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ABSTRACT

STATISTICAL MACHINE LEARNING THEORY AND METHODS FOR
HIGH-DIMENSIONAL LOW SAMPLE SIZE (HDLSS) PROBLEMS

By

Kaixu Yang

High-dimensional low sample size (HDLSS) data analysis have been popular nowadays
in statistical machine learning fields. Such applications involves a huge number of features
or variables, but sample size is limited due to reasons such as cost, ethnicity and etc. It
is important to find approaches to learn the underlying relationships via a small fraction
of data. In this dissertation, we study the statistical properties for some non-parametric
machine learning models that deal with these problems and apply these models to various
fields for validation.

In Chapter 2| we study the generalized additive model in the high-dimensional set up
with a general link function that belong to the exponential family. We apply a two-step
approach to do variable selection and estimation: a group lasso step as an initial estima-
tor, then followed by a adaptive group lasso step to obtain final variables and estimations.
We show that under certain conditions, the two-step approach consistently selects the truly
nonzero variables and derived the estimation rate of convergence. Moreover, we show that
the tuning parameter that minimizes the generalized information criterion (GIC) has asymp-
totically minimum risk. Simulations in variable selection and estimation are given. Real data
examples including spam email and prostate cancer genetic data are also used to support
the theory. Moreover, we discussed the possibility of using a [y norm penalty.

In Chapter |3, we study a shallow neural network model in the high-dimensional classifi-

cation set up. The sparse group lasso, also known as the [, 1 + {1 norm penalty, is applied



to obtain feature sparsity and a sparse network structure. Neural networks can be used to
approximate any continuous function with an arbitrary small approximation error given that
the number of hidden nodes is large enough, which is known as the universal approximation
theorem. Therefore, neural networks are used to model complicated relationships between
the response and predictors with huge interactions. We proved that under certain conditions,
the sparse group lasso penalized shallow neural network has classification risk tend to the
Bayes risk, which is the optimal among all possible models. Real data examples including
prostate cancer genetic data, Alzheimer’s disease (AD) magnetic resonance imaging (MRI)
data and autonomous driving data are used to support the theory. Moreover, we proposed a
lp + 11 penalty and showed that the solution can be formulated as an mixed integer second
order cone optimization (MISOCO) problem.

In Chapter [4 we propose a stage-wise variable selection technique with deep neural
networks in the high-dimensional set up, named ensemble neural network selection (ENNS).
We apply an ensemble on the stage-wise neural network variable selection method to further
the falsely selected variables, which is shown to be able to consistently filter out unwanted
variables and selected the truly nonzero variables under certain conditions. Moreover, we
proposed a second approach to further simplify the neural network structure by specifying the
desired percentage of nonzero parameters in each hidden layer. A type of coordinate descent
algorithm is proposed to obtain the solution from the second step. We also show that the two
step approach achieves universal consistency for both regression and classification problems.
Simulations are studied to support various arguments. Real data examples including the
riboflavin production data, the prostate cancer genetic data and a region of interest (ROT)

in MRI data are used to validate the method.
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Chapter 1

Introduction

In this Chapter, we will state the problems that we study and discuss some existing work

that have significant impact to this field.

1.1 Overview

During the past decades, high-dimensional data analysis became increasing more popular.
[1T] defines that “High-dimensional statistics refers to statistical inference when the number
of unknown parameters is of much larger order than sample size." This will be the definition
of high-dimensional statistics through the whole thesis. Sometimes, by “high-dimensional",
people may refer to a feature space whose dimension is greater than 2 when constructing
data visualization, see for example [3], this is not the “high-dimensional" we refer to in this
thesis. Let n be the size of sample we have, and let p be the number of unknown parameters
involved, thus we have

p>>n (1.1)

in high-dimensional statistics. Consider a linear regression model

p
yi=p+ Y Biwi+e, i=1..n, (1.2)
7=1



with p >> n. It’s obvious that the estimation of the unknown parameters p, 31, ..., 8, can
not be estimated without proper assumptions, such as the sparsity assumption, which we

will discuss in the next section. For example, the least squared estimator

n

A A 1 2
uaﬁlw”aﬁp: arg 1min _Z(yz_ﬂ_ﬁjl’u)
,U/7617"'76p n =1

is under-determined thus has infinitely many solution.

Various methods have been proposed to solve this issue since [39] brought the problem
to people’s sight, where the authors considered an orthogonal design in the case n = p. In
the rest of this Chapter, we will review the work that has been done in high-dimensional
statistics field.

On the other hand, non-parametric modeling has been popular for several decades. Non-
parametric research happened as early as in 1947, when [I33]| studied a local averaging
approach. Some literature regarding non-parametric research even trace back to the 1930’s
about partitioning estimation, but this was not fully studied by then. As [6I] states, in
non-parametric modeling, one does not restrict the class of possible relationship between the
response y and the predictors 1, ..., zp, but assume that y depends on w7, ..., zp through a
general function f(z1,...,xp). Different approaches have been used to approximate f(-) in
a workable way, including averaging, partitioning, basis expansion, neural network approxi-
mation, and etc. Further assumptions can also be made on f(-), for example, assuming an
additive structure will result in the generalized additive model (GAM), see for example [G3],

defined as

P
vi=p+ > filag) e, i=1,..n (1.3)
=

The relationship is not as general as the f(z1,...,2p) we just defined, but is much more



handy. We will discuss these non-parametric work in the rest of this Chapter.

1.2 Sparsity in High-dimensional Modeling

Assuming sparsity is an effective way of dealing with the high-dimensionality, i.e., we assume
that only s of the p variables are involved in predicting the response y. Rich literature have
assumed sparsity, for example see [126] 46, 155, 148, 85, 47, [65, O1]. Taking the linear
regression model as an example, let 3 € RP be the parameters. A direct method to obtain

sparsity is to restrict the number of nonzero parameters, i.e.,

~ . 1
B =argmin ~|jy — 283, st |Blo <K, (1.4)
BeRp T

for some positive integer K, where y € R" is the response vector and € R™*P is the design

matrix. The [y norm is defined as

1Bllo = {# of Bj: B; #0, j=1,...p}. (1.5)

This optimization problem can be written into the Lagrangian form as

. 1
B = argmin — ||y — xB|3 + AllBllo (1.6)
BeRp T

for some corresponding A of K. However, optimizing a loss function with zero norm has
been proved to be a non-deterministic polynomial-time hardness (NP-hard) problem, see
[99], which requires exponential time to solve.

Fortunately, it has been proved that instead of directly penalizing the number of nonzero



coefficients by [y norm, /1 norm penalty is able to shrink some coefficients to zero, and thus
the features corresponding to these coefficients are not included in the model. As a famous
piece of work, [126] proposed the method least absolute shrinkage and selection operator
(Lasso) in the linear regression set up, which yields sparse estimations for the parameters.

The model considers a [{ norm penalized least square model, i.e.,

p
~ . 1
B =argmin—|y —zB[5+ 1> _ |5, (1.7)
BeRP T j=1

for some hyper-parameter . The Lasso was not intended for high-dimensional modeling, but
yields sparsity in the estimators, i.e., with proper choice of A, the estimated parameters are
shrunk towards zero and some of them will be exactly zero. A number of statisticians have
studied the properties of the Lasso, for example, [73] derived the asymptotic distributions of
the Lasso estimator and showed its estimation consistency. Later people found that this [y
norm penalty works well in the high-dimensional set up, both practically and theoretically.
[60] derived the I; norm bound for a persistent sequence of estimator in the Lasso model. [3§]
considers the high-dimensional case and considered minimizing the [; norm of the parameters
restricted to zero training error. He shows that this method consistently identify the true
subset of nonzero variables given that the true model is sparse. [95] proposed a neighborhood
selection scheme that consistently identifies the nonzero entries in the covariance matrix of a
multivariate normal distribution. [152] showed the selection consistency of the Lasso under
the irrepresentable condition. [149] studied two different sparsity assumptions in the linear

model, the strong sparsity

max =0 1.8
j=$+1,...,p|ﬁ‘7| (1.8)



and the weak sparsity
p

> 1Bl <m (1.9)
j=s+1
for some 1. The authors showed that Lasso consistently selects the true subset of variables
with the weak sparsity assumption and the irrepresentable condition.

Later on, Lasso became much more mature and widely applied to obtain a sparse solution
in the high-dimensional set up. Variations of the Lasso also emerges rapidly. [46] mentioned
that the best tuning parameter A may not be obtained by minimizing the prediction error,
thus Lasso can not reach selection consistency and prediction consistency at the same time.
Therefore, Lasso does not have the so-called oracle property. The authors proposed the
smoothly clipped absolute deviation penalty (SCAD) and showed its oracle property. [41]
argued that Lasso does not work well in correlated predictors, thus [I56] proposed the elastic
net penalty to overcome this issue. In the next year, [155] proposed a data-driven approach
named the adaptive lasso, where a weighted [{ norm of the parameters is used to replace the

[1 norm, i.e.,

p
o 1
ﬁ:argmmﬁﬂy—wﬂﬂg+/\ij]ﬂj], (1.10)
BERP j=1

for some w;, j = 1,...,p. A simple convention is to choose w; = 1/\Bj| for some initial
estimator Bj, and set w; = oo if the initial estimator is zero. The author showed that the
adaptive Lasso enjoys the oracle property. [20] proposed the Dantzig selector and showed
its oracle property.

[148] discussed various grouped variable selection techniques, including the well-known
group lasso penalty, see also [I35] 65]. Consider that B8 = (81 1, s Blgys -+ Bp,1s ...,ﬁpyp),
where 3 involves p groups with each group having g; parameters j = 1,...,p. This case is

useful in a lot of real world applications. For example, if a categorical variable include 3



levels, after one-hot encoding, it does not make sense to only include one of the three levels

in the model. The group lasso minimizes the loss function plus a grouped penalty

B—aggmln—Hy—wﬁHz+AZ\/_HB]H2, (1.11)

j=1

where 3; denotes parameter vector in the jth group. The sum of l9 norms encourages group-
wise sparsity but in-group non-sparsity. Adaptivity in the group lasso is also discussed by
the authors. To be more general, [5] named this type of penalty as [,, 1 norm penalty, where
the [ norm in equation is replaced by [ norm with 1 < p < oc.

A more intuitive penalty emerged later as [114] proposed the sparse group lasso, which

is a combination of the group lasso and the lasso

p 9j
B= aggfélm—ny — 205+ M Z VaillBillz + 22> > 1854, (1.12)
€ 7j=1g=1

The penalty encourages both group-wise sparsity and in-group sparsity, and is greatly bene-
ficial in neural network models. A huge number of different types are also widely used in the
statistics and machine learning applications, for example, the fused Lasso [127], the graph

fused Lasso [122], the tree Lasso [71] and etc.

1.2.1 Choosing the Tuning Parameters

The power of regularization is decided through the hyper parameter, which is also called
the tuning parameter. Intuitively, choosing larger tuning parameter A\ results in a more
sparse model. However, make the model too sparse may lead to losing the true underlying

relationship between the response and the predictors. Several criteria are useful in helping



choose a appropriate tuning parameter, for example, BIC [I11], EBIC [24], and GIC [I51],
52|. Specifically, [52] showed the risk consistency of tuning parameter selection using GIC.
Another practical tool is the cross-validations, where the tuning parameter is chosen such
that the cross-validated metric is optimized. Conventional theory for cross-validation is given

in chapter 8 of [61].

1.2.2 Algorithms for Training Sparse Models

The regularization methods usually involve {1 norm penalty term, which is not easy to solve
using regular gradient descent algorithms, see for example [I42]. This issue is general for
all models with /1 penalty. Note that the group lasso penalty does not have explicit [y
norm penalty but involves sum of /9 norms, which is equivalent to [{ norm penalty in terms
of optimization theory. Coordinate descent algorithms [143] 54], also known as proximity
gradient descent algorithms are useful in dealing with the {; norm penalty. For the /{1 norm
penalty, not restricted to the linear regression case, a soft-thresholding function S(-,-) :

RP x R — RP, where

(S(Z,)\))J = 81gn(z])(|zj| — )\)4., j = 1, P (1.13)

can be applied after the gradient descent for the smooth part to zero some parameters. While
p .
for the group lasso penalty, the soft-thresholding function becomes S(-, ) : RZJ:l xR —

RP, where

(oM g
(S(z,M)j = (1 Hg(w,y,ﬁ)H2>_~_ﬂj’ j=1,...,p, (1.14)



where (x,y, 3) is a quantity depending on x, y, 8 and the loss function. The coordinate
descent algorithm might be slow in updating the groups, thus a block co-ordinate gradient
descent method by [I32] can be applied, where a second order Taylor approximation is used
to simplify the smooth part of the original loss function.

As the development of classical algorithms, the models can also be formulated as classical
optimization problems and solved with existing software. The Lasso in the linear regression
case can be formulated as a linear programming problem, see for example [30]. The group
Lasso in the linear regression set up can be formulated as a second order cone quadratic
programming problem, see for example [I]. Mature packages are available for solving these
classical optimization problems. As we mentioned the [y penalty before, the fast development
of optimization software also make this type of penalty easier to apply. The [y penalty in the
linear regression set up can be formulated as a mixed integer second order cone optimization

(MISOCO) problem, see for example [92].

1.2.3 Stage-wise Selection

Various stage-wise algorithms are used to obtain a path selection. The least angle regression
[41] provides a forward algorithm to add new features by looking at the correlation. The
LARS algorithm with simple modification can be used to obtain the lasso solution path.
[128] provides a stage-wise algorithm, which provides very close solution path to the lasso
solution path. [102] studied a stage-wise algorithm to incorporate the ls, I1 and Iy norm
penalty with the gradients with respect to the input weights. The gradient has implicit
connections with the correlation studied in [41].

It worth noting that [125] has shown that there is an equivalence between using the

stage-wise algorithm and the group lasso penalty. This built a connection between the



regularization methods and the stage-wise variable selection algorithms. [82] has applied the
result on deep artificial neural networks to do feature selection. Compared with optimizing
penalized loss functions, stage-wise algorithms starts from the null model and adds variables
gradually. This is beneficial to complicated models such as neural networks, since learning
a complicated model on all variables involves unpredictable uncertainty, and thus might be

sensitive to initialization.

1.3 The Projection Approach

Another popular approach to deal with the high-dimensionality, though not studied too much
in this thesis, is worth mentioning, the projection-based methods, also known as dimension-
ality reduction. Projection methods find a lower dimensional representation for the original
feature space. Classical work include [T141] 129 31, 16 68, 157, 21]. Projection methods have
more flavor of unsupervised learning, since the lower dimensional representation should not
depend on the response but is purely a property of the design matrix. A main drawback of
projection based approaches is that one loses interpretability, because the projected features
are no longer the original features, and thus not interpretable.

General dimensional reduction methods do not work in the high-dimensional set up. For
example, the principal component analysis (PCA) uses a linear projection on x. It uses a
matrix A € R*P to project & € RP to Az € R%, where the matrix A is chosen to maintain
the greatest variance based on the training data. During the computation, the sample
covariance matrix 3, = X7TX /n is used to estimate the population covariance matrix
Y. = Cov(x), and the principal components can be obtained from the eigenvectors of the

sample covariance matrix. However, in the high-dimensional set up, the sample covariance



matrix is no longer a consistent estimator of the population covariance matrix, i.e.

S A Y asn— oo,

if we have p > n. [69] gave the conditions when PCA works in the high dimensional case:
the largest eigenvalues have to be large enough.

Variations of the PCA include the Simplified Component Technique LASSO (SCoTLASS)
by [68] and the sparse PCA by [I57]. The former considers a L penalty on the projection
matrix A that yields some sparse solution in A. However, this is not feasible in practice,
since there is no guideline for choosing the tuning parameter and a high computational
cost due to the non-convexity. The latter obtained the connection between PCA and ridge
regression, and use the ridge or elastic net to obtain a sparse approximation to the original
PCA. In both methods, their projection matrix A is sparse in the original features, i.e., some
columns of A are exactly zeros. These build a bridge connecting with the sparse assumption
to some extent.

After the classic work of manifold learning (non-linear dimensionality reduction) such
as [130L 107, 124], current manifold learning focuses on two aspects: image processing and
data visualization. In image processing, manifold learning can be used to reduce the di-
mensionality to its intrinsic dimension, see for example [89] [154], 84]. These applications are
not generalized to a broader set up. Manifold learning applied to data visualization usually
reduces the dimensionality to two or three, see for example [139]. These applications are not
useful in building models. Another concern is the out-of-sample performance of manifold
learning, which is recently studied by [123]. According to the paper, most current manifold

learning algorithms fail to map new data to the previously learnt embedding.
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Autoencoder [75] uses neural network as a non-linear projection to encode the original
feature space to a lower dimensional space, which is chosen to be such that the original
feature space can be recovered with another neural network. Training a high-dimension
neural network is still challenging, sparse autoencoder [I00] 90| eliminates the insignificant
connections and thus kills those parameters.

Another useful tool is the random projection, which relies on the Johnson-Lindenstrauss

lemma

Lemma 1.1 ([67]). Given 0 < ¢ < 1, a set X of m points in RY, and a number n >

810g(m)/62, there is a linear map f : RY — R"™ such that

(1= lu—v]* < | f(u) = f@)* < (1+¢)llu— |

for all u,v € X.

The lemma states that there exist a lower dimensional projection that well maintains
the distance in the original feature space, however, there isn’t a guideline of how to find
such a lower dimensional space. [2I] used random projection over classical classifiers as an
ensemble classifier, and provided an efficient algorithm due to the fact that the random
projection matrices are drawn from distributions rather than computed from data. They
also showed that the best random projection can be found in linear time when the random
projection matrices are sampled according to Haar measure. One possible drawback of
random projection is that it does not provide us with any lower-dimensional representation

information.
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1.4 Non-parametric Modeling

Non-parametric modeling assumes an arbitrary relationship between the response and the
variables. We would like to find a function f(-) : R — R such that f(x) is a good approxi-
mation of y or a representation of y, see [61]. It’s common to assume that f(-) is continuous,
but this is not necessary. Complicated machine learning models such as tree models, see
[108, 8T, 56|, neural networks, see [116] and etc. can be considered as non-parametric mod-
els that approximate a complicated relationship. An arbitrary function with great flexibility
can be wiggly, i.e., it may perfectly fit the training data. Therefore, people usually need to

restrict the smoothness of a function by restricting

/ (f"(x))? da, (1.15)

see for example [I1]. Obviously, a linear function has the quantity equal to zero and thus is
the smoothest, but the approximation power of a linear function is sub-optimal. Therefore,

a balance between the approximation power and the smoothness needs to be considered.

1.4.1 Basis Expansion

Directly working with the arbitrary function f is not realistic, since the candidate space
is infinitely dimensional. Therefore, parametric approximations are need. Consider the
univariate case, a great number of approaches can be used to approximate a continuous

function f(-) : R — R. The most popular approach is basis expansion

f@) = Bpdp(e), (1.16)
k=1
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where {¢1(+), k € N1} is a set of basis functions. A finite number of bases is usually used
to approximate the infinite sum. As mentioned above, a set of basis with maximal differen-
tiability is a good property, therefore B-spline is among the most popular basis functions,
see [110]. According to [120], a spline with degree [ consists of piece-wise polynomials up to
degree [ on K pre-specified partitions, with connection knots I’ times continuously differen-
tiable, where 0 < I’ <1 —2. According to [65], there exists a normalized B-spline basis {¢y,}

such that
K+l

ful@) = Bpop(x). (1.17)
k=1

[65] showed that using the above B-spline basis, we have the following approximation error

b
1f = fall3 = /a (f(x) = fulx))?dze = O((K + 1)), (1.18)

where the parameter d = k + a is such that the k" derivative of function f(-) satisfies the

Lipschitz condition of order «
1) = P < Cls -1,

for some constant C'. This result shows that as we increase the number of partitions in a

basis expansion, the approximation error can be arbitrarily small under certain conditions.

1.4.2 Neural Networks

To approximate an arbitrary multi-variate function f(-) : RP — R, neural network is a
powerful tool. Neural network is used to mimic human’s brain: the input does not lead to

the output directly, but a few intermediate nodes are needed. Originated from a multi-layer
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Figure 1.1: A diagram for the single-layer neural network model

perceptron in [106], which is a multi-layer version of the perceptron in [105], neural network
has been getting deeper and more powerful in approximating a continuous function. figure
[I.T]shows a diagram of a single hidden layer neural network, which is also known as a shallow
neural network. The hidden layer consists of linear combinations of the first layer’s inputs
plus a non-polynomial activation function.
Mathematically, let @ € RP be the input vector, the output of a shallow neural network
is
K
n@) =Y B-o@x+t)+beR, (1.19)
k=1
where 0. € R, k =1,..., K are the output layer coefficients, 8 & REXP is the hidden layer
coefficient matrix, t is the hidden layer intercept vector, b is the output layer intercept, and

o(+) is an activation function. A notable theorem on the approximation power of a shallow

neural network is given by [33] as follow

Theorem 1.1 (Universal approximation theorem, Cybenko 1989). Let o(-) be such that

o(t) - 0ast— —oo and o(t) — 1 as t — oo. For a continuous function f on [0,1]" and an

14



arbitrary € > 0, there exist a K and parameters 6,3, t,b such that

(@) —n(x)| <€, Veel0,1]"

This theorem guarantees the universal approximation ability of shallow neural networks
and is the reason that neural networks are useful in many cases. Typical activation functions

includes

Hyperbolic Tangent: o(z) = tanh(x).

_ et
- 14et

Sigmoid: o(z)

Rectified Linear Unit (ReLU): o(x) = 4.

Leaky ReLU: o(z) = maxex, z for some small € > 0.

Actually, as long as that the activation function is not polynomial, a shallow neural network
has the universal approximation ability, see [I13]. Rectified Linear Unit (ReLU) is one of
the most popular activation functions nowadays, though it may suffer from the dead ReLLU

problems, see [87]. It’s computationally efficient and converges fast.

1.4.3 Deep Neural Networks

Deep neural networks refer to neural networks with more than one hidden layers. As the
development of deep neural networks, people found the limitations of shallow neural net-
work such that the number of neurons needed to achieve a desire error increases as fast as
exponentially, see [29] 28]. After that people found that “the two hidden layer model may be
significantly more promising than the single hidden layer model”, see [L03]. Sum neural net-

works, or equivalently, polynomial neural networks have been studied [36] [86], and universal
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approximation property has been established recently by [43] that a continuous function in
4 can be approximated with error € by a quadratic network who have depth

0) (log(log(l)) + log(l))

€ €
and number of weights

1.1 1,1
0 (log(ion( ()" + log(1) ()"
€’ e €' e
where d is the dimension of domain. The approximation theory for regular deep neural

networks have also been established recently. [104] showed that a deep network need

in a shallow neural network. [I12, 113] provides more detailed results for the deep neural
network approximation power.

Therefore, it’s promising that a deeper neural network works better in learning compli-
cated relationships. Through this thesis, we will start from the generalized additive model
(GAM), study its properties and tuning parameter selection in Chapter [2, then move to a
more complicated shallow neural network model and talk about its asymptotic properties in

chapter |3 and finally dive into deep neural networks in chapter [4] where we proposed an en-
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semble variable selection algorithm and estimation method. In chapter [5| we will summarize

the work we have done and the future work to be done.
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Chapter 2

High-dimensional Generalized Additive

Modeling

In this chapter, we will study the generalized additive model (GAM), see [63]. We consider
a non-linear link function that belong to the exponential family. A two-step approach is
used for variable selection and estimation, with a group lasso followed by an adaptive group
lasso applied to the basis expansion of the non-parametric functions. We will show that the
variable selection result in the second step is consistent, and we also derive the convergence
rate of the second step estimator. Moreover, we discuss the tuning parameter selection and
showed that we reach risk consistency by using the generalized information criterion (GIC).

Simulations and read data examples on various aspects are given to support the arguments.

2.1 Introduction

The main objective of this work is to establish theory driven high dimensional generalized ad-
ditive modeling method with nonlinear links. The methodology includes consistently select-
ing the tuning parameter. Additive models play important roles in non-parametric statistical
modeling and in machine learning. Although this important statistical learning tool has been
used in many important applications and there are free software available for implementing

these models along with their variations, to our surprise, there is no procedure with nonlinear
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link available which has been studied systematically with theoretical foundation. generalized
additive modeling allows the nonlinear relationship between a response variable and a set of
covariates. This includes the special case, namely, the generalized linear models, by letting
each additive component be a linear function. In general, let (y;, X;),7 = 1,...,n be inde-
pendent observations, where y;’s are response variables whose corresponding p-dimensional

covariate vectors are X;’s. A generalized additive model [62] is defined as
Pn
i =By X)) =g [ Y (X5 | (2.1)
j=1

where g(-) is a link function, f;’s are unspecified smooth functions and X;; is the jth com-
ponent of vector X ;. One of the functions could be a constant, which is the intercept term,
but this is not necessary. The number of additive components is written as py, since it
sometimes (usually in high dimensional set up) increases as n increases. A simple case that
many people studied is p, = p, where the number of additive components is fixed and less
than the sample size n. The choice of link functions is as simple as in generalized linear
models, where people prefer to choose link functions that make the distribution of the re-
sponse variables belong to popular exponential family. A widely used generalized additive

model has the identity link function g(u) = u, which gives the classical additive model

Pn
i =Y fi(Xij) + e, (2.2)

j=1

where ¢;’s are i.i.d random variables with mean 0 and finite variance o2,

On the other hand, high dimensional data has increasingly become a part of many modern

days scientific applications. Often the number of covariates p, is much larger than the
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number of observations n, which is usually written as p, > n. A most interesting scale is
pn increases exponentially as n increases, i.e. logp, = O(n”) for some constant p > 0. [48]
called this as non-polynomial dimensionality or ultra high-dimensionality.

In this chapter, we consider the generalized additive model in a high-dimensional set up.
To avoid identification problems, the functions are assumed to be sparse, i.e. only a small
proportion of the functions are non-zero and all others are exactly zero. A more generalized
set up is that the number of nonzero functions, denoted s,,, also diverges as n increases. This
case is also considered in this paper.

Many others have worked on generalized additive models. Common approaches use ba-
sis expansion to deal with the nonparametric functions, and perform variable selection and
estimation methods on the bases. [94] considered a simpler case, as in 2.2] with a new
sparsity-smoothness penalty and proved it’s oracle property. They also performed a simu-
lation study under logit link with their new penalty, however, no theoretical support was
provided. [45] proposed the nonparametric independence screening (NIS) method in screen-
ing the model as in 2.2l However, the selection consistency and the generalized link functions
were not discussed. [91] discussed the practical variable selection in additive models, but
no theory was given. [83] considered a two-step oracally efficient approach in generalized
additive models in the low dimensional set up, but no variable selection in the high dimen-
sional set up was done. [65] focused on the variable selection of with fixed number of
nonzero functions using a two step approach: First group lasso |7, [148] on the bases to select
the nonzero covariates and then use adaptive group lasso to estimate the bases coefficients.
They then established the selection consistency and provided the rate of convergence of the
estimation. [2] reviewed several existing algorithms highlighting the connections between

them, including the non-negative garrote, COSSO and adaptive shrinkage, and presented
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some computationally efficient algorithms for fitting the additive models. [98] extended the
consistency and rate of convergence of [65] to spatial additive models. [51] studied the
GAM with identity link under the endogeneity setting. It worth mentioning that alternative
methods to penalization have also been studied, for example, [134] studied fitting GAM and
perform variable seleciton implicitly through likelihood based boosting.

However, though widely used, no systematic theory about selection and estimation con-
sistency and rate of convergence has been established for generalized additive models with
non-identity link functions.

In this chapter, we establish the theory part for generalized additive models with non-
identity link functions in high dimensional set up. We develop a two-step selection approach,
where in the first step we use group lasso to perform a screening, which, under mild assump-
tions, is able to select all nonzero functions and not over-select too much. In the second
step, the adaptive group lasso procedure is used and is proved to select the true predictors
consistently.

Another important practical issue in variable selection and penalized optimization prob-
lems is tuning parameter selection. Various cross validation (CV) techniques have been used
in practice for a long time. Information criteria such as Akaike information criterion (AIC),
AICc, Bayesian information criterion (BIC), Mallow’s C}, and etc. have been used to select
‘the best” model as well. Many equivalences among the tuning parameter selection methods
have been shown in the Gaussian linear regression case. However, the consistency of these
selection methods were not established. Later some variations of the information criteria
such as modified BIC [150, 137] extended BIC [24] and generalized information criterion
(GIC) [52] were proposed and shown to have good asymptotic properties in penalized linear

models and penalized likelihoods. However, the results are not useful for grouped variables in
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additive models, for which basis expansion technique is usually used and thus brings grouped
selection.

In this chapter, we generalize the result of generalized information criterion (GIC) by
[52] to group-penalized likelihood problems and show that under some common conditions
and with a good choice of the parameter in GIC, we are able to select the tuning parameter
that corresponds to the true model.

In section the model is specified and basic approach is discussed. Notations and
basic assumptions are also introduced in this section. Section gives the main results of
the two steps selection and estimation procedure. Section develops the tuning parameter
selection. Variation of penalty functions is discussed in section 2.5l Extensive simulation
study and real data example are presented in section followed by a short discussion in

section The proofs of all theorems are deferred to Appendix [A]

2.2 Model

We consider the generalized additive model (2.1)) where the link function corresponds to an
exponential family distribution of the response. For each of the n independent observations,
the density function is given as

,1<i<n, 0; R (2.3)

fy; (y) = c(y) exp _—b(ei)}

[yei
o

Without loss of generality, we assume that the dispersion parameter 0 < ¢ < oo is assumed
to be a known constant. Specifically we assume ¢ = 1. We consider a fixed-design through

this paper, i.e., the design matrix X is assumed to be fixed. However, we have shown in
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appendix [A] that the same theory works for a random design under simple assumptions on
the distribution of X. The additive relationship assumes that the densities of y;’s depend
on X ;’s through the additive structure 6; = Z§i1 fj(Xj;). This is the canonical link. If we
use other link functions, for example, A(-), the theory also works as long as the functions
A(-) satisfies the Lipschitz conditions for some order. Let b()(-) be the k-th derivative of
b(+), then by property of the exponential family, the expectation and variance matrix of
)T

¥ = (y1,..-,yn)", under mild assumptions of b(-), is given by p(0) and ¢3(0), where

w(@) = (6D @y), .. 6W O )NT and $(0) = diag{p'D(6y), ..., b2 (6,)}. (2.4)

The log-likelihood (ignoring the term c(y) which is not interesting to us in parameter

estimation) can be written as

n Pn Pn
= u | Do LX) | e [ D HXp) | |- (2.5)
i=1 j=1 =

Assume that the additive components belong to the Sobolev space Wéj([a, b]). According

to [110], see pages 268-270, there exists B-spline approximation

foj(@) =) Bipdp(x),  1<j<p. (2.6)
k=1

with my,, = K, + [, where K, is the number of internal knots and [ > d is the degree of the
splines. Generally, it is chosed that d = 2 and [ = 4, i.e., cubic splines.

Using the approximation above, [65] proved that f,; well approximates f; in the sense
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of rate of convergence that

b
15— fusll3 = / (f;(2) — fj ()2 = O(miy20). (2.7)

Therefore, using the basis approximation, the log-likelihood (ignoring the term ¢(y) which

is not related to the parameters) can be written as

n Pn mn Pn mn
=5 [ D03 8% | —0 [ 0 8% @)
i=1 j=1k=1 J=1k=1

M:

5o (#70) o (37| s

where 8° and ®,; are the vector basis coefficients and bases defined below.

1

N
Il

It’s also worth noting that the number of bases m, increases as n increases. This
is necessary since [110] mentioned that one need to have sufficient partitions to well ap-
proximate f; by fn;. If we fix mp, ie. let my, = mg, though in the later part we
will show the approach to estimate the basis coefficients can have better rate of conver-
gence, the approximation error between the additive components and the spline functions
1fi(x) = fnj()ll2 = [f(f(f] () = fnj (x))2dz]*/2 = O(1) will increase and lead to inconsistent
estimations. Therefore, m,,, or more precisely, K, need to increase with n.

Our selection and estimation approach will be based on the bases approximated log like-
lihood Before starting the methodology, we list the notations and state the assumptions

we need in this paper.

Notations
).

The design matrix is X(nxpn) = (x1,...,xn
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The basis matrix is CID( ) = (Pq, ..., CIDn)T, where

nxmnpn

i = ($1(xi1); vy Dy (Ti1); o0 D1 (i) s ovs Sr (T )

The true basis parameters

0 0 0 0 0 T
/8 = (5117"'751mn7""6pn1’"'76pnmn> eRmnpn

We assume the functions fi,..., fp,, are sparse, then ,80 is block-wise sparse, i.e. the
blocks 891 = (ﬁ?l, ...,5?mn)T, ...,,@Opn = (ﬂgﬂl, ...,ﬁgnmn)T are sparse.

Let p, be the expectation of y based on the true basis parameters and € =y — p,,.

Define the relationship a, =< b, as there exists a finite constant ¢ such that a,, < cby,.

For any function f define ||f||o = [ff f2(x)dz]'/2, whenever the integral exists.

For any two collections of indices S, S C {1, ..., pn}, the difference set is denoted S — S.
The cardinality of S is denoted card(S). For any § € R""Pn  define 41, ..., dp,, as its sub-

blocks, where §; € R and define the block-wise support

suppg(8) = {j € {1,...,pn}; 85 # 0}
Define the block-wise cardinality

cardg(d) = card(supppg(d)).
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For S = {s1,...,s¢} C {1, ...,pn}, define sub-block vector

55 =85, 80)"

817

The number of additive components is denoted p;,, which is possible to grow faster than the
sample size n. Let T' = suppp (BO) and T be the compliment set. Let card(T") = s;,, where
sp, is allowed to diverge slower than n.

For each U C {1,...,pp} with card(U — T') < m for some m, define
B(U) ={d € R"P1: suppp(d§) C U},

B(m) ={B(U);for any U C {1, ...,pp}; Card(U — T') < m}.

