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ABSTRACT
SUB-LINEAR SPARSE FOURIER TRANSFORM ALGORITHM
By
Ruochuan Zhang

The Discrete Fourier Transform (DFT) plays a crucial role in signal processing and sci-
entific computing. The most famous algorithm of computing the DF'T is the Fast Fourier
Transform (FFT), which has runtime O(N log N) for an input vector with length N. How-
ever, with the increasing size of data set, the FFT is no longer fast enough and often becomes
the major computational bottleneck in many applications. The Sparse Fourier Transform
(SEFT) tries to solve this problem by finding the best s—term Fourier representation using
only a subset of the input data, in time sub-linear in the data set size O(poly(s,log N)). Some
of the existing SFT algorithms are capable of working with equally spaced samples|23], while
others just assume that the algorithms can sample anywhere they want|4, 6], which is an
unrealistic assumption in many real-world applications. In this thesis, we propose a generic
method of transforming any noise robust SF'T algorithm into a sublinear-time sparse DFT
algorithm which rapidly approximates Ff from a given input vector f € €V, where F is
the DFT matrix. Our approach is based on filter function and fast discrete convolution. We
prove that with an appropriate filter function g (periodic Gaussian function in this thesis),
one can always approximate the value of the convolution function g x f at the desired point
rapidly and accurately even when f is a high oscillating function. We then construct several
new sublinear-time sparse DFT algorithms from existing sparse Fourier algorithms which
utilize unequally spaced function samples [6, 4, 8]. Besides giving the theoretical runtime

and error guarantee, we also show empirically that the best of these new discrete SF'T algo-



rithms outperforms both FETW|24| and sFFT2.0[23| in the sense of runtime and robustness
when the vector length NN is large. At the end of the thesis, we present a deterministic sparse
Fourier transform algorithm which breaks the quadratic-in-sparsity runtime bottleneck for a
large class of periodic functions exhibiting structured frequency support. We show empiri-
cally that this structured SFT algorithm outperforms standard sparse Fourier transforms in

the rapid recovery of block frequency sparse functions.
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Chapter 1

Introduction

1.1 Sparse Fourier Transform

The Discrete Fourier Transform (DFT) is one of the most important components of many
computational techniques. It has been widely used in signal processing and scientific com-
puting. The discrete Fourier transform converts a finite sequence of equally-spaced samples
of a function in time space into an equivalent-length sequence of equally-spaced samples
of the function in Fourier space. The most popular approach for computing the DFT is
the Fast Fourier Transform (FFT). It was invented by J. W. Cooley and J. W. Tukey in
1965 [17]. Without directly applying the definition of DFT, the FFT rapidly computes such
transformations by factoring the DFT matrix into a product of sparse (mostly zero) factors
18], where the DFT matrix F € CV*Y is defined as

e—2miwj /N
Fyji= (1.1)

for 0 < w,j < N. As a result, it reduces the runtime complexity of computing a DFT of a
length N sequence from O(N?) to O(Nlog N), which represented a major leap forward in
the size of problems that could be solved on available hardware. The FFT was described
as "the most important numerical algorithm of our lifetime" by Gilbert Strang [20], and it

has been named one of the "Top Ten Algorithms" of the past century by the IEEE journal



Computing in Science & Engineering [19]. However, in recent years with the concept of Big
Data becoming more and more popular, the size of the data set can easily exceed terabytes.
Even with advanced hardware and optimized implementations (e.g. parallel computing and
GPU), for large N the FFT still represents the major computational bottleneck in many
applications. Furthermore, by the Nyquist—Shannon sampling theorem [21|, one needs at
least N equally-spaced samples to recover a signal with bandwidth N, which may cause some
potential sampling problems. Since when N is very large, it can be challenging to acquire
enough data to run the FFT algorithm. For example, patients need to spend a long time in
an MRI machine because it needs a lot of samples to retrieve the medical image. Because
of above reasons, people try to develop algorithms that can compute the Fourier Transform
in sub-linear time (the runtime is considerably smaller than the size of the data size N) and
use a minuscule fraction of the input data. The Sparse Fourier Transform (SFT) provides
exactly these desired features.

One of the reasons the FFT cannot satisfy the sub-linear runtime requirement is because
it computes all N Fourier coefficients. However, it is well known that in many applications
(e.g. video, audio, medical images, spectroscopic measurements, GPS signals, seismic data,
etc.) the DFT of the signals are compressible or are sparse, i.e. only s frequencies are non-
zeros or are significantly large. In this case, when s < N, one can retrieve the information
with high accuracy using only the coefficients of the s most significant frequencies. The
SFT uses the same strategy by asking the SFT algorithm to only report the largest s terms
in the signal’s DFT. Because of that, it is possible for the SFT to significantly outperform
even highly optimized FFT implementations [24] when the signal is sparse in Fourier space
[23, 22, 2, 4, 6].

To achieve sub-linear runtime, besides only reporting significant frequencies, the SFT



cannot even afford to read all the inputs (which takes O(N) runtime complexity for a signal
with bandwidth N). So all the SFT algorithms must either be approximate or succeed with
high probability. The discrete uncertainty principle proved by Dohono and Stark [16] in
1989 provides the theoretical guarantee for sub-sampling in the time domain if the signal is
sparse in Fourier space (actually, Fourier space is one possible choice, however, in this paper,
we focus on Fourier space). They proved in the paper that if Ny and N, are the number of

non-zero elements of a length N signal in the time and Fourier space respectively. Then

N;N, > N

It tells us that Fourier sparse functions must be dense in time space, which means that
we can get meaningful (non-zero) samples easily. Also, this discrete-time principle shows
that a wide-band signal can be reconstructed from narrow-band data, which suggests that
if the signal is sparse in Fourier space, then by carefully designing the sampling scheme, the
number of total samples needed to recover the signal can be much less than the bandwidth
N.

Because of the excellent properties (sub-sampling and sub-linear runtime), some of the
existing SFT techniques that can work with discrete data have been applied to many signal
processing problems including, e.g., GPS signal acquisition [11], analog-to-digital conversion
[13, 15], and wideband communication/spectrum sensing [14, 12]. However, there also exist
some other SFT algorithms [4, 6] which have good runtime and error guarantee. They have
not been widely used because they assume that the algorithm can sample anywhere they
want, which is not a realistic assumption in many applications. Actually, in most of the

real-world problems, one can only expect to have equally spaced samples. In this thesis, we



propose a generic method of transforming any noise robust SF'T algorithm into a sublinear-
time sparse DFT algorithm which rapidly approximates f from a given input vector f € CN.
As a result, we can construct several new sublinear-time sparse DFT algorithms from existing
sparse Fourier algorithms which utilize unequally spaced function samples [8, 2, 4, 6, 10].
Moreover, for the new discrete SF'T algorithm based on the Algorithm 3 in [4], we show that

it can always identify a vector v which has only s non-zero elements and satisfies

. A~ ~opt 33 & aopt -
£ —v o< £~ £ [l 7 £ —£57" 1 +198V/s || f lloo N7" (1.2)

where 1 < r < % with runtime poly(s,r,log N). The f'sOpt indicates the optimal s-term
approximation of f. At the very end, we show empirically that the best of our new algorithms
can outperform both FFTW|24] and sFFT2.0[23] in the sense of runtime and robustness when
the vector length N is large.

At the end of this thesis, we consider the problem of deterministically recovering a special
type of periodic function f : [0, 27] — C as rapidly as absolutely possible via sampling. More
specifically, we focus on a specific set of functions f whose dominant Fourier series coefficients
are all associated with frequencies contained in a small number, n, of unknown structured
support sets S, ..., Sn C (—=[N/2], | N/2|]NZ, where N € N is very large. In such cases the

function f will have the form

fl@) =Y > cuel? (1.3)

7=1 wES]’

where each unknown S; has simplifying structure. (e.g., has [z —y| < B < N for all z,y €

S;). Instead of using FFT, which takes O(N log V) time, to solve this problem, we consider



a faster deterministic Sparse Fourier Transform (SFT) methods which are guaranteed to

recover such f using a number of samples and operations that scale at most polynomially in

both 7%, |S;| and log(NN) [30].

1.2 Related work

The first work that tried to solve the sparse approximate DFT problem can be found in [47],
in which they designed an algorithm based on the Hadamard Transform, i.e. the Fourier
transform over the Boolean cube. Later, a polynomial time algorithm to interpolate a sparse
polynomial was developed in [49]. The method in this paper inspired the authors of [40], in
which they described an algorithm that can be used to approximate the DFT when N is a
power of 2. In the early 2000s, people paid a lot of attention to the sparse approximation
problem in Fourier space. The first algorithm with sub-linear runtime and the sub-sampling
property was given in [39], in which they give a randomized algorithm for finding an near-
optimal s-term approximation y, with probability 1 — ¢, in poly(s,log NV, log(1/d),1/¢€) time.
Here given the input signal f, and let E;)p " be the optimal s-term approximation to f. The

near-optimal s-term approximation y is defined as

FoS2 T gopt |2
-3 l5< (A+e) 15" |3 (1.4)

Equation (1.4) is known as an {5 /(5 guarantee, which is a strong guarantee and it was shown
in [37] that this guarantee cannot hold for a sub-linear deterministic algorithm. One thing
worth to mention here is that the runtime of the algorithm in [39] is quadratic in sparsity s.

This algorithm was modified later in [40] to reduce the power of s in runtime to 1. However,



unlike [39] which uses only equally spaced samples, the algorithm in [40] are allowed to
use unequally spaced data. Since the standard FFT can only be used for equally-spaced
data, the algorithm in [38] was applied to reduce the runtime when calculating the DFT
for unequally spaced samples. Even so, the algorithm can only outperform the FFT for the
signal with small s. Shortly after that, as an extension of the algorithm in [46], [35] proved
hard-core predicates using list decoding. However, the runtime of the algorithm in [35] has
a high dependence on sparsity compared with [39] and [40].

All the SFT algorithms above are randomized algorithms. This means they have small
probability to fail to give the correct or optimal recovery on each input signal. Thus, they
are not appropriate for long-lived failure intolerant applications. The first deterministic sub-
linear time SFT algorithm was developed in [33] based on the deterministic Compressed Sens-
ing results of Cormode and Muthukrishnan (CM)[25, 51, 50|. A simpler optimized version of
this algorithm was given in [2], which has similar runtime/sampling bounds (O(s2log* N))
to the one in [40]. Later, a further modified SFT algorithm was provided in [4]. It showed
simple methods for extending the improved sparse Fourier transforms to higher dimensional
settings. More specifically, the algorithm can find the near optimal s-term approximation for
any given input function, f : [0,27]” — C in O(s2D?) time (neglecting logarithmic factors).
The algorithms in [33, 2, 4| are all aliasing-based search algorithms [9], which means they
rely on the combinatorial properties of aliasing among frequencies in the sub-sampled DFTs.
The algorithms first find the residues of the significant frequencies modulo with different
sample lengths, and then use the Chinese Reminder Theorem to finish the reconstruction.

In this series of work, the error bound is of the form

P s opt L= Zopt
£ =3 lla<Il £ — £ [ V- If—£ [ (1.5)



In 2012, an algorithm that can compute the non-zero coefficients in time O(slog N) was
given in [23|. The algorithm leverages techniques from digital signal processing (notably
Gaussian and Dolph-Chebyshev filters) and unlike other randomized algorithms, this algo-
rithm is not iterative. It identifies and estimates the s largest coefficients in one shot. This
makes the algorithm have good performance even when the sparsity is large. The algorithm
has runtime O(log Nv/Nslog N) and it satisfy the so-called {0/ fo guarantee. Specifically,
for a precision parameter 6 = 1/N O(1) and a constant ¢ > 0, the algorithm outputs y such
that:

It -3 II3< SIE—E 2 o[l f [k (1.6)

with probability 1 — 1/N.

Around the same time, a new deterministic SF'T algorithm based on phase encoding was
presented in [10] with runtime O(slogs). The authors first gave a few observations relating
the Fourier coefficients of time-shifted samples to unshifted samples of the input function.
Then they used this observation to detect when aliasing between two or more frequencies
has occurred, as well as to determine the value of unaliased frequencies. The algorithm has a
simple structure and is easy to implement, however, it can only be used for noiseless signals
and hence cannot be utilized in real-world applications due to imprecise instrumentation or
noisy environment. Later, the authors extended their algorithm to noisy setting by using
the multiscale error-correcting method [6]. This new algorithm is an adaptive algorithm
with runtime O(slog(s)log(N/s)). Most recently, another phase encoding SFT algorithm
was presented in [54], in which the authors developed an efficient algorithm for sparse FFT
for higher dimensional signals by extending some of the ideas in [10]|. The algorithm was

using the so-called “partial unwrapping” and “tilting methods”. These two methods allow the



algorithm in [54] to efficiently compute the sparse FFT of higher dimensional signals with
O(Dslog s) computational complexity and O(Ds) sampling size for any given input function
f:[0, 27r]D — C. There are also some researches try to conquer the SE'T problem in Fourier
space from other aspects. For example, from implementation |28, 29|, and hardware [31, 32]

perspectives.

