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ABSTRACT

IN-PLANE BLADE-HUB DYNAMICS OF HORIZONTAL-AXIS WIND TURBINES WITH
TUNED AND MISTUNED BLADES

By
Ayse Sapmaz
Understanding vibration of wind turbine blades is of fundamental importance. This study focuses
on the effect of blade mistuning on the coupled blade-hub dynamics. Unavoidably, the set of blades
are not precisely identical due to inhomogeneous materials, manufacturer tolerances, etc.

This work is focused on the blade-hub dynamics of horizontal-axis wind turbines with mistuned
blades. The reduced-order equations of motion are derived for the wind turbine blades and hub
exposed to centrifugal effects and gravitational and cyclic aerodynamic forces. Although the blades
and hub equations are coupled, they can be decoupled from the hub by changing the independent
variable from time to rotor angle and by using a small parameter approximation. The resulting
blade equations include parametric and direct excitation terms. The method of multiple scales is
applied to examine response of the linearized system. This analysis shows that superharmonic and
primary resonances exist and are influenced by the mistuning. Resonance cases and the relations
between response amplitude and frequency are studied. Besides illustrating the effects of damping
and forcing level, the first-order perturbation solutions are verified with comparisons to numerical
simulations at superharmonic resonance of order two. The simulation point to speed-locking
phenomenon, in which the superharmonic speed is locked in for an interval of applied mean loads.
Additionally, the effect of rotor loading on the rotor speed and blade amplitudes is investigated for
different initial conditions and mistuning cases. Lastly, we aim to analytically confirm the blade
response amplitudes at various rotor speeds near resonance and verify speed locking phenomenon
by applying method of harmonic balance. The study shows that the speed-locking is due to the
average interaction between the blade vibration and rotor motion in the rotor equation, and its
balance against the mean rotor moment. The phenomenon is examined for an effective (balanced)

single blade-rotor system.



Next, a second-order method of multiple scales is applied in the rotor-angle domain to analyze
in-plane blade-hub dynamics. A superharmonic resonance case at one third the natural frequency
is revealed. This resonance case is not captured by a first-order perturbation expansion. The
relationship between response amplitude and frequency is studied. Resonances under constant
loading are also analyzed. The effect of blade mistuning on the coupled blade-hub dynamics is
taken into account.

To better understand parametrically excited multi-degree-of-freedom behavior, approximate
solutions to tuned and mistuned four-degree-of-freedom systems with parametric stiffness are
studied. The solution and stability of a four-degree-of-freedom Mathieu-type system is investigated
with and without broken symmetry. The analysis is done using Floquet theory with harmonic
balance. A Floquet-type solution is composed of a periodic and an exponential part. The harmonic
balance is applied when the Floquet solution is inserted into the original differential equation of
motion. The analysis brings about an eigenvalue problem. By solving this, the Floquet characteristic
exponents and the corresponding eigenvectors that give the Fourier coefficients are found in terms of
the system parameters. The stability transition curve can be found by analyzing the real parts of the
characteristic exponents. The frequency content can be determined by analyzing imaginary parts at
the exponents. A response that involves a single Floquet exponent (and its complex conjugate) can
be generated with a specific set of initial conditions, and can be regarded as a “modal response”.

The method is applied to both tuned and detuned four-degree-of-freedom examples.
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CHAPTER 1

INTRODUCTION

1.1 Objectives

The purpose of this study is to advance the understanding of the wind turbine blade vibration
and the dynamic relationship between the blades and hub. The blades are under the effects of
gravitational and cyclic aerodynamics forces and centrifugal forces. The tangential and radial
components of the gravity force create cyclic changes, causing the effective stiffness of the blade
to vary the with rotational angle. Additionally, centrifugal forces affect the stiffness terms, and as
the turbine rotates, the blades are exposed to cyclically varying wind forces. Therefore, parametric
stiffness and direct forcing effects are taken into account in the equation of motion. Understanding
these cyclic gravitational and aerodynamic loadings have fundamental importance for improving
the turbine life-span and designing more reliable wind turbines structures.

Further, Mathieu-type multi degree of freedom systems with parametric excitation are studied to
find the general responses. Indeed, 4DOF systems with parametic excitation matches the motivation
of three-blade wind turbine and rotor.

Particularly, this work focuses on the in-plane blade-hub dynamics of a three-blade horizontal-
axis wind turbine, involving cyclically changing gravitational and aerodynamic loading, and aspires

to the following
1. Analyze the blade-hub dynamics of a non-identical three-blade horizontal-axis wind turbine.

2. Obtain the steady-state amplitude-frequency relations and the stabilities of the solutions for

coupled mistuned three-blade equations by applying a first-order perturbation method.

3. Analyze the speed-locking phenomena both numerically and analytically by applying har-

monic balance method, and interpreted for the various blades.



4. Determine the steady-state dynamics for in-plane, tuned blades of horizantal-axis wind

turbine by applying a second-order method of multiple scales to the equations of motion.

5. Analyze the steady-state dynamics for in-plane, mistuned blades of wind turbine by applying

a second-order perturbation analysis.

6. Obtain the general response of both tuned and mistuned four-degree-of-freedom systems
with parametric excitation, and establish a basis for the transient dynamics of a three-blade

turbine.

1.2 Motivation

Renewable power generation can help countries to access clean, secure, reliable and affordable
energy. The world market for wind energy has been experiencing solid growth through the year
2017. Total installed capacity wordwide reached about 540 GW by the end of 2017 as seen in
Fig. 1.1. According to the Global Wind Energy Council (GWEC) [2], the records in 2017 point
out an increment of installed capacity of about 52 GW, taking the total installed wind energy level
to about 540 GW.

Electricity generation from wind energy sources has grown consistently [3]. For the first time,
montly electricity generation from the wind exceeded 8 % of total electricity generation in the

United States in 2017 as shown in Fig. 1.2.
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Figure 1.1: Global cumulative installed wind capacity between 2001-2017
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Figure 1.2: Monthly net electricity generation from selected fuels between Jan 2007- Mar 2017-
share of total electricity generation.

The Wind Vision Report by Department of Energy [4] projects a scenario with wind energy
supplying 10 % of the U.S. electricity in 2020, 20 % in 2030 and 35 % in 2050 total from both
land-based and offshore wind energies types as seen in Fig. 1.3. Since the wind energy industry has
growing export volume continuously, research on wind turbines has become more important for the
global renewable energy market. This rapid growth in the wind industry has attracted attention for
research and development to modify the fundamental design of wind turbines, in order to enhance
gearbox and bearing life of conventional horizontal-axis wind turbines (HAWTs) and vertical-axis
wind turbines (VAWT). Also essential for improving wind turbine capacity and output is blade
design and technology developments [5]. Figure 1.4 shows that increasing tower height and rotor
diameter allows turbines to capture more wind energy and therefore produce more electrical output,
because power output of a wind turbine is proportional to the area swept by the blades [6].

Sandia National Laboratory (SNL) Wind Energy Technologies Department developed a 100
meter all-glass baseline wind turbine blade model with a 13.2 MW capacity [7]. The National
Renewable Energy Laboratory (NREL) has a design of an offshore 5-MW baseline wind turbine
with 61.5 m blades [8] and The Dutch Offshore Wind Energy Project (DOWEC) modeled a wind

turbine with 62.6 m blades [9]. GE Renewable Energy introduced a wind turbine Haliade-X-12,



the most powerful offshore wind turbine in the world, with a 12 MW capacity. It has a 220 meter
rotor diameter, 107 m blades, and a 260 m height [10]. Some offshore wind developers are working
together on 13 to 15 MW turbines to be in the market by 2024 (DONG Energy, 2017) [11]. However,
the increase in size of turbines creates significant loading on turbine components. Therefore, there
is a focus on materials fatigue and structure and equipments loadings in order to reduce gearbox
failures. This is important for decreasing installation and maintanence costs as seen in Figure 1.5
[12].

Studying blade dynamics is important to understand how the blades induce loading in the
hub since failures occur generally in the hub and gearbox in the horizontal-axis wind turbines.
Blades are coupled through the hub so dynamical loadings of blades on rotor are transmitted to
the each other by hub. A variety of dynamic loadings can induce vibrations and instabilities. So,

understanding the coupled blade and hub dynamic responses is inspiring as a research problem.

1.3 Background and Literature Review

1.3.1 In-plane Blade-Hub Dynamics of Wind Turbines with Mistuned Blades

The energy produced by a wind turbine is proportional to its rotor area, which makes larger wind
turbine designs more favorable [7, 8]. However, as the blades get larger in size, they become more

susceptible to failure due to variations in dynamic loadings. Therefore, understanding the blade
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Figure 1.3: The Wind Vision study scenario about share in electricity production in the U.S.
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period.

dynamics and blade-hub interactions is important for making predictions about turbine durability
as well as building a framework for reliable designs.

In the past, researchers worked on single blade dynamics [13—-17]. Ramakrishnan and Feeny
[16] found a nonlinear equation of motion that governs the in-plane dynamics for a single blade. In
their study, parametric and direct excitation terms due to gravity were taken into account. Through
single mode reduction, the equation of motion can be represented with a forced nonlinear Mathieu
equation, which was then analyzed to find the steady state dynamics via first-order method of
multiple scales [16, 18]. By changing related parameters, they examined effects of parametric
excitation, direct forcing and nonlinearity. Acar and Feeny derived the equations of motion for a
blade under bend-bend-twist vibrations, where they accounted for stiffness changes due to gravity
and centrifugal effects [17].

Reliability is one of the problems for large wind turbine designs. When horizontal-axis wind-
turbine blades increase in size, variations in dynamic loading become more likely to the durability
of the turbine. Understanding vibration of the blades and relationship between blades and hub have

fundamental importance for predicting the turbine life-span and developing more reliable designs.
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Silva [13], Bir and Oyague [14], and Acar and Feeny [19] dealt with blade loading and vibration
of a single blade. Experimental studies have been done to estimate structural and modal properties
of the blade and tower of a three-bladed upwind turbine [14]. Effects of gravity, pitch action and
varying rotor speed were included in the partial differential equations of blade motion by Kallesge
[15]. A dynamics model for a rotor-blade system in horizontal axis wind turbines is developed and
model accuracy is improved by including additional coupling terms [20]. Ramakrishnan and Feeny
[16] focused on in-plane dynamics of a single blade using a linear and nonlinear single-mode model.
A first-order perturbation analysis showed that superharmonic resonances of order two existed in
the linear model. They also applied a second-order perturbation method to a blade-motivated linear
and nonlinear forced Mathieu equation to describe superharmonic resonances of order three [21].

A second-order method of multiple scales is applied to the equations of motion for in-plane tuned



and weakly mistuned blades of horizontal axis wind turbine to determine the steady-state dynamics,
with focus on the superharmonic resonance of order three for the linear system with hard forcing
[22]. Inonue and Ishida [23, 24] performed the out-of phase nonlinear vibration analysis of wind
turbine blade to investigate the superharmonic resonance case and they also showed the existence
of superharmonic resonance at orders two and three. Higher-order perturbation expansions have
been applied to study dynamics of systems [25-28]. Nayfeh and Mook [29] used higher-order

perturbation method to find the stability wedges of the Mathieu equation.

1.3.2 Approximate General Reponse of Four-Degree-of-Freedom Systems with Parametric
Excitation

Many mechanical systems have parametric excitation characteristics [18, 23, 30, 31]. A number of
different types of methods have been used to study the Mathieu equation. The method of multiple
scales has been used to examine a forced Mathieu equation for resonances [18]. Likewise, stability
characteristics are found by using the method of van der Pol [23]. Another way to approach
the Mathieu equation is to use Floquet theory. Acar and Feeny [32] used a method combining
Floquet theory with harmonic balance to find the tuned 2-DOF and 3-DOF systems responses. An
assumed Floquet-type solution is composed of a periodic p(¢) and an exponential part e such as
x(7) = e p(r). The theory indicates that the fundamental solution to a Mathieu equation on stability
boundaries is purely periodic [33]. In consequence of that, stability regions can be procured by
assuming a periodic solution without solving for the general response itself [34], [24, 35-37]. The
response characteristics of time-periodic systems have been studied by using system identification
methods. Allen et al. [38] presented an output-only system identification methodology to identify

the modal functions of the Mathieu equation and the Floquet exponents.

1.4 Thesis Overview

This thesis includes the analysis of in-plane blade-hub dynamics of horizontal-axis wind turbines

with mistuned blades by applying perturbation analysis. In Chapter 2, low-order in-plane vibration



equation of motion are derived for a mistuned three-blade wind turbine. The blade equations and
the rotor equation are coupled through the inertial terms. Pendulum vibration absorber equations
are similar to these equations where absorber inertia is small compared to rotor inertia [39, 40].
To decouple the absorber equations from the rotor equation, Chao et al. [41, 42] changed the
independent variable from time to rotor angle. Following the analysis of these vibration-absorber
systems, the independent variable is transformed from time to rotor angle in this work, then a non-
dimensionalization procedure and a scaling process are followed to separate the blade equations
from the hub equation. Next, the method of multiple scales is applied to equations of the mistuned
blades to analyze the steady-state amplitude-frequency relations and the stabilities of solutions.

Moreover, in Chapter 3, second-order method of multiple scales is applied to the equations of
motion for in-plane tuned and weakly mistuned blades of horizontal axis wind turbine to obtain
the steady state dynamics, with focus on the superharmonic resonance of order three for the linear
system with hard forcing, and also superharmonic resonances under a constant load.

Additionally, in Chapter 4, general solutions of Mathieu-type four-degree-of-freedom mass-
spring system with parametric excitation are studied. Assuming a Floquet-type solution, and using
the harmonic balance method, the frequency content and stability of the solution are obtained.
Finally, the analysis is extended to a system with mistuned parameters, and the effect of symmetry
breaking on system response is analyzed.

Lastly, Chapter 5 discusses studies which are underway but have not been completed. These
include a nonlinear analysis of a single blade and an approach for parametric identification of a

system with cyclic stiffness.

1.5 Contributions

Literature contibutions of this thesis are:

— Equations of motions are derived for in-plane vibrations of a mistuned three-blade wind
turbine. This study allows us to determine that superharmonic and primary resonances,

which were observed in the previous study of symmetric case, can be split into multiple



resonance peaks, and that the blades take on different steady state amplitudes.

The effects of parameters, such as damping, forcing level, positive and negative mistuning on
the superharmonic resonant responses were analyzed. Also, the analytical solution approxi-
mations of the blade vibration and rotor dynamics with numerical solutions are verified. In
doing so, the simulations expose a rotor-speed locking phenomenon at the superharmonic
resonances. Additionally, the speed-locking phenomena is verified analytically by applying

harmonic balanca method.

A second-order pertubation analysis is applied on both tuned and mistuned three-blade wind
turbines. The analysis reveals the superharmanic resonances at one-third natural frequency.
This resonance case is not able to be captured with a first-order multiple scales analysis. The
superharmonic resonance splits from a single resonance peak in the tuned case into multiple
resonance peaks with mistuning. The amplitude inceases while the modal damping factor £

decreases for steady-state superharmonic resonance response.

General responses of a 4 degree-of-freedom mass-spring system with parametric excitation
are investigated. The frequency content and stability of the solution are obtained by assuming
a Floquet-type solution, and using the harmonic balance method. Further, the analysis is
broaden to a system with mistuned parameters, and the effect of symmetry breaking on system

response is analyzed.



CHAPTER 2

IN-PLANE BLADE-HUB DYNAMICS OF HORIZONTAL-AXIS WIND TURBINES
WITH MISTUNED BLADES

2.1 Introduction

In this chapter, wind-turbine blade-hub interactions are considered as a whole. Dynamics of
a linearized symmetric three-blade horizontal-axis wind turbine was studied previously in [43],
where all three blades were assumed to have identical inertial and stiffness properties. In that
work, the parametrically excited blade equations exhibited superharmonic and primary resonances.
Since the system was linear and perfectly symmetric, each blade had the same vibration amplitude.
Ikeda et al. investigated unstable vibrations of a two-blade wind turbine tower theoretically [44].
Nonlinearity could cause the blades to deviate from this symmetric response (e.g. in Griffin et
al., [45], Dick et al. [46]). Alternatively, in this chapter, one of the blades is mistuned to show
the effects of breaking the cyclic symmetry. Many researchers worked on mistuned rotational
systems [47-50]. Whitehead [51] analyzed the effect of broken-symmetry on forced vibration of
turbine blades with mechanical coupling. Mistuning in bladed disks has been studied by Ewins
[52] and Cha and Sinha [53]. Localization phenomenon in three-blade horizontal-axis wind turbine
vibrations were analyzed by Ikeda et al. [54]. Approximate general responses of tuned and mistuned
4-degree-of-freedom systems with parametric stiffness were found by applying Floquet theory with
harmonic balance [55].

Following up the work on a symmetric blade-hub system, the method of multiple scales is
applied to equations of the mistuned blades and hub to examine the steady state dynamics. By
using a procedure that is similar to the one used in [43], linearized equations of motion for non-
identical blades and hub were found. By assuming a single uniform cantilever beam mode for
each blade, energy equations are approximated. Then, blade and hub equations are obtained by

applying Lagrange’s equations [43]. The tangential and radial components of the gravity force
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create cyclic changes, varying the effective stiffness of the blade with rotational angle. Also,
centrifugal forces contribute to the stiffness as the rotor spins. Although horizontal-axis wind-
turbines do not spin at high speeds generally, the stiffness contribution of centrifugal effects should
be taken into account while designing turbine blades. Moreover, wind velocity generally varies
with altitude, the blades are exposed to cyclically varying wind forces as the blade rotates. In the
equations of motion, parametric stiffness and direct forcing effects were taken into consideration.
Derivation of equations can be found from [17].

In place of assuming a symmetric model, in this study, we mistune one of the blades in order
to understand how broken-symmetry affects the turbine dynamics. As can be seen in the following
sections, even when the mistuning is small, it can introduce larger forced responses when compared
to the perfectly tuned system. The blade-hub dynamics of a non-identical three-blade horizontal axis
wind turbine, involving cyclically changing aerodynamic loadings, direct and parametric excitation
is analyzed. Primary resonance and superharmonic resonance at order 2 were unfolded due to the
parametric and direct excitation of gravity. The blade equations and the rotor equation are coupled
through the inertial terms.

Pendulum vibration absorber equations are similar to these equations where absorber inertia
is small compared to rotor inertia [39, 40]. To decouple the absorber equations from the rotor
equation, Chao et al. [41, 42] changed the independent variable from time to rotor angle. Then
they applied method of averaging to find steady state dynamics. Gravitational effects on absorbers
and the internal resonances introduced by the parametric effect were studied by Theisen [56].

Like with the analysis of these vibration-absorber systems, the independent variable is trans-
formed from time to rotor angle in this work, and then, a non-dimensionalization procedure and
a scaling process are followed. To analyze the steady-state amplitude-frequency relations and the
stabilities of solutions for coupled mistuned three-blade equations, a first-order method of multiple
scales is applied. This analysis is focused on superharmonic resonance and a primary resonance.

This chapter also includes the effects of parameters, notably negative mistuning, damping, and

forcing level, on the superharmonic resonant responses. On the other hand, the analytical solution
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Figure 2.1: A mistuning three-blade turbine with blades under in-plane bending.

approximations of the blade vibration and rotor dynamics with numerical solutions is verified.
In doing so, the simulations expose a rotor-speed locking phenomenon at the superharmonic
resonances. Last, the speed-locking phenomenon and the blade response amplitudes at various

rotor speeds near resonance are verified analytically by applying harmonic balanca method.

