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ABSTRACT

TRANSPORT PROPERTIES OF RANDOM SCHRODINGER OPERATORS ON
CORRELATED ENVIRONMENTS.

By
Rodrigo Bezerra de Matos

This Ph.D. thesis presents recent developments in the theory of random Schrodinger op-
erators. Differently from what is often studied in the subject, our main results consider
potentials which are not independent at distinct sites but, rather, display some form of long
range correlation. These are natural objects to investigate if one wishes to understand the
long term behavior of a single particle which evolves in a disordered environment but also
interacts with different members of this environment (other particles, spins, etc).

In chapter 2 it is shown that, within the Hartree-Fock approximation for the disordered
Hubbard Hamiltonian, weakly interacting Fermions at positive temperature exhibit localiza-
tion, suitably defined as exponential decay of eigenfunction correlators. Our result holds in
any dimension in the regime of large disorder and at any disorder in the one dimensional case.
As a consequence of our methods, we are able to show Hoélder continuity of the integrated
density of states with respect to energy, disorder and interaction using known techniques.
This is based on joint work with Jeffrey Schenker [46]

Chapter 3 is based on joint work with Jeffrey Schenker and Rajinder Mavi. There we
present simple, physically motivated, examples where small geometric changes on a two-
dimensional graph G, combined with high disorder, have a significant impact on the spectral
and dynamical properties of the random Schrodinger operator —Ag + V., obtained by adding
a random potential to the graph’s adjacency operator. Differently from the standard An-
derson model, the random potential will be constant along vertical line, hence the models
exhibit long range correlations. Moreover, one of the models presented here is a natural

example where the transient and recurrent components of the absolutely continuous spec-



trum, introduced by Avron and Simon in [9], coexist and allow us to capture a sharp phase

transition present in the system.
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CHAPTER 1

INTRODUCTION

1.1 A short introduction to Anderson Localization

The effects of disorder on transport properties of quantum systems have drawn a signif-
icant amount of attention in the mathematics community since their introduction in 1958
in the celebrated paper [8] by the Physicist Philip Anderson, who later in 1977 became a
Nobel prize winner. The efforts to encode Anderson’s claim that randomness may prevent
diffusion into a rigorous mathematical statement and to obtain a proof for it gave rise to a
beautiful theory, incomplete up to these days. Absence of diffusion in the disordered context
is now generically referred to as Anderson Localization which we shall briefly review in this
chapter, which aims at introducing the main concepts and results relevant for the remainder
of the thesis. For a more complete historical picture we refer to the survey [58] and the book
[6]. The proofs for well-known results given in this introduction are deeply influenced by the
presentation in these two sources.

The Anderson model is the family of operators
acting on (2 (Zd>, the space of functions f : Z®* — C which are square summable, where

e A is the discrete Laplacian acting on ¢ € (2 (Zd) through

D))= D> (plm)=pn) neZ’ |nfi = || +..|ngl.

|m—n|1=1

e The on site potential Vj, acts as a multiplication operator on (2 (Zd> via

(Vo) (n) = w(n)p(n) ,n € Z°.



o w= {w(n)}nezd is a list of independent, identically distributed random variables.
e )\ > 0 denotes the disorder strength.

For technical reasons one often includes the following regularity condition on the random

variables

P (w(0) € T) = /p(v) . (1.1.1)

I

A typical assumption on the density p is requiring it to be bounded and of compact sup-
port, which makes the random variable w(n) bounded for every n € Z%. Sometimes it is

more convenient to work with distributions with unbounded support such as the Gaussian

1
m(140v2)

The lattice structure of Z% allow us to make use of the canonical basis {5n}ninZd of

1 —v

2
distribution given by p(v) = 7Rt and the Cauchy distribution given by p(v) =

2 (Zd> defined by d,(m) = 0mp where Oy, is the Kronecker delta. The probability of

finding a particle at position n and time ¢, given that it started at position 0 is given by
(8, e 50) .
Dynamical Localization is naturally defined as averaged decay of the matrix elements
(6, e~ 50)).
which can be explicit in a bound as
E (|<5n,e—itﬂao>\) < r(n). (1.1.2)

where

Z r(n) < oo.

nezd

In the best scenario, the function r(n) was shown to have exponential decay. In dimension
d > 2, dynamical localization has been achieved at large disorder, meaning that A is taken

sufficiently large or at weak disorder and extreme energies, see [6, Theorem 10.4] for a precise



statement. We shall outline a proof of localization at large disorder in the following sections
of this introduction.
If one is only concerned whether diffusion takes place or not in a system, a useful tool is

given by the averaged g-moments of the position operator defined as

q 2 o ;Qt ’LtHw q —itHw
MA(H) = 7 [ e T Eolethe|x|te= e o) dt.

Where the position operator X is formally defined as (X¢)(n) = |n|e(n). For instance,

whenever

Z In|9r2(n) < C < oo
nezd

dynamical localization in the above sense implies the bound
MI(H) < C < o0

The above inequality is a convenient signature of Anderson localization, whereas its coun-
terpart
MI(H) > CT®

for a > 0 indicates diffusion.

Finally, recall that associated to the action of H in the Hilbert space # = (2 (Zd> is
the decomposition # = FHPP & FH¢ @ #H2C of # into the pure point, singular continuous
and absolutely continuous subspaces and the corresponding splitting of its spectrum into
components 0(H) = oac(H)Uosc(H)Uopp(H). The so called RAGE theorem (after Ruelle,
Amrein, Georgescu and Enss.[6, Theorem 2.6]) provides dynamical characterizations for
the spectral components. In particular, one of its consequences is the fact that dynamical
localization in the form of (1.1.2) implies that H has only pure point spectrum. In other
words, dynamical localization implies that the spectral projection of H into the continuous
component #¢ = #5¢ @ #?° vanishes. This means that the spectrum o(H) is the closure of

the set of eigenvalues for H. If the associated eigenfunctions decay exponentially, the operator



H is said to exhibit Anderson Localization. A sufficient condition is the exponential decay

of the eigenfunction correlators

prlE(' (nlg(H)|0)|) < CerIM (1.1.3)
9|1<

where the above supremum is taken over all Borel measurable functions g : R — C and
(n|g(Hy)|0) = (n,g(Hy)do) (in this thesis we may alternate between these two notations
for the inner product). For proofs for some of the above facts and more precise statements
we refer to the next few sections of this introduction.

In the series of works by Jaksi¢ and Molchanov [38], [37] and [39] the authors consider a
Schrodinger operator H = —A+V,, on (2 (Zd X Z+> with randomness being introduced only
along the surface 0 (Zd X Z+> = 74 through independent, identically distributed random

variables {w(m)}mezd. More precisely, let

0 if no 75 0.
Vio(ny,ng) =

w(ny) if ng = 0.

In [37] (see also remark (3) in [39]), for d = 1 a sharp dichotomy is shown as

opp(H) = o(H)\ 0(=A) ,0ac(H) = 0(-A) (1.1.4)

holds almost surely.

An important fact, which will allow us to obtain an analogue of (1.1.4) in the correlated
context later in this thesis, is that the absolutely continuous subspace can be further de-
composed into its transient and recurrent subspaces #2¢ = F1C @ #'3¢ an idea which was
introduced by Avron and Simon in [9]. As explained there, one of the motivations is that in
case (i, = x¢ dx, where C'is a Cantor-like set of positive Lebesgue measure, the measure /1,
resembles a singular measure, despite its absolute continuity. This will be a typical situation
in which 1) belongs to the recurrent subspace #"¢. The subspace #'° is the closure of the

set of all ¢ € #?¢ such that, for all N € N

<¢|6_“H|¢>) =0 (t‘N) : (1.1.5)



Recall that, by the Riemann-Lebesgue lemma, if @) € #2°,

(Wle™H|y)| =0

i
hence, considering the spectral measure p,, associated to ¢ in FC | we see that its density
with respect to Lebesgue measure ?—g must have additional regularity properties. In fact,
according to [9, Proposition 3.1] if ¢ is a transient vector then p,, = f(r)dz where f is a
smooth function. The converse statement is also true under the additional assumption of
f being compactly supported. We will show in theorem 3.7 below that the transient and

recurrent spectrum can naturally arise and coexist in a situation of physical relevance.

1.2 Dynamical localization at large disorder

We let H = —A + AV, for the remainder of this chapter, unless otherwise specified. In
terms of background for this thesis, the following result is of great relevance. Strictly speak-
ing, the version presented here was proven first by Aizenman in [1] although localization at
large disorder was shown earlier by Aizenman and Molchanov [5]. The technical assumptions
on the random potential V, will be clear when we outline a proof of this result within a few

paragraphs.
Theorem 1.1. There is a A > 0 such that for all X\ > X

E (Sltlp (6, e_itH50>|) < cevinl,
for alln € Z% and some C < 0o and v > 0.

As mentioned in the above section, theorem 1.1 means that, on average, the probability
of finding the wavepacket at a site n at any time is exponentially small. This is the strongest
form of single particle localization, known as exponential dynamical localization. We shall
present a version of this theorem for the interacting case in chapter 2. A related statement
can be achieved via multiscale analysis although with a subexponential rate, see [28]. Some

general consequences of dynamical localization will be detailed in section 1.7.



1.3 Green’s function decay: A step towards dynamical
localization.

An object which is often helpful to the analysis of random operators is the Green’s
function. It is defined at z € C by G(m,n;z) = (6m, (H — 2)718,) when this expression
makes sense. In particular, since the operators object of our study are self-adjoint, this will
be the case for all z € C\ R. The first step to show dynamical localization as in theorem

1.1 is obtaining exponential decay for the above quantity as follows.

Theorem 1.2. Given s € (0,1) and X sufficiently large there exist positive constants Cang

and pipnq such that for all z € CT
E (|G(m, n; 2)[*) < Cppqe HAnd/m—7| (1.3.1)

We shall outline two different proofs for the above fact, from which the relationship

between the aforementioned constants and the parameters A and s will be more clear.

1.4 First proof theorem 1.2: the self-avoiding walk expansion

The proposition below is the self-avoiding walk expansion of the Green’s function, also
called Feenberg’s loop-erased expansion (since it seems to date back to Eugene Feenberg in
the 1940s) or the locator expansion (as in Anderson’s seminal work [8]). It will be useful
not only for this chapter but also on chapter 3, when applied to a graph which is different
from Z?. For this reason we keep the general formulation as in [6], i.e, replacing YA by an

arbitrary vertex set G of a graph with finite degree, denoted henceforth by degg.

Proposition 1.3. The Green’s function of a self-adjoint operator H = Ho 4+ V on (2 (G)

admits the expansion

SAW |7]
Gim,mz) = > (=) Hy(r(0), 7(1))... Ho(r(|7| = 1), 7(|17])) x [] Gx(2).
T:m—n k=0

On any graph, the above expansion converges whenever Imz > ||T||. On finite graphs it is

convergent for all z € CT.



Here Gy (2) = (0, (1), (Hr g — z)_léT(k)> where H j. denotes the restriction of H to the
set (2 (G\ U]-<k7'(j)) (in case k = 0 we set H, ), = H). The summation ranges over all self-
avoiding walks 7 from m to n with a finite number of steps. It is then clear from Feenberg’s
expansion that in order to control arbitrary matrix elements of (H — z)~! can firstly focus
on analysing (meaning obtaining bounds on) the diagonal ones. For that end, fix n € 7.4
and let P, be the projection onto the subspace spanned by §,. Denote by H the operator

obtained from H by setting the potential at site n equal to zero, in other words
H=H —\V(n)P,. (1.4.1)
The first resolvent identity gives
(H—2)t—(H=2)"1=-AV(n)(H - 2) " Py(H - 2)~ L. (1.4.2)
In particular,

G(ma U Z) - é(mv 1 Z) = <6m7 ((H - Z)_l - (H - Z)_1)5n>

Solving for G(m,n; z) we reach

___ G, iz (1.4.3)
14+ AV (n)G(n,n; z)

G(m,n; 2)
The above formula is the basic ingredient for the following a-priori bound.
Proposition 1.4. For all A >0, s € (0,1) and z € C" we have

Cap(s
E (|G(n,n; 2)|°) < AALSU (1.4.4)
where Cap(s) = 28”f|§0.

Proof. Letting m = n in (1.4.3) we find that

1

B O ESE)

(1.4.5)



N -1
where X(z) = — <G(n,n;z)> is a complex number independent of w(n). Let v = w(n).

Under the assumption that p € L> (R) we have that for any interval I C R
P(vel) < |plloclIl (1.4.6)
Combining the above observations with the layer cake representation we discover that
p(v)dv = ; P({lv =&l <t77/°})dt

—0 |U _§|8
[o.@]
S/IWMJMMtWMt

—1
—ﬂM@+M%m/”W Jodt
p

s=1
= 2llpliSe + 2llplloo 7= (2llplloc)®) 5

= 2[Ipll3e + 2l plloo 7 2llpllo0)™

2l
1—s °

finishing the proof of the a-priori bound.

It readily follows from Feenberg’s expansion that whenever A\ > Cpp degg

E(Gm o) < 3 degh (GF)

k=|m—n)|
_ Cap 1 degg Cap )" "
TS 1 degi; Cap S
\S

finishing the proof of theorem 1.2.

1.5 Second proof of theorem 1.2: the ’depleted’ resolvent identity

Let us now provide another proof of theorem 1.2, based on the so called ’depleted’ resol-

vent identity which, for m # n, reads

Ga(m,n;2) = =Gp(m,m;z) Y Ho(m,n' )Gy gy (0, 2).
n'#m



where (m|(H® — 2)~1|n) and H? denotes the restriction of H to a box of size |A| centered
at the origin. Using the a-priori bound and that G A\{m) (n/,n; 2) is independent of m we

reach

C
B (1GA(m, i 2)*) < A2 37 Ho(m, n)1°E (16 gy (093 2) ) (15.1)
/

n

Exponential decay is now achieved whenever

A? > Cypl[Holloo,00 (1.5.2)
with
[Holloo,00 1= sup Y _ [Ho(m, n). (1.5.3)
m
n

through a suitable iteration of (1.5.1). A Couple of Remarks are in order:

e Note that both proofs make use of independence but that the existence of a conditional

density is enough.
e The second of the above proofs also allows H to be of the general form

s;lnpz |Ho(m, n)| (e”lm_n| — 1) <n < oo. (1.5.4)
n

In case the matrix elements of Hy only exhibit polynomial decay, the argument given

above yields polynomial decay of the Green’s function.

e In [47], a refined estimate for the large disorder threshold is presented. Remarkably, it

coincides with Anderson’s original prediction of the large disorder regime.

Further comments and details may be found on [6, Section 10.1].

1.5.1 Further Aspects of A-priori bounds

The estimates for the Green’s function given in this section heavily rely on the rank-one
formula (1.4.3). An alternative, and more general, approach, originally due to [2], which
is useful in the continuum and also for the operators studied on chapter 3 will be given in

section 3.8 of that chapter.



1.6 From Green’s function decay to dynamical localization

The next result we shall review explains why, in the context of the Anderson model, it
is enough to shown Green’s function decay in order to obtain dynamical localization. A
proof will not be given here, but related ideas are presented in chapter 3, section 3.4.1. The
original argument is due to Aizenman in [1] with a streamlined version being presented in |3,
Appendix A]. We will say that a random operator H,, has uniform Green’s function decay
on an energy domain / C R when given some s € (0,1) there exist C' > 0 and p > 0 such
that
E (\GA(m, n, E)|S> < CeHlm=nl| (1.6.1)

holds for all A C Z% and every E € I.

Theorem 1.5. Let H,, = Ho+V,, be a random operator with the hopping term Hy satisfying
(1.5.4). Assume that

o E(|Viu(n)|%) < oo holds for some & > 0.

o For every ng € Z% the conditional distribution of Vo(ng) = v at specified values of
{Vw (n)},#no has a density png(v) and
SUp sup sup ppg(v) < oo.

Suppose further that for some s € (0, 1) the uniform Green’s function decay (1.6.1) is satisfied

in some interval I C R. Then, there exist C' > 0 and y' > 0 such that

: (Sup <m|f<Hw>PI<Hw>In>) < ¢letlimon (1.6.2)
| fI<1

where the supremum is taken over all Borel measurable functions f : R — C bounded by one.

10



1.6.1 Independence as a key tool

When establishing localization by the above arguments, independence of the random vari-
ables {w(n)}nezd is important in many steps. Strict independence can, at most, be re-
placed by an assumption of a weaker form of independence which cannot be removed. This
is not simply a technical issue related to fractional moments. For instance, the robust
multiscale analysis technique is usually formulated under the assumption of independence
at distance, meaning that there exists a p > 0 such that events based on boxes ALl(m)
are independent of events based on boxes Ar,(n) if dist <AL1 (m), Ap, (n)) > p. Here

Ap(m)={m' € Z% :|m —m/|s < %}, see [41] for a survey in the subject.
1.7 Instructive consequences of dynamical localization

Let us point out some consequences of theorem 1.1. More precisely, the facts presented

in this section will follow from dynamical localization as in (1.6.2).

1.7.1 From dynamical localization to finite averaged moments

Let

q 2 o ;Zt ZtHw q —itHw
M) =7 | e ]E((O|e X% |o>) dt.

be the averaged g-moments of the position operator X, formally defined as (X¢)(n) =

In|e(n). The following proposition holds true.

Proposition 1.6. Assume that dynamical localization in the sense of (1.6.2) holds. Then
MI(H)<C

for some finite constant C.

11



Proof. By definition and from (1.6.2), we have that

q 2 [ 2 q —itH ¢ \|2
MEH) =5 [T S Inl |E<((5n,e 50)| ) dt.
nezd

<y in|de—H'In
nezd

where the above quantity is finite.

1.7.2 From dynamical localization to pure point spectrum

For the convenience of the reader, we shall recall the definition of the spectral types below
in section 1.8. The next consequence of dynamical localization we would like to point out is

the following.

Proposition 1.7. Suppose that dynamical localization as described by (1.6.2) holds on an

interval I C R. Then, almost surely, Hy, has only pure point spectrum in I.