1.3 Thesis outline

The remainder of this thesis is organized as follows. In Chapter 2 we set up the notations
that will be used throughout the thesis. In Chapter 3 we introduce the background of
sparse Fourier transform and then focus on two specific SET algorithms: GFFT (stands
for Gopher Fast Fourier Transform) [33, 2, 4, 8] and CLW-SFT (stands for Christlieb
Lawlor Wang - Sparse Fourier Transform) [6, 10]. For both of them we first illustrate the
basic idea of the SE'T algorithm with the simplest single frequency case (s = 1), and then
we talk about how these two SFT algorithms work in general case (s > 2). In Chapter
4 we talk about our approach to building fully discrete SFT algorithm based on periodic
Gaussian function and fast discrete convolution. We show that by using our approach, the
evaluation of the value of convolution function (g * f) at the desired point can always be
approximated very accurately using only the given discrete data with runtime O(log V).
Then in Chapter 5, we apply our approach to GFFT. We first show that the GFFT is noise
robust by extending the Theorem 7 in [4]. Then we give the runtime and error guarantee
for the fully discrete SFT algorithm based on GFFT in both deterministic and randomized
version. In Chapter 6 we empirically evaluate the performance of DMSFT (generated from

GFFT) and CLW-DSFT (generated from CLW-SFT), and then we compare their runtime



and robustness characteristics with FFTW 3.3.41 and sFFT 2.0%. Finally, in Chapter 7
we present a deterministic sparse Fourier transform algorithm which breaks the quadratic-
in-sparsity runtime bottleneck for a large class of periodic functions exhibiting structured
frequency support. We focus on the numerical experiments of the structured SFT algorithm

and point the reader to 30| for more details of the theoretical guarantee.

1http://Www.fftw.org/
thtps://groups.csail.mit.edu/netmit/SFFT/



Chapter 2

Notation and Setup

In this chapter we define the notations that will be used later. The Fourier series represen-

tation of a 2r—periodic function f : [—m, 7] — C will be denoted by

)= fuel”

weZ
with its Fourier coefficients given by
~ 1 [T .
= — z)e T dx.
fo=g | f@

We let ]? = {f;} . represent the infinite sequence of all Fourier coefficients of f. Given
we

two 2m—periodic functions f and g we define the convolution of f and g at x € R to be

Fr)@) = @xN@) = = [ ge—n7wad.

2 |

This definition, coupled with the definition of the Fourier transform, yields the well-known
equality

—_— ~

We may also write f * g = f o g where o denotes the Hadamard product.

10



For any N € N, define the Discrete Fourier Transform (DFT) matrix F' € CNXN py

(1)@ _2miwj
F,;=— N
w,Jj N ® )
and let B := (— [—Z}-‘ , L%H NZ be a set of N integer frequencies centered at 0. Furthermore,

let £ € CIV denote the vector of equally spaced samples from f whose entries are given by

f] = f (—W—F%)

for j =0,...,N — 1. One can now see that if

f(l’) _ Z ]/c;)@]'lwx’

weB

then

Ff=f (2.1)

where f € CVV denotes the subset of fwith indices in B, and in vector form. More generally,
bolded lower case letters will always represent vectors in CV below.
For any positive integer p, let f[p] denotes the length p vector whose elements are equally

spaced samples from f
) 21y
f[p](j) = f (—ﬂ' + 7)

for 7 =0,...,p— 1. Let f[pd be the discrete array by sampling f(z) at rate % starting at

xr=¢. Thatis, for j=0,....p—1



Define fE;)] and f[r;)’e] to be the noisy versions of vectors pr] and f[Paﬁ]’ that is
noo_
f[’r;)’e] = f[p7d + n (23)

where n is a length p vector whose entries are complex i.i.d standard normal random variables,

Le. n; = 0(17]1- + 1'117]2-), where o is the standard deviation of the noise. Finally, let f'[p], f[p,e]’

£ o) : ; n n :
f[p] and f[pﬂ be the discrete Fourier transform vector of f[p}, f[pje], f[p} and f[p’e] respectively.
As mentioned above, f:: {fw} . is the infinite sequence of all Fourier coefficients of
we

f. For any subset S C 7Z we let fA| S € CZ be the sequence frestricted to the subset S, so
that ]?\5 has terms <ﬂ5>w = fo, forallw € S, and (ﬂs)w =0forallw e S°:=7Z\S. Note
that f above is exactly ﬂ B excluding its zero terms for all w ¢ B. Thus, given any subset
S C B, we let f ls € CV be the vector f restricted to the set S in an analogous fashion. That
is, for S C B we will have <f|5>w —f, forall w € S, and (f|5>w =0forallwe B\ S.
Given the sequence ]?E CZ and s < N, we denote by Rgpt (f) a subset of B containing

s of the most energetic frequencies of f; that is
RO <]?> ={wy,...,ws} CBCZ
where the frequencies w; € B are ordered such that

| 2 |Fog| 2+ 2 | s

> 2 |yl

Here, if desired, one may break ties by also requiring, e.g., that w; < wy, for all j < k with

12



)fwj’ = ‘ﬁ"k‘ We will then define f?pt : [-m, 7] — C based on Rgpt (f) by

;)pt (JJ) — Z ]/c;)@ﬁwx‘

we R (7)

Any such 27-periodic function fg Pt will be referred to as an optimal s-term approximation to

. Similarly, we also define both Pt CZ and £P € CV to be  and f A
f Y s s f|Rcs)pt (f) |R2pt (f)

respectively.

13



Chapter 3

Background and Review

In this chapter, we introduce the background of sparse Fourier transform and then focus
on two SF'T algorithms: the CLW-SF'T developed by Andrew Christlieb, David Lawlor and
Yang Wang in 2013 [6]; and GFFT developed by Mark Iwen in 2013 [4].

The primary challenge of sparse Fourier transform algorithm is how to isolate one fre-
quency from other frequencies efficiently and accurately. It can be shown that if the signal
contains only one frequency and it is noiseless, then we can find this single frequency and
its corresponding coefficient by using only two samples from the signal. However, if noise
contaminates the signal, then one will need a logarithmic number of samples to guarantee to
recover the frequency. Since all the methods for general cases can be solved by reducing it to
several sub-problems involving only one frequency, in Section 3.1.1 and 3.2.1, we discuss two
different approaches to solving this simple single frequency problem. This reducing process
can be achieved by grouping subsets of Fourier space together into a small number of bins.
Then we can recover the isolated frequency by using the techniques mentioned earlier. This
means the runtime of a (sparse) Fourier Transform algorithm is closely related to the number
of bins. One of the ideas about how to set up the bins is to let each bin corresponding to
a subset of bandwidth. Usually, this approach works well when the significant frequencies
are distributed uniformly in the bandwidth (the distance between different significant fre-

quencies in Fourier space is relatively far). However, this method can fail when two non-zero

14



frequencies are very close to each other. In the worst case, one will need N bins to guarantee
the isolation; this leads to totally O(N log N) runtime, which is equivalent to the runtime of
Fast Fourier Transform(FFT).

On the other hand, one can also design or set up the bins cleverly to significantly reduce
the number of bins. However, since each of the significant frequencies have to be isolated at
least once, one will need at least s bins to guarantee the correctness of recovery, where s is
the number of significant frequencies (sparsity) of the signal in Fourier space.

The remainder of this chapter is organized as follows. In Section 3.1 we introduce the
sparse Fourier algorithm based on the phase encoding method|10][6], in Section 3.2 we briefly
review another method developed by Mark Iwen, which is an aliasing-based search method.
For both Section 3.1 and 3.2, we start with the simplest single frequency case, and then
we move to the more general case of which the signal contains more than one significant

frequency.

3.1 CLW-SFT

CLW-SF'T is a sparse Fourier transform algorithm developed by Andrew Christlieb, David
Lawlor, and Yang Wang|6]. It is a phase encoding method. The noiseless version of this algo-
rithm was first published in [10] in 2013. It is an adaptive algorithm which has running time
O(slogs). Although fast, it is not robust to noise. Unfortunately, any signal recorded from
real-world data is contaminated due to either imprecise instrumentation or noisy environ-
ment. Later in another paper [6], they developed a multi-scale sub-linear Fourier algorithm
with runtime O(s?log(s)). It is worth to mention that this multi-scale algorithm is robust

to high-level noise when measuring the error under Earth Mover Distance. For more details,

15



we point the reader to [6] and [10].
Next, we start with the simplest single frequency case, and then we talk about how the

algorithm works in the general case.

3.1.1 Single Frequency Recovery

Let us assume that the signal is noiseless and it contains only one significant frequency w
with corresponding coefficient /fw. Then for an integer p and € < % (get ride of wrap-
around aliasing), we take two sets of samples f[p] and f[pﬂ and then take the discrete Fourier

transform. We have:

phy, h=w (mod p)

f[p](h) = (3.1)
0, otherwise
and
N plye?mew  p = (mod p)
f[p,e}(h) = (3'2)
0, otherwise

for h=0,....,p— 1.
Now we can easily recover the significant frequency w by using the equation below:

~

. 1 . f[p,e](h)
W= 27T6A g( /f\Lp](h) ) (3.3)

where Arg(z) denote the phase angle of the complex number z in (—m, 7. It is clear that as
long as € < %, the number of samples we need to recover the significant frequency is O(1)

(independent to the bandwidth N).

16



3.1.2 General Case

From above we know that if the signal is noiseless and contains only one frequency, then we
can find the significant frequency in O(1) time. In this section, we talk about the algorithm
in [6] in the more general case.

Assume now that there are s > 1 significant frequencies {w; }]"’7:1 in the signal function
and assume their corresponding coefficients are {?wj ?:1‘ Then the method in section 3.1.1
can no longer guarantee to find the significant frequencies all the time. This is because when
aliasing occurs the equation 3.1 and 3.2 is not always true and so the reconstruction via 3.3
is no longer valid. More specifically, when there are more than one significant frequencies in

the signal, if we still take two sets of samples f[p} and f[p, o> then 3.1 and 3.2 becomes
R SR 3

and

f,(h) =p oo et (3.5)
w;=h (mod )p)

for h = 0,...,p — 1. Now it is clear that we cannot use 3.3 to reconstruct the frequency
when two or more frequencies are congruent modulo the sampling rate p. However, if we can
detect when the aliasing happens, we can always change the sampling rate p to some other
number to avoid the aliasing. The Lemma below in [10] helps to solve the aliasing detection

problem.

Lemma 1. Letp > 1 and h € {0,1,...,p—1}. Then for almost all ¢ > 0 we have |?[p76](h)| #

~

£ (h)]-
In practice, to detect the aliasing, we only need to set a tolerance 7 in order to accept or
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reject frequencies according to the criterion

/M -1 <7 (3.6)
i) ()

The above inequality allows us to detect whether or not two or more frequencies are
aliased, so that we only add non-aliased terms to our representation. Then we quickly
discover all frequencies present in the signal function f by choosing a different value for p in
a subsequent iteration. Please see [10] for a more rigorous prove.

The previous phase shift and aliasing detection method can only be used for the noiseless
signal because the shift € is sensitive to noise. However, due to imprecise instrumentation or
noisy environments, any signal recorded from the real-world will more or less contain some
errors. Next, we introduce the method in [6] to show that it is possible to get a noise robust
method by modifying the phase shift and aliasing detection method mentioned above.

Now, assume the two sets of samples we have are f[g] and f[’;d. Notice that the super
scribe n means the signal is contaminated by complex Gaussian noise with standard deviation

o. It has been proved in [6] that if ?[Z] and ?[?7 6] denote the DFT of f[?)] and fE;) qr then for

h € {0,1,...,p — 1} we have

£ (h
‘Arg (J{;L()) — 2mwe
pr](h)

This means if we use the method stated previously, then the noise frequency estimate w

o\p
<O(—= 3.7
<O (37)

satisfy

w—w —U\/ﬁ
| | < O(Qﬂelﬁp](h)\) (3.8)

where w is the true frequency. Turns out that if the noise level is low, then we can fix
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this problem with a minor modification. The approach is simply round the noisy frequency
estimate @ to the nearest integer of the form np 4+ h. The improved estimate @’ is therefore

given by

o =p- round(wT) +h (3.9)

where round(z) returns the neatest integer to x. This modification works because when the
noise level is low the noise frequency estimate @ is deviated by less than p/2 from the true
frequency w. However, this is not true for large noise level.

