MINIMAX LOWER BOUNDS IN HIGH ORDER TENSOR MODELS
WITH APPLICATIONS TO NEUROIMAGING

By

Chitrak Banerjee

A DISSERTATION

Submitted to
Michigan State University
in partial fulfillment of the requirements
for the degree of

Statistics — Doctor of Philosophy

2020



ABSTRACT

MINIMAX LOWER BOUNDS IN HIGH ORDER TENSOR MODELS WITH
APPLICATIONS TO NEUROIMAGING

By

Chitrak Banerjee

Minimax principle is a very useful concept in mathematical statistics for finding optimal
estimators. While unbiasedness and invariance principle are useful tools for finding opti-
mal estimators, they are often restrictive and in certain cases may not even yield optimal
estimators, see Ferguson (1967). Minimax principle on the other hand, is based on linear
ordering principle and is often less restrictive. While there are several methods for finding
minimax optimal estimators such as methods due to Hajek, Le Cam, Fano and Assouad, in
our work, we specifically use Hajek and Fano’s methods to explore the minimax optimality
of integral curve estimators in high order tensor models. High angular resonance diffusion
imaging (HARDI) is a popular in-vivo brain imaging technique proposed by Ozarslan and
Mareci (2003). Besides the mathematical model for HARDI, successful tracing of neural
fibers using HARDI presents the challenge of estimation and uncertainty quantification in
presence of measurement errors. Our work here is based on the semi-parametric estimation
method proposed by Carmichael and Sakhanenko (2015), where the authors have provided
a consistent method for tracing fiber in the presence of measurement error using HARDI.
The first work described here establishes the estimators proposed in Carmichael and Sakha-
nenko (2015) are minimax optimal with respect to their asymptotic risk. The framework of
HARDI allows to accommodate complex neural fiber structures where fiber tracts cross each
other, converge, diverge, “fan out” or “kiss”, thus our work generalizes the minimax lower

bound results in Sakhanenko (2012) where a similar result was established under a simpler



model where imaging signals are modeled by a vector field perturbed by an additive noise.
The second work establishes the global bounds for the integral curve estimators proposed
by Carmichael and Sakhanenko (2015). Therefore suggesting that not only the asymptotic
rate of convergence of the integral curve estimator is minimax optimal locally but also it is
minimax optimal globally. Additionally in the simulation study of our second work we have
introduced a metric based on global minimax optimal rates which can compare the relative

accuracy of different imaging protocols that are used to obtain HARDI data.
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Chapter 1

Introduction

Neuroimaging is one of the most important biomedical imaging tools that plays a key role in
detecting anomalies in human brian due to brain injuries such as concussions, brain tumors,
cognitive impairments, onset of Alzheimer’s Disease (AD) and many other brain related
illnesses. Thus, it is often imperative to have a proper imaging technique which can better
equip neurosurgeons and clinicians to administer correct treatment for their patients. The
two most common imaging techniques that are used at present are Computed tomography
(CT) scan and Magnetic resonance imaging (MRI). While CT scan uses X-Ray, MRI uses
radio waves causing less potential harm to human tissue due to radiation from high frequency
beams. In our work we will specifically explore some interesting statistical properties of one
of the imaging techniques, High angular resonance diffusion imaging (HARDI) involving

Diffussion tensor (DT-MRI) scans.

1.1 Review of DT-MRI

Magnetic resonance imaging (MRI) utilizes the dynamics of self-spinning protons, most
commonly in water molecules, as the source of energy to generate MRI signal. Under a strong
magnetic field, a group of these spins forms a net magnetization. This net magnetization
can be perturbed by a radio frequency (RF) electromagnetic wave. Its wobbling (precessing)

phenomenon can be measured as signals by an MRI scanner. By manipulating the magnetic



field using gradients, we can identify the locations of the signal, which in turn allow us to
generate images. As MRI contains no radiation and thus the potential damage to the human
body is minimal, it has become an important tool in both clinical and research applications.

The phenomenon of water diffusion is further taken advantage in MRI to develop diffu-
sion weighted imaging (DWI). Water diffusion in the presence of a magnetic field gradient
leads to MRI signal loss. In an unrestricted environment, water and other molecules move
or diffuse randomly in three dimensions resulting from thermal energy. This motion is called
Brownian motion. Studying the Brownian motion of molecules (water molecules in our case)
in the brain, we can provide information regarding the neuronal structural connectivity in
vivo. These measurements have been made possible with DWI, see Basser et. al. (1994), Le
Bihan et. al. (2001), which applies diffusion-weighted gradients in various directions to assess
the diffusing directions of the water molecules. With DWI data, as in the commonly used
diffusion tensor imaging (DTI) techniques, diffusivity values and principal diffusion orienta-
tion can be estimated at each voxel. Since healthy axons contain intact myelin sheaths and
tend to align in organized orientations, water diffusivity in a voxel tends to be preferentially
along the direction of the axonal bundles. By inspecting the orientations of the diffusion
tensors at neighboring voxels, axonal fiber bundles can be traced. The success of the axonal
tracing can be used to understand the structural connections between brain regions, see Le
Bihan et. al. (2001), Zhu and Majumdar (2014). This can also be used to assess axonal
changes over time in applications such as brain maturation in young children, see Chang and
Zhu (2013), axonal degeneration in Alzheimer’s diseases, see Zhu et. al. (2013). However,
successful tractography based on DWI data faces some fundamentally challenging demands:
specifically, the need for high signal-to-noise ratio (SNR), high spatial resolution, a relative

long scan time, the ability to resolve crossing fibers, full coverage of tracks of interest, and



the ability to trace at regions with low diffusion anisotropy. To address the issue of crossing
fibers, high angular resolution diffusion imaging (HARDI), proposed by Ozarslan and Mareci
(2003) in DWT has gained some success. The issues related to neuronal fiber tractography

in DWI motivated our research on the integral curve estimation.

1.2 Review of minimax lower bounds

Here we review some of the fundamental principles and methods that we commonly use in
our model to find minimax lower bounds. Suppose © is a nonempty set commonly referred
to as a parameter space, .27 is a nonempty set of actions available to the statistician called
an action space. Let w be a non-negative real-valued function defined on © x & referred
to as the loss function. Also, suppose X is a random variable from the probability space
(2, B, Py). A statistical decision problem or a statistical game is a game (0, .27, w) coupled
with an experiment involving a random variable X whose distribution Py depends on the
value of the unknown parameter # € ©. On the basis of the outcome of the experiment
X = z, the statistician chooses an action d(x) € /. Such a function d which maps the
sample space 2 into & is called a decision or a statistical decision. Therefore d(X) or

w(f,d(X)) is a random quantity. A non-negative quantity defined by

Egu (6, d(X)) = / w6, d(x))dPy(z).

is called the risk function of the decision rule d. To illustrate consider the following example:
let Xq,..., X}, be asample from N (u, 1) where p € R is the parameter space, u is unknown.

Suppose based on Xi,..., X, we define a decision rule d(X1,...,X,) = X, then under



squared error loss the risk function is given by E,, (X — M)Q.

The fundamental problem of decision theory can be stated as: given a game (0, .o/, w)
and a random observable X whose distribution depends on 6 € ©, how can we choose the best
decision rule? Traditionally there are two fundamental methods for finding optimal decision
rule, see Ferguson (1967). The first one is restricting the available decision rule, examples of
such a method include unbiasedness, invariance. The second method is ordering the decision
rules. Examples of which are Bayes principle and minimax principle. In our work we are

interested in the minimax principle. A decision rule dj is said to be minimax if

sup Egw (0,dg) = inf sup Eqw (0,d).
e A€ peo

In other words, a minimax decision rule if exists is the decision rule that minimizes the
maximum risk among all possible decision rules d € /. There are many proposed methods
of finding minimax decision rules. In light of our problem we will review Hajek’s principle

and the method due to Fano.

1.2.1 Hajek’s principle

Héjek’s principle for finding a minimax decision rule is based on the fundamental principle
of Local Asymptotic Normality (LAN). As described in Ibragimov and Has'minkii (2013),
suppose (l%”n,%’n,ﬁ”gm), e 6 C Rk, is a family of statistical experiments or random
variables. Then the family Py ,, with the density f depending on 6 is called locally asymptotic

normal (LAN) at ¢t € © as n — oo, if for some non-degenerate k x k matrix ¥(n) = ¥(n, 1)



and any u € R”, the representation

o dPH—\II(n)u,n

1
Zual) = =2 () = exp (T B = P + ).
M

is vaild, where the distribution or the law of Ay, ¢
‘C(A’I’L,t“]?)t,n) = N(()?I)v n — o0,

where Z is the identity matrix of order k. Moreover, for any u € Rk, on(u,t) — 0 in

probability Pt , as n — oo. The quantities A, ; and W(n,t) are given by

W(n,t) = (nd(t) Y2,

Apy = (nI(t))~1/2 Z W’
i=1

where [(t) is the information matrix. Next we would like to review the concept of statistical
regularity. A family of random variables X with the density p(x;0),0 € ©, is called regular

if
1. p(x;0) is a continuous function on © for y—almost all .
2. X has finite Fisher’s information at each point 6 € ©.
3. The function %plﬂ(x; 0) is continuous in the space Lo(v),

where L9(v) is the space of functions whose second order moments with respect to measure v
are finite. Note that if the density p(x; #) satisfies conditions 2 and 3 above it can be modified

on sets of v—measure zero (which may depend on #) in such a manner that it becomes a



continuous function of #. Furthermore, if we consider the measure v as a probability measure

and pl/ 2(X ;0), a random function of 6 then it will satisfy the condition
2
E (p/2(X:0+ 1) - p/2(X:0))” < BA?

where B > 0 is a constant. Now with the definition of statistical regularity, let us present
the following theorem due to Hajek, which is an important result to show that a family of

random variables is LAN.

Theorem 1. Let © C R”, fj be the density of the j—th regular experiment depending on 0

and the matrix \IIQ(n, 0) is a positive definite matriz and the following conditions are satisfied:

1. For any ug >0

n <8f1/2(a:7t—|—\11_1(n,t)u) o1} (1)

ot ot

J

lim sup LU Hn, t)u)?v(de) =0,

n—o0
|ul<ug j—1
where v; is the Lebesgue measure.

2. (Lyapounov’s condition) For any § > 0,

246
= 0.

n

M, 2B
]:

alnf(X’m t)

U 1(n) o

n
Then the family of measures Py ,,(A) = [+ [ T] f(z},0)v;(dx) satisfies the LAN condition
A =1



for 8 =t with

. ~1/2
Uln,t) = | Y Li(1)
j=1
and
n
_ 81nf(Xat)
_ 1
An’t = \Ij (?’L, t) Z; TZ
j:

Note that condition 2 in theorem 1 sometimes can be replaced by Lindeberg’s condition
which often does not require finiteness of moments of order (2 + §). However Lindeberg’s
condition is usually harder to verify. Next we define a class of the loss functions W; o as

follows

1. The function w € W, 9 is non-negative on R¥, where k is the dimension of the parameter

set; moreover, w(0) = 0 and w(u) is continuous at u = 0 but is not identically 0.
2. Function w is symmetric, that is w(u) = w(—u).
3. The sets {u : w(u) < ¢} are convex sets for all ¢ > 0.
4. Any function w € W, 9 grows slower than exp(elul?),e > 0 as |u| — oco.

Having defined the class of loss functions W; o, let us state the main lemma due to Hajek

for establishing the minimax lower bound for the asymptotic risk of the estimators of 6.

Lemma 1 (Héjek’s Lemma). Suppose X1, Xa,... is a sequence of random variables from
a reqular family of distributions and let the probability measure induced by Xy, Py, satisfy
the LAN condition at the point 0 = t, with a normalizing matriz V(n,t) such that ¥(n,t) —

U(t) as n — oo where Y(t),t € O, is positive definite. Then for any family of estimators



Ty =T(X1,...,Xn), any loss function w € We o, and any § > 0 we have

lim sup Eyw <\I/_1(n,t)(Tn — 9)) > #/w(x) exp (—W) de. (1.2.1.1)
N0 gy <6 (zﬁ)kﬂ 2

RE

To find the minimax estimator one can optimize the left hand side of (1.2.1.1) with

respect to all possible estimators of 6.

1.2.2 Fano’s principle

The principle of Fano, see Devroye (1987), is established upon Shannon’s information and
the discretization of the parameter space. Here we would like to first introduce the key
concepts of Shannon information and Kullback-Lieblar (KL) divergence.
Suppose X is a discrete random variable with probabilities py, ..., p, depending on § € O
then (X, 0) = — Zn:l p; log p;, is called the Shannon’s information or entropy function. If X
i—
is absolutely continuous with respect to Lebesgue measure and the density of X, f depends
on # € ©, then the Shannon’s entropy or information is given by .# (X, 6) = —Ey(log f(X)).
Next we will define KL divergence. Suppose X is a random variable with density f
depending on a parameter § € ©, then the KL divergence between densities fy and fy is

given by

K(fg, for) = /fe log (_fe) dv(z),
fgl
where v(z) is the Lebesgue measure.

Lemma 2 (Fano’s Lemma). Let X be a random variable with density equal to one of the r+1

possible densities f1, ..., fry1, where K(f;, f;) < B for all i # j. Let 7(X) € {1,...,r + 1}



be an estimate of the index. Then

_ : _ (B+log2)
Stz}plP’z(W(X) #1) > 1 “Togr

where P; is the probability induced by f;.

In our work we have extended Fano’s lemma in a multidimensional setting to prove global
minimax bound for the integral curve estimators. Besides the principle of Hajek and Fano,
there are other useful principles due to Le Cam and Assouad, see Guntuboyina (2011), which

we have deferred in our work.

1.3 Review of Integral curve estimation

The problem of fiber tracing from the imaging data obtained from DT-MRI was first consid-
ered as a problem of integral curve estimation by Koltchinskii et al. (2007). They considered
the model where a vector field v : G — R? was observed at locations X, eGi=1,...,n,

perturbed by an additive noise. The equation of the model is given by
Vi=o(X;) + &,

where §;,i = 1,...,n, are i.i.d bounded random vectors with E{ = 0 and Cov(&,§) = 3. The

neural fibers were modeled as the solution of the ODE or equivalently the integral equation




In their work the authors had developed a theoretically rigorous non-parametric approach
to provide an estimate X (t),¢ > 0, based on the data (X;,V;),i=1,...,n.

As an alternative method, Probabilistic fiber tractography, as described in Behrens et.
al. (2007) is another popular technique in DWI because it can assess the relative strength
of fiber connection. However, this technique employs Monte Carlo sampling and bootstrap
techniques, and depends on somewhat arbitrary prior parameter assumptions based on fully
parametric models. Due to the incorrect parameter assumptions often times the error due
to the repeated Monte Carlo sampling exacerbates the problem of estimation.

To build a more sophisticated data driven model upon the methodology proposed by
Koltchinskii et al. (2007), “low-order” DTI model by Carmichael and Sakhanenko (2016)
and “high-order” HARDI model C-S (2015) were proposed recently. With these approaches,
they demonstrated tighter confidence ellipsoids around the fibers, and more robustness in
handling crossing fibers than with other DTI methods, see C-S (2015). The present work
will concentrate on HARDI model by C-S (2015). To further motivate this model we display

an enhanced image of fiber tracing.

(a) 2D view on axial plane. (b) 3D view on axial plane.

Figure 1.1: A neuronal fiber bundle across the genu of corpus callosum is created based on
the C-S (2015) method and is shown on the axial plane in (a) 2D and (b) 3D views.
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Figure 1.1 reveals the tracing of a fiber bundle across the genu of the corpus callosum
by the method described in C-S (2015), which contains thick axonal fibers connecting the
two cerebral hemispheres and enables the communication between them. The branches are
shown in magenta and cyan colors. The blue region consists of 95% confidence ellipsoids
surrounding the estimated curve, which are obtained using the asymptotics of the integral
curve estimators of the fibers. Therefore, the C-S (2015) estimation method can provide a
measure of uncertainty surrounding the estimated curve. In the next sections in this chapter

we will present some key elements from C-S (2015).

1.4 Model

Let S(x,g) denote the relative amount of water diffusion along a spatial direction g € R3,
gl = 1 and at a location (also called a voxel) z. Ozarslan and Mareci (2003) and Descoteaux
et. al. (2006) have proposed a model for HARDI using a super-symmetric tensor D of order

M (even) and rank R > 2 by the following equation:

d d
S(x
g (55D ) = e Y0 3 i@y iy +olra)ly (14D
M:

’Ll:l

where Sp(z) is the amount of water diffusion without any magnetic field gradient; o(x, g) > 0;
&g describes the noise, and the constant ¢ depends on several factors involved into the imaging
procedure, see Carmichael and Sakhanenko (2015) for more details. Depending on the type
of imaging the dimension d of the location x would either be 2 or 3. Similar construction of
DT-MRI model can also be found in Ying et. al. (2007), where the authors described the

concept of super-symmetric tensors in detail.
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At any fixed location x the log-losses log ( > of signal along N directions g1, ..., gn

are stacked into the vector Y'(z) given by
Y(z) = BD(z) + £V2(2)=,, (1.4.2)

where D is a vector representation of the super-symmetric tensor D and the matrix B is
constructed out of vectors gp, ..., gn. Therefore, given a set of points z1, ...,z in a bounded

open convex subset G of Rd, one observes
Y; = BD(x;) + '*(2)¢;, (1.4.3)

where Jy; = (M +1)(M +2)/2 and N = Jyym for some m > 1, Be RYNXIM | v; ¢ e RN
and X(X;) is a N x N symmetric positive definite matrix.

A super-symmetric tensor D of the rank R and the order M (even) can be represented
by D = fjl Ur ® ... ® vp for some vy,...,vRp € Rd, where the notation v ® w means the

=
outer product of vectors u,w € Rd, which is simply a 2D tensor with the components
(u ® w);j = wjwj for 4,5 = 1,...,d. Also we will use v®M = y 2. @v,v € R as an
M times

abbreviated notation for tensor products. Then by definition for all » = 1,..., R the pair

)\(T), »(") minimizes the Frobenius norm
i1=1  ip=1 (1.4.4)

The quantities )\(1), cee AE) and v(1) e o) are called the pseudo-eigenvalues and pseudo-

12



eigenvectors of the tensor D respectively; see Ying et. al. (2007) for more details.
Define the integral curves arising out of the differential equations involving the pseudo-
eigenvectors for r =1,... R as

dz(") (¢)
dt

= oM @EM @), t>0, 2000)=aeq. (1.4.5)

Under the HARDI model these integral curves serve as models of axonal fibers inside a

human brain.