Proof. By the RAGE theorem (see [6, Theorem 2.6)), given ¢ € ¢? (Zd> and denoting by

Pf the projection onto the continuous component of H within I we have that

. 1T .
IPSo)2 = lim lim ?/o 15 e Pr(H)@ de. (1.7.1)

L—ocoT—00

Let ¢ = 4, for some n € Z%. Then,
Mace P (H)pl? < Mace Py () Pl 60
< yg e Py (H) P

< Z |<5m7 67itHPI<H)5n> ‘
|m|>L

12



Taking expectations, using Fatou’s lemma and Fubini’s theorem, we conclude that under the

assumption (1.6.2)

/
1Pfel* < ¢ lim Y em#lmenl — g, (1.7.2)
o0
|m|>L
The general result follows from density of finitely supported functions on ¢2 (Zd>. n

1.7.3 Localization centers and Eigenfunction decay

Lastly, let us discuss the phenomenon on engenfunction decay in the regime of dynamical

localization.
Definition 1.8. Given a Borel set I C R, the eigenfunction correlator on I is defined by

Q(m,n; I) = US}|1<pl (m|f (Huw) Pr(Hy)ln) - (1.7.3)

with the supremum being taken over Borel measurable functions.

If H has only pure point spectrum in I, we have

Qs 1) =3 | m(m)l[op,m(n)] (1.7.4)
FEel

where @, is the normalized eigenfunction within the cyclic subspace #p 5, associated to

the eigenvalue E. Recall that, in general,

Hrprp =span{(H — z)~tv: z € C\R}. (1.7.5)

In case H is a bounded operator, the above set coincides with the closure of the set spanned
by vectors of the form ¢(H)v where ¢ is a polynomial, see [19, lemma 2.4.3]. The expression

(1.7.4) is obtained expanding (1.7.3) into the eigenfunction basis.

Definition 1.9. Given ¢ € (2 (Zd> with ||¢lla = 1, a point ng € Z% is said to be a

localization center for ¢ if
2 &

> T ron (1.7.6)

o (n0)]

-1 1
where C7° 1= —_—.
d EnGZd (1+|n0‘)d+1
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It is immediate to check that any such ¢ admits a localization center.

Proposition 1.10. Assume that for some v > 0.

2 QJFFW > e (QQ(m, n; 1)) < oo. (1.7.7)

Then, almost surely, for any simple eigenvalue E € I of H there is a localization center
ng(w) such that the normalized eigenfunction PR satisfies

vin—npg|

lpEwm)| < O w)(1+n) e 2. (1.7.8)

for all n € Z%. Moreover, w — CQ(I, w) belongs to L' (Q;P).
Proof. Let

1/2
C(I,w) == (%: (HlCW zn:eulm—”lcf(m,n; 1)) . (1.7.9)

By assumption, 6’2([ ,w) belongs to L (©2;P) hence it is a finite quantity almost surely. By
proposition 1.7, the spectrum of H is, almost surely, pure point in I. Moreover, by (1.7.4),

any simple eigenfunction of H satisfies
0B m(m)Plopmm)? < CA(ILw)C (1 + ) eI (1.7.10)
recalling the definition of localization center and letting m = ng we reach
lopm(m)? < C2(1,w)C7 (1 + |n))2d+2evIn—nEl, (1.7.11)

which yields the desired result after taking square roots. O

1.8 Spectral Measures

Finally, we conclude this introduction with a few notions on spectral theory. Let # be a
Hilbert space and H a self-adjoint operator on #f. Given ¢ € #€ , the spectral measure (i,

is the unique finite Borel measure on R satisfying, for all z € CT,

1
t— =z

(W, (H — )~ = /R Ay (1),
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The existence and uniqueness of i, follows from the representation theorem for Herglotz

functions (see [6, Appendix B]) since

F(z) = (¢, (H = 2)" ) (1.8.1)

defines a map F : C™ — CT whenever ¢ # 0. By the Radon-Nikodym theorem, we can
decompose  fiy, (with respect to Lebesgue measure) according to its pure point, singular

continuous and absolutely continuous components.

T

Associated to the above decomposition is the decomposition of the Hilbert space

H = HPP @ HY  H™
where
HOP = {0 |y = pg} A = {0 |y = pif
and
A = {0 |y = pyy '}
The spectrum of H, denoted by o(H), is defined as the set of z € C such that H — 2

does not have a bounded inverse and the spectral components oPP(H), 0% (H) and ¢®°(H)

are defined by restricting the operator to the subspaces #PP F#5¢ and F2°.
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CHAPTER 2

LOCALIZATION AND IDS REGULARITY IN THE HUBBARD MODEL
WITH HARTREE-FOCK THEORY

2.1 Chapter Outline

Our main goal in this chapter is to study Anderson localization in the context of in-
finitely many particles. We shall formulate our results for the disordered Hubbard model
within Hartree-Fock theory. However, as the techniques involved are quite flexible, we expect
that similar statements can be made in a more general framework, under appropriate modi-
fications of the decorrelation estimates in section 2.7.1. The (deterministic) Hubbard model
under Generalized Hartree-Fock Theory has been discussed (at zero and positive tempera-
ture) by Lieb, Bach and Solovej in [11] however, to the best of our knowledge, the localization
properties of the disordered version of this model remained unexplored, even in the context
of restricted Hartree-Fock theory, up to the present work. The main difficulty lies in the
addition of a self-consistent effective field, which will be random and non-local by nature,
to a random Schrodinger operator. The conclusion of this chapter can be summarized as
follows: under technical assumptions, the results on (single-particle) Anderson localization
obtained in the non-interacting setting in the regimes of large disorder (in dimension d > 2)
and at any disorder (in dimension d = 1), remain valid under the presence of sufficiently
weak interactions. More specifically, in the regime of strong disorder this is accomplished in
any dimension by theorem 2.2 below. Theorem 2.1 contains the improvement in dimension
one, where any disorder strength leads to localization, provided the interaction strength is
taken sufficiently small. Our methods contain various bounds in the fluctuations of the ef-
fective interaction which are interesting on their own right and potentially useful in different
contexts. To exemplify this, we prove Holder regularity of the integrated density of states

(IDS) with respect to various parameters by adapting arguments of [29], which is the content
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of theorem 2.3.

2.1.1 Discussion of the results and main obstacles

Mathematically, our setting can be understood as an Anderson-type model H, = Hy+ AU,
where the values of the random potential U at different sites are correlated in a highly non-
local and self-consistent fashion. The correlations are governed by a nonlinear function of
H,,, as explained in section 2.3. In comparison to the recent result on Hartree-Fock theory
for lattice fermions of [23], achieved via multiscale analysis, we use the fractional moment
method to establish exponential decay of the eigenfunction correlators at large disorder in any
dimension but also at any disorder in dimension one. In particular, in the above regimes, we
show exponential decay (on expectation) of the matrix elements of the Hamiltonian evolution
at all times, which means that, on average, | (m|e " |n) | decays exponentially on |m — n|
for all t > 0.

The result of complete localization in dimension one in such interacting context is new
and deserves attention on its own. There, the main technical difficulty also lies in the non-
local correlations of the potential, which means that standard tools such as Furstenberg’s
theorem and Kotani theory are not available. Moreover, a large deviation theory for the
Green’s function is a further obstacle to establishing dynamical localization even if one
obtains uniform positivity of the Lyapunov exponent. We overcome these challenges using
ideas of [6, Chapter 12], where arguments reminiscent of the proof of the main result in [43]
are presented. We then obtain positivity of the Lyapunov exponent at any disorder using
uniform positivity for the Lyapunov exponent of the Anderson model, combined with an
explicit bound on how this quantity depends on the interaction strength, see theorem 2.19.
When it comes to establishing a large deviation theorem, our modification of the argument
in [6, Theorem 12.8] relies on quantifying the decorrelations on the effective potential, which

is presented on lemma 2.22 in the form of a strong mixing statement. It is worth clarifying

that, since our proof is based on fractional moments, we have not established localization
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in one dimension for rough potentials as in [34]. Moreover, the gap assumption in [23] is
replaced by working at positive temperature thus our results do not apply to Hartree-Fock

ground states.

2.1.2 Hartree-Fock theory

Hartree-Fock theory has been widely applied in computational physics and chemistry. It also
has a rich mathematical literature which goes well beyond the scope of random operators,

see for instance [31],[32],[11],[12],[33] and references therein.

2.1.3 Background on Localization for interacting systems

The main results of this chapter lie in between the vast literature on (non-interacting) single
particle localization and the recent efforts to study many particle systems, as in the case
of an arbitrary, but finite, number of particles in the series of works by Chulaevsky-Suhov
[15],[16],[17] and Aizenman-Warzel [7]. In comparison to the later, we only seek for a single-
particle localization result but allow for infinitely many interactions, which occur in the form
of a mean field. In comparison to the recent developments on spin chains, as the study of
the XY spin chain in [30] and the droplet spectrum of the XXZ quantum spin chain in [25]
and [13], the notions of localization for a single-particle effective Hamiltonian are more clear
and can be displayed from pure point spectrum to exponential decay of eigenfunctions and
exponential decay of eigenfunction correlators. The later is agreed to be the strongest form
of single particle localization and it is what we end up accomplishing. If fact, as we have
explained in the introduction of this thesis, dynamical localization in the form of theorems
2.1 and 2.2 implies pure point spectrum via the RAGE theorem and exponential decay of

eigenfunctions, see also [58, Proposition 5.3] and [6, Theorem 7.2 and Theorem 7.4].
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2.2 Definitions and Statement of the Main Result

2.2.1 Notation

In what follows, Z% will be equipped with the norm |n| = |n1|+ ... +|ng| for n = (n1,...,ng).

Given a subset A C Z9, we define 2(A) := {¢o : A — Cl> hen lp(n)|> < oo} and, for

@ € (2(A), we let H<p||€2(A) = (X nen lp(n)|? < oo})1/2. Throughout this chapter, n will
be a positive constant and Fjg ,; will denote the Fermi-Dirac function at inverse temperature

£ > 0 and chemical potential x, meaning that

1

Fﬂ,n('z)

We shall omit the dependence of F' on the above parameters whenever it is clear from the
context. For many of our bounds, the specific form of (2.2.1) is not important and F' could
denote an arbitrarily chosen function which is analytic in the strip & = {z € C: |Imz| < n}
and continuous up to the boundary of &, in which case we let ||[F|lo = sup,cg |F(2)].
For the function Fjg , in (2.2.1) one can take n = % However, to obtain robust results
which incorporate delicate fluctuations, further properties of the Fermi-Dirac function are
necessary. Namely, in section 2.7.1 we use the the fact that ¢F'(¢) is bounded as t — oo and
that ¢(1 — F'(t)) is bounded ¢ — —oo. These properties will also play a role in the decoupling
estimates needed in the proof of theorem 2.1 but could be relaxed if one is only interested
in the large disorder proof of theorem 2.2 for a specific distribution with heavy tails (for
instance, the Cauchy distribution).

Our main goal is to study localization properties of non-local perturbations of the Ander-
son model Hp,q := —A + AV, which naturally arise in the context of Hartree-Fock theory
for the Hubbard model. The random potential V, is the multiplication operator on EQ(Zd)
defined as

(V) (n) = wnp(n) (2.2.2)

for all n € Z% and {w”}neZd are independent, identically distributed random variables
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on which we impose technical assumptions described in the next paragraph. The hopping
operator A is the discrete Laplacian on Zd, defined via

(Ap)(n) = D (p(m) = p(n)). (2.2.3)

Im—n|=1

The proofs of localization via fractional moments usually do not require the hopping to
be dictated by the Laplacian and, indeed, we will replace A by a more general operator
Hy whose matrix elements decay sufficiently fast away from the diagonal. It is technically
useful to formulate some of our results in finite volume, i.e, we will work with restrictions
of the operators to £2(A) but the estimates obtained will be volume independent, meaning
that all the constants involved are independent of A C Z%. We will use 1 A to denote the
characteristic function of A as well as the natural projection Py : (2(Z%) — (2(A). With

these preliminaries we are ready to define the Schrodinger operators studied in this chapter.

2.2.2 Definition of the operators

Let Hanq = Hy + AV, be the Anderson model on (2 (Zd> where:

(A1)

C(v) :=sup Z |Ho(m,n)| (e”'m*”‘ — 1) < g, for some v > 0 fixed.
m
nezd

(Ag) Vi, is defined as in (2.2.2) and the random variables {w(n)}nezd are independent,

identically distributed with a density p:

P(w(0) e )= /p(x) dz, for I C R a Borel set.
I

(A3) We also assume that supp p = R with

p() > e—cl(p)|x—x/|(1+62(p) max{ |z|,|]2| }) (2.2.4)

for some c1(p) > 0, ca(p) > 0 and any z,2” € R.
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Before stating the remaining assumptions on p, we need to introduce some notation. Assume

that p satisfies (2.2.4). Let

i) — plx)
px) ™ o(a)hie —a)da (2.2.5)
where
eIl if ey(p) = 0.
h(z) = (2.2.6)

2
e~ PlT1"if ey(p) > 0.

(A4) The function p is bounded for some ¢, > 0.

Remark 1. The technical assumptions (Ag)—(Ay) will be needed for the large disorder result
of theorem 2.2 below. They include, for instance, the Cauchy distribution, the Gaussian,

—mlv|

e . Further details an related comments will

and the exponential distribution p(v) = 3

be provided on the appendiz of this thesis, section A.1.

The above requirements will suffice to show localization at large disorder on theorem
2.2 below. To show complete localization in dimension one, theorem 2.1 will also require a

moment condition on p, which is the following.
(As) For some € > 0 and some ¢, > 0, [°0_ [z]°p(z) dz < oo.

Remark 2. The assumption (Asg) covers, for example, the Gaussian and the exponential
distributions but it does not cover the Cauchy or other distribution with heavy tails. It
will be necessary for the one dimensional result of theorem 2.1 below. More specifically, this
requirement will imply a moment condition which will be needed to relate the Green’s function

to the Lyapunov exponent, see sections 2.11 and 2.11.5.

Remark 3. The specific bound on ((v) is necessary to ensure that the Combes-Thomas
bound |G(m,n; E + in)| < %e*l"m*m holds [6, Theorem 10.5], where G(m,n;z) denotes

(m|(H — 2)7|n), whenever this quantity is defined.
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Define the operator Hyyy},, acting on ¢2 (Zd> @ 02 (Zd> by

HT(w) 0 Hy+ AV, + gVT(w) 0
Hyup, = = (2.2.7)
0 H)(w) 0 Hy + AV + gV (w)
where the operators Hy(w) and H(w) act on 2 (Zd> and the so-called effective potentials

are defined via
Vi@ _ [ @Fn ) -
Vi (w)(n) (n|F(Hy)|n)
Note that the above equations only define Hy(w) and H|(w) implicitly. Existence and
uniqueness of V4 and V| will be shown in section 2.9.1 via a fixed point argument. The model
(2.2.7) is usually referred to as the Hartree approximation, due to the absence of exchange
terms. In section 2.3 below we will show that the terminology Hartree-Fock approximation
is justified when g < 0, which represents a repulsive interaction.
The Hubbard model is schematically represented in the following picture. The black

(horizontal) edges represent hopping between sites and the red (vertical) edges represent the

effective interaction between the two layers, which are identical copies of 7.

Figure 2.1: The Hubbard Model

BEEEEEE,

(0,0)

2.2.3 Main Theorems

Fix an interval I C R and define the eigenfunction correlator through

Qr(m,n) := |Sl|1p1 (I mle(Hp)In) | + | (mlo(H))In) ]) - (2.2.9)
pl<
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The operators Hy and H| are defined as in (2.2.7) and the supremum is taken over Borel
measurable functions bounded by one and supported on the interval I. In case I = R we

simply write Q(m,n). Our first result is the following:

Theorem 2.1. In dimensiond = 1, let Hy = —A and assume that the conditions (A1) —(As)
hold. For any A > 0 and any closed interval I C R , there is a constant g1 > 0 such that

whenever |g| < g1 we have

E(Q;(m,n)) < Ce—talm=nl, (2.2.10)
for any m,n € Z% and positive constants yu; = p1 (A v,n, 1), C(n, g, A, || Flloos I)-

Theorem 2.2. Suppose that the conditions (A1) — (A4) hold. For any dimension d > 1,
there exists a constant g5 = g(d,n, || F'||co, V) such that, whenever |g| < g4, there is a positive

constant \o(g) for which
E (Q(m,n)) < Ce Falm=nl, (2.2.11)

holds for X > Xolg), any m,n € Z% and some positive constants pg = p(d, ), g,v,n),
0(777 v, d7g7)\7 HFHOO)

Remark 4. It will follow from the proof that the constant g4 in theorem 2.2 can be taken
n(l1—e™ Y

proportional to TPl

Remark 5. The constant g1 in theorem 2.1 can be taken equal to be the minimum among a
1—e™V
1F oo

depends on the lower bound for the Lyapunov exponent of the Anderson model on (2 (7).

factor proportional to and the upper bound obtained in corollary 2.20, which also

Before proceeding to the next result, recall the definition of the integrated density of

states for an ergodic operator H :

TrP_ oo p)(IaHTY)

Ng(E)= lim 2.2.12
w(E) = Jim = 2212

Recall also that H is said to be ergodic (on Z%) when for every w € Q and j € Z¢
H = UHLUS. (2.2.13)
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In the above equality, T : 2 — ) denotes the measure preserving transformation given by

Tjw(n) = w(n — j) and the unitary maps U; are defined via

(Ujp) (n) = ¢(n—j). (2.2.14)

In fact, one can relax the above conditions and allow the maps U; to be of more general form,
the interested reader may consult [6, Definition 3.4]. In what follows, we denote by Ny(F)
the corresponding quantity for the free operator H( defined above, which is assumed to be
ergodic for the result of theorem 2.3, where we shall be concerned with the small disorder

regime and aim for bounds which do not depend upon A as A — 0.

