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ABSTRACT
COMPUTATIONS IN TOPOLOGICAL COHOCHSCHILD HOMOLOGY
By

Sarah Klanderman

In recent work, Hess and Shipley defined an invariant of coalgebra spectra called topo-
logical coHochschild homology (coTHH). In 2018, Bohmann-Gerhardt-Hggenhaven-Shipley-
Ziegenhagen developed a coBokstedt spectral sequence to compute the homology of coTHH
for coalgebras over the sphere spectrum. However, examples of coalgebras over the sphere
spectrum are limited, and one would like to have computational tools to study coalgebras
over other ring spectra. In this thesis, we construct a relative coBokstedt spectral sequence
to study the topological coHochschild homology of more general coalgebra spectra. We con-
sider HF, Afpz HF)p and HF), Agpoy,s HIF), for certain values of n as HIF)-coalgebras and
compute the Fs-term of the spectral sequence in these cases. Further, we show that this
spectral sequence has additional algebraic structure, and exploit this structure to complete
coTHH calculations. Finally, we show that coHochschild homology is a bicategorical shadow,

in the sense of Ponto.
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Chapter 1

Introduction

Hochschild homology, which we will denote as HH, is a classical algebraic invariant of rings
that can be extended topologically to give an invariant of ring spectra called topologi-
cal Hochschild homology (THH). In the 1970’s, Doi [14] studied a construction dual to
Hochschild homology for coalgebras, called coHochschild homology (coHH). Recent work of
Hess and Shipley [20] defines the topological analog of Doi’s work, topological coHochschild
homology (coTHH), to study coalgebra spectra.

Work of Malkiewich [25] and Hess-Shipley [20] shows coTHH of suspension spectra is

related to THH for simply connected spaces X via
coTHH(X X) ~ THH(X (X)) ~ X4 X,

where the last equivalence comes from work of Bokstedt and Waldhausen. Thus coTHH is
relevant for studying the homology of free loop spaces, £ X, the main topic of the field of
string topology [12], 13]. Further, because THH is directly related to algebraic K-theory via
trace methods, coTHH also has applications for algebraic K-theory of spaces.

In this paper we will develop computational tools for studying topological coHochschild
homology. The primary tools used to compute topological (co)Hochschild homology are spec-

tral sequences. In the late 1980’s, Bokstedt identified the E2-term of the spectral sequence



induced from the skeletal filtration of the simplicial object THH(A)e to be the familiar

algebraic theory of Hochschild homology:

E? . =HH.(H.(A;k)) = H.(THH(A);k).

This spectral sequence is referred to as the Békstedt spectral sequence for a ring spectrum A.

In 2018, Bohmann-Gerhardt-Hggenhaven-Shipley-Ziegenhagen showed that in the dual
situation there is a coBokstedt spectral sequence. This is the Bousfield-Kan spectral sequence
for the cosimplicial spectrum coTHH(C)®, for C' a coalgebra spectrum over the sphere spec-
trum [4]. As we would hope, this spectral sequence has classical coHochschild homology as
its Fo-term, and in cases when it does indeed converge we have:

E;* = COHH*(H*(CJC)) - H*(COTHH*(C)JC)

In their work however, these tools are only set up to study coalgebra spectra over the
sphere spectrum S, i.e. for C' with comultiplication map C' - C Ag C. Examples of this sort
are closely related to suspension spectra of spaces and are fairly limited as shown by recent
work of Péroux-Shipley [30]. In this paper, we broaden these tools to apply to coTHH for
coalgebras over any commutative ring spectrum.

In order to motivate the need for a relative coBokstedt spectral sequence, we examine
a variety of examples of coalgebras over spectra other than S. For example, the following
proposition gives a way of generating coalgebra spectra over a commutative ring spectrum

B.



Proposition 1.0.1
A map of commutative ring spectra A - B induces a B-coalgebra structure on the spectrum

B/\AB.

We call the spectral sequence that allows us to study the topological coHochschild ho-
mology of coalgebras over an arbitrary commutative ring spectrum R the relative coBokstedt

spectral sequence:

Theorem 1.0.2

Let E and R be commutative ring spectra, C' an R-coalgebra spectrum that is cofibrant as
an R-module, and N a (C, C)-bicomodule spectrum. If F,(C) is flat over E«(R), then there
exists a Bousfield-Kan spectral sequence for the cosimplicial spectrum coTHHR(N ,C)*® that
abuts to Ey_s(coTHHE (N, C)) with Ey-page

E«(R)
s,t

Ey' = coHH (E.(N),E+(C))

given by the classical coHochschild homology of E«(C') with coefficients in E«(N).

Note in particular that this holds for any generalized homology theory E in addition to
being over the more general ring spectrum R. Further, we identify conditions for convergence
of this spectral sequence. In particular, for the case when E =S, if for every s there exists
some r so that Ef’S” = Ei’f” then the relative coBokstedt spectral sequence converges
completely to 7. (coTHHE (N, C)).

A first question is whether the FEs-term of this spectral sequence is computable. By
the above proposition, HF, Afy7z HF), and HFy Appeys HIF) for n = 0,1 and for n = 2 at

the primes p = 2,3 are HIF)-coalgebras. In these cases for example, the Eg-term is indeed

computable:



Proposition 1.0.3
For the HFy-coalgebra HIF), Ay HF)p, the Eg-page of the spectral sequence calculating

-5 (coTHHTEP (HF), Aprz HFp)) is
t F .
By" = colH } (. (HFp Az, HFp)) 2 Ay, (7) ® Fp[w]

for [ = (0, 1), [lwl| = (1, 1).

Proposition 1.0.4
For the HIF)-coalgebra HIF), App<ys HIF) for n = 0,1 and for n = 2 at the primes p = 2,3, the

Es-page of the spectral sequence calculating S(COTHHH IE?10([-[ Fp Appens HFp)) is
t F ~

for ||TZ|| = (072]?2 - 1), ||wl|| = (172pl — 1)

Because computations with this relative coBokstedt spectral sequence are quite compli-
cated, any additional structure on the spectral sequence can help in these calculations. By
work of Angeltveit-Rognes, the classical Bokstedt spectral sequence for a commutative ring
spectrum has the structure of a spectral sequence of Hopf algebras under some flatness condi-
tions [I]. Bohmann-Gerhardt-Shipley show that under appropriate coflatness conditions, the
coBokstedt spectral sequence for a cocommutative coalgebra spectrum has what is called a
O-Hopf algebra structure, an analog of a Hopf algebra structure for working over a coalgebra

[5]. The following proposition follows from Bohmann-Gerhardt-Shipley’s work:

Theorem 1.0.5

For C' a cocommutative coalgebra spectrum, if for 7 > 2 each E,.""(C) is coflat over 7. (C),

4



then the relative coBokstedt spectral sequence is a spectral sequence of O (C)—Hopf algebras.

This additional o-Hopf algebra structure is very computationally useful. For instance,

we can extend the work of Bohmann-Gerhardt-Shipley [5] to show the following:

Theorem 1.0.6
For a field k, let C' be a cocommutative H k-coalgebra spectrum such that coHH, (7« (C)) is
coflat over 7. (C) and the graded coalgebra 7. (C') is connected. Then the Es-term of the

relative coBokstedt spectral sequence calculating 7. (coTHHH k(C ),
Ey™(C) = coHHE (74 (C)),

is a DM(O)—bialgebra, and the shortest non-zero differential dfft in lowest total degree s+t

maps from a Dﬂ*(o)-algebra indecomposable to a Dﬂ*(c)—coalgebra primitive.