1.4.1 Assumptions
The key assumptions of the estimation process in Carmichael and Sakhanenko (2015) are:

(A1) G is a bounded open set in R with Lebesgue measure 1. It contains the support of the
twice continuously differentiable everywhere, super-symmetric tensor field D : R —

M
R4 of even order M > 2 and rank 1 < R < (M + 2)/2. For a vector v and a tensor

M 2
D define the matrix-valued function 7 : RY x R s RI” as

d d
T, D) = (M —=1)> ... > DmigoiggVis - - Vi, kym=1,...d. (1.4.1.1)

i3=1 ip=1

Then assume that Ker(7 ("), D) — A(") 1) = 0 everywhere in the support of D for
r=1,..., R, where Ker(7) stands for the kernel of the linear map 7T i.e. the space of

all vectors that are zero under 7.
(A2) The initial point a lies inside the support of D(-).

(A3) There exists a number 7 > 0 such that for all t1,t9 € (0,7) with t1 # to, () (t1) #

[L’(T)(tg) forallr=1,...,R.

13



(A4) Locations {X;,j > 1} are independent and uniformly distributed in G.

(A5) The observed data {(X;,Y(X;)),j = 1,...,n}, obeys the model given in equation
(1.4.3) with a fixed non-random known real-valued N x Jj; matrix B, an unknown
symmetric positive definite N x N tensor field & : R? —s RV ? continuous on G , un-
observable random N-component vectors =j,j = 1,...,n, respectively. Additionally,

it is assumed that BL B is invertible and EE%I(Xl) <00,1 <k/I<N.

(A6) The random measurement error vectors Z;, j > 1, are i.i.d and independent of loca-
tions. Also, EZ1 = 0 and EZq ;=1 = dg for all 1 < k, I < N, where 0y is the

Kronecker delta.

(A7) The kernel K is non-negative and twice continuously differentiable on its bounded

support. Moreover, [ K(z)dz =1, [ xK(z)dx = 0.
R4 R

(A8) The bandwidth h,, satisfies the condition nhg+3 — B > 0 as n — oo, where [ is a

known fixed number.

1.4.2 Estimation

The estimation of the integral curves was proposed by Carmichael and Sakhanenko (2015)

in the following steps:

14



Algorithm 1: Estimation of Integral Curves

Input: B,Y, X;, K j=1(1)n
Output: X (t)

1 Estimate D at locations X}, using the ordinary LSE defined by

D(X;)=(B"B)"'B"Y (X)), j=1(1)n

or the weighted LSE given by

D(X;) = (B"S71(X;)B)" ' BTSN XY (X;), j=1(1)n

and since Y is generally unknown, this relationship can be iterated, see Zhu et. al.
(2007,2009).
2 Estimate D at every other location x € G using the kernel smoothing estimator D at

locations in-between the measurement locations X; using

Dy(z) = %Z}K(”j ;an>D(Xj), (1.4.2.1)

where K is a kernel function and h,, is a bandwidth.
3 Estimate v(") (), 7 = 1(1)R using the iteration method described in (1.4.4) for any z € G.
Thus, for all » = 1(1)R we get pseudo-eigenvalues A () and pseudo- eigenvectors ) (x).

4 Finally, estimate z(")(t), ¢t € [0,7], = = 1(1)R, using the solution of the ODE given by an

estimator of the integral curve z("(t), t € [0, 7],

5(r)
0 o0, 120, #00) = a
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The details and implementations of this algorithm in a simulation study and in a real

data analysis can be found in Carmichael and Sakhanenko (2015).

1.4.3 Asymptotic Distribution

Under the assumptions (A1)—(A8), Carmichael and Sakhanenko (2015), established as n —

o

Vnhd @0 @) — M @) S g, te 0,7, forallr=1,..., R, (1.4.3.1)

where G(t) is a Gaussian process that depends on D,K,z(r) and g > 0, the latter is a
tuning constant from condition (A8). This result indicates that there exist asymptotically
normal estimators of the respective integral curves with a convergence rate of nh%il =
O(n2/(d+3)).

The goal of this chapter is to prove that this rate is optimal in the minimax sense under
some appropriate loss. Theorem 1 in the present chapter establishes the minimax rate
optimality of the estimators of the integral curves in Carmichael and Sakhanenko (2015).

Another result is described in Carmichael and Sakhanenko (2015): forafixedr =1,..., R
there exists an unique point 7, € (0,7) for which the sequence

Vi [ min | (0) = 2 P~ [o0)(m) - 2 2 (1432)

te[0,7]

converges to a non-degenerate distribution. The quantity described in (1.4.3.2) represents
the minimum Lo distance between the estimated integral curve and a point z. In fact a more

general result holds. Let I' be a closed subset of G, let d(z,y) be a distance between x and
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Y in RY. Now define

d(z,I') = inf d(x,y).
yel’

Then for a strictly increasing function m defined on R (for example m(u) = u? or m(u) =

u,u > 0), let p(z) = m(d(x,T")). Subsequently, the sequence (1.4.3.2) can be generalized to

\/nhd! [ min] © (;z«ﬁ{") (t)) - min} © (x(r)(t))] ,r=1,... R (1.4.3.3)

te[0,7 tel0,7

Theorem 2 in this chapter ensures the optimal rate of convergence of (1.4.3.3) in the mini-

max sense for each r = 1,..., R. Hence, it will guarantee that the tests of whether a fiber

(r)

reaches a region, based on the statistics Ir[lin] % <in (t)) , have minimax-optimal rates under
te|0,7

appropriate loss functions.
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Chapter 2

Local Minimax Bounds

2.1 Introduction

This chapter will address the issue of optimality of the rate of convergence and establish the
minimax optimal rate for the asymptotic risk of the integral curve estimators and some of
their functionals. We will use Hajek’s lemma for a specially constructed parametric subclass
inside the given class of tensor fields to bound from below the supremum of asymptotic risk
of the integral curve estimators rising out of the subclass in the same spirit as in the book
by Ibragimov and Khasminskii (2013). This will in turn provide the lower bound for the
integral curve estimators based on the bigger general class of tensors, which is our main object
of interest. In many decision theoretic problems minimax bounds on the asymptotic risk
function play an important role in choosing an optimal estimator from a class of estimators.
Thus, establishing a lower bound for asymptotic minimax risk for decision rules has been
studied extensively in past literature. Efromovich (2018, 2014), Ibragimov and Khasminskii
(2013) have provided a general framework in simpler non- and semi-parametric estimation
problems to study the minimax rates for the asymptotic risk of the estimators therein. While
Cator (2011) has studied minimax lower bounds in the nonparametric estimation problem
of a monotone regression (or density) function, Guntuboyina (2011) has provided a more

generalized framework for the study of minimax lower bounds with an extensive theoretical
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foundation in semi- and nonparametric estimation problems. Thus, given the problem of
accurately estimating neural fibers we believe that minimax lower bounds for the integral
curve estimators of fibers will play an important role.

Sakhanenko (2012) in her work established the minimax lower bounds for the asymptotic
risk of the estimators of the integral curve under a simpler model where imaging signals were
modeled by a vector field perturbed by an additive noise. That work does not ensure the
point-wise convergence rate of the asymptotic risk of integral curve estimators are optimal
in the minimax sense when we see fiber patterns that cross each other, converge, diverge,
‘fan out’ or ‘kiss’. To assess such situations we will consider the HARDI model, and we will
establish minimax lower bounds for the asymptotic risk of the fiber estimators there. Addi-
tionally, our construction relaxes the orthogonality of axonal fiber tracts, a key consequence
of the vector model by Sakhanenko (2012), hence the present work will generalize the results
of that paper.

The rest of the chapter is organized as follows. In Section 2 we will introduce the theo-
rems, notations, assumptions along with the construction of the parametric subclass inside
the general tensor class, in order to establish the minimax optimal rates of the asymptotic
risk of the fiber estimators. Section 3 will illustrate our theory via a simulation example.
The concluding remarks will be provided in Section 4. All the detailed proofs of our results

along with the necessary lemmas will be described in Section 5 of this chapter.

2.1.1 Notations

Throughout our work the following notations are used. For x € RY, x; represents its [-th
coordinate, [ = 1,...,d, | - | denotes the absolute value of a real number, ||-|| represents

the standard Euclidean norm of a vector, and for any matrix A, HAH% = Tr(AAT) denotes
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the matrix norm (or otherwise known as Frobenius norm). Similarly, for a tensor D, we

d d
define HDH%7 =D ... > D"leiM’ see De Lathauwer et. al. (2000) for reference. Also
11=1 ipr=1
d
(z,y) = 3 x;y;. Next, for a function f : R — R, Vf denotes the gradient and V2f
1=1

denotes the tensor (matrix) field of the second order partial derivatives of f. Finally, Det(-)

denotes the determinant value of the corresponding matrix.

2.2 Assumptions and main results

In this section the general results regarding minimax optimality of the estimators of the

integral curves defined in (1.4.5), are stated along with additional notations and assumptions.

2.2.1 Assumptions

We require a slight modification of the assumptions introduced in the previous chapter, in

order to propose the results for minimax optimality of the integral curve estimators.
(A9) Conditions (A1)-(A6) hold as described in the previous chapter.

(A10) Noise variables {&; : i = 1,2,...} are independent and identically distributed with a

common density function f : RN — R independent of {X; :i=1,2,...}.
(A11) The function /f is twice differentiable everywhere in RY.

(A12) [ |[VE/TF ()| dy < oo and [ f(y)]V log f(y)||*dy < oo.

(A13) In addition to (A5), for all x € G the matrix ¥(z) is finite positive definite such that

its smallest eigenvalue fi,,;, () > p > 0.

20



Note that since f is a density function, assumption (A9) guarantees that there exists
an open set S € RN where V4/f is not zero. Assumption (A12) is similar to the con-
dition (F3) in Sakhanenko (2012), which along with the fact that f is a density, implies
[ W)V iog f(y)]|“dy < oo for any « € [0, 4] by means of Holder’s inequality. Assumption
(A13) on the scaling matrix is not very restrictive, and it allows to bound any arbitrary finite
power of ¥~ ! matrix within the set G in its matrix norm.

Throughout this chapter, the following classes are considered. For a fixed 7 > 0 let
D?(a, G, 7) be the class of super-symmetric tensor fields D which satisfy conditions (A1)~
(A3). Let W be the class of all non-trivial even functions w : R — R4 that are 0 at 0,
and whose subgraphs are convex, see Ibragimov and Khasminskii (2013). Examples of such
functions could be w2, [u|, I(Ju| > ¢). Let £,(7) denote the class of all possible estimators of

the integral curves () (t),r=1,...,R,t € [0, 7], based on the data.

Theorem 2. Let 7 > 0,1 < R < (M + 2)/2. Suppose the assumptions (A9) — (A13) hold.
Then for any point a € G, any ty € (0,7], any function w € W and any unit vectors

€l,...,ER € R the following holds

(X (to) — 2 (to), e1)

lim inf inf sup Ew | n?/(@+3) : > 0.
noo W xPeg,(r) DeD2(a,G,7)

(X (t0) — 2 (t0), er)

The result simply means that the integral curve estimator X}(f) (tg), 7 = 1(1) R, minimizes
the maximum risk among all the estimators inside the class DQ(a, G, T) at any point ty €
(0, 7]. In calculation of the asymptotic risk we use the Euclidean norm of error projections
appropriately scaled by the asymptotic rate of convergence n2/(d+3) 1t is interesting to note

that the errors in estimation )A(y)(to) — xﬁ{") (tg), m = 1(1)R are projected on the directions
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given by unit vectors eq, ..., ep that are not needed to be orthogonal. In our proof we would
use a tensor field of rank R = 2, but our result can be generalized for any tensor field of
rank R > 2 in a similar fashion.

Next, in order to state Theorem 2, let us define for a fixed 7 > 0 the class F,(7) of all

possible estimators of inf ¢ (xgﬂ) (t)> based on the data.

te[0,7]
Theorem 3. Suppose the assumptions (A9) — (A13) hold. Then for any closed subset " C G,
any point a € G\I' such that ¢ is continuously differentiable at a with V(a) # 0, for any

7> 0 and any function w € W we have

lim inf inf sup Ew n?/(d+3) : > 0.
n—oo F,Sl),...,F,SR)E]-—n(T) DeD2(a,G,T)

Theorem 3 in this chapter corresponds to the connectivity test described in Corollary
1 of Theorem 1 in C-S (2015). The connectivity of brain fibers refers to a question of
whether a curve starting at a given initial point a travels through a region of interest z.
For example, there is a C pattern across the genu of Corpus Callosum that connects the
left and right lobes in a human brain as on Figure 1. In such situations the estimator of
the functional . 61[r(1)f ]90 <x£f) (t)) , ¥ =1(1)R constructed using the integral curve estimator

T

Xff) (to), » = 1(1)R, is also minimax, which means that it minimizes the supremum of the
error in estimation among all other estimators uniformly, with respect to the class of tensors
D?(a, G, 7) under any arbitrary loss function w € W.

Next, we describe the parametric subclass construction, which will be pivotal for estab-

lishing the two theorems that we have described above.
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2.2.2 Parametric subclass of tensors

The main idea of the proofs is to bound the supremum over D2(a, G, 1) from below by a
supremum over a suitable parametric subclass and connect the deviation between estimated
integral curve and the true integral curve with the deviation between the parameter and its
estimator. Then we will apply Hajek’s Lemma that provides the positive lower bound for
the parameter estimators for the parameters inside the subclass.

Thus, in this section we construct the parametric subclass. Without loss of generality
assume R = 2. For the parameters 61,605 € R we select numbers \; > A9 > 0 and vector-

g: R? — R?ina special way described after the tensor class construction.

fields v(()l) , v(()2> ,

Recall that for a vector v the super-symmetric tensor v® has Vjy - Vi, asits ig, .1 M-th

M

component. Define

D(x,8) = Mot (2, 00)%M + xgv'? (2, )M
= {0V @)+ 0n7gn(2)PM} + Ao { (0D (2) + Oan g () EM

= ol (@M 4 0D (@) M @ g () + 020 My (2, 00))

(2.2.2.1)
{0 ()M + 00~ 0 ()M @ g () + 072 M (,6))
= Do(z) + 61n" *Dy(x) + Oon~ *Do(x) + n*2O‘M7g1)(x, 61)
+ 07200 (2, 09),
where
gn(z) = g(x1,n" 29, ..., V2 g), ¥ >0, (2.2.2.2)
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Do(x) = Mol (@) M 4 agulP (2)EM,
Dy (2) = Mu{ (@) M1 @ g, (),

Dy(z) = A2v82><x>®M—1 ® gn(2), 0293

M( x 91 Alzv ®M ) (Qin_mgn(:ﬂ)@i),

M( (x,09) = Ao Zv 2)*M =1 @ (9in =1, (2)®Y).
It is evident that the pseudo-eigenvectors of D,, are

oM (,00) = ol (@) + 00 g (@),

v7(12) (x,09) = U(()2)<l’) + 6on” “gn(x).

In addition to the assumptions made in Section 2.2, we assume the following for the pseudo-

eigenvalues and pseudo-eigenvectors in the parametric subclass of the tensors.

(A14) Numbers «,y > 0 are chosen so that

l—v(d-1)—-2a=0, a=2/(d+3).

(A15) The numbers A{, Ao representing pseudo-eigenvalues of the tensor D, are such that
A1 > A9 > 0. The vector fields v(()l)(x), v(()Q)(x) . G — R? are bounded and continuous

such that for any ¢ € R the set {z : v(()l)(x) = cv(()Q)(x)} has zero Lebesgue measure,
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and the following inequality holds

(M = DM@ [ = 1))
(” N (72 ‘1D7é0’

where q(x) = (vy ' (), vy " (7))

Additionally, we assume the integral curves associated with v((f),i = 1,2, satisfy con-

dition (A3).

(A16) The constants 61,602 € R are bounded. The function ¢ : G — R® is such that | g||™

is L4 integrable on R? and the following relationships hold

100 (@) + 61nCgn(@)| =1, forall z € G, i = 1,2.

Note that (A14) boils down to v = (1 — 2a)/(d — 1) = 1/(d + 3) = «/2. Also note that

v(()l)(x), v(g?) (z) and g have the support G. Therefore, all the tensor fields also have the

support G, thus (A2) is trivially satisfied for Dj,. Moreover, (A16) is quite natural since the

perturbations from U(()i) are assumed to be small. Finally, it is easy to note that if ¢ = 0
then it implies that v(()l)(x) and v((JQ)(x) are orthogonal, and hence, (A15) will be trivially

satisfied. Therefore, the class containing v(()l) (x), 062)(35) and g satisfying (A15) and (A16) is

fairly large.
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2.3 Experiment

We begin this section by introducing the imaging protocol behind HARDI. Figure 1.1 in
the introduction was obtained from a Diffusion Weighted Imaging (DWI) dataset that was
collected from a 26-year-old healthy male brain on a GE 3T Signa HDx MR scanner (GE
Healthcare, Waukesha, WI) with an 8-channel head coil. The subject signed the consent
form approved by the Michigan State University Institutional Review Board. DWI images
were acquired with a spin-echo echo-planar imaging (EPI) sequence for 13 minutes with
the following parameters: 48 contiguous 2.4-mm axial slices in an interleaved order, FOV
= 22 cm X 22 cm, matrix size = 128 x 128, number of excitations (NEX) = 1, TE = 72.3
ms, TR = 11.5 s, 60 diffusion-weighted volumes (one per gradient direction) with b = 1000
s/ mm?, 6 volumes with b = 0 and parallel imaging acceleration factor = 2.

The seed point is chosen in the corpus callosum (CC), which contains thick axonal fibers
connecting the two cerebral hemispheres and enabling the communication between them.
The general anatomical locations of these axonal fibers are well established. These fibers are
often used to evaluate new techniques in fiber tractography.

On Figure 1.1 a fiber in the anterior part of the CC, called the genu of CC, is constructed
with ¢ = 0.003, 3 = 10~7. The branches are shown in magenta and cyan colors, they were
traced for 70 and 50 steps.

According to Theorem 1 log || Xy (t9) — (tg)||/ log n is asymptotically close to —2/(d+3),
which is —1/3 in case of 3D image. Even though the general anatomical locations of some
fibers are well studied, the exact true fibers x(t() are not quite known. Also the same subject
is usually not scanned repeatedly for 100 times to assess the estimation error empirically.

