p+4).

For the bandwidth A, in order to satisfy (W2), we choose to use h =6y n=1/3 for p=1
recommended by Sepanski and Carroll (1993) and h = n~1/45 for p = 2 as used in KS.

In order to interpret the performance of the proposed estimator én, we also present the
performance of the KS estimator 6 ks Recall that in KS, the measurement error density fj,
is assumed to be known.

Both the means and square root of mean square error (RMSE) of the two estimators are
reported. For the proposed estimator 6, N /m are chosen as 1, 1/2 and 1/10 to illustrate
how N/n affects the estimator performance. In both linear and nonlinear cases, the bias
and RMSE decrease as the sample sizes increase. In the linear case, as shown in Example
3.3.1, the asymptotic variance of 6, is the same as that of 8 rs. This is also reflected in this
finite sample study as the RMSEs of 6,, and 0 ks in Table 3.1 are very similar for all of the
three choices of N/n. In the nonlinear case, Table 3.2 shows that the obtained RMSE of On
is larger than f g and it decreases as N/n increases from 1/10 to 1.

In the testing procedure, with nominal level 0.05, the empirical level and power are
obtained by computing #{|7A;L| > 1.96}/1000. The sample size ratios are chosen as N/n =
4,1 and 1/4. Both the linear and nonlinear regressions are used as the null for p = 1 while
the linear regression is chosen as the null for p = 2. The empirical power is obtained under

various choices of alternative models.
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3.5.1 Finite sample performance of 0,

In this subsection we report the findings of a finite sample performance of the estimator
én in linear and nonlinear cases.

The linear case with ¢ = 1 = p. In this case, we generated the data from (3.1) with
my(x) =0z, 6y=1, (3.37)
where & ~ N7(0,0.22), 7 ~ N1(0,0.12), Z ~ U[—1,1]. Then

N
1
Hy(z) = 6z, :NZ (z+m) =0(z+70).

The two bandwidths are chosen as described above. Throughout the simulation, C = [—1, 1],
and G is the uniform measure on [—1,1]|. Hence, as noted in Example 3.3.1, here 39 = 0
and the asymptotic variances of 0, is equivalent to that of 0 Kg. This fact is also reflected
in this finite sample study by observing that the RMSE of f,, remains the same for different
choices of N/n as seen in the Table 3.1.

The nonlinear case with ¢ = 1 = p. In this section, the regression function is
my(z) = e, 6y = —1, (3.38)

and all other setup is the same as in the above simulation for the linear case. Then the

regression function, given z, is

D20%2 0 7 1 1 & o7
Hy(z) = z =5 Z (z4mp) — ZN Z g
k=1 -



N/n=1 (n, N) (100,100)  (200,200) (400,400)  (600,600)
mean (0,) 1.0016  0.9994  1.0005  0.9996
RMSE(6,)  0.0389  0.0298  0.0194  0.0163

N/n=1/2 (n, N) (100,50)  (200,100) (400,200) (600,300)
mean(fp) 09979  0.9985  1.0005  1.0005
RMSE(6,)  0.0381  0.0295  0.0194  0.0165

N/n=1/10 (n, N) (100,10)  (200,20)  (400,40)  (600,60)
mean (0,) 0.9974  0.9984  1.0001  0.9999
RMSE(6,)  0.0399  0.0299  0.0195  0.0170

KS n 100 200 400 600

mean(fxg)  0.9999 09996  1.0006  0.9995

RMSE(Akg) 0.0393 00208 00194  0.0170

Table 3.1: Performance of 6y, 0, in the linear case (3.37), p=1.

In this case, the second term 9 in the asymptotic variance is calculated as

2 2 2 2
oy, (T, y) = e (e — 1)600(9”3/), Yo = 62077<€077 - 1) [/(a: + a%@o)eaoxd(}(q:)] > 0.

. Table 3.2 shows the consistency of 6,, as the bias is very little and the RMSE decreases as
the samples sizes increase. The RMSEs of 0y, are larger than those of 6 kg, for all chosen
values of N/n. Furthermore, the RMSE of 6,, decreases as N/n increases.