Theorem 2.3. Assume that (A1) — (Ag) hold with z?p(z) bounded and that g> < X and
9’2 < N. Fiz a interval I where E — Ny(E) is ag-Holder continuous and a bounded interval
J CR. The integrated density of states Ny ,(E) of Hyyy, is Holder continuous with respect

to E and with respect to the pair (X, g). More precisely:

o For E,E ¢ 1
IN)g(E) = Nxg(EN| < Cla, 1, 9)|E - E'|* (2.2.15)

for a €0, %O%] and C(a, I, g) independent of A.

o If X\, N € J, we have that, for any E € I, a € |0, %] and 3 € |0, %],

[Ny g(E) = Ny s (B)| < Clag.d, 1) (|)\ NP g - g'|ﬁ) . (2.2.16)

2.3 Motivation

We shall explain the motivation for the above choice of the effective potential. We are
only going to outline the derivation of the self-consistent equations later in section A.2 as

this is a standard topic, see, for instance, [44, Chapter 3].
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Let A C Z% be a finite set. Following the notation of [11], we use ' to denote a one
particle density matrix, i.e, a 2 X 2 matrix whose entries are operators on 2 (A) and which

satisfies 0 < T' < 1. We then write

Ly Ty
Ly Ty

I' .=

where Fﬁ = Fh.

As in [11, Equation 3a.8|, the pressure functional P(I") is defined as

—p(I) = &) — g~ L8 (D). (2.3.1)
The energy functional is
E(0) =Tr (Hy— s+ AV) T+ g (nTy[n) (n|T|n) (2.3.2)
n
where we have identified Hy — k + AV, with
The entropy is given by
S(T)=-Tr(T'logl' + (1 —=T)log(1 -T1)). (2.3.3)

Generally, the choice of energy functional (2.3.2) is referred to as Hartree approximation
as exchange terms are neglected. However, in the case of a repulsive interaction among the
particles, it is easy to prove that such exchange terms do not affect the choice of minimizer for
—®(I") and the process may be referred to as the Hartree-Fock approximation. Indeed, the
Hartree-Fock energy for the repulsive interaction would incorporate the term —g| (n|I'y| |n) 2,
which is non-negative when g < 0, inside the summation. Thus, for repusive interactions,
off-diagonal terms can be disregarded for minimization purposes, see the analogue discussion
in [11, Section 4a|. The minimizer I of —P(T") exists since A is a finite set. Moreover, it

satisfies
1

n|I'yjn) = (n
(n] T| ) (nl ,3(H0—5+/\Vw+Diag(F¢)>

In) . (2.3.4)
1+e
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1
B(Hy—k+AViy+Diag (I‘T)>

(|l [n) = (n] n) . (2.3.5)
1+e

Thus, the effective Hamiltonian on £2 (A) @ €% (A) is determined by

A [ Ho+ )+ gVi(n) 0
’ 0 Hy + dw(n) + gViA(n)
VAW () = (n ! n) (2.3.6)
) ‘ 14 e,B(HO—K+/\w+gV¢) o
A B 1
Vit (w)(n) == (n| - By~ tgVy) In) . (2.3.7)

It will follow from arguments given below that if Ap is an increasing sequence with

UpenAg = Z% then, for fixed m € Z,

. A
Jim Vi (m) = Ve (m) (23.8)

and this fact ensures that, for localization purposes in the Hubbard model, it suffices to

study Hyyyp, and its finite volume restrictions.

2.4 Outline of the Proof of theorem 2.2

We now want to outline the proof of the theorem 2.2 in the related model where Hpy,
is replaced by the operator
H = Hy+ Mw(n) + gVeg(n) (2.4.1)
acting on (2 (Zd> with

1

Vet (n) = (n] ) - (2.4.2)

In this case, the eigenfunction correlator is defined as

Qr(m,n) := sup | (m|p(H)[n)|. (2.4.3)
<1
where the supremum is taken over functions ¢ which are Borel measurable and supported

on I.
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The above operator exhibits the main mathematical features of the Hubbard model,
namely: the effective potential is defined self-consistently as a non-local and non-linear
function of H. Thus, it is natural to first illustrate our methods here. For now let’s assume
the existence and uniqueness of V.g are proven, as well as its regularity with respect to
{w(n)}nEZd. Combined with estimates on the derivatives of Vg, the above facts form a
significant portion of the proof which is developed in sections 2.5 and 2.6. The, somewhat
straightforward, extension of the proof to Hyy,, will be explained in section 2.9. A feature
which theorem 2.1 and theorem 2.2 have in common is that the eigenfunction correlator
decay will be achieved via analysis of the Green’s function of H A—1q AH1p, which is H

restricted to a finite set A C Z%. Let
GMm,n,z) = (m|(HN = 2)7n) . (2.4.4)

Using the basics of the fractional moment method, which dates back to [5] and [1], we aim

at showing that, for some s € (0, 1),
A S
E (‘G (m,n; z)‘ ) < Cetalm=nl (2.4.5)

holds uniformly in z € CT, with positive constants C' = C' and ; depending on the param-
eters (d, s,g, \,v,n, || F|lc0) but independent of the volume |A|. In this context, the Green’s

function decay expressed by equation (2.4.5) implies
/
E(Q(m,n)) < C'e Hdlm=7! (2.4.6)

for some exponent iy = 4/(d. s, 9.\, von, [ Flloc) > 0 and €' = C/(,v,d, g, A, 5, ]| Fls0)-
This is well known and explained in the introduction of this thesis.
Another aspect which is shared by the proofs of theorems 2.1 and 2.2 is that the starting

point to obtain (2.4.5) will be the following a-priori bound.

Lemma 2.4. Given a finite set A C Z%, there exist a constant Cap depending on the

parameters (n,v,d, g, \, s, || F||co), but independent of A, such that

E (’GA(m,n; 2)

S) < Cpp (2.4.7)
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holds for any m,n € A.

The proof of lemma 2.4 will follow from lemma 2.5 below. Let

gVeff(n, w). (2.4.8)

Uy(n) =w(n) + 3

be the “full” potential at site n. From now on, to keep the notation simple, we drop the
dependence on w in the new variables {U(n)},ca. Note that U(n) and U(m) are correlated
for all values of m and n. The strategy is to show that, for g sufficiently small, they still

behave as if they were independent in the following sense:

Lemma 2.5. Fiz A C Z% finite and ng € A. The conditional distribution of U(ng) =
u at specified values of {U(n>}n€A\{nO} has density p{}o. Moreover, under assumptions
(A1) — (Ay) we have that

sup sup sup pﬁo(u) < 00. (2.4.9)
A ngeAueR

If, additionally, assumption (As) holds then pﬁo (u) € L' (R, |z|5dx).

The proof of the above result is detailed in section 2.8; it requires exponential decay of
|%ﬁ£§>| and |%| with respect to [m —n| and |m —n|+|l —n|, respectively. The need
for this decay is the main reason to require 5 > 0 or, in other words, to require analiticity
of F'in a strip. The intuitive explanation for lemma 2.5 is that the random variables U(n)
and U(ng) decorrelate in a strong fashion as |n — ng| becomes large. As explained in the
introduction of this manuscript, lemma 2.5 implies (2.4.5) for any 0 < s < 1 as long as A is
taken sufficiently large, see also [6, Theorem 10.2].

The proof of theorem 2.1 will require additional efforts involving tools which are specific

to one dimension, which we shall comment on below.

2.5 Existence of the effective potential

To justify the definition of the effective potential in (2.4.1), let ®(V) : £>°(2%) — ¢°°(Z4)

be given by ®(V)(n) := (n|F(T + AV, + gV)|n) . Recall that F' is analytic, bounded in the
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strip S = {|Imz| < n} and continuous up to the boundary of S. Our goal is to check that ®

is a contraction in £*° <Zd), meaning that

|@(V) - &) < ellV = Wl 0 (2.5.1)

||goo<Zd)

holds for some ¢ < 1 and all V,W € ¢®(Z%). Let R(z,H) = (H — z)~! and T be a self-
adjoint operator. Using the analiticity of F' we have the following representation for F'(7T)

[4, Equation (D.2)]

FUU:i%/j}R@+MJU—R@—MJwﬂﬂﬁ (2.5.2)

for all V € ¢>°(Z%), where f = Fy + F_ — D % F for Fy(u) = F(u =+ in) and D(u) =

W# is the Poisson kernel. As explained in [4], the above representation is a consequence
of the identities

Di+D_=6+DxD (2.5.3)

(with § denoting the Dirac delta) and
(Dy +D_)%F=Dx(Fy +F_). (2.5.4)

It follows immediately that || f]co < 3||F||co. This is a prelude for the following fixed point

argument, where the operator 1" will be assumed to satisfy

s%pz |T(m,n)| (e”‘m_nl — 1) < g (2.5.5)

Proposition 2.6. The following contraction estimates hold true.
e For any self-adjoint operator T on 2 (Zd> satisfying (2.5.5) and bounded potentials
V, W, we have, for any v’ € (0,v), that

/
72y/2e Y Im—n

< TN FlocllV = Wlloo.  (2.5.6)
i <1 — eV/_V>

(m|(F(T +V) = F(T +W)ln) |
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o For any self-adjoint operator T on (2 (Zd> @ 02 (Zd> satisfying (2.5.5) and bounded
potentials V, W on (2 (Zd> @ (2 (Zd> we have, for any v € (0,v), that

6—V’|m—n|
(P + V)~ PE+ W) | < 222 p v - Wik (257)

Ui (1 — e”l_”>

o For any m,n,j € Z%, the matriz elements (m|F(T + gV)|n) are differentiable with
respect to V (j) and

O (m|F(T + gV)|n) < 72v/2e v (Im—=jl+In—jl)
Flloo ||V 0o 2.5.8
i <) _ IFlclV] 2559

Proof. The resolvent identity gives

1 1 1 1
— — ———|n) + (m| — = —
T+V—-t—in TH+W-—-t—1in T+W—t4+wm T+V —t+in
1 1 1
= — Ww-Vv
v = T vt Tt

)

(m|

1 1 1
- - WV .
<m|(T+W—t+in T+W—t—z’n>( T ™

Taking absolute values in the first term on the right-hand side we obtain

1 1 1
Mm(T+V—t—m_T+V—t+m)mh40T+W—t—mm>
< > GY (m, st +in) — GV (m, Lt — i) [|(W = V)DIGY (1, ns ¢ + i)

lezd
B —v(l=n|+|i—ml) 1 1/2
§24%]G/ W)(D)le U v —pzr 2
X (m] ! |m>1/2.

(T+V — )2 +n2/2
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In the last step we made use of the Combes-Thomas bound |G (m,n;t +in)| < %e_’/|m_"|
as well as lemma 3 in [4, appendix D] to estimate the difference between the Green functions

as

GV (m, Lt +in) — GV (m, 1;t — in)|

1 1
< 12neVIm=ll Y24 HY2.
> ne <m|(T+V—t)2+772/2|m> <|(T+V_E)2+772/2’>

Integrating over t we conclude, using Cauchy-Schwarz and the spectral measure representa-

tion, that
1 1 1
J7% ’ ug <T+V—t7in - T+V—t+z‘n) W =V)rmw=p=51m) | dt (2.5.9)
< 220 5 |(V = W) (1) UlmnlHi=m), (2.5.10)

The above implies that

= (e e N e
— m — — n
2w T'+V—-t—in T+V —-t+1in T+W—t—1n

< 12\/_”‘/ W” —y/|m—n| Z e(V/—V)ll—nl
lezd
12 1
_ —\/_HV W|oo *V’\m*n\—d'
(1 — e’//_’/>

As a similar bound holds for the term

%
% o ‘ <m|(H0+W1—t+in - H0+W1—t—z'77> (V_W)H0+V1—t+in|n> at
we conclude the proof of the inequality (2.5.6) by recalling that || f|lcc < 3||F||co. The
inequality (2.5.7) follows from the same argument with the only difference that one has to
sum two geometric series, hence the modification of the upper bound by a factor of two. The
|%€*V|ﬁn|6*

bound (2.5.8) is proven similarly: note that |g||h vIm=jl is an upper bound

for the left-hand side of equation (2.5.9) with V replaced by gV and W = g(V + hP;), where
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Pj denotes the projection onto Span{d;}. We also observe that this time there will be no
summation over [, hence the introduction of the v/ is unnecessary. We then conclude that

(m|E(T + gV + hPj)ln) — (mIF(T + gV)Im) | 19172V2 )i n| —vim—j|
h N n

(2.5.11)
Letting h — 0 finishes the proof. O

Taking m = n we conclude that the contraction mapping condition (2.5.1) holds whenever

77(1 —e*”)d

lg| < :
72V2|| F|00

(2.5.12)

This observation yields the following.

d
n(l—e_y)
72V2|Flloc
potential Vg € £ (Zd> satisfying

Proposition 2.7. Let g; = Then, for |g| < g4, there is a unique effective

Vigt(n) = {n F(Ho + X + gVt ) (2.5.13)

Moreover, for A C Z%, there is a unique Ve%f in 0% (A) satisfying (2.5.18) with H replaced by

HA = TAHT,.

Remark 6. Replacing Hy by Hy— k1 we can incorporate a chemical potential in our results.
For simplicity, we shall make no further reference to k during the proofs and assume it was

already incorporated to Hy.

2.6 Regularity of the effective potential

Our goal in this section is to conclude that, for a fixed finite subset A C Z% with |A| = n,
the effective potential Vo is a smooth function of {w(j)}jep. This will be of relevance for

several resampling arguments later in the thesis. For that purpose, define a map

€0 0> <Zd> X R s (> (Zd) (2.6.1)

§V,w)(4) =V (4) — GIF(Ho + Aw +gV)]j) (2.6.2)
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Then, Veg is the unique solution of £(V,w) = 0. Thus, its regularity can inferred via the

implicit function theorem once we check that the derivative DE(+,w) is non-singular. Note

that
05(V, w)(J) 0 (j|F(Ho + Aw + gV) )
— 8. — 2.6.
v (1) it V(1) (26.3)
Using proposition 2.6, we have that
0 GIF(Ho + M + gV)Ig) | _ |\ T2v/2e™ 17l (2.6.4)
o0 .6.

av (1) < lgl

72V2|Flloc. < 1 we have that the operator D¢(w,.) : £*° (A) —

In particular, whenever |g| (o2

(% (A) is invertible since it has the form I+ gM where gM has operator norm less than one.
It is worth observing that the smallness condition on ¢ is independent of A C 7% 1t is a

consequence of the implicit function theorem that V' is a smooth function of (w(1),...,w(n)).

2.7 Decay estimates for the effective potential

We start this section with the following lemma, which will be useful in order to formulate

the decay of correlations between U(n) and U(m) as |m — n| — oc.

72v2|gl||F [l oo
77(1—6_’/)
Co(d, N\, 9,1, || Fl|co, V) such that

Lemma 2.8. Whenever < 1, there exist constants C1(d, X, g,n, || F|c0,v) and

max { Ze”‘n ml‘a%lzfﬂ(l)) evIn— m|’av;af(f7§1))‘ } < (2.7.1)
2Vog(n
Z oV ([l=n|+[n—m|+[l—m]) —83(7‘7/’?)ﬁa(w()l)‘ < Cy. (2.7.2)

l,m,n
Moreover C1 and Co can be bounded from above by a constant of the form 1 g with D and

0 independent of g and these constants are explicit in the proof.

Proof. For convenience of notation we let Vog = V' in this proof. As in section 2.5 we write

1 [ 1 1
F(H):Q_m'/oo (H—t—in_H—t+in) f(t)dt
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where f is bounded by 3||F||oc. Thus

Vin,w) = 2% /_ O; K(n,t,w) (1) dt (2.7.3)

where K(n,t,w) = G(n,n;t —in) — G(n,n;t + in). Denote by Py, the projection mapping

2 (Zd> onto £2 (Span{d,,}). Using difference quotients, it is easy to check

0 1 1 ov 1 1 1
=—-A P . 2.74
8w(m)H—z+gH—28w(m)H—z H-—z"H-z (2.7.4)
Taking matrix elements we obtain
OK(n,t,w) ~ oV (I)
i) ;G(l,n)aw(m) + Ar(m,n).
G(l,n) == G(I,n;t +in)G(n, l;t +in) — G(I,n;t —in)G(n, It — in).
r(m,n) := G(n,m;t+in)G(m,n;t +in) — G(n,m;t —in)G(m,n;t —in).
Note
G(l,n) = (G(l,n;t+in) — G, n;t —in)) G(n,l;t + in) (2.7.5)
+ (G(n,l;t+1in) — G(n,l;t —in)) G(l,n; t —in).
We now make use of [4, Lemma 3]:
Gl st +in) — Gyt —in)| - < 12ne 0 (o] ——L—— )12 (2.7.6)

(H—=t)2+n?/2

1 1/2
“aren

This, together with the Combes-Thomas bound |G(l,n,t & in)| < Ze YI="| and (2.7.5)

n
implies
~ 1 1
l < 4 —2V‘l—’n| 1/2 l l 1/2
|G(7n)|— 8e <n|(H—t)2—|—772/2|n> <|(H—t)2+772/2|>
1
|r(m,n)| < 48¢~2vIm=nl (m| = |m)1/2 (n| |n>1/2.

(H —t)2+1?/2 (H —t)2+1?/2
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Thus
- 0o 484/3
K(l,n) ::/ |G<l7n)’ dt < 8—\/_7Te—21/|l—n|

—00 n
o 48+/2
F(m,n) = / |r(m,n)|dt < ﬁe_%'m_n'.
—00 Ui

To summarize, we have shown the following inequality

8VOU(SZMFWB(FﬂEZRXL"ASKS$)+Aﬂ”“m>'
l

Ow(m) 27 w
Whenever % < 1 we have that
n(1-e~2v)
19[11K loo,00 < 1 (2.7.7)
where
1K 00,00 = s&;pi((l,m). (2.7.8)
m

Considering the weight W (n) := e’ =" we let

0 := SHSJOO s%p; MI/I//((T;)) K(n,1). (2.7.9)

By the triangle inequality,

F 3
6 < 3”2¢ supZe”‘”_”K(n, 1)

T n ]

_ T2V2|| Flloo
Tl —e )

721/2|g]

7 < 1, we have that
77(17671/)

hence, whenever

g6 < 1. (2.7.10)
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Moreover, with the choice

Dy =Y W(n)i(m,n) (2.7.11)
n
we have
22| F
Dy < L'“O‘ji (2.7.12)
n(l—e")

After conditions (2.7.7), (2.7.10) and (2.7.12) have been verified, the general result [6,

Theorem 9.2] applies, yielding

D
;9 = Ol(d7 ”F“Ooa >\>9>77a V)' (2713)

o) < X

Differentiating (2.7.4) with respect to w(l),
0 L o 1 ov 1
0w(m) () H — 2 I\ owl) H — 2 ) dw(m) H — =
% o 1 1 0V 1
H — 2z0w(m) \Ow(l) H — 2 TH—2 Ow(m)ow(l) H — =z

0 1 1 1 0 1
= A (&,u(l) H — z) PmH —z AH - sz (8w(l) H— z)

+y9

Repeating the previous argument and using the established decay of g:}/((rz)) we reach

(2.7.2), finishing the proof. O
Given a finite set A C Z%, let us define 7 : RIA — RIAI by

(Tw) (n) = w(n) + %veﬁ(n). (2.7.14)

Let U(n) := (Jw) (n) be the new coordinates in the probability space. The bound (2.7.1)
implies that, for |g| sufficiently small, 7 is a differentiable perturbation of the identity by an
operator with norm less than one hence I —1 is well defined.