The multi-scale method in [6] solves this problem by using multiple shifts €;. The key
idea of the multi-scale algorithm is that if we know |w| < % for some positive number L,
then it is enough to let € < % to identify w. Later we will see that this fact allows us to use
much coarser sampling rate than the previous simple rounding method 3.9.

The algorithm starts by choosing an appropriate p and € < ﬁ and calculating the initial

frequency estimates d)?, j=1,..,s" with

£ (k)
~0 . ]- [pae] _
; = p - round (27rep <Arg <—/f\[’;] B ) h)) +h (3.10)

which will deviate from the true frequency w; by approximately o /2me,/p. We then use an

iterative frequency estimation procedure to correct for the error in phase. For each of the s*
estimated frequencies, we increase the e with a factor of 28, where B is a parameter. Then

we take several other sets of samples

—27ic!
fola) = ¢ ") (3.11)
n _QWﬁ@Q(Q/Z’—FQB) q B
f = J =+ €2 3.12
[p7e](Q) € f(p €27) (3.12)
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for y = 1,...,s", and take DFTs on them. Note now that we can improve our estimation

from 3.10 by letting

ol = 4 p - round | ———Ar w (3.13)
j = W; T p-10U 27Te2Bp g ?@](0) .

This is because the way we collect samples in 3.11 and 3.12 will shift the peak location
h = w;( mod p) down by (IJ?( mod p). So we expect to see the peak corresponding to w; to
appear at the zero frequency in the demodulated signal. Also we notice that the difference
between thezero frequency of the shifted and unshifted DFT values is proportional to 5)9 —wj,
which lead us to 3.13. Then we just repeat this process until the algorithm converge. For
the coefficients, we simply take the median of the real and imaginary parts of the estimates.
Note that the correction in 3.13 make the deviation of the new estimation smaller by a factor
of 2B, In another words, for each iteration, we improve the accuracy of the estimation by
a digit in the binary sense. The multi-scale algorithm is robust to high level noise and it
has averaged-case runtime O(s?log(s)log(N)) and sampling complexity O(s?log(N)). For

more details about the multi-scale SFT algorithm, we encourage the readers to see [6].

3.2 GFFT

The GFFT is a deterministic SF'T algorithm built by Mark Iwen in 2010 [2]. The algorithm
was first implemented by Mark Iwen and Ben Segal in 2013 [§]. In this section, we first
illustrate the idea of the GFF'T algorithm by accomplishing the fundamental single frequency

recovery task; then we introduce the algorithm in the more general setting.
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3.2.1 Single Frequency Recovery

Let us assume in this section that there is only one significant frequency w in the signal
function f.

The GFFT is an aliasing-based search method. Its idea works particularly well when the
bandwidth N is a product of several smaller relatively prime numbers. For example, assume
the bandwidth N = p1 - pa - p3, where p1, pa and p3 are co-prime numbers. Now, in order to
identify the significant frequency, we take three sets of equally spaced samples with length
p1, p2 and p3, and call them £, £, and f},; respectively. Let /f\Pl’ ?p2 and /f\pg be the DFTs
of fp,, £y, and fp,. Notice that /fpl has exactly one non-zero element since there is only one
significant frequency in the signal. If we assume the indexes of this non-zero element is 7.

Then we know that

w = r1 mod p; (3.14)

Similarly, from ?pz and ?p?) we know
w = 19 mod poy (3.15)
w = r3mod p3 (3.16)

Once we have collected these modulo we can reconstruct w via Chinese Remainder Theorem

(CRT).

Theorem 1. Chinese Remainder Theorem: An integer x is uniquely specified modulo

N by its remainders modulo m relatively prime integers p1,...,pm as long as I} ;p > N.

Now it is clear that from the CRT, w can be uniquely determined by 3.14, 3.15 and 3.16

since we have N = p1-po-p3. Notice that above method always work as long as N < p1-pa-p3.
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We borrow the example in [2] to show that this method can dramatically decrease the
needed samples to find the significant frequency. Assume N = 105 and we have three FFTs
with length 100, 101 and 103 samples to determine that w = 34 mod 100, w = 3 mod 101
and w = 1 mod 103, respectively. Using w = 34 mod 100 and w = 3 mod 101, we can see

that w = 3134 mod 100 - 101. This comes from the fact that if

r = a1 mod ny (3.17)

r = a9 mod ny (3.18)

Then we have x = aymong + agminy, where m; and mg are the integers which satisfy

mini +mong =1 (3.19)

Notice that 3.19 is from the Bezout’s identity and can be solved by using extended Euclidean
algorithm. By similar work, we can use w = 3134 mod 100-101 and w = 1 mod 103 to solve
for w. This gives us w = 104134 by Chinese Remainder Theorem.

From above example, we can see that the number of the samples we have used to de-
termine w is significantly less than N: the conventional DFT method requires 106 samples,
however, by using the CRT, we needed only 100+ 101+103 = 304 samples from f. Moreover,
this method is deterministic, and hence it has no chance to fail. In next section, we show
that we can also use the CRT to build a deterministic SFT algorithm if we deal with the

potential difficulties caused by frequency collisions carefully.

22



3.2.2 General Case

Let us start with two frequency case. In this scenario, the signal function f is in the form

flz) = C1e17 4 Chelwa® (3.20)

If we assume that we know some integer n such that

w1 mod n # wp mod n (3.21)

Then we say that n separates wi and wo and we can take advantage of this information to
find wy and w9 as follows. Assume h; = wi mod n and hg = w9 mod n. Here we call h; and

ho residues modulo n. Notice that hy and hg are simply the index of the two largest entries

~

of in]" Now if we take an other set of samples f[ where c is relatively prime to n, and

cn)s

-~

then take DFT to it. Then the elements will all be 0 except those satisfy

[en]

~

flop) (w1 mod cn) = C1 #0 (3.22)

~

f[c-n} (WQ mod cn) = 02 75 0 (3.23)

However, before we proceed, we must fix two problems: first, the above procedure will not
give us the residues if w; and w9 modulo relatively prime numbers because n divides cn;
second, if C7 = (9 then we will not be able to tell which residues modulo each cn— value
corresponding to wy versus wo. The author of [2] uses the method inspired by [51], [50] and
[52] to solve these difficulties. We use an example to better explain the approach in [2].

~ ~

Assume we have both in] and f[Qn}- Now let us focusing on wy. Since we have w; mod n =
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h1, so for 2n we must have one of the two equations below

wi mod 2n = hy, or w; mod 2n = hy +n (3.24)

By using the above fact we can easily determine w; mod 2n by

hi, if £, (h1) — f[2n](h1)’ < ‘f[n](hl) — fj9,) (h1 + )
w mod 2n = (3.25)
h1 +n, otherwise
Now, once we know w; mod 2n we can calculate w; mod 2 by
w1 mod 2 = (w; mod 2n) mod 2. (3.26)

If 2 is relatively prime to n, then we can use both residues in the CRT. By setting ¢ to be
several co-prime numbers, i.e. ¢ =2,3,5,7,...0(log N), we can reconstruct wy. The wy can
be reconstructed in a similar way.

The above method only works under the assumption that we know an integer n separates
w1 and wg. This assumption is not realistic because usually, we do not have any prior
knowledge concerning separating n—values. Next, we will utilize an example to show that
we can still recover the significant frequencies even if we do not have any knowledge about
the n values. This method was inspired by similar number theoretic group testing strategies
used in [53] and [55].

Assume N = 10% and let nj, j = 1,2,3,4,5 be 5 relatively prime numbers 100, 101,
103, 107 and 109 respectively. Now we can observe that the product of any three of these

co-prime numbers is greater than N. Combine this fact with the CRT we know that as
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long as wy # wo, they can collide modulo at most two of the relatively prime n; values.
This is because if they collide at three n; values, then they must be identical based on the
CRT. This fact gives us a way to identify wq and wg. We can apply the previous recovery
method for each of the five n; values. Because each time when we apply the method with
a different n; value, we will get at most two unique frequencies, so at the very end we will
have at most 10 answers (with multiplicity). Since we know that the majority of our n;
values (3 out of 5) must separate wy and w9, so w; and wo must appear in our answers at
least 3 times each. Also from the CRT we know that the incorrect frequency can appears
in our answers at most twice. So we only need to return the answers which appears at least
three times, that will give us wy and we. We can use the similar majority theory to find
the coefficient of each frequency. This method also works for signals with sparsity greater
than 2. Actually, it has been proved in [33| that it is enough to use 3s|logg N | + 1 co-prime
numbers to guarantee to find the correct set of significant frequencies. Moreover, we will

obtain a s—term representation ﬂ g of the signal function f in Fourier space which satisfies

~

1T Tl lla<| £ — RZ(F) ll2 +3v/s || £ — RZ'(F) |1 (3.27)

where R t(f) stands for the optimal s—term representation of f. For this deterministic SFT
algorithm, the runtime and the number of measurements used are both O(s? log* N ).

It is worth to mention that one can easily change the above deterministic SF'T algorithm
into a randomized algorithm by decreasing the number of co-prime numbers used in the
algorithm. Actually, it has been showed in [2] and [4] that by choosing O(log(%)) co-prime
numbers in the SFT algorithm in [33|, we will find the correct recovery with probability at

least 0. Both the sampling complexity and runtime will be O(slog3(N) - log (1]1[—0_)) We
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encourage the reader to go to [33] [2] [4] and [8] for more details.
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Chapter 4

Approach Based On filter function and

fast discrete convolution

From now on, let us assume the input signal f is a length N vector which contains N
equally spaced samples f (2%‘7) of the signal function, where j = (—%, %] N Z. Assume
that there exist a SFT algorithm which requires m samples {f(z})}j-; to find the best
s-term approximation of the signal. However, the given input vector f only contains N
equally spaced samples of f, and so does not necessarily contains all the samples the SF'T
algorithm needs. As a consequence, we need to try to interpolate these required function
values {f(z)}}L from f.

There are two requirements for an ideal interpolation method: fast and accurate. Keep
in mind that we are trying to create a sub-linear algorithm which can outperform some
existing Fourier transform algorithms (e.g. FFTW) in the sense of speed and at the mean
time provide good approximation to the sparse signal. The most straight forward idea is to
use polynomial interpolation. However, we prove in section 4.1 that polynomial interpolation
is poorly conditioned with high oscillate functions. One will need large number of points to
reduce the error. In another word, polynomial interpolation is fast and easy to implement

but not accurate enough. Then we use the rest of this chapter to introduce our approach

based in filter function and fast discrete convolution. In section 4.2, we introduce the filter
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function that used in our approach: periodic Gaussian function. We then point out that
periodic Gaussian function is not the only possible choice, however, it is a very good candidate
because it has relatively simple analytic form and can be numerical evaluated easily. Then
in section 4.3 we give the description of our proposed approach in the form of pseudo code.
At the very end, in section 4.4, we show that the value of function at desired point can be
evaluated rapidly and accurately by using the filter function and fast discrete convolution

approach.

4.1 Polynomial interpolation

In this section, we first consider an simple and intuitive method, e.g. polynomial interpola-
tion, to get the desired function value at points {z}};" ; C [~7, 7]. Polynomial interpolation
is easy to implement and can be evaluated rapidly. However, by using the results from [5],
we get the modified Lemma 2 which shows that the value of the desired points {z},}]* | can
only be evaluated accurately with polynomial interpolation when all the high frequencies of
the signal function vanished. More precisely, polynomial interpolation can only works if all
the frequencies w with |w| > % have zero coeflicients. This is equivalent to oversampling the

signal function with a factor of 7. We present the details of the result in the lemma below.

Lemma 2. Letw € (—m, 7] andy; = —7r+% forj=0,...,N—1. Setj = arg min; |x — yj‘.
Suppose that f,=0 for all |w| > % Let P(x) denote the value of polynomial interpolation

by using the value of 2k terms in f nearest to x, i.e. {f(x Then we have

i =1

[f(z) = P(x)] < e (4.1)
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2| fll1 )].

€

when k = [ logy(

Proof. Let us take 2k terms nearest to the desired point x and calculate the real and imag-
inary part of polynomial interpolation P(z) separately. Let Pr denote the real part of the

polynomial interpolation, and Py be the imaginary part.

