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ABSTRACT

INTEGRO-DIFFERENTIAL OPERATORS: CONNECTIONS TO DEGENERATE
ELLIPTIC EQUATIONS AND SOME FREE BOUNDARY PROBLEMS

By

Reshma Menon

In this dissertation, we study aspects of integro-differential operators, and how they
relate to different types of equations. In each case, we use information and results about
the operators in a lower dimension to analyse an equation in a higher dimension, and vice-
versa. We begin in chapter 1 with an introduction to the operators and equations we will
be considering.

In Chapters 2 and 3, we discuss certain integro-differential operators of functions in a
relatively smooth space like C'1*(R™). However, to understand more about the structure
of these operators, particularly about the measure associated with them, we study certain
equations in a higher dimension such as degenerate elliptic equations in the upper half space.
We analyse the solution of such an equation and its gradient, followed by estimates on its
Green’s function and Poisson kernel. These estimates then help reveal some properties of
the measure associated with the integro-differential operator in the lower dimension. The
structure of the degenerate elliptic equations is similar to that of uniformly elliptic equations,
but with an additional complexity of a term which involves distance to the boundary. This
degeneracy complicates the analysis; as such, the classical techniques of finding pointwise es-
timates as mentioned above do not work so well anymore. So we provide some revised results
for the same. Thus understanding an equation in a higher dimension gives us information
about an integro-differential operator in a lower dimension.

In Chapters 4 and 5, we prove some results about the solutions of free boundary problems



in R*H % [0, T], where the free boundary for a fixed time ¢ can be seen as the graph of a
function over a sphere. This time, we connect the solution of the free boundary problem to the
solution of a parabolic equation on the sphere — that is, in a lower dimension. This parabolic
equation involves an integro-differential operator, which has a min-max representation that
is consistent with all the results about viscosity solutions of parabolic equations in R"™. We
modify these results for parabolic equations on the sphere, which then gives us existence and

uniqueness results about the free boundary problem in a higher dimension.



For Amma, the most resilient person I know.
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KEY TO SYMBOLS

Rq_rH, the half space in dimension n + 1, i.e. ]RT‘l ={X=(r,y):xeR"yeR,y >
0}. We sometimes use, N = n + 1 for brevity.

8R£\rf = R", the boundary of the half space.

0, = %, the partial derivative with respect to z;. For a function u, we will also
(3

sometimes denote this as u; or ug,. Further, Vu = (Uys Uzgs* s Uy )-
®p, a cube centred at 0 in ]R_ZX of side-length R.
+ _ +
QR =QrnN RN-
S™, the n-dimensional sphere.
0y, the normal derivative. The notation is also used later for the co-normal derivative.

A, a uniformly elliptic matrix, and A, the matrix with weights. In this work, A= y®A,
where a € (0,1) or a € (—1, 1), as specified.

p.v., Principal Value integral, i.e. if z( is a point of singularity for an integral fQ fdx,
then

p.v./ fdxr = lim fdx
Q

e—0 Q\Be
o, the Lebesgue measure.

||f||pa the LP-norm, i.e.

sl ( [ Ispas) .

LPQ) = {[fIf: Q= R, [[f]lp < oo}

LP(Q, w), the weighted LP-space.

Lip(Q) = {f : © — R, f Lipschitz}.

HP(Q), the Sobolev space of LP functions whose weak first derivatives are also in LP.
D(u,v), the Dirichlet form, i.e. [ a%(2)u(z)v(z)dz.

cap(FE), the capacity of a set E.

[flcy, the 7-th Holder seminorm of f, ie. [f]oy = sup M
x,y€Q |z —y[?
Ty
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CHI(Q) ={f: Q>R Ifllpoc + IV fllz00 + [Vflov < oo}
(equivalently)

Q) =L Fe L®Q) :supsupr— 7Y inf  ||f — Pllpoo(B(z)) <
2€Qr>0 P(z)=ct+p-x
cER, peR™

For v € (0,1),6 > 0,m > 0, the convex set K(v,d,m) is defined as
K(y,0,m) :={f e CY(Q): f(z) > Vz € Q and Hf||01’7(9) <m}.

K(v.0) = J K(v.6.m).

m>0

k@)= U K(.6m).

7€(0,1) m>0
For f:R" - R, D= {(r,y) € R0 <y < f(z)}
Lp={(z,y) eR" y = f(z)}
Similarly, when 6 < f < L,

D} ={(z,y) eR™0<y < f(x)} and Dy ={(r,y9) e R"", f(z) <y < L}

v is the inward facing normal to the boundary of the set D}, and

5ty = lim X0+ t(Xo)) — u(Xo)
Y t—0+t t 7
9 — — Jim U0 — t(Xo)) — u(Xo)
Y t—0+t t '
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Chapter 1

Introduction

1.1. Degenerate elliptic equations and integro-differential

operators

The first area of my work is in degenerate elliptic equations on a half-space and their Dirichlet
to Neumann (D-to-N) maps expressed as integro-differential operators. The D-to-N map
appears in wide range of contexts in analysis, probability, Calderén or inverse problems,
and mathematical physics. For example, the D-to-N map arises naturally in the study of
operators that describe boundary processes of diffusions in a bounded domain. The map is
also central to studying free boundary problems, acting as the natural quantity that drives
the free boundary. It is a fundamental object in problems relating voltage to current, where
the D-to-N map takes the voltage on the boundary and gives the resulting current density on
the boundary. When D-to-N maps are expressed as integro-differential operators, I study the
properties of the measure associated with this representation; in particular its relationship
with the Lebesgue measure and the density in question. To analyse these properties I
proved some estimates of the Green’s function associated with these equations, as well as
the connection between the Green’s function and the harmonic measure for the equation.

There is a connection between certain partial differential equations on some “nice” domain



(like the half space) of the form

Lu = —8J(awﬁzu) =0 1In Q
(1.1.1)

u=f on 0f)

and operators of the kind

I(fx) = 0 f(h) = f(x)ulx, dh) (1.1.2)

for a;; and p that satisfy certain conditions. For example, one possible connection between
the two is that the operator Z in (1.1.2) will often arise as the D-to N map for (1.1.1).
These operators have generated considerable interest lately and it is important to understand
when the two situations overlap. We can ask the following two questions — for what p does
the representation in (1.1.2) hold? And what can we say about the order of Z, i.e. is
Z(u(r-),z) = r*Z(u,rz)? for some a? Classically, it is known that when L in (1.1.1) is
the Laplacian, then the corresponding D-to-N map Z will have the structure in (1.1.2),
and it is the 1/2-Laplacian of the boundary data f. Subsequently, it is equally natural
to consider the a/2—Laplacian for some « instead of the 1/2—Laplacian. As for p, it is
typically reflected in a weight such as u(z,dh) ~ |h|*(”+o‘)dh in this case, as opposed to
w(z,dh) ~ |h|~("Ddh in case of the 1/2-Laplacian. However, to make the connection
between the D-to-N map Z and the equation in (1.1.2), one must study a weighted equation,
which consists of L = div(y*Vu). This has been studied by many authors, for example,
Caffarelli and Silvestre [4] and in the context of probability theory, by Song and Vondracek
in [36], and also in the book, ‘Bernstein functions. Theory and applications’ [31] by Schilling,

Song, and Vondracek.



The main goal of the following chapters (2 and 3) is to generalize these results for opera-
tors that are not translation invariant, and thus we present work on the weighted extensions
Lu = div(y®AVu), where a € (—1,1), and the matrix A(X) = (a;;(X)) satisfies the follow-

ing conditions:
o Uniform ellipticity i.e. I\, A > 0 for all X, & € R™ 0 \¢? < ai;(X)&€; < Al¢]>.

e A modified version of the Dini-continuity given in [22, Section 3]; we have for X = (z,y)
and Z = (z, )

[y AX) —t"A(Z)| < w(|lX — Z]),
where w is a type of Dini-modulus of continuity, particular to our degenerate equation.
w satisfies the properties in [22, Section 3|, and additionally,

_ow(|X = 2))
—— _dX <(C
/Qy X —zZV "=

Thus, the equation we will study in this work is:

Lu = —0j(y"a;;0u) =0 in R’?ﬁl
(1.1.3)

u=f on 8]Rff1 =R"

The uniformly elliptic equation (¢ = 0) has been studied by Guillen, Kitagawa, and
Schwab [23]. In this case solutions behave linearly at the boundary, yet the analysis is quite
delicate. However, in the weighted setting, we lose uniform ellipticity and the equation
degenerates as we approach the boundary. As such, the techniques of [23] no longer apply,

a

the normal derivative can blow up, solutions behave like yl_ instead of being linear, and

the analysis becomes more complicated as the proofs to many foundational results need to
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be adapted to these new challenges. So far we have been able to overcome these technical

difficulties to the following result.
Theorem 1.1.1. In equation (1.1.2) above, u satisfies the following conditions

(a) w is absolutely continuous with respect to the surface measure, o, i.e. for all X €

00, w(X,-) has a density, (X, dh) = K(X, h)o(dh).

(b) There exist universal constants C7,Co > 0 so that VX, h € aRT'l, X #h

K(X,h) < Cy|X — h|7He1,

This extends the uniformly elliptic case treated in [23, Theorem 1.1] to the degenerate
elliptic case, for which I have established part (a) and the bound in part (b) for a > 0.
The proof of the result in [23] relies on two key steps, namely the relationship between the
harmonic measure and the Green’s function found in [3], as well as boundary estimates for
the Green’s function found in [22]. When a < 0, we see that writing analogous proofs to [22,
Lemmas 3.1,3.2] seem to fail as the estimates blow up the closer you get to the boundary.

To prove the first condition on p, we prove two important lemmas. The first of these
gives a relationship between the harmonic measure and the Green’s function — not unlike the
well-known result for the uniformly elliptic equation (@ = 0) which comes from [3, Lemma
2.2] — but with a change reflecting the term y®. Namely, for x € R, y € R’}fl \ Bg, for

some s > 1, we have constants ¢y, co such that

CrrMHDHe=26(y 2 4 ru(z)) < wy (02N Br(x)) < Cor™ 26y o 4+ rv(z)) (1.1.4)

where v(z) represents the inward normal vector at = € 8Rﬁ+1. The above result for certain

4



classes of degenerate elliptic equations has been established in [20].

The second result is to obtain lower and upper estimates for the Green’s function associ-
ated with the operator L, especially as we get close to the boundary. This will in turn give
us the bounds in condition (b) of theorem 1. Thus, there are constants C, Cy that depend
only on A\, A, n,w such that

P (X)oP(Y)
1 X — Y’(n+1)—a

P (X)oP(Y)
X — Y|(n+1)—a

(1.1.5)

for a good choice of p, where 6(X) = dist(X, 8RZL_+1). For this, I have obtained the upper
bounds when a > 0 with p = 1 — a by first proving that for the solutions of the degenerate
elliptic equation in a cube with specific boundary conditions, we have §*(X)|Vu(X)| < C,
where C' = C(\,A,n,w). The proof here follows in a similar fashion to the one given by
Griiter and Widman in [22, Lemma 3.2] for uniformly elliptic equations. However, the proof
only works when a > 0, as when a < 0 the estimate we get on 0%(X)|Vu(X)| seems to blow

up as you get close to the boundary.

1.2. Parabolic equations and some free boundary problems

We analyse a function u : R+ x [0, 7] — R, which is harmonic on the sets {u > 0}, {u <
0} ¢ R™1 x [0,7]). These sets have boundary d{u > 0} which, for a fixed time ¢, is a
hypersurface in R”t1. There is an additional constraint on « which arises naturally from
either physical principles or energy minimization, and it concerns the balance of the normal
derivatives 9 u™ and 9, u™ in the inward direction along the free boundary, which is given

by the boundary velocity. More formally, for our two-phase problem, we seek a function u



that solves

Au=0in {u >0} U{u < 0} (1.2.1)

under the velocity condition

d{u > 0} moves with normal velocity V = |Vu™| —|Vu~|. (1.2.2)

This model includes a special case of the stationary two phase problem under the condition

that v does not depend upon time and the balance condition becomes

|Vut| —|Vu™| = 1. (1.2.3)

It also includes the one phase version that usually carries the name Hele-Shaw, and that
corresponds to ignoring d{u < 0} and setting the velocity condition to be V = |[Vu™]|.

I work with these canonical examples, and the goal is to find a solution u that satisfies
(1.2.1) above with either of the conditions in (1.2.2) or (1.2.3). Viscosity solutions give a way
of handling this when other techniques fail, and there is substantial literature on the variants
of these equations in [1, 5, 27, 28]. Recently, the work of Chang-Lara, Guillen, and Schwab
9] gives a new technique which reduces the variants in the family of problems with conditions
(1.2.2) and (1.2.3) to an equivalent problem of the integro-differential type by considering
the hypersurface d{u(-,t) > 0} as the graph of a function f : R"*1 x [0,7]. Then, for a
sufficiently smooth f, the equation (1.2.1) with the condition in (1.2.2) is equivalent to

Of=H(f,x) onR"x[0,T]
(1.2.4)

f(,0) = fo on R"



where H : CYY — 7, and H(f) = (|VUJ}|'| — |VUf_|)\/1 +|Vf|2. The main technique
used to show the equivalence of solving (1.2.1) under condition (1.2.2) with solving (1.2.4)
was given in [9]; the key idea is to use that the operator H has a special structure of the

min-max form

H(f z) :miinmjax{aij—kcij Flz)+b9 -V f(x)+po. /R NICEOR F@)pt (z, dh)} (1.2.5)

for an appropriate family of a®/, b*/ , ¢*J and p*J. Equations that admit a similar min-max form
are frequently amenable to a large collection of tools from the viscosity solutions context.

The assumption that d{u > 0} = graphf is not ideal; we see that it does not appear
as a requirement in [1, 5, 11, 12, 27, 28|. However, it gives a natural reduction to explore
new techniques, especially with an assumption that {u > 0} is a star-shaped domain with
respect to X = 0. Thus it makes sense to expand the ideas in [9] to the case of the functions
u, f defined on the sphere S™ instead of R™T1.

My work in this area is about expanding this new technique; in particular, when the
functions w, f are defined over S" x [0, 7. So if time ¢ is fixed, then f(-,t) : S — [§, 00).
As such, any previous assumption about translation invariance of the domain or operators
now becomes a matter of rotational invariance.

The advantage of using the approach of (1.2.4) is that it now allows us to generalise these
techniques to many more variations in the free boundary problems described above. One
important variant of the Hele-Shaw type problem is to have Au = p(u) with monotone p in
{u > 0} and the condition V = k(x,t)|Vu™| in (1.2.3); this was used as a semilinear model

for tumor growth [30]. Another equation to study is when Au = g(x) in (1.2.1) and the



Batchelor-Prandtl equation is a special case of this with the condition (1.2.2) [9, 16, 17].
The second area of my work is in free boundary problems, which have an additional layer
of complexity as their domain and boundary are not fixed; but rather, the domain of the
function is an unknown in the equation, it is in fact the set where the solution is positive.
Furthermore in the type of problem we study, it may evolve in time. When expressed as
a function over the d-dimensional sphere, this boundary is a hypersurface that may not
be regular. One physical example of this is the motion of a pressurized fluid through a
medium with friction, which is modeled by the Hele-Shaw type equations. In fact, we study

a generalized version of Hele-Shaw that allows for two phases of a fluid.



Chapter 2

Background for degenerate elliptic

equations

Overall , we are interested in learning more about the connection between partial differential

equations on some “nice” domain of the form

Lu = —6j(a2381u) =0 inQ

u=f on 0f)

and operators of the kind

Z(f,x) = [ f(h) = f(x)pu(z, dh)

o0

for a;; and p that satisfy certain conditions. One of the possible connections we know of is
that the operator Z will often arise as the D-to N map for the equation above. Once we know
we can express the D-to-N map as an integro-differential operator, we are further interested
in studying the properties of the measure p associated with this representation. We also
want to investigate the order of Z, i.e. is Z(u(r-),z) = r*Z(u, rx) for some a?

These questions have already been answered for the case of an equation where the coeffi-

cients '/ are uniformly elliptic, and hence the operator L is translation invariant. Here the



order is 1, and the operator is the half-Laplacian, —AY2 In this work, we want to show
we can create non translation invariant operators of order o, where we have a =2s=1—a
for @ € (—1,1). This is to be done by the process of a weighted D-to-N map for degen-
erate elliptic equations in the half space with variable coefficients, which is the main goal
for chapters 2 and 3. In particular, we will be able to express Z in the degenerate case as
an integro-differential operator like in (1.1.2), and establish some properties of this measure
p. In the second part of this background chapter, we will provide some background about
equations with weighted coefficients with results mainly from [4], [19], and [20].

But first, in the first part of this chapter, we will provide some background about uni-
formly elliptic equations, listing the known results about the integro-differential operators
of their D-to-N maps. The proofs of these results rely heavily of some results of the Green’s
function for uniformly elliptic equations, so we start by first providing a list of results from
[22] and [3], and then go on to describe what is known about the structure of u for the

uniformly elliptic operators from [23].

2.1. Uniformly elliptic equations

In this section we will provide some background for the uniformly elliptic equation and the
corresponding Green’s function. Most of the following results are standard and appear in
many places, but as [3, 22] was a main reference in this dissertation, we will list the relevant
definitions and provide references to results only from [3, 22]. We first define the notions of

uniformly elliptic equations and operators.

Definition 2.1.1. A : R"” — R" is called uniformly elliptic if 3 positiveand integro- differ-
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ential operators constants A\, A such that

NEP? < (A(z)€,€) < AJE|? Va, € e R” (2.1.1)

A partial differential equation of the type

Lug = —div(AVuy) =0 in Q C R"
(2.1.2)

ug = ¢ on N
where A is uniformly elliptic; is a uniformly elliptic partial differential equation. One of
the classic and simplest examples of a uniformly elliptic equation is when A = Id, making
L = —A, the Laplacian operator.

The set-up for Dirichlet-to-Neumann maps (henceforth D-to-N maps) is as follows.

Definition 2.1.2. Given the equation (2.1.2) as above with ¢ € CL*(0Q), we define a map

andintegro — dif ferentialoperatorsT : CL(8Q) — C(0Q) as ¢ — dyugy,  (2.1.3)

where v(x) is the inward normal vector to 0§ at x.

The simplest possible case of the map Z is when A = Id and the domain is = R,
the upper half space. In this case, the inward normal to the boundary is (0,0,---,1), we
will have dyu = uy. Here u is the harmonic extension of ¢, and it is well known that
T =(-A)V2

This D-to-N map Z is the one that has a certain inteand integro- differential operatorsgro-
differential representation by the results in [14]. To prove our main goal which is to describe

properties of the special measure associated with Z, we will need another important measure

11



which is used in the context of a partial differential equation, i.e. the harmonic measure.
Another key factor in the proofs we will present are estimates on the Green’s function of the

equation. We define tand integro- differential operatorshese concepts below.

Definition 2.1.3. Given the operator L as in (2.1.2) and ¢ € C(0N), there exists a unique
ug that solves (2.1.2). Hence, for a fired x € Q, the mapping x — ug(x) is well defined.
By the comparison principle, this is a non-negative linear functional on C(0Q) (i.e. the
mapping ¢ — u¢(x)) The unique Borel measure that represents this functional is called the

L-harmonic measure, and we denote it by wy. In other words, wy is uniquely characterized
by

V6 € 000), ugla) = [ olz)un(d2)

2.1.1. Green’s function

and integro- differential operators The primary tool of all of our analyses is to understand
the boundary behaviour of the Green’s function. So in what follows, I will give the reader

the known results of the Green’s function as well as my new results.