The linear case with ¢ = 2 = p. We further consider the case my(x) = 61x1 + 029,
where 6 = (01,602)7 € R? and = = (21, 22)T € R%. The true parameter 6y = (1,1) is used
to generate the data. Denote Z; = (Zi1, Zia)T and n; = (9;1,mi2)7 for 1 < i < n. Both
Z;1 and Z;9 are generated independently from U[—1, 1] while 7;1 and 7,9 are generated from
N1(0,0.12) and AN (0,0.22), respectively. Then X; = (X;1, X;2) is obtained as the sum of
Z; and n;. The primary data {(Y;, Z;),1 < i < n} are obtained with the above regression
function and the error e following N7 (0,0.22). The validation data {7j;,1 < k < N} are

independently simulated from n;. The bandwidth w is obtained based on the UCV criterion
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N/n=1 (n, N) (100,100)  (200,200) (400,400)  (600,600)
mean(fp)  -0.9999  -1.0004  -0.9999  -1.0002
RMSE(6,)  0.0360  0.0249  0.0172  0.0141
N/n=1/2 (n, N) (100,50)  (200,100) (400,200) (600,300)
mean(f,)  -1.0032  -1.0004  -1.0000  -1.0001
RMSE(6,)  0.0392  0.0267  0.0181  0.0149
N/n=1/10 (n, N) (100,10)  (200,20)  (400,40)  (600,60)
mean(f,)  -1.0023  -1.0009  -1.0004  -1.0003
RMSE(6,)  0.0498  0.0358  0.0245  0.0200
KS n 100 200 400 600
mean(fxg)  -1.0005  -0.9998  -0.9998  -1.0002
RMSE(fgs) 0.0321  0.0233 00162  0.0132

Table 3.2: Performance of én, 6,, in the nonlinear case (3.38), p=1.

with p = 2 while h is taken as h = n~1/45 a5 used in KS. In this case, C = [—1, 1]2 and G
is the uniform measure on [—1,1]2. The choices of N/n are the same as the previous cases.

Both means and RMSE of the estimator 6, = (én,b énvg)T and O g = (HNKS’b 9~K572)T are

presented in Table 3.3. It shows small estimation bias and reduced RMSE for increased

sample sizes.

3.5.2 Test performance

Here we present the test performance of the proposed test associated with M\n(én)) in
terms of empirical level and power for different alternative hypotheses and various sample
size ratio choices.

The case ¢ = 1 = p. The finite sample performance of the 7A}L test is assessed for both
the above linear (3.37) and nonlinear (3.38) regression models as the null. For each case,
the three different alternatives are chosen to obtain the empirical power of a member of the

class of the proposed tests.
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N/n=1 (n, N) (100,100) (200,200) (300,300) (400,400)
mean(f,, 1) 09953 10004  0.9999  1.0013
RMSE(f, 1)  0.0728  0.0397 00332  0.0275
mean(f,9) 09989  1.0032  1.0013  0.9999
RMSE(f,2)  0.0634  0.0398  0.0307  0.0271

N/n =12 (n, N) (100,50)  (200,100) (300,150) (400,200)
mean(f, 1) 09943  1.0000  0.9998  1.0007
RMSE(f, 1)  0.0779  0.0399  0.0332  0.0269
mean(f,9) 09975 10011 1.0009  0.9983
RMSE(f,2)  0.0644  0.0395  0.0308  0.0261

N/n = 1/10 (n, N) (100,10)  (200,20)  (300,30)  (400,40)
mean(f, 1) 09928  0.9990  0.9990  1.0006
RMSE(f, 1)  0.0813  0.0400  0.0333  0.0275
mean(f,9) 09892  0.9965 09980  0.9971
RMSE(f,2)  0.0679  0.0399  0.0311  0.0273

KS n 100 200 300 400

mean(fgg1) 09957 1.0006  0.9999  1.0013
RMSE(Ags1) 0.0732  0.0397  0.0334  0.0275
mean(fxgo) 09999  1.0037  1.0017  1.0002
RMSE(fgs2) 0.0633  0.0399  0.0306  0.0271

Table 3.3: Performance of én, 0~n in the linear case with p = 2

Model 0: YV =X +¢ Y=eX+¢

Model 1: VY = X +0.2X% 4 ¢ Y=e X 4+02X%+¢

Model 2: Y = X 4 0.5sin(2X) + ¢ Y =e X +0.5sin(2X) + ¢

Model 3: YV = XI(x<o5 + 05l xs05+e Y =€ “Ixcps +e " lx05 +¢

The entities G, K, fz, U and ¢ are as in the ¢ = 1 = p cases in Section 3.5.1.