Note that
F@Re L 27(j' 4 m)
e e ol | B By
| f%%) oo 14 m2m g
= ) yl )
) e 27 0 T
= o W nglm
2 12
= 1529 e GG
< 18 oo 2

The first equation is Lagrange interpolation error. Also we notice that for || f(2%) ||s we

have:

1% e = | Y Flw)(iw)? e

jwl<4¥

< Y Il

wj<¥

~ N
< Tl ()
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Plug this into previous inequality we get:

Il
Ref ()} — Pr(a)] < L]
Set k = [logg(2||{||1ﬂ, we have |Re{f(x)} — Pr(z)| < 5.
Same argument imply imagine part also has [Im{f(x)} — Pr(z)| < 5. O

From above Lemma, we can see that in order to get accurate estimation from the polyno-
mial interpolation, we need to oversampling the signal function f with a factor of 7, which
is an unpleasant assumption. The reason polynomial interpolation method not working very
well is because the high order derivative grows exponentially, which makes the polynomial
interpolation to be poorly conditioned with high oscillate functions. A very natural idea is
to try to control or eliminate the high frequency terms in Fourier space. Filter function is
an ideal choice in this task.

In the next few sections, we try to solve this problem by showing that with appropriate
filter function (e.g. periodic Gaussian function), one only needs very few samples O(log N)

to estimate the desired points accurately and rapidly.

4.2 Periodic Gaussian Function

The filter function plays a crucial role in our approach. Later (in section 4.4) we will show
that a good filter function can help us to evaluate the value of the function at desired points
rapidly and accurately. Before we start to discuss what properties we expect to see in the

filter function, let us first give the definition of effective support.

Definition 1. Assume X is the domain of a function f. Then for any positive number e,
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the effective support of f according to € is:

Xe(f) ={v e X[ [f(x)| > €}

Intuitively, we want our filter function to have wide effective support in Fourier space,
so that we only need to shift it a few times in order to cover the whole bandwidth. And
at the same time, we want it to have narrow effective support in time space. The benefit
of these two properties will be discussed in more detail later. The good news is that the
uncertainty theorem of Heisenberg tells us that the balance has to be reached between the
time and frequency resolution. More precisely, if we let o4 and o, denote the root deviation

of a function f in time space and Fourier space respectively. Then we have

(4.2)

e~ =

Ot0yw =

This means if a function has large variance in Fourier space, then it must have small variance
in time space, which is exactly what we want.

There are a lot of different kinds of filter functions available in the market. For example,
rectangular window function (sometimes known as the boxcar or Dirichlet window), Pro-
late spherical functions, Kiaser Bessel functions and C, bump function, etc. Theoretically
speaking, they all can be used in our method. However, we choose to use periodic Gaussian
function in our approach because of two reasons: first, it has simple analytic form which
makes it easier to control its variance in time and Fourier space; and second, which is also the
most important part, periodic Gaussian function is easy for a computer to evaluate. Next,

we give the definition of periodic Gaussian function in Lemma 4.3 and then show that we
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can always get the desired effective support in both time and Fourier space by tuning its
parameters.

In the sections that follow the 2r—periodic Gaussian g : [—7, 7] — R defined by

(= 2n7r)2
9.2
Z e (4.3)
n=—oo
with ¢; € RT will play a special role. The following lemmas recall several useful facts
concerning both its decay, and its Fourier series coefficients.

Lemma 3. The 2m—periodic Gaussian g : [—m, 7] — RT has

2

xZ

3 1 202
)< | —+—==)e 71
g(>_(01 \/ﬁ)

for all x € [—m, .

Lemma 4. The 2r—periodic Gaussian g : [—m, 7] — RT has

for allw € Z. Thus, § = {guw},ez € (2 decreases monotonically as |w| increases, and also

-~ 1
has ||gllocc = Vo

Lemma 5. Choose any 7 € <0’\/L277>’ a € [1,\/%7]\]}, and B € < \/ n(1/7v/2r) } Let

c] = *BV}\? in the definition of the periodic Gaussian g from (4.3). Then g, € |:7', \/LT] for

™

. N
al w € Z with |w| < {am-"

The proofs of lemmas 3, 4, and 5 are included in Appendix A for the sake of completeness.

Intuitively, we will utilize the periodic function g from (4.3) as a bandpass filter below.
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Looking at lemma 5 in this context we can see that its parameter 7 will control the effect
of g on the frequency passband defined by its parameter «. Deciding on the two parameters
7, then constrains § which, in turn, fixes the periodic Gaussian g by determining its
constant coefficient ¢;. As we shall see, the parameter § will also determine the speed and
accuracy with which we can approximately sample (i.e., evaluate) the function fxg. For this
reason it will become important to properly balance these parameters against one another

in subsequent sections.

4.3 Description of the Proposed Approach

In this section we give the reader a general idea about the structure of our discrete SF'T
approach. Let us assume that we have access to an SFT algorithm A which requires m
function evaluations of a 27-periodic function f : [—m, 7] — C in order to produce an s-sparse
approximation to ]? For any non-adaptive SFT algorithm A the m points {x}}}* | C [—m, 7]
at which A needs to evaluate f can be determined before A is actually executed. As a result,
the function evaluations {f(zy)}jL required by A can also be evaluated before A is ever
run. Indeed, if the SFT algorithm A is both nonadaptive and robust to noise it suffices to
approzimate the function evaluations { f(zy) };-; required by A before it is executed.! These
simple ideas form the basis for the proposed computational approach outlined in Algorithm 1.

The objective of Algorithm 1 is to use a nonadaptive and noise robust SF'T algorithm
A which requires off-grid function evaluations in order to approximately compute the DFT

of a given vector £ € CV, f = Ff . Note that computing f is equivalent to computing

1We hasten to point out, moreover, that similar ideas can also be employed for adaptive and noise robust
SFT algorithms in order to approximately evaluate f in an “on demand” fashion as well. We leave the details
to the interested reader.
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Algorithm 1: A Generic Method for Discretizing a Given SFT Algorithm A

W N

© 0w N & W

10

11

12

13
14
15

16

17

Input : Pointer to vector f € CV, sparsity s < N, nodes {op}iy, C[=m, 7] at
which the given SFT algorithm A needs function evaluations, and «,

satisfying lemma 5
Output: R®, a sparse approximation of f € CV

Initialize ﬁ, RS« ()
vin N
Set ¢; = BYInN Z\?

for j from 1 to [co] do

_ _[N . N
¢=—[¥]+1+2j -1 [am]
Modulate g to be g4(z) := e "% g(z)
for each point x € {x}}" | do
end

ﬁweh—{
‘ R=R U
end
end
end

N N
a\/lnN—‘ 4 {a In N

)

in the definition of periodic Gaussian g from (4.3), and ¢y =

| Use f to approximately compute (gq * f)(z) as per §4.4

Run given SFT algorithm A using the approximate function evaluations
{(gq * f)(x)}it in order to find an s-sparse Fourier approximation,

for each (frequency,Fourier coefficient) pair (w,c,) € Etemp do

D N B then

0]

In N

2

Choose the s frequencies w with (w, é&,) € R having the largest |¢,,|, and put those

(w,éy) in R
Return RS
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the Fourier series coefficients of the degree N trigonometric interpolant of f. Hereafter
the 27m-periodic function f : [—m, 7] — C under consideration will always be this degree
N trigonometric interpolant of f. Our objective then becomes to approximately compute
fusing A. Unfortunately, our given input vector f only contains equally spaced function
evaluations of f, and so does not actually contain the function evaluations {f(xy)}p.
required by A. As a consequence, we are forced to try to interpolate these required function
evaluations {f(xy)}rL from the available equally spaced function evaluations f.

Directly interpolating the required function evaluations { f(z3)}j.; from f for an arbi-
trary degree N trigonometric polynomial f using standard techniques appears to be either
too inaccurate, or else too slow to work well in our setting.2 As a result, Algorithm 1 instead
uses f to rapidly approximate samples from the convolution of the unknown trigonometric
polynomial f with (several modulations of) a known filter function g. Thankfully, all of the
evaluations {(g * f)(z})}}-, can be approximated very accurately using only the data in f
in just O(mlog N)-time when ¢ is chosen carefully enough (see §4.4 below). The given SFT
algorithm A is then used to approximate the Fourier coefficients of g f for each modulation
of ¢ using these approximate evaluations. Finally, f is then approximated using the recovered

sparse approximation for each ;k\f combined with our a priori knowledge of g.

2Fach function evaluation f(z;.) needs to be accurately computed in just O(log® N)-time in order to
allow us to achieve our overall desired runtime for Algorithm 1.
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4.4 Rapidly and Accurately Evaluating the convolution

In this section we will carefully consider the approximation of (f * g) (z) by a severely trun-

cated version of the semi-discrete convolution sum

p N 2 2
NZf(—w—FW)g(x—l—ﬂ—W) (4.4)
=0

for any given value of z € [—7,w]. Our goal is to determine exactly how many terms of
this finite sum we actually need in order to obtain an accurate approximation of f % g at an
arbitrary z-value. More specifically, we aim to use as few terms from this sum as absolutely
possible in order to ensure, e.g., an approximation error of size O(N *2).

Without loss of generality, let us assume that N = 2M + 1 is odd — this allows us to

express B, the set of N Fourier modes about zero, as

(3] e

In the lemmas and theorems below the function f : [-m,7] — C will always denote a

degree-N trigonometric polynomial of the form

fa)= 3 fuetr.

weB

Furthermore, g will always denote the periodic Gaussian as defined above in (4.3). Finally,

we will also make use of the Dirichlet kernel Dj; : R — C, defined by

M

1 . 1 .
D _ iny _ iny
M (Y) o ® o Z e
n M

neB
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The relationship between trigonometric polynomials such as f and the Dirichlet kernel

D)y is the subject of the following lemma.

Lemma 6. Let h : [—m, 7] — C have he = 0 for all w ¢ B, and define the set of points

oM 2mj | 2M
{yj }j:O = {—7? + T}jo' Then,

o 2M
2 (hx D) (x) = h(z) = th(yj) Dy (z —yj)
j=0

holds for all x € [—m, 7).

Proof. By the definition of D, we trivially have 27 (5]\\/[) = xpB (w) Yw € Z. Thus,
w
ﬁZQﬂ'-EOEZE:Qﬂ"th)\]W

where, as before, o denotes the Hadamard product, and * denotes convolution. This yields
h(x) =27 (h* Djy) (z) and so establishes the first equality above. To establish the second

equality above, recall from (2.1) that for any w € B we will have

—2mijw

~ —1 2mg —amjw 1 —iwy.;
- G ) B

since h is a trigonometric polynomial. Thus, given = € [—m, | one has

T iwx 1 X ﬁw(x—y-) 2w 2M
hw) =) hee = | h(y) D e V) =D hi(y) Do (v —w5).
weB j=0 weB j=0
We now have the desired result. O

We can now write a formula for g* f which only depends on N evaluations of f in [—m, 7).
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N 2M
Lemma 7. Given the set of equally spaced points {y]}ii/[o = {—7T -+ 2%} 0 one has that

G40 @) =5 D) [ g(o—uy) Dy (w)du
=0 o
for all x € [—m, .
Proof. By Lemma 6, we have
1 . 1 - 2M
@D @ =5 [ gle-w) Fdy= [ 903" F () Du (- y;)dy

1 2M
:sz(yj)/ g (z —u—yj) Dy (u) du.
=0

™
—T
The last equality holds after a change of variables since g and D) are both 2r—periodic. [

The next two lemmas will help us bound the error produced by discretizing the integral
weights present in the finite sum provided by Lemma 7 above. More specifically, they will

ultimately allow us to approximate the sum in Lemma 7 by the sum in (4.4).

Lemma 8. Let x € [, 7| and y; = —7 + 2%‘7 for some j =0,...,2M. Then,

/77 g (33 —Uu— yj) Dy (u) du = Z :q\n@ﬁn(x,yj).

- neB

Proof. Recalling that 27 (5&) = xB (w) for all w € Z we have that
w

/ﬂ g (x—u—y;) Dy (u)du =27 (Darx9) (z = y;) = Y Goxp (n) RUCST
- ne

)

neB
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2
Lemma 9. Denote I (a) := [* e % dx for a > 0; then

™ (1 - e—az) <I?(a) < (1 - e_2a2) .

Proof. Let a > 0 and observe that

a a 2 2 — 2 2 2
% (a) = e ¥ Y dedy > e (x y )dxdy =7({l—e " |.
—at-ua {x2+y2§a2}

The first equality holds by Fubini’s theorem, and the inequality follows simply by integrating
a positive function over a disk of radius a as opposed to a square of sidelength 2a. A similar

argument yields the upper bound. O]

We are now ready to bound the difference between the integral weights present in the

finite sum provided by Lemma 7, and the g (z — yj)—weights present in the sum (4.4).