Definition 2.1.4. Given an operator L and a function f (in some appropriate function

space), suppose u is the unique solution of the equation

Lu=f n €

u=0 on 0f)

Then the Green’s function is the unique function such that u can be represented as

u(x):/QG(z,z)f(z)dz

12



The equation (2.1.2) above can be rewritten by using v’ = v — ¢. Then

Lu' = L(u—¢)=Lu— L= Lo in O

W =u—¢=0 on 0f)
Thus the Green’s function here is the unique function such that «’ can be represented as

u'(x) :/QG(x,z)Lgb(z)dz = u(x) :qﬁ(x)—F/QG(x, 2)Lp(z)dz

One of first results we are interested in and will later modify and use in this work is the

relationship between the Green’s function and the harmonic measure.

Proposition 2.1.5. /3, Lemma 2.2] Let {wy},cq be the L—harmonic measure where L is
as given in the divergence equation in (2.1.2). Then there are universal constants g, C1, Co,
and s > 1 such that for any r € (0,7¢), z € 092, and v € Q\ Bgr(z) C R", the following
holds:

Crr72G (x, 2 + 1v(2)) < we (92N By(2)) < Cor™2G(x, 2 + rv(2))

and integro- differential operators

Further, we will be interested in studying the behaviour of the Green’s function in the
interior of the domain, as well as if an how it can be approximated when you get closer to
the boundary of the domain. Of course, the latter will depend on how regular the boundary
of the domain is. Therefore in the results that follow, we will discuss the estimates on the
Green’s function starting with some crude domains that fulfil some minimum requirements
(e.g. the cone condition in definition 2.1.6). At first, we will see that we find some very

basic Holder regularity up to the boundary. However, as we improve the conditions on the

13



boundary (e.g. the exterior ball condition (see definition 2.1.7)) we get an improved estimate
near the boundary on both the Green’s function and it’s gradient. Naturally, these results

are not special to a Green’s function, but to any solution with zero boundary data.

Definition 2.1.6. [22, Assumption 1.6] A set ) is said to salisfy the exterior cone condition
if 3h > 0, 0 < 0 < 7/2 such that the following is true: for each z € 0, 3 a cone
C = C(z,h,0) such that Q°NC =0, QN C = {z}. Here, C(z,h,0) denotes a cone with

cusp z, height h, and opening angle 6.

Definition 2.1.7. A set Q) is said to satisfy the exterior sphere condition if Ir > 0 such that

the following is true: for each z € 0S), there exists a sphere of radius r B = B(z,r) such

that Q°NB =10, QN B = {z}.

For a domain that satisfies the exterior cone condition, we can get the following estimates

on the solution and the Green’s functions as we approach the boundary.

Lemma 2.1.8. /22, Lemma 1.7] Let r > 0 and D, = Br(0) \ C(0,7/2,0). Consider the

weak solution u, of the following equation with the given boundary conditions

Lur =0 n Dr
ur =0 in 0C(0,r/2,0)

Then, 3 K(n,\,A,0) >0, a(n,\,A,0) € (0,1) such that Vo € D,

el

TOZ

IN

ur ()
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The above lemma zooms into a portion of the domain close to the boundary, by con-
structing cone at a point zg on the boundary and taking a little ball around the point which
of course overlaps with a little part of the domain close to the boundary. For convenience,
this point is taken to be zg = 0 and this works for any operator L with bounded, measurable
coefficients. We look at B;-(0) because the ellipticity class is invariant by rescaling, i.e. if we
have @ (z) = a' (rz) or 4" (z) = a'(x/r), then the ellipticity constants of "/, a" are also
A, A. The lemma redefines the boundary values in this little domain D, which comprises a
small neighbourhood around this boundary point. As mentioned earlier, this is a very basic
Holder estimate. This lemma then leads us to a a result about the boundary regularity of

the Green’s function, as below.

Theorem 2.1.9. [22, Theorem 1.8] There are constants K(n,\, A, 60, diamQ,0Q) > 0,

a(n,\, A, 0) € (0,1) such that Vz,z € Q

Gz, 2) < K6%(2)|x — 227"

where 6(z) = dist(z, 09).

If we improve the boundary of our domain to one that satisfies the exterior sphere con-
dition, we will get better estimates for the solutions and the Green’s function. But first, we

also require some special assumptions on the coefficients a®/ [22, Section 3].

Definition 2.1.10. The coefficient matriz A is called Dini-continuous if it satisfies,

la (z) — a¥ (2)] < w(|z — 2|) (2.1.4)

15



where w : RT™ — R is non-decreasing and it satisfies the doubling condition,

w(2t) < Kw(t) for some K >0 and allt >0 (2.1.5)
1

and / @dt < 0. (2.1.6)
0

With coefficients as given above, we have the following two lemmas from [22] regarding
the size of the gradient of the solution. These estimates are then used to study the behaviour

of the Green’s function close to the boundary.

Lemma 2.1.11. [22, Lemma 3.1] Suppose u is a bounded solution of Lu = 0 in Q. with
L as in (2.1.2) and Dini-continuous coefficients aJ as described above. Then 3 K =

(n, \, A, w, Q) > 0 such that for any x € Q
Vu(x)] < K6~ @) sup Ju],
Q

where 61 (z) := dist(z, 0Q).

In the above result we assume no special conditions about the domain 2. As such, we
note that when you get closer to 0f), it is quite possible for the gradient to blow up. The
following lemma describes a bound of the gradient of the solution on a much nicer and

integro- differential operatorsdomain, i.e. an annulus.

Lemma 2.1.12. /22, Lemma 3.2] Let u be the solution of the Dirichlet problem (with Dini

16



continuous coefficients a'’ )

Lu=0 in D, = Bo, \ By
u=>0 in OBy
u=1 in O0Ba,

Then 3 K = (n, A\, A,w) > 0 such that for any x € D,, r € (0,1],

K

r

[ Vu(z)]

The above lemmas are used powerfully in proving the following theorem about the es-
timates of the Green’s function. If we have a domain that satisfies the exterior sphere
condition, we can construct an annulus of a suitable radius at every point on the boundary
of the domain, with the inner sphere touching the boundary on the outside. We then em-
ploy the same techniques used in the proof of 2.1.9 to prove the boundary regularity of the

Green’s function.

Theorem 2.1.13. [22, Theorem 3.3] Let Q be a domain that satisfies the exterior sphere
condition and let L satisfy (2.1.1)~(2.1.6). Let G be the corresponding Green’s function.

Then the following inequalities are true for any x,z € §2
(a) G(z,2) < K|z — 2>, K=K(n,\A)

(b) G(z,2)0(x) < K|z — /'™, K=K(n,\A wQ)
(¢) G(z,2) < Ko(x)d(2)|lw — 27",

(d) |VaG(z,2)| < K|z — 2|7,
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(¢) [VaG(x,2)| < Ko(z)|z — 27",

(f) VaVeG(,2)| < Ko — 2|77,

2.1.2. Dirichlet-to-Neumann maps

We seek to study the relationship between the equation (1.1.1) and the operator in (1.1.2)
in a degenerate elliptic setting. However, we already have a lot of information about this Z,
which arises as the Dirichlet-to-Neumann map in the case of the uniformly elliptic equation
(see definition 2.1.2). In this section, we provide some background and results about Z as a
D-to-N map, its integro-differential representation, and properties of the associated measure.
To begin with, this map Z is not only well defined from C1:®(9Q) to C*(dQ), but it also

satisfies the global comparison property as defined below.

Definition 2.1.14. The global comparison property (GCP) for I : C1(X) — CY(X) re-
quires that for all f,g € CY(X) such that f(z) < g(x) for all z € X and f(xq) = g(xg) for
some xg € X, then the operator I satisfies I(f,zg) < I1(g,xq). That is to say that I preserves

the ordering on the functions f,g on X at any points where the graphs of f, g touch.

In the case of the divergence equations, L, and hence also Z are linear operators. It was
proved in the 1960s, by Courrége [14] and Bony-Courrége-Priouret [2], through linearity and

the global comparison property, that Z must be an integro-differential operator of the form

(. x) = b(z) - Vo(z) — pv. /a 0+ ) = o). dh).

Following is the main theorem from [23]. We will prove the analogous result for degenerate

elliptic equations in the next chapter.
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Theorem 2.1.15. /23, Theorem 1.1] Suppose L is the divergence operator as in (2.1.2) with
Q= R’rrl and Z is as defined via (2.1.2) and (2.1.3), then there exists a vector field, b, and

a family of measures parametrised by x, pu(z, dh) such that ¥ € CLY(R™),

T(6.2) = (o). V(@) = [ o+ 1) = 6(2) = L, (o (1) (V). =) e, ).

Further, i satisfies
(i) For all x € R"™, p(x,-) has density u(x,dh) = K(x,h)o(dh),

i1) There exists universal ¢c; > 0,co > ¢1 such that for all x,h € R", x # h,
(ii)

cile — b7t < K (2, h) < eglw — b7

In this dissertation, we explore the answers to these questions in a setting where the
coefficients are not uniformly elliptic; in fact they come attached with variable coefficients
and weights making them degenerate as we get closer to the boundary of the domain. As a
result, we are dealing with operators that are no longer translation invariant. This means
many of the classically known results, particularly about the Green’s function may no longer
be valid or have modified versions to suit the new conditions. In the next section, we discuss
some degenerate elliptic equations with weights similar to the ones in our work, and well

known results about the Green’s function of these equations.
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2.2. Degenerate Elliptic Equations

Consider the following type of degenerate elliptic equation in divergence form

Lu = —8i(dijUj) =0 in RT’I

(2.2.1)
u=f onR"
The coefficients @™/ will be real-valued, measurable, symmetric, and satisfy
NZ|Pw(X) < a¥(X)ZZ; < A ZPw(X) (2.2.2)

for all X = (z,v),Z = (z,s) € RTFl. The weight w(X) will be a non-negative, measurable

function satisfying Muckenhoupt’s condition, or the Ay condition, which is

a1 (ﬁ /B w(X)dX) (ﬁ /B ﬁd}() <c (2.2.3)

Here the supremum is taken over all Euclidean balls B and [ 1dX = |B|. Further, for
a set E, we denote w(E) = [pw(X)dX. Another way of writing the equation above would
be to denote A(X) = w(X)A(X), where A is uniformly elliptic.

Now if w(X) satisfies the Ag condition (2.2.3), then following are two well known facts

about the measure w(X)dX:
(a) w(X)dX and o(dX) are mutually absolutely continuous.
(b) w(B(X,2r)) < cw(B(X,r)) (doubling condition.

The above description of the degenerate elliptic equation is taken from [19]. In this

section, we will list many of the results in [19], many of which we will adapt later in chapter
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3 to our particular version of the degenerate elliptic equation given in (2.2.1). First, we start

by listing some commonly known function spaces with their definitions which will show up

in multiple results in this section and the next chapter.

Definition 2.2.1. (Some function spaces):

(a)

(b)

(d)

(¢)

LP(Q) is the set of all functions f such that their LP-norm, ( ¢ |f(z)[Pdz)L/P, is finite.

LP(Q,w) is the Lebesque class with the norm ([ |f () [Pw(z)dz) P, or the weighted

LP-space.

Lip(Q) is the set of all functions f on Q that satisfy the Lipschitz condition, i.e.

|f(z) — f(y)| < M|z —y| for some M.

If we consider the inclusion from Lip(Q) — [LP(Q,w)]" ! given by the mapping f —
(fi V) = (f, fays fags o+ fa), then HYP(Q) denotes the closure of the image of
Lip(Q) in [LP(Q, w)|" 1. Essentially, H'P(Q) is the space of LP functions on Q whose

weak first derivatives are also in LP(£).

Hé’p(Q) denotes the closure of compactly supported functions in the image of Lip(€))
i [LP(Q,w)|" . e fe Hé’p(Q) if and only if there exist functions fm, € Lip(Q2)

such that fy, are all compactly supported in 2 and fy, — [ in Hl’p(Q).

We further describe a notion of convergence in these Sobolev spaces, and the capacity of

a set, which later appears in the interior estimates of the Green’s function.

Definition 2.2.2. Let K C Q. We say that u > ¢ on K in the HY2(Q) sense if 3 w; €

Lip(Q) such that ¢j > ¢ Vo € K and ¢j — u in HY2(Q).
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Definition 2.2.3. The Dirichlet form D : H12(Q) x HY2(Q) — R is defined by
D(u,v) := /Qdiju(x)v(x)dx.
Definition 2.2.4. Let K C ) be compact. The capacity of K in () is given by
cap(K) := inf{D(u,u) : u € H3’2(Q), u>1 on K in the HY2(Q) sense.}

For an open set © in Q, cap(©) := sup{cap(K) : K compact, K C ©}.

2.2.1. Green’s function

Definition 2.2.5. The Green’s function for the degenerate equation is defined in a similar
manner as the elliptic case. Given the equation Lu = f in Q with L as in (2.2.1), the Green’s

function is the unique function such that u can be represented as

u(x):/QG(x,z)f(z)dz

As before, we can rewrite this equation v’ = u — ¢ and get

u(z) = o(z) + /Q G(z,z)Lo(2)dz

Remark 2.2.6. Another way of looking at the Green’s function is that is we fix z € , then

the Green’s function denoted by G(x, z) is the weak solution of Lyu(x) = d,(x) as a function
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of x, where §; is the unit mass at z. Thus, we claim that L;G(x, z) = 0,(x). This is because

= /Qéz(:c)u(x)dx:

Thus we have, as claimed, LyG(x,z) = §5(x).

(by the definition of §,)
(by the definition of G(z, 2))
(since Lyu(z) = f(x))

(since L is self-adjoint)

Now we list results from [19, Section 3] about the size of the Green’s function for the

degenerate elliptic equation described in (2.2.1), which will be useful for finding the estimates

of the Green’s function to the case of the specific degenerate elliptic equation we will look

at in the next chapter.

Lemma 2.2.7. [19, Lemma 3.1] If B(x,2r) € Q and z € 0B(x,r), then

G(z,2) = 1/ cap(B(z,1)).

Lemma 2.2.8. [19, Lemma 3.2] If x € Q and %T < dist(z,002) < 8r, then cap(B(z,r)) ~

w(B(z,r))/r?.

Using these lemmas, we get an estimate for the Green’s function in the interior of the

domain.
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Theorem 2.2.9. [19, Theorem 3.3] Let Bp C Q and x,z € Bpyy. Denoter = |v—z|. Then

R 52 s
G(m,z):/r w(—d_ (2.2.4)

The above result gives interior estimates for the Green’s function, and we will still need
results about the behaviour of the Green’s function as we approach the boundary, which will
take up the entire first section in chapter 3.

Additionally, we also need to describe some relationship between the Green’s function
and the harmonic measure (same as defined in definition 2.1.3) for the equation (2.2.1).
There is such a result in [20] which concerns nontangentially accessible (NTA) domains.
One of the conditions in the definition of an NTA domain €2 is that 3A > 1,79 > 0 such
that Vr, 0 < r < rg, Vz € 9Q, 32/ € Q such that |z — 2/| < Ar and B(2/,r/A) C Q. In a
sense, this is an interior ball condition analogous to the exterior sphere condition described

in definition 2.1.7.

Lemma 2.2.10. /20, Lemma 3] Let z € 09, 2" € Q be as above in the definition of an NTA
domain, and let {wg},cq be the L-harmonic measure where L is as given in (2.2.1). If
x € Q\ B(z,4Ar) then

G, 2) ~ we (00N B(z,71))

w(B(z,r))

This is of course analogous to proposition 2.1.5, by considering 2’ = z + rv(2).

24



2.2.2. Dirichlet-to-Neumann maps

Now that we are equipped with sufficient background about degenerate elliptic equations,
we will look at the D-to-N maps of these equations. A canonical result of this is the frac-
tional Laplacian which we mentioned in Chapter 1. Let us consider a fairly simple type of
degenerate elliptic equation in the half-space in R**1. For X e ]RT’I, we denote X = (z,vy),
where 2 € R™, and y > 0. Also note that OR"T1 = R™.

. . 1
Lu=—div(y*Vu) =0 in R}"
(2.2.5)

u=f in R"
This is an equation that looks like (2.2.1), and the weights as given in (2.2.2) are y®. where
a € (—1,1). Thus, a¥(X) = o (X)w(X) = y*Id. Thus w(X) = w(z,y) = y® and
A(x) = Id, which is uniformly elliptic. Among the many authors to study this equation in

the context of the fractional Laplacian are Caffarelli and Silvestre [4].

Definition 2.2.11. The fractional Laplacian of a function f : R™ — R is expressed by

(0) = £(2) .

S —
(A1) = Cus | 17

where the parameter s € (0,1) and Cy s is some normalization constant.

One of the main results of [4] is the connection between the fractional Laplacian and the
D-to-N map for the equation (2.2.5). The D-to-N map is given by the co-normal derivative

of the solution of the equation.

Definition 2.2.12. The co-normal derivative for an equation is defined with the help of

Green’s identity. In particular, it is the term that appears in the integral on the boundary.

25



For the above equation (2.1.2), using, integration by parts, we have

/RnJrl —div(y*Vu) - pdX = /R”*’l y'Vu-VpdX — /R" y'Vu - @ -vdS
+ +

Since the inward facing normal to the upper half space is (0,0, ...,y), the last term above is

fR” @ - (y®uy)dS. The co-normal derivative is the term multiplied to the test function, i.e.
—y%uy.
Theorem 2.2.13. [4, Section 3] For u, the solution of (2.2.4), we have up to a constant

factor, that the co-normal derivative is the fractional Laplacian of order s = (1 —a)/2, i.e.

lim yuy = (~A)° f(2)
y—0Tt

Note that s € (0,1) = a € (—1,1).

m y%uy, = (—A)l_Ta f(x) = Cps / J@ =1

y—0t

This also fits with our earlier mention of the D-to-N map in the case of the Laplacian,
i.e. when a = 0, we have T = (—A)/2,

Now for this equation, say we would like to develop a Poisson formula P to explicitly

solve (2.2.5) i.e. we want P that satisfies for X = (z,y) € Rfrl, Z € 8Ri+1 =R"

We will also denote this Poisson Kernel P as P(X, Z) = Px(Z). Another notable comment

about the Poisson kernel P is that it is the co-normal derivative of the Green’s function.
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Chapter 3

Connection to Dirichlet-to-Neumann

(D-to-N) maps

3.1. Introduction to our equation and coefficients

In this work, we will be proving many of the above results for a special case of the degenerate
elliptic equation set in the upper half-space. For some [ € Cl’a(R’}fl), let u solve the

following equation:
Lu = —div(y®a“u;) =0 in RT’l
(3.1.1)
u=f in R"
where [aij | = A is measurable, symmetric, and uniformly elliptic. At times, we will use the
notation @ to denote y%a®, or A to denote y*A. Thus, @'/ are like the weighted coefficients
in (2.2.2) with weights w(X) = y®. Notice that when a = 0, we get the uniformly elliptic
case that was discussed in chapter 2. However, if a # 0, then this equation degenerates as
you get closer to the boundary, i.e. R"™, where y = 0.

Now, we will consider a special version of Dini-continuity for our coefficients a*/, namely

for any bounded subset 2 C RTFl we have

_ald7(X) —a(2)|
/Qy X =2 X <C (3.1.2)
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where X, 7 € RT‘l, X = (x,y), Z = (2z,5), a € (0,1). The reason for imposing this
extra condition on the coefficients will become evident in the proofs of the results about the
Green’s function to this equation, particularly lemma 3.2.2.