Fix ng € A and denote by Uy = U + (a — U(ng)) dn,, the new potential obtained from
U by changing its value at ng to « € R. Let wy(n) = (57_1Ua) (n). The variables wq(n)
correspond to the change in w(n) when a resampling argument is applied to the new proba-
bility space at the point ng. Intuitively, the exponential decay shown above guarantees that

this change is not too large if n and ng are far away. This is the content of the result below.
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Lemma 2.9. Given a € R and |g| < )\C'l_l, we have

IglllFlloo
ol o Cilgl (I = Ut + 21205)
Z ‘Of(> ()‘S A (1_%00

n#n)

where Cq is the upper bound in equation (2.7.1).
Proof. Using the given definitions and the mean value inequality we obtain, for n # ny,
o) ()] < DV ,) — V(. 0)

<8 Pl -t

lezd )
oYy | Rl M) ;
bl 5 [Pt ) o).
I#n

Where @, denotes some configuration in the probability space with wq /() in the interval

connecting w(l) to wy(l). Let W(n) = e’In=n0l . According to (2.7.1),

w0 3 |y | <o e

< (.

Once again, the conditions of [6, Theorem 9.2] are satisfied for [g| < AC{ ! therefore

|9/l £l oo
e1/|n—no| wnl(n) — win C1lg| (|a —Ulno)l +2 A )
Z ‘Of() ()‘S A (1_%01)

n#n()

]

Since another application of the mean value theorem gives, after a possible correction on

wq that

G%ggzé)w) 8Veff n, wa ‘ < Z ’8 Veﬁ‘ n, wa H )
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we obtain that, for any v/ € (0,v), the difference ‘8%3((;;’)“) — 8V%i((7::;a) is bounded from
above by
a—Uln _|_2|g|||F||oo>
Cag| <’ (no)| A + 2/ F|lso 671/(|m7n\+|n7n0|+|mfn0|)'

1
A (1- o) a - e/
where C9 is the constant in (2.7.2).

In particular, letting / = v/2 and with the choices

we have
gl 12"
Colgl (. (Jo = UG +2205ke) gy
Z ’(A_B)m,n‘ < /\2 Cl |g| —V/2 3d + 1 71//2 2d
(m,n)eAxA (1 - 701> (1—e7/%) (1—e™/%)
(2.7.15)
We summarize the above observation as a lemma.
Lemma 2.10. Let A = % (%W) and B = % (%) . Whenever
J |A[X[A] J |A[X[A]

%C’l < 1 we have

> (A= B)mul < lgl* (Csla = U(ng)| + Cy) . (2.7.16)

(m,n)eAxA

Moreover, the constant Cs can be chosen independent of A and Cy is proportional to %

Finally, we analyze how the effective potential varies with respect to disorder and inter-
action. This will be relevant to the Integrated Density of States regularity with respect to

disorder and interaction strengths developed in chapter four.

Lemma 2.11. For a fized w € €}

05(d7 ”F”OOag’na va)

X=X+ C7(d, | Fllso, g, m,v)|g — 4.

(2.7.17)

[Vag(n) = Vi ()] < =
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Note when A # X\ the bound depends on w through the constant Cs.

1
H0+/\’w+g/V)\/7g/—z

Proof. Let Ry 4(2) = HOJF)\WJEQV/\ = and R/\/g/(z) = for z = t +in.

Similarly as in the above proofs, it is immediate to check that
R)\7g(2) — R)\/’g/(z) =\ — )\)R)HQ(Z)VMR)\/’Q/(Z) + (g — g)R/\’g(z)V)\/’g/R)\/g/(Z)

+ gR)\,g<Z> <v/\,g - V)\/,g/) R)\/7g/<2).

Replacing z by z and subtracting the resulting equations:

(Rag(2) = Bag(2) = (Ry () = Ry (%)) =

(Rag(2) = Bag(2) (N = NVer+ (6 = 9)Var ) Ry g(2)

+ Ryg () (X = WVo+ (6 = 9)Vyr 1) (By () = Ry (2))
9 (Rag(2) = Bag() (Vag = V) By g (2)

+ Ry (2) (Vag = Vi) (B () = By (2))

Taking matrix elements, multiplying by f(¢), integrating with respect to ¢ and taking absolute

values we can read from the representation (2.7.3) that, denoting

K)\,g(na l) = ‘GA,g(nﬁ l7 Z) - G/\,g(na lv Z)’? (2718>

Vg (n) = Vy ()] <

3| F % 3
HQ—JOOM U yw(m/ (Fagn, Dy gr(1m) + |Gy g (0. DRy o (01) )
lezd >

W) 1 5 7 (160 D1y ) + Gy DI K1)
2w 99 00 Ag\Tes PUNVASE N g\ Ag\s ’

lezd”

00
+ 2g Z / |G>\’g(n, l)||V/\7g(l) — V)\l,gl(l)|K)\l,gl(l,TL) dt.
lezd”

Using equation (2.7.6) together with [6, Theorem 9.2] we conclude the proof. O
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2.7.1 Improvements

We will now improve upon the previous bounds. More specifically, we need robust estimates
which also reflect the decay of the derivatives of Vog(n) when the local potential w(n) is large.
The content of this section will be important for a general fluctuation analysis on section 2.8
and for complete localization in the one dimensional setting. Before stating the main result
of the section we start with the following deterministic estimate, which incorporates ideas

from [4, Lemma 3].

Lemma 2.12.

1

(G (m, Lt +in)| < V2

Proof. To keep the notation simple, we set ¢ = 0 without loss of generality. Let H; =
el He=T where f(n) = vmin{|n — I|, R} for a fixed | € Z% and R > 0. By choosing R

sufficiently large, we may assume that |m — | < R. We then have
MG m, in) = (ml(Hy — in)~HI).

We claim that

[y — i)~ (H? + )2 < V2. (2.7.20)
Indeed,
L2 12,2 5 11/ 1 L2 P12
[1(H g = im) ™M (P ) V22 = I )2 i) ™ (H = i)™ (P )2
2 2
(2 2 1 2 1N7\1/2
I(H? + ) <Hf—m><H;+m>(H +)

where by [4, Eq D.9] (with f replaced by —f) we have

1 2
. _ 2, N
showing the claim in (2.7.20). The inequality (2.7.19) will now follow from
2 2
1 =12 TN1/2 2 N\—1/2
[(ml(Hy —in)™ 1) | < |(Hy — i)~ (B + ) 2 (H? + )72

2
<V2((H+ 570
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Lemma 2.13. There exists C7(\,n,d, g, || F|lco, V) > 0 such that, for m # n,

max{ (). () g1 | < Cre2Am (2.7.21)
and, for n # ny,
Cilg ol Fllso , 1\ sjun
‘w(n)(wa(n) ‘ ST 7|gg|C'1 (la — U(ng)| + 2 g . i = ey)d> o~ VIn—ng|
(2.7.22)

Moreover, whenever %C’l < 1, C7 can be chosen to be uniformly bounded as a function of

the parameters \ and g.

Proof. Recall that U(n) = w(n) + %‘/eﬁ‘(n) denotes the “full” potential at site n. We divide

the proof into two cases.

e Case one: U(n) > 0.

Let us start by noting that lemma 2.7.19 implies that for n,[l € 7%

(0}
/ G (n, Lt +in)G(1,n;t +in)| dt < —— 2V27 i
o 1
From the previous section we already know that
oV(n) [ v (1)
ow(m) /—oo ( g;T<n’ l)aw(m) + Ar(m,n) | f(t)dt (2.7.23)

where f(t) = Fiy(t+in)+ F_(t —in) — D« F(t) and
r(m,n) = G(n,m;t +in)G(m,n;t +in) — G(n,m;t —in)G(m, n;t — in).
Observe that, for z =t + in and n # m,

AMU(n)G(n,m; 2)G(m,n; 2)|

_ AU(n)] )
- W 2., Mol G, mi )G, . 2)

< <1—|— |)\U )Z|HO (n, )G(l,m; 2)G(m,n, z)|
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where we made use of the identity

(AU(n) = 2)G(n,m; 2) = dmn — Y Ho(n,)G(1,m; 2). (2.7.24)
]
Note that if U(n) > 0 and ¢t = Rez < 0, then

|
ORI (2.7.25)

Using the fact that ¢ f(¢) goes to zero as t — oo we conclude that

e C F
/ U (n)G(n, m; t+in)G(m,n: t+in)|| f(£)] dt < (v, ”’J loc) o ~2vim-—n| (2.7.26)
—0o0

Since a similar equation holds with m replaced by [, we can proceed as in the previous

section and, using the exponential decay of gr((g)), conclude the proof.

Case two: U(n) < 0.

In this case, the argument given above must be modified to take into account that the
inequality

||
IOEEE 1. (2.7.27)

is satisfied when ¢t = Re > 0. In this case, the immediate use of (2.7.23) would result
in a problem as tf(t) is unbounded as ¢ — —oo. This can be addressed by observing

that the Fermi-Dirac function F'(z) has the following symmetry

1 1
_ =1\ 2.7.2
1 4+ eBz—n) 1 + eB(=z+p) (2.7.28)

Hence we can make use of the representation (2.7.23) corresponding to

1
- = F* 2.7.29
e R 1) (2.7.29)
since, for m # n, the constant term does not affect the calculation of g;/((?z)) Denoting

by

JH(t) = Fi(t+in) + F*(t — in) — D« F*(1)
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we reach

V) _ [ S n VD
Ow(m) _/_ ( gzlj ( ’l)aw(m) +r(m, ))f (t)dt (2.7.30)

o

where now tf*(t) — 0 as t — —oo. Proceeding as in the first case the proof is finished,
showing (2.7.21). Following the proof of lemma 2.9 and using (2.7.21) we conclude
(2.7.22) O

Lemma 2.14. Let Ay and Ao be subsets of Z% with dist(A1,Ao) > 1. Let Vi be the effective
potential defined by
VEm) = (n|F(H2)n) for n e 24

C
where H2 denotes the restriction of H to the complement of Ao.

Then, for any n € Ay

oV (n) 0Vy(n)

— < —v(|m—n|+r) e
doim) ~ dugm) | = CmdA g [1Flloc,v)e (2.7.31)

Proof. The proof follows the same steps as in the previous results. The only modification

which is required comes when comparing the quantities r(m,n) and A3 (m,n) given by
r(m,n) = G(n,m;t+in)G(m,n;t +in) — G(n,m;t — in)G(m,n;t — in)
rAg(m, n) = s (n,m;t+ in)GAS (m,n;t+1in) — GAg(n, m;t — in)G’Ag (m,n;t —in).
We observe that

G(n,m; 2)G(m, n; z) — GP2(n, m; 2)GM2 (m, m; 2) =

C

G(n,m;z) (G(m, n;z) — GA2(m,n; z)) + (G(n, m;z) — o (n,m; z)> G (m,n; z).
Moreover,

G(m,n;z)—GA 2(m,n;z) ——)\ZGm,l,z GA2(lnz)
ZGAQ

+ 937Gl 1) (Ve 0) — VE) G50, 2).
l
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C
Since Veg (1) — V5 (1) can be expressed in terms of Green’s functions of 4 and H A2 the proof
is now finished using arguments identical to the proof of lemma 2.8 and the improvement on

lemma 2.13.

2.8 Proof of lemma 2.5

We now verify the existence of the density ’OQO' Fix A C Z finite. Recall that we have
defined
mmwyﬂ4m+§%ﬂmw) (2.8.1)

Until the end of this section we suppress the w dependence on U(n) and V,g. Note that, for

m,n € A,
oU(m) _ 9 OWVegt (m)
= : 2.8.2
do(m) " X ow(n) (282)
We have denoted the above change of variables by 7 : RIAI RW, which reads
T (w(n1),....w(n)) = U(n1), ..., Ulnp)))- (2.8.3)

It is now simple compute the joint distribution of the variables {U (n)}neZd' Using the
fact that the random variables {w(n)}nezd have a common density p we conclude that for

all Borel sets I, ..., Iy in R:

P(U@QEILUWUWMQGQM>:

Al
/ H plwlng)) dw(ny,)
Al B
= det J U(ng)) dU(nq)...dU
/le...xI|A|| ‘ 1|Hp< ”k> (n1)...dU (n)y))
_/ ‘det <[+Q8Veﬁ’ ni, J >| ﬁ < g (n 57_1[])) dU(n )
le...xI|A| A (9U n] P eff \"'k> k).
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Therefore the joint distribution of {U ("k)}LA:‘1 is given by the measure

A

1~ (U(nk) - % eﬁ(nk,TlU)) dU (n1)...dU () ).
k=1

-1
e (1-+ )

(2.8.4)
It follows that for each ny € A the conditional distribution of U(ng) at specified values of

{U<”)}n7én0 has a density given by

oV, T U _
et (14 § e L) T o (U ) — Ve 7 10)

Vo (1, 1Ua A _
25 et (1 + § G E Y 0 (U2 () = §Ve (g, T 10))
(2.8.5)

A
pno =

Where U%(n) := U(n) + (o — U(ng)) dp=ng- This strategy naturally leads to the analysis of
ratios of determinants. A sufficient condition for finding an upper bound to the right-hand
side of (2.8.5) is to obtain positive constants C' = Chyet(U(ng)) and D = D(«) which are

independent of |A| and such that the following estimates hold true

g1«
]det([+%aveff(nzﬁf u ))\

— i(:(gj) - 2 D). (2.8.6)
| det (1 + §ellizis 5 )|
| Dl (o= Liano, 7 10) d® = Cou U n0) 2.87)
where 1
a._ p (UY(n) = {Vegp(n, T —U®))
dr* =[] > (O = g (.70 da. (2.8.8)

nelA\{ng}
The bounds (2.8.7) and (2.8.6) readily imply that letting U(ng) = u

P (u — $Veg(no, 710))
Chuet (u)

Lemma 2.5 will follow from a precise control of the right-hand side of equation (2.8.9).

(2.8.9)

We now execute the strategy which was outlined above. The ratio of determinants can

be controlled through the following bound, where ||M]|; denotes the trace norm of a matrix

M.
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Lemma 2.15. Let A, B be square matrices with I + B invertible. Then,

det(I+A)| _ (a-B)(1+B)Y|
o (I+B)' <e 1 (2.8.10)

Proof. We make use of the elementary identities

det(I + A)

det7 ) detd AU+ B)™! (2.8.11)

and

(I+A)(1+B) '=I+(A-B)(I+B) 1 (2.8.12)

The proof is now finished with the inequality
|det(1 4+ M)| < Ml

which holds in the general setting of trace class operators, see [49, Lemma 3.3] O
The triangle inequality for the trace norm implies the following.

Corollary 2.16. Under the above conditions

det(I +B)| _ = Ymal(A-B)0+B)71) |
det(T + A) ‘ = (28.13)

. oV (n;,w) g [ OV(n;wa) .
Letting A = ¢ < L= ) , B =% (—Z) and using lemma 2.8 we
A 8U(nj) IA|x|A| A 8U(n]) Alx|A|

see that, for |g] < AC| 1 (1 4+ B)~! has uniformly bounded operator norm. Using lemma

2
2.10 and corollary 2.16 we conclude that (2.8.6) holds with D(a) = e~ 191°C3(la=U(ng)l+Cyq)
We now check that equation (2.8.7) holds when p satisfies the fluctuation bound (2.2.4).

We divide the proof in two cases:

e Suppose that co(p) > 0.

Let ¢, = max{c1(p), ca(p)}. The left-hand side of (2.8.7) is bounded from below by

/OO D(a)p <a - %Veff(no,fr—an)> 11 e—Cplw(n)—wa (n)|(1+|w(n)|[+lwa(n)]) 4,
- neA\{ng}
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which equals
o
/ D(a)p (04 - % oft (R0, 7*1Ua)) 5 da
—00

for

Sm)= Y —cplw(n) —wa(n)|(1 + [w(n)| + lwa(n)]). (2.8.14)
neA\{ng}

Due to the triangle inequality and lemmas 2.9 and 2.13, we conclude that there is a
positive constant C' = C(d, || F||cc, 9,1, ) with limg_0 C(d, || F'||~, g9,7,v) < oo such

that for n # ng

= ¢plw(n) — wa(n)| (1 + w(n)] + [wa(n)]) =
— ¢cplw(n) —wa(n)| (1 + 2Jw(n)] + [wa(n) —w(n)])

> —lglepe ™m0l (C%a — Ulng) 2 +2C1a — U(no))

Therefore,

cp D> |wm) —wa(n)| (1 + wn)| + |wa(n)]) >
neA\{np}
22 (O~ Uln) +2C]a — Ulng)|))

—|g|(1_e 5

Thus, by choosing |g| sufficiently small so that |g|(4#d02 < ¢p and using the
1—e™

Y)

assumption (A4) we obtain that the integral below is finite and bounded from below

by a positive constant independent of A and ny.

00 _ 9 —1lrra
/ A AViﬂ(noﬁ Ul)) S0 gy,
—00 P (U<n0) - Xveﬁ(nOa v U))

where S(n) was defined in (2.8.14). This, together with (2.8.9), verifies lemma 2.5
when ca(p) > 0. If p satisfies the assumption (As) the above argument yields pﬁ}o(u) €

LY (R, [ulfdu).

