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ABSTRACT

MULTIVARIATE GENERALIZED FUNCTIONAL LINEAR MODELS WITH
APPLICATIONS TO GENOMICS

By
Sneha Jadhav

This thesis is focused on developing functional data methodology with the aim of address-
ing problems that arise in genetic sequencing data. While significant progress has been made in
identifying common genetic variants associated with diseases, these variants only explain a small
proportion of heritability. Recent studies suggest that rare variants could account for this variabil-
ity. With advancements in sequencing technology, large-scale sequencing studies are now being
conducted to comprehensively investigate the contribution of rare variants to the genetic etiology of
various diseases. Although these studies hold great potential for uncovering new disease-associated
variants, the massive amount of data and complex structure of sequencing data poses great analyt-
ical challenges on association analysis. Advanced methods are needed to address these challenges
and to facilitate the discovery process of new variants predisposing to various diseases. We use
functional data analysis methods to capture the complexities of sequencing data.

In the first chapter we investigate the importance of considering the genetic structure of se-
quencing data. In association studies the effect of appropriately modeling genetic structure of
sequencing data on association analysis have not been well studied. We compare three statistical
approaches which use different strategies to model the genetic structure. They are a burden test,
a burden test that considers pairwise correlation, and a functional analysis of variance (FANOVA)
test that models the gene through fitting continuous curves on an individuals genotype profile. We
find some evidence in favor of treating sequencing data as a function.

In the second chapter we present the definitions of some fundamental concepts in Functional



Data Analysis like the mean element, covariance operator and its eigen decomposition, and Karhunen-
Loeve expansion. Basis expansion and in particular Karhunen-Loeve expansion play an important
role in this thesis. We briefly discuss the estimators for the mean function, the covariance opera-
tor and their consistency. Results on the consistency of the eigenvalues and eigenfunctions of the
sample covariance operator are also stated.

Several times genetic data is collected on families, where the response variable or the trait of
the family members can be dependent on each other. Additionally, this trait of interest can be
discrete or continuous. Thus there is a need for a functional model that can handle dependent data
that may be continuous or discrete. The model proposed by Miiller and Stadtmiiller (2005) uses
the generalized estimating equations approach that can handle both continuous and discrete data.
However, they assume the response variable to be univariate and the sample to be independent.
There are no existing functional methods that we know of that can be directly applied to the family
data. In the third chapter we develop a framework for dependent generalized functional linear
models where the response is multivariate, that can be used to test for a certain type of association
between the genetic data and the trait of interest for family data.

In the fourth chapter we develop regression framework where the response variable has a nor-
mal distribution and there is measurement error in the regressor function. In this set-up, the true
regressor function is not observable. Instead, we observe a surrogate variable and its replicates.
The relation between the true function and the surrogate one is assumed to follow the additive clas-
sical measurement error model. We use the approach developed by Stefanski and Carroll (1987) to
propose an estimating equation for the parameters and show asymptotic existence and consistency

of the estimate obtained from this equation.
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Chapter 1

Modeling Sequencing Data

Genome-wide association studies have made substantial progress in identifying common variants
associated with human diseases. Despite this, a large portion of heritability remains unexplained.
Evolution theory and empirical human genetic studies suggest that rare mutations could play an
important role in human diseases, which motivates comprehensive investigation of rare variants
in sequencing studies. Advances in sequencing technology have enabled researchers to sequence
exome regions or even the whole genome at affordable costs (Cirulli and Goldstein, 2010). The
emerging sequencing data facilitates the study of massive amounts of single nucleotide variants,
including both rare and commons variants for their potential role in complex human diseases. Al-
though these studies hold great promise for identification of new disease-susceptibility variants,
the extremely large number of single nucleotide variants (SNVs) brings significant challenge for
association analysis. Each of these variants have a certain position on the chromosome that is also
available to us. Given the linkage disequilibrium (Laird and Lange (2010a)) and that the genes that
are closer together are more likely to be inherited together during meiosis, we should consider the
positions of the variants in our analysis. This suggests that we can consider the genetic data as a
function of the positions of the variants. Moreover, the sequencing data is usually high dimensional
and we shall see in subsequent chapters that treating it as a function will help address the problems
posed by its high dimensional nature. Treating this data a function does not require the data to be

independent or assume a certain correlation structure. The functional approach can accommodate



rare variants. To explore the association of rare variants with human diseases, many statistical
approaches have been developed with different ways of modelling the genome so as to capture its
properties to the fullest. Conventional single-locus analysis suffers from low power because of low
frequency of SNVs and multiple testing issues. Grouping SNVs in a genetic region (e.g., gene)
could aggregate the association signal and alleviate the multiple testing issues, and therefore has
been widely used in statistical analysis of sequencing data (Lee et al. (2014)). Various statistical
methods have been proposed to group SNVs with or without considering the underlying genetic
structure. However, the impact of different strategies of modelling sequencing structure on the
association results has rarely been investigated. If empirical evidence suggests no use of consid-
ering the sequencing structure in the association analysis, it gives us a basis for excluding this
factor from statistical modelling. On the other hand, if it is important to consider the relationship
among SNVs, then we need to investigate appropriate strategies for characterizing the underlying
sequencing structure. As an initial step to investigate this issue, we choose three tests with different
ways of modelling the correlation between SNVs: 1) A weighted burden test (BT) (Madsen and
Browning, 2009); 2) A weighted burden test considering pairwise correlation (BTCOV) (Schaid
etal., 2013); and 3) A functional analysis of variance test (FANOVA) (Vsevolozhskaya et al., 2014)
that considers the relation among nearby loci and models the genotype profile of an individual as
a continuous function.

We briefly present the three methods below.

1.1 Burden Test

We consider a burden test developed by Madsen and Browning (2009). The test summarizes the

L g..
genetic score of multiple SNVs as ; = > gﬂ where g;; is the number of low frequency allele
i=1 Wi



of the SNV, ¢, for individual j. The weight is defined to emphasize the effect of rare variants i.e.
w; = v/n;q;(1 — ¢q;), where g; is the minor allele frequency (MAF) of the SNV, calculated from
controls. Because the test simply adds the genotype of each SNV weighted by its MAF, it does not

consider Linkage Disequilibrium (LD) or the correlation between SNVs.

1.2 Burden test that considers the pairwise Correlation

In addition to the above burden test, we also consider another type of burden test suggested by

Schaid et.al Schaid et al. (2013), which considers pairwise covariance. We consider the fol-

. . 9ij .
lowing summary of genetic scores, S; = 21 Lj_, w; and g;; are defined in the same manner
1= 1
in BT. However, unlike the conventional burden test, the test statistic of BTCOV is given by

T (v —Y)S)” where V i zLj wiwy Ry /Pr(1 — pr)pi(1 — py) and Ry is the
= > AN = kWILvg] k\L = PEJPI\E — P kl
Y =Y)Vs(Y -Y) e

correlation between the SNPs.

1.3 Functional Analysis of Variance test

FANOVA fits a continuous function (curve) on the genotype data of an individual. ANOVA can
then be used to test the curve difference in cases and controls. While various smoothing methods
can be used to fit smooth functions on genotype data, we use the cubic B-splines to fit the smooth
functions. After continuous functions g(t), are obtained, the functional analysis of variance can be

used for association testing. FANOVA model is written as:

9i; (1) = wi(t) + €;5(t)  €;(t) - G.P0,y) i=12..,n; j=12,



where, ¢ denotes the genomic position of the genetic variant, k denotes the case or control group
and j denotes the individual, G.P(0, ) denotes Gaussian process with  as the covariance function,
€); 1s the error term and /4, is the mean function of group k.

To evaluate the association, we test the hypotheses: H : p1(t) = po(t) Vtvs. Hy @ pq(t) #

ao(t) for some ¢. Similar to ANOVA, the test statistic for the hypothesis is,

2
J 3 (i) — a(6)dt/(2 — 1)
F=

k=1
2 n ’
J 3 30 (gry(t) — (1)) 2dt/ (n — 2)

k=1j=1

nk 2

where [i;.(t) = nlgl > 9k;(t) and a(t) = n~1 S ngfig(t). The numerator and the denomina-
j=1 k=1

tor in the F' follow a mixture of chi-squared distributions. Satterwaite approximation is used to

approximate the distribution of £’ as F-distribution. The details can be found in Vsevolozhskaya

etal. (2014).

1.4 Simulation

We now report the finding of the simulation study that compares the performance of the three
methods. We selected a one mb region from chromosome three of the unrelated real sequencing
data provided by GAW19, which comprises of 8575 SNVs. For each replicate, we randomly
selected a 30 kb segment from the one mb region. From this segment, we randomly selected a
specified proportion of SNVs for generating phenotype. We used the logistic model to generate
phenotype from these selected SNVs. The two types of effects were considered in the simulation.
These effects refer to the coefficients of the SNVs in the logistic set up. We randomly generated the

regression coefficients from N (0, 1) for bidirectional effects and N (2, 1) for unidirectional effects.



For each type of effect, we varied the proportion of disease-associated variants from 0.01 to 0.5.
One thousand replicates were simulated for each scenario for power and type-I error calculation.
For comparison, we adopted the same weight for both the burden tests. For FANOVA, we used the
penalized cubic B-splines to determine the smoothness of functions.

These simulations only evaluated one genetic region. To investigate the performance of the
three methods on regions with different genetic structures, we applied them to the unrelated sim-
ulated GAW data in order to evaluate the association of the 294 reported disease-associated genes
with the simulated hypertension phenotype. For the association analysis, hypertension (HTN1)
from the first simulation out of the 200 simulations was used. This data has a sample size of 142,

out of which there were 24 cases.

1.5 Results

Type-I error rates of the three tests were well controlled at 0.05 level (0.046 for BT, 0.044 for
BTCOV, and 0.047 for FANOVA). As we observe from Table 1, power of the three tests increases
as we increase the proportion of disease-associated variants. Overall, FANOVA has better or com-
parable performance to BT and BTCOV, while BTCOV obtains similar power to BT. The same
conclusion also holds when the effects are bidirectional (see Table 2). We also observe that the
power of the three tests was slightly lower in the case of bidirectional effects than in the case of
unidirectional effects. Table 3 summarizes the top ten genes with the smallest p-values from the
association analysis. Consistent with the result from simulations, we find that in general FANOVA
attains smaller p-values, while the p-values of BT and BTCOV were very similar. Here smaller
p-values indicate better performance as these genes were from the 294 reported disease-associated

genes.



Table 1.1: Power for unidirectional effect

%CV .01 .05 .1 15 2 25 3 5
BT 0.343 | 0.617 | 0.714 | 0.766 | 0.759 | 0.776 | 0.793 | 0.781
BTCOV | 0.339 | 0.615 | 0.712 | 0.767 | 0.755 | 0.780 | 0.792 | 0.794
FANOVA | 0.398 | 0.700 | 0.764 | 0.808 | 0.807 | 0.814 | 0.814 | 0.744

Table 1.2: Power for bidirectional effect

%CV .01 .05 1 15 2 25 3 5
BT 0.208 | 0.508 | 0.585 | 0.621 | 0.665 | 0.678 | 0.703 | 0.683
BTCOV | 0.200 | 0.509 | 0.579 | 0.618 | 0.663 | 0.668 | 0.698 | 0.680
FANOVA | 0.217 | 0.597 | 0.683 | 0.732 | 0.765 | 0.799 | 0.809 | 0.815

Table 3 summarizes top 10 genes with the smallest p-values from the association analysis.