Before we look at the D-to-N map for this equation, we will need a definition for the

co-normal derivative in this setting.

Definition 3.1.1. The co-normal derivative for an equation is defined with the help of
Green’s identity, just as in the definition 2.2.12. In particular, it is the term that appears in
the integral on the boundary. For the above equation (3.1.1), using, integration by parts, we

have

/Rn—H —div(y“aVu;) - pd X = /Rn—ﬂ yralu; - pjdX — /R” y*aui- - vdS
+ -

Since the inward facing normal to the upper half space is (0,0, ..., ep11), the last term above
is [gne - (y* > a”+1’juj)d5. The co-normal derivative is the term multiplied to the test

function, i.e. —y% Zj e Juj.

Remark 3.1.2. There are, in essence, two choices for the “normal” derivative. This is
because for the divergence equation, there are two possible normal vectors we can consider.
One of them 1is the natural inward normal vector we see geometrically, which in the case
of the half-space is just (0,---,0,1). We can see that this is the normal vector taken into
consideration for the definition 2.2.12 of the co-normal derivative for the equation 2.2.5.
The other choice of normal vector comes from the equation, i.e. (a"T11 ... gntlntly 4
in the definition 3.1.1 above. This is still an inward normal vector, but it is weighted by the
coefficients y®a'l. Since a' are uniformly elliptic, the distance between this normal vector

and the conventional geometric normal vector are comparable up to a constant.
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The Dirichlet-to-Neumann map for this equation (3.1.1) is given by this weighted normal
derivative, i.e. I(f,z) = —y®0ypu = —y®uy. This map T is not only well defined from
CLa(90) to C(9RQ), but it also satisfies the global comparison property as defined in
definition 2.2.1. Again, here in (3.1.1), L is a linear operator and hence so is Z. By a
result of Bony-Courrége-Priouret [2] in the 1960s using linearity and the global comparison

property, it is known that Z can be expressed as an integro-differential operator of the form

T(6.2) = (o) - V(o) = pa. [ oo+ 1) = @), dh).
The main result in this chapter is a modification of the theorem 2.1.15 from [23] for this

particular elliptic equation which degenerates as you get close to the boundary.

Theorem 3.1.3. Suppose L is the divergence operator as in (3.1.1) with = ]er'l and

€ (0,1). IfZ is as defined via (2.1.2) and (2.1.3), then we know there exists a vector field,

b, and a family of measures parametrised by x, u(x,dh) such that Yo € CH(R™),

Z(¢,x) = (b(x), Vo(x)) — /R” ¢(x +h) = ¢(x) = 1, 4y (h) (Vo(x), h — 2) p(x, dh).

Further, i satisfies

(i) w is absolutely continuous with respect to the surface measure, o, i.e. for all x €

R™, p(x,-) has density p(x,dh) = K(x,h)(dh),

(ii) There exists universal C' > 0 such that for all x,;h € R"™, x # h,

K(z,h) < Clz — |71,
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The proof of this theorem relies on many properties and results about the Green’s function

associated with (3.1.1), which we will outline in the next section.

3.2. Estimates for the Green’s function

We start by finding estimates for the Green’s function of (3.1.1) as defined in definition 2.1.4,

first in the interior of our domain, and then closer to the boundary.

3.2.1. Interior estimates

Since we have the the weighted coefficients, i.e. y%a/, we know that the Ay weights for
(3.1.1) are w(X) = y®. The following result for the interior estimate for the Green’s function
are a direct result of applying the results in [19, Section 3]. Since our domain is a half-space,
we will consider cubes that are contained in the domain instead of the spheres/balls that
appear in lemmas 2.2.7, 2.2.8 for the proofs. Following is the modified version of theorem

2.2.9, which is [19, Theorem 3.3].

Theorem 3.2.1. Let X, Z € Q1" = {(m,n+3/4) : M = (m,n) € Qg} and let r = |X —Z|.

Then

R 12 dt
G, Z’”/r W(BX.0)

The proof of this theorem relies on the two aforementioned lemmas 2.2.7, 2.2.8. Using
this theorem and w(X) = w(z,y) = y* we can approximate the size of the Green’s function

for our degenerate equation if we let P = (p,q) € B(X,t), then

w(B(X,1)) = /B o VPP = /B - P ~ Cpntite
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Th / f_# dt / " £ dt / Y crnad e o)x — zpnmet)
en B —— _— = ~ —
P wBX 1)t Jix_gz CtvTItat  Jix g

Butl-n—a=2—-(n+1)—a=2—-N —aand thus 3 C = C(R,n)
G(X,Z) ~C|X — z|P~N—a

One can also write an alternate lengthier proof using the techniques in [29].

3.2.2. Boundary estimates

In this section, we will modify some of the results in [22] to suit the degenerate elliptic
equation in (3.1.1). Recall from section 2.1.1 that first, in order to find estimates on the
Green’s function, it is helpful to get some estimates on the gradient of the solution. We saw
what with a domain that satisfies the exterior cone condition defined in definition 2.1.6, we
get some crude Holder-type estimates on the solution of the equation, and subsequently the
Green’s function, as seem in lemma 2.1.8 and 2.1.9. After modifying the coefficients, when
we have no assumptions on the boundary, we see in lemma 2.1.11 that the gradient of the
solution can possibly blow up as you get closer to the boundary. Finally, we considered a
domain with the exterior sphere condition; by first proving some estimates for the uniformly
elliptic equation with Dini-continuous coefficients on an annulus (lemma 2.1.12), we are then
able to get estimates for the Green’s function and it’s gradient up to the boundary in theorem
2.1.13.

Since the equation we are dealing with is set in the half-space RT’I, the boundary of our
domain i.e. R" is incredibly nice. It satisfies both the interior and exterior cone and sphere

conditions. However, the roadblock in our work is due to the degeneracy of the equation as
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you get closer to the boundary. To be able to uniformly study points close to the boundary,
we make use of cubes in R, Particularly, we look at the intersection of cubes centred at
the origin with the half-space. Of course, the operator in (3.1.1) is not translation invariant
in general, but for any fixed distance from the boundary, we do have translation invariance.
This is why it is acceptable to look at cubes centred around 0 alone, as we can “slide” the
cubes “horizontally” along the boundary R without changing the equation.

Our goal is to be able to prove the estimates for the Green’s function as given in theorem
3.2.7. For this, we will need some specific estimates on the solution of (3.1.1) and its gradient.
In the following results, we make some discoveries regarding how the gradient of the solution
and the solution itself behaves close to the boundary. In lemma 3.2.2 and corollary 3.2.6, we
see that when we restrict the values of a to (0,1), we can get the estimates we want which

lead us to the estimates for the Green’s function in the following theorem 3.2.7.

Lemma 3.2.2. Suppose u solves the following equation in QIR = Qur N Rfrl (with L as

given in (3.1.1))

Lu=0 1n QIR

u=0 on Q;R N GR’rrl

(3.2.1)
u=1 on (9QIR \ 8R:L_+l
0<u<1 on (Qfp\Qsp) NORTH
Then 3K = K(n, A\, A,w) such that for any X = (x,y) € QE,
yfa

Here, Lu = —div(y*AVu), with A uniformly elliptic, and a € (0,1). (We will sometimes

denote A = y®A.)
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Qp
Lu=20

Figure 3.1: Boundary conditions for lemma 3.2.2

Remark 3.2.3. We shed light on some things we may take for granted in this proof, which

we will elaborate upon later.

(a) We will first consider the case where R = 1, and see later that we can re-scale to get

the result (see Remark 3.2.4).

(b) We do not yet know if Schauder theory applies to (3.2.1) with the given coefficients,
but we can fix this with a limiting argument (see Remark 3.2.5). For now, we shall

assume that u € CL (QI) and proceed with the proof.

loc

Proof.

Let sup y*|Vu(X)| = M <
XEQT

Let Xo = (xq,t) € QT be such that y*|Vu(Xp)| > %M, i.e. X is a point where this value
is particularly large.
Consider a ball of radius d around Xy, where d < 1/2 will be determined later. We

choose a cut-off function n € CZ°(B;(Xp)) such that n =1 on By/5(Xo), [Vn| < k1d~! and
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. ¢

Figure 3.2: Different locations for B;(Xy)

|V2n| < kod~2. (k1, ko are universal constants. )

Note that we also have un = 0 on 8QI. Indeed, if for Xy = (zg,t) we have t > 1/2 then
By(Xp) is safely contained inside @} and since n = 0 outside By(Xj), un = 0 on Q. On
the other hand, if ¢ < 1/2 then part of By(X(y) may be outside QI, but the only part of
the boundary it intersects is where Q; N ORTrl, where u = 0. The figure above shows the
different places that By(Xp) could be with X € Q] and given d < 1/2.

Now suppose F'is the Green’s function in QI for the equation in (3.2.1) corresponding
to the operator with the constant coefficients dgj (X) = a"(Xg) = t%"(Xp). i.e we have
Lo =— div(taang), and LoF = 0in QI, F=0on 8@1. Hence, nF' is a valid test function.

Then for Z = (z,s) € QI we use n(-)F(-, Z) as a test function to get

o= 0 COBXF (X, D)X = A @)
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We will use the second notation for brevity.

0= / @ ui(nF);
Qf ’

g

i)+ [ ),

4 4
:/+&6jui(njF+nFj)+/+(C~Lij—&(l)j)ui(77F)j

We will use integration by parts and note that un =0 on 8@1, as is F.

)

Since —aé‘iji(~, Z) = dy, we have

~1J 0 T ~if ~ij . ~1] y ~ij =iy .
L 4 unjFZ—/QJr ag unﬂF—/QJr ag uij—/Q+ ag unF]Z—l-/QJr(a”—aO Jui(nF);
4 4 4 4 4

u(Z)n(Z) = /Q+ &BjunjFi—i—/Q+ dgjunjiF+/q)+ d%‘]uniFj
4 4 4 (3.2.3)
+ [ @~ @),
Q4

Now we differentiate (take gradient) (3.2.3) with respect to Z and set Z = Xj. Note that

n(Xo) =1 and Vn(Xp) = 0 since n =1 on B5(Xo).

VU(XO)I/QJr taagjunijFi(‘aXO)+/c2+ t*ag un;iV 7 F (-, Xo)
1 4

+/+taaéjw7iVZFj(',Xo)
@4 (3.2.4)
+/Q+(t“a87 — y"a" u;[n;V 7 F (-, Xo) + 0V 7 F; (-, Xo)]
4

=hLh+DLb+I3+1y
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Since aéj is just a constant coefficient and t% is a fixed constant multiplied to it, the

estimates we have on the Green’s function F from [37] are as follows:
\VzF(X, Xo)| <t *Cq]|X — X0|1_N, and VZFLEZ' (X, Xp) <t Cy|X — X0|_N

For I and I3, since n; = n; = 0 on Bd/z(XO) as well as outside B;(X(), we can integrate
over the annulus By \ By /2N QI. Also using the fact that v < 1, in this case we have the

following estimates

|11 S/ t“Akld_logt_“|X — Xo‘_NdX
Ba\By/o

d
= AkyCod 1 / r NNy = Ak Cod ™ In(2) = Cd ™!
d/2

Similarly, we also have |I3] < cd-1
For I, we will just integrate over B, by using the fact that n = 0 outside B; and hence

an = 0 too.

|| < /B taAk?Qd_cht_a|X - X0|1_NdX
d

d
= AkQCldQ/ PN N =g = og1
0

As for Iy, we know that u;(X) < My~ % by the assumption and recall we have the

condition

_ald(X) —ali(2)
dX <C
/Rzﬂme Tz S
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Therefore,

<b/ (A(Xo) — AX)) My~ |kyd it Xo — X[V N + 790 Xg — X) N[ dX
By

S C/Mt—a/ y—aA(XO) _ AS\?)
By |X0 - Xl

dX (since d > | Xo — X|)

Putting all the above estimates together, we have

B B LAXp) — A(X)
Vu(X ngl+UMf“/ a

(Xo) — A(X)
| Xo — XN

dX

1 e A
— oM <1 Vu(Xp) < O5 + C’M/ Y X
2 d B,

A(Xp) — AX
Let dy = sup {d : C’// y (Xo) ( )dX < 1/4}7 choose d = min{dy, 1/2}.
Bq

[Xo — XN
Then,

1 |
SM<C=+>M
M=+

0
MSC% < Csup{2,1/dp} = K (since XOEQT, t* < C)

Note that in order to be controlled by this universal constant, it is important that a > 0,

hence our assumption that a € (0,1). Finally, this gives us

M= sup y|Vu(X)|< K
Xeq

= |[Vu(X)| < Ky “ (for any X = (z,y) € Q)
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Remark 3.2.4. Scaling
u solves the equation Lu(X) = —div(y®A(X)Vu(X)) = 0 in QIR with all the boundary
values as in (3.1.1). Now if instead we look at QI, then X € QIR — % =7Z¢c QZ. We

make a change of variables as follows:

Ld’MRZ%zMZ)z#?AX)zﬁ(%)

Then, we will have 4 =0 on Q;’ N 8RT’1
a=1 on 9Q] \OR"

0<a<1 on (QF\QF)NIRT

Since we have the same boundary conditions, we must ask - what equation does U solve in
QI if u solves (3.1.1) in QIR? Note that Vxu = %VZQ, and since X = (x,y) = RZ =
(Rz, Rs), we have y* = R%®. If we also denote a"(X) = a" (RZ) = 4" (Z), and we know

that A will satisfy the same conditions as A, then @ solves the following equation in QI

Repeat all the calculations in the proof to see that the factor ﬁllf_a remains throughout, thus

giing us the result in lemma 3.2.2.

Remark 3.2.5. Limit argument
Now we don’t really know whether u € C}OC(QI). However, we can consider Ym € N the

coefficients Ay (X) = Ap(z,y) = max{%,ya} - A(x,y), where A is uniformly elliptic. Note
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that Ay, — A in the L®-norm. Also, for every m,

~ 1 .. 1
An(X) 2 —AX) = ap(X)&& > Al VX, € e R
and as such the equation Lpumy = —(d%(um)i)j = 0 with the same boundary values

giwen in (3.1.1) is non-degenerate. If fact, each Ay, is uniformly elliptic, and hence we know
that each uy, € C’l(QI) by Schauder. Also, um € Hl(QI) as it solves the elliptic PDE.
On the other hand, we also know that u which solves (3.1.1) is in the weighted Sobolev space
Hl(QI,w), where w(X) = y® is the weight. We could also say that uy, € Hl(QI,w) as
HY(Q,w) C HY(QY).

@ which is

If we proceed as in the proof above, then we see that we have |Vupy,| < Ky~
a uniform bound independent of m, and we also know that for all m, 0 < uy, < 1. Thus
the sequence uy, is uniformly bounded in Hl(QI, w), a Hilbert space, which means there is
au* e Hl(QI,w) such that a subsequence um, converges weakly to u* in Hl(QI, w). On
the other hand, we also know that Hl(Qi,w) S LQ(QI, w). Thus, not only does Urny, — u*
weakly in L2(QI), there is also a v € LQ(QI) such that um, — v strongly in L2(QI)
Therefore, we must have u* = v, and Uy, — u* strongly in Hl(QI, w). Hence the uniform
bound on |Vum| also applies to its limit, |Vu*|.

Finally, what guarantees that this u* which is the limit of uy, is the same function u that

solves the equation (3.1.1)% Using ¢ as a test function
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= lim [ am(um)ipj — @ (um)iej + @ (um)ip; — a7 ufe;

m—0o0 Q4
= i, f o o = @ )iy Jim fa ()i = i)
4 4

<l [l Ay — Afl oo /Q V7

+ lim [ yY* A Vuy, — Vu*||Vyl

m—00 Q4
<t (1A = Allzeollwnll 1 gt ) V911220 1QF |
. ok
+ lim||um — u ||H1(Qi—’w)CNA||VSO||LOO
=0
BT ~1J h — 0%
Thus, we have 0 mlgnOO QI Qi (Um )i /ija U7 p;

Thus, u* solves the equation (3.1.1) weakly. But u solves (3.1.1), and the solution is
unique, which means u = u*.

As for the argument with freezing the coefficients, we have
_ ~ 1,
Apm = Am(Xo) = max § —, % » - A, t)
m

which means we either have déj,m(X) = t*A(zg,t) or Ezgj’m(Z) = EA(aso,t).

In the proof above, we only considered the former case, however, it is easy to see that if we

consider the latter, we would have the Laplacian multiplied by a constant which gives us the
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same estimates for the Green’s function, up to a universal constant.

Corollary 3.2.6. Let u solve the same equation above (3.1.1). Then 3K = K(n,\, A, w)

such that VX = (x,y) € Q};,

1—a

u(X) < KRl—a

Proof. For X € QF, let X* € OR"'! be such that |X — X*| = 6(X) = y. If [X, X*] is the

line joining X and X*,

X) —u(X* —a
W) XN gy < KL
| X — X~ Ze[X,X*] R

(using the lemma above)

Since we know that X* € Q;R N 8R7}r+1, we have u(X™) = 0, which gives

]

Theorem 3.2.7. Let G be the Green’s function for (3.1.1) with a € (0,1). Then K7, K9

N
that depend only on n, u, \,w such thatV X, Z € RY
(i) G(X,Z) < K13(X)tmo|x — z 1=V
(i) G(X,Z) < Ko8(X)1796(2)1 X — Z|~Nta

Proof. (i) Let X be fixed and look at G as a function of Z alone, i.e. G(-) = G(X,-). Let

R =1|X — Z|/5. Consider the following 2 cases:

(a) d(Z) > R. This means X, Z are safely inside the domain. So we can apply the
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interior estimates to get

o N_ Rl—a
G(X,Z)=K|X — Z| i
_ 712—N—a
SKé(Z)l_G"X Z’ :
X-z\ ¢
(%5%)

< Kio(z) o x -zt N

(b) 6(Z) < R. In this case, choose Z* € GR_ZX such that |Z — Z*| = §(Z). With the
point Z* as the center, consider QIR(Z*). Let up be as in lemma 3.1.
Now, for any point P € 8QIR \ ORY | we have G(P) < K|X — P|>~N=¢ gince
we have interior estimates. Also, since up = 1 here, we have G(P) < K|X —

P2~ N=y»(P). We also know that

X —Z|<|X —P|+|P-Z|<|X - P|+4R = |X — Z| <5|X — P|

= |X—P|2_N_a S |X_Z|2—N—a

Thus, we have G(-) < K|X — Z|>"N=%p(.) for any point on 8QIR \ 8Rf. On
the other hand, on the bottom boundary, i.e., on QIR N 8R_Z¥, we have G = 0,

and up > 0, and thus we have G(-) < K|X — Z|>~N=up(-).

Thus, not only are G(-) and K|X — Z|>~N=%,p(-) both solutions of Lu = 0 in

QIR(Z*), we also have G(-) < K|X — Z|>"N=%p() on 8QIR(Z*). By compari-
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son principle, we get
G(P) < K|X — Z|* N"%up(P) VP € Qfn(Z¥)

In particular, this statement is true for Z € QIR(Z*).

From lemma 3.1, we get

G(X,2) < K|X — 2> N"0up(2)
< K|X — 22N "up(Z) — up(Z*|
< K|X = 2P N0N(2)]6(2)

1-a
(5(RZ1)_G _ Kl(s(Z)liﬂX _ Z|17N

S K|X _ Z|27N7a
(ii) The proof of this is obtained from (i) the same way in which we prove (i) from the
interior estimates.