The empirical levels under Model 0 and the empirical power under Models 1, 2, 3, are
shown in Table 3.4 with increasing sample sizes. The left and right panels of Table 3.4
correspond to the left and right panels of the models above, respectively. With nominal level
0.05, the empirical level is well controlled in the linear case while it is slightly conservative

under the exponential null model with larger sample sizes. The proposed test rejects the
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N/n =4 N/n =4

(n,N) (100,400)  (200,800) (500,2000) | (100,400)  (200,800) (500,2000)
Model 0 0.031 0.041 0.046 0.032 0.022 0.039
Model 1 0.686 0.982 1.000 0.326 0.748 1.000
Model 2 0.392 0.781 1.000 0.996 1.000 1.000
Model 3 0.913 1.000 1.000 0.321 0.740 1.000
N/n=1 N/n=1

(n,N) _ (100,100) (200,200) (500,500) | (100,100 (200,200) (500,500)
Model 0 0.029 0.037 0.041 0.029 0.032 0.040
Model 1 0.671 0.984 1.000 0.345 0.746 1.000
Model 2 0.409 0.790 1.000 0.996 1.000 1.000
Model 3 0.921 1.000 1.000 0.327 0.730 1.000

N/n=1/4 N/n=1/4

(n,N) (100,25)  (200,50)  (500,125) | (100,25)  (200,50)  (500,125)
Model 0 0.056 0.048 0.052 0.037 0.033 0.038
Model 1 0.679 0.967 1.000 0.344 0.744 1.000
Model 2 0.483 0.814 0.996 0.995 1.000 1.000
Model 3 0.902 1.000 1.000 0.339 0.733 0.996

Table 3.4: Empirical level and power under linear null model (left panel) and nonlinear null model
(right panel) for p =1

null hypotheses with high power for moderate and large sample sizes, for all the three chosen

alternatives. Moreover, it is observed that for the same primary sample size n, the empirical

power changes little when the validation sample size N increases. This finding also is some-

what consistent with the theoretical result that the sample size ratio N/n does not play a

critical role in the asymptotic behavior of the proposed test statistic.

The case ¢ = 2 = p. In this case, the setup is the same as in the estimation subsection

3.5.1 for p = 2. We investigate the empirical level of the proposed test under Model () and

power under alternative Models I, IT and III below.

Model 0:
Model I:
Model II:

Model III:

Y =61X +¢,

0o = (1,1)7,

Y =0l X +02X1 X9 +¢

Y = 60X +0.5sin(2X1 X) + ¢

_ T
Y =0 X[(ogxg(m)
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N/n =4

(n,N) (40,160) (100,400) (200,800) (400,1600)
Model () 0.041 0.034 0.048 0.047
Model I 0.052 0.103 0.278 0.596
Model II 0.581 0.900 0.953 0.998
Model III 0.654 0.910 0.961 0.999
N/n=1

(n,N) __ (40,40) (100,100) (200,200) (400,400)
Model () 0.040 0.035 0.049 0.046
Model I 0.056 0.121 0.295 0.608
Model II 0.585 0.900 0.958 0.998
Model IIT 0.636 0.908 0.963 0.997

N/n=1/4

(n,N) (40,10)  (100,25)  (200,50)  (400,100)
Model () 0.092 0.081 0.077 0.069
Model I 0.105 0.188 0.340 0.658
Model II 0.604 0.901 0.961 0.999
Model III 0.638 0.912 0.964 0.999

3.6 Proofs

to some two sample U statistics.

all chosen alternatives increases as the sample size increases.
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Table 3.5: Empirical level and power under linear null model for p = 2

The numerical findings are summarized in Table 3.5. It is observed that the empirical
levels preserve the nominal size 0.05 for larger sample sizes when N/n = 1 and 4. The
empirical levels for N/n = 1/4 are slightly inflated due to limited validation sample and it

decreases towards the nominal size 0.05 as sample sizes increase. The empirical power under

In this section, we provide the detailed proofs of Lemmas 3.3.1 and 3.3.2. To proceed, we

state Theorem B.1 in Sepanski and Lee (1995) and recall Lemmas 2.6.4 and 2.6.5 pertaining

Lemma 3.6.1. Let {z;},i = 1,...,n be an i.i.d. sample, and {vj},j = 1,...,m be another

i.i.d. sample which is independent with {x;}.The functions ¥n(v,z, h) is a sequence of ran-



dom functions with a bandwidth h. In addition, suppose the following hold.