1.6 Discussion

Through this study, we observe that overall BT and BTCOV have a comparable performance.
However, for one gene, THRA, BTCOV attained better performance than the other two tests. In
the follow-up analysis, we observe a small LD block in this gene (see Figure 1). The plot of the
fitted genotype curves reveal the association happens to lie in that LD block. Therefore, BTCOV,

which models the LD pattern, outperforms the other two tests. Also, the effects in the LD block

Table 1.3: Summary of top 10 genes with the smallest p-values from the association analysis

Gene BT FANOVA | BTCOV
SUMF1 | 8.75E-05 | 1.31E-05 | 8.43E-05
RELB | 6.57E-02 | 4.35E-04 | 7.08E-02
HIF3A | 2.12E-02 | 4.34E-03 | 2.19E-02
THRA | 1.85E-02 | 3.62E-02 | 9.68E-03
TFDP1 | 1.50E-02 | 1.95E-02 | 1.13E-02
PROK2 | 1.23E-02 | 1.27E-01 | 1.32E-02
POLR2A | 2.10E-02 | 1.31E-02 | 2.25E-02
CDIC | 2.76E-02 | 5.27E-02 | 1.42E-02
CCL24 | 2.24E-02 | 1.92E-02 | 2.71E-02
MAP3K6 | 8.72E-02 | 3.27E-02 | 8.45E-02




were largely unidirectional, which is in favor of burden tests. The genetic structure of sequencing
variants is usually more complex than pairwise LD. Functional methods provide tool to visualize
this structure and explore the associated regions. Figure 1 reveals the interesting structure of RELB.
We can see that the associated region lies in LD block but the correlation is not as strong as that

for THRA. FANOVA performs much better for this gene.

1.7 Conclusion

Our observations indicate that the performance of tests depends on the underlying genetic structure
and hence ignoring it in the association analysis may not be ideal. It is advisable to use function
based approaches to explore and model the sequencing structure. As illustrated by Figure 1 (fitted
genotype function vs variant position), the plot of fitted functional curves provides a reasonable
way to explore the genetic structure. The disease-associated regions can also be visualized in the
plot. If the underlying genetic structure tends to be complex, it is also advisable to use function

based approaches, such as FANOVA, to adequately model the sequencing data.



Figure 1.1: LD plots and plots of the fitted smooth functions for THRA
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Chapter 2

Preliminaries on Functional Data Analysis

Functional data can be viewed as realizations of a random variable that takes values in a Hilbert
space. In this light, we briefly introduce the concept of mean element and covariance operator
in Hilbert space and give some necessary definitions. We can also think of functional data as
the sample paths of a stochastic process with smooth mean and covariance functions. Both these
perspectives are discussed in a greater detail in Hsing and Eubank (2015). We briefly discuss the
estimation of the mean function and the covariance operator in the space L2[0,1] of all square
integrable functions on domain [0, 1]. We also discuss the concept as well as the estimation of
eigenvalues and eigenfunctions of the covariance operator. Further details of these concepts can be

found in Horvéth and Kokoszka (2012).

2.1 Definitions

Let f be a function on a measure space (F, B, ;1) that takes values in a separable Hilbert space H.

k
Definition 2.1.1 A function f is called simple if it can be represented as: f(w) = > 1 E (w)gi»
=1
for some finite k, E; € B and g; € H.

k
Definition 2.1.2 Any simple function f(w) = > Ig.(w)g; with p(E;) < oo,Yi, is said to be

i=1 "

k
integrable and it’s Bochner integral is defined as: [ fdu =Y u(E;)g;.
1=1



Definition 2.1.3 A measurable function f is said to be Bochner integrable if there exists a se-

quence { fn}>° | of integrable simple functions such that lgn [ lfn = fll = 0. The Bochner
n—oo

integral of [ is defined as [ fdu = nlg%o [ fndp.

The existence of the sequence of functions f,, in the above definition is guaranteed by the following

condition: [ || f||du < co.

Definition 2.1.4 Ler {¢;} be an orthonormal basis for Hilbert space Hi and X be a bounded
o0

linear function from Hi — Ho where Hs is also a Hilbert space. If X satisfies _ || X 6@”% < 00,
1=1

where || ||2 is the norm on Ho then X is a Hilbert Schmidt operator. The collection of all such

Hilbert Schmidt operators is denoted by Brg(H1,Hs). This is a Hilbert space. If X1,Xo €

o0

Brrg(Hi, M) then (X1, X2)ps = ‘21<X16i7 Xoeg)o.
1=

Definition 2.1.5 Let X1 € H1 and Xo € Ho. The tensor product X1 ® X is an operator defined

from Hy — Ha in the following way: X1 ® Xo(Y) = (X1,Y)Xo, where Y € H.

Let X be a random element of a separable Hilbert space H defined on a probability space (2, F, P).

The norm on this space is denoted by || || and the inner product by (-, -).

Definition 2.1.6 If E||X|| < oo, the mean of X is defined as the Bochner integral 1 = E(X) =

[ Xdp.

Definition 2.1.7 Assume that E||X||? < oc. Then, the covariance operator for X is the element

of Bs(H) givenby K = E[(X — p) ® (X — p)] = [(X — p) @ (X — p)dP.

The Hilbert space of particular interest to us is the L?([0, 1]) space. We say that a function X
belongs to the space L? = L?([0,1]) if X is defined on [0, 1] and satisfies fol X2(t)d(t) < oo.

L? space is a separable Hilbert space with the following inner product: (X,Y") = fol X ()Y (t)dt.

10



We consider a random curve X (¢),¢ € [0, 1] to be a random element of L?. The mean func-
tion is p(t) = E(X(t)) and the covariance function is K (s,t) = E(X(s)X(t)). We can see that
KXY)(t) = E((X,Y)X(1)) = E [ X(5)Y (s)ds) X (t) = [ E(X(£)X(5))Y (s)ds = [ K(t,5)Y (s)ds.

We can show that the operator K is symmetric and positive definite.

Definition 2.1.8 Suppose that there exists a )\ such that Ke = \e, then X is the eigenvalue and e

is the eigenfunction of K.

Note that we can show that the eigenfunctions of IC are linearly independent. We can orthonor-
malize them using Gram Schmidt orthonormalization and use them as basis functions. We use this

fact in our simulations extensively to generate basis functions.

2.2 Estimation

Now that we have presented some basic definitions, we turn to estimation of the defined constructs.
Assume that we have a sample of curves X1, ... X, from L2, that are independent and have the same
distribution as X. We assume that X is integrable.

The mean function estimate is given by the sample mean:

at) =n=1 ) X(t).
=1

The covariance function estimate is given by its sample counterpart:

11



Similarly the covariance operator estimate is given by

A~

n
K(z)=n"") (X; - pa)(X; — p), €L’
i=1

We state some results that establish the properties of these estimates.

Result 2.2.1 Under the assumption that sample of curves is i.i.d, integrable and has the same

distribution as X, E(fi) = p and E||fji — p||> = O(n™1).

Thus, sample mean is an unbiased and consistent. Thus, from now on we can assume that the mean
function p» = 0. The estimate for covariance is biased just like in the multivariate case. This bias

is asymptotically negligible.
Result 2.2.2 If E||X||* < 0o, EX = 0 then E||K — K|[3,4 = n 1 E|| X||%.

We often need to estimate the eigenvalues and eigenfunctions of the the covariance operator. Thus,
the estimates of these eigenvalues are given by Ko = M\o. Note that if v is an eigenfunction then
av is also an eigenfunction. The eigenfunctions are usually normalized so that ||v|| = 1. This does

not determine the sign of v. If /%j = sign((v,v)), then l%j cannot be determined from the data.

Result 2.2.3 Suppose E||X;|[* < oo, EX = 0and \; >,...,> 0. Then, for each j > 1,
lim sup TLE(HIQZ]@j - vj||2) < oo, limsup nE(|JA — ;\j|2) < oo. If we assume that only the
n—oo n—oo
top p + 1 eigenvalues are non zero then the above result holds for 1 < 7 < p.
We now state the Mercers theorem and Karhiinen Loéve expansion. Let (E, BB, ;1) be a measure
space. Suppose that K is a measurable continuous function on E'x E such that [ [ K (s, t)du(s)du(t) <

0. Define, operator K by Kf(-) = [ K(s,-)f(s)du(s). K is the integral operator of K and K is

the kernel function of K.

12



Definition 2.2.1 The kernel function K is symmetric if K(s,t) = K(t,s).

n
Definition 2.2.2 The kernel function is non negative definite if ) cjc;K(x;,x;) > 0 holds for
ig=1
alln € N,xq,..tp, € E,cq,...cp, € R. It’s positive definite if the relation is strictly greater than

zero.

The following result is the Mercers Theorem. Notice that the covariance function has this repre-

sentation.

Result 2.2.4 Let K be a symmetric, non negative definite kernel function and K be its integral

operator. If (\;, e;) are the eigenvalue and eigenfunction pairs of IC, then K has the representation

K(s,t) = i_oll Aiei(s)e;(t).

The following result is the Karhiinen Loéve expansion.

Result 2.2.5 Let X be a zero-mean, square-integrable random function defined over a probability

space (Q, F, P) and indexed over a closed and bounded interval |a, b], with continuous covariance

function K (s,t). Let (\;, e;) be the eigenvalue and eigenfunction pairs of the integral operator of

the covariance function. Then, X (t) admits the following decomposition: X (t) = gél Z;e;(t),
i=

where Zy, = [ X (t)ey(t)dt. Furthermore, the random variables Zj. have zero mean, are uncorre-

lated and have variance ).

13



Chapter 3

Multivariate Generalized Functional Linear

Models

3.1 Introduction

The focus of this chapter is to provide a large sample test for assessing if a functional covariate
has a regression effect on real valued responses, when there is some dependence among responses.
This kind of data typically arises in family based genetic studies when gene expression data or
even DNA sequencing data is collected. The aim of these studies is often to test for regression
relation between the gene region and the phenotype of interest. Sequencing data for a gene or a
gene region consists of observations on a large number of single nucleotide variants. In the light of
linkage disequilibrium (Laird and Lange, 2010b), we know that the variants that are closer to each
other may have greater association than those that are farther from each other. This motivates us to
treat the high dimensional sequencing data as a function of the single nucleotide variant positions
and necessitates the use of a functional data based inference method for correlated data.

There is abundant literature on functional linear models (Cardot et al., 1999, 2003; Cardot and
Sarda, 2005; Cardot and Johannes, 2010; Ramsay, 2006). Recent reviews of functional regression
can be found in Morris (2015) and Wang et al. (2016). These linear models assume that the re-

sponse is a univariate continuous variable and the regressor variable is a function. However, in

14



genetic studies the phenotype or the response variable is often binary and few papers discuss gen-
eralized functional linear models (Miiller and Stadtmiiller, 2005; Li et al., 2010; Gertheiss et al.,
2013) as needed for handling binary response variables. Existing methodology cannot be directly
applied to genetic family data, where the response variable is a vector of dependent traits and the
regressor is a vector of functions. We address this shortcoming using generalized estimating equa-
tions. The estimators thus obtained are shown to be consistent and asymptotically normal, under
suitable conditions on the underlying entities. The latter result is used to propose an asymptotic
test for regression relation between the functional covariates and the responses.

The chapter also includes a finite sample simulation study. Through this study, we first demon-
strate the importance of addressing correlation structures in the data and then compare the perfor-
mance of our proposed method with another method for family studies proposed by Wang et al.
(2013). This method is based on a generalized estimating equations approach suitable for accom-
modating a large number of variables. We also present additional results demonstrating the effect
of sample size, the dimension of parameter to be estimated and family (cluster) size on the power
of the proposed test.

This chapter is organized as follows. Section 2 contains formal description of the original
infinite dimensional model and a working truncated model based on the strategy proposed by
Miiller and Stadtmiiller (2005). Section 3 contains the description of the estimators based on
generalized estimating equations while section 4 describes the asymptotic normality results for
these estimators. Section 5 describes findings of a simulation study while section 6 presents a real

data application.
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3.2 Model

Let m, n be positive integers. We observe n clusters (X;(¢),t € T =[0,1],Y;),i = 1,...,n, each of
size m, where, for each i, X; = (X;1, X;9, - - ,Xl-m)T is a an m-dimensional predicting process
and Y; = (Yj1,Y0, - ,Y;m)T is a vector of m responses. We assume that these n clusters are
independent and identically distributed and that all clusters have the same correlation structure. For
Jjth subject in ith cluster the predicting process X;;(t),t € T, is assumed to be a square integrable
random process on T'. The corresponding response Y;; can be continuous or discrete, real valued
variable which is related to X;;(t),t € T via the following generalized regression model, where w

is a positive measure on 7'. For a constant 5’0, and a real valued function B(t), teT,let

& = fo+ / BOXi(ODdw(t), i=1,nn, =1 .0m.