]

Remark 3.2.8. Recall that the Poisson kernel P is one that helps explicitly solve the equa-
tion, which is this case is (3.1.1) i.e. we want P that satisfies for X = (x,y) € RT’l, Z =
(2,0) € R

w(X) = /R P(X.2)f(2)Z

We will use the notation Px(Z) = P(X,Z) at times. This Poisson Kernel can be rec-
ognized as the co-normal derivative of the Green’s function. Since from the above theorem,

we have an estimate for the Green’s function as G(X, Z) < Cyl~%s1=0| X — z|=N+a_ Using
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this estimate we will directly compute the co-normal derivative of the Green’s function from

the definition 3.1.1. We will use the notation a™t1J = a1 X = (z,y), Z = (2,5)

PX(Z) = ya Z&n—i_l’ijj(Xa Z)

J
X -n+1 _
y—0 Yy
S hm ya—l[cyl—CLSl—a|X o Z|—N—|—a]
y—0
< Cs'mYx — z|7N+a (3.2.5)

3.2.3. Relationship with harmonic measure

As seen in the case of the uniformly elliptic equation, one of the other results about the
Green’s function which is crucial to the proof of our main result is the relationship between
the Green’s function and harmonic measure. We recall from the previous chapter (stated as
lemma 2.2.10) that we know what this relationship is directly from [20, lemma 3].
However, since we do not need the assumption of an NTA domain with our domain
being very smooth and regular, we will adapt this result to the half-space to establish the
connection between the Green’s function and harmonic measure that we will call upon later.
Recall that in section 3.2, we worked out that w(B(X,r)) = Cr"t1ite — pN+a  Thys

applying [20, lemma 3| to (3.1.1), we get

Lemma 3.2.9. [20, lemma 3] Let Z = (z,s) € R = 8RT’1, r >0, and {wz },cq be the L-
harmonic measure where L is as given in (3.1.1). Also let v(Z) be the inward normal vector

at 7 (i.e. v(Z) = (0,---,0,1)), and let Z!. = Z +rv(Z). Then, if X € R’_frl\B(Z,élr), we
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have

G(X,Zl) ~wx (00N B(Z, r))m =2 N-ay (000 B(Z, 7))

In other words, we can also say that 3C7,Cy > 0 such that
Ci1r2 N0 (09 N B(Z,1)) < G(X, Z + rv(Z)) < Cor> N %5 (09 N B(Z, 7))

which is exactly the analogous result to [3, Lemma 2.2] that we need (stated in this work as

2.1.5).

3.3. D-to-N maps of the weighted equation (main result and

proof)
The main goal of this chapter and the previous one had been to modify the theorem 2.1.15
to include the degenerate elliptic equations with weights. The work of [14] already confirms

that the D-to-N map Z associated with the equation (3.1.1) can be represented as the integro-

differential operator

L(¢,x) = (b(x), Vo(x)) — /]R” ¢(@ +h) = o) = 1, (1) (h) (Vo(x), h — x) p(x, dh). (3.3.1)

We aim to prove the properties of the measure p in the following main result:

Theorem 3.3.1. Suppose L is the divergence operator as in (3.1.1) with = R’f‘l and
T is as defined via (2.1.2) and (2.1.3), then it is known that there exists a vector field, b,
and a family of measures parametrised by x, u(x,dh) such that Yo € CH(R™), we have the

representation in (3.3.1). The measure p in this expression satisfies
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(a) w is absolutely continuous with respect to the Lebesque measure, i.e. for all X = (x,0) €
R", p(zx,-) has a density, p(x,dh) = K(x,h)(dh). (We will use the notation (z,0) = x

since we are talking about points on the boundary, R™.)

(b) There exist universal constants Cy,Co > 0 so that Vz,h € R", x # h

K(z,h) < Cylz — h|~"Fo~ 1L,

Proof. First, we will want to know if u is comparable to the Lebesgue measure on R". To
do this, fix X = (z,0) = z € R™, show that pu(z,-) is absolutely continuous with respect to
dh on R™\ {z}. We will do this by showing absolute continuity on the set R \ By.(z) for
any arbitrary r > 0, and then we can exhaust R” \ {z} by a union of such sets. Thus, fix
7 > 0 and any set £ C R"\ By(z) with |E| = 0. Our goal is to show that u(F) = 0. We
fix 0 > 0, and find a countable cover {B(z;, rj)}]Q’;l of E by open geodesic balls such that
> 721 rj <6, and we will write Bj = B(xj,7;) for brevity. Note that all of these balls are
in R”. Now let ¢ € C?(R™) be such that 0 < ¢ < ILU%BJ,.

If 0 is sufficiently small, then we will have ¢ = 0 on m This is because since

E C R™\ By(z), the worst case scenario is that the balls cover all of R\ B;(z), and maybe

some part of By(x). But if 0 is small, then the radii of the balls are really small, and so they
won’t cross over too much, and we can have B; in such a way that none of them intersect

B, ja(x). Since 0 < ¢ < 10 B; = 0 on B, j5(x), we have ¢ = 0 there. Thus in (3.3.1),
J

=1
¢(X) =0, Vo(z) = 0. Also, ¢(z) = 0 when z € B, j5(x) and so we have
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I(px) = / _ d(@u(zd)
RE\B /2(@) (3.3.2)

(2)uulz, dz)

¢
RN
Let {wx} Yerntl be the L-harmonic measure for L given by (3.1.1), and recall for any
+
+1
X e Ry,

Up(X) = [ oex(d)

We are now going to employ lemma 3.2.9, and we choose any ¢ > 0 as for the X = x € R",

we have X' = X +tv(X) € Rf‘fl always. Then we have

WX 410(x) (0 N By (7)) < Cri M 72G(X + tw(X), X + rjw(X;)) (3.3.3)

Where G is the Green’s function and C' only depends on the ellipticity of the equation.
This works because z; are far away enough from x, and so X; + r;v(X;) will be far away

enough from X + rv(X). Thus we have the estimate
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RN
o
<Y wx (xRN By, () (¢ < 1up,)
j=1
o0
<O N THGX + w(X), X + rjv(X;) (from (3.3.3))
j=1
1- 1-a
— N—2+a e "y
<C "j N—-2+4a
et | X +tw(X) — (X +rv(X5))]
(from theorem 3.2.7 (ii))
< Gt

(the distance between X; + r;v(X;) and X + rv(X) is some constant that only depends on r)

From the definition, we have Z is the weighted normal derivative, i.e. Z(¢, X) = U,

Up(X +tv(X)) = Uy(X l-as _
T(6. X) = 19 1im 22E XD ZUX) ), Gt 0 -0

=Crd
t—0 t t—0 tl—a "

But B; covers F, so we can take a sequence of functions ¢, € C? (R™) such that 1 <

o < 1 B; and that they decrease pointwise to 1, so we have

(6. X) = / _ gMu(X.ay)
RM\B, (%)

_ /R op(V)(X,aY) (¢ =0 on B, ;5(X))
> [ Lpn(Xdy) = (. B)
R’n,

= u(x,E) <Z(ép, X) < Cro. (from earlier)
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This shows p is absolutely continuous with respect to the Lebesgue measure, this estab-
lishing part (a) of the theorem.

Now, in order to prove part (b), we use the Poisson kernel. From 3.2.8, we expect

and we also have an analogous estimate to the Poisson kernel similar to [4, Section 2.4] from

(3.2.5), which is
1-a

]
PX(Z) < O|X _ Z|n+1—a

In the following calculation, we denote X + tv(X) = X’ € R?fl for X = (z,0) € R",

and thus for X/ = (z,¢) and £ = (£,0) € R we have

—n—1l+a
S (S

Thus Z(¢,2) = lim ¢* 1 (Uy(X + tv(X)) — Ug(X))

t—0

= lim o=t ( /R i pX,(Z)qs(Z)dz)

(Since Ug(X) = ¢(X) = 0 and using the definition of the Poisson kernel)
t—0 RN

< C/ X — z| ey
RTL

(Since X' = X + v(X), |X — Z| and | X’ — Z| are comparable)

Also, since X = (z,0), Z = (2,0) € R, we can say |X — Z| = |x — z|. Now from (3.3.2),

I(60) = [ é(ule.dz) <C /R o= oG

¢
RN
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The above statement is true for every ¢ on R" such that ¢ = 0 on B, /Q(x). Thus, for

E CR"\ B, j3(x), we have

pu(E) < / Lpu(z,z) = / 1|z — 2|7 " 1Heg, :/ |z — 2|71t
R™ R7 E

Since this is true for every set £ C R" \ B, 5(z), and we can exhaust R" by the union over

r of such sets R™ \ B, 5(x), we have proved part (b) of the theorem. O

Remark 3.3.2. The above “proof” is comprised of two different proofs of the same result.
We note here that using the estimates on the Poisson Kernel in the second half of the proof
would be enough to shove both parts (a) and (b) of the theorem. However, we also include

an alternate proof of why pu < o in the first half of the above proof.

Remark 3.3.3. In the proof of the above theorem, we have used in the definition of the
weighted normal derivative the inward normal vector which is the natural geometric candi-
date as explained in 3.1.2. However, we reiterate here that this theorem and it’s proof also
works identically using the co-normal derivative defined with the help of the equation in def-
inition 3.1.1. Since the operators we use fulfil the global comparison property, the canonical

derivative to investigate is always the one that comes from the natural geometric normal.
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Chapter 4

Background on free boundary

problems

4.1. Introduction and background

The second project in this dissertation studies some two-phase free boundary problems that
are similar to Hele-Shaw equations. To do this, we will be generalising some recent work that
used methods from integro-differential parabolic equations. We shall now briefly describe
what these equations are.

The simplest type of such an equation is as follows. Consider a function U : R %
0, 7] — R, which is harmonic (i.e AU = 0) on the sets {U > 0}, {U < 0} ¢ R**1 x [0, 7).
These sets have boundary 0{U > 0} which, for a fixed time ¢, is a hypersurface in R+ and
may not be regular. Thus these equations have an additional layer of complexity as their
domain and boundary are not fixed; but rather, the domain of the function is an unknown
in the equation and changes with time. There is an additional constraint on u which arises
naturally from either physical principles or energy minimization, and it concerns the balance
of the normal derivatives d;F Ut and 9, U™ in the inward direction along the free boundary,
which is given by the boundary velocity. More formally, for our two-phase problem, we seek

a function v that solves
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AU =01in {U > 0} U{U < 0} (4.1.1)

under the velocity condition

d{U > 0} moves with normal velocity V = |[VUT| — |[VU|. (4.1.2)

This model includes a special case of the stationary two phase problem under the condition

that U does not depend upon time and the balance condition becomes

IVUT| - |VU | =1. (4.1.3)

It also includes the one phase version that usually carries the name Hele-Shaw, and that
corresponds to ignoring A{U < 0} and setting the velocity condition to be V = |[VU ™.

I work with these canonical examples, and the goal is to find a solution u that satisfies
(4.1.1) above with the condition in (4.1.2). The work presented in this dissertation applies

to more general equations in which the stationary equation for U us given by

F(D*U) =0 in {U(-,t) >0}
Fy(D*U) =0 in {U(-,t) <0} (4.1.4)

V =G(0,U,0,U) in 0{U >0}

where F7, Fy are uniformly elliptic rotationally invariant nonlinear operators (see the
section 4.2 for precise definitions). The example stated before in equations (4.1.1)-(4.1.3) is
a special case of the same, where both Fy(D2U) = Fy(D?U) = AU.

Numerous works have studied these types of equations and their solutions in the case
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that U : R"*1 — R and some of them include [9, 11, 18, 27]. Viscosity solutions give a way
of handling these equations when other techniques fail, and there is substantial literature on
the variants of these equations in [1, 5, 27, 28].

Recently, the work of Chang-Lara, Guillen, and Schwab [9] gives a new technique which
reduces the variants in the family of problems with the condition (4.1.2) to an equivalent
problem of the integro-differential type by considering the hypersurface 0{U(-,t) > 0} as
the graph of a function f : R% x [0,7] — R. Then, for a sufficiently smooth f, the equation

(4.1.1) with the condition in (4.1.2) is equivalent to

of=H(f,z) onR"x[0,T]
(4.1.5)

£(0) = fo on R"

where H : C17 — C7. In our example of (4.1.2), we will have

(VU | = VU7 )1+ (92

H

This particular H is a form of the Hamilton-Jacobi equation, however, before the methods
of viscosity solutions are applicable to our case, we will need more information about the
structure of \VU;H, \VU;\ as operators on f.

In chapters 4 and 5 of this dissertation, we will be looking at the case where the free
boundary set d{U(+,t) > 0} is given again by the graph of a function, but that the function
is now a function on S" x [0, 7] instead of f : R™ x [0,T], which was the assumption for
the graph in the previous works. This graph assumption is a technical restriction for the
methods herein. In this regard, the point of the work in this part is to extend the work of

[9] to the case of above by expanding this new technique, with the free boundary assumed
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to be the graph of a function over the sphere S" instead of R™. Thus we have that U, f are
functions defined over S x [0,7], and when time ¢ is fixed, then f(-,¢) : S — [0, 00). As
such, any previous assumption about translation invariance of the domain or operators now
becomes a matter of rotational invariance.

(4.1.5) is a parabolic equation, but now we shall describe a little more explicitly the
examples of parabolic equations that play a role for the free boundary analysis. In the earlier
chapters regarding degenerate elliptic equations, we considered the canonical operator to be
the 1/2-Laplacian, which can also be considered the canonical integro-differential operator

in this context. Recall that

—PMmﬂMZ%/

(Fl+n) = fl@) = 1p, (B)AT"") d.
Rn

The canonical parabolic equation in our context is the 1/2-heat equation given by
Of + (=) f =y

Just like in the earlier chapters, the Dirichlet to Neumann operator in R?t! is given by the
linear operator —(—A)Y2. Define an operator that is suitable for (4.1.2) using the normal
derivative i.e. f ~ Z(f) = 9,Uy. Here Uy is the unique function that solves a one-phase

problem, namely

AUy=0 in {0<y< f(x)}
Up=0 on {y=f(z)} (4.1.6)
Up=0 on {y =0}

The condition Uy =1 on {y = 0} can simply be interpreted as there being some background

o4



pressure in the system. (As earlier, we denote X € R"*! as X = (z,y) where z € R”,y € R.

The main technique used to show the equivalence of solving (4.1.1) under condition (4.1.2)
with solving (4.1.5) was given in [9]. It turns out that the set up above is in some sense a
non-linear version of the D-to-N mapping, and the key idea is to use that the operator H

has a special structure of the min-max form
H(f,x) = minmax{a” + ¢ f(x) + b - V f(z) + p.v. / fx+h)— fx)u (z,dh)} (4.1.7)
¢ J R™

for an appropriate family of a®/, b*/ , ¢*J and p*J. Equations that admit a similar min-max form
are frequently amenable to a large collection of tools from the viscosity solutions context.

Hence, in the next chapter, we will utilize the solutions of

Orf — m}nmjax{aij + A f(x) + b7 -V f(2) + po. /]R” fla+h)— f(x)u(x,dh)} = g

to deduce existence, uniqueness, and some low regularity results for the solutions of the free
boundary problems described above.

The assumption that 0{U > 0} = graph f is not ideal; we see that it does not appear
as a requirement in [1, 5, 11, 12, 27, 28|. However, it gives a natural reduction to explore
new techniques, especially with an assumption that {U > 0} is a star-shaped domain with
respect to X = 0. Thus it makes sense to expand the ideas in [9] to the case of the functions
u, f defined on the sphere S™ instead of R"*1.

The advantage of using the approach of (4.1.5) is that it now allows us to generalise these
techniques to many more variations in the free boundary problems described above. One

important variant of the Hele-Shaw type problem is to have AU = p(U) with monotone p
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in {U > 0} and the condition V' = k(x,t)|VU™| in (4.1.3); this was used as a semilinear
model for tumor growth [30]. Another equation to study is when AU = g(z) in (4.1.1) and

the Batchelor-Prandtl equation is a special case of this with the condition (4.1.2) [9, 16, 17].

4.2. Definitions and examples

Since the main goal of this project is to extend results owing to the connections between
certain parabolic equations and free boundary problems using integro-differential operators,
we use this section to provide definitions of the different equations and operators, as well as
detailed descriptions of the existing results in the field. There is a tremendous amount of
work on integro-differential parabolic equations [6, 7, 8, 10, 32, 33, 34, 35]. For this project,
the main works that contain most of the techniques which we generalize to the context of

rotationally invariant equations on S" is that of Silvestre [34] and [9].

4.2.1. General Definitions

In this section, we provide a general list of definitions of various concepts, operators, and
their properties which are present in this chapter and the next one. First, we start with the
definitions of some of the properties of the integro-differential operators which appear in the

parabolic equations we study.

Definition 4.2.1. As a function, Ry : S — S" is a rotation such that R;(0) = x. The
rotation operator Ry, which acts on functions on S" (say U : S™ — R), is defined for a fized

T as

R.U(-) :=U o Ry(")
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Definition 4.2.2. We say that an operator J : C1V(S™) — CO(S™) is rotationally invariant

ifVf € CLY(S™) we have J(Ryf,z) = J(f, Ry2).

Definition 4.2.3. (GCP). We say that J : CYY(S") — CO(S™) has the global compari-
son property (GCP) if ¥ f g € CYY(S™) such that f(z) < g(z) Yo € S, and for some
xg, f(xg) = g(zg), the operator J satisfies J(f,xq) < J(g,x0). In other words, J preserves
the ordering of functions on S"™ wherever their graphs touch. We also say that J has GCP

at xq if the above property only holds for one fized xq, instead of all possible x.

Recall that we are generally interested in equations that involve uniformly elliptic opera-
tors, and hence we shall define what a uniformly elliptic operator means in this context, for

which we first need to define Pucci operators.

Definition 4.2.4. (Extremal Operators) For a function u that is second-differentiable at X,

the second order (\, ) Pucci operators are defined as M, M~ via

M (DU, X) = i tr(BD2U(X)) = A A :
( e L (X)) e;OeZ €Z>Oez
1— 1

MY (DU, X) = tr(BD*U(X)) = A +A '
( )= ra Sy ) egoel e-z>oez
1= (3

Where DU is the Hessian matriz of all the second partial derivatives of u, {ei}i:1,2,~-~d+1

are the eigenvalues of D*U(X).

Definition 4.2.5. (Uniformly Elliptic) We define uniform ellipticity for F' that is either

linear of non-linear in the following ways:

o When F is linear, i.e. when F(D*U,VU) = tr(ADzU) + B - VU, then we need

||1Blloo < A and Md < A< Ald to say F is uniformly elliptic, and
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o when F is non-linear, if for all U,V € C2,

M~ (D?U — D*V) ~ A[VU — VV| < F(D?U,VV) — F(D*V,VV)

< MT(D?U — D*V) + A|VU — VV|

The integro-differential form with which we can represent our operators consists of a
linear operator on C' 1’7(8”), but we can later restrict this operator to some special subsets
of C' 1"Y(S”) to suit the parabolic equations we work with. We shall now list some definitions

for these special subsets.

