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ABSTRACT

CONTROL OF MULTI-LINK ONE-LEGGED HOPPING LOCOMOTION
By
Amer Allafi

Controlling one-legged hopping locomotion is a challenging problem due to the hybrid
dynamics of the hopper and the interaction with ground. The hybrid dynamics of the
one-legged hopper consists of mainly two sub-dynamics, one when the hopper is in contact
with ground, and the other when there is no contact. The ground model can effect the
hopper behavior since the hopper interact with ground when the hopper in contact with
ground. Here we investigate the locomotion behavior of the one-legged multi-link hopper
hopes on three different ground models, namely, rigid, elastic, and viscoelastic ground. The
rigid ground apply an impulsive force to the hopper when the hopper came in contact with
ground resulting energy losses. A partial feedback linearization is used to control the internal
dynamics of the hopper. A Poincaré map is used to construct a discrete-time system and
a controller with integral action is designed to achieve the control objectives. The elastic
ground, the ground modeled as massless spring, the spring in the ground store some of the
energy of the hopper during the contact. A continuous backstepping controller is designed
to control the energy level and internal dynamics of the hopper. A Poincaré map is used
to construct a discrete-time system and a controller with integral action is designed to
achieve the control objectives. The viscoelastic ground, the ground modeled as an under-
damped mass-spring-damper system, the damper and the impact with ground mass resulting
in energy losses and the ground spring store some of the energy of the hopper during the
contact. A continuous backstepping controller is designed to control the energy level and
internal dynamics of the hopper. A Poincaré map is used to construct a discrete-time
system and a controller with integral action is designed to achieve the control objectives.
We considered multiple versions of one-legged hoppers, namely, two-DOF two-mass, two-

DOF ankle-knee-hip, and four-link hopper. Simulation results are presented to demonstrate



the efficacy of the controllers.
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Chapter 1

Introduction

Legged locomotion has certain advantages over wheeled locomotion. Compared to a
wheeled robot, a legged robot is better suited for climbing stairs and moving over unstruc-
tured terrain. One-legged hopping locomotion is the simplest version of legged locomotion
but controlling a one-legged robot is challenging due to the hybrid nature of its dynamics.
The dynamics of a one-legged hopping robot typically consists of two phases: a contact phase
and a flight phase. In addition, there can be an impact phase if the ground is rigid. The
nature of the ground affects the dynamic behavior of the hopping robot significantly. The
ground can be modeled as rigid, elastic, or viscoelastic with inertia. A rigid ground results
in energy losses when the hopping robot comes in contact, a perfectly elastic ground results
in no losses, and a viscoeleastic ground with inertia results in losses due to both impact with
the ground and damping. Naturally, the control problem for hopping locomotion is different
for different types of ground.

Some of the early work on one-legged locomotion can be credited to Seifert [1], Matsuoka
2] and Raibert [3]. Following the work by Raibert, Alexander [4] introduced the spring
loaded inverted pendulum (SLIP) model for one-legged hopping and Schwind and Koditchek
used a return map of a hop to control locomotion [5]. The leg and hip model, where an
actuator is mounted on the hip joint, is an extension of the SLIP model. Cherouvim and
Papadopoulos controlled the forward speed and apex height of a robot with a leg and hip,
hopping over unknown rough terrain [6]. Mojtaba and Buehler proposed a control strategy
for stabilizing and controlling the speed of the leg and hip model [7]. Poulakakis and Grizzle
8], [9] investigated the stability and control of a SLIP model with an asymmetric mass;

this model is referred to as the asymmetric spring loaded inverted pendulum (ASLIP). The



behavior of the ASLIP model was compared with that of a three-link ankle-knee-hip (AKH)
hopper [10]. Saranli et al. controlled an AKH hopper by approximating its model with
that of the SLIP model [11]. Zhu et al. controlled the apex height of an AKH hopper [12],
Vanderborght et al. investigated the effect of elastic actuation on the apex height [13], and
Vu et al. [14] investigated the relationship between energy efficiency, leg stiffness, and stride
frequency.

Since the dynamics of a hopper typically consists of multiple phases and behavior of the
of the hopper is affected by the ground model, researchers have commonly used the Poincaré
map [4,15-17] to investigate the stability of this hybrid dynamic system. The ground is
assumed to be rigid in most investigations: both one- and two-mass models have been used.
This results in an impact phase where the robot comes in contact with the ground and there
is loss of energy due to the impact. To avoid the impact phase, the one-mass SLIP model
assumes the leg to be massless and therefore there is no loss of energy at the time of ground
contact. The dynamics of the one-mass SLIP model is qualitatively the same for both rigid
and elastic grounds and therefore two-mass models have been investigated. Mikhailova [18]
investigated a two-mass hopper; a spring was placed between the lower mass and the ground
to prevent loss of energy from impact. Yu and lida [19] and Mathis and Mukherjee [20,21]
also considered two-mass hoppers but a controller was designed to account for the energy
loss due to impact. Saitou et al. [22] used optimal control methods to maximize the height
of a two-mass robot hopping on an elastic ground. The ground was assumed to have mass
but the controller was implemented in an open-loop fashion. Ishikawa et al. [23] used a
port-controlled Hamiltonian method to control the maximum hopping height of a similar
two-mass system; the controller is based on feedback but the ground was assumed to be
massless. Hutter et al. [24] developed an apex-height controller such that a two-link hopper
behaves like a SLIP model by compensating for the energy loss.

Here we design control strategies for apex height control of multi-link one-legged hoppers,

hopping on rigid, elastic, and viscoelastic ground. Also, we design a control strategy for



locomotion control of a six degrees-of-freedom (DOF') four-links hopper, hopping on a rigid
ground. For apex height control, the control objective is to achieve a desired value of the
maximum height reached by the center-of-mass (COM) of the robot during the flight phase.
For locomotion control, the control objective is to achieve a desired step size for each hop.
In Chapter 2, we extend the control strategy developed by Mathis and Mukherjee [21, 25]
for apex height control of a two DOFs prismatic joint robot hopping on rigid and elastic
grounds to hopping on a ground that is viscoelastic and has inertia. We first use backstepping
[26] to stabilize the internal dynamics of the robot in the flight and contact phases. The
periodic nature of the hybrid dynamic system is then analyzed using a Poincaré map [27] and
the OGY'! method of chaos control [28] is used to adjust a parameter of the backstepping
controller discretely and converge the apex height to its desired value. A integral control [26]
is required to overcome the energy loss due to impact and damping for the viscoelastic ground
with inertia.

In Chapter 3, we consider an Ankle-Knee-Hip (AKH) robot, hopping on a rigid ground.
The AKH robot has two DOFs in the flight phase and a single DOF in the contact phase.
A continuous controller is designed to stabilize the controllable states in the flight phase.
In the contact phase, the continuous controller makes the robot behave like a mass-spring-
damper system: positive damping is first used to arrest the motion of the COM and negative
damping is then used to add energy to the system and compensate for the losses due to
impact. A Poincaré map [27] is constructed to analyze the periodic nature of the hybrid
dynamic system. To control the apex height, the OGY method is used to adjust one of the
continuous controller parameters discretely. While this works well to stabilize the hybrid
dynamics, integral control [26] is required for controlling the apex height.

In Chapter 4, we address the problem of apex height control of an AKH robot hopping
on an viscoelastic ground with inertia. The apex height is defined as the maximum height

reached by the COM of the robot during the flight phase. We use the same control strategy

LA method introduced by Ott, Grebogi and Yorke for achieving stabilization of a periodic orbit [28].



that was developed for a two-mass prismatic-joint hopping robot discussed in Chapter 2. A
backstepping controller was developed to stabilize the internal dynamics of the robot in the
flight and contact phases for hopping on a purely elastic ground. For hopping on a viscoelastic
ground with inertia, the periodic nature of the hybrid dynamic system is analyzed using a
Poincaré map [27]. The OGY method of chaos control [28] is used together with integral
action [26] to adjust a parameter discretely and converge the apex height to its desired value.
In Chapter 2, we investigated hopping in a prismatic-joint robot and in Chapter 4 we extend
the results to a robot with a kinematic structure that is commonly found in bipeds and
walking machines. The underlying objective of this transition is to investigate locomotion
problems in the commonly studied platforms. The control problem for the AKH hopping
robot is more challenging than the prismatic joint robot because of the constraints imposed
by the kinematic structure.

In Chapter 5, we control the of apex height and hopping locomotion of a four-link an-
thropomorphic robot hopping on a rigid ground; the four links correspond to the foot, leg,
thigh and hip. The robot has three active joints at the ankle, knee and hip; the toe is not
actuated and is therefore passive. One of the active DOFs is used to control the angle of
the foot to ensure point contact with the ground; the other two DOF's are used to control
the position of the COM. For apex height control, we use two control strategies. The first
method is similar to the control strategy that was developed in [29]; this strategy introduces
negative damping in the vertical dynamics of the COM during the contact phase. However
unlike [29], where the Poincaré section is chosen at the point of take-off, it is chosen at the
point of touch-down - this eliminates the need for numerical search to choose the control
gains. Additionally, the results are extended to the hopping locomotion problem. The sec-
ond strategy relies on choosing different equilibrium heights of the vertical dynamics of the
COM during the flight phase. In this regard, it should be noted that apex height control can
be viewed as a special case of the hopping locomotion problem where the step size is zero.

The four-link robot has six DOF's in the flight phase and four DOF's in the contact phase.



A feedback linearization controller is designed such that the COM and the foot angle have
the dynamics of a mass-spring-damper system. The periodic nature of the hybrid system
is analyzed using a Poincaré map [30] and the OGY method of chaos control [31] is used
together with integral action [26] to adjust system parameters discretely. By adjusting the
parameters, it is possible to achieve a desired apex height while hopping in one location and

hop with a desired step size during locomotion.



Chapter 2

Apex Height Control of a Two-DOF
Prismatic Joint Robot Hopping on a

Viscoelastic Ground with Inertia

2.1 Introduction

In this chapter, we develop a strategy for controlling the apex height of a two-DOF
prismatic-joint robot, hopping on a viscoelastic ground [32]. The apex height is defined as
the maximum height reached by the COM of the robot during the flight phase. The problem
of apex height control of the two-DOF prismatic-joint robot hopping on a rigid ground and
an elastic ground has been studied earlier by Mathis and Mukherjee [21,33]. Here, we extend
that work to hopping on a ground that can be modeled as viscoelastic with inertia. Hopping
on a viscoelastic ground with inertia introduces an additional DOF and poses challenges due
to undesired vibration of the additional DOF and dissipation due to both impact and viscous
damping. A hybrid control strategy is developed to converge the apex height of the COM
of the two-DOF prismatic-joint robot to a desired value. The hybrid control strategy uses
backstepping in continuous time and integral control in discrete time to control the internal
dynamics and the total energy. The discrete-time system is constructed using a Poincaré

map at the instant of time just before the impact between the robot and the ground. This



Chapter is structured as follows. The dynamics of the robot in the flight, impact and contact
phases is presented in Section 2.2. The hybrid control strategy, developed for a purely elastic
ground, is presented in Section 2.3; this material is taken from [25]. The hybrid controller is
extended to the more general viscoelastic ground with inertia in Section 2.4 and validated

with numerical simulations. Section 2.5 contains concluding remarks.

2.2 Dynamics of Two-DOF Hopper

We consider a two-mass prismatic-joint robot hopping on a viscoelastic ground with
mass mgs, stiffness constant Koy, and damping coefficient Ceyq - see Fig.2.1 (a). The vertical
displacement of the mass of the ground is denoted by x3. The robot is shown in its flight
and contact phases in Figs.2.1 (b) and (c); it is comprised of an upper mass m; and a lower
mass Mo, both of which are constrained to move in the vertical direction. The force applied
on the two masses by the prismatic joint actuator is denoted by F;. The absolute position
of the two masses are denoted by X; and Xs. The position of mass m; relative to mq is
denoted by y, and the position of mass mo relative to ms is denoted by z5. The height of
the COM of my from its base is denoted by £. The force of interaction between masses mo

and mg is denoted by F5.

2.2.1 Flight Phases

During the flight phase, the following conditions hold:
To > 14 F2 =0 (21)

Together, the robot and the ground have three degrees-of-freedom (DOF) but their dynamics
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Figure 2.1: (a) Viscoelastic ground with inertia (b) flight phase and (c) contact phase of
two-DOF robot hopping on the viscoelastic ground.

are decoupled. The accelerations of the two masses of the robot are as follows:

X1 = (y+l’2+$3) ——g—i——l
my
Xo = =—g— — 2.2
o = (¥ + 73) Y . (2.2)
The equation describing the motion of the ground is
m3~5(}3 + Coxt Qt3 + Koxt T3 = 0 (23)

2.2.2 Impact Phase

The impact phase refers to infinitesimal intervals of time ¢ € [t™,¢*] during which the
lower mass ms comes in contact with the ground mass ms and the condition x5 > ¢ changes

to o = {. We make the following assumptions:



Assumption 1. The collision between masses my and mg is inelastic, i.e., my and ms have

identical velocities immediately after impact.

Assumption 2. The control force Fy between masses my and my is not impulsive.

The above two assumptions, along with the principle of conservation of linear momentum,

give the following relations in terms of the position variables:

Xi(t7) = Xi(t7) y(t") =y(t)
Xo(tT) = Xo(t) = ao(t?) = 2o(t7) (2.4)
l’g(t+) = l’g(t_) l’g(t+) = l’g(t_)

and the following relations in terms of velocity variables:

' it y(t") = y(t7) + %Iﬁ(t_)
X.(t1) = X, (t7) e
XQ(tJr) — i’g(t+) _ m2X2(t_) + msig(t_) = 1’2(t+) —0

e Ba(t) = (1) ()

2.2.3 Contact Phases

The contact phase commences immediately after the lower mass my makes contact with
the ground mass m3. We make the following assumption which implies that the masses mo

and mg cannot stick together:

Assumption 3. The force Fy acting between the masses ms and mg is non-negative, i.e.,

Fy, > 0.

During contact, x9 = ¢ and 9 = I = 0. The system DOF is reduced to two and the



equations of motion are as follows:

Xy = (jj+is) = —g+ —
mi
1
U3 = —g — ————(Coxt T3 + Koxp 3 + F 2.6
T3 g m2+m3( t L3 t L3 1) ( )

The constraint force Fy (Fy = 0) associated with the constraint zo = ¢ and &y = 5 = 0is

given by the expression

F2 = ml(y + $3) + mgfl}g + (m1 + mg)g (27)

At the instant when the system switches from the contact phase to the flight phase, the

reaction force F; equals zero.

2.2.4 Apex Height

If z denotes the height of the COM of the hopping robot in the flight phase, we have

L iy + 22 + 35) + ma(@ + 35)]
z2=———1|m To + T mo(Te + T
™y + 1 1\Yy 2 3 2(T2 3
m
=Ty + 13 + My y, me a0 (2.8)
my + Moy

where m; is the mass fraction. The hopping robot will have multiple flight phases. For each

flight phase, the apex height is defined as the maximum value of z, and is denoted by h.