2.2 Mistuned Three-Blade Turbine Equations

Following reference [43], the hub is modeled as a rigid body in a fixed-axis rotation with
damping. As shown in Figure 2.1, only in-plane vibration is taken into consideration by using a
simplified model, and tower motion is neglected. The blades and rotor equations are coupled. The
blades are modeled as nonuniform slender beams of length L with in-plane transverse displacement
y(x,1) = yy(x)q;(t), where yy(x) is the assumed modal displacement function of position x, and
q;(?) is the modal coordinate of the jth blade. One of the blades’ elastic modal stiffness terms is
assumed to have a small mistuning.

The equations of motion for the j’ h blade and the rotor are, for j=1,2and3,

12



mpqgj + cpqj + (k()j + k1¢52 + szOS([)j)qj + d sin ¢; + ed = Qjs (2.1)

3

Jr$+crg+ ) (deos grqy + edi) = O, (22)
k=1

where kOl = ko2 = ko, k03 = ko + €ky and kq is a single blade’s elastic stiffness, &, is the elastic
stiffness variation of the mistuned blade, my, is the modal mass of a single blade according to the
equation given in the Appendix A.1, J; is the total inertia of three blades plus the hub about the
shaft axis, e is the coupling term, g; is the assumed modal coordinate for the jth blade, ¢ is the
rotor angle, and ¢; = ¢ + 2?71 J is the blade-root angle, which differs from ¢ by a constant (i.e.
d1 = ¢ +21/3, ¢o = ¢ +4n/3, ¢3 = @), ki¢? is the centrifugal stiffness, k, is the stiffness
contribution of the gravitational effect, Q; and Q4 are generalized forcing terms due to aeroelastic
loading, and ¢}, and ¢, are generic damping coeflicients. These parameters are defined in the
Appendix A.1.

For a system under zero gravity, the first two modal frequencies are: w,; = 0 with mode
shape ¢ = (91, 92,93, ¢) = (0, 0, 0, 1) (rigid body rotation), w,y = 4 /ko+m—k1£22 (frequency of
a single blade) with ¥ = (0.707, —0.707, 0, 0). The third and the fourth moiial frequencies are
rather complicated, and they are given in the Appendix A.2. For specific parameter values, the
natural frequencies are plotted as functions of the stiffness variation term (ky), as demonstrated in
Figure 2.2. When k,, = 0, the symmetric case, w,3 = w3, which is consistent with [43]. Schematic
blade-rotor mode shapes are given in Figure 2.3 for the symmetric case. For the mistuned blades
case, first and second mode shapes are the same as shown in Figure 2.3, but the third and forth mode
shapes are slightly perturbed. In the case of mode 2, the mistuned blade and hub are motionless
while the tuned blades vibrate equally and oppositely.

Similar to references [39, 41-43], the independent variable is changed from time to rotor angle
¢. The rotor speed ¢ is not constant. By v = ¢/Q, where Q is the mean speed, one can find the

derivative expressions:
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Equations (2.1) and (2.2) are modified with rotor angle as the new independent variable. The

equations become

vzq}’ + vv'q;. + 5bvq;. + (lzoj + kv + ko cos ¢j)g; +dsing;+évy =0, (2.3)
3
wW +Ev+ x Z [d cos P qi + é(vzq;c' + VV’q;{)] = Q¢, 2.4)
k=1
where () = d()/d¢, and ko, = kg, = ko and kg, = ko + €k, and where ¢}, = b , €= i,
1 2 3 Q2 my,
e X0 ok kg kg d 5 9 mp
0 mpQ2 T mpQ2 Yooy P mpQ2’ mpQ2 T mpQ?’ X gy’
~ _ Cr = Q¢
“=ha YT
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Figure 2.3: In-plane mode shapes of a symmetric three-blade turbine.

The term vy’ refers to the variations in the rotor speed, and can be called the dimensionless
. dv  dvdg

rotor acceleration (— = ——
dt d¢ dt

summation represents the loads applied by the blades on the rotor.

= v/(Qv)). This can be seen from Equation (2.4), where the

The parameter J, contains inertia of the three undeformed blades and the hub inertia about
the shaft axis. my is the cumulative inertia of elements of a single modally displaced blade about
the transverse axes of their own undeflected positions. Since my, is small compared to J,, a small
parameter is defined as € = my/J,. The expressions for these parameters can be found in the
Appendix A.1. For the purpose of the decoupling of the blade-hub equations, the following scaling

is applied to Equation (2.3) and Equation (2.4):

y=1+ ezvl, Cp = €Cpy 122 = 6122, d= Eci, Cr = ezér, X =€ qj=E¢€sj, Qj = er,
Qp = 62Q¢-

The equations are revised with respect to scaled blade coordinates s; and hub coordinate vy as

S;-/ + ECAbs;- + (on + ]21 + 6/22 cos ¢J)SJ +dsin b+ eévi = QJ +H.O.T, (2.5)
3
Vi + 6+ Z(edAcos drsk +és7) = Q¢+ H.O.T. (2.6)
k=1

where H.O.T stands for higher-order terms.
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The constant elastic stiffness term IEOJ. is larger relative to the kq and k, terms. These can be
evaluated according to the equations which can be found in the Appendix A.1.

vi which is obtained from Equation (2.6) is inserted into Equation (2.5) to get
” Ao 7 7 i Ne. 7 Qi . 51O, - — 33 7 g5’
s7 + €Cps; +(k0j + ki +ekycosdj)sj+dsingj+eé Qg — & — 25 _ (edcos sy + és))

=Q;+H.OT.
(2.7)

0 ; and Q¢ are generalized forcing terms due to aeroelastic loading and are simplified as a
mean plus small variation, as Qj =Qjo + er1(¢) and Q¢ = Qg0 + 6Q¢1(¢). Blade speed is
approximated by the rotor speed (i.e. upj g0 = $x). It is assumed that the flow is steady and the
wind speed increases linearly with height 2 (i.e. uyjng = ug + €huy = ug — €cos ¢;uy). This
indicates that the relative speed contains ¢ and ¢ terms. The detailed assumption and form of the
aerodynamics force can be found in the Appendix A.1. Inserting ];Oj = ko + elzvj, ko = ko + ky,
and¢; = ¢+ 2% j into Equation (2.7) and reorganizing terms, we get the decoupled blade equations

as

s;.’ + l%osj =Qjo - d sin (¢ + 2?”]) +€ [le cos (¢+ 2?”]) —&Qgp0 + €¢r — ébs;. - l%vjsj'
(2.8)

7 27 V.. 4 52 v3 1”7
—k»y cos ((;5 + ?])s] + ¢ Zk:l sk],

for j = 1,2, and 3, where Izvl = IEVZ = 0 and IEV3 = ky, and the term with 122 is the gravitational

ko/Q* + k
parametric excitation. py = M is the modal order of the unexcited angle-based system
mp
equation. The time-based system natural frequency is scaled by Q, such as p; = w2 /Q.
As we noted before, blades are coupled through the inertial terms. One way to handle this is

to make a coordinate transformation to get the equations coupled through the stiffness terms, and
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then apply an averaging method to study the steady state dynamics. Alternatively, the system with
inertial coupling can be studied by using a Fourier matrix, as expressed in [57]. The method of
multiple scales can also be used to get the relations of the slow flow. In this paper, we used the

method of multiple scales to analyze the internal resonances.

2.3 Multiple-Scales Analysis

We rewrite the equations of motion in terms of new independent variable ¥ = p;¢, where
" ko/Q2 + ky
P1=Ako=|—
mp

The scaled equations of motion in the ¢y domain are

” = F. — §si 2m . 2 ; _ P _ .2 52 %3 ”
Sj+S]—F] 5Sln(a)1¢+3])+6[Fjlcos(a)1¢/+3])+f {sj Kv;sj+e 2o 5%

—K COS (wll/’ + 2?”j)sj-] ,

(2.9
d Qj d 1 Qi1 . ¢
wherenow () = — and F; = AJO, 6=Fjp==—, wy=— Fj= Ajl, g:c_b,
dy ko ko P1 ko P1
é(er - Qq)O) /22 ij
= K=7 Ky;==
ko ko 7 ko

The parameter w is a scaled “excitation order”, and is given by

Q
w] = —,
Wp2
ko + ki Q2
mp
speed, €, varies, the excitation order w will vary as well.

where w,;y = is a modal frequency of the turbine. As a result, when the mean rotor

The steady state dynamics of the decoupled blade equations is analyzed by applying a first-order

method of multiple scales [29]. s; has slow and fast scales (¥, ¢1) and is split into dominant solu-
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tion s and a variation of that solution s;1, i.e. 5; = sj0(W0,¥1) + €51 (Yo, Y1), where §; = €'yy.
Then d/dy = Do + €D, where D; = 0/0y;. These formulations are inserted into Equation (2.9)

and then we separate out the coefficients of €Y and €l

The equation for the coefficient of €°:

2
D%Sj0+sj0=Fj—5Sin (w11ﬁ0+?ﬂj) (2.10)

The equation for the coefficient of €!:

2 _ 2n - 2 2 -
2DyDsjo +DOSj1 +5j1 = Fjj cos (a)llﬁo + ?ﬂ]) + f = {Dosjo +KVij0 — K COS (wllﬁo + ?ﬂ])sj'()

+é2 22:1 D(z)sk()
(2.11)

s jo is found as the solution of Equation (2.10):

F. ‘ , 27
sjo = ?J + Aje“/’O +iB“1YOT D) e, (2.12)

)

where A; is complex and B = —
2(1 = wy)

. 2
i(w1¥o+—7)
e

Inserting the solution for s, Dosjo = iAjei‘”O — Bw; 37 +c.c, and DoDysjo =

iA;.eMO + c.c. into Equation (2.11) , we find the s equation:
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F:1 21 . . F. 2 . : 2 .
2 _ i i@or5) L f oy Jj . iwio+rse)) _ B 2iwdo+F))
Disji +sj1=—4-€ 1 0377+ 5 —21A;.e“/’0 — 5tke P03 ki ST EIYOTS
Fj i, YR L 2 o3 i - 2 g it EEk)
+va(7+Aje 0 + Bie 073y 1 ¢ 2o | Ak —iwiBe 0773

. 2 . 2 ) . 2 .

-5 Ajel(wﬁl)wo-’-l?ﬂj + Ajel(wl_l)wOHTﬂj) -7 (Ajie“/’o - wlBel(w1w0+7ﬂj) + c.c.
(2.13)

The solvability condition for Equation (2.13) is obtained by eliminating secular terms. The

solvability condition depends on the resonance case.

2.3.1 Nonresonant Case

We eliminate coefficients of ¢/¥0 which constitute the secular terms and the solvability condition

is found
3

20A% —i8Aj — Ky Aj =& ) Ap =0,
k=1

Writing Aj = X; + iY}, and splitting the above equation into real and imaginary parts, we obtain

Real part:
s Kv- "“2 3
ro _fy sy &
V=S¥t 5K+ Zxk, (2.14)
k=1
Imaginary part:
£ Ky . 52 3
ro Ly iy &
X=-SXj- Y- I;Yk. (2.15)

Representing in Equation (2.14) and Equation (2.15) matrix form
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X; £ 0 0 &2 -é2 —&* X;
X5 0o -¢ 0 &2 &2 —&2 X,
X; _ 1 0 O e —&? -2 (P +x) X3 2.16)
v | 2l& & & ¢ o 0 Y,
Y; 2 &2 &2 0o - 0 Y
Y _ 2 &2 (+ k) 00 . 3

At steady state, the solution is X; = 0 and ¥; = 0. Eigenvalues of the system define the stability.
As such, 177 = -/, and 434,56 can be found in the Appendix A.2, for which it can be shown that
the real parts are all negative if £ < 0.

The matrix in Equation (2.16) has the form A = %(—f I+B). Eigenvalues satisfy | B—CI-AI |=
| B—yI |=0, wherey = +A. Since B = —B7 | its eigenvalues y = +iw are imaginary, and hence

dynamical system eigenvalues 1 = —¢ + iw indicate stability.

2.3.2 Superharmonic Resonance 2w; = 1 or 2Q = w,;3), 2w; =1+¢€0

A first-order multiple scales analysis of the symmetric case [43] showed the existence of super-
harmonic resonance at half the second natural frequency of the system. Ramakrishnan and Feeny
[21] have shown that a second-order perturbation analysis of a single-blade model also reveals
superharmonic resonances with order of 3.

We eliminate coefficients of secular terms in Equation (2.13) that are leading to an unbounded

solution and find the solvability condition for 2w = 1 as
3
ik P A e A i BRGE ) 2N 4
—1].—1{]—va]—176 —ez r =0.
k=1

4r
, oy1+—=1) . : ,
We insert A; = Aje 37" with A j = Xj +iY; into above equation, and then we can split

up the real and imaginary parts as below.
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Figure 2.4: Steady-state superharmonic resonance blade response amplitudes versus elastic stiffness
mistuning parameter «, for € = 0.2, o = —0.0064, « = 0.1, |B| = 1, f = 0.0445. The third blade
is the mistuned blade.

Real part:

2 3

{ fi &2 2 . C(2r .

YJ.':—O'XJ-—EY]- ?]; X}, cos ?(k—]) — Y} sin ?(k—]) , (2.17)
Imaginary part:
z Ky . 2 3 2 2

'y~ & .__J.___e in (ke — ik
Xj = o¥; 2Xj > Z [Xk s1n( 3 (k ])) +chos( 3 (k ]))]. (2.18)

k=1

The steady-state response amplitudeis A; = /XJZ + YJ 2 and so using X jand Y; we can determine
Aj. Figure 2.4 shows the amplitudes of each blade as the mistuning parameter «, is varied, for the
case when o = —0.0064,¢ = 0.2,k = O.l,f = 0.0445 and |B| = 1. When «, = 0, each blade has
the same amplitude, consistent with [43]. This amplitude matches with the amplitudes of the blades
at resonance for the symmetric case (k, = 0) for same set of parameters. For both small negative
and positive mistunings shown in Figure 2.4, the blade amplitudes go through variations. For
larger magnitude mistuning, the mistuned blade (third blade) amplitude is decreased. Very small
mistunings are the worst in the sense that one blade undergoes larger vibration amplitudes than in

the symmetric case. Since Figure 2.5 stands for tuned case, Figure 2.6, Figure 2.7 and Figure 2.8
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show the superharmonic resonance amplitudes as functions of the detuning parameter (excitation
order or frequency), for various mistunings. The mistunings cause the single resonance peak of
the symmetric case [43] to split up, thereby broadening the bandwidth of the system resonance.
In these figures, two of the three peaks can be identified as superharmonic resonances of modal
frequencies w,;» and w,;3.

In comparison to the symmetric case in Figure 2.5, the example in Figure 2.6 shows that the
mistuning can also cause an increased vibration amplitude in one of the blades depending on the
value of «,,. Additionally, amplitude versus frequency plots are shown in Figure 2.9 and Figure 2.10
for each blade with a specific set of parameters. When £ decreases, the resonance amplitude gets
sharpened and when Bk increases the amplitude curve is raised as well. In all figures, the parameter
£ relates to the damping factor ¢ through e/ = 2.

The solution in the ¢ domain is reorganized as

. 2 iy
sJ~:Fj0+2Bsm(¢>+?])+ajcos(p1¢+,8j+?]) (2.19)

Y.
where a; = 2, /X jz + sz and B; = tan‘l(X—Jj). To analyze the rotor dynamics, the s; are inserted

into Equation (2.6) to obtain

T = Qp—Cr — Zi:l [ecfcoscﬁ[Fko + 2Bsin (¢ + 2?’Tk) + ay cos(p1o + By + 4?’rk)]
(2.20)

—é[zB sin (¢ + 27’%) + akp% cos (p1¢ + Bi + 4?"’0]

For all k, the nondimensionalized mean aerodynamic force terms Fyg = Qyo/ko are the same.

. _ dé . _ . . dv _ dVl . -
By letting Q ~ —+ and using v = 1 + €y, the rotor acceleration is d—‘t’ = EQW. Using ¢ = Qt

N dv - . .
and p1¢ = w,yt, we can therefore express d—‘t’ in the time domain as
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Figure 2.5: Steady state superharmonic resonance response amplitudes versus detuning parameter
fork =0.1,6=0.2,«, =0, |B| =1, f = 0.005 (al: first blade, a2: second blade, a3: 3rd blade)

% - EQ[Q¢ —Cr - Z2:1 (e‘icos Qi [Fyo + 2B sin (Qr + %ﬂk) + ay cos (wpt + By + %’Tk)]

~[2B sin (Qf + k) + ap(“22)? cos (wpat + P + 4?’%)])]
(2.21)

Equation (2.21) has cos(Qt) sin(Qr + 2%k), cos(Qr) cos(wynt + Bi + 4?”k), sin(Qr + 2?”k) and
cos(wynt + B + 4?”k) terms, and therefore the rotor has terms of frequencies €, 2€Q, and 3€2.
The blade response can be approximated in the time domain. Assuming s; = 5o and plugging

Equation (2.12) into the g; = €s;, we have

2 4
qj = €(Fjo + 2B sin (Qr + ?ﬂj) +ajcos(wpt + B + ?ﬂj)) + 0(64). (2.22)

2.3.3 Primary Resonance (w; ~ 1 or Q ~ w,)»)

w1 =1+e€e0
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Figure 2.6: Steady state superharmonic resonance response amplitudes versus detuning parameter
fork = 0.1, = 0.2, x, = 0.006, |B| =1, f = 0.005 (al: first blade, a2: second blade, a3: 3rd

blade)
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Figure 2.7: Steady state superharmonic resonance response amplitudes versus detuning parameter
fork =0.1,6=0.2,k, =0.1, |B| =1, f = 0.005 (al: first blade, a2: second blade, a3: 3rd blade)

Primary resonance is far from the designed operation frequencies of wind turbines, and is not
likely to happen unless there is a runaway situation. However, it is of interest to study the dynamical
phenomenon. The harmonic forcing is modeled as “weak forcing" in [43] to examine the primary

resonance response. Thus we let § = €5. Corresponding to the scaling of 6 is the scaling of d = ea/$
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Figure 2.8: Steady state superharmonic resonance response amplitudes versus detuning parameter
fork =0.1,6=0.2,k, =1, |B| =1, f = 0.005 (al: first blade, a2: second blade, a3: 3rd blade)
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Figure 2.9: Steady-state superharmonic resonance blade response amplitudes versus frequency for
k=0.1,6=02,« =0.1,|B| = 1, £ = 0.005,0.008,0.01,0.015

in Equation (2.6).
. . A . 2m 4 . . 2\, .
Plugging expression [6(5 sin (w1yqo + 3 J ] in place of [5 sin (w1yq + 3 J ] into the Equa-

tion (2.9), we obtain

F; .
sjo =~ + A0 +ce. (2.23)
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Figure 2.10: Steady-state superharmonic resonance blade response amplitudes versus frequency
fork =0.1,6=0.2, &, = 0.1, |Bk| = 1,2,3,4, £ =0.05
and

2 2\ 2 2 5
2D0D1Sj0 +DOSJ-1 +5j1 = Fjj cos (a)ltﬁo + ?ﬂ]) — dsin (a)llﬁ() + ?ﬂ-]) +f—={Dopsjo + Ky 80

—K COS (wlgbo + %’Tj)sjo + &2 22:1 D(%Sko-
(2.24)

We equate the coeflicients of secular terms to zero and find the solvability condition for w| ~ 1

as

, Fit  Fj 8\ iy +25; S
i Al L ) . i O i(oy1+5) 2 _
21Aj iCA; vaAJ+ lBKVj+ > 2/<+12 e 3 é ZAk—O.
k=1
. 2n
_ 1(0'1!’1+?J) ) N :
Plugging A; = Aje with Aj = X + i¥; into above equation, we then separate real

and imaginary parts.