That is why we will illustrate our results via an artificial simulation study to trace some
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typical patterns of fibers when the underlying truth is known mathematically.

We consider the 2 typical patterns for axonal fibers: C-pattern and Y-pattern. We use
the same design of these patterns as described in Sakhanenko and DeLaura (2017). For
each pattern the tensor field was generated perturbed by a normal noise. Then a random
sample of ng X ng X ng observations on a regular grid was taken, and a fiber was estimated.
The distance || X, (ty) — z(to)|| at the endpoint was computed. The procedure was repeated
100 times independently. For Y-pattern the endpoint ¢ is chosen on the main branch. We
used the fiber thickness 0.04 and signal-to-noise ratio of 5 in the setup of Sakhanenko and
DeLaura (2017). The tuning parameter /5 was 0.0001.

The results are presented in Figures 2 and 3 as boxplots of 100 values

log || Xn(to) — z(t)]|/ log n for each sample size n = ng.

0.2 N ]
or + 8
+
+ + + +
02F — T + - - =
eSS e8Ss s
_0.4’L n L i % 1 ¥ £ ¥ J£,
+ * * $ * N +
+ + +
0.6 T - + A
+ 4+ *
0.8 + + + i
+ +
AF + 4
+ +
1.2 1
+

16 32 48 64 80 96 112 128 144 160

Figure 2.1: Boxplot of log || X, (tg) — 2(ty)||/ log n for C-pattern. We traced each fiber for 30
steps of size 0 = 0.02. 100 of independent samples of n = n% observations are used to create
each boxplot. The labels on x-axis mark ngy. The theoretical value is —1/3. The location ¢
is the endpoint of the trace.
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Figure 2.2: Boxplot of log || Xy, (tg) — z(ty)||/ logn for Y-pattern. We traced each fiber for 30
steps of size 6 = 0.02. 100 of independent samples of n = n% observations are used to create
each boxplot. The labels on z-axis mark ng. The theoretical value is —1/3. We trace the
main branch.

The boxplots of values log || Xn(to) — x(ty)|/logn hover around the theoretical value
—1/3 for all sample sizes and both patterns. They are uniformly closer to the theoretical

value for C-pattern than for Y-pattern, which is expected, due to branching.

2.4 Remarks and Discussion

In the construction of the proof we have assumed the order M of the tensor D can be any

even number. Recent developments in the research have shown cases where M could be taken

as 4 or 6. In general d is always 2 or 3 depending on the imaging technique. Therefore, if

order M = 4 tensors are studied then the rank of the tensor can be at most R = 3, see (Al).

In that situation proof of Theorem 2 and 3 will follow along the lines of Sakhanenko (2012).

The idea comes from the fact that vr(ll)(x, 01) and 117(12)(% 02) can be chosen orthogonal to
(r)

each other. Thus, vy ’(x,671), 1 < r < 3 can be chosen to be unit vector fields along the

coordinate axes, and therefore, the orthogonality will be utilized in the proof. But for the
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rank R > 4, which is possible for the order M > 6, such a proof would not work.

On the other hand, our estimation problem is motivated by the situation, where axonal
fibers have “branching”, “crossing”, “converging” patterns in them and, hence, are never
orthogonal to each other. Moreover, orders higher than 4 are becoming important in order
to model bundles of crossing fibers. In these situations the proof that we discuss here can
be used with wider general applicability.

Also we used the lower bounds inspired by Héajek’s lemma and LAN families technique.
Alternatively, one can try to establish lower bounds using the technique in Efromovich (2008).

Finally, we remark that the integral curve estimators are instrumental in providing con-
fidence regions along axonal fibers on a brain image based on DT-MRI data, and the width
of these confidence regions is controlled by the convergence rate. Thus, showing rate opti-
mality indicates that the widths of these confidence regions cannot be further optimized by

choosing faster convergent estimators.

2.5 Proofs

First, we need to check that the subclass of tensors constructed in the previous section is
indeed a subclass of the class DQ(a, G, 1) for all n sufficiently large. Obviously, conditions
(A2) and (A3) are satisfied for all large n. Lemma 1 in this section shows that (Al) is
fulfilled for the tensors in the subclass. This result acts as a requirement in the proof
of Theorem 1 where we establish éi,n -0, = no‘<)A(7(ﬂLZ’) (tg) — :L‘éz)> x O(1). We will then
use Hajek’s lemma (lemma 7) for the vector of parameters (61,602) to establish the lower
bound for the asymptotic risk of the integral curve estimators in Dz(a, G,T), see e.g. the

book by Ibragimov and Khasminskii (2013). But Hajek’s lemma requires the family of
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densities derived in Lemma 2 to be so-called locally asymptotically normal (LAN) with well-
defined limit of information matrices that are defined in Lemma 3. Lemmas 4 and 5 check
LAN condition, meanwhile Lemma 5 and Lemma 6 establish conditions required for Hajek’s

lemma. In particular, Lemma 6 proves Lyapunov’s condition.

2.5.1 Constructed parametric subclass

The representation (2.2.2.1) is the parametric construction of the tensor field D,. In order to
establish the minimax lower bound this construction will be followed throughout this chapter.
Below the first Lemma is presented which ensures that the construction as proposed above
satisfies the assumption (A1) that has been stated in the introduction, see Sakhanenko et.
al. (2015) for reference.

Recall

vv(zl)(x, 01) = v(()l)(a:) + 61n” “gn(x), (2.5.1.1a)
Ug)(x, 0) = v(()Q)(x) + Oon” Y gp(x). (2.5.1.1b)

For the ease of notation define the following expressions

D (03) = Aovl? (2,05) %M (2.5.1.2)
Dv(zl)(Ql) = Alvg)(l‘, 61) M Agid) (x,6)%M (2.5.1.3)
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d d @ 0 (2.5.1.4)
:( Z Z Z n)kmig...ig >U(:1)13 (x’ 01) U(;)Z <:B7 92)7
23 1 M:

where gp(z) is defined in equation (2.2.2.2). It is also assumed that for ¢ = 1, 2:
I vr(li)(a:,Gi) ||= 1, subsequently || v(()i)(x) |I=:¢; < 1. (2.5.1.5)

Lemma 3. For the tensors Dr(?)(ﬁg) and D,(})(el) the following relations hold for all x € G

Ker(T@2 (x,09), D (82)) — Aol) = 0, (2.5.1.6)
Ker(T@V (2, 61), DV (61)) — A1) = 0. (2.5.1.7)

31



Proof.

Det(T (¥ (z, 92) D@)(eQ)) ~ o)

e (2) (2)
:Det( —1) Zl ‘Z nkng 302000, (@,02). o), (@,00)
23 Z

- >\25kzm>

=Det((M = 1) Agvl2) (2,6) v (v, 62) <_Zl<v§§§i3 (,02))2)
13=
: (2)
(Y (U(n)iM(l’,@z))Q) - >\25km>

iM=1

(2.5.1.8)

2) (2)
gn)k (,62) U(n)m
2

M Det((M — 1) v2(x,82) vP(x,09)T — I)

=Det(M —1) Mo v (x,02) — AoI) by the assumption in 2.5.1.5

d
—)\ Z (2) (x 92 )+ 1} by algebraic manipulation

(n)i
=1

=— /\g(M —2) #0 is ensured as long as M > 2.

Similarly for equation (2.5.1.7) it can be seen

=Det(M 1) 3 ... 3 Dgn)kmig._id(egvﬁ;ig(x,91>...vﬁiw(m,el) (2.5.1.9)
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To simplify the expression consider

o

d
Z D (n) k‘mig...zd( )U((rlz))zg(x 91) e Ugyll))z (:L‘,@l)
23:1 ZM:1
d d 1 1 1 1
=3 D (M v 1) i) @00 () @80 () (@ 61)?
23:1 ’LM:1
(2)

k
()i, (0000, (.62)
=\ ”Ug,ll% (z,01) Ué,lb))m(m 01) + Ag g 2 UEZ)) (z,02) UE?) (z,02),
where
: (1) (2)
qn = Zv(n)z‘(x’ 91>U(n)i($a 02),
i=1 (2.5.1.10)
q%_Q = ¢/, >0, since M > 2 is even.
Denote the matrix
A= M = Drao P, 0008 (2,607 = M1, (2.5.1.11)

which is non-singular by (2.5.1.8). Rewrite equation (2.5.1.9) as follows

Det(T(w$ (x,01), DY (01)) — M)
= Det(M — DAy o8 (,00) vV (@, 01) + Xa oy 0 (,02) 02 (2, 05)] — M)

(2.5.1.12)
= Det(A+ {(M = 1)pq0 (z,02) )0 (. 02)T)

= Det(A)(1 + viP (2, 09)T A~L (M = 1)Agq v (2, 0)),
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where we used the identity Det(A 4+ uwv?) = (1 + vT A~ u)Det(A). Next, we apply the

identity to obtain A~!

B leeT'B-1

Btcl)yl=pl_=2_— 2
( ) 1+el'B-1c

The expression for A~! becomes

O D0 = DA w00 (00T (<)

o I SR : A1
AV, T (3 DA - DA (2,00)}

1 (= )l (@000 (@, 0)T

N - (M- 1)

B —iI B (M — 1)217(11)(%91)7)7(11)(:10,91)11

a A1 (2 - M)/\l

I B VSl i CAU
A1 (M —2)
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Using above rewrite equation (2.5.1.12)

Det(A) (1 + v (,0)TATH(M = 1)Aadoi? (2, 62))

(M — 1)11721)(1?,91)07(11)(%91)T}

(M —2)

=Det(A) (1 + vg) (, 62)Ti [ — I+
A

(M — 1)>\2q7§vr(7,2)(%92)}>

=Det(A) (1 + )\i —U7(12)(CL’, QQ)T +

1

gn(M — 1>v7%”<x,91>T]
(M —2)
(2.5.1.15)

[(M - 1)A2q1’w722)(17,92)]>

=Det(A)(1 + L [—(M — 1)Aagy, +

g2 (M — 1)%Xaq), )
A1

(1= 2)
Ao(M — 1)2g)!
or-2 |

1
=Det(A)(1+ 1 |~(M - Dogh =2 +

1

—Det(A) (1 L M= Dan’ X2 {(M ~ Doy _ 1]) £ 0.

A1 (M —2)

Note if g, v(()l)(x) and v(()2) (x) are orthogonal to each other then the inequality in (2.5.1.15)

holds for any n provided R < d — 1. In general, a close investigation of the quantity given
by qn = (vT(ll)(x, 1), vy(?) (x,02)) reveals that ¢, = (v(()l)(x), v(g?) (x)) + o(1) and together with
(A13), it implies that the above inequality holds for all n large enough. Thus, this Lemma
shows that the parametric reconstruction of the tensor subclass is compatible with (A1) and
can be used for investigation of asymptotic lower bounds for the estimation of the integral

curve. O
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2.5.2 Main Lemmas

The next section will use the ideas and techniques mentioned in Ibragimov and Khasminskii
(2013) in order to utilize it further in the proofs of the two Main Theorems. The lower
bound of rates of convergence for the difference in parameter and its estimate are obtained
from the results for LAN families of distributions. A well known result due to Héjek (1972)
will be presented in this subsection. Lemma 4 will introduce the density function for the
subclass model. Lemma 5 and 6 would imply that the estimation problem inside parameter
subclass yields a regular experiment. Lemma 5, 7, and 8 would imply the conditions of the
Theorem I1.3.17 in Ibragimov and Khasminskii (2013), which would further imply that the
family of distributions in (2.5.2.2) is LAN. Note that lemma 9 is somewhat similar to the
formula 11.12.19 in Ibragimov and Khasminskii (2013), which also known as the Lemma due
to Héjek (1972).

Consider a typical observation under the parametric subclass. It would be written as

(z,y;) = <9€z B <QO(5E2') +01n" Dy (x;) + 020~ “Da(x;) + n_QQMg)(L 01)
(2.5.2.1)
+ n‘mﬂg)(x,@)) + 21/2(%)@-), i=1,...,n.

Lemma 4. Then the function given by:

bn(w,y,01,09) = F(S2(2)(y — B(Dy(x) + 010Dy (x) + n~ 20 Mz, 61)

4 090Dy (z) + 0 2MP) (2,0)))) Det(S" V2 () (x € @) (2.5.2.2)

represents the density for (X,Y).

Proof. Note that ¢p(x,y,601,02) > 0. To check that [ [ ¢n(z,y,01,02)dzdy = 1 let us
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consider the following:

/ / FEY2(2)(y — B(Do(x) + 010Dy () + 0200 (e, 0y)

4 9n~ Do) + n2MP (2, 09))) Det (52 (2)) I (x € G). (2.5.2.3)
Apply the transformation

§ = 3712(2)(y = B(Doa) + 010~ Dy (2) + n =2 M (2, 01)
+ 05 Do() + 02 MY (a, 92))>, (2.5.2.4)

T =ux,

where the Jacobian matrix is given by

Or Ox I oz
N~ A~ d -

J— |9T 9y _ 9y (2.5.2.5)
@ @ 0 2_1/2(:%)
0T 0y

Therefore, | Det(J) |=| Det(SY2(%)) |, and hence the following is obtained
[ [ 1@ Det(s=12@) | Det(S12(@) | 165 € G)dndg = 1.
[

37



Define the following quantities, which are components of information matrices

Oln

Uyip(n —n//\ %! on(x,y,01,02)dxdy,
Oln

Uoo(n —n//| ¢n| on(x,y,01,02)dxdy,

0ln¢y 0ln
Vs =n [ [ aef’” 8 .. 01, 02y

iV = / / (VA F(y), V21,0, .. ,0)BD; (21,0, ...,0)) |2 dedy,

RV [Cl 02] xRd—1

12 / / S7Y2(21,0,...,0)BD; (21,0, ..., 0))

RN Cl 02 XRd 1

(V/F(), S 2(21,0,...,0)BDy(21,0,...,0))dzdy,

1Y = / / (VA F(y), S Y2(21,0,...,0)BDy(21,0,...,0)) | dzdy.
RN (e o] xRI1

(2.5.2.6)

Lemma 5. Both the matriz Iy as well as W(n) are finite and positive definite, and

(1) ,(12)

\p w o

Jim W(n) = lim el P R I (2.5.2.7)
Wi2(n) Wao(n) [(()12) 152)
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Proof. For x € G we have

Iy = In f(S2(@)(y — B(Dy(x) + 010Dy (x) + 20 MV (2, 0,)

+ 0" Dy(a) + =2 M (2,02)))) — 5 In[S(a)

0ln ¢y,
001

= —f YV 0 0S Y 2(2)BD, (2) + n_2a2_1/2(x)BVM£Ll)($, 1)) (2.5.2.8)
=~ (V0 V2 (2) BD, ()

+(Vn 20s 2 @) BYALY (2. 61))).
In the above equation the argument of f is suppressed. Similarly,

Jln ¢,
009

— — (V022 (2) BDy(2))
(2.5.2.9)

(V20 Y20 BV M P (2, 61)).

A simple application of Cauchy Schwarz Inequality reveals that W(n) is positive definite

except for the case where

keR. (2.5.2.10)

A careful term by term comparison of (2.5.2.10) with (2.5.2.8) and (2.5.2.9) shows that the

equality holds on the set:
{z: v(()l)(as) = 0062)(33), c € R}. (2.5.2.11)

By (A15) the Lebesgue measure of this set is 0. Next, a careful investigation of the quantity
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U11(n) shows:

Uy (n —n//|aln¢”| dn(z,y, 01, 09)dzdy
—n [ [ Vs 20 BD) (o)
+ (V£ 205120 By MY (2, 00)) Pdady (2.5.2.12)
—u [ [ oo 2 @) 5Dy o)

(V20 Y20 B MY (2, 00) 2 Det (572 () (x € G)dady.

We consider the following transformation:

2, =nz; 1=2,....,d & I1=u1,
§ =5 Y2(@)( - B(Do(w) + 610Dy (2) + 2 M (z,01) (252.13)

+ 0902 Dy (2) + 02 M P (2, 0))).

Define G, = {Z : « € G}. Also since G is a convex set, it can be shown that G, converges

to [c1, co] X RI~L, The Jacobian of the transformation is:

or o) |10 Ou
_ oz oy _ - 0y
J @ @ 0 n 714
or 0y 0 SV2(5, 0777 ) (2.5.2.14)

|Det(J)| = n~ "=V Det(2V2 (71,0777 1))]

= n YD) per(SV2(5, 0 V5_1)),

where x_1 = (z9,...,x4). In what follows it is understood that the functional argument x

changes to (Z,n~7Z_1) and the coordinate system changes from (z,y) to (Z,7). Also it is
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understood that the range of integration remains the same for 3 coordinate, which is RN,
However, the range of integration with respect to # changes to Gy, which has been defined
above. Now rewrite equation (2.5.2.12) suppressing the arguments g, (Z,n~7%_1), 01,0y for

the notational simplicity.

Wiy(n) =n D [ (v mes T 2Dy)
+ (20 2T 2y P ) Det(S72) Det(5Y?) didg
(2.5.2.15)
SQ[nl—y(d—l)—Qa// Y2y 8, 5 Y2BD,) P didg

_'_nlfy(dl)éla// (FV2y g e 2py Dy 2 di:dg].
Applying C.S. Inequality on the first and second terms in (2.5.2.15) yields

(V2D P < Y RS2 B, |2,
(2.5.2.16)

(P T BYALY) P < PP BY ALY P

Therefore, equation (2.5.2.15) can be simply written as

Vi) <20 [reppag) ([ 15D )

(a?l,n_’Y:E_l)EGn

st ftyppa [ s M P)
. (2.5.2.17)

(Z1,n=Y2_1)EGR

<ot @2 ([ 19 10g 112ag) ([ 152 BB D, o

om0 (9 10g f2ag) ([ 1572 BIFIVALD ).

Note that because of (A5) for all z € G, () is assumed positive definite and ||E||% < o0
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and therefore if we consider an eigen-decomposition of ¥ such that

where A(z) = Diag(uy(x),. .., ug(x)) consists of finite eigenvalues bounded away from 0 and
oo for all x € G, Q(x) is an orthogonal matrix. Then for all (Z1,n™7Z9,...,n 7%,) € G, it
can be seen that ||2_1/2(f1,n_793_1)||%7 < 00.