This algebraic structure proves very useful for explicit computations with the coBokstedt

spectral sequence. We use the relative coBokstedt spectral sequence to show:

Theorem 1.0.7
For a field k, let C' be a cocommutative H k-coalgebra spectrum that is cofibrant as an Hk-
module with 74(C) 2 Ap(y) for |y| odd and greater than 1. Then the relative coBokstedt

spectral sequence collapses and
7 (cOTHHTF () 2 Ak (y) ® k[w]

as graded k-modules for |w| = |y| - 1.
Theorem 1.0.8
Let k be a field and let p = char(k), including 0. For C' a cocommutative H k-coalgebra

5



spectrum that is cofibrant as an Hk-module with 7.(C) 2 Ag(y1,y2) for |y1],|y2] both odd

lya|-1

and greater than 1, if p'™ is not equal to | or lvol-1

y1l-1 lyp|-1

coBokstedt spectral sequence collapses and

+ 1 for all m > 0, then the relative

7 (cOTHHHE(C)) 2 A (y1, y2) ® k[wy, wa],

as graded k-modules for |w;| = |y;| - 1.

Further, in a result analogous to the work of Bohmann-Gerhardt-Hggenhaven-Shipley-

Ziegenhagen [4] we have

Theorem 1.0.9
Let k be a field and let C' be a cocommutative coassociative Hk-coalgebra spectrum that is

cofibrant as an H k-module spectrum, and whose homotopy coalgebra is

7&.(0) = Fk[azl,xg, .. .],

where the x; are in non-negative even degrees and there are only finitely many of them
in each degree. Then the relative coBokstedt spectral sequence calculating the homotopy

groups of the topological coHochschild homology of C' collapses at Fo, and

T (coTHHAR(C)) 2 T [21, 29, .. ] ® Ak (21, 22, . ..)

as k-modules, with z; in degree |z;| - 1.

Finally, we will show that coHochschild homology (coHH) is a bicategorical shadow.

Ponto [31] and Ponto-Shulman [32] developed the original framework for shadows and traces



in bicategories. More recently, work of Campbell-Ponto [11] used this fundamental framework
to show that THH is an example of a shadow. In particular, the shadow structure formally
provides many of the desirable properties of THH, including Morita invariance. Therefore
in the same vein, we will show that coHochschild homology (coHH) is also a shadow for the
appropriately defined bicategory.

This thesis is organized as follows. Chapter 2 introduces coalgebras in spectra and topo-
logical coHochschild homology. In Chapter 3 we construct the relative coBokstedt spectral
sequence. In Chapter 4 we study the algebraic structures of this spectral sequence, and
Chapter 5 discusses some explicit topological coHochschild homology calculations. Finally
in Chapter 6 we delve into the theoretical framework of coHochschild homology and show

that it is a shadow.



Chapter 2

Background

2.1 Hochschild Homology

To begin, we recall the definition of Hochschild homology for associative k-algebras.

Definition 2.1.1

Let k£ be a commutative ring, A an associative algebra over k, and M an (A, A)-bimodule.
Recall that this algebraic structure gives us a multiplication map p : A®r A - A and
a unit map n : k > A. Let HH(A, M)s denote the simplicial k-module with r-simplices

HH(A, M), := M ® A®". The face maps are given by

mal®...Q ar 1=0
di(m®a1®...0a,)={m®a;®...000j41®...0ar 1<i<r

arm®a) ®...8 ap_1 1=,

and the degeneracy maps insert the unit map. In particular,

me®le®a @ ®ar 1=0

sitm®a; ® - ®ay) = :
me®a® -®aq®l®a,1® -®a 1<ir

This simplicial object has the form:



M®]€A®kz4
AR
M A
N

M

Let O« (A, M) denote the associated chain complex with boundary map d = ¥;(~1)d;. Then

the ¢t" Hochschild homology of A with coefficients in M is:

HH, (A, M) == Hy(C(A, M)).

The Dold-Kan correspondence gives us the equivalent definition

for the geometric realization of the simplicial k~-module HH(A, M),. This latter formulation
makes it clearer how we would extend this definition to create an analogous topological

theory.

Remark 2.1.2
Hochschild homology is defined here with coefficients in an (A, A)-bimodule M. When

M = A, considered as a bimodule over itself, this is denoted by HHy(A).

Remark 2.1.3

If A= M, then together with the extra structure of a cyclic operator

th(ap®a1®...0ap)=ap,®a)®a1 ®...Q ay_1,

9



these face and degeneracy maps determine a cyclic object, HH(A)s. This complex is called

the cyclic bar construction.
One may also define the Hochschild homology of a graded algebra:

Definition 2.1.4
For a differential graded algebra (A,d) with trivial derivation 4, let Cx(A,0d) be the cyclic

chain complex given by

[n] = (A,6)®(*)

with face maps

a®...%a;a;41®...0ap 0<i<n

di(ap®...®ap) =
i(ao n) {(_1)an|(|@0|+a1+...+|an_1|)ana0(Ml@,m@,an_1 i=n.

degeneracy maps that insert the unit

silap®...®ap)=ap)®...8a;®1®a;11®...®ap,

and cyclic operator

tn(ag ®...® ap) = (~1)lanl(agl+lal++tan_ 1Dy @0y @ ... ® a,_1).

Then the Hochschild complex associated to C«(A,d) is a complex of complexes with bound-

ary map d given by an alternating sum of the face maps

d= i(_l)idi L 04 (A4,8)8 D) s €, (A, 6)®".
1=0

10



This bicomplex below has trivial horizontal maps:

~ ~ 2

(A A® A) —— (A A® A); —— (A A® A)y — -

d d d

~ ~ 2

(A®A)y ¢ (ABA) ¢ (A®A)y — -

d d d
AO < 5 Al < 5 A2 -

and the weight parts of the tensor product are given by:

n+l1 _
(A®( ))k:_ @ Ai0®---®Ain-

ig+...+in=k
Then taking the homology of the total complex of this bicomplex with boundary d+0 (since
J is trivial) gives the Hochschild homology of this differential graded algebra, denoted by

HH, (A, ).

2.2 Topological Hochschild Homology

Motivated by applications to algebraic K-theory, in the late 1980’s Bokstedt constructed a
topological version of Hochschild homology [6] [7]. Topological Hochschild homology is an

invariant of ring spectra and can be defined as follows:

Definition 2.2.1
For a commutative ring spectrum R, an R-algebra A, and an (A, A)-bimodule spectrum M,

we have a multiplication map p: Arnp A - A and a unit map n: R - A along with left and

11



right actions of A on M

VAN M - M v:MnapA— M.

Let THHR(A7 M)« be the simplicial R-module spectrum with r-simplices THHR(A7 M), =

M np AR and face maps

~ ATdMr1) i=0
di = 31N A AT 1<
(AT Dyot =y

where t is the cyclic permutation bringing the last factor around to the front. The degeneracy
maps will again insert the unit map appropriately. Then the topological Hochschild

homology relative to R of A with coefficients in M is the geometric realization

THHR (A, M) := [THHE (A, M).|

Remark 2.2.2

As before, when M = A we then eliminate it from the notation and write

THH®(A) := [THHE(A, A).|

In summary, we have now introduced the algebraic definition of Hochschild homology
and its topological analog, topological Hochschild homology. In the following sections we will
introduce analogous theories for coalgebras, coHochschild homology (coHH) and topological

coHochschild homology (coTHH).

12



Algebra Topology

Algebras: HH(A) —— THH(A)
Coalgebras: coHH(C') —— coTHH(C)

2.3 Coalgebras

First we will recall the definitions of coalgebras and comodules in order to introduce the
classical coHochschild homology of Doi [14] and coHH of a graded coalgebra over a graded
ring, since we will need such structure for the spectral sequence. Then we will introduce

coalgebras in spectra and look at examples.

Definition 2.3.1

Let R be a commutative ring. Then a (coassociative, counital) coalgebra C' over R is an R-
module with R linear maps that are the comultiplication A : C' - C'® C' that is coassociative
and counit € : C' > R that is counital, i.e. the following coassociativity and counitality

diagrams commute:

cC—2 scoeC C = s C®C
Al lld ®A Al N lld ®e
CeC 2% ceCeC CeoC 24 ReC=C=C®R

Example 2.3.2
For a field k, the polynomial coalgebra k[wq,wo, .. .] for w; in even degree is the vector space

with basis given by {wg } for j >0 and i > 1. Tt has coproduct

13



and counit

Example 2.3.3
For a field k, the exterior coalgebra A(y1,ys,...) for y; in odd degrees is the vector space

with basis given by {1,y;} for i > 1, which has coproduct

Aly;)) =10y +y;®1

A(l)=1®1
and counit
e(y;) =0
e(l)=1

Example 2.3.4
For a field k, the divided power coalgebra I'y.[x1, 29, ...] with x; in even degrees is the vector

space with basis given by {v;(x;)} for j >0 and 7 > 1. Tt has coproduct

A(vj(w)) = zb: RACHLRNCD
a+b=j

where vo(z;) = 1,7 (z;) = z;, and counit

14



1 ifj=0

(v (w:)) = {0 it j+0.