10



2.3 Hybrid Control Strategy for Hopping on a Purely

Elastic Ground

2.3.1 Change of Coordinates

For a purely elastic ground, we have
ms = 0, Cewt = 0, Kext # 0 (29)

There is no impact phase. Furthermore, substitution of (2.9) in (2.3) indicates z3 = 0 in the
flight phase. Therefore, the system has two DOF in the flight phase. The system has two
DOF in the contact phase as well since 9 = £ and x5 = 0.

For the objective of apex height control, we define r to be the height of the COM of the

robot relative to that of the lower mass ms. Using (2.8), it can be shown
A
r=(z—x9—x3) =My Yy (2.10)

Next, we define e as

e=(r—rq) (2.11)

where r4 > 0 is some desired value of r. From (2.10) and (2.11) it can be verified that
e=0—¢=0—y =0, which implies no relative motion between the two masses. The

dynamics of the system in the flight and contact phases can be written in compact form

11



using (2.2), (2.6), (2.8), (2.9), (2.10) and (2.11) as follows:

. 1
Z=—g— A\—Kex 3, my £ (my + my)
| e (2.12)
é = _(Fl - )\meext 1’3)
mao

where

0 : x>/ : Flight Phase
A= (2.13)

1 : x9=/: Contact Phase

The following choice of the control input

= dmeKoix3 + mav (214&)

= Am¢Foi + mav, P a Ko 3 (2.14b)

results in the hybrid dynamics

zZ= —qg — )\EKeXt T3 (215)

&= (2.16)

where v is the new control input. Note that the control input F} can be chosen according
to (2.14a) or (2.14b) depending on whether 3 (displacement of the spring) or F. (force

applied by the spring) is available for measurement.

2.3.2 Backstepping

The potential energy of the COM is defined relative to the datum z = 24

20 2 2 |(my=0, 20mt.rerg) = (ra +0) (2.17)
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In the absent of relative motion between the masses (e = ¢ = 0), the total energy can be

written as

1 1
E =my [§z2 +g(z — zd)] + §>\Koxt (2 — 2q)° (2.18)

For the robot to reach its desired apex height hq, the total energy should be equal to
E= Edes = My g(h'd - Zd) (219)

where hg is the desired value of apex height. In addition to e = 0. The desired equilibrium

configuration is therefore given by
(E — Eqges, €, €) = (0,0,0) (2.20)

With the objective of stabilizing the equilibrium in (2.20), we define the Lyapunov function
candidate

1
V) = 5k:e (E — Eqes)?, k. >0 (2.21)

It should be noted that V; is a function of A (since £ is a function of ) but it is continuously
differentiable in both the flight phase and contact phase. The Lyapunov function candidates
introduced in this section will be used for stability analysis in the two phases separately:;
therefore, we treat \ as constant and do not make any distinction between the two phases

in our derivation. Using (2.11), (2.16), and (2.18), V; can be computed as

‘./1 = ke (E - Edes) E
= kfe (E — Edes) z [mt(z + g) + )\Kext(z — Zd)]

— ke (E — Eaes) MK o 26 (2.22)

By choosing
e = {—Ake (E — Fues) 3} 2 1 (2.23)
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we can make V; negative semi-definite; therefore, integrator backstepping is introduced by

defining the new variable
1 =€+ Ak (E — Eaes) 2 = (e — 1) (2.24)
and the composite Lyapunov function

1 1 1
Vo=V, + §q% — §k:e (E — Eaes)” + §q% (2.25)

Differentiating V5 and substituting (2.22) and (2.24), we get

Vé = ke (E - Edes) )\Kextz.:e + q1q1
= ke (E - Edes) )\Kextz‘: [Ch - )\ke (E - Edes) Z] + Q1C}1
= N2 Koy (B — Baes)® 22

+ q1 [Q1 + ke (E - Edcs) >\Koxt2] (226)

By choosing
G = {~MeeKexe (E — Eaes) 2 — 11} £ 3 (2.27)

where k1 > 0. We can make V5 negative semi-definite. We introduce integrator backstepping

again by defining the new variable

g2 = (41 — p2) (2.28)
and the composite Lyapunov function
Vs =Vo + %qg
= %k (E — Bues)® + %qf + %qg (2.29)
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Differentiating V5 and substituting (2.26) and (2.28), we get

Vi = =N2k2 Koy (F — Eaes)” 22
+ ¢1 [¢1 + MNeeKext (B — Eaes) 2| + q2¢o
= N2 Ko (E — Baes)? 2
+ ¢ [ — p2 — kiqa] + (1 — 02)(G1 — ¢2)

— Nk K o (B — Eaes)” 2% — k1

+ @ [q1 — 2+ aqi] (2.30)
Our choice of
i1 = ¢2 — 1 — kago, ko >0 (2.31)
results in a negative semi-definite V3 and yields the controller
v =1+ do— g1 — kago (2.32)

The above equation was obtained from (2.31) by substituting the value of € in (2.16) and
(2.24) into (2.31). From the definition of ¢y, it is clear that ¢; will involve the third derivative
of z. This is not a problem since the second derivative of z can be computed easily from

(2.15) as

1 o
zZ= _)\EK‘M(Z —é) (2.33)
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2.3.3 Stability Analysis

Using (2.10), (2.11), (2.15), (2.18), (2.24) and (2.28) it can be shown that
(E - Edesa €, 6) = (07 Oa O) < (E - Edesa q1, C]2) = (07 Oa O)

Therefore, V3 in (2.29) is a candidate Lyapunov function for investigating the stability of the
equilibrium in (2.20). In both flight and contact phases (A = 0 and A = 1), the control law

in (2.32), results in (2.30)
Vs <0 (2.34)

Therefore, (E — Eqes, q1,q2) = (0,0,0) is stable.

Remark 1. The stability of (E — Faes, q1,q2) = (0,0,0) in the flight and contact phases do
not guarantee stability for the hybrid dynamics. The stability of the hybrid system is analyzed

next .

2.4 Hopping on a Viscoelastic Ground with Inertia

2.4.1 Discrete Controller for Stabilization and Control Apex Height

To investigate the stability of the hybrid dynamic system, we use a Poincaré map with the
Poincaré section defined at the point of touch-down, i.e. the time instant prior to impact. To
restrict the Poincaré section to a one-dimensional configuration space, we make the following

assumption:
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Assumption 4. The parameters of the viscoelastic ground (ms, Cey, Koxi) are such that

the settling time of the system s less than the hopping period of the robot.

Remark 2. The above assumption allows us to infer that x3, x5 ~ 0 at the time of touch-

down. It will be shown later that the assumption is not overly restrictive.

Assuming that 3, x3,e,é ~ 0 at the time of touch-down, the modified Poincaré section

is chosen as

Z={XeR|lz=245e=0,6=0, 2<0} (2.35)

where X is defined as

X =: (2.36)

To use the same set of variables used in the backstepping controller in section 2.3 (designed
for the purely elastic ground), namely, (E — Eqes), we defined the Poincaré section using the

coordinates W, where ¥ is defined by the coordinate transformation H(-) : R = R, as follows

U = (E — Eg) = H(X) (2.37)

The Poincaré map Q(¥) and the sequence of points Wy € H(Z) now satisfy

Vi = Q(Wk), Q(V): H(Z) — H(Z2) (2.38)

with periodic point U* defined as
U* = Q(U*) (2.39)

For the elastic ground, the periodic point which achieves the desired apex height is given by

U* = (B — Eges) (2.40)
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where E is the energy of the system in steady state when the backstepping controller is
invoked with Ey = Fgs. The value of E is initially unknown but can be determined after

the robot has hopped a few times - see section 2.4.2. We define the error state 7 as

e = (U — V¥) = (B, — E)

By linearizing the Poincaré map about ¥*, we have the approximate discrete dynamics given

by
A dQ(W
M1 = Ao Mk Ao = % . (2.41)
The periodic point will be asymptotically stable if and only if
p(Ag) <1 (2.42)

where p(A,) is the spectral radius of A,. To design the discrete controller, we describe ¥ as

follows

U=3+u (2.43)

®2(E—Ey), u?2(Ei— Eu)

where Ey is desired level of energy for a given hop. The new Poincaré map Q(®,u) and the

sequence of points @, € H(Z) satisfy

Oy = Q(p,up), Q(®,u): H(Z) x R— H(Z) (2.44)

with periodic point ®* defined as
@*

QP u”) (2.45)
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For the viscoelastic ground with inertia, there exists the following equilibrium point

¢* = (E — Ey), u* =0 (2.46)
If we define the error state

pi = (@ — ©) = (B — B) (2.47)

the Poincaré map Q(®;,u;) can be linearized about (®* u*) to yield the following linear

discrete-time system

Mer1 = A/J/k + Buk, Y = Uk (248)
T A d@(q)v U) 5 A d@(q)v U)
A7 e BT T e

To converge the system energy from its level at the equilibrium configuration E to the desired

value Fg4e, we propose to use integral control with the integrator defined as
A -
9k+1 = ek + (EO - yk>a EO = (Edes - E) (249)

where FEj is the desired value of the output variable y. The integrator-augmented discrete

system has the form

Mer1 = AN + Buy, + Ey, N\ = l ul oy ]T (2.50)
aal A0l el B
-1 1
If {A,B} is controllable, the input can be chosen as
we = Ky (2.51)
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where K satisfies

p(A +BK) <1

2.4.2 Simulation Results: Apex Height Control

We investigate the behavior of the two-DOF robot hopping on the viscoelastic ground
with inertia; the discrete integral controller is used along with the continuous backstepping

controller. The mass, stiffness, and damping properties were assumed to be

my = 2.6 kg, mo = 0.8 kg, ms = 0.04 kg

0=0.06m, Kei=2800N/m, Ceg =22Ns/m (2.52)

The mass of the ground was assumed to be 5% of the lower mass my and the damping
coefficient Cyyy was chosen such that the ground is slightly overdamped. The desired apex

height was chosen to be

hqa =0.25 m

and, similar to the last simulation, rq = 0.0994 m was used. The continuous controller

parameters were chosen as
k. = 0.001, ky = 200, ko = 100

The matrix A, defined in (2.50), was found to have eigenvalues: 1, and 0.004. Since {A, B}

is controllable, the controller gains were chosen as

K= l —-0.35 0.7 }
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This places the eigenvalues of the closed loop system at 0.9, and 0.3. The initial conditions

were assumed to be

22(0) = 0.06 m, x3(0) = —0.012m, y(0) = 0.075m

29(0) = 0.0m/s, 23(0) = 0.0m/s, y(0) = 0.0m/s (2.53)

and the initial value of the integrator state was set to zero.

The simulation results are shown in Figs.2.2, 2.3, 2.4 and 2.5. The displacements of the
upper mass, lower mass, COM, and ground mass are plotted in Fig.2.2. The contact phases
(not explicitly shown in Fig.2.2) are the time intervals during which z, = (X3 — x3) = 0.06
m. The value of X3(0) = 0.048 m indicates that the spring of the viscoelastic ground is
initially compressed due to the weight of the robot. The simulation is comprised of two
phases. In the initial phase, 0 < ¢ < 1.8 s, the discrete controller was switched off and the

backstepping controller was used with Fq = FE4.s. During this phase (five hops), the apex

T Xl T Zl : T T T T T T

0.25 FAF— A=A A AL A Ak
£
g |
W8

N O - T
~ 3 IRVREAYRER SRV ERY R ]
<

0.00 F

T3 X2
_010 1 1 1 | 1 1 1 1 1 1
0.0 1.8 < 2.5 5.0
time (s)

Figure 2.2: Simulation results for hopping on a viscoelastic ground with inertia. Plot of the
position of the upper mass X;, the lower mass X5, COM z, and the ground mass 3, as a
function of time.
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Figure 2.3: Simulation results for hopping on a viscoelastic ground with inertia: Plot of
(E — Fqaes) at the end of the k-th hop (immediately before touch-down), & = 1,2,---,12.
The actual time scale in the figure is identical to the time scale in Fig.2.2
height of the robot converges to a constant value that corresponds to £ = E, which was
defined in the context of (2.40). The value of E was found to be 2.21 J and E, = 0.81 J
(the deficit) was computed using (2.49). Using the value of Ey, the discrete controller was
switched on at ¢t = 1.8 s. The first element of ¥ is plotted in Fig.2.3; it corresponds to the
value of (E — Eg4es) at the end of the k-th hop, & = 1,2,--- 12 - see Fig.2.3. Figure 2.4
shows the control input (F}), it can be seen that the force is zero when there is no relative
displacement between the masses (e = ¢ = 0).

The displacement of the lower mass and the ground is shown in Fig.2.5 for one hop.

It can be seen that the lower mass breaks contact with the ground mass below the datum

300
= OF
-300 ‘
0 25 5
time (s)

Figure 2.4: Plot of the Force F; applied by the prismatic joint.
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k=11 k=12

|<— contact phase —»}<————————— flight phase ————>]|

0.12 f ]
: ) :
0.06 - 7 i
o XQ . . €3 1
0.00 ~ L —
-0.06 M settling time of foundation mass
426 4405~ 4.674

time (s)
Figure 2.5: Simulation results for hopping on a viscoelastic ground with inertia: Plot of X5,
Zo, and x3 for the hop between k = 11 and k£ = 12.
(g > £, 3 < 0) at t = 4.405 s. While the robot is in flight, the ground mass settles to
its equilibrium configuration; the response is overdamped, as expected from the choice of
parameters in (2.52), and has a 2% settling time of 0.022 s. Since the settling time of the
ground mass is much smaller than the flight phase, it becomes clear that Assumption / is
not overly restrictive.

In steady state (k = 11), the integral controller was found to command the backstepping
controller with Fq = 3.93 J. This is higher than the value of E4. by an amount equal to
0.91 J, which is larger than the value of Fy = 0.81 J. This is not surprising since a higher
value of Ey results in a higher deficit due to greater losses associated with hopping with a
larger apex height.

A video animation of a two-DOF prismatic joint robot hopping on a viscoelastic ground
with inertia has been uploaded as supplementary material. It shows the hopper reaching the

desired apex height of hy = 0.25 m starting from rest.