Let g be an integer such that g > s, and ¢ = o(n). Define

B ={B € B:cardg(8) < ¢},

where B is a sufficiently large, convex and compact set in R,

Assumptions

Assumption 2.1 (On design matrix). Using the normalized B-spline bases, the basis ma-

trix @ has each covariate vector ®;,j = 1,...,pp bounded, i.e., 3 cg such that [[@;[2 <

\/ﬁC(b,v] — 1’ ...7mn X pn.

Assumption 2.2 (Restricted Eigenvalues RE). For a given sequence Ny, there exist vy and
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~1 such that

< Y1y, (2'9)

where 79 is a positive constant such that 0 < v < 0.5, for all § € C, where 67 = (5T, ey 52:5”)
and

C={d e R . ||8]]o #0, ||0|l2 < Ny, and cardg(d) = o(sp)} - (2.10)

Assumption 2.3 (On the exponential family distribution). The function b(0) is three times
differentiable with c; < b”(0) < cfl and |v"(9)| < cfl in its domain for some constant
c1 > 0. For unbounded and non-Gaussian distributed Y}, there exists a diverging sequence
My, = o(y/n) such that

sup max
ﬂEBl 1<i<n

y (’@fﬁ’)( < My, (2.11)

Additionally the error term €; = y; — uy,’s follow the uniform sub-Gaussian distribution, i.e.,

there exist constants co > 0 such that uniformly for all ¢ = 1,..,n, we have
P(le;] > t) < 2exp(—cat?) for any t > 0. (2.12)

Assumption 2.4 (On nonzero function coefficients). There exist a sequence cy,, that may

tend to zero as n — oo such that for all j € T, the true nonzero functions f; satisty

min || f:llo > cr.,.
jGTHfJH?_ fin

We note that assumption is a standard assumption in high dimensional models, where
the design matrix needs to be bounded from above. assumption is a well-known condition

in high-dimension set up on the empirical Gram matrix [I5]. It is different than the regular
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eigenvalue condition, since when n < p, the p x p Gram matrix has rank less than p, thus
it must have zero eigenvalues. Therefore, it is not realistic to bound the eigenvalues away
from zero for all v € RPR™1but we need to restrict to some space C. In our set up, C is the
restricted sub-block eigenvalue condition on sub-blocks of the Gram matrix studied by [9)].
Though the lower bound and upper bound are imposed on the fixed design matrix, we gave
a derivation in Appendix [A] that this condition holds when X is drawn from a continuously
differentiable density function which is bounded away from 0 and infinity on the domain of
X. This result is similar to the results in [65].

Assumption [2.3]is a standard assumption to generalized models. and together
controls the tail behavior of the responses, and as mentioned by [52], ensures a general and
broad applicability of the method. Analogous assumptions to can also be seen in [50] and
[11]. Specifically, for example, we have b(6) = log(1 + exp(0)). It’s easy to verify that both
its second and third derivatives have their absolute values all bounded from above by 1. For
equation , observe that the first derivative is the mean of Bernoulli distribution, and
thus it is also bounded. The error term is also bounded by 1, therefore, taking co = log(2)
will make equation satisfy all logistic regression cases. Moreover, bounded second
moment in logistic regression ensure that there exist ¢ such that the probability p; of each
observation satisfies e < p <1 —e.

Assumption appears often in variable selection methodologies, because intuitively
a nonzero function or covariate has to contribute enough to the response in order to be

considered nonzero.

Remark 2.1. In assumption 2.2} § = 3 — 3 is the difference vector between a B and the
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true coefficients 3, thus we can view C as a restricted neighborhood of 3y, i.e.,
NEE =1{B: 118 - Bolla < Ny, my x cardp(8) < n* = o(n)}.

If BeN é%()E , then by assumption [2.2| we have

(8 —Bp) T8 - By)
n|8 — Boll3

2s -1
=707 My

This, together with the bounded variance assumption in assumption [2.3] ensures the re-

stricted strong convexity of the target function, i.e., for a 3* € Né%E, we have

(8* — By)TdTS(8)2(B* — By)
nl|B* - Boll3

> 0c173 " my ' Y B e NP (2.13)

2.3 Methodology & Theoretical Properties

We propose a two step procedure for selecting high dimensional additive models with gen-

eralized link that has improved convergence rates compared to single stage selection.

2.3.1 First Step: Model Screening

The objective of this step is to recover the true support 7" of the additive components. Let
T be a random support given by a model selection procedure and |T| be the number of
variables selected. A good model selection procedure, especially our second stage estimation

with good convergence rates, should satisfy the common screening consistency conditions

T CT, |T| =O(sp), w.p. converging to 1. (2.14)
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There have been many variable selection penalization [49] 135] 50, 48] in generalized linear
models and [65] in linear additive models this condition holds. Specifically, [50] satisfies the
requirements in in generalized linear models and [65] also satisfies in additive
models with identity link function. In this paper, we show that under mild conditions, by
maximizing the log-likelihood with group lasso-like penalization, we can select a model that
satisfies We also provide a rate of convergence of this first step selection.

Define the objective function to be

LB = -3 [ (878) — b (670)| 4 A S0 IBsle 219
=1 j=1

Let B be the optimizer for ie.

B = argmin L(B; \p1).
ﬁeanmn

Let T = suppB(B).

The objective function is negative log-likelihood plus the group lasso penalization term,
and the parameters are estimated as the minimizers of the objective function. Here the
negative log likelihood function is averaged among the n observations to ensure that it is
under the same scale as the penalization function. An analogy is to omit the 1/n and
consider the re-scaling in the choice of X. Similarly, since we have same group sizes, instead
of multiplying the group size to each penalty term, we consider it in the choice of \. Two

analogies of the objective functions are

n

LB = =3 [ (870) b (870)] + 2t 318512

i=1 j=1
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and
n

Pn
L8 ) =~ S [ (870:) — b (87:) | + At 3 vmnlB
i=1 j=1
[148, ©3]. Since they only differ in a multiplier, we can suppress these terms into the selection
of A, which gives the target function we used.
With this group lasso type penalized log-likelihood, the selected model has the following

properties.

Theorem 2.1. Consider the model 7' obtained by minimizing . Under assumptions 1-4,

for some constant C' and any diverging sequence 7, > 0, choose the regularization parameter

n1 _ O\/—\/'Vn + log pnmn>

for bounded response (i.e., |y;| < ¢), and the regularization parameter

log(ppm
b log(pnimn)

n

for unbounded sub-Gaussian response, as the sample size increases,

(i) With probability tending to 1,

(ii) With probability tending to 1,

n

on A 12 _9s m2 1o m
. Hﬁ’? - 5jH2 =Op (Srﬁg 2on 1 08P n)) + OO “m sy 251)
j=1

—2d_—2
+OlsEml )
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for the bounded response and

n

ol 0 > 2 —28n m’l2’L IOg(pnmn) u —28n
E HBJ - IBjHQ =0p SnY9 Tn + O()‘ 1 m nSnY9 )
j=1

+ O(spmy 2Ty 1)

for any diverging sequence -y, and unbounded sub-Gaussian response.

(iii) If spyy 25n 2 nlog(pnmn)/n << cp,, (5n72 2 log(ppma) /n << Cfn in the un-

2sn 2/\2 1 2d

bounded case), v, s15n/mp << ¢y, and 3 My~ T2 <o Cf s With prob-

ability tending to 1, all nonzero coefficients are selected.
The proof of this theorem is given in Appendix [A]

Remark 2.2. To avoid estimability issues, here the constants C are selected to be large
enough such that the number of parameters to be estimated, i.e., the number of selected
nonzero functions |7'| multiplied by the number of basis function m, should be less than or
equal to n. Moreover, considering the multicollinearity in the design matrix, the constants

are chosen such that m, x |T| = o(n).

Remark 2.3. The additional term -y, in the convergence rate is due to unboundedness

nature of the response variable rather due to non-linear link function.

Remark 2.4. For the special case, linear (Gaussian) additive model our results coincides
with the results in [65]. The difference is that we study a fixed design with assumptions on
the eigenvalues of the design matrix and they studied a random design with assumption on
the distribution of the design matrix. We have put further assumption on the eigenvalue

due to the divergence of s;,, the number of nonzero variables. In the special case that s,
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is fixed, our assumptions coincides with the assumptions in [65]. Another difference is that
we include a diverging term ~, that establishes the rate of convergence with probability

converging to one.

There are three terms in the convergence rate: the first term comes from the regression
it self, the second term comes from shrinkage, and the third term comes from the spline
approximation error.

Also noting that in generalized linear models, each additive component is a simple mul-
tiplication, i.e. my = 1. Moreover, we don’t have the spline approximation error. So the

following corollary is a direct result from theorem [2.1

Corollary 2.1. In generalized linear models, under the assumptions in theorem 2.1} consider
the model T obtained by minimizing , for some constant C' and any diverging sequence

vn, > 0, choose the regularization parameter

/ 1
)\%1 —C Yn + zg(pn)

for bounded response (i.e., |y;| < ¢), and the regularization parameter

log(p
A%(i = Tn ; n)

for unbounded sub-Gaussian response, we have

(i) With probability tending to 1, we have

|T| = O(sn)
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(ii) With probability tending to 1, we have

/\

Js° -5

n

=Op ( w) + O sn)

for the bounded response case and

Hﬁo - BHi =0Op <3n7n10g7(lpn)> + OO‘%[{zsn)

(iii) If splog(pn)/n << cyp (sSnynlog(pn)/n << ¢y, in the unbounded case), and

/\%1871 << ¢fy, with probability tending to 1, all nonzero coeflicients are selected.

Let fnj (x) = ZZL:TLl Bjkgbk(x). We can also state the results of the first selection step in

terms of functions, which is a direct consequence of theorem

Theorem 2.2. Consider the model 7' obtained by minimizing Under Assumptions 1-4,

for some constant C' and any diverging sequence 7y, > 0, choose the regularization parameter

nl _ C\/—\/'Yn + log pnmn)

for bounded response (i.e., |y;| < ¢), and the regularization parameter

log(ppm
N s [108(nn)

n
for unbounded sub-Gaussian response, we have
(i) With probability tending to 1, we have
7| = O(sn)
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(ii) With probability tending to 1, we have

bn A 12 —9sy, M log(prmp) p 2 —9s,
> |45 = duil|, =0p (07 . + OOy sy 1)
j=1

+ Osmmy 20y )

for the bounded response case and

on L —2sp, . Mn log(pnmn) ub? —25p,
Z Hf:] - fnjH2 =0p | snY9 """ n + O(Ap1 mnsny )
Jj=1

+ O(s2my, 2ny 25m)

for any diverging sequence .

(iii) If snmn'y;%” log(pnmn)/n << ¢, (snmn’y;%”*yn log(pnmn)/n << ¢y, in the un-
bounded case), A%lsnmnyz_zsn << ¢y and s%mgwyz_%" << ¢fp, with probability

tending to 1, all nonzero coefficients are selected.
The proof of this theorem is given in Appendix [A]

Remark 2.5. The two theorems together tell us under Assumptions 1-4, by choosing proper

n, the functions selected by minimizing the first target function satisfy
TcT and |T| = O(sp)

with probability converging to 1, i.e. we obtained screening consistency.
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2.3.2 Second Step: Post Selection

After we have a “good” initial estimator, we use the adaptive group lasso to recover the true
model [65] and we are able to achieve selection consistency in probability with some mild
assumptions. Adaptive group lasso idea is similar to adaptive lasso [155] which enjoys better
theoretical properties than simple lasso. [22] and [34] studied rate of convergence and other

asymptotic properties of the adaptive lasso estimator. Define the objective function to be

La(B: Ano) = —1§nj[y¢(ﬂT¢i)—b(ﬂTd>i)]+An2§jwnj||ﬂj||2, (2.16)

i=1 j=1

3

where the weights depend on the screening stage group lasso estimator

185ll5*, it 1B;ll2 > 0
=+ . (2.17)

00, if [|B]l2 = 0

Let B 4¢r be the optimizer for , ie.

Bagr = argmin Lg(8; \n2).
BeRMnP

For the choice of weights, the first stage estimators need not to be necessarily the solution

of group lasso, rather more general that satisty following assumptions.

Assumption 2.5. The initial estimator B is ry, consistent at zero, i.e.,

o o
Fn max 185 = Bjllz = Op(1), (2.18)
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and there exists a constant c3 such that

P (min 182 > Cgbnl) — 1, (2.19)
jeT

where b,,; = minjeT Hﬁ?HQ

Assumption 2.6. Let s, = p, — s, be the number of nonzero components. The tuning

parameter )\, satisfies

log(stmp,) Sn n An2Tn
nl/Z)‘nZTn )\ngrnmgﬂﬂ Y/ Sn /N

= o(1) (2.20)

for any diverging sequence .

assumption gives the restrictions on the initial estimator. We don’t require our initial
estimator to be the group lasso estimator, but any initial estimator satisfying assumption
will be able to make the adaptive group lasso estimator consistently selects and estimates
the true nonzero components. However, the rate of convergence of the adaptive group lasso
estimator depends on the rate of convergence of the initial estimator, which is assumed to
be rp in assumption 2.5l Moreover, the initial mustn’t have a 0 estimation for the nonzero
components, otherwise it will mislead the results in the proceeding step. assumption
put restrictions on the tuning parameter \,2 in the adaptive group lasso step. The first two
terms gives the upper bound for \,2 and the third term gives the lower bound. Only with
“appropriate" choice of \,,» we can have the selection consistency and estimation consistency.

It worth noting that if we take the group lasso estimator as our initial estimator, as-

sumptions 5 and 6 are automatically satisfied. Specifically, a trivial choice of r, would
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be

) \/ﬁ SpMy, Yo

_ \/1 _ _
= 01_31 < S sn mn Og<pnmﬂ)> + O—l()\’lr)ll,rnn\/%72 Sn) + O—l( 0.5—d Sn)

for the bounded response and

_ _ Mmp+/lo m _ _ _ —d
= 05! (@72 o ”)>+0 Ly )0 (sl 5 )

for the unbounded case and any diverging sequence ~j,, since we observe that for j € T¢,
Bj is either estimated as zero, or has a rate of convergence to 3; bounded by the rate of
convergence in theorem (2.1). For equation , observe that the rate of convergence of the
group lasso estimator is higher order infinitesimal of the minimal signal strength of nonzero
coefficients, thus taking c3 = 0.5 is sufficient. In assumption 6, with our trivial choice of r,
we are able to find a range of tuning parameters that satisfy equation (2.20). Therefore, it’s
reasonable to take the group lasso estimator as an initial estimator for the adaptive group
lasso.

Let the notation Bn 9 ,6’0 denote that the sign of each Bj and Bg are either both zero
or both nonzero. Then we have the following asymptotic properties for the adaptive group

lasso estimator.

Theorem 2.3. Assume assumptions 1-6 hold, consider the estimator 3 AG L by minimizing

[2.16] we have

(i) If fen >> +/Sn/n, the adaptive group lasso consistently selects the true active predic-
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tors with probability converging to 1, i.e.,
~ 0 0
P (BAGL %43 ) Sl (2.21)

(ii) The rate of convergence of the adaptive group lasso estimator is given by

e 2 -2 9 log(spmp) 2 -2 1-92
> IBacr; — Bl =0y (sm2 an) + O(s2v5 2 mk2d)
JeT

+ O(Xsgmip sy 2")
for the bounded response case and

- 9 log(snmn) sy 1-
5 1461 - B3I =0, (s o B ) 4 O 2ol 2
jer

+O(N2gmE sy 21

for the unbounded response case, where v, is any diverging sequence.

The proof of this theorem is given in Appendix[A] It’s interesting to compare the adaptive
group lasso results with [I38], who studied the asymptotic properties of the adaptive group
lasso for generalized linear models. It worth noting that we considered a more general case
by allowing the group size to diverge with n, and the eigenvalue to be bounded by sequences
that depending on n on a broader domain. In the special case that corresponds to their
assumptions, our results (Theorem coincides with their results. These results are also
true in the special case: generalized linear models. The special case is given in the following

corollary.
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Corollary 2.2. Consider the generalized linear models with the assumptions same as in

theorem but with A, satisfies

n1/2)\n2rn Y/ Sn/n

we have

(i) If fen >> +/sn/n, the adaptive lasso consistently selects the true active predictors

with probability converging to 1, i.e.,

P (BAL 0 ﬁ0> S (2.22)

where B 47, is the adaptive lasso estimator corresponding to the adaptive group lasso

estimator in the nonparametric set up.

(ii) The rate of convergence of the adaptive lasso estimator is given by

X log(sn,
B4z~ B3 = Op (5050 ) 1 0, (2.23)

for the bounded response case and

) log(sp,
141~ B3 = Op (0025 ) 1 002 (2.21)

for the unbounded response case, where 7, is any diverging sequence.

Similar to the group lasso estimator, we also derive results for the non-parametric function

estimation.
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Let fAGLj(x) = ‘I’j@)BAGLja then we have the following results.

Theorem 2.4. Assume assumptions 1-6 hold, consider the estimator 3 AG L by minimizing

2.16] we have

(i) The adaptive group lasso consistently selects the true active predictors in probability,

ie.,
P (Ifacri@)la >0, j €T and |facri(@lls =0, j€T) = 1. (2.25)

(ii) The rate of convergence of the adaptive group lasso estimator is given by

; 9 log(snmn) sy
Z HfAGLj - fjH% =0p (Sn'YQ snmn#) + 0(312172 my, 2d)
jeT

—2
+O(A%2mnsn72 )
for the bounded response case and

; P ) log(spmn) 2 —2sp. —2d
> fagri — 113 =0y (vnsm? Ty )+0<smz “my, =)
J€T

—2
+ O(/\%ansnyz )y

for the unbounded response case, where 7, is any diverging sequence.

The proof of this theorem is given in Appendix [A] The theorems in this section ensures
that under mild assumptions, we are able to recover the true model with probability tend-
ing to 1 and achieves a rate of convergence better than the initial estimator. Particularly,

if the restrictions of n, p,, my, and s, in the previous section satisfy, the group lasso esti-
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mator is actually a good initial estimator. Therefore, this two step procedure actually is a
complete procedure that gives us a way to do this model selection and estimation on any high-
dimensional generalized additive model. However, the procedure is not practically complete
without proper selection of the tuning parameter A\. Therefor, we propose a theoretically
validated tuning parameter selection in the next section.

The convergence rate for the group lasso estimator is

2 _9g. My lo m 2 — —2d,—
’2 =0p <Sn72 o gqun “)> +O(>‘21 MnsSn7g an)JrO(s%m” 2d72 QSn)’

Pn .
> Hfj = fnj
Jj=1

while for the adaptive group lasso estimator is

S a8 = O (w25 2 B ) 4 O yrvs05 )+ Oy )
jeT
The regression term differs by the size of candidate set. The price we pay by not knowing
the true set is log(pmy,) in the group lasso step, and becomes log(s,my,) in the adaptive
group lasso step, since the initial estimator have recovered a super set of the true set with
cardinality O(sy). The penalty term’s difference appears on the tuning parameter, where
An2 is of a smaller order than \,; with a multiplier of r,, 1 According to our choice of A9,
it has a trivial upper bound which is of order O()\%l). Therefore, the tuning parameter part
in the penalty convergence rate term becomes quadratic. The approximation error term is
not affected by the adaptive group lasso step.

The adaptive group lasso is important in two reasons: first, with probability tending to
1, this is enable to select the true nonzero components accurately, which is not always the

case in group lasso; second, the rate of convergence of the adaptive group lasso estimator is
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faster than the rate of convergence of the group lasso estimator. The difference in the leading
terms are in the order of r,, 1 This makes the adaptive group lasso estimator to achieve a

better error with the same sample size, or the same error with a smaller sample size.

2.4 Tuning Parameter Selection

One important issue in penalized methods is choosing a proper tuning parameter. It is known
that the selection results are sensitive to the choice of tuning parameter. The theoretical
results only provide the order of the tuning parameter, which is not very useful in practice.
The reason is that the order of a sequence describes the limit properties when n goes to
infinity. In reality, our n is a fixed number, so we must have a practical instruction of
selecting the tuning parameter.

Despite it’s importance, there isn’t much development for tuning parameter selection in
the high dimensional literature. The conventional tuning parameter selection criteria tend
to select too many predictors, thus is hard to reach selection consistency. Another reason,
especially in group lasso problems, is that the solution path of group lasso is piece-wise
nonlinear, which makes the testing procedure even harder. Here, we propose the generalized
information criterion (GIC) [I51] 52| that supports consistent model selection.

Let B)\ be the adaptive group lasso solution with tuning parameter A\. The generalized

information criterion is defined as
1 . ~
GIC(\) = E{D(lb\; Y) + an|Ty|}, (2.26)

where D(1y;Y) = 2{l(Y;Y) — l(i1);Y)}. Here the {(p;Y) is the log-likelihood function
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in equation expressed as a function of the expectation p and Y. [(Y;Y) represents
the saturated model with g =Y, and ) = V/(30", fj’\(xm)) = b'(gbé)\) is our estimated
expectation when the tuning parameter is A. The hyper-parameter a, here is chosen to
penalize the size of the model. Using GIC, under proper choice of a,, we are able to select
all active predictors consistently. The result is given in the following theorem.

The importance of the following consistency theorem is that the result in the previous
section guarantees that with probability converging to 1, there exists a A\, that will be able
to identify the true model. Therefore, a good choice of a, will be able to identify the true
model with probability converging to 1. For a support A C {1,...,p} such that |A| < ¢,

where ¢ > s, and ¢ = o(n), let

n

1(8(4)) = Ellog(f*/92)] = > [ (@:8")0] (8" - B(4)) - b(@] 8°) + b(@] B(4)

- (2.27)
be the Kullback-Leibler (KL) divergence between the true model and the selected model,
where f* is the density of the true model, and g4 is the density of the model with population
parameter 3(A). Let 3*(A) be the model with the smallest KL divergence over all models
with support A, and let

op = inf l[(B*(A))

APT n
|A|<q

Here we note that if 7" C A, the minimizer is automatically BY and thus the KL-divergence
is zero. For an underfitted models T" ¢ A, d,, describes how easily one can distinguish the
models from the true model by measuring the minimum distance from the true model and
the “best estimated models”. Later in the theorems we will need to assume lower bounds on

dn, so that we will be able to reach our consistency results. The following theorem proves
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that GIC works under mild conditions.

I 4 o

Theorem 2.5. Under assumptions 1-6, suppose that 5nK_1R;1 — 00, nénsglag
and app~! — oo, where Ry, and ), are defined in lemma and lemma we have, as

n — oo,

P inf GIC,, (A >GIC,, (A — 1 2.28
{/\GQIEUQ+ an( ) an( nO)} ) ( )

where

Q- ={X € [Mnin, Mmaz] : T\ 2 T},
Qp ={X € Mpin, Mmaz] T DT and T\ # T'},

where T\ is the set of predictors selected by tuning parameter A. A,,;, can be chosen as the
smallest A\ such that the selected model has size ¢ that satisfies the theorem assumption, and

Amaz simply corresponds to a model with no variables.

The proof of this theorem is given in Appendix [A] In practice, a choice of ay, is proposed

to be my, log(log(n))log(pn). We have

Corollary 2.3. Under assumptions 1-6, with choice of a,, = my, log(log(n)) log(py ), we have

P inf GIC,, (N > GIC,, (A — 1.
{/\EQI?UQ+ an( ) an( nO)}

In our two step procedure, there are two tuning parameters to be selected: \,1 in the
group lasso step and )\, in the adaptive group lasso step. The choice of \,2 is of more
importance, since A, only serve as the parameter in screening. As long as we have a
screening step that satisfies 2.14] we are ready for the adaptive group lasso step. To be

simple, we propose to use GIC for selecting both A, and \,2. As a result of the previous
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theorem, we are able to reach selection consistency.

2.5 Other Possible Penalty

In this section we briefly discussed other possible penalty functions in the context of high
dimensional generalized additive models. In particular we consider the best subset selection,
which corresponds to a Lg penalty, and the best subset with shrinkage which corresponds
to a combination of Ly and Lg, 0 < ¢ < 2 penalty. The procedures have many practical
advantages such as dealing with correlated variables, predictive power, better estimation
errors etc, these are not well studied neither numerically nor theoretically due to various
reasons. The main drawback is the non-convexity of the loss function, thus an algorithm
is difficult to build. [85] studied the Lg + L; penalty for linear model and support vector
machine. They also proposed to use the mixed-integer programming (MIP) method to solve
the problem. Recently a few other works on this have brought important development. [92]
studied the linear model with these penalties. They gave the algorithm and discussed the
advantages under the low signal-to-noise ratio. In this section, we discusses these penalties

under the additive set up and compare with our proposed methods.

2.5.1 The LO Norm Penalty

The Ly penalty instead of L; penalty provides an unbiased estimator, thus we don’t have

the error (bias) from shrinkage. Consider the problem of optimizing

p
B= argﬁminlly—¢ﬁ|l%+>\zl||ﬁj||2¢o, (2.29)
J=1
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where y is n x 1 continuous response, ¢ is n X (ppmy,) basis matrix, and 8 is (ppmy) x 1
coefficient vector.
The Lo penalty penalizes the number of predictors being selected. This formulation is

equivalent to

p
,B:argﬁminHy—(ﬁ,BH%, s.t. Zl||5j||2750 <k (2.30)
j=1

for some k, which is related to the selection of A.

Theorem 2.6. Let T = {j : ||B]||2 # 0}, i.e. the indices of predictors that are nonzero
in the estimated model, and k = |T] = Z§:1 1||Bj||2 # 0, i.e., the number of nonzero
predictors in the estimated model. If the A is chosen such that k > sy, or k is chosen such
that s, < k = O(sy), where sy, is the number of nonzero predictors in the true parameter

coefficients, we have

i) The rate of convergence
. 0112 ~2sp,, 2 108(sn1mn) 2_—2sp, 1-2d
Z H/B] - IB.jHQ =Op ( snyg " 'my, " + O(spyg “'my 7).
j=1

i) If furthermore s,my, log(ppmp)/A — 0 and ns2m;,;2?/X — 0, then with probability
tending to 1, we have

|k — sp| = 0 asn — 0.

The proof of this theorem is given in Appendix[A] Our group lasso type penalty has rate

of convergence

. _9 log(sp,m ) _ -2
18- 813 =0, (S% m2(T>) + Olspg *"mn 1) + O(Xigmiisny ™).
(2.31)

47



The difference is because there is no shrinkage from the penalty in the Ly norm, thus we

don’t have the error term from shrinkage.

2.5.2 The LO and L1 Norm Penalty

Consider the problem of optimizing

p P
B = arggniﬂ ly — @815+ A1 > _11Bill2 + X2 181970 (2.32)

where y is n x 1 continuous response, ¢ is n x (ppmy,) basis matrix, and 3 is (ppmy,) x 1
coefficient vector.
The Lg penalty penalizes the number of predictors being selected. This formulation is

equivalent to

p p
B=argminly = 6818+ 0 D 185, 5t Do yg o <k (239
j=1 j=1

for some k, which is related to the selection of \o.

In this target function, the selection is done by the Ly penalty, and we choose A\ to be
such that the L1 penalty is dominated by the L penalty, i.e., the L1 penalty does not do any
penalization on top of k predictors, but just provides a shrinkage estimator. Therefore, the
estimator will perform well in both selection and estimator, since it possess the advantages

of shrinkage estimators as well. Similar to theorem [2.6] we have the following theorem.

Theorem 2.7. Let T = {j : HB]HQ # 0}, i.e. the indices of predictors that are nonzero
in the estimated model, and k = |T| = Z§:1 1”3_”2 # 0, ie., the number of nonzero
J

predictors in the estimated model. If the A9 is chosen such that k> s, or k is chosen such

48



that s, < k = O(sy), where sy, is the number of nonzero predictors in the true parameter
coefficients, and \; is chosen such that no more coefficients are shrunk to zero on top of the

Lq penalty, we have

i) The rate of convergence

p

: 012 —2sp, 2 10g(snmn) 2 —2sp 1-2d
518~ 313 =0 (srg 23 B} 4 O 2ond -2
7=1

—2

i) If furthermore spmy, log(pnmn) /Ao — 0, ns2my 24 /Xy — 0 and

Alsi/an log(ppmp) /A9 — 0, then with probability tending to 1, we have

|k — sp| = 0 as n — 0.

The proof of this theorem is given in Appendix [A]

Remark 2.6. So far, there hasn’t been any method of selecting the tuning parameters that
has a theoretical base to ensure the selection consistency. The most common way is to use
cross-validation and generalized cross-validation type of methods [92]. Selecting a consistent

tuning parameter with some criterion in this case can be a future research interest.

2.6 Numerical Properties

In this section we conduct various empirical exercises to illustrate our theoretically guided
method in practice. To optimize the group lasso problems, we apply the algorithm named

groupwise-majorization-descent (GMD) by [147], which approximates the convex log-likelihood
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part with second order Taylor expansion and solve it with a quadratic function’s closed form
solution, wrapped in a block coordinate descent algorithm. We made the algorithm in
GAM available as a python class, which is available at https://github.com/KaixuYang/
PenalizedGAM.

As smoothness is a heavy concern in practical GAM computations, we bring the P-spline
[42] penalty into the model while implementing the model numerically. The P-spline penalty
controls the difference between coefficients of consecutive basis functions, and thus yields
smoother spline functions.

Specifically, let I(3; X, vy) be the loss function in section either the group lasso loss
function or the adaptive group lasso loss function. The loss function with smoothness penalty

is defined as

p
(B X.y) =13 X, y)+ X > B DB, (2.34)

j=1

where ) )
1 -1 0
-1 2 -1

D:

0o -1 2

A slightly modified soft-thresholding function is used to handle the combination of group

lasso penalty and the smoothness penalty.

2.6.1 Simulated Examples

Here we undertake extensive simulation study to see the performance of our proposed two

step selection and estimation approach. We investigate the performance of both uncorre-
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https://github.com/KaixuYang/PenalizedGAM

lated and correlated covariates and we consider different sample sizes and varying number of
predictors in each case. In this section, we will consider three different types of generalized
models: the logistic regression (Bernoulli distribution), the Poisson regression (Poisson dis-
tribution) and the Gamma regression (Gamma distribution). Through the whole subsection,
we choose [ = 4 which implies a cubic B-spline. We choose m,, = 9 for most cases unless
stated otherwise. The choice of [ and m,, implies that there are m,,—[ = 5 inner knots, which
are evenly placed over the empirical percentiles of the training data. In this subsection, we
will compare the performance of the two-step approach with the Lasso [126], the GAMBoost
[134] and the GAMSEL [27]. We implement our two-step approach with our own package
mentioned above. The Lasso is implemented with the scikit-learn package in python. The
GAMBoost and GAMSEL methods are implemented using their packages in R. In the group
lasso step, we choose the tuning parameter corresponding to ng variables, where ng is the
largest number such that ng x my <= n. This choice prevents estimation issues when we
have too many parameters. The GIC procedure is applied in the adaptive group lasso step
to select tuning parameters. In the GIC procedure, the tuning parameter selection criterion
is defined as

GIC() = {D(n; ¥) + an[T1}. (2.35)

From our results in the previous section, we choose a,, = (loglogn)(log p)my,.

2.6.1.1 Logistic Regression

First, we consider the logistic regression

y; ~ Bernoulli(0;), i =1,...,n, (2.36)
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where 0; = logit ! + Z§:1 fi(zi;)] and z;; is the (i, j) — th element of the design matrix

X.

Example 2.1. We first consider the logistic additive model on an independent design matrix
case, where each predictor in X is independent of other predictors. Each element of the design
matrix is generated from a Unif(—1, 1) distribution. We consider 3 different cases with all n,
p and s increasing, which coincides with our theory in section[2.3] Specifically, the three cases
are: n = 100, p = 200 and s = 3; n = 200, p = 500 and s = 4; n = 300, p = 3000 and s = 5.
A testing sample of size 1000 is generated independently to measure the performance. For all
three cases, we have nonzero functions fi(z) = 5sin(3z), fo(z) = —42*+9.3323 4522 —8.33z
and f3(z) = (1 — 22) exp(3z) — 4. These three general terms include a periodic term, a
polynomial term and an exponential term. The last two cases have one more function of
fa(x) = 4, alinear term. Finally, the last case has an addition f5(z) = 4sin(—5log(v/z + 3),
a complicated composite function. Without loss of generality, the first s functions are set
to be nonzero. The constants in the functions are to ensure similar signal strength and
smoothness. The other functions fsy1(z) = ... = fp(z) = 0.

Our results focus on NV, the average number of variables being selected; TPR, the
true positive rate (what percent of the truly nonzero variables are selected); FPR, the false
positive rate (where percent of the zero variables are selected); and PE, the prediction error.
In the logistic regression problem, our metric to measure the prediction error will be the
misclassification rate, which is also the measurement in [27]. The simulation results are
averaged over 100 repetitions.