Real part:
) Ky, ¢ a2 3 21 . . [27 -
YJ = (-0 + T)Xj - EYJ —-c|+ ) kZ:l [Xk cos (?(k —])) — Y} sin (?(k —]))] ,  (2.25)
Imaginary part:
, p o Ky 82 (27 2
Xi= (0~ 5= 5K+ =P B+~ > lxk sin (?(k - J)) + Y, cos (?(k - J))] , (2.26)
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Figure 2.11: Steady state primary resonance response amplitudes versus elastic stiffness mistuning
parameter (k) for k = 0.1, 0 =0,¢é = 0.2, Fj, = 0, Fj = 0.001, = 0.005, 6; = 1, |B| = 1 (al:
first blade, a2: second blade, a3: 3rd blade)

F. F:
where ¢| = % - ZJK.

Similar to superharmonic resonance case, we have complicated equations for X;, ¥; and ampli-
tude A; as functions of all its parameters. The coefficient matrix has the same eigenvalues as the
superharmonic case. Figure 2.11 shows a numerical plot of the variation of amplitude with respect
to mistuning stiffness parameter. The relation between steady state primary resonance response
amplitude and frequency is shown in Figure 2.12 for «,, = 0.005 which refers to the peak amplitude
value in Figure 2.11. Like the superharmonic case, the primary resonance amplitude of unison

responses of the symmetric system matches the value at x, = 0 in Figure 2.11.

Additionally, Figure 2.13 and Figure 2.14 present the changing response amplitude with respect
to frequency which is the corresponds to k, = 0.1 and k, = 1. Observed phenomena are very
similar to superharmonic case.

We analyze the rotor dynamics by rewriting the solution the in ¢ domain as

2 4
sj = Fj +2Bsin(¢ + ?ﬂj) +ajcos(p1o+ B+ ?ﬂj) and plugged into Equation (2.6), where
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Figure 2.12: Steady state primary resonance response amplitudes versus detuning parameter for
k=0.1,x =0.005,¢=0.2, F; =0, Fj = 0.001, £ = 0.005, 6; = 1, |B| = 1, (al: first blade, a2:
second blade, a3: 3rd blade)

Y;
. = 2 2 . = -1 —']
aj 2,/Xj +Yj and §; = tan™ " ( j).

This gives

d% = Q¢ -6 — 22:1 [ea?cosqﬁ[FkO + 2Bsin (¢ + ZTﬂk) + ayp cos(p1¢ + Br + 4T’T/’c)]

(2.27)

—€[2B sin (¢ + 27"1() + akp% cos(p1o + Br + 4T"k)]

2.3.4 Subharmonic Resonance (w; = 2 or Q = 2w,;»)

w1 =2+¢€0

Subharmonic resonance is not likely in wind turbines since wind turbines usually perform at
low speeds (i. e. Q < w;2).
As we can see from the Campbell diagrams Figure 2.15 and Figure 2.16, depending on parameters,

there may or may not be a root at /2 = w,p. For dynamical interest, we analyze subharmonic
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Figure 2.13: Steady state primary resonance response amplitudes versus detuning parameter for
k=0.1,xk=01,¢=02F; =0, Fj = 0.001, £ = 0.005, 6; = 1, |B| = 1, (al: first blade, a2:
second blade, a3: 3rd blade)

resonance on a system with parameters that have been adjusted for its existence.

We equate the coefficients of secular terms to zero and find the solvability condition for w; =~ 2

as

_. ' 3
. .2 + X
_2A}1—1§AJ+KV].AJ—K2 Y1 J)—eZZAk:O

0'!//1 T
Putting A; = A je 2 3 with A; = X; + i¥; into the above equation, we then divide into

separate parts as real and imaginary.

Real part:
~ ; A~ 3
V= -Lx -5y (4 . é > [Xecos (Stk =) = vesin (k- )|, @28)
k=1

Imaginary part:

o . A 3
X! = %Yj _ ng + (% + %)YJ- _ é; [Xk sin (g(k —j)) + Y, cos (g(k —j))] . (229

Equations (2.28) and (2.29) are autonomous. The solution is X; = 0, ¥; = 0 at steady state.

Equations (2.28) and (2.29) are linear first-order homogenous differential equations in terms of X;s
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Figure 2.14: Steady state primary resonance response amplitudes versus detuning parameter for
k=01k=12¢=02F; =0, F; =0.001, £ =0.005,6; = 1, |B| = 1, (al: first blade, a2:
second blade, a3: 3rd blade)

and ¥;s. We seek an exponential solution with an exponent A. This leads us to eigenvalue problem
where Ay, kK = 1, ..., 6 are the eigenvalues. Eigenvalues of the system are complicated. The solution
is stable when Re(1) < O for all A, and unstable when Re(A) > 0, for at least one A. Figure 2.17
shows the relationship between real part of the eigenvalues of steady state system versus elastic
stiffness variation «;,.

Figure 2.18 and Figure 2.19 demonstrate the connection between the frequency and real part of

eigenvalues.

2.3.5 Existence of Resonance Conditions

The resonance conditions w,» ~ Q/2, Q, 2Q, are obtained from Equation (2.13) where w,, =
ko + ki Q2
mp

. The parameters involved in the modal frequency affects the existence of the resonance
condition. When @ = 2 superharmonic, & = 1 primary, and @ = % subharmonic resonances occur

with respect to w,;y = aQl,
ko + k1 Q?
my, B

a?Q?, (2.30)

30



4.5- e : : : : - -

3] Le” Q/2
8— 2.5+ g ]

1.5 S -

ﬂ“
e
-

cCD

3
Q
Figure 2.15: Campbell diagram showing w,,» as a function of Q, for kg = 1, ky = 0.5, mp, = 1.
Intersection with the 2Q2, Q and % lines indicate possible resonances.

which bring out the excitation frequency condition

ko

Q= [———.
mpa? — ky

(2.31)

In Figure 2.15, an example Campbell diagram can be seen for specific parameters that were
used to find system eigenvalues. It indicates that w,,» as a function of Q. The intersection points of
aQ lines and w,;» plot gives us the resonance frequencies. Although primary and superharmonic
resonances conditions appear in Figure 2.15, the % line does not intersect with the w,,» curve,
meaning that basically, the subharmonic resonance will not occur in the system with similar
parameter scaling. The systems parameters in time domain were calculated for four different
wind turbine models. Turbines structural properties were obtained from the technical report of
National Renewable Energy Laboratory [58]. These parameters can be found in Appendix B.

Based on the result from the parameters in [58], w,,» versus Q is nearly flat and so Figure 2.16
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Figure 2.16: Campbell diagram showing w,;» as a function of Q, for kg = 1, k1 = 0.1, m, = 1.
Intersection with the 2Q2, Q and % lines indicate possible resonances.

qualitatively represents the expected resonance conditions. For the NREL SMW 64 meter blade,
campbell diagram is drawn with parameters ko = 603670, k1 = 4479.3, mb = 14441 as shown in
Figure 2.20.

2.4 Numerical Simulation

We would like to perform numerical simulations to validate the analytical results on the su-
perharmonic resonances. The system equations of motion (3.1) and (2.2) in the time domain are
simulated with MATLAB’s ODE solver “ode45”. Then, the fast Fourier transform (FFT) of the
sampled analytical solution and the simulation were compared, for g1, g and g3, as shown in
Figures. 2.22, 2.23 and 2.24 for a specific set of parameters. The constant rotor load, Q 40, and
rotor damping values, c¢,, were chosen to result in a mean rotor speed (QQ) equal to w,,/2 for
the parameter set. A selected value of Q40, given the other parameters, results in a steady-state

rotor speed, 2. The second modal frequency, w,, depends on Q via centrifugal stiffening. A
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Figure 2.17: Real part of eigenvalues of X and Y equation system versus elastic stiffness mistuning
for subharmonic case for k = 0.1, € = 0.2, Z = 0.005, o = 0.0005,

plot of w7 versus the achieved Q,.;,,; in our simulations is shown in Figure 2.21. There is a
gap in the achieved values of Q4. to be discussed shortly. As we see from the components
of Equation (2.22), vibration amplitudes at frequencies Q and w,,» predicted by the perturbation
analysis can be obtained. Moreover, the expressions of method of multiple scales solutions at the
mean speed achieved are evaluated during simulation to compare predicted response amplitudes.
When Qa1 ® wy2/2, there is a potential for a superharmonic resonance. The system excitation
frequency Q = 1.1225 rad/sec causes a superharmonic resonance, as shown in Figures 2.22, 2.23
and 2.24 for the first, second and third wind turbine blades respectively for the selected parameters.

The frequency of the simulated rotor acceleration is compared to the analytical solution of
Equation (2.21), as shown in Figure 2.25. The analytical rotor solution in Equation (2.21) near
superharmonic resonance indicates frequency components of €, 2Q, and 3Q. The FFT peaks of
the rotor simulation also occur at these frequencies. The analytical solutions show good agreement
with the simulations for all three blade and the rotor responses.

If we seek to validate Figures 2.7, 2.9 and 2.10, we would want to aim for desired values in

the parameter, 0 .404- In simulation, we achieve a mean speed €, from which we obtain the
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Figure 2.18: Real part of eigenvalues of X and Y equation system versus detuning parameter (rotor
frequency) for subharmonic case for k = 0.1, ¢ = 0.2, f =0.005, «, = 0.1,

actual 0. While the rotor load rises, the actual rotor speed increases as well in Figure 2.26 and
Figure 2.27. As the rotor force grows, there is an interval in which rotor speed stays the same. This
is illustrated in terms of o~ and Q in the figures. This interval is larger in negative mistuning than
positive mistuning. At some point, the speed has a sudden jump, then it continues to rise. If the
initial condition for the rotor speed is higher than rotor frequency for the superharmonic case, there
is no jump. The effect of mistuning on the relationship between the desired detuning parameter
O gesired @nd the actual detuning frequency o447 is shown in Figure 2.28. The initial condition
affects also can be seen in Figure 2.29.

While we increase the rotor loading Q40 in Figure 2.30, which uses the rotor initial condition of
Qguph /2, all three blade amplitudes increase until a point. Then, there is a jump in the amplitudes
and amplitude values decrease dramatically. This happens as a consequence of the jump phenomena
in Figure 2.26 and Figure 2.28 coordinated with the resonance features in Figures 2.7, 2.9, 2.10

and 2.22.
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Figure 2.19: Real part of eigenvalues of X and Y equation system versus detuning parameter (rotor
frequency) for subharmonic case for « = 0.1, ¢ = 0.2, f =0.005, «, = 0.35,

2.5 Speed Locking Analysis for HAWTs with Tuned Blades

In the previous work, the blade-rotor system with parametric excitation [22, 59, 60] was analyzed
by multiple scales method to describe primary and superharmonic resonances. While primary
resonance was less relevant to wind turbines, it was noted that the features of both resonances were
similar.

In section 2.4 and reference [61], the blade-rotor system equations of motion in the time domain
were simulated with MATLAB’s ODE solver “ode45” to observe the superharmonic resonances.
A speed-locking phenomenon was also observed, in which the superharmonic speed was locked
in for an interval of applied mean loads. In the simulations, we achieved a mean speed Q by
setting the mean rotor load. The mean speed increased with increasing rotor load, as shown in
Figure (2.26). However, as the rotor moment grew through a range which produced rotor speeds
causing a superharmonic resonance in the blades, there was an interval in which rotor speed stayed
the same. This interval was larger in the presence of negative or positive mistuning. At a critical

point, the speed jumped back to the rising trend. If the initial condition for the rotor speed was
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Figure 2.20: Campbell diagram for NREL SMW 64 meter blade showing w,,; as a function of €,
with parameters ko = 603670 N.m, k| = 4479.3 kg.m?, mb = 14441 kg.m?. Intersection with the
2Q, 3Q, Q and % lines indicate possible resonances at the corresponding €.

higher than rotor frequency for the superharmonic case, the jump was greatly reduced.

In this section, we seek to explain the mechanism of this phenomenon on a single blade-rotor
system (for which the rotor system is balanced). Although primary resonance is less relevant in the
motivational wind-turbine system, it is simpler to analyze, and there is hope that, since the blade
resonances are similar to the superharmonic resonances, the primary speed locking might occur
with a similar mechanism as the observed superharmonic speed locking. Also, primary resonance
provides insight for analyzing the more complicated superharmonic case.

Below, we analyze the speed locking using the harmonic-balance method.

2.5.1 Primary Resonance Case

The approximate (small-deflection) equations of motion of a balanced single blade and rotor system

are

G +2€ug + (wp” + eycosd)g + edsing + eéd = Q (2.32)

b+ 2ei0 + €2d cos pq + €2eif €0y (2.33)
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Figure 2.21: w,p versus Qgeryqp graph with 1C = 0.5Q,,g5, mp =1, e = 0.2, J, = 10, ¢, = 0.01,
cr =0.01, ko, , =4.7, ko, =4.75,d = 0.2, ky = 0.5, k1 =0.27, ko = 0.05

where é = e€e. Here, ¢ is the single-mode blade displacement, ¢ is the rotor angle, w, is the
blade-only modal frequency, € is a small parameter, u pertains to blade damping, e is the strength
of parametric excitation (specifically here the (g cos ¢) term), ed is the strength of direct excitation
on the blades, and pertains to the parametric excitation of the rotor, p» is the rotor damping, é is an
inertial coupling term, and Q and €Q 4 are the mean loads on the blades and rotor set. Bookkeeping
with € is not needed for harmonic balance, € is retained here for insight.

Harmonic balance method will be applied Equation (2.32) and Equation (2.33). We assume a

steady-state solution of the form

q =D + AcosQt + BsinQt
¢ =Qt (2.34)

After we insert these equations into Equation (2.32) and Equation (2.33) and the constant,
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Figure 2.22: FFT plot of g; for the analytical solution and simulation for m;, = 1, J, = 10,
cp = 0.01, ¢, = 0.01, ko, , = 4.7, koy = 4.75, ky = 0.5, ky = 0.27, kp = 0.05,d = 0.2, ¢ = 0.2,

Qg0 ~ 0.0198, Q = 1.225, w, = 2.2451

cos Q¢ and sin Q¢ terms are balanced to zero. Here are the coefficients from Equation (2.32):

where we define ey

Constant .

cos Qf : —AQ? + 2eBQ + wp? + eyD

sinQf : —BO? = 2eu(AQ) + w2 B + ed

zy,eu%,uandecf%d,

The constant coefficient from Equation (2.33):

Dwn2 + 67%

~A
Constant : 2eurQ) + ezda = €0y
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Figure 2.23: FFT plot of g, for the analytical solution and simulation for m; = 1, J, = 10,
cp = 0.01, ¢, = 0.01, ko, , = 4.7, koy = 4.75, ky = 0.5, ky = 0.27, kp = 0.05,d = 0.2, ¢ = 0.2,

Qg0 ~ 0.0198, Q = 1.225, w, = 2.2451

After Equation (2.35) and Equation (2.36) are reorganized, we have

A
Dwn2 + 6’)’5

A(a)n2 - Qz) +2uBQ +vyD
—2uQA + (a)n2 — QZ)B

A
da + 2/12Q

= 0

= d

:Q¢

(2.37)
(2.38)
(2.39)

(2.40)

Equation (2.38) is multipled by A and Equation (2.39) is multiple by B, then they are added up.

(wp? = QYR? + yDA =

dB

(2.41)

where R? is defined as R? = (A2 + Bz). Similarly, Equation (2.38) is multiplied by B and

Equation (2.39) is multiple by A, then they are subtracted, resulting in

2QuR? + yDB = dA

39

(2.42)



3rd Blade Response

T

1()0 '
i —— Simulation
~  Analytical Soln. -

Amplitude
5
F~Y

-t
S
o

2 3 4
Frequency (rad/s)

-k
S
(<]
(=]
-

Figure 2.24: FFT plot of g3 for the analytical solution and simulation for m;, = 1, J, = 10,
cp = 0.01, ¢, = 0.01, ko, , = 4.7, koy = 4.75, ky = 0.5, ky = 0.27, kp = 0.05,d = 0.2, ¢ = 0.2,
Qg0 ~ 0.0198, Q = 1.225, w,p = 2.2451

We assumed D =~ 0 and Equation (2.41) and Equation (2.42) are solved together to obtain R.

Equations are manipulated as Eqn. (2.41)% + Equation (2.42)% and R? is obtained as

R*((wy — Q%) + 2uQ)?) = d°

R= d (2.43)
V@2 - 02+ 2u0)?
After Equation (2.40) and Equation (2.42) are combined, we have found
2Q + Qg = HQR? (2.44)
R is inserted into Equation (2.44), then Q is achieved as
Qp = 20 + ud” (2.45)

(wi = Q%)% - (2uQ)?

Equation (2.45) is plotted as rotor forcing versus rotor speed and then inverted in Figure 2.31. In
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Figure 2.25: FFT plot of ¢ for the analytical solution and simulation for m; = 1, J. = 10,
cp = 0.01, ¢, = 0.01, ko, , = 4.7, koy = 4.75, ky = 0.5, k1 = 0.27, kp = 0.05,d = 0.2, ¢ = 0.2,
Qg0 ~ 0.0198, Q = 1.225, w,p = 2.2451

comparison with Figure 2.26, the speed locking trend can be seen, however greatly exaggerated.
We note that it is primary resonance instead of superharmonic resonance.

Referring back to Equations (2.32) and (2.33), it is apparent that the inertial coupling is not
needed to produce speed locking, nor are the mean blade load Q and mean blade response D. The
rotor parametric term ed and mean rotor load Q4 are important contributors. The parameters in

Figure 2.31 are generic, and are meant to show the phenomenon.

2.5.2 Superharmonic Resonance Case at 2Q ~ w,;»

Secondary resonances show essentially the same speed-locking phenomenon as primary resonance
although at a smaller scale, not surprisingly. The equations of motion scaled for secondary

resonances are

g +2euqg + (a)n2 +eycosd)g +dsing + eéd

I
Q

(2.46)

b + 2epr + ed cos pg + €2ef €0y (2.47)
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The harmonic-balance method is applied to Equations (2.46) and (2.47). For superharmonic
responses, we assume

q = D + Acos2Qt + Bsin2Qt + C cos Qt + E sin Qt (2.48)
¢ = Qt + fcosQt + gsinQr

Calculations away from primary resonance show that C is smaller than £. We assume that C,
D and Q are negligible in Equations (2.46) and (2.47), and treat f and g as small.

After we insert Equation (2.48) into Equation (2.46) and Equation (2.47), we have balanced the
constant, sin Q¢, cos Qr cos 2Qt, sin 2Q¢ terms to zero. After many manipulations of the balance

equations, finally we found superharmonic resonance amplitude at order two, where 2Q =~ wy, is

2¢_4d 2
6 —
o (P52

- > (2.49)
A (wn® - 492) + 2egyQ)? + (4ueQ)?] - 4(%)2
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Figure 2.27: Q0141 versus Qg graph for different initial condition for my, = 1, J; = 10, ¢;, = 0.01,
cr =0.01, ko, , =4.7, koy =4.75, ky =0.5,k; = 0.27, kp = 0.05,d = 0.2, = 0.2

where R% = A% + B2,
By using Equation (2.49), and the constant balance from Equation (2.47), we have found the

rotor force equation as
2 (ed)* QRS

=2u,Q +
Q¢ =2 T

(2.50)

where T' = 4[Q* + (26/129)2]. Notice that R% shows a resonance peak at the superharmonic
frequency, 2Q ~ wj, but scaled by €2, and thus Q4 should have a small peak when plotted versus
Q. Inverting this plot suggests a possible Qy interval of speed locking.