2.5 Conclusion

This chapter presents a method for controlling the apex height of a two-mass robot hop-
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ping on a viscoelastic ground with inertia. This problem, which has not been investigated
earlier, is more challenging than the problems of hopping on rigid and elastic grounds since
the system has an extra DOF and there is energy loss due to impact and damping. A
continuous-time backstepping controller was used in concert with a discrete-time integral
controller to meet the control objective. The backstepping controller regulates the energy
of the robot using the internal DOF and simultaneously eliminates this DOF to enable the
robot reach its desired apex height. We use the same backstepping controller was devel-
oped for elastic ground results is steady-state error. The discrete-time integral controller
eliminates this error by commanding the backstepping controller to regulate the energy to
a commensurately higher level. Since there is loss of energy in every hop, the backstepping
controller has to remain active for all hops. A video animation of apex height control is

includes to provide a glimpse of the dynamic behavior.
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Chapter 3

Apex Height Control of a Two-DOF
Ankle-Knee-Hip Robot Hopping on a
Rigid Ground

3.1 Introduction

In this chapter, we develop a strategy for controlling the apex height of a two-DOF Ankle-
Knee-Hip (AKH) robot, hopping on a rigid ground [34]. Although the AKH robot has the
same number of DOFs as the prismatic-joint robot, studied earlier [21,33] and in Chapter 2,
its kinematic structure is more anthropomorphic and similar to biped robots. The control
problem for the AKH is more challenging than the prismatic-joint robot due to the revolute
nature of the joints. Hopping on a rigid ground results in energy losses due to impact of
the robot with the ground. A continuous and a discrete controller with integral action are
developed to drive the apex height of the AKH robot to a desired value. To compensate
for the losses, the continuous controller employs negative damping while the velocity of the
COM is moving upwards during the contact phase. Using a Poincaré map at the take-
off point, we constructed a discrete-time system. The discrete-time controller adjusts the
negative damping parameter used by the continuous controller to control the apex height.

The dependence of the apex height on the controller parameters is studied to understand the
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role of constraints imposed by the robot structure. Simulation results are presented to show
the efficacy of the control strategy. This Chapter is structured as follows. The dynamics of
the robot is presented in Section 3.2. The continuous and discrete controllers are presented
in Sections 3.3 and 3.4. The effect of continuous controller parameters on hopping behavior
is discussed in Section 3.5. Numerical simulation results are presented in Section 3.6. Section

3.7 contains concluding remarks.

3.2 Dynamics of AKH Robot

3.2.1 System Description and Model

Consider the AKH hopping robot shown in Fig. 3.1. It is comprised of an upper mass
myp, and a lower mass mg, both of which are constrained to move along the vertical axis.
The masses are connected by two links, each of which have mass m and length ¢. The mass
moment of inertia of the two links are equal and denoted by I. The displacements of the
masses my, and my; are denoted by ys and y;, respectively. These two variables correspond
to the two degrees of freedom of the robot in the flight phase. The angular displacement of
the upper link, measured counter-clockwise with respect to the vertical axis, is denoted by
¢. The robot has a single actuator that drives the angular coordinate ¢, the torque applied
by this actuator is denoted by 7. The vertical force applied on the lower mass ms by the
the ground during contact is denoted by Fi. The dynamic model of the robot is obtained

using Lagrange’s equations:

M(q)g+ N(q,q) = @ (3.1)
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Figure 3.1: The ankle-knee-hip robot.

T T
where ¢ = l Y b ] , Q= l Foo T } is the vector of generalized forces, and the elements

of [M;],, ., and [N;],, , are

My = my 2 (my, + mg + 2m)

My = My = —20(m + my,) sin ¢

Msy = %52 [5m + 6my, — 3(m + 2my,) cos 2¢]
Ny = gmy — 20(m + my,) cos¢$2

Ny =20 [—g(m + my) + £(m + my,) cos @] sin ¢ (3.2)

The hybrid dynamics of the hopping robot is comprised of the flight phase, the impact phase,

and the contact phase.
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3.2.2 Flight Phase

In the flight phase, the robot has two DOF and the following conditions hold:

Y1 > EO Fext =0 (33)

The equation of motion is described by (3.1), where Fy = 0.

3.2.3 Impact Phase

The impact phase refers to infinitesimal intervals of time ¢ € [t~,¢*] during which the
lower mass m; comes in contact with the ground and the condition y; > ¢y changes to g

(y1 = £p). We make the following assumptions:

Assumption 5. The impact between lower mass mg and the ground is inelastic, i.e., y, (t7) =

0.
Assumption 6. The control torque T is not impulsive.

The position variables satisfy:

n(t") =) o) = o) (3-4)

By integrating (3.1) over the interval [¢7,t"] , we get

BT =0  H(tT) =dt) + —in(t7) (3.5)
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3.2.4 Contact Phase

The contact phase commences immediately after the lower mass m¢ makes contact with

the ground. We now assume:

Assumption 7. The external force F. acting on the lower mass myg is non-negative, i.e.,

Fext = 0.

During contact phase, y; = ¢y and 3; = 3j; = 0; the system DOF one. Using (3.1), the

value of the F,; can be computed as

Foxt = Ny 4 (Mia/Mss) (T — Na) (3.6)

Substituting (3.5) into (3.1), we get

. Mo/ Msy Mo/ Moy
M(q)G + Ny = T
1 1
. B M/ Msy 0 7 — N.
=q=M 1(CI) (7 - N2) = <Mi2) (3-7)
1 1 22

At the instant when the system switches from the contact phase to the flight phase, F.

equals zero, which implies

N1 + (Mlg/Mgg) (T — Ng) = 0 (38)

3.2.5 Apex Height

The COM in the flight phase is denoted by
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1 1 3
z = meyr + m(y + §€ cos ¢) + m(y; + §€ cos @) + my,(y1 + 20 cos @)
t

A T+ my

=11 + 2¢m,, cos ¢, m, (3.9)

my

For each flight phase, the apex height h is defined as the maximum value of z.

3.3 Continuous Control Design

3.3.1 Relative Displacement of COM

Using (3.9), we define the displacement of the COM relative to the lower mass as

P2 (z —y1) = 2m,, cos ¢ (3.10)

= 7= —20m, singe (3.11)

We define the desired equilibrium point of the system to be (r,7) = (rq,0), where rq > 0 is

the desired value of 7.

3.3.2 Contact Phase Control Design

During the contact phase, the system has one DOF since y; = ¢y. To transform this
dynamics described by (3.7) into the normal form [26], we use (3.10), and (3.11) to define

the states

§1 =1 —r4q, §o =T (3.12)
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The dynamics of the system in normal form is

£ =&, & =—20m,cos¢d® — 20m,sin ¢ d (3.13)

Substituting the value of ¢ in (3.7) into (3.13), and defining the torque 7 to be

M22

=Ny+ —"—(—v—2 5 14
T 2+ 2mzfsin¢( v — 2m,l cos ¢ ¢°) (3.14)
we get
& =&, & =v (3.15)
We choose v as
v = —wif — Aw,aly, (<1 (3.16)
where
1 &<0
a = : v<0 (3.17)
v 52 >0

which will make the relative displacement r behave like an underdamped mass-spring-damper
system when o = 1 or & < 0, and a mass-spring system with negative damping for & > 0.
The magnitude of v will determine the amount of energy that will be added to the system

during the contact phase to achieve the desired apex height.

3.3.3 Flight Phase Control Design

In the Flight phase, the system will have two DOF. To transform the system to the
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normal form [26], we use the states defined in (3.12) together with
m=2z—2z4 =2 (3.18)
where zq4 = rq + {y. The dynamics of the system in normal form can be written as

m =2z M = U1 — 2mZ£cosq§$2 — 2mZ£sin¢é

& =& £y = —2m,l cos ¢ ¢* — 2m,Lsin ¢ ¢ (3.19)

Substituting the values of jj; and ¢ from (3.1) into (3.19), and defining the torque 7 to be

(1/ + 2m,l cos ¢ ¢2>

T = N2 + (1/M11) — M21N1 — (M11M22 — MlgMgl) om fsingb ] (320)

we get

m =1 12=—g

=6 &=v (3.21)
We choose v to be given by
v=—wif - 2wk, (<1 (3.22)

This will make the of the relative displacement r like an underdamped mass-spring-damper.

3.3.4 Closed-Loop System Dynamics

With the continuous controllers for the contact and flight phases given by (3.14), and

(3.20), the hybrid dynamics of the closed-loop system is described by the following equations
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in the contact phase

€& =6, € = — w2 — 2Awpady (3.23)

and the following equations in the flight phase

m =1> 2 = —g

& =6 € = w21 — 20waa (3.24)

The contact phase ends when Fi,; = 0, which is described by (3.8). By substituting (3.2),
(3.9), (3.14), and (3.16) into (3.8), we get the relation

g — w1 — 2wnrés = 0 (3.25)

which will be used for analysis in section 3.5.

3.4 Discrete Control Design for the Apex Height

3.4.1 Poincaré Section

A single hop starts at the takeoff point in the flight phase and ends when the lower mass
breaks contact with the ground in the contact phase, immediately prior to takeoff. Each hop
can be divided into three time intervals: At; denoting the time during which the robot is in

flight phase, Aty denoting the time in the contact phase with 7 < 0, and At3 denoting the
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time in the contact phase with > 0. The total time required for a single hop is

T =At; + Aty + Aty (3.26)

For a single hop, starting at ¢ = 0, it can be shown that the following conditions hold

m(0) = &(0), 172(0) = &2(0)

g — wW2&1(0) — 2¢w,v&s(0) = 0 (3.27)

where the last condition is obtained from (3.25). The three constraints in (3.27) imply that
the takeoff point is described by one free variable, which we denote by x. The variable y

belong to the set €2, where

Q={& | m =&, m = &, Wik + 2Awerés = g} (3.28)

The first return map between two hops can be described by the discrete system dynamics

X(k + 1) = P(x(k), Aty, Aty, Aty) (3.20)

where P(.) is the Poincaré map. The time intervals At;, Aty, and Ats can be solved using

the following conditions

m(At) =&, &AL +Aty) =0

g — w2 (T) — 2¢wnv&(T) = 0 (3.30)

Therefore, the return map can be written as

x(k +1) = P(x(k)) (3.31)
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A fixed point y satisfies

X" =P’ (3.32)

By linearizing the dynamics described by (3.31) about x*, we claim asymptotic stability of

x* if

) lﬁP(X)

o |X_X*] <1 (3.33)

where p(.) is the spectral radius.

3.4.2 Discrete Controller Design

For a fixed set of parameters of the continuous controller, namely, (, w,, v and r4, a given
value of y results in an unique apex height h. Therefore, given a desired apex height hq, we
first solve the inverse problem of determining continuous controller parameter values that
result in x = xq. We stabilize the point x = yq by varying one or more of the continuous
controller parameters at the takeoff point. Here, we choose to vary v only; the dynamics of

the controlled system (3.31) can be described by the map
x(k+1) = P(x(k),v) (3.34)

By linearizing the above map about the fixed point x* = xq, v* = 14, where 14 is the

parameter value that results in yq, we get

x(k+1) = P(x*,v*) + A(x — x*) + B(v —v%)

v =¥ v =¥
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By defining the errors
e(k) =x(k) —x*,  wlk)=v(k)—v" (3.36)

we get from (3.35)
e(k +1) = Ae(k) + Bu(k) (3.37)

For purpose of integral control, we define the output as
y(k) = e(k) (3.38)

To converge the apex height to the desired value, we propose to use integral control with the

integrator defined as
Ok +1)=0(k) —y(k) (3.39)
The integrator-augmented discrete system has the form

Ak + 1) = AA(K) + Bu(k) A(k) = [ e(k) O(k) ] (3.40)

>
>
&

where A and B is defined in (3.37). If {A, B} is controllable, the input can be chosen as

u(k) = KA(k) (3.41)

such that

p(A + BK) < 1
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and the closed-loop system is asymptotically stable.

3.5 Effect of Continuous Controller Parameters

on Hopping Behavior

3.5.1 Effect of the Parameters on Apex Height

The apex height h depends on the total energy of the system at takeoff point, where
(3.25) holds. Substituting (3.12), (3.16) and (3.17) into (3.25), we get

g — 2Cvw,r

(r—ra) = 2 (3.42)
The total energy of the robot at the takeoff point is
1 — 2Cvw, 7
E = —mg? + myg 9= vt +7rq (3.43)
2 w?

Assuming that the relative motion between the upper and lower masses quickly settles to
zero and no significant work is done by the actuator during this time, the apex height h is

computed as

E 1 -2 T
- =—f2+w+rd (3.44)
mtg 2g wn

To examine the effect of the control parameters (w,, v, ¢) and rq on the apex height, we
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compute the partial derivatives of h in (3.44) with respect to the parameters; they are

Ch _ _2g=Cuwnt) o Oh _ 2F (3.45)
owy, w3 ov Wy,

jal o )

a2y, s (3.46)
oC Wn 0rq

Clearly, the apex height is higher for smaller values of w,, and v and higher values of (, and
rq. The choice of the parameters are however subject to the constraint ¢ = 0, or 7 < rpax

where

Tmax = m(?x 20m, cos ¢ = 20m,,

The procedure for choosing parameters that satisfy this constraint is discussed next.

3.5.2 Limitation on Choice of Parameter Values

Contact Phase Constraint

For the contact phase, the solution of the closed-loop system dynamics described by

(3.15) and (3.16) is given by

£ =e Svent [& sin(w,t) + &0 cos(w,t)

N

&y = — (e "ntey [Cf’/ sin(w,t) + cos(w,t)

1— <21/2

+ wpe nte 'CV cos(w,t) — /1 — 22 sin(w,t)
wy 2 wor/1 — (212 (3.47)

where £;¢ is the value of & when & = 0, 7.e. when & switches from a negative value
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to a positive value and « switches from 1 to v. To avoid oscillation during the contact
phase, the system must satisfy (w,+/1 — (?v?t) < 7 at the takeoff point. By substituting
(wn/1 — C?v%t) < 7 in (3.47) and then substituting the expressions for &; and & in (3.25),

we can get the following condition:

—nlv

—wpeVimE gy > g (3.48)

Flight Phase Constraint

For the flight phase, the initial conditions must satisfy the takeoff condition in (3.25).

The solution of the controllable states in (3.21) is

&1 = e ¥ [Cy sin(wgqt) + O cos(wgt)]

£y = — Cwpe S| Cy sin(wgt) + Cy cos(wdt)] + wge St [6’2 cos(wgt) — Cy sin(wgt)

Wy 2 w1 — (2
-2 n n
Cy AYg CZW 520’ Cy A §20 + CwnCh (3.49)
wr, Wd

and &y is the initial value of & at the takeoff point. Since the controllable states depict an
underdamped mass-spring-damper system, &; will reach its maximum value during the first

half of the first cycle of oscillation when & = 0. By setting & = 0 in (3.49), we get

B i -1 §a0wWy
t= o tan lig — Cwn£20] (3.50)

The value of & at ¢ in (3.50) must be less than &1 ;0. Where &) max = (Fmax —7a) = 20m, —1q.