The simulation results are summarised in table on page Compared with the
classical method Lasso and the existing GAM methods GAMSEL and GAMBoost, the two-

step approach performs the best in terms of both variable selection and estimation in the
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high-dimensional set up. The two-step approach performs significantly better in prediction
errors. In variable selection, the two-step approach selects the closest number of variables to
the ground truth, while keeping the TPR high and FPR low. The existing GAM algorithms
have similar TPR but includes too many false positives. The existing GAM algorithms were
not intended for very high-dimensional, and thus fails to handle the variable selection and
prediction at the same time. As mentioned in [46], the tuning parameter in the Lasso for
consistent variable selection is not the same as the tuning parameter for best prediction. We
can see this may also be true for the group lasso case, since the estimated nonzero coefficients
in the group lasso step are much over-penalized. This also proves that an adaptive group

lasso step is important, in terms of both variable selection and prediction.
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n—100 n=200 n=300
p=200 p=500 p—3000
s=3 s—4 S=9
NV TPR FPR PE NV TPR FPR PE NV TPR FPR PE
Two-step 3.56 920 .004 148 4.82 .989 .002 128 4.92 .968 .000 122
(1.19) (.146) (.005) (.027) | (1.02) (.057) (.002) (.018) | (0.535) (.086) (.000) (.018)
[asso 30.0 920 138 .249 64.7 978 122 229 85.2 .816 027 211
(17.9) (.144) (.090) (.041) | (19.2) (.452) (.039) (.024) | (68.3) (.243) (.022) (.024)
GAMSEL 10.1 .820 .039 .241 14.0 .943 .021 214 33.9 .986 .010 .208
(11.1) (.209) (.055) (.035) | (12.6) (.112) (.025) (.023) | (27.9) (.065) (.009) (.016)
GAMBoost 44.7 738 213 231 85.4 1.00 .164 .196 138 .996 .044 .186
(4.84) (.055) (.025) (.027) | (6.88) (.000) (.014) (.018) | (9.64) (.028) (.003) (.015)

Table 2.1: Simulation results for the two-step approach compared with the Lasso, GAMSEL and GAMBoost in the three cases
of example NV, average number of the variables being selected; TPR, the true positive rate; FPR, the false positive rate;
and PE, prediction error (here is the misclassification rate). Results are averaged over 100 repetitions. Enclosed in parentheses
are the corresponding standard errors.

54



In practice, the predictors are sometimes correlated to each other. It’s interesting to see
how well the procedure performs in correlated predictor cases. Therefore, we also perform

the same procedure on correlated predictors.

Example 2.2. In this example, we study the case where the design matrix contains corre-
lated predictors. We generate the data in the following way. First we generate each element
of Xy, xp independently from Unif(—1,1). Then we generate u from Unif(—1,1), indepen-
dently from Xjxp. Then all columns of X are transformed using X; = (X + tu)/V1 + 2.
This procedure controls the correlation among predictors through ¢ such that corr(z;y, v;;) =
t2/(1 4+ t2). Here the simulation is run on n = 100, p = 200 and s = 3. All other set-ups are
kept the same as example . In our example, we choose t = m , where the correlation
is 0.3 and t = \/m, where the correlation is 0.7.

The results are summarised in table on page b6l In the correlated cases, all four
methods are influenced, more or less. In terms of variable selection, the two-step approach
still has the closest number of selected variables. The methods behave differently in TPR and
FPR. GAMBoost tends to have greater numbers in both TPR and FPR, while GAMSEL
tends to have both lower numbers. The two-step approach balances between those two
methods, while maintaining the smallest FPR among all methods. In terms of the prediction
error, the two-step approach significantly beats the other methods. The results show the
good performance of the two-step approach, and again emphasize that the adaptive group
lasso step is necessary for better selection and estimation.

This underselection for correlated predictors has been an issue for the lasso and adaptive
lasso methods. For nonparametric additive models, [65] found the same issue when dealing
with correlated predictors. Also the NIS proposed by [45] did not perform well in correlated

predictors compared to uncorrelated case. Our two-step approach is not affected too much
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Cor=0.3 Cor=0.7

NV TPR FPR PE | NV TPR FPR PE

_— 2.82 753 003 171 | 2.05 557 002 .174
WOSKED 1 (994)  (:229) (.004) (.033) | (.829) (.170) (.003) (.022)

Lasso 37.0 690 176 312 | 21.9  .327  .103  .288

(38.2) (.259) (.194) (.069) | (37.9) (.291) (.193) (.047)

154 573 069 342 | 125 397 057  .264

GAMSEL 1 16.0) (285) (079) (.065) | (9.15) (271) (.044) (.033)
442 97T 209 268 | 337 860  .158  .203

GAMBooSt | 551y (085) (.026) (.033) | (4.52) (.178) (.014) (.026)

Table 2.2: Simulation results for the two-step approach compared with the Lasso, GAMSEL
and GAMBoost in example [2.2| with correlation 0.3 and 0.7 for n = 100, p = 200 and s = 3.
NV, average number of the variables being selected; TPR, the true positive rate; FPR, the
false positive rate; and PE, prediction error (here is the misclassification rate). Results
are averaged over 100 repetitions. Enclosed in parentheses are the corresponding standard
errors.

with the correlation, in terms of both variable selection and prediction.

It also happens in the real world that the signal strength is low. Therefore, it is interesting

to consider a cases where we have lower signal strength than in example [2.1

Example 2.3. In the next example, we reduce the signal strength of example by a
factor of 2, while all other assumptions are kept the same. The results are shown in on
page From the table we see that minimal signal strength is an important factor to the
performance of variable selection in the generalized models. The performance is impacted
by the signal strength for all models. The two-step approach still have the closest number of
nonzero variables to the ground truth. Though the true positive rate is lower than that of the
Lasso or the GAMBoost, the latter two methods have too many false positives. The Lasso
or GAMBoost selects too many variables and should not be considered as good variable
selection methods. Moreover, the prediction error of the two-step approach remain the best

among all four methods.
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NV TPR FPR PE
Tooaer | 391 703 009 218
P (2.05) (.240) (.009) (.033)
Lo 300 0 a8
(30.5) (.304) (.154) (.036)

153 510 070 377

GAMSEL 1 150y (266) (.090) (.054)
503 980 240 .308

GAMBoost | 541y (079) (.026) (.028)

Table 2.3: Simulation results for the two-step approach compared with the Lasso, GAMSEL
and GAMBoost in example with n = 100, p = 200, s = 3 and signal strength reduced.
NV, average number of the variables being selected; TPR, the true positive rate; FPR, the
false positive rate; and PE, prediction error (here is the misclassification rate). Results
are averaged over 100 repetitions. Enclosed in parentheses are the corresponding standard
errors.

2.6.1.2 Other link functions

In this subsection, we study the performance of the two-step approach numerically on the

Poisson regression and Gamma regression. In the Poisson regression, we have
y; ~ Poisson(6;), i =1,...,n, (2.37)

where 0; = expla + Z§:1 fj(zj)] and z;; is the (i, j) — th element of the design matrix X.

In the Gamma regression, we have
y; ~ Gamma(0;,¢), i =1,...,n, (2.38)

where 60; = expla + Z§:1 fj(zj)] and x;; is the (i, j) — th element of the design matrix X.
The dispersion parameter ¢ is assumed to be known. Without loss of generality, we take
¢ =1.

Example 2.4. In this example, we keep the same set up as in example to generate
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the design matrix, and use the Poisson distribution/Gamma distribution above to generate
response variables. All other parameters are kept the same as in example but the signal
strength is set to 1/4 of the original signal strength, and we have n = 100, p = 200 and
s = 3. We compare the two-step approach with generalized linear models (GLM) and the
GAMBoost. Note that the GAMSEL only support Gaussian and Binomial link, thus is not
used as a comparison here. The GAMBoost only supports generalized models with canonical
link. The canonical link for Gamma regression suffers from the risk that the mean might
fall outside of its range, thus the canonical link is not useful in practice. Therefore, we
only use GAMBoost in Poisson regression as a comparison. Our algorithm works for both
Gamma regression and Poisson regression, and to the best of our knowledge, is the only
public algorithm that supports both in the high-dimensional case. The GLMs are run with
the scikit-learn package in python.

The results are showed in table We see the two-step approach works significantly
better than the linear model, and than the GAMBoost in the Poisson regression case, except
for the true positive rate. The GAMBoost has a perfect true positive rate, which is slightly
better than that of our two-step approach. However, the same issue as before is that it
selected too many variables and make the false positive rate much higher than tolerable.
Moreover, the prediction performance on the two-step approach is also in the first place in

both cases.

2.6.2 Real Data examples

In this section, we use three real data examples to illustrate our procedure. In the first
example, we consider the case n > p in the classification set up, in the second example,

we consider the high-dimensional set up n < p in the classification set up, and in the third
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Poisson Regression Gamma Regression

NV ~ TPR FPR PE NV ~ TPR FPR PE

Two-step 4.30 930 .008 2.34 3.57 997 .003 14.4
(1.51) (.172) (.009) (.703) | (0.98) (.033) (.005) (19.5)

[asso 13.4 867 .054 3.51 12.5 887 048 423
(9.79) (.189) (.050) (.403) | (7.72) (.196) (.039) (11.5)
82.1 1.00 401 15.4
GAMBoost (4.27) (000) (.022) (2.12) NA NA NA NA

Table 2.4: Simulation results for the two-step approach compared with the Lasso, GAMSEL
and GAMBoost in example for Poisson regression and Gamma regression with n = 100,
p = 200 and s = 3. NV, average number of the variables being selected; TPR, the true
positive rate; FPR, the false positive rate; and PE, prediction error (here is the misclassi-
fication rate). Results are averaged over 100 repetitions. Enclosed in parentheses are the
corresponding standard errors. The GAMBoost method does not support Gamma regression
with non-canonical link function, while the canonical link falls outside of range, therefore it
does not support Gamma regression.

example, we consider a Gamma regression.

Example 2.5. In this example, we use the data set in example 1 of [55], the spam data
as an example of the case n > p. The data set is available at https://web.stanford.
edu/"hastie/ElemStatLearn/data.html. This data set has been studied in many different
contexts with the objective being to predict whether an email is a spam or not based on
a few features of the emails. There are n = 4601 observations, among which 1813 (39.4%)
are spams. There are p = 57 predictors, including 48 continuous real [0, 100] attributes of
the relative frequency of 48 ‘spam’ words out of the total number of words in the email,
6 continuous real [0, 100] attributes of the relative frequency of 6 ‘spam’ characters out of
the total number of characters in the email, 1 continuous real attribute of average length
of uninterrupted sequences of capital letters, 1 continuous integer attribute of length of
longest uninterrupted sequence of capital letters, and 1 continuous integer attribute of total
number of capital letters in the e-mail. The data was first log transformed, since most of the

predictors have long-tailed distribution, as mentioned in [55]. They were then centered and
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standardised.

The data was split into a training data set with 3067 observations and a testing data
set with 1534 observations. We choose order [ = 4 which implies a cubis B-spline. We
choose my, = 15, which implies there are 11 inner knots, evenly placed over the empirical
percentiles of the data. We compare the result with the logistic regression with Lasso penalty,
the support vector machine (SVM) with Lasso penalty, and the sparse group lasso neural
network (SGLNN, [53], see also [146]). The Lasso and SMV are implemented with the skikit-
learn module in python, and the SGLNN is implemented with the algorithm in the paper in
python. By changing the tuning parameter or stopping criterion, we get estimations with
different sparsity levels. All results are averaged over 50 repetitions. The classification error
with different level of sparsity is shown in figure 2.1 on page The two-step approach
and the neural network perform better than the linear methods, which indicates a non-linear
relationship. The two-step approach has best accuracy 0.944, while the neural network
has best accuracy 0.946. The neural network performs a little better than the two-step
approach due to its ability to model the interactions among predictors, but this difference
is not significant. However, neural network has no interpretation and takes longer to train.
All four methods have performance increase as more predictors are included, which indicates
that all predictors contributes to some effect to the prediction. However, we are able to reach
more than 0.9 accuracy with only 15 predictors included. With the GIC criterion, the two-
step approach selects 14.6 + 1.52 predictors, with an average accuracy of 0.914 £ 0.015. The
most frequently selected functions are shown in figure on page which also shows that
these functions are truly non-linear. The plots are of the original functions, i.e., before the
logarithm transformation. The estimated functions are close to the results in [55], Chapter 9,

with slight scale difference due to different penalization. The results show that the additive
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model by the adaptive group lasso is more suitable for this data than linear models.
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Figure 2.1: The classification accuracy against the number of nonzero variables measured
on a testing set for example [2.5] over 50 repetitions. The two-step approach, the logistic
regression with Lasso, the [{ norm penalized SVM and the sparse group lasso neural network
are included in comparison.

Example 2.6. For high-dimensional classification example, we use the prostate cancer gene
expression data described in http://featureselection.asu.edu/datasets.php. The data set has
a binary response. 102 observations were studied on 5966 predictor variables, which indicates
that the data set is really a high dimensional data set. The responses have values 1 (50
sample points) and 2 (52 sample points), where 1 indicates normal and 2 indicates tumor.
All predictors are continuous predictors, with positive values.

To see the performance of our procedure, we ran 100 replications. In each replication, we
randomly choose 76 of the observations as training data set and the rest 26 observations as
testing data set. We choose order [ = 4 which implies a cubis B-spline. We choose m,, =9,

which implies there are 5 inner knots, evenly placed over the empirical percentiles of the data.
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Figure 2.2: The estimated functions for the most frequently selected functions for example

23

Similar to the last example, we compare the result with the logistic regression with Lasso
penalty, the SVM with Lasso penalty, and SGLNN. The classification error with different
level of sparsity is shown in figure on page 63l From the figure we see that compared
with linear methods such as the logistic regression or support vector machine, the non-
parametric approaches converges faster. The two-step approach reaches a testing accuracy
of 0.945 when around 15 variables are included in the model, while the linear methods need
over 30 variables to reach competitive results. Compared with neural network, the two-step
approach is easier to implement and performs stabler. A drawback of the non-parametric
methods is to easily overfit small sample, and that’s the reason the performance drops as too
many variables entered the model. With the GIC criterion, the two-step approach selects
3.25 4+ 1.67 predictors, with an average accuracy of 0.914 4+ 0.016. To show the non-linear

relationship, figure [2.4] on page |64] shows the estimated functions for the 6 most frequently
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selected variables.
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Figure 2.3: The classification accuracy against the number of nonzero variables measured
on a testing set for example over 500 repetitions. The two-step approach, the logistic
regression with Lasso, the [; norm penalized SVM and the sparse group lasso neural network
are included in comparison.

Example 2.7. In this example, we investigate the performance of the two-step approach on
Gamma regression. The data set is from National Oceanic and Atmospheric Administration
(NOAA). We use the storm data, which includes the occurrence of storms in the United
States with the time, location, property damage, a narrative description and etc. Here we
only take the data in Michigan from 2010 to 2018 and keep the narrative description as our
predictor variable and the property damage as our response variable. The description is in
text, therefore we applied wording embedding algorithm Word2vec [96] to transform each
description into a numeric representation vector of length p = 701, similar word embedding
preprocessing can be found in [77]. The response variable property damage has a long

tail distribution, thus we use a Gamma regression here. After removing outliers, the data
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Figure 2.4: The estimated functions for the most frequently selected functions ordered by
descending in frequency for example

set contains 3085 observations. In order to study the high-dimensional case, we randomly
sample 10% of the observations as our training data (n = 309) and the rest are used for
validation. Moreover, the response is normalized with the location and scale parameters of
gamma distribution.

To see the performance of our procedure, we ran 50 replications. We choose order [ = 4
which implies a cubis B-spline. We choose m,, = 9, which implies there are 5 inner knots,
evenly placed over the empirical percentiles of the data. Since there’s limited libraries avail-
able in variable selection under high-dimensional set up, we compare the two-step approach
with the linear regression with Lasso on a logarithm transformation on the response variable.
The prediction error with different level of sparsity is shown in figure |2.5| on page With

the GIC criterion, the two-step approach selects 34.45 + 3.52 predictors, with an average

64



MSE of 0.004334 £ 0.000115.

0.00435 NOAA Storm
0.00434 %
7
D 0.00433 1
o
£
@ 0.00432
=
0.00431 1
—e— Lasso
—— two-step
0.00430 | | | | | | . .
0 10 20 30 40 50 60 70 80 90

Number of features

Figure 2.5: The testing MSE against the number of nonzero variables measured on a testing
set for example over 50 repetitions. The two-step approach and logarithm transformation
with the Lasso are included in comparison.

2.7 Discussion

In this chapter, we considered ultra high-dimensional (logp, = O(n”)) generalized additive
model with a diverging number of nonzero functions (s, — 0 as n — oc). After using basis
expansion on the nonparametric functions, we used two step procedures—group lasso and
adaptive group lasso to select the true model. We have proved the screening consistency of
the group lasso estimator and the selection consistency of the adaptive group lasso estimator.
The rates of convergence of both estimators were also derived, which proved that the adaptive
group lasso does have an improvement on the estimator. The whole paper provides a solid
foundation for the existing methods. Finally we proved that under this nonparametric set

up, the generalized information criterion (GIC) is a good way to select the tuning parameter
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that consistently selects the true model.

In this paper, we used a fixed design on the data matrix X. A random design on X
could be considered, i.e., X has a continuous distribution function fx (X) on its interval [a, 0],
however, extra assumptions such as the boundedness of the density function are needed to
reach the same result. Also we proved the selection consistency of the GIC procedure on
the adaptive group lasso estimator, conditioning that the initial estimator satisfies [2.14]
which is possessed by the group lasso procedure with probability tending to 1. However, the
theory of screening consistency for the group lasso estimator is still to be established. This
is a challenging problem, since there doesn’t have to exist a tuning parameter that gives
selection consistency in the group lasso procedure, but this is an interesting problem that
deserves further investigation. We also discussed the subset selection and subset selection
with shrinkage under our set up. The theoretical investigation suggests the other penalty
functions may not have clear advantages over the proposed procedure.

Moreover, the heteroskedastic error case is also attracting in high-dimensional GAM.
The square root Lasso [10] has been proved to overcome this issue, however, it hasn’t been
extended to the non-parametric set up. It could be interesting to apply square root Lasso
on the GAM to incorporate this case. This is an demanding topic that deserves further

investigation as well.
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Chapter 3

Sparse Neural network

As we mentioned in the introduction chapter, the generalized additive model is appropriate
in the additive case. If the variables interact with each other, it’s better to use a multi-variate
approximation, the neural network. In this chapter, we will study the sparse group lasso
penalized shallow neural network. We will show that under certain assumptions, this model
have classification risk tending to the optimal risk, the Bayes risk. Simulations and real data

examples are used to support the arguments.

3.1 Introduction

High-dimensional models with correlated predictors are commonly seen in practice. Most
statistical models work well either in low-dimensional correlated case, or in high-dimensional
independent case. There are few methods that deal with high-dimensional correlated pre-
dictors, which usually have limited theoretical and practical capacity. Neural networks have
been applied in practice for years, which have a good performance under correlated predic-
tors. The reason is that the non-linearity and interactions are brought in by the activation
functions and nodes in the hidden layers. A universal approximation theorem guarantees
that a single-layer artificial neural network is able to approximate any continuous function
with an arbitrarily small approximation error, provided that there is a large enough number

of hidden nodes in the architecture. Thus the ANN handles the correlation and interactions
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automatically and implicitly. A popular machine learning application that deals with this
type of dependency is the spatio-temporal data, where the traditional statistical methods
model the spatial covariance matrix of the predictors. However, by artificial neural networks,
working with this big covariance matrix can be avoided. Moreover, artificial neural networks
also have good performance in computer vision tasks in practice.

A main drawback of neural networks is that it requires a huge number of training sample
due to large number of inherent parameters. In some application fields, such as clinical
trials, brain imaging data analysis and some computer vision applications, it’s usually hard
to obtain such a large number of observations in the training sample. Thus there is a need
for developing high-dimensional neural networks with regularization or dimension reduction
techniques. It is known that /; norm regularization [126] shrinks insignificant parameters
to zero. Commonly used regularization includes [/, norm regularization, for example, see
the keras package [26]. [, norm regularization with p > 2 controls the model sensitivity
[74]. On the other hand [, norm regularization with p < 2, where people usually take
p = 1 for computation efficiency, does not encourage group information. The group lasso
regularization [148| yields group-wise sparseness while keeping parameters dense within the
groups. A common regularization used in high-dimensional artificial neural network is the
sparse group lasso by [114], see for example [53], which is a weighted combination of the
lasso regularization and the group lasso regularization. The group lasso regularization part
penalizes the input features’ weights group-wisely: a feature is either selected or dropped,
and it is connected to all nodes in the hidden layer if selected. The lasso part further shrinks
some weights of the selected inputs features to zero: a feature does not need to be connected
to all nodes in the hidden layer when selected. This penalization encourages as many zero

weights as possible. Another common way to overcome the high-dimensionality is to add
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dropout layers [I17]. Randomly setting parameters in the later layers to zero keeps less non-
zero estimations and reduces the variance. Dropout layer is proved to work well in practice,
but no theoretical guarantee is available. [82] considers a deep network with the combination
of regularization in the first layer and dropout in other layers. With a deep representation,
neural networks have more approximation power which works well in practice. They propose
a fast and stable algorithm to train the deep network. However, no theoretical guarantee is
given for the proposed method other than practical examples.

On the other hand, though widely used, high-dimensional artificial neural networks still
do not have a solid theoretical foundation for statistical validation, especially in the case of
classification. Typical theory for low-dimensional ANNs traces back to the 1990s, including
[33, 8, 119, 4]. The existing results include the universal approximation capabilities of single
layer neural networks, the estimation and classification consistency under the Gaussian as-
sumption and 0-1 loss in the low dimensional case. These theory assumes the 0-1 loss which
is not used nowadays and are not sufficient for high-dimensional case as considered here.
Current works focus more on developing new computing algorithms rather building theoreti-
cal foundations or only have limited theoretical foundations. [53] derived a convergence rate
of the log-likelihood function in the neural network model, but this does not guarantee the
universal classification consistency or the convergence of the classification risk. The conver-
gence of the log-likelihood function is necessary but not sufficient for the classification risk
to converge. In this paper, we obtained consistency results of classification risk for high-
dimensional artificial neural networks. We derived the convergence rate for the prediction
error, and proved that under mild conditions, the classification risk of high-dimensional arti-
ficial neural network classifier actually tends to the optimal Bayes classifier’s risk. This type

of property has been established on other classifiers such as KNN [23|, which derived the
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result that the classification risk of KNN tends to the Bayes risk, LDA [79], which derives the
classification error rate under Gaussian assumptions and etc. Popular tasks like analyzing
MRI data and computer vision models were also included in these research papers, and we
applied the high-dimensional neural network to these demanding tasks as well.

In section we will formulate the problem and the high-dimensional neural network
formally. In section[3.3] we state the assumptions and the main consistency result. In section
we compared the high-dimemsional neural network with other neural network variable
selection approaches. In section [3.5] we apply the high-dimensional neural network in three
different aspects of examples: the gene data, the MRI data and the computer vision data.

In section further ideas will be discussed.

3.2 The Binary Classification Problem

Consider the binary classification problem

P(Y=1X =2) = f(z), P(Y =0|X =) = 1 — f(x),

where * € RP is the feature vector drawn from the feature space according to some dis-
tribution Py, and f(-) : R? — R is some continuous function. Note here that, in the
function f(a), there can be any interactions among the predictors in @, which ensures the
possibility to handle correlated predictors. Let Px y be the joint distribution on (X,Y),
where X € RP and Y € {0,1}. Here p could be large, and may be even much larger than
the training sample size n. To study the theory, we assume p has some relationship with

n, for example, p = O(exp(n)). Therefore, p should be written as p,, which indicates the
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dependency. However, for simplicity, we suppress the notation p, and denote it with p.
For a new observation (g € RP, the Bayes classifier, denoted C*(X), predicts 1 if f(x) >
ps and 0 otherwise, where ps € (0, 1) is a probability threshold, which is usually chosen as

1/2 in practice. The Bayes classifier is proved to minimize the risk

R(C) = 1 dPx y. 3.1
(©) /Rpx{o,u (c(x)2v)dPx y (3.1)

However, the Bayes classifier is not useful in practice, since f(x) is unknown. Thus a
classifier is to be found based on the observations {(x1,y1),..., (Tn,yn)}, which are drawn
from Px y. A good classifier based on the sample should have its risk tend to the Bayes risk
as the number of observations tends to infinity, without any requirement for its probability
distribution. This is the so-called universal consistency.

Multiple methods have been adopted to estimate f(x), including the logistic regression
(a linear approximation), generalized additive models (GAM, a non-parametric nonlinear
approximation which do not take interactions into account), neural networks (a complicated
structure which is dense in continuous functions space) and etc. The first two methods
usually work in practice with good theoretical foundation, however, they sometimes fail to
catch the complicated dependency among the feature vector x in a wide range of applications
(brain images, computer visions, spatial data analysis). The neural network structure is
proved to be able to capture this dependency implicitly without explicitly specifying the
dependency hyper-parameters. Consider a single layer neural network model with p predictor
variables. The hidden layer has m,, nodes, where m,, may be a diverging sequence depending
on n. Similar to p,, we suppress m, as m.

For an input vector & € RP, its weight matrix @ € RP*™ and its hidden layer intercept
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vector t € R™, let the vector & € R™ be the corresponding values in the hidden nodes,
which is defined as

&p=tp+0le, k=1,..,m.

Let v (-) be an activation function, then the output for a given set of weight 3 is calculated
by

b+ B ap(8),

where the function ¥ (-) is the function 1 (-) being applied element-wisely. We have a wide
range of choices for the activation function. [78] proved that as long as the activation is not
algebraic polynomials, the single layer neural network is dense in the continuous function
space, thus can be used to approximate any continuous function. This structure can be
considered as a model which, for a given activation function (), maps a p x 1 input vector

to an real-valued output

1(0,t,8,0)(®) = Blyt+0Tz)+b=> Bty +0.z)+0,
=1

where 1(6,,8,b) (x) € Ris the output of the single hidden layer neural network with parameter
(6,t,8,b). Applying the logistic function o(-), o(n(g ¢ g4 () € (0,1) as an approximation

of f(x) with parameters (0,t,3,0)

PY =11X =z) = o(ngsgp(®), P =0X =x)~1-0(ngzgp ()

where o(-) = exp(-)/[1+exp(+)]. According to the universal approximation theorem, see |33,

with a big enough m, the single layer neural network is able to approximate any continuous
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function with a quite small approximation error.

By [8], assuming that there is a Fourier representation of f(x) of the form f(x) =
Jrp einwF(dw), let Tpo = {f() : [5llwll2lf(dw) < C} for some bounded subset of RP
containing zero and for some constant €' > 0. Then for all functions f € I'g ¢, there
exists a single layer neural network output n(x) such that ||n(x) — f(x)|l2 = O(1//m)
on B. Later [II3] generalizes the result by relaxing the assumptions on the activation
function and improved the rate of approximation by a logarithmic factor. They showed
that on a bounded domain ©Q C RP with Lipschitz boundary, assuming f € H"(2) satisfies
() = Jap(1 + [w)™ 1 fe(w)]dw < oo for some extension fo € H"(RP) with fejq, if the
activation function o € W°°(R) is non-zero and satisfies the polynomial decay condition

|(DFa(t))| < Cr(1 4 [t|)~* for some 0 < k < r and some s > 1, we have

inf — fm < ~1/2
meJ\}IeluNetm Hf f HHT(Q) — C<S’T7 Q, U)V(f)m )

where the norm is in Sobolev space of order r, and C(s,r,),0) is a function of s, r, Q and
o only. Both results ensure the good approximation property of single layer neural network,
and the convergence rate is independent of the dimension of x, p, as long as f has a Fourier
transform which decays sufficiently fast.

Towards building the high-dimensional ANN, we start by formalizing the model. Let X

be a n X p design or input matrix,

r11 xlp CB?
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let y be a n X 1 response or outcome vector,

and let b be a scalar parameter.

When one tries to bring neural network into the high-dimension set up, or equivalently,
the small sample size scenario, it usually does not work well. The estimability issue [70] arise
from the fact that even a single layer neural network may have too many parameters. This
issue might already exist in the low dimensional case (n < p), let alone the high dimension
case. A single layer neural network usually includes mp + 2m + 1 parameters, which is
possible to be much more than the training sample size n. In practice, a neural network

may work well with one of the local optimal solutions although this is not guaranteed by
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theory. Regularization methods can be applied to help obtain a sparse solution. On one
hand, proper choice of regularization shrinks partial parameters to zero, which addresses
the statistical estimability issue. On the other hand, regularization makes the model more
robust.

Assuming sparsity is usually the most efficient way of dealing with the high dimensional-
ity. A lasso type regularization on the parameters has been shown numerically to have poor
performance on neural network models. On one hand, lasso does not drop a feature entirely
but only disconnect it with some hidden nodes. On the other hand, lasso does not select
dependent predictor variables in a good manner [41]. Consider the sparse group lasso pro-
posed by [114], which penalizes the predictors group-wise and individually simultaneously.
It is a combination of the group lasso and the lasso, see for example [53]. The group lasso
regularization part penalizes the input features’ weights group-wisely: a feature is either
selected or dropped, and it is connected to all nodes in the hidden layer if selected. The
lasso part further shrinks some weights of the selected inputs features to zero: a feature does
not need to be connected to all nodes in the hidden layer when selected.

Define the loss function as the log-likelihood function

1(0,t,8,b)
=" |wi>_ B (ty + 0).x;) +b) — log <1 + exp (Z B (ty + 0 m;) + b)) (3.2)
=1L k=1 k=1

Besides the sparse group lasso regularization, we consider a [9 regularization on other pa-
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rameters. Then we have

1
—=1

ésglvisglwésgl,ésgl = argmin (O’t”@’ b)
0.t,3,pcRpmxmxmx1 T
p
+ax Y (16 ll2 + (1= a)A 61, (3.3)

J=1

such that

2 2 2
18Iz + Itz + b < K.

The sparse group lasso penalty [114, 53| includes a group lasso part and a lasso part,
which are balanced using the hyper-parameter a € (0,1). The group lasso part treats each
input as group of m variables, including the weights for the m hidden nodes connected to
each input. This regularization will be able to include or drop an input variable’s m hidden
nodes group-wisely [148]. The lasso regularization is used to further make the weights sparse
within each group, i.e., each input selected by the group lasso regularization does not have to
connect to all hidden nodes. This combination of the two regularization makes the estimation
even easier for small sample problems. The /o norm regularization on the other parameters
is more about practical concerns, since it further reduces the risk of over-fitting.

Though with slight difference on the regularization, [53] proposed a fast coordinate gra-
dient descent algorithm for the estimation, which cycles the gradient descent for the differ-
entiable part of the loss function, the threshold function for the group lasso part and the
threshold function for the lasso part. Three tuning parameters, a, A and K can be selected

with cross-validations on a grid search.
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3.3 The Consistency of Neural Network Classification
Risk

In this section, we conduct the theoretical investigation of classification accuracy of the neural
network model. Before stating the theorems, we need a few assumptions. The independence
property of neural networks, see [119)], [4] and [53], states that the first-layer weights in 6, ¢
satisfy

(0;,t;) # :I:(ei/,ti/),Vi =+ il = 1,---,m

and

0; + 0, Vi,

the set of dilated and translated functions RP — R

{(Lo(@Tz+1t1),....,0(0L @ + 1)}

is linearly independent.

The independence property means that different nodes depend on the input predictor
variables through different linear combinations and none of the hidden nodes is a linear
combination of the other nodes, which is crucial in the universal approximation capability of
neural networks. [IT3] proved that the above set is linearly independent if 9;5 are pairwise
linearly independent, as long as the non-polynomial activation function is an integrable
function which satisfies a polynomial growth condition.

According to [53], if the parameters ¢ = (0,t,3,b) satisfy the independence property,

7



the following equivalence class of parameters

EQ(¢) = (b € © (@) = ngla)var)

contains only parameterizations that are sign-flips or rotations and has cardinality exactly
2Mml.

Let P be the distribution of Y for fixed X and P, be the empirical measure. The
best approximation in the neural network space is the equivalence class of parameters by

minimizing the population loss

EQq = arg min/ lo(y,x)dPx vy,
pcO JRPx{0,1} ’

where l¢(y,:c)dPX7y is the loss function with parameters ¢. Let ) be the number of

equivalent classes in £(Q)g. The Excess loss is defined as

)= [, o (600X Loy X)) dPx y (3.4)

where gbo is a set of parameters in £(Q)g. Moreover, when we refer to a set of parameters in
EQq for some parameter ¢, we mean that ¢? € EQq has the minimum distance to ¢. [53]
has shown that this excess loss plus the estimation of the irrelevant weights is bounded from
above and may tend to zero with proper choices of n, p and the tuning parameters.
Another concern is the estimability of the parameters. A common remedy is to assume

sparsity of the predictors. Thus we make the following assumption.

Assumption 3.1 (Sparsity). Only s of the predictors are relevant in predicting y (without

loss of generality, we assume the first s predictors, denoted S are relevant, and the rest,
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denoted SC, are irrelevant), all weights in @ associated with SC, denoted 050, are zero in

the optimal neural network EQ)y.

The next assumption is a standard assumption in generalized models, which controls
the variance of the response from below and above. Consider a general exponential family
distribution on y with canonical function b(f), common assumptions is to bound ”(6) and
v""'(9) from above and below. However, in binary classification problems, these functions are
automatically bounded from above by 1, thus we only need to assume the boundedness from
below. Some literature assume constant bounds on these quantities, however, we do allow

the bounds to change with n and the bounds may tend to zero as n goes to infinity.

Assumption 3.2 (Boundedness of variance). The true conditional probability of y for a

given x is bounded away from 0 and 1 by a quantity €, which might tend to zero.

The following two assumptions are inherited from [53]. The next assumption is a relatively

weak assumption on the local convexity of the parameters.

Assumption 3.3 (Local convexity). There is a constant h,y,;, > 0 that may depend on m,
s, [ and the distribution Px y, but does not depend on p such that for all ¢ € EQq, we

have

5 I 0
Vé /p lp(y, x)dPx y = himin
RPx{0,1} ¢=d>0 00

where A = B means that A — B is a positive semi-definite matrix.