Understanding Hopf algebras will also be essential for this work, so we recall the definition

here. First we introduce bialgebras.

Definition 2.3.5

A bialgebra A over a commutative ring R is a unital associative R-algebra with multipli-
cation u: A®p A - A and unit n : R - A along with comultiplication A : A - A®p A
and counit € : A - R such that A is also a counital coassociative R-coalgebra satisfying the

following commutative diagrams, where all ® below are over R:

1.
AgA—t A 8 .44
LA@A ]u@u
Ao A Ao A— 990 Ao iAsA
where t swaps the two components of A ® A.
2.
A A a A
& /
R®R~R
3.
ReR>R

Ao A A A

15



Definition 2.3.6
A Hopf algebra A is a bialgebra over a commutative ring R together with a map of R-

modules y : A - A called the antipode such that the following diagram commutes:

A® A A® A
A
m
A\ . R - A
) A
AoAd_ 198 4o 4

where g is the multiplication, A is the comultiplication, 7 is the unit, and € is the counit.
It will also be useful to have the “dual” notion of modules on which C' coacts:

Definition 2.3.7
Let R be a commutative ring and C' an R-coalgebra. Then N is a right C-comodule if it
is an R-module together with an R-linear map 7 : N — N ®p C that is coassociative and

counital, i.e. that makes the following diagrams commute:

N—" s NepC N —— NepC

vl Jaea \ lld oc

Nepr(C —— held NerCo®r(C

7 is referred to as a right C'-coaction.

Similarly, a left C'-comodule is an R-module together with an R-linear map ¢ : N - C®prN

16



that is coassociative and counital, i.e. that makes the following diagrams commute:

N—M Cer N N—>C®R

| Json N e

Ceor N —— il CeorC®rN

1y is referred to as a left C'-coaction.

Similar to the way in which right and left module structures together may create a

bimodule structure, the analogous definition holds for comodules:

Definition 2.3.8
For R-coalgebras C,D, a (C,D)-bicomodule N is a left C-comodule with left coaction
Y: N - C®p N and right D-comodule with right coaction v: N - N ®p D that satisfies

the following commutative diagram:

Ceor N — e CeorN®rD

2.4 CoHochschild Homology

In [14], Doi defines coHochschild homology as an invariant of coalgebras:

Definition 2.4.1
Let k£ be a commutative ring, C' a (coassociative, counital) k-coalgebra, and N a (C,C)-

bicomodule. Then C' comes equipped with a coassociative comultiplication A: C' - C ® C

17



and counit € : C' - k. We build the cochain complex C*(N,C):

w«— NUCQ®CU+«—N®(C«—N<+—0

with coboundary map 6 = 3;(~1)%5; for 6; given by

v ®Id®" i=0
5;={1d® @ A®Id®( ) 1<i<r
to (1 ®1d®") i=r+1

where v denotes the right coaction, v denotes the left coaction, and # is the map that twists
the first factor to the last. Then the q'" coHochschild homology of C with coefficients in
N is

coHH, (N, C) := HY(C*(N,C)).

Remark 2.4.2
We denote coHochschild homology with coefficients in C' by coHHy(C') when C'is viewed as

a (C, C)-bicomodule over itself.

Remark 2.4.3

Work of Hess-Parent-Scott [19] shows that the coHochschild homology of a differential graded
coalgebra over a graded ring follows as above with the addition of signs that follow from the
Koszul rule. In the spectral sequence of the next chapter we will use the following definition
of coHH of a graded coalgebra over a graded ring based on their definition with trivial

differential:

Definition 2.4.4

For a differential graded coalgebra (D, 0) with trivial coderivation 0, let C*(D,d) be the

18



cyclic cochain complex given by

[n] ~ (D7a)®(n+1)

with coface maps

- J1a® e A 1a®() 0<i<r
") (~1)ldol(dy[+ldol+-HdnD) o (A @ 1d®T) i=r+1,

where ¢ is the map that twists the first factor to the last, codegeneracy maps that insert the

counit

o; = 180+ g e @ 1",

and cocyclic operator

Fn(do® ... ®dy) = (-1)ldol(dr+ld2l+-+dnDn( g, o . @ d,  dy).

Then the coHochschild complex associated to C*(D,d) has coboundary map given by an

alternating sum of the coface maps

5= 32 (-1)i6; 1 C*(D,0)P" — C*(D,0)°(D),
i=0

19



and the bicomplex below has trivial horizontal maps:

(DeD® D)y —2» (D® D& D), —— (D®D & D), —
1) é é

5 5 5
9 9
D > Dy >y Dy ———— -

where the weight parts of the tensor product are given by:

(D®(n+1))k = @ DiO ®"'®Din'

ig+...+in=k
Taking the cohomology of the total complex of this bicomplex with coboundary §+0 gives the

coHochschild homology of this differential graded coalgebra, denoted by coHH. (D, 0).

2.5 Coalgebras in Spectra

Now we will introduce coalgebras in spectra. First we state the definition of a coalgebra for

the general setting of a symmetric monoidal category.

Definition 2.5.1
Let (2,®,1) be a symmetric monoidal category. Then a (coassociative, counital) coalgebra
C € Z has a comultiplication A : C' - C' ® C' that is coassociative and a counit morphism e :

C — 1 that is counital, i.e. the following coassociativity and counitality diagrams commute:

20



cC—2 LscoeC s C®C

N Jiea l \ [

CeC 2% ceCeC CoC B 1902C2Cwol

Definition 2.5.2
A coalgebra spectrum is a coalgebra in one of the symmetric monoidal categories of

spectra.

Definition 2.5.3
For a commutative ring spectrum R, an R-coalgebra spectrum C' is a coalgebra in the
symmetric monoidal category of R-modules. It has comultiplication A : C' - C Ap C' and

counit € : C' - R, satisfying the coassociativity and counitality conditions.

Example 2.5.4
For a space X, the diagonal map X - X A X on topological spaces induces a comultiplication

map on the suspension spectrum - (X):
A:X%(X)> (X AX)2X®(X)AX®(X),

making (X)) into a coalgebra spectrum.

However, it should be noted that most spectra do not have diagonal maps and thus ex-
amples of this form are quite limited, as shown in work of Péroux-Shipley [30]. In particular,
they prove that all coalgebra spectra over S are cocommutative in strict monoidal categories
of spectra. As we saw in the above example, some coalgebras over the sphere spectrum

come from suspension spectra, but Péroux-Shipley further show that in model categories all
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S-coalgebras are closely related to suspension spectra. This rigid structure of S-coalgebras
therefore provides motivation for studying other kinds of coalgebra spectra.

Because examples of coalgebras in spectra over S are limited, a primary goal of this work
is to develop tools to study coalgebras over other commutative ring spectra. One source of

such coalgebra spectra is the following general construction:

Proposition 2.5.5
A map of commutative ring spectra ¢ : A - B induces a B-coalgebra structure on the

spectrum B Ay B.

Proof.

To have a coalgebra structure, we first want a comultiplication map

A:Bnag B~ (BnagB)nap(BagB)
=
BapB Ay B
But we have the equivalence iy Ald: BAg4 B - BAay AAagq B. The map i 4 inserts an extra

copy of A:

ig: B——~Bn A

BAS——=DBAA
for unit map n4. Applying ¢ yields

1d Id
BagBeBagAny B2 B BasB

which induces our desired comultiplication map.