We found the peak value of forcing level at Q ~ w4 Where

(i —492) + LegyQ)? = 0 as

42
8ure”(550)°

O = 2122+ 2.51)

2
(4p)*e2Q2 + (e 50)?
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Similarly, in Figure 2.32 the speed locking trend can be seen with superharmonic case at order
two in comparison with Figure 2.26. The parameters that used to create Figure 2.32 are generic to

show the speed locking phenomenon.

2.6 Conclusions

In-plane vibrations of a mistuned three-blade wind turbine were studied. By using a simplified
model, in-plane vibrations were taken into consideration. The blades and rotor equations were
written in the ¢ domain to decouple the blade equations from the rotor equation.

After decoupling, the differential blade equations contained parametric and direct excitation.
We looked at resonances due to cyclic gravitational and aerodynamic loading. It was observed
that slight mistuning in a single blade could cause the single resonance peak of the tuned case to

split into two or three resonance peaks, in both the superharmonic and primary resonances and
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Figure 2.29: 0 jegired VErsus ogeruqr graph for different initial condition for my, = 1, J, = 10,
cp =0.01, ¢r =0.01, ko, , = 4.7, koy =475, ky = 0.5, ky = 0.27, k = 0.05,d = 0.2, = 0.2

the blades take on different steady state amplitudes. The resonant amplitude of at least one of the
blades is larger than in the perfectly tuned case. On the other hand, subharmonic resonance will not
occur in a rotating system with similar parameter scaling. Subharmonic resonances may or may
not be possible in this dynamical system, depending on parameters, and at rotor speeds well outside
the expected operating conditions of wind turbines. Subharmonic resonances involve instabilities
similar to those of the Mathieu equation, but more complicated.

Specifically, superharmonic resonances is focused on, since they are more likely to be prob-
lematic in the low-frequency operating ranges of wind turbines. The effects of parameters on the
superharmonic resonances are examined, and a numerical study is conducted aimed at verifying
the analytical results. We also looked at the rotor dynamics during resonance.

At the superharmonic resonant frequency, positive mistuning leads to an increased resonant
amplitude of one of the blades. However, very slight negative mistuning can lead to a slight

amplitude increase in two of the blades, while more negative mistunings lead to a decreased
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Figure 2.30: Qg4 versus perturbation solution amplitude graph for m;, = 1, J; = 10, ¢;, = 0.01,
cr =0.01, ko, , =47, k03 =475k, =0.5,k1 =0.27, kp =0.05,d =0.2,¢ =0.2

amplitude in two of the blades. The effect of damping is similar to that of linear oscillators, in
which the resonances peaks sharpen with decreased damping. Increased damping was observed to
quench one of the three superharmonic peaks in the mistuned blade. Increasing the forcing level
increases the resonance profile uniformly.

The FFTs of numerical simulations of blades at a fixed set of parameters in superharmonic
resonance agreed very well with those of the sampled analytical responses. The rotor dynamics
were also expressed analytically. In the superharmonic resonance, the analytical rotor response was
shown to have three frequencies, €2, 2Q, and 3Q, due to nonlinear effects. The numerical solutions
captured these three frequency components and each agreed very well in amplitude.

We aimed to numerically confirm the blade response amplitudes at various rotor speeds near
resonance. The rotor speed is determined by the input load to the rotor. Simulations showed that
the mean rotor speed can lock into the superharmonic speed over a range of mean rotor loads, and,

with further increase of the rotor load, experience a jump out of the superharmonic speed. Thus, it
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Figure 2.31: Speed-locking graph Q versus Q4 for primary resonance for u = 0.1, up = 0.5, w, =
2.23,d =1.871

is possible that some detuning parameters in Figures 2.7, 2.9 and 2.10 cannot be achieved, as well
as resonant blade responses in such ranges of detuning parameters. We investigated the effects of
mistuning level and initial conditions on the relationship between the rotor load and mean speed. In
addition, we looked into the relationship between rotor load and the blade amplitudes. We observed
all three blade amplitudes jumped down suddenly at a certain value of the increasing rotor load.
Lastly, our purpose was to analytically confirm the blade response amplitudes at various rotor
speeds near resonance and verify speed locking phenomenon. We found that speed-locking is due
to the average interaction between the blade vibration and rotor motion in the rotor equation, and its
balance against the mean rotor moment. The phenomenon was examined for an effective (balanced)

single blade-rotor system by applying harmonic balance method.
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CHAPTER 3

SECOND-ORDER PERTURBATION ANALYSIS OF IN-PLANE BLADE-HUB
DYNAMICS OF HORIZONTAL-AXIS WIND TURBINES

3.1 Introduction

This work takes interest in the coupled blade-rotor dynamics with and without mistuning.
More general mistuned rotational systems have been analyzed by many researchers [47-50]. The
effects of mistuning on the turbine blades with mechanical coupling was analyzed by Whitehead
[51]. Ewins [52] and Cha and Sinha [53] worked on broken symmetry in bladed disk. Also, the
effects of mistuning on four-degree-of-freedom systems with parametric stiffness was studied [55].
Mistuning on Sinha and Griffin [45] and Dick et al. [46] worked on nonlinearity in rotors to show
the deviation from the symmetric response. The wind-turbine rotor-blades system with tuned [43]
and weakly mistuned blades [60] were analyzed to find steady state dynamics by using a first-order
perturbation method. The analysis showed that direct and parametric excitation combine to cause a
superharmonic resonance at half the first modal frequency, a primary resonance, and subharmonic
resonance at twice the natural frequency of the system. In the tuned case, each blade had the
same amplitude because the system was symmetric and linear, while in the mistuned case vibration
localization could occur.

In this study, we apply a second-order method of multiple scales to the equations of motion for
in-plane tuned and weakly mistuned blades of horizontal axis wind turbine to determine the steady
state dynamics, with focus on the superharmonic resonance of order three for the linear system with

hard forcing.

3.2 Three Blade Turbine Equations

In this chapter, we analyze blades Equation (2.1) and rotor Equation (2.2) as studied in Sec-

tion 2.2. Rewritting the rotor and ;' " blade linearized equations of motion in the time domain for
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j=1,2and 3:

mpgj + cpgj + (koj + klg{}z + k2c0s¢j)qj +dsing; + ed = Qj, (3.1)
3
Jrg+crg+ Y (dcos prax + edi) = Q. (3.2)
k=1

where k()l = k()2 = ko, k03 = ko + €k, where k¢ is blade’s modal elastic stiffness, € is a small
parameter and k, is the elastic stiffness variation of the mistuned blade, my, is the inertia of a
single blade, J; is the total inertia of blade-hub system, e is the coupling term, g; is the assumed
modal coordinate for jth blade, ¢ is the rotor angle, ¢; = ¢ + ZT” Jj is the blade angle, k; and
ky are stiffness contributions of centrifugal and gravitational effects, respectively, Q; and Q4 are
generalized forcing terms due to aeroealstic loading and ¢, and ¢, are generic damping coefficients
[60]. Definitions of these parameters can be found in the Appendix A.1. Tower motion is neglected
and only in-plane vibration is taken into consideration by using simplified model as shown in
Figure 2.1. For the zero gravity system, Figure 3.1 shows the how natural frequencies change
with respect to mistuning stiffness parameter. In the symmetric case, k, = 0, the second and third
natural frequencies are equal, w,3 = wy?.

Following [60] as in Chapter 2, the indepedent variable time was changed to rotor angle ¢ and

Equations (3.1) and (3.2) are transformed to a new form

vzq;.’ + vv’q} + 5bvq;. + (1€0j + kyv? + ky cos bj)qj + d sin ¢j+evy =0, (3.3)
3
wW +EGv+ x Z [d Cos P qi + é(vzq;c' + v q))| = O¢. (3.4)
k=1
d ~ ~ ~ ~ ~ ~ ~ k
where () = dizp) and ko, = ko, = ko and ko, = ko + €k, and where ¢}, = n;—bg ko = Wgz
P S U S T S RV T TN R
v mbﬂz’ 1= my,» 2 meZ’ mbﬂz’ Jr’ J meZ’ mp’
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r =70 Q¢—Jr92

The small parameter was defined as € = my,/J, since J, is much larger than m. To decouple
the rotor equation from the leading-order blade equations, a nondimensionalization was applied
and new scaling was done on Equations (3.3) and (3.4):

yv=1+ ezvl, Cp = €Cp, 122 = 6]22, d= ec?, Cr = ezér,)( =€ qj = €sj, Qj = er,
Q¢ = 62Q¢~
The equations are rewritten in terms of new scaled blade coordinates s; and hub coordinate v as

144

5j

+ eébs;- + (]E()J + 121 + 6]22 CoSs ¢])S] + cfsinrﬁj + Eévi = Q] +H.O.T., 3.5

3
Vi 6+ Z(aicos $isk +és7) = O+ H.O.T. (3.6)
k=1

where H.O.T. means higher-order terms.
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Detailed steps and assumptions are not given here and can be found in [60]. After rearranging

the terms, the decoupled blade equations were obtained as

A 5 o s\ s A A z o
s}/ +kosj = Qjo — dsin (¢ + ?”]) +€ [le cos (¢+ ?”]) —&Qg0 + &Cr — cbs} - kvjsj
(3.7)

—l%zcos(¢+—]) +e22k | k]

3.3 Second-Order Method of Multiple Scales

We reorganize Equation (3.7) on the basis of new independent variable = p¢, where

- ko/Q2+k . . .
P1 =Alko = O/m—bl. The equation of motion in the ¢ domain becomes

s;.’+s]~:Fj—Fjosin(a)lzﬂ+%ﬂj)+6[Fjlcos(w11//+ )+f {s — Ky sj+e Zk Sy

—K COS (a)]:p + 2?”j)sj] ,

(3.8)
d Q; d 1 0 éé -0
where now ()’ = — and Fj = A_JO, Fio=—, wi=—, Fj Ajl’ _ (& ¢0)
dl/l kO kO P1 kO ko
6b ]22 kv]
‘: B K==, Ky. = %

According to the first-order perturbation analysis on linear tuned and mistuned 3-blade horizantal
axis wind turbine, superharmonic resonance exists at order two at the system natural frequency
[60]. By applying the second-order perturbation analysis [26] to Equation (3.8) we include three
scales (Y, Y1, ¥2) and s; is separated into dominant solution s and small variations s;; and s>

such that

sj = sjoWo, Y1, ¥2) + €sj1(Yo, Y1, ¥2) + Ezsjz(lﬁo, Y1,¥2) (3.9)

52



where ; = eiwo.

2

d d
Then — = Do + €Dy + €2D), — = D} + €(2DDy) + €2(D? + 2Dy D,), where D; =

dy dy? a;

These formulations are plugged into Equation (3.8) and then we balance the coefficients of €Y,

e! and €2:

- 2
O(1) : D2sin + sio = Fi — Eiq si 2 3.10
(1) : Dgsjo + sjo = Fj Josm(wﬂﬁo 31) (3.10)

- 2 2
where Fj( sin (wlglro + ?ﬂ]) = Fjosin (wlll’o + ?ﬂ]) +ef.

O(e) :

D251 +si1 = =2DgD;si0 — {Dgsig — ky:sio + €2 Yo_ D2spo — kcos (w1 + Zj)s;

0%j1 T 551 01550 050 ~ kv;Sj0 k=1 Y0%k0 w0 T 3J)550
o

+Fj1COS(w1!ﬁQ+?ﬂ])

O(€?) :

2 _ 2
DOSjZ +5j2 = —2D0D15j1 — 2D0D2Sj0 — D]Sj() — {D()Sjl — §D1Sj0 — vaSjl

—KCOS(wllﬁO + ¢j)sj1 + 52 Zizl(ZDODlskO + D(%Skl)
(3.11)

Solving the O(1) Equation (3.10), s is determined as
EJ o a0 —inel@1%0)
sj0:7+Aje 0 —iA;e"*1Y07 +c.c. (3.12)
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FjO

where Aj = (X; +iY;)e'"Y0 and A = ™

5 ¢'%i and c.c refers to complex conjugate. X and Y

1
are functions of ¢; and y». The s5;9 Equation (3.12) is plugged into the O(¢e) Equation (3.11), and

then we rewrite O(¢€) equation

D(z)sjl +5j1 = —2iD1Ajei‘!’0 - (Ajwlei‘”ld’o + iAjei‘!’O) +c.c.

~5 (ke i eM00t 4 c.c) (Fj - inje001 + A;e0 + iR ;e 001 + 4;e7100)
(3.13)

+% (Fjlel¢J o1 4 Fjre 9 e_”/’()‘”l) — kv, (7] + Aje“/’() - iAje“"lll’O + c.c.)
253 (i,24 Jiwpdy _ A iU
+e7 20 (lwlAke Y0 — Ape'”0 + c.c)

Four different resonance conditions can be identified from Equation (3.13):

1. No specific relation between w1 and the natural order=1

2. w1 =1

3. wp =2

4. w1 = 1/2

The case of w;] =~ 1 is properly treated with soft excitation. w ~ 2 and w; = 1/2 were studied

in [60].

3.3.1 Nonresonant Case at O(¢)

We concentrate on the first case where there is no specific relationship between forcing frequency
and natural frequency. The nonresonant solvability condition for Equation (3.13) is found by

eliminating the coefficient of secular terms ¢'%0:
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3
~2iD1Aj — (iAj =& ) Ap—Ky;Aj =0 (3.14)
k=1
We solve the rest of Equation (3.13) which corresponds to nonresonant terms to obtain the

particular solution. Since A; is not a function of independent variable ¥, we treat A; as constant.

Then
sj1 = % + U190 + Vel @170 Wl @1F 00 4 ;020190 1 cc. (3.15)
where
b~ . —id 1 1 ip: K ip: ~ .
QJ = —lKel¢JAj+lK€ Z¢JAJ-, Uj = 2 (EFjlem/ —{Aja)l - §€Z¢JFJ + &2 22:1 lw%A]’ ,
1
3 1 K ip: = B 1 K i¢; _IKA;
ity (5¢%14;). Wi=—T-o712 (5¢74). 1=
(wp - 1) (w +1) 2(1 - 4wy)

Then, we plug 5o and s from Equation (3.12) and Equation (3.15) into Equation (3.11). After

we reorganize the 0(€?) equation, we have
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Disja +sj2 = =Dj(A))e"0 — 2iDy(A))e¥0 — £D1(A))eV0 + (% + Uje 10
+V;el@1=1o 4 Wjei<w1+1>¢0) - {(i(a)l ~ 1)V;el @170 4 j(w) + W, @10
+iw1Ujei‘“1‘/’0 + 2iw1Lj62i‘”1W0) - % (Kei¢j o1 4 c.c) (% + Ujei“’llf’() + ‘/jei(wl_l)wo

+W;e @1t DV0 4+ L;e1201%0 + c.C.) @YX, (—(w1 + 12Wie @1t V0 — 421, e%w10

] ip: -
iK(wy—1)e ]DlAjei(w1—1)¢j

.2 ia)ll,bo_ _1\2 i(wl—])(ﬂo . ilﬂo _
wiUyge (w1 — 1)* Ve +2iD1Age 2 =@ 0P

_iK(“’1+1)el¢jD1Aj Jwithei) .
2(1—(wy+1)2) '
(3.16)

By examining the Equation (3.16), we observe the resonance conditions as follows.

1. No specific relation between wq and the natural order=1
2. wp =1

3. w2

4. w1 =1/2

5. wy = 1/3

The cases w| ~ 1, wy ~ 2 and w] =~ 1/2, if properly treated, would have added a secular term
to the Equation (3.14), removed a secular term from Equation (3.15), and hence Equation (3.16)

would need to be adjusted.
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3.3.2 Superharmonic Case at Order 3 at O(¢?)

In our paper, we specifically focus on the superharmonic resonance case at w; ~ 1/3. In the time
domain, this means that Q ~ w/3, where w, is the lowest oscillatory modal frequency. As we
follow the same steps in [26] and [29], we obtain the solvability condition for superharmanic case

from Equation (3.16), using 3wy = 1 + €0, as

3
—2iDy(A}) - {D\(A}) - DA - nge"ﬁjeiffflﬂo +2i% )" Di(A) =0 (3.17)
k=1
From the Equation (3.14),

3
1
DiAj = ——A + Eze2 Z Ay + —lKv
k=1

We computed the D%A ;j equation by differentiating the expression of DjA;. Inserting the

undifferentiated D1 A; equation into it, to obtain

Inserting the equation above into the Equation (3.17), we end up with the D, A; equation as

3
1 1 Joiroeni (2.4 ]
DzAj = (——l{ - glKV )A - ZZKL J 0 Sle + ZZKV - _{ ];Ak (3.18)

For the purpose of obtaining an expression for A;, solvability condition equations D1 A; and
Dy A need to be solved together. We recombine the ¢ and ¢/, ¥ scales in a process. This process
is called as “reconstitution” [26] and [29]. The reconstitution equation is

dA;

J _ DA
2y = D+ Do (3.19)

After D1Aj and DA equations are inserted into the Equation (3.19), we obtain the reconstituted

differential equation as
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] 2
i i) 4l 2| N @jroed)
8 | 8(1—4w%)

k=1
(3.20)
We look for a solution in the Cartesian coordinate form A = (X + iY )e(i“‘/’O).
F: o
A; and A; = +Oel¢l equations are inserted into the Equation (3.20), and each side of
/ T 2(1-wd)

equation divided by ¢U7€0)  Then we split the equation into real and imaginary parts. After

simplification, we obtain

Real part:
3 3
Xj=2Xj+2 ) Xp+23Y) +24 ) Vi + 25005(2¢)) (3.21)
k=1 k=1
Imaginary part:
3 3
Yj=-23X;—24 ) Xp+21¥j + 22 ) Vi + 255in(26) (3.22)
k=1 k=1

where z1, 2, 23, 24, 25 can be found in the Appendix C.1. For steady state behavior, X 7 = 0and

1.
Y; = 0. We can find a polar form A; = Ea je’ﬁ by using X; and Y;. Then the response amplitude is

i .= 2 2
givenasa; = 2,/XJ. +Yj.

3.4 Results

In this section, we analyze the second-order superharmonic resonance behavior for tuned and
mistuned blades. Table 3.1 lists the frequency ratios at which resonances have been identified by
first or second-order method of multiple scales expansion. As seen in Table 3.1, second-order

perturbation analysis reveals the superharmonic resonances at order 3 for tuned and mistuned case.
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Table 3.1: Resonance Chart. R;: Resonance identified at first-order of MMS expansion. Rj:
Resonance identified at second-order of MMS expansion. —: Known resonance case/ Instability
not uncovered up to two orders of expansion

’ Forcing (wy) \ Tuned \ Mistuned ‘

1 Ry Ry
2 Ry Ry
2/3 - -
1/2 Ry Ry
1/3 Ry Ry

3.4.1 Tuned Blade Case (x, = 0)

Here, we assume that there is no mistuning on the turbine blades (va = 0). Then the magnitude of

steady state response amplitude a is the same for each blade, and is given as

i E
= J | = < (3.23)
2
242 242 2 2
\/Ef +(60'+68{) \/{T+(o-+6§)
here E = |E;| = A ing A I for all j
where E = |E;| = , noting A ; are equal for all ;.
718(1 - 2) /
For convenience, we defined A i = —2 SO E and A become as
8(1 — 4w )
F.
E = |Ej| = %1 - S (3.24)
16(1 — a)l)(l - 4a)l)
From Equation (3.23), we obtain a4 and 07,4y as
2¢E; el
Amax = 7 / Omax = _% (3.25)

Figure 3.2 demonstrates a numerical plot for all three blade amplitudes with respect to detuning

parameter. It states that three of the blade amplitudes are same because of the symmetry. For same
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K,=0

— a1
a2
a3

Amplitude
N

-0.2 -0.1 0.0 0.1 0.2

Figure 3.2: Steady state superharmonic resonance response amplitudes versus detuning parameter
fore =0.2,k =0.1, 1] =10, ¢ =0, € = 0.1, £ = 0.005 (al: first blade, a2: second blade, a3:
third blade)

set of parameters that are used for plot give a;qax = 4 at oo = 0.000375 from the Equation (3.25).
These values are consistent with the maximum value in Figure 3.2.