The next assumption is made to bound the excess loss from below for the parameters
outside EQ), i.e., the true model is identifiable. Let dy(¢) be the minimum distance from

an element in £Q( to ¢, then we assume
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Assumption 3.4 (Identifiability). For all € > 0, there is an «, that may depend on m, s, f

and the distribution Px y, but does not depend on p such that

ac < inf ¢ £(¢) : do(¢) 2 e and 0401 < 3 ()
jes

607 +11(t,8.0) — (£(?), 87() 109 | |

Assumption states that though neural network is a non-convex optimization problem
globally, the parameters of the best neural network approximation of the true function f(x)
has a locally convex neighborhood. The assumption can be assured in this way. By the
continuity of the representation of neural network and the loss function, the integration in
assumption is infinitely continuously differentiable with respect to the nonzero parame-
ters, therefore the second derivative is a continuous function of the nonzero parameters. By
the definition of the parameters of the best neural network approximation, ¢ minimizes
the integration in assumption If there isn’t a positive h,,;, that satisfies assumption, it
either contradicts with the fact that the second derivative is continuous or the definition of
®o-

Assumption states that the non-optimal neural networks can be distinguished from
the best neural network approximation in terms of the excess loss, if the parameters of the
non-optimal neural network is not in the e-neighborhood of any of the parameters of the best
neural network class £Qq. Similar to the compatibility condition in [18], the condition does
not have to or even may not hold for the whole space, but is only needed in the subspace

{o: HOSC’Hl < 32]’65’ Qa<9(j) — 9?}g¢)> +||(t, B,b) — (t07(¢)760,(¢)7bU,(¢))||2}7 thus this

is a weaker condition than imposing the lower bound on the excess loss. The subspace is
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derived from the the basic inequality of the definition of gAb with rearranging terms and norm
inequalities, see for example [18]. Similar subspace can also been found in the compatible
condition in [94]. Since s is unknown, it can not be checked in practice, but it is sufficient
to check the inequality for all sets S € {1, ..., p} with cardinality sq if s is known, which is
a stronger version of assumption [3.4]

Now we are ready to state our main result. We have to admit that our theory based
on the estimator from is the global optima, which suffers from the biggest problem in
optimization research: the gap between the global optima in theory and a local optima in

practice. We will leave this computational issue to future research.

Theorem 3.1. Under assumptions 1-4, let our estimation be from choosing tuning pa-

rameter A > 27\ for some constant 7' > 1 and X = ¢y/mlogn/n(v/log Q ++/mIog plog(nm)
/(1= a+a/ym)), iflog(n)/(né?) = 0, s2mA2/(né?) — 0 and n~2m9/255/2, /log(p) — 0 as
n — 0o, assume that our prediction is within a constant distance from the best approxima-

tion 79(x), then we have

R(C) — R(C*) = 0 as n — oo

A proof of this theorem is given in appendix. This theorem states that with proper
choice of tuning parameters and under some mild assumptions and controls of n, p and s,
the high-dimensional neural network with sparse group lasso regularization tends to have
the optimal classification risk. This is a significant improvement in the theoretical neural
network study, since it gives the theoretical guarantee that high dimensional neural network

will definitely work in such situations.
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3.4 Simulation

In this section, we will show two examples. The first example is a revisit of the simulation
study in [82], where we show numerical results that the SGLNN’s performance is close to
the DNP’s performance in their set up. The second example considers a scenario where the
sample size is much smaller, where we show numerical results that the SGLNN out-performs

the DNP.

3.4.1 DNP Simulation: Revisit

In this subsection, we revisit the experiment in [82] and compare those models with the
neural network with sparse group lasso regularization. We use exactly the same setup as
[82]. The input variable X is drawn from U(—1,1), where the feature dimension p is fixed
to be 10000. The corresponding labels are obtained by passing X into the feed forward
neural network with hidden layer sizes {50, 30, 15,10} and ReLU activation functions. Input
weights connecting the first m inputs are randomly sampled from N(0,0.5). The remaining
input weights are kept zero. Furthermore, 5% of the labels are randomly chosen and flipped
to add noises. For each m = 2,5,10,25, we generate 800 training samples, 200 validation
samples and 7500 test samples. We report the AUC and F1 scores of the models in table
on 5 repetitions of the data generation, which is exactly the same as in [82]. The DNP model
is coded according to their algorithm outline in python with pyTorch. The HSICLasso is
implemented with the package by the authors followed by the SVM package in scikit-learn.
The LogR-l; model is implemented with the LogisticRegressionCV package in scikit-learn.
In this simulation study, the assumptions in our theory are all satisfied. First, we have a

sparse level of 2, 5, 10 and 25, which are very small portions of the total number of features,
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10000, thus assumption is satisfied. Second, we’ve controlled the seed such that the
labels are balanced between 0 and 1, and the true probabilities generated from the neural
network are bounded away from 0 and 1 by a non-negligible constant, thus assumption
is satisfied. Then, we generate x from uniform distribution and y from a neural network
structure, which is a continuous distribution plus a continuous map from the original space
to the probabilities [0, 1]. Therefore, the local convexity assumption is justified by continuity.
Finally, assumption is a property of neural networks that has been argued in section
Therefore, this example not only serves as a revisit of the DNP paper, but also serves as a
support for our theory.

Results of this example is shown in table 3.1} From the results, we see both the SGLNN
model and the DNP model outperform the other two baseline models. The SGLNN’s per-
formance is very close to the performance of DNP with a small gap, which is in accordance
to our expectations. Deeper neural networks have much higher representation powers of
complicated functions. The stability of the two models are close, with the SGLNN having
slightly smaller SE in the m = 2 and m = 5 cases. The DNP model does not use dropout
in the prediction process, while the SGLNN uses /; norm penalty along with the group
lasso penalty. The SGLNN is expected to show stabler results. The reason that we see no
significant difference in SE is that the sample size, 800, is large enough to train the DNP
with a full network on the selected variables without over-fitting. To further investigate the

performance, we study the smaller sample scenario in the next subsection.

3.4.2 Smaller Sample Size Case

In this subsection, we consider a smaller sample size, which happens in many applications

such as clinic trials, genetic expression data analysis and MRI data analysis. With the same
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True Dim 2 5 10 25

LogR-I; AUC(std) 0.897(0.015) | 0.745(0.035) | 0.661(0.029) | 0.629(0.015)
HSIC-Lasso AUC(std) 0.920(0.001) | 0.844(0.015) | 0.732(0.025) | 0.638(0.021)
DNP AUC(std) 0.925(0.020) | 0.879(0.035) | 0.784(0.020) | 0.669(0.016)
SGLNN AUC(std) 0.911(0.015) | 0.862(0.021) | 0.770(0.021) | 0.658(0.016)
LogR-lq F1 score(std) | 0.889(0.022) | 0.748(0.032) | 0.668(0.037) | 0.638(0.027)
HSIC-Lasso | F1 score(std) | 0.914(0.000) | 0.791(0.010) | 0.680(0.012) | 0.368(0.028)
DNP F1 score(std) | 0.959(0.009) | 0.849(0.033) | 0.769(0.017) | 0.811(0.015)
SGLNN F1 score(std) | 0.940(0.005) | 0.839(0.012) | 0.747(0.019) | 0.754(0.015)

Table 3.1: The AUC and F1 score of the compared models in the simulation study. Standard
errors are given in the parentheses.

Training size Metric 100 200 300 500
DNP AUC(std) 0.606(0.118) | 0.701(0.091) | 0.727(0.074) | 0.828(0.043))
SGLNN AUC(std) 0.624(0.099) | 0.703(0.089) | 0.762(0.053) | 0.820(0.026)
DNP F1 score(std) | 0.567(0.095) | 0.634(0.073)) | 0.679(0.043) | 0.750(0.035)
SGLNN F1 score(std) | 0.602(0.073) | 0.641(0.069) | 0.690(0.029) | 0.746(0.029)

Table 3.2: The AUC and F1 score of the compared models in a smaller sample size scenario
with m = 5. Standard errors are given in the parentheses.

set up as the model generation in the last subsection, we generate a training sample of size
n = 100, 200, 300 and 500. The number of active features is fixed to be m = 5. The total
sample size is set to 10000, thus the corresponding testing sample sizes are 9900, 9800, 9700
and 9500. We compare the performance between the SGLNN and DNP in this set up. The
results are shown in table

From the results, we see the SGLNN model outperforms the DNP in the smaller sample
size scenario when n = 100, 200, 300. The reason is that DNP overfits the training data due
to small sample size, while SGLNN has lower risk of over-fitting compared with DNP. In
all the four sample sizes, the SGLNN has smaller SE than the DNP model’s SE. SGLNN
achieved this by a simpler representation and the extra /; norm regularization. The results

suggest that we need a simpler model to prevent over-fitting when the training sample size
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is very small, which is the case in most biology data. Moreover, an extra [ regularization

makes the model more stable and reliable.

3.5 Real Data examples

In this section, we gave real data applications in different research areas: gene expression
data, MRI data and computer vision data. These examples indicate that the sparse neural
network has good performance and is useful in correlated predictor situations. Through all
three examples, the regularized neural network was implemented with fast speed using the
algorithm by [53] through their library in python3 on a desktop computer with Ubuntu 18
system on a i7 processor and GTX1660TT graphic cards.

To evaluate the model performance, all accuracy results are measured on the testing sets
which are not used for training and averaged on different train test splits. The number of
features in the results are medians among all numbers of features that correspond to the

best models evaluated from cross-validation.

3.5.1 example 1: Prostate Cancer Data

In this example, we considered a prostate cancer gene expression data, which is publicly
available in http://featureselection.asu.edu/datasets.php. The data set contains a
binary response with 102 observations on 5966 predictor variables. Clearly, the data set
is really a high dimensional data set. The responses have values 1 (50 sample points) and
2 (52 sample points), where 1 indicates normal and 2 indicates tumor. All predictors are
continuous predictors, with positive values.

40 observations from no expression group and 40 observations from expression group were
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randomly selected to form the training group. The rest 22 observations form the testing
group. We run the sparse ANN model on a replication of 100 different train-test splits. On
average, the sparse neural network selects only 18 predictors and uses 4 hidden nodes. Using
a cross-validation technique, the hyper-parameters thus the number of features were decided.
It has a average training error rate of 0.04 and a testing error rate of 0.045. The results
compared with other methods are listed in table The sparse ANN and /1 penalized linear
SVM perform the best with 95.5% and 95% accuracy, respectively. The gradient boosting
tree classifier [25] is a powerful ensemble classification method but performs worse than
regularized methods in the high-dimensional setting with an accuracy of 92.2% using 83.5
features (on an average). The logistic regression with [ regularization uses 36 features and
achieves an accuracy of 93.3%. The GAM performs the worst with an accuracy of 91.8%,
mainly due to the infeasibility of basis expansion in this data set, where the data distribution
is highly skewed.

In summary, we showed numerically that the sparse group lasso penalized neural network
is able to achieve at least as good as the existing methods along with providing strong theo-
retical support. The greater standard error mainly comes from additional tuning parameters.
In terms of the number of predictor variables, it is not the best. However, as we found in the
investigation, since ANN is a non-convex optimization problem, as people continue to train
the model and tune the hyper-parameters, they get better accuracy rates with less number

of predictor variables.

3.5.2 example 2: MRI Data for Alzheimer’s Disease

Data used in this example is from the Alzheimer’s disease Neuroimaging Initiative (ADNTI)

database (http://www.loni.ucla.edu/ADNI). We used T1-weighted MRI images from
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Classifier Test accuracy Number of features

Regularized neural network 0.955(0.066) 18

Gradient boosting tree 0.922(0.058) 83.5

Logistic Regression with Lasso 0.933(0.058) 36

11 penalized Linear SVM 0.950(0.052) 16
Generalized additive model with group lasso  0.918(0.061) 5

Table 3.3: Test accuracy with standard error in parentheses and median of number of features
for different classifiers in the Prostate gene data example.

the collection of standardized datasets. The description of the standardized MRI imaging
from ADNI can be found in http://adni.loni.usc.edu/methods/mri-analysis/adni-\
standardized-data/. The images were obtained using magnetization prepared rapid gra-
dient echo (MARAGE) or equivalent protocols with varying resolutions (typically 1.0 x 1.0
mm in plane spatial resolution and 1.2 mm thick sagittal slices with 256 x 256 x 256 voxels).
The images were then pre-processed according to a number of of steps detailed at http://
adni.loni.usc.edu/methods/mri-analysis/mri-pre-processing/, which corrected gra-
dient non-linearity, intensity inhomogeneity and phantom-based distortion. In addition, the
pre-processed imaging were processed by FreeSurfer for cortical reconstruction and volumet-
ric segmentation by Center for Imaging of Neurodegnerative Diseases, UCSF. The skull-
stripped volume (brain mask) obtained by FreeSurfer cross-sectional processing were used in
this study.

In our example, we used images from ADNI-1 subjects obtained using 1.5 T scanners at
screening visits, and we used the first time point if there are multiple images of the same
subject acquired at different times. There are totally 414 subjects, among which 187 are
diagnosed as Alzheimer’s disease and 227 healthy subjects at the screening visit. An R
package ANTsR were applied for imaging registration. Then 3dresample command in AFNI

were used to adjust the resolution and reduce the total number of voxels of the imaging to
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18 x 22 x 18. The x axis and y axis for horizontal plane, x axis and z axis for coronal plane
and y axis and z axis for sagittal plane. Only the 1100 voxels located in the center of the
brain were used as features for classification. After removing the voxels with zero signal for
most of the subjects, we have 1971 voxels left in use.

We randomly sampled 100 from the 187 AD subjects and 100 from the 227 healthy
subjects as our training set, and the rest 214 subjects as testing set. The sparse ANN model
was run on 100 replications of different train-test split. On average, the neural network
finally selects 7 predictors and used 12 hidden nodes. It has a training error rate of 0.21
and a testing error rate of 0.224. The results compared with other methods are listed in
table [3.4. The sparse ANN has a competitive performance which is slightly better than
the PMLE-LDA with similar standard error. The goal of this experiment is not to show
that the sparse group lasso neural network outperforms the other methods significantly,
but just demonstrates that the model can be tuned to work as good as the other methods
along with statistical theory. With finer tuning of the hyper-parameters, the results can be
further improved. We compared the results with a few methods including the MLE-LDA, the
PMLE-LDA (penalized MLE-LDA; [79]), the PREG-LDA (penalized regular LDA; [79]), the
FAIR (Feature Annealed Independence Rule; [44]) and the NB (Naive Bayes; [14]). Methods
without regularization are not presented, since the high-dimensionality prevents it from
giving stable solutions. The penalized MLE-LDA produces an accuracy rate of 77.2% using
only 5 predictor variables. The PREG-LDA method has the least number of predictors, 3,
but has a lower accuracy rate 0.750. The rest of the methods perform worse. Besides the
application, this example indicates that the ANN could be an alternative tool for spatial

data modeling, at least for classification.
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Classifier Test accuracy Number of features

Regularized neural network  0.776(0.031) 7
MLE-LDA 0.692(0.030) 1971
PREG 0.750(0.029) 3
PMLE-LDA 0.772(0.025) 5)
FAIR 0.632(0.033) 7
NB 0.674(0.024) 1971

Table 3.4: Test accuracy with standard error in parentheses and median of number of features
for different classifiers in the MRI Alzheimer’s disease example.
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Figure 3.1: example image from the KITTI 2D object detection data set.
3.5.3 example: KITTI Autonomous Driving Data

For the generalization, we also give an example on the computer vision tasks. The data
used in this example is from [57], which has different aspect of images or stereos from high-
resolution color and gray-scale video cameras or ladar (laser radar). The image and stereo
data includes daily traffic data that help developing autonomous driving in different aspects.
In our example, we used the 2D object detection data, for example, see figure [3.1]

The 2D object data set includes 7481 training images and 7518 testing images, comprising
a total of 80256 labeled objects. All images are colored and saved as png. Since this was an
open competition, the labels for testing data are not available. We only used the training
data set as our example data. The original data includes 13 different label classes, however,

to emphasize the binary classification ability of the regularized ANN model, we took only 2
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Figure 3.2: example images of pedestrians and cars after pre-processing

classes: pedestrian and car. The sub-images of pedestrians and cars were extracted from the
original images using the location information provided by the data set. This gives us 18000
car images and 7000 pedestrian images of resolution ranging from 40-by-40 to 180-by-150.
Since the regularized ANN methods is especially useful when the sample size is small, we
randomly sample 2000 cars and 2000 pedestrians as our data. We shuffled the 4000 images,
and divided them into 800 training images and 3200 testing images. figure [3.2] show the
images after pre-processing. A pre-processing steps are done with python libraries including
matplotlib, PIL and pandas.

Since ANN does not handle local feature information as good as convolutional neural
networks (CNN), we did a feature extraction using the pre-trained VGG19 CNN model
[115], whose weights were trained on 120 million images of over 1000 classes. We adopted
the convolutional layers from the model as a feature extractor. To feed the images into the
model, a re-sizing (from the original size to 224-by-224-by-3) were performed using bi-linear
interpolation methods. The VGG19 feature extractor generates a 4096-by-1 vector from each
image. Our ANN model takes this 4096-dimensional input and trains on the 800 images. We

compare our results with the regular ANN, the logistic regression with [; regularization, the
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Classifier Test accuracy Number of features

SGLNN 0.994(0.001) 148
Neural network  0.514(0.102) 4096
Log-l1 0.991(0.002) 176
SVM-I; 0.993(0.001) 144
GAM 0.989(0.002) 152

Table 3.5: Test accuracy with standard error in parentheses and median of number of features
for different classifiers in the KITTI autonomous driving example.
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Figure 3.3: Test accuracy score vs sparsity level in the three examples.

SVM with [y regularization and the GAM with group lasso regularization. The results are
shown in table The regular neural network totally failed due to the high-dimensionality
and hence estimability issue. The logistic regression and the GAM have more nonzero
features and slightly greater standard error. The SVM has similar result to the SGLNN, but
the SGLNN gains a slightly better performance.

Moreover, we have plotted the accuracy score for all three examples along with the
sparsity level. [ logistic regression, /1 SVM and group lasso penalized generalized additive
model (GAM) are used along with the sparse group lasso neural network (SGLNN). These
plots give us a hint how sparsity level influences the prediction results. The plots are given
in figure All these examples illustrate the usefulness and the numerical properties of our

proposed high dimensional neural network model.
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3.6 Discussion

In this paper, we considered the sparse group lasso regularization on high-dimensional neural
networks and proved that under mild assumptions, the classification risk converges to the
optimal Bayes classifier’s risk. To the best of our knowledge, this is the first result that
the classification risk of high-dimensional sparse neural network converges to the optimal
Bayes risk. Neural networks are very good approximations to correlated feature functions,
including computer vision tasks, MRI data analysis and spatial data analysis. We expect
further investigation warranted in coming days. The computational issue of finding the global
optimal in non-convex optimization problems is still waiting to be solved to eliminate the

gap between the theory and in practice. This will pave way for further theoretical research.

3.6.1 The [; + [y Penalty and Algorithm

An innovative idea that deserves further investigation is to specify a larger number of hidden
nodes and use a [y + [; norm penalty on the hidden nodes parameters 8. This methods
searches a grander of solution field and will give a model at least as good as the lo norm
penalty. Moreover, [y + [ norm penalty is proved to work well in low signal cases [92]. In
detail, the formulation is to minimize 3.3|plus an extra regularization on 8: A3||8/o+4/|8]]1-
This formulation does not bring in extra tuning parameters, since we release the penalization
on [9 norm of B and the number of hidden nodes m. With [y + [; norm penalty, the
parameters can be trained using coordinate descent algorithm with the [y + [; norm penalty
being handled by mixed integer second order cone optimization (MISOCO) algorithms via
optimization software like Gurobi. This algorithm adds an extra step to the algorithm in

[53] to handle the [y + I3 norm penalty.
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Specifically, we are optimizing

s s s , 1
esglvtsglngsgbbsgl = arg min ——l(@,t,,@,b)
OERPXM tcR™M BERM peR

p
+a ) 1185 ll2 + (1= )Ml + A2)1 811
=

such that

1Bllo < &

Let’s start by computing the partial derivative of [ with respective to 0(]-). Let o(-) be

the sigmoid function

__exp(a)
olw) = 1 + exp(z)

which is our choice of the activation function ¢(-). Noting that the sigmoid function has

derivative o/(x) = o(x)[1 — o(z)]. Then we have

89 I ;{ 772 61{0 gzk ng}

Note that

Then we get,

89k Z{ o' (&)wi} By = B! diagly — o (n))o’ (€x) (3.5)
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The partial derivative of [ w.r.t ¢ is given by

ol

o = diagl8] [ (&) (y — a(n))]

where o’/ (€)1; = 0/ (&4;). The partial derivative of [ w.r.t 3 is given by

55 = oy — o)
Finally, the partial derivative of [ w.r.t b is given by

ol
%_y—a(n)

Since the sparse group lasso penalty only applies to 8, thus similar to [53], a generalized

gradient descent can be applied to find a critical point. Now we fix 3 and iterate 6, t and

b. This update includes three steps. The first step is to update the parameters 6, t and b

in the likelihood part using gradient descent. Then let S(-,-) : R"*" x R — R"*" be the

coordinate-wise soft-thresholding operator

(S(x,¢));; = sign(zg;)(|ij| — )+

The second step performs a soft-thresholding operation for each 6;; due to the lasso penalty.

Finally the third step performs a soft-scaling operation on each group O(j) due to the group

lasso penalty. The soft-scaling operation, see [114], is given by

Qe . YA old
G) 16914 ()
(J) +
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where 98? is after the soft-thresholding operation and + is the step size. The step size can

be found using line search. In specific, let e(®) be the 2-norm of the change of 0, t and b in

the (k4 1) iteration. The line search criterion is satisfied if

Lyt gty )y < Ly ) pk)y g (k1) ()2

n n

for some fixed ¢ € (0, 1).

After updating 6, t and b, we fix them and update 8. For some L, we have

n

B=argmin— 3" [5i(o(6)78 +b) — log(1 + exp(a(6)"8 + )] + 18] s 18]y < &

n
BeR™M i=1

= f(B)+ 1Bl st IBllo <k

Using Taylor expansion of 8 around some 3, we have

£(8) = F(80) + V1(B80) (8~ By) + 5(8 — Bo)"AF(B")(B ~ Bo)
< J(Bo)+ VF(B0) (B~ Bo) + £18 — Bol3
= M(B)

for some 3% and L. By the properties of sigmoid function, L > 1 is preferred. Observe that
minimize M(8) + A||B|1 s.t. [|Bllo <k < minimize M(8) + \|B]|1 s.t. |Bllo < k

where
2

W18 =5 o (80~ ;v 1000))

2
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minimize u + Aov

&tgHﬁ—(ﬁWW—%VﬂﬂW%)
—Mz; <B; < Mzj,j=1,...,p
z;€{0,1},7=1,...,p
D z=k

J
—B;<Bj<Bji=1..p
Bj>0j=1,..p,Y Bj<v
J

2
<u
2

Table 3.6: The MISOCO formulation for the /1 +/y penalty in dealing with the [y norm step.
This suggest a simple cycling for 3, i.e.

2

L
+ Xo||Bll1 st |Bllo < k
9

ﬁWH”:a@mm—Hﬁ—(BWW—%Vﬂﬁmh)

This convert optimizing 3 to a mixed integer second order cone optimization (MISOCO)
problem, see [92]. The formulation is given in table The optimization problem is a
second order cone with one quadratic constraint and some linear constraints. It can be solved
using optimization software like Gurobi. Therefore, the results suggest a cycling iteration on
the parameters algorithm to find the estimated parameters of the high-dimensional neural

network model. The detail algorithm is given in algorithm
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Algorithm 1: Algorithm for training classification neural network with [; + [p

penalty

Initial neural network parameters 0(0), t(o), B(O) and b(0). Choose initial step size

A

0)

and step size scaling parameter s € (0,1). Select tolerance T;

while Error of all parameters is greater than 7 do

e

end

while Error of 0, t and b is greater than T do

) Y

glk1) 4k+1) (k1) _ glk) 4(0) (k) _ . (m)y (_llw(/ﬂ)?t(k)? b<k>))
n
plk+1l) _ ¢ (9(k+1)77(nL)A1<1 _ a)>

for j=1,...,p do

(k+1) _ A1) A (k+1).
K T (C)
() "2
end

7(m+1) = Sf)/(m)
Until some line search criterion satisfies;

Y

nd
while Error of 3 is greater than T do

Use the MISOCO formulation above to optimize 3 as below

2

g0 —urgmin £ 8- (8% - 1976 |+ allols s I8l < b

end
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Chapter 4

Ensemble Neural Network Selection

(ENNS)

We have mentioned that directly optimizing the penalized neural network loss function is
risky when the sample size is small, since it’s easy to get trapped in a local minimal. As
there is a connection between the [, 1 norm penalty and the stage-wise selection algorithm,
it’s natural to consider adding variables one by one. However, the deep neural pursuit
(DNP) algorithm in [82] does not implement methods to stabilize the selection process, and
the estimation is based on a full neural network, which still bring in the estimability issue.
In this chapter, we consider an ensemble stage-wise variable selection algorithm with deep
neural networks, which is named as ensemble neural network selection (ENNS). Moreover,
we propose a heuristic methods to further sparsify the neural network by imposing soft-
thresholding functions to the parameters. We will provide methodology for the two-step
approach, and we will show that the two-step approach enjoys selection consistency and
risk consistency under certain conditions. Simulations and real data examples are used to

support the arguments.
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4.1 Introduction

High-dimensional statistics modeling [I8] has been popular for decades. Consider a high-
dimensional regression or binary classification problem. Let @ € RP be the feature vector,
and let y € R for regression problem and y € {0, 1} for classification problem be the response.
Our goal is to build a model based on the training sample {(x1,y1), ..., (Zn, yn)}. We have
more features than the sample size, i.e., p > n. Moreover, many data have complicated
relationship among different variables, which is hard to capture through a linear model.
Neural network is the one of the best models at capturing complicated relationships. It’s
interesting to consider a neural network structure between x and y.

In general, high-dimensional model does not have consistent estimations since the systems
have less constraints than number of variables. Two major approaches can be used to deal
with the high-dimensionality. The first major approach is to assume that the feature space
is sparse, i.e., only a small fraction of the variables are included in the modeling with .
A model with only a fraction of the original features enjoys simplicity and interpretability.
Sparse solutions can be obtained using regularization [126, [65] or stage-wise algorithms [41].
Regularization obtains sparse solution by shrinking the unimportant features’ coefficients
to zero. The estimated coefficients are shrinkage estimators and thus have smaller variance
[32]. However, regularization with multiple tuning parameters takes longer to run and may
be sensitive in the tuning parameters in practice. Stage-wise algorithms adds variables one
by one and stops at a preferred time.

The second major approach is projection-based. One finds a lower dimensional represen-
tation of the original feature space. Linear projection methods include the PCA [64] in the

low dimensional case and some of its variants [68, [157] in the high-dimensional case. Kernel
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PCA [109] performs PCA on a reproducing kernel Hilbert space to achieve non-linearity.
Manifold learning [76] embeds the original feature space to a low-dimensional manifold. Ex-
cept for the manifold learning algorithms that reduce the original dimensionality to 2 or
3 dimension for visualization, a few manifolding learning including the multidimensional
sacling (MDS) by [130], the local linear embedding (LLE) by [107], and the Isomap by [124].
Applications of the manifold learning algorithms in the high-dimensional set up is studied
for specific fields, but a general framework is not available. Another popular dimension re-
duction technique is the auto-encoder [75], which uses a neural network to encode the feature
space and decode the representation to be as close to the original feature space as possible.
All of the above methods are unsupervised, and the lower-dimensional representation is no
longer any of the original features. Therefore, we lose interpretability by doing so. Current
manifold learning algorithms focus more on data visualization, which reduces the dimension-
ality to two or three, see for example [139]. These applications are not useful in building
models.

On the other hand, neural networks have been utilized to model complicated relation-
ship since the 1940s [72], and gained much more attention since the computer hardware’s
great improvement in this century. Specifically, [T0I] showed that the computation of neu-
ral networks can be greatly improved by GPU acceleration than purely running on CPU,
thus makes it easy to train deeper network structures. Nowadays, variant neural networks
are being applied world-wide, including the convolutional neural network (CNN), recurrent
neural network (RNN), residual network (ResNet), and etc. In theory, neural network works
in representing complicated relationships mainly lies on the universal approximation theo-
rem [33], 8 14, 1T3]. The theorem states that a shallow neural network (neural network with

one hidden layer) is able to approximate any continuous function with an arbitrarily small
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error given a huge number of hidden nodes, under mild assumptions. In practice, to reach
this good approximation, usually a huge set of training data is needed, since the number
of parameters in a neural network is much more than that in other models. Moreover, the
non-convexity of a neural network structure makes it impossible to obtain a global optimum.
Luckily, a local optimum of the neural network provides a good approximation.

Deep Neural Network (DNN) is a neural network with a deep structure of hidden lay-
ers, which has better performance than the shallow neural network (neural network with
only 1 hidden layer) in many aspects including a broad field of subjects including pattern
recognition, speech recognition and etc., see for example [97, 80, [66]. The deep structure
has a greater approximation power than a shallow neural network. There have been a few
literature regarding the approximation power of deep neural networks [12, 104, 112} 43]. The
results suggest that using a deep neural network helps reduce the approximation error, which
is useful in the cases where the approximation error dominates the total error. Therefore, it’s
necessary to consider a deep neural network model over a shallow model. However, finding
a way to make the deep neural network well trained on a small sample size is necessary.

In this paper, we will discuss the stage-wise variable selection algorithm with neural
networks. We will show that the existing stage-wise algorithm performs well at the beginning
and selects the correct variables. However, at the later steps, the probability that it will select
a correct variable decreases. Thus we will propose an ensemble algorithm on the stage-wise
variable selection algorithm, named ensemble neural network selection (ENNS) algorithm.
We will show that the new algorithm select all correct variables with high probability and its
false positive rate converges to zero. Moreover, instead of a regular neural network trained
on the select variables, we proposed a few methods to further reduce the variance of the

final model. We will give numerical comparison of these proposed algorithms, and propose
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an algorithm for the [; penalized neural network with soft-thresholding operators.

In section [4.2] we will present the ideas and algorithms behind the ENNS algorithm and
the methods of increasing stability during the estimation step. In section [£.3] we will provide
the theory for the arguments in this paper. In section we will present the results of some
numeric study to support our theorems and arguments. In section we will evaluate the

new method on real world data. Section (4.6 will discuss some conclusion and future works.

4.2 The Two-step Variable Selection and Estimation Ap-

proach

Consider a feature vector & € RP and a response y € R for the regression set up and y € {0, 1}
in the classification set up. We have data {(x1,y1), ..., (€n,yn)} consisting of independent
observations. Denote the design matrix X = (1, ..., n)T € R™P and the response vector
y = (y1, ...,yn)T. As we mentioned before, we have more variables than observations, i.e.,
p > n. According to the previous discussion, variable selection is an important step in high-
dimensional modeling. If one includes all variables in the model, there will be at least p
parameters to estimate, which can not be done stably with the n observations. If a more
complicated model is needed, the number of parameters will be tremendous, which will cause
severe over-fitting and high variance with a small training sample size.

Therefore, we hope a feature selection step at first can help pick the import variables, and
another estimation step could build a more accurate model based on the selected variables.
Moreover, we will use deep neural networks as the structure, since it will be able to capture
the complicated relationships. We will consider a stage-wise algorithm in the variable selec-

tion step, which performs a similar function as the DNP model in [82]. However, we will
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show that the stage-wise algorithm in DNP suffers from some disadvantage and propose an
ensemble algorithm to relieve this situation. In the second step, we will discuss the methods
to reduce variance and prevent over-fitting, since a deep neural network with only a few

input variables can still have a huge number of parameters.

4.2.1 The Ensemble Neural Network Selection (ENNS) Algorithm

Consider the feature selection approach in [82]. Let D : RP — R be a deep neural network
function that maps the original feature space to the output space. We don’t specifically mark
the number of hidden layers and hidden node sizes in the notation, but simply assume the
deep neural network has m hidden layers with sizes hq, ..., hy,. Denote the weight matrices in
each layer to be W, ..., W, where W € RP*h1, W, € RM*Mit1 for i = 1,...,m — 1 and
W, € Rim*1 Denote t; the intercept for the ith hidden layer and b the intercept of the
output layer. Let @ = (W, ..., Wy, t1,...,t,0) be the parameters in the neural network

model. For an input & € RP, denote the output

6.« = Do(T) (4.1)

where in the regression set up, the output is from a linear layer and n € R, while in the
classification, an extra sigmoid layer is added and n € (0,1). Moreover, we assume sparse
feature, i.e., only a small fraction of the variables are significantly related to the response.

Without loss of generality, we assume

So=11,...,s}
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of the variables are truly nonzero variables.

Define the loss function for regression to be the squared error loss
16) =E |(y — n)?| (4:2)
In practice, we work with the empirical loss
1 2
1(6; X, y) = —lly = nll2 (4.3)

where n € R" with n; = n9.z; ¢ = 1,...,n. Define the loss function for classification to be

the negative log-likelihood, which is known as the cross-entropy loss

1(0) =E[ylogn + (1 —y)log(1 —n)] (4.4)
In practice, we work with the empirical loss

10, X,y) =

BIH

> lyilogn; + (1 — ;) log(1 — ;)] (4.5)
1=1

Let G; be the gradient of the loss function with respect to W in the back propagation

process for i =0, ...,m, i.e.,

0 ‘

The DNP algorithm starts with the null model and adds one variable at a time. Let S be
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the selected set and C be the candidate set. At the beginning, we have
S = {intercept} and C={1,...p} (4.7)

The model is trained on S only and the submatrix of W corresponding to the features in
C is kept zero. After the training done, one chooses a l; norm (usually with ¢ = 2) and

compute the gradient’ norm for each j € C of Wy,.

0 .
Go; = ml(07X7y)7 Jjec (4.8)

The next variable that enters the model, j+ is

J+ = argmax || Gl (4.9)
jec

Then § = §/j+ and C = C U {j+} To increase the stability, instead of computing G;

directly, the DNP algorithm computes G; through the average over multiple dropouts. Let
B be the number of dropouts, the next variable is
1 &

J+ = argmax - > 1Gw;llq (4.10)
jec )

where Gy denotes the gradient of the loss function with respect to the first layer’s jth

weight vector after the bth

random dropout.
The algorithm works because |Gyl describes how much the loss function will change

when the next update on the corresponding variable’s weight is performed [102]. [125] also

indicates that selecting variable by comparing ||Gy;|lq has an equivalence to applying the

105



group lasso penalization, see also [85].