Also recall that D; = /\i(v(()i))@Mfl ® g for i = 1,2. In order to bound D; one needs to

vectorize the symmetrized version of D;, which is given by

DY = %Ai (g ® (v(()i))(ggj\/[_1 + v(()i) RIV...® (v(()i))(gj\/‘[_2

7

o ()P @ g(a)),
and therefore,

1D < D™ = Adllol? ML g

i) M—1 S— =
— D]l < 1254 = AlS Mgl ¥ (31,075 ) € G,

Using a similar type of argument one can construct a symmetrized version of VM 7(1@ ) by

symmetrizing each additive component of VMT(Li), and hence it can be concluded that
‘ ‘ ‘ ) | M —2 2 ' M
IvaL | < ALy < xaGad o 1M 2lgl? + ..+ a gl M),

(4) (1)

where ay”’, ..., a;; > 0 are appropriate constants. Combining these bounds it can be seen
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that equation (2.5.2.17) becomes

Vi) < 2070020 ([ f|Viog p1Pag) (£ [ lg(o)]Pds)
n

+2n17(d1)4a(/f\|v10gf||2dg) (2.5.2.18)

(LM / @SN M2 g @ + -+ al lg@)]M)dz) < oo

Gn

due to assumptions in Section 3, where L 11 L, 11 5 0 are appropriate constants. Finally,

\I'H(n)
=0 [0 ), 5 @) BD(En0) P dad
a0 [ (), S (81,0 BD (@10 ) |

@), S (@ n 5 0)) BYMY (31,0775 ), 01) | didg

(2.5.2.19)
L plm(d—1)—4
[ [ 1Y@, 5 A (10 BYMD (@1, 50),60) P did

=t //’ (VVF(@), 272 (@107 78-1))BD, (1,07 7E-1))) |* dEdg

+o(n™%).

Using Lebesgue DCT the following is obtained
lim Wy (n) = / / | (VA f(y), 27 Y2(21,0,...,0)BD, (1,0,...,0)) |? dzdy
RN [Cl,CQ]XRd71
=1,

where D1(z1,0,...,0) = )\11}(()1)(.’131, 0,....,00°M=1@g(xy,...,24). In a very similar manner
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it can be shown that

nli_}rrgo\lllg(n):/ / (V/f(y), 27 V%(x1,0,...,0)BD;(21,0,...,0))

RN [01 ,CQ} XRd71

(V/f(y), 27 2(21,0,...,0)BDy(21,0,...,0))dzdy = I§"?,
(2.5.2.20)

lim oz (n / / y), 72 (21,0,...,0)BDy(21,0,...,0)) |* dzdy

RN Cl 02 XRd 1

1.

Also it is very interesting to note that applying CS Inequality yields
(1§12 < V1. (2.5.2.21)

The equality case can be ignored from the fact that equality happens iff

V\/_ 1/2 $170,...,0)BQl(I1,O,...,O)>
=k (V/F(y), " Y2(21,0,...,0)BDy(21,0,...,0)) .k € R, (2.5.2.22)

:>v(()l)(a:1,0,...,0) = cv(()Z)(xl,O,...,O) ,c €R.

Again by (A15) Lebesgue measure of such a set in (2.5.2.22) is 0. Therefore, the proof is

complete. 0

The lemma below establishes the fact that the function V+/¢y, is continuous with respect
o (01, 02) in the space of Lo(G X RV ), which along with Lemma 5 will ensure that the family

of distributions ¢, constitutes a regular experiment.

Lemma 6. The function V+/én(x,y,01,02) = (83;%, aa;bn) 18 continuous with respect
1 2

0 (61,09) on Lo(G x RN).
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Proof. It will be enough to show that for any [ = (I1,l3) € R2

0+h\ 2
I(z € G)dady < ||h|)?||1||2 n~ %=L (2.5.2.23)

0

[ [ | v9Voutwpr.00.0

where L > 0 is a finite constant. Note that

o+h\ 2
0

<<V\/¢Tn(% y,01,02),1)

2
_ [, 9Von N n OV dn N n,
=\l -1 + Iy —
004 004 0 002
(91+h1,02+h2) (91,02) (91+h1792+h2) (91792)
2
2 [0V 0\/b
<2l -
00 00
(61+h1,02+h2) (61,02)
2
o [0V Ve
2
002 | 40 s opin 92 5, 6
(61+h1.82-+ho) oo/ (2.5.2.24)
<4l2 a \% ¢TL _ 8\/(257
=01
001 001
(01+h1,02+h2) (01,02+h2)
2
L (o N
00, 00y
(01,02+h2) (01,02)
2
a2 ((Wn Vo, )
2 (01+h1,62+h2) (01,02+h2)
2
L (2 N
005 005 )
(01,02+h2) (01,02)

Recall the transformation (2.5.2.13) that we used earlier

57Y2(2)(y — B(Do(x) + 010Dy () + 020 M (2,61) + 30~ 2Dy )

+ 0200 P (2, 65))),
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therefore,

OV

00
L (61,02)
V/Det(512()) 1z € G)
Then
Wb,
001
(61+h1,02)

=— na<BT21/2(a:)V\/f(g — 212(z)Bhy(n—eD, (z) + n—MVMS)(x, 1), (2.5.2.25)

Dy (z) +n~ VMWV (z,0,) + n_o‘h1V2MT(ll)(a:,t2)> Det(X-Y2(z))I(x € G),

where t1,t9 are some numbers in (61,60 + hq) than could depend on z.

In the following expression we consider the integral of the squared difference of the partial
derivatives of /¢, with respect to 61 at two different coordinate points (01 + hi,6s) and
(01,05). To carry out the integration, the transformation that is given in Equation (2.5.2.13)
will be used. Also for notational simplicity often times the arguments involving Z, associated
with the change of variable x = (Z1,n~7Z_1), will be suppressed in the following expressions

from here onward. Also it is understood that the range of integration remains the same for
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y coordinate, which is RY. However, the range of integration of # changes to G,.

// OV bn
00y

(61+h1,02)
:n—2a—(d—1)7// [<BTE_1/2

<W £(7 = X12Bhy (n=0Dy + n=20V M ((31,n7731), 1)) — V\/f(z?)),

Ve

061

2
) I(x € G)dzdy
(01,02)

1 (2.5.2.26)
D, +n VMU >((g:~1,nvgz_1),91)>

+ <BT21/2(:i’1, nf’yi‘_l)

V\/ F(j — SY2Bhy(n=oDy + n—2eV MY ((31,n75_1),11))),

2
n‘o‘h1V2MS)((9~cl,n_73§_1),t2)>] Det(2'/?)dzdy,

which can be bounded by the sum of the following two terms in Equation (2.5.2.27) and

(2.5.2.30) respectively, using simple algebraic inequality (a + )% < 2a® 4+ 2b2. The first term
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18

2n—2a—(d—1)'y// KBTE—l/?

<W £(7 = X=Y2Bhy (n=0Dy + n=20V M ((31,n7731), 1)) — V\/f@)>’

2
D, + nQVng1>((a~:1,nV5;_1),91)> Det(SY?)dzdj

:2n2a(d1)'y// KBTEW

1
( / vz\/ F(j — 7S7V2Bhy (2D, + n20V MY (31, n73_1), tl)))d7>
0

(2.5.2.27)
S Y2Bhi(n Dy + n 2 VMW (71,0 7% 1), t1)),

2
Dy +n VMWV ((F1,n 7E_1), 91)> Det(SY?)dzdj

=2p e p3 / / KBTE—U?(V? f(y))

SV2B(Dy +n VMWV (21,07 7E 1), t1)),

2
Dy +n VMM ((#1,n "), 91>> Det(3'/?)didy,

where the following change of variable is used

y=j—thin~(S"Y2BD, + nox~12Bv MV 1)), (2.5.2.28)
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Now this term can be bounded further by

2n2a(d1)7h%//'

X B(D,(Z1,n % 1) +n VMY ((Z1,n72_1),11))

BTE*I/z(il,n*"’:?:_l) <V2 f(y))Z 1/2(x1 n x_q)

2

2
X || Dy (Z1,n Y E_1) +n VMW (71,0 7%_1),01)| Det(SY2(#1,n "%_1))didy

S 2Ln—204—(d—1)’yh2

/ / H(V ) 1(@1,0778) + 0 VALY (@1, 0773 0) 1))

2
Det(S732(&1,n VE_1))dzdy

2

Dy (#1,n "E1) +n VMY ((Z1,n3_1),01)

> (2.5.2.29)
dy)

X (/HDl(jl,nV:E_l)||4Det(23/2(33'1,n7£_1))d§7>

2
dy)
[ gl

X

(y)

< 2Ln 2= 4 O(n~%))h? (/ Hv2

(y)

< 2Ln~20= =071 4 O(n=%))h? ( / Hv2

- (/ H g<@>u4uvé”<fc1,n-mnu“M-wdfc)

<2Ln 27114+ O(n™) hQ/HVQ

< hn~ o@D V(1 4 O(ne)),

where we used CS inequality and the triangle inequality for Euclidean norms. In the last
inequality we used the assumptions on g and v(()l) , and we bounded the Euclidean norm of
Dy using, [ Dy < Afol? MYl ¥ (#1,n7i_1) € Gn. On the other hand, we used
||VM,(5> | < /\Z-(ag)||v(()i)||M*2||g||2—|—. : .+a§\i4)||g||M) as another bound on the Euclidean norm
of M 7(11 ) . We also used the observation that eigenvalues of ¥(z),z € G are assumed to be

(1)

bounded away from 0 and co. Finally L, Ly > 0 are generic constants.
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The second term in the sum that bounds (2.5.2.26) is given by

2
(a2 / / <BT2—1/2V\/_f(y),V2M§11)((f1,n_753—1),t2)>

Det(SY/2)dzdy
2
- 17h2//HBTE 1/2y /—H Hvz (1,0 E 1) to)
(2.5.2.30)
Det(21/2)dfdy
<ondn= e~ 19\ /F)lPdy [V 1) 2 Det(s 12z
th%n—m-(d—ng )’
where the following transformation is used
y =17 — hin S Y2()BDy (%) — hyn~ 205 Y2(3) BV MY (7, ), (2.5.2.31)

also a simple application of CS inequality separates out the quantities involving y and z.
Furthermore, V2M 7(11)(t2) can be bounded in its matrix norm using the bound on its corre-
sponding symmetrized version in a similar fashion as we did it for VM. 7(11). Also L§2) > 0
is generic constant which bounds the product of the integrals in (2.5.2.30). Combining

(2.5.2.28) and (2.5.2.30), we obtain the following bound for all sufficiently large n

[\

Next, we bound the integral of the squared difference of the partial derivative of /¢, with

s

> I(z ¢ Q)dady < hZn~ 2~ @=17L,  (2.5.2.32)
1

(01+h1.02) (61,02)

respect to 01 at two points (01,09 + ho) and (61, 02) respectively. Recall the transformation
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(2.5.2.13) that we used earlier

= E_l/Q(x) (y — B(Qo(m) +60in"“Dy(x) + n_QO‘M?(@l)(m, 01) + Oan™*2Dy(x)

+n 200 @ (o, 92))>,

therefore,
83? g = n‘“<BTE—”?<ac>v\/f<@>,Q1 () + n- VM (z, 91>>
L l(61.09)
\/Det(Z_l/Q(m))[(x € Q)
Then
88—\{9% — —n_O‘<BTE_1/2(:r)
L 101,09 +h9)

X V\/f(g S 12(2) Bho(n— Dy () + n-20VM P (2, 15))), 20233

D1(o) + V8D 00) )y Der(s 2w 1o € )

where t3 is a number in (03,0 + ho) which may depend on z. Next, the transformation

(2.5.2.13) is used. Recall that the transformed variable is = (1,27 7Z_1) and Z is inte-
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grated over G,.

// N ¢n
001
(61,02+h2)
:n—2oc—(d—1)'y//<BTE—1/2

X <W (7 = X12Bhy(n=Dy + n=20V M (71,0773 1), 13))) — V\/f(ﬂ))’

0V

001

2
I(x € G)dzdy
(61,62)

2
Dy +n VMWV ((71,n7E_1), 91)> I(z € Gp)Det(2Y?)dzdj

:n4a(dl)’yh§//<BTzl/2

1
X < / VQ\/ £ — 75 V2Bhy(n~*Dy + n20V M ((#1,ni_1), t3)))d7->
0

x STV2B(Dy +n~*VMP ((#1,n7Vi_1),t3))),

2
Dy +n VM ((#1,n " 1), 91>> I(% € Gn)Det(?)didy

:n—4a—(d—1)vh§//<BTE—1/2<V2 f(y)> (2.5.2.34)

x STV2B(Dy + n VM P (21,0 731), 13))),

2
Dy +n VMWV ((F1,n7E_1), 91)> I(z € Gp)Det(2Y?)didy

2
pde=(@-Dyp2p //H<V2 ) Dy +n"VMP (71,073 1),t3)))

2
I(z € Gp)Det(273/%)dzdy

x |Dy +n VMW ((Z1,nV%_1),01)

<ot oeeie [ (V) dy [ Il Ders ez

<p =10 [@=D7(1 L O(n=*))h3L (/ <V2 f(y)>2dy>
([ 1@l or, 201

<hin~4=@=D71,(1 + O(n™®)).

The bound (2.5.2.34) can be obtained using similar arguments we used earlier in this proof

to bound Dy and Dy in Euclidean norm and using the fact that eigenvalues of ¥(x) are
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bounded away from 0 and oo so that the matrix norm of 2_3/2(x) is finite.

The bounds that have been established in (2.5.2.32) and (2.5.2.34) can be used with each
of the components of equation (2.5.2.24) to obtain the final bound. It is possible because the
expressions are symmetric in arguments #; and #y. Finally, tying up all the bounds together

for some generic constant L > 0 we obtain for all sufficiently large n

+h\ 2
// (Vv on(x,y,01,02),1) I(x € G)dxdy
0
§4l%h%n*4a7(d*1)7[jl + 4l%h%n740‘7(d71)71/2 + 4l%h%n74a7(d—1)yL3 (25.2.35)

+4i3p3n o=,

< ||A|f? 1]f? n—detd=Dr,

]

Next, we check condition (1) in Theorem II.6.1 in Ibragimov and Khasminskii (2013),

which together with Lemma 6 will imply that the family of distributions ¢,, is LAN.

Lemma 7. For any k > 0

lim sup n//<a On
" ful|<k %

Proof. By (A14), we have 1 — 2o — (d — 1)y = 0. Using A = ¥~ Y/2(n)u in lemma 6 for fixed

9—|—\I/_1/2(n)u

2
,\11_1/2(n)u> I(z € G)dedy=0. (2.5.2.36)

0
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k > 0, we obtain

0—1-\11_1/2(n)u
,\11_1/2(n)u)2l (x € G)dxdy

lim sup n// 8\/%

n—00
[[ull <k

0

4
< lim sup n ZQH\I/_l/Q(n)u‘ L= lim O(n_2a> = 0.

O

The lemma below gives the Lyapunov’s condition for the family ¢;,, which is a little
stronger condition than Lindeberg’s condition but simpler to verify. See condition (6.1) in

Section II in Ibragimov and Khasminskii (2013).

Lemma 8. For some § € (0,2) Lyapunov’s condition holds

lim n//H 1/2
n—oo

Proof. 1t is evident that due to the facts presented in Lemma 5 as n — oo we have

qﬁ (x,y,0) dxdy = 0. (2.5.2.37)

12— ai1(n), ai2(n) I L NP (2.5.2.38)

ag1(n), aga(n) a1, ag

With the help of the simple inequality

ja+bP < 2P (lafP + [bIP) p> 1, a,bER,
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the following can be observed

2+0
Jo 55
dln ¢y, dln o, |* dln ¢, dln ¢y,
= [an(n) a0, 12(n) 96, + |a21(n) 0, aza(n) 00,
dln ¢y, Oln b, |2+° dln ¢y, dln ¢y,
<26/2
[an(n) a0, 12(n) 90, azi(n) 20, + ag(n) 90,
<91+36/2 n n
2 “a (n) 96, ai2(n) 90,
910 o, |29 O1n b, |2+
+ agl(n) 516? agz(n) anef .
It is enough to show that
nh%ngon// ’81;6?" (z,y,01,02)dzdy = 0,
1
nl;rlgon// ’38110;% (z,y,01,09)dxdy = 0.

2] (2+68)/2

2446
] (2.5.2.39)

(2.5.2.40)

(2.5.2.41)

For the following expression again the change of variables described in Equation (2.5.2.13)

will be used. Since the transformation on = is = (Z1,n~72Z_1), the arguments involving z

will be suppressed for notational simplicity and the corresponding range of integration will

~ ol
be G,,. Therefore, using the expression for non

%)

from equation (2.5.2.8) the following can



be obtained:

o] [| e

:n// ‘fﬁl<vf’ n=*S"Y2(2)BD, (z) + n~ 2%V (2) BV MY (2, 6;))

(z,y,01,02)dzdy

2+6

X ¢n(xay791702)dxdy
§21+6n1—a(2+5)//‘f_1<Vf, 212(2)BDy (x))

2446
sgrogeee [ f \f—1<Vf,2—1/2(x>BVMS>(a:,01>\ b, 1, 01, 00) ddy

2446
‘ d)n(x?y» 91792)dxdy

146/2
140, 1-y(d—1)— 2+5)//) Vi 1/2 (21,n72_1)BD;(%1,n vi’_l)>2’( /2)
x fOH0)(5)didy
14+6/2
21+5 1—y(d—1)—2a(2+96) //‘ vf —1/2 BVM( )((il,n_7£_1)),91)>2‘ /

(2.5.2.42)
x f7UH(g)dzdg

< Lpl—(@=1)-a(2+0) /va ||2+6f (1+5( dy/HE 12 H2+6 -

2448
+Ln1,y(d1)2a(2+6)/va(g)H2+5 f(1+5)(g)dg/HE1/2VM£L1)(91)H dzx

<La 0o ([ 1910g 1) @ag) | 280 [ ot

#€Gn

#0029 ([ 19108 1(0)1 1010 )

1S 1M 219 @) + o+ allg(a) |+ s
i€y

Snl—’y(d—l)—a(2+5)L

i

where L,L%l),Lg) are generic constants. We use CS inequality, the boundedness of the
eigenvalues of ¥(Z1,n~7Z_1) and the boundedness of the Euclidean norm of the vector field

vf()l)(irl, n~7Z_1). As it can be noted the technique that has been used to bound Ql,Mg)
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and Y here, is the same technique that have been used in the previous Lemmas 5 and 7.