Amplitude versus frequency plots are shown in Figure 3.3 and Figure 3.4. When ¢ decreases
the resonance amplitude get sharpened and when |Ak| increases amplitude increases as well, where

A is defined in the Appendix C.1. In all figures, damping factor act as £ which is £ = %

3.4.2 Mistuned Blade Case (x, # 0)

In this section we apply mistuning «, to a single blade and observe its effect on the amplitudes of
the three blades. Figure 3.5 presents the amplitudes of each blade for a specific set of parameters
as k, varies.

For the symmetric case when «, = 0, all blades have the same amplitude. When «, is very
small, amplitudes are significantly affected. As seen from the plot, when mistuning grows, the
third blade (mistuned blade) amplitude decreases. The second blade’s amplitude, with very small

mistuning, gets larger than in the symmetric case. For various values of mistuning parameter «,, the
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decreasing { — £=0.005

£=0.01
. =0.03

Amplitude
N

-0.06 -0.04 -0.02 0.00 0.02 0.04 0.06
o

Figure 3.3: Steady state superharmonic resonance response amplitudes versus frequency foré = 0.2,
k=0.1,|1 =10, ¢ =0, e = 0.1, £ = 0.005,0.01,0.03

35¢
301
251
o increasing Ak — Ak=1
3 201
é— Ak=2
< 450 — Ak=3
10}
5 L
0 I I
-0.04 -0.02 0.00 0.02 0.04

o

Figure 3.4: Steady state superharmonic resonance response amplitudes versus frequency foré = 0.2,
$»=0,e=0.1,=0.005 1k =1,2,3

superharmonic resonance amplitude changes with respect to detuning parameter o, as illustrated
in Figure 3.6, Figure 3.7, Figure 3.8 and Figure 3.9. The single resonance peak which is seen in
Figure 3.2 is split up by mistuning which can be seen on mistuned case plots. Comparing to the

symmetric case amplitude in Figure 3.2 and mistuned case amplitude for x,, = 0.006 in Figure 3.6,
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the resonance amplitude for one blade is increased for the same set of parameters, while the other
blade amplitudes have decreased. This points to the possibility of vibration localization.

5

a2

Amplitude

0.00 0.05 0.10 0.15 0.20
kV

Figure 3.5: Steady state superharmonic resonance response amplitudes versus elastic stiffness
mistuning parameter k, for ¢ = 0.2, k = 0.1, |1 =1, ¢ =0, € = 0.1, { = 0.005, o = 0 (al: first
blade, a2: second blade, a3: third blade)

3.5 Remaining Task

We expect that constant load can cause superharmonic resonance which was not revealed on
first-order perturbation analysis. Here, we apply second-order perturbation analysis focusing on

constant loading.

3.5.1 Superharmonic Case at Order 2 at O(¢)

As a second case where w; =~ 1/2 is studied at order of O(e). The superharmonic solvability
condition at order 2 for Equation (3.13) is obtained by cancelling the coefficient of secular terms
%0 and ¢2“1%0 out.

3

. . R I, id: i
—2iD{Aj - (iA; - &2 Z Ag — vaAj + EZKAje"pJemE'pO =0 (3.26)
k=1
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K, =0.006

w

— a1
a2
a3

Amplitude
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0 n L 1 L n
-0.15 -0.10 -0.05 0.00 0.05 0.10 0.15
o

Figure 3.6: Steady state superharmonic resonance response amplitudes versus detuning parameter
fore =02,k =0.1, |[1] =10, ¢ =0, € = 0.1, £ = 0.005 (al: first blade, a2: second blade, a3:
third blade)

After we remove the terms that Equation (3.26) have from Equation (3.13), rest of the equation

is solved to get the particular solution. Equation (3.13) becomes

0; . . .
Disji +sj1 = =+ Pie1%0 4 R;el@17D00 4 8,011t 0 1 c.c. (3.27)

bix . o, s 0
where Q; = —ie' %I A +ike UiNj—ky;Fj. Py = SFne-(hjw-Ze iF+@ B oAy

K

R]— 26 JAj, Sj__ie JAj

Solving the Equation (3.27) to find the s;;

sj1 = % + U 1% 1 Vil @1= W0 4w el@r+ o 4 cc. (3.28)
Pj Ry _ 5j

where U; = , Vie—— 4 wim——— %
T T e =12 T = (w +1)2
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K,=0.1

K] — a1l
2
3 2f a2
3
< ‘ a3

—

0.2 0.3

NA

o

-0.2 -0.1 0.0

Figure 3.7: Steady state superharmonic resonance response amplitudes versus detuning parameter
fore =0.2,k =0.1, 1] =10, ¢ =0, € = 0.1, £ = 0.005 (al: first blade, a2: second blade, a3:

third blade)

Inserting the Equations (3.12) and (3.28) into Equation (3.11) gives us

Q] + Ujeiu)llﬁo + Vjei(a)]—l)l/lo

D3sjp +sj3 = —D3(A))eV0 = 2iD;(A)eY0 — ;D1 (A})e™0 + va( >
+Wjei(w1+1)¢0 + c.c) - (iwlUjeiwllpO +i(w) — I)Vjei(wl_])‘m +i(w) + l)Wjei(w1+1)¢0 + C.C.)
—% (Kei¢jei‘//0w1 + c.c) (% + Ujeiwlw() + Vjei(wl_l)‘/’() + Wjei(“’1+1)'//0 + C.C.)

+é2 Zz 1 (—(a)l - 1)2Vkel(w1_1)w0 —(wy + 1)2Wkel(w1+1)l”0 - a)%Ukelwle + 2iD1Ake“”0)

[ixw1-1¢?iDy 4, Ji@=Dg; ix(w;+)e'?I Dy A g | L
2(1—(wy-1)2) 2(1—(w+1)2) '

(3.29)

Examining the Equation (3.29) for the superharmonic case at order 2, we arrive at the following

resonance cases:
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3t ﬂ K,=0.25

‘~ — ail
a2
a3

Amplitude
N

-0.2 -0.1 0.0 0.1 0.2 0.3
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Figure 3.8: Steady state superharmonic resonance response amplitudes versus detuning parameter
fore =0.2,k =0.1, 1] =10, ¢ =0, € = 0.1, £ = 0.005 (al: first blade, a2: second blade, a3:
third blade)

1. No specific relation between w1 and the natural order=1

4. w; =~ 1/2

If we redo the analyses for w1 = 1 and w| = 2 cases properly, Equation (3.29) will need to be

adjusted.

3.5.2 Superharmonic Case at Order 2 at O(e?)

We will focus on specifically superharmonic resonance case at order 2 for second expansion. As
we follow the same steps in Section 3.3.2, we receive the solvability condition for superharmonic

case from Equation (3.29), using 2w = 1 + €0, as
K b 3
~2iDyA; — {DjAj - D3A; — EUje”’b 70 +2i% ) Dy(Ay) (3.30)

k=1
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Figure 3.9: Steady state superharmonic resonance response amplitudes versus detuning parameter
fore =0.2,k =0.1, 1] =10, ¢ =0, € = 0.1, £ = 0.005 (al: first blade, a2: second blade, a3:

third blade)

From the Equation (3.26),
4 1 3 1 1 i
_ ) o) . . PRI 1
DiAj=—354j+3ie k; Ak + Sk Aj + 7k je Je'7€V0 (3.31)

Using Equation (3.31), D%A j is derived as

“’2 3 lKv .

¢
D%Aj 2D1A + 5 ZDIAk
k=1

Inserting the D%A j and DjA; expressions into the Equation (3.30), then we obtain the DyA;

equation as

9 ~
DyAj = (——l{ - lKV )A + (§w~4 + —lKv - _4«82) Z Ap + —(lg’ — Ky )e ¢Jezo-e¢0

J20) o ibG L 2n i20) 3
ikFje ™" {ml\]wle I ik“Fje ") Kea) JZ )10'51,00

3e K
A, i) Jicewg) ( _
Z ke 81-w?)  81-wd) 16(1-w?) 8(1-w

(3.32)
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Solvability conditions D1A; and DyA; will be solved together to determine the A; equation.

Recombining the time scales (Y1, ¥, ¥/3) in process allow us to determine the reconstitution.

dA; )
—_— = EDlAj + € D2Aj (3.33)

dys
Equations D1 A; and Dy A; are inserted into the Equation (3.33) to get the reconstituted differ-

ential equation as

dA, I 55 I Ty
Pi_ (4 L2 L A+ Lenef®igioeno) 4 &2
—e( A+ 5ie ZlAk+2lKVjAJ +4KA]€ Te 0)+e

1, 1.,
dy 2 ( g'¢ S’KVJ')AJ

A . . .
+(gl€4 + 4lKV &2 2{ ) 23:1 Ay + K1—6](i{ - va)el¢1e’069”0 + 26K 36 K Z Ake("f’k)e”ff’»”o
ikF; j1e 2¢j {iKAjwlei¢j iKsz€i2¢j K€20.)2€ ¢] Z io'flﬁo
8(1-w?) 8(1-w?) 16(1-w?)  8(1-w?
(3.34)

F. .
Lewl terms are inserted into Equation (3.34) and later
_ 2
2(1 - wy)
dA; .
W equation is divided by ¢'“€¥0. Subsequently, we find out real and imaginary parts as
Real part:

A = (X +i7)el7V0) and A; =

3 3 3
Xj = C1Xj+Cy ) X+ C3Y; +Cy ) Y+ Cs008(8) ) Xy + Co sin(2¢) + C7 cos(2¢)
k=1 k=1 k=1

3
+Cy Z cos(2¢y) (3.35)
k=1

Imaginary part:

3 3 3
Yj = —C3Xj - C4 Z X + Cle + C2 Z Y, + C5 sin(¢j) Z Xy — C6 COS(2¢j) + C7 sin(2¢>j)
k=1 k:l k:l

3
+Cy Z sin(2¢;) (3.36)
k=1

where Cy, Cy, C3, Cy, C5, Cg, C7, Cg can be found in the Appendix C.2.1.
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X ; and Y] are expressed in matrix form as

5[_|a 6l , | G2+ Cscos24)) Cy St X
Yi| [-C3 Ci|Y; —C4 Cy + Cscos(20))| | Z3_, %

Ce sin(2¢) + C7 cos(2¢;) + Cg 22:1 cos(2¢y)
—Cgcos(2¢;) + C7sin(2¢;) + Cg Zi:l sin(2¢y,).

Specifically for the tuned case, letting Ky; = 0, Equations (3.35) and (3.35) becomes

Real part:
3 3 3
X] = T1Xj + 75 Z X + T3Yj + Ty Z Y, + T5 COS(¢j) Z X + T6 sin(2¢j) + 15 COS(2¢J')
k=1 k=1 k=1
3
+ Ty Z cos(2¢y) (3.37)
k=1
Imaginary part:
3 3 3
Y = -T3X; - Ty Z X; +TiY; + T Z Yi + T sin(¢)) Z X; — Tg cos(2¢) + Ty sin(2¢ ;)
kzl k:l k:l

3
+ Ty Z sin(2¢;) (3.38)
k=1

where T, T, T3, T4, Ts, Tg, T7, Tg can be found in the Appendix C.2.2

X jand Y] are represented in matrix form as

Xj Iy T3] |X; . T +T;5 COS(2¢J') Ty 22:1 X

Y; -7 T1||Y; ~Ty Ty + Tscos(2¢))| | X3 _, %

Tesin(2¢;) + T7 cos(2¢;) + Tg Zizl(cos 2¢1)

—Tg cos(2¢;) + T7sin(2¢ ;) + Zg Zzzl(sin 2¢1)
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Magnitude of steady state response amplitude will be found and amplitude versus frequency
plots will be obtained for superharmonic resonance case at order 2. Moreover, we would like
to perform numerical simulations to validate the analytical results on the both superharmonic

resonances at order 2 and 3.

3.6 Conclusions

In-plane vibration of a coupled three-blade wind turbines were studied. Equations of motion
were derived previously. After decoupling the blade equations, a second-order pertubation analysis
was applied on both tuned and mistuned three-blade wind turbines.

The analysis brought out the superharmanic resonances at one-third natural frequency. This
resonance case could not captured with a first-order method of multiple scales analysis. With
mistuning, the superharmonic resonance splits a single resonance peak on the tuned case into
multiple resonance peaks. For steady-state superharmonic resonance response, amplitude inceases
while damping factor ¢ decreases. On the other hand, the response amplitude gets larger when | k]|
grows. Observation of mistuning indicates that amplitude of one blade increases compared to the
tuned system for 0 < «, < 0.03.

Ongoing and future work will address a formulation of the resulting dynamics of the rotor,
and the effects of constant loading. Steady state response amplitude will be determenined for
superharmonic case at order two and will do numerical simulation to confirm analytical solutions at
order two and three. For dynamical interest, we can study the primary and subharmonic resonances

as well. The effect of nonlinearity on the resonances is also of interest.
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CHAPTER 4

APPROXIMATE GENERAL RESPONSES OF TUNED AND MISTUNED
4-DEGREE-OF-FREEDOM SYSTEMS WITH PARAMETRIC STIFFNESS

4.1 Introduction

We have studied systems with cyclic stiffness and direct excitation. When linearized, these
systems have transient and steady-state solutions. We have focused on steady-state behavior with
the perturbation analyses. We can consider the transient behavior as the response to the system with
cyclic stiffness, but without the direct forcing. To this end, we consider a Floquet-based approach
to multi-degree-of-freedom linear systems with cyclic stiffness.

In this work, general solutions to Mathieu-type multi-degree-of-freedom systems of the form
Mi + K(t)x =0, 4.1

are examined in detail, where x is a d X 1 vector of coordinate displacements, where d is the number
of degrees of freedom, and M and K(¢) are the mass and time-varying stiffness matrices.

A general initial condition response as well as the stability characteristics of the system is
sought. Intending to produce that result, in place of assuming a periodic solution, a Floquet-type

solution is assumed as

n

(r) — piurt Z (r) Jikwt

xj/=efr cj’ke , 4.2)
k=—n

where the index r distinguishes between 2d independent Floquet solution terms for a d-degree-

of-freedom system, j presents coordinates and k refers harmonics. As following up the work on

approximate general response of symmetric two and three DOF sytems with parametric stiffness,

the assumed solution is plugged into the equations of motion, and by applying harmonic balance,

the characteristic exponents, u, and associated Fourier coefficients, cr ), are determined. Then, by
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using a procedure that is similar to the one used in [32], the response to an arbitrary initial condition

can be determined by considering a linear combination of the x .

4.2 Analysis

The response analysis procedure can be explained by studying on example MDOF systems,
namely tuned and mistuned 4DOF systems. So as to achieve the goal, a mass-spring chain as

shown in Figure 4.1, with periodic stiffness is studied.

|_’X = X1

kz(t) — X2

m;

K

K3(t) —X3

M mg3

K4 (t)

my

—>x4

Figure 4.1: A four DOF spring-mass chain.

The equations of motion are

BX+(B+y+e)X—(1+5cos[wt + z?ﬂ])xz — (1 + 6 cos[wt + 4%]))@ —(1+e+ocos[wt])xy =0
. 2n
X5 + (1 + d cos[wt + ?])(xz -X)=0
. 4r
X3 + (1 + 6 cos[wt + ?])(x3 -X)=0
X3+ (1 + €+ dcos[wt])(x4 — X) =0. 4.3)
where my = m3 =my =1, M = Bmy, K =y and k;(t) = (1 + ¢ + 0 cos[wt + (27/3)(i)]), where
i =234, e =€ =0and ¢ = €. For specific parameter values, the eigenvalues are plotted as a

function of stiffness mistuning parameter (€) as shown in Figure 4.2. When ¢ = 0 and the system

is tuned (e = 0) modal frequencies are w| = 0.3047, wy = 1, w3 = 1 and w4 = 2.075. Figure
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4.3 shows both tuned (¢ = 0) and mistuned systems space (¢ = 1) mode shapes in same plot to

demonstrate the effect of detuning parameter on the mode shapes.

3.5F

3.0

2.5}
S
< 2.0} i — et
= 2
% 1.5} ; e
w4 ot e3

) — e4

0.5}

0.0} _

0 1 3 4

Figure 4.2: Eigenvalues versus stiffness mistuning parameter € for 6 = 0, w = 1.6, my = m3 =
mg=B=1,v=04

Masses

Figure 4.3: Mode shapes of the tuned (e = 0) and mistuned (e = 1) systems
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4.2.1 Tuned Four-Degree-of-Freedom Example

Following the reference [32], the response is found by assuming a Floquet type solution with
finite harmonics, as given in Equation (4.2) and inserting into the system equations of motion.

Particularly, in this model, we seek for

n

x1(t) = eH Z cl,keikwt

k=-n
. n .
X2(l‘) = elﬂt Z Cz’kelkwt
k=-n
. n .
)C3(t) = elﬂt Z C3’k€lkwt
k=-n
. n .
x4(t) = M Z C4,kelk“”.
k=-n

Governing equations for ¢; ¢ ’s are determined by using harmonic balance and writing the harmonic

balance equation in matrix form,
Al A Az Aul| e
Az Ap Axz Apul| e2

“4.4)
A3z1 Az A3z Aszgl|| ¢3

>
iy}
I
Il
S o o o

[A41 Ag A4z A\ ¢4

wherec; =[cjp...cj_1 ¢jo ¢j1--- Cj’n]T, and A;;’s correspond to (2n + 1) X (2n + 1) block
matrices.

The determinant of the coefficient matrix, A(u), must be equal to zero to own a nonzero ¢
solution. We can find the characteristic equation for y in terms of ¢, y, w and m; = mpy = m3 = S5.
Then, for each u, we can obtain the ¢ vector, by solving A(u)c = 0. The characteristic equation
produce roots (4, where g is from 1 to 2d(2n + 1) and d is number of degrees of freedom, n is
the number of assumed harmonics. Nevertheless, there are essentially 2d principal roots, and the
other y’s are linked to the principal roots by the relation gy = fi, + kwi. Since the corresponding
iurteikan

exponential part can be written as e and the second part can be inserted into the periodic

part, it is observed that these roots do not conduce to extra solutions.
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As following up the work on 2-DOF and 3-DOF mass-spring chain examples [32], ugs are
plugged into the coefficient matrix, then null space of A(ug) provides the solution of c@g.

The idea about the stability and the frequency subject of the solution can be obtained by the
roots of the characteristic equation. Even if only one of the roots has a negative imaginary part, the
solution will grow unstable because of the exponential part. If all roots have a positive imaginary
part, the solution is bounded. Particularly, if the roots are real, the solution is either periodic or
quasi-periodic. In Figure 4.4, the stability regions for the 4DOF mass-spring chain are drawn by
evaluating the imaginary parts of the characteristic roots fory = 1, § = 1.