The algorithm works well at the very beginning, which is described by proposition
and proposition in section However, it suffers from a few disadvantages. First,
as we include more correct variables in the model, the probability that we select another
correct variable decreases. A simulation study in section provides numeric support for
this argument. Second, one needs to pre-specify how many variables need to be selected
before stopping, denoted sg. If this number is chosen to be more than the number of true
variables, denoted s, there will be sy — s variables that should not be included but was
included, i.e., the false positive rate could be high. Finally, the model does not use dropout
or regularization during prediction, which has potential over-fitting risk. Here we propose
the ensemble neural network selection (ENNS) algorithm to remedy these issues, and we will
discuss possible solutions in preventing over-fitting in the prediction step.

One could observe that when a fraction of Sy are already involved in the model, i.e.,
in S, the model is trained such that these variables are used to explain the variations by
all variables in Sy. This weakens the effect of those truly nonzero variables in C. These
variables become less important than when there’s no variable in S. Moreover, there are less
truly nonzero zero variables in C than at the very beginning, the probability that we select

a correct variable in the next step is

P(jnemt € SO) = Z P(jnext = ]) (4-11)
JjeSENC

which will be even lower as |SyNC| decreases. Therefore, there will be a nonzero probability
that at one stage the selected variable does not belong to Sg. We consider an ensemble

method to remedy this issue.
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The idea behind this ensemble method is similar to bagging [17, 19]. Assume that we
want to add s; variables in one step. Consider a bootstrap sample of size n; from the
original sample. The DNP with random initialization is trained on this sample, which yields
a selection set §1 = {ji, ..‘,jsj}. In stead of just doing one pass, we propose that for by
in 1,..., By and a bootstrap sample size n,, we perform the feature selection on a random

selection of n, observations. Denote the features being selected in all By rounds as

jl = {j117 "'7j18j}7 -.-,jB2 = {j3217 "‘7jB2$j}

We will only allow a variable to enter the model if it appears at least [Bops] times in the Bs

rounds, for a fixed proportion ps. Mathematically,

J ={j in at least [Baps| of \717-'-’\732}

is the set of variables that will actually enter the model in this step.

The reason that this ensemble will improve the selection lies on three points. First, the
algorithm is an averaging of different bootstrapping results, thus the effect of some extreme
observations could be averaged out. The final selection result represents the common part
of the whole sample. Secondly, neural network uses random initialization. In two different
training, though the predictions seem similar, the estimated parameters are actually from
different local minimums of the loss function. Therefore, these different training results
represent different aspects of the model. Combining the two reasons, if we select a smaller
ny compared to n, the selection results are closer to independent. However, n; can not be

too small to avoid misleading the neural network. Finally, if a variable is selected by mistake
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in some round, this is possibly due to the specific bootstrap sample making the relationship
between the variable and the response stronger, which is not general in all bootstrap samples.
In practice, one will observe that though false selection happens, those false variables are
different in different rounds. Therefore, this ensemble will actually make the probability of
false selection tend to zero. This result is described by theorem in section Moreover,
if two variables’ interaction effect is important in the model, they are likely to be included
in the model in the same step.

It’s possible that the proposed method selects less or more variables than the number of
variables we specified, s;. If the sample is not enough to represent the true relationship be-
tween the variables and the response, it’s very possible that the number of selected variables,
denoted $;, is less than s;. In this case, we exclude the variables that are already in C' from
the neural network and perform another round of variable selection with S = {1,...,p}/C
and then C = {intercept}. The number of variables to be selected in this round will be
sj — 8j. On the other hand, $; being more than s; happens when the selection propor-
tion ps is specified too small. In this case, one would sort the variables by their appearing
proportions and only select the first s; variables in the list.

In summary, we specify a number sg at the very beginning, which mean the final model
will include sq variables. In the jth iteration, let s; be the number of variables to be selected.
Right now there are |S;| variables in the model, denoted S;. Let X _j be the sub-matrix of
X where the columns with indices in §; removed. Train the ensemble on X _, and obtain
selection result S’j. Let 511 = s5 — |SJ| The algorithm is repeated until the model has
selected sg variables. An algorithm is given in Algorithm [2] Under mild assumptions, the
algorithm will finally reach selection consistency. This argument is described in theorem

in section Moreover, a comparison of the variable selection performances of different
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modeling is presented in section

Algorithm 2: Algorithm for feature selection ENNS

Initialize number of selected variables S = (), s = 0 and target sq;
while |S| < s do
forb=1,...., B do
Bootstrap sampling;
Random initialization with zero feature;
Run the DNP algorithm and obtain selection set [Jp;
end
Obtain J = U2 | J;
Compute Jp by filtering number of appearance;
if Jr <=sp—|S5| then

S=5U jT;
Remove the columns in Jp from training data;
else
Jr is the m — s elements with highest number of appearance;
S=5SUJr;
end

end

The computation complexity of the ENNS algorithm on a single machine is the number of
bagged neural networks times the computation complexity of training a single neural network,
which is equal to O(Bhsnp). Here B is the number of bagged neural networks, h is the neural
network structure complexity, s is the number of variables to be selected, n is the sample
size and p is the variable dimension. However, since bagging algorithm has independent
elements, it’s easy to parallelize the bagged neural networks by submitting different jobs. In
this case, the computation complexity reduces to O(hsnp), which is the same as that of DNP
in [82]. As a comparison, [82] also mentioned the computation complexity of HSIC-Lasso in

[144], which grows cubicly with the sample size as O(sn?p).
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4.2.2 Estimation With Regularization

In this subsection ,we will discuss possible procedures to prevent over-fitting. After feature
selection, the deep neural network can be trained on the selected features. However, the
number of parameters in the neural network model is still huge. A 4 hidden layer neural
network with s selected variables and hidden layer sizes hq, ..., hy has shy + hiho + hohg +
hgh4 + hy parameters (without counting the intercepts). For example, if we use the common
hidden layer sizes [50, 30, 15, 10] with the number of selected variables being 5, this brings
2466 parameters. As a comparison, the linear model has 6 parameters, while the GAM with
4 knots and degree 3 has 36 parameters. Compared to the number of parameters, the small
sample size is still a challenging issue. Therefore, we need to be careful on the training of
the neural network on the selected variables. A few methods are discussed below. Moreover,
the Xavier initialization [59] is used here to assure that the initial weights are in a proper

range.

4.2.2.1 Dropping Out and Bagging

In the variable selection step, over-fitting is overcome by dropout layers, where we randomly
set parameters to zero in the later layers. However, using dropout layers in prediction is
risky, since we are not able to measure the performance of doing a random dropout. One
way is to use bagging again in this step. First, the connections in the estimated neural
network, denoted A is randomly cut off, i.e., the weights are set to zero. By doing this we
obtained N, where r stands for reduced. Then a prediction is made on model N;, denoted

§r. This process is repeated for K times. Denote the reduced neural networks to be N,
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and their predictions with g,.. In the regression set up, the final prediction is defined as

Y=

SRS

K
Z @kr
k=1
In the classification set up, the final prediction is defined as

17 ?’f ﬁZ >pC
Ui = , fori=1,..n

07 Zf ﬁ’b < pC

where p. is some pre-specified threshold.

S|

p=

K
Z ?;k;r
k=1
and p; is the ith element of p. A simulation study is performed in Section .

4.2.2.2 Stage-wise Training

The stage-wise training idea comes from [82], where the authors used it as a step-wise
variable selection technique. However, here we adopt the idea to train the final model on
the selected variables. The intuition behind this is that at each step, the information that
is already trained remains in the training process. Therefore, adding a new variable adjusts
the previous trained weights. Moreover, training with adaptive gradient algorithm (Adagrad,
[40]) allows adaptive learning rates for different parameters and thus ensures faster and more
accurate convergence. In detail, assume that we have selected m variables J from the ENNS
algorithm. Let X 7 be the sub-matrix of X whose columns’ indices are in J. Then the

DNP algorithm in [82] is trained on X 7 with |J| being the target number of variables. A
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simulation study is performed in Section [4.4]

4.2.2.3 L1 Norm Regularization

It’s mentioned that [{ regularization gives sparse neural network and controls over-fitting
by shrinking parameters towards zero, and some parameters can be shrunk to zero exactly.
Therefore, we choose to use [; norm regularization to control the parameter size and the
number of nonzero parameters.

Let S be the set of indices of the variables that are selected from the first step. Let
® = 60q,...,0; be the hidden layer weights and T" = t1, ...,t;, be the hidden layer intercepts
(including the output layer). Let f(z;0,T) be the neural network structure with such

parameters that maps the original input to the output. In the classification problem, define
1 L
©,T = argmin —— » [yz'f(fvgﬂ;) — log(1 + eXp(f(iBgJ)))} + ) Aalfrl, (4.12)

where S denotes the it" observation with only the selection variables included.

A direct training of the loss function [4.12) with the built-in /1 loss penalty directly added
to the cross-entropy loss does not work well in the current neural network libraries includ-
ing tensorflow and pytorch. Therefore, a coordinate descent algorithm is needed to obtain
sparsity in the neural network. Define the soft-thresholding operator S(-, ) : R? x R — R

as

(S(x,¢)); = sign(z;)(|x;| — )4, i=1,....d. (4.13)

The algorithm consists an iterative process of updating the neural network weights with-
out the [; penalty and then applying the soft-thresholding operator 4.13. The number of

epochs is pre-specified. However, the performance on the validation set can be monitored
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and an early-stopping criterion can be specified. The training will be stopped if the perfor-
mance on the validation set does not improve for a pre-specified number of patience level.
It worth noting that instead of selecting the tuning parameter, a sparsity level of each layer
can be specified. Assuming there are M hidden layers with sizes hy, ho, ..., hys. One may
specify percentile py, for m = 1,..., M. Denote Wy, the weight of layer m and W), the
pﬁf percentile of W),,,. Then for layer m, the soft-thresholding operator can be applied as
S(Win, Wp,, ). For example, choosing a percentile of 50 will make a certain layer have 50%
sparsity level. An algorithm is given in Algorithm 3] A simulation that compares the built-in

[1 penalty and the soft-thresholding operator is given is Section

Algorithm 3: Algorithm for /; norm estimation using coordinate descent

Initialize the weights with Xavier initialization;
while Farly stopping False OR epochs < k do
One step gradient descent for the neural network part;
for weights in layers do
‘ Apply the soft-thresholding function with a pre-specified percentile;
end
Check early stopping criterion;
end

4.3 Theoretical Guarantee

In this section, we will develop theoretical supports for the proposed methodology. The
methodology supports the intuitions used in the method. A few assumptions are made in
the derivations of the theorems. The first famous assumption in high-dimensional modeling
is sparsity. Here we provide two versions of sparsity: a stronger version and a weaker version.

These are stated in assumption [4.1] and assumption

Assumption 4.1 (Sparsity (weak)). The features are sparse, i.e., only s < n = o(p) of the
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p variables are strongly related with the response. Specifically, if y depends on = through a

linear relationship with coefficients 8 = (5, ..., ﬁp)T, we have

p
min |8l = 9 and D7 (8] = 7= o) (414
i R

where vy, is a sequence that may go to zero as n goes to infinity.

Assumption 4.2 (Sparsity (strong)). The features are sparse, i.e., only s < n = o(p) of the
p variables are related with the response. Specifically, if y depends on x through a linear

relationship with coefficients 3 = (54, ..., Bp)T, we have

p

Bl = and 3718l =0 (4.15)

. Hllin
=1,... i

b

where 7, is a sequence that may go to zero as n goes to infinity.

We know that in most cases the predictors are dependent, or at least weak correlation
exists. However, even weak correlation put great complexity in the methodology. Therefore,
we assume independent predictors in this section when deriving methodology. Extensive
simulation study will cover the cases when the predictors are correlated. Though the theo-
rems are proved under this assumption, the results can be extended to the assumption that

the correlation are up to o(1).

Assumption 4.3 (Independence). The predictors in the design matrix satisfy
cor(wj,r) =0, 1 <j<k<p (4.16)

The behavior of the design matrix should also be controlled. Here we consider a random

114



design and assume the following assumption

Assumption 4.4 (Design matrix). The covariate vector & has a continuous density and
there exist constants C'1 and (' such that the density function g; of x; satisfies 0 < €7 <

gj(x) < Cy < 00 on [a,b] for every 1 < j < p.

As a typical assumption for bagging, we require the bagging sample proportion to be not

too small.

Assumption 4.5 (Sample proportion). In each bagging round, every sample has ¢, proba-

bility to be included, where ¢, satisfies

ngnp — 00 as n — oo

Note that if we choose the bootstrap sample size to be the same as the sample size n, by
law of large numbers, we have approximately ¢, = 1 — 1/e.

The following two propositions considers a scenario that the true underlying relationship
between the predictors and the response is linear, which demonstrates how the probability
of choosing one variable over another in the first step is decided. The first proposition gives
the probability that we select one variable over another, and the second proposition gives

the probability that we will select a correct variable in the first step.

Proposition 4.1. Consider the case where y depends on x through a linear structure with
coefficients (1, ..., B which satisfy assumption Also under assumption and if
the sub-matrix of @ consisting of the columns corresponding to the nonzero coefficients is
column-wise orthogonal, let ¢; be the criterion to select predictor j. Recall that we will

select predictor j if j = argmax; c;, where ¢; is the Lo norm of the gradient with respect to
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the jth input. Then we have

P(c; < cp) ZQL(WJ'!—WM 1Bk L) +2L(\5j|+|5k| By L)Jr

V2o T 0 V2 V2o T 0 V2
\5j|—|5k\) (lﬁjlﬂﬁk\) B
o (—\/50 ro () -2 (4.17)
where
L(a,b,p) =P(X1 > a, Xy >b) (4.18)

is the bivariate orthant probability with correlation p and ®(-) is the standard normal dis-

tribution CDF.

Proposition 4.2. Under assumptions and [4.4] the probability that we select a

nonzero predictor at the very beginning using the stage-wise neural network selection is

S 00 p
P(A nonzero predictor enters the model first) = E / fr.(2) H Fi(x)dx (4.19)
0 ,
k=1 j#k

where

and
x2+ﬂ2
_ e +B§
fol@) = L F) = | Zge 202 cosh B (4.20)
ox o o

and erf(-) is the error function. Moreover, if Sz = max;j—; _ is bounded, as s — oo,

116



the probability is bounded from above

where ¢§ is a nontrivial quantity.

Proofs of the two propositions are given in the Appendix. Proposition [4.1]and [{.2|describe
the behavior of neural network stage-wise algorithm at the very beginning. The probability
that we select one predictor over another depends on the sum of their signal strength and
the difference of their signal strength. The greater the difference, the higher probability that
we will select the predictor with higher signal strength. The probability that we will select
a correct predictor at the very beginning is described by the error function and standard
normal density functions. Though the form of the probability looks complicated, since error
function can be approximated by an exponential function with proper constants, we will be
able to show that in some cases, it is not guaranteed that a variable entering the model first
is a nonzero variable. Specifically, this happens when we have a low signal strength or a
huge number of candidate variables.

So there is a concern that a wrong variable will mistakenly enter the model due to a special
training case of the neural network model, as shown in the previous proposition. With the
bagging algorithm, we are able to eliminate the false positive selections with probability
tending to 1. The intuition is that false positive selection of a certain predictor happens
due to a specific observation of the design matrix, which appears to be more correlated to
the response or residual. However, with different sub-samplings, it’s very unlikely that they

yield the same wrong selection. This property is captured by the following theorem.

Theorem 4.1. If one of the two following cases happen, then in each selection step of the
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ENNS algorithm, the probability of false positive converges to zero, i.e.

P(jeSand j¢S)—0 asn— oo and By — o0 (4.21)

(a) Under assumptions [£.1] [£.3] and also assume that

— 8 _
sop<s and P70 m=m 0 asn — oo
s

where 7, and 7, are defined in assumption [4.1}

(b) Under assumptions [4.2[£.3] 1.4 and also assume that the number of variables to be
selected satisfies

so < C-s=o(p)
for some constant C.

A proof is given in the appendix. In variable selection algorithms, the most important
property is to be able to selection the correct predictors consistently. Here we show that

ENNS enjoys this property in the following theorem.

Theorem 4.2. Under assumptions and [4.5] let K, be the upper bound of the
norm of the best parameters in the neural network model when S is included, and K be the

size of the first hidden layer, with the ensemble, if ~,, satisfies

1 — 1 2
leog (1—56_6%1) —0 asn— oo
n
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for some constant ¢, and

/1 K.
K,% M—)oo as n — 0o
n

the probability that all nonzero variables are selected converges to 1, i.e.,

~

P§=S8)—1 asn— oo and By — o (4.22)

A proof is given in the appendix. In theorem [1.2] we showed that with strong enough
signal strength in the true nonzero variables, the algorithm will be able to select all nonzero
variables with probability tending to 1. The conditions are not verifiable in practice, how-
ever, extensive examples in section shows that the ENNS algorithm reaches selection
consistency easier than the other algorithms.

For the estimation step, there has been some discussion about the asymptotic properties
such as 53] [146], where the results of using sparse group lasso penalty are given. The [g
norm penalty is actually a special case of the sparse group lasso with the lasso parameter
being 1 and the group lasso parameter being 0. Therefore, the results of these papers hold
as long as we have S = Sp, which has probability tending to 1 by theorem . Here we will

adapt the theory in [61] and will provide the following result.

Theorem 4.3. Assume assumptions [4.2] [4.3] and [4.5 consider the variables selected
from the ENNS algorithm and the estimation with the [; regularization method. Denote
the /1 regularization tuning parameter with \,, and the corresponding Lagrangian parameter

K. Denote the hidden layer size with k. In the regression set up, assume E(Y?) < oo, if
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Ky — 00, k; — oo and anQKf}L log(knsK%)/n — 0, we have

g (2 [ 1@ - S@)Putdn) +0) =1

n—00,B9—00

where fy is the estimated neural network and f is the true function. In the classification
set up, assuming that the probability of response being 1 is bounded away from 0 and 1
by €, denote with () the maximum number of equivalent neural network classes, choosing
tuning parameter \p, > cy/kplogn/n(v/Iog @ + vk log slog(nky), if log(n)/(né%) — 0,
s2kpA2 /(n€?) — 0 and n_1k2/2s5/2 log(sp) — 0 as n — oo, we have

lim P(R(fn) — R(f*) = 0)=1

n—00,B9—00

where R(fy) is the risk of neural network classifier and R(f*) is the risk of Bayes classifier.

Theorem states that under the previously discussed conditions, the regression reaches
weak estimation consistency of the non-parametric function defined in [61I]. For the clas-
sification, the neural network classifier’s risk tends to the optimal risk, Bayes risk, see for
example [37]. The theorem is a direct result from the existing results of the low dimension
neural network regression model and classifiers. Conditioning on the fact that we can select
all correct variables with probability tending to 1, applying the full probability formula, the
consistency of the two-step approach can be derived with the low dimensional consistency
plus the probability of non-selection-consistency.

The consistency error comes from two aspects: the variable selection error and the esti-
mation error. The intuition behind this is that with a wrong selection result, the estimation

error may be big, however, this happens with probability tending to zero. With a correct
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selection result, the estimation error behaves the same as in the low dimensional case, which

converges to zero.

4.4 Simulation Study

In this section, we use a few examples as numerical supports to our arguments in the previous
sections. The code for DNP is composed according to the algorithm outline in [82], and the
code of ENNS is composed according to the algorithm in this paper. Both codes can be

found at https://github.com/KaixuYang/ENNS.

4.4.1 Stage-wise Correct Selection Probability Decreasing Study

In this subsection, we use an example to demonstrate that the chance of selecting a correct
variable in a stage-wise neural network decreases as we have more correct variables in the
model. Consider a design matrix X that is drawn from a uniform distribution between -1
and 1. The sample size is set to n = 1000 and the number of predictors is set to p = 10000.
s = 5 of the predictors are related with the response. We consider three different true
structures of the relationship between the predictors and the response: linear, additive non-
linear and neural network. For the response, we consider two different cases: regression
and classification. In the linear case, the coefficients are drawn from a standard normal

distribution. In the additive non-linear case, the functions are set to

n = sin(z1) + 9 + exp(x3) + 23 + log(zs + 2) — 2 (4.23)
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where y = 7 + € in the linear case and prob = o(n) in the classification case. In the
neural network case, we set hidden layers as [50, 30, 15, 10] and weights from standard normal
distribution.

For each of the cases, we test the cases when we start from 0 to 4 correct predictors. In
order to eliminate the effect of different signal strength from different predictors, we random
sample ¢ indices from 1,...,5 as the selected variables, for ¢ = 0,...,4, and include these 7
indices predictors as the initially selected variables. We run a repetition of 1000 times and

report the proportion that the next variable that enters the model is a correct predictor.

The results are summarized in table .1l

y  structure 0 variable 1 variable 2 variables 3 variables 4 variables
Linear  0.995(0.002) 0.952(0.006) 0.863(0.010) 0.774(0.013) 0.430(0.016)

Reg Additive 0.993(0.003) 0.847(0.011) 0.905(0.009) 0.794(0.012) 0.531(0.016)
NN 0.998(0.001) 0.971(0.005) 0.932(0.007) 0.788(0.013) 0.574(0.016)

Linear  0.989(0.003) 0.918(0.009) 0.873(0.009) 0.813(0.011) 0.552(0.016)

Cls  Additive 0.992(0.003) 0.957(0.006) 0.911(0.009) 0.706(0.014) 0.633(0.015)
NN 0.994(0.002) 0.968(0.006) 0.947(0.004) 0.895(0.009) 0.762(0.013)

Table 4.1: The proportion of correct variable selection after 0-4 correct variables in the model,
for different cases over 1000 repetitions. The results show the mean. The results show three
different data generation structures: linear, additive non-linear and neural network for both
regression and classification.

In the table, we see that the probability of selecting a correct predictor decreases as we
have more correct predictors in the model, in all cases. The only exception is in the regression
set up with additive non-linear structure from 1 variable to 2 variables, which may due to

random error.

4.4.2 False Positive Rate Study

In this subsection, we use an example to demonstrate that the false positive rate of ENNS

(the probability of selecting a wrong variable) is superior than the pure stage-wise algorithm.
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Note that if one set the number of variables to be s, stage wise algorithm always select 5
variables, while ENNS will stop if there isn’t any new variable that satisfy the condition
to be added. Therefore, it’s possible that ENNS selects less number of variables and avoid
wrong selection. We used the same setup as [82] to generate responses. Two different types of
responses including regression and classification will be considered here. The input variable
X was drawn from U(—1,1), where the feature dimension p was fixed to be 10,000. The
corresponding labels were obtained by passing X into the feed forward neural network with
hidden layer sizes {50, 30,15, 10} and ReL.U activation functions. Input weights connecting
the first s inputs were randomly sampled from N(1,1) for regression and N(0,1) for classi-
fication. The remaining input weights were kept zero. For each s = 2,5,10, we generated
1000 training samples. In table we report the false positive rate between the ENNS

algorithm and the neural network stage-wise algorithm.

Response Method s=2 s=H s=10
Regression ENNS  10.4%(21.5%) 11.5%(22.1%) 12.8%(23.6%)
DNP  22.5%(29.5%) 30.2%(28.7%) 41.4%(33.2%)
Classi . ENNS  4.7%(17.9%) 7.4%(18.6%)  9.8%(20.3%)
assification

DNP  16.5%(24.4%) 24.8%(29.7%) 40.5%(32.8%)

Table 4.2: Selection false positive rate average of the ENNS and DNP under different number
of true variables in 101 repetitions. Standard deviations are given in parenthesis.

It can be tested that the ENNS’s false positive rate is significantly less than the false
positive rate of DNP under significance level o = 0.05. This provides strong evidence that

the ENNS is useful in reducing the probability of selecting an incorrect variable.

4.4.3 Variable Selection Simulation Study

In this subsection, we study the variable selection capability of the ensemble neural network

selection (ENNS) algorithm in the complicated set up. We used similar setup as in the last
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subsection to generate responses. Two different types of responses including regression and
classification will be considered here. The input variable X was drawn from U(—1, 1), where
the feature dimension p was fixed to be 10,000. The corresponding labels were obtained
by passing X into the feed forward neural network with hidden layer sizes {50, 30, 15,10}
and ReLLU activation functions. Input weights connecting the first s inputs were randomly
sampled from N(0,2) for regression and N(0,1) for classification. The remaining input
weights were kept zero. The DNP model was coded according to their algorithm outline in
python with pyTorch. The ENNS algorithm is based on the DNP algorithm with an ensemble
wrapper. The LASSO [126] is implemented by the scikit learn library, and the HSIC lasso
[144] is implemented using the HSICLasso library. In all four algorithms, the number of
selected variables are strictly restricted to the same as the true number of variables. In the
ENNS, we run a bagging of 10 rounds with selection proportion 0.3. We report the average

number of correct variables that are selected on 101 repetitions of the data generation in

table 4.3
Response Method s=2 SE) s=10
ENNS 1.73(0.52) 4.21(0.56) 9.25(L.11)
Resression DNP 1.61(0.50) 3.92(0.56) 8.77(1.13)
& LASSO  1.65(0.57) 3.87(0.62) 9.62(1.38)
HSIC-LASSO 1.67(0.47) 3.80(0.66) 3.61(1.17)
ENNS 1.81(0.49) 4.24(0.87) 8.04(1.25)
. DNP 1.67(0.76)  3.76(1.06) 5.95(1.29)
Classification 1 xag0)  1.67(0.56) 3.76(0.75) 5.76(1.38)
HSIC-LASSO 1.67(0.47) 2.80(0.91) 3.61(1.17)

Table 4.3: Variable selection capacity of ENNS and other methods with low signal strength
in the regression (top) and classification (bottom) set up. The numbers reported are the
average number of selected variables which are truly nonzero. The standard errors are given
in parenthesis.

We observe that the ENNS outperforms the other variable selection algorithms in all

three cases, and the difference is significant when s = 10 under a t-test. The ENNS performs
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better when there are more nonzero variables. None of the algorithms were able to recon-
struct the original feature indices due to a few reasons: the sample size is relatively small
compared to the number of variables; the data generation through neural network structures
is complicated; the signal strength is relatively low.

To fully study the variable selection power of the ENNS algorithm, we implemented
another simulation case in classification where we have a higher signal strength while keeping
all other conditions the same. In this simulation study, we increase the mean of the weights
of the nonzero variables to 3.5. With the same implementations, we summarize the results

in table Moreover, table [4.5] summarizes the results for signal strength 10.

Method s=2 s=b s=10
ENNS 2.00(0.00) 4.71(0.55) 8.38(2.06)
DNP 1.86(0.35) 4.38(0.84) 7.43(2.36)

LASSO 1.81(0.39) 4.19(1.01) 7.47(2.40)

HSIC-LASSO 1.71(0.45) 3.71(1.12) 4.95(2.13)

Table 4.4: Variable selection capacity of ENNS and other methods with normal signal
strength. The numbers reported are the average number of selected variables which are
truly nonzero. The standard errors are given in parenthesis.

The ENNS reaches selection consistency when s = 2, while the other compared algorithms
still do not have selection consistency. However, all algorithms have obvious improvements in
all cases. We have to admit that selecting the correct subset of variables in all 101 repetitions
is extremely challenging, since the data have great variable in different repetitions. Moreover,
when s gets greater, the importance of a few variables are less likely to be observed from the
data.

Moreover, as we know, the bagging algorithm can be paralyzed since different runs are
independent of each other. Therefore, the computational efficiency of this variable selection

algorithm is almost the same as the computation efficiency of a single run.
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Method s=2 s=5 s=10

ENNS 2.00(0.00) 5.00(0.00) 9.90(0.29)
DNP 2.00(0.00) 5.00(0.00) 9.47(1.10)
LASSO  2.00(0.00) 4.90(0.29) 9.23(1.74)
HSIC-LASSO  2.00(0.00) 4.62(0.84) 7.76(2.76)

Table 4.5: Variable selection capacity of ENNS and other methods with high signal strength.
The numbers reported are the average number of selected variables which are truly nonzero.
The standard errors are given in parenthesis.

4.4.4 Estimation Simulation Study

In this subsection, we compare the estimation methods in section To fully study the
difference between these methods without the effects of other factors, in this subsection we
assume correct selection and perform the estimation on the correct subset of variables. The
data are generated according to the same scheme as in the last subsection. We will compare
the performance of these different estimation methods for s = 2,5, 10 assuming that we know
the correct subset of variables. The simulation is run on 101 repetitions of data generation
using different seeds. In the results, we report the RMSE, the MAE and the MAPE for
regression, and the accuracy, the auc score and the f1 score for classification. These are in
table

On average, we see [] norm regularization gives best performance, except for the MAPE
of s = 10 in regression. Moreover, we observe that both built-in /; and soft-thresholding gives
smaller standard errors, which coincides with the shrinkage estimator’s properties. However,
soft-thresholding provides better performance in average than built-in. The reason is that
sparsity is not well supported with most libraries, thus a manual operation is needed to

obtain sparsity.
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4.4.5 Variable Selection and Estimation

In this subsection, we study the prediction capability of the two-stage approach — ENNS
algorithm with [ neural network, and compare it with the DNP model, the logistic regression
and the HSIC-lasso with SVM. We use the same neural network structure to generate data
as in this section. Over 101 repetitions, we report the average RMSE (rooted mean squared
error), MAE (mean absolute error) and MAPE (mean absolute percent error) for regression
and average accuracy, AUC and F1 Score for classification, as well as their standard errors.
The results are summarized in table 7

We observe that our proposed algorithm obtained a slight performance boost via the
ensemble method. Moreover, the standard errors of these results are slight greater than
the standard errors in the last subsection, where the estimation was done assuming correct

selection. The increase of standard errors is mainly due to the selection variations.