Therefore,

2490

0 X _
100 (.61, B)ddy < lim_ O(n=) = 0,

lim n//
n—o0

With a similar argument equation (2.5.2.41) can also be established. Hence, we conclude

the proof of Lyapunov’s condition. n

Finally, we present the famous lemma due to Hajek (1972) tailored for our purposes. This
lemma will serve as a crucial connection to prove the minimax lower bound for the integral

curves based on tensor fields from the class D?(a, G, 7).

Lemma 9. For any estimator On, of the parameter 0 = (01,02) in the parametric family of
distributions ¢n, described in lemma /4 satisfying LAN condition, any loss function w € W,

and for any b > 0, for which K}, is the square [—b, b]2 in R2, the following holds:

A

010 — 6
lim inf sup Ejw 15/2 "
{(01.,02): 1y~ (01.62) €K} 2,0 — V2
202520) " [ w(lyl)eso (—@) .
Kp /2

where By is the expectation with respect to family of measures

n
/---/H¢n(xiayi791792)d$idyi-
i=1
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2.5.3 Proofs of Theorems

2.5.3.1 Proof of Theorem 1

The integral curves are defined to follow along the corresponding unit vector fields. Since

Hv(()r) | = ¢ < 1, we define the following integral curves
0 () _ v (1)
"0 =Gy
lvg (g ()]
0

ot

—xg)(t; 0r) = v,(lr) (x%r) (t;0,), r=1,2.

(2.5.3.1)

Note that suppressing the argument inside :c(()l) (s) in the vector field it can be observed that,

1 _ 1 _ 1 _
1= oY + 107 g)2 = |81 + 2010wV g) + || g]| 2632

1 _ 1 _
— 1— oY) = 200wl g) + 191202020

1 _ 1 _
1= (o1 _ 2000 (0, g) + 1gll03n 2

||U(()1)|| (14 c1)eq
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Define for r =1,

1 - (2.5.3.2)
1nlg(2l () 12087 (@8 (s))
(1 + Cl)Cl

t 1
_ / ( / Vol el (s:00) + (1 A)as(()l)(s))d)\) A (s)ds
0 0
t

0

+0n ¢

(I+c1)e

m—augué”<s>>u2vé”<xé”<s>>}

ds.
(1+61)01 o

Then we obtain

t

|awe]| < o [ (] 9@ (s:00))|| +

0

2005, gyos (5 (s))
(1+c1)er

+ An_o‘> ds

t

max ’Vvo Azt (s,00) +
A€[0,1]

0

. (2.5.3.3)

< ]91!71_0‘/ (‘ g(ztD( 8‘01))H +

e"p{/ s Ve D s, 00) + (1 = Nzl () | ds},

200", g)ug” (2" (s))
(1 + Cl)

+ An_o‘> ds
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where A > 0 is some positive constant. The last step in equation (2.5.3.3) is done using

Gronwall-Bellman-type inequality. Recall that g and v(()l) are continuously differentiable

vector fields defined on an open bounded convex subset G of R%. This implies that they

Therefore,

are Lo bounded as well. ) t)H < \91|n_O‘Cél).

established that H A,(f) (t)

t
AD () /
0

H < |92|n*a0(()2). Next, consider

(s:60)) — v (2 (s)) | ds

t
200", gyost (2§ (s))

+ Gln_o‘/ {g(xgl)(s;&)) - (I1+c1)er
0

. emaugmé”(s))H%é”<xé”<s>>]ds
(1 + 61)61

t
- / Vol (@ () A (5)ds

(e

(0 2<vé”,g>vé”<xé”<s>>] s

+ S 01) (

N

+6in™ ¢
! (1+c1)er

=+ an—a

— O\
=R
8
[en}

/ Vg(pa (s, 01) + (1 - p)xé“(s))dp) AlD (s)ds

0 0

B / 02029z (5)) 20 (2" (5))
(1 + 61)01 )

[e=]

Denote

60

Similarly, it can also be



Therefore, by the triangle inequality for the Euclidean norm
t

t
Agkﬂ—:/V%SR%P@DASN$d$—%ﬂ‘a/§@§N$MS
0 0

%/(/v%o Ol + (1 - )x(g”))dx) 1AD (5)]|2ds
o (s xswudﬂ) o

(1)
0% _za/ gz’ ()12 ||vo (@ o DI (2.5.3.5)
1+01)C1

Hence it is evident that for all sufficiently large n

t

t
- / Vol @Y () Al (s)ds — o0 / 32V (s))ds
0

0

<Cn72® (2.5.3.6)

So the integral equation along with the corresponding differential equation from the inequal-

ity in (2.5.3.6) is given by,

t t
_ / Vol 2V () A (s)ds + o0 / (@i (s))ds + O(n~2),
. . (2.5.3.7)

0

SO0 (1) = veg g )A @) + o= (1) + 0.

In order to solve the ODE given in equation (2.5.3.7) note that there exists a function
GW(s,t) : (t,5) € [0,T)? which satisfies the following conditions:
0
L= GW(s, 1) = Vol @M #)eW(s, 1), 0<s <t < T

2. G(l)(tv t) = lgxd;
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Then by Theorem (2.2) in chapter (7) in Coddington and Levinson (1955) the solution to

equation (2.5.3.7) is given using the Green’s function G’(l)(s, t) as the following
t

AV @) = gyn—0 / GO (s, )5 (s))ds + Om™2) vt € [0,T].
0

Which in turn provides the following relation

)
o (t; 01) — 2V (tg) = B0 / G (s,10)g(x (s))ds + O(n=2). (2.5.3.8)
0

Similarly, for Ag) (t) = xﬁf) (t;69) — [E(()2)(t) the differential equation can be given by,

0
S8 (1) = Voi (g AP (1) + ban 3w (1) + O ), (2.5.3.9)

and the solution of the differential equation can be given via G(Q)(s,to), another Green’s

(2)

function which satisfies the above mentioned three conditions with vy

ty
1) (t0: 62) — ) (tg) = bpn~® / GO (s,10)(x\P (5))ds + O(n~2). (2.5.3.10)
0
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For two unit vectors e; € R%, i = 1,2, that are non-orthogonal to g(x(()i) (t),t€0,T],i=1,2,

respectively, observe that

to

<9Cn1)(t0; 61) — 17(()1) (to),e1) = Oin~ (/
0

(G (s,t0)g(25" (s)), e1>ds) (1+0(1)),

i (2.5.3.11)

(22 (t0; 02) — i (to), €2) = o™ ( / (G (s, t0)g () (5)), €2>d8) (1+0(1)).
0

Note that due to conditions (1) and (2) on G") there exists an ¢ > 0 such that G (s*, ) =

Ijg+o(1), s* €[t —et]. Hence, it is evident that for r = 1,2,

ty
C = / (G0 (s, t0)3(x (5)), er)ds # 0. (2.5.3.12)
0

(1) (2)

Therefore, for some 7y, *(tg; 01), 75, (tg; 02) converging to 0 as n — 0o we have,

nOZ
=73 (<$7(”Ll)(t0’ o)~y (to) €1>> (1 i to; 01)> ’ (2.5.3.13)
0y = 2—2 ((:U?(E)(to,@Q) — x(()Q)(to),e2>> (1 + i (to; 92)) :

(r) (r)

For r = 1,2 an estimator of #, based on the integral curve estimate X, (to) for xy, ’ (to, 0r)

can be constructed as:

Orn = g—r (%87 (t0) = 2 (t0).en)) (14 B (20)) (2.5.3.14)

where R%r) (tg) converges to 0 as n — oo and satisfies,

sup | R (to) = i (t0:00) | < sup 2 [ (X t0) — 27 (10, 60),e0) |- (2.5.3.15)
|Or|<M |Or|<M ~T
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Now notice that,

’ er,n - 97’ |
n® .
< |0 t0) = a00.0,). 1)

a

n % T r r T r
+ gy | (t0) =2l (o), en) R (t0) — (ol (10, 01) = ot (t0), )il (103 0) | (25:3.16)

«

n N

< B D (0) = af) 0. ] 1+ B ()|
97‘ T T

O RO ) — 1D (t56,) |

11+ 77 (t0:6,) |

Due to (A16), an My > 0 is chosen such that {(61,69) : 15/2(91,82) € Ky} C{(01,62) : |

0y |< My} for some square K € RZ2. Therefore, we get the following inequality

01, — 601
sup Ew 13/2 "
{(61.02): 1112 (01.09) €y} 0.5 — 02
01, — 01
< sup Ew 16/2 "
{(671,09): 10;|<M} a—

(K3 (1) = 23 (to, 00). 1)
< sw Bl |pP|esemone|| o o Y

— A

{(61.09): 16;1<Mp} (Xp (to)—l’g (to, 02), e2)
Co

(2.5.3.17)

Since w € W, it is an increasing function and

01 — 01 01 — 01
13/2 M SHI(%MH X

Y

~

on — 02 02, — 09
is used in equation (2.5.3.17) along with the relation established in (2.5.3.15) and (2.5.3.16).
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Y1

Finally, define Hlé/zH 2+ 2My) & = w (||ly||) and, therefore, we have the
Y2
Co
inequality
> (1 1
N (X3 (to) — 2 (10, 01), 1)
sup Ew|n
DeD2(a,G.1) (X (t0) — 22 (19, 69), e9)
(1 1
(X3 (t0) — (1o, 01), 1)
> sup Ew | n® . (2.5.3.18)
{0102 1071 =Mo} (X (t0) — 21 (20, 62), e2)

Therefore, using Hajek’s lemma for w, the following gives us the ultimate lower bound

X tg) — 2V (20, 01), e1)

lirg inf inf sup Ew | n®
n oo L N A
Xl 2 cen(n) DG (X2 (10) ~ a2 10,0, )
01, — 61
> liminf sup FEw 13/2 " (2.5.3.19)
n—00 1/2 .

{(61.02): 1)/ “(01.02) €Kp} O2.n — b2

> 0.25(2m) 7! / @ (|ly|]) exp (-@) dy.
Kp /2

This provides a nontrivial bound for the minimax loss to the class of estimators for all b > 0.

Thus, by choosing b arbitrarily large the proof can be completed.

2.5.3.2 Proof of Theorem 2

Proof. To prove Theorem 3 the structure of Theorem 2 is followed. Let tg = T. Since

V(a) # 0, without loss of generality one can assume a = 0. Then there exists a neighbor-

hood of 0, say Na, = {z € R% : |z < 2p}, where V(z) # 0.
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(2)

Also vél) and vy~ are chosen such that the corresponding integral curves xél)(t) and

[E(()Q) (t), t € [0,T], stay in No,. Then for all t € [0,T] we have

(¢ (#0)) = (76 (§70) 1 () ) 20

/
Moreover, v(()r) (xér)(t)> are chosen in such a way that (go (:v(()r) (t))) < 0 which is ensured
(r)

by the continuity of v © and monotonicity of (.

As a result,

® (a:(()r) (T)> = inf ¢ (a:(()r) (t)) .

t€[0,T)
Since HAW (t)H < |6r| n_O‘C’(()T) for all t € [0,T] and |0,| < Mj there exists ng depending on
p and M such that for all n > ny, :1:7(»2”) (t;6,)

(r)

Then by using continuity of vy ’(x), Vio(x), we can assume

<2pforallt €0,7] and |0, < M.

<w (1 t:60)) o (8 :00) > <0

for all t € [0,T], |6,] < My and for all large enough n > ng. Then for all t € [0, 7], |6, < M)

and all large enough n > n; depending on p, My and g we observe

(Vo (ng) (t; Qr)> ,1)7(17“) (my(f) (t; 9r)>>

= (Vg <ZL'7(1T) (t; 97«)) , <v(()r) (mg) (t; 97~)> +0,n % <x7(1r) (t; Gr)>>) < 0.

Since g and Vg are bounded on N3, then

' (ﬁg) (T; 97“)) = tei[%,fT] 'd <351(1T) (t; 97“)) :
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As a result,

(2.5.3.20)

Suppose K, = <¢ (l’g)(T)>)/C(()r)

seen that

Or = Z—i (tei[%fﬂ @ (:05{) (t; 07«)> - tei[lng] @ (:cff) (t))) (1 (T 9@)) :

Also the estimate of 6, is constructed through an arbitrary estimate of the minimum distance

F,(Lr) and appropriately chosen sequences rf{') (T;0,) & R%T)(T ), and it is given by

Oy = "K—j (Fé” - nt (xg” (t)>> (1+ R (1))

The rest of the proof follows the same lines of the proof of Theorem 2.
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Chapter 3

Global Minimax Bound

3.1 Introduction

In the previous chapter we already established pointwise rate of convergence for the asymp-
totic risk of the CS estimators is minimax optimal, see also Banerjee, Sakhanenko and Zhu
(2019). The present chapter establishes the rate of convergence of the asymptotic risk of
the integral curve estimator is minimax optimal, globally. Historically, in nonparametric
estimation framework Stone (1982) established global minimax optimal rates for the es-
timators in a simple nonparametric regression setting. Some more recent works include
Raskutti, Wainwright and Yu (2012), where the authors have established global minimax
optimal rates for sparse additive models over reproducing kernel Hilbert spaces (RKHS) in a
L1 type convex optimization framework. Guntuboyina and Sen (2015), Kim and Samworth
(2016) established global rate of convergence in univariate convex regression and log-concave
density estimation, respectively. Interestingly enough, in both of these works the estimator
achieves the similar asymptotic rate of convergence which is globally minimax. In our work
we establish similar results, but under a semi-parametric setting involving high order tensor
structure of the signals. Moreover, we use this globally minimax optimal rate with Monte
Carlo (MC) simulation study to compare different scanning protocols to find the one that

gives the smallest stable global lower bound on the asymptotic risk of the estimated fiber
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trajectories. This comparison method harnesses the global information in fibers as opposed

to some t test applied to an image summary statistic.

The rest of the chapter is organized as follows. In section 2 we introduce the assumptions,
main results, the definition of integrated or supremum norm for our problem and the basic
underlying assumptions needed for the inference described specifically in this chapter. In
section 3 we describe the physical phenomenon behind the DT-MRI and also describe our
simulation study and results from a real data analysis. Additionally, in this section we pro-
vide a simulation based choice of the protocol that gives the lowest global lower bound on
the asymptotic risk of the estimators. All the proofs with necessary lemmas and propositions

are provided in section 5.

3.2 Assumptions and main results

Here we describe the main theorems and lemma required to establish the mimimax lower
bound for the global asymptotic risk of the integral curve estimator. First, in addition to
the assumptions in chapter 1, (A5) and (A6), let us introduce an assumption on the density

f of the noise variable &.

(A5') Noise variables {&; : i =1,2,...} are i.i.d. with a common density f such that all the

second order partial derivatives of the function

g(u) == — / In <1 i +;()Z)_ f(’z)) f(2)dz, z € RV,

are continuous at 0.
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The class of densities that is described by condition (A5') is fairly extensive. In particular,
normal densities satisfy (A5'). Moreover, if f is “regular’ as defined in Ibragimov and

Hasminskii (2013), then the second order partial derivatives of g can be written as

e /f (v— )/ 1y dy—/f (v —0)/f )y, ij=1,...,N.

The assertion of (A5') can be understood by following the first part of the Lemma 1.7.1

where it immediately follows from the finiteness of Fisher information

i = [(HEP ez i =1 N,

and a continuity type condition:

/(f (v + 1) — f(W)2/F(y)dy < Clh2i = 1,... N,

for all h such that |h| < ¢ for some € > 0 and a constant C' > 0. These conditions are
similar to the conditions (b) and (c) in the definition of regular experiment in Ibragimov and
Hasminskii (2013).

Now, we present the main theorems along with some motivation to establish global
optimal bounds for integral curves estimators. We also present the parametric subclass
of tensors and their construction. Furthermore, we describe Lemma 10 showing that the
constructed parametric subclass satisfies the assumption (A1l). In addition to the class of
tensors, we introduce the following classes essential for the results presented in this chapter.

Let W be the class of all even functions w : R +— R that are non-decreasing on Ry,
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0 at 0 and w(xz) > 0 for all z > 0. Examples of such functions are fl u?, §1|ur|. Let
r= r=

Enlax,T) denote the class of all possible estimators of the curve z(")(¢),t € [0,T],r =

., R, obtained by solving the ODE involving pseudo-eigenvectors U(T),T =1,...,R.

Recall that the integrated Ly-norm for a vector function y(t) = (y1(t),...,yq(t)),t € [0,T],

is defined as
1/p

T g
Iyl == /Z\ Hrdt|  1<p< oo,
0

=1

and

= Su max
[Ylloo,T = te[opT]1<k<d| yr(t)].

Theorem 4. Assume conditions (A1)-(A6) and (A5') hold and 1 < R < (M +2)/2. Then

for any number T > 0, any point asx € G, any function w € W, we have

lim inf inf sup Ew( 2/(d+3) (HX(U—x Nips - -, | XB) —x<R>Hp7T)) > 0.
n—oo MW X P®eg, (av,T) DED?(ax,G,T)

77777

Theorem 5. Assume conditions (A1)-(A6) and (A5') hold and 1 < R < (M +2)/2. Define

forc, k>0,
1! 1
Doy = {D € D*(as,G,T) : |D — Dolloo < en™ 243 and ||D” — Dy [|oo < K}

Then for any numbers ¢ > 0,T > 0, any point ax € G, any D € Dy, any function w € W,

any 1 < p < oo, and some k > 0, we have

lim inf inf sup Ew (nZ/(d+3) (HX7(11) _ ﬁU(l)Hp,T, o ||X7SR) _ x(R)Hp,T>> < 0.
n=oe ¢ X eg, (a.,T) DEDe i
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Theorems 4 and 5 establish that the ensemble of integral curve estimators )A(g‘)(t), r =
1,...,R,t €0,7], minimizes the maximum risk among all the estimators inside the respec-
tive classes under the integrated norm and the appropriate loss function w. Thus, we achieve
the minimax lower bound under the integrated norm with loss function w. If we analyze
carefully Theorem 4, then we see that it is an immediately corollary of Theorem 5, since
the class D, C D?(ax, G, T). In the statements for both theorems we see that the norm

d+3)

of the errors is scaled by n2/( which matches the asymptotic rate of convergence of the

Carmichael and Sakhanenko (2015) estimator.