All integrals in this paper are taken over the interval 7', unless specified otherwise. In the rest of

this paper, i = 1, ...,nand j = 1, ..., m. We model the regression of Y;; on X;; as

Yij = 9(Gj) +eijs mij =B | Xij(t),t € T) = g({), (3.2.1)
F(pij) = var(Yy; — pij | Xij(T),t € T) = 02((ij), e = (ei1, €2, v €im)’ s

Ry = cor(e;),

for a known real valued link function g and a positive function o, where ¢;; have zero mean. Ry is
m X m true correlation matrix.
We now give another representation of the model (3.2.1). Let p;, j = 1, 2, ..., be an orthonormal

basis of the functional space L?(T’,w) = L?(w). The predictor process and parameter function can
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be written as

Xi(t)=> 58?)01@(75)7 B(t) = Brpx(t), (3.2.2)
k=1 k=1

with random variables 6§5)=f X;j(t)pr(t)dw(t), and coefficients B, = [ B(t)py(t)dw(t). By

assumption 3.4.1 below, we obtain F (55;?) ) = 0, for all 7, j, and k. Note that the random variables

() ()

€ij and ¢; ; are uncorrelated for k& # [. By the orthonormality of the basis functions,
— (k)2 - — 5 (k)
S = [Eoad <o [AOX 000 = 3 el
k=1 k=1

Using the above representation we now address the infinite dimensionality issue or equivalently
the issue of infinite number of predicting variables. Based on the truncation strategy proposed by
Miiller and Stadtmiiller (2005) we replace model (3.2.1) with the following approximate sequence
of finite dimensional models. Let p = p,, be a sequence of positive integers tending to infinity and

define our new approximate model as

Pn bn
Vij=g(Bo+> Al ) +eij 0 =Fo+ Y el (3.2.3)
k=1 k=1
Pn
Uz(jpn) - Z ng)pk(t), 0-2(77@%)”)) = GQ(MEfn)) = Var(eZ]|UZ<]p”))
k=1

e = (€1, €2, eim)’,  Ro = cor(e;).

Let B = ( BO, - Bpn)T. The superscript pj, indicates the number of parameters. We exhibit this

superscript and subscript when necessary. We assume that the standardized error e;;G () is

independent of 51(5) for all 7, 7, k.
In the sequel, Ny, (1, %) stands for m-dimensional normal distribution with the mean vector p

and covariance matrix >, m > 1, and all limits are taken as n — oo, unless specified otherwise.
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For any vector or a finite dimensional matrix A, || A|| denotes the Frobenius norm of A.

3.3 Estimation

We use the generalized estimating equation set-up for estimating the parameter /3. In most appli-
cations, we do not know the true correlation matrix R, so we use a working correlation matrix
R(7) to specify the working covariance. The parameter -y can be estimated using the residuals. We
use R to denote an estimated working correlation matrix. The estimate R that we use below was
suggested by Balan et al. (2005). Denote the derivative of function g as ¢’. The estimator denoted

by B is the solution to the following equation.

U*(8) = FLGi(B)A;(8) PR A4;(8) 1 2ei(8) = Y FLG(B)Vi(B) tei(B) =0,
i=1 =1
3.3.1)
where,
s N :
gil(ﬁ) 0 5(%) 5(_3) 5(2) vi1 — 9i1(8)
Gi(B) = JEE= T eiB) =
/ .
I 0 gim(ﬁ) _5%) 5512)) 5552 | Yim gzm(ﬁ)_
43(B) = diag(o} (B), . 02n(B)), B == 3> A(A)Yi — gi(A)(Y; — g:(B)T ()

Letej; = Leij = (et 015(8) = 9(e5:8),i(8) = (915 (8915 (8)). o21.(8) =

a(e%’; 3) and f be a preliminary \/n/p, consistent estimate of 3. It can be obtained using the
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independence estimating equations. Further details of this estimator can be found in Wang et al.

(2011).

3.4 Asymptotic Theory

3.4.1 Existence and Consistency

We first state the assumptions needed for existence of the solution of (3.3.1) and its consistency.
Note that A\jaz(A), Apin(A) denote the maximum and minimum eigenvalues of a matrix A re-

spectively. Also —p (— p) denote convergence in distribution (probability).
Assumption 3.4.1 Assume that E{X (1)} = 0 for all t, E||X||* < 0o and ||5||? < .

Assumption 3.4.2 Function g is monotone, invertible, and has two continuous bounded deriva-

tives. The function o2 has a continuous bounded derivative and is bounded from below by § > 0.
Assumption 3.4.3 Assume that pnn_l/ 250

Assumption 3.4.4 The true correlation matrix R has positive eigenvalues. The estimated work-
ing correlation matrix R satisfies ||R~1 — R™1| = Op{(pn/n)l/Q}. R is a constant positive

definite matrix with positive eigenvalues.

Assumption 3.4.5 There exist two positive constants by, by such that by < \pin{E(F 1T )} <

AmaI{E(FzTFﬁ} < bo.

We assume that the mean function of the regressor functions is zero to ease some of the calcu-

lations. Note that since we can obtain a consistent estimator of the mean function this assumptions
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is easily satisfied. We assume that £'|| X ||4 < oo mainly to obtain consistent estimates of the eigen-
values (Horvéth and Kokoszka, 2012). Assumption 4, 5 and 6 can also be found in Wang et al.

(2011). We prove that R used in the score function satisfies the assumption 4.

Theorem 3.4.1 Under the assumptions 3.4.1-3.4.5, the solution B to (3.3.1) exists and satisfies

the following

15 = 811 = Op(v/pn/n)

The proof is along the same lines as Wang et al. (2011) and can be found in the appendix. We
approximate U*(8) by U(8) = Y1) FFGi(8)Ai(8)~Y/2R1A;(8)~/%¢;(B). Thus, we can

consistently estimate the parameters even if the correlation structure is misspecified.

3.4.2 Asymptotic Normality

To show the asymptotic normality of the estimator we will approximate U*(3) by
- 1
Uup)=>, FZ-TGZ-(/B)Ai(ﬂ)_lmRE Ai(8)"Y2e;(3). We will now rewrite the U (3) as
=1

UB) = DT(B)V(B)V2(Y — u(B)),

where,

) o 0

0 Vs 0
Vi(B) = Ai(B)Ry ' Ai(B), i=1,..n, V(B) = 0 7
00 Va(B)|

(3.4.1)
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vim o 0 (B 0 .

o v e 0 0 Ga(B) 0 1

D(B) = ,
F

|0 0 i el o o Gu(®| -

rB) = ~EDETDE) = (m(D)ockicp. EB)=T(B) ! = EulB)ockicp

3

Next, we shall state the needed assumptions for establishing the asymptotic normality of 5’ .

Assumption 3.4.6 Assume that pnnfl/ 8 0.

Assumption 3.4.7 The matrices ' = T'(3) = n L E{D(3)TD(B)} and n~*D(B)T D(B) are

non-singular for all n.

M}l = 0,6t

Assumption 3.4.8 The eigenvalues of 1" are bounded and H { -
n

We are now ready to state the theorem regarding the normality of the estimate. Let I’ =
n~IDBTD(B) and T' = n~1D(B)TD(B). Note that T' depends on the unknown parameter

where as ' is a plug in estimator of I.
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Theorem 3.4.2 Under the assumptions 1-9, the following statements hold.

—p N(0,1). (3.4.2)

—p N(0,1). (3.4.3)

—p N(0,1). (3.4.4)

Note that this theorem can be used to construct 1 — « confidence bands. Refer to corollary
4.3 in Miiller and Stadtmiiller (2005). The proofs of both the theorems are given at the nd of this
chapter.

We are now ready to describe a test for the problem of testing for no regression relation between
a real valued response and a functional predicting variable. Referring to the model (3.2.1), testing
for no association between the response and the predicting process is equivalent to testing for
Hy : B = 0. Since we use the sequence of approximate models proposed in (3.2.3), we test the
following hypothesis instead: H : (31, ..., Bpn) = (0, ...,0), versus the alternative that H is not
true, for a given appropriate value of p,,. The proposed test rejects H for the large absolute values

of the statistic
_ npTTB8 — (pp +1)

Dy,
2(pn +1)

From Theorem 2 it follows that the test that rejects Hy whenever |Dy,| > z,, /2 is of the asymptotic

size «v, where z, is the 100(1 — «)th percentile of standard normal distribution.

22



3.5 Simulation

In this section we report the finding of several simulation studies, which investigate different as-
pects of the proposed testing procedure. In the first study we demonstrate the importance of con-
sidering the correlation structure in the data. We then explore the applicability of our method to
sequencing data. In this study, we use sequencing data in the simulation to demonstrate the appli-
cability of our method to genetic studies. We also compare the empirical power of our test to that
of gSKAT proposed by Wang et al. (2013). We then study several other aspects of the proposed
test by varying the sample and cluster sizes and the dimensions py,.

For the first simulation we generated pseudo-random regression functions using Fourier basis
functions p;,j > 1, and the following model: X(t) = iil ek pk(t),eJ are independent and
identically distributed with N (0, 1) distribution. We then evaluated each function on a grid of
finite points to obtain functional data that are realizations of an underlying function. We take
this approach as in applications only finite discretization of functional data is available. We then
applied a smoothing procedure to this discrete data to obtain smooth functions that are used in our
proposed test. This smoothing procedure is described later in the section. We simulated the effect
function 3(¢) in the following way: 3(t) = %il Bip®(t), B = k=16, k > 1. Here, ¢ determines
the magnitude of the effect of the regression function on the response. The choice of the number
of basis functions p,, selected to generate each of these functions is set to 10n1/7.

We studied the performance of our method when the response is continuous and binary. For
cluster size m = 3 and the case of continuous response we used the following model to generate
the response variables: Y; = fol X;()B(t)dt + ej, e; ~ N3(0, R) where, 0 is a vector of zeroes of
length 3 and R is a 3 x 3 correlation matrix with all off diagonal elements equal to v, |y| < 1.

For binary response, we generated the correlated responses using the function from the bindata
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package in R software with marginal probabilities given by g( fol X(t) 5(t)dt), where ¢ is the
logistic link function. The correlation matrix is the same as in the previous case.

We then studied the empirical power of the proposed test of no regression relation by consid-
ering the underlying correlation structure and treating the observations as being independent. We
label these two approaches as F test and Ind test, respectively. In these power studies, we chose
n = 500, replicated 1000 times and the significance level &« = 0.05. The value of ¢ is fixed at
0.08 for continuous traits and at 0.1 for binary ones. The number of parameters p,, was determined
using five fold cross validation procedure (see the end of this section about how we chose the value
of pn). We can see from Table 3.1 that as the correlation increases between the individuals the
empirical power of the F test increases whereas that of the Ind test remains more or less the same
as expected. This demonstrates the need to factor in the correlation structure. The empirical level

for this study can be found in Table 3.2. For the second study, we compared the performance in
Table 3.1: Empirical power as a function of ~y

Corr(vy) Continuous Trait Binary Trait

F Test Ind Test F Test Ind Test
0 0.421 0418 0.137 0.127
0.05 0.456 0.45 0.130 0.124
0.30 0.567 0457 0.165 0.124
0.50 .692 0.443  0.195 0.129
0.80 0.993 0.455 0.308 0.134

Table 3.2: Empirical level as a function of

Corr(y) Continuous Trait  Binary Trait

F Test Ind Test F Test Ind Test
0 0.03 0.051 0.039  0.032
0.05 0.048 0.049 0.036 0.035
0.30 0.045 0.051 0.032  0.029
0.50 0.059 0.043 0.043 0.037
0.80 0.068 0.047 0.041 0.037

terms of power of our test and gSKAT for testing of no regression relation. Note that gSKAT is a
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sequence kernel association tests that is based on generalized estimating equations. It is not meant
for functional variables though it can handle cases where the number of variables is larger than the
sample size. To make the comparison fair and to investigate the treatment of sequencing data as a
function we used real genetic data from the 1000 Genome Project (?) and then simulated response
values using this data. In particular, we used a region of the genome (Chromosome 17) from this
dataset for following simulation. Note that this a not a family data set and thus, all the individuals
are assumed to be independent. The primary focus of this simulation is to investigate the treatment
of sequencing data as a function.