4.4.6 Correlated Predictors

In this subsection, we use an example to study the numerical performance of the proposed
algorithm in correlated predictor situation. We will consider two different correlations: p =
0.3 and p = 0.7. As a comparison, the results for p = 0 will also be included. Let uq, ..., up
be i.i.d. standard normal random variables, x;; be i.i.d. standard normal random variables,
which are independent of wy,...,un, for ¢ = 1,...,n and 7 = 1,...,p. Do the transformation
w5 = (255 +tu;)/ V1 + 12 for some t, then we obtained standard normal correlated variables

t2

]_—|-—t2’ 7= 1, ,’I’L,j = 1, P

cor(z;j, Tip,) =
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Taking ¢t = /3/7 gives correlation 0.3 and taking ¢ = /7/3 gives correlation 0.7. Then we
truncate the random variables to interval [—1,1]. The structure to generate response is kept
the same as in the last subsection. The results of variable selection and estimation is given

in table [1.8
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y Metric Method s=2 S=9 s=10

Neural Network — 31.24(13.32) 69.46(37.40) 136.64(60.54)

Xavier 18.64(11.07) 58.89(27.73) 136.58(65.57)

RMSE [1 built-in 20.47(9.62) 59.37(23.61) 129.55(50.48)
[1 soft 5.97(4.18) 45.83(33.06) 109.31(47.24)

Stage-wise 10.59(11.20) 47.64(22.69) 117.65(43.96)

Bagging 25.48(10.89) 59.49(26.53) 133.45(59.72)

Neural Network — 16.45(10.91) 52.85(28.47) 103.76(45.99)

Xavier 13.65(8.06) 45.34(22.18) 105.17(53.66)

Reg MAE [1 built-in 15.56(7.76) 45.32(18.34) 98.54(38.36)
[1 soft 4.37(3.02) 35.49(26.21) 83.85(36.45)

Stage-wise 7.91(8.23) 38.86(20.00) 89.82(33.82)

Bagging 14.77(7.92) 43.16(20.51) 99.38(41.66)

Neural Network  0.012(0.015) 0.030(0.026) 0.033(0.026)

Xavier 0.009(0.009) 0.027(0.022) 0.029(0.017)

MAPE [1 built-in 0.011(0.012) 0.029(0.023) 0.032(0.021)
[1 soft 0.005(0.007) 0.017(0.010)  0.029(0.023)

Stage-wise 0.007(0.007) 0.019(0.015)  0.027(0.016)

Bagging 0.010(0.010) 0.026(0.024) 0.030(0.022)

Neural Network  0.944(0.026) 0.886(0.037) 0.841(0.041)

Xavier 0.952(0.026) 0.891(0.034) 0.831(0.036)

A [1 built-in 0.927(0.031) 0.844(0.085) 0.752(0.110)

ceuracy

[1 soft 0.964(0.028) 0.908(0.029) 0.855(0.031)

Stage-wise 0.945(0.030) 0.886(0.038) 0.804(0.042)

Bagging 0.877(0.069) 0.806(0.068) 0.753(0.087)

Neural Network — 0.942(0.027) 0.882(0.038) 0.837(0.042)

Xavier 0.951(0.027) 0.891(0.034) 0.825(0.037)

Cls AUC [1 built-in 0.924(0.031) 0.833(0.100) 0.734(0.123)
[1 soft 0.964(0.029) 0.905(0.029) 0.851(0.032)

Stage-wise 0.943(0.031) 0.884(0.038) 0.800(0.041)

Bagging 0.877(0.065) 0.803(0.063) 0.751(0.084)

Neural Network — 0.943(0.027) 0.887(0.045) 0.841(0.049)

Xavier 0.952(0.026) 0.892(0.041) 0.832(0.048)

F1S [1 built-in 0.927(0.031) 0.824(0.192) 0.732(0.200)

core

[1 soft 0.965(0.026) 0.908(0.036) 0.857(0.033)

Stage-wise 0.944(0.031) 0.883(0.042) 0.806(0.049)

Bagging 0.870(0.077) 0.792(0.060) 0.748(0.088)
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Table 4.6: Prediction results on the testing set using neural networks with and without [;
norm regularization for s = 2,5,10. RMSE is rooted mean squared error, MAE is mean
absolute error, and MAPE is mean absolute percent error. Accuracy is the percentage of
correct prediction, auc is area under the ROC curve, and f1 score is the inverse of inverse
precision plus the inverse recall.



y Metric Method s=2 S=95 s=10
ENNS+11 15.67(30.35) 48.14(21.16) 174.08(65.38)
RMSE DNP 25.42(33.16) 62.63(29.02) 178.91(60.15)
Lasso 79.44(67.31)  104.19(49.38)  192.04(77.34)
HSIC-Lasso  56.32(59.41) 86.77(47.51) 188.35(56.48)
ENNS+11  12.03(23.68) 40.12(19.95) 132.07(44.99)
Reg MAE DNP 20.15(27.15) 47.85(22.31) 136.06(45.95)
Lasso 64.11(54.63) 81.97(39.76) 147.86(60.21)
HSIC-Lasso  42.89(34.66) 70.04(41.23) 144.37(48.15)
ENNS+11 0.012(0.025) 0.028(0.036) 0.041(0.037)
MAPE DNP 0.017(0.028) 0.032(0.032)  0.042(0.041)
Lasso 0.042(0.029) 0.046(0.035) 0.046(0.025)
HSIC-Lasso  0.033(0.021) 0.036(0.025) 0.048(0.024)
ENNS+11 0.967(0.029) 0.848(0.025) 0.756(0.067)
A DNP 0.933(0.076) 0.822(0.068) 0.736(0.064)
cecuracy
Lasso 0.732(0.103) 0.726(0.071) 0.692(0.075)
HSIC-Lasso  0.805(0.094) 0.798(0.094) 0.706(0.081)
ENNS+11 0.959(0.036) 0.834(0.024) 0.709(0.058)
Cls AUC DNP 0.898(0.148) 0.780(0.100) 0.699(0.052)
Lasso 0.652(0.121) 0.640(0.102) 0.625(0.068)
HSIC-Lasso  0.774(0.125) 0.748(0.121) 0.677(0.061)
ENNS+11 0.962(0.037) 0.859(0.036) 0.708(0.089)
F1-Score DNP 0.903(0.208) 0.761(0.199) 0.705(0.100)
Lasso 0.590(0.299) 0.604(0.250) 0.634(0.192)
HSIC-Lasso  0.744(0.206) 0.731(0.242) 0.666(0.208)

Table 4.7: Model performance of the combination of ENNS algorithm and [y thresholding
estimation, compared with DNP, Lasso and HSIC-Lasso for s = 2,5,10 cases in both re-
gression and classification. The average performance of 101 repetitions with their standard

errors in parenthesis are presented.
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selection estimation
Res  Model - — G G—— 03 =07 » = 0.0 =03 p =07
ENNS 1 /; 3.81(0.79) 3.27(0.75) 2.29(0.70) 40.82(10.46)  37.17(27.29)  43.18(d44.47)
Reg  DNP  3.48(0.96) 2.95(0.79) 2.14(0.56) 8L43(46.00)  92.91(65.25) 101.15(90.63)
LASSO  3.38(0.90) 2.85(0.79) 2.11(L.12) 131.37(74.22) 151.16(108.88) 113.30(97.54)
ENNS 1 l; 3.66(1.05) 3.25(0.76) 2.38(0.72) 0.856(0.040)  0.875(0.061)  0.907(0.030)
(1.09) (0.91) (
(0.79) ) (

||| —

Cls DNP 3.62(1.09) 3.43(0.91) 2.71(1.03) 0.774(0.100) 0.766(0.106) 0.793(0.092)
LASSO  3.55(0.79) 2.90(1.31) 1.95(0.72) 0.598(0.083) 0.634(0.117) 0.683(0.116)

S [ e e | e | e —

Table 4.8: Selection and estimation comparison for predictors with correlation 0, 0.3 and 0.7. The number of nonzero predictors
is set to 5. For selection, the average number of correct selected variables with its standard error is given. For estimation the
average RMSE or AUC with their standard errors is given. The results are averaged over 101 repetitions.
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From the table we see that in the correlated cases the model works almost as well as
when there’s no correlation. All models select less variables when the correlation is higher,
and this is a well-known symptom of variable selection with correlated predictors. However,
this does not affect the estimation step, and in some cases even makes the estimation results
better. The reason could be that we have less variables thus the model is simpler. Since
the predictors are correlated, we do not lose too much information by not selecting some
of them. Moreover, some results not in the table includes the false positive rate, where the
average for ENNS is 0.05 + 0.03, while that of the DNP is 0.29 4+ 0.14. Therefore, ENNS

includes less redundant variables in the estimation step and achieves better performance.

4.5 Real Data examples

In this section, we evaluate the performance of the two-step model on some real world data

sets.

4.5.1 Variable Selection: MRI Data

In this example, we evaluate the variable selection capability with other variable selec-
tion models, and compare the results with the biological ground truth. The data used
in this example come from Alzheimer’s disease neuroimaging initiatives (ADNTI), see http:
//adni.loni.usc.edu/. The data includes n = 265 patients’ neuroimaging results, includ-
ing 164 Alzheimer’s (AD) patients and 101 cognitively normal (CN) individuals. 145 regions
of interested (ROIs) spanning the entire brain were calculated using Multi-Atlas ROI segmen-
tation, and 114 ROIs were derived by combining single ROIs within a tree hierarchy to obtain

volumetric measurements from larger structures. Therefore, p = 259 ROIs were used in this
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example. Details of the pre-processing method can be found at https://adni.bitbucket.

\io/reference/docs/UPENN_ROI_MARS/Multi-atlas_ROI_ADNI_Methods_mod_April2016.
pdf. Among those ROIs, biologically important features are picked, see table [4.9, where red
indicated most important, yellow means secondly important, and green means thirdly im-

portant. The combinations and all other ROIs are not listed.

The full data set is used for variable selection, and the selection result is chosen such that

a 3-fold cross-validation performs best. We run the ENNS algorithm along with the LASSO

and the DNP. The selection result are presented in table Note here if a model selects a
simple combination of some features, these features are also marked as selected. Moreover,

table shows the number of combined features selected for the models and number of
false positive selections. We observe that LASSO misses a lot of important features and
selected about only 1/4 of the combined features as neural networks. This indicates that the
features may have complicated relationship with the response. ENNS performs better than
the shallow DNP in terms of the metrics in table where IS is a weighted average score
with the weights for red, yellow and green being 3, 2 and 1, respectively; NI is the number of
selected important variables; and NU is the number of selected unimportant variables. As a
property of the ENNS; it selects less false positive variables. It’s hard to track the combined
features, since a lot are involved, however, the combinations represent biological intuitions.

Neural networks selects more combined features and perform better in this sense.
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Table 4.9: Variable selection result for the AD data. The table includes all biologically important variables with three levels:
red (very important), yellow (secondly important) and green (thirdly important). The non-important variables are not included
in the model. Checkmarks indicate whether the corresponding algorithm selected the variable or not.
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Variable selection method IS NI NU

LASSO 1.094 32/86 25/59
DNP 1.428 40/86 15/59
ENNS 1.624 49/86 6/59

Table 4.10: Variable selection result for the AD data. The reported numbers include IS,
the weighted average of selected important variables with the weights being 3, 2 and 1 for
red (most important), yellow (secondly important) and green (thirdly important), respec-
tively; NI, number of important variables selected; and NU, number of unimportant variables
selected.

4.5.2 Regression: Riboflavin Production Data

In this example, we consider the riboflavin production with bacillus subtilis data, which is
publicly available in the ‘hdi’ package in R. The data set contains a continuous response,
which is the logarithm of the riboflavin production rate, and p = 4088 predictors which are
the logarithm of the expression level of 4088 genes. There are n = 71 observations available.
All predictors are continuous with positive values.

We perform 50 repetitions of the following actions. The data is split into training (56) and
testing (15) observations. The training data is further split into training (49) and validation
(7). The training data is normalized with mean zero and standard deviation one. We train
the ENNS algorithm to select variables and perform the [ neural network to make prediction.
Along with our proposed algorithms, we compare the performance with the lasso penalized
linear regression, which is implemented by the scikit-learn library in python; the group lasso
penalized generalized additive model in [145], where the code can be found at https://
github.com/KaixuYang/PenalizedGAM; and the sparse group lasso penalized neural network
in [53]. figure shows the average testing mean squared error (MSE) along with the
number of selected features for different models. Our proposed algorithm converges fast
and performs competitive. table shows the average prediction accuracy with standard

error in parenthesis and the median number of variables selected. Our proposed method has
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Model Test MSE ~ Number of features

ENNS+I; neural network 0.268(0.115) 42
Regularized neural network 0.273(0.135) 44
Linear model with LASSO 0.286(0.124) 38
Generalized additive model with group lasso 0.282(0.136) 46

Table 4.11: Test MSE with standard error in parentheses and median of number of features
for different models in the riboflavin gene data example.

competitive mean performance but lower standard error.

The final model of small sample utilizes only 2 hidden layers, with over 90% sparsity to
prevent over-fitting, which is necessary for this small training sample size, 49. Training with
large batch size, small learning rate, huge number of epochs and early stopping help the
model learn better and prevent over-fitting. We admit that tuning the network structure
and learning parameters are hard, but we obtain better and stabler results once we have the

right numbers.

4.5.3 Classification: Prostate Cancer Data

In this example, we considered a prostate cancer gene expression data, which is publicly
available in http://featureselection.asu.edu/datasets.php. The data set contains a
binary response with 102 observations on 5966 predictor variables. Clearly, the data set
is really a high dimensional data set. The responses have values 1 (50 sample points) and
2 (52 sample points), where 1 indicates normal and 2 indicates tumor. All predictors are
continuous predictors, with positive values.

We perform 50 repetitions of the following actions. The data is split into training (81) and
testing (21) observations. The training data is further split into training (70) and validation

data (11). In each split, the number of class 0 observations and number of class 1 observations

136


http://featureselection.asu.edu/datasets.php

Classifier Test accuracy Number of features

ENNS+/; neural network 0.956(0.053) 15
Regularized neural network 0.955(0.066) 18
Logistic Regression with Lasso 0.933(0.058) 36

11 penalized Linear SVM 0.950(0.052) 16
Generalized additive model with group lasso  0.918(0.061) 5

Table 4.12: Test accuracy with standard error in parentheses and median of number of
features for different classifiers in the Prostate gene data example.

are kept roughly the same. We train the ENNS algorithm to select variables and perform the
l1 neural network to make predictions. Along with our proposed algorithms, we compare the
performance with the [; norm penalized logistic regression; the /1 support vector machine
(SVM), both of which are implemented with the scikit-learn library in python; the group
lasso penalized generalized additive model in [145], where the code can be found at https://
github.com/KaixuYang/PenalizedGAM; and the sparse group lasso penalized neural network
in [53]. figure shows the average testing accuracy over the 20 repetitions along with
the number of selected features for different models. Our proposed algorithm converges fast
and performs competitive. table shows the average prediction accuracy with standard
error in parenthesis, and the median number of variables selected. Our proposed methods
has competitive mean performance but lower standard error. One needs to notice that the
mean performance is hard to improve further, since the results are already good and reach
the bottleneck of the current explanatory variables. The reason that GAM performs worse
than the other models is that the range of predictor variables are relatively small and skewed,

thus the basis expansion on GAM does not work well.
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Figure 4.1: Testing mean squared error (MSE) for different models on the riboflavin data.
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Figure 4.2: Testing accuracy for different models on the prostate cancer data.
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4.6 Conclusion

In this paper, we discussed the existing methods to deal with high-dimensional data and how
to apply the stage-wise algorithm with neural networks. We discussed the shortage of the
current stage-wise neural network variable selection algorithms and proposed the ENNS to
overcome these shortage. Moreover, we also compared different methods to further reduce
the over-fitting issue after the variable selection step. Methodology was given to support the
argument and new algorithm, and simulation studies were given as extra evidence for the
algorithm to work.

Though there’s a few simulation and methodology study in neural network variable se-
lection, the theory for neural network still deserves much more investigation. We hope this
paper could work as a pioneer and attracts more people’s attention to the neural network

theory field.
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Chapter 5

Epilogue

The main goal of this dissertation is to establish theory and propose new methodologies for
non-parametric statistical machine learning modeling for the high-dimensional low sample
size (HDLSS) problems. We have studied three different non-parametric approaches: the
generalized additive model (GAM) in Chapter |2, the sparse group lasso penalized shallow
neural network in Chapter 3| and the ensemble neural network selection (ENNS) algorithm
in Chapter [l These three models are appropriate in different situations. The GAM is
useful when there is not too much interactions among the variables or there is only weak
interactions among the variables, which has many applications. Actually, in most fields,
the additive structure is enough to obtain a fairly good result. The shallow neural network
is used when there are interactions among the variables, but the relationship between the
response and the variables is not too complicated. If we have huge interactions and very
complicated relationships, a deep neural network makes better approximation to this rela-
tionship. However, on the other hand, the level of difficulty in training the three models also
increase gradually, especially it’s easy to get stuck in a local minimum when training the
neural network. From this aspect, GAM is a convex optimization problem and is guaranteed
to reach a global minimum, thus has smaller training difficulty.

The theory we proved also make great contribution towards this field. These theoretical

results guarantee that these methods will work under certain conditions, which is better sup-
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port than the numerical results only. Moreover, we have applied these methods to different
fields of examples, including genetic data, computer vision data, autonomous driving data
and MRI data. These non-parametric models are proved to work in different aspects.

In the future, the neural network still have a huge room to investigate. How do we find
a more stable way to train a neural network? How do we prevent neural network from
overfitting small sample? How do we eliminate the gap between the global minimum used in
neural network theory and the local minimum obtain in practice? These are left for future

research.
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APPENDIX A

Technical Details and Supplementary

Materials for Chapter

Derivation of Assumption

Though assumption is imposed on the fixed design matrix, however, it holds if the design
matrix X is drawn from a continuous density and the density g; of X; is bounded away from
0 and infinity by b and B, respectively, on the interval [a,b]. Let §4 be the sub-vector of
d which include all nonzero entries. Without loss of generality, let d 4 = {41, ..., .}, where
d;, € R and k = O(sp,). Let &4 be the corresponding sub-matrix of .

By lemma 3 in [120], if the design matrix X is drawn from a continuous density and
the density g; of X; is bounded away from 0 and infinity by b and B, respectively, on the

interval [a, b, and cardg(d) = O(sy,), we have
P18 + . + Dpklla > 5 (@161 [l2 + .. + | @ |2)

for some positive constant v9 such that §y < 1 — 2*@ < 1, where 65 = ((1 — bB~1)/2).

Together with the triangle inequality, we have

WP + -+ [ 08xll2) < 1P a8 all2 < [[@181]12 + oo + [l
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By simple algebra, we have
V2 (1P181f5 + -+ [ D85 15) < @04l < 2(]P181113 + - + |01 55][3)
For any j = 1,..., k, by lemma 6.2 in [I53], we have
clmgl < )\mm(n_lé?@j) < /\max(n_lfb?@j) < Cngl

for some ¢; and cg. Then we have

oToTes  ||2464113

16113 16413
2 5 P I9181113 + -+ 24 8k13)
- 16413
oo [ 1|1®101]|3 116113 10503 116113
2 ( 16112 116403 =" 116x3 ||6A||3)

2 2
2%—2 1 [ 1615 164115

> 75 cinm + ...+
" (mu% 16413

_ A 2k=2

-1
=75 “cgnmy,

Let 79 = 72_201 and observe that k = O(sy,), we have

ool ds % 1
—_— > "m,,
oy =
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Similarly, we have

oToTes  ||D4043

113 183
2(| 1013 + - + | ®3l13)
- 34113
, (nwnn% 18115 1%40xl3 ||6k||%>
18113 119,413 184113 1164113

o[ 183 16113
< 2conm 1 + ...+
! <||5A||% 164113

Let v1 = c9, we have

T o
— =5 <mm
nlol3 !

Proofs of Lemma and Theorems

The following lemmas are needed in proving theorems.

Lemma A.1. For any sequence 7, > 0, under assumption and 3, we have for bounded

response such that |y;| < ¢/2 that

o1 (y — 2
P M <rp| >1-=2pymyexp(— T ) (A.1)
n ~ 20202{)

Specifically, for a diverging sequence t,,, taking

1 13
rp = \/5001)\/ %&pntin) + b

n
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we have for response such that |y;| < ¢/2 that

'

oT (y — “y)
n

< ) > 1 - 2exp(—ty) (A2)

Proof. Observe that
O (y—ny) I [ 0ij(yi — 1y;) &
-, - Z -, )= Z v(vi)
=1 1=1

It’s easy to verify that Ey(y;) = 0 for i = 1,...,n and |y(y;)| = | (yi — ,uyl)/n‘ < cd; for

1=1,...,n. By assumption we have > 1" | alz2 < C?I)/n for i = 1,...,n. Apply Bonferroni’s

> Tn)
00
Jj=1

qﬁr (y_“’y) S

- |2
mnp Xpn &1 (y —

>1- Y P(‘ i w=m) 2rn>
j=1

2
nr —Cac2
>1—my X pp X 2exp _Tng — con! T34
2ugcy,

inequality and Hoeffding’s inequality, we have

p( Oogm>: _p<

Mmn Xpn
=1-?P( {

o7 (y - “y)
n

oT (y — '“'y)
n

n

with our choice of

1 13
Tn = \/ﬁccq)\/ O&(pnmin) + by

n
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we have

|

oT (y — ”’y)
n

nr%
<rp| 21—mp Xpp X2exp | — 5
802%

(0.}

nZCQCgI)(log(pnmn) +tp)
2020%71

zl—mnxpnx2exp<—

=1—2exp(—tp)

O

Lemma A.2. In the unbounded response case, under assumptions and let T;, =

77/_1”‘1)?@ - ,u'y)HOO = mMaXj=1,. ppmn n_1’¢?(y - My)|, we have
ETy, = O(1)n™Y2 /pm, (A.3)

and then for any diverging sequence a,

1
P(Tnm M%o%nw (A4
n

Proof. By the maximal inequality for sub-Gaussian random variables, for example, see Lem-

mas 2.2.1 and 2.2.2 in [I36] and application see lemma 2 of [65], we have

ET, < Cn~1\/log(pnman) max [0

Then by assumption we have
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Since Ty, > 0, by Markov’s inequality, we have

1 ET, C
P(T, > a,/ 8@2mn) ) n SN (A.5)
n n~1/2 Viog(ppmy) — an

]

Remark A.1l. From the two lemmas we see that the difference between the bounded re-
sponse case and the unbounded response case is the upper bound for the maximum of the

random errors. For the bounded case, the error could be bounded by

- C\/log(pnmn) +1in

n

with any diverging sequence t,. If we take t, = O(log(ppmy)), we have for a different C,

the bounded response errors to be bounded by

log (pnmn)
n

Tn:O

with probability converging to 1. For the unbounded response case, with probability con-
verging to 1, we need a diverging sequence a,, instead of a constant multiplied to the main

term, i.e.,

This difference is reflected on the choice of the tuning parameter .
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Proof of Theorem 2.1]

Proof. First observe that due to the spline approximation, an error is bought into the model.

Let 0 = Z?Zl fj and 0% = ?il fnj- By the proof of theorem 1 in [65], we have

1fj = Fuilloo = O(my®)

Therefore, we have

Pn Sn
10— 0% < 1S"(F5 — Failllos < SN — fajlloo = O(snump )
j=1

J=1

Use Taylor expansion on ¥'(6) around 6*, we have
V(0) —b'(6%) =" (676 — )
where 6** lies between 6 and 6*. By assumption we have
;= gy = '(8) = ' (6%)] < 1110 — 6" = O(smmy, D), i =1,m (A6)
where ,u;;i is the mean of the i observation evaluated at the spline approximated functions.

Therefore, we have

ity — Bhlloo = O(snmy, %)

As a direct result, we have

1 _
ey = pyll3 = O(spmy, ") (A7)
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We start with part (i). The proof of this part is similar to the proof of part (i) of theorem
1 in [65]. But because of the non-identity link function, here we have to make some changes.
By KK'T conditions, a necessary and sufficient condition for B to be a minimiser of the target

function is

~ /\ B >
of (y— ) = “22E Y kst [|Bella > 0
1Bk ll2 (A.8)

1. 7 . .

Eq)k (y - M'Z) € [_)‘nla )‘nl]v Vk s.t. ||ﬁk||2 =0
where /lz is the mean of response approximated by splines and evaluated at the solution B
and the second belonging relationship is element-wise. Let

AR

S
k ninl

Then we have

Isgll =1, ¥ & s.t. [|Bgll2 >0

(A.9)
Isglle <1, V kst [|Bgll2 =0
We consider the following subsets of {1,...,p}. Let Ay be such that
. 1 A An1f3
{k‘ Bkl > O} C A C {k : E@g(y — f1y) = Hgﬁk} U{l,...,sn} (A.10)
kN2

Let Ay = {1,...,p}\A1, Az = Al\T, Ay = AiNTE Ay = AQ\TC and Ag = A9 N T°C.

Therefore, the relationships are

jeT jeTc
Ajq: selected j and some j € T As Ay
Ag: j not in Ay (includes unselected only)  Aj Ag
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Then we have

o (y— i) = S (A.11)

where Sy, = (S}}l,...,S%F(ql )T, Sk, = nAnisy, and @y = /(@ 4,B4,)- Also from the

inequality in KKT, we have
T .

where CAQ = <Cl7;1> - CkT(m)T and CKi =niy 1 o} "Emnx1, where all the elements

{”BKiHQ
of e are 1. Let €* =y — py, then from (A.11) we have

T N
Oy, (py +€° — ) = Say
use Taylor expansion on “’Z around ,&Zl, we have
oL 210, (By, —Ba,) + L 21Dy By, + L ¥ =S
Al 1 Al Al Al Al 1 A2 A2 Al Al

where 31 = X(01), 61 lies on the line segment joining 3 and (I)Al’éAl’ and X(0) =

diag(b”(61), ...,b"(0)) is the diagonal variance matrix evaluated at 6. From (A.12)), we have

_CA2 S ©£221¢A1 (/6_/41 - BAI) + @5221(13142/3142 + (1)528* S CA2

Let 3;; = @ﬁz(el)@Aj/m we have
(3

S11(84; — Ba;) +Z1284, = S4,
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and

—Cpy < T01(Ba; — Bay) +Z2B4, + ‘19526* < Cyg

With our choice of A1, the constants are sufficient large, by lemma 1 in [I40], the eigenvalues
of 311 are bounded from below. Thus without loss of generality, we assume 311 is invertible.
Then we have

xS ) 51
11 °A -
———L =By, — Ba, + 2 Z1284, + %@Ele* (A.13)

and
S22, — )l
| (ny U)H +n222ﬁA2—n22121171212ﬁA2
<Cy, — 0L e ==, + g BT 0L & (A.14)
<Cpy — Py, 2111 A T S T Ay '
Define
I «-1/2 7 ;
Vij = ﬁzll @ajida; J=134
and
1/2 1/2
where

1/2 T —157T s1/2
Py =320, (0] 2oy ) ol nY

and QAjk is the matrix representing the selection of variables in Ay, from Aj;.

Consider j = 4. For any k € Ay, we have ||3y][2 > 0, then |s]|3 = 1. Then we have
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HSA4”% - ZkeA4 N(Ay), where N(Ay) is the number of predictors in Ay4. Thus

I —1/2
2 T 2
Vaaly = 13, °Q%, 154,13

1 T 9
2 ECl||QA4ISA4H2

=cin Y [Anskl3
k€A4

> c1nA2 (g1 — sn)

That is

4 IVual3

— S
(QI n) =~ Cln)\%l

(A.15)

Then, we need to find a bound for HV14H% and q1 < (q1 — sp)™ + sp, will be bounded. Using

(A.13)) and consider

2*1
Vip(Vig + Vi3) = S£4QA41%SA1

N _ 2—1
- S£4QA41(ﬂA1 - 'BAl + 2111212ﬂA2 + ;Ll @ﬁle*)

ST Q 2—1
_ A WAL~
= S£4QA41211121213A2 SR S

Observe ,8A4 =0, and

1B B
ShBa, =Y TR — NP A 1Byl > 0
keay WPl oz,

we have
ST Qu 137
_ Ay WAL=
Via(Via + Vi3) < 54 Qa1 %7 B1afay + —————— P "
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On the other hand, by (A.14)),

1/2 1/2
lwsll3 = 8%, @5, 5171 — P1S1(T — PRy 4,8,4,

<etgh o =121 - P)s 20,080,

= ¢ Bl P, B1® 4y B, + ¢ ' Bh, 00 T1da, (B T1da,) ) B0 4,84,
= 01_15£2 (nX9284, — n22121_112125A2)

< c;1ﬁ£2(0A2 - qﬁzs* ~ 137, Sy, + 22121—11@515*)

= By Cay — 1 By (Phy — BnB1] @Y ) — ¢ 1B, T By Sy

—1 5T —1 4T -1 -1, Ts—1_x
Then we have

VL (Vig + Vi3) + e1|lwol/3

ST Q a2t
Ag e =11 Te-1| + oT 1 T

Define
1T -1

u= 1T 1
||(I)A1211 QA415A4/n - z31 wo||2
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Observe

T sw—15T -1
||(I>A1211 QA415A4/”_21 wal|2
T sw—1~T 2 -1 2
<a(|@} S QY 1S/l + 17 wnl3)
T w—1~T 2 -2 2
<20 £1Q% 1S, /ml3 + 200 ws 3

2 o =2 )12
=2[[V1all3 + 2¢1 “[lwz]l3

1

Observe ¢ < ¢ = implies ¢; < 1, then

IVi4ll3 + e1lfwall3 + VihViz <(2¢72)[Vaall3 + 267 2|we|3)/2uT e*|

—1/2
+ValVislal 21 S 108 ay o + A 81

By (A.15), we have
I «—1/2
p_ 1 T 2
Visllz = 1135417 Qag154512

Q4,154,113
S 61_1” 3 3”2

n
1 2
=ci' Y nskl3
k‘EA:))

< e A2 N(A43)
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By (A.16), we have

9 9
V14|35 + c1|lw2]3

<er @AVl + 2l l3) 2T + \Jer a2, N(A3) [Vaalla

e 2 N (A3) B 108 4, Iz + At 1B 1 (A.17)

Define
_ 2 _ —1,12
By = \/cinAysp and Bo = /¢y "nAs sn

consider the event

Al vV 2 /\2 332
SZ{MTe*r?s(’ VTG (4] v ) L

4dm 4s,m
n n n

later we will show that this event holds with probability tending to 1. On the event &, by
(A.15), we have

9 2 2
V143 > 5—31 — By

n

then

3 2
c;qgumnB
‘UT€*|2§ 191Mn By

4sp,my

3
“ 2 2
< Z(HV14H2 + BY)

and we have

-1 2 n1/2, T —3, T %2, 1 -2 2 2
e H2Vaall3 + 2wa 1) 2T < e ful e + e (2] Vial3 + 2] wal3)

4
] &
< Z(||V14”2+Bl) ch 2(2][Vaal3 + 2| wa3)
3 9, 1.0 «a 9
< ;lHV14H2 + ;131 + §\|w2”2
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Then we have

3 1 c
2 2 2 9, Cly 12 )
Viallz + erllwa|lz <7 IVaallz + 7 B1 + < llwal2 + \/01 nAZ N (A3)[[Viall2

yfer A2 N (A3) S 2B 10B .4y ll2 + At 1845 1

l.e.

_ —1/2
IViall3 + 261 [wall3 < BY +4y/ey 'nd2 N (As) (IVialla + 127, * S 1284, 12) + At 1B 1

Consider the set A that contains all 8;. # 0. We have ¢1 > s, and

)\nllék
18 l2

{k:: 18kl2 >Oork¢TC} C A C {k: %@g(y—ﬂ;;): ork§éTc} (A.18)
Then we have A5 =), N(A43) = s, < ¢ and B, = 0. Then we have
IViall3 < BE + 4y/ ey 'nA2 sulVaalle = BE + 4Bs||Viall
Use the truth that 22 < ¢ + 2bx implies 22 < 2¢ + 4b2, we have
IVi4]3 < 2B7 + 1653
Then we have from that
||V14||2 < 257 + 16153

q1 — Sn = C5Sn
( ) cln)\ Cl”)\%l
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where c5 = (20% + 16)/0%, ie.

(q1 = sn) " + 50 < (c5+1)sn (A.19)

We note that the constant c5 only depends on ¢; and (A.18)) simply requires larger Ay, (A.19)

holds for all A satisfying (A.10). Note that (A.19) holds if

(|A1] Vv mn)c%n)\%l

g1 < N(Aj UAg) < — and [uTe*? < (A.20)
mn 4mn
So it remains to show that (A.20)) holds with probability tending to 1. Define
T, = max e
|A\ mHUA lo=Lk=L1,....m
—-1/2 1/2 — 1/2\«1/2
B4 (@454 D 4) 715, — 2,201 - =120 4 (0] 0 ,4) 1ol 5 Y 20

1 2 1/2 o 1/2 1/2
10 A(@LS 4D )18, — 5,21 - 2120 4015 40 ) 16T YD 5 208,

(A.21)

for [Al = g = m >0, 5S4 = (Sﬁlwu,gﬁm)T where Sy, = AuUgy, [IUs 2 = 1
and X4 is the variance matrix evaluated at some 6 corresponding to the remainder of
the Taylor expansion when the subset A is considered. To simplify the notations, let
Qu = A1® (@543 1)L and Py = £Y20 4 (01540 4)16L5Y? then we have

1/2 1/2
Up =32, "I —-P)E "
Ty, = max max e Qala =3, " | A) B (A.22)

— —1 f— —1/2 1/2
N S TS TR T
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Define

Q;kno ={(U,e") :ap, < C'\/(|A| V 1)mp log(pnmn), ¥m = [A] > mg}
and
Qg ={(U,e) 1 2y, < Cv/(JA| V 1)ymy log(pnmy), Ym = |A] > mg}
for a large enough generic constant C, where
—1/2 1 2
" 1 QaUa -3, %1 - Pz *ep
Ty = Max max 1/2
[Al=m U ll2=1k=1em | QU7 — 2/ 7(I — P)% A ‘0|2
By triangle inequality and Cauchy-Schwarz inequality, we have
1/2 1/2
r_ QaUa =351 - Pazitep
1/2 1 2
|QaU4 — 3,21 = Pz {0,
—-1/2
r QaUa—3,"21 - Pysies
S /2 1/2 + ||0n||2
1QaUA — X" "(I — PA)X 4 " 2Bl2
~1/2 g 1/2
U I
<le T QA A~ /2( ) B —|—Cn1/2snm7;d
1QaUs —5,2(I — PY)SY /*98]2
~1/2 g 1/2
QaUa -3, ""(I - Py)E, 0B
||QAUA EA (I P ) A (1)5”2

Then we have

(|A1] vV mn)

] 2n)\2

(U€) € Uny = (U,e) € Uy = ul ¥ < Ja|* < 0
mMn
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Since ¢;’s are sub-Gaussian random variables by assumption [2.2] we have

1-P((U,e) € Q)

=P (xf,;f > Cy/(m V 1)my log(pnmy),Ym = |A] > mo)

oo

< Z P (x;’;if > Cy/(mV 1)my log(pnmn))

3
Il
o

> C\/(m V 1)my, log(pnmmn)

* QAU zA/u—PA) /

A ¢’5||2
Z ( )exp C(m V 1)my log(ppmy))

:2<pnmn)_cmn + 2 Z (Z;:) (pnmn)—C’mmn

m=1
<2(pnm )—C’mn + 2 — (_n)
o mZ::1 ml \ (pnmn)Cmn
:2<pnmn>_cmn + Qexp (W) —2—=>0asn— o
n mn

Therefore, the proof of part (i) is complete.
Then we prove part (ii). Consider the bounded response case. For a sequence N, such
that ||3—3°||s < Ny, define t = Ny, /(Np+]|8—3°||2), then consider the convex combination

B =tB+ (1 —1t)8". We have 8" — B8 = t(8 — BY), which implies

NnHB; B2
Ny + 18 -8"2 ~

18* = B2 = tl|3 — B> = Ny, (A.23)

Recall the log likelihood function

n

=3 [ (a+872,) ~b(a+p"a,)]

=1

§IH

ln(B)
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1 T
0(B) = ta(B) + = 3 [ — 2] (8= 8)
=1
—é;ilﬁ 87TV (0 + g T )0,(8" ~ B°)
1=1

(8" — BN ol (y — )

n

=1,(8%) +

1
— 5, (8" =B TeT(g™)0(6" — B%) (A.24)
where 3** lines on the line joining 8* and A, and

(B™) = diag (b"(a + 870, b (o + 5**T<1>n))

is the variance matrix of response when the coefficients take value on B**. On the other

hand, by convexity of the log likelihood function,
n(B) = n(tB + (1 = )8°) = tha(B) + (1 — 1)1n(8°)
by norm inequality, we have
Pn Pn . Pn R
SOUBSl2 = D118, + (1 =182 < D (Bl + (1= 1)[18Yll2)
j=1 j=1 j=1

joining the two inequalities above and by the definition of B gives

Pn
In(8) = A1 > 182
j:
>tln(8) + (1= )ln(B7) — Ant Z tB;ll2 + (1= 1)lIB8Y]l2)

>l (0 nlz 189112
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which implies

Pn Pn
n(B%) = 1n(8°) = A1 D 185ll2 = Anx > 189112 (A.25)
j=1 j=1

By (A.24) and (A.25) together we have

n

o B =Bl (y—py) 1

A Y (18512 = 18112) < (g - g e s (e )e(B - 8"
j=1

and move one term to the left hand side, we have

(3"~ BT s (5 )"~ 8°)