47



e Assume that ca(p) = 0:

Similarly to the above argument, the left-hand side of (2.8.7) is bounded from below

by
. w ey Il ClaUng)
/ (o) p(a /\Vzﬁ(no,? Ul)) o (1-ev)d (2.8.15)
. p (U(ng) — §Veg(no, 7 -10))
Where, from (2.2.4)
g —l7ra —c a—U(n M
p (= §Veg(no, T 1UY)) S 1(p)(| Ul O)HA). (2.8.16)

>e
p (U(no) — {Vert (no, 7 710))
Again, choosing |g| sufficiently small we conclude that

(o = $Vogp(ng, 7 71UY))

00 P
0 < D
/oo (O‘)p (U(no) — §Vesr(no, T ~10)) ne/\lgno}

finishing the proof.

2.9 The Hartree approximation for the Hubbard model

Let us now explain how the techniques from the previous sections can adapted to the

Hubbard model. Recall that Hy,p, is defined as

HT(W) 0 Hy+ AV, + gVT(w) 0

0 Hi(w) 0 Ho+ MV, + gVi(w)

acting on (2 <Zd> @ 02 (Zd>. The operators Hy and V,, are defined as before, i.e; Hy+ AV,

is the standard Anderson model acting on ¢2 (Zd>. The effective potentials are given by

Vi@ | [ lFHn) | (2.9.1)
Vi (w)(n) (n|F(Hy)In)

Mathematically, the treatment of the above model is very similar to the one explained

above, therefore most details are skipped and we just indicate the required modifications.
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2.9.1 Existence of the Effective potential
Let (X, V) : ¢ (24) @ 0 (24) - > (2) @ ¢ (27) be given by

(X, Y)(m,n) = ((n|F(Hy+ Vo +gY)|n), (m|F(Hy+ Vi, + gX)|m)) .
using proposition 2.6, we immediately reach

[P(X1,Y7) — ¢(X2,Y2)||goo(zd)®goo(zd) <

72V2
9 2 Pl (HXl = Xl )+ 1~ (Zd)) -
n (1 —ev V)
Therefore, if |g|%||FHoo < 1 we conclude ® has a unique fixed point
n{l—e¥ —¥

Vet = (V4. V) (2.9.2)

belonging to £*° (Zd) @I (Zd>.

2.9.2 Regularity of the effective potential

Fix A ¢ Z? finite and define functions & : (£°° (A) @ £ (A)) x R? — (% (A) @ 7 (A)
through
V@) () = V(i) = GIF(Ho + X+ gV)Li) (2.9.3)
EV,w)(5) = VHi) = GIF(Ho + do + gV3)l3) (2.9.4)
Our goal is to conclude VT, V+ are smooth functions of an arbitrary, but finite, list {w(i)}jea-

Again, this can be done via implicit function theorem once we check that the derivative

v () gt v () e
is non-singular. Using lemma 2.6, we have that for § € {1,]}
0 (j|F(Ho + Aw + gV3)|j) 72¢/2e =217l
< Fllo. 2.9.
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In particular, whenever |g|144\[¢1;ﬂ;§> < 1 we have that the operator DE(-,w) : £°° (A) &

(> (A) — (°°(A) & €*° (A) has an inverse. From the implicit function theorem it follows

that V' is a smooth function of (w(1),...,w(n)) for n = |A].

2.9.3 Decay estimates

The decay rate in the case of the Hubbard model is dictated by

OVt(n) . v,
V(i
A ‘ = 3’9”|F||OOZK¢ (1,m) awz;)))w}(n). (2.9.8)

where, for £ € {1,]}

C:’ﬁ(l,m) = Gy(l,n;t +in)Gy(n, It +in) — Gy(l, n;t —in)Gy(n, l;t — in).

ry(m,n) = Gy(n, m;t +in)Gy(m,n;t +in) — Gy(n, m;t —in)Gy(m, n;t — in).

Ky(l,m) = /_O:O |Gy(1,m)| dt.

Fﬁ(n) = /_O:O \Tﬁ(n)\ dt.

In particular,

OVi(n 8V
T()‘+ 1 (n

V(1) oV (1)
Jw(m) T ‘ i D

i Sl Pl 3 (Rt + 1) (I |+ [
+ (F3(n,m) + 7 (n,m)) .

The analysis from the previous sections applies and we obtain lemmas 2.8,2.9,2.10 and

My
2.13 with |.| being replaced by the matrix norm |M| = | M|+ |May]| for M = . The

May

effective potential and its derivatives are to be interpreted as follows:

50



Ve () Vet (1) e 0*Vegr (n) Folm)a(l)
v _ e e _ w(m) d eff _ | dw(m)w(l)
eff(n) V$ (n) ! Ow (m) aveiﬁ' n) an aw(m)aw(l) 82Ve¢ff (n)

eff Bus () do(m)w(l)

2.10 One dimensional Aspects:proof of theorem 2.1

In this section we will prove theorem 2.1. We let Hy = H[O,oo)mZ and denote by

G (m,n; z) the Green’s function of H'. Recall the definition of the Lyapunov exponent:

L(z) = -E (In|G(0,0;2)|) (2.10.1)

Land(z) = —E (In|G}_4(0,0;2)]) . (2.10.2)

Recall in this case Hy = —A hence, we define Hyy,}, acting on (62 (Z) & 2 (Z)) by

HT(W) 0
Higyp, = (2.10.3)
0 Hi(w)
where, denoting by Hapq the standard Anderson model —A + V, on (2 (Z),
Hy(w 0 H + gVi(w 0
1+(w) _ [ Hanatg t(w) | (2.10.9
0 H(w) 0 Hppg + gV (w)

The effective potentials are defined as (2.2.8). In the theorem below, we will use an abbre-
viation and o£'(z) will refer to the Lyapunov exponent of either Hy or H| whereas £L,q(2)

will denote the Lyapunov exponent of the Anderson model on ¢2 (Z).

2.11 One dimensional aspects: strategy of the proof of theorem
2.1

The argument for proving theorem 2.1 follows closely the approach in the proof of theorem

12.11 in [6], which we now recall.
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2.11.1 Main ideas in the i.i.d case

In the reference [6, Chapter 12] the decay rate for the Green’s function is described in terms

of the moment generating function, defined by

InE(|G(0,n; 2)|*
o(s,2) = lim REUGO.m2)[N) (2.11.1)
|n|—o0 n|
The existence of the above quantity for all z € C™ and s € (0,1) and its relationship to the

Lyapunov exponent are a consequence of Fekete’s lemma:

Lemma 2.17 (Fekete). Let {ap}pen be a sequence of real numbers such that, for every pair
(m,n) of natural numbers,

Then, a = limy 00 92 exists and equals inf, ey %L

It is an elementary observation that if, instead, the sequence {ap},cn satisfies the in-
equality an+4+m < ap+am+ C then the above result applies to by, := a, + C and that an ana-
logue statement holds for superadditive sequences, i.e, sequences which satisfy (2.11.2) but
with the reversed inequality sign. In the i.i.d. context, the sequence a,, = InE (|G(0,n; z)|*)
is shown to be both subbaditive and superadditive, meaning that there exist constants

C_(s,z) and C (s, z) for which

holds for all m,n € N see [6, Lemma 12.10]. A consequence of this fact, together with a
precise control of the arising constants, is stated below where we operate under the assump-
tion that the random variables {w(n)},cz have a density p which satisfies p € L' (R; |u|¢du)

with € € (0,1).

Lemma 2.18. /6, Theorem 12.8] For any z € C*, there are cs(z), Cs(2) € (0,00) such that
foralln € Z
i 1(2)eP A < E (|G q(0,m;2)|°) < Cy(2)e? 520 (2.11.4)
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Moreover, for any compact set K C R and S C [—¢,1), we have the local uniform bound
sup  sup  max{cs(2),Cs(2)} < o0 (2.11.5)
s€S ze K+i(0,1]

and the same result holds with z replaced by its boundary value E + 10 for Lebesque almost

every E.

On the other hand, for fixed z € CT, (s, 2) is shown to be a convex function of s and
non-increasing in [—¢, +00), with its derivative at s = 0 satisfying % =—L(z). Itisa
consequence of these facts that for almost every E € R there exists a value s = s(E) € (0,1)
such that

s

o(s,B) < =S L(EB). (2.11.6)

The above is the content of [6, Equation (12.86)]. Dynamical localization is shown to hold
locally as a consequence of the inequality (2.11.3) along with lemma 2.18, the inequality

(2.11.6) and Kotani theory, which establishes that JL'(F) is positive for almost every E € R.

2.11.2 Modifications

In this section we will outline the proof theorem 2.1 with Hyy,}, again replaced by the operator
H on (2 (Zd) defined in (2.4.1). For simplicity we set A = 1 since the disorder strenght does
not play an important role in theorem 2.1. Let HT = H [0,00)NZ be the restriction of H to

2 (Z+) and denote by G (m,n; z) the Green’s function of Ht. Recall the definition of the

Lyapunov exponent: initially, for z € CT, we let
L(z) =—E (In|GT(0,0;2)]). (2.11.7)

By Herglotz theory (see, for instance, [6, Appendix B] and references therein) it is seen that,
for Lebesgue almost every £ € R, L(E) is well defined as lim;_, ,+ £L(E +1id). Finally, recall

the uniform positivity of the Lyapunov exponent for the Anderson model on ¢2 (Z):

ess inf °CAnd(E) > GEAnd (2.11.8)
FeR
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for some LApq > 0. The first step towards Green’s function decay (2.4.5) will be showing

uniform positivity of L (E), which is accomplished by the following.
Theorem 2.19. There ezists a constant Cpyap (5,1, g, [|[Flloc) > 0 such that

[£(2) = Land(2)] < Cryaplgl® (2.11.9)
for all z € CT.

Proof. From the resolvent identity we obtain

G*(0,0; |G Ana(m: 0; 2))|
ORI 1 4 gl Y160, 2 A (2.11.10)
| And( ;2)] n |G Ana(0,0:2)]
|G A (0,05 2))| |G (n, 0; 2)]
<1+|g||F G (0,n; 2) =1 2.11.11
GroGa) < Il 2 160 w5 ) AL
Using the bound In(1 4 z) < ‘%S for 0 < s <1 and z > 0 we reach, for 0 < s < 1/2,
+(0,0; ,0;2)]°
n [ JG(0.0 2)| |9| \|F||OOZ|G+ (0, 7; )ys| G na (7 052 . (2.11.12)
|GAnd( ;2)| |GAnd(0,O; z)|®

Taking expectations, using the definition of the Lyapunov exponents and the Cauchy-Schwarz

inequality

|g| 96\ 1/2 GLq(n,0:2)[%8 12
Lana(5) = L) < 9P, supy E (1GF(0,m: 2)[%) ZnE( ud 2)
G (002)%
— Oy, v, [ Flloo)lg (2.1113)

The fact that Cpyy,p is a finite quantity follows from a couple of remarks. Firstly, by Feen-

berg’s expansion [6, Theorem 6.2] we have the identity
|G apa(m: 0 2)| = [G£,,4(0,0; 2)[|G 54 (1,75 2)] (2.11.14)

where GXnd(l’ n; z) denotes the Green’s function of Hy,q restricted to ¢2 (Z)N[1,00). From
the a-priori fractional moment bound on lemma 2.4 combined with the Green’s function

decay for dimensional Anderson model
E (yc:jmdu, n; Z)FS) < O(s)e HAndIn| (2.11.15)

we conclude that that Cpy,, < oo. The estimate for o£'(z) — Lapq(2) is similar. O

54



In principle one might worry that the pre-factor Cpy,p, on the above bound will depend
on g. However, it is easy to see from the arguments in the proof of lemma 2.4, that Cap

converges to a finite quantity as ¢ — 0, thus we shall disregard its dependence on g.
T 1/s
Corollary 2.20. Whenever |g| < <O€—nd) holds for some s € (0,1/2), we have
yap
Ly :=ess inf L(F) > 0. 2.11.16
= e nf £(F) (211.16)

We can now proceed to the second step of the proof of theorem 2.1, which consists
of establishing Green’s function decay from corollary 2.20. For that purpose, an important
detail to keep in mind is that, in the correlated context, if we choose a,, = logE (|G(0,n; z)|*),
the condition (2.11.3) will not be fulfilled for all pairs (m,n) due to the lack of independence
between the potentials. This means that Fekete’s lemma is not applicable. Moreover, its
well-studied modifications (for instance by P. Erdés and N. G. de Bruijn [24]) do not seem
to suffice either.

To the best of our knowledge the result given below is new. Its formulation takes into
account the strong decorrelation between the potentials in the Hubbard model and introduces

a notion of approximate subbaditivity.

Lemma 2.21 (Fekete-type lemma for approximately subbaditive sequences). Let § > 0 be
giwven and {ap }nen be a sequence of real numbers such that, for every triplet m,n,r of natural

numbers with r > d max{logm,logn}, the inequality

holds with a constant C' independent of m,n and r. Then,

a= lim 2 (2.11.18)

n—oo n

exists and equals inf, - a”;rc . Moreover, o € [—00,0].

Note that, as a consequence, we have

an > noa—C (2.11.19)
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for all n € N, where C' is the same constant as in (2.11.17). The following decoupling

estimate guarantees the applicability of the above lemma with the choice

an —logEOn <|G(0 n; z)|* )

where G(0,n;2) = (0|(H 0] — %)~ In) is the Green’s function of the operator H restricted

to £2 ([0,n] N Z) and E(g,n) denotes the expectation with respect to U(0), ..., U(n).

Lemma 2.22. [Strong mizing decoupling] There exist constants Cpec(s, v, 1, g, | F|lco) and

d=0(n,v,q,||F|lsc) such that the inequality

Efounmtr) (IGO0 +m+732)*) < CpecBig ) (1G(0,m:2)]) Epg y (1G(0,m;2))°)
(2.11.20)

holds whenever r > § log max{m,n}.

A combination of lemmas 2.22, 2.21 and equation (2.11.19) yields the lower bound

C

Do < By (1G(0,n52)7)  for all m € N, (2.11.21)

As we shall see in section 2.11.5 below, an application of the lower bound (2.11.21) in
combination with the superadditive version of lemma 2.21 applied to the sequence b, =

—¢(s, E)n+1ogE( <|G(0 n; z)|* ) is enough to establish an upper bound
E (]G(O,n; z)\s> < O(s,2)e?5#" for all n € N. (2.11.22)

where the constant C(s, z) is locally uniform in (s, z) € (0,1) x C™.
After obtaining an analogue of lemma 2.18, the final step will be to relate the moment-

generating function to the Lyapunov exponent through an inequality of the type
o(s,E) < —SOL‘O. (2.11.23)

In reference [6], the bound (2.11.23) is stated with «L{y replaced by £ (E) and with s depending

on FE. However, it is easy to see from the from the arguments given there that s can be

56



chosen locally uniformly in E, see [6, Equations (12.79) and (12.80)]. Moreover, by making
use uniform positivity of the Lyapunov exponent obtained in corollary 2.20 we reach the
inequality (2.11.23). The Green’s function decay follows from the bounds (2.11.22) and

(2.11.23).

2.11.3 Proof of Lemma 2.21

For simplicity we set C' = 0. The general statement will follow by considering the related
sequence by, := ap, + C. Given integers L and ¢ with L >> /¢, our goal is to bound GTL from

above in terms of %. As a initial step, observe that by (2.11.17) we have

ar, < ar—g§log L—¢ 1 y-

Iterating the above procedure k + 1 times for

L—20—4dlogL
dlog L+ /¢

k=kep:=| | (2.11.24)

we obtain

aLS(kJ—I—Q)CLg

In the above iteration we have made use of the fact that in the assumption (2.11.17) the
remainder r can be adjusted as long as it satisfies the inequality given there. Thus,

f(/{? + 2) ap

<
- L l

ar,
— 2.11.25
L ( )

Before proceeding with the proof, a few remarks are in order. Firstly, nothing is achieved
by holding ¢ fixed and letting L — oo directly on equation (2.11.25) since this only yields
the upper bound of zero. A second attempt would be showing that letting ¢ — oo (hence,

L — oo as well) implies that the ratio ]%g converges to one. However, as

14 k?
— < =K 2.11.26
wrL—7 <7 Sar ( )

for the choice

(2.11.27)



we see that % converges to one as £ — oo only along a subsequence where

14 log L
E—)O and 8

— 0. (2.11.28)

Taking this into account, let € > 0 be given and ¢1 be an initial scale to be determined. Let
L >> {1 be a positive integer to be interpreted as a larger scale. Iterating equation (2.11.25)

throughout a sequence of scales
by <ty < ... <Uy, <L <In;41 <. (2.11.29)

satisfying, for some p > 0,

plog (€ ) <logljy1 <p 2 log (E ) (2.11.30)
and
> l;
— 2.11.31
Sk any
we reach, for gy 7, defined in (2.11.27),
Ny—1
20 L 2£ a
CLL NL 61
—_— .y —. 2.11.32
2 (a5 T e 22) 0

Since Ujlipg — 1 as j — oo, due to (2.11.31), we conclude that the value of ¢1 can be

chosen (independently of L) so that

Np-1
(i 20N
—J) +log (CMNL’L + TL <e. (2.11.33)

2
Z log (qgj £]+1 T V4

j:
Thus

ar, al
= <ef—=. 2.11.34

L — c lq ( )
Moreover, the above conclusion holds for any integer ¢ sufficiently large, as long as L >> /.

In particular, we can also require that

a
N (2.11.35)
1o

Combining equations (2.11.34) and (2.11.35) the proof is finished letting ¢ — 0.
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2.11.4 Proof of lemma 2.22

We will show that the following inequality holds

B mtmer] (IGO0 +m+732)[7) < CpecBpg ) (1600, 7:2)1°) Epg ) (160, m5 )1
(2.11.36)
where Cpee = CapeC g |IF ||OO)€_V/T(m2+"2), Ejo,n] denotes the expectation with respect
to the variables U(0), ..., U(n) and Cap is, up to a multiplication by a constant independent

of m,n and r, the constant obtained on the a priori from lemma 2.4. Denote
w=(w(),.,wn+1),wn+r),..,wn+r+m)) (2.11.37)
and let us change variables according to
o U. (2.11.38)

We remark that the variables w(n + 2),...,w(n 4+ r — 1) are fixed in this process.

Note that by lemma 2.4 and a geometric resolvent expansion we have

E(GO,n+m+7:2)°) < CapBanyt nyr (IGO,052)Gln 7+ L7+ mi2)[*)
(2.11.39)
where E_,, 11 ,,4, indicates that the variables U(n + 1) and U(n + r) were integrated out.