Theorem 6. Assume conditions (A1)-(A8) and (A5') hold. Let {X}(f) cr=1,...,R} be

the integral curve estimators of the solutions of the ODEs involving the pseudo-eigenvectors

1. Additionally let ]E||§Z||g < 00, for some q > 4. Then for each r = 1,... R, for any

number T > 0, for any point ax € G and any 2 < p < q, we have

sup sup E||n2/(d+3) (X}(LT) — x(r)> |pT < 0.
" DeD2(ax,G,T)

2. Moreover for each r = 1,..., R, for any number T > 0, for any point ax € G, we have

sup sup E||n2/(d+3) <)A(T(Lr) — x(r)> lloo, T < 0.
" DeD2(ax,G.T)
Theorem 6 exploits the moment conditions on the noise variables to establish that the
maximum risk of appropriately scaled integral curve estimators under integrated £,—mnorm
or supremum-norm converges to a finite constant. These three theorems together study the

global bounds for the asymptotic risk of the integral curve estimator and show that it is
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minimax.

3.2.1 Parametric subclass of tensors

In order to prove the minimax global rate for the asymptotic risk of the integral curve
estimator, we start by proposing a construction of a parametric subclass of D2 (ax, G, T).
We start with perturbing the curves which will perturb the resulting gradient vector field

translating the perturbation ultimately to the tensor field in D2 (ax, G, T).

For each r = 1,..., R, let :Eér)(t,a*),t € [0,7], denote the integral curve starting at ax,
driven by the vectors v(()r) (m(()r) (t,ax)), where :c(()r)((), ax) = ax. Additionally, for small € > 0,
consider A¢, an € neighborhood of ax (in Euclidean norm) in a (d—1)-dimensional hyperspace
transversal to the flow at ax. Suppose the volume swept by A¢, under the flow v(()r), is denoted

by

Ggr% {x( ") :xér)(t,a) :te0,T),a€ A} C G, forallr=1,...,R.

)

Then GETT) defines a neighborhood of the integral curve x(()r) (t,a%),t € [0, 7], as we vary the

initial point a. Define,

27t 0) = 20t + 02 (O (070 — au]), a),

where gpgr) (t),t €[0,T], is a family of twice continuously differentiable functions indexed by

b e {0,1}F. Also suppose that gpb ( ) #Z 0,0, )(O) =0, cpl(f) (T)=0,-1< Vgol(f)(t) <1, for

r=1,..., R. Additionally assume, l/J(T) (2),z > 0, is a three times continuously differentiable
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function such that

0 < )(z) < c/||v((f)||oo, v (0) = v24() (0) = 0,

V1/,(7‘)(Z) <0 for z > 0, w(r)(z) =0 for z > e.

Note that the perturbation in parameter ¢ is small enough and for all » = 1,... R, the

(r)

perturbation vanishes far enough from z ’(t,ax),t € [0,7]. Then the corresponding pertur-

bation in the vector field can be found as

d (r T r d (r —a (r r
it (60 =)@ a) = Zag? (¢4 07 0w (7] — ai).a)

dt (3.2.1.1)

— i@, a) (14 0Vl (1)) (0|0 — ax)).

By flow box theorem (see Lemma 3.2.120 in Chicone (1999)) for z(") € GET%, there are

uniquely defined twice continuously differentiable functions tl()r) (x) € [0,T] and ap(x) € A,

such that there is a b-perturbed integral curve starting in A, which goes through 2(1) and

o0 @), () = 2, for =1, R,

since v(()r) (x) # 0, for all z € Gg% So the expression in (3.2.1.1) can be written as

o (@) = o (@) (1 + nm Ve W (@) ) (0 |ay(2) — as])). (3.2.1.2)

b

Now for a fixed b € {0,1}F, we could construct an order M rank R tensor such that

Dy(z) = Mo (@M 4 200D ()M 1+ 4 ageP @)®M, (3.2.1.3)

bn b,n b,n
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Also define the tensor corresponding to vectors v(()r) (x),r=1,..., R, named Dy as

Do(z) = Alv(()l)(x)®M + )\QU(()2)<JZ>®M +...+ )\RU((]R)(x)@M, (3.2.1.4)

(r)

where pseudo-eigenvalues and eigenvectors Ap, vy *,r = 1,..., R, respectively, are chosen in
such a way that Dg belongs to the parametric subclass in DQ(a*, G, T), meaning in particular,

that it satisfies (Al).

Below we present the first Lemma which will ensure that the construction proposed above
yields the parametric family of tensors that satisfy condition (A1l). Let us introduce some

additional notation, for p=1,... R,

R
DY (@) = 3 Mo @),
r=p

R (3.2.1.5)
DY () =3 a0 PV,
=p
Also we assume that ||v(()r) (x)|]] = 1 then ||v£2(x)||2 =: cl()TT)L. Hence, it is easy to note that

(r)

cb’n—>1asn—>oo.

Lemma 10. Forp=1,..., R, the tensors Dl()p) and for all x € GETQ)F’ r = 1,2 the following

relations hold

Ker(T(P) (2), D (@) = ApI) = 0.

)

We will provide the proof of this lemma along with the proof of theorems in section 5 of

this chapter.
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3.3 Simulation study and Data analysis

3.3.1 Simulation Study

Following the setup of Sakhanenko and DeLaura (2017), we consider a simulation study
based on the “Y” pattern that often presents itself while neural fibers branch. Based on
signal-noise ratio (SNR) and thickness of the fibers we provide a 3D plot, see Figure 3.1, of
an estimated integral curve along with 95% confidence pointwise ellipsoids computed using

the method proposed in Carmichael and Sakhanenko (2015).

N 02 >
01 01 01 01

(a) 3-dimensional trace of the “Y” pattern. (b) 3-dimensional trace of the “Y” pattern with
95 % confidence ellipsoids.

Figure 3.1: We trace the integral curve using Carmichael and Sakhanenko (2015) method
creating the “Y” pattern. Here sample size n = 60°, signal-noise ratio SN R = 2, thickness
of the fiber £ = 0.04, step size § = 2 and the constant 8 = 10~".

We simulate the “Y” pattern using several sample sizes from 30% to 100%. For each
curve we computed the estimated constant in the lower bound in Theorem 2, which is
K= w <n1/3 <||)A(7(11) - x(1)||2’T, ||)A(7(L2) - x(2)||2,T>>. As our method is minimax globally
with respect to the asymptotic risk of the estimators, we can compare this x values for

different scenarios to chose the best one. Below we provide the 25th percentile, median

and 75th percentile for the x values that are simulated over 100 times for each of the eight
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different sample sizes.

0.045

0.035 -
0.03 -
0.025 -
0.02 -

0.015 -

0.01 -

L ! )
80 20 100

Figure 3.2: The red, blue and green lines show the 25th, 50th and 75th percentiles of the x
values across all the sample sizes n = n%, ng = 30, ...,100 with increasing ng by 10 at each
step, repeated 100 times. Here we have used step size 6 = 0.02 and § = 107 for each of the
iterations.

As we can see from figure 3.2, the median of the x values tend to stabilize when we use
ng = 60. Therefore, next we will investigate the robustness of the values for x when we vary
signal-noise ratio (SNR) and thickness of the fibers with the sample size n = 603. In Table

3.1 we provide the results.
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Table 3.1: The 25th percentile, median and 75th percentile of the s values are ordered in top
to bottom in each line for different combinations of SNR and thickness of fibers; the sample

size is n = 603,

SNR Thickness = 0.02 0.04 0.06 0.08 0.1

2 2.14 x 1074 9.82x 107 727x107° 76x107°  819x107°
3.25 x 1073 283x 1074 205x107% 1.95x107* 26x107*
2.63 x 1072 2391073 122x1073 83x107*  1.13x 1073

4 2.04 x 1077 114x 1077 1.05x 1077 1.07x1077 9.4 x1078
1.17 x 107° 239 x 1077 234x1077 255x 1077  235x 1077
7.38 x 1074 149 x 1076 574%x1077 8.09x10~7 6.1x10°7

6 1.78 x 1078 349 x 1079 242x107Y 3.05x 1079  2.99 x 1079
4.16 x 1077 8.82x 1079 486 x107? 63x107Y  555x 1079
5.3 x 1075 293x1078 185x107% 218x 1078 1.35x107°8

8 5.25 x 1010 1.86 x 10710 217 x 10719 211 x 10710 2.03 x 10710
4.31 x 1078 4.02x 10719 37%x10710  4.02x 10710 3.93 x 10710
1.87 x 1076 1.13x 1079 153 x 1077 812x 10710 728 x 10710

10 1.05x 10710 2.58 x 10711 3 x 1071 2.67 x 10711 278 x 1071
6.1 x 1079 521 x 1071 597 x 1071 528 x 1071 5.05 x 10711
9.07 x 1078 1.07x 10710 134 x 10719 1.02x 10710 1.53 x 10710

From Table 3.1 it is evident that, if we increase the SNR, the k value decreases, indicating
that as the signal gets stronger, the traced curve estimates the true curve more accurately,
and hence the asymptotic risk decreases. However, the thickness of the curves does not effect
the value of k in a significant way. Overall, the smallest thickness seems to have the worst

performance, while the best value of x is obtained more often when the thickness is close
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to 0.06 indicating that when the thickness of the curves is extremely high or low then the

uncertainty in estimation is higher.

3<104

thickness

0.02
0.04
0.06
10 - 0.08
0.1

Compute time in sec

Figure 3.3: The computation times in seconds for simulation of s values for different choices
of SNR and thickness values.

From Figure 3.3 we can see that the optimal computation time is achieved when SNR = 4
and thickness of the fiber is 0.02. In practice, SN R values normally range from 3 — 5 for
HARDI data, which suggests that our method could also achieve optimality with respect to

computation time in real life HARDI data.

3.3.2 Neuroimaging example

Several DWI datasets were collected from a 28-year-old healthy male brain on a GE 3T
Signa HDx MR scanner (GE Healthcare, Waukesha, WI) with an 8-channel head coil. The
subject signed the consent form approved by the Michigan State University Institutional
Review Board. DWI images were acquired with a spin-echo echo-planar imaging (EPI)

sequence for several minutes per session using the following protocols with the following
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parameters summarized in Table 3.2. All protocols had 48 contiguous 2.4-mm axial slices
in an interleaved order and matrix size = 128 x 128, TE = 72.3 ms, TR = 7.5 s, b = 1000
s/ mm?2, FOV is 22 cm x22 cm, and parallel imaging acceleration factor = 2.

Table 3.2: Protocols for HARDI. Note that the second protocol has a total of 6 by images
after 2 repetitions of 3 by images.

Protocol scan time | slice size | NEX | # of slices | TR # of by images
30 directions 6.5 mins | 24 mm |1 48 11.5s | 3
30 directions, 2 reps | 12.9 mins | 2.4 mm | 2 48 11.5s | 3
60 directions 129 mins | 24 mm | 1 48 11.5s | 6
90 directions 19.2 mins | 24 mm | 1 48 11.5s |9
150 directions 20 mins 24mm |1 32 75s |9

We traced axonal fibers in the anterior part of the corpus callosum which connect the
right and left frontal lobes. The general anatomical locations of these axonal fibers are
well established. These fibers can be used to evaluate new techniques in fiber tractogra-
phy. Several initial points were chosen in the region of interest (ROI) based on anatomical
considerations. Under each protocol, starting with each seed point, we used the estimation
technique in Carmichael and Sakhanenko (2015) to trace a fiber until it ran into water.
Figure 3.4 provides the reference images done for protocol with 60 directions.

For each curve we computed the estimated constant in the lower bound in Theorem 2,
which is & = w(nl/3|| X, — z|l2,7). We used the weight function w(u) = u?/T. Since the
estimation method has the rate optimality property (with respect to n), the only thing left
to be optimized is the constant. It can be used to compare different rate-optimal estimators.

In this study the estimators differ according to underlying protocols used to obtain the data.
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(a) single seed point (b) multiple seed points

Figure 3.4: A neuronal fiber bundle across the genu of corpus callosum is created based on
the Carmichael and Sakhanenko (2015) method. In (a) one particular seed point was used.
The confidence ellipsoids along the fiber have 95% confidence. In (b) several seed points
were used to create several estimated fibers. Two different branches are shown in two colors.

The smaller constant « would indicate a more successful estimator. Table 3.3 summarizes
our findings.

Table 3.3: Comparison of the constant x for tracing of anterior fibers based on imaging
datasets obtained via different scanning protocols. Here 6 = 0.003, 8 = 10-7.

Protocol Number of voxels | ROI size || 25th Median | 75th

30 directions 128 x 128 x 48 120 0.1156 | 0.3630 | 1.6954
30 directions, 2 reps | 128 x 128 x 48 122 0.0915 | 0.2851 | 0.8066
60 directions 128 x 128 x 48 119 0.0417 | 0.1211 | 0.3596
90 directions 128 x 128 x 48 119 0.0481 | 0.1955 | 1.1941
150 directions 128 x 128 x 32 171 0.1869 | 0.5762 | 1.4582

The protocol with 60 directions has the lowest s, while protocol with 90 directions comes
in with the second smallest x. For each protocol the distribution of constant values with

respect to the initial point is skewed right, which is expected since the uncertainty increases
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along the fibers. It is quite interesting that the design with 60 different directions gives
lower x in comparison with the block design when 30 directions are independently repeated
twice. Usually, block designs yield smaller variances for the estimated fibers locally, so one
might argue that block designs have advantage locally, see Sakhanenko (2013). However,
here the block design performs worse in a global sense. We speculate that this is due to

noise behaviour along the whole fiber.

3.4 Remarks and Conclusion

In summary we would like to comment that in this work we have proved the minimax
optimality of the asymptotic risk of the nonparametric integral curve estimators described in
Carmichael and Sakhanenko (2015) in the whole domain of the imaging field G. Therefore,
we have established the global minimax optimality of the estimation method. Although
the asymptotic rates that we proposed are minimax optimal in the global sense, one can
further optimize the constant s involved in the risk function to get optimal results. In our
data analysis we have provided a comparative study of the different imaging protocols with
respect to this constant, and we have found the protocol that provides the optimal value to
the global asymptotic risk. The analysis was performed on a single subject (human brain).
We have similar results for another subject. This can be further studied with more different
subjects to understand if the optimal protocol for scanning procedure remains the same
across subjects. However, it is beyond the scope of this work and could be explored as a nice
applied direction for future research in this topic. On the theoretical side, one can explore the

constant in lower bounds and obtain optimal constants to refine theoretical results further.
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3.5 Proofs

3.5.1 Proof of Lemma 10

Proof. In order to prove Lemma 10, let us first assume n is sufficiently large so that all the
terms with o(n™%) can be ignored and all assertions hold up to terms of order o(n™%). Then

note that for r = R

Ty (). DY (@)

TP (), D™ (2)) ke

d d

—AR(M 1) o @) v () (i @) (e ()2 = ARdkm
23:1 ZM:1

=AR[(M — 1)vovom — Okm)-

To show KGT(T(U(()R) (x), D(()R)(x)) — Apl) =0, we consider any arbitrary u € R? such that

ARlI(M = 1ol 510y = 0

d d
= > (M- 1)”(()?“(()51)“771 =) Spmum
m=1

= m:l

d d d
— 3 S - )2, = 3 o,

k=1m=1 k=1
d
— (M - 1) Z v(()fl)um = Zv(()]:)uk
m=1 k=1
d
= Z v(()m)um =0
m=1
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Therefore, it implies that, if u, =0,k =1,...,d, then K@T(T(U(()R) (x), D(()R)(x)) —Arl) =0.

Similarly,

S S Y e e o o) o) 0

= [(M — 1))\pv(()z)(a7)v(()%(x) — 5km)‘p} —1) Z /\rka )q%) 2
r=p+1

(3.5.1.1)

where g p = (v(()r), v(()p)), p#r=1,...,R. Now consider a generic u € R%, which belongs to

Ker(T(U(()p)(x), D(()p) (x)) — ApI) then

d d
Z — 1)/\pv(()k)( )U(()];’)l( Jum + (M — 1) Z Z )\rka )1,Lmq%0_2 = A\puy.
m=1 m=1r=p+1
(3.5.1.2)
d
Then taking a sum over Z vé?(x) we get
k=1
~ SRaNG =)
(M —1)\p Z vol;n(x)um + (M —-1) Z Z )\Tvom(:v)umq%,_l =N\ Z UOIZ; (x)uy,
m=1 m=1r=p+1 k=1
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d
Similarly, taking v(()lk)(:z:) on (3.5.1.2), we get for l=p+1,... R,
k=1

d
(M= DXy 3 o @hum + (M =1) S Mgy
m=1

d

Suppose Y

m=1

v(()lr)n(a:)um = Aj, then together with (3.5.1.2) and (3.5.1.3) we get a linear

system of equations:

R
Ap(M = 2)Ap+ (M —1) Y Aegrpy 1A =0,

R
Mp(M = 1)qpAp+ (M —1) > Aegrpgryy, 2Ar —ApA =0, l=p+1,... R

r=p+1

r=p+1

(3.5.1.4)

We can write these R — p + 1 equations in R — p + 1 variables 4;,l =p+1,..., R given by

(3.5.1.4), in matrix notations:

where A = (Ap, Apt1, ...

QR,p -

QR,pA =0,

,AR) and

(M —2)) (M = DApi1ay17,

M—2
(M = DApgpr1p (M — 1>/\p+1qp+1’p —Ap

(M - 1)>‘;DQR,p
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Now suppose Det(Qpg ) # 0, then

d
A=Y o =0, 1=pp+1,... R, (3.5.1.5)
m=1
or in other words ) L
o8
= 0.
R R

_“(()1) U(<)d)_ U

Now putting equation (3.5.1.5) back in (3.5.1.3), we get uy, = 0,k = 1,...,d. Next we need
to find under what conditions the (R —p+1) x (R—p+1) matrix Qg is of the full rank for
p=1,...,R. Now in order to ensure Det(QR,p) %0, p=1,..., R, consider the following

cases:

Case 1

If R < d, then after choosing R — p pseudo-eigenvectors we can choose the rest p of pseudo-
()

eigenvectors vy ',k = R —p+1,..., R, that are mutually orthogonal, and as a result we

will have gy ,, = 0, k,m = R—p+1,..., R. Therefore, as long as Ay # 0, we will have
Det(QR,p) # 0.
Case 11

If R > d then first let us consider R = d + 1. In that case, we can choose the first d pseudo-
(k)

eigenvectors vy’ to be orthogonal, hence ¢; j = 6;5,4,7 = 1,...,d. Now we need to check
Det(QRJ)) #0,p=1,...,R.