ﬁ* —,30 T(I)T % Pn .
BTo5) & o)y S® (1690 - 181)
j=1

<

n

. OTCDT _ ﬂ*—,@OTCI)T x Pn
BB Wy m) B8 ST S (e, )

n n X
Jj=1

(A.26)
We have for the second term
(8= 8" o7 (u — )
n
:(,3* . ,BO)T@Tz(ﬁ**)l/Qz(,ﬂ**)_l/Q (I‘LZ _ /le)
n
_IBB)1 20 (8* = 8%) 2lI=(87) "2 (i — 1) 2
- n
LB =) el s(ge(e — Y | 1308772 (1) — ) I3
- 4n n
* ONT' &T *% * 0
S(B _6) o 2(6 )q)<:3 _ﬁ)‘f‘cldn (A.27)

4n

where d,, = O(s2m;;2%), the first inequality follows from Cauchy-Schwarz inequality, the
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second inequality follows from the identity uv < u2 /4 + v2, and the third inequality follow

from assumption [2.3/ and (A.7). Then joining (A.26]) and (A.27)), we have

(8* - BT eT'=(p™)9(B8* - B°)
4n

x 0 Tq)T _ Pn
BB @ (v m) + a1 Y (1812 = 185112) + exdn (A.28)
j=1

n
For the first term on the right hand side of ({A.28)), we have

(5°~ 8" o7 (y - )

n
_ (/3* o ﬁO)T q)TZ(B**>1/2E(IB**)—1/2 (y _ :uy)
n
* _ ah\T T *ox * 230 *x\y—1/2 _ 2
BB e - ) AR )

where the inequality is by the identity ab < [|a||3/8 + 2|b[|3. Joining (A.31) and (A.29),

we have

(8" — BT o (B0 (8" — BY)

8n

22 (8*) V2 (y — 1) 113 S

. )W S (160 1) +ends (A30)
j=1

By remark we have
25n -1

70€17p M

8= 8%

22812 (y — ) II3 S

. Wom)le S (18- 1850) e (A3Y)
j=1
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Observe that

I=B) Y2 (y — ) 13 < ety — my 113

¢y mp,
< Ty — )3
7079
Then by lemma [A.T] we have
2 -1
7061728nmn Hﬁ* ) _ﬁo R ||2
8 {TuT} {Tur} "2
log(ppm on _
<Op <m¥> 20 Y (1802 - 1851) + O(3ma ™) (A32)
P j=1
Observe that
Pn
A Y (118012~ 1185112)
j=1
< Y |89,
JETUT
* 0
S/\nl vV Sn Hﬁ{TUT} - IB{TUT} HQ
2sn, —1 2
Y0C1Yo My H * 0 H2 4)‘7118”
<02 T R . 4+ —n - A.33
= 16 6{TUT} B{TUT} 9 70017§Snmr_zl ( )

where the first two inequalities are by norm inequality, and the third inequality is by the

identity a”b < ||a||3 + [|b]|3/4. Joining (]A.32[) and (]A.33[), we have

nl

2 _os, m2 1o m _ _9d —
Hﬁ* - ﬁOHQ =Op (Srﬂg 2on 1 gépn n)) + 02 M sy 2) + O(shmy, 21y, 1)

(A.34)
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For some N, such that

18* = B2 < Ny /2

By definition of 8%, we have

Np, Np,
18" = B°ll2 = 18- 8"l < <+
+118 = 8°ll2 2
The inequality above implies
HB - IBOHQ < Nn

Therefore,

- _as,, M2 log(ppm 2 —9d_—2
16~ 8% = Op (s L) 1 OO sy 1)+ Ofshmd 22

In the unbounded response case, the only difference that we have to make is in (A.29), we
have

(8 -8 o7 (y - )

n

1 nMn
e HB{TUT} B TUT}||2 + OP (Snmn&nw) <A35>

where the convergence rate is by lemma Then with the choice of A,,; for this case, we

have

; - m log(pnm B
Hﬁ _ IBOH% — OP (Sn,y2 2sm, gfl n n)) + O()\nlmnSn’VQ 2sn> + O(Sn 1— 2d72 25n)

Part (iii) is a direct result of part (ii). By assumption we have [|f;ll2 = ¢f > 0, and we
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have

_ 1
I agllz = fjll2 = 115 = Fajllz = ef — Omy ) = 5oy

for large n. By the properties of spline in [35], see for example [121] and [65], there exist

positive constants c; and co such that

—1 2 -1
crmp 11813 < [l fujll2 < cami V180112

Then we have HBE)H% = Cz_lmannjH% 2 0-2502_1mnc?c. Suppose there is a j € T such that
HB]HZ = 0, then we have

189112 > 0.25¢5 e

which is a contradiction to the result in (ii) and the theorem assumption. Therefore, part

iii) follows. O
(iii)

Proof of Theorem 2.2

Proof. By the definition of fnj, j=1,...,p, part (i) and part (iii) follows directly from part
(i) and part (iii) in theorem 3.1. It remains to show part (ii). By the properties of spline in

[35], see for example [121] and [65], there exist positive constants ¢; and ¢y such that

1z 2 _ 7 2 1z 2
1My 1Bnj — Bnjlls < 1 fnj — fnjllz < comp 18y — Bnjlla (A.36)
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Therefore, we have

; — 25y, M log(pnmn) 2 ) —9d_—2
||fn] - fnj”% =0p (37172 sn = o e ) +0(/\21 MnSnY9 )+ O(S%mnng )

(A.37)

for the bounded response case and

; — 25, M Log(pnmn) 2 ) —2d_—2
1 fnj = fujlls = Op (Snan% e )+O(AZ1 Mnsnyy =) + O(s2my, 20y 2°m)

(A.38)
for the unbounded response case. This, together with (2.7) and triangle inequality implies

part (iii). O

Proof of Theorem 2.3

Proof. We start with part (i). To prove part (i), it’s equivalent to prove that the selection
is done as it is performed right on the active set, and none of the nonzero components are

dropped with probability tending to 1. Let

Bnz = argmin  Lq(B; A\p2)
BERPRN. .37 =0

be the adaptive group lasso estimator restricted to the true nonzero components. First we
show that with probability converging to 1, BNZ is the solution to minimizing , ie.,
with probability converging to 1, the minimizer of is B N z- Note that the adaptive group
lasso is a convex optimization problem with affine constraints, therefore the KKT conditions

are necessary and sufficient. The KKT conditions for a vector 8 € RP1 to be the solution
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of ([2.16) is

1 T /6 .
—®7 (y — p*) = Apowy; 2, if |Bj]l2 >0
n ](y ) n nj”ﬁj”Q | j”

(A.39)
1 .
Hﬁq’?(y — 1)|l2 < Apowyy, if [|B]l2 =0
where p* = b/(®3). It is sufficient to show that
P (BNZ satisfies (|A.39 ) — 1
Note that for any 5 € T', we have the KKT conditions for BNZ that
1 X Bnzi . :
ﬁq)jT(y_ll’}kVZ) :/\n2wnj ’B j ) if H/BJHQ >O? J eT
18BN zjll2 (A.40)

1

|2 (y — Ay z)l2 < Anzwng. 1 [1Bjll2 =0, G €T

which are the equality condition in (A.39) and part of the inequality condition in (A.39).

Therefore, it suffices to show that

1 A~ .
(1507 (0~ )l < Mg V£ T) 1 (A1)

This is equivalent to show that

1 A~ .
P (Hg@?(y — B2 > Angwng, 35 ¢ T) -0 (A.42)

Use Taylor expansion on %@?(y — [ty ), we have

. 1 1 1 .
0 (y — fiyg) = @iy — ) + 0 (y — V(@) + ~ 0T ER(Byz ~ B°)
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where X is the variance matrix evaluated at some 3* located on the line segment joining 3°

and BNZ- Then we have

2Wn 4 .
< (1200~ )l > 5™, 35 ¢ 7)

ApoWy, i ,
0y~ ¥ (@8O > 2, 3¢ 7)

3

+
=
TN

. Ap2Wy, i )
|-eTxeByy — B0 > T, 3¢ T)

Now let’s consider P;. By assumption the errors y; — py;’s are sub-Gaussian. For

bounded responses, we have by lemma and assumption that

1 A .
P =P <Hﬁq)jT(y - H’?VZ)HQ > )‘TLanj? 3y ¢ T)

1 ~ .

=P <Hg‘bjT(y —ing)ll2 > Chnarn, 3 ¢ T) +o(1)
1
=P — &7 (y — 1 A 1
<%a%”n Sy —bng)l2>C n27“n) +o(1)

< P (o |27 0 — i)l > Char e |07 (3 i)
> jgéTnj NZ nnngTLJ NZ

< C’n_l/Q\/log(s;klmn)) +o(1)

By lemma we have

L p
E(I)jk(y - Hy)

E max < cgn~ 12\ /log(sxm A.43
<j¢T,k_1,...,mn 2) = g(sfmn) (A.43)
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for some constant cg. Observe that by assumption we have w,; = Op(rp) < Cry, for

some general constant C'. Then we have by Markov’s inequality and assumption that

H‘ﬁYy—ﬂRZm2>Amwm,aj¢T)
H<#Yy_ﬂ32W2>CMﬂm,3j¢T>+ou)

1 .
— P (om0 (y ~ i)l > O ) +o(1)

15T
E (man¢T,k:1,,..,mn Hq)jk@ N ll/y)H2)
— C)\nZTTL

_ o/ loalshmn)

Cnl/2\,0mm

+o(1)

+o(l) = 0asn— o0

Then we consider P». We have shown that

1 2 2 —2d
EHMy - MZ”Q = O(spmy, ")

This implies that

1 —d
%H/’l’y — tyll2 = O(spmy, )

Then by assumption

1
max || =@ (g, — piy)
jeT ln 70 TVl
-1/2 1
=Cmy %H“y_“z“z
—d—1/2
=0(spmp /)
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By assumption [2.6), we have P, — 0 as n — oo. Next, we look at P3. By the definition of

B Nz, we have by norm inequality

1

n

N 1 ~
oIxe(Byy, — %) = E(I)?ECDT(IBNZT - B7)
The MLE on the true nonzero set has a rate of convergence y/spmy/n. The penalized
solution has been proved to be close to the MLE asymptotically (|[149]; [46]; [88]). Knowing

the true nonzero set, the rate of convergence of BNZ is \/spmp/n. Then we have

1 X Ap2Wnp,j .
Py =P (H;DJTE@T(MZT -Bp)| > =5 3¢ T)
2
1 . .
<P (Hﬁ?ﬁ%(ﬂwn — BN > Crparn, 35 ¢ T) + o(1)
2
1 7 CAporn ( A 0 SpMn
<P [ max||~0TSd || > ——2n2' ) L p H _ H > q +o(l
<j¢T n 00| nsmnT BNzT /BTQ ", (1)

—0asn — oo

for any diverging sequence a,, where the first probability in the last step goes to 0 by
assumption that the left hand side is of order m,, 1/2 and assumption The second
probability goes to 0 by the rate of convergence of B NZT-

Therefore, we have that B Nz is our adaptive group lasso solution with probability con-
verging to 1. The components selected by adaptive group lasso is asymptotically at most

those which are actually nonzero. Then we want to prove that the true nonzero components
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are all selected with probability converging to 1. By our assumptions, we have

. > . 0 > 0
min |2 = min ||B5 |2 — i — 05
i 18BN zjll2 = min 1B5ll2 = IBNz; — Bjll2

> 02_1/2m71/2cf —op(1)

>0

Therefore, none of the true nonzero components are estimated as zero. Combining the two
results above, we have that with probability converging to 1, the components selected by the

adaptive group lasso are exactly the true nonzero components, i.e.,

]P(BAGLgﬂO)%lasn—}OO

Part (i) is proved. Then we look at part (ii), where based on the result in part (i), we only
consider the high probability event that the selection of the adaptive group lasso estimator
is perfect. Similar to part (ii) of theorem , we consider a convex combination of 8° and
BAGL

B* =tBaqr+ (1—-1)8"

where t = Ny /(N + [|Bacz, — BY||2) for some sequence N,. Similar to (A.26), we have

(85 — B8R ol (y — 1)

(87— B} ¥Ezer (8] - AY) <

n
| Br—87) nTwy By A2 > w1812 — 1187 12)
j=1
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Then by the fact that |a?b| < ||a||3 + ||b]|3/4, we have

1
5 (87 = Br) o1 Xer(87 — BY)

£ gONT T (4 —
< (BT — By)" Pr(y H’ZJ) + %(ﬁr} — ﬁ%)T(D%EqDT(,B% — ,B?F)

n
=12y, — )13 l
N L2 Y g (18°]2 — 118712)

j=1

Then by (A7),

1
- (81 = Bp) 01301(8} - B7)

_(B7 - B 7y — py)
- n

+O(spmy, 2 +)\n22wn] (182 = 18*(I2)
j=1

By (2.13), the fact that |a”b] < ||al|3 + ||b]|3/4 and norm inequality, we have

(85 — BT ol (y — )

70017 _
2 g - 13 < - + O(simp ™)
2(man€T wn])2)\2 )
n
Yoc1 n2
Y0173
$ 2 T 03
Then by assumption
2sp,  —1 * oONT &1
Y0C17Y9 M 012 (/BT - 5T> CDT(y — ) 2  _9d 9
W2 T 57— B < - L 4+ O(s3my ) + O(\2y50)
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Use the fact that |a”b| < ||a||% + ||b||%/4 on the first term of the right hand side, we have

2Sn
'7061'72 '700172
S ||5T BYI5 < 16 ||[3T BYII3
4 T 2 —9d 2
+ pF— 2||(I)T(y_“y)“2+0(3n )+ O(X,28n)
Y0C1Yo Mp T

Combine the last two results, we have with probability converging to 1,

_9 log(spm 9 _ 2
H/B;—IB(I),H%: <5n’72 Snm%%) +O(5n’72 sn }L 2d)+0(>\22mn5n'72 Sn)

Then similar to the argument in the proof of part (ii) of theorem we have

: 02
> IBacr; — B3

jeT

_ log(spm
=0, (sn’yQ 25”m%—g( ,: n)> + 0(37%72 mb=20) 4 O()\22mnsn’yQ om)
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In the unbounded response case, we replace lemma with lemma and get

: 02
> lBacr; — B3

jeT

_ log(spm _ _ _
=0y (sn’yz 2S”??”L%czn—g( ;Z n)) + O(S%VQ 28”m111 2dy 4 O(A%Qm%snb 25”)

for any diverging sequence a,. Part (ii) is proved. O

Proof of Theorem [2.4]

Proof. The proof is similar to the proof of theorem [2.2] O

Proof of Theorem

Proof. The idea of the proof is similar to the proofs in [52], but due to the group penalization
structure, some changes have to be made. First, the GIC criterion has the solution of
adaptive group lasso, which is not easy to study. So we use a proxy, the MLE on the nonzero

components selected by the adaptive group lasso estimator. Let

n

B*(A) = arg max 1 Z [yl <,8T<I>Z-> —b (BTCI%'H (A.45)

 {BeRPIMNsupp p(B)=A} S

for a given A C {1,...,p}, and the proxy of GIC is defined as

GICY (A) = DY) + anlA]) (A.46)

n
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where iy = b’((I)B*(A)). The first result is that the proxy GICy, (1) well approximates

A~k

GICq,,(Ng). To prove this, observe by the definition of ﬁo = 3 (T'), we have the first order

necessary condition

o .
%ln(BO) =0 (A.47)

Use Taylor expansion and by assumptions 1 and 2, we have

0> GICE (T) — GICq, (No)

= ((BOw0)) ~ 1n(B0))

_ _% ([3()\n0) _ fjo)T oT'3(8%)® (3(%0) - 30)

~ ~ 12
> —c170 ||B(Ano) — Bo ’2 (A.48)
where 8* lies on the line segment joining B(\,g) and Bg. Then we need to bound
A ~ 12 o
H,B()\no) - BOHQ. By the definition of B()yg), we have
oF (y = ¥(@rBr(\n0))) +ndagvr =0 (A.19)

where the elements of v are wnij()\ng)/HBj(/\no)Hg for j € T. On the other hand, by the

definition of ,30, we have

@f (y —¥'(@rBor)) =0 (A.50)

Together we have

b (b/((pTBOT) - bl@TBT(MO))) +nApovr =0 (A.51)
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Use Taylor expansion on the left hand side of the equation, we have

oI (B) o <BT<)‘nO) - BOT) = nAoV7 (A.52)

where 8** lies on the line segment joining B (A\,g) and BOT- Taking 2 norm and together

with assumptions 1 and 2 and the results in theorem [2.1] we have

A

Br(o) = Bor |, < Chuollwrlls < Cxovsallwr (A.53)

where wp = (wy,j € T)'. Then we have

1B(An0) — Boll2 = O(Mnov/5n) (A.54)

Choose a,, to be any diverging sequence, then we have

HB()\TLO) - BO”Q = 0(An0v/snan) (A.55)
Then by (A.48), we have
GICq,(N) — GIC; (T) = o(Anoy/5nan) (A.56)

As a direct result,

GICay(N) = GI1Cay(Ano) = (GICG, () = GICq, (1)) + (G1Cq, (T) — GICu, (Ano))

= (GICq, (ay) — GICG,, (T)) + op(Anoy/snan) (A.57)
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The using this proxy, next we prove that the proxy GIC™ is able to detect the distance
between a selected model and the true model. Since the GIC* depends only on the MLE
and has nothing to do with the penalization, this is the same as the generalized linear model,
but with the spline line approximation error being considered.

Due to the estimation problem, we are only interested in the models A such that |A] < K
where K'my, = o(n). As the proof in [52], we consider the underfitted model and overfitted
model (defined in their paper). Briefly, the underfitted models are A such that A » T and
the overfitted models are A such that A O T. Also in the result of theorem the model
size |A| = O(sp) = o(n) and thus the KL divergence has a unique minimiser for every such
model A, as discussed in [52].

Lemma implies that for all underfitted models

GIC}, (A) = GIC; (T) = 2|A|1(B(A)) + (|A| = [T)ann ™" + [A|Op(Bn)

2 (Sn - Snann_l — OP(KRH)
On

2

if (5nK_1R7;1 — 00 and ap = o(0ps,; n). This result states that there is a negligible
increment on the GIC* if one of the nonzero component is missed, when the parameters
satisfy the conditions. Lemma implies that for all overfitted models

I ol R S

n
n 2n

GIC (A) - GICE (T)

if anyy, — oo. This result states that there is a negligible increment on the GIC™ if one of

the zero component is selected along with the true model, when the parameters satisfy the
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conditions. Therefore,

. on . an
P (/irzleT GIC, (A)-GIC, (T) > 5 and fing GICy,, (A) - GICy (T) > 2—) — 1

n
(A.58)
Combine this result with (A.57) and theorem assumptions, we have
P{AeQiE{JQJF GI1Cq,(N) > GICy,(Apo)} — 1
[l

Lemma A.3. Under assumptions 2 and 3, as n — 0o, we have

sup  —— | D(}; Y) — D(jat; Y) — 21(8*(A))| = Op(Ry)
A<k A
Ac{l,...pn}

where either a) the responses are bounded or Gaussian distributed,

Ry = /ynmnlog(pn)/n, and mylog(pn) = o(n); or b) the responses are unbounded

and non-Gaussian distributed, Ry, = \/ynmn log(pn)/n + v2my, M2 log(pn)/n and log(p) =

o(min{n(logn) VK =2m,; 1yt nM2}).
Proof. lemma is a direct result from lemma and lemma [A.§] O

Lemma A.4. Under assumption [2.1] 2 and 3, and suppose log p = O(n") for some 0 < s < 1,

as n — 0o, we have

ATz (P@nY) = D(a§:Y)) = Op(vn)

uniformly for all A 2 T with |A| < K and either a) ¥, = my+/vn log(pn) when the responses
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are bounded, K = O(min{n(1=26)/6 n(1=35)/8%) and x < 1/2; or b) ¥ = muyn log(pn)
when the responses are Gaussian bounded; or when the response are unbounded and non-

Gaussian distributed, and the last three terms in lemmal[A.10 are dominated by my vy, log pp.

Proof. lemma is a direct result from lemma and [A.10] O

Lemma A.5. Under assumptions 2-3, let v, be a slowly diverging sequence, if

fynLn\/Kmn log Pp,/n — 0 as n — oo, where L, = O(1) for the bounded case and L, =

O(My, + /logn) for the unbounded case, then we have

1 lo mp lo
sup IZA YnLn\[|Almn 8Pn ) _ Op (%%L%Ln—gpn)
1)<k 1Al n n

where

ZiN) = sup - (1n(8) — In(B*(A)) — B [ln(8) — In(B*(4))]
BeEB4(N) T

and

Ba(N) = {BER": 18— B"(A)]l2 < N suppp(8) = A} U {B"(4)}

Proof. Define

O = {llellc < I:n}

If we take L, = C'y/logn, [52] has showed that P(€,,) — 1. Let

ZAN) = sup - (1a(8) — 1n(B*(A) — E [ln(8) — In(B*(4))|l]

BEB(N) ™
Then we have
1 1 - 1
sup ——ZA(N) < sup —Z4(N)+ sup —Ra(B)
A<k 1Al A<k Al A|<F.BeB 4(N) 1Al



where

Ra(B) =~ 1B 1(8) ~ tn(8(A))] = Elhn(B) ~ 1n(8" (4)I9%]

By the definition of [,,, we have

RA(B) = | Blelon)"®(8 — 4°(4)

< Eleln]ly 1208 — B (A,

S|

_ J > (rleln)? =28 -8 (A,
< CLy exp(—CinMW — B*(A)]l2

where the first inequality is Cauchy-Schwartz inequality, and the second inequality is lemma

1 in [52] and assumption [2.1] Then we have

sup (B) = CLy exp(—CLy)N

|Al<K,BeB 4(N) |4

Taking Ly, = Cy/logn, N = v, Ln\/|A[log(ppmy)/n and under the lemma assumption, we
have

sip - RA(B) = o(log(purim)/n) (A.59)

— Ry,
1A|<K BeB 4 (N) [Al
Then let’s consider Z4(N). For any 81,89 € B4(N), by the mean value theorem, we have

b(CIDiTﬁl) - B(@?ﬁQ) = b’@f@@f(& — B5), where 3 lies on the line segment joining 3,
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and B9. We have the likelihood function

| -y ®7 B+ 0(@7 By) — (—y; 0] By + b(@T By)))|
=|(~y; + V(@] B))|@T B — T By

<(Ln + 2My)|®] (B — Bo)|

to be Lipschitz continuous. Let wq, ..., w, be a Rademacher sequence independent of €. By

the symmetrization theorem and the concentration inequality, see chapter 14 of [I1], we have

w;[—y; 97 B + b(@T B)

|

1
sup —

E[ZA(N)|Q] <2E
BEB4(N) ™

—(—y; 7 B*(A) + b(® B*(A)))]|m

<4L,E sup Z w;[®;(8 — B*(A)]|n
,BEBA
1/2
n mn
<4LpE < sup ||/6_/6 H2> ZZZ wngz]k
BeBA(N) jeAi=1k=1
<ar, Ny AT
n

where the second last inequality is by Cauchy-Schwartz inequality, and the last inequality is

by the definition of B4(N) and w;. Then since

- S (LadT (B(4) — 8°) < CLEN?

1=1
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Apply Massart’s inequality, see theorem 14.2 in [IT], we have

IP(Z (N) > E[Z4(N)|Q ]+t> < ex 1
AV = BLEAVHEII ) = P Torzne 2
Take t = 4LpNu/|Almp/n with u > 0, N = Ly+/|Almp/n(l + u), u = yp/logp, and

observe that (p]?) < (pe/k)E, we have

1 =~
P sup —Za(N)>4L2™(1 + )2
14|<x Al n

<> ( N) > 4)A|L2 "0 (1+u) |Qn>

|A|<K

< Z (%)kexp(—(}’Kmnu2)
k<K

IN

o k
(%) exp(—C Kmpyyplogpn) — 0

e
IA
=

Then we have

1 -
P sup —Z4(N) > anQ—Ingn =0(1)+P(Q° — 0
A<k |4l

Lemma A.6. Under assumptions 1-3, we have

mp log pp,
sup ——||8"(4) — B*(A)lla = Op [ mL vV
AI<K le TV

Proof. Define the convex combination of B*(A) and 3*(A) to be the same way as we did in
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proving theorem [2.1]as B, (A). Then is remains to show

n log pp
. Ao =0 WLy | 08 Pn
|A|<K \/|7||ﬂ ) ( )HQ P (7 n )

By the definition of B*(A) and the concavity of the likelihood function, we have
ln(Bu(A)) = 1n(B(4)) > 0

By the definition of 3*(A), we have
E[ln(8"(4) = la(Bu(4)] 2 0

Combine the two inequalities above, we have

0 < Elln(8*(A) = In(Bu(A)] < 1n(By(A)) = 1n(8*(A)) = Elln(By(A) — ln(B*(A)] < nZ4(N)
(A.60)

On the other hand, for any B4 € B4(N), we have

Elln(B4) — ln(B*(A))] = ElyT @84 — 170(284) — yT 28*(4) + 17526 (A))]

—b’ij P[Ba — B (A)] — 11 [b(2B4) — b(EB*(4))]

Observe that by the definition of 3%(A), we have

Pn
O (Y fj) — V' (®B*(A)] =0

J=1
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use Taylor expansion, we have

Elln(B4) — (8% (A))] = ¥/ (@8%(A) @[B4 — B*(A)] — 1T [b(®B4) — b(2B*(A))]
(ﬁA B*(A)TeLSd 4 (84 — B*(A))
< Cn||Bs — B (A)]3

where the last inequality is by assumptions 1 and 2. Then we have

184 = B* (A3 < CZa(N)

Take N = vy, Ln+/|Almy, log pn/n and by lemma , we have

nlngn
WJ(A) = B (A2 =0 an/m—
|:|u§pK TA 18u(A) — B*(A)|l2 = Op (v - )

Then lemma, [A-6] follows. O]

Lemma A.7. Under assumptions 1-3, we have

Vi Ly log pn

sup o (1n(B7(4) = (8" (4)) <

|AI<K T

Proof. Define the event

Y B 8* _ mp log pp,
&= {|A|§pK \/—H,B A) =B (A2 =0p (’YnLn\/ ., >}

By lemma , we have P(E) — 1. Using the same argument as in (A.60) in proving lemma
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we have
0 < 1n(B7(A4)) = ln(B*(4)) < la(Bu(4) = ln(B*(A)) = Elln(Bu(A) = 1n(B*(A)] < nZ4(N)

By lemma conditioning on &, we have

n(B"(A4)) — 1n(B"(A)) < nOp (vzﬁwm#)

Then the lemma follow from P(A) < P(A|E) + P(E°). O

Lemma A.8. Under assumption 2.1} 2.2] and we have

L % _ * _ w

where log p, = o(n) for bounded response and v,m,K?logp, = o(n) for unbounded re-

sponse.

Proof. By the definition, we have I,(8%(A)) — E[ln(8*(A))] = el ®3*(A). For bounded

response, by Hoeffding’s inequality, we have

P(leTBB*(A)| > 1) < Cexp ( o )
- i1 (2T B*(A))?

2
< Cexp (— ct )

n|Almy,

Take t = |A|v/nypmy log pp, we have

P(le? ©B*(A)| > |Al\/nymma log pp) < C exp(—C| Al log pn)
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Then we have

1
sup ——
1A|<x Al

128" (4)) = Elln(8*(4))| = Op ( M)

n

If the responses are unbounded, we use Bernstein’s inequality. First check the condition

B8 (A)e|™] = m /0 P IP(P,65(A)e; > x)da

m—1
—m T * m T

T

P el > ‘ d
(‘ | I@fﬁ*(A)l) o7 8*(A)]

(0]
< m|®l g* ()™ /0 =10 exp(—Ct2)dt)

|
< ml®] B (A) " (|8 (A)]|ocC)" 2L

Then by Bernstein’s inequality, we have

_— 1 nt?
P(le” @8"(A)| = v/nt) < 2exp (‘50Hq>Aﬂ*(A)|y§ + C\/EH‘DAﬂ*(A)Hoot>

Taking t = |A|\/ynmn log py, we have

P(le" ®B*(A)| > v/n|Al\/ynmy log py)

<2 eXp _ n’A|27nmn Ingn
B 2C[|@48* (A5 + CVnl|® 48*(A)lloo | AlvAnmn Tog pp

—0

if K2y,mplogpn/n — 0.

188



Lemma A.9. Under assumptions 1-3, we have

sup ———(y — )T B 43y P (y — o) = Op(man (v log pn)®)

Ao1 Al =T
|A|I<K

where

1/2 _ 1/2
B =320, 05500, Lol

and £ = 1/2 for bounded response and £ = 1 for unbounded response.

Proof. Let k = |A| —|T| and Py = B4 — Byp. It’s easy to verify that P4 is a projection

matrix, thus we have tr(P) = kmn, > iy Py = kmy and 3, ; Py = kmy. Let
~ —1/2
7=,y - mo)

We have the decomposition

1

yTPAy = E myz E P i/{/ = I (A) +]2(A)
mpk nk = nk vy

Let ¢ be independent copies of g;, then by the decoupling inequality, there exists a constant

C > 0 such that

P —|ZPZ]yzy]|>t < CP —|ZPZ-j§~/Z-§~/j*|ZC’_1t
i7#] i#]

For bounded response, apply Hoeffding’s inequality, we have

Cx?
Z?:l (mnk)*QPZ%

P([1(A) > 1+x) <2exp (2 ) < 2exp(—Cmpka?)
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Taking x = log pn, use the inequality (Y) < (pe/k k and use the same technique as we
g vlogp v (&

used in proving lemma [A.5] we have

|A|<K

K - 2
P ( sup I1(A) > 1+ /7 logpn> <2C Z (M) exp(—Cmpkyp logpp) — 0
k=1

Then observe Z#j PZQJ => i(Py— PZQZ) < mypk, we have following the decoupling inequality

that

1 .
P(|Io(A)] > 1) < CP | —| Y Py =0
i
C‘Q(mnk)2t2>
2
2 i T

< Cexp(—Cmykt?)

< C'exp (—

Taking t = v/, log py, and use the same technique as in the previous step, we have

P ( sup I2(A) > 1+ \/ﬁynlogpn) -0

|A|<K

In the unbounded case, we apply the Bernstein’s inequality. In the same way as we did in

proving lemma [A.§] we check the condition

. P2
B|P; Y™ < mlCm 2

By Bernstein’s inequality, we have
P(I1(A) > %) < 2exp(—Cmyka?)
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Taking x = v/, log pp, we have

sup I1(A) = Op(ynlogpn)
|A|<K

For I5(A), we have
2

m ~ ~x|Mm | m—Qsz
> 1P Ellgig; ™) < micm 2L
oy

Then by Berstein’s inequality and taking x = /vy, log py,, we have

P(|12(A>| = Tn 10gpn) — 0

Lemma A.10. Under assumptions 1-3, for all A D T and |A| < K, we have

~ XK

(B (A)) ~ 1n(BA) = Sy~ o) 5,2 Bazy Py — o)

1 1+£/2
+ |A|5/20P (m?L/Q’YZ/ZL%( ng:;)ﬁ )

(log pn)* (log pn)3/2
110 (mid s BB 1 aop (modes L

Proof. Use Taylor’s expansion, we have

K

In(B (4)) = ln(B*(4))

Ak A K

(87 (A) — B ()T (y — (2" (4)) — 5(B"(4) — B"(A) T SR(F(4) — 6"(4)

+ Remainder

EIl(A) + IQ(A) + Ig(A)
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First, by the definition of B*(A), we have
A%
e[y — 1/ (2B"(A))] = 0
Then by Taylor expansion, we have

oliy = o1V (967 (A))

= oL (2B (A)) + DL 0P(B7(4) — B*(A)) + Pl 4

where vy; = 0" (®F3"(A)(@F(B7(A) — B*(A)))?/2 and B"(A) lies on the line segment

7

joining B (A) and B*(A). By the definition of 3*(A), we have

Pn
UL fj) — V(@48 (A))] =0

j=1
we have
Pn
B7(A) - B (A) = (@420 ) 10Ty — ' (D" —v4))
j=1

Therefore, we have

—1/2 —1/2
I(A) = (y — 'S, / B3, 2y — py) + Ry

where Ry 4 = —uﬁﬁal/QBAEalms. By Cauchy-Schwartz inequality, we have

—1/2 —1/2
Byl < |1 B4Zy Y 2elal =g 2w alls

—1/2 ~ —1/2
< (IBr3y Pella + Byl 1Z5 v all2
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where Ry 4 = (B4 — Bo)Sg "/ %e. Observe that S = Elee] and tr(BrBr) = mps, take

Yn — 00, by Markov’s inequality, we have

—1/2 —1/2
P (I1Br=) Pelly > vimmsain) < E[|Br=, %3
MmnSnYn
= By RS 2By
MmnpSnn
1
=— =0
Tn
Then we have
—1/2
1Br=y " %ella = Op(y/mmsnin) (A.61)
By lemma we have
_ ~ 1/2
(JA] = |T1) "2 Ry_allz = Op(ma *(v Tog pn)F) (A.62)

Finally, we have

—1/2
120 v alla < Cllvalls

n 1/2
<cC (Z of (8" (4) - ﬁ)*(A))|4>

=1

N 1/2
<c (Z @54 418°(4) - ﬁ)*(A)H%)

=1

< Cmn|AlnY?||B7(A) — B)*(A)13

log p
— m2]AP0p (ﬁ%ﬁ) (A.63)
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Combining (A:61), (A62) and (K63, we have

B 1 n 1+£/2
1(A) = (y — )55 *Basy Py - 1)+ Op <|A|5/2m?/%2/ %%)

Then we look at Io(A). We have

Ih(A) = =(B7(4) — g (A)T T 2y0(37(4) — B*(A4))

_ ~1/2 1
(y — uy)TEO 1/2 B,X%, / (Y — py) + of2a— L1

where
Rop =4Sy P Bany Py
< Clvallz
A%
< Cm2|APPn| B (A) — B*(A)|4
2 2
my (log p
=0 (malaptprs s, )
(|A|4 1,474 (02pn)” )
n
Therefore,

1 - 1 n 1+&/2
Ia(A) =5 (y — 1)) '= Bz Pty — ) + Op (IA|5/2mZ/ 2w 2Li%>

+O(|A|4 4 4p4 (10g§n) )
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Finally, we have for I3(A) that

I3(A)] < Cnl AP 2m3/?) 8" (4) — B* ()3
1 " 3/2
-0y (|A|3m%v§’;L;°;—< o) )

Combining the three results for I1(A), I3(A) and I3(A), we get the desired result.