The frequency values can be determined with combination of the exponential and the periodic
parts of the frequencies as |Re(u,) + kw|. In 4DOF system, there are eight principal characteristic

roots and the general response solution is written in terms of "modal components" as

arx’ (1), 4.5)

M

x(t) =
r=1
where -
(r)
g
Ne

x' = 4.6)
Ne

(r)
4]
a;’s are to be determined from the initial conditions. Arbitrary initial conditions can be defined as

a class of linear equations in terms of the constants a,, as

xo| _ x0) ... x80) : )
io| (210 ... #Bo||
ag

e T i
As stated the in previous study [32], the initial condition [xo xo] = [xs 0" x%(0) ] results
in ag = 1 and a,%5 = 0. Consequently, the different modal functions can be obtained if a scalar

multiple of each column can be used as an initial condition. Accordingly, the response can be
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determined as the same linear combination of the corresponding modal functions by writing an

c . . . o . T,
initial condition as a linear combination of [xs o7 x* (O)T] S.

1 2 3 4
w

Figure 4.4: Stability regions for the tuned 4 DOF mass-spring chain forn =2, =1andy = 0.4

The response frequency is a combination of frequencies of the exponential and periodic parts
as |Re(ur) = kw|. For a set of parameters, the response frequencies as a function of excitation
frequency are given in Figure 4.5 for one harmonic. Two frequency branches collide and constitute
one branch with variations in w. This collisions stand for stability transitions. Also, the branches
are overlap because of the repeated frequencies on the tuned case. The top branch does not merge
with any branch in Figure 4.5. We can predict to see more branches in response frequencies plot
with higher harmonics, thus the top branch can collide.

The 4DOF spring-mass chain was studied with n = 2 harmonics, for various sets of parameters
and initial conditions. The results were compared to those determined from a numerical work, and
the initial condition response and FFT plots were given in Figure 4.6 and Figure 4.7 for 6 = 0.2

and in Figure 4.8 and Figure 4.9 for 6 = 0.6.
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Figure 4.5: Response frequencies plot as a function of excitation frequency with parameters n = 1,
€e=0,y=04,8=1and o =0.6.

4.2.2 Mistuned Four-Degree-of-Freedom Example

Instead of assuming a perfectly tuned model, the stiffness term k4(¢) is assumed to have a variation
€, such that k4(¢) = (1 + € + 6 cos[wt + (27)]).

Following up the work on tuned system, general solution Equation (4.2) is inserted into Equa-
tion (4.3) and same steps are applied. Then, characteristic exponents and corresponding eigenvec-
tors are obtained. The stability wedges of the 4DOF system are plotted by examining the imaginary
parts of the characteristic exponents for one harmonic and y = 0.4, 8 = 1, € = 0.2 in Figure 4.10
and for two harmonics and y = 0.4, 8 =1, € = 1 in Figure 4.11.

Figure 4.12 shows the response frequencies as function of w for mistuned system. Repsonse
frequency plots look very similar for tuned and mistuned cases, but we can get some fine details, the
places where repeated frequency components are split up little bit. Symmetry breaking seperates
repeated frequencies and combination of frequencies get little bit more complicated on detuned
case.

FFT plots and the initial condition responses were found assuming n = 2 harmonics and
detuning term € = (.2, for different sets of parameters, and were compared to those obtained from

a numerical study, as given in Figures 4.13 and 4.14 for 6 = 0.2 and Figures 4.15 and 4.16 for
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andx(0)=[1 1 1 1]

0 =0.6.

4.3 Discussion

The instability wedges in Figure 4.4 may be based at w = (w; + w;)/N, where N is a positive
integer. In the tuned 4DOF system for 8 = 1 and y = 0.4, the 6 = 0 natural frequencies were
w1 = 0.3047, wy = w3 =1 and wg = 2.075. We observe the two main subharmonic instability
wedges starting at frequencies w = wy +w3 = 2, w = w1 +wy3 = 1.305and w = wy3+wy4 = 3.07.
Additionally, if there is a wedge at 2w, = 4.15, it is not in the domain of Figure 4.4. Some primary
and superharmonic wedges originate at frequencies that fit into the pattern, such as wy = w3 =1,
(w1 + w)/2 = (W] + w3)/2 = 0.65, w; = 0.304, (Wr + wy)/2 = (W3 + wWy4)/2 = 1.537 and
w4/2 = 1.035. Simulations were done for different parameter values to confirm the compatibility.

For instance, at 6 = 0.8 and w = 1.1 the simulation was unstable, although at w = 1.6 the simulation
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Figure 4.7: FFT plots forn =2, w =0.75,6 =02,e =0,y =04,x(0)=[0 0 O O]T and
¥0)=[1 1 1 177,
was stable, in agreement with the stability region in Figure 4.4. A spurious instability feature near
w = 0.15 was displayed in Figure 4.4. Similar trends were observed from simulations of the
four-DOF system with different values of y which is not shown here.

The detuned 4DOF system for € = 1, § = 1 and v = 0.4, the natural frequencies were
w1 = 0.3065, wy = 1 w3z = 1.206 and wg = 2.4188. We see the wedges at 2w = 0.604,
2y = 2,2w3 = 2.41, w1 + wy = 1.306, w1 + w3 = 1.512, wy + w3 = 2.206, wy + wy = 3.418,
w1 +wyg =2.713, w3+ w4 = 3.616 and 2w, = 4.84 showing the subharmonic instabilities of each
“mode". Some primary and superharmonic wedges are also based at frequencies which match the
pattern, such as wy = 1, w3z = 1.206, wy = 2.418, (wy + w3)/2 = 1.103, (w] + wy)/2 = 0.605,
(w1 +wyg)/2 = 1.36, (W] + w3)/2 = 0.751, (wy + wy)/2 = 1.712 and (w3 + w4)/2 = 1.81. In

Table 4.1, some instability wedges for tuned case with one harmonic and mistuned blade case with
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Figure 4.8: Response plots forn =2, w = 0.75,§ =0.6,e =0,y =04, x(0)=[0 0 O O]T
andx©0)=[1 1 1 1]7.

one and two harmonics were demonstrated. Comparing the tuned and mistuned stability plots, the
mistuned system has many more instability wedges, and generally depicts a greater tendency to
destabilize.

According to the Floquet solution, which involves a linear combination of terms ¢'“! p(¢), it is
clear that initial conditions can be specified such that only one of the these terms is active. In this
respect, we name them “modal responses". Analytical and numerical free responses are pointed out
in Figures 4.13-4.16, for n = 2, for the chosen parameters and initial conditions. The time responses
showed good agreement. Around 8-10 response harmonics were predicted, mostly accurately, with
a couple instances of low amplitude spurious harmonics. Some higher frequency harmonics were
not captured analytically with n = 2.

The work shown here involves the solution to a nonstandard eigenvalue problem in the form
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Figure 4.9: FFT plots forn =2, w =0.75,6 =0.6,e =0,y =04, x(0)=[0 0 O O]T and
¥0)=[1 1 1 177,

of Equation (4.4) in which matrix A has elements with ,Ltz terms. The characteristic equation is
polynomial of degree 2d(2n + 1) in u. As the number of harmonics, n, increases there may be
computational limits on finding symbolic solutions for the u. Despite this, n = 2 harmonics were

able to effectively predict the response for the systems studied in this study.
4.4 Conclusions

General responses of a 4 DOF mass-spring system with parametric excitation were studied.
Assuming a Floquet-type solution, and applying the harmonic balance method, the frequency
content and stability of the solution were found. Later, the analysis was extended to a system
with mistuned parameters, and the effect of symmetry breaking on system response was studied.
In addition, the time response and FFT plots were produced for various parameters and initial

conditions in the both tuned and mistuned case. Then, analytical results were confirmed by
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Figure 4.11: Stability plot for the mistuned 4 DOF system forn =2,e =1,8=1andy = 0.4

numerical simulations. In future work, this method will be applied on mistuned three-blade wind

turbine models to find the response characteristics.
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Table 4.1: Primary, superharmonic and subharmonic instability wedges based at —g— for tuned
and mistuned cases
Primary Superharmonic Subharmonic
Tuned Case (1 + ). (@] +w3)
(I’L = 2, € = 0) wl w1+w2 0.)1+0.)3 1 2)s 1 3
“2 - i (w2 +w3), (w2 +wy)
w1 =0.3047, w3 =1, w3 wy+wy w3+wy wy ’
wyq = 2.075 2 ) (w3 + ws), 2wy
Mistuned Case 2wi, 2wy, 203 2w4
n=2e=1 w wl+w wi+w wH+w
( ) wi =2, 523, 52 (wi+w), (0 +w3)
wy = 0.3065, wy =1, Wy w3+wy w]+wy wy+w3
w3 = 1.206, wy = 2.4188 T g | (@atws), (o)
(w3 +wyg), (w1 +wy)
Mistuned Case o w1, 2w, 203, 2wy
n=1e=0.2 1 wi+w wi+w wHr+w
( ) wy 12 2’ 12 3, 2794 (W] +wr), (W] +w3)
w3
w1 = 03053’ wy = 19 w3+w4 w2+w3 Wy
w3 = 1.059, wy = 2.1400 | ¥4 i (W2 +w3), (w2 +wy)
(w3 +wy), (W] + wy)
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CHAPTER 5

ONGOING WORK

5.1 Parametric Identification of The Mathieu Equation with a Constant
Load

5.1.1 Introduction and Objective

Studies on parametrically excited systems have many applications, including ship dynamics, wind-
turbine-blade vibration, and micro resonators. This study regards a linear Mathieu equation with a
constant force term:

g +2euqg + (w2 + €y cos Qt)qg = Fy (5.1)

The wind turbine blade models include cyclic stiffness and constant-plus-cyclic direct loading,
in the form of a forced Mathieu equation. It would be interesting to consider parameter estimation in
the Mathieu system. The unforced, damped Mathieu system has a zero solution that is either stable
or unstable, while the forced Mathieu systems have non-zero steady-state oscillations, which can
be stable or unstable. We consider exploiting the steady-state response of a forced Mathieu system
to estimate the parameters, namely the strength of parametric excitation, damping, and excitation
level. Much attention has been given to the response and stability analysis of the Mathieu equation,
for example by perturbation techniques such as the method of multiple scales. In this work we aim

to estimate parameters y, y and Fy from responses.

5.1.2 Background

The solution of the fored linear Mathieu equation can be expressed as a sum of homogeneous and
particular solutions, given as g = g, + qp, where g, satisfies g, + 2euqy, + (a)2 +eycosQt)g, =0
and g satisfies Gp + 2euqp + (w? + ey cos Qt)qp = Fy. From the Floquet theory, the g term

has the various instabilities that originate due to parametric excitation. The g, part has been
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Figure 5.1: Amplitudes of simulated responses of Equation (5.1) showing primary and super-
harmonic resonances and an unstable response at subharmonic resonance due to increase of the
parametric forcing amplitude; € = 0.1, u = 0.25, Fyy = 2. Different curves depict y = 0.5 and 1.
(Figure taken from [1]).

approximated by perturbation techniques, and can have resonance conditions as well as instabilities
[1]. Figure 5.1 shows steady-state forced-response amplitudes as a function of the parametric
frequency Q, and illustrates that the system of Equation (5.1) can have primary and secondary
resonances and instabilities.

In [1], a second-order multiple scales analysis was applied to find expressions for response
amplitudes at primary and superharmonic resonance conditions as a function of system parameters.
Perturbation analysis is “valid" for “small" €. Predictions deteriorate when ey becomes “large".

Special steady-state solutions are approximated below.

1. Low frequency limit: a quasi-static approximation is made by letting ¢ = 0 and § = 0 in
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Equation (5.1) and solving for g:

F F F
q=— 0 = 02 - 02 €y cos Qt
wp” +€eycosQt  wy W

. . . . .. _ K
which oscillates with a mean, maximum, and minimum values of § = 02 ,
Wn
. Fo . _ o
dmax = 3 > Amin = 3 .
wp- — €y wp*© + €y

2. Superharmonic resonance of order 2: If Q = w,, /2, then the response is

Fy
2

EF()’)/
wp(wy —

+ acos(2Qt — ¢) + % cos(Qt) + 0(62)

Wp

EF()’)/2

po,

with a peak value of a as amax; =

3. Primary resonance: If ) = w,, then the response is

F eyacos |(wp + Q)t +
q= - +acos(Q — @) + Y [wn + ) ﬁ]+ﬂcos(eo-t+,8)
wn? 2(Q2 + 2w, Q) w?
K
with a peak value of as amax, = L’;
2uw;,

5.1.3 Parameter Estimation Procedure

We follow an idea by Nayfeh [62], in which expressions for resonant responses and bifurcation
points from perturbation analyses were compared to simulated or experimental measurements of

these events in order to estimate parameters in a differential equation model. We do as follows.

1. We estimate w,, from the peaks of a frequency sweep such as that in Figure 5.1.
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Figure 5.2: Example calculation with the superharmonic resonance

2. We excite superharmonic resonance at Q ~ w;, /2,

x = X§ + X cos (wnt + B) + Xls/2 cos (FL1),

F eFyy? 4Fye
where X = —g, X3 = amaxg = Lys, f/z - 0¥
w;, 3uwy, 3wy,

at the peak response, and we obtain values of X3, X f and X f P with the help of a fast Fourier

transform (FFT) as seen in Figure 5.2.

. We excite primary resonance at Q ~ wy,

X = Xg + Xfcos(wnt + B)
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F F
where Xg = —O, XP = apgx, = oY at the peak. We find the values of X? and X?
2 1 4 2 uw3 0 1
Wy MWy

using the FFT plots as shown in Figure 5.3.

The values of Xg and Xg give us F{. Figure 5.4 shows the estimated force compared to true

X] 2
values of Fyy with respect to different y values. From —}7 = —); we extract the value of €y.
X, 3wy
. : , Fy(ey)® : : .
Next, ey is inserted into the expression Xls = w to obtain eu. Damping ratio is also
€)Wy,

found from 2{w;,, = 2ep as { = ﬂ.
wWn

5.1.4 Results and Discussion

We simulated responses with w, = 1, u = 0.5, € = 0.1, and Fy = 2, and various values of y. We

estimated parameters by comparing resonant amplitudes to their analytical expressions. Figure 5.5
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Figure 5.4: Estimated force F

demonstrates the estimation of y and u (8 is plotted) for various true values of y.
The perturbation solution degrades as ey increases, but we see good estimates of y within a
limited range. Damping u is estimated within about 25%. Damping can be difficult to obtain

accurately in vibration systems.

5.1.5 Proposed Work

We estimated parameters in a linear parametrically excited vibration system. Accuracy depends on
the asymptotics of perturbation solutions which underlie the approach. Future work can involve
sensitivity analysis, error analysis, and experiments. Also, this approach can be formulated for the
case of

G+ 2euqg + (w2 + ey cosQt)g = F sinQt

Then, we can combine(superpose) for case of F + Fj sin Qf , as wind-turbine models.
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5.2
tion

5.2.1 Introduction

Our interest in studying the in-plane dynamics of wind turbine blade directs us to this study. There
has been various reseach on parametrically excited systems that suits specific minor variations of
the Mathieu equation. Newman et al. [63] studied dynamics of a nonlinear parametrically excited
partial differential equation. Bifurcations in a Mathieu equation with cubic nonlineraties were
analyzed in [64] and stability analysis of a parametrically excited rotating system was done in
[65]. Frequency locking in a forced Mathieu-van der Pol-Duffing system was studied by Pandey
et al. [66] and bifurcation of subharmonic resonances in the Mathieu equation was analyzed in
[67]. Higher-order perturbation analysis [68] and Floquet theory with harmonic balance solution

[34] have been applied to study the stability wedges of the Mathieu equation. Since the Mathieu
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equation aligns well with higher-order multiple scales analysis to figure out stability characteristics
out, we work with second-order method of multiple scales.

In this work, we look for superharmonic resonance at order three for the nonlinear Mathieu sys-
tem with hard forcing by applying a second-order perturbation expansion. Sayed et al. [27] applied
higher-order expansions to analyse stability and response of a nonlinear dynamical system. On the
other hand, Romero et al. [69] employed different scaling techniques to analyze the quasiperiodic

damped Mathieu equation.

5.2.2 A Nonlinear Mathieu Equation with Hard Excitation

In this analysis, we consider hard excitation, i.e. direct forcing F which is of order 1. The equation

with nonlinearity is
g +2euqg + (w2 + ey cos Qt)g + eaq3 = Fsin(Qt + 0), (5.2)

Applying the method of multiple scales, we work with three time scales (7, 71, T») and g as the

dominant solution, with g; and ¢, are slow variations of that solution. Specifically,
q = qo(To. T1. T2) + €q1(To, T1. T2) + €22 (To, 1. T2) + ... (5.3)

where T; = €'Tj. Then % =Dy + €Dy + 62D2 and where D; = 6iT
4

We insert these expressions into our ordinary differential Equation (5.2) and then simplify and

the equations for 60, 61, €2 coefficients are pulled out as

o(l): D(%qo + wzqo = F(sinQTy + 60)

O(e): Diqi+w?qi = —2uDyqo —2DyD1qo — yqo cos QT — aq]
O(e?): Digqr+wqy = —2DgDigqy — (D% +2DoD2)gqo — 2u(Dogi + D1go) — vqi cos QT
-3aq3q:

(5.4)
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By solving the O(1) equation, we obtain the g solution as
go = Ae"’T0 — A0 1 ¢ c.

F .
where A = m, and A = Belo’et, with B =X +1iY
w —

(5.5)

The coefficient A, and hence X and Y are functions of 77 and 7>. Plugging Equation (5.5) into the

O(€) expression, we get

Digi +w?q = -2p(Aiwe™’0 + AQeM0) — 2D Aiwe'“T0
_%(Aei(wH!)TO " Aei(g_‘”)TO _ Z-AeZiQTO _ iA)
—a[A3310T0 4+ iA33RT — 3A2i7 120+
_3A2 A @2TY | 35 A2 ,i(20-Q)T
+3A2461T0 — 3iAZAe¥T0 — 3iA2 A1 2Q-w)Tp

+6AAA@T0 — 6iAANC 0] + c.c

For Equation (5.6), there are five possible cases that lead up to resonance conditions.

1. No specific relationship between Q and w at O(¢)
2. Q~w

3. Q2w

4. Q~w/2

5. Q=~w/3
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5.2.3 Case 1: No Resonance at O(¢)

Between the natural frequency w and the forcing frequency €, there is no specific relationship. We

extract secular terms from Equation (5.6) and equate them to zero, such that
—2iwDy A - 2uiwA - 3aA*A + 6AaAA = 0.