(1) There exists square integrable functions qi1(v) and ga(x) such that |E{{n(v,z,h)|v}| <
q1(v) and |E{n(v, z, h)|z}] < g2(x),

(2) limy,—o00 E{tp (v, x, h)|v} — p1(v), a.e., and limy—so0 E{tp(v, z, h)|x} — pa(x), a.e. for
some measurable functions p1(v) and pa(x), and

(3) limyp—o0 /R E{¢n (v, 2, h)} — 0.

Then

1
my/n

Z > Wn(vj, i, h) =g N1(0, A Var{pi (v)} + Var{pa(2)}),

i=1j=1
where X = limpam—oo(n/m), assumed to be finite.

Proof of Lemma 3.3.1. Let W} (0) be the W, (0) with d¢ replaced by dp. To proceed,

for 1 <i1# j<n,1 <k#I[<N,define

1(Z;, M) = /K;%Az)[me(Zi + k) — Hy(Z))?do(2),
02(Ziy Zj, Mg my) = /Khi(Z)Khj(Z>[m0(Zi + k) — Ho(Z)|[mg(Zj + ) — He(Z;)]dp(2),
$3(Z;, Zj, ) = /Khi(Z)Khj(z)[mG(Zi + 1) — Hy(Z;)|Ime(Z; + 1) — He(Z;))dp(2),

G4(Zi, M) = /Khi(Z>Khj(Z)[m9(Zi + M) — Ho(Z)|[mg(Z; + 1) — Ho(Z;)]dp(2).
Rewrite

Wy (0)

= %/ > Kni(2)Knj(2)[Ho(Zi) — Hy(Z:))[Hp(Zj) — Hp(Z))deo(2)
ij=1
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n N
= Z Z/ 2)Kpj(2)[me(Z; +my,) — Ho(Z;)|[me(Z; +my) — Hy(Z;)]de(2)
E

Zie) + D> 62(Ziy Zj, g 1)

k=l 1#j k#l

+3 ) 63(Zi, Z5,70) +ZZ¢4(ZZ',%771)}
i£j k=l i—j kAl
= @1+ Q2+ Q3+ Qy, say.

Because Elmg(Z +n)|Z = z] = Hy(2), then EQo = EQ4 = 0. Therefore

E(W*( )) = EQ1+ EQ3 = LE%(Z m + E¢3(Zla22,m

= /Kh — Z1)0g(Z1)dp(z) + — ! E/Kh 2 — ) Kp(z — Zo)og(Z1, Z2)dy(2)

- O(N [ oaG)) =o(an(e)).

This fact and (3.5) imply that Wy, (0) = W (0) + op(W;;(0)) = W (0) + 0op(1/N). Therefore,
it suffices to prove that (3.10) holds with W,,(0) replaced by W5 ().

We investigate each quantity in the decomposition of W} (0). First, Q1 is a two sample U
statistic with kernel function ¢1. In order to apply Lemma 3.6.1, it is necessary to calculate

the projections of ¢1, i.e.,

B(0112) =1 [ K (0% Z)do(). E@nlii) = Op(Ka [ Imo(s + ) — Hy(:)d6(2)).

It can be verified that E¢y, Var(E(¢1|Z;)) and Var(E(¢1|n;)) are all finite. Therefore

Lemma 3.6.1 implies that for finite 0 < A\ < oo,

N
1 &
Zn = VN X _nN E E 17771@ E¢1]
Z: :
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is asymptotically normally distributed. Hence

1 1

NQ = mzn + WE(@) = op(1). (3.39)

Similarly, ()2 is a two sample statistic with the kernel function ¢o. Note that E[¢9|Z;] =
Elpo|Z;, Z;| = Elda|Z;, Zj,m] = Elgalng] = Eléa|Zi,ni] = 0 for 1 < i # j < n and
1<k<N.

To proceed further, define

o) = / ma(z + ) — Ho(2)]lme(z + ) — Ho(2)]F2(2)dol2),

Calculation shows that,

Var(én) = O35 )» Bleali i) = Op(dalin ). Var(Gaiie. 7)) = o

Then Lemma 2.6.5 implies that
Var(N(Qz — Q2)) = O((nh?)~?) = o(1).