Proof of Theorem 2.6

Proof. Part (i). Because 3 is the minimizer, we have

D p
T ) 012
Iy ¢BII2+AZ;1||@|2¢0§”?‘/ 2 ”2“.211”;39”2#0
]: ;7:

i.e.

ly — dBl3 + M < |ly — #8°|13 + Asn

Observe that

ly — 9813 =y — #8° + ¢8° — 9813 = |y — 8% + T 9(B° — B) + | p(B° —

where

ef=y-¢8'=y—f+f-¢8"=e+4d

We have

168" = B3 < e ¢(B = BO)| + A(sn — k) < | (8- 8°)
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(A.65)
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By assumptions on eigenvalues of ¢, we have

18° = Bl > envz*rmy |8y — BII3

since both 8% and ,@ are sparse. On the other hand, we have

e o8- 8Y <ty — £) o8- B") +|(f — 68°) (B - )]

cny 0

SQ—IIB 85+ Tllfb(y )l

Ny

CWSSn 0 0

+ BB+ e LR
72
Combine this with the previous argument, we have
18- 813 < 55 —ll0ty — FIE + 5 —or—I1F — 6613
2 272 n my 027172 ”mﬁ

By the same arguments in the proof of theorem [2.1] we have

_ log(spm — _
18— 8"15 =0, (Sn 72 28””"%%) +0(s77 2, 20)
Part (ii). From (A.66]), we have
. R 1 .
Ak —sn) < [ ¢(B B < ~ gy — I3 + 1 — ¢8%113 +nllB — 813

Since k > s, we have

ns%mg 2d

A

SnMn IOg(pnmn) )

k—s,| <
|k —sn] < O( 3

+ O( )= 0asn— o0
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if spmp log(panma) /A — 0 and ns2m; 2% /X — 0. O

Proof of Theorem 2.7

Proof. Part (i). Because @ is the minimiser, we have

p p p p
Hy_(f)ﬁH%"i_Al Z H/BJHQ_‘_AQ Z 1“33”27&0 < ”y_(ﬁBOH%_'—)‘l Z ”ﬁ?”?"i_)@ Z 1||ﬁ0‘|2750
=1 j=1 j=1 7

j=1
(A.71)
Rearranging the terms and use the theorem conditions, we have
- - 0 T /7 0 0 2112
MY UBjllz = 187l2) < € o(B - B) + lo(8” - B3
j=1
Following the same arguments as in (A.26)), we have the desired results.
Part (ii). From part (i), we have
; T, 3 30 S :
Ak = sn) < [ (8 = B°)| + A1 Y (18512 = 11812)
j=1
1 . ) .
< —ll¢(y = I+ I1F = dB%I15 + nllB — B3 + \1v/5ull B — 812
Then the results follows from the theorem conditions. O
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APPENDIX B

Technical Details and Supplementary

Materials for Chapter 3.

Proof of Theorem

In this section, we give the proof for theorem [3.I] To prove the theorem, we need the

following lemmas.

Lemma B.1. For a general classifier C'(x) of y, denote C*(z) the Bayes classifier. Then we

have

R(C) = R(C*) < 2Ex[lo(n(X)) — o (7(X))] < 2Ex [[n(X) —7(X)]]
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Proof. By the definition of R(C') and R(C™), we have

R(C) = R(C™)

=Ex v L)) ~ Exy [Lesxon]

~ExEy|x |Lie(x)ery ~ Horxgr))

“Ex {16020y 10X + L)y (1 = (X))
—Lioxx)=01(X) — Liox(x)=13 (1 — U(X))]

=Ex |Liex) 20 (2000 — 1]

—x [B{O(X):l,c*(X):O or O(X)=0,0%(x)=1}| 21(X) = 1@

=2 |Lo(3(X))21/2.00(X))<1/2 o7 {o(0(X)<1 /200 X)21/2)
[n(X) —1/2]]

<2Ex [lo(n(X)) — o(7(X))]]

For the second inequality, consider the Taylor expansion of o(n(X)) at 7(X), we have

Ex [lo(n(X)) = a(n(X))]
=Ex [lo’(n"(X))(n(X) — (X)]]

<Ex[[n(X) = n(X)]]

where ¥ (X)) lies on the line jointing (X)) and 7(X), and the second inequality follows from

the fact that of(x) = exp(z)/(1 + exp(z))? < 1. O
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Lemma B.2. Under assumptions, we have

1, . log(n 1
—||n—n°||%=0p( 52))+o( ! )
n ne ne“m

2 2
+0 (S 77}4)\ ) +O0p (n_1m9/235/2\/10gp>

ne

where 7) and 770 are the vectors of predictions for the sample @1, ..., &, using the estimated
parameters and the true parameters, respectively. Here the four terms come from the esti-
mation, the neural network approximation, the regularization and the excess loss error by

the sparse group lasso regularization on @, respectively.

Proof. By the definition of 1, we have

+ |
> sie
M= L=

[yin(x;) — log (1 + exp(7(x;)))]

1612 + A1 = )11
1

<— [%’770(332') — log (1 + exp(no(wi))ﬂ

S|
M= 5

<L

#2038l + X0 - )l
]:
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Rearrange the terms and by Taylor expansion, we have

— ="ty = )+ o~ ) =" — )
n 3
2 gy Y
XS [al168, 12 - 18 2) + (1 — ) 18y
j=1
—160;11)] = » Zl[ane o + (1= )(16(;)ll1]
j=sn+

<AZ (16112 = 185)l12) + (1 = @)(16;) |11 — 160} 1)] (B.1)
where 20 is diagonal matrix with =% = exp(n°(z;))/[1+exp(n®(z;))]%, u” is the conditional
expectation of y given X in the neural network approximation space, n* lies on the line

joining 7 and 770. Consider the second order term in 1} by assumption , we have

2
. 0\Tx0/ 2 0 € e 012
—(hH— » — > ||lh —
2n(n n) X (n—n )—-2n”” 7|15

Then the first term on the LHS of 1 , by wTv < ||u||3/4+]|v||3, norm inequality, maximal

inequality (see proof in [65]) and result in [113],

L. ONT 0
#m—n)(y—uﬂ
1. 0
Sym—n)(y MM%|W 7T (u — p0)]
& 02, 1 9 & 012
<__|lHh — |y — —__lH —

—mﬂ" nHr+Mﬂy u%+gdm |15

2 012
—~2HN—M 12

- op () vo ()
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Combine this result and (B.1)), we have

2 I~ 31 .
8_n|| -n ||2——ZW(772'_77?)3
Y [all60) 12 = 1912
j=1
+(1 = a)(18;lh = 167 110)]
Note that
’ 931 _ exp(n*(z;))[1 — exp(n*(x; ))]’ <1
o (@) [+ exp(iy*(a;))]3 -

Then apply norm inequality, (B.2)) becomes

2
0
el L nﬂz—\m |13

05 lh

<A§:[|W0Hmﬁw l2) + (1 = a)(]|@

16y ] +0p (557) +0 (2

Apply the auxiliary lemma in [I18|, see also [53], we have

- 012 2
In = n7[12/nCy

)l

<Az[ (162,112 = 19)ll2) + (1 — a) (|6

68y )] +0r (“E5 ) 40 ()
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where

. 1 R?
=max | ——=, ——=
0 60\/5 aeo\/ﬁ
€2
=15

for some constant R, and some aey that depends on €p, sp and K. Then by norm inequalities,

the first term of RHS of (B.4) becomes

Sn

A Jalll6f)ll2 = 1905 ll2) + (1 = )10l
j=1
~1160In)]

Y [l — 0l + (- )16, ~ 0511
j=1

<A o+ Vm(1 - a))[6%) — 0l
=1

1 1 .
<pNislo+ V(1 - a)PCE + 55 165 - Osl3 (B.5)
0

According to [53], when we choose A > 2T\ for some constant T > 1 and

A = cy/mlogn/n(y/Iog @ + v/mlog plog(nm)/(1 — a + a/\/m)), we have

40513 < (Av=(6.8,10)

=0 <n*1m9/255/2\/10gp) (B.6)

1
ﬁ“e
0
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with probability at least

1— £72n — clogmnexp (
n

_T2(\/lOgQ + v/mlogplog(nm)/(1 — a + a/\/ﬁ))Q)

1

=1-P

Combining the results in (B.4)), (B.5) and (B.6), we have

1, . log(n 1 s2mA2
S -1 =0p (2 ) o () o (SF)
n ne ne<m ne

+0Op (n_1m9/235/2\/10gp>

Proof of theorem [3.1]

Proof. By lemma [B.1] we have

Thus it suffices to bound Ex [|n(X) —n(X)|], or equivalently, |n(X) —7(X)| in probability.
Let W be the random variable |n(X) — 7(X)| according to Px, then [n(X) —n(X)| is a

vector of n i.i.d. copies of W, denoted W1, ..., W,. By lemma [B.2] we have

1o~ o . (log(n) 1 s2mA\?
n z:zl Wi =0 ( né2 0 néZm O né
+0 <n_1m9/2s5/2\/logp>
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with probability at least 1 — P for some Py — 0 as n — co. With proper choice of n, p and

other hyper-parameters, we have

1 n
—E Wi2£>0asn—>oo (B.7)
n

=1

Since X € X for some bounded space X, by the weak law of large numbers, we have

Ex[W? as n — oo

S|
N
E]
l*u

By definition, we have for any € > 0,

'

Combine this with (B.7)), we have

1 n
=D Wi - Bx (W]
1=1

>e>—> 0Oasn— o0

Ex[W? = 0asn— oo
Then by Jensen’s inequality, we have
5\ 1/2
Ex[W] < (EX[W ]> —0asn— oo

Therefore, we have

R(C) — R(C*) < 2Ex[W] — 0 as n — oo
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APPENDIX C

Technical Details and Supplementary

Materials for Chapter

Proof of Results in Chapter

In this section, we will provide the proof of the theorems in section

Proof of Proposition 4.1

Proof. Consider independent observations {(x1,¥1), ..., (n,yn)}. Assume
In the regression set up where y is centered, we have

ylzy, ., p ~ N(Brag + ... + ﬂpmp,UQ).
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Without loss of generality, we assume that

181] > 82| > ... > |Bs]

otherwise, we may re-arrange the order of columns of the design matrix. Furthermore,
without loss of generality, we may assume all coefficients are positive, otherwise, we may
multiply the corresponding column of the design matrix by —1. Since s < n, we may
without loss of generality consider an orthogonal design on the matrix Z(g), which can be
achieved by re-parametrization. Let S be the set of variables included in the current model.

The algorithm computes

0
— OW,

Gy 1(0; X, y) = (Goj1, -, Gojk)

where K is the size of the first hidden layer. Without loss of generality, we may consider
a shallow network in this part, since there isn’t any predictor x involved in this section, all

estimates can be treated as constants, which are universal for all j's. We have

2N Lo
Gojk = — > wiago' (O wibin +)wiy, k=1, K
i=1 j=1
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where dy,, ), are estimated parameters for the initial model and éjk is set to zero for all input

variables at the very beginning. Thus we have

p

K n
2 R A R
1Gojllz = | [_55 yiapo' (Y wii0;y, + )]
=1 = =

Since the leading constant is independent of j, it’s easier to consider the different part,

denoted

T
¢ =2yl

for 7 € C, where C is the candidate set. The first variable selected is

J+ = argmaxc;.
jec

At the very beginning, we have for x > 0 that

x_&)—¢(iﬁlﬁ) (C.1)

This result implies that greater 3 leads to higher probability of large ¢1. Then
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Pler > c) = B (fefyyul > lafyyu) (©2)

Let

Wy = wa)y and Wy = w@)y (C.3)

which are both normally distributed. Therefore, ¢; and ¢y follow folded normal distribution

c1 ~ FN(B1,0%)  and ¢y~ FN(By,0?) (C.4)
We can calculate
Cov(W1,W3) = Cov(fy + w(Tl)y,ﬁQ + wé)y) = 0233%1)33(2) =0 (C.5)

Because both W7 and Wy are normally distributed, W7 and W5 are independent. Therefore,

c1 and c9 are independent. Since both c1 and co are positive, the probability is equivalent

to
c1
Plc; > o) =P (C_ > 1) (C.6)
2
Let
1
cl2 = —
2
Then we have
c1g ~ RN(B1, B2, 02, 0%) (C.7)
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where RN stands for the ratio of folded normal distributions. By theorem 3.1 in [7I], we

have the CDF of c¢q9

(BB B = Bithor fo @
FIQ(x)_QL(U\/l—i-IQ’ U’v1+x2>+2L(0\/1+x2’U’\/1+x2>+

51—5%) <ﬁ1+521?)
| ——=— |+ ——=— ] -2 C.8
(ax/l—l—az;2 oV1+ z? (C8)
where
L(a,b,p) =P(X1 > a, Xy > ) (C.9)

with

X1 1 p

~N|o0,
X9 p 1

Then we have

P(c < c9) = Fia(1)

_ fir—P2 B2 1 Pi+B2 B2 1
o (B2 B ) ( )+

() o(57)

Release the general assumption of 3; > 0 by multiply —1 to those which are negative, we have

the absolute values back on |3;]. This is also true for different 3; and 3}, since we did not use

the difference between the nonzero predictors and zero predictors. By the exchangeability
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of predictors, the result holds for all + and j. Therefore, we have

, o (185 =18kl (8] 1 18i1+ 18kl (8] 1
IP’(cj<ck)—2L( o ,—U,ﬁ)jLQL( _)+

185 — 1B 18i] + 18k v
(I)( V20 )+q>< V20 ) ’

Proof of Proposition

Proof. Consider independent observations {(x1,¥1), ..., (n,yn)}. Assume
T(j) ~ N(O,I), j=1,...p
In the regression set up where y is centered, we have
Y1, ey ~ N (B + oo+ Bpip, o).
Without loss of generality, we assume that

181] > 82| > ... > |Bs]

otherwise, we may re-arrange the order of columns of the design matrix. Furthermore,
without loss of generality, we may assume all coefficients are positive, otherwise, we may
multiply the corresponding column of the design matrix by —1. Since s < n, we may
without loss of generality consider an orthogonal design on the matrix z(s), which can be

achieved by re-parametrization. Let S be the set of variables included in the current model.
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At the very beginning, we have proved in the proof of proposition that
cj~FN(Bj,0%)  j=1,..p (C.11)
and that ¢; and c; are independent for ¢ # j. Denote event
E. =A{c >I}1£Iz<cl-}, k=1,..s (C.12)
It’s easy to observe that E}’s are mutually exclusive. Therefore, we have

Pr(At least one of c1,...,cs is greater than all of cs11,...,¢p)

(02

:ZPT(Ek) (0-13)
k=1

We may calculate

Pr(Eg) = Pr(cg > ¢(_pp-1))

where C(—kp—1) is the largest order statistic of ¢y, -Ck—1)s C(k1)s C(p)> which is independent

of c.. Let F(—k,p—l) and f(—k,p—l) be the CDF and PDF of C(—kp—1)> respectively, we have

and
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where from the properties of folded normal distribution we have

Fi(o) — % [erf <x +2|f2k\) Cerf (x\;go}

and

Then we have

Pr(Ey)
=Pr(cg > ¢(_pp-1))

- /O Prlcg > 2)f(_p1)()de

00 P b
:A 1 F)] o [ Fyo)da

j#k
00 - D
= |[1 - Fp(x HF +/ fk(m)HFj<w)d:E
i#k o 0 i#k
/ fi(z H Fj( (C.14)
J7k

where the second equality is by the convolution formula, the fourth equality is by integration

by parts. Therefore,

Pr(At least one of c1,...,cm is greater than all of cgy1,...,cp)

s 00 P
:Z/M@H@wm (C.15)
=10 Ak
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Next we will show that this probability is actually a very high probability. Let

Pk—/ fr(@ ()dl’Ek[HF ]

J7#k

By the formulas for F}. and f;., we have

T +ﬁ
Pk —/ \/ =3 202 cosh =~ Prx H % {e?“f(
o2 o2 ik
$+5k (a—B3)?
/ |: 202 +e 202 ]
V 202 i

J

x+ﬂj> (x—ﬂj)]d
V20?2 et V202 !
1

5 er

3|71 () vt ()

(C.16)
Do change of variable z = /o, we have
[ et e e [ Y L (=2,
— |e +e — |er +er z
") Vam i 2 V2 V2
(C.17)

214



Let Bk = B/, without loss of generality, assume that co = 8y > 81 > ... > By > 8,11 =0,

we have
o 1 [ _GHB? (=B 1 2+ B B
= N 2 ) J
Dk /() m[e +e ng erf NG +erf 7 dz
zp:/ﬂi 1 (5p)? _(Z—gk)Ql
= — |e + e
=B V2

(C.18)

By the exponential approximation of the error function, see for example [131], there exist ¢;

and c9 such that

sup |erf(z) — (1 — exp[—c1z — coz?])|
z>0

can be arbitrarily small, where approximately ¢; &~ 1.095 and c¢9 ~ 0.7565. Consider this

approximation, we have

pk—Z

1 [ (2+5;,)? _<z—Bk>2]
T2 4+e 2

ﬂz—kl
1 A1 gl ()]
_ _7 y
HE Lt Lgzipny — Ljj<iy — €72 |e TV
j#k
()] 3 ()]
2 a NGNS T2 NGNS

Hljzinye Pl 1 Ve (C.19)

Here

G
32 ~ 148 >> 1

215



Observe that as when ¢ = s, also observe that 7, — 0 indicates max;—s11,..,0; — 0, we

have
1 b))
H 56472 e I Ve e ? I V2 —0as s — 00
J=1.j#k

2
sef S 1B (z+5)? (2—B)2
m=o| g™ |2 [ %[

. T

i—0 7/ Bit1
02 02 =~ Cl 2
1 JRTRCS)
I15 1+ 2gmiy — Lyciy —e™2 |e Ve
j#k
RS S s
+jsiine Pl —1ae Ve
2
SCl
< o0 ie@
<ol
s 1 i S—1 1
#3562 ) 5 [0 = B) — ©Bin — B + @B + B) — @(Biva + )
=0

(C.20)

and the term in the bracket is less than 2 when j > ¢+1. Then summing up p%s and observing

the double sum is not converging to zero since it consists of a geometric component, when
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Bmaz 1s not big enough and let s — oo, we have

k=1
502 2 S—1
>1—o 82%6402 Z Z 402
k=11i=0
1 L . . L . .
— |2(B;i — 5k) - ¢(5¢+1 — Bg) + @(Bi + Br) — ®(Big1 + Br)
2s
2 - 2
40 - 1 1 %
>Z 2 ZQ_ - Bmax)) — 0 32_86 2
>c—o(1) (C.21)

Proof of Theorem

Proof. In this proof, we will show the probability that the same zero predictor appears in
k bagging rounds tends to zero as k increases. At the first step, we have C = {1,...,p} and
S = {}. By proposition we know that the probability that the first variable belongs to
Sp converges to one under the conditions.

At the mth step, denote the candidate set C' and the selected set 8. Assume that
S C 8p. Without loss of generality, consider o2 = 1. If not, we may divide the response and

coefficients by o. Consider the first case that

C"NSy#0

Let C"™ NSy = {j1,.-,jg}- By the proof of proposition , the probability that a zero
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variable is selected is at most

P(select zero variable) <1 —

ﬁ.
ZjGCmﬂSO e/

—1—
B B;
ZjECmI’WSO e + ZjECmﬁSOC e’

Bj
2 jeemnsy’ ¢

N Bj B
2 jecmnsy €+ Zjecmﬁgg e

(€] = s")e™

— slen 4 (|C™] — &)

where |C"'| = O(p) is the cardinality of C" by theorem condition, f,,;, = min;—1 __,f;,

Bmaxr = max;j—1 ¢ f; and by assumption
T = 0(yn) < o(Bmin)

If we have

e o
— €

; ™M= — 0 as n — 00 (C.22)

S

Then we have

P(select zero variable) — 0 as n — oo

In this case, the probability of false positive in the ENNS algorithm goes to zero. However, it
is not always that equation is satisfied. It happens that the signal strength of nonzero

variable is not big enough. This case can be combined with the other case that
C"NSy=10
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In this case, it is (almost) guaranteed that a zero variable will be selected in the next step.
However, we will show that though a zero variable is selected, as long as the number of zero

variable in S is not too big, which is guaranteed by the theorem condition
so < Cs = o(p)

the selected zero variables in different rounds of the bagging algorithm together with the neu-
ral network random initialization make the probability that the same zero variables appears

more than the threshold number of times converges to zero. Now we have
C"™ = {j1, ...,jp/} C{s+1,..,p}
Consider the scenario that all bagging rounds are independent. The residual
Y — frgm

is not related to Tjpsees Tt by assumption where S™ is the selected set at the m!" step
p

and figm is the estimated conditional expectation of y given & gm. Therefore, the variables
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x;, j € C"™ are exchangeable. We have

By
1
P(i m—+1 my _ p _E :1 >

By k Bo—k
Ba\ (so — [S™])" (p — s0) "2
- > (P

k={Byps] (b= 1S
<o (531 g (A=22=1570)

where the last inequality is by [6]. Since we have

s < Cs = ofp)

then we have

P<j65m+1ﬂcm>—>0 as s and By — oo

Consider the last case that there is at least one variable in C" that is also in {1, ..., s} and
equation does not hold. Also consider the truth that the bagging rounds are not fully

independent in practice. Consider variable 57 and the estimator

~

m o __
5= LG 1<t

Conditioning on the observations, there exist a fixed ¢"* such that §§” indicates whether

variable j is not selected (= 1) or selected (= 0). The bagged estimator is defined as

~m _
S8 = {ﬂuainjngﬁm}}

220



where G;knj is Gy, evaluated on a bootstrap sample. By the uniform law of large numbers,

see for example [61], we have

SUE Bg Z H{HG* i, b||2<tm} - [ {||G:<nj25tm}} —0 as By = o0 (C.24)

Let IP’E be the empirical measure of the bootstrap sample. It’s easy to verify that é}n is a
smooth function evaluated at Pﬁ . By assumption , we have independent observations.

Then according to 58], see also [19], there exist an increasing sequence {by, },c s such that
bn(lGmjll2 = co) = N(0,03)

for some constant ¢y < oo and ogo < 00. By algebra, in the mth step, we have

K n
2 " R
IGmjll2 = | DI - > (i — fi)ago! (@ 0y, + 1y);5]2
=1 =l
2 | & 2
=2\ Y a2 [T @] by + ip)a )| 2
- ;ak[ k)T ) (C.25)

where in ék» éjk is estimated from data for 7 € 8™ and éjk equals zero for j € C"™, [i; is
the neural network estimate of y; based on xgm, € is the prediction error based on xgm,

>'(x7 8y, + 1) is a diagonal matrix consists of o’(-) evaluated at x! @}, + f, and ;) is the
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jth column of . We have

e=y— f(0,tabaxgm)
= BJZL'(]) + Z ﬂjm(]) —f(é,i,d, l;, msm) + e
jecmn{l,...,s} eS™MN{1,...,s}
1 K
i sy e+ 2y D) o
jecmn{l,...,s}

is normalized and ¢/(-) < 1, by norm inequality,

Therefore, for j € C"NA{1,..., s}, since ()
we have
El|Gmjll2
_2 . A 2
~E DA D Byl T @ 0+ ) + T @] 0 + i)y
-\ k=1 ecmnil,....s}
- , K
. T Ta ? T Tg [
2B |\ =X lakl | >0 By @l 0+ t)wg) + T X (@ 0+ i)ag)
| k=1 j'lecmn{l,...,s}
“|C"™ N {1, ...
S| {1, 7s}|% (C.27)

- nk
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For j € C"™ N {s+1,...,p}, by Jensen’s inequality, we have

EHijHQ
2 | & ]
SEAS 2G| 2 By Y @O+ ) + T 0+ )
k=1 ’ec™n{1,...,s}
) | [ ] ) i
<> |E > a2 > 5j/w6,)2’(m;0k+tk)m(j) +el's (@]'0) + i)z
(k=1 Lfecmnil,... s}
Cl
<—= (C.28)
If ~, > C/\C/E, we have

P min E|lG,, ;o > max El|lG,, ; —1
<jecmm{1,...,s} | mj”z_jecmﬂ{s—i—l,...,p} | mj||2)

Since we have sy < Cs = o(p), taking " to be the (|C™| — |S™|)!" smallest value of

|Gjll2, 7 € C™, combine this with equation for jeC™n{s+1,...,p}, we have

bn(t™ —co) Z)

2]

By
1
— 1 <E|1 +e— o
B 2= 1G5, lastm) = { {||G;;lj||2ﬁm}} (

as n and By — oo (C.29)

where the result is by [19], Z is standard normal random variable and ®(-) is the standard

normal CDF. Observe that by, is a diverging sequence and sy < C's = o(p), then we have the
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probability that a zero variable is selected

P (j eC"NS™ N {s+1, ...,p}>

—P (j eC" NS N s +1, ...,p}‘ E[|Gpjll2 < tm) P (E|Gpmjll2 < tm)
+P(jeC™nS™ 1N s+ 1} EIGonlla 2 t ) P (EIIGill2 = to)

<P (5 €SN s+ 1, p} | BI Gz < tin) + P (BlGonlz = t)
et (A Bl _ 7y so S 1C” 0 1o

0o — |8™|
—0 asn — oo and By — o0 (C.30)
Therefore, the false positive rate of the ENNS algorithm goes to zero.
In the classification set up, we have similarly for equation that
K 1 n
G mjll2 = Z - > (i — fi)ago! (@ 0y, + fy);5]?
k= =1
K 2
Z CAL% [ TE Tek + fk)w(J)] (0.31)

where in 6y, é]k is estimated from data for j € 8" and éjk: equals zero for j € C"™, [i; is the

neural network estimate of the mean of y; based on xgm, i.e.

K
ji=0 > apo(0lm;+t;) +b)
k=1

€ is the prediction error based on xgm, 2’(:L'ZTék + 1) is a diagonal matrix consists of
o' () evaluated at &7 @), + ¢, and ;) is the jt" column of @. The only difference between

the regression set up and the classification set up is the formula for the mean. Use Taylor
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expansion with Lagrange remainder, we have

o | > Bjxj| =0 Y. B+ Yoo Bt Y By
=1

jecmn{l,...,s} jes™N{1,...,s} Jje{l,...,s}/S™
. B
je{l,...,s}/S™

for some £ € (0, 1) and
0<o' > BEmite ) B
jesmA(L,....s} je{l,..s} /8™

<o Z Bjr; +§ Z Biz; | <1

jeSmMA{1,....s} je(l,...,s}/S™m
Then

€ =€+ o Z le‘j + & Z ﬁj{tj

jesmA(l,... s} je{l,...s}/SM

. o [log(nky)
Z Bjx;+ O (Kn — >

je{1,...,s} /8™

where € is the theoretical error of Bernoulli distribution with their means. We don’t have a

direct control on &, but by Cauchy-Schwarz inequality we have for any 6 > 0 that

P (l ‘ETE/(:DZTék + fk)a:(j)’ > 5)

n
1 I, ;
<P ( - max3'(x; Op + 1) ||ell2ll2 )2 >0

7

1
<Pl —
= (n lellg > 5)

<e~10%/8 (C.32)
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Therefore, the only difference between classification and regression is the first order approx-

imation term

o E: ﬂﬂ%-+f E: /%xj

jeSMA{1,....s} jell,...,s}/S™m
Observe that this term only depends on the true relationship and is independent of any
J € C™, therefore can be treated as a constant when comparing ||Gy,[|2. This finishes the

proof for the classification case. O

Proof of Theorem 4.2

Proof. In the proof of theorem we have proved that with probability tending to 1, the
algorithm won’t select any zero variables. Therefore, here it suffices to show that the model
will be able to include all nonzero variables in the model. Though it looks complicated, we

only need to consider the worst case:
S"={1,..,s—1} and C"={s,s+1,...p}

and prove that variable s will be selected in the next step, since variable s has the smallest
true coefficient S5 among {1, ..., s} and thus all other cases have greater probability to selected

a nonzero variable. Note variable s will be selected
m—+1 _ .
s€S = [|Gnsll2 = max Gl

Now we have

2 2

K
~9 [T 1T ps5—-1 -
|Gmlla = 4| D a2 [e78 (@7 6y +i)ay;)
k=1
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. . ~s—1 ., . .
where 2571, is the first s— 1" elements in ;, GZ is estimated from data as the coefficient of

S s—1

xT: _1, [1; is the neural network estimate of y; based on «

; , € is the prediction error based on

T, A - . . . 1T ps—1 -
=10 gy +tk) is a diagonal matrix consists of ¢’ () evaluated at x; Yor +iy

xS 1 E (
and ;) is the j* h column of .

Here we need the probability that ||Gy,s||2 being the greatest among all candidates to

be very big, so that it will not be missed in the ensemble filtering. For j € {s+1,...,p}, we

have

P ([Gmsll2 > Gmjll2)

K K
N N T~ T A . 2
=P Zaz [ETEI( s—1 Ok +tk: } > Z %[ TE s—1 914: +tk)a:(])]
k=1 k=1
u T ! 1T xs—1 |+ 2 T / 17 »5—1 - 2
=P Z l(é YDy (w‘f_ 0;. +tk)w(s)) — (é‘ a3 (:cf_ 0;. +tk)w(s)) >0
k=1
(C.33)
In the regression set up, observe that
T~s—1 A
cell o(x 170, +i .
max Egi(a}f*lTBZ ! +1},) = max (@; i k)A < maxo(x; 1T0}Z ! +1t) <1
i U1+ exp(xs” Wt iy~ 0
and
. log(n K,
6‘:55&7(5)—1—54—0(}(2 y)

Also by the fact that

A= B = P(A)<P®B)
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we have for regression that

P (HGms”Z > ||ij||2)

+ (6T2m<8)>2 _ (gTZm(j)>2H >0 (KK% w>>

(73m(y)" - (7zay) || =

(C.34)

Observe by assumption that T(s) and (j) are independent and identically distributed,

7)

we have

P ((esz(s)f > (stw(j))Q) -1
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Therefore, we have

P (||Gm8||2 > ||ij||2)

P (c’ﬁs S — @) + <€Tz‘”<8>)2 B <€T2x(j)>2}

K
ot o D))

K
cPs 1/(p—s)
—® > (1-96, — C.35
(HE(w(s)—w ')>||2> 2 {1=6) a0 (©35)

under the theorem conditions for some asymptotically negligible sequence d,, > 0. Then

consider the bagging process, similar to according to theorem 6 in [I3], we have

cm N Sm—i—l N Cm—i—lC)

By
( 2 L[ Grslmas e |Gla) = 1 =P
1

Bg

= 32Zﬂ{uamsnz#maxjecm||Gm]\|2}

— 0 asn— 0o and By — 00 (C.36)

where the first inequality is by Markov’s inequality, and the second inequality is by
Therefore, the probability that variable s will not enter the model in the next step tends to
zero, thus with probability tending to 1, all nonzero variables are selected in the regression

set up.
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Consider the classification case, we have the same as in regression but

g =c+o Z Bjz; + & Z Bjx; Z gz,

JjeSMN{1,...,s} je{l,...,s} /8™ Jje{l,...,s}/S™
L0 <K% log(nKn)>
n

by the proof of theorem [£.I] where e is the theoretical error of Bernoulli distribution with
their means. Here we no longer have the normality and have an extra term ¢’ which can be

treated as constant in this step, but by the central limit theorem we have
Vi(z s —z(;) Tt = N0, V)

where V' is bounded by assumption and the fact that ¥ is diagonal with the largest

element less than 1. Feeding this back into we have
P(|Gmsll2 > 1Gmjll2) = (1 — 5'n)1/(p—s)

where 4], is greater than &, up to a factor of constant but still converges to zero as n — oo,

under theorem conditions. Then similar to [C.36], we have

/

0
]P’<S¢Cmﬂ8m+1ﬁcm+1c> gl—”—>0 as n — oo and By — oo
— Dr

This finishes the proof for the classification case. O]
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Proof of Theorem (4.3

Proof. In this subsection, we prove the estimation and prediction of regression and classifi-

cation, respectively. In the regression set up, under assumption we have

We have

Observe that

y=flx)+e=flzs)+e

(C.37)

‘B‘ S ’0|1 S Kn

According to [61], when we perform a neural network estimation on the true subset of

variables, we have that the total error is bounded by the approximation error, which is

bounded according to [43], plus the estimation error, which is bounded by the covering

number, then by the packing number, then by the Vapnik-Chervonenkis dimension, and
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finally by the space dimension, i.e.

E / fnlzs) — fs) Pu(dr)
g) <L fon > + 0n (C.38)

n—1

where L is the Lipshitz continuity coefficient, &, is the first hidden layer size, and by [61] Jy,

satisfies

—ne? /12824 K}

€

P {supd, > €} < 8(

Under theorem assumptions, the probability above is summable, thus we have the first
probability in converges to 1. On the other hand, by theorem [4.2] we have the second
probability in converges to 1. Therefore, the result for regression set up is proved.

In the classification set up, similarly, we have

P(R(f, s) — R(f3) —0)
—Pp (R(fns) — R(f3) — 0‘3 - 5) P (3 - 5)
+P (R(f, ) - R(3) - o]S #S)P($+5)
>P (R(/, ¢) - R(/$) > 0[S =8)P($ =)

=P (R(fy.s) — R(f%) — 0) P (5 — 5) (C.39)
By [37], we have

R(fn) — R(f*) =0 asn— oo

and from theorem [4.2] we have the second probability in equation tends to 1. Combine

these two results, the consistency of classification case is proved. O
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