In real applications, we do not observe the regressor function, but assume that the densely
observed data is a realization of a function. So the first step in any functional data study is a
smoothing step which involves constructing regressor functions from observed data.

Smoothing methods given in Ramsay (2006) typically use the following model to fit a single
curve: The given curve X;; is observed at [ discrete points (t1,...,1). Let Tijk. k =1,...,1, denote
these observed values. We then recover the function X;; from these observed values by fitting the
linear model ;5 = 2221 cqPq(ty), k = 1,...,1, where ¢4’s are basis functions. We choose a
large value for r and use penalization techniques to ensure that the fitted function is not very rough.
We penalize the integral of the squared second derivative, i.e., we choose ¢4, 1 < g < r to minimize
S (i — S u=1Cq®q(ty))?> — APENa(X;j). We take PENy(X;5) = [ D?X;;(s)ds, where
D? denotes the second derivative. The underlying function X; is approximated by X;;(t) =
2221 Cq9q(t). We used cubic B-spline basis functions and the smooth.spline function available in
R software to carry out the smoothing procedure. We specified the knots to be at (¢1, ..., ¢;) leading
tor=101+4-2.

After obtaining the underlying function we simulated a discrete and continuous response using

the sequencing data. Let X denote the sequencing data matrix of dimension ;" ; m; X [, where
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n, m;, and [ represent the number of clusters, cluster size, and the number of variants, respectively.
For the selected region from the 1000 Genome Project, [ = 800,n = 1092 while the family
size m; is one for all the families. Then the responses are generated using the relations Y; =
S B Xk + eiei ~ N(0,Ry), By = k=10, k = 1,--- 1, where now R; is the m; x m;
correlation matrix with all off diagonal terms equal to v = 0. For the binary case we proceeded as
before using the rmvbin function in R. The following empirical powers are based on 1000 replicates
and level of significance of 0.05. We chose p;, by using the five fold cross validation procedure
(see the end of this section). We can see in Table 3.3 shows that both the tests have comparable
power but Type-I error for gSKAT for the binary case is inflated.

Table 3.3: Empirical power comparison with the gSKAT

Effect(0) Continuous Trait  Binary Trait

FTest gSKAT FTest gSKAT
0.00 0.041 0.048 0.047 0.061
0.50 0.102  0.108  0.072  0.063
1.00 0314 0374 0.114 0.133
3.00 0996 0994 0.555 0.608
5.00 1.00 1.00 0951 0.962

In the simulation study to investigate the effect of sample size and cluster size on the power of
our test, the regression function was generated using the Fourier basis functions and the response
variable was generated using the linear and logistic model as in the first simulation study. The
choice of the number of basis functions p,, selected to generate the regression functions is again
set to 10n!/7. Effect size § used in this study is set equal to 0.1 and 0.05 for binary response and
continuous response, respectively. The correlation for the sample size and the cluster study are set
to 0.8. From Table 3.4 we can see that the power increases with the sample size for both types of

the response variables.

26



Table 3.4: Empirical power as a function of sample size

Sample Size Continuous Trait Binary Trait

500 0.718 0.295
1000 0.970 0.65
2000 1 0.946

To demonstrate the effect of using large cluster size m, we used a sample size of 100 in the
study. Results of this simulation can be seen in Table 3.5. We observe that the Type I error is
inflated with the increase in the cluster size. For a cluster of size m the number of parameters in
the correlation matrix is of order m?. Large m will affect the consistency of correlation estimate

(R) used in the score equation (3.3.1) rendering our asymptotic results invalid .

Table 3.5: Empirical level as a function of cluster size

Cluster Size Continuous Trait Binary Trait

3 0.203 0.05
10 0.659 0.14
20 0.867 0.4

Table 3.6 below demonstrates the effect of increasing the number of parameters p, in the
model. The regressor function and the continuous response variable were simulated as before. The
number of basis functions used to generate the regressor was set to p, = 30, 50, 90. Sample size
was 500, the effect size & was 0.05, correlation parameter v was taken to be 0.8. The number of
parameters in the model p;,, was chosen to be 30, 50, 90 instead of using cross validation. We can
see that as the number of parameters increases the Type-I error also increases.

Table 3.6: Effect of increasing pj,

pn,  Empirical level

30 0.068
50 0.065
90 0.107

The following figure displays Q-Q plots to check the normality of the test statistic. For small
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dimensions the test statistic follows a chi-square distribution with p degrees of freedom. As we

increase p the normal approximation becomes more appropriate.
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Figure 3.1: Normal Q-Q plots
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An important problem that we need to address while applying our method is the determination

of the number of parameters p,,. In all of the simulations reported here, we used the functional prin-

cipal component analysis method for dimension reduction. We projected the infinite dimensional

function on to a finite p,, dimensional subspace spanned by the first p,, eigenfunctions of the covari-

ance operator of the regressor functions. This covariance operator is estimated from the regressor

functions obtained by smoothing of the observed data. We first selected those values of p for which
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the proportion of variance explained by the first p principal components Zizl Y / > opoq A var-
ied from 80% to 99% as the potential values for the number of parameters p,,. We then used 5 fold

cross validation to select a final value for p,,.

3.6 Application to the sequencing data from the Minnesota Twin

Study

Substance use disorders and related health conditions pose a remarkable burden on global health.
Twin and family-based studies have suggested a substantial genetic contribution to substance de-
pendence (e.g., nicotine and alcohol dependence). Studies have been successful in identifying
genetic variants contributing to nicotine dependence. In this application, we applied the pro-
posed method to assess the dependence between 15 neuronal nicotinic acetylcholine receptors
(nAChRs) subunit genes and nicotine dependence using the sequencing data from Minnesota Twin
Study (Vrieze et al., 2014). Genetic associations between nAChRs subunit genes and nicotine
dependence has already been established. A comprehensive study on the these genes (Saccone
et al., 2009) found associations for loci in the CHRNAS5, CHRNA3,CHRNA4, CHRNB4,CHRNB3,
CHRNBI, CHRNA6, CHRND, CHRNG, CHRNB4 with nicotine dependence. Our aim is to con-
firm whether our test can replicate these associations. The sequencing data set we used for this
analysis has 662 families and 1445 individuals.

Nicotine dependence is a continuous variable measured based on the protocols of the Substance
Abuse Module of Composite International Diagnostic Interview (Hicks et al., 2011). It considers
the frequency and quantity of nicotine use including cigarettes, cigars, pipes and chewing tobacco.
Covariates of age and sex were also considered. We first fit a regression model with nicotine

dependence as response and age and sex as predictors, and then used the residuals in the analysis.
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We apply our proposed test to each of the 15 genes individually. As the response and regressors are
centered, we omit the intercept from this analysis. The smooth functions obtained by the smoothing
method discussed earlier in the simulation section serve as regressors in the test. Table 3 report
the number of parameters i.e., pj, used for each gene. Note that as these values are small, normal
approximation does not work as can be seem from Figure 3.1 . We instead use D), as the statistic
that follows xy,, and use this to report the un-adjusted p-values for the F-test. From this table, we
find that the p-values for F-test are smaller than those of the gSKAT for many genes. Also, our
method is able to detect several associations that are undetected by gSKAT, which might suggest
that our method has better performance. Note that even after adjustment for multiple testing our
method is able to find associations for genes, such as CHRNB2, CHRNA6 and CHRND.

Table 3.7: p-values for Minnesota Twin Study

Gene  FTest gSKAT p, D

CHRNAI 0929 0.621 2 0.147
CHRNA2 0.740 0595 2 0.600
CHRNA3 0.057 0611 2 5.713
CHRNA4 0.011 0.125 2 8.900
CHRNA5 0.148 0415 2 3.810
CHRNA6 4E-05 0.216 6 29.765
CHRNA7 0.625 0.736 2 0937
CHRNAY9 0400 0524 2 1.831
CHRNBI 0.017 0870 2  8.047
CHRNB2 2E-09 0.1351 7 53.838
CHRNB3 0.003 0429 5 17.524
CHRNB4 0382 0.561 2 1922
CHRND 8E-04 0.175 2 14.230
CHRNE 0207 0.675 2 3.142
CHRNG 0.044 0270 2 6.219
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3.7 Discussion

The proposed method can be easily extended to include additional finite dimensional covariates
Z = (Zq,...,7Z},) as well as finitely many functional regressors X1, ..., X;. The main question
is to choose the dimension p1,, ..., pj, for each of the functional regresors. We can use cross
validation techniques to determine py,,, ..., pj,,. Note that this is more computationally challenging

than the case of a single functional regressor. The dimension of the truncated model (3.2.3) is

l

Pn= > Pjn+k+1
J=1

3.8 Results

This section contains the consistency and existence results. Note that C' denotes a constant in the

details below.

Proposition 3.8.1 The inverse of estimated correlation matrix R1 converges to the inverse of the

true correlation in probability i.e. ||[R~1 — R61|| = Op{(pn/n)l/z}.

n ~ ~ ~ _
Proof Let R* = n=1 S A7 /2(3){V;—g:(3) Y — :(5)}T A7 /2 (5). Central limit theorem
=1
gives us || R* — Ryl = Op(n~1/2). We will show that || R — R*|| = Op{(pn/n)/?}. Combining

these two results will yield the proposition. Recall that ¢;;(3) = y;; — g(eggﬁ), 0;i(B) = J(eg; B).

We have
IS {li%(?)%@_6“1@%@}2
jigae (i 0iji1 (B)oijy(B) i (B)aijy ()
m m
<2 Z 1121j2»1+2 Z 1121j2,2’
Jisgo=1 Jisdo=1
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where

o1 znzeij1(5)eijz(5) 'jl(B)ez‘jg(ﬁ)
it n 0131(5 Uz]2 ’

1
7 1 1
Jj1io2 = ew Bleiy( z =~
172 n L 2 Uzgl 0'2]2 Uljl (5)%@(6)
m
We first show that Z .7]21 ol = = Op(pn/n). Using Assumption 3.4.2
1 n 12 2
I J1J9.1 <C n Zeml {6232 ez’jg(ﬁ)} ( 26232 {6131 — Cijy (5)}>
12

n

<C % eijy (D191, (B) — 9ijo(B)}

L =1
- 2
1+ C %Z{gm — 9ijy ( )}{gz’jQ(B)—gz'jQ(B)}]
1=1
. 2
+C %Z%‘Q( B){9ij, (B )—gijl(ﬁ)}] :
i—1

Using Cauchy Schwarz inequality,

+C Z 12{9131(6) gijl(B)}Q {Ziegm(ﬁ)}
Jinjo=1 1=1 i =1

= 1Lj jo.11 + L jo.12 + Ljy jo 13-
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Now,

]jljg,ll =C | Z {%ZGZQJI } [Z {9232 9232( )}2]
=C { . % . 6]1 } |:Z Z {91]2 gzgg( >}2]

21%1

Taylors expansion gives us {gZJ(B) — gij(ﬁ)}Q <C(p- B)Teijsg;(ﬁ — B), yielding

Z Z (i (B) — 015y DY < = 37 32 (B )iy, (5 )

Jjo=1li= 1 1=1jo=1
<C(B-BTES FIFRGE - )
=1
« Al = o T T 3
<C(B-B) "{ZlF Fy — E(F} Fy) + E(F; F)}(B—B)

<CB-BTEFLF)B-B)
<18 = BI*PAmaz E(FLFy).