1 _N
Lemma 10. Choose any 7 € (0, ), a € [1, \/W]’ and 3 € <O,a 5

In(1/7v/2m)
n M | 4

1 = 6—'J1VHN in the definition of the periodic Gaussian g so that
N 00 _(30—27171')2]\72
g (a:) — e 2,6’? InN
ﬁ\/lnNn_z_:oo
21

Then for all v € [~7, 7] and y; = —7 + =,

<

‘g(w—yj)—/_zg(x—u—yj)DM(U)du
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Proof. Using Lemma 8 we calculate

™
-y
‘g(l‘—yj)—/ g (¢ —u—y;) Dy (| = |g (e —y;) = 3 Goe" (=)
- neB
- Z @\n@ﬁ (SU y])
neBC¢
1 C%’I’LQ
< o Z e 2 (Using Lemma 4)
VAT > M
2 o0 C%’I’L2
< — e 2 dn
N2 M
9 [0 _ﬁ2n2lnN
_ /2 / e 2N? dn
™M

Upon the change of variable v = 6”\[— '21;\17]\[, we get that

‘g(x_yj) /Wg(x—u—yj)DM(u)du

—v? dv

ﬁm/ﬁM 1n ®

- BM~/Tn N
_ A1 / o dy - VAN -,
BVTInN2 | J-oo _BMyvInN
V2N
N _BZM2InN
< T— |7|1l—e 2N2
BvVmIn N VT
N _62M2

— 1-\V1-N 2n2

6vIn N

where the last inequality follows from Lemma 9. Noting now that

€0,1] = 1—-/1—-y<uy,
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and that % =2+ ﬁ € (2,3] for all M € Z™, we can further see that
N B2 N gz Nl_%
1-Vi—-N 2N | < N 2N?2 <
BvIn N BvIn N BvVIn N
also always holds. O

With the lemmas above we can now prove that (4.4) can be used to approximate (g * f) (z)

for all « € [—m, 7] with controllable error.

Theorem 2. Let p > 1. Using the same values of the parameters from lemma 10 above, one

has
1 £, 1822
(g*f)(iﬂ)—ﬁjz:%f(yj)g(a:—yj) SB\/WN 87D

for all x € [—m, .

Proof. Using lemmas 7 and 10 followed by Holder’s inequality, we have

12M
(9 ) (@) = 5 D_F () 9 (v = w)
j=0
12M T
= |2 W) 9@—v)— | g(x—u—y;) Dy (u)du
sz:% J( 7 /ﬂ S )
1B —p>

2M
1 N I8 NI8 -1
il . < fll. N= P,
= szzo‘f(yﬂ)‘ I Wm” Iy

]

To summarize, Theorem 2 tells us that (g * f) () can be approximately computed in
O (N)-time for any = € [—m,n| using (4.4). This linear runtime cost may be reduced

significantly, however, if one is willing to accept an additional trade-off between accuracy
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and the number of terms needed in the sum (4.4). This trade-off is characterized in the next

lemma.

Lemma 11. Letx € [-m, 7], p> 1,7y € RT, and k := [yIn N]+1. Setj' := arg min; |x — yj‘.

Using the same values of the other parameters from lemma 10 above, one has

1 2M 1 i+ _ﬁgﬁ
N el —w) -5 X f)ele—w)| <2t N 7
j=0 j=i'~x

for all 3> 4 and N > 2.

6vIn N

Proof. Appealing to lemma 3 and recalling that ¢c; = =5 — we can see that

272
g(:zc)<( v >@_2Z2J1Y1N
“\BVInN V2« '

Using this fact we have that

(i) 2 (2h=1)%r2

3N 1\ —~—» 3N 1\ 5
€T — Y. < -+ ® 2[3 In N < ( -+ ) ® Zﬁ In N
! ( leik) - (ﬁ\/lnN \/27r) “\BVInN V2«

for all k € Zpr. As a result, one can now bound

1 2M 1 '+
NS Wa—v) =5 > F)al—y)
Jj=0 =ik
above by
3 . N-2k—1 7(2/{5&
(m/WJF Nﬂ) 2 (‘f (yj’—k>‘ T )f (%"M)D‘B 267N (4.5)

k=r+1
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where the y;-indexes are considered modulo N as appropriate.

Our goal is now to employ Holder’s 1nequahty on (4. 5 Toward that end, we will now

—2Kk—1
n+€
bound the ¢g-norm of the vector h := ¢ e 52 lnN . Letting a := ¢ (52 14nN)
we have that
N—-2x—1 _L2 1 2 o0 2 9 00 2.2
=y e U et [T,
(=1 (= r-l
2.2
m(k—1),/% 2 9 2qmey
. VE g [ e 8 N Bt
2ra  1v2a ,W(H,l)\/% 2mra 2\ 2mq
where we have used Lemma 9 once again. As a result we have that
1 9722 1 922
2 2 _1 X 2 2 T
Ijy < (22 gy 7 < (RN T
8T 8T

for all ¢ > 1. Applying Holder’s inequality on (4.5) we can now see that (4.5) is bounded

1 1 2
BVInN  Nv2r) P\ 8« ‘

The result now follows. O

above by

We may now finally combine the truncation and estimation errors in Theorem 2 and
Lemma 11 above in order to bound the total error one incurs by approximating (g * f) ()

via a truncated portion of (4.4) for any given = € [—7, 7].

Theorem 3. Fix x € [—m,7|, p > 1 (or p = ), % >r>1,and g: [-m 7] = RT to

/ T
be the 2m—periodic Gaussian (4.3) with ¢; := %(N) Set j' := arg min; ‘x — yj‘ where
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27j

yj=-—m+ = forallj=0,...,2M. Then,

(g% ) (x) —

N

-/ 67
InN |[+1
j-i-[\/iw n —‘+

2.

fyj)g(@—y;)| <

Ifllp
BW'

V2r

jj’[ﬁ’“ lnN—‘l

As a consequence, we can see that (g = f) (z) can always to computed to within O (||f]|ccN™")-

3+ H’g lnN—‘—H
error in just O (rlog N)-time for any given f € CN once the {g (x — yj) } m
jj’“r lnN—‘l
V27
have been precomputed.
Proof. Combining Theorem 2 and Lemma 11 we can see that
j’+{ 6r lnN—‘—l—l
1 van
(9% ) (@) = % > I (97) 9 (x = yj)
._/_| _6r _
=7 ’V\/iﬂ 1nN-‘ 1
2.2
< |If| L +2 NP
- U ByinN
_ _ 2 _ 6r _ BT
Whereﬁ—6\/?26,N236r—ﬂ,and’y—ﬁﬂ—ﬂﬂ. O

We are now prepared to bound the error of the proposed approach when utilizing the

SFTs developed in [4].
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Chapter 5

One Fully Discrete SFT algorithm

In this Chapter, we use the method described in Chapter 4 to create a fully discrete SF'T
algorithm based on the Algorithm 3 in [4]. More precisely, we replace the A in line 9
of Algorithm 1 with the SFT Algorithm 3 in [4]. As mentioned in the introduction, the
Algorithm 3 in [4] is a non-adaptive SFT algorithm, which means the m points {z};L; C
[—7, 7] at which Algorithm 3 needs to evaluate f can be determined before the Algorithm 3
is actually executed. One thing that should be mentioned here is that A can also be replaced
by an adaptive SFT algorithm, in which case the value of desired samples cannot be pre-
computed, but has to be approximated on demand. There is, however, one requirement of
the SFT algorithm used to replace A in line 9, that is the SFT algorithm has to be noise
robust. This is because even though from previous chapter we know that we can always
approximate the value of convolution g4 * f with desired accuracy, the value of the sample
is still not equal to the true value. In that case, the approximated values can be seen as the
contaminated true function value { f(z},) +ny};" ;. Now it is clear that the SF'T algorithm
has to be robust to noise if we want it to find the support of a signal function in Fourier
space correctly by using the contaminated samples.

The reminder of this chapter is organized as follows. In section 5.1 we prove that the
Algorithm 3 in [4] is robust to noise. To do that, first we generalize the Lemma 6 in [4] by

considering the noisy signal samples. Then we prove the noise robust variant of Theorem 7
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from §5 of [4]. This is the necessary prerequisites to use the Algorithm 3 in [4] to replace the
A in Algorithm 1. Then in section 5.2 we give an error guarantee for Algorithm 1 when using
the SFTs proposed in [4]. We also provide the runtime complexity for both deterministic

and randomized version of our new fully discrete SF'T algorithm.

5.1 On the Robustness of the SFTs proposed in [4]

The sparse Fourier transforms presented in [4| include both deterministic and randomized
methods for approximately computing the Fourier series coefficients of a given 2mw-periodic
function f from its evaluations at m-points {x };; C [—, 7). The following results describe
how accurate these algorithms will be when they are only given approximate evaluations of
f at these points instead. These results are necessary because we will want to execute the
SFTs developed in [4] on convolutions of the form f % g below, but will only be able to

approximately compute their values at each of the required points x1, ...,z € [—7, 7).

Lemma 12. Let s,e 1 € N\ {1} with (s/e) > 2, and n € C™ be an arbitrary noise
vector. There exists a set of m points {xy}p C [—m,«] such that Algorithm 3 on page 72
of [4], when given access to the corrupted samples {f(xy) 4+ ng}pey, will identify a subset

SCB= (%, %] N Z which s guaranteed to contain all w € B with

. A_*opt
e e -5,
S

ey Lt |[F= s, + Imllso | (5.1

Furthermore, everyw € S returned by Algorithm 3 will also have an associated Fourier series
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coefficient estimate z, € C which is guaranteed to have

. Hf——»fOPt

(s/€)

S

~

L |7 = is ], + Imllso | (5:2)

‘ﬁ)_zw‘g\/i

Both the number of required samples, m, and Algorithm 3’s operation count are

s% - log*(IN)
0 (—bg st ) | 53

If succeeding with probability (1 —0) € [2/3,1) is sufficient, and (s/e) > 2, the Monte
Carlo variant of Algorithm 3 referred to by Corollary 4 on page 74 of [4] may be used. This
Monte Carlo variant reads only a randomly chosen subset of the noisy samples utilized by

the deterministic algorithm,

{f (@) + fgtiy € {f(xg) +npdils
yet it still outputs a subset S C B which is guaranteed to simultaneously satisfy both of the
following properties with probability at least 1 — §:
(1) S will contain all w € B satisfying (5.1), and
(i) all w € S will have an associated coefficient estimate z, € C satisfying (5.2).

Finally, both this Monte Carlo variant’s number of required samples, m, as well as its oper-

ation count will also always be

o(gw%%Nykg(%)>. (5.4)
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Using the preceding lemma one can easily prove the following noise robust variant of
Theorem 7 (and Corollary 4) from §5 of [4]. The proofs of both results are outlined in

Appendix B for the sake of completeness.

Theorem 4. Suppose f : [—m,7| — C has f e ' Let s,et € N\ {1} with
(s/e) > 2, and n € C™ be an arbitrary noise vector. Then, there exists a set of m points
{zp}ie, C [—m, 7] together with a simple deterministic algorithm A : C"™ — C* such that
A ({f(zg) + np}ily) is always guaranteed to output (the nonzero coefficients of) a degree
< N/2 trigonometric polynomial ys : [—7, 7] — C satisfying

~

22¢ - Hf—f“’pt ~
L2235 (| F = Flg|| +lmllc) . (55

(s/€)

¢ popt
I1F = wsllo < || - 87|+

2 Vs

Both the number of required samples, m, and the algorithm’s operation count are always

o (M) | 56)

105 (2) - &

If succeeding with probability (1—0) € [2/3,1) is sufficient, and (s/e) > 2, a Monte Carlo
variant of the deterministic algorithm may be used. This Monte Carlo variant reads only a

randomly chosen subset of the noisy samples utilized by the deterministic algorithm,

{F@) + mg} iy € {f () +np )iy

yet it still outputs (the nonzero coefficients of) a degree < N/2 trigonometric polynomial,

ys : [—m, ] = C, that satisfies (B.9) with probability at least 1 — §. Both its number of
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required samples, m, as well as its operation count will always be

o (g log3(N) - log (%)) . (5.7)

We now have the necessary prerequisites in order to discuss our general strategy for

constructing several new fully discrete SFTs.

5.2 An Error Guarantee for Algorithm 1 when Using the

SFTs Proposed in [4]

Given the 2r—periodic Gaussian g : [—m, 7] — RT (4.3), consider the periodic modulation

of g, gq : [=m, 7] = C, for any ¢ € Z defined by

One can see that

o0 o0 00
Gq (x) = e 147 Z GoeleT — Z Goet—aT — Z G4 g®o?,

W=—00 W=—00 w=—00

so that the Fourier series coefficients of g4 are those of g, shifted by ¢; that is,

In line 9 of Algorithm 1, we provide the SFT Algorithm in [4] with the approximate
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evaluations of {(gq * f) (xk)}?zl , namely, {(gq * f) (zg) + nk};gn:p where, by Theorem 3,

the perturbations n;, are bounded, for instance, by
/]
gl <35V E=1,...m.