Observe that the corresponding Jacobian has the structure

= Anxn @nx(m—H“)
G(erT)xn @(m+r)x(m+r)
where
B OVert (4) OV (y) _ OVeg(n+)
ik =05k 95000 ik = g0tk S T I ey
Moreover,

grxr erm

@mxr @mxm
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where J,«, is the identity matrix and

2. NVeg(n+1r+7)

WVeg(n+ 7 WVeg(n+r+7
jk:(gjk+gaU(n_’_r+k)’ Q'k;_ eff( ) o eff( )

/ _gﬁU(n+7‘+k)7 k=3 oU(n+ k)

By the Schur complement formula
det § = det A det P det (gm—i—rxm—i-r - CD—lGﬂ_l@) det (gmxm . @‘%99) . (2.11.40)

where, according to the estimate (2.7.1), the matrices B and Q have entries which decay
exponentially away from their lower-left corner. Likewise, the entries of C, © decay expo-

nentially away from their upper-right corner. It readily follows from lemma 2.15 that,
det (gm—l—rxm—H" - @—1Gﬂ—1@> det (gmxm - @—1@9> < O, 9, || F|oc)-

therefore, for C' as above,

det § < C'det A det P.

Let p(l) = p(U(l) — gVeg(l)). We obtain a decoupling estimate by observing that, setting

U(l) =0 for [ > n+r+ 1 would only alter

d Ve (7)

by at most a factor which decays as C(1, g, || F||oo)e 11— for 1 < j, k < n. This follows
from the exponential decay on lemmas 2.8, 2.13 and 2.14. Similarly, we can set U(l) = 0 for

[ < n and this only changes

Ve (j) and _%%fgg)

by at most a factor which decays as Ce VIr+i=kD for n+r < J,k <m+n-+r. The above

process yields two independent measures

A1) dU (1) (2.11.41)

Vet ()
To,n] 0 g oU (k) [0,n] Oglln

and

WVerr ()

d O = det“ (I 9 )
17 + +
[n—|—r—|— n+m 7“] 31/ (k)) [n_|_r+17n—|—m—|—r} n+r+1<n+r+m
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Using lemma 2.15 we then arrive at an inequality of the type
N r —vre 2,2 ~
]E[O,m+n+r] (|G(O,n +m+r; z)|5) < OAP@CO%%” lloo)e (m“+n?) / |G(O, n; z)|s dﬂ?om}

0
X / IGL(n+r,n+r+m;z2)° dw[n+r+17n+m+ﬂ.

Rewriting the above conclusion in terms of expectations we obtain

Efgmsntr] (IGO0, 0+ m+7:2)*) < CpecEpo,q (1G(0,m52)[°)

X B 1 nmar] (Gr(n+rmn+r4+m;2)°).

— 2,2
where Cpee = CApeC(”’g’HF”OO)e Y (m%+n%) At the expense of increasing C'ap the above

expectations can be replaced by expectations over the full probability space, which yields

the desired conclusion by translation invariance.

2.11.5 Proof of (2.11.22)
We shall modify the proof of lemma 2.22 to obtain a “super-additive” estimate of the form

A )
E(0,n+m-r] <|G(0,n +m+r; z)|5> > C(s, E)BSO(S,Z)TefC’(n,g,||F|\oo)e VT (m24n?)

XEfo,u] (1G(0,752)[%) Bpg ) (1G(0,m; 2)1°)

where the constant C(s, z) can be chosen locally uniform in z and s € (0,1). Since the argu-
ment is very similar to the one in the proof of (2.11.36), we only explain the key modification
which consists in obtaining a lower bound for E[n+1’n+7ﬂ] <]G(n +1,n+r; z)]5> as follows.

We start by writing
IG(n+1,n+7r2)° =|G(n+1,n+1;2)|°|G(n+2,n+r; 2)|5 (2.11.43)
Using Jensen’s inequality we have that, for any e € (0, s),
-5
9

Epiq (|(;(n Yl z)|3> > B (|é(n Yl z)|—€) . (2.11.44)
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where E,, ;1 denotes the conditional expectation with respect to U(n + 1). Making use of

the discrete Riccati equation [6, Proposition 12.1] we obtain
Epi1 <|G(n +1,n+1; z)|_€> =E,11 <|U(n +1)—z2—-G(n+2,n+2; z)|5> . (2.11.45)
Equations (2.11.43), (2.11.44) and (2.11.45) together with lemma 2.5 yield a lower bound
Elnt1,n4] <|é(n +1,n+r; z)|5> > C(2, 8)E[ 49 nge] <|C¥(n +2,n+7; z)|8) (2.11.46)

which in combination with (2.11.21) implies that, after a suitable adjustment of the constant
Q(S7 2)7
Efpt1,n4+] (\é(n +1,n+r; z)\s) > Oz, s)ew(s’z)r. (2.11.47)

Equation (2.11.43) follows from the above inequality combined with a decoupling esti-
mate analogous to the one in the proof of (2.11.36). Again, choosing r comparable to

max{logm,logn} we obtain

E (0, n4m] <|@(O, n+m+r; z)]s) > Ofs, z)e? (527 Efo,) (|é(0, n; z)|8)

XE g (1G(0,m:2)]%)

multiplying both sides of the above inequality by e~ P(s:2)(m+n) anq taking logarithms we

conclude that the sequence by, = log e~ #(5:2)n (E[O,n] (|C§’(O, n; z)|5>> satisfies

The bound (2.11.22) now follows from an application of the supperaditive version of lemma

2.21.

2.12 Holder Continuity for the integrated density of states at weak
interaction

In this section we shall address the problem of Holder continuity for the integrated density

of states for the Hubbard model with respect to energy, disorder and interaction. Our
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results follow from modifications of the methods in [29] and references therein after we have
established the existence of a suitable conditional density as in lemma 2.5.

Let’s now prove theorem 2.3, starting from Holder continuity with respect to energy,
equation (2.2.15). We proceed as in [29, Section 2]. For simplicity, we replace Hyy,p, by
H defined in (2.4.1). The arguments given below will be applicable to Hy and H| and,
therefore, suffice to show the same result for Hyyy,.

Fix an energy interval I of length £ > 0 centered at ¥ € R. The idea is to use the Holder
continuity of Ny and the resolvent identity to reach the following inequality for ¢ << 1 and

|I| = &, where we denote by Py(I) the spectral projection of H* on the interval I.
(1—o0(e)E(TrPy(1)) < C(I,p)e|A|. (2.12.1)

Dividing both sides of (2.12.1) by |A| and letting |A| — oo gives (2.2.15). To obtain (2.12.1)

we fix an interval J containing I with [.J| to be determined. We then write, with Py 5 (J) =
P () (.
Te(Py(1)) = Te(Po(1) P A(J)) + Te(Pa(1) Py A (J°)). (2.12.2)

Note

Tr(Pp(I)FPy,a(J)) < Tr(Pya(J)). (2.12.3)

The above inequality combined with to the Holder continuity of Ny with respect to £ € R
|No(E) — No(E"| < C(I,d)|E — E'|*0. (2.12.4)

yields, for |A| sufficiently large depending only on J,
Tr(PA(I) Py A(J)) < C(J,d)|J[OIA]. (2.12.5)

We now estimate the second term on the left-hand side of equation (2.12.2). By the resolvent

identity,

Tr (PA(I)PyA(J€)) =Tr (PA(I)(H — E)Py A(J€)(Hop — E)—l) (2.12.6)

AT (PA(J)UAP(),A(JC)(HM — E)—1> .
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Where we have written U =V, + %‘/eﬁ'. Moreover, using using functional calculus and that

E is the center of I, we estimate the first term on the left-hand side of equation (2.12.6) by

T (PN = RN Ho ~ B)7Y) < o meam). (242)

Now, the second term in equation (2.12.6) can be controlled by means of
AT (PA(DUMR A () (Hop — B)™!) = A+ B

for

A= \Tr ((HA — E)(PA(I) UM Py A (J€)(Ho p — E)—2> (2.12.8)
B =Ty (UA(PA([))UAPOA(JC)(H()’A - E)’Q) . (2.12.9)

Now, because U A s unbounded, we continue a slight modification of the argument in
[29]. The only difference is that we bound term (A) above (which corresponds to [29, (iii)

in equation (2.6)] as

T (1 = E)PADU R () B = B)2) | < 1 (PADUY) |

(2.12.10)
At this point, with an estimate analogous to the one in the proof of Proposition 3.2 in [14]
we reach

(m+1)e
E (|TePy(I)V|) < A1 sup {/ wjp(wj)dwj}|A| e =|II. (2.12.11)

meN me

Thus, with Mj(g) := sup,,eN { f(m+1)€ wjp(wy) dwj},

me

1|
(7] = 11])?

(M1>\(5)+9||];HOO)|A|_ (2.12.12)

ATe(Hp —E)Py(DUAPy A (JO)(HY —E) 72| <

f(m-l-l)e? 2

Similarly, with Ms(e) = sup,,en { e wjp(wj) dwj}, we estimate term (B) through

A A ¢ - AN Ms(e) 9
RTUNPA DU Forl ) Hon = BY 2 < 2 oy (P2 + S ea)).

(2.12.13)
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Due lemma 2.5 and the Wegner estimate (see [6, theorem 4.1]) we conclude that
C
Tr(Py(1)) < X‘[HA’ (2.12.14)

Choosing the interval J such that |J| = % for § < 1, keeping in mind the assumption
g?> < X and combining the bounds (2.12.5), (2.12.7), (2.12.12), (2.12.13), (2.12.14) and
optimizing over ¢ gives 0 = ﬁ therefore we reach (2.12.1) for a € [0, 2_?—840] and (2.2.15)
is proven.

To show 2.3 we follow the proof of theorem 1.2 in [29]. We fix A\, \' € J, g and ¢’ satisfying
the assumptions of theorem 2.3 and E € I. As explained in [29], using Holder continuity
with respect to energy given by equation (2.2.15), trace identities and ergodicity of H \,g and
Hys g, it suffices to estimate E (TrPogo(H)\’g)(gp(H)\y) — gp(H/\,,g/))P()) where ¢ is a smooth

function such that

¢ =1on (—oo, E],

w=0o0n (—o0, E+ A= N +|g—¢|°)F, (2.12.15)

leW oo < € (12 = N|P + 1g - g’P)_j L j=12..3d+4
with 6 > 0 to be determined. The need for a high regularity of ¢ is due to the fact that
the random potential V, may be unbounded. Let ¢ be an almost analytic extension of ¢ of
order 3 + 3d. In particular, ¢ is defined in a complex neighborhood of the support of ¢ and

if z = F + in we have that
0:6(2)] < 2B (B)]. (2.12.16)
By the Helffer-Sjostrand formula, the quantity

Ir <P090(H/\,g)(<P(H>\,g> - SO(HA’,g’))PO)
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equals

1 - / 2
; /(C Oz TrP()gO(H/\g)R)\’g(Z) ()\ U/\/vg/ — )\U)\7g> R/\’,g/(z)PO déz =
(A =)

™

L0 TR ) By (VR () o P2

/
g —9 -
+ g/C3390TrPosO(HA,g)RA,g(z)Veﬂc,A(g)R)\,’g,(Z)PO a2

™

/
* % /«: Oz TePop(Hy g) Ry g (2) <Veff,/\’(9,) - %H,A(9)> Ry y(2) Py d*z.

Since the last two terms enjoy a better modulus of Hélder continuity (since they do not
involve V,,) and can be treated as in [29], we shall only estimate the first of the above

integrals. By the resolvent identity,
R)\,g(Z)VwR)\/’g/(Z) ZR)\’g(Z)VwR)\’g(Z) + (A — )\/)R)\jg(z)VwR)\/’g/(Z)VWR)\,Q(Z)—F
(9= &) Bag(2)VirRy (Wi 3 (9) R (2)
— 9B g(2)VaRys 1 (2) (Ve 21(9') = Vet A(9)) B g (2)-

The above considerations lead to a perturbative expansion of

o

Y )
)/(CaggpTrPogp(H)\’g)R)\’g(Z)VWR)\/’Q/(Z)Podzz

T
into four terms. We will show below that each of them can be bounded in terms of powers
of either |A — M| or |g — ¢'].

We start by estimating

A— N2 :
E <‘—( ) /(Cazso TrPyp(Hyg) Bxg(2)Vi Ry 1 (2)V Ry g(2) P dQZD (2.12.17)

m
with a slight modification of equation (3.15) in [29] since V, is unbounded. By the Combes-

Thomas bound, equation (2.12.16) and the choice of ¢

A=N)2 .
E()( ) f(c8;4,0TrPogp(H)\g)R)\7g(z)VwR)\/’g/(Z)VMR)\g(z)POdQZD

AN
(IA=N[0+]g—g'|)3H4

< C(d) (1 +E*(|Vaol))
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Similarly,

(] i / 0 TPy (Hi g g (Vo a0 Ry (VB ()P0 )

T
A= XNllg—d|

< O(d) (1 +E(|Vw|)) (|)\ — /\/l(s T |g _ g/|6)3d+4'

Moreover, using lemma 2.11 with the the explicit dependence on w given there, we obtain

that the expected value of

(A /\/
‘—/ 020 TePyp(Hy g) Ry g(2)Vis Ryt 1 (2) (Vg 21(9') = Vegr A (9)) B g (2) Fo d?z

is bounded from above by

lglIA=N(lg —d'| + A= N

C(d) (1 +E(|Va))) (M= NP + |g — g'[0)3+3d

Using the same arguments as in [29, Equations 3.17 and 3.18] we see that

=

A N
) /C 0= TePop(Hy, )Ry o (2)Vio R o (2) Py a2

can be bounded from above by

CIA = NE (Vi)
A= N||E (Tr(Pyp(Hy )Ry o(2)VieRy o(2)Py)) | < . (212.18)
( g '9 WatAg ) (|/\_)\/|6+|g_g/|6>
Finally, we conclude that
INyg(E) = Ny #(E)| < Clag,d, Dm(Ix = Xym(lg — o)) (2.12.19)

where

m(z) = el + IZ—(3d+4)(5 + 210

Choosing § = ﬁ we obtain, for any 5 € [0, %],
[Ny g(E) = Ny (B)] < Clag, 1) (M= NP+ 1g - ¢/

finishing the proof of theorem 2.3.
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CHAPTER 3

SPECTRAL AND DYNAMICAL CONTRAST ON HIGHLY CORRELATED
ANDERSON-TYPE MODELS.

3.1 Introduction and Main results

This chapter aims at presenting and analysing examples of random Schrodinger operators
where contrasting dynamical and spectral behaviors can be observed. In comparison to
the well established theory of Anderson localization, discussed below in detail, the systems
studied here will exhibit some form of long range correlations. Depending on their geometry,
the spectral properties of the models can change significantly. More surprisingly, we present
a model which exhibits purely absolutely continuous spectrum but where a 'phase transition’
can still be observed. Such phenomenon can be captured utilizing the notion of transient and
recurrent absolutely continuous spectrum due to Avron and Simon [9], which we shall also
review in the subsequent discussion. Before stating our models and main results precisely,

we shortly discuss the relevant background on correlated models.

3.1.1 Background on Correlated Models

The effects of strong correlations on localization properties of a given lattice were recently
studied in [50] where the authors consider a system consisting of a particle and a 1/2 spin

and the particle flips the spin only when it visits the origin.

Figure 3.1: 1/2 spin and single-particle model
® L 4 L4 I @ L L]

There it is shown that resonant tunneling is compatible with correlated pure point spec-

trum the since model exhibits Green’s function decay on the graph metric, hence pure point
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spectrum, but has eigenfunctions which are only localized in the particle position [50, The-

orems I11.2 and I1.5].

3.1.2 Main Results

Our goal in this chapter is to study infinite volume analogues of the model in [50]. These will
be obtained by connecting infinitely many copies of the Anderson model in two ways. We will
present the contrast between two random Schrodinger operators Hgyy, o, = —Agym,~+Vw and
Hpjiagw = —ADiag,y + Vi, where the random potential only depends on the first coordinate
and is defined through Vi,(n) = w(nq) for n = (ny,n2). By Agyy  and Apjag 4 we denote
weighted adjacency operators of graphs which are infinite (in the horizontal and vertical
directions) subsets of 72 obtained by connecting infinitely many copies of Z along a walk
which is either entirely vertical or alternates between vertical components of fixed length

¢ > 0 and diagonal components.

Figure 3.2: Highly correlated Anderson-type models

(0,0) (0,0)

The operators Hgypy, (, and Hpjag , act in a similar fashion if one fixes n € N and considers
the horizontal layer Z x {n} separately, when the models are easily seen to be distinct
samples of the Anderson model —A + V,, acting on ¢% (Z). However, as we shall make
precise below, by connecting these horizontal components in distinct ways a fundamental

difference is introduced. To state the quantum dynamical contrast, let ¢ > 0 be given. The
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averaged g-moments of a self-adjoint operator H are defined as

2 [ =2t : :
MIL(H) = f/o ¢ T E (0| w| x|~ 1w |0) gt (3.1.1)

where we recall that the position operator | X| acts as a multiplication operator on 2 (Z2)
via (|X|9¢) (n) == |n|9¢(n) and |n| = |nq| + |ng| for n = (n1,n9) € Z2. Our first result
concerns Hgy, , where a combination of the symmetry and localization in the horizontal
direction induces ballistic transport in the vertical direction, up to a logarithmic correction.
For the sake of simplicity, we assume that the random variables {w(n)},c7z are nonnegative

and bounded throughout this chapter so w(n) € [0, wmax] for all n € Z2.

3.1.3 Dynamical Contrast between Hgyy, and Hpj,ge

Theorem 3.1. There exists Ty > 0 for which the averaged moments satisfy

T q
q
M. (Hsym) > Cy, (log T) (3.1.2)
for all times T' > Ty and some positive constant 050 which depends on ||pl|sc-

Our second result concerns Hpjag oy v = —ADiag,y + V- Inspired by the analysis of [40]
we show that M% (HDiag,’}/) cannot grow faster than a logarithmic power of T', which is an

analogue of [40, Theorem 1].