We further need a counit map e¢: B Ay B - B. By definition, B A4 B is the coequalizer
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of

Idaeyp

BANAANB —— BAB - BAyB
yald

for module actions

ANB Y5 B

gi)/\Id\L V

BAB

BaA — 5B

Iqubl y'

BAB
where the ring map m : B A B — B is the multiplication in the commutative ring spectrum

B. Consider mapping to B in this diagram:

Idagy
BANANB—=BAB——=BnAy B

yald l
m
B
Diagram 2.1

If we consider the two composites in Diagram [2.1

BAAABYY g™ . p

Id/\qﬁ/\Idl /
Idam

BABAB

BaAaB M papm . p

Id/\(b/\Idl

BABAB
we see that they agree since B is in particular an associative ring spectrum, so we have a

mnald

map from B A AA B — B, making the diagram commute. By the universal property of

coequalizers, there exists a unique map e€: B A4 B — B in this diagram
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IdAy
BANANB—=BAB—=Bnay B

yAld lm €.

and this map € gives us the desired counit map. Now we must check that this is indeed a
coalgebra by confirming that it satisfies the necessary coassociativity and counitality dia-
grams.

First, we need to check that we satisfy coassociativity of the comultiplication, that is
(Id A A)A = (A AId)A. This property can be shown by proving the following diagram

commutes:

By B > (Bag B)Ag (BayB)

| [

(BagB)Ag (BAagB) 2N (BayBYag (BayB)ag(BagB)

This result follows from a diagram chase through the definition of the comultiplication.
Recall that 74 inserts — A4 A and similarly ¢ g will insert — Ap B, so that the map A in this

setting is the composition:

14n1d Idagpald IdAigAl

A:BayB BayBayB UB Ay B)YAg (B Ay B).

B/\AA/\AB

So now expanding the above diagram with this decomposition of the comultiplication yields
given in the Appendix. Commutativity of each of the squares in that diagram
follows because each of the vertical (and horizontal) maps are equivalent at each level with
additional copies of the identity inserted as appropriate. Thus the coassociativity axiom is
satisfied.

Counitality follows from showing (e A Id)A =1d = (Id A €)A. Because B is commutative,

the left and right module actions of B on B A4 B coincide:
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(BAAB)Ap (BAaB) 2~ (BAsB)Ap B2 BasB=Bnag(BnasB)~—2LCB Ay B)rg (BnaaB)

\ /
B/\AB

so it suffices to show why one of these triangles commutes. The right-hand composition can

be broken down as

i Id Id i
BaaB -2 Bas ang BN B Ay Bas BN, B Bag Baa B Bag(BaaB)

=
B/\AB.

Observe that the last factor of B is unchanged by this map, and so this composition map

comes from

Ida 1
BeBAS —M pag P pp_m,p

\/’

Id/\nB
where the first part of this composite must be Id Ang by the definition of map of ring spectra.

However, unitality of B implies that m(IdAng) = Idg, and therefore the right triangle in our
diagram is equivalent to the identity on B A4 B. A similar justification can be used to show
the left triangle commutes as well, so we have shown that B A4 B coming from the map of

commutative ring spectra ¢ : A - B is a coassociative, counital B-coalgebra spectrum. [

Examples of these kinds of coalgebra spectra include HFy-coalgebras such as HF, A HIF),
HFy Az HFp, and HFp Appeys HFp for n=0,1 and for n = 2 at the primes p = 2,3, some

of which we will examine later on in further detail.
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2.6 Topological CoHochschild Homology

We will define (topological) coHochschild homology for any general symmetric monoidal
category as in Bohmann-Gerhardt-Hggenhaven-Shipley-Ziegenhagen [4]. Thereafter we will
be primarily using the definition as it applies to spectra, although classical coHochschild
homology as defined by Doi [14] can be recovered from the following more general definition

by considering the category of coalgebras over a field.

Definition 2.6.1

Let (2,®,1) be a symmetric monoidal model category and let C' € & be a coalgebra with
coassociative comultiplication A : C' - C' ® C' and counit € : C' - 1. Further, let N be a
(C, C)-bicomodule with left and right coactions ¢p: N - C® N and v: N - N®C. Then let
coTHH(N, C')® be the cosimplicial object with r-simplices coTHH(N,C)" := N @ C'®" with

coface maps

@ 1d®" i=0
5; ={1d® @ A®1d®( 1) (0<i<r
to (1 ®1d®") i=r+1

where ¢ is the map that twists the first factor to the last, and with codegeneracy maps

0, NoC®(rtl) 5, N C® for 0<i<r

o; = 1420+ @ ¢ @ [d®" 7.

This gives a cosimplicial object of the form
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NeC e (C

N
NeC

Tt
N
Then the topological coHochschild homology of the coalgebra C' with coefficients in N
is given by

coTHH(N, C) := Tot(ZcoTHH(N, C)*®)
where & is the Reedy fibrant replacement and Tot represents the totalization.

Remark 2.6.2

We defined topological coHochschild homology with coefficients in a (C,C')-bicomodule N,
but when we consider C' as a bicomodule over itself, we write coTHH(C') for coefficients
in C. As with topological Hochschild homology, we will further decorate the notation with
coTHHR(C ) when we consider the topological coHochschild homology of C' relative to R,

i.e. coTHH of an R-coalgebra C for R a commutative ring spectrum.

Remark 2.6.3
Recall that for rings and ring spectra A, HH(A)s and THH(A)e are examples of cyclic bar
constructions. Similarly for a coalgebra C', the coHochschild complex for C' together with a
cyclic operator

thag® a1 ® - ®ap) =a1 ® - ®a,_1® ap ® ag.

is called the cyclic cobar construction, and both coHH(C')® and coTHH(C)® are exam-

ples.
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As mentioned above, working in the category of coalgebras over a field recovers the clas-
sical coHH of Doi [I4]. Our general convention will be to specifically refer to this construc-
tion as topological coHochschild homology when we are considering as input some coalgebra
spectrum. For instance, we will refer to the work of Hess-Parent-Scott [19] as studying

coHochschild homology of differential graded coalgebras (dg-coalgebras) over a field.

2.7 The Classical Bokstedt Spectral Sequence

Before constructing the coBokstedt spectral sequence for coTHH, we first recall the classical
Bokstedt spectral sequence for THH, due to Bokstedt in [6]. Recall that for a ring spectrum
A (i.e. an S-algebra with multiplication p: AN A — A and unit n: A — S), we can build the

simplicial spectrum THH(A). via

ANA N A

A
AnA

N
A

where the face maps d; : ANT+1) > AN are given by
1N A g ATaN ) o<

Z_{(,u/\ld/\i)ot i=r

for ¢ that cyclically permutes the last element to the front, and where the degeneracy maps
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s; + ANTHL) o An(r+2) ingert the unit map for 0 <4 <7
s; = Id/\(i+1) AT A Id/\(?‘—i)

Then for this simplicial spectrum THH(A)s, one can consider the spectral sequence that
comes from its skeletal filtration and converges to H«(THH(A); k), where k is a field. For
this spectral sequence, Ei,q is isomorphic to the normalized chain complex of H,(THH(A)s,).

So we consider the homology applied to each simplicial level of THH(A),:

H.(ArNA N A k)
NN
H.(ANAK)
N
H« (A k).

Note then that

Ho(ANAN-ANAE) 2T (ANAN--NANHE)
EW*((A/\H]C) NHE (A/\H]C) NHE " NHE (A/\Hk}))
EW*(A/\Hk) ®7T*Hk7T*(A/\Hk) ®7r*Hk"'®7r*Hk7T*(A/\Hk)

where the last isomorphism follows from the Kiinneth spectral sequence because m.(AA Hk)

is flat over m. Hk 2 k. Thus we can rewrite each level to get:

Ho(ANAN-AA k)= Ho(Ask) ® Ho(As k) ® - 8 He(A; k)

Further, the d;-differential of the spectral sequence under this identification agrees with
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the differential of the complex computing HH,(H«(A;k)). Therefore the E2-term of this
spectral sequence is HH. (H«(A;k)), the classical Hochschild homology of H«(A;k).