1. When p = R, we have dim(Qp ) =1 x 1 and Det(Qpr,) #0 = Ar(M —2) # 0.
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2. When p = R — 1, we have dim(Qp,) = 2 x 2 and

Det(QR,p) # 0

(M —2)Ap—1 (M — )ApgM -1

— Det 40 (3.5.1.6)

(M —1)Ap—19r.r—1 (M — 1)>\RQ%§31 — AR

— (M —1)(M - 2)Q%§31 — (M —=2)— (M - 1)2‘1%3_1 # 0.

Now (3.5.1.6) is a polynomial in gg g_1, that can yield at most M roots, provided

Ap_1 # 0. Hence, we can choose v(()R) such that gp p_1 satisfies (3.5.1.6).

3. When p = R—2, then we have dim(Qp ;) = 3x3. Also we use the fact that qg_1 p_o =
0, as first d pseudo-eigenvectors are orthogonal. Here in this case, the Qg , matrix is

given by

(M —2)Ap_s (M —1)AR_19R—1,R—2 (M — 1))‘R—1q%}_3£2

M—=2 M—2
(M = 1Ap—2qp-1,r—2 (M =1DAr_19p 1 g9~ Ar—1 (M —=1)AR4r-_1,R4R g2

M—2 M—2
(M =1DAp—2grr-2 (M —=1DAr_14r-1,RIR_ 1 p—o (M —=1)AR4R R"9 — AR |

and therefore,

Det(QR,p) #0

(M —2)Ap_2 0 (M — 1>>\R—1Q%§32

— Det 0 “Apo1 (M = DAgap—1ray g2s| | #©

(M —1)Ap_2¢rr—2 O (M — 1)/\RCJ%§32 — AR |

= — (M -1)(M —2) %}332 — (M —2) - (M — 1)%%}%—2) # 0.
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Note that the last assertion is similar to (3.5.1.6) provided Ag, Ap_1, Agp_9 # 0.

4. Similarly, for p = R — 3, we have dz’m(QR,p) = 4 x 4 and here we use the fact that

qR—2,R—39R—1,R—3 = 0 using similar arguments. Hence,

Det(QR,p) 7"é 0

(M —=2)Agp—2 0 0 (M — 1)>\RQ%§£3
0 —“Ap—2 0 (M —1)Apap_o iy 5>
— Det R, R-3 £ 0
0 0 —Ag1 (M- 1))‘RQR71,RQ%§%3
i 0 0 0 (M—l))\Rq%;iES—)\R_
= (—1)*((M — 1)(M — 2)Q%§33 — (M =2) = (M —1)*q p_3) #0.

(R)

In this way we can continue and at each step we need to choose v, in such a way that,

(~)FE =DM = 1)(M = 2)q) 2 = (M = 2) — (M = 1)%q}{,)) #0, forp=1,..., R~ 1.

Finally for any R = d + k, where k > 1, by induction we will get a polynomial expression in

4R.R—k+1 4RR—k 4R,R—k-1 4R.p
4dR—1,R—k+1 4R.p
4R—k+1,R—k dR—k+1,p

similar to (3.5.1.6), where each of the g, r, € [~1,1] and the polynomial will be of a

fixed integer degree. Therefore, we can choose A1,...,Ap # 0 and {v(()l), e ,’U(()R)} such that
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Det(Qrp) #0, p=1,..., R O

Next, we prove Theorem 1 and 2 using the construction that we already mentioned using
some intermediate results. It is easy note that as D}, C D?(ax, G, T), therefore Theorem 4

is an immediate corollary of Theorem 5.

3.5.2 Proof of Theorem 5

Proof. The proof of Theorem 5 will be based on the following Lemmas and are similar to the
construction given in Ibragimov and Has'minskii (2013) and (1990). We additionally provide
a result that extends Fano’s Lemma in the multidimensional parameter space. We use that
result in Lemma 12 tailored to fit our problem and similar to Theorem 5.7 in Devroye (1987).
Lemma 11 provides a bound for the function g defined in the earlier section. In Lemma 13 we
prove the smoothness condition on the perturbed class of tensor fields D, ;. Finally, Lemma
14 and 15 provide a construction for the tensor fields and integral curves which we will make

use in the proof of Theorem 5.

Lemma 11. Let f satisfy condition (A5'). Then there exists such 1 > 0, that for any vector
u, satisfying |u| < 61 we have,

glu) < C(f,01)|ul?,

where C(f,d1) is a positive constant.

The proof of the Lemma 11 will follow along the same lines of the proof of Lemma 1
from Sakhanenko (2011). Below we consider Proposition 1 in which the Fano’s Lemma is

described for multidimensional parameters.
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Proposition 1. Let X be a random variable whose density depends on parameter from a mul-
tidimensional parameter space. Suppose, the densities are indeved by i = (i1,...,iR), f; are
such that KL divergence between them K(f;, fl) <Pandl1 <ip <Ilp+1, r=1,...,R. Fur-
thermore, for the parameters (0(1), . ,G(R)), for each r let the estimate of 0(r) pe w(r) (X),
which takes value in {1,...l, + 1}, L=(1+1)...(Ig +1). Then,

P (V(X) D) 2 1=

where Pilw‘viR is the probability induced by f;.

Proof. Let 6 = (9(1), . ,H(R)), be a random vector such that,
1
P =iy,..., 000 =ip)= 1<ip<h+lr=1...R
For ease of notation assume ¥(X) = (W (X)), ... W) (X)). Then,

ST pOW =iy, 08 = ip X)mPOW =iy, 0 = ip|X)
15000l R
=P(0 = U(X)|X) In(P(0 = ¥(X)|X)) + P(0 # ¥ (X)|X)log(P(0 # ¥(X)|X))
P(6 = i|X) P(6 = i|X)
FROAYOOR) 2w o " (s 7 wtvim)

> In2 — P(0 # U(X)|X)In(L — 1),

where we applied Lemma (5.1) from the Devroye (1987) twice. The quantity on the left-
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hand side of this chain of inequalities will now be bounded from above. Indeed,

Thus,

We conclude that

f—InL>—-In2—-P@ # V(X)) In(L-1).

Hence,

' InL—p—1In2
SL;p]P’Z(‘I/(X) %Z) 2 P(\II(X) 7é 0) 2 ln(ﬁ _ 1)
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Finally,

In2
SIZ}pPz(‘I’(X) #1)>1- 15(42__11”

]

Next, we describe Proposition 2 to establish a condition for providing a bound for the KL-

divergence of the densities in our parametric subclass. Now let us define ||v||é = [|v(z)]2dx
G

for a vector field v.

Proposition 2. Let P;, f; be respectively the probability measure and density induced by
<X, BD;(X) + El/Q(X){’), i=(i1,...,ir). Then for any two indices i # j such that
1§i7‘aj7‘§l7"+17 r= 17"'7R7

ID; - Dj|ig; < 8 = K(fi, f;) < C(f,61)Cs, BB,

where C(f,01) is a constant introduced in Lemma 11 and Cs; g is a constant depending on

Y and B only.
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L “12(2)(y — i(x)))dzd
oy @~ BD )y

A —L 712 1/2 _
= In — 27 Y2(2)BD;(z))Det(S dzdi.
// fG—5"12(2)B j(x))f(y (z)BD;(x))Det(E/~(z))dxdy

Using the change of variable y = E_l/zy on y only:

f(§—=72(x)BD,(x)) )
n -y 1/2(, (N Det(SV2 (e dudi
//1 f g—2" 1/2 3:‘ ( ))f(y 2 ( )BQQ( ))D t(z ( ))d dy

G rN
f Z+E_1/2($)B(Q¢(SC)—Q’(SU))
- / / In o @) F(2)Det(SY2(2))dady,
G rN

using the change of variable z = § — 271/2( )BD;(x),

z 1/2 — f(z
//m <1+ + 2 @BD) -~ D) ~ )) F(2)Det(SY2(2))dardz.

f(2)
G RN

Finally applying Lemma 11 we obtain

K(fy ) < C(80) [ 15712 @)B(Ds(a) - Do) PDet(1/2 ) da
<c(.a) [IS2@IRIBIHID) - Dy} Det(E! 2w

< C(£.01)Cs BlIDg — DyliE

< C(f,01)Cx pp.
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Lemma 12. Let D; be a class of L tensor fields Dy, 0 = (0(1), o ,O(R)) inside the parametric

subclass of Dy, such that for any 0 # 6 and positive constants 3, (5§T), r=1,..., R,

2 2
|Dg — Dyl% < 01, |1Dg — Dyli% < 6 and [z — ||y 7 > 265,

(r) (r)

where for eachr =1,..., R and 0, Ty’ € R? denotes the integral curve corresponding to vy

starting at ax. In addition, let f satisfy condition (A5'). Then for any w € W we have,

sSup Ew(HXr(Ll) - IE(l) ||1,Ta ceey ||)27(1R> — x(R) ||1,T)
DEDE
In 2
> inf w(|zW),..., ) <1 _ nCy C(f,01)6 +In ) |
)26 r=1,. R In(C — 1)

Proof. The proof of this Lemma will follow the structure of the modified version of Fano’s

Lemma that we described in Proposition 1.

Let © be a uniform random vector such that

. . 1 4
P(g(l):”’”"e(m:m):(11+1)...(ZR+1)’ 1<ip<lp+1,r=1,...,R.

Let IP; be the probability measure induced by (X, BD;(X) + 21/2(X)§> , 1= (i1,...,iR).
For each r = 1,..., R, define U(X1,.... Xp,&1,..., &) = (PW(X), ..., 0B (X)), where

B (X) = 00 if | X — 20|y > 8.
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Then by Proposition 1 (modified version of Fano’s Lemma) we have

sup B (%47 — 2O, X5 - 2B )
DeD2(ax,GT)

> sup Bw (1% = 2Ol g, 1300 =2y 1)

DGDZ

>t w(eW ) sup BORE — a2 6 v =1 R
|$(T>|Z5gr): r=1,...R DeD;

- inf w(a®] ) max Py () £ 60 r =1, R)
226 =1, R i

> inf w(laW], ..., [«1)) (1 B n[(()i;a(fﬁl)_,el))—i— ln2> |

|z(r)|25;r): r=1,...R

where #((X1,&1),0) is the Shannon’s information. Notice that the Shannon’s information

as mentioned above can be bounded from above as in Has'minskii and Ibragimov (1990):

SI((X1,61),0)

h+1 Ip+l —1/2 _ '
L ) - BDW)
ey (1 Ty )y - BD)

n=t  ip=lggN

.7177.7R

JE )y - B&(w)))) dedy
1+1 lR-l-l = —1/2 '
i =2 @) BDy())
- Z_Z/ / (1 L7137 f(5 - X712 (2) BDj(w))
R J -

fG— z—l/%)BQi<x>>Det<zl/2<x>>> dzdg.

Using the change of variable § = »-1/ 2y on y only and using the concavity of log we can
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further bound .#((X1,£1),©) from above by

_ f(g—3X7=(x)BD;(7))
L1 E g In =
i1=1 iRlC[Ré < f(g— 2_1/2(55)32(95))

F(5 — =7V2(2) BD;(x)) Det (5% (x))

N—
IS
&
=¥
3

Now we can bound the integral above similarly to the proof of Proposition 2. Hence, we get

S ((X1,61),0)

h+1 lp+1

<c Py LN o 61)/|E_1/2(x)BQi(x) — 27 Y2(2)BD(2)|2Det (Y2 (z))da
i1=1 ip=1 .
l1+1 lR+1

<c! Yoo Clf 51)/HE‘l/z(ﬂc)||%I|BH%HQ¢(9€) — D(z)||%Det(2'/?(2))dz
i1=1 ip=1 o
l1+1 lR+1

<7V3 0N Cf,60)Cs plDy - DylE
i1=1 ip=1

< C(f,01)Cx. BB

This argument along with Propositions 1 and 2, completes the proof of Lemma 12. O

Next, we define a P/4-separated net in Li-norm B by using b € {0, 1}P similar to
Sakhanenko (2013). The cardinality of such set B is larger than exp(P/2), see Ibragimov

and Has'minskii (1980, 1981). Recall (3.2.1.2):
r r —a ), (r r
o (@) = o7 (@) (1 4+ n %, W (@) (07 |0y (2) — as])).

Note that by construction, the starting point a;(x) € As does not depend on b, therefore
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ap(x) = ag(z), for all b € {0,1}F. Moreover,

1§ (@) = 87 (@) + 0~ (17 (@) (07 ag () — a]). (3.5.2.1)
Following the construction of Sakhanenko (2011), suppose, for each r = 1,..., R, we can

construct () (¢) : R — [—1,1] be a twice continuously differentiable function with support
0, 1] such that

PM(0) = oM (1) =0,-1 < o D) <1,

and

P
A7) =3 bk ((t = (i = 1)h) /1),
=1

where P = Pln‘s,h = T'/P. Moreover, suppose the components of cpl()r) are supported on

equi-length subintervals [(i — 1)h,th],i = 1,..., P. It is very important for us now to show
that the tensor subclass is indeed in D2 (ax,G,T), in particular its members are twice dif-
ferentiable. The smoothness condition is a requirement as stated in (A1), which is pivotal
to our estimation process of the tensor model of the fiber tracts. Below we would intro-
duce Lemma 13 which will establish that the tensors in our parametric subclass are twice

continuously differentiable.

Lemma 13. For all b € B, we have Dy, € D .

Proof. Following the arguments in Lemma 3 of Sakhanenko (2011) we note that the quantity

tl()r), r=1,..., R, is twice continuously differentiable. Therefore, the implicit differentiation

of the equation (3.5.2.1) would imply the gradient and the Hessian of tl()r), r=1,...,R, are
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bounded for all sufficiently large n. In other words, for each r =1,... R,

10 ()] + £

(r)

/
16,7 (@)]l2 <

and [1t, ") (2)]p < &)

for some positive constants EY) , Eg) . Also,

Zw (i = 1)h)/h),
wa (i = )h)[h)n® P/ T,

I//

(1) —szgom (t — (i — D)) /h)n® PE/T2.

R
Recall (3.2.1.4), Do(z) = Z ( )®M  Then we can rewrite the tensor elements by
R M )
T
DO,il,...JM (z) = Z Ar H U(),Z'j (z)
r=1 j=1

Taking the first and the second derivatives of DO,il,... . (x) in xy, and xy, x, respectively we

711\4(
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get

ODqiy....ip; (%) Sy (3 U,0,() 1 o) (2)
77/ ’
By o \3 9t
2 (1)
0?Doiy..igy (@) & N
iLriing 4y (r)
aﬂfuaxv 7; )\T Jz_:l aﬂfuaﬂfv (l:g#j Uo’ij (x)) (3 5.2 2)
v o (()TZ) 2) 31,(()7”2_ (z) M
i1 )2 T
+ Z Oxy, Oxy ( H %0 l<x))>
J1,J2 =1 I=1
J1 7 J2 L # 71,72

Similarly (3.2.1.3) states that

Z Aol @M (14 00 7 ()0 (07 ay () — aa])) M.

Hence, we can rewrite the above tensor element-wise as follows

W ") () () M
Db7i1""’iM (x) = Z )\TUO,il (x).. V0,i0s (x) (1 + n*a(pb (tb (x))q/;(r) (n7|ag(z) — a*])>

/ M
—ZATHUOZ ) (140 @) — ) )

Now taking the partial derivative of the tensor component Db,i1,-- with respect to xy,

Lipy (T)
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we get

R , m (M 81)(()7“-)(30) M
=30 (14072, ) @) (17 o) — a))) (Z —— 11 vé’f%(w))
r=1

j=1 Y I=1045

M-1

R M
+3 A ([ ol (@) (M (1407, (1 @) (W ao() — aul)) T x
r=1 j=1

(r)
") (1) oy O ()
(2" @)=

) , ao(z) — ax)T dag(x
) @) ) (07 g () — a]) LU Ce)_ Dol >)>.

lap(x) — ax| Oz

V0 (n7ag(z) — a.l)

Next, the second order derivative of the tensor component vailr-vi M (x) with respect to z,
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and x,, where u # v, is given by

(3.5.2.3)

(r) M

R ) . M 6%01( ) (r)
:Z)‘T <1+n @, (ty ()" (n"]ag(x) — axl) ) Z D2u07, H Uo,z']-(l’))

I=1,1#]

Ji.g2=1, ji#j2 I=1, I#j1,52

R o r M—-1
2 S (14070, (@ (0) 9 (] ao () - a.)))

r=1

"(r at( ") "(r) /,(r ’
(@J 17 ) 2 Ol ao(@) ) + w76 @) O o) — )

ao(x) — ax)T dag(x M 81)(7:,2]_(@ M .
e (2080 1 )

€Z
=1 “

. (r)
FM(M — a2 (so,f’“) 4 >>8t§xi 2yt ao(x) — )

r=1 j=1
0 (2@ 700 ) )
b b Oy, Oz, 0 *
0" ()

+ 7y O ED (@) O (0 |ao(2) — a.]) x

((’)tl(f) (z) <(a0(:v) —a,)T 8a0(x)> N 8151()” (z) <(a0(ac) —ay)T 8a0(§c)) )

Oy, lap(z) — ax|  Oxy Oy lap(z) — ax| Oy

/ " a/l'—a*TafL' ax—a/*Tax
) )0 O () — ) (el =0 Ole)) (Qolf) ) Ola))

lap(z) — ax| Oxmy lap(z) — ax| Oxmy

T
+ nvSOb(T) (tz(,r) ()0 M (7 |ag(x) — ax]) x ( (3@0(3:)) dap(z) 1

Oxy 0z, |ap(z) — ax
(a0(a) — )T Pag(a) _ (ao(a) — )" ao(@) . pdug(e)
+ lag(z) — ax| Oxydxy  |ag(x) — axl? Oxmy (a0(x) —ax) Oxy ))
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The leading term in (3.5.2.3) is

/ " CL.CU—(I*TCL.Z' (II‘—CL*T(IQZ'
220 (1D ()"0 (07 ao (z) — as) <( o(z) — ay)" dag( )) (( o(z) —ay)" dag( )>‘

lap(x) — ax|  Oxy lag(x) — ax|  Oxy

Now by construction the vector fields v(()r) (x),r=1,..., R, are bounded and twice continu-
ously differentiable, and the functions gp(r), w(r),r =1,..., R, are bounded thrice and twice
continuously differentiable, respectively. Therefore, in the expression of (3.5.2.3), if a > 0
and v = a/2, then Dy, satisfies || Dy — Dol|loc < cn™ @ and HDZ/)/ —Dg||oo < k for some constant

k> 0. [l

Now we move on to our next lemma which shows that the difference in the tensors for

any two b € B is bounded in the integrated Lo-norm.