Theorem 3.2. There are g > 0 and Ty > 0 such that whenever v < 7, the averaged

moments of the operator Hpiag o v = —ASym,y + Vo satisfy
M, (Hpiag,~) < (logT)? 4+ C (q) (3.1.3)
for all times T > Ty.

We remark that +g will be explicit in the proof. It depends on ¢ and the decay rate of

the Green’s function of the one-dimensional Anderson model.
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3.1.4 Spectral contrast between Hgy,, and Hpjage

The following is a simple consequence of theorem 3.2. Its proof and the relevant definitions

of packing measure and dimension will be given in section 3.6.1.

Corollary 3.3. Whenever v < 7, the packing dimension dim};(HDiag’w) vanishes almost

surely.
The spectral contrast between the two models will be evident from the result below.

Theorem 3.4. For every w € () the spectral measure 1, (HSym) 18 purely absolutely con-

tinuous and supported on a set of Lebesque measure 4.

An interesting feature of theorem 3.4 is that, for small values of the parameter ~y, the
support of 145, (HSym) has Lebesgue measure much smaller than the spectrum of Hgyp,
since the later contains [0,2 + wmax]. As we shall see below, this phenomenon is linked to
the fact that the portion of o (HSym) inside [0, 2 + wmax]| is recurrent. To prove theorem 3.4

we have shown the following abstract result which, to the best of our knowledge, is new.

Proposition 3.5. Let p be a finite Borel measure which is purely singular and F(z) =
1 : — 0) —
[ 7= du(u) its Borel transform, defined whenever z € C*. Then, the limit F(E + i0) =

limg o+ F(FE +1i9) exists for Lebesque almost every E and
{EER :a<E+F(E+i0) <} =8-a (3.1.4)

As we could not find a reference in the literature with the exact statement needed, the
details of the argument are carried out in section 3.7. Proposition 3.5 is liked to a beautiful
equality by Boole [10], although with a slightly different statement. Boole’s equality [10]
and its extensions have been rediscovered or studied in various contexts by different authors

([45], [57] [20],[21],[36],[22],[52]). For the sake of completeness, we state it below
Proposition 3.6. Under the above assumptions

HEGR:HE+MD%H:§. (3.1.5)
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Further historical notes on Boole’s equality can be found in [55, Chapter 5] and [6,
Chapter 8].

3.1.5 Phase transition within o (HSym)

Our next result sheds light on theorem 3.4 and provides further information on the dynamics
¢ HSym  Before proceeding with the statement we recall that the notions of transient and
recurrent subspaces where given in the introduction of the thesis. The main point of theorem
3.7 below is that the transient and recurrent spectrum can naturally arise and coexist in a

situation of physical relevance.
Theorem 3.7. For all values of v the spectrum of Hgyy, is a random set with
[—2,2 4+ wmax] € 0 (Hgym) C [—2 — 27,2 4 wmax + 27]. (3.1.6)

Moreover, o (HSym) \ [<2,2 + Wmax) = ot (HSym) and o (HSym) N [—2,2 + wmax) =

grac (HSym) )

3.1.6 Definition of the Models

We are going to define the graphs Ggypy, and Gpjag by specifying the non-zero matrix el-
ements of their adjacency operators on the basis {5n}n c72- In both cases the adjacency
operators are symmetric. Let Z4 = NU {0} and Ix be the indicator function of a set X.

The adjacency operator Agyy, - is defined by

v if = (0,n9) and y € {(0,n9 — 1)[{n2>0}, (0,n9 + 1)}
Agym (2, y) = (3.1.7)
1 if x = (ny,n9) and y € {(ng — l,ng)l{n1>0}, (n1+ 1,n9)}
where ny,n9 € Z4 in the above definition.
In other words, two vertices x and y satisfying d(z,y) = 1 are connected only if their

second coordinate is the same or their first coordinate is zero. The constant v > 0 is the
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hopping strength on the vertical direction and it will play a key role later in this chapter.

On the other hand, the non-zero matrix elements of Apj,e - are defined via

vifw=(n;,(n+1){—1) and y = (n1 +1,(m + 1)) .n € Zy
ADiag,y(fﬂay) =

L if 2 = (n1,n2) and y € {(n1 — 1,n2)1, (n1 + 1,n2), (n1,n2 + 1),
(3.1.8)

where [ = I{n1>0} and [, = I{n1€§n2<(n1—|—l)€} for ny,ng € Z.
Note that Apjag ~ is obtained by modifying Agyy, ~ at points whose second coordinate is

a multiple of the fixed length L > 0.

3.2 Lower Bound on the Averaged Moments for Hgy,: Proof of
Theorem 3.1

The proof of Theorem 3.1 consists of rigorously implementing the following ideas. Firstly,
the fact that Hgyp, exhibits some form of transport has its roots on the symmetry of the
model. We shall prove that the spectral measure 5 0,0) (HSym) is purely absolutely con-
tinuous and this implies diffusion by the Guarnieri bound, which we shall revisit below.
Secondly, the disordered nature of the system and its connection to the Anderson model
allow us to show a horizontal localization result. In other words, transport can only occur
in the vertical direction. In particular, this will imply a rate of wavepacket spreading which
is faster than what one would expected generically. A careful analysis will then imply the
almost ballistic lower bound.

The Guarnieri bound states that if the spectral measure p,, (H) of a self-adjoint operator
H is a-Holder continuous then

9(H) > CyT 2 . (3.2.1)

Recall that p is said to be a-Holder continuous if there exists a constant C' < oo such
that for all intervals I with |I| < 1 we have p(I) < C[I|*. In particular, if py, is purely

q
absolutely continuous we can directly reach M7, (H) > CT2. However, the proof of (3.2.1)
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can be adapted to incorporate the improvements due to the disorder which are specific to
our context, therefore we reproduce the main arguments below. The starting point is the

following estimate on the averaged quantum dynamics.

Theorem 3.8. (Strichartz-Last) Let H be a self-adjoint operator on a Hilbert space # and
assume the spectral measure of H with respect to 1 is uniformly a-Holder continuous for
some o € (0,1). Then, there exists a constant Cy, < oo such that for all ¢ € # and all

T>0

itH Cyllel?
—/ Bl [y) |7 < Ta (3.2.2)

The above result, which is found in [6, Theorem 2.3], can be used to reach (3.2.1) as

follows. For simplicity, let Hgyy, = H throughout this section. We firstly rewrite M% (H) as

2
T§:|n|q/ T (nle wa|o>|2dt> 27 g }:/ (nle=tHw |0y 2 dt
0
n

[n|>N
- Z / (nle~tHw|0) |2 gt
In|<N
_2Nq ( N+ 1 S—i?)
ZC(SOT7

where on the last step we choose N2 comparable to 7% and the constant 05() was adjusted.
In our particular setup, one can improve upon the Guarnieri bound using the localization
statement for the horizontal direction in lemma 3.11 which combined with theorem 3.8 yields

_HAnd
= Z / E| (n|e”"Hw|0) 2 dt < Z mln{ Ce™ 3 ‘n1|}. (3.2.3)

|n|<N |n|<N

1
where C' = C(7, wmax, ||p|lccs $) = % ((27)5||p||oo (44 47 + Wmax) OAnd(s)) 2=5  Thus, it is

natural to split the above sum into two contributions according to |nq{| < 2-5 4, ¢r
b o ] < 22 e (),
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Cs _'“And|n | Cs
in which case min {—O,C’e 2—s 1M } = -0 and |nq| > 2=5 1og ( &L ) which implies
T T 1 I And g 050 p

C _HAnd _HAnd
min{%{l,ce 2—s |n1|} =(Ce 2-s \n1|

For T' > Ty (C, s, 050, 0 And> the first contribution can be estimated from above by

Cs
T%{n € Gsym : In| < N, |n1| < 2log T}. (3.2.4)

where N must be chosen bigger than 2logT', in which case there are two possibilities for n
to be in the above set. The first one is that ng < N —2logT', when the condition |n| < N is
automatically satisfied whenever |nq| < 2logT. Secondly, if | N —2logT + j| = ng for some
Jj€{l,....|2logT|} then |n| < N is only satisfied when |ni| < |2logT'| — j. This reasoning
immediately translates into the bound

2logT
i{n € Ggym : [n| < N, |nq| <2logT} < 2logT (N —2logT) + Z (2log T — j)
j=1

=2logT (N —2logT) +1logT(2logT — 1)

< 2logT (N —logT).

Therefore, the first contribution in the splitting of (3.2.3) is bounded from above by

2C5, log T (N —logT)
T

. (3.2.5)

The second contribution is estimated by

N

_HAnd _HAnd ;
% S Ce ﬁlmlgg e ﬁJ(N_logT)
[n|<N,Jnq|> %L j=1"%T)
_HAnd (a7 logT |
20(N — 18Ty 1 3 (N-15711)
B T 1—e1 ‘

In particular, the choice N = <logT + n%) ensures that, by picking n sufficiently

small and eventually changing T (but with the same dependence on C, s, 050, KAnd ), the
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same argument as in the proof of the Guarnieri bound yields the inequality

T q
q
M7 (Hgym) > Csy (@)
whenever T' > T;. Theorem 3.1 is proven.

3.3 The absolute continuity of 1, (Hsymn)

We shall explain how the absolute continuity of ,u(;( 0.0) (HSym) follows from recursive
relations for the Green’s function which are available due to the symmetry of Ggyy,. For

z € C\R, let = (Hgyy — 2)715(070). By definition of Hgyy, we have

—(1,0) = v¢(0,1) + (w(0) — 2)p(0,0) = 1. (3.3.1)

hence

(3.3.2)
Thus, denoting by Gapq the Green’s function of the Anderson model on ¢2 (Z), it follows

from Feenberg’s expansion, explained in the introduction of this thesis, that

Gsym ((0,0), (0,0); 2) (=G (1, 152) = 12Gp, ((0,1), (0,1);2) + (@(0) = 2)—) =1 = 0.
(3.3.3)
Where in a path expansion of the form G(u, v; z) = G(u,u; 2)G™ (v,v; 2) the term G (v, v; 2)
denotes the Green’s function of the operator Hgyy, restricted to the component of Ggyy,
containing v and obtained from Ggyy, by removing the edge which connects the sites u and

v. By the vertical symmetry of Ggy,, we have that
Ggym ((0,1),(0.1);2) = Gy ((0,0), (0,0); 2) (3.3.4)
thus we can rewrite equation (3.3.3) as

GSym ((07 0)7 (07 0), Z) <_GjArnd(1a L; Z) - VQGSym ((07 0)7 (07 0)7 Z) + (W(O) - Z)) —-1=0.
(3.3.5)
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Therefore, letting w = —w(0) + z + GXnd(l, 1; z) we have
2 2 2 1/2
292Gy ((0,0), 0,0);2) = —w + [w? — 49| (3.3.6)
where we have chosen the branch of the square root onto the upper half-plane and the reason
for the positive sign on the second of the above terms is that G'gypy, ((0,0), (0, 0); z) necessarily

has non-negative imaginary part since Hgyy, is self-adjoint. Equation (3.3.6) implies that

42 1/2
27Gsym ((0,0),(0,0);2) = —w +w (1 — W) : (3.3.7)

Therefore, using either equation (3.3.6) or (3.3.7) depending on whether |w| is small or
large, we conclude that Gy, ((0,0), (0,0); 2) remains bounded as Imz — 0 for any z € Cy
thus the spectral measure ji5 0.0) (HSym) is purely absolutely continuous, see, for instance,

proposition B.4 in [6, Appendix B].
3.4 Floquet Theory for Hgyy,

The vertical symmetry of the graph Ggyy, and the definition of the operator Hgyy,
suggests that the use of a Fourier transform may be helpful when studying the dynamics

¢ "HSym et ug define
.2 2 2
F 0 (GSym) — 0*(Z+) ® L= ([0, 7))
through

(Fo) (n1,p) = \/g > w(ng,ng)sin (p(ng + 1)) . (3.4.1)

no=0
For simplicity of notation we let ¢)(n1,p) = F (¥) (n1,p). It is immediate to check that

the following version of Plancherel’s identity is satisfied

<¢’¢>€2(Z+)®L2([O,TFD = <90>¢>€2 (GSym). (3.4.2)
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Indeed,
(@, ¢>£2(Z+)®L2 0.7]) = Z / $(n1,p)¥(ny,p) dp

nl €Z+

== ) B(n1,ne)v(ng,nh)

nl,nz,n/262+
™
X / sin ((ng + 1)p) sin ((nh + 1)p) dp
0

= Y B(n1,n2)e(ny,ng)

nl,n2€Z+

= {p,¥)
4 (GSym>
A calculation which is almost identical to the one above gives that, for every ¢ €

& (GSym)
F ) = v

FHg)(n1,n9) = \/g/;g(nlap) sin (p(ng + 1)) dp.

Using that {\/g sin(np) :neN } is a complete orthonormal system in [0, 7] one may also

where

check that for g € (2 (Z4) ® L2 ([0, 7])

T (3_1(9)) =g.
Therefore, F is a unitary map with inverse given by
1 2 [T
F7(g)(n1,n2) = \/;/0 g(n1,p)sin (p(ng + 1)) dp. (3.4.3)
From the definition of Hgy,, one readily sees that
Hgyt(n1,p) = —Adb(n1,p) + (w(nl) -2y COSp5n1:0) (n1,p). (3.4.4)

where we have committed a slight abuse of notation by letting Aiﬂ(nl, p) = &(nl —1,p) +
Y(n1 + 1,p). In particular, equation (3.4.4) allow us to conclude that Hgyp, is unitarily

equivalent to an operator acting on

2 (Zy) @ L2 ([0, 7]) (3.4.5)
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with action on each fiber given by A, where ) is a rank-one perturbation of the one di-
mensional Anderson model given by (3.4.4). A consequence of this fact is the following

result
Lemma 3.9. 5(0,0) is a cyclic vector for Hgyy,.

Proof. Firstly, we claim that given ny € N, the vector 5(n 1.,0) belongs to the cyclic subspace

generated by (5(070), denoted henceforth by #(. Indeed, by definition of the Fourier transform

. 5
5(711’0) = \/;smp Ony - (3.4.6)

By a result of Simon [54] the vector d is a cyclic vector for /i, thus we conclude from (3.4.6)

(3.4.1),

that 5(n 1.0) belongs to the cyclic subspace, relative to £, generated by 5(0,0). By taking the

inverse Fourier transform, it follows that 5(n 1,0) € . Since

Hsym(0,0) = =79(0,1)  9(1,0) T «(0)d(0,0)

we easily conclude that 5(071) € #Hy as well. Proceeding by induction one shows that

5(n17n2) € Hy for every pair (n1,n2) € Ggyyy,, finishing the proof. ]

Since g 0.0) (H Sym) is absolutely continuous we readily obtain

Corollary 3.10. o (Hsym) 15 purely absolutely continuous.

3.4.1 Localization in the horizontal direction

The above considerations are particularly effective to translate dynamical localization for
the one dimensional Anderson model into horizontal localization for Hgy,,. We start with

the following technical result.

Lemma 3.11. Given s € (0,1) we have, for all m,n € Zy

2 1 _FAndy,_,
E (Sup [ {mlf (fip)In) I) < @025 (lplloc (4 + 47 + winax) Caga(s) T8 ¢ 205 ™",

|f1<1
(3.4.7)
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The above supremum is taken over all Borel measurable functions bounded by one.

Proof. It suffices to show that for every L € N (3.4.7) holds with /i, replaced by its restriction
to (2 (Zs N[0, L]), denoted henceforth by ﬁﬁ.
Let vp = —27v cosp. From rank-one perturbation formulas (see, for instance, [6, Theorem

5.3] and [3, Equation(A.7)] ) we find that the spectral measure of /i]% is given by
Al (B) = —v,GX . (m,n; B) 6(S(E) — vp) dE (3.4.8)

where
1

YWE) = —————

(3.4.9)

and Gﬁnd(m, n; E) denotes the Green’s function for the Anderson model on ¢2 (Z4 N [0, L]).

Therefore, by general structure of the spectral measures,

2
o2 / ‘ng L(m,n; B 6(S(E) — vp) dE < 1. (3.4.10)

A second observation is that the analogue of equation (3.4.8) for m = n reads
duby; m(E) =0(2X(E) —vp)dE. (3.4.11)

In particular
o0
/ I(X(E) —vp)dE = 1. (3.4.12)
—0o0
Combining equations (3.4.8), (3.4.10) and (3.4.12) with Holder’s inequality (applied to
the exponents (p,q) = (2 — s, %—:ﬁ)) and Jensen’s inequality for expectations, we conclude
that for all intervals I C R

e (| ) < |ll*E [ |6 (s )]

1
s

5(S(E) — vp) dE)} T (3413

Thus,

(’Umn

1
n) < @EIE ([EiGammm B a8) 7 @)
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Since the operator £, is bounded, with operator norm less or equal than 2 + 2v + wmax,
the inequality (3.4.14) suffices to conclude the proof of lemma 3.11. We mention that by
introducing an integrable weight, one could also handle the case of unbounded operators.

For further details we refer to [3, Equations (A.13)-(A.18)]. O

The localization statement for /;, described on Lemma 3.11 can be immediately translated
into a (horizontal) localization statement for Hgyy,, with the use of Plancherel’s identity

(3.4.2) and the fact that

A

2 .
O(my mg) (11,P) = \/;57711 (n1) sin (p(mg + 1)) . (3.4.15)
The precise statement reads

Lemma 3.12.

_HMAnd _
- (ISFP |(Omymgs f (Hsym) 5n1,n2>‘) <Cem TRimL (3.4.16)
flI<1

1
with C = % (4’YQ||P||OO (4 + 47 + wmax) CAnd(S)) 2=s.

3.4.2 Transient and recurrent components: proof of theorem 3.7

According to [9, Proposition 3.1] in order for an absolutely continuous measure ji, to be
transient it is necessary that p, = f(F)dE where f € C°(R). Moreover, if f is also
assumed to be compactly supported this condition also sufficient. Since the operators studied

here are bounded, this distinction will not be relevant to us. Let

S = Supp(/’LCS(O 0)> M [_27 2 + Wmax)-

We claim that S cannot be the support of a smooth function and this implies that o (H Sym) N

[—2,2 + wmax) is recurrent. The claim is a consequence of the lemma below.