With this in mind, let us apply lemma 12 to the function g4 * f. We have the following

lemma.

Lemma 13. Let s € [2, N|NN, andn € C™ be the vector containing the total errors incurred
by approxzimating gq * f via a truncated version of (4.4), as per Theorem 3. There exists
a set of m points {xp}ty C [—m, @] such that Algorithm 3 on page 72 of [4], when given
access to the corrupted samples {(gq * f) (xp) + nk};nzl , will identify a subset S C B which

1 gquaranteed to contain all w € B with

@) =4 (5

- ———\ opt . -
o d = (0 7) | 3N ) =0

Furthermore, every w € S returned by Algorithm 3 will also have an associated Fourier series

coefficient estimate z, € C which is guaranteed to have
‘(W) —zw‘ < V/20.
w

Next, we need to guarantee that the estimates of gjﬁ returned by Algorithm 3 of [4]

will yield good estimates of J?itself. We have the following.

Lemma 14. Let s € [2, N|NN. Given a 2w—periodic function f : [—m, 7] — C, the periodic
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Gaussian g, and any of its modulations gq (v) = e 1% (x), one has

Proof. Recall the definition of Rgpt (f) as the subset of B containing the s most energetic

—— (=Pt Lij>  copt
g+ T~ (30+7)] §Hf 7,

frequencies of ]?, and observe that

s-m-z = Bz 2 @), A

weB\RP* (f) weB\RP* (f)

since, by lemma 4, g, < % for all w, and consequently, <§Aq> = Juiq < % for all w.
w

Moreover,

S @), w2 @) R -

/-\) opt

g*\f—<gq*f

1

Let us combine the guarantees above into the following lemma.

Lemma 15. Let s € [2, N|NN, andn € C™ be the vector containing the total errors incurred
by approximating gq * f via a truncated version of (4.4), as per Theorem 3. There exists
a set of m points {x}]ty C [—m, x| such that Algorithm 3 on page 72 of [4], when given
access to the corrupted samples {(gq * f) () + ”k}?zl , will identify a subset S C B which

15 guaranteed to contain all w € B with

@), =4 (55 7= 7], + sl ) =
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Furthermore, every w € S returned by Algorithm 3 will also have an associated Fourier series

coefficient estimate z, € C which is guaranteed to have

(@), =2 v

The lemma above implies that for any choice of ¢ in line 4 of Algorithm 1, we are

guaranteed to find all w € [q — [a\/%iN-‘ ,q+ [ﬁb N B with

46 >4_5
(), "

where o and 7 are as defined in lemma 5. Moreover, the Fourier series coefficient estimates

)fw’ > max
w

&

zw returned by Algorithm 3 will satisfy

~ z
Jw — Aw < max ——
z o (7 T
(gq> w <gq> w
Following Theorem 3, which guarantees a decay of N~ in the total approximation error,

let us set 5 = 64/r for 1 < r < % Recall from lemma 3 the choice of 5 € (0’ a M

i 1 _N
where 7 is to be chosen from (0, m) Thus, we must choose a € [1, \/W} so that

In (1/7v/27) 6v/2r
6\/7_"§04 B S— <— &2m.

We may remove the dependence on 7 simply by setting, e.g., 7 = % Then o = O (/7).

We are now ready to state the recovery guarantee of Algorithm 1 and its operation

count.
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Theorem 5. Let N € N, s € 2, N]NN, and 1 <r < % as in Theorem 3. If Algorithm 3
of [4] is used in Algorithm 1 then Algorithm 1 will always deterministically identify a subset

S C B and a sparse vector v|g € CN satisfying

. . 33 1. .
= s, < [JE -7, 5 [E -2 -
i V\SHQ_Hf o 8 et R CUNEI LN (5.8)

Algorithm 1’s operation count is then

log(s)

If returning a sparse vector v|g € C that satisfies (5.8) with probability at least (1—p) €
12/3,1) is sufficient, a Monte Carlo variant of the deterministic Algorithm 3 in [4] may be

used in line 9 of Algorithm 1. In this case Algorithm 1’s operation count is

0] (s 3 log2 (N) - log (%)) .

Proof. Redefine § in the proof of Theorem 7 in [4] as
e [ N I ¥ ([ Y
7\ 2s 1 o0 2s 1 o0 ’

and observe that any w € B = [— {%—‘ , L%J) NZ that is reconstructed by Algorithm 1 will

have a Fourier series coefficient estimate v,, that satisfies

A~

"Uw —f,

:)vw—fw‘é\/ﬁﬁ.
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We can thus bound the approximation error by

IN

=15, + [1s —vis, <

A—ﬂ5H2—|—2\/§-5

A oA 2 ~ ~ 12
e s R T [afeas

R (s aes\iP(7)

=]

)2 (5.9)

In order to make additional progress on (5.9) we must consider the possible magnitudes
of  entries at indices in S \Rgpt <f> and Rgpt <f> \\S. Careful analysis (in line with the

techniques employed in the proof of Theorem 7 of [4]) indicates that

>R X ’ﬁa‘zés-(sﬂ+8)2-52.

we RO (f) \S HeS\ROP! (f)

:

Therefore, in the worst possible case equation (5.9) will remain bounded by

~ “ N 2 2 ~ ~
Hf—v\SHZ < \/“f—fgpt“2+s- (8\/§+8) 624256 < Hf—f;’PtH2+22\/§-5.

The error bound stated in (5.8) follows.

The runtimes follow by observing that co = O (a : log%(N)> =0 (7’% 'log%(N)) as
chosen in line 2 of Algorithm 1, and for every choise of ¢ in line 4 of Algorithm 1, all of
the evaluations {(gq x f)(xp) }ZL:l can be approximated very accurately in just O(mrlog N)-

time, where the number of samples m is on the orders described in Theorem 6. O

We are now ready to empirically evaluate Algorithm 1 with several different SF'T algo-

rithms A used in its line 9.
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Chapter 6

Numerical Experiment

In this section we evaluate the performance of three new discrete SF'T Algorithms resulting
from Algorithm 1: DMSFT-4, DMSFT-6,} and CLW-DSFT.2 All of them were developed
by utilizing different SF'T algorithms in line 9 of Algorithm 1. Here DMSFT stands for the
Discrete Michigan State Fourier Transform algorithm. Both DMSFT-4 and DMSFT-6 are
implementations of Algorithm 1 that use a randomized version of the SFT algorithm GFFT
8] in their line 9.3 The only difference between DMSFT-4 and DMSFT-6 is how accurately
each one estimates the convolution in line 7 of Algorithm 1: for DMSFT-4 we use k = 4 in
the partial discrete convolution in lemma 11 when approximating gq * f at each xj, while for
DMSFT-6 we always use kK = 6. The CLW-DSFT stands for the Christlieb Lawlor Wang
Discrete Sparse Fourier Transform algorithm. It is an implementation of Algorithm 1 that
uses the SFT developed in [6] in its line 9, and k varying between 12 and 20 for its line
7 convolution estimates (depending on each input vector’s Fourier sparsity, etc.). All of
DMSFT-4, DMSFT-6 and CLW-DSFT were implemented in C++ in order to empirically
evaluate their run time and noise robustness characteristics.

We also compare these new implementations’ runtime and robustness characteristics

1 The code for both DMSFT variants is available at https://sourceforge.net /projects/aafftannarborfa/.
2The CLW-DSFT code is available at www.math.msu.edu/ markiwen/Code.html.
3Code for GFFT is also available at www.math.msu.edu/ markiwen/Code.html.
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with FFTW 3.3.4% and sFFT 2.0°. FFTW is the highly optimized FFT implementation
which runs in O(N log N)-time for input vectors of length N. All the standard discrete
Fourier Transforms in the numerical experiments are performed using FFTW 3.3.4 with
FFTW _MEASURE plan. The sFFT 2.0 is a randomized discrete sparse Fourier Transform
algorithm written in C+-+ which is both stable and robust to noise. It was developed by
Indyk et al. in [23]. Note that DMSFT-4, DMSFT-6, CLW-DSFT, and sFFT 2.0 are all
randomized algorithms designed to approximate discrete DFTs that are approximately s-
sparse. This means that all of them take both sparsity s and size N of the DFT’s fechN
they aim to recover as parameters. In contrast, FF'TW can not utilize existing sparsity to

its advantage. Finally, all experiments are run on a Linux CentOS machine with 2.50GHz

CPU and 16 GB of RAM.

6.1 Experiment Setup

For the execution time experiments each trial input vector f € CN was generated as follows:
First s frequencies were independently selected uniformly at random from [0, N) N Z, and
then each of these frequencies was assigned a uniform random phase with magnitude 1 as
its Fourier coefficient. The remaining frequencies’ Fourier coefficients were then set to zero
to form f € CN. Finally, the trial input vector f was then formed via an inverse DFT.

For each pair of s and N the parameters in each randomized algorithm were chosen so
that the probability of correctly recovering all s energetic frequencies was at least 0.9 per
trial input. Every data point in a figure below corresponds to an average over 100 runs

on 100 different trial input vectors of this kind. It is worth mentioning that the parameter

4This code is available at http://www.ffitw.org/
This code is available at https: //groups.csail.mit.edu/netmit /sFFT/
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2 Runtime for Sparsity (s) Fixed at 50
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Figure 6.1: Runtime comparison at sparsity (s) Fixed at 50

tuning process for DMSFT-4 and DMSFT-6 requires significantly less effort than for both
CLW-DSFT and sFFT 2.0 since the DMSFT variants only have two parameters (whose

default values are generally near-optimal).

6.2 Runtime as Input Vector Size Varies

In Figure 6.1 we fixed the sparsity to s = 50 and ran numerical experiments on 8 different
input vector lengths N: 216, 218 930 \We then plotted the running time (averaged over
100 runs) for DMSFT-4, DMSFT-6, CLW-DSFT, sFFT 2.0, and FFTW.

As expected, the runtime slope of all the SFT algorithms (i.e. DMSFT-4, DMSFT-6,
CLW-DSFT, and sFFT 2.0) is less than the slope of FFTW as N increases. Although FEFTW
is fastest for vectors of small size, it becomes the slowest algorithm when the vector size N
is greater than 220, Among the randomized algorithms, sFFT 2.0 is the fastest one when
N is less than 222, but DMSFT-4, DMSFT-6, and CLW-DSFT all outperform sFFT 2.0
with respect to runtime when the input vector’s sizes are large enough. The CLW-DSFT

implementation becomes faster than sFFT 2.0 when N is approximately 22 while DMSFT-4
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Runtime for Bandwidth (N) fixed 2%
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Figure 6.2: Runtime comparison at Bandwidth (N) Fixed at 220

and DMSFT-6 have better runtime performance than sFFT 2.0 when N is greater than 223.

6.3 Runtime as Sparsity Varies

In Figure 6.2 we fix the input vector lengths to N = 226 and run the numerical experiments
on 7 different values of sparsity s: 50, 100, 200, 400, 1000, 2000, and 4000. As expected, the
FFTW’s runtime is constant as we increase the sparsity. The runtimes of DMSFT-4, CLW-
DSFT, and sFFT 2.0 are all essentially linear in s. Here DMSF'T-6 has been excluded for ease
of viewing/reference — its runtimes lie directly above those of DMSFT-4 when included in
the plot. Looking at Figure 2 we can see the CLW-DSFT’s runtime increases more rapidly
with s than that of DMSFT-4 and sFFT 2.0. The runtime of CLW-DSFT becomes the
slowest one when sparsity is around 1000. DMSFT-4 and sFFT 2.0 have approximately the
same runtime slope as s increases, and they both have good performance when the sparsity

is large. However, DMSFT-4 maintains consistently better runtime performance than sFFT

2.0 for all sparsity values, and is the only algorithm in the plot that still faster than FFTW
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Figure 6.3: Robustness to Noise (bandwidth (N) = 222, sparsity (s) = 50).

when the sparsity is 4000. Indeed, when the sparsity is 4000 the average runtime of DMSFT-
4 is 2.68s and the average runtime of DMSFT-6 is 2.9s. Both of them remain faster than
FFTW (3.47s) and sFFT 2.0 (3.96s) for this large sparsity (though only DMSFT-4 has been

included in the plot above).