Therefore, the following condition must satisfied at the takeoff point
e~ [Cy sin(wgt) + C1 cos(wat)] < (20m, — 1q) (3.51)
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3.6 Simulation

We present simulation results showing the AKH robot hopping to a desired apex height

starting from rest. The robot parameters were assumed to be

my =0.7 kg, me = 0.15kg, m = 0.4kg, ¢ =0.2m, ly = 0.05m (3.52)

The apex height was chosen as

hq = 0.35m (3.53)

and the continuous controller parameters were chosen to be

(=013, rq=013m (3.54)

Note that the value of rq4 was chosen to be approximately half the value of r,,,. We find the
values of v* and y* that corresponds to hq = 0.35 through an exhaustive numerical search;
the results are shown in Figs. 3.2 (a)-(d) for four different values of controller parameter
wy,. The figures show that for a given value of v, there may be multiple apex heights, each
of which will correspond to an unique value of y. The specific value of h to which the apex
height will depend on the initial conditions. To converge to the desired value, we use integral
control. In our simulation, the remaining two controller parameters w, and v were chosen
as follows: w, was chosen to be 30 since Fig. 3.2 (c¢). admits a solution for v corresponding

to hq = 0.35. The values of v, w,, and x are provided below:

v=-119, w,=30, x*=1669m/s (3.55)
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Figure 3.2: Apex height h is plotted with respect to v for periodic orbits obtained with
rq = 0.13 m, ¢ = 0.13 and (a) w,, = 20, (b) w, = 25, (¢) w, = 30, and (d) w, = 35.

The gains of the discrete controller were chosen to place the eigenvalues inside the unit circle.

The choice

K - [ 0.2 0.5} (3.56)

placed the eigenvalues at 0.814 and —0.87. Initially, the robot was assumed to be at rest on

the ground; the initial conditions are

y1(0) =0.05m g, =0m/s

»(0) =0.75rad ¢ = Orad/s (3.57)

The simulation results are shown in Figs. 3.3, 3.4 and 3.5. The height of the upper and

lower masses and the COM are plotted in Fig. 3.3; it can be seen that the apex height
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Figure 3.3: Plots of the heights of the upper and lower masses and the COM.

converges to its desired value in seven hops. The contact phase is the period when the
value of y; remains constant at 0.05 and y; > 0.05 denotes the flight phase. The state of
the discrete-time system is shown in Fig. 3.4; once again it can be seen that it converges
to its desired value in seven hops. There is some overshoot but this can be eliminated by
properly choosing the controller gains. The control input (hip torque) is shown in Fig.3.5.
In this context, it should be pointed out that the control torque can be reduced by 50% if
the actuator is moved from the hip to the knee as the angular displacement of the knee is
twice that of the hip.

A video animation of a two-DOF AKH robot hopping on a rigid ground has been uploaded

0.5

Figure 3.4: Plot of the state of the discrete-time system at the beginning of the first nine
hops.
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Figure 3.5: Plot of the torque applied by the hip actuator.

as supplementary material. It shows the hopper reaching the desired apex height of hy = 0.35

m starting from rest.

3.7 Conclusion

This chapter presented a method for controlling the apex height of a two-DOF AKH
robot, hopping on a rigid ground. The dynamics of the robot is modeled in flight, impact,
and contact phases separately. A continuous-time controller is designed to make the robot
behave like a mass-spring-damper system. In the contact phase, the continuous controller
employs positive damping to arrest the motion of the COM when it is moving downwards, and
negative damping when the COM is moving upwards. The negative damping is introduced
to compensate for the energy loss due to impact. A Poincaré map of the hopping behavior
is constructed and asymptotic stability of the hybrid system to the desired apex height is
guaranteed by designing a discrete controller with integral action. The constraint imposed by
the robot structure and the effect of continuous controller parameters on hopping behavior
is discussed. A simulation of the AKH robot, hopping to a desired apex height from rest, is
presented. A video animation of apex height control is includes to provide a glimpse of the

dynamic behavior.
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Chapter 4

Apex Height Control of a Two-DOF
Ankle-Knee-Hip Robot Hopping on
an Elastic Ground and a Viscoelastic

Ground with Inertia

4.1 Introduction

In this chapter, we develop a strategy for controlling the apex height of the Ankle-Knee-
Hip (AKH) robot introduced in Chapter 3 for hopping on an elastic ground and a viscoelastic
ground with inertia. The ground is modeled as massless spring for the elastic ground case
and a mass-spring-damper system for the viscoelastic ground with inertia. Since the elastic
ground is massless, there is no loss of energy when the robot makes contact with the ground.
A continuous backstepping controller is designed to control the mechanical energy of the
robot to a desired values and stabilize the internal dynamics to reach the desired apex
height. For the viscoelastic ground, there will be energy losses due to impact between the
robot and the ground and from dissipation in the ground due to damping. These losses
are unknown but have to be compensated; this makes the apex height control problem
challenging. The continuous backstepping controller developed for the elastic ground is used

to converge the energy of the robot to a desired value and stabilize the internal dynamics
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of the robot. This results in steady-state error, which is eliminated using a discrete-time
controller with integral action. The discrete-time controller is constructed using Poincaré
map at the point just before impact. Simulation results are presented to demonstrate the
efficacy of the controller. This chapter is structured as follows. The dynamics of the robot
and the ground is presented in Section 4.2. The continuous and discrete controllers are
presented in Sections 4.3 and 4.4. Numerical simulation results are presented in Section 4.5.

Section 4.6 contains concluding remarks.

4.2 Dynamics of AKH Robot

4.2.1 System Description and Model

Consider the AKH hopping robot shown in Fig. 4.1. The robot hops on a viscoelastic
ground of mass m,, stiffness constant K, and damping coefficient Cey;. The displacements
of the ground mass m, is denoted by z;. The robot is comprised of an upper mass my, and
a lower mass myg; these masses are connected by two links, each of which have mass m and
length ¢. The mass moment of inertia of the two links about of their COM are equal and
denoted by I. The masses my, and my are constrained to move along the vertical axis; their
displacement are denoted by y3 and y», respectively. The relative displacement between the
lower mass m¢ and the ground mass m, is denoted by x5. The angular displacement of the
upper link, measured counter-clockwise with respect to the vertical axis, is denoted by ¢.
The robot has a single actuator that drives the angular coordinate ¢, the torque applied by

this actuator is denoted by 7. The dynamic model of the robot is obtained using Lagrange’s
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Figure 4.1: The ankle-knee-hip robot.

equations:

M(q)j+ N(q,q) = Q (4.1)

T T
where ¢ = [ T Ty } and @ = [ Fo. F 7 } are the vectors of generalized dis-
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placement and forces, and the elements of [M;;],, , and [N;],,, are

M11 = myg + Mg
My = My = Myy = my
M13 = M23 = M31 = M32 = —2€(m + mb) Sil’lQb

1
Mss = 562 <5m + 6my, — 3(m + 2my,) cos(2¢))

N1 = Ny = g(mg + my, + 2m) — 2¢(m + my,) cos ¢Q'52

N3 = %6(46(77@ + 2my) cos ¢ — g(mg + my, + Qm)) sin ¢

Fext = _Cextxl - Kextxl

my 2 (mg + my, + 2m) (4.2)

The hybrid dynamics of the hopping robot is comprised of the flight phase, the impact phase,

and the contact phase.

4.2.2 Flight Phase

In the flight phase, the robot has three DOF and the following conditions hold:
2>l  F1=0 (4.3)

The equation of motion is described by (4.1), where F; = 0.
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4.2.3 Impact Phase

The impact phase refers to infinitesimal intervals of time ¢ € [¢7,¢"] during which my

comes in contact with mg and xy = {;. We make the following assumptions:

Assumption 8. The impact between mass my and mg is inelastic, i.e., m¢ and mg have

identical velocities immediately after impact.
Assumption 9. The control torque T is not impulsive.

The position variables satisfy:

21 (t7) =z (t7) To(th) = wo(t7), o(t") = o(t7)

By integrating (4.1) over the interval [¢~,¢"] , we compute the velocity variables

#1(tT) = i1 (t7) + %@(m, Ba(tt) = 0
me mg
(8%) = () + T (balt) — in(t))

4.2.4 Contact Phase

(4.4)

(4.5)

The contact phase commences immediately after impact and continues for the time du-

ration in which my remains in contact with m,. We assume:

Assumption 10. The force Fy acting on both m¢ and mg is non-negative, i.e. Fy = 0.

During the contact phase, x5 = fy and 75 = I3 = 0; the system has two DOF. Using
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(4.1), the value of the Fj can be computed as

((M21M33 — Moz M31)(Foxy — N1) + (Miy Moz — Miz Moy ) (T — N3))

4.6
(M1 M3z — MyzMs,) (4.6)

Fy =Ny +

At the instant when the system switches from the contact phase to the flight phase, I} equals

zZero.

4.2.5 Apex Height

The COM of the robot is denoted by

1 1
z =—[me(x1 + 22) + m(z1 + 22 + =L cos @)
Ty 2

3
+m(zy + xo + 55 cos @) + my (1 + T2 + 20 cos gb)]

ém—lrmb (47>

=11 + o9 + 20m, cos ¢, m,
my

For each flight phase, the apex height is defined as the maximum value of z, and denoted by

h.

4.3 Hybrid Control Strategy for Hopping on a Purely

Elastic Ground

4.3.1 New Coordinates

For a purely elastic ground, we have
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mg = O, Cext = O, Kext #0 (48)

There is no impact phase. Furthermore, substitution of (4.8) in (4.1) indicates z; = 0 in the
flight phase. Therefore, the system has two DOF in the flight phase. The system has two
DOF in the contact phase as well since x5 = ¢y and x5 = 0. For the objective of apex height
control, we define r to be the height of the COM of the robot relative to that of the lower

mass my. Using (4.7), it can be shown

ré (Z—(SL’1+$2)) = 2m, {cos ¢ (4'9>

= 7 = —2m, {sin ¢o (4.10)

Next, we define the error e as

e=(r—rq) (4.11)

where 74 > 0 is some desired value of r. From (4.9) and (4.11) it can be verified that

e=0—¢e¢=0—r =0, which implies no relative motion between the two masses.

4.3.2 Normal Form

For the convenience of control design, we transform the system to the normal form [26]

using the following transformations

M =z— 24 Ny =z Ei=e S =1 (4.12)

A
24 =2 |(x1=0,:c2=éo,r=rd) =Tq+ EO

The transformation in (4.12) is diffeomorphic only if ¢ # 0. The dynamic of the system in
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normal form can be written as

T 2
' ¥y + &y — 2m,l cos pd? — 2m,l sin ¢
7?2 _ 1 2 0l0) ol (4‘13)
&1 &2
fg —2m,,{ cos ¢¢2 — 2m,l sin gbg}é
Substituting (4.1) into (4.13), we get
T 2
1?2 _ —g — [Meexe (1 + 2 — L) | /e (4.14)
&1 13
52 —2mzf[COS¢Q‘52 +singb(M21N1 —|—M11(7' — NQ)/(;)]

where

0 : 9> ¥, : Flight Phase
\ - 2= fo s B8 (4.15)

1 : x9 =1/, : Contact Phase

and 9§ is the determinant of M(q). Define the torque T to be

1 (—I/ — 2m,{ cos ¢<;52>
=No+— | =My Ny + 9
T 2 My 2150 2m,,{ sin ¢

(4.16)

where v is the new control input. Substituting (4.12), and (4.16) into (4.14) results in

| m ] | 2 |
7?2 _ —g— [Akoxt(nl - 51)]/77% (4.17)
&1 13
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4.3.3 Backstepping

In the absence of relative motion between the masses, the total energy can be written as

1. 1
E =my l522 +g(z— zd)] + 5)\Kext (2 — 29)* (4.18)
The second term on the right-hand side of (4.18) represents the potential energy stored in
the spring when the masses are in their nominal position relative to one another. Indeed,
when r =rq, (z—2q) = (x1 + T2+ 7 —rq—{y) = (¥1 + 22 — {y), which is equal to the spring
deformation. For the robot to reach its desired apex height hq, the total energy should be

equal to

E= Edes = My g(h'd - Zd) (419)

in addition to e = 0. The desired equilibrium configuration is therefore given by
(E — Eqges, €,€) = (0,0,0) (4.20)

With the objective of stabilizing the equilibrium in (4.20), we define the Lyapunov function
candidate

1
V) = §k:1 (E — Eqes)?, ky >0 (4.21)

It should be noted that V; is a function of A (since £ is a function of ) but it is continuously
differentiable in both the flight phase and contact phase. The Lyapunov function candidates
introduced in this section will be used for stability analysis in the two phases separately:;

therefore, we treat \ as constant and do not make any distinction between the two phases
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in our derivation. Using (4.12), (4.18), and (4.21), V4 can be computed as

"/1 = kl (E - Edes) E
= ki (E' — Eaes) 2 [me(N2 + g) + AKextm ]

= kl (E - Edes) )\Kextn2£1 (422)

By choosing

&1 = {= et (B — Baws) 2} 2 1 (4.23)

we can make V; negative semi-definite; therefore, integrator backstepping is introduced by

defining the new variable

1 =&+ Ak (B — Eges) 12 = (61— 1) (4.24)

and the composite Lyapunov function

1 1 1
Vo =V, + iq% - §k:1 (E — Eaes)® + iqf (4.25)

Differentiating V5 and substituting (4.22) and (4.24), we get
Vo = k1 (E — Eges) AMKexe &1 + 161
= kl (E - Edes) >‘ch€’]2 [Ch - >\k1 (E - Edes) n2] + qlel

= V2K (B — Eaes)? 112

+ q1 [¢1 + k1 (E — Edes) MK ext12] (4.26)

By choosing

Q= {_)‘leext (E - Edes) Mo — k2£]1} 2 ©2 (4.27)

where ks > 0. We can make V5 negative semi-definite. We introduce integrator backstepping
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again by defining the new variable

¢ = (G1 — ¥2)
and the composite Lyapunov function
%=%+%§
= %kl (E = Eaes)” + %q% + %q%

Differentiating V5 and substituting (4.26) and (4.28), we get

Vs = =Nk Koy (E — Eaes) 12

+ q1 |1 + M1t Kext (B — Eaes) M2] + q262

= V2K (B — Eaes)? 112

+ a1 [¢1 — o2 — kaqn ] + (41 — ©2)(G1 — $2)

= _>\2k%Koxt (E - Edos>2 7]5 - sz%

+ @2 [G1 — 92 + 1]
Our choice of
Q@1 = $2 — @1 — k3qo, ks >0
results in a negative semi-definite V3 and yields the controller

V=1 + @2 —q1 — k3qe

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

The above equation was obtained from (4.31) by substituting the value of & in (4.17) and

(4.24) into (4.31). From the definition of ¢y, it is clear that ¢; will involve the second
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derivative of 7,. This is not a problem since the second derivative of 7, can be computed

easily from (4.17) as

. 1
flz = = A—Kexi (12 — &2) (4.33)
L

4.3.4 Stability Analysis

Using (4.12), (4.17), (4.18), (4.24) and (4.28) it can be shown that
(E - EdCS7£17 52) = (07 07 0) g (E - EdCS7 q1, q2) = (07 07 0)

Therefore, V3 in (4.29) is a candidate Lyapunov function for investigating the stability of the
equilibrium in (4.20). In both flight and contact phases (A = 0 and A = 1), the control law
in (4.32), results in (4.30)

V3 <0 (4.34)

Therefore, (E — Eges, q1,92) = (0,0,0) is stable.