= Op(pn/n)

n

We get the above using Assumption 3.4.4, 3.4.5. Wehaven ™' 3 egjl ( B) = Op(1). Using similar
1=1

m

s and thereby > 2

I
2 J1J2,1
Jigo=1

19,125 1

techniques for the remaining terms we can show /; 1421

Jj1j2,11s

are all of order Op(py/n). The same holds for Z I]21 jo,2 10 complete the proof.
Jirja=1
Define,

n

03) =Y Fra3)A; 23R4T (8)ei(B),

i=1

J(B) = [8%_(;)]57 T(B) = [%ﬁ(ﬁ)}ﬂ’ 76) = [%(ﬁﬁ)]ﬁ
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Lemma 3.8.1 The jacobian J(3) can be decomposed as

J(B) = —H(B) + R1(B) — Ra(P) — R3(P),

where

~1/2

HB) = =3 FFG(8)A; " (8)Ry A, V2 (8)Gi(8) Fi,
=1

Ri(8) =Y FEG(3)A; V2 (8)Fo(B) F;
1=1

~1/2

Ro(B) = S FFGi(8) A (8)Ry VA4 (8) AT (B)diag{es(B)} F,
=1

1/2

R3(B) =Y FlGi(B)A  (B)A; '~ (B)Fy(B) ;.
=1

/

C%(ﬁ)==cﬁag{gﬁ(ﬁ),~wggn(5)}r4i:=cﬁag{vg(ﬁ)w~,0ﬂn(ﬂ)}7Pb(ﬁ)==cﬁag(36414[1/260'

Similar result holds for J(3) and J*(f3) i.e.

where

H(B) = — > FTGi(8) A, 2(3) R 47Y(8)G1(8)Fy and

1=1

L —1/2 1 4-1/2 .. — " .

H () = — 3 FTGi(8)A; /2(8) R A, /(8)Gy(8) . Remaining terms Bi(5), RY(B), (i =
=1

1,2, 3) are defined in a similar fashion by using R and R* respectively.

Proof As the proof is simple but tedious we omit the details.
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Lemma 3.8.2 Forall A >0, b, € RPn,
sup sup [0} (J*(8) = J(8))bal = Op{ (npn)"/*}
18-Bll<A(pn/n)!/2 lonll=1
Proof Due to Lemma 3.8.1 it is sufficient to prove the following results:

sup sup |b£(H*(5) - H(ﬁ))bﬂ — Op{(npn)l/Q} a8
18— Bl <A (pn/n)L/2 bnll=1

sup sup |b£(R:<(5) - Rz(ﬁ))bﬂ = Op{(npn)l/z}, (i=1,2,3). (3.8.2)
1B=B|<A(pn/n)1/2 llbn]I=1

We have
BTLH(8) — B(B)}ba] < 3 WL ELG(B)A; (B) (R = RHA 2 (8)G(8) Fibnl
=1
<CIRTT =R o EL
=1

n
=C|R =R D by F Fby
=1

n 3T T 1,
< COW{(pn/n)?}n {Z i Bibn

1=1

. —bzwfmbn}

+ COp{(pn/n)"* i, E(F{ F1)by
< CO{(pn /)Y *ynhmaa {E(FE 1)}

< COY{(pn/n)/?}.

Similarly we can prove (3.8.2).
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Lemma 3.8.3 We have

sup sup [bI{T(8) + H(B)}on| = Op(n}/2pp).
18— <A(pn/n)1/2 llbn]I=1

Proof From Lemma 3.8.1 it is sufficient to show that
sup sup [b] Ri(B)bn| = Op(n'/?py), (i =1,2,3).
18— BII<A(pn/n)L/2 IbnlI=1
We first consider

n

Ro(B) = 3" FF{GH(8) — Gi(B)} A, V2B R4, (8) A7 (8)diag{ei (8)} F

1=1

£ F GO P 5) - AT PO RTA () AT (9)ding (e D}y
+ZFZ-TGZ-<B ATV2B RLAM () — AP (B) ATV (8)diag es (B)}
+ZFTG ATV2BRVAMP(B){AT(B) — A7V(B) diag{es (B)}

1/2

+ZFTG AT PR RAB) AT () dinglei ()} - ding{ei( DI,

+ Z FLGi() AT (B R4 (B) A7 (B)diag{ei(B)} F)

6
=Y Ry
i'=1

We investigate the first and last terms of the above equation and leave the rest to the reader. For

the first term using Assumption 3.4.5, 3.4.2 we get
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sup sup Zlb R 1by|
18—BlI<A(pn/n)1/2 lbnl=1 =1

< sw ap S ITET(GHS) — GiAAT 23R A2 8)AT (9
16—Bll<A(pn /)12 Ibn =1 i=1

x diag{e; ()} Fibn|

< sup sup C’sup{g” _gw }ZHbTFHQ
18— <A(pr/n)1/2 Ionl=1 5]

= sup sup C'|8 — BIIZbTFTan
18—B<A(pn/n)t/2 llbn[I=1 i1

< Op((npn)'/?).
In a similar fashion we can show that

sup Sup ZV’ RQ 1bn| = Op((”pn)l/Q), (' =2,..,5).
18- BlI<A(pn/n)1/2 Ibnl=1 =1

We now investigate the last term Riﬁ' Using Assumption 3.4.2 we have

2 k) () (k) ( > >
[R26]" < C E E E 3 ; 552 e, €irjp (Bles 1 (B).
1J2 *'1J1 i1dy 1171 1191
Vi, 21 1]17J2,3132 1

Taking expectation and using the independence of errors between clusters we get

|Ra6)1? = Op(npd). (3.8.3)
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Thus we get,
sup sup  [bE (Ro(8))bn| = Op(n'/?pn).

18—B||<A(pn /n)1/2 lbnll=1
We can obtain the result for R and R3 in a similar manner to complete the proof.

Lemma 3.8.4 We have

sup sup |bL(H(B) — H(B)|by = Op<n1/2pn).
18—B<A(pn/n)t/2 llbn[I=1

The proof of this lemma is similar to the proofs of Lemma 3.8.2, 3.8.3 so we omit the details.

Lemma 3.8.5 We have
(8- B)THPB)(B - B) < —CnlB - B>

Proof Using Assumptions 3.4.2,3.4.4,3.4.5,

(6-BTHGB - B)=-3.(6-HTFIG;A PR A7 PaiF (6 - )
=1
< _)\min(R) min )‘min(Ai_l))\mm(Gzz) Z FZTFzHﬁ - BHQ
! i=1
< —Cnl|8 - BII*.
Lemma 3.8.6 Let U(3) = Zn: FZ-TGZ-(ﬂ)A;l/zﬁ_lAi_l/z(ﬁ)_lei(6). Then we can show that
i=1

ITB)] = Op{ (npn) /2.
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Proof Let R~ = (l_ij)lgi,jgm- Using Assumption 3.4.2,

(F) 2
n Ui g €ij (B)
2 232 3231 ijo U1
-3 (Y 3 p—cIY—
k=0 \i=1j1,jo=1 ij1 ij2
T 212
E(IUB)7) < CO(npp).
Thus, the result is proved.
Lemma 3.8.7 We have |[U*(5) — U(B)|| = Op(pn).
Proof Let ) = {qj1j2}1§j17j27m = R — R~1. We have,
m n
~ ~ g 771]2 € 772j2)
U*(p) - U(p) = Z %1122 o (71i7) (i, “ij1-
it it 7 Uig)7 gy
Note that,
no -
9 (Mijy)e(ijy) 12
B 3 =2 e, | = Otp).
/ ~
e
This implies,|| > 1" 4 Mem“ = Op{(npn)V/2}, (1 < j1, jo < m). Assumption 3.4.4
(77132) (771]1

yields the result.
We are now ready to prove consistency result.
Proof of Theorem 1
According to Theorem 6.3.4 from Ortega and Rheinboldt (2000), to prove the existence and con-
sistency of the estimator B, it is enough to verify the following condition: for all € > 0, there exists

a constant A > 0 such that, for all n sufficiently large,

P sup B-BU*B)<0|>1-¢
18Bll=A(pn/n)L/2
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This same technique has been used previously by Wang et al. (2013). Using Taylors expansion we

get,

(B -B)TU*(B) = (8- B)TU*B)— (8- BT{-T*(8")}(B - B)

= Ay + Ao,

(3.8.4)

where, 3* lies between (3 and £ i.e. maz{||8* — 3|, |8* — G|} < |18 — B]|. Also, ||8 — 5| =

A(pn/n)Y/2. By Lemma 3.8.6, 3.8.7,

A= B-BTO@B) + (8- BTW*B) - UB))
A1] < Alpn/n) 2 (npn) Y2 + Alpu/n)?py,

< Aop(pn) + Aop(pn>-

Next,

Ay = — (BT T (B*)(8 — B)

= —(B= BB (B=B)+(B—B){=T(B") + J(B)}B - B)

= Ag1 + Ago.

40

(3.8.5)



From Lemma 3.8.2 we obtain Aoy = AZ0,(py,). Also

Agy = (8= B)T{I(8*) + H(B*)}(B - B)

(8- B)1{H (") — HB)IB - B)
(8- B) H(B)(B - B)

< —CA%py + 0p(pn) + 0p(pn). (3.8.6)

From (3.8.4), (3.8.5), (3.8.6) we can see that (3 — 5)TU*(8) = AOp(pn) — CA%py,. Thus for

a suitable A this term is negative in probability and we get the existence and consistency of B .

We now turn to prove the asymptotic normality result.

Note that,
DB D(B) = —H(B) = izn;ﬂTGiw)A;” 2B)Ry AT (B)GB)F
Similarly define,
D* (B D*(8) = —H*(B) = EEFT Gi(B) AT P (B) R AT (9)Gi(B)F

Proposition 3.8.2 Ler 5* be a fixed value of 3 between B and §,

17*(8) — J(B)]| = Op(n*/?p}5) = op(n).
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Proof Using Lemma 3.8.1 we obtain,

3
17*(8) = J(B)I| < |1 D*(8)T D*(8) — DB DB + Y _RF(8) — Ri ().
1=1
=1 + Is. (3.8.7)

/ /
i gl: _lejQQijl (ﬂ)gzn(ﬂ) T

Eii1EL
iZljjgmt iy (B)ijy(8) Y12
dj1j, are the terms from Rgl — R~L. We use Lemma 3.8.1, Assumptions 3.4.2 and 3.4.6 to get

We now look at each of these terms, /1 =

, where

(I1/n)? = Op(p3 /n) = op(1). Similarly we can prove that I = Op(n1/2p711'5) = op(n).

Proposition 3.8.3 Let 5* be a fixed value of [ between 3 and B,

17(8%) = J(B)Il = Op(npi® /n/*) = oy(n).

Proof
17(8%) = J(B)l < ID(B*)T D(8*) = DB DB)| + > IIR*(8*) — R(B)|
i=1

noom (g (899 (B g5 (B (B)
Il_HZ Z J1 J2 Ty J2 I

T
%iy (5)7153(B) 0y (B)oigy (5) it

Recall that 7;; = 53;3 and 7 = 5iTj (*. Using integral form of the remainder in Taylor’s theorem,
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Theorem 1 and Assumption 3.4.2,

G41(8°) = 93(5) = [ "Ny = (1= Mo}y = )

< ex ligg =gl < e < 157 — 57 [lsuplless| (3838)
2,7

Consider,

P(suplle;j|| > n/*) < nmP([ler]| > nl/4)
1,]

2
Pn
4 272 2
<mE|e1]|* = mE(|le1]]) =mE<§ 61k>
k=1

2

o

<mE <Z e%k) =mE|X1||* < oo
k=1

Combining the above result with (3.8.8) we get ggj(ﬁ*) — g;j (B) = Op(p,lz/anl/‘l) This can be

used to show that /] = Op(n3/ 4pl5) = op(n). Similarly, we can prove the same result for /.

~ ~y—1 ~
- D(B)TD
Proposition 3.8.4 This proposition states that nl/ 2(B—B) ~ { (5) D) } Uf/ﬁg)
n n

Proof Using Taylors expansion,

U*(B) = U*(B) + J*(5%)(B - B)

U*(B) = —J*(B*)(B - B)

UNB) ~U) | UB) _ ) 5 e

nl/2 nl/2 n
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From Lemma 3.8.7 we obtain,

Up) _J*(ﬁ*)(B _ B)nl/2

n1/2 N n

The right hand side can be written as

LD g sz - SOV (g gy EDETD 5 g2
~J(B) + DT(LB)TD(B) (3 — B)nl/Z n D(B)ZD(B) (B — B)nl/Z

We can show that R; B =0 nl/Qpn ,¢ = 1,2, 3 in the same manner as (3.8.3). Using Assump-
(] p

tion 3.4.2,3.4.6, Proposition 3.8.2, 3.8.3, Theorem 1 yields

J*(ﬂ*)(B _ B)nl/2 = D(B)"D(B)

A 2\ 1/2
. =B Ay

Thus, the Proposition is proved.