6.4 Robustness to Noise

In our final set of experiments we test the noise robustness of DMSFT-4, DMSFT-6, CLW-
DSFT, sFFT 2.0, and FFTW for different levels of Gaussian noise. Here the size of each
input vector is N = 222 and sparsity is fixed at s = 50. The test signals are then generated
as before, except that Gaussian noise is added to f after it is constructed. More specifically,
we first generate f and then set f = f + n where each entry of n, nj, is an i.i.d. mean 0

random complex Gaussian value. The noise vector n is then rescaled to achieve each desired

signal-to-noise ratio (SNR) considered in the experiments.%

6The SNR is defined as SNR = 20 log ‘|‘|£||||22, where f is the length N input vector and n is the length N
noise vector.
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Recall that the the randomized algorithms compared herein (DMSFT-4, DMSFT-6,
CLW-DSFT, and sFFT 2.0) are all tuned to guarantee exact recovery of s-sparse functions
with probability at least 0.9 in all experiments. For our noise robustness experiments this
ensures that the correct frequency support, .9, is found for at least 90 of the 100 trial signals
used to generate each point plotted in Figure 6.3. We use average L1 error to measure the
noise robustness of each algorithm for each of these at least 90 trial runs. The average Lq

error is defined as

~

fw_zw‘

1
Average L1 Error = — E
s
wesS

where S is the true frequency support of the input vector f, fw are the true input Fourier
coefficients for all frequencies w € S, and z, are their recovered approximations from each
algorithm. Figure 6.3 graphs the averaged average L1 error over the at least 90 trial signals
where each method correctly identified S.

It can be seen in Figure 6.3 that DMSFT-4, DMSFT-6, sFFT 2.0, and FFTW are all
robust to noise. As expected, FF'TW has the best performance in this test. DMSFT-4 and
DMSFT-6 are both more robust to noise when compared to sFFT 2.0. As for CLW-DSFT,
it cannot guarantee a 0.9 probability of correctly recovering S when the SNR is less than
40 and so is not plotted for those SNR values. This is due to the base energetic frequency
identification methods of [10, 6] being inherently ill conditioned, though the CLW-DSFT
results look better when compared to the true f with respect to, e.g., earth mover’s distance.
Frequencies are often estimated incorrectly by CLW-DSFT at higher noise levels, but when

they are they are usually at least close enough to the true frequencies to be informative.
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Chapter 7

Sparse FFT for Functions with

Structured Fourier Sparsity

In this chapter, we consider the problem of deterministically recovering a special type of
periodic function f : [0,27] — C as rapidly as absolutely possible via sampling. More
specifically, we focus on a specific set of functions f whose dominant Fourier series coefficients
are all associated with frequencies contained in a small number, n, of unknown structured
support sets S1,...,Sn C (—=[N/2], | N/2|]NZ, where N € N is very large. In such cases the

function f will have the form

[y =32 > cwe™® (7.1)

where each unknown S; has simplifying structure. (e.g., has [z —y| < B < N for all
x,y € 8;). We say that the function in 7.1 is (n, B)—structured in Fourier space. From (7.1)
one can see that each such f is approximately Bn—sparse. The Algorithm 1 in [30] is based
on the best unstructured SFT algorithm in [4, 2|. As a result, it can recover any Bn-sparse
function f in B%Zn2 logo(l) N —time. In this chapter, we focus on the results of the numerical
experiments. We show that the Algorithm 1 in [30] is the best known deterministic SFT

method for the recovery of polynomially structured sparse input functions by comparing its
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runtime and robustness characteristics with several other DFT/SFT algorithms. We point

the reader to [30] for more theoretical details.

7.1 Numerical Experiments

In this section, whenever we mention the structured SF'T algorithm we refer to the Algorithm
1 in [30]. Here we evaluate the performance of two different variants of the structured SFT
algorithm including (7) the deterministic variant for block sparse functions described in sec-
tion 4.2 of [30] (referred to as the Fourier Algorithm for Structured sparsiTy (FAST) below),
and (i) a randomized implementation of the structured SFT algorithm which only utilizes
a small random subset of the hashing primes used by FAST for each choice of its param-
eters (referred to as the Fourier Algorithm for Structured sparsiTy with Randomization
(FASTR) below). Both of these C-++ implementations are publicly available 1. We also
compare these implementations’ runtime and robustness with GFFT2, CLW-SFT, FFTW
3.3.43 and sFFT 2.0%,

Note that FAST and FASTR are both designed to approximate functions that are
(n, B)—block sparse in Fourier space. This means that both FAST and FASTR take up-
per bounds on the number of blocks, n, and length of each block, B, present in the spectrum
of the functions they aim to recover as parameters. In contrast, GFFT (a deterministic sparse
Fourier transform [4]), CLW-SFT (a multiscale sub-linear time Fourier algorithm developed
by Andrew Christlieb, David Lawlor and Yang Wang[6]) and SFFT 2.0 (a randomized noise

robust sparse Fourier transform [23|) only require an upper bound on the effective sparsity,

1http: //na.math.uni-goettingen.de/index.php?section=gruppe&subsection=software
2http: //users.math.msu.edu/users/markiwen,/Code.html

3http://www.fftw.org/

Ahttps: //groups.csail.mit.edu/netmit /sFFT/
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s, of the function’s Fourier coefficients. Herein s is always set so that s = Bn for these
methods. Finally, FFTW is a highly optimized and publicly available implementation of
the traditional FFT algorithm which runs in O(N log N)-time for input vectors of length N.
All the FFTW results below were obtained using FFTW 3.3.4 with its FFTW MEASURE
plan.

For the runtime experiments below the trial signals were formed by choosing sets of
frequencies with (n, B)—block sparsity uniformly at random from (—[N/2], | N/2]]NZ. Each
frequency in this set was then assigned a magnitude 1 Fourier coefficient with a uniformly
random phase. The remaining frequencies were all set to zero. Every data point in a figure
below corresponds to an average over 100 trial runs on 100 different trial signals of this kind.
For different n, B and N, the parameters in each randomized algorithm (i.e. FASTR and
sFFT 2.0) were chosen so that the probability of correctly recovering an (n, B)—block sparse
function was at least 0.9 for each run. Finally, all experiments were run on a Linux CentOS

machine with 2.50GHz CPU and 16 GB of RAM.

7.1.1 Runtime as Block Length B Varies: N =2, n =2 and n =3

In Figure 7.1a we fix the number of blocks to n = 2 and the bandwidth to N = 226,
and then perform numerical experiments for 10 different block lengths B = 22,23 ... 211,
We then plot the runtime (averaged over 100 trial runs) for FAST, FASTR, GFFT, CLW-
SET, sFFT 2.0 and FFTW. As expected, the runtime of FFTW is constant with increasing
sparsity. The runtimes of all the sparse Fourier transform algorithms other than GFFT
are approximately linear in B, and they have similar slopes. Figure 7.1a demonstrates that

allowing a small probability of incorrect recovery always lets the randomized algorithms

(FASTR and sFFT 2.0) outperform the deterministic algorithms with respect to runtime.
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Figure 7.1: Runtime plots for several algorithms and implementations of sparse Fourier
Transform under different setting

Among the deterministic algorithms, FAST is always faster than GFFT, and only becomes
slower than FFTW when the value of B is greater than 256. The runtimes of both FASTR
and sFFT 2.0 are still comparable with the one of FFTW when the block length B is 2048.
Comparing with sFFT 2.0, FASTR has better runtime performance on these block sparse
functions, and is the only algorithm that is still faster than FFTW when B = 2048. For
CLW-SFT, it has best runtime performance when the sparsity is less than 64, however, its
runtime increasing rapidly with the increasing of sparsity s and it becomes slower than FAST
when the sparsity is 4096. In Figure 7.1b we use the same settings of N and B as in the
previous experiment and increase the number of blocks n from 2 to 3. With these settings
the largest sparsity s = Bn increases from 4048 (2 - 2!1) to 6144 (3 - 2!1). The respective

results for the methods are similar in this plot.
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Figure 7.2: Runtime comparison for n = 2 blocks of length B = 64.

7.1.2 Runtime as Signal Size N Varies: n =2 and B = 64

In Figure 7.2 we fix the number of blocks n = 2 and block length B = 64, then test the
performance of the different algorithms with various bandwidths N. It can be seen in Figure
7.2 that FFTW is the fastest deterministic algorithm for small bandwidth values. However,
the runtime of FFTW becomes slower than the one of FAST when the bandwidth N is greater
than 224, GFFT is the slowest deterministic algorithm for this sparsity level for all plotted
N. Comparing randomized SFT algorithms, FASTR always performs better than sFFT 2.0
when the bandwidth is greater than 2'8. The CLW-SFT has almost the same performance
with FASTR, which is amazing since the CLW-SFT only needs sparsity information but does

not have to know the structure of signal in Fourier space.

7.1.3 Runtime as Number of Blocks n Varies: N = 226 and B = 32

In Figure 7.3, we fix the bandwidth N = 226 and length of block B = 32, then vary the

number of blocks n from 1 to 10. Looking at Figure 7.3 we can see the deterministic sparse
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Figure 7.3: Runtime comparison for bandwidth N = 226 and block length B = 32.

FFTs, GFFT and FAST both have runtimes that increase more rapidly with n than those
of their randomized competitors. Among the three deterministic algorithms, FAST has the
best performance when the number of blocks is smaller than 6. Similar to the previous
experiments, FF'TW becomes the fastest deterministic algorithm when the sparsity s = Bn
gets large enough (greater than 224 in this experiment). The two randomized algorithms
are both faster than FFTW by an order of magnitude when the number of blocks is 10.
Similarly, FASTR is always faster than sFFT 2.0 for the examined value of N. Finally, the
CLW-SFT has the best runtime performance in this numerical experiment. Actually, from
Figure 7.3, Figure 7.1a, Figure 7.1b and Figure 7.2 we can see that the CLW-SF'T almost
always has the advantage (in the sense of runtime) when the sparsity s of the signal is small,
e.g. couple hundreds. However, if the sparsity s is large and one has the prior knowledge of
the structure of the signal in Fourier space, then FASTR is the best (randomized) algorithm

comparing with all its competitors.
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7.1.4 Robustness to Noise

To test the robustness of the methods to noise we add Gaussian noise to each of the signal
samples utilized in each method and then measure the contamination of the recovered Fourier
series coefficients for (n, B)—block sparse functions f : [0,27] — C with bandwidth N = 222,
number of blocks n = 3, and block length B = 24. More specifically, each method considered
herein utilizes a set of samples from f given by f = (f(xj))j:_ol for some zg, ..., x;—1 € [0, 27)
with m < N. For the experiments in this section we instead provide each algorithm with
noisy function evaluations of the form (f(z;) + nj);?:ol, where each n; € C is a complex
Gaussian random variable with mean 0. The n; are then rescaled so that the total additive
noise n = (n; );n:_ol achieves the signal-to-noise ratios (SNRs) considered in Figure 7.4. °
Recall that the two randomized algorithms compared herein (SFT 2.0 and FASTR) are
both tuned to guarantee exact recover of block sparse functions with probability at least 0.9 in
all experiments. For our noise robustness experiments this ensures that the correct frequency
support, S, is found for at least 90 of the 100 trial signals used to generate each point
plotted in Figure 7.4. All the other (deterministic) methods always find this correct support
for all noise levels considered herein after sorting their output Fourier coefficient estimates
by magnitude. Figure 7.4 plots the average ¢1— error over the true Fourier coeflicients for
frequencies in the correct frequency support S of each trial signal, averaged over the at least

90 trial runs at each point for which each sparse Fourier transform correctly identified S.

More specifically, it graphs

1
Awverage {1 Error = el EG:S |cw — 2| (7.2)
w

9The SNR is defined as SNR = 20 log 1£]]2 , where f and n are as given above.
[l
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Figure 7.4: Robustness to Noise (bandwidth (N) = 222 sparsity (s) = 50).

where ¢, are the true Fourier coefficients for frequencies w € S, and x,, are their recovered
approximations, averaged over the at least 90 trial signals where each method correctly
identified S.