Remark 3. The stability of (E — Faes, q1,q2) = (0,0,0) in the flight and contact phases do
not quarantee stability for the hybrid dynamics. The stability of the hybrid system is analyzed

next .
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4.4 Discrete Controller for Stabilizing Hybrid Dynam-

ics and Controlling the Apex Height

4.4.1 Elastic Ground

To investigate the stability of the hybrid dynamic system, we use a Poincaré map with
the Poincaré section defined at the point of touch-down, i.e. the time instant prior to impact.

Assuming that 7y, &1, & ~ 0 at the time of touch-down, the Poincaré section is chosen as
Z={XeR|n=0,&=0&=0,m <0} (4.35)
where X is defined as
X =1 (4.36)

We define the Poincaré section using the coordinate ¥, where ¥ is defined by the coordinate

transformation H(-) : R = R, as follows
U = (E - Eges) = H(X) (4.37)

It can be shown that the map H(-) is a local homeomorphism and therefore locally topo-
logically conjugate [27]; this implies that the stability of the Poincaré maps in ¥ and X
coordinates are equivalent. The Poincaré map P(¥) and the sequence of points ¥y € H(Z)
satisfy

Vi1 = P(Wy), P(¥): H(Z)— H(Z2) (4.38)
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with periodic point ¥* defined as
U* = P(U*) (4.39)

For the elastic ground, the periodic point which achieves the desired apex height is given by

U* =0 (4.40)

which follows from (4.19).We define the error state xj as

Xk = (\Ifk—\lf*) Z\Ifk

By linearizing the Poincaré map about ¥*, we have the approximate discrete dynamics given

by
dP(V)
— A A2 27 4.41
Xk+1 Xk Q0 |, (4.41)
The periodic point will be asymptotically stable if and only if
p(A) <1 (4.42)

where p(A) is the spectral radius of A. Since the condition in (4.42) may not be satisfied,
we design a discrete controller to stabilize the closed-loop system; the discrete controller is
discussed next.

To design the discrete controller, we redefine ¥ as follows
A A
UV=q+u ®=(F—-Fy), u=(Eq— Eqgs) (4.43)

where Ej is desired level of energy for a given hop. The new Poincaré map P(®,u) and the

sequence of points ¢, € H(Z) satisfy

®p1 = P(Py,up), P(®,u): H(Z) x R— H(Z) (4.44)
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with periodic point ®* defined as

®* = P(®*,u*) (4.45)

For the elastic ground, the periodic point which achieves the desired apex height is given by

®* =0, u*=0 (4.46)

We define the error state x; as

Xk = (P — D*) = O,

By linearizing the Poincaré map about (®*, u*), we have the approximate discrete dynamics
given by

(4.47)
A dP(®,u) B A dP(®,u)
(A P — AU "
For our choice of input
up = Kxx (4.48)
The closed-loop system dynamics takes the form
Wt = (A+ BE)
If {A, B} is controllable, we can choose K such that
p(A+ BK) <1 (4.49)

and the hybrid dynamical system is asymptotically stable.
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Remark 4. If the condition in (4.42) is not satisfied and the discrete controller in (4.48)
1s implemented, the continuous controller will have to be modified. In particular, the fixed
desired value of the energy FEqaes will have to be replaced by the desired value of energy for

each hop Eq to account for the change in the Poincaré map from P(¥) to P(®,u).

4.4.2 Viscoelastic Ground with Inertia

The viscoelastic ground results in energy losses due to impact between the lower mass mg
and the ground mass m,, and the damping in the ground. We defined the Poincaré section
using the coordinate W, where ¥ is defined by the coordinate transformation H(-) : R = R,

defined as follows

U = (E - Eas) = H(X) (4.50)

The Poincaré map Q(¥) and the sequence of points ¥, € H(Z) now satisfy

Tpor = Q(TL). QD) : H(Z) > H(Z) (4.51)

with periodic point U* defined as

U* = Q(U*) (4.52)
For the viscoelastic ground, the periodic point is

U* = (E — Eye) (4.53)

where E is the energy of the system in the steady state when the backstepping controller is

invoked with Ey = Fgs. The value of E is initially unknown but can be determined after
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the robot has hopped a few times - see section 4.5.2. We define the error state 7, as

= (U — ") = (B, — E)

By linearizing the Poincaré map about U*, we have the approximate discrete dynamics given

by

dQ(V
Vi1 = Ao Yk A0 £ Q(— ) (4.54)
AV |y_gx

The periodic point will be asymptotically stable if and only if
p(Ap) <1 (4.55)

where p(A,) is the spectral radius of A,. To design the discrete controller, we describe ¥ as

follows
V=0+a &= (E-E), @2 (B~ Bue)

where Ej is desired level of energy for a given hop. The new Poincaré map Q(®, %) and the

sequence of points @) € H(Z) satisfy
Cpp1 = Q(Op,ur), QP ) : H(Z) x R~ H(Z) (4.56)

with periodic point ®* defined as
O = Q(P*,u*) (4.57)

For the viscoelastic ground with inertia, there exists the following equilibrium point

o* = (E— Eq), a*=0 (4.58)
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If we define the error state
pi = (B — ®) = (B — E) (4.59)

the Poincaré map Q(®g, i) can be linearized about (®* 4*) to yield the following linear

discrete-time system

per1 = A + B,y = (4.60)
~ A d@(@,U) A~ A d@((i)u u)
A= =5 G- B=—0 -3

To converge the system energy from its level at the equilibrium configuration E to the desired

value Fg4., we propose to use integral control with the integrator defined as
A -
9k+1 =0 + (E() — yk), Ey = (Edes — E) (461)

where FEj is the desired value of the output variable y. The integrator-augmented discrete

system has the form

T
)\k+1 = A\, + Buy, + Ey, AL = l Lk 0 ] (462)
A0 B
A2 . B2
-1 1

If {A,B} is controllable, the input can be chosen as

w = Ky (463)

where K satisfies

p(A +BK) < 1
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Assumption 11. The parameters of the viscoelastic ground (mg, Cex, Kext) are such that

the settling time of the system is less than the hopping period of the robot.

Remark 5. The above assumption allows us to infer that x1,2, ~ 0 at the time of touch-

down. It will be shown later that the assumption is not overly restrictive.

4.5 Simulation

4.5.1 Elastic Ground

We investigate the behavior of AKH robot hopping on an elastic ground. The parameters

of the robot and the ground were assumed to be

me =0.15 kg, m = 0.4 kg, mp = 0.7 kg

¢ =0.2m (o = 0.05 m, Kexe = 2800 N/m (4.64)

The desired apex height hq and the relative displacement rq4 was chosen to be

hd =0.3 m, rq = 0.13m

The parameters of the continuous backstepping controller were chosen as

ky = 0.001, kq = 700, ks =10

The eigenvalue A in (4.47) was found to be 0.21. The discrete controller gain were chosen as

K =-0.3
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0.4

Figure 4.2: Simulation results for hopping on the elastic ground. Absolute height of the two
masses Yo and y3, and COM height are plotted as a function of time.

This places the eigenvalue of the closed loop system at —0.053. The initial conditions were

assumed to be

21 = —0.005m, 29 = 0.05m, ¢»(0) = 0.5rad,

1(0) = 0.0m/s, (0) = 0.0m, $(0) = 0.0m/s (4.65)

The simulation results are shown in Figs. 4.2, and 4.3. The displacements of my,, mg, and
the COM are shown in Fig. 4.2. The initial conditions indicates that the spring of the
elastic ground is initially compressed due to the weight of the robot, and the robot starts
from the rest. Fig. 4.2 shows that the apex height of the COM converge to the desired value
at h = 0.3 m after three hops. The contact phase is the period where y5 < ¢y. The period
where 3y > {; is the flight phase. The discrete-time system state W is plotted in Fig. 4.3.
The state of the discrete system converges to zero after three hops.

A video animation of a two-DOF AKH robot hopping on an elastic ground has been
uploaded as supplementary material. It shows the hopper reaching the desired apex height

of hy = 0.3 m starting from rest.
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Figure 4.3: Simulation results for hopping on the elastic ground: Plots of (E — Fq4.s) at the
end of the k-th hop, k =1,2--- ,6.

4.5.2 Viscoelastic Ground

The parameters AKH robot is given in (4.64). The parameters of the ground assumed

to be

mg = 0.015kg, Koy = 2800N/m, Ceyq = 13 Ns/m (4.66)

The mass of the ground was assumed to be 10% of the lower mass my and the damping
coefficient Cy was chosen such that the ground is slightly over-damped. The desired apex

height hq and the relative displacement rq was chosen to be

hd =0.3 m, rq = 0.13m

The continuous controller gains were chosen as

ky = 0.001, k= 600, ko = 50

The eigenvalues of A was found to be: 1, and 0.404. The pair {A, B} is controllable, and the
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Figure 4.4: Simulation results for hopping on a viscoelastic ground with inertia. Plot of the
position of the upper mass y3, the lower mass yo, COM z, and the ground mass z, as a

function of time.

controller gains were chosen as

£ [ 05 us)

This places the eigenvalues of the closed loop system at 0.58 4+ 0.34¢. The initial conditions
were described by (4.65) and the initial value of the integrator state was set to zero.

The simulation results are shown in Figs. 4.4, 4.5 and 4.6. The displacements of the

Figure 4.5: Simulation results for hopping on a viscoelastic ground with inertia: Plots of
(E — Eges) at the end of the k-th hop k£ =1,2,---,21.
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Figure 4.6: Simulation results for hopping on a viscoelastic ground with inertia: Plot of ys,
and x; for the hop between k£ = 19 and k = 20.
upper mass, lower mass, COM, and ground mass are plotted in Fig. 4.4. The contact phases
(not explicitly shown in Fig. 4.4) are the time intervals during which z3 = (y2 — x1) = 0.05
m. The initial value of y2(0) = 0.045 m indicates that the spring of the viscoelastic ground
is initially compressed due to the weight of the robot. The simulation is comprised of two
phases. In the initial phase, 0 <t < 2.9 s, the discrete controller was switched off and the
backstepping controller was used with Ey = Fqe. During this phase (ten hops), the apex
height of the robot converges to a constant value that corresponds to £ = F, which was
defined in the context of (4.53). The value of E was found to be 0.96 J and Ey = 1.02 J
(the deficit) was computed using (4.61). Using the value of FEy, the discrete controller was
switched on at t = 2.9 s. The discrete time system W is plotted in Fig. 4.5 at the end of
the k-th hop, k = 1,2,---,21. The discrete controller is active for £ > 10 and it results in
(E — Eges) converging to zero in approximately nine hops, i.e., k = 19.

The displacement of the lower mass and the ground is shown in Fig. 4.6 for one hop.
It can be seen that the lower mass breaks contact with the ground mass below the datum
(xg > Ly, ©1 < 0). While the robot is in flight, the ground mass settles to its equilibrium
configuration; the response is overdamped, as expected from the choice of parameters in

(4.66), and has a 2% settling time of 0.011 s. Since the settling time of the ground mass
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Figure 4.7: Plot of the torque applied by the hip actuator.

is much smaller than the flight phase, it becomes clear that Assumption 4 is not overly
restrictive. The control input (hip torque) is shown in Fig.4.7. In this context, it should be
pointed out that the control torque can be reduced by 50% if the actuator is moved from
the hip to the knee as the angular displacement of the knee is twice that of the hip.

A video animation of a Two-DOF AKH robot hopping on a viscoelastic ground with
inertia has been uploaded as supplementary material. It shows the hopper reaching the

desired apex height of hy = 0.3 m starting from rest.

4.6 Conclusion

This chapter presents a hybrid control strategy to converge the apex height of an AKH
robot hopping on an elastic ground and a viscoelastic ground with inertia. A continuous
backstepping controller is used in conjunction with a discrete-time controller designed using
a Poincaré map. For the elastic ground, the backstepping controller is used to control the
energy level of the hopper and eliminates the relative displacement between the hopper

masses. The discrete controller is used to guarantee the stability of the hybrid system and
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fast convergence of the apex height to the desired value. For the viscoelastic ground, the
backstepping controller results in steady state error due to losses from impact between the
hopper and the ground and viscous losses in the damper. To overcome these losses, a discrete-
time controller with integral action was introduced. Simulation results prove the efficacy of
the control strategy for both elastic and viscoelastic grounds. A video animation of apex

height control is includes to provide a glimpse of the dynamic behavior.
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Chapter 5

Four-Link Planar One-Legged

Hopping Locomotion

5.1 Introduction

In this chapter, we develop a strategy for controlling the apex height of a four-link robot
hopping in place with a desired apex height, and moving forward or backward with a desired
step size. One-legged hopping locomotion on a rigid ground is a challenging problem due
to the energy loss from ground impact. After transforming the dynamic model into normal
form, the controllable states are controlled to emulate the dynamics of a mass-spring-damper
system with variable damping; the uncontrollable states are shown to remain bounded and
well-behaved. The controllable states include the position and velocity of the center-of-mass
and the foot angle. We develop two control strategies to compensate for the energy loss due
to ground impact. The first strategy introduces negative damping in the dynamics of the
mass-spring-damper system that describes the vertical motion of the center-of-mass (COM)
in the contact phase. The second strategy alters the equilibrium height of the COM in
the vertical direction for both the flight and contact phases. A Poincaré map is used to
construct a discrete-time system at the point of touch-down and a controller with integral
action is designed to converge the apex height to a desired value for hopping in place, and

for converging the step size to the desired value in the case of locomotion. Simulation results
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are presented to show the efficacy of the control designs.

This chapter is structured as follows. The dynamics of the hybrid system in flight phase,
impact phase, and contact phase are presented in Section 5.2. In Section 5.3, we present the
dynamical model of the hopper in normal form. A partial feedback linearizing controller is
presented in Section 5.4. In Sections 5.5 and 5.6, we present the strategies for apex height
control and step-size control during hopping locomotion. Simulations results are presented

in Section 5.7 and concluding remarks are presented in Section 5.8.

5.2 Hybrid System Dynamics

5.2.1 System Description

Consider the four-link planar hopping robot in Fig.5.1. The hopper is comprised of four
links (foot, leg, thigh and body) with link lengths ¢, ¢, ¢y, £, masses mg, my, my, my, and
mass moment of inertias Iy, I}, Iy, I, respectively. The tip of the foot (toe) is denoted by
point O and its displacement relative to the ground is denoted by (z,y). The relative angular
displacements of the links are denoted by 6y, 05, 03, and 6,; the torque inputs applied at the
ankle, knee, and hip joints (6, 65, and 6,) are denoted by 71, 7o, and 73, respectively. The
ground reaction force applied at O (toe) during contact is denoted by Fiy. The dynamic

model of the robot is obtained using Lagrange equations:
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Figure 5.1: Four-link planar hopping robot in an arbitrary configuration
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(5.1)

(5.2)

where ¢ is the vector of generalized coordinates, M € R5*% denotes the mass matrix, N

denotes the vector of centrifugal, Coriolis and forces due to gravity, and F,, F, are the

components of the reaction force Fi in the  and y directions. The hybrid dynamics of the
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hopping robot is comprised of three phases: the flight phase, when the toe is not in contact
with the ground (y > 0); the impact phase, the instant when the toe comes in contact with
the ground; and the contact phase, during which the toe remains in contact with the ground

after impact (y = 0).