Let,

(3.8.9)

D(3)D(p) }1 D(B)Te(p)

n 1/2 ’

¢(8) =V(B)Y2e(B), Zn(B)= {

n

xn(B) =

n

5}/2@)135/;)%/(@ L () = T(9)2 {—DW)TDW) }1 NCIRES

As the functions in Proposition 3.8.4 are evaluated at B, for ease of notation we denote Z,, =

Zn(B) s xn = xn(B), Uy, = Uy(B), ¢ = €/(B). From the statement of Theorem 2, 3.4.2, we are
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interested in Zg I'Z},. We decompose it into the three terms as

Zngn = X%W%Xn
_ 7T T T
= XnXn +2X5 (Un — Ipn+1)Xn + X (Up, — Ipn—Fl)(an - Ipn+1)Xn

We shall show that H,,/ p}/ 2 and Gn/ prll/ 2 are asymptotically negligible. This goal is in part

facilitated by the following proposition.

Proposition 3.8.5 We have

195 — Iy, 411% = 0p(1/pn), (3.8.10)

O xn = (o + 1))/ 2on) % S N(0,1). (3.8.11)

We shall prove this lemma shortly. As a consequence of this lemma, we obtain

T T
X (U — Ly 1)Xn| < Dxinxn | 190 — Ip, 41l

= Op(pn)op(1/p %) = op(or”).

This implies that G,/ p,ll/ 22, 0. We can similarly show that H,,/ p,lﬂ/ 2 2, . Hence

ZIrz, = F,
(2pn)1/2 (2pn)1/2'

(3.8.12)
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Proof We shall first prove (3.8.10). Observe that

—1

195, — Ipp+all
[Unll < [p,1ll + — :
" - ||\Ijn - Ipn+1H

We shall show that

~1 ~1
V™ = Ippt1ll = op(pn ™) = op(1), (3.8.14)

implying || Uy || < |1y, 41l = (pn + 1)Y/2 . This will prove (3.8.10), because

1 1
1% — 1]l = Op(or 2oy (—) = 0p (—) -
’ b o’

We now turn to the proof of (3.8.14). Let, = = 21/251/2 =1/2 = (61213/2))0§k,8§}7n' We can write

vl —zl/2

n

D(B)T D(3)=!/?
n.m PRCINE)

1 ivin%ig 1/2) () (1) ((1/2)
*nz Z Z (5)0”1(/@) [gk zgl Z]2§t

i=1jyjo=1ts=1 7ij2

;’IH

Thus,

- 95, (D955, B) 179y ()
B! _]anH2 _E Z Z Z Z iy 32 J1 £k1/2 e 2325151/2) 5
(ﬁ)UZjl(ﬁ)

k=0 | " =1 jyjg=1st=0 CTijo

Pn

=E Y (ay — o)°
k=0
Pn

2 2
=E ) (ajy — 2ay0p; + 0jy),  say.
kl=0

46



We investigate each term separately. Write g}l 0 akl = B1 + By, where

Z Z Z Z lj1j2g£j2<6)géj1(ﬁ) (1/2) 81 (1/2)

= = gk Z] 5
. B 1 mz t!
MI=01=1 j, jo ! jh=151t152t2=0 9ijo(B)oijy (5)
l/ /g /(B)g /(5)
1727175 ij] (1/2) (s2) t2 (1/2)
X 51@ gt

(B)ar (5) i ’

ag..r
Zj2

1 & & - on l]1]291 J (ﬁmz J <5~) (1/2) (s (1/2)
-2 Z Z Z Z =2 vt fk Z1}1 1132£t

g g
Zl7é22 131]2]/]é_1 s1t189t9=0 Z1:72(6) Z131(/6)

/ N n
ljijégmé(ﬁ)gimi (5)5 1/2) 32 _(t2) el (1/2)
kso 1800

/ (B)Uiﬂi (B) 223 2292

ag. .
12]2

31

Using the fact that = =1/221/2 = =,

= iz i % i1ia9i75 D911 B) (s1) 1)
- n? 10 (B)iir (B) i1 Sijy
i=1 jjoj| fh=151t159tp=0 T2V

Lo g /(ﬂ)g /(5)

NIy T (s9) (to)
Doy () Srta

ij2 zgl

Z f: Pn 5 l]1]29 (7721]2>gzlj1(5) 31) (tl)
2 Cird1Tirde

175 9= 191]2j1jé:1 s1t189t9=0 ‘711]2 (ﬁ)azljl (ﬁ)

! 1)g
i Uiy 5 () _(s2)_(t9)
((B)o, s (B)  i2di indh

o. . -
29 271

Z Z Vs1t1 VsptaStytaSsyso-

21757,2 1s1t189t9=0

X F

5t1t2£81 89
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We observe that I'= = I and that each of the matrices are symmetric giving, implying

Z 7811‘,1&5182 =1, 81 = 82 (3.8.15)
t1=0
—0, s+ (3.8.16)
Thus
1 n Pn Pn
E(B,) = n2 Do DL satabsisy D Vst (3.8.17)
i17#i9=1 s1t9s9=0 t1=0
n Pn  Pn

- Z Z Z Vsgs1€s159

217512 1s9= 081 0

& pn+1 n

- 2 Z Zl_ 9
’Ll#lz 159=0
(n—1(n+1)
- .

In a similar fashion, we can show that,

Pn n  Pn (1 2 1 %) _9 n Pn Pn
—2 )" E(apdy) = Z > st Z& & / - — YD visbet = —2(pn + 1)
k=0 i=1 st=0 k=0 i=1t=0 s=0

and Y77 62, =pn + 1.

These results together imply that

_ 1 (n—=1)(pn +1)
1 2
BN Dl = o) + {0
n
1

ol
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} —2(pn + 1) + (pn + 1)(3.8.18)




1

Thus, we obtain ||, 1 — Ly, 41l = op <—> and conclude the proof of (3.8.10) in Proposition
Pn

3.85.

Next we prove (3.8.11). Referring to (3.8.9),

~1/2DTV 1/2, n El/QFiTGiA;l/QR Ail/2
Xn = Z nl/2
1=
n 2V2FT AT PR _
P o a=a7 @)
n
=1
1/2 s) 3 ]
5 zglgzyl (5> J1J26332
) m Uzgl(ﬂ)
R ; _Z_l - ' |
i=171J2=1s=0 | 1/2 (s) 3
Epnst ij1 zyl(ﬁ) 11126132
i ‘72]1( ) J
2.8 0y e )
moPn g e gl (B)y o€
T Ul 1j1 J1J27t72
B3y 3 3 -
t=0 | i=1 jijo=15=0 1
_ A, + B, (3.8.19)

Pn n Pn §t1/2 €t1/2 31 ( 2) 4

ZZ Z Z Zj1 ZJ3 gm(ﬁ)gZJg (B)l J172 J3J461J26U4

t 0 i=1 j1joj3js=15159=0 01]1(6>JZ]3(5)
(1/2)(1/2) (51) (s2) s
Pn gt /2) gt /2) 1 52

L
€141 CingaJi j @ i3 By doliziyCiy o Cinig
B, = Z Z Z Z 1J1 927371171 2J3 )

t=0 11 #i9=1J1J27374=1 s189=0 i1 51 (B)O-in3 (6>
Ap — (pn+1) . . . . .
We shall show that —p is asymptotically negligible in Lemma 3.8.8 and that 5;, has
n

desired distribution in Lemma 3.8.9.

An—(pn+1) p

Lemma 3.8.8 We have /9 = 0.
Pn
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Proof Using independence of € with all ¢,

(1/2) .(1/2) 81) ~ .
pzni Z pzn Stsy Stsy Cijy 133 Zjl(ﬁ)gzj3(ﬁ) Ly 59 Lz, €OV (€ijo iy )
t=01i=1 j179J374=1 $159=0 nal]l( )0233( )

(s1) _(s2) T
==Y D Gum ) E D LigigeoV(Eijyisy).

i=1 5159=0 J1j2j3=1 Tijy (B)Uij:a(ﬂ) jg=1

We note that [;

jigjy are elements from the inverse of the correlation matrix (R) and that covariance

matrix of &; = A, /262' is R . Also for any invertible matrix M, M ~'M = I. Using (3.8.16), we

obtain

(s1) (s2) 3
BlAn) = =3 3 &g D T (3.8.20)
i=15159=0 ]1]2:j3:1 L1 ij2
- Z Ssps9Vs1sg = Zl—anrl
5189=0 51=0
We now evaluate
0w e g D B it |
E(A%) - B lz Z Z 515254 1]3 1]1 91]2 Jl]2 1374712714
n o= - i (8)0iia(5)
i=1 j1j9J3j4=15159=0 ij1 ij3
= A%+ AV say. (3.8.21)

Now consider,
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1 n m Pn
DD > Gasly
= 1] ]i...j4j£1:1 51525/15/2:0
/
s1 _(57) (52) (s5) IS (YA (BN
. €ij1€ij/1 5”3 z'] gl]l (B)g”i (B)gijg(ﬂ)g- ./ (ﬂ)lJIJQZJiJéZJSMZJéjfUQeUéeZM ”4
X =

Tijq (ﬂ)aijl (6)0133 (ﬁ)g é(ﬁ)

_0 (l) Y (%) , (3.8.22)
n Dn,

Next, we have

Pn

=30 SIS SD S S S

Z17’512 1]1]1 3434 151523/13/2:0

(s1) _(51) (s9) (sB) , (av y a o a g iamco
X = = = =

%iyj1 (D), 1 (B)oiy j3(B), ju (B)

i2j3
Z Z 55152’}/5152 Z fs/ 3/273/15/2
217&12 15152 3152
(n = 1)(pn +1)?

= ) (3.8.23)
n

Upon combining this fact with (3.8.20), (3.8.21) and (3.8.22), we obtain

ar(A,) = BE(A2)— E*(A,) =0 (%) + M.

Pn n
— 1
Thus, we have —* <1172L+ ) 2.
Pn
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From, (3.8.19) and Lemma 3.8.8 we obtain

X'x=(n+1) By
(2pn)1/2 (zpn)l/?

So the next lemma will establish (3.8.11).

Lemma 3.8.9 Asymptotic distribution of By, is given as

B
—— = N(0,1).
(Qpn) /
Definition 3.8.1
Ss1) (s2) ;s o
W.. = Z Z pzn 58152 21]1 2]3 glljl(B)gijg(B)ljljglj3j4€i1j2€ij4
ni - - i |
i1=171727374=15152=0 01111<5)‘7ij3(5)
i 2
W.., = — = W ..
" n(2pn)1/2 m
Note that,
2 n
Bn = E Z an
i=1

The random variables W,,; form a triangular array of martingale differences w.r.t. the filtration
Fni= U(gz(lf])'veij’ 1<i1<,1<j<m0<k<pyp),(1<i<n,neN). N denotes the set
of all natural numbers. This implies that Wm is also a martingale difference array.