Since this structure follows from the general spectral sequence that arises from the skeletal
filtration of the simplicial spectrum THH(A),, this can be extended to any homology theory,
which is formally stated in the context of S-modules in the following theorems of Elmendorf-

Kriz-Mandell-May [15]:

Theorem ([15] Thm IX.2.9)
Let E be a commutative ring spectrum, A a ring spectrum, and M a cell (A, A)-

bimodule. If E,(A) is E-flat, then there is a spectral sequence of the form

Ex
ES 4 = HHy 6 (B (A), Bo(M)) — Epvq(THHY(A, M))

Here E. is the homology theory associated to the commutative ring spectrum FE, i.e.
E.(A) =m«(E A A). Thus the above result comes from the spectral sequence derived from

the simplicial filtration of THHE (A, M) (for the case R = S) as given in:

Theorem ([I5] Thm X.2.9)
Let E and R be ring spectra and K. be a proper simplicial R-module spectrum.

Then there is a natural homological spectral sequence {Ej}, K} such that
B2 Ky = Hy(Eq(K+))

and {E}, K.} converges strongly to Ey(|K«]).
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Note that this Theorem X.2.9 from [I5] gives a more general statement of the Bokstedt
spectral sequence for topological Hochschild homology of an R-algebra, which we state here

for clarity.

Theorem 2.7.1

Suppose E and R are commutative ring spectra, A is an R-algebra, and M is a cell (A, A)-
bimodule. Then if E.(A) is flat over E.(R), then there exists a spectral sequence

B2, = HHE (B, (A), E.(M)) = Epug(THHE(A, M)

We quickly verify that this spectral sequence has the indicated E2-term. For this spectral
sequence, Ei’q is isomorphic to the normalized chain complex of Eq(THHR(A, M)a). So we

consider the E-homology applied to each simplicial level of THHR(A, M)s:

Ex(MARAAR - ARA) 2T (EAMAR ANR AR A)

T (EANMAG\R EANRARAANGAR EARAR - AgAr EARAR A)

T (EAMAG\RENAANgAR EANA-Ag\p EAA)

2T (EAM) @ (par) T+ (EANA) @ (EAR) Oy (BAR) T+(E A A)
(since m« (E A A) is flat over 7« (E A R) by hypothesis)

= Ex(M)®g, (r) E+(A) ®E, () " ®E,(R) E+(A)
The dq-differential of the spectral sequence under this identification agrees with the dif-

ferential of the complex computing HHZ*(B) (E, (A), E.(M)), so we identify the E2-term:

FEx+«(R
B2 o = 1y D (B (4), Eo(M)) — Epeg(THHE(A,0))
Now that we're equipped with the relative statement of the theorem for the theories of

HH and THH, we want to investigate what is currently known about the dual situation
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for coTHH, and then see how we can extend that work in order to have a tool for general

R-coalgebra spectra.
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Chapter 3

Construction of a relative coBokstedt

spectral sequence

Associated to a cosimplicial spectrum is a Bousfield-Kan spectral sequence [8]. Applied
to the cosimplicial spectrum coTHH(C')® this yields a spectral sequence whose Fo-term
was identified in Bohmann-Gerhardt-Hggenhaven-Shipley-Ziegenhagen [4] as the classical

coHochschild homology of coalgebras in the sense of Doi [14]. Specifically, they show:

Theorem ([4] Thm 4.1)

Let k be a field and C' a coalgebra spectrum that is cofibrant as a spectrum. Then
the Bousfield-Kan spectral sequence for the cosimplicial spectrum coTHH(C')®
gives a coBokstedt spectral sequence for calculating Hy—g(coTHH(C'); k) with
Ey-page

Ey' = coHHF ,(H.(C;F))

given by the classical coHochschild homology of H.(C;k) as a graded k-module.

Bear in mind that the Bousfield-Kan spectral sequence does not always converge,

although the authors do specify conditions under which the coBokstedt spectral sequence
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will converge Completely.EI Note that this spectral sequence applies to the ordinary homology
of coTHH(C') where C' is an S-coalgebra. Now we want to create a relative version of
this theorem for R-coalgebra spectra that would give the Bousfield-Kan spectral sequence
computing the homology of COTHHR(C ). As we saw in the THH setting, we would expect
that some flatness conditions must be satisfied.

For commutative ring spectra E and R, an R-coalgebra spectrum C, and a (C,C)-
bicomodule N, we will see that if E.(C') is flat over E«(R), then the Bousfield-Kan spec-
tral sequence for the cosimplicial spectrum COTHHR(N, (C')* can be used in calculating

Ei_s(coTHHE(N, C)) with Ey-page
By' = ot (B, (N), E.(0)).

We will refer to this spectral sequence as the relative coBékstedt spectral sequence. Note in
particular that this holds for any generalized homology theory in addition to being over the
more general ring spectrum R.

We will first formally state and prove that this relative coBokstedt spectral sequence
exists, and then identify a corollary that will be useful for later computations. Further, we

will describe conditions for convergence of this spectral sequence.

Theorem 3.0.1
Let £ and R be commutative ring spectra, C' an R-coalgebra spectrum that is cofibrant as
an R-module, and N a (C, C)-bicomodule spectrum. If F,(C) is flat over E«(R), then there

exists a Bousfield-Kan spectral sequence for the cosimplicial R-module COTHHR(N ,C)*® that

Lror instance, the coBokstedt spectral sequence converges when C' is a suspension spectrum 2$° X for
simply connected X [4].
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abuts to Ey_s(coTHHE (N, C)) with Ey-page

Ex«(R)
s,t

Ey' = coHH (E+(N),E+(C))

given by the classical coHochschild homology of F«(C') with coefficients in E« (V).

Proof. To begin, we will recall the general construction of the Bousfield-Kan spectral se-
quence [§] for a general Reedy fibrant cosimplicial R-module X*°.

Let A be the cosimplicial space with the standard n-simplex A" as its n'” level. The
category of R-modules is cotensored over pointed spaces (see e.g. [2]), and the notation D
will be used for the cotensor of an R-module D with a simplicial space K. So for our Reedy

fibrant cosimplicial R-module X* the totalization of X*® is given by:

Tot(X*) =eq( [TXMA" 5 ] (x9)A).
n>0 aeA([a],[b])

Let sksA c A be the cosimplicial subspace with nt? level sksA”™ that is the s-skeleton of

the n-simplex. Then one can define

Toty(X*) = eq( TIN5 ] (X0,
n20 aeA([a],[b])

The inclusions sksA < skg,1A induce a tower of fibrations

v Tots(XM) 2 Toty 1(X*) 2L Totg o(X*) > 25 Toto(X*) = X0,
T s Tis—1 Tig—2 T
F Fsq Fs o Fo
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We then have an associated exact couple

o (Tot« (X*)) P s 7 (Totx (X*))

T (Fy)

that yields a half plane cohomological spectral sequence {E;.,d,} with differentials
d.: Eﬁ’t N E7§+r,t+r—1.

We now want to identify the fiber Fs. Recall that the normalized cochain complex N%X*®

is defined to be:

s—1
N3X® = () ker(o;: X* - X571)
1=0

for codegeneracy maps o; as given by the cosimplicial structure.

Then each fiber Fs can be identified with
Fs:=Q%(N5X*®).
The Ej-term of the spectral sequence can thus be identified:

B = mi_(Fy)
= 7 (V (VX))
~ 1 (NS X®)
~ NS (X°)

with differential dj : NSm;(X®) - NStlm(X*®). This map can then be identified with
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Y(-1)im(6%), and we have

H*(N°m(X*)) = H*(m(X*))
RN . ) )
= By = H*(m(X*),5(-1)"m(6"))
Here we care about the specific case when X® = Z(E A coTHHE(N,C)®), where %

indicates the Reedy fibrant replacement, and so we get

T (X®*) = e (Z(E A coTHHE(N, C)*) 2 7. (E A coTHHE (N, 0)*®).