5.2.2 Flight Phase

In the flight phase, the robot has six DOF, the following conditions hold:

and (5.1) describes the dynamics of the robot.

5.2.3 Impact Phase

Let t € [t—,t"] denote the interval of impact. We make the following assumptions:

Assumption 12. The impact between the toe and the ground is inelastic. This implies that

z(tt) =gy(tt) =0.
Assumption 13. The control torques T are not impulsive.

Integrating (5.1) over the infinitesimal duration t € [t™,t"], we get

tt t+

Jt [M(q)G+ N(q,q)]dt = ft [AT + Fox]dt (5.4)

= M(q)(q+ - q_) = dexts [ext é J Fext dt (55)
-
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We partition the inverse of the mass matrix as follows

From (5.5), we compute the change in the state variables:

¢"=q #(t)=0 yt")=0

Ot) = 0(t™) — (M )au[(M )]

5.2.4 Contact Phase

The contact phase commences immediately after the toe makes contact with the ground.

For this phase, we make the following assumption:

Assumption 14. The external forces F, is non-negative, i.e., F, > 0.

In the contact phase, the hopper has four DOF, since

Substituting & = ¢ = 0 into (5.1), the values of the F, and F, can be computed as

F, N, (N5 —72)

(No — 73)

(5.8)

(5.9)

where N;’s are the entries of the N(q,q) vector in (5.1). The dynamical equation of the
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hopper during this phase can be written as

DM (q)D*D§+ DN(q,q) = DAT (5.10)
where
001000
000100
D = (5.11)
0000T10
000001

The contact phase ends when F), in (5.9) equals zero.

5.3 Coordinate Transformation into Normal Form

5.3.1 Controlled States

To transform the system into normal form [35], we define the position of the COM relative

to the position of the toe using the variable r as follows:

. f2(0) (5.12)

Ty fy(0)

where r, and r, are the horizontal and vertical components of r and can be expressed as
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follows

f2(q) = ay cos(6h) + ag cos(fy + O2) + as cos(0y + Oy + 05) + ag cos(6y + 02 + 03 + 64) (5.13)

fy(q@) = a1sin(6;) + agsin(fy + 62) + azsin(6y + O3 + 63) + agsin(f; + 6, + 05 +64)  (5.14)

where

0 — [mf + 2(m1 + my + mb)]ff 0 — [m1 + Q(mt + mb)]ﬁl
1 m ) 2 m
(mt + 2mb)€t mbﬁb
a3 = ————, ay = —
m m
m = ms+ my + mg +myp

Differentiating with respect to time, we get
= — Dj = 0 (5.15)

where J, and J, are the Jacobian matrices. The output of the system described by (5.1)
(flight phase) and (5.9) (contact phase) is chosen to be r,, r, and 6;; it can then be shown

that the system has:
relative degree = [2, 2, 2]* (5.16)
Accordingly, the six controlled states (in flight and contact phases) are chosen as

G = (rx - xd) G = (Ty - yd) (3 = (91 - ed)

Ci = T (s =Ty s =60 (5.17)
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5.3.2 Uncontrollable States - Flight Phase

In the flight phase, the dynamical system in (5.1) has six DOF or twelve states: these

include the controlled states in (5.17) and the following six uncontrollable states:

m = x(t) + rq, ne = &(t) + 7y, ns = y(t) + 7y,

Ny = y(t) + 7'"y7 N5 = HCa Tle = [cm (518)

where 7, and 73 are the Cartesian position and 7, and 7, are the Cartesian velocity of the
COM, ns = H, is the angular momentum of the system and ng = I, is its mass-moment of

inertia about its center of mass. It can be shown that the uncontrollable states satisfy [35]:

anaiéQ) [(M(q))_lAT] =0, 1=1,2,..,6.

If T,,; denotes the coordinate transformation from the original states (g7, ¢")” to the states

(m - m6,C1 -+ C6)F, it can be shown that T,,; is a diffeomorphism. The dynamics of the
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system in the normal form can now be written as:

[ ] "
o 0
73 N4
un —g
B 0
M6 jcm<777 ¢)
= (5.19)
G o
G2 y
&y 0,
¢ To(q)DM~'[AT — N(q,9)] + J.(q)6
& Jy(@)DM~[AT — N(q,¢)] + J, ()6
G| | |00 o| pariar - v

5.3.3 Uncontrollable States - Contact Phase

In the contact phase, the dynamical system in (5.9) has four DOF or eight states: these

include the controlled states in (5.17) and the following two uncontrollable states:

h = HO = HC + m<rm7:y - Ty'fjm% o = Icm (520)

where Hp is the angular momentum of the system about the toe - point O in Fig.5.1. Once

again, it can be show that the uncontrollable states satisfy [35]

oni(q)
dq

[(DM(q)D")'DAT] =0, i=1,2
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If T, denotes the coordinate transformation from the original states (¢7, ¢7)7 to (n1n2, ¢ -+ - G6)7,
it can be shown that T, is a diffeomorphism. The dynamics of the system in the normal

form can now be written as:

|| g, |
g Lem (1, )
& i,
; = ; (5.21)
¢ Jo(q)(DMDT)"'D[AT — N(q,q)] + J+(q)®
G J,(a)(DMD™)"' D[AT — N(q,4)] + J,(q)0
2 10 0 of arn) DlAT - NG

5.4 Partial Feedback Linearization

5.4.1 Equilibrium Point

In this section, we design a continuous feedback controller to control the dynamics of the
position of the COM relative to the toe (r,,,) and the angle of the foot ¢;. To this end, we

use feedback linearization to ensure that

(Ch G2, (35 G4, G5, CG) = (07 0,0,0,0, 0)

is an equilibrium point of the system.
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5.4.2 Flight Phase

In the flight phase, the dynamics of the controlled states (4, (5, (¢ in (5.19) can be

expressed as

b
& | = J(@ DM AT — N(q, )] + J(q)0
Go
where
J, J,
)=, J@=|J] Céll 00 0}
C 0

The control input T is chosen as follows
Ty = [JDM A vy + JDM N — Jjé]

where

— K — KaGa
vp = | =K2( — K55
—K3(3 — Ke(s
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(5.25)



This results in the following dynamics:

é4 —K1C1 - K4C4 51 + K4é1 + KICI =0
425 = | Koo — K55 | = 52 + K5§"’2 + Ky(o =0
Go —K3(3 — KgCs (s + Kls + Ksls = 0

The choice of gains K;, i = 1,2,---,6, will be discussed later.

5.4.3 Contact Phase

(5.26)

In the contact phase, the dynamics of the controlled states (4, (5, (s in (5.21) can be

expressed as

_éa_
é | = J(@(DMD")"'D[AT — N(q,9)] + J (9)0
Go

The control input 7, is chosen as follows
T, = [J(DMDT) ' DA "[J(DMD")*DN + v, — J0]

where

—K7( — K10Gs
Ve = | —Kg(o —aKyi(s |, =

—KoGs — K266

) 1fC5<0

v, 1fC5>0
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This results in the following dynamics:

b —K7( — K10Qs i+ Kol + K7G =0
G| = | —KsG—akinG| = G+ aKnl+ Kl =0
Go —Ko(3 — K12Gs G+ KiaGs + KoG3 = 0
Once again, the choice of gains K;, i = 7,8, -+ ,12, will be discussed later.

5.5 Controlling The Apex Height

5.5.1 Apex Height

(5.30)

The apex height h is defined as the maximum value of the vertical displacement of the

COM during the flight phase. It should be mentioned that some fraction of the total energy

of the system is lost during impact with the ground. To overcome this loss and reach the

desired level of energy and hop to the desired value hy, we developed two control strategies.

The first strategy is based on introducing negative damping in the vertical dynamics during

the contact phase by choosing the parameter v to be less than zero. The negative damping

is introduced in the vertical dynamics to overcome the energy loss due to the impact. The

second strategy is based on choosing different equilibrium heights gy, of the vertical dynamics

of the COM during the flight phase and contact phase. If the value of y4 in the contact phase

is equal to y.q, for the flight phase we choose yq = ¥ra < Yea-
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5.5.2 The First Strategy: Negative Damping Based Continuous-

Time Controller

In this section we discuss the procedure for choosing gains and the desired values of the
continuous controller. In addition, we discuss the behavior of controlled and uncontrolled

states.

Flight Phase

In the flight phase, the gains of the continuous controller are chosen as:

K, =27EK:,  Ks=2Ks,  Ks=2Ks

Ky =K, K5 = Kg (5.31)

This choice results in critically-damped dynamics of the controlled states (1, (s, (3.
From (5.19), it can be seen that the uncontrolled states 7, - -, 75 are described by the

relations

e =1 =0, N =13 = —g, N5 =0

and are therefore bounded. The uncontrolled state 74 also remains bounded as it denotes
the mass-moment of inertia about the COM and all the joints are revolute in nature.
The values of x4, y4, and 6; were chosen to be constant; a particular set of choices will

be shown in our simulations in section 5.7.
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Contact Phase

In the contact phase, the gains of the continuous controller are chosen as:

Ko =2~/ K7, K1 < 24/ K, Kis <24/ Ky

Ks =Ky, K1 = K (5.32)

This choice results in critically damped controlled state (; and under-damped controlled
state (3; the controlled state (, is underdamped when ég < 0 and negatively damped when
Q > 0. As mentioned earlier, the negative damping allows for compensation of the losses
due to impact.

The uncontrolled state 1, and its derivative can be shown to be
m = Ho =He + oy —rye), 1 = Ho = —mgr, (5.33)
The values of y4, and 6; were chosen to be constant but x, is chosen as
xq = vHo, v >0 (5.34)
This results in Ho — —~ymgHp, which in turn results in
Ho—-0 = r,r,—-0 = Hs—0

As in the flight phase, the uncontrolled state 7, remains bounded as it denotes the mass-

moment of inertia about the COM and all joints of the system are revolute.
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5.5.3 The Second Strategy: Equilibrium Height Based Based

Continuous-Time Controller

In this section we discuss the procedure for choosing gains and the desired values of the
continuous controller. In addition, we discuss the behavior of controlled and uncontrolled

states.

Flight Phase

In the flight phase, the gains of the continuous controller are chosen as:

K, =22/K:,  Ks=2Ks,  Ks;=2Ks

Ky =K;, K5 = Kg (5.35)

This choice results in critically-damped dynamics of the controlled states (1, (s, (3.
From (5.19), it can be seen that the uncontrolled states 7, - -, 75 are described by the

relations

e =1 =0, N =13 = —g, N5 =0

and are therefore bounded. The uncontrolled state 74 also remains bounded as it denotes
the mass-moment of inertia about the COM and the joints are revolute.
The values of x4, and 6, were chosen to be constant; a particular set of choices will be

shown in our simulations in section 5.7.
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Contact Phase

In the contact phase, the gains of the continuous controller are chosen as:

Ko =2~/ K7, K1 < 24/ K, Kis <24/ Ky

Ks =Ky, K1 = K (5.36)

This choice results in critically damped controlled state (; and under-damped controlled
state (5 and (3.

The uncontrolled state n; and its derivative can be shown to be
m = Ho =He + m(ryry —ryiy), = Ho = —mgr, (5.37)
The values of y4, and 6; were chosen to be constant but x4 is chosen as
xrq = vHo, v>0 (5.38)
This results in Ho — —~ymgHp, which in turn results in
Ho—-0 = r,r,—0 = Hs—0

As in the flight phase, the uncontrolled state 7, remains bounded.
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5.5.4 Discrete-Time Controller

Poincaré Map

The hopping motion is comprised of the flight, impact and contact phases. The dy-
namics of the controlled states in the flight and contact phases were designed to emulate a
mass-spring-damper system. For both continuous controller strategies , the controlled states
remain bounded since they have linear dynamics. It was shown that the uncontrolled states
are also bounded. To investigate the stability of the hybrid system, we use a Poincaré map
with the Poincaré section defined at the point of touch-down, i.e. the time instant prior to

impact. Assuming at the time of touch-down we have

M = Zq, n2 = 0, M3 = Yfd, ns = 0, ¢ =0,

CQ :Oa <3 = Oa <4 = Oa <5 = Oa Cﬁ =0 (539)

The Poincaré section was chosen as

zZ = {X6R2|771 = Xd, 72 207773 = Yed, 15 :O>C1 :()7

G=0,03=0,0=0,¢=0,¢ = 0} (5.40)

where X is defined as

X=[n, n 1" (5.41)

We defined the Poincaré section using the coordinate ¥, where ¥ is defined by the coordinate
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transformation H(X) : R? = R2, as follows
U=H(X)=[(h=ha) (Iem— ILema) I" (5.42)

Assuming that there is no relative motion between the links at touch-down', the apex height

h can be defined as

Etotal 1 2
b= — 5.43
g 2"ty (5.43)

It can be shown that the map H(-) is a local homeomorphism; this implies that the stability
of the Poincaré maps in ¥ and X coordinates are equivalent. The Poincaré map P(V) and

the sequence of points ¥y € H(Z) satisfy

Uy = P(0y) (5.44)
with periodic point U* defined as
U* = P(U¥) (5.45)
We define the error state x; as
Xk = (V5 — 0%)

By linearizing the Poincaré map about ¥*, we have the approximate discrete dynamics given

by
dP(WV)
— A A8 2\ 5.46
XE+1 Xk AV |y_ys ( )
The periodic point will be asymptotically stable iff
p(A) <1 (5.47)

!This is accomplished by choosing the gains in (5.31) for the first strategy and (5.35) for the second
strategy, which results in critically damped behavior
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where p(A) is the spectral radius of A.