Proof

To prove this lemma it is enough to prove the following:

ZWm % N(0,1). (3.8.24)
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According to the CLT for the sums of martingale difference arrays, see Corollary 3.1 in Hall

and Heyde (1980), it suffices to verify the following two conditions

n
Z BWZ | Fpi1) &1, (3.8.25)

Z E{W3 | Fni1y 20, foralle > 0. (3.8.26)

Consider,

i—1 m m Pn
EWgi | Fai1) = Y > >y >

i1,12=1J1727334=1 j! j} jb i =151 595 s5=0

/
Js1) 1) oy T
Ssrsalt i, ]/921]1(5)9 2]1(5)53112531351133413 361264y

Ti171 (5)%2]‘1 (B)

X

e Ej Ghiy D)y (P
xE |

U’L]g(ﬁ) wé(ﬁ)
i—1 m m pn
i1:09=1J1J27374=1 j1 it jh=1 ! sh=0
’ J172J3= 515251 59=

/
Ss1) (51 /
€ l;oa0l li i €;
159 lel 22]1911]1(ﬁ>92 1(5) J1J2 Ji]l 7374 Z1‘72 i9 j2

Oiljl(ﬁ)ot (B)

Zgji

n,i—1

fslsgfs/

/ ~
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where

251 81 /
n o ~
Ti1j1 (mailji (8)

i1=ig= 1]1323132—13151—0

s/ ~
Pn el (5)9/2 y (5)l]1321

gi
(2) 3131 ZlJl 12/ 1171 21
Ay’ = E g E - -
Uiljl(ﬁ) ij (8)

i1 Fip= 1j1323132—1 3131—0

I

6
jljé 11J2 1232

Note that
1—1 m pn
=1 j1 joji =15 51=0
/
81 S =~ / =~ o
* o B ageorCininfivso)
Tipj1 \P)o\Piy g =1
i-1  m Dn el g, (5)9/' 1 (B)l j
o Z Z Z 5131 lel le2 171 1172 J172
i1=17179=1 &/ 51=0 %i11 ()15 (8)
Z 1 p 51 31 / ~
= Zn: 5 Z E Sit1 Z13292131(5)911.72(5) J172
1= 15131 0 ]1]2 1 gi1j1(6>allj2(6>
i—1  pn
- Z Z f8151 818/ (i = 1)(pn + 1),
i1= 15/151 0
EAP) = o

The above facts together imply:

E{EW; | Fric1)} = (i—1)(pn+1).
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Thus

n
—~ 2
E{) EW3; | Fni—1)} = WE{ZE i | Fri-1)} (3.8.27)
i=1 =1
n
z:l
Next, we shall show that
n
var{ N CEWE | Foye 1)} 0. (3.8.28)
=1
To prove this claim, first consider
E{ZE | Pl = ZE{E | Fai )P 3:529)

~2
+2 Z E{E( 7”1 ’fnzl 1) ( nig |-7:n,z'271)}‘
1<iy<ig<n

The second term satisfies

2
E( nzl |Fn i1 1) ( nig |}—n,i2—1)
11—1 19—1

SN0 SIS VRS SRS S

ay,ag=lag,aq= 131323132—1 ]3]43334—1 81818282—0

1 / .
5’31 aji a2]/ga1J1(6)g 231(5)51]2[]{12 0152 ag

Tarjy (B) %(ﬁ)

/
2 52 1B NJ(A
0a3j3(5)0a4jé(ﬁ)

= AP+ B 1M 4+ DY + BV,
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where,
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A=) 2. 2 X
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S35 Sart au’gam(ﬁ)g 131(5)l‘71‘72l3/316a1‘72 a1y
X
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58282 asjs a3j/ga3]3(ﬁ)g 333(5”]3]4[]/]/6@31]4 agj

X
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11—1

CAI SEND SHNED SEN 3

ay=agFag=as=1jy jojl jo=1jgjpjsiy=1 | s15955=0

81 31 /
55151 aij] a2j/ga1]1(ﬁ)g 2]1<6)l]1]2l]/3/ €12 ay
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0a1j1<5)0a2ji (ﬁ)
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11—1
5 SHD D SRR
al= 131513252—_0]1J293J4 1
51 .52 Sy D - S S
6a1]1 alj3galjl(B){HJ2ZJ334GGIJ4GQ1]2

Tayjq (B)Ualjg (8)

/
S S
1 52
i1—1 /€ B)y gl ré
y Z Z a2J1 a233ga231( >3132 Jgiy 027 “234

0 it (D)0, i1 (5)

ag=1j jbjhiy=1 271

a233

From (3.8.29) we can see that our interest is only in E(Ay(ll) + B7(11) + 0121) + D,(»Ll)). So it is

sufficient talk about just the expectation of these terms i.e AS), BS), (3’7(11), D,(Ll) and ET(LD. DT(Ll)
(1), g

has terms with a; = a4,a9 = asz and has same expectation as C;, has all the terms like

a1 # as # a3z # ay and so on with all of them the expectation is 0 and so E(E,) = 0. We now
2 ie.

. . .. . 1 1
examine the expectations of the remaining terms i.e A,(FL ), B,(l ) and CT(L

BAY) = (i1 - o (;—2) |
21 1

DS

@1=1 1 jgj1 =15 51=0

81 S]_ / 2\ ! ) l l ~
. . )
g5181 arjy alj’ga1j1<ﬁ)g 131(@ it CaraCay

x E =
Ta1j1 (6) alji (ﬂ)

19—1

XZZZ

a3=1 j3jyjhjh=1shso=0

52 52 / 27 -
68282 a37J3 a3]’ ga3]3<ﬂ)g 335))(5)[]3]4[]&]4 a3]4€a3j£l

x B =
0a3j3(6> agjé(ﬁ)

= (i1 — 1)(pn + 1)(i2 — 1)(pn + 1),

58



11—1 11—1
Z Z 731527 Z 5:5151 5252

al1= 181818282—0 a2—

= (il - 1)2<pn + 1)-
Thus, we get

E{EW2, | Faiy-)EW2,) | Fajp-1)} = B + B + iV + DY) + EV)
= (i1 —1)o (1%) + (iy — 1)(ig — 1)(pp, + 1)2

+2(ig — 1)2(py + 1). (3.8.30)

On the same lines we can show that

Ewmﬁmmmﬁﬂwn%%%@—Nm+ﬁ+%—ﬁm+n<mm>

DPn

Combining results (3.8.29), (3.8.30), (3.8.31) we obtain,

=1 i1=1 Pn
n 1—1
+2) ) " 2%ip = 1) (pn + 1)
i=1i1=1
= 0(n®)o (%) + 1t (pp 4+ D21+ oD} + n*(pn + D{1 + 0(1)},
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-Fnz 1)}2

n
E{)_ EW; | Fai-1)
i—1

=1+o(1).

Thus, we have proved (3.8.28). This fact together with (3.8.27) completes the proof of (3.8.25).

Next, we shall sketch a proof of the fact

ZE(Wm!Fm Do (3.8.32)

This fact readily implies (3.8.26).

Note that

1—1 m m Pn
2 _
W= 2. 22X
11,09=171J2J374=1j5j6i7i8=1 51525354=0

Ligil

51 .93 2! YR PN P P Y
y 55132553345@'13'152'23'592'1]'1 (5)91225 (B)lj1j~2lj5]6 737457781172 %276
Ti151@ (6)02235(ﬁ)
52 > >
133 1]79213(6> (5)61J46118

0ij3(B)ij (5)

Using techniques similar to the ones in the previous result, we can write terms in W;LLZ in to 4 terms
of type i1 = iy = i3 = i4 that are of order (i — 1)o(n?p2) and remaining terms that are of the

order i(i — 1)pito (n/p%), to obtain
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i=1
éE(Wi;) =0 (=t ) { ooty + otdibo (5 )}
—o(1). (3.8.33)

Thus, from (3.8.33) we prove (3.8.26) and (3.8.24) and thereby Proposition 3.8.9. From Lemma
3.8.5, we also prove 3.4.2 of Theorem 2. Next, we prove the remaining parts of Theorem 2.

We now prove 3.4.3 of Theorem?2
Proof Recall, D(3) = D, U1 = nI/2(DTD)~11Y2 and T = DT D/n.

From Lemma 3.8.4 and (3.8.9) we have,
n(B—8)'T(B - B) = Z T Zn.
Hence consider,

Zr'rz, — Z2It 7z, = 2t/ — v, hr/2z,

= o (L = 05 xn,
Taking norm we get,

|

z'rz, - zI'tz,

|

< [xnxL]

X Wall = W)W

(I — 0N,

= Op(Pn)Op (i) :

Pn

61



We use (3.8.11), (3.8.14) to get the above result. Thus, we obtain,

H zrrz, — 21t z,
(Qpn)1/2

‘ = op(1).

This concludes the proof of 3.4.3 from Theorem 2.

We next prove 3.4.4 Theorem 2

Proof Consider,
o6~ 322245 - 3y i~ B2 3 )] < s - A 22 - 2272
WehaveHDZD B ﬁH = op(1 ) and from Theorem 1 we have n||3 — J| = Op(1). Thus,
we get -
D% D,
B-P) - (8= 5)—n(B—B) (5 = B)|[ = op(1).
n( TD D T 5n b

Thus, the result is proved.
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Chapter 4

Measurement Error Model

In this chapter, we consider the problem of estimating the effect function in a functional regression
set-up where the response is a scalar and the regressor is a function, in the presence of measurement
error. This is as an extension of the functional model proposed in the previous chapter albeit with
stronger assumptions. In several studies the covariates are contaminated with errors. Sometimes,
this error can be easily determined and eliminated from the data. However, if it is random then we
need to adjust our analysis to account for this measurement error as ignoring it can lead to bias in
estimating parameters. We adapt the framework provided by Stefanski and Carroll (1987) to ac-
commodate functional covariate. We then use the Karhunen-Loéve expansion to obtain estimating
equations similar to those in Stefanski and Carroll (1987). The main difference between the two
frameworks is that the number of parameters to be estimated in the functional case is diverging
while in the non functional case is fixed. We prove the consistency of our estimates in the case that
the response has normal distribution conditional on the functional regressor. We perform a limited
simulation study to investigate the accuracy of our estimator.

There are two important features of measurement error models: the first one is the relationship
between the original unobserved process X (¢) and the observed process W (t) with error, and the
type of data available to assess some characteristics of the measurement error. For the relationship
between X (t) and W (¢) we assume the classical additive error model i.e. W (t) = X(t) + U(t),

EU)|X(t),t € T) =0, T = [0,1]. We assume that replicates of W (t) are available. Further
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details of this model will be given subsequently.

There is little literature available on measurement errors in functional model. Cardot et al.
(2007) consider the linear functional model: Y; = [ 8(¢)X;(t) + e;,i = 1...,n and assume the
following measurement error structure: Wz-(tj) = Xi(tj) +Uj,i = 1,..,n,j = 1,...,p and
t1 <t <,... < tp are the discrete points at which the curves are observed. Noise components U ;
are assumed to be independent of each other and error e; for all z, 7. The noise components are not
considered to be discrete realizations of a continuous time stochastic process and are interpreted
as random measurement errors at finite discretization points. This particular measurement error
framework is used because in practice we only observe curves at finite discrete points instead
of the entire curve. Similar approach can be found in Cardot (2000). In her dissertation, Cai
(2014) extends the simulation extrapolation (SIMEX) method developed by Carroll et al. (2006)
to accommodate the measurement error at finite discrete points in linear as well as non-linear
functional models. The measurement errors U;; are allowed to have a sparse correlation structure
like the autocorrelation structure and are assumed to be normally distributed. The main advantage
of the method that we propose in this chapter is that it does not impose any restriction on the

covariance function of the measurement error process U (t),t € T.

4.1 Model

We observe the following independent sample (W;(t),t € T = [0,1],Y;), i = 1,...,n, where
W;(t) is the surrogate of the true covariate X; () which is unobservable. We assume that W;(-), 1 <

i < n are random elements of L? = L2 [0, 1] and that Y; given the function X (+), has the following
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distribution with respect to a dominating measure m :

. 1 3 €XTs J—
s s, () — exp (.yzwo + Jo BBz (0)d() = b(Bo + Jo Blt)zi(t)dt) el @) |

a(¢)

4.1.1)

All integrals hereafter are taken over [0, 1] and X;(-), Vi and 3(-) € L2, 1 = (8o, 5(-), ¢).

Let (py,)7; be an orthonormal basis functions in L2 space. Using basis expansion we obtain

o0
B(Vist1, Xi()) = [ B0Xi(0dt = 3 Xy,
k=1
where X;, = [ X (t)pg(t)dt, ﬁk, =/ 6 t)dt. Model (4.1.1) has infinitely many parameters.

We address this issue of infinite dimensions with a truncation strategy. Let B = (61, .- Bpn)T and

6 = (Bo, B ,®). Instead of the model (4.1.1), we work with the following sequence of models with

Pn - Pn ~
Yi <50 + > %‘kﬁk) —b (50 + > %‘kﬁk)
=1 =1

a(¢)

increasing dimension py,:

fy; (yi; 0, ;) = exp +ecyi, o) |- (41D

We assume the following relation between the true covariate X;(-) and the observed surrogate
Wi(-) :

W;(t) = X;(t) + U;(t), i = 1,...,n, Vt € 0, 1], (4.1.3)

where U is a copy of Gaussian process U having mean function 0 and covariance function K (-, ), Vi.