Lemma 14. For any b,b € B, such that b # b and any large enough n we have
2 —(d—1)y+2
|1Dp(x) — Dy(z)[c < Cn (d=1)7+2a

where C > 0 is a constant.

102



Proof. From (3.2.1.3) we have Dy(x) = Zﬁ:l )\rvlg:z(x)@)M. Now for fixed b,b € B, we have

1Dy () — Dy()

/ I1Dy(z) ~ Dy(a) o
-/ I3 (@ — Al [
G r=1 ’
Ll /
= [132 (3l @1 1 ) @) 0 () — )
G r=1

= Ao @) (14 0 O (107 (@) (0o () — a)M ) [ da

/ ||ZA o (@) (1m0 (17 @) (0] ao () — au]))

= (4D @) (07 ao(@) — au )M ) [Fde

/ Z Nl (@) M (L 0" 0 @) (0 o () — )

1+ n_QW%(T) (tg") (a:))¢(") (n"|ag(x) — a*|))M>2dCL'

/ Z Rl )2V 3 [ (M0t (a0 @) — Do () (@) — o1 @)))) Cop ]

where the sequence C’S(an)ﬁ 1+0(n2),

=Cn MMQZ(VsupHv“) ()13 / (n7]ao(w) — a:) (e, (1 (@) — &7 (1) (@)))Pda.

G

In the above expression we use the simple identity:

1 +u)M — (1 +0)M = (u—v) (M + (Aj)(u+v)+ (]\;)(u2+uv+v2)+...)

and the fact that functions ¢, are bounded. Hence, we can find a bounded sequence
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—~

nl)p with which we can bound the o(n™%) terms in the expression (3.5.2.4). Now for each

C

)

r=1,..., R, integrals

[0 () - a0 @) - o7 0 @) P
G

can be bounded by Cp-n (=17 using Lemma 4 in Sakhanenko (2011), where C;- > 0 is some

generic constant depending on r. Hence, we conclude that

1Dy(x) — Dy(@)]}% < Cn=20= (101

for some generic C' > 0. O

Next, we present the lemma which shows the curves driven by the pseudo-eigenvectors

are separated in Lj-norm inside the class indexed by B.

Lemma 15. For each r = 1,..., R and for any b,b € B, such that b # b and any large
enough n we have

oy =2\ |y > onmed

for some C' > 0 depending on r.
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Proof. For any b,b € B,b # b, we have

Jof ¢ an) = ol 0l

T
- /O Ity (¢ +n= e} (09(0), a) — 2§ (¢ + 0 (£)6(0), @)1t
g (r) (r)
- (uw%b ®) - " )(0)
L) (r) (r)
/0 o (@t +n=w(0)(mey ) (1) + (1 - )t <t>>,a*>>dw||1)dt

T
—n = (0) /O (wlﬁ”(t) — (1)

1
(1 /0 o (w(t + =90 (re} () + (1 - M (1)), a*>>dw||1)) at

1

o . (r) —a (r) (r)
>n WO)[Q;&S%” ol 0O (0) + (L= m)g(0), ) )

T
O |¢g><t>—¢g><t>|dt]

T (r)
== p(0)Cr [ le} 1) — o} )

In order to complete the proof of this lemma we need to show that

1
gy o (a(t+ 0= w(0)(mey ) (1) + (1= M) (1), a))dnly > 0. (35.25)

Let us suppose there exists an ng such that for all n > nyg,

1

gy ot + 0 (0) (e (1) + (1= M) (1)), a1 = 0.
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Then there exists tg € [0,T] such that for n > ng

1
/O ot + () (m} (o) + (1 = )l (1), @) = 0. (3.5.2.6)

Using the change of variable ¢ + n_o‘i/)(())(ﬂgpl(f) (tg) + (1 — ﬂ)goér) (tg)) = u, we can write

(3.5.2.6) as

vy (x(u,ax)) =0

/t0+n—%<o>¢§”<to> o du
totn=au(0)pl" 1) n=op(0) (0} (to)el" (1))

— o) (@lton + DO mnel) (to.0) + (1= 7)o (t0,0)))) = 0,

where {to n}n>1,t0n — to and m, € [0, 1]. This would imply that there exits » € Xy C G
such that v(()r) () = 0,z € Xy, which violates the assumption that we have imposed in
(A1) and (A3). Therefore (3.5.2.5) holds true. Now by following the proof of Lemma 5 in

Sakhanenko (2011) the integral

T
JRCHCEE O

can be shown to be bounded from below by Cn_(s, where C'is a generic constant depending

on r. Hence, ultimately, we can conclude

ey — 2z = On o,
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Now going back to the expression in Theorem 5 using Lemma 12 we obtain

inf sup Ew (n2/@+3) (| X — O o 1P - B
XT(L1)7’XT(LR) ng(a*,T) DGDC,k ( <H Hp’T H Hp’T>>
2 g sup Ew (/3 (1550 — 2Dl p, . 10D 2P 1
In2
= inf wn<|x<1>|,...,rx<R>D (1 ) nCE’BEEZ’il)lf+ : )

|x(r)|zégr): r=1,...R

(3.5.2.7)

In the above expression we substitute Cy, pC(f,01) = C > 0 as a generic constant and
choose 3 = Cpl—20—(d=1)y, 5§r) — (/207279 Also it can be shown that £ > exp(P/2),
see Ibragimov and Has'minskii (1980, 1981), hence by an algebraic manipulation we get

In(£ — 1) > P/2 — 1. Therefore, we can rewrite (3.5.2.7) as

inf sup Ew n2/(d+3) )A(él) ey . X,SR) e
o B B N )
1—2a—(d—1)y 2
- inf wn(|zV],. . 1)) (1 _n © HHQ)
2(M)|>C/2m=0=0  p=1,.. R P/2—1
>0.5 inf w(|zW],... 2] > o,
2(1")|>0.5Ch: r=1,..R
(3.5.2.8)
where wy,(|zW], ..., [zB)|) = w (nz/(d+3) (|x(1)|, c |x(R)|>> . Note that while obtaining

(3.5.2.8) we have chosen a = 2/(d+3),7 = /2 and 6 = 0. Also we can choose P; sufficiently
large, where P = Pln‘s, introduced before such that C? < (%) —1In 2, and this completes

the proof of Theorem 5. O
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3.5.3 Proof of Theorem 6

To prove part (a), first fix 7 in 1,..., R. Then we can write,

T 1/p
E|XY) - 20|, r = E ( / 1 ) — 20 <t>§3dt)
0

1/p
< (/Elf(?(f) (t) — () (t)gdt) , using Jensen's inequality.
0

(3.5.3.1)

Recall that D denote the vectorized representation of the super-symmetric tensor D. Using

this notation and by definition of an integral curve estimator we can write
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(r)

where the remainder term Ry, ’(t) is given by

RY(1)

t
- [ (0 (2 (380)) -
0

IS
VRS
8

—~
=
—~
w
S~—
——
N——
|
<
1
—
=
~/~
-
~/
8
—
=
NI
—~
V2)
S~—
——
——
<
-
~/
8
—
=
—~
V2)
S—
——
——

IS
S
2
-
—~
V2)
S~—
N——
——
|
<
e
—
=
/N
IS
/N
S
—~
Z
~—~
V2
N~—
N——
N—
N——

t
# [ (7 (2 (x0)) ot (
0

(Dn(@(s)) = D@"(s)) ) ds.
Now similar to Koltchinskii et al. (2007) we can decompose
)A(T(Lr)(s) — 2 (s5) = ZT(LT)(S) + 5,({)(5), for each r =1,..., R.

Then we can write
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Here the stochastic processes 57(LT) (1), ZT(LT) (t) for any t € [0, 7], are represented by

00 (1) = / volr) (Q (x““)(s))) VD (x@")(s)) 0 (s)ds + RV (1)

0
t

ZT(LT) (t) = /VU(T) (Q ([E(T)(S)>> (Dn — D> <$<T)(s)> ds
0

Let us denote Vo) (Q (x(r)(s)>> VD (a:(r)(s)> = v,(r)(:c(r)(s)). Then Zgn) (t) satisfies the

equation:

dZ?Zt) D) _ v (2 (7)) (20 - D) (+7(9) + 200), 27 ©0) =0. (3532)

The solution to the stochastic differential equation in (3.5.3.1), can be represented by the

d—dimesional random process
t
Z,(Lr)(s) = /U(T)(t, S)VU(T) (Q (x(r)(s)>> <2n —Q) (x(r)(s)> ds, t €[0,7],
0

2
where U(") : RZ — RY” is the Green’s function defined as the solution of the PDE given by:

U (¢, )
ot

UM (s,5) = Igq-

= Vo) <Q (W) (t))) VD (:L'(T)(t)) U, s),
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Now from (3.5.3.1) we have

EIX (1) - 2Ol <E (1250 - B2 Ol + 1EZ 0l + 16 0)llp) - (3.53.3)

. n ~X:\ - .
Since D,,(z) = ﬁ ZlK (xhn]> D(X;), where D(X;) is the LSE estimator of D(X})
n )=

given in (1.4.3), we can write

D(x;) = (B"B)'BTY (X))

= (BTB)"'BY(BD(X;) + ZY/%(X;)E;)

= D(X;) + T, where T; = (BT B)"LBTsY2(x;)=;.
Now let us denote Zflr)(t) = Xn: XZ(-T) (), where
r r (r) — X
= [ oK (%) ds (D(X;) +T).

17(5) = 1o g (YUt )Vl (D(a(s)))

Then using similar arguments from Carmichael and Sakhanenko (2015) we can derive

EZ5 (1) = —hy, / £ (5)VD()(s)) / wkK (u)duds
502 [ 06 [ K026 (), u)duds + o).

b @) rop()

—+———— where
\/ nh%_1
(r)

i3 (t) is the mean of the limiting Gaussian process G(")(t) for integral curve estimator

Since we select the bandwidth h, = n~Y(@3) we get EZT(LT)(t) =
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)A(flr) (t) and 3 is the constant that has been introduced in (A8). Hence,

(e

\/ nhg_l

Also notice that using similar arguments from Carmichael and Sakhanenko (2015) we get

Iy = 0= @ @),

sup 05 (t)] = op((nht1)~1/2).
0<t<r

Now applying Rosenthal’s inequality from Ibragimov and Ibragimov (2008) to independent

mean zero random variables (XZ('T) (t) — IEX(T) (t)) /nhd with finite p—th moments, we obtain

B () - B )
=1
d n
3" o) s { SO0 — BN fd,
k=1 =1

n /2
(ZE ((ng"k)(t) —EXZ(.;)(t)) /nhg>2>p }
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where C(7) (p) > 0 depends on p and r only. Now we can bound the p—th moment of XZ(.TIQ

using the similar arguments from Koltchinskii et al. (2007).

E|(x(2(6) — Ex(0(®)) /i

(" (s1) — X,
<C(nh%)~PE /ff”(sl)K <W) ds1 (D),(Xi) +Tjp) X ...
R

n

2 (s,) — X;
JEACL (W) dsy (D,(X) + Ty

R

<C'(nhd)? / (\fﬁ“)(sl)r A ()]

Rd+p

(r) — (r) _
K (W) K <a:(2p)y> )dsl...dspdy

—C'h? (nh) / (|f§”<s1> 1 ()]

Rd+p
(r) — () (r) ()
K(2)K (z—km (SQ)h v (51)> X ... ><K<z+m (Sp)h x (Sl)>>d31...dspdz
=C'RE P (nhd) / (|f§”<sl>r|f§”<sl +mh)| . £ (s1+ Tph) [ K (2) %
Rd+p
(r) _
K(z—l—mx (81+T2]2) v (Sl)> X ... X
T2
(r) _ )
K<Z+Tpx (81+Tp]:l) z (81)>>dzdsld7'2...d7p
Tpln
B 1/p 1/p
<C'RdHP=1(npd)p / A(ra, ..., 1) < / | ft<’“>(sl)|Pdsl> ( / e +T2hn)|pd81> X X
Rp—1

(7) v
</|ft (51+Tphn)|pdsl) dry...dm,

<C P (ppdyr / A(ra,...,7) ( / |f§”(sl)\pd51>
p—1

R
<C1hdHP=1(phd)P,

(3.5.3.4)
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Here, in (3.5.3.4),

= sup /K(Z)K <Z+sz(T)(82) - ,7;(7‘)(81>> % XK (Z +Tp$(r)($p) - x(r)(81)> dz,

§2 — 81

is analogous to A(71, 79, 73) in Carmichael and Sakhanenko (2015). Dy, is the k-th component
of vectorized D. Also C1, C,C" and C" are positive constants depending on B, D, U (r), Thus,

from (3.5.3.3), we obtain by replacing hy, = n_l/(d+3),

EHZ( —Ex" (1)) /nnil I}

d+p—1 d+1\ P/2
<dC) (p) max {Clnhn 7<C’thn ) }

(nhi})P (nhi})?

(3.5.3.5)
—=dC") (p)n 3P/ (d+3) max {Cin(ﬁlp)/ (d+3) Cénp/ (d+3)}

=dC'") (p)Chn =2/ (d+3)

where C’i, C’é are positive constants. As a result, we have

E| X — a5 <n= 2/ @)D 1))
T 1/27
BIX — o <029 | ol o)
0

for some bounded and continuous function b : [0, 00) + [0, 00). This concludes the proof of

part (a) in Theorem 3.
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To prove part (b), we first notice that we can write

() oy (1)
EtESE(l)I,:)T] e | X5 5 (8) — 2.7 (1)

<IUM||E sup max
t€l0,7] 1<k<d

> (¢ B W) fund

1=1

+E sup max |5(T)(t)|.
tefo,r) 1=sk=d g

We already know sup [6()(¢)] = op((nhd=1)"1/2). Now using a maximal inequality for
te[0,7]

Lo-norm similar to Sakhanenko (2011) we can bound,

T T d
s e, 32 (1(70) - Ex10) o
i} o\ 1/2
<vd max [E sup Z (XZ(-T)(t) —EXZ(-T)(t)) /nh%
Isk=d \ tefoq] i3

Let us denote, W) (t) = Enj <XZ(-T)(t) — IEXZ(T) (t)) /nh&, t € [0,7]. Then repeating the first
1=1
fow steps of (3.5.3.4) with p = 2 and f{")(s) = I y(s)U) (¢, 5)Vo (") <Q(:c(7”)(s))), for

0<t; <ty <7 we get

1/2

(E|W<7°> (1) — W) (t2)|2> < OMp=2/(d3)|ty — ). (3.5.3.6)

Observe that the diameter of [0,7] in the metric m(ty,to) = CTIn=2/(dH3) 5y — 1] is
diam(]0,7],m) = 7C"p=2/(d+3) and the maximal number of e-separated points in [0, 7]

with respect to metric m is Dist(e,m) = 7C(n=2/(d+3) /2 Now using the inequality on
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page 100 in van der Vaart and Wellner (1996) yields

diam([0,7],m)

1/2
<E sup |W<r>(t)|2) < (E|W(T)(to)|2>l/ N0 / Dist'/2(e, m)de
0

t€l0,7]

and we can write

diam([0,7],m) O =2/ (d+3)

1/2
/ Dist!/?(e,m)de = / (ren-2/@9) ) )
0

=]

1/2
On the other hand, from (3.5.3.5) we have <E|W(T) (to)]2> / < C(Mp=2/(d+3) for some

generic constant C (") > 0. Then we have the bound:

1/2
(]E . |W(T)(t)]2) )

te[0,7]

As a result finally we get

r

E sup max |X( ])C(t) — x](:) (t)] < (1), —2/(d+3)

tefo,r] 1<k<d ™

for some generic C' (r) > 0, which concludes the proof of Theorem 6.
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Chapter 4

Future research

In our work we have presented a comprehensive framework for establishing both local and
global minimax lower bounds for the asymptotic risk of the integral curve estimator in high
order tensor models. Although here we have specifically developed the theoretical results for
the HARDI model, we can generalize our work into any semi-parametric model in a similar
fashion.

One of the shortcomings of our current method of estimation, is the various computational
issues that arise near the branching of integral curves. The issue of computational efficiency
of our method can be researched further which could also reduce the computation time near
the branching of the fibers.

Another interesting direction for future work could be to find minimax estimators in the
style of Efromovich (1998) by optimizing the constants further in the lower bounds for both
local and global risks. However, this type of analysis may involve more technical details in
the proofs of results. Moreover, the methodology we developed in chapter 3 can be used
further for comparisons of different protocols in a much more broader setting with many
patients involved in a study. In such a setting we can compare the accuracy of the protocols
while controlling for the individual effects of each patient. Thus, it could give us a better
understanding of the valuable metric that we have explored in chapter 3 and could potentially

be deployed in future neuroimaging studies for assessing accuracy.
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4.1 Extension of integral curve estimation

We would also like to make a remark that the integral curve estimation with proper uncer-
tainty quantification is a powerful tool that can be used to study more general stochastic

process X¢,t € [0,00) given by the model
dXt = p( Xy, t)dt + o( Xy, t)dWr,

where pu(X¢, t) is the drift parameter, o2(Xy, t)/2 is the diffusion parameter and W, ¢ € [0, o0)
is a Wiener process. The Fokker-Planck equation for the density p(z,t) of the stochastic
process X is given by

0 ) 9% o?(Xy,t)

Sep(@.1) = =l Op(a,0)] + 5[ T ()

Some of the contemporary work where similar model has been used can be found in Zheng
et al. (2019) and Toppalododdi and Wettlaufer (2017). While in Zheng et al. (2019) authors
proposed maximum likelihood estimators of the parameters in the Fokker-Planck equation
in presence of measurement errors modeled by an a—stable Lévy noise, Toppaladoddi and
Wettlaufer (2017) have studied the numerical aspects of the solution to the Fokker-Planck
equation to model the density of the thickness of glacial ice sheets. In these type of framework
we can extend the integral curve estimation in stochastic partial differential equation (SPDE)
with proper uncertainty quantification. Since our method uses relaxed assumptions on the
measurement errors involved in the stochastic differential equation, the estimates that we
provide are more robust with respect to the underlying model, achieving optimal confidence

bounds at the same time.
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