Definition 4.2.6. (C17(Q)) The y—th Hélder semi-norm of f : Q — R (where Q C S™ is

given by
— g @) = W)
T
T#y

The CY7V-norm of f is given by

11ty = [1fllzoe + [V fllzoe + [V flen

The set C17Y(Q) consists of all functions f : Q — R whose CYY-norm is finite. Equivalently,

we can also say that

Q) ={ feL®Q) :supsupr 177 inf ||f - Pl|poo(By(z)) <
2€Qr>0 P(z)=c+p-x
cER, peR™
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Definition 4.2.7. For v € (0,1),0 > 0,m > 0, the convex set K(v,9, m) is defined as

K(v,6,m):={feC(Q): f(z) >0 Vz € Q and ||f||01’7(Q < m}

)

Further, K(v,0) = U K(v,d,m) and
m>0

ko= U U Keam)
7€(0,1) m>0
Definition 4.2.8. (Upper Gradient). Suppose K € C1V(S™) is an open convex subset and
¢ : K — R is Lipschitz. Then the upper gradient of ¢ at f € K in the direction of g €

CLY(S™) is defined as

6(f: g) = lim sup o(f +tg) — o(f)
N0 t

This can be viewed as a function ¢¥ : K x CLV(S") = R

Definition 4.2.9. (Subdifferential). Let ¢ be as in definition 4.2.3. The Clarke differential

(or the generalized gradient) of ¢ at f € K is a subset of (01’7(8”))* given by

00(f) = {t e (C(s™) " Ivp e M), 6 2 (1,0) }

and [0¢]x = hull U 0o(f) (the convex hull)
fex

Definition 4.2.10. (C17-semi-concave) Given v € (0,1], m > 0, a Lipschitz function
f:S™ = R is said to be C'1Y-semi-concave with constant m if there is a real-valued function,

r:S"™ — R, such that

f(x) = inf {r(y) +mle—y["*7}
yesSn

f is said to be CY7-semi-convex with constant m if (—f) is CY7 -semi-concave with constant
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Remark 4.2.11. The original definition above is for functions from R™ — R, but we can
see that we can do an easy replacement of R™ by S™ and the definition still holds. Indeed,
since S™ is a manifold, we have charts from all open subsets U € S"™ to By € R". Let us
call this map ®rr : U(C S™) — By C R™ for an arbitrary open set. We will use z,y € R"
and p,q € S" and let y(p) = x, Pylq) = y. Then we can say that f : S — R is
C17 _semi-concave if f o @51 : R" — R is C17V-semi-concave by the usual definition. Thus,

I’ R" — R, a real-valued function such that

flp) = fodyt(z) = yieIgn{r'(y) +mlz —y|"*7}

= it (" (@ulo) + mlvule) - @]}

= ! : — gt
qlengfn{(ro@U)(Q)er Clp — 4| }

Thus, we now have a real-valued function r = 1’ o ®r; : S — R that satisfies the condition

in definition 4.2.5, with the constant m - C' > 0, where C' depends on the Lipschitz constant

Of (I)U.

Definition 4.2.12. (Pointwise or punctually C17). Let v € (0,1] and m > 0 be fized.
We say that f is pointwise m — CV7 at xq (denoted f € m — CVY(xg)) if Vf(xg) exists,

|f(zo)| <m, |V f(xg)] <m, and Ir > 0 such that

Yz € By(xg), | f(x) — f(z0) — Vf(xo) - (& — 20)| < mla — o)
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4.2.2. Some examples of free boundary problems

To support the motivation behind studying the two-phase free boundary problem on the
sphere, we shall give some examples of free boundary problems, their D-to-N maps, and the

parabolic equations associated with them.

(a) One phase Hele-Shaw on the half-space
As before, we will use the notation X = (x,y) for any X in the half space R:’L‘Ll, with
x € R™ y > 0. We consider functions f : R” — R which are continuous, non-negative,
bounded and bounded away from zero. To any such function, we can associate a

domain

Dy ={(z,y) e R0 <y < f(x)}

We can also define the hypersurface I'¢, which is the graph of f as

Ty ={(z,y) e RI y = f(x)}

Now let Uy : Dy — R be the unique bounded solution to the Dirichlet problem

AUf:O n Df
Ug=1 on {y=0}, ie R" (4.2.1)
Up=0 on I'y

Now, if v is the inward facing unit normal to I'; (i.e. it points towards D), then we
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V=0U AU =0 Dy
U:

Figure 4.1: One phase Hele-Shaw on the half-space

define the normal derivative 9;f U as follows for X € T Iz

JHU = lim U(Xo + tr(Xo)) — U(Xo)

10+ ' . and I(f.2) =0, Up(x, f(x)).  (422)

Now, we can put a time evolution into the setup to make a free boundary problem, i.e.

consider U : R"*1 x [0, 7] — R, which solves

AU =0 in {u>0}
U=1 on {y =0}, i.e. R" (4.2.3)
V=0U on O{u > 0}

(4.2.3) is the one-phase Hele-shaw problem on the upper half space.

For a sufficiently smooth f, U = Uy is a solution of (4.2.2) if and only if f is a solution

to the parabolic equation

Of =I(f,2)\/1+]|Vf|%, on R"x[0,T] (4.2.4)
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e a— +
V =10 U| - |9, Ul AUt =0 Dy
Ut =

Figure 4.2: Two phase Hele-Shaw on an infinite strip

where Z is as given in (4.2.2), and it is is translation invariant, non-linear, non-local,

and it enjoys GCP.

(b) Two phase Hele-Shaw on an infinite strip
We first fix an upper boundary L > 0 in Rf‘fl. Now for every f : R™ — R such that f is
continuous, non-negative, and bounded away from 0 and L,ie. 0 <d < f < L—6 < L.

We then define two domains for {U > 0} and {U < 0}

D = {(z,y) e R0 <y < f(a)},
Dy = {(w,y) € R, f(z) <y < L},

and Ty = {(z,y) € R’}fl,y = f(r)}

Now we suppose U™ : D? — Rand U™ : DJ? — R are respectively the unique bounded

63



solution to the Dirichlet problem

AU =0 in Dy
Uf =41 on {y=0} and {y =L} respectively (4.2.5)
U* =0 on I'y

Then a Lipschitz function G : (0, 00)? — R which satisfies the monotonicity condition

will give the normal velocity of the flow depending on 8Z,iU along the boundary 0{U >

0}. 95U is as given above in (4.2.2), and 9,, U is given by

9oU = — lim U(Xo — tv(Xp)) — U(Xo)
t—0t t

(4.2.6)

Now, we can talk about the two-phase free boundary problem along an infinite strip

as follows:
AU =0 in {U # 0}
U=1 on {y =0}, i.e. R"
(4.2.7)
U=-1 on {y=1L}
V =G(0fU,0,U) on o{U > 0}

If we define H(f,z) as H(f,z) = G(0} U(x, f(x)),d, U(x, f(x)), then similarly as in

the one-phase problem, a sufficiently smooth f solving the parabolic equation

ouf == H(f,2)\/1+|Vf]2, on R" x[0,T] (4.2.8)
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is equivalent to U = Uy solving the free boundary problem (4.2.7).

Prandtl-Batchelor as a non-linear integro-differential equation on the sphere.

Finally, we come to an example where the free boundary is not given by the graph of a
function over R™ but by the graph of a function over a sphere. The Prandtl-Batchelor
is a two dimensional model in fluid mechanics that models a vortex patch occupying a
convex region, the patch being surroundedby a steady flow. The interface of the vortex
patch is what plays the role of the free boundary. We denote the stream function of

the flow by u, and it solves the following equation

AU=0  in {U>0}
AU=1 in {U<0} (4.2.9)
FU”?—10,U>P=1 on 8{U >0}

Now consider any function f :S" — R, which is non-negative, bounded, and bounded

away from zero, and satisfies 0 < f(z) < f(x) for a given positive and continuous

function f. Thus we can define the sets

Dy ={zeR"+1:z=re,ecS", 0<r< f(x)}
+._ D=\ D~
D} == D7\ D}
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Suppose U;E : D}—L — R give the unique solution to the Dirichlet problem

AU =1 in D,

f
U =0 on 8DJ7
AUT =0 in D}L (4.2.10)

Ut=0 on 8DJ?

Ut=1 on apf—

and we define an operator P : C%(S") — CUS") as P(f,z) = |0} U(x, f(x))]? —
07U (x, f(x))|>. P admits GCP, and if there is a sufficiently smooth f : S — R
solving P(f,x) = 1 in x € S, then the radial graph of f is the boundary of a vortex
patch in a Batchelor-Prandtl flow, and UfjE gives the positive and negative phases of
the stream function. Since the Laplacian operator and the boundary conditions on
the domain are both rotationally invariant, the operator P will also remain invariant

under the action of rotations on C2(S").

4.3. Results to be modified

Here we will state some of the main results from [9], which are about the equation (4.1.4).
There is a notion of weak solutions for both the free boundary problems and the parabolic
equations and these are called viscosity solutions. We will define these notions in detail later,

in sections 5.4.1 and 5.3.1 respectively.

Theorem 4.3.1. [9, Theorem 1.1] If Fy, F» are uniformly elliptic and rotationally invariant

in the Hessian variable, G is Lipschitz and monotone, and f : R% x 0, 7] — [6,00), Uy :
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RI*1 % [0,7] = R are such that

vt € [0,T], T'(t) = 0{Us(:,t) > 0} = graph f(-, 1),

then,

(a) Uy is a viscosity solution of the free boundary evolution, (4.1.4) if and only if f is a

viscosity solution of the fractional parabolic equation (4.1.5).

(b) If additionally, graph f(-,t) = 0{U;(-, 1)} enjoys a modulus of continuity, i.e. |f(z,0)—
f(y,0)| < w(|lz —y|), then ¥t € [0,T] this modulus is preserved for f(-,t) and hence for
a{Uf(-, t).

(¢) If graph f(-,t) = O{Us(, 1)} enjoys a modulus of continuity, i.e. |f(x,0) — f(y,0)] <

w(|z —y|), then there exists a unique viscosity solution to both (4.1.4) and (4.1.5).

We refer the reader to [9] for the proof of the above theorem. The main tool used in
the analysis of the above results is what could be called a non-linear version of the D-to-N

operator Z, defined via the inward normal derivative of Uy which is given by

I(f,x) = 0Us(z, f(x)) (4.3.1)

for the one-phase problem. For the two phase problem, we define the D-to-N operators as

I (f,2) =0y Us(x, f(2)), I (f.x):=0, Us(, f(z))

One of the results that leads to the proof of theorem 4.3.1 is the property of Z which we
list in the following result.
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Theorem 4.3.2. [9, Theorem 1.4] If F is uniformly elliptic and rotationally invariant in
the Hessian variable, T is as in (4.3.1), and v € (0,1) is fized, then Iy with 0 <~ <~ so
that

T:K(y,6,m) — 7 (RY

and T is locally Lipschitz. Also, T enjoys the following representation for o, b, ¢t ,uij(dh)

which are all independent of x:

Z(f,2) =minmax {a” + ¢ f(2) + b7 - V f(2)
i

N /Rd (f(x +h) — flz) — ]lB1 (h)V f(x) - h) Mij(dh)}

The bounds of a', b, ¢% i (dh) all depend on the bounded set

{f:f=>0, ||f||01,'y(Rd) <mj}.

Furthermore, 3C' > 0 such that \aij|, |bij| <O, —C<cJ<0, and

/ min{|h|1+7,1}uij(dh) <C and / Wiidh) < C
Rd Rd

The proof of the above result can also be found in [9]. Inorder to prove these properties
about Z and subsequently H as given in (4.1.5), one can study a general class of operators

that satisfies certain conditions, which we outline in the assumption below.

Assumption 4.3.3. (i) 0 <~y <1 is fized.
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(ii) J : (U U /C(ws,m)> — CO(RY).

6>0m>4d
(i1i) For each 6 and m, J is a Lipschitz mapping on the sets K(v,0,m), whose Lipschitz

constant, C (6, m) increases as 6 decreases or m increases.
() J satisfies GCP.
(v) J is translation invariant.

(vi) If f € K(v,6,m) and ¢ > 0 is a constant, then

Ve eS", J(f+ecx) < J(f, ).

(vii) J enjoys the operator splitting property: 3C = C(v,d, m), and a modulus of continuity

w with w(R) — 0 as R — oo such that for all f,g € K(v,0,m), for R > 1,

1(£.2) = (9. Mooz ) < € (I = 9l g1, py + € RIS = 91l o gty + ()

This operator J will enjoy a special min-max structure, and we will state the relevant
result below. However, first, the proof for deriving this structure relies on the following the

results from [25].

Theorem 4.3.4. [25, Theorem 1.10] If I : C’g(]Rd) — C’g(Rd) (bounded functions in C%, CY,
respectively) satisfies the conditions (iii), (iv), and (v) of Assumption 4.3.3, then there ezists

a family {fap, Lab}apek(r). that depends only on I, where for all a,b, fq are constants, and
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L.y, are linear translation invariant operators mapping I : C’g(Rd) — Cg(Rd) of the form

L(u,z) =Cu(x) + B - Vu(z) + tr(AD?u(x))

+ /R Julr -+ h) = ulz) = 1 (0 Vu(x) - hy(dh)

i.e. with constant coefficients.

Further, Yu € C’g(Rd) and = € R% we have
I(u, z) = min ml?x{fab + Lgp(u, )}
a
Finally, for a unwersal C', and for all f,, and L, we have

[Fabl + 1Aapl + | Bap) + [Capl + /IR (L P pap(ah) < Ol 0 ep (432)

The above theorem relies on the following fact from [25], which elaborates on the char-

acterization of linear functionals (whose codomain is R) which have the GCP.

Lemma 4.3.5. [25, Lemma 3.9] Assume that § € [0,3). let { : CbB(Rd) — R be a bounded
linear functional which has the GCP with respect to 0. For f > 2 and any u € C'()B(Rd) N

C2(0), we have the representation

(1, u) =Cyu(0) + (By, Vu(0)) + tr(A,D?u(0))

[ uth) = () = xy o) (F0(0). 1) )

This representation is unique, which means that if there were C,B., A, and [ a measure in
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R\ {0} all such that

(I, u) =Cu(0) + (B, Vu(0)) + tr(AD?u(0))

+ [ ) = u0) = s, oy (V0) )
R
for all u, then C = CE,B = Bg,fl = Ay, and i = pyp. Furthermore, if B < 2 and u €

CBRY N CL(0), then Ay =0, and if 8 < 1 then By = 0 and the integrand on the right can

be replaced by just u(h) — u(0).

The proof of the theorem 4.3.4 above employs a lot of information from [25, Lemma 3.6]
and its proof, particularly the part which says that for g € [1,2) (as it is in the case of cl,

which is the case relevant to us) and u € CP(R%) N C1(0),

(I, u) = Cpu(0) + (By ¢, Vu(0)) + /Rd u(h) — Pgy,utte(dh), (4.3.3)

where Py is given by

Py naa(-) =u@) + (- —z)(Vu(z), - —x) if € 1,2). (4.3.4)

Finally, we state the result from [9] about the structure of the operator J that satisfies

the assumption 4.3.3.

Theorem 4.3.6. (Translation invariant min-max) If J follows all the conditions in the

assumption 4.3.3, then J admits a min-max representation as follows:

J = mi J L(f - 4.3.5
VfeK(y,6m), J(fx) geKr?;%vm)Leﬁ(rlg(a;f&m)){ (9, 2) + L(f = g,x)}  (435)
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in which each L is also translation invariant. This means L € L;,, which is the class that

contains all linear operators of the form

L(f,x) =cf(x) +b-Vf(z)

i /Rd fl@+h) = f(z) = L, (W)V f(x) - hu(dh), (4.3.6)

where each of ¢, b, i are independent of x.
Furthermore, given a C1 > 0, 3Cy > 0 such that for all J with a Lipschitz norm bounded

by C1, all such ¢, b, p resulting from an L € Ly, we have |c|,|b] < Co, and

/ maxc{ 5|17, 1 u(dh) < Cy,  and / w(dh) < Cow(R).  (4.3.7)
R RAN\Bp

The class of operators, Lip, in (4.3.6) and the min-maz in (4.3.5) both depend on v, d, m via

K(v,d,m).
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Chapter 5

Parabolic equations and free

boundary problems

5.1. Introduction to the problem and results

The goal of this chapter is to reproduce the results from [9] as mentioned above in section
4.3; particularly theorems 4.3.1 and 4.3.2, but this time for the specific equation given in

(4.1.4) with the following details:

vt v
) G = [VUF| - VU7,
(¢) and for functions f defined over the sphere S instead of R%.

Thus, consider the following free boundary problem for U : R*T1 — R

AU =0 in {U(-,t) >0} and {U(-t) <0}
(5.1.1)

V=|VU"| - |VU| in 0{U > 0}

Once again, we consider the hypersurface 0{U(+,t) > 0} as the graph of a function f, but

this time f : S” x [0, T]. Then, for a sufficiently smooth f, the equation (5.1.1) is equivalent
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to

ouf = H(f,x) = (IVU; | = [VU;[)\/1+ V> onS" x[0,T]

f(,0)=fo on S"

(5.1.2)

where H : C17(S™) — CV(S™).

5.1.1. Main results

Theorem 5.1.1. For the equations given above, if we have f : S" x [0,T] — [d,00), Uy :

S™ x [0,T] — R are such that

vt € [0,T], T'(t) = 0{Us(:,t) > 0} = graph f(-, 1),

then,

(a) Uy is a wviscosity solution of the free boundary evolution, (5.1.1) if and only if f is a

viscosity solution of the fractional parabolic equation (5.1.2).

(b) If additionally, graph f(-,t) = 0{Uy(-,t)} enjoys a modulus of continuity, i.e. |f(z,0)—
f(y,0)| <w(|lz —y|), then ¥t € [0,T] this modulus is preserved for f(-,t) and hence for

8{Uf('7t)}-

(¢) If graph f(-,t) = O{Us(-, 1)} enjoys a modulus of continuity, i.e. |f(x,0) — f(y,0)] <

w(|z —yl), then there exists a unique viscosity solution to both (5.1.1) and (5.1.2).

Once again, the precise definitions of the notions of viscosity solutions that are mentioned

in these results will be given later, in sections 5.4.1 and 5.3.1. Now we can define the D-to-N
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operator Z, via the inward normal derivative of Uy which is given by

I*(f,2) =0y Us(z, f(x)), I (f.x):=0, Ug(, f(z))

for the two-phase problem. Here 9} U 7,0, Uy are as defined in (4.2.2), (4.2.6) respectively.
Since the gradient of Uy at a point is orthogonal to the level curve of Uy at the same point,
we have that the normal to the curve at point is given by the gradient. i.e. we have

vU;

v=t+——
VU|

and since 9,Uy = VU; - v, we have 9,Uy = [VUy|.
Similarly, 9, Uy = |VUf+|, and 9, Uy = [VU|.

This of course, establishes the connection between Z and H, and hence one of the results
that leads to the proof of theorem 5.1.1 is the property of Z which we list in the following

result.

Theorem 5.1.2. If T is as given above, and v € (0,1) is fized, then Iy with 0 < ' < v so
that

T:K(y,6,m) — C7 (S")
and T is locally Lipschitz. Also, T enjoys the following representation for ™, bt % ,uij(dh)

which are all independent of x:
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Z(f, ) =min max {aij + M f(x) + b9 -V f(z)
i

" /S (£l + ) = F@) = 15, (1) (T f (@), expz () ¥ <dh>}

The bounds of a7, b7, ¢4, uij(dh) all depend on the bounded set {f : f > 6, Hchl,’y(gn) <

m}. Furthermore, 3C' > 0 such that |a"|, [b"] < C, —C < ¢V <0, and

/ min {|h|1+7, 1} 1 (dh) < C and / 1 (dn) < C
sn sn

We shall give the proofs of these results in section 5.4. However, we will give a brief

outline of the steps involved in the proof.