Then, solving the rest of the ODE in Equation (5.6), we obtain the particular solution for ¢; as

_ 2uNQe

a1 = 1o YA i(w+Q)Ty yA AQ-0)Ty | __YiA _ 2i0T;

2o 2 [(w+Q)2-w2] ¢ 2[(Q-w)2-w?] 2(w2-4Q2)

LaAd 3iwTy | _ioA3 30Ty . 3iA%aN _iQu+Q)Ty . _ 3aA’A_i(w+2Q)T

—x€
8w?2 90202 [w2-Qw+0)?] [02~(w+20)?]
3iaAZA 5 HCO-Q)T | 3igA2§ QT 23iaA2A . H2O-W)T | 6ic2yAA/2\ QT
[(Zw—Q)z—w ] w=—Q [w -2Q-w) ] w=—Q
+L1; +c.c
2w

(5.7)

5.2.4 Case 2: Primary Resonance at O(¢)

When Q = w, i.e. letting Q = w + €0 (0 is detuning parameter) in Equation (5.6), the solvability
condition is

~2iwD| A = 2piwA - 3aA? A + 6AaAA — ¢TI [2uAQ + 3aiA%A + 30iA%A + 3iaA?A + 62iAAA] = 0
Then, the particular solution for g turns out to be

: 1 . ; . 3 ..
_ YA ez(w+Q)T0 + YA ez(Q—w)TO + YiA eZzQTO n aA e3le0
2[(w + Q)% - w?] 2[(Q - w)? - w?] 2(w? - 4Q2) 8w?

q1

. 3 ) .42 . 2 . [
. iaA 30T 3iA%aA QW+ 3aA”A AF2Q)Ty yiA

902 - w? [w? - 2w + Q)2 [w? — (w +2Q)2] 22

(5.8)
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5.2.5 Case 3: Subharmonic Resonance of Order 1/2 at O(¢)

When Q = 2w, i.e. Q = 2w + €0, the solvability condition for Equation (5.6) is

- - A
“2iwDy A - 2piwA — 3aA2A + 6AaAA — %ele -0
The particular solution of Equation (5.6) for ¢ is obtained as

0T .
zluAQel 0 N )/A ei(w+Q)TO n )’ZA ZIQTO + a/A SZQ)TO )/ZA
Q2-w?  2f(w+9Q)?-w?] 2w? - 422 8w? 2w?

q1 =

N 1@/\3 e3iQTO + SIAZCVA ei(2w+Q)TO + 3(1’[\214 ei(w+ZQ)TO + meiQTO
902 - 2 |02 - 2w+ Q)?] [0? - (@+207] w? -0

3icAZA LCw-Q)Ty 3iaAZA LiCQ-w)Ty , GirAAA

M0 e (59
T [Cw - Q)2 - w?] [w? - 2Q - w)?| w? - Q2 ree 09

5.2.6 Case 4: Superharmonic Resonance of Order 2 at O(¢)

When Q ~ w/2,i.e. 2Q = w + €0, the solvability condition for Equation (5.6) is
2 YiA 10'T
—2iwD1A - 2uiwA — 3aAA + 6AaAA + L2 > 1 =0

The particular solution of Equation equation (5.6) for ¢; is found as

1QT; A 3
2uAQe M0 YA LW+ QTy YA Q0T | YA 3iuT

N7 2w+ Q- o] 2[(Q- w2 - w?] 82

+3la/\ A i, iaA? L30T 3iA%aA iR Q)Ty 3aA*A L0 20)Ty
2t T2 [w? — 2w + Q)?] |w? = (w +2Q)?]

+ 3iQA2/_\ ei(zw_Q)TO n 3iozA2A ei(zg_w)TO 6zaAAA IQTO ’)/ZA
[(Cw - Q)2 - 2] [? - 2Q - w)?] 22 22

+c.c

(5.10)

96



5.2.77 Case 5: Superharmonic Resonance of Order 3 at O(¢)

When Q ~ w/3, i.e. 3Q = w + €0, the solvability condition for Equation (5.6) is

—2iwDyA - 2piwA — 3a¢A%A + 6AaAA — 2iN3e T =0 (5.11)

The particular solution for ¢; then becomes

T, _
g1 = 2uAQe*10 N vA S+ QT YA Q-0 @A’ 231wl
Q2 - w? 2[(w +Q)?2 - a)z] 2[(Q —w)? - wz] Sw?

L YN oty 3iA%aA QT 3aA’A Gilwr20)Ty | YA
2(w? - 402) [? - 2w + Q)?] [@? = (w +20)?] 2
+ 3iCL’A2/_\ ei(zw_Q)TO + 3iaA21_\ eiQTO + 3iCL’A2A ei(zg_w)To + 6iaAAA eiQTO

[Qw - Q)% - w?] w? - Q2 [w? - (2Q - w)?] w? - Q2
+c.c (5.12)

To follow the next steps smoothly, the expression of Equation (5.12) is simplified as follows:

N o M or, p iQ+o)Ty , 9 R i(Q-w)T,

= Ty T 20Ty, -, 0+ =4 —— ¢ 0
N w? - 02 w2 — 402 w? - Q+ w)2 w?  W?- Q- w)2
I S 177/ 1 T L(Q20)Ty | U Li(20Q+w)Ty
w? - 9w? w? - (Q+2w)? w? - (2Q + w)?
sV @Iy, W ey, (5.13)
w? - (Q-2w)? w? - (2Q - w)?
- - A A A A
where N = —2uQA + 3aiA2A + 6iaAAA, M = % P= —77, 0 = % R= —77,

S =—aA3, T =3aA%Ai, U=3aA%A, V =3iaA2A, W =3aA’A
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We are specifically focusing on superharmonic resonance case of O(€?) at order 3 to determine
terms that can effect the resonance condition.
Substituting solutions for go from Equation (5.5) and g1 from Equation (5.13) into Equation (5.4)

at O(€2), for superharmonic case when Q ~ w/3, i.e. 3Q = w + eo, the equation at O(e2) becomes

P R 30 AiAN
D%qz +w2q2 = —2wiD2A—D%A—2yD1A_ Y _ Y 4 aAi
22 - (Q+w)?) 2w?-(Q-w)?) w?2-02
3aAiAN 3aiAVA 30A%S 3aiANAT 3aA2U 3aAZW

eia)TO

- + - - + +
Ww2=02 W?2-(Q-2w)?2 W2-902 W2-Qw+Q)? W2-Q2Q+w)? w?2-02Q-w)?

M, 3aAZN N 3aUiAA L AIAW
2(w? -4Q2)  w?2-0? W2-QQ+w)? w?-(2Q-w)?

STy L NST. (5.14)

where N.S.T. refers non secular terms.
Equating the expressed secular terms to zero, letting 3Q2 = w+ €0, provides the solvability condition
at O(€2). This colvability condition and the solvability condition from O(e€) in Equation (5.11) are

now listed together, following the analysis done in [68]:

O(e):  —2iwD|A - 2uiwA — 30A2A + 6AaAA — aiN367T1 = 0

O(e?): —2iwDyA— D?A - 2uD1A + (K| + KpA + K3A)e'"T1 + Ky + KsA + KgA + K7A> =0

(5.15)
yM 3AZaN 3iAaW 3ia AU
where K| = + , h = , 3= )
2w?-402) w?-Q2 w? - (2Q - w)? w? - (2Q + w)?

0% P R 3aAZU 3aAZW

Ky =—-=( + ) + + ,
202 -(Q+w)? W?-Q-w)? W2-02Q+w)? WwP-02Q-w)?

_ 3aiAN  3aiAN _ 3aiAV 3aiAT o, _ . 3as
> w2 -2 W?2-Q% 6 w? - (Q-20)?2 w?-(Q+2w)? ! w? - 9w?
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We unfold the superharmonic resonance at order 3 by using hard forcing in this analysis, however
it was not captured with weak forcing in [21]. In a process called reconstitution, we put the terms
at O(¢) and O(e?) together into a single ordinary differential equation and look for solutions.

From expression of O(¢) in Equation (5.15), we extract D A, then obtain D1A as

3aiAA .\ 6aiAAA  aA3e7T
2w 2w 2w

DiA=—uA+

and

DiA= —d - 3aiAA _ 6aiAAA al3ei0T |
2w 2w 2w

We compute the expression of D%A using DA and DA as

D24 = 2 GiauA?A  iapANA | aun3e T 9024342 3602A2AAA | 3602AA2A2
| H w w 2w 42 4?2 42

_3i02A2/_\3e_i0-T1 _ 3ia?A3 A& T _ 6ia2AN* 7T _ iaa A3
40?2 4?2 4w? 2w

Then, we insert the DA and D%A into the 0(62) expression in the Equation (5.15) to obtain

D,A.

. 2 . — 3 iocTy 24372 242 AR 2 AA2A2
2iwDyA = ,uzA— 6iauA=A  6idpuAAA + apulNe _9aA°A° _ 36a”A“AAA + 360“AACA

w w 2w 4w 42 4w
_3ia?A2R3¢0T1 _ 3ia?A3AA T 6ia?AN T jaon3dTT L, (- pA+ 3aiA2A
2 2 2 2w MU= H 2w
4w 4w 4w
CAA A 3 ioT - - —
+6a’l{c‘uAA — oA Zea) 1 ) - (Kl + K2A + KgA)élO.Tl - K4 - K5A - K6A - 1(7142
(5.16)

dA
Noting that i (Dg + €D + €Dy)A = €D A + €2D5 A the solvability condition equations D; A
and D> A are worked together out to get a single ODE for A. (As we mentioned in Chapter 3.3.2,

recombining the time scales (7, 71, 73) is a process called “reconstitution” [26] and [29]). The
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resulting reconstituted equation is
dA
—Diw—- + 2wieD| A + 2wie’DyA = 0 (5.17)
Subsequently, DA and D, A expressions are placed into the equation (5.17) to get the recon-

stituted differential equation as

_ 6iauA%A  6iauAAA
w w

—Zwifl—’? +e| — 2iwuA - 30A2A — 60 AAA - iozA3eiO'T1) —e2 (uzA

Laph3e T 9424322 360242AAA | 3602AN2A% _ 3ia?A?A3e7T1 _ 3ia?A3Ad7T

2w 402 402 402 402 402
6ia2AAN* 7T iao A3 30iA2A | 60iAAA _ aA39T1
B 42 N 2w + 2/’t( —uA+ 20 T 20 2w )

—(K| + K2A + K3A)e' Tl — Ky — KsA — KgA — K7A%) =0
(5.18)
Following the procedure in [68], we seek a solution in the Cartesian coordinate form A =
(X + iY)e'7€! | with real X and Y. Expressions A and A are inserted into the equation (5.18),
then the equation is divided by common exponential term ¢/7€ and real and imaginary parts are
separated.

Imaginary part:

—2wX + Zysin36 — Z; cos 30 — ZrX? cos 36 — Z3Y2 cos 36 + Z4 X2 cos 30 + Z5Y2 cos 36

+ZcXY sin30 + Z7X + ZoY + Z1 | XY? + Z14X2Y + Z15X2Y3 + Z17X2Y + Z1oY3 + Zp Y

+Zy> cos 6 + 223X3 =0
(5.19)
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Real Part:

2wY + Zycos 360 — Z) sin 30 — Z, X2 sin 30 — Z3Y2 sin 30 + Z4 X2 sin 30 + ZsY 2 sin 30
+ZcXY 0830 + ZgX + Z10Y + Z1nXY2 + Z|3XY* + Z16 XY + Z13 X3 + ZooX> + Zoy sin

+Z04 XY + ZpsY3 =0
(5.20)

where 2y, 21, Z3, 23, Z4, Z5, Z¢, 27, 23, Z9, Z10, Z11> 212, 213> Z14> 215, Z16, 217 218> 219, 220> 221>

272, 273, Zp4, Z»5 can be found in Appendix D.

Equations (5.19) and (5.20) are demonstrated in matrix form as

X 77 Zg||X Z11 Zpp| | X 0 Z;z||Xx
2w = 8 +(X2+Y2) +(X2+Y2)2 .
Y -7 Z7||Y ~Z12 Z11| Y Ziz 0 ||Y

(Z + Z4)X? cos(30) — Z4(2XY) sin(30) + (Zy — Z4)Y? cos(36) Zysin(36) + (Z] + Zpy) cos(36)
+ +

(Zy — Z4)X? sin(30) + Z4(2XY) cos(36) + (Zy + Z4)Y?sin(360) | |-Zo cos(30) + (Z] + Z33) sin(36)
) (5.21)

In the next stages of this work, we will seek steady-state solutions of X and Y in Equation (5.21),

analyze the stability, and then make interpretations.

5.2.8 Conclusion

The hard-forced, nonlinear Mathieu equation was analyzed. Second-order perturbation expansion
was applied to determine stability characteristic based on system parameters, v, u, €, F', o and w. It
reveals a primary resonance, superhamonics at orders 2 and 3 and also a subharmonic at order 1/2.

Since we have a challenge to solve the nonlinear ordinary differential equations (5.21) due to
the fifth degree term in the X and Y expressions, this analysis is not yet completed, and we will

focus on steady-state solutions and stabilities in the future.
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5.2.9 Proposed Work

We would like to solve the nonlinear ordinary differential equations (5.21) analytically and nu-
merically, and then we will perform numerical simulations to validate the analytical results on the

resonances.
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CHAPTER 6

CONCLUSION AND FUTURE WORK

6.1 Conclusion

The purpose of this thesis was to analyze the characteristics of the dynamics of horizontal axis
wind turbines. Cylic loads on wind turbine blades and their effects on the blade vibration were
considered. An analysis of in-plane coupled blade-hub dynamics of three-blade wind turbines with
tuned and mistuned blades was studied. Four-degree-of-freedom systems with parametric stiffness
were examined because this system matched the motivation of three-blade wind turbine and rotor
system.

In Chapter 2, by using a simplified model, in-plane vibrations were taken into consideration
for a detuned three-blade wind turbine. Coupled blades and rotor equation of motions in time
domain were transformed into the ¢ (rotor-angle) domain to decouple the blade equations from the
rotor equation. Since we assumed variations in the rotor speed were small and applied a nondi-
mensionalization and parameter scaling, blade equations were decoupled from rotor equation. The
first-order method of multiple scales was employed to analyse the uncoupled blade equations. After
decoupling steps, the blade equations included parametric and direct excitation. Superharmonic and
subharmonic resonances were caused by these excitations. We examined resonances due to cyclic
gravitational and aerodynamic loading. Superharmonic resonance was observed near 2w; = 1+ €0
where w is a scaled excitation order. For the small positive mistuning, the blade amplitudes go
through variations. When the mistuning was larger, the mistuned blade amplitudes diminished.
Very small mistuning was the worst, meaning one blade experienced larger vibration amplitude
than in the symmetric case. We have observed that superharmonic resonances that were seen in the
symmetric case could be split into multiple resonance peaks, and that the blades could then take on
different steady state amplitudes. Likewise, the same was true for primary resonance. The effects

of parameters on the superharmonic resonances are studied, and a numerical study is carried out

103



aimed at verifying the analytical results. Moreover, the rotor dynamics during resonance was inves-
tigated. Addition to illustrating the effects of damping and forcing level, the first-order perturbation
solutions are verified with comparisons to numerical simulations at superharmonic resonance of
order two. The simulation point to speed-locking phenomenon, in which the superharmonic speed
is locked in for an interval of applied mean loads. Later, the effect of rotor loading on the rotor speed
and blade amplitudes is investigated for different initial conditions and mistuning cases. Lastly, we
aim to analytically confirm the blade response amplitudes at various rotor speeds near resonance
and verify speed locking phenomenon by applying method of harmonic balance. From another
point of view, subharmonic resonance would not occur in a rotating system with similar parameter
scaling. Subharmonic resonances may or may not be possible in this dynamical system, depending
on parameters, and at rotor speeds well outside the expected operating conditions of wind turbines.
Subharmonic resonances involve instabilities similar to those of the Mathieu equation, but more
complicated. we aimed to analytically confirm the blade response amplitudes at various rotor
speeds near resonance and verify speed locking phenomenon.

Furthermore, we extended the previous study to higher-order perturbation expansion analysis
on the coupled blade-rotor dynamics of horizontal-axis wind turbines with and without mistuning.
Second-order method of multiple scales analysis revealed the superharmonic resonance case at
order three. However, this resonance could not be observed in the linearized system with a
first-order expansion. The superharmonic resonance split a single resonance peak on the tuned
case into several resonance peaks due to weak blade mistuning for steady-state superharmonic
resonance response. The amplitude inceased while the damping factor { decreased. Also, the
response amplitude gets larger when |A«| increases. The resonance amplitude of one blade for the
symmetry-broken system increased compared to the tuned case for 0 < «,, < 0.03, while the other
two blades’ amplitudes diminished. This implies to the possibility of vibration localization.

In Chapter 4, general responses of a tuned four-degree-of-freedom mass-spring system with
parametric excitation were studied. The frequency content and the stability characteristics of the

general solution were obtained by assuming a multi-degree-of-freedom Floquet-type solution and
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applying the harmonic balance method. Later on, this work was extended to the mistuned four-
degree-of-freedom system to focus on the effect of symmetry breaking on system response. When
we compared the tuned and mistuned stability graphs, numerous instability wedges were observed
in the detuned case and showed more tendency to destabilize in general. The instability wedges
were based at w = (w; + a)j)/N, where i = 1,...,d, and j = 1,...,d, where d is the degree of
freedom, and N is the positive integer. Additionaly, FFT and time response graphs were generated
for different sets of parameters and initial conditions for both the tuned and mistuned cases. Then,
these results showed good agreement with the numerical simulations done by the ODE solver on
MATLAB.

In the first part of Chapter 5, a linear Mathieu eqauation with a constant load was studied to
estimate parameters in a linear parametrically excited vibration system. Parameters were calculated
approximately by comparing resonant amplitudes to their analytical expressions. We have seen
good estimates of y within a limited range, since the perturbation solution degrades as €y increases.
Although, damping can be diffucult to determine properly in vibration systems, u was estimated
within about 25%. Accuracy depends on the asymptotics of perturbation solutions which constitute
the approach.

The second part of Chapter 5 was on the second-order perturbation analysis of a forced nonlinear
Mathieu equation. A perturbation expansion of the equation showed the existence of multiple
subharmonic and superharmonic resonance cases. An analytical framework was produced by a
second-order perturbation expansion method to perceive the system behavior more effectively.
The method was applied to determine the stability characteristics based on system parameters,
v, I, €, F, 0 and w. Primary resonance, superhamonics at orders 2 and 3 and also subharmonics at
order 1/2 were obtained. However, we specifically focused on superharmonic resonance case at
0(62) at order 3 to find the terms that can influence the resonance condition for the hard-forced
nonlinear Mathieu eqaution. Since wind turbines were invented to perform below the lowest natural
frequency level, the existence of superharmonic resonances may be considerably important.

Overall, this thesis presented first and second-order perturbation analyses on both tuned and
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detuned three-blade wind turbines. Four-degree-of-freedom systems with parametric excitation

analysis were also studied.

6.2 Future Work

The study done in this thesis can be extended to the following.

— In Chapter 3, future work can address a formulation of the resulting dynamics of the rotor
and the effects of the constant loading. Steady-state response amplitudes can be obtained for
superharmonic resonance case at order two. Later, numerical plots can be drawn for all three
blades’ amplitudes with respect to the detuning parameter, and numerical simulations can be
done to verify analytical solutions at order two and three. The effect of nonlinearity on the

resonance is also of interest.

— The Floquet-based analysis of four-degree-of-freedom systems with parametric excitation
can be applied to mistuned three-blade wind-turbine equations to observe the parametric

instabilities behavior in the transient dynamics of coupled blade-hub turbine models.

— The study of parametric identification of the Mathieu equation with a constant load can follow

the sensitivity analysis, error analysis, and experiments.

— Second-order perturbation analysis of the forced nonlinear Mathieu equation can be solved
analytically and/or numerically, and then numerical simulations can be performed to verify

the analytical outcomes.
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APPENDIX A

IN-PLANE THREE-BLADE MISTUNED TURBINE EQUATIONS

A.1 Parameters used in the Equations of Motion

Expressions for the parameters in Equations equation (3.1) and equation (2.2) are given below:

L
/o (m(x))/v(x)2 +J§§(X)y;(x)2) dx.

mp, =
L
ko = /0 EIgév(x)y",'(x)2 dx,
L X
ki = /O (xm(x) /0 V()2 dE — m(x)yy(x)? = Jr o (x)yl(x)?] dx,
L X
_ / 2
k = /O gm(x) ( /O V() d.f) x.
L
d = /0 gm(x)yy(x) dx,
L
¢ = /0 (em(x)y(x) + T (YL () di,
Jy = Jhb+3/L(x2m(x)+J (x)) dx
r u 0 gé’ )
L
0; = /0 Fi(xyy(x) d.
3 L
= (x) dx.
0 ]2; /0 xfi(x) dx

where x is the axis along the length of the undeformed blade, m(x) is mass per unit length, Elys
and J¢ are the in-plane bending stiffness and mass moment of inertia per length about the neutral
axis, Jy,,p is the hub inertia, vy, is the assumed modal function, which is the first uniform cantilever
beam mode, and fj(x) accounts for the distributed aerodynamic loads on the jth blade. In these
expressions, ()’ = d()/dx.