Recall that coTHHR(N ,C') has cosimplicial structure:

NARC AR C
Tt
NAapC
T
N

so when we take 74 (E A ), at the nt? level we see that:

T(EANARC AR+ ARC) 2 (EANAgsR EARANRC ApAR EARAR - Agar EARARC)
EW*(E/\N/\EARE/\C/\EARE/\---/\E,\RE/\C)

2T (EAN) @, (Ear) T+ (EAC) ®r (ErR) *** ®r, (EaR) Tx(E A C)
(since 7. (E A C) is flat over 7. (E A R) by hypothesis)

2 E.(N)®g,(r) E«(C) ®E,(r) " ®E,(r) E«(C)

and so we get
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1+ Z(E A coTHHE(N, C)") 2 7. (E A coTHHE (N, C)")
= E«(N) ®p, (r) B (C)PEx(R)",

Then X(-1)im, (%) gives the coHochschild differential under this identification, and thus we

get the coHochschild complex:

By 2 H (m(X*), 2(-1)im (8))
= H(E(N) @, (ry B(C) P+ (D", 5(-1)my(57))
~ COHHJSE:;(R)(E*(N), E«(C))

Therefore the result is the Bousfield-Kan spectral sequence

27
Ey' = cofiHL; W(B (W), E.(C)) = Ei-y(coTHHE(N, C))
where we use 7?7 as a reminder that this sequence does not converge in general. ]

Because it will be particularly useful in future examples, we state the following special

case when F =S as a corollary:

Corollary 3.0.2

Let R be a commutative ring spectrum and C' an R-coalgebra spectrum. If 7, (C') is flat over
7+ (R), then there exists a Bousfield-Kan spectral sequence that abuts to m;_s(coTHH?(C))
with F9-page

By = coHH]t " (. (0))

given by the classical coHochschild homology of 7. (C').

Now we want to see the conditions we require for convergence. Based on work of Bousfield-
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Kan [8] and Bohmann-Gerhardt-Hggenhaven-Shipley-Ziegenhagen [4], we have the following

convergence result.

Proposition 3.0.3

8,5+1 _ Es7s+i
- o0

If for every s there exists some r so that E. , then the relative coBokstedt spectral

sequence for COTHHR(C’ ) converges completely to

7« TotZ(E n coTHHE(C)*®)

Conditions for complete convergence can be found in Goerss-Jardine [18]. Further, from

the natural construction of a map Hom(X,Y) A Z - Hom(X,Y A Z) we get a natural map

P: E A Tot(ZcoTHHE(C)*) - TotZ(E A coTHHE(C)*)

Applying homotopy to the above gives us the following corollary.

Corollary 3.0.4
If for every s there exists some r so that E;f’SH = E§5’9+i and P: En Tot(%coTHHR(C')') -
TotZ(E AncoTHHE(C)*) induces an isomorphism in homotopy, then the relative coBékstedt

spectral sequence for coTHHE(C') converges completely to Ex(coTHHE(C)).

For the examples in which we will compute topological coHochschild homology in this
thesis, we are taking F/ =S and so the condition on the map P is satisfied. We formally state

this specific case here for easy reference:

Corollary 3.0.5
When considering E =S, if for every s there exists some r so that Ef"s” = Ei’f” then the

relative coBokstedt spectral sequence converges completely to s (coTHHE(C)).
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Chapter 4

Algebraic structures in the (relative)

(co)Bokstedt spectral sequence

Understanding additional algebraic structure in a spectral sequence can help facilitate calcu-
lations. In this section we study the structure of the relative coBokstedt spectral sequence.
By work of Angeltveit-Rognes, the classical Bokstedt spectral sequence for a commutative
ring spectrum has the structure of a spectral sequence of Hopf algebras under some flatness
conditions [I]. Bohmann-Gerhardt-Shipley show that under appropriate coflatness condi-
tions the coBokstedt spectral sequence for a cocommutative coalgebra spectrum has what is
called a O-Hopf algebra structure, an analog of a Hopf algebra structure working over a coal-
gebra [B]. It follows from Bohmann-Gerhardt-Shipley’s work that the relative coBokstedt
spectral sequence also has this type of O-Hopf algebra structure, and this additional algebraic
structure is computationally useful. For instance, with this structure the shortest nonzero
differential maps from an algebra indecomposable to a coalgebra primitive.

In this section, we will begin by examining the structure of the Bokstedt spectral sequence
and the implications of that algebraic structure as in Angeltveit-Rognes [I]. We will then
introduce the necessary definitions and theorems for the O-Hopf algebra structure and state
the result of Bohmann-Gerhardt-Shipley [5] that the coBoékstedt spectral sequence has this

structure. Finally we will see how the relative coBokstedt spectral sequence by extension

40



also has this O-Hopf algebra structure.

4.1 Hopf algebra structure in the Bokstedt spectral

sequence

In order to show that the Bokstedt spectral sequence is a spectral sequence of Hopf algebras,
Angeltveit-Rognes [1] show as in Elmendorf-Kriz-Mandell-May [15] that for a commutative
ring spectrum A, THH(A) is a Hopf algebra over A itself in the homotopy category. One
can identify THH(A) with A ® S! as commutative S-algebras [26], which induces maps on
THH that give the Hopf structure in the homotopy category. In particular, THH(A) is a
commutative Hopf algebra, but it is not cocommutative in general because the coproduct is
induced from the pinch map, which is not homotopy cocommutative. Angeltveit-Rognes also
study an analogous Hopf structure on the entire Bokstedt spectral sequence, under flatness

conditions [I].

Definition 4.1.1
The standard simplicial circle S} is given by Al/OA! for the one simplex Al. Then Al
has elements {x, ..., 2,11} for x; : [r] » [1] that sends j terms to 0. Identifying xg ~ 41

creates the quotient S} with face maps

x r<i
d;i(zr) Z{ '

Tp_ 1 T>1

and degeneracy maps
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Tpyl T >0

x r<i
si(zr) ={ '

In the case of THH(A)e & A ® S, the Hopf algebra structure over A on THH(A) is

induced by simplicial maps on Si:
e The inclusion of the basepoint 7 : * - S induces the unit map n: A - THH(A)a.
e The retraction e: S! — * induces the counit map e: THH(A)s - A.

e The fold map ¢: Sl v S! — Sl induces the multiplication map

¢: THH(A)s A4 THH(A)s - THH(A)..

There is no simplicial pinch map SI — S1v .Sl for this simplicial model of of S, so [1] needed
to also employ a double circle model. The double circle dS! is the quotient of the double

1-simplex given by

ast=(al]Jaly ] oal.
onlronl

They then use the double circle model dS! to define the coproduct. There is a simplicial
pinch map ¢ : dS! - Sl v Sl taking the double circle to the wedge of two circles, and a
simplicial reflection map y : dS! - dS!, which interchanges the two copies of Al. These
maps induce maps on a corresponding “double model” of THH, which [I] shows is weakly
equivalent to ordinary THH. Therefore, one gets the following coproduct and antipode maps

in the homotopy category that make THH into an A-Hopf algebra in the homotopy category:
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¢ : THH(A) -~ THH(A) A4 THH(A)
x : THH(A) - THH(A).

Angeltveit-Rognes further prove that these simplicial maps on the circle yield structure

in the Bokstedt spectral sequence as well.

Theorem 4.1.2 ([1] 4.5)

If A is a commutative ring spectrum, then:

1. If H,(THH(A);F)y) is flat over Hx(A;F)), then there is a coproduct

Y Hy(THH(A); Fp) — Ho(THH(A);Fp) ®H. (AFp) H,.(THH(A);F))

and H,(THH(A);F,) is an /-comodule H,(A;F,)-Hopf algebra, where 7 is the

dual Steenrod algebra.

2. If each term EY ,(A) for r > 2 is flat over H+(A;F)p), then there is a coproduct

and EY ,(A) is an @/-comodule H.(A;Fp)-Hopf algebra spectral sequence. In partic-

ular, the differentials d" respect the coproduct .