Closed-Loop Control Design - The First Strategy

We now develop a discrete-time controller to drive the discrete-time state to its desired
value ¥ = 0. By varying two of the continuous controller parameters at touch-down, namely,
v and 6,4, we will be able to stabilize the desired state ¥ = 0. The dynamics of the discrete-

time system can be described by
U(k+1)=P(V(k),v,04) (5.48)
By linearizing the above map about the fixed point ¥* = 0, v = v*, and 0, = 0}, we get
x(k+1) = Ax(k) + Bu(k), — y(k) = x(k) (5.49)
where

X(K) = W(k) —0*, (k) = [w(k) — v* O4(k) — 05]"

4 lM]
ov \1,2\1,*7,,=,,*,9d=9;‘ ’
) ja
5 loP(\If,u, 0a) OP(V,v, Hd)] (5.50)
ov aed \Il:‘l/*71/=l/*,6d=6:;

To converge the apex height to the desired value, we use integral control, with the integrator

defined as

Bk +1) = B(k) —y(k) (5.51)
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The integrator-augmented discrete system has the form

Mk +1) = AAK) + Bu(k), k) = [ (k) AT(k) |"

A D A0 B2 B
-1 I 0

(5.52)

where A and B are defined in (5.50). If {A, B} is controllable, the input can be chosen as

u(k) = KA(k) (5.53)

such that
p(A +BK) <1

Closed-Loop Control Design - The Second Strategy

We now develop a discrete-time controller to drive the discrete-time state to its desired
value ¥ = 0. By varying two of the continuous controller parameters at touch-down, namely,
Yeq and 04, we will be able to stabilize the desired state ¥ = 0. The dynamics of the discrete-

time system can be described by

W(k +1) = P(Y(K), Yea, 0a) (5.54)

By linearizing the above map about the fixed point ¥* = 0, y.q = yZ,, and 0, = 0, we get

x(k+1) = Ax(k) + Bu(k), — y(k) = x(k) (5.55)
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where

— U* u(k) = [Yea — vl Oa(k) — 9;]T

B lap (v ycd,ed }
- ov U=* o=y, 0a=0} |
lap (¥, Yea, 0a) OP(V, Yea, Hd)] (5.56)
O0Yed 004 W=U* gy =y* 04=0%

To converge the apex height to the desired value, we use integral control, with the integrator

defined as

Bk +1) = B(k) —y(k) (5.57)

The integrator-augmented discrete system has the form

Ak +1) = AX(R) + Bu(k), (k) = [ T(k) 57(k) |"

A0 B
A . B2
I 0

>

(5.58)

where A and B are defined in (5.56). If {A, B} is controllable, the input can be chosen as

u(k) = KA(k) (5.59)

such that

p(A +BK) <1
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5.5.5 Effect of Continuous Controller Parameters on Apex Height

In this section we will study the effect of the controller parameters on the apex height
for both strategies.
First Strategy: Negative Damping

The apex height h depends on the total energy of the system at takeoff point when £, = 0.
Substituting (5.17), (5.28) and (5.29) into (5.9), we get

g— Kyjvr
(ry — ya) = 7[(;1 . (5.60)
The total energy of the robot at the takeoff point is
1 . — Kyvr
E = Smi} + g lgT?Wy + yd] (5.61)

Assuming that the relative motion between hopper links quickly settles to zero and no

significant work is done by the actuator during this time, the apex height h is computed as

E 1. — Kqvr
h=e— =240 (5.62)

mg 29 Y Ky

To examine the effect of the control parameters Kg, K11, v, and y4 on the apex height, we

compute the partial derivatives of h in (5.62) with respect to the parameters; they are

6h (g — Klll/’l;y) < 0 6h . _Kllf’y

0Ks K ks
oh v oh

_ g D g2 5.63
é’Kll Kg ayd ( )
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Clearly, the apex height is higher for smaller values of Kg, and v and higher values of K,

and yg.

Second Strategy: Equilibrium Height

The apex height h depends on the total energy of the system at takeoff point when
F, = 0. Substituting (5.17), (5.28) and (5.29) into (5.9), we get

. g— Kury

(ry = Yed) = TR (5.64)

The total energy of the robot at the takeoff point is

1 _ .9 _ g — K 11’/‘“ y
E = My +myg [7[(8 * Yed (5.65)
Assuming that the relative motion between hopper links quickly settles to zero and no

significant work is done by the actuator during this time, the apex height A is computed as

E 1 — K7
he— = 24 T2y (5.66)

mg 2g Y Ky

To examine the effect of the control parameters Ky, Ki; and y.4 on the apex height, we

compute the partial derivatives of h in (5.66) with respect to the parameters; they are

ch __(g—KH’r"y) oh __f_y<0 coh
0Ky B Kg " 0Kn B Ky " 0Yed

=1>0 (5.67)

Clearly, the apex height is higher for smaller values of K7; and higher values of y.4. For Kj,

the apex height is higher for smaller values of Kg when

Kn <2 (5.68)

Ty
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the apex height is higher for higher values of Kg when

Ky >4 (5.69)

Ty

5.6 Control of Hopping Locomotion

5.6.1 Hopping Step Size

We define ¢ to be the hopping step size, i.e., the horizontal displacement of the toe
during the flight phase. To achieve a desired value of § = ¢4, the dynamics of the state
(1 is controlled by varying the desired value x4 in both the flight and contact phases. To

overcome the energy losses, we will use the negative damping strategy (v < 0).

5.6.2 Flight Phase

The controller gains for the controlled states are the same as in (5.31) but the value of

x4 is chosen as

0, if ¢G5 =0
Tq = , w1 >0 (5.70)

pmHe, if ¢ <0

Since H¢ is negative at the time of take-off and remains constant during the flight phase,
the above choice of x4 results in placement of the toe ahead of the COM in the horizontal

direction.

93



5.6.3 Contact Phase

In the contact phase, x4 is chosen as:

-

0, if¢;<0

zd:<ﬂ2, C5>0 and C2<07 :u3>lu“2>0 (571)

p3, G5 >0 and (3 >0

\

Since the toe is ahead of the COM in the horizontal direction at the time of touch-down, the
impact phase results is a positive angular impulse and instantaneously changes Hq from a
negative value to a positive value. The above choice of x4 in the contact phase ensures that
at the time of take-off, Ho has a small negative value and the COM has a positive velocity

in the horizontal direction.

5.6.4 Poincaré Map

To investigate the stability of the hybrid system, we use a Poincaré map with the Poincaré
section defined at the point of touch-down. At the time of touch-down, we assume the system

states to satisfy:

G =0, G =0, G6=0 (5.72)

Thus, the Poincaré section is chosen as

Z={VeR’ng =451 =0,6=0,¢3=0,¢=0,¢ =0,¢ = 0} (5.73)
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where U are the states that define the Poincaré section

@:[5 M M4 M5 e ]T (5.74)

The Poincaré map P(WV) satisfies

Uiy = P(0y) (5.75)
with periodic point U* defined as
U* = P(U*) (5.76)
We define the error state x; as
Xk = () — 0%)

By linearizing the Poincaré map about U*, we have the approximately linear discrete dy-
namics given by

ki1 =Axe A= —— (5.77)

The periodic point ¥* will be asymptotically stable iff

p(A) <1 (5.78)

where p(A) is the spectral radius of A.

5.6.5 Closed-loop Control Design

We now develop a discrete-time controller to drive ¢ to its desired value ¢4. By varying
one of the continuous controller parameters immediately before touch-down, namely us, we
stabilize the discrete-time states ¥ = U*. The dynamics of the discrete-time system can be
described by

T(k + 1) = P(U(E), po) (5.79)
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By linearizing the above map about the fixed point U = U*, 1y = u}, we get

x(k +1) = Ax(k) + Bu(k) (5.80)

where

X(k) = W(k) — 0", u(k) = po — pi3

i lap(iﬁﬂz)} 5 lM] o (5.81)
P e

To converge ¢ to its desired value d,, we propose to use integral control with the integrator

defined as

Bk +1) = B(k) = (5 = da) (5.82)
The integrator-augmented discrete system has the form

Mk +1) = AME) + Bu(k), AR 2] (k) Bk ]

A0 .| B
, B= (5.83)

-1 1 0

>

A
where A and B is defined in (5.81). If {A,B} is controllable, the input can be chosen as
u(k) = KA(k) (5.84)

such that
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5.7 Simulation

5.7.1 Apex Height Control

We present simulation results for apex height control for both strategies starting from

rest. The robot parameters were assumed to be

me =0.15kg, my = 0.3 kg, my = 0.3 kg, my = 1kg,

(s =0.05m, ¢ =0.15m, ly = 0.15m, fy, =0.15m (5.85)
and the gains of the continuous controller were chosen to be

K, = K; =14400 Ky = K35 = 6400 Ky = Ky = 240,

K5 = KG =160 Kg = Kg = 225, KH = K12 =6
The robot was assumed to be initially at rest on the ground; the initial conditions are

z(0) =0m (0) = Om/s, y(0) = 0m y(0) = 0m/s
0:(0) = 2.76rad  6,(0) = Orad/s,  6(0) = —1.84rad 0,(0) = Orad/s

05(0) = 1.37rad  65(0) = Orad/s,  04(0) = —1.63rad  04(0) = Orad/s (5.86)
The desired apex height and the moment of inertia about the COM were chosen as

hq = 0.6 m, Iema = 0.086 kg.m? (5.87)
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Figure 5.2: Vertical displacement of the COM during apex-height control ;.

Negative Damping Strategy

For this strategy, we choose the parameters of the continuous controller to be

v=—0.65, yg=0485 0;=22, ~=1

The initial values of the integrator state 5 were chosen to be zero. Since {A, B} is controllable,

the controller gains were chosen as

This places the eigenvalues of the closed loop system at 0.797 + 0.533¢ and 0.847 £+ 0.071z.

Figures 5.2 and 5.3 shows the results of apex height control using negative damping. Figure

5.2 plots the vertical displacement of the COM (3); it can be seen that the COM converges

to the desired apex height. Figure 5.3 shows the states of the discrete-time system; it can

be seen that both states converge to their desired values.
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After the controller achieved its objective, we found the values of v, and 6, to be

v = —0.578, 6% =2.102rad (5.89)

A video animation of a four-link hopper hop in place has been uploaded as supplementary

material. It shows the hopper reaching the desired apex height of h; = 0.6 m starting from

rest.

Equilibrium Height Control Strategy

For this strategy, we choose the parameters of the continuous controller to be

Yfa = 0.49, Yed = 0.53, Qd = 2.2, Y= 1

0.1
=
| oOFr—~---————— ===
=
-0.1
__0.01
=
5
~
| o-———————————————
§
=
-0.01 ‘ ‘ ‘
10 20 30
k

Figure 5.3: Discrete-time states (h—hg) and (1, — Iomag) at the end of each hop fr apex-height
control using negative damping.
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Figure 5.4: Vertical displacement of the COM during apex-height control ;.

The initial values of the integrator state 5 were chosen to be zero. Since {A, B} is controllable,

the controller gains were chosen as

0.1 0 010
K — (5.90)

0o -3 0 3
This places the eigenvalues of the closed loop system at —0.17, 0.3, 0.77, and 0.97.
Figures 5.4 and 5.5 shows the results of apex height control using negative damping. Figure
5.4 plots the vertical displacement of the COM (3); it can be seen that the COM converges
to the desired apex height. Figure 5.5 shows the states of the discrete-time system; it can
be seen that both states converge to their desired values.

After the controller achieved its objective, we found the values of y.4 and 6, to be

vl =0.546, 05 =221rad (5.91)

A video animation of a four-link hopper hop in place has been uploaded as supplementary
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Figure 5.5: Discrete-time states (h—hg) and (1, — Iomag) at the end of each hop fr apex-height
control using negative damping.

material. It shows the hopper reaching the desired apex height of h; = 0.6 m starting from

rest.

5.7.2 Step Size Control in Hopping Locomotion

We present simulation results for hopping locomotion starting from rest with a desired

step size. The parameters of the continuous controller is chosen to be

me =0.15 kg, m; = my = 0.3kg, mp = 1.0kg,

fr =0.05m, 6 =0, =0.15m, 6, = 0.25m

and the gains of the continuous controller were chosen as

K, = K7 = 2500, Ky = K3 =400, Ky = K9 = 100,

K5 = K¢ =6, Kg = Ky = 10000, Ky = K5 = 200
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Figure 5.6: Position of the toe x during hopping locomotion.

The robot was assumed to be initially at rest and the initial states were

z(0) = Om, 2(0) = Om/s, y(0) = Om,

7(0) = 0m/s, 6,(0) = 2.276 rad, 6,(0) = Orad/s,
05(0) = —1.397 rad, 65(0) = Orad/s, 05(0) = 1.7rad,
05(0) = Orad/s, 0,(0) = —1.461 rad, 0,(0) = Orad/s

The robot was required to hop for a distance of 3.0 m; therefore, the desired value of the
uncontrolled state 7, was set to 14 = 3.0. To reach this configuration, the desired step size

was selected according to the relation

_ 0.1(1m14 — m)
\/1 (Ma —m)?

The above relation ensures that the magnitude of the step size do not exceed 0.1 m. The

parameters of the continuous controller were chosen as

Vv = —1.1, Ya = 054, Od = 18, H1 = 03, M3 = 13#2

The initial values of po and the integrator state 3 were chosen to be zero. The matrix A,
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defined in (5.83), was found to have eigenvalues: 1.0, 0.74, 0.364, 0.154, —0.034 and —0.06.

Since {A,B} is controllable, the controller gains were chosen as

K=|-010000 0.1]

This places the eigenvalues of the closed loop system at 0.968, 0.756, —0.06, —0.034, 0.154
and 0.365.

Figures 5.6 and 5.7 show the results of hopping locomotion. Figure 5.6 shows the hor-
izontal position of the toe x; it can be seen that the hopper moves to its desired location
m = x = 3.0. Figure 5.7 shows variation of the actual and desired step sizes with each hop;
it can be seen that the step size tracks the desired value and both converge to zero when the
robot reaches its desired location.

Figure 5.8 plots the remaining states of the discrete-time system; incidentally, these states
are also the uncontrolled states of the robot in the flight phase. It can be seen that these
states are well-behaved and converge to a constant value within a few hops. The hopper
reached its desired position after £ = 60 hops at ¢ = 26.3 s.

A video animation of hopping locomotion has been uploaded as supplementary material.
It shows the hopper reaching the desired position of 14 = 3.0 m starting from rest with step

size varying as shown in Fig.5.7.

0.1

5, (5(1 (m)

0.0

Figure 5.7: Variation of actual and desired step sizes over 60 hops.
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5.8 Conclusion

This chapter presents control strategies for hopping in place with a desired apex height
and hopping locomotion with a desired step size for a four-link one-legged hopper. The
hybrid dynamics of the hopper is comprised of flight, impact, and contact phases and each
phase is converted into normal form to identify the controllable and uncontrollable states.
A partial feedback linearization controller constrains the controllable states to behave like a
mass-spring-damper system. To overcome the energy losses due to the impact with ground,
we used two strategies. The first strategy introduces negative damping in the dynamics of
the mass-spring-damper system that corresponds to the vertical displacement of the COM

during the contact phase. The second strategy varies the equilibrium height corresponding

0.20 w w
T2
0.00 * *
-0.10 w w
N4
-0.20 * *
0.10 w w
M
-0.10 1
0.16 w x
e
0.12 20 40 60

k

Figure 5.8: Plot of uncontrolled states at the end of each hop k during hopping locomotion.