The flow is assumed to be steady for a simplified model in [43], and the wind speed is assumed
to be slightly increasing linearly with height % as u,;,q = ug + €huy = up — €xcos ¢;uj. Though

contribution of state variations on the angle of attack is neglected, the lift force is proportional to
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|ii, 01|, where

Uplade = XPFj - lirel
L_irel = ”_iwind - I/_iblade'
fj(x) and ii,.,; are defined as
irei = (ug—€xcosdjuy)z — xdyj,
. — N2 N2
fitx) = cp |(up — €xcos pjur)” + (x9)°|,

where cp is a constant which is related the air density, lift coeflicient, and other geometric parameters,
%; and 9; are the axial and the in-plane bending directions of the jt h blade, and z is the out-of plane
direction.

Inserting f;(x) into the Q; and Q4 expressions, we get

L
Q= /0 cp (u% — 2euguixcos dj + ¢7x> + 0(62)) yv(x) dx,

3 2 4 3
L AL L
Q¢ = E Cp (I/t(2)7 + ¢2T — 2€uqgu| cos ¢]? + 0(62)
=i

Since Z?:l cosp; = 0, Oy can be expressed as Oy = Q¢0 + Q¢1¢52. Then, Q; is assumed to
have the form of Q; = Qjo + Ele cosp; + QAj2¢32 for small €. After ¢ = Qv = Q(1 + ezvl) is

plugged into Q; and Q4 expressions, then they become as follow

Qp = Qpo+0s1Q +0(%) (A1)

Qj

Qj() + Qj2Q2 + Ele cos¢j + 0(62).

Although, Q is constant, Q4 and Q4 can be written as

Qp = Quo+O0() (A.2)

Qj

Qjo+€Qjicosg;+ 0(62).
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A.2 Modal Frequency Equations and Roots of Coefficient Matrix

As mentioned in section 2.2, third and fourth modal frequency equations are given below:

2 emplrky + 2k ¢2mpdy + 2kompdy — 2e%ek, — 3¢k d* — 3e%k

(L) 3 -
" 2 (m%]r - 362mb)

[(—emerkV — 2ky Pmpdy — 2kompdy + 2¢%€ky + 32k ¢ + 3e2k0) 2

2 (mlz)J,» - 3e2mb)

4 (mlz?Jr - 3e2mb) (klegsz,kv + koedrky + k34T, + 2koky 620, + kSJr) ] 1/2

2 (mlz].lr - 3e2mb)

2o empdyky + 2k $2mpdy + 2kgmpd, — 2e%ek, — 3e2k$* — 3e2k
W=
" 2 (m%]r - 362mb)

(—emerkv — 2ky Pmpdy — 2kompdy + 2¢%€ky + 32k ¢ + 3e2k0) 2
+

2 (mlz)J,» - 3e2mb)

4 (mlz?Jr - 3e2mb) (kle¢21,kv + koedrky + K340, + 2koky 620, + kSJr) ] 1/2

2 (mlz].lr - 362mb)

In Equation 2.16, we have represantation of the real and imaginary part in matrix form. At

steady state solution, the roots of coefficient matrix for non resonant case are:

[—éz (3\/—2é2/<v + 924 + K% + 2Kv) — Ky (\/—2é2/<v +9e4 + K% + Kv) - 9?34] 1/2

2
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~&2 (3\/—2é2/<v + 924 + K3 + 2KV) Ky (\/—2é21<v +9e4 + K% + Kv) — 9zt 1/2

Ay = =+ 5 ]
&2 (3\/—222KV +9¢4 + K‘% - ZKV) Ky (\/—Zész +9¢4 + K% — KV) — 9t 1/2
&2 (3\/—2é2/<v +9e4 + K‘% - ZKV) + Ky (\/—2é21<v + 984 + K% - Kv) —98%1)2

e = =¢ + > ]
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APPENDIX B

WIND TURBINES PARAMETERS

B.1 Blade’s Modal Parameters

System modal parameters for four baseline wind turbine models are calculated by using the data
from National Renewable Energy Laboratory’s technical report by Rinker and Dykes [58]. The
models have four different rated powers as 750 kilowatts [kW], 1.5 megawatts [MW], 3.0 MW, and
5.0 MW. Each baseline model has three identical blades that are placed in an upwind configuration
and all four baseline blade models were assumed to consist of a 1.78-mm-thick fiberglass skin of
largely triaxial material sandwiching a balsa core for stability [70]. The hub is made of a ductile
iron casting in the shape of a sphere with openings for the blades and for the shaft connections.
The hub is modeled as a sphere made of ductile iron with openings for the blades and for the shaft
connections. The hub height is 20% larger than the rotor diameter and the hub outer diameter is 0.05
times the rotor diameter. The longer blades tend to operate at lower rotor speeds than the shorter
blades. The wind turbine parts structural properties for the four baseline models are summarized
in Table B.1. The blade and tower structural damping values were not provided in the original
WindPACT design files, therefore the damping values obtained in the WindPact 1.5 MW model
were provided. We should note that these damping values are substantially higher than those used
in the NREL 5 MW model [58]. Jonkman et al. [8] provide structural damping ratio as 0.4774%
of the critical damping for the NREL offshore 5-MW baseline wind turbine (61.5 meters).

By using the distributed blade structural properties data from National Renewable Energy Lab-
oratory’s technical report [58], we have calculated the modal parameters defined in Appendix A.1.
The data for 5 MW wind turbine model is provided at Table B.2 as a reference. The 750 kW, 1.5
MW and 3 MW models blade’s distributed parameters are tabulated in NREL’s technical report

[58]. Mass moment of inertia per length about the neutral axis, J; ¢, is not taken into account.
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Table B.1: Structural Properties for the Baseline Wind Turbine Models

Parameters 750 KW | 1.SMW | 3 MW SMW
Blade Length (m) 23.75 33.25 47.025 60.8
Blade Mass (kg) 1,941 4,336 13,238 27,854
Hub Inertia about LSS (kg.m2) 5,160 29,975 197,987 668,485
Hub Height (m) 60 84 119 154
Hub Diameter (m) 2.5 3.50 4.95 6.40
Rotor Diameter () 50 70 99 128
Rotor Mass (kg) 12,381 32,167 101,319 209,407
Tower Mass (kg) 53,776 | 125,364 | 351,798 775,094
Nacelle Mass (kg) 20,950 | 52,839 132,598 270,669
Rated Rotor Speed Q (rpm) 28.648 | 20.463 14.469 11.191
Blade first Mass Moment of Inertia (kg.m) 14,605 46,497 207,135 563,188
Blade Second Mass Moment of Inertia (kg.mz) 180,640 | 798,506 | 5,012,212 | 17,475,408
Blade Flapwise Structural Damping 3.882% of critical
Blade Edgewise Structural Damping 5.900% of critical
Tower Structural Damping, All Modes 3.435% of critical

The mid-point numerical integration rule is applied to distributed blade structural property data
tabulated in [58] and the result is compared with the provided blade mass. The estimations are
able to predict the total mass with over 99.7% accuracy as seen in Table B.3. The system modal
parameters in the equations of motion in time domain can be found in Table B.4. Only edgewise
natural frequencies for baseline models, w,,» are provided in the table.

Edgewise and flapwise modal natural frequencies for 61.5 meter blade are found by method of

assumed mode. These values are compared with NREL and Sandia’s results in Table B.5. National
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laboratories have used different type of methods to find blade natural frequencies. In [71], [72]
and [73], we have found the reference data to compare. Jonkman ez. al [71] from NREL have used
FAST and ADAMS, although Resor ef. al from Sandia have used ANSYS [72] and BMODES
[73] softwares to calculate the blade modal frequencies. Total mass of the blade is 17740 kg, rated
rotor speed is 12.1 rpm and blade tip speed is 80 m/s. Since single assumed mode is taken into
account in our calculation, flapwise and edgewise modal frequencies are slightly higher than NREL
and Sandia. When the number of assumed modes is increased, the modal natural frequencies will

approach convergence to their reference values.

B.2 The Relation Between the Blade Size and the Parametric Effects

The parametric effects become more significant when horizontal axis wind turbine blades get
longer. As wind turbine blades are designed longer, their thickness is not necessarily changed in the
same proportion, and is more likely to change in a smaller proportion such that the blades become
relatively more slender with increasing size. The length of NREL’s 23.75 m, 33.25m, 47.025 m
and 60.8 m baseline models are scaled while the other dimensions are kept the same to investigate
the effect of blade size on the parametric effects. In a worst-case scenario, the length of the blades
in Table B.4 is multiplied by two and three, while the crosssectional area is kept the same.

While parametric stiffness ratios for the 5.0 MW model is 0.0623 for the doubled length blade,
it is 0.21 for the 3 times scaled up blade which is about 27 times higher than the original blade’s
ratio as seen in Table B.6. Scaling only the length caused dramatic changes in the parametric
effects. Since we have only scaled the length of the blades instead of scaling the whole volume,
these values draw the worst scenario in the sense of parametric effects on the systems. Scaling the
whole blade would result in a linear-like increase in the parametric effects with increasing length.
Then, we expect a realistic blade trend to be somewhere between the scaled length and volume
ratios. Therefore we can conclude that as the blades get longer in length, the parametric effects
become more meaningful.

As seen from Figure B.1, the ratio of the parametric and elastic modal stiffnesses is estimated
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for the scaled versions of the NREL’s blades for four models to present the relation between the

blade size and the parametric effects.
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Figure B.1: Parametric stiffness ratios for scaled blade models and actual blade models

Natural frequencies are found at different rotation angles to show the significance of the grav-
ity’s parametric effect. The blade natural frequencies alter with the rotor angle, ¢, due the gravity
has stiffening and softening effects. When the blade is upright, ¢ = m, the gravitational force
compresses it, and makes the blade less stiff in bending. When the rotor angle is ¢ = 0, the
gravitational force pulls the blade and increases the blade’s bending stiffness. These variations in
stiffness can be estimated from the natural frequencies. For a blade with modal mass m, elastic
stiffness kg and parametric stiffness, kp, due to gravity, the system natural frequency in upright,

horizontal and downward positions can be calculated respectively as follow:

_ ko — ko _ ko _ k0+k2
Wy = N[, W= [ Wg = | —=.
mp mp mp

The ratio of the frequencies of downward and horizontal orientations is
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wg ko + k2
wp ko

where w, and wy, are downward and horizontal blade frequencies, respectively. Therefore the ratio
of the parametric stiffness to elastic stiffness can be found as

ky _ (%)2 i

ko \wy ’

In the Table B.7, modal natural frequencies of baseline blade models are provided for different
positions.

The parametric effect is estimated for scaled versions of the NREL’s blades by using expression
ky/ky = wczl /w% — 1. Modal frequencies for scaled blade models of NREL 60.8 meter wind
turbine are provided for different position to show the effect of parametric stiffness due to gravity
in Table B.8. Additionaly, Table B.9 present how the parametric effect becomes more significant

by increasing the length of blades.

Actual and scaled-length blade tip placements are obtained for superharmonic resonances at
order 2 and 3 in Figure B.2. Red and blue lines show the scaled length blade tip displacement for
superharmonic resonances at order 2 and 3 but these tip displacements are stand for upper bound of
the modal coordinate amplitude. Damping ratio is taken { = 5.9 for blades L < 64, and { = 0.477
for blades L < 64. Jason Jonkman et al. [8] provide damping factor as { = 0.477 for 64-meter
5-mw reference wind turbine. Although Dykes and Rinker [58] stated that = 5.9 is for 35-meter
blade, they have used same damping factor for 25, 35, 49 and 64-meter blades. Therefore, we were
not able to find the damping ratios for longer blades, we only applied these two damping ratios in
out plots.

Parametric effect on actual and scaled-length blade tip placements are investigated for super-
harmonic resonances at order 2 in Figure B.3. When blade is shorter, parametric effect is not
powerful, but when blade gets longer, it becomes meaningful. Since we only scaled the blades
lenghtwise, these tip displacement values give the worst-case scenario in terms of the parametric

stiffness effect.
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Table B.2: Distributed blade structural properties for the 5 MW model taken from NREL

Radius (m) | Ar | Mass Denstiy (kg/m) | Edgewise Stiffness EI (VN .mz)
3.2 32 3708.41 6.37E+10
4.5 1.3 622.32 1.40E+10
6.4 1.9 632.67 1.38E+10
9.6 32 649.91 1.34E+10
12.8 32 667.16 1.30E+10

16 32 684.4 1.26E+10
19.2 32 650.77 1.06E+10
22.4 32 617.15 8.58E+09
25.6 32 583.52 6.57E+09
28.8 3.2 549.9 4.55E+09

32 3.2 516.27 2.54E+09
35.2 3.2 458.05 2.15E+09
38.4 3.2 399.83 1.77E+09
41.6 32 341.6 1.38E+09
44.8 32 283.38 9.96E+08

48 3.2 225.16 6.10E+08
51.2 32 184.52 4.99E+08
54.4 32 143.89 3.88E+08
57.6 32 103.25 2.76E+08
60.8 32 62.62 1.65E+08

64 32 21.99 5.36E+07
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Table B.3: Blade mass comparison for baseline model and mid-point numerical integration method

(Mid-point I.M.)

Baseline Models 750 kW 1.5 MW 3.0 MW 5.0 MW
Provided Blade Mass (kg) 1,941 4,336 13,238 27854
Blade Mass by Mid-point I.M. (kg) 1935.8 4326.6 13216 27843
Accuracy Rate (% ) 99.73209686 | 99.78321033 | 99.83381175 | 99.96050837

Table B.4: Blade modal parameters for baseline wind turbine models

Baseline Models 750 kW 1.5 MW 3.0 MW 5.0 MW
Length from center m 25 35 49.5 64
Blade Length (m) 23.75 33.25 47.025 60.8
Modal Mass my, (kgm?) 997.0195 1904.3 6963.9 14441
Elastic stiffness kg (Nm) 224610 246280 453990 603670
Centrifugal Stiffness k; (kgm?) 303.5731 598.3964 2149.8 4479.3
Gravitational Stiffness kp (Nm) 812.2177 1118 2914.3 4706.5
Direct Gravitational term d (Nm) 1340.2 2010.9 4816 7861.8
Coupling Term e (kgm?) 14449 41953 201430 541840
Total Inertia J, (kgm?) 666600 2957400 18578000 64311000
€ =mp/Jr 0.001495679 | 0.00064391 | 0.000374847 | 0.000224549
ko/kq 739.887691 | 411.5666471 | 211.177784 | 134.7688255
Wy = \/ (k()+1b*92) (Hz) 2.404520805 | 1.820943987 | 1.292662632 | 1.034768525
ko [ko 0.003616124 | 0.004539548 | 0.006419304 | 0.007796478
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Table B.5: Blade modal frequencies (Hz) comparison with the data from NREL and SANDIA

NREL SANDIA Calculated

Method | FAST | ADAMS | ANSYS | BMODES | Assumed Modes

Flapwise | 0.69 0.70 0.87 0.95 1.09

Edgewise | 1.089 1.087 1.060 1.240 1.240

Table B.6: Parametric effect for scaled blade size

Baseline Models

750 kW

1.5 MW

3.0 MW

5.0 MW

kz/ko for L

0.003616124

0.004539548

0.006419304

0.007796478

k2/k0 for 2L

0.028928222

0.035818937

0.051354209

0.062372446

k2/k0 for 3L

0.097634055

0.120885609

0.173315492

0.210506306

Table B.7: Modal frequencies (Hz) for the baseline blade models

Baseline Models 750 kW 1.5 MW 3.0 MW 5.0 MW
w(¢p =0) 2.394345889 | 1.814975491 | 1.289812899 | 1.033541542
wp(p =n/2) 2.390028468 | 1.810869879 | 1.285692873 | 1.029535957
wy(¢p =) 2.385703234 | 1.806754938 | 1.281559603 | 1.025514726

Table B.8: Modal frequencies (Hz) for the scaled blade models of NREL 60.8 m

Blade Length | L=60.8 m 2L=2%60.8 | 3L=3*60.8
wq(¢ =0) 1.033541542 | 0.265283507 | 0.125856627

wp(¢p =m/2) | 1.029535957 | 0.257378254 | 0.114391185
wy(¢ =m) 1.025514726 | 0.249222376 | 0.101640523
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Table B.9: Parametric effect (k,/k() for the scaled blade of NREL baseline models

Scaled Length | (ky/kg) for L | (ky/kg) for 2L | (ky/kg) for 3L
L=23.75m 0.003616124 | 0.028928222 | 0.097634055
L=33.25m 0.004539548 | 0.035818937 | 0.120885609
L=49.5m 0.006419304 | 0.051354209 | 0.173315492
L=60.8 m 0.007796478 | 0.062372446 | 0.210506306
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APPENDIX C

SECOND-ORDER PERTURBATION ANALYSIS OF IN-PLANE THREE-BLADE
TUNED AND MISTUNED TURBINES

C.1 Superharmonic Case at Order 3 at O(¢?)

Coeflicients of X and Y terms in Equation (3.21) and Equation (3.22) are given below

1
a=-; (Je)
B ezéZ{
p = >
23 —lEK + 162{2 + €2k, + €0
2778 8
) Ezézkvj 0c2et (&2
“TTTy 8 2
5 = —e2k% 1
F.
where A = il

16(1—0)%)(1—4@%)
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C.2 Superharmonic Case at Order 2 at O(e?)

C.2.1 Mistuned case coeflicients

Coefficients of reconstituted differential equation’s real part from Equation (3.35), and imaginary

part from Equation (3.36) are

1
Ci=—-—=
1=-5(de)
2x2
e“e“l
C =-
2 2
C3 = —16K .+ 162§2 +—€Xk2. +eo
2% 8 8 Vi
o GZCZKVJ. 0c2et &2
4T 8 2
ezkézw%
Cs = >
8(1 — wl)
c eszj(){ 62KF]'1 ezngj()a)l 62K2Fj
6 =

- - +
2(1-w}) 81-wd) 16(1-wh? 16(1-w?)

exFjo EzKFjOva

Cr = 2 2

8(1 —wy)  32(1 - wy)
62352KFJ~0
C=r o
32(1 - wy)
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C.2.2 Tuned case coeflicients

Coeflicients of real (3.37) and imaginary (3.38) parts of reconstituted differential equation for tuned

system are
T =5 (co)
=—=(Le
=72
2x2
a4
T =-
2 2
7. = 12,2
3=-€{"+eo
8
9e2e* a2
Ty = - - —
8 2
ezkézw%
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=215
32(1 - wy)

124



APPENDIX D

SECOND-ORDER PERTURBATION ANALYSIS OF NONLINEAR MATHIEU
EQUATION WITH HARD EXCITATION

Z’s terms from Equations (5.20) and (5.19) in section 5.2.7 are

7 6ezauQF3 N 6e2a?F> N ezcx,uF3
07 78?2 — 2% T 12802 (w? - 2P 16w(w? — Q2)3
7. = aoF3 N 9¢2a2F3 eaF3
b Tow(@? — 023 " 32(w2 - Q2)6  8(w? — Q2)3
Z = 73 3e2a2F3 18€2a2F3 9¢2a2F3

T D02’ - 2P 8@ - PP 8@ - 20— )@ — 2

N 9e202F3
8(w? — (2Q + w)?)(w? — O2)3

622 F3
32wlw(w? — Q2)3

Zg =275 =274 = —
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2
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