(1) We will first study a general class of operators acting on the functions on the sphere
(with some reasonable level of smoothness). The connection of these operators to the
problem at hand is that the H described in (5.1.2) will belong to this class of operators.
Moreover, this H depends on the D-to-N map, Z. We will analyse these operators in
terms of their enjoyment of the min-max structure, which is the result given by [9,

Theorem 1.4], modified here as 5.1.1.

(2) Next, we will study the existence and uniqueness properties of viscosity solutions to
parabolic equations on the sphere. These equations will involve the operators mentioned

in the previous step, as given by (5.1.2).

(3) We will go on to show how that the viscosity solutions of the two different equations

(free boundary problem, i.e. (5.1.1) and the parabolic equation, i.e. (5.1.2)) produce
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an equivalent outcome, accounting for the correspondence between the free boundary in
(5.1.1) and the graph of the function f from (5.1.2). This is the equivalence of solutions

listed in [9, Theorem 1.1}, modified here as 5.1.2.

(4) Finally, we will prove that a modulus of continuity for the initial data will be propagated

for all time. This will lead us to part (c) of the theorem 5.1.1

The work in this chapter will focus primarily on steps (1) and (2), and the detailed expla-
nations of steps (3) and (4) can be directly modified from [9], although we given a brief

explanation in section 5.4.

5.1.2. Details of two phase free boundary problem on the sphere

Here we give a few more technical details of the equations in question along with some
pictures. Consider any function f : S — R, which is non-negative, bounded, and bounded
away from zero. Thus, we have rg,0,L > 0 sothat 0 <rg < d < f < L—-9 < L. Now

consider the following sets:

D+;:{X€Rn+1:X:T’6, eeS", 0<r< f(x)}

f
D;::{XGR”J’l:X:re, eeS", f(z) <r<L}
Iy ={X eR"™ . X =re, ecS”, r=f(z)}

Now suppose we have a function Uy : §" x [0,7] — R that solves the following free
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V=105 Us| 10, Uyl

Figure 5.1: Two phase free boundary problem on the sphere

boundary problem

AU; =0 in Dy
Up=0 on Iy
Up=1 on By(0) (5.1.3)
Up=-1 on Br,(0)
V =10, Us| — 10, Uyl on Ty

Now consider the parabolic equation:

Orf = (105 Ug|l = 10, Ugl) \/1+ |V f2 on S" x[0,T] (5.1.4)

The main result adapted from [9] describes the connection between the parabolic equa-

tions and the (two-phase) free boundary problem as given in the equations above.
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Note that the one-phase problem is given by

AUf =0 n Df
Up=1 in By, (5.1.5)

Up=0 on graph f

5.2. Integro-differential representations of certain operators

Before we prove the results for the specific two-phase free boundary problem in this work, we
will first consider a broad abstract class of operators that fulfil certain conditions. Such an
operator will appear in the parabolic equation as given in (4.1.5). In the next two sections, we
will prove a min-max representation for the operators, existence and uniqueness of solutions,
as well as the comparison principle for the equations involving these abstract operators. In
the final section 5.4, we will elaborate on why the operators in two phase equation we have
chosen definitely falls into the category of operators we will describe in this section, and as
such it will be evident why all the subsequent results will be applicable to (5.1.1), (5.1.2) as

well.

Assumption 5.2.1. We look at the broad set of operators that act on functions on S™ and

satisfy the following assumptions:

(1) 0 <~y <1is fived.

6>0m>6

(i) J (U U /C(%a,m)> — CY(sM).

(i1i) For each 6 and m, J is a Lipschitz mapping on the sets K(v,d, m), whose Lipschitz

constant, C(6,m) increases as 6 decreases or m increases.
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(iv) J satisfies GCP.
(v) J is rotational invariant.

(vi) If f € K(v,0,m) and ¢ > 0 is a constant, then

VeeS", J(f+cx)<J(f x).

In this section we will first record some of the relevant results about the structure and
properties of J, but in the case when J acts on functions in R™. All of the results below can

be found in [25].

Proposition 5.2.2. If { : K(vy,0,m) — R is a bounded linear function that enjoys GCP at

xg =0, then 3b,c € R and a measure pu so that Vf € K(v,d,m)

(f) = ef(0) +b-V£(0) + /

sn

(£(1) = £(0) = (V£(0).expy (k) ) u(dh)

where b, c, and i satisfy the same bounds as in the above theorem, but none of them depend

on x.

This result for functions in R"™ and its proof can both be found in [24, Lemma 3.6].
However, for functions defined on the sphere, the Taylor polynomial given in (4.3.4) will now

change to

Py () = ulx) + (Ro () (Vu(z), expy (1))

The techniques for the proof in [24, Lemma 3.6] will follow in a straightforward manner. We

also note that since ¢ € C17(S™), the term with the gradient (Vu(z), expy (-)), will decay
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at the rate of |z — |7, which is integrable because we will have

/ max{|h|1T7, 1}u(dh) < C.
sn

Theorem 5.2.3. (Rotationally invariant min-max) If J follows all the assumptions above,

then J admits a min-max representation as follows:

Ve K(y, o J — i J L(f— 5.2.1
feR(,0,m), J(f x) geﬁr?vlgjm)Leﬁ(%m’m)){ (9,%) + L(f — g,2)} (5.2.1)

in which each L is also rotationally invariant. This means L € L;y,,, which is the class that

contains all linear operators of the form

L(f,x) =cf(z) +b-Vf(z)
" /gn F(Ra(h) = f(x) = <Vf<x)aexpa?1(h)> p(dh), (5.2.2)

where each of ¢, b, i are independent of x. Furthermore, given a C7 > 0, 3Co > 0 such that
for all J with a Lipschitz norm bounded by C1, all such ¢, b, i resulting from an L € L,
we have |c|, |b| < Cy, and

/Sn mase{ |57, 1 pu(dh) < Ch. (5.2.3)

The class of operators, Lip, in (5.2.2) and the min-maz in (5.2.1) both depend on v, d, m via

K(v,0,m).

The consequences of the above theorem are as follows:
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e Following as in [9], this identifies a natural class of extremal operators for J as

—+ o - .
M =  max L(f,z), and M, = min L(f x) (5.2.4)

1nv
1nu L eﬂmv

Just by the definition, we can use the min-max expression for J and write

J(f7 l’) - J(g,l’) = H;i/nmgx{‘](g/wr) + L(f - 9/7‘7;)} - J(Q?‘r)

< meax L(f—g,x) (Taking ¢’ = ¢ in the minimum)
and ‘](fa ZL‘) - J(g,ZL‘) = J(f,f) - II}I/HmIE}X{J(f/,ﬁ) + L(g - f/,IL')}

> — mLaX L(g— f,x) (Taking f' = f in the minimum)

= lenL(f - g,iC)

These extremal operators are defined specifically to produce, Vf,g € K(v,d,m), the

following inequalities:

— +
We note that because of the rotational invariance we have that

Vo e R", M= (f,2) = ME(f o Ry,0)

muv

e Secondly, due to the rotational invariance of J, we see that all of the desired prop-

erties of L;,, can be obtained from studying the (possibly non-linear) functional

J: K(y,0,m) — R with j(f) := J(f,0).
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This functional, j, also satisfies GCP based at xg = 0. So once J is fixed, the class £
can be further restricted to include only those L that are in the Clarke differential of

J (from definition 4.2.4), i.e. those L such that

L(f,x) = {(f o Ry) for some choice of £ € [0j]jc(y.5m)

Thus, we can now define a new extremal operator, depending explicitly on J and

K(v,6,m) as

MT _ o R,
1K (y0m) %) ée[ajl]?éz};&m)(g(f Rz))
and My 5o (fie)= min  (((foRy)) (5.2.6)

EG[@]]K(%&m)

Now for the operator given above, we note that the inequalities in (5.2.4) still hold, they
are again, rotation invariant, and they also serve as extremal operators of .J, which we talk

about in the result below.

Proposition 5.2.4. If J is fized, and M}—L,C are defined as in (5.2.6) above, then J and

(v,6,m)

Mf,c(%é’m) also obey the inequalities in (5.2.5), and M},IC(%(S,m) are Lipschitz functions, as

mappings from CY(S™) — CO(S™) with a Lipchitz norm bounded by that of J.

Proof. Firstly, from [13, Proposition 2.1.2], we know that [0j] K( ) # (). This is a result

,0,m
of the Hahn-Banach Theorem, which asserts that every positively homogeneous and subad-
ditive functional on a vector space majorises a linear functional on the vector space. In this

case, the vector space being Cl’V(S”) x C17(S™) and 79 is the positively homogeneous and

subadditive functional, so there exists some linear functional ¢ so that for all ¢ € C' 177(8”),

83



FO(f) > (¢,1)), which means 05k (v,6,m) # () as claimed.

Secondly, 7 and Jj enjoy a mean value property due to a theorem by Lebourg [13,
Proposition 2.3.7], which says that for any points x,y € X and f Lipschitz on an open set
containing the line segment [x,y], 3 u € (z,y) such that f(y) — f(z) € (0f(u),y — x). Thus,
for f,g € K(v,0,m) and j Lipschitz, we can say that there is an element, ¢ € [3j],c(%5’m)

such that j(f) —j(g) = ¢(f — g). Now we take a max over [0j]x ), and again from [13,

v,0,m

Proposition 2.1.2], [0j]xc(y,5,m) is weak-+ compact, thus giving us

VfgeK(v,o,m), j(f)—jlg) < max  ((f—g)

A similar argument gives us the lower inequality in (5.2.5).

To see why M™ are Lipschitz, consider

M:]i_]c(v(; (flax)_ + 75m <f27 )

= ((froRy)) — ((fa 0 Ry
fe[ajll?c?j,a,m)( (f1 ) fe[aj?]lc?};’(;,m)( (f2 )

< . ax {(€(f1 0 Rz)) — (L(f2 0 Re))}
€3l (v.6.m)

—ma;({c(fl( ) — fo(x)) + b [Ry 'V fi(2) — Ry 'V fo(2)]

/ FL(Re()) — fo(Ra(B)) — f1(z) + foa)

- <R;1V<f1 (1)), exp51<h>> + (Rz'V(f1(x)), expg (k) ) p(dh)}

Owing to the fact that fi, fo € K(v,d, m) and due to the bound on p given in (5.2.3),
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all the terms above are bounded up to a constant by the C1:V-norm of f; — fo.

Proof of theorem 5.2.3:

Proof. From the previous proposition, we can see that

Vi, geK(v,0,m), j(f) < max  (j(g) +L{(f —9g))
éE[@j]K(%&m)

Th i(f) < i ' 0 f —
us j(f) _geKrE%m) ﬁe[aﬁ??&m)OQH (f—9)

(by taking minimum over g)
On the other hand, by letting g = f in the minimum,

gEICH({;%,m)EE[ajI]I;é?j’(g,m)(](g)+ (f—9) <i(f)

Since J is rotation invariant, we see that J(f,x) = j(Raf).

Now, any ¢ € [07] K(v,6,m) enjoys the comparison principle, and thus we have that ¢ has a

representation as in (5.2.2), and thus the proof follows. O

Corollary 5.2.5. For each 7,6, and m fized, we can extend the operator J (with respect to

the set KK(v,6,m)) to a function on all of C1Y(S™). We define

Ti(y6m) 1 CH(S™) — CO(s™)

a Jic(ys.m) ([r7) = i i(g) +€((f o Ry) — 5.2.7
via Ji(y,6,m)(f ) L fe[ﬁj}?z@?,g,m){j(g) ((foRy)—g)} (5.2.7)

J is Lipschitz, it enjoys GCP, and J = J on K(v,6,m). (It also satisfies all of the other

assumptions.)
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Proof. We can see that J is Lipschitz because M7 is Lipschitz and from the following:

J(f1) = J(f2) = e Kr?yi%’m) el 5]']1;/2}({7,5,771) {7(h) +€((f1 0 Rz) — h)}

_ . e
geK (v6:m) ke[aj]rj’l’iz’&’m){‘?(g) ((f20 Ra) — 9)}

heicn(lyl%,m) ée[@j](r]l?]i}((v,(;?m){j( )+ 0((fioRy)—h)}

— max  {j(¢") +k((f20 Rz) — g")}
ke[aj]J,/C(’y,(;,m)

(Assume g = ¢g* is the optimizer for the second minimum)

< max  {(g") +U(fio Ry) — g")}
EG[aj]J,IC(%é,m)

— max  {j(¢") +k((f20 Rs) — g")}
ke[aﬂ]J,/C(’yﬁ,m)

(setting h = ¢g* in the first min)

< max  {j(g") +L((f1oRz) = g*) = j(g") = L((f2 0 Rz) — g7)}
€031 1 K (v,6.m)

< _max (€(f1 0 Rz) — £(f2 0 Ry))
ge[aj]J,/C(’y,cS,m)

=Mt (f1 — f2)

Further, J satisfies GCP because 7, ¢ satisfy GCP at xg = 0. n

Corollary 5.2.6. If x is fized, and ~y, 8, m are given, and f € m — C17(z), j,C(%(;’m)(f, x)

is classically defined via (5.2.6).

Proof. Since f is m — 01’7(33), then by definition, there are two C17 functions f* and f~
such that they touch f above and below respectively at . In other words, f* e C17(R"),
and Yy, f~(y) < f(y) < fT(y) with f~(z) = f(x) = f*(z). By Proposition 5.2.2, we know
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that if a bounded linear functional ¢ has GCP at a point then ¢(R;f) = L(f,z). We can

work this out explicitly from

((f o Ry) =e(f 0 B)(0) +b- V(f o By)(0)
+ [ (70 Re)(h) = £ 0 Ra(0) = (V(5 © Ru)(0),exo (1)) )
—cf(x) + <b, R;1Vf(x)>
b FRek) = f(@) = (Re 9 (), expy () ()
—cf(2) + (Re - b,V f(2)
+ [ FRah) = 5(@) = (9 ) expr (1) )

=L(f,x),

with the corresponding by, = R, - b and the same ¢. Thus the formula in (5.2.7) holds

classically, i.e. as in theorem 5.2.3 with the estimate on p that appears in 5.2.3. O]
Proposition 5.2.7. If J is as in Assumption 5.2.1 and M}_K(vém) is as defined in (5.2.5)
then
n +
Vo € RY, MJ,IC(V,(S,m)(l’@ <0

As a result, we see that VL € Ly, we have ¢ < 0 in (5.2.2).
Proof. Note that in (5.2.2), L(1,0) = ¢. Because of the rotation invariance of MI]C(%&m),

it is enough to show that M7 (1,0) < 0. It can also be observed here that the
JK(7,6,m)

consequence of the result follows from having

¢=L(1,0) = max {(Rgl) = M7+

66[(9]] J,IC(’Y,(S,m)“" O)

87



Suppose we write mg to denote the Lipschitz functional

m0() = Mty ) (1:0) = max (5), where j = (1) = J(1.0)

Assumption 5.2.1 says that J(f + ¢, x) < J(f,z) for ¢ > 0 and f € K(v,0,m). Thus

1) — timsup 205D =)

z—07T S

<0.

By definition, 0j(f) = {¢ € (CY/(®"))" vy € CYIR™),1°(f:4) > (€,0))

and [0j]c :==hull | | ] 9j
fex

then £(1) < 0. So from the definition of M7+ in (5.2.5), we

¥,6,m)>

can say that MIIC(%(S,m)(l’ 0) =mgp(1) <0. n

5.3. Comparison theorem and existence for parabolic viscosity

solutions on the sphere

5.3.1. Using the assumptions of section 5.2
Now, we look at operators of the type J that satisfy the above assumptions, and for such J,

we prove uniqueness for the following equation:

of =J(f) inS"x(0,T]
(5.3.1)

f(-.0) = fo on S"
Definition 5.3.1. We say that [ is a viscosity subsolution of (5.3.1) if f is upper semi-
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continuous, inf f > 0, and if f has the following property: For all (x,t) € S™ x (0,T] for
which there exists a function ¢ € 01’74'5(8”) in space and C in time (for some B > 0 with
v+B8<1), and § < ¢ < L—06 such that for somet >r >0, f—¢ attains a global mazimum

over S x (t — r,t], then ¢ must satisfy

Od(x,t) < J(,x)

On the other hand, we say g s a wiscosity supersolution if g is lower semi-continuous,

inf g > 0, and if we replace the above properties with g — ¢ attains a minimum and

Org(x,t) > J(¢, )

Of course, f is a viscosity solution if is satisfies both of the above.

Lemma 5.3.2. If f is a viscosity subsolution of (5.3.1), and suppose (z,t) € S x (0,T) is
a point such that f — ¢ attains a mazimum at the point (x,t) for some ¢ that is punctually
C’l”wrﬂ(x) in space and C* in time, with B >0, v+ 8 < 1. Then there exists a choice of &

small enough and mq large enough such that jIC( (¢, ) is classically defined and

¥,00,m0)
Op(@,t) < JTi(y,59.mp) (@ %)

Remark 5.3.3. The analogous result holds for g that are supersolutions and for those ¢ we
also require them to additionally satisfy inf ¢ > 0. Note that this is not a problem with the

subsolution because f —p <0 —= 6 < f < ¢ = inf¢op > 0.

Remark 5.3.4. J is defined in (5.2.6) and we need this because ¢ is not necessarily in the
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set, KC(y, 00, mg). Also, this result will hold for all 6 < dy and m > my.

Proof. The well defined nature of j,c(7750’m0)(¢, x) is because of Corollary 5.2.6, from which
we can also see that we only need ¢ € C 17“V(x) and not v+ . The extra regularity will come

in later.

Now, since ¢ is punctually C177 at z, this means there are two C1718 functions

f*, f~, such that

Yy eR", f(y) <oly) < fT(y) and [ (2) =d(z) = f(2)
Now for each r > 0, we can define a function ¢, such that

fT(y) ify € By(x)
or(y) =

¢(y) otherwise.

Thus, we also have the ordering f~ < ¢ < ¢ < fT and
Vi~ (z) = Vé(z) = Vor(z) = VfT(2) (they all touch at the point x). Finally, we can also
assume wlog that

at¢($, t) = atf+ (ZL’, t)

ft e ¢ HB(R") is a function such that f — f1 attains a maximum at (,t). Now,
ft > ¢ and inf¢ > 0, and also, fT € C1+8. These facts imply that there exists some ¢

and myq such that f+ € K(v, 6, mg) = K (we call is so for simplicity). Thus by definition of
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viscosity subsolution,

Orp(w,t) = O fF(w,t) < J(fF,2) = Je(f T, 2)

Now we use Corollaries 5.2.5 and 5.2.6, which tell us that J has many of the properties of .J

and satisfies many of the same inequalities.

Je(ffx) < Je(dr o) + M (f = ¢, @) (since J also satisfies (5.2.4))

< Jie(¢y2) + M7 (b — ¢2) + MTc(f7 = o, )

All of the above operators are well defined on these functions, as they are all punctually
C(z). If we can show that the last two terms — 0 as 7 — 0, then we complete the proof.