Thereby N(Qo — @2) = op(1). Furthermore, with @2 being a degenerated U statistic,

applying Theorem 1 in Hall (1984) to Q9 yields NQy — N71(0,27(0)), which in turn implies

NQa — N7(0,2v(6)). (3.40)

95



Next, consider (3, which is defined with kernel function ¢3. Algebra shows

B0d2.2)) = Oy [ Kue) Ko (:)on(2:,2))de(2),
(3 [ Kero2i 21 1a0)). E(6s) = 0p(ax(6)).
Blonlin) = O( [lmalc+ ) — HyGIR3()d0(2)).
(v

B0l 2T = Op(xy [ Kna@limalZi+ i) — Ho(Zo)lmalz + ) — Hy(2)f2(2)de(2))

E(¢31Zi) = Op

Furthermore, the second moments of the above projections can be derived

E¢3 = O(N"?h=%),  BE[E(¢3]Zi, Z;)]> = O(N"?h™2F),  E[E(¢3]Z;)]" = O(N"*h™P),

E[E(¢3|m))* = O(N~2),  E[E(¢3]Z;,7))* = O(N " 2hP).

Then Lemma 2.6.4 yields that

Var(Q3) = O Vax(B(¢3171) + - Vax(B(gglii)) = O( -5 + 117

Hence N (Q3 — E¢3) = op(1) for sufficient large N and E¢3 = O(1/N). Therefore

@3 =Q3—E¢3+E¢3 = Edz+0p(1/N) = An(0) + 0op(1/N). (3.41)

The same routine argument and Lemma 2.6.4 applying to ()4 lead to

Var(Q4) = ) and Q4 = 0. (3.42)

1
e
(nhP)2N2
Combining all the results of components of W, (3.39)—(3.42), one can see that ()9 domi-
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nates the convergence rate of W), and only (3 contributes to the mean of W,, asymptotically,

which in turn yields (3.10).

Proof of Lemma 3.3.2. KS has shown that 0, = T(H) -+ op(1) by proving that

sup [Mn(0) — p(H, Hy)| = op(1). (3.43)
0cO

In the current setup, if we show

sup | My (8) — My (0)] = 0p(1), (3.44)
0O

then, by (3.43),

sup | M;,(0) — p(H, Hy)| = op(1).
USC)

Then arguing as in KS will yield the lemma.
Proof of (3.44). By the Cauchy-Schwarz inequality,

M (6) — M ()] < Wi (6) + 2[Wn (8) My (6)]1/2.

It suffices to show that supg [Wp,(0)| = op(1) and supg |Mp(0)| = Op(1). The the compactness
of © and Hy € Lo(G) imply that supy |p(H, Hy)| is finite. Furthermore, (3.43) shows that
supy [ M (6)] = Op(1),

Now we study Wy (). By Lemma 3.3.1, Wy (0) = op(1), for every § € ©. Moreover, for
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any 01, 0y € O,

|Wn(91) - Wn(92)|

< ( / { ZKm [Hyy (Z:) = Ho, (Z3) + Hyy(Z) - H92<Z>}}2d@<z>

3

<[ {12% gy (2) — Hoy (Z2) — Hyy(Z0) + Hoy(20)]) a(2)) "

n

The first term on the right hand side above is Op(1) due to the boundedness of Hy and the

compactness of ©. Similar to the proof on p143 of KS, the second term is bounded above by

/{ ZKhz [ H, (Z;) — Heg(Z)]}2d¢(Z) (3.45)

/{ ZKhz [Hy, (Z;) — Hgg(Zi)]}2d¢(z)_

The first term can be rewritten as 2 times the factor

ZKhz VB, () — Hy,(Z;) + Hy, (Z:) — Hyy(Z;) + Hy, (Z) — g (2] di(2)
ke
< 3| Wa(1) /{ ZK,” )[Hp, (Z:) — Ho,(Z; )]}2d¢(z)+Wn(02)]

ZKm Vg, (Z:) — Hy, (Z2) Y d3(2) + op(1).
=5 [{, )

The last claim holds because NAy(0) = O(1) and hence by Lemma 3.3.1, Wy (0) = op(1),

for all § € ©. Then, by (H3), the bound (3.45) is further bounded from the above by

/{ ZKhz ) Hp, (Z) — H92(Z)]}2d¢(z)+op(1)
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< sl -0l [ {23 KnitIr(2)} o) + opl1) = 01 - 621220, (1)
1=1

by (3.8) applied with @ = r. The above result and the compactness of © implies that

supgeo |Wn(8)| = op(1), by a routine argument.
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