Take (p;);<; to be the basis formed from the eigenfunctions of the integral operator K associated
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with the covariance function K (-, ). Let W = [ W;(t)pg(t)dt and Uy, = [ U;(t)py(t)dt. This

yields the following measurement error set-up for (4.1.2):
Wi =Xy +Up,t=1,..,n,k > 1.

Let, \;, be the eigenvalue associated with the kth eigenfunction of K. From the Karhiinen-Logve

expansion we obtain that U;;, are independent and U;;, ~ N(0,\;), ¢ = 1,..,n,k > 1. Thus, we

have a additive measurement error set up where errors are independent with normal distribution.
This set-up is similar to that of Stefanski and Carroll (1987) where the authors proposed the

sufficiency estimator for generalized linear models. We use their approach to propose estimators

) lth

for the parameters. Denote X; = (X1, ..., Xipn)T. Let W/ denote the [*" replicate of W, =

w
)
(Wit s Wipn) The likelihood of the replicates W = (Wl(l), ...,W-m))’ is
m
27T pn/Q _1 (4 (4
i (3,0, ) ) . (—(w?) —x;) (@)~ x») L @l

o [l 2

where, (21 = diag(\1, ..., Ap,,) is the unknown covariance matrix of the measurement error vector
and m denotes the number of replicates. We assume that m = 1 and Q = Q1 /a(¢) is known. The
estimate of 21 and a(¢) are given subsequently. Let Y, W denote random variables with the same
distribution as Y;, W, © = 1, ..., n respectively. For now we drop the subscript ¢ and use it when

necessary. We assume that W has no information on Y other than what is contained in x i.e

fyw(y,wi0,.x) = fy(y;:0,x) fw(w,0,%). (4.1.5)
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Let A(B) = (A1, ..., Ap,)T = A = W + YQB. The distribution of Y| A is given by
1 oxp =~ -
frialylA =0;0) = exp (yn = §y26TQB/a(¢) +c(y, ) — log (S(n, B, ¢))) , (416

_ 1 oo  ~ .
where (3. .0) = [ exp (= 5025703 /al0) + c:0) ) dmls). 1 = (6o -+ 87 5)afo).
This distribution belongs to exponential family. This leads to the following estimating equations:

Us(y, w,0) = (9/90)log fya(y|d;0) evaluated at 6(5) = w + y<25.

(y— E(YIA(B) = 6(8))) /a(¢)
Wy, w.0) = | (y— E(Y|A(B) = 8(8))) 6(8)/a(d) — (v* — E(YZA(B) = 6(B))) 2B/a(9) | -

T(y7W, 9) - E(T(y7w> €)|A(6) = 5(5))

4.1.7)
dc(Y, 0 s(B)T Ta
where, (Y, w,0) = oA¥.6) _ Y/BO +2 (%) /Ba’(gzﬁ) +Y? b 5 b a’(¢). Note that ¥ is unbiased
99 a*(¢) 2a%(¢)
A n A
for 6. Any 6 satisfying > W(w;,y;,0) = 0 is called as a sufficiency estimator. This sufficiency
=1

estimator does not maximize the conditional likelihood.

We present the case when Y has normal distribution. In this case, (4.1.7) can be written as

1
p(y—u)
U ( 0) = 15 L 20) 5 210 4.1.8
Y, w,0) = m—p((y—u) B—(y—pm)B(8) —2u0B)) | - (4.1.8)
-1 +(y—u)2(1+6TQB)
L 202 204 i

Let A*(8) = (I+Q857) " HA(B) — 6o28) and pu = (By+ 57 6(5)) /(1 + 57 2p3). Consider the
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following equations:

UB) = (AF(B)Y; — AF(8)Bo — AF(B)BT A(B)) =0, (4.1.9)
=1

> ;= By — AT (B) =0,

=1

T n
o2 — MZ(Y@' _ Mz’)2~

1=1

n

These equations resemble the usual normal equations. The solution to (4.1.9) is also a solution to
(4.1.8). Note that the above equations are non linear in the parameters. Let W* = W — W | Y* =
Y — Y, where Y and W denotes the average of Y7, ...,Y,, and W1, ..., W,, respectively. The

equations (4.1.9) can be re-written as

Bo=Y - pTW, (4.1.10)
n n n n
U() = =3 WY st + 308 - 3 WiWT 54 3 TWiy =0,
i=1 i—1 i=1 i1

1+ 8708 &
o’ = TZ(Yi — i)
=1

The equation U(/5) = 0 is a quadratic equation and thus has two roots. There is no way of
determining which root is the correct. One way to handle this problem is to solve the equation
iteratively starting from the naive estimator. Naive estimator can be obtained by treating 11/ as the
true covariate i.e. ignoring the measurement error. We state the assumptions needed to show that

the equations (4.1.10) has a solution B and that this solution is consistent.
Assumption 1 p = p,, — oo, pnn_l/s — 0.
Assumption 2 sup||X;|| = O(n1/4).

)
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Assumption 3 For all n we assume that ||| = O(\/pn)-

Assumption 4 There exist positive constants by, by such that for all n,

i'e e " ox,xT
0<61§)\mm<2 an < Amaz | Y an < by < 0

i=1 =1

Assumption 5 There exists a constant c such that for all n,

noX; XT2 n XilXZ-:g
max § |Amin Z 3 s [Amaz Z 3 <c
01712 01712

Assumption 6 For all n,

Amaz (1) Loxxt noxxT
M T g Y T < Ao v
Amin(Ql) > Amin E n C 7 C> Amin ‘E_ n

1=1

Lemma 4.1.1

lUB)I = v/rpn.

Proof

We can show that the distribution of Y; conditional on A* is normal with mean S + BTA*.

Pn n 2
U@ - z(zy BVIAD)A: )

k=1 \i1=1
Pn n
=33 (i - BoilA)AL)?
k= 1i 1
+Z S ( E(Y;1|A%))A Z1k) ((Yi2 E(Yi,y|Af,)) zzk)
k=11iy1#i9=1
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Taking expectation and using the fact that that the samples are independent we get

E(|U(B)|I?) = O(npn).

As mentioned in chapter 3 the next theorem 1is sufficient to prove weak consistency of our

estimator.

Theorem 4.1.1 For all € > 0, there exists a constant ( > 0 such that for sufficiently large n,

P sup B-pTUB) <0] >1—c
18=Bll=Cv/pn/n
Proof
= 8U—@ * x _ 2 - . .
Let J(3) = R and $* be such that ||5* — /|| < ||# — 5]|. Using Taylors expansion we
obtain,

B-B)UB) =@B-3TUuB) +B-BTIB)B-B)
= (B-B)TUB)+ (8- B)L(J(B*) = JB)B - B)+ (8- B)LIB)B - B).

Using representation (4.1.10) of U(5) we get

n
J(B) ==Y W)Yy — apWTYyr + Qv? - WiwiT
1=1
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Consider,

(B—B)(J(B") — J(B)(B - B)

= (8- BT (Z QWi sy — Wity + Q2 - W;‘W;*T) 8-7)
=1

+(B-pT (Z QWL B + QpwWiTyr —vi? + W?W;*T) 8-7)

i=1
=B-BT>S_ v WiTE - WiTs*) (8- 5)+ (8- B)T Y aWiTy (53— 5%)(5 - B)
=1 =1
= A1 + Ay
Consider,

[Ar| = 1(B-B)" ; QWS- Wi 5% (5 - 5)l
< ; (8- (WiTs—wiTs) (5 - B)
< [elllis —B)llzilln"WJT(B — 89|
<l —B)Hf”fj 1w

1=1

<QlE - B)IP > vyt +urh)

1=1

n
< ollB - I* > I+ vrust
=1

n
< ollB - I3 IvyxT| + v usT
=1

n
< 1ol - AIFY 1y <sup||Xf|| +sup||U£"||)
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Taking norm and using Assumption 1,2, 3 we get,

) i i 53— 15, 1/4
sup (8= BT — A - B = Oy (< Vi, ) = op(1).

|18—Bl1=Cv/pn/n

We can prove similarly for A9. Now consider,

nHB-BTIBB-B) =nt(B- BT (E —20(W;TB3)Y* + Qv — W?W;*T) (8- B)

1=1

We have,

n n
n~! Z QOY*2 1 Z OEY*2
=1 1=1

n 3 n I'pyxTg
:Q+ZQ(XZZB)2 oy <X216:;X 6)’

=1 il#iz
n n
n~! Z WIWT ~ ! Z EWiWIT
=1 1=1
n n . T
T X X}

X; X:
:Z%_Q_‘_Z n2

=1 il#iz

Thus,
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LB-8TIB)B - B)

n_X; XZT i
=B-p" BTZ ’ﬁ+ BTZ 28| (B-8)
1712

T noX; XT )
-B-p" ZXXZ + Y 8- B).

=1 11719

Xi xT X; X£ _
= Qs 20 i~z = Bemaz{[Amaz(R)[, [Amin(R)[} = c. Taking supre-

Let 3 ity

mum

sup (BB I(B)B - B)

I8-311=Cy/onm
- n(21) P max
< 2pu (g7 5.4 220 |55 — Q)
+ C2pn/\max (R)
—Mmin (§2 maz(§ 5
< o (20 @B + 22 2GR — 3in(@) + M) ) = P

Assumptions 4, 5, 6 ensure that A < (. Thus, the theorem is proved.

4.2 Simulation

We report the details of a limited simulation study that investigates the accuracy of our proposed
estimator in presence of measurement error. While our method does not put restrictions on the
covariance function of the error process, given the challenges of generating a process with the

specific covariance structure we considered the identity covariance function i.e. o9l [s=t}- This
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makes it easier to control the error in the model.

Following Xiaochen Cai (2014) we generated the functional covariate using the following:

Pn
Xi(t) = einpp(t),
k=1

where, ;. ~ N(0, 1) and are independent for all i = 1,...,n and k = 1,...p,. We set p,, = 8.
We generated the basis function using the Canadian weather data set Ramsay (2006). This data
set is available in the fda package in R software. We first smoothed the data using B-splines
smoothing that is described in the simulation section in Chapter 3. We generated the response
using YV; = [ X;(t)8(t)dt + €;, where ¢; ~ N(0,1) and are independent for all i. We then
generated the surrogate variable W;(t) using W;(t) = X;(t) + U;(t) where, U;(t) is a Gaussian
process with 0 mean function and covariance function given as K (s,t) = ool {s=1}- We vary the
value of o9 to study the effect of measurement error on the estimation procedure. We use 100
replicates to estimate the covariance function. Let \7\7“, o Wﬂoo denote the replicates of W, and

W, denote their mean. The estimate of the covariance function KC(-, -) of the measurement error

is

0
S (Wi — W )(W — W, )T
=1 =1
(100 — 1)

Let )\, denote the k' eigenvalue of the K(-,-). Then, ; = diag(\y, ..., ;\pn). The dimension
pn, 1s chosen by using 5-fold cross validation. We solve the (4.1.10) iteratively with start value
obtained from the naive estimator. The following table reports the result of the simulation. Error
is calculated as (6 — 3)T(8 — 3)/BY3. In Table 4.1, the naive estimator is the one where we
ignore the measurement error i.e treat 1V (¢) as the true covariate. The corrected estimator is the

one obtained by solving (4.1.10). We can see that as the measurement error increases, the error
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Table 4.1: Error in the estimator as a function of o9

Error(o9) Naive Corrected
0.1 0.009  0.001
0.3 0.056 0.006
0.4 0.08 0.008
0.5 0.115 0.02
0.8 0.202 0.08

1 0.256  0.855

in the estimation increases for both the estimators. We can also see that the corrected estimator
improves the accuracy of the estimate. Recall that the estimating equation yields multiple solutions
and we do not have a way of choosing the correct one. To avoid this problem, we solve the equation
iteratively starting from the naive estimator. However, as the measurement error increases in the
data, the start values are farther from the true value and hence, the iterative algorithm does not
always converge to the true value. We observe that the corrected estimator performed better than

the naive one only for a limited range of o9.
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