As mentioned above, we are using the notation @7 for the dual Steenrod algebra, which
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is the [F),-Hopf algebra:

» Fpl€1,€2,.. ] ® Ap,(10,71,...) podd

]Fp[£17§27"'] p:2

for [&] = 2(pt — 1) (or 20 — 1 if p=2), || = 2p* - 1 [28].
In order to understand this spectral sequence structure in the setting of Angeltveit-Rognes

[1], we recall a few definitions:

Definition 4.1.3
For an augmented algebra A over a commutative ring R with augmentation € : A - R, the
indecomposable elements of A, denoted by the R-module QQA, are given by the short

exact sequence

JA®TA-LS 1A — QA —0

for multiplication map p and I A := ker(e).

Example 4.1.4
Indecomposable elements in the polynomial algebra k[w1, w9, ...] are classes of the form w;.

The augmentation in this case is

€:klwy,wy,...] >k

w,"—>0

so IA =ker(e) = (wy,wa,...). So then the image of the product on A will be terms of the

. m,
form w, ... w,? for Ymy. > 1, which means QA is given by elements of the form w;.
1 J ?
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Example 4.1.5
Similarly, in the exterior algebra Ay (y1,92,...), indecomposable elements are classes of the

form g;. The augmentation is given by

e: Np(y1,92,...) = k
yi=0
so TA = ker(e) = (y1,92,...). The image of the product on IA will be terms of the form

Yiy»Yig - - - Yin for n > 1, which means QA is given by elements of the form y;.

Definition 4.1.6
For a coaugmented coalgebra C' over a commutative ring R with coaugmentation n: R - C'
and counit € : C' - R, the primitive elements of C, denoted by the R-module PC, are

given by the short exact sequence

0 PC JC JC®JC

for comultiplication map A and JC' := coker(n). An element = € ker(e) is primitive if its

image under the quotient by Im(n) in JC is in PC.

Remark 4.1.7

In a coaugmented coalgebra C, x is primitive if A(z) = 1®z+x®1. Note that this formulation

is equivalent to the above definition because the coproduct on x € IC = ker(e) is given by
Alx)=10z+z01+ Yz, .

Since C' is coaugmented, it splits as R @ [C, which means that
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CeC=(ReR)® (IC®R)® (R®IC)® (IC®IC).

Because C' is counital,

I[d=(e®Ild)oc A= (Id®€) o A,

so Yt @ x e [C®IC. But

n:R—CzReIC
r+— (r,0)

has cokernel JC = IC, so for primitive x € IC' = JC,

0— PC — JC 25 JO 0 JC

r—>x+—0

means that ¥;2! ® x’ € JC'® JC must be zero, and so A(z) = 1@z +x® 1 as desired.

Example 4.1.8
T
Primitive elements in the polynomial coalgebra kw1, ws, ...] are classes of the form wf for

p = char(k). The coaugmentation

n:k— klwy,ws,...]
1-1

has cokernel JC' with basis {w{, w%, ...} for all j > 1. Recall the comultiplication is given by

j J i~k
A(wlj.) => (k)wf ® wg
k
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Since p is the characteristic of &,

m m m
A(wf )=1®wf +w§j ®1

m

SO wf is primitive. The other w;" are not primitive because A(w!') # 1® w!" + w}’ ® 1 since

those binomial coefficients do not vanish.

Example 4.1.9
In the exterior coalgebra A (y1,y9,...), primitive elements are classes of the form y;. Recall
that the coproduct on Ay (y1,y2,...) is given by A(y;) = 1®y; +y; ® 1 and therefore the those

terms are primitive.

Example 4.1.10
Primitive elements in the divided power coalgebra I'j[x1,z9,...] are classes of the form z;.

Recall that the divided power coalgebra has comultiplication

A(vj(w)) = ; RACHLRNCD
a+b=j

So since vg(z;) =1 and vq(z;) = z;, we have

A(xi)=1®xi+a:,’®1.

The other ~;(x;) for j > 1 are not primitive because their image under A will have additional

Ya(z;) ® vp(x;) terms.

Studying primitive and indecomposable elements can be particularly useful because of

results like the following from Angeltveit and Rognes:
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Theorem (Prop 4.8 [1])
Let A be a commutative S-algebra with H.(A;k) connected and such that HH. (H«(A;k))

is flat over Hx(A;k). Then the E%-term of the Bokstedt spectral sequence

B2 .(A) = HH.(H.(A;k))

is an H,(A;k)-Hopf algebra, and a shortest non-zero differential d’, , in lowest total degree

s +t, if one exists, must map from an algebra indecomposable to a coalgebra primitive in

HH, (H, (A; k).

Proof. We will go through the proof as presented by Angeltveit-Rognes [I] since the proof
of the analogous result for the coBokstedt spectral sequence will be similar.

First we justify why Ez,*(A) is an H«(A;k)-Hopf algebra. Recall that the Hopf algebra
structure includes a comultiplication map, multiplication map, counit map, unit map, and
antipode. As we saw above, THH has an A-Hopf algebra structure in the homotopy cate-
gory that comes from identifying topological Hochschild homology with the simplicial tensor
THH(A) 2 A® S1. Then this simplicial structure gives a filtration that induces a spectral
sequence. The E2-term in this case is Hochschild homology of H.(A;k), and the product
and coproduct descend to E2.

Now suppose d2,...,d"~! are all zero. Since E? is an H.(A;k)-Hopf algebra, this means
Ez,*(A) = EY .(A) is still an H.(A;k)-Hopf algebra. If the class zy is decomposable for

classes x,y with positive degree such that d"(zy) # 0, then applying the Leibniz Rule yields:

d"(wvy) =d"(z)y + vd" (y),
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which implies that d"(z) # 0 or d"(y) # 0. Therefore zy cannot be in the lowest possible total
degree for the source of the differential, and thus the lowest total degree nonzero differential
must map from an algebra indecomposable instead.

On the other hand, if we assume d"(z) is not a coalgebra primitive, then the co-Leibniz

Rule says

Aod'(z)=(d"®1l+1ed")A(z)
=(d"®1+10d")(:®1+1®2+%;2/®2])
=(d"(2)@1+d"(1)@z+S;d" (z)) @) (z@d" (1) +1®d"(2) + Lzl @ d"(2]'))
=(d"(2)@1+%d" () @z ) (1ed (2) + Sz @d (z]')) (since d"(1) =0)

where the tensor products are over H,(A;k). So this implies that d"(2]) # 0 or d"(z]") # 0

for some 7, because if they’re all zero then

A(d"(2))=d"(z)®1+x1@d" (2),

which by definition that says that d"(z) is primitive, contradicting our initial assumption.

So since either d"(z]) # 0 or d"(z]") # 0 and the coproduct preserves degree (i.e. deg(z]) +
I _ !/ I L !/ i

deg(2]') = deg(z) for 2] and 2" in positive degree), deg(2;]) < deg(z) and deg(z]") < deg(z).

But then zl' and zz(’ are in lower total degree than z, so the shortest non-zero differential in

lowest total degree has to hit a coalgebra primitive. O]

Remark 4.1.11
The result in Angeltveit-Rognes [I] further shows that when k = [F}, there is an @7 -comodule
structure, but since we don’t use an analogous structure in the coalgebra setting we chose

not to include it in the above discussion.
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4.2 0O-Hopf algebra structure in the coBokstedt spec-

tral sequence

We have now examined certain properties that were known about the Bokstedt spectral
sequence and computational implications of that structure, and so we now want to address
the analogous coBokstedt spectral sequence setting.

As we saw in the previous section, under appropriate flatness conditions the Bokstedt
spectral sequence for a commutative ring spectrum A is a spectral sequence of Hopf algebras
over the commutative ring H«(A;k). However, in this dual setting we would then want to
show that we have a Hopf algebra over the coalgebra H.(C;k). However, this requires a
notion of a Hopf algebra over a coalgebra, which Bohmann-Gerhardt-Shipley [5] call a o-Hopf
algebra. To start, we will thus recall background information about the cotensor product O
before stating that the coBokstedt spectral sequence has a O-Hopf algebra structure.