This is where we will need the slightly higher regularity. Now following the definitions:

Mjiclor = o.2) = e (((¢r — ¢) o Ry) < pma L(¢r — ¢, x)
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Also, from Theorem 5.2.3, we obtain the following bounds:

L((¢r — ¢,7) =c(¢pla)}—a(T)) — b+ (Vorlz)—T5(z))
(at z, we have ¢, = ¢, Vo, = Vo)
+ [ 0rlBal) = 60(2) = 1, (Tr(a)exo () el

= [ olBb) = 6(a) = L, ) (Vola).expz (1) )
STL

(By(x) since outside of this set, Vo, — Vo = 0)
<[ Cylhuan)
Br(.f)

(Cy is the constant depending on ¢, ¢, € CLth)

We can make a similar statement about f* — ¢,. Now, for each L, there is a y and hence
Mj,c is a max over a family of the measures pu, arising from the set [J]x, and each of these

w satisfy the uniform bound in (5.2.3). Suppose we say
meas(K) := {u|3¢ € [07]xc s.t. u corresponds to ¢ as in Proposition 5.2.2}

Then we can say that we have the following bounds

Mije(or = 0,2) + Mir* =60 < [ Colh™+u(an)
T
<Cyr® [+ ntan)
By
<CyP  sup / min{[h["T7, 1} u(dh)
pemeas(K) J By

502.C¢.Tﬁ
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Hence, as r — 0, we see that MI,C(QST — ¢, T) + Mj:,c(f+ — ¢,x) — 0 and thus we have

proved the lemma. O]

We now propose that the inf and sup convolutions that are appropriate for the parabolic

equation on S™ x [0, 7] are the following:

1
6F (2,1) 1= sup 8y,5) = 5= (Il =yl + It = 2'1?) (5.3.2)
y=Ryx,d(2,0)<cq,t'€[0,T] €

. 1
be (1) = inf 6(y,5) + o= (llz = l? + 1t = ) (5.3.3)
y=Ryx.d(2,0)<cq,t'€[0,T] 2e

Another way to write these (and a notations we will often use) is as follows:

1

Fat)i= s g(Rart+s) = o (1R:l 2+ |P)
d(z,0)<cqp,s€[—t,T—t] &

be(z,t) == inf d(Ryx,t+5) + 1 (||Rz||2 + |S|2)
d(2,0)<cg,s€[~t,T—1] 2e

Lemma 5.3.5. We note the following properties of the sup/inf-convolutions:

(i) The sup-convolution given in (5.3.2) is semi-convezr and the inf-convolution in (5.3.3)

1S semui-concave.
(i1) the sup and inf convolution are Lipschitz functions.
(11i) Both ¢° and ¢ converge to ¢ pointwise as e — 0.

() If u and v are a subsolution and supersolution to the equation Opu(x,t) = J(u,x) in S"
respectively, then u® and ve are also a subsolution and supersolution respectively to the

same equation.
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Proof. (i) It is easy to see from the definition directly that the inf-convolution, ¢; is semi-

concave. We can write the sup-convolution as

F@)=— it {—MRMJ»+§(W~JaﬂF+u—ﬂﬂ}

d(2,0)<cq,s€[0,T]

Thus, —¢° is semi-concave by definition, which makes ¢* semi-convex. We can also see
this from knowing that ¢° + |X|?/2¢ is convex (where X = (z,t)). Similarly, we can

see that ¢¢ is semi-concave.

(ii) Conmsider for X7 = (1,t1), X2 = (w2,t2) € S" x [0,7], and let Y{ = (y1,51) =

(R,ex1,s1) be the point at which the supremum is realized for Xy, or

1
o (z1,t1) = ¢(R,exy, 1) — % <||9€1 — Roem|)? + |t — 81|2> :

On the other hand, we also have
1
¢ (w2, t2) = sup {¢(Rz$2,t2) ~ 5 <||9€2 — Roao||* + |tg — 8|2>}
d(z,0)<cq,s€[0,T] €

1
> ¢(R,ea1,51) — o (w2 — Roean || + |ta — 51
2¢e

where 2§ is such that R,z9 = R_exq for some z € B,. Thus, we can write
1 21 0

1
yS1 _2_8

1
— o Rrresi) + 5 (Ilez = Reemn|[* + ft2 — 1)

< Chlzy — wo| + Calty — to

¢ (21, t1) — " (2, t2) < (H$1 - Rz§$1|\2 + [t — 31|2>

< Cl(z1,t1) = (22,12 (C =0 "1T))
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(iii)

thereby showing that ¢° is Lipschitz. We can similarly show that ¢. is Lipschitz.

This proof is based on the one given in [15, Lemma A.5].
Assume 1) is an appropriate function that touches ¢° from above at (x,t) = X, and that
Dy(x,t) = q € R"1 D2y(z,t) = M € ST the set of symmetric (d+ 1) x (d+ 1)

matrices. We will first show that this means 3 some 1)’ that touches ¢ at X + qe and
€ €2
¢"(X) + 5lal” = (X + ge)

Indeed, suppose Y(‘Z ) is the point such that the supremum is achieved in the definition

of ¢°(X). We will use the notation Y&’t =Y¢® = (y5,¢°), ie.

)

1
0% (z,1) = o(y", %) — - (lly” - wl[+ (15 —1%)
From similar calculations as in [15], we get Y© = X + ge. Thus, we have

€ 1 €
EX e 2: Y€ __X_Y€2 e 2
¢°(X) + Zlal? = 6(v¥) = 51X = Y2 + Zq
€ €
= d(X 4+ qe) — §!ql2 + 5|Q!2

= ¢(X +qe)
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We also know that |qle — 0 when € — 0 because

P(X) < ¢°(X)
1
= 9(Y°) - o |X — VP
N %p{ —YEP < (YE) — o(X) < 2|[¢]| oo

= | X —Y*®| < /4e||¢]|foc — 0as € =0

Finally, we see that

lim sup {¢5<X) + g]qF} = lim sup ¢(X + qe)

e—0 e—0
< ¢(X) (¢ is USC)
< lim sup ¢° (X)) (since we have ¢° > ¢)

e—0

This forces lim sup,_,( §|q|2 = 0, and eventually, we can see that

lim sup ¢ (X) = lim sup 6(X + ) — = |af* = ()

e—0 e—0

(iv) Suppose u, v are respectively the subsolution, supersolution of the given equation, i.e.,

we have in the viscosity sense, that
Opu(x,t) < J(u,z), and Ow(z,t) > J(v,x).

We shall use uo R, to denote the function uoR,(x,t) = u(R,x,t), where R, : S — S™ is

the rotation on the sphere that takes 0 to z. Note that we have J(uoR,,x) = J(u, R,x)
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since J is a rotation invariant operator. So as u is a subsolution, we should have
O(uo R;)(x,t) = Ou(Rzz,t) < J(u, Ryz) = J(uo Ry, x). (5.3.4)

Now, suppose ¢ is the required function such that u® — ¢ has its maximum at a point
(xg,tg) = Xp, i.e., we have u® < ¢ and u®(zg,tg) = ¢(xg,tg). Suppose that in the
definition of u®(x,t), 2%, s are the parameters so that the supremum is realized for
(z,t), and in particular, 2§, s are the parameters for the supremum in the definition

of u®(zg,tp). Then we have
(w0, 10) = u( R0, 10+ 55) — o (1Rl + Is?)
’ 0 2¢ 0
Further, V(z,t) € S™ x [0, 7], since u® is the sup

1
O, 1) = u(w,0) > u(Rog,t+ 55) — o <|\RZ8|I2 + |sg|2)

1
and  ¢(zg,tp) = u(zg, tp) = U(RZS%JO +55) — % <||R26||2 + |36|2> :

Let ¢/ = ¢ + c-, where cc = 1/2€(HRZ(§||2 +[s§12).

From earlier, we have dyu o Rzg(x, t) < J(uo Rz8> x).
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Note that ¢’ touches u o Rzg( + (0, s5)) from above at z, i.e. we have

¢ (x,t) > u(Rzgzp, t+s5) =uo RZS (z,t+ sp)

and gf)’(xo, tg) =uo RZS (xg,to + 38)

Since u is the viscosity subsolution to a rotation invariant equation, we have from
(5.3.4) 8¢/ (w, o) < J(¢',xp). Also, since ¢z (or sj) is constant, the function u® solves

in the viscosity sense
Op(u®)(z,t) = O (u® + ce)(w,t) < J(u° +ce ) < J(uf, 2)

from the properties of J. We have already seen from the proof of part (iii) that ¢. — 0
as € — 0. See previous proof.

]

We also need to know how the family of operators described in Assumption 5.2.1 will

operate on rescaled versions of smooth bump functions.

Lemma 5.3.6. For xg € S", if we define smooth functions ® and P as

2
D) = |z — 20

T
S | R O
1+ |z — )2 and ®R(z) <R>

Then, for a fized J, given and 6 > 0,m > §,p > 0,3R > 1, with R = R(J, p,d, m), so that

sup MT Pp,x) <
S M e am) (PR T) < P

Proof. First, we will observe the following facts about ®
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0< Pp(x) <1 and |[[VPg||fc <

C|h/?
<

Dp(Rye) — Pp(z) - (VOR(x), expy ! (h)

2(z — xo)
(1+ |2 — 20]?)?

DA > A

Note that V& = = |VP| <1 = |VPp| <

The first fact is owing to the fact that since |[V®| < 1, we have |V®pg| < C/R when we

rescale. The second fact follows from the Taylor expansion of ®p.

Now, from the estimates in Theorem 5.2.3, we can choose R large enough so that, uni-

formly across [0.J ]ic(%é,m)

Op(Rpz) — Pp(x) = T, (o) (k) (VOR(2), expy ' (h) )| u(dh)
Sn

|
< - Cﬁﬂ(dh) <

N

Next, given this ¢ we can choose R large enough so that uniformly across b € [07] K(y,6,m)
(actually, it is £ € [0j](y,5,m), but there is a one to one correspondence between b and ¢
from Proposition 5.2.2), we have b- V& < p/2. Finally, thanks to Proposition 5.2.7, we see

that for any of the constants, ¢, that appear in (5.2.2), we have ¢®p(z) < 0.

Now if we add everything up, we get ¢(f o R;), and if we take the max then by the

definition of Mj,c (v.o.m) We have the required inequality after taking the supremum. n
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Lemma 5.3.7. Given any 0,p,C >0, m >0, 3R = R(J, p,0,m) so that
Vh >0, V(z,t) € S" x [0,T], ¥(z,t)=C+ h®p(x)+ hpt
18 a classical, strict supersolution of

o > MjJC (1)

(7,0,m)

Proof. 1t is a direct calculation to show that

- -
Mk om) €+ D8R 2) < WMy 50y (PR)
Indeed, L(C + h®R)
=c(C' + h®p)+hb-Vop
+ / h®p(Rey) — h®p(x) — 1, (2)(Y)h <V<I>R, exp, 1(y)u(dy)>
Sn
=c-C+ hL(Pp,x) < hL(PR,x)

(since ¢ < 0 by Proposition 5.2.7 and C' > 0 is given)

Now we invoke Lemma 5.3.5 with p/2 and get

M7 = M7 (C+ hdp) < hMjJC

7K m) V) = Mk 5.m) (®R) < hp/2 < (D)

(7,0,m)
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5.3.2. Comparison results

Lemma 5.3.8. If 6 > 0,m > 0 are fized, and w : S" x [0,T] — R is a bounded, upper
semi-continuous function such that, in the viscosity sense,

+

0w < Mo gm) ()

then, sup  w4(+,t) < supw4(+,0)
"X [0,T] sn

Proof. First, we will start the proof by assuming supgn w(-,0) = 0. Then, we need to
show that sUpgn  [0,7] W+ < 0. Suppose we assume, for the sake of contradiction, that
SUPST  [0,7] W+ > 0. Since for h,C,p > 0, ¥ as described in Lemma 5.3.6 is strictly above 0,
we can choose h and C' in a way so that w4 — U attains a global maximum for some ¢ > 0.
If we use U as a test function and apply the definition of a viscosity subsolution for w4, we
get a contradiction i.e. ¥ < MIIC(% &m)(\lf), which contradicts what we proved in Lemma

5.3.7.

On the other hand, suppose we do not necessarily assume that supgn w4 (+,0) = 0. Now

we can replace w by the function

W =w —sup w4 (-,0)
Sn

Thus, let ¢ = supgn w4(-,0) > 0, we see that w = @ + ¢, and so in the viscosity sense,

Orw = Oyw. Also, since ¢ > 0, by Proposition 5.2.7 (which tells us that ¢ < 0 in the
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expression for L), just like in the proof of Lemma 5.3.7, we get

+ _ , + -
M ke (y,6m) (W) = M ey ) (@ +€) < M 50(@0)

Hence, in the viscosity sense, we have

~ J'_ + ~
O = Opw < My 5m) (W) < My 5m) (@)

and now, we can apply the first case again since we have supgn w4 (+,0) = 0, which gives us

with the assumption above

sup w4 (+,t) <0
S [0,1]

= sup wy(-t) <supwy(-,0)
S x[0,T7] Sn

]

Proposition 5.3.9. Suppose f,g:S" x [0,T] — R are bounded, and for some § >0, f,g >
0, and they are respectively a subsolution and supersolution in the viscosity sense, of the

equation Or(u) = J(u), then
fe(2,0) < ge(x,0) = [ (2,t) < ge(w,t) V(x,t) € S" x [0,T], (5.3.5)

where f€, ge are as their definitions given in (5.3.2), (5.3.3).

Proof. We first note from lemma 5.3.5 that f¢, g- are given in (5.3.2) and (5.3.3), then the
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following inequalities are satisfied in the viscosity sense:
O fe < J(f°), and Orge > J(ge)

Let € € (0,1) be fixed, and we assume Vzx € S", f(z,0) — g-(x,0) < 0. We want to show
that

fe(z,t) — ge(x,t) <0 V(z,t) € S" x [0,T]

we will assume for the sake of contradiction that there exists a time ¢* € (0,77 such that

sup  (f5(x,t) — ge(@,1)) = sup (f*(x,1") — ge(@, 7)) =mp > 0
(x,t)eS™ x[0,T xeSn

Note that this cannot happen at ¢ = 0 because of the assumption in this case (when t = 0,
we have f¢ — g. < 0). Since ¢ is fixed, and my is given, we can invoke Lemma 5.3.6 with
m = ce! and C = emyg, i.e. have some U = e¢mg + h®p + hpt (where R = R(J, 0, p,ce™ 1))
as a strict supersolution. i.e. we know W exists such that the following inequality holds

classically for all (z,t) € S" x [0,T]

+
KA > M} 501y

Now we can translate W around so it touches f¢ — g. from above. Since we are assuming
that f¢ — g- attains a positive supremum, and V¥ is always positive, we know they can touch

if we translate,i.e. we can choose C' so that 3(x(, ;) € S x (0,T] such that
fe—ge <V, and (f° —ge)(2p, 1) = V(5. 1)
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By definition, for any € > 0, f and —g. are semi-convex, which means that they both
have tangent paraboloids of opening 1/¢ touching from below. Thus this is also true for
f¢ — ge. Now since a smooth function ¥ touches f — g- from above at the point (z, %),
we have that both f¢ and —g; must be C'b! at the point (w5, tp)- Thus, we can evaluate
O1f%,09e, V f€, Vge classically at (x(,tj;). Thus, by Lemma (5.3.2), we see that the equations
hold classically for f¢ and —g.. For f¢, we use g + V¥ as the test function, and for g, the test

function is f¢ — W. Furthermore, by Proposition 5.2.4 and Lemma 5.3.2, we get classically

O f* — Orge < j,C(%(;,cg—l)(fE,xB) - J]C(%&cg—l)(gaa :E(E))

<MT € _ €
- MJ,/C(’y,é,cs_l)(f Ye xO)
< MJJC(%&CE,l)(‘If,l’O) (Since MJ,IC(y,é,cs*l) enjoys GCP.)

< 8,91!

Since we know that at (z,j), we have 0 f — dyge = 0y, this gives us a contradiction. So

we can conclude that for each e fixed,

sup  (f(x,t) = ge(,1)) <0
(2,)eSn x[0,7]

ie. V(x,t) € S" x[0,T], f(x,t) < ge(x,t)
[

Corollary 5.3.10. As a consequence of the above proposition, we have that if f,g are a

subsolution and supersolution respectively of Opu = J(u), and f€, ge are the sup-convolution
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and inf-convolution respectively, then

sup  [f(x,t) = ge(x, 1)) < sup [f(x,0) — ge(x,0)] (5.3.6)
(x,t)eS™x[0,T xeSn

Proof. We assume that sup,esn (f°(x,0) — ge(2,0)) = ¢ > 0. Now let

22‘)E(mj) = fg(*r’t) - gE(xvt) —

Since ¢ is the supremum of f© — g at 0, we obviously have @°(z,0) < 0, and now we are
back to the case in the previous proposition. Using the same argument as before leads us to

the conclusion that

sup  [f*(x,t) = ge(a,t) = ] <0
(2,)eSn x[0,7]

Le. sup [f5<l’, t) - g€<I, t)] < sup [fg(xv 0) - gE(xa O)]
(x,t)eS™x[0,T) xeSh

]

Remark 5.3.11. We want to be able to make similar statements like (5.3.5), (5.3.6) about
fyg. However, though we know that f and g are LSC and USC respectively, we do not
know about the regularity of these functions yet. Thus if in (5.3.6) we take the limit as
e — 0, the limit commutes with the supremum on the left (since it is the supremum over all

(x,t) € S" x [0,T]) but not on the right because we are on the boundary. Thus we get

sup  [f(x,t) = g(x,1)] < sup [f*(2,0) = g=(x, 0)],
(x,t)eSm x[0,T xeSh
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when what we really want is

sup [f(x>t) —g(:L‘,t)] < sup [f(C(Z,O) —g(l’,O)],
(2,t)eSTx[0,T7] xeSn

In order to take limits on the right of (5.3.6) we will need the extra assumption in the

following proposition.
Proposition 5.3.12. Let f and g be a subsolution and supersolution of (5.3.1) respectively,
and assume f(—,0) < g(—,0) in a somewhat uniform way, i.e. Ye > 0,3 § > 0 s.t.

Ja,t) < gly,s) 42 Ve —y| <5t |s] <. (5.3.7)

Then lim sup f°(z,0) — ge(z,0) <0.
e—0 pcsn

Proof. Let p > 0. Then we will show that

limsup sup f(x,0) — ge(r,0) < p
e—0 zeSh

By the definitiosn of f€, g-, we know that 3 , 2%, t°x., t- such that

£ (2, 0) = f(a5, ) + (i

1

€ 2 €12
_ ¢

25|$ o 26‘ |)

1 1
95(537 0) = g(ﬁayts) - (2_8‘5% - :B|2 + _€|t€|2)

Since f¢ — f,ge — g as € — 0, this means that entire term in parentheses above — 0. Also,

2%,z — x and t°,tz — 0. Now for € = p/3, 35 > 0 so that (5.3.7) holds.
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Now we can choose € small, and |z — z|, |ze — x|, |t°], |t| are all < §. Thus we get

f(@,0) < f(25,6%) +p/3 (as f© = f)
< g(xe,te) +p/3+p/3 (because of (5.3.7))
< 9e(2,0) +p/3+p/3+ /3, (as ge — g)

Putting together all the above inequalities, we can take the supremum over x € S” and then

the limit supremum as ¢ — 0 to get

limsup sup [f*(z,0) — g-(z,0)] < p.
e—=0 zeSh

Since p > 0 was arbitrary, we have

lim sup f%(r,0) — g (x,0) < 0.
e—0 :L.GSTL

O

Theorem 5.3.13. Let f,g be a subsolution and supersolution respectively of (5.3.1), and
assume f(x,0) < g(x,0) on S™ in a somewhat uniform way, i.e. suppose (5.3.7) holds. Then

f(z,t) < g(z,t) V(z,t) € S" x[0,T].