104



to the vertical displacement of the COM during the flight phase. For apex height control
and hopping locomotion, separate Poincaré maps are constructed at the point of touch-
down. These maps are used to obtain a discrete-time model of the system and controllers
are designed to meet the two control objectives. Simulation results are presented to validate
the efficacy of the controllers. A video animation of hopping in place and hopping locomotion

are includes to provide a glimpse of the dynamic behavior.
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Chapter 6

Conclusion

In this dissertation we presented several control strategies for motion control of multi-link
hoppers. Two and six degree-of-freedom hoppers were considered and the ground model was
assumed to be rigid, elastic, and viscoelastic with inertia. For the two degree-of-freedom
hoppers, the control objective was to converge the apex height for hopping on different
ground models. For the six degree-of-freedom hopper, locomotion with a desired step size
was the main control objective. We first presented a control strategy for controlling the apex
height of a two-mass prismatic-joint robot hopping on a viscoelastic ground. This problem is
challenging due to the losses in the total energy of the system due to impact and damping in
the ground. A continuous-time backstepping controller was used in concert with a discrete-
time integral controller to meet the control objective. The backstepping controller regulates
the energy of the system using the internal degrees of freedom and is useful for apex height
control on an elastic ground; for the viscoelastic ground with inertia, it results in steady
state error. The discrete-time integral controller eliminates this error by commanding the
backstepping controller to regulate the energy to a commensurately higher level. Since there
is loss of energy in every hop, the backstepping controller has to remain active for all hops.

As the next step, we considered apex height control of the two degree-of-freedom ankle-
knee-hip (AKH) robot. The AKH robot is more anthropomorphic but the control problem is
more challenging due to the revolute nature of the joints. We considered apex height control
of the AKH robot hopping on a rigid ground. The dynamics of the robot is modeled in flight,
impact, and contact phases separately. A continuous-time controller is designed to make

the robot behave like a mass-spring-damper system. In the contact phase, the continuous
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controller employs positive damping to arrest the motion of the center-of-mass when it is
moving downwards, and negative damping when the center-of-mass is moving upwards. The
negative damping is introduced to compensate for the energy loss due to impact. A Poincaré
map of the hopping behavior is constructed and asymptotic stability of the hybrid system
to the desired apex height is guaranteed by designing a discrete controller with integral
action. The constraint imposed by the robot structure and the effect of continuous controller
parameters on hopping behavior is discussed. A simulation of the AKH robot, hopping to a
desired apex height from rest, is presented.

Following the control strategy for the two-DOF AKH robot hopping on a rigid ground,
we presented a control strategy to converge the apex height of an AKH robot hopping on
an elastic ground and a viscoelastic ground with inertia. Similar to the two-DOF prismatic-
joint robot, a continuous-time backstepping controller is used in conjunction with a discrete-
time controller; the discrete-time controller is designed by linearizing a Poincaré map. For
the elastic ground, the backstepping controller is used to control the energy level of the
hopper and eliminate the relative displacement between the hopper masses. The discrete-
time controller is used to guarantee the stability of the hybrid system and fast convergence of
the apex height to the desired value. For the viscoelastic ground, the backstepping controller
results in steady state error due to losses from impact between the hopper and the ground as
well as viscous losses in the damper. To overcome these losses, the discrete-time controller
is used with integral action. Simulation results prove the efficacy of the control strategy for
both the elastic ground and the viscoelastic ground.

We extend the results of the two-DOF AKH robot hopping on a rigid ground to a four-
link six-DOF robot with a body, thigh, leg and foot. We consider two separate problems,
namely, controlling the apex height while hopping in one location and locomotion with a
fixed step size on a rigid ground. The hybrid dynamics of the hopper is comprised of flight,
impact, and contact phases and each phase is converted into normal form to identify the

controllable and uncontrollable states. A partial feedback linearization controller constrains
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the controllable states to behave like a mass-spring-damper system. To overcome the energy
losses due to the impact with ground, we used two strategies. The first strategy introduces
negative damping in the dynamics of the mass-spring-damper system corresponding to the
vertical displacement of the COM during the contact phase. The second strategy alters the
equilibrium height corresponding to the vertical displacement of the COM during the flight
phase. For both control strategies, it is established that both controllable and uncontrollable
states remain bounded. For apex height control and hopping locomotion, separate Poincaré
maps are constructed at the point of touch-down. These maps are used to obtain a discrete-
time model of the system and controllers are designed by linearizing the map to meet the
control objectives. Simulation results are presented to validate the efficacy of the controllers.

Future research will focus on experimental verification of the control strategies developed
for the four-link hopping robot. This is a challenging design problem. Hopping requires large
torques to be applied by the actuators over relatively small intervals of time. Mechanical
advantage such as a gearbox can amplify the torque generated but reduces the speed of
response. On the other hand, direct-drive motors that can generate the desired torques are
bulky and increase the weight of the robot. This compounds the design problem further as the
motors in the lower links have to support the weight of the motors in the upper links. Another
extension of this work is the development of control strategies for performing more complex
maneuvers such as flipping in the flight phase. Flipping requires high angular momentum
in the flight phase and the control torques should be able to generate this momentum at
the time of takeoff. The speed of flipping during the flight phase depends on the moment of
inertia about the COM, which can be controlled. The moment of inertia has to be controlled
such that the robot completes the flip in the flight phase and has the correct orientation
prior to touchdown. The design of a control strategy for flipping motion requires nontrivial

extensions of the continuous controller discussed in Chapter 5.
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Appendix A

Computing the Dynamical Equations

For Four-Link Hopper

To drive the dynamical of equations described in (5.1), and (5.9), we use the lagrangian

equations, where

99k oL _
ot aq’  oq

Y

Q, LAT-U (A.1)

where T', and U are the total kinetic and potential energy of the system, respectively. This

resulting the dynamical of equations described in (5.1), and (5.9), where [M,;]; . ;, and [N;]4.¢

6x17

and

My =My = m 2 mg + my + my + mo,

Mg =My =0

M3 =My = —l; [mf + 2(my + my + mb)] sinf; — [ [m1 + 2(my + mb)] sin(0; + 65)
— ly(my + 2my,) sin(fy + Oy + 05) — lymy, sin(60; + O + O3 + 60,4)

My =My = —ll[ml + 2(my + mb)] sin(0; + 63) — l(my + 2my,) sin(6; + 05 + 03)
— lymy, sin(0y + 6y + 03 + 04)

Mis =Ms; = —li(my + 2my) sin(fy + 0y + 63) — lymy, sin(6y + 0y + 05 + 0,4)

Mg =Mg1 = —lymysin(6y + 0y + 05 + 04)

Mys =Msy = I; [mf +2(my + my + mb)] cosf; + 1 [m1 + 2(my + mb)] cos(by + 02)

+ Ly(my + 2my,) cos(01 + Oy + 03) + lymy, cos(6y + Oz + 05 + 04)
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Moy =My =1 [ml + 2(my + mb)] cos(0y + 63) + ly(my + 2my,) cos(01 + 02 + 603)
+ lymy, cos(01 + Oy + 03 + 04)
Moss =Msy = li(my + 2my,) cos(by + Oy + 03) + lymy, cos(01 + 0 + 03 + 64)
Msg =Mgy = lymy, cos(0y + 0 + 05 + 0,)
Msy =It + I + Iy + Iy + [Fmyg + 47my, + By, + [y + 4(my + my,) |
+ 12 [mf + 4(my + my + mb)] + 41l [m1 + 2(my + mb)] cos Oy
+ 4l (my + 2my,) [h cos 03 + g cos(0s + 6’3)]
+ 4lymy, [lt cos 0y + lycos(05 + 04) + lgcos(0s + 03 + 94)]
Msy =Mz = L+ I + I + Py + AFmg + Eme + mp[4(5 + 17) + 1]
+ 2l [m1 + 2(my + mb)] cos Oy + 4l (my + 2my,) cos O3
+ 2l,my, [2lt cos Oy + 21y cos(03 + 04) + Iy cos(by + 05 + 94)]
+ 2l¢ly (my + 2my,) cos(0y + 03)
Mss =Mss = I, + I, + 12(my + 4my,) + Py, + 201 (my + 2my,) cos 05
+ 2lymy, [2lt cos Oy + [y cos(05 + 04) + lfcos(by + 05 + 94)]
+ 2l¢ly (my + 2my,) cos(0y + 03)
Msg =Mgs = I, + [Emy, + 2l,my, [lt cos 04 + Iy cos(03 + 64) + lf cos(0s + O3 + 94)]
My =L+ I + Iy + L, + B (mg + 4my,) + 5 [mu + 4(me + my) |
+ 4[l1lt(mt + 2my,) cos O3 + lymy, (1 cos Oy + 1 cos(05 + 94))]
Mys =Msy = I, + I, + By, + 12(my + 4my,) + 201 (my + 2my,) cos 05
+ 2lymy, [2lt cos 04 + [ cos(03 + 94)]
My =Mgy = Iy + By, + 2l,my, [lt cos 04 + Iy cos(05 + 94)]
Mss =1, + Iy + I2(my + 4my) + BBy, + 4lylymy, cos 0,

Msg =Mgs = I, + lﬁmb + 2l,lymy, cos 6y
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Mg =1y, + [Fmy,

Ny = — [ls(me + 2(mp, + mu + my)) cos 01 + L (my + 2(my, + my)) cos(6; + 62)
+ 2lymy, cos(01 + Oy + 03) + lymy cos(01 + Oy + 03)
+ Ly, cos(6) + 0 + 05 + 0,)]67
— [ll(m1 + Q(mb + mt)) cos(by + 02) + 1 (2my, + my) cos(0y + 05 + 03)
+ Ly, cos(6) + 0 + 05 + 0,)]63
— 2lymy, cos(0y + 05 + 93)932, — lymy cos(01 + 05 + 93)6"%
— Ly, cos(01 + Oy + O3 + 0,)02 — 2lymy, cos(By + Oy + 05 + 0,)056,
— lymy cos(fy + O + 05 + 94)93
— 2[lt(2mb + my) cos(by + Oy + 03) + lymy, cos(0y + Oy + 03 + 94)](9293
— 2[lbmb cos(fy + 6 + 05 + 94)]92«94
— 2[11 (m1 + 2(my, + mt)) cos(fy + 63) + 1 (2my, + my) cos(01 + 02 + 03)
+ lymy cos(fy + O + 05 + 94)](9192
— 2[lt(2mb + my) cos(by + Oy + 03) + lymy, cos(0y + Oy + 03 + 94)]9193
— 2[lbmb cos(fy + 6 + 05 + 94)]9194

Ny =gmi, + gme + gmy + gmy
— [l (me + 2(my, + my + my)) sin 6y + L (my + 2(my, + my)) sin(6r + 65)
+ 2lymy, sin(0y + Oy + 03) + [ymy sin(0; + 05 + 03)
+ Ly sin(6; + 0 + 05 + 6,)]67
— [ll(m1 + 2(mb + mt)) sin(fy + 0) + 1 (2my, + my) sin(0; + 6 + 03)
+ Ly, sin(fy + 0 + 05 + 0,)]02
— 2ymy sin(fy + Oy + 03)02 — lymy sin(0y + 0, + 03)62
— lympsin(fy + 6 + 05 + 94)9§ — 2lymy sin(fy + 6 + 05 + 94)93(94

— lbmb sin(@l + 92 + 93 + 94)92
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— 2[lt(2mb + my) sin(fy + Oy + 03) + lymy sin(6y + 02 + 03 + 94)]9293
— 2[lymy, sin(0; + 05 + 03 + 04)]0:0,4
— 2[[1 (m1 + 2(my, + mt)) sin(6y + 602) + I (2my, + my) sin(6; + 6 + 03)
+ lymy, sin(6; + 0 + 05 + 64)]0:65
— 2[1,(2my, + my) sin(By + O + O5) + Ly, sin(6) + 0 + 05 + 6,)]0:05
— 2[lymy, sin(0; + 05 + 0 + 04)]0:0,4
Ns =g[lf (2mb + ms + 2(my + mt)) cos Oy + L(2my, + my + 2my) cos(01 + 6)
+ 1 (2my, + my) cos(0y + Oy + 03) + lymy, cos(by + 02 + 05 + 94)]
— 2l; [11 (m1 + 2(my, + mt)) sin Oy + 1, (2my, + my) sin(fy + 63) + lymy, sin(fy + 63 + 94)]«93
— 2[lllt(2mb + my) sin 63 + Ll (2my, + my) sin(fy + 03) + lymy, (1 sin(f3 + 6,)
+ lpsin(fy + 03 + 0,))]0
— 2lymy, [lt sin 0y + L sin(0s + 0,) + lgsin(fy + 03 + 94)]93
— 4 [11 (m1 + 2(my, + mt)) sin Oy + 1, (2my, + my) sin(fy + 63)
+ lymy sin(fy + 63 + 94)]91«92
— 4[lllt(2mb + my) sin 03 + el (2my, + my) sin(6y + 63)
+ Ly (L sin(Bs + 04) + lrsin(By + 03 + 04)) 10165
— dlymp |l sin 0 + Lsin(B + 04) + lrsin(fy + 03 + 04)]6,6,
— 4[l1lt(2mb + my) sin 03 + lely(2my, + my) sin(6y + 63)
+ Ly (L sin(Bs + 04) + lrsin(By + 03 + 04)) 6265
— dlymp |l sin 0 + bsin(B + 04) + lrsin(By + 03 + 04)] 626,

— dlymp [y sin 04 + Lsin(0s + 04) + lpsin(y + 05 + 04)]050,4
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N, zg[ll(2mb + my + 2my) cos(fy + 62) + L(2my, + my) cos(6; + O + 03)
+ lymy, cos(0y + 05 + O3 + 94)]
+ 2l [h (m1 + 2(my, + mt)) sin 0y + 1y (2my, + my) sin(fy + 03) + lymy, sin(0y + 63 + 6’4)]9?
— 2] [lt(2mb + my) sin 03 + lymy, sin(03 + 94)]9§
— 2y |1y sin 04 + L sin(0s + 6,)]63
— 4 [lt(2mb + my) sin O3 + lymy, sin(03 + 94)]9193
— Ay [l sin(04) + Lsin(0s + 04)]616,
— 4 [lt(2mb + my) sin O3 + lpymy, sin(03 + 94)]9293
— 4lymy, [lt sin 0y + [y sin(05 + 94)]9294
— 4lymy, [lt sin 0y + [y sin(05 + 94)]9394
Ns zg[lt(2mb + my) cos(6y + Oy + 03) + lymy, cos(0y + Oy + O3 + 94)]
+ 2[ltll (mt + 2my,) sin 03 + Lyl (2my, + my) sin(0y + 03)
+ lymy, (ll sin(f3 + 04) + Iy sin(6y + 05 + 94))]9?
+ 2] [lt(me + my) sin 03 + lymy, sin(f3 + 94)](93
— 2Ly myl; sin 9493
+ 4 [ 1 (2m, + my) sin B + Lymy, sin(0s + 04)]6165
— 4lymyl, sin 9494(91 + 0+ 93)
Ng =g[lbmb cos(bh + 0y + 05 + 94)] + 2lymy, [ll sin(f3 + 04) + 1y sin 64 + Iy sin(6y + O3 + 94)]9?
+ 20ymp |1y sin 0y + Lsin(B + 04)]62 + 2,myl; sin 0,402
+ Ay [ 1y sin 04 + Lsin(0s + 04)]0102 + 4lym L, sin 040,05

+ Alympl sin 046505 (A.2)
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