Looking at Figure 7.4 one can see that all of the Fourier transform algorithms in our
experiments are robust to noise. Overall, however, the deterministic algorithms (FAST,
GFFT and FFTW) are more robust than randomized algorithms (FASTR and sFFT 2.0).
As expected, FFTW is the most robust algorithm in this experiment, followed closely by
GFFT. For the randomized algorithms, FASTR is more robust than sFFT 2.0. As for CLW-
SF'T, it cannot guarantee a 0.9 probability of correctly recovering S when the SNR is less
than 20 and so is not plotted for those SNR values. This is because the CLW-SFT was not
designed to guarantee to find the correct set of frequencies, but instead, the algorithm aim to
find the frequency set that can explain the signal best. This makes the CLW-SF'T results look
better when compared to the true f with respect to, e.g., earth mover’s distance. Frequencies
have a chance to be estimated incorrectly by CLW-SFT at higher noise levels, but when they

are they are usually at least close enough to the true frequencies to be informative.
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Chapter 8

Conclusion

This thesis contains two part. In the first part (from Chapter 3 to Chapter 6) we present
a general method that can convert any SF'T algorithm into a fully discrete SFT algorithm.
More specifically, let A be a sublinear-time sparse FFT algorithm which utilizes unequally
spaced samples from a given periodic function f : [—m, 7] — C in order to rapidly approx-
imate its sequence of Fourier series coefficients f € (2. In this thesis, we propose a generic
method of transforming any such algorithm A into a sublinear-time sparse DFT algorithm
which rapidly approximates f from a given input vector f € CN. As a result, we can
construct several new sublinear-time sparse DFT algorithms from existing sparse Fourier
algorithms which utilize unequally spaced function samples [8, 4, 6, 10]. The best of these
new algorithms is shown to outperform existing discrete sparse Fourier transform methods
on both runtime and noise robustness for large vector lengths N. We also present several new
theoretical discrete sparse FF'T robust recovery guarantees. These include the first known
theoretical guarantees for entirely deterministic and discrete sparse DFT algorithms which
hold for arbitrary input vectors f € CV. It is worth to mention that the filter function and
fast discrete convolution method described in Chapter 4 can be used in any applications
involve rapid evaluation for the value of a convolution function. We want to emphasize here
that though we choose to use the periodic Gaussian function as the filter function in this

thesis, it is not the only possible choice. Actually, one of the possible future works is to find
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more filter functions that can be used in our frame. Besides that, one could also try to apply
our method to higher dimensional algorithm [54|, and structured SFT algorithm [30].
Then, in the second part (Chapter 7) we demonstrate the results of numerical experiments
of the deterministic SFT method we developed in [30]|. By comparing with several other
DFT/SFT algorithms (FFTW, sFFT 2.0, GFFT), we show that the algorithm in [30] is the
fastest known deterministic SF'T method for the recovery of polynomially structured sparse

input functions.
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Appendix A

Proof of Lemmas 3, 4 and 5

We will restate each lemma before its proof for ease of reference.

Lemma 16 (Restatement of Lemma 3). The 2r—periodic Gaussian g : [—7, 7] — R™ has

22
3 1 S 2c2
)< |—+—]e "1
g(x) (Cl %)
for all x € [—m,m|.
Proof. Observe that
00 _ (x—27%77)2 % B (:c—27r)2 _ (x+2m)2 B (:c—27;7r)2
ClQ( ): Z @ 201 @ 201 + e 201 + 201 + Z @ 201
n=—00 |n|>2
2 x—2n7r)2 (x+2n7r)2

holds since the series above have monotonically decreasing positive terms, and x € [—m, 7.

Now, if z € [0, 7] and n > 1, one has

(2n+1)2772 (x+2n7r)2 An272 (Jc—2n7r)2 (2n—1)27r2
- 22 22 22 22 - 2c2
e 1 <e 1 <e 1 <e 1 <e 1

— — — — Y
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which yields

1‘2 7r2(2n—1)2
S 2c2 o 2c2
cig(x) < 3e “1+2 e L dn
1
2 _w%g? 22m2

_% L _n?m?
c
= 3e 2T 4t ——/ 2T dm,
Vor o 2 )

.’1/'2 7T2
W) c 1+/2¢ W)
c1g(r) < 3e 261—1—\/;_—5\/_1 1—e %I
T m
_L22 _LQZ
c
= 3 X1+ L |1- ||1-e 2
V2T
2 E
< 3e 2c] 4 €1 2c]
\ 2T
_% _%
< 3e 261 i 1 e 201'
V2T

Recalling now that g is even we can see that this inequality will also hold for all z € [, 0]

as well. O

Lemma 17 (Restatement of Lemma 4). The 2r—periodic Gaussian g : [—m, 7] — R has

for allw € Z. Thus, § = {Juw},ey € (2 decreases monotonically as |w| increases, and also

73



~ 1
has ||9||oo = Vor

Proof. Starting with the definition of the Fourier transform, we calculate

(33727171')2
-~ I o 1 T e —lwz
G = — Y — [ e 1 e
ey, = 2 ),
(x—2mr)2
1 = 1 (™ 772 e
_ - Z L e 1 e iw(z nw)dx
c1 2m J_ .
n=—oo
00 2 u?
T—2znT -
S Z S e Ee_nwu du
€1 21 J w—onr
n=—oo
Lo
= / e 2Teiwu gy
2me1 ) o
CQ(JJZ
B Cl\/2ﬂ'®_ 12
2mey
C%WQ
e 2
B Vor
The last two assertions now follow easily. O]

Lemma 18 (Restatement of Lemma 5). Choose any T € (0, %), a € [1, \/Li}, and

27 In N
B e (0, « m ] . Letcg = 6—]1\?]\[ in the definition of the periodic Gaussian g from

~ 1 . N
(4.3). Then g, € [T, \/—27} for all w € Z with |w| < {a\/lniN]

Proof. By Lemma 4 above it suffices to show that
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which holds if and only if

([l = (5)

€1

IN

Thus, it is enough to have

21In (7&%) a\/an (7&%) In N

c1 < = ,
="~ N+ avin N
avin N

or,

€1

1 1
_5\/m< a\/2ln<Tm) In N ) a\/an (T@) In N
N~ 2N ~  N+avhhN

This, in turn, is guaranteed by our choice of 3.
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Appendix B

Proof of Lemma 12 and Theorem 6

We will restate lemma 12 before it’s proof for ease of reference.

Lemma 19 (Restatement of Lemma 12). Let s,e1 € N\ {1} with (s/¢) > 2, andn € C™
be an arbitrary noise vector. There exists a set of m points {xp}jL, C [—m, 7] such that
Algorithm 8 on page 72 of [4], when given access to the corrupted samples { f(xy) + ng}pq,

will identify a subset S C B which is gquaranteed to contain all w € B with

. A_*opt
e e -5,
S

e L | F = Flg||, + Inll | (B.1)

Furthermore, every w € S returned by Algorithm 3 will also have an associate Fourier series

coefficient estimate z, € C which is guaranteed to have

- Hf‘ _ gopt

S

-~

L | 7= Fig||, + Il | (B.2)

‘J/C;J_Zw‘g\/g

Both the number of required samples, m, and Algorithm 3’s operation count are

5% - log?(IN)
7 ( log () - €2 ) | )

If succeeding with probability (1 — ) € [2/3,1) is sufficient, and (s/€) > 2, the Monte

Carlo variant of Algorithm 3 referred to by Corollary 4 on page 74 of [4] may be used. This
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Monte Carlo variant reads only a randomly chosen subset of the noisy samples utilized by

the deterministic algorithm,

{F(@) + g}y C {flap) + iy,

yet it still outputs a subset S C B which is guaranteed to simultaneously satisfy both of the

following properties with probability at least 1 — §:
(1) S will contain all w € B satisfying (B.1), and
(11) allw € S will have an associated coefficient estimate z,, € C satisfying (B.2).

Finally, both this Monte Carlo variant’s number of required samples, m, as well as its oper-

ation count will also always be

o (g og®(N) - log (%)) . (B.4)

Proof. The proof of this lemma involves a somewhat tedious and uninspired series of minor
modifications to various results from [4]. In what follows we will outline the portions of that
paper which need to be changed in order to obtain the stated lemma. Algorithm 3 on page
72 of [4] will provide the basis of our discussion.

In the first paragraph of our lemma we are provided with m-contaminated evaluations of
[y {f(x) +ng bl , at the set of m points {3} ; C [—n, 7] required by line 4 of Algorithm
1 on page 67 of [4]. These contaminated evaluations of f will then be used to approximate

the vector G %A € C™ in line 4 of Algorithm 3. More specifically, using (18) on page 67
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of [4] one can see that each (Q A KﬁA) € C is effectively computed via a DFT
’ J

X si—1 - —~2mikh;
~ T —
k=0

for some integers 0 < h; < s;. Note that we are guaranteed to have noisy evaluations of f at

2rk

each of these points by assumption. That is, we have f (xj,k) +nj forall z; ) = —m+ 5j

k?ZO,...,Sj—l.

We therefore approximate each (Q’ A K¢A> via an approximate DFT as per (B.5) by

I $j— —27;1'1./€hj
=5 Z (2jk) +njn)e

One can now see that

-1 —27r11kh 1 55—
\Ej - (gA,KwA)j' -5 Z e I | < o 2 el <l (@9
k=0 k=0

holds for all j. Every entry of both & 1) K1/;A and G) KwNA referred to in Algorithm 3 will
therefore be effectively replaced by its corresponding F; estimate. Thus, the lemma we seek
to prove is essentially obtained by simply incorporating the additional error estimate (B.6)
into the analysis of Algorithm 3 in [4] wherever an &; 1) K@/;A or Gy KIEA currently appears.

To show that lines 6 — 14 of Algorithm 3 will identify all w € B satisfying (B.1) we can

adapt the proof of Lemma 6 on page 72 of [4]. Choose any w € B you like. Lemmas 3 and
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5 from [4] together with (B.6) above ensure that both

5 - Fo| <[5 - (6rucia) | +| (Gruia) -
gopt
< Il + all :5/6) L |7 s, (B.7)
and
By R < By = (e ucin) |+ |(6cin) - Fo
ol i

< [lnfloo +

w715 (33)

hold for more than half of the j and j'-indexes that Algorithm 3 uses to approximate ]/“;

The rest of the proof of Lemma 6 now follows exactly as in [4] after the § at the top of page
e [z-zopt H

s/oll; 1+ = . .
-+ ||f—flB ) + |Infloo, each (Gy g A ; entry is

73 is redefined to be ¢ :=
replaced by £, and each ( y K¢A> entry is replaced by E 1.

Similarly, to show that lines 15 — 18 of Algorithm 3 will produce an estimate z, € C
satisfying (B.2) for every w € S one can simply modify the first few lines of the proof
of Theorem 7 in Appendix F of [4]. In particular, one can redefine ¢ as above, replace
the appearance of each <g)\,K@Z§A>j entry by Ej, and then use (B.7). The bounds on the
runtime follow from the last paragraph of the proof of Theorem 7 in Appendix F of [4] with
no required changes. To finish, we note that the second paragraph of the lemma above

follows from a completely analogous modification of the proof of Corollary 4 in Appendix G

of [4].
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Now we are ready to give the prove of Theorem 4.

Theorem 6 (Restatement of Theorem 4). Suppose f : [—m, 7] — C has f € (X N 2. Let
s,et € N\ {1} with (s/e) > 2, and n € C™ be an arbitrary noise vector. Then, there
exists a set of m points {xp}p C [—m, 7| together with a simple deterministic algorithm
A:C™ — C* such that A ({f(zp) +ng}iy) is always guaranteed to output (the nonzero

coefficients of) a degree < N/2 trigonometric polynomial ys : [—m, 7] — C satisfying

~

‘. §  popt
il L 225 (|77l + nllc) . (B9)

(s/€)

& popt
I = sl < [ - 8%+

2 Vs

Both the number of required samples, m, and the algorithm’s operation count are always

log (f) - €2

% (SQIO—*“’A(N)> | (B.10)

If succeeding with probability (1—9) € [2/3,1) is sufficient, and (s/€) > 2, a Monte Carlo
variant of the deterministic algorithm may be used. This Monte Carlo variant reads only a

randomly chosen subset of the noisy samples utilized by the deterministic algorithm,

{F (@) + i}y C {f () + i} Ty

yet it still outputs (the nonzero coefficients of ) a degree < N/2 trigonometric polynomial,
ys : [—m, 7] = C, that satisfies (B.9) with probability at least 1 — 6. Both its number of

required samples, m, as well as its operation count will always be

O (f 1og3(N) - log (%)) . (B.11)

€
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Proof. To get the first paragraph of Theorem 6 one can simply utilize the proof of Theorem 7
exactly as it is written in Appendix F of [4] after redefining § as above, and then replacing the
appearance of each <Q A, Kz/?A)j entry with its approximation ;. Once this has been done,
equation (42) in the proof of Theorem 7 can then be taken as a consequence of lemma 12
above. In addition, all references to lemma 6 of [4] in the proof can then also be replaced
with appeals to lemma 12 above. To finish, the proof of Corollary 4 in Appendix G of [4] can
now be modified in a completely analogous fashion in order to prove the second paragraph

of Theorem 6. ]
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