The proof of the theorem follows easily if you consider remark 5.3.11, thus by putting

together the results from the previous two propositions.

Remark 5.3.14. If we need to start the previous theorem with just the assumption that
f(z,0) < g(x,0) ¥V z € S", then we need to additionally assume that f,g are bounded and

uniformly continuous so that (5.3.7) holds.
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5.3.3. Existence (Perron’s method)

The proof for existence will follow just like in [34] (which comes from ideas in [26], [15]),
with a minor modification just like in [9]. In the Perron method, the solution is given by
u(z) = supyeg . v(x), where S, consists of all subsolutions. This « will be a subsolution in

the interior, it may not match the values at the boundary, i.e. u(y) = ¢(y),Vy € 0.

Definition 5.3.15. If 3 y € 052 such that there is supersolution wy and wy(y) = 0 whereas
wy(x) > 0 Vo # y, then such y are called regular points, and the function wy is called a

barrier function. At such points we also get u(x) — p(y) as x — y.

We will sketch the proof for existence for (5.3.1). But first, we will list some results and

definitions from [26]. Note that we will always have f, g € C(S™ x (0,T]).

Proposition 5.3.16. [26, Proposition 2.3] If f is a subsolution and g is a supersolution of

(5.3.1), f < g onS"x(0,T1], then 3 a viscosity solution h such that f < h < g onS"x (0,T].
Next, we will give the definitions of the relaxed supremum /infimum of a function.

Definition 5.3.17. [26, Section 2] Let Q@ C R™ be open. Then for any function f:Q — R

we can define

fX(X) =limsup{f(Z2): Z € B(X,r)} for X ecQ
710

fu(X) =l inf{f(Z) : Z € BX0)} for X € 0

These functions are upper semicontinuous and lower semicontinuous respectively, and we

can see that fr < f < f*.
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Theorem 5.3.18. [26, Theorem 3.1] Suppose f, g are respectively viscosity subsolution and
supersolution to (5.3.1), and we have f*(X) < g«(X) for X € S™. Then we will also have

[* < gw onS"™ x (0,7].

Remark 5.3.19. Under the assumptions of this theorem, there is a modulus on continuity,
wp, such that f*(z) — fx(2) <wg(|lz — z|) for x,z € S*. We can also now find a modulus of

continuity w so that this is true for X = (z,t), Z = (z,s) € S" x (0,T].

Theorem 5.3.20. [26, Theorem 3.2] If f is a viscosity subsolution, and g is a viscosity
supersolution to (5.3.1), such that f < g in S™ x (0,T] and f = g on S™, then 3 viscosity

solution h € C'(S" x (0,T]) such that f < h < g in S" x (0,T].
We can now sketch the proof of existence using the following ideas from [34].

Proof. Let fp be a uniformly continuous function in S". We will prove that there exists
a continuous function f : S" x [0,7] — R that solves (5.3.1) and f(—,0) = fy. Perron’s
method gives us a continuous viscosity solution in the interior by taking a relaxed infimum
over the family of supersolutions of the equation. Now we need to show that this infimum
is continuous at ¢ = 0 and the initial condition f(—,0) = fy is satisfied.

Assume fy : S — R is uniformly continuous and fy > . Let F be the set of all
supersolutions h such that there is some modulus of continuity w so that for every x,z € S"
and 0 <s<T

h(z,s) > fo(x) —w(]z — z| + )

Suppose b is a smooth bump function such that b(0) = 1,b < 1, and suppb = Bj. For an

arbitrary xg € S", let bs(x) = b((z — xg)/d) Then depending on the modulus of continuity
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for fo, Ve >0, 39 > 0 so that

Uo(z) == bs(x) fo(zo) + (1 — bs(x)) sup fo+e= folz)
Lo(x)  bs(x) fo(wo) + (1 — bs(x)) inf fo — & < fo(=)
Thus, near xg, fq is trapped between Uy and Ly with a gap of width 2¢. Since Uy and

Ly are smooth functions (because b is smooth), |VUy| and |V Lg| are both bounded by some

constant C'. Thus we can construct a supersolution and subsolution respectively by

Ul(z,t) = Up(x) + Ct

L(z,t) := Lo(z) — Ct

Going back to the equation (5.3.1), J in our case will only include terms like I(f), G(I(f)),
which are Lipschitz. We also have J being Lipschitz regardless from Assumption 5.2.1.
Moreover J(Uy), J(Lg) have min-max representations consisting of integro-differential terms

which will be controlled by C' (from the estimates for p in Theorem 5.2.3). Thus, we have

U —JU)=C—-J(Uy) >0 (we can choose C' thus)

L — J(L) = —C — J(Lg) < 0.

So U and h € F are supersolutions and L is a subsolution to (5.3.1), and they are uniformly

continuous functions.
L(z,t) = Lo(z) — Ct < fo(z) = Ct < h(z,s) +w(|lz — 2| +5) = Ct
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We can choose § small enough so that |z — z| < 9, |s|,[t| <0 = w(|lz —z|+s5) - Ct <e.
The comparison principle in proposition 5.3.12 gives L < h in S" x [0, T'| for all lower barriers
L, which means F is bounded below. Moreover, F # () because every upper barrier U € F.

Indeed we have already said why U is a supersolution, but also

U(z,s) = Up(2) + Cs = fo(x) + fo(2) = fo(z) + Cs = fo(r) —w(|z = 2[ + 5)

F is a non-empty set that is bounded below, so we can find an infimum. In fact, here we

use the relaxed infimum h,, i.e.

hi(z,t) =liminf inf inf A(z,s)
r—=0 |z—z|<r heF
[t—s|<r

Note that for each zy € R™ and Ve > 0, we can define these functions U, L, and conse-

quently hy. We have already seen that Vh € F, V lower barriers L

L(z,t) < h(z,s) +w(lx — z| +s) — Ct
= h(z,s) +w(|lx — 2|+ |s —t])

— L(z,t) <liminf inf inf h(z,s) +w(|z — 2|+ |s —t])
r—=0 |z—z|<rheF
[t—s|<r

= liminf inf inf A(z,s) = he(z,t)
r—=0 |z—z|<r heF
[t—s|<r
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We also have hianL_h(z, s) <U(z,s) (since U € F)
S

=Up(z) +Cs
= Up(x) + Ct + [Ug(z) — Up(z) + C(s — )]
=U(x,t) +w(|lz — x|+ |s — t])

= hy(z,t) <liminf inf U(z,t)+w(lz—z|+|s—t]) =U(z,t)
r—=0 |p—z|<r
[t—s|<r

Thus, now for each point 2y € S and Ve > 0, we have trapped a solution h4 in between
a subsolution and a supersolution. Since we can make this € as small as possible, this means
that h, is uniformly continuous and we have hy(zq,0) = fo(zg). Since xg was arbitrary, we

have hi(—,0) = fo. O

This proves part (c) of the main result, i.e. theorem 5.1.1.

5.4. Revisiting the main results

So far, we have proved numerous properties for the broad class of operators J which satisfy
the conditions in assumption 5.2.1, and then proved uniqueness for the viscosity solution of
the equation (5.1.2), wherein such an operator J makes an appearance. As mentioned in
the introduction in chapter 4, the reason for studying these operators and equations is that
there is a strong connection between the solutions to the parabolic equations of the type in
(4.1.5) and the free boundary problem of the type in (4.1.4), and this connection is explained
in [9, Theorems 1.1, 1.4] which were mentioned earlier in section 4.3. The modified versions

of these results for the sphere were given in section 5.1.1.
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In particular, we are interested to see if these results apply to the case of the free boundary
problem (5.1.1) and parabolic equation (5.1.2) introduced in section 5.1.1. Recall that the

parabolic equation in question is

of = (105Ul =10, Ul) \J1+ |Vf? on S x[0,T]

suggesting that the corresponding operator J in this situation for which we proved all the

results in sections 5.2 and 5.3 is given by

J(f,2) = (10) Uz, f(2))] =10, Uz, f(@)]) /1 + [V f(2)? (5.4.1)

But of course, inorder to apply all of the results in sections 5.2 and 5.3 to this operator J
and subsequently to the equations (5.1.1) and (5.1.2), we need to first make sure that the
chosen operator J from (5.4.1) satisfies all the properties listed in assumption 5.2.1. We
check these properties below.

0>0 m>d
6o < f < M for some &y, M > 0. U and f are at least C'17 ( [21, Section 8.11]), therefore

Indeed, if we fix 0 < v < 1, and if f € (U . U K4, m)), then f € C1Y(S?) and

their first derivatives are Holder continuous, and thus J(f) € C9(S"). Furthermore, in
21, Theorem 8.33] we see that ||U]|1,y depends in a linear way on the C17-norm of the
boundary of the domain, which in our case is given by f. This implies that there is a Lipschitz
dependence from f — 9,U. This and due to the fact that the mapping f — /1 + |V f(x) |2
is bounded and Lipschitz on each of the sets (7, d, m, L) (where L is the upper bound for
f:S™ — R as described in (5.1.4)), we can see that J is a Lipschitz operator. Further, since

all terms in J are rotationally invariant, so is J, and we can also see that the rest of the
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assumptions work out easily as in [9, Theorem 7.10].

In the following sections, we list some results that follow analogously from the results
in [9, Sections 9,10,11], which in turn are useful for proving the main result, theorem 5.1.1.
We do not provide any full proofs for the results as they can all be easily adapted from the
proofs in [9], but we will mention some ideas behind the proofs and leave some quick remarks

where relevant.

5.4.1. Different notions of viscosity solutions

We will elaborate a little more on the topic of the equivalence between solving the parabolic
equations of the type in (5.1.2) and the free boundary problem of the type in (5.1.1), but in
order to do so, we will need a new notion of viscosity solution. In this notion, we look at
test interfaces in lieu of test functions. We shall henceforth denote the set X5 = S" x [, L].

A test interface S in [a,b] where 0 < a < b < T will be described as follows.

Definition 5.4.1. A test interface is a hypersurface S C ¥ X [a, b], such that each time slice
S(t) is a positive distance away from 0%y and it separates ¥ into two connected components,

say S(t)T and S(t)~, i.e. we will have ¥o\ S(t) = STUS™.

Recall the definitions of D? from (5.1.1), and we will also have in the two phase case

D cS(t)t and S(t)” ¢ D

f

f

Now, given a test interface S in [a,b] we will define the function Ug : ¥g X [a,b] — R
as the function which for each fixed time ¢ € [a.b] is the unique solution to the Dirichlet

problem
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AUg =0 in S*
Ug=0 on S
(5.4.2)
US =1 on B(g(O)
Us =—1 on BL(O)
Below we will give the definitions of the classical subsolution (and supersolution), as well

as the original and new notions of viscosity solutions.

Definition 5.4.2. A function U : g x [a,b] — R is said to be a classical subsolution

(respectively supersolution) of (5.1.1) if

o The set 0{U > 0} is a differentiable submanifold of ¥g X |[a,b] with codimension 1,
and each time-slice 0{U > 0} N Xy x {t} (a <t <b) is a codimension 1 differentiable
submanifold of Y. Also, U is twice differentiable in space and differentiable in time

in g % [a,b] \ {U # 0}.

e For each fized t, the function U(-,t) solves, in the viscosity sense

AU <0 in {U >0} and {U < 0} (respectively >)

and if V' denotes the normal velocity of O{U > 0} (in the outer normal direction) then

V <|0U| -0, U| (respectively >)

U is a classical solution of (5.1.1) if it is both a supersolution and a subsolution.

Now we move on to the definition of a viscosity solution.
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Definition 5.4.3. A function U is said to be touched from above at (Xg,ty) by S if S is a

test interface in [to — 7,1t for some T > 0 such that

(U>0yn{tg—7<t<ty}c ST and (Xo,to) €d{U>0}NS

Definition 5.4.4. A viscosity subsolution (respectively supersolution) of the two-phase equa-
tion (5.1.1) is an upper semicontinuous function (respectively lower semicontinous function)

U: 3y X [a,b] = R, and it is required to have the following properties.

U <1 (respectively U > 1) on Bs(0),U < —1 (respectively U > —1) on Br(0),

And it satisfies the following relations in the viscosity sense

—AU >0 in{U > 0}° and {U < 0}° (respectively <),

and for any test interface S touching U from above at (Xq,tg) € 0{U > 0} we have

Vs(Xo, to) < |8 Us| — 10, Ul (respectively >), (5.4.3)

where Ug is as given in equation (5.4.2).

We will use the above definitions 5.4.2, 5.4.3, and 5.4.4 for classical and viscosity solutions

of (5.1.1), and in [9], it was shown that this is equivalent to the definitions given in [27]
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5.4.2. Vertical shifts in the intersurface

It will be necessatry to understand how dU;fUg varies with the vertical shifts of S, and thus
we shall introduce some notation for such shifts. Given a test interface S, we define the

intersurface S}, which will result from shifting S in the upward direction by h as follows

Sp =A{X = (z,2p+1)|(x, 241 — h) € S},

provided h > 0; if h < 0, then S}, results from shifting S down by |h|. The resulting variation

in 0,/ Ug is recorded below.

Lemma 5.4.5. Let S be a test interface. Then there is a constant C' = C(S) such that for

all sufficiently small h and any (X,t) € S, we have

where both Ug and Ug, are functions given by (5.4.2).

The proof of the above lemma involves looking at a function
UX,t):= USh(X — hept1,t), defined in ST N{(X,)|X = (z,2141), Tny1 > h},

and then applying the maximum principle comparing U and Ug in St \ {0 < Tyt < h}.
One can use the above estimate for the one-phase problem to then obtain the bound for the

two-phase problem relevant to our equation, i.e.

VUG | = VUG, | = VUS| +|VUg || < Cslhl
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This can be done using a similar approach to the one in [9, Lemma 6.1].

5.4.3. Correspondence between viscosity solutions of the free boundary evolution

and viscosity solutions of the parabolic equation

In this subsection, we state the results that ultimately help establish the equivalence between
the viscosity solutions of the free boundary evolution in (5.1.1) and viscosity solutions of the
parabolic equation given by (5.1.2). These results will show that a viscosity solution to the
parabolic equation will yield a viscosity solution to the free boundary problem (in the sense

of definition 5.4.4).

Remark 5.4.6. We also note that we can look at these equations in the context of the
level-set equations. In this case, we look at the set O{U > 0} as the zero level set of the
function U, or we can also consider it the domain and the boundary as a function of time,
ir. H{U(-t) > 0} = 00Q(t). Assume that we parametrize t by some defining function
O(X,t), then we have OQ(t) = {P®(-,t) = 0}. Now, if the normal velocity is given by V and

the outer normal vector is v, then the level-set equation becomes

Vo - (V) + 0.

Further, as ® is the defining function of a level set, we have

depending on whether ® > 0 or ® < 0. this reduces the flow to (P = £V|VP|. To be

consistent with the parametrization, we choose ® > 0, and also ®(X,t) = f(x,t) — zp41.
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With this and using the normal velocity condition given in (5.1.1), we finally obtain (5.1.2),

7.€.
of = (|0,U| =10, U)\/1+ V]2 on S" x[0,T]

Lemma 5.4.7. [9, Lemma 9.9] If f is a globally Lipschitz viscosity subsolution (respectively
supersolution) of (5.1.2) in S™ X [a,b], then Uy is a viscosity subsolution (respectively su-

persolution) of the free boundary evolution(5.1.1) in Yo X [a,b] (in the sense of definition
5.4.4).

For the proof of this lemma (see [9, Lemma 9.9] for full proof), we start with the I f being
the graph of f and also the set 9{U > 0}, and a test interface S touching U 7 from above
at a point, and we try to find an intermediate test interface between S and I'y which is also
the graph of some function that lies between Uy and Ug. This is possible because of the
Lipschitz nature of f and constructing a function using sup-convolutions. The intermediate
function, which touches the graph of f at the same point as the test interface touches the
level set of U, will satisfy the equation (5.1.2) by the definition of viscosity solutions, and
we get many more inequalities using the comparison principle, which leads us to Uy being

the viscosity subsolution (respectively supersolution) of the free boundary evolution (5.1.1).

Lemma 5.4.8. [9, Lemma 9.10] If f is a viscosity subsolution (respectively supersolution)
of (5.1.2) in S"™ x [a,b], then Uy is a viscosity subsolution (respectively supersolution) of the

free boundary evolution(5.1.1) in X X [a, b].

Note that this lemma does not have the extra assumption of f being globally Lipschitz
as the previous lemma 5.4.7. To prove this lemma, we look at the sup-convolution of f,
which is in fact a Lipschitz function, and apply lemma 5.4.7. This will tell us that the sup-

convolution of Uy is a viscosity subsolution of (5.1.1), and we can now make some limiting
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arguments to show that Uy is a viscosity subsolution to (5.1.1).
Now the next result will tell us how the test functions for the lower dimensional, non-local

parabolic equations will yield to test functions of the free boundary problem.

Proposition 5.4.9. [9, Proposition 9.11]Let ¢ be an admissible test function touching f
from above at some ty € [a,b] and zg € S". Then Uy touches Uy from above at (X, o)

where Xo = (zg, f(zg,to))

The proof of the above proposition is a straightforward consequence of the comparison

principle and can be found in [9, Lemma 9.11].

Lemma 5.4.10. [9, Lemma 9.12] Let U be a viscosity subsolution (respectively supersolution)
of (5.1.1) in 3¢ X [a,b] whose free boundary is given as the graph of some upper semicon-
tinuous (lower semicontinuous) function f, then [ is a viscosity subsolution (respectively

supersolution) of (5.1.2) in S™ x [a,b].

Using the previous proposition and the level set equations for (5.1.1) (see remark 5.4.6),

we can prove this lemma.

Remark 5.4.11. All the given results in this section 5.4.8 will give the proof for part (a) of

the main result, i.e. theorem 5.1.1.

5.4.4. Propogation of the modulus of continuity

In this final section, we will give an explanation for the remaining parts of the main result,
theorem 5.1.1, which pertain to the modulus of continuity. In particular, we can show that
the modulus of continuity of the initial data will be preserved by the fractional parabolic
equation. This result follows without difficulty once the comparison theorem for viscosity

solutions has been established, which we have done in section 5.3.
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Lemma 5.4.12. Let J be as in assumption 5.2.1, T > 0 and f : S" x [0,T] — R, a

continuous viscosity solution of

O f = J(f) in 8" x [0, 7]

f(zx,0) = fo(x) in S"

If fo is continuous with the modulus of continuity w(-), then the same will be true of f(-,t)

for allt € [0,T]. In particular, we have the estimate

|[f(a,t) = f(z,0)] < w(lz = ).

Proof. Let z € S" be fixed, and consider the function

w(:c,t) = (sz)<l’,t) - f(l’,t)
= f(Ryx,t) — f(z,1).

Then by assumption, w(z,0) < w(||R:|]), Vz e S"

Now, f being a viscosity solution is a subsolution as well as a supersolution, and since J is
rotationally invariant, we can also say that R, f is a viscosity solution. Thus by an argument

similar to the one in the proof of proposition 5.3.9, we get

Jrw < M}'(w)

121



Now w satisfies all the assumptions of lemma 5.3.8, thus we have

sup wy < supw4(-,0)
S x[0,7] sn

Le. w(z,t) <w(||R:]|), Y(z,t) €S" x[0,T]

— f(R.z,t) — f(z,1) < w(||R:]])-

Since z € S" was arbitrary, we have proved the lemma. O

Note that the above lemma is the proof of part (b) of the main result, i.e. theorem 5.1.1.
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