Lemma 3.13. Let I C [—2,24+wmax] be a closed interval. Then, INS® has positive Lebesgue

measure.
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Proof. Let uf‘ be the spectral measure of the Anderson model on the half line [+1,00) N Z,
denoted by HXH q» associated to d;. Since, almost surely, HXD q has dense point spectrum in
[—2,2 + wmax) we have that ,uf([ ) > 0. It follows from [53, Theorem 1.5] (theorem one in

[52], when restated in terms of Borel measures on the real line, would also suffice) that
Jim t|{E €l:|G (LI E) >t} >0 (3.4.17)
In particular, by choosing t sufficiently large we may conclude that
{Eel:|w0)-E—-G} (LLE)>2v} >0 (3.4.18)

since the above set does not belong to supp (,u(g > (this follows from the formula given

(0,0)
at the end of section 3.3. An alternative argument is provided by equation (3.4.21) below)

the lemma is proven. O

To show the remaining portion of theorem 3.7, having a formula for the spectral measure
15(0,0) will be useful. Let HSLym denote the restriction of Hgyy, to 2({0,...,L} X Zy). As
explained in the previous section, for any L > 0 we have

<6(070)’f(HSLym> 5(0 O)> 2/ <50,f< L>5 >Sln pdp.

// F(B)duP(E)sin® p dp.

where
AP (E) = 6 (S1(E) + 2y cosp) dE (3.4.19)
and X7 (FE) = — Gﬁnd( E).In particular,
1 Y1 (E)?2
S, fHE V6§ :—/ E)J1- =222 gp. 3.4.20
0.0 f (Hm) 500 = - T e (3.4.20)

where we have used the fact that, in this case, f_ll d(X(E)+v)dv holds for F € supp(,u(;(o 0) ).

Letting L — oo in the above equation we conclude that

1 Y2(E)
dﬂé(op)(E):Hﬂ{|Z(E)|<27} L=

dE. (3.4.21)
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Since X(E) is a smooth function on [—2, 2 + wmax|€, it follows that o (Hgymy) N [—2,2+

wmax]€ is transient, finishing the proof of theorem 3.7.

The above analysis also shows that for any w € () there exist a hopping parameter -,

such that o (Hgypy) N [=2,2 + wmax]© # @ whenever v > 4. Indeed, this follows from the

formula (3.4.21) since X(FE) is increasing on [—2,2 + wmax|®. The critical values is then

L I5(Ee)

=5 where E¢ = 2 + wmax. For completeness we provide a proof that this number

is non-zero almost surely.
Lemma 3.14. The Green’s function for the half-line Anderson model satisfies
~%(E) =w(0) — E - G{ 41,1, E).
Moreover, at the edge E. = 2 4+ wmax we have
S(Ec) #0

almost surely.

(3.4.22)

(3.4.23)

Proof. By definition of the half-line Anderson model HAL” o letting ¢ = (HL1 g 2)~ 16y we

obtain
—@(1) + (w(0) = 2) p(0) = 1.
Since ¢(0) = GXnd(O, 0;2), o(1) = GXnd(O, 1; z) and, by Feenberg’s expansion,
Ghq(0,1;2) = GE 4(0,0;2)G} 4(1,1;2)
and equation (3.4.22) is proven.

For the sake of contradiction, assume that
P(3(E:) =0)=0>0.

Then, by (3.4.22)
P(w(0) — E—Gf 41, ,E)=0)=6>0

(3.4.24)

Since GXH 4(1,1; E¢) is independent of w(0) this would contradict the fact that the distribu-

tion of w(0) has a density. We conclude that P (X(E.) = 0) = 0.
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3.5 Absence of Diffusion for Gpj,,,: Proof of theorem 3.2

A key step to show absence of diffusion for Hpjag is proving that, on expectation, the
fractional moments of the Green’s function of this operator decay exponentially. We start

with a particular case.

Lemma 3.15. Let s € (0,1) be given. For allm € Z4, r € {0,1,...,¢} and z € C™ we have

E.y(0),...co(m) (IGDiag ((0,0), (m,m(€ + 1) +7):2) |I*) < Cap (Capy*)™ . (3.5.1)
where Cap is the constant in the a priori bound (3.8.4).

Proof. Fix r € {0,1,...,4}, 2 € C* and let xp,, = (m,m({ + 1) +r). Let us proceed by
induction in m. When m = 0 the statement reduces to the a priori bound verified in the
appendix, equation (3.8.4). Suppose that the desired conclusion holds for some m € Z* and

recall the factorization

G (0, 2ps1,52) = 7G (0, 205 2) G (Tig1,00 T 1,5 2) - (3.5.2)

Taking absolute values on both sides of (3.5.2), raising to the power s and taking expec-

tations we reach

E (|G (07 LTm+1,r3 Z) ‘8) =7°E (|G (0> T, 05 Z) °|G+ (xm—l—l,Ou Tm+1,r3 Z) |5> : (3.5.3)

Integrating out the variables w(0), ...,w(m), using the inductive assumption and the fact that

G+ (41,0, Tm1,; 2) only depends on w(j) for j > m, we obtain from (3.5.3) that

1
E(IG (0, 2m+1,52) ) < (Capy*)™ T E (G (2m+1,0, Tmt1,0:2) ) - (3.5.4)
Making use of the a priori bound (3.8.4) one more time finishes the proof. O

Making use of the Green’s function decay for the one-dimensional Anderson model we

readily obtain that
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E (|G ((0,0), (m + j,m(£ +1) +7); 2) [*) < CApCand (Capy®)™ ¢ HAndJ., (3.5.5)
Pick « small enough so that
Capy® < e HAnd((+2), (3.5.6)
Then, (3.5.5) implies
Lemma 3.16. For any s € (0,1) there exist a constant CDiag such that for all n € Gpjag

and z € C\ R
E (|Gpiag (0,7 2) [°) < CDiage_MDiagm' (3.5.7)

with Cpiag = €"And‘CapCapnd and pipiag = fand-
Proof. The above argument immediately yields the desired conclusion for z € CT. By

symmetry, reasoning along the same lines we obtain (3.5.7) with [G'piae (0,75 2) | replaced by

|GDiag (7,0;2) | and 2 € C™. Since GDiag (1, 0; 2) = GDjag (0,n;Z) the proof is finished. [

3.6 Upper bounds for quantum dynamics revisited

We are now ready to prove theorem 3.2. Our approach is a combination of the fractional
moment method and techniques used by Jitomirskaya and Schulz-Baldes in [40]. Let ¢ > 0

and, to simplify the notation, let H = Hp;,e throughout this section. Recall that
¢ _ 2 [ =& it H, —itH,
MY = —/ ¢ T B (0]¢/tHw| X|de—itHw |0) dt. (3.6.1)
0

The main advantage of working with time-averaged moments is that they can be directly

related to the Green’s function via the following formula.

1 0

q _ q . 2

My = — EGZ n| /RE|G’(n,O,E + —)|7 dE. (3.6.2)
n

To verify that (3.6.2) holds, following the proof of lemma 3.2 in [42], one can observe that

o0 2t itH. 2
/ e T | 0] e |y |2 dt
0
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is the L2 norm of the function

restricted to the positive real line. Let

9(E ﬁ/ e Elg(t)dt (3.6.3)

be the Fourier transform of g. It is easy to check that

dpio,n( M )
q 3.6.4
g(E \/ 2m / —FE+ # T ( )

By definition of the spectral measure ji , we discover that
G(E) = ——G(0,n; E — —). (3.6.5)

\ 2T T

Equation (3.6.2) then readily follows from Plancherel’s identity.
Returning to the proof theorem 3.2, another useful observation is that, as in to [40,
Proposition 1], it suffices to show the desired upper bound for the related quantity
1 Eq
M{(Ey, Ey) = — > mwé E|G(n,0; E + )|2dE
|n|<T¢ 0
whenever a > 1 and o (Hpjag) C (Eo, E1).
To this end, we shall combine the estimate |G(n,0; E+ = )\ < T to the fractional moment

bound showed in the previous section to reach
7: — .
E|G(n,0; E + T”Q < Chiage HDiagl 25

Thus, for any N € N we have that

S E[G(n.0;E + )|2 < CpigT?* 3 o MDiagll (3.6.6)
In[>N In|>N

By following exactly the same steps in [40] we can now finish the proof. Namely, we start

with the general result
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Lemma 3.17. ([40, Lemma 5])

1 (B '
> ]n]q—/ E|G(n,0; E + —)[2dE < NY.
|n|<N 7TT EO T

applied with N = |log T'| to obtain

1 (B
> Inli—= [E E|G(n,0; E + =) dB < (logT)". (3.6.7)
In|<N 0

On the other hand, using equation (3.6.6) followed by the explicit bound on the exponentially

decaying sum [40, Lemma 2] we obtain, with £ := E; — Ej

1 A i2 1-s ~HDiagV
: : 4,~HD
> W—/E E|G(n,0;E + —)|* dE < Cpiag B4+ T > |n|%e MDiag
|n|>log T 0 [n|>log T

s —iDiag(logT
< Cpiag By 15 Dingllo8™)

2 !
, 2lat+ 1)
HDiag

< C(s,9).

((log T) + (1piag) )™

whenever s is chosen so that 1 — s < pipjae (We remark that this choice is possible since
IDiag = MAnd and the later can be taken proportional to s, see [6, Theorem 12.11 and
Equation (12.86)] ). Combining the above estimate with (3.6.7) we finish the proof of theorem

3.2

3.6.1 Paking Dimension: Proof of Corollary 3.3

Before proving corollary 3.3, recall that the upper packing dimension of a Borel probability
measure j is defined as

dim]t(,u) := g1 — ess sup d,(E) (3.6.8)
EeR

where, for E € supp pu,

_ 1 E—¢ F
d,(E) = limsup 0g (4] e B+e])

e—0 log(2¢) 369)
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If E ¢ supp uu we set d,(E) = co. We shall denote by dim;(HDiag,w) the packing dimension

dim;(u HDiag> where p HDjag is the spectral measure associated to Hpjue , and the vector
%0.0)

Proof. (of corollary 3.3) From [35, Theorem 1] we have that, for each w € Q,

log (MZL(Hp:
dlmP(HDlag o.)) < lim sup & ( T( Dlag7W)) .
T—00 qlogT

Taking expectations and a subsequence 7}, — oo which realizes the limsup we obtain, by

Fatou’s lemma and Jensen’s inequality,

log E (M% (HDiag,w)>
E (dimp(Hp; < limsup k
(dimp(Hpiag)) < imsuy qlog Ty

where, by theorem 3.2, the limit in the right-hand side equals zero. O

3.7 A Version of Boole’s Equality for level sets of Heglotz func-
tions: proof of proposition 3.5

Consider F(E) = Zn 1

u 7 for real numbers {un}n 1 {pn}n 1- This is the specific

form taken by the diagonal elements of the Green’s function in finite volume. For a real

number «, let (), be a polynomial of degree N + 1 given by

N

Qa(E) = (Oz - E - F(E)) H(E - Un)

n=1

Note that the solutions vy, ...,vx41 of the equation E 4+ F(E) = a coincide the roots of

Qa. Therefore, the coefficient of £V in the expansion Qu(E) = HN +1( — vp) equals
ZnN +11 vp. On the other hand, by definition of @), this coefficient must be a + ny +11 Uy,
thus

N+1 N

Z vp =+ Z U (3.7.1)

n=1 n=1

Replacing a by 8 we conclude the solutions wy, ...,wyy1 of E+ F(E) = [ satisfy

N+1

Z wy, = B+ Z U, (3.7.2)
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Theset {E € R : a < E+F(F) < } is a disjoint union of intervals Uf,y;ll [Un,, wy] therefore,

we may conclude from equations (3.7.1) and (3.7.2) that

N+1
HEER :a<E+F(E)< B} = Z(wn—vn)

n=1

=0-a.

The following argument is inspired by the analysis in [6, Proposition 8.2] and provides a

proof which is also valid in the infinite-volume context.

Proof. Since p is assumed to be purely singular, the boundary values F(E + i0) are real

numbers for almost every E € R (see [6, Proposition B3]). Note that the indicator function

E+F(E+:0
I{E: a< E+ F(F +10) < 8} can be represented as Yo, (E+0)) for

™

¢a,3(2) = ImLog(z — #) — ImLog(z — a) (3.7.3)

and where Log denotes the principal branch of the logarithm. Let
2
_ n
wU(E) - E2—|—772.
We then have, by dominated convergence and definition of ¢, g,
o0

{Ee€R :a<E+F(E+i0) < p} = lim 7y (B g(E + F(E +i0)) dE.

nN—00 J_

Using dominated convergence one more time and recovering ¢, g from its boundary values,
oo

lim 7y (B)do g(E + F(E +i0)) dE = Jim 7 /_O:O 7 Yy (E)

=0 J_~o s
E—
X o g(E + F(E +ic))dE

= Hm 1%a,p(in + F(in + ic))
e—0T

= Jm 160,50+ F(in)).
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On the other hand, by definition of ¢, g we know

. . . f 1

hence

B
lim ne, g(in + F(in)) = lim Im il dE

N—00 n—00 a E—1n— F(Z?])

n? + nImF (in)
— , dr
i (E — ReF(in))2 + (g + ImF (in))2

= —CK

where we have made use of the simple fact that lim, oo F(in) = 0 and lim; oo nImF (in) =

n(R).

3.8 A priort bounds on the Green’s function

To obtain a-priori bounds for the Green’s function, we will make use of the weak Ly
bound [2, Lemma 3.1]. This bound is valid for any maximally dissipative operator A on a
separable Hilbert space # and Hilbert-Schmidt operators My : # — #1 and My : #H1 — H
where &1 is another separable Hilbert space. Recall that a densely defined operator A is said

to be dissipative if Im(p, Ap) > 0 for every ¢ € D(A). A is said to be maximally dissipative

when it is dissipative and has no proper dissipative extension. Denoting by | - | Lebesgue
measure and by || - || g the Hilbert-Schmidt norm, we have
Lemma 3.18.
(o I Mllgs > )] < CwlMillgs I Mallmsy  (381)
v o - - 8.
1A—U+i0 21lHS =YW 11HS QHSt

where the constant Cyy is independent of A,M71 and Ms.

For a proof, we refer to [2, Lemma 3.1]. Another fact, which can be found in [2, Propo-

sition 3.2], is
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Lemma 3.19. Let A,My and My be as above and let Uy, Uy be nonnegative operators.

1/2 1 1/2 1
{(o1,02) € 0,172 U ——— Uy Mo g > 1} < 2Cw M| s Mol sy
A—v+10 t
(3.8.2)
We also make use of the Birman-Schwinger relation [2, Lemma B.1]
-1
P(:—H-—vP)lP= <P(z—H)_1P—v> (3.8.3)

for a projection P onto a subspace of # and the fact that P(z — H)"'P is maximally

dissipative on (KerP)l, where the equality in question holds. It immediately follows that

1

{v :|M{P (2 — H—vP) ' PMs| g > t}| < CWHM1HHSHM2IIHS;-

equations (3.8.1), (3.8.2) and (3.8.3) together easily imply following apriori bound, for

details we refer the reader to [51, appendix A]
Enn (IGR 5 0m,n:2)[") < Cap(s) (3.8.4)

and we remark that the constant can be taken as

2 S (40wl 2 )°
CAP(S) :maX{( ClemiXJp”OO) 7( lemixjpuoo) }
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APPENDIX

TECHNICAL COMMENTS

A.1 Conditions on the density p imposed in chapter 2
Assume that for some M > 0 and all v € R
d
|55 log p(v)] < M.

This condition is satisfied, for instance, by the Cauchy and exponential distributions. Then

plz) _ clog p(x)—log p(v)
p(v)
> 6—M|x—v|.

Letting h(v) = e~ IYl with ¢ > 0 to be determined. The following estimate holds:

/OO @h(x —v)dr > /OO e~ (Mo)lz—vl g,
—o0 P(V) o0
2

:M+c'

M+c

p(v) we have shown that p(v) < =5 for all v € R.

- 22 p(@)h(z—v) da’
Let us now verify that p decays in two cases, starting with when p is an exponential. For

therefore, letting p(v)

simplicity, let us ignore normalization factors and let p(v) = e~ lvl. Then, by the triangle

inequality,

/OO p(x)h(x —v)de > eclvl /OO e~ (1Hale] gy

—0o0
2€C|U|

o l+4c¢’

2
Thus, in this situation p(v) < #6_(1+C)‘U|. Let us now assume that p(v) = e and

2
h(v) = e~ with ¢ > 0 to be determined. In this case, we have that
,O(U)h(l’ _ U) > 6—(1+2€)x2—201}2
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thus

In particular, whenever 2¢ < 1 we may conclude that p decays according to

o) S e (17207,

A.2 Derivation of the self-consistent equations

Let f(I') = Tr (I'log ") where 0 < T" < 1 is a symmetric matrix. Then, given H which is

also symmetric with 0 < H < 1 we have
FO0+ H)=f() +Tr <r log (1 + F_1H> + HlogD(I + F—1H)> .
Using the power expansion of the logarithm log(A) = A — %AZ + ... we may conclude that
f(T+ H) = f(T) + Tr (H(I +logT) + O(|| H||?).
therefore, we have the following expression for the Frechét derivative of f
f/(T) =logT + 1.

Similarly, the derivative of the map I' — f(1 —I') equals —( —I')log( —I') — I. We may

conclude that the entropy §(I') = —Tr (I'logI" + (1 — I") log(1 — I')) satisfies
S'(T) = — (logT —log(I —T)).
Moreover, the energy functional
E(I) =Tr (Hy — s+ AV) T+ g (nTyln) (n|TyIn)
n
can be more succinctly expressed as
&) =Tr ((HO +AV,) I+ gDiag(FT)Diag(Fi))
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from which we see that

Hy + AV, + gDiag(T’ 0
0 Hp + AV, + gDiag(T"|)
In particular, we see from the above equations that whenever &(I') — 3~L8/(I') = 0 the

matrix I' must be such that

0 exp (—S(Hp + AV, 4 gDiag(T'}))

from which we conclude that

(1 + exp (5H¢))_1 0
0 (1+exp (BHy)) ™"

where H| = Hy + AV, + gDiag("|) and Hy = Hp + AV, + gDiag(I'y).
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