For an R-coalgebra C', a right C'-comodule M with v: M - M®C, and a left C'-comodule
N with ¢ : N - C' ® N, the cotensor of M and N over C is defined to be the equalizer in

R-modules:

yeId

Id M®¢
Note that the cotensor does not always yield a C-comodule, but under some conditions

MDCNtzeq((M®RN) M®RC®RN).

it does. In particular, if C' is a coalgebra over a field and M and N are C-bicomodules, then
M og N is a C-bicomodule.
In order to give the definition of a Oc-Hopf algebra for a coalgebra C' over a field k, we

first need the definitions of a O¢-coalgebra and a O¢-bialgebra.
Definition 4.2.1 ([5])
Let C be a coalgebra over a field. A Og-coalgebra D is a C-bicomodule along with a
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comultiplication map A : D - D Og D and a counit map € : D — C that are coassociative

and counital maps of C'-comodules.

Definition 4.2.2 ([5])

Let C be a coalgebra over a field. A Oo-bialgebra D is a O¢-coalgebra that is also equipped
with a multiplication map p: DoOo D — D and a unit map n : D — C' that satisfy associativity
and unitality. The multiplication must also be compatible with the O-coalgebra structure.
A Og-Hopf algebra D is a O¢-bialgebra along with an antipode x : D — D that is a

C-comodule map satisfying the corresponding hexagonal antipode diagram.

See [5] for more details on the diagrams for coassociativity and counitality and those
specifying the interactions between the algebra and coalgebra structures.

As we saw above, in the commutative case we can identify THH(A)e as the tensor of A
with S1. Similarly, coTHH(C)® can be viewed as a cotensor with SL. We also discussed how
[1] shows that the simplicial pinch and fold maps induce maps on THH and the Bokstedt
spectral sequence. In the same way, work of Bohmann-Gerhardt-Shipley shows that sim-
plicial pinch and fold maps in the dual setting induce maps on the coBokstedt spectral
sequence. In [B], they describe topological coHochschild homology as the following cotensor
with S1

1
coTHH®*(C) = %,

so that the simplicial maps on S1 ultimately induce a O-Hopf structure on the coBokstedt

spectral sequence. In order to state this result, we require the following definition:

Definition 4.2.3
For a coalgebra C' over a field k, a right comodule M over C is called coflat if M O¢ - is

exact as a functor from left C-comodules to k-modules.
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We can now state the analog of [I, Theorem 4.5] for coTHH.

Theorem 4.2.4 ([5])
For C' a cocommutative coalgebra spectrum, if for > 2 each E,.""(C) is coflat over H.(C; k),

then the coBokstedt spectral sequence is a spectral sequence of O He (C; k)—bialgebras.

They further show that this bialgebra structure makes the coBokstedt spectral sequence
into a spectral sequence of O H*((}k)‘HOpf algebras by defining the appropriate antipode

map.

4.3 0-Hopf algebra structure in the relative coBokstedt

spectral sequence

We now want to see how the O-Hopf algebra structure extends to the relative coBokstedt
spectral sequence. We will consider coalgebras over Hk, for k a field. Adapting the notation
from Bohmann-Gerhardt-Shipley’s work [5], we first define the cotensor in the quasicategory
of cocommutative Hk-coalgebras, denoted by CoC Algy.. Note that [5] uses the notation
CoCAlg(Modpy,) based on the symmetric monoidal quasicategory of Hk-modules, Mod .,

so this is minor condensing of notation.

Definition 4.3.1
Given C € CoC Algg;, and a simplicial set Xo, we write CX® for the cotensor of C' with the

simplicial set Xo. On the n!!* cosimplicial level this is:

(cXyn=11 ¢

.’EGXn
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So using this notion of cotensor in CoCAlgp, and the simplicial circle S from the last

section, coTHHTF(C)® = CSe.

Remark 4.3.2
Note that since the relative coBokstedt spectral sequence was stated in generality for any
homology theory E, we now need to restrict ourselves to the appropriate conditions for the

O-coalgebra structure. In this thesis we are specifically interested in such examples where

E =S that are Hk-coalgebras.

Theorem 4.3.3 ([5])
For C' a cocommutative coalgebra spectrum, if for 7 > 2 each E,."*(C) is coflat over 7. (C),

then the relative coBokstedt spectral sequence is a spectral sequence of O (C)—Hopf algebras.

The proof follows as in [5], in which cotensoring with the simplicial fold map Siv St - Sl
induces the comultiplication, and the multiplication further comes from the simplicial pinch
map on the double circle simplicial model dS! — Slv Sl As we saw in the Bokstedt spectral
sequence, we now want to use the additional algebraic structure to understand differentials
in the spectral sequence. However, in order to make sense of these ideas in the dual setting,
we also need the following definitions and results regarding indecomposable and primitive

elements.

Definition 4.3.4
A unital Og-algebra A with multiplication 4 : Aoc A - A and unit n: C' - A is augmented

if there exists an augmentation map €: A - C such that ey =eOe€ and en = Id.

Definition 4.3.5

A counital Op-coalgebra D with comultiplication A : D - D Og D and counit € : D — C' is
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coaugmented if there exists a coaugmentation map 7 : C' — D such that An =non and

en = Id.

Definition 4.3.6 ([5])

Given a coaugmented O¢-coalgebra D, let PD be defined by the short exact sequence
A
0— PD—JD— JD0O¢ JD,

where JD = coker(n). An element in ker(€) is primitive if its image in JD is in PD.

Definition 4.3.7 ([5])
For an augmented O¢-algebra A, the indecomposables of A, denoted by QA, are defined

by the short exact sequence
IAop IA L5 14— QA — 0,

where A = ker(e).

Since the theorem regarding the Hopf structure in the relative coBokstedt spectral se-

quence will require 7. (C') to be connected, we define that term here:

Definition 4.3.8 ([3])
A graded k-coalgebra D, is connected if D« =0 when * < 0, and the counit map €: Dx — k

is an isomorphism in degree zero.

Theorem 4.3.9
For a field &, let C' be a cocommutative Hk-coalgebra spectrum such that coHH. (7« (C)) is

coflat over 7. (C') and the graded coalgebra 7. (C') is connected. Then the Es-term of the
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relative coBokstedt spectral sequence calculating 7 (coTHHZF(C)),
Ey"(C) = coHHE (74 (C)),

is a Dﬂ*(c)—bialgebra, and the shortest non-zero differential di’t in lowest total degree s+

maps from a DW*(C)—aIgebra indecomposable to a DM(C)—CoaIgebra primitive.

Proof. The proof follows as in the non-relative version in [5]. Note that the requirement
that coHH (7. (C")) is coflat over 7. (C) is really a condition on Ey. However since we can
do this argument page by page, no differentials on the Fs-page implies that Fy 2 Fg and
so the same coflatness condition will hold for that page. Thus, since we're just concerned
about the first of the non-zero differentials, the only condition we have to satisfy is the one

we need for the Fo-page. O
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Chapter 5

Explicit calculations

A natural question that comes up when studying coTHH is to ask what kinds of coalgebra
spectra exist, and for those that exist, is the Eo-page of the relative coBokstedt spectral
sequence computable? Although Bohmann-Gerhardt-Hggenhaven-Shipley-Ziegenhagen [4]
demonstrate that the coBokstedt spectral sequence can input examples of the form 3$°X
for simply connected X, Péroux-Shipley show that examples of S-coalgebras are still quite
limited [30]. So now that we have a way of generating new R-coalgebra spectra of the form
B Ay B and studying them via the relative coBokstedt spectral sequence, we will go through
a few specific examples. In particular, we will examine the coalgebras HIF), Az HIF), and
HFpABpens HF) (for those n and p such that BP < n > is commutative). In this chapter, we
will start by computing the Fo-term of the relative coBokstedt spectral sequence computing
7« (coTHH(C')) for these examples.

These results confirm that we can indeed compute the E9-pages of the relative coBokstedt
spectral sequence calculating relative topological coHochschild homology of some examples
of, in this case, HIF)-coalgebras. As discussed in the last chapter, in order to use the O-
Hopf algebra structure to find the E-page and complete the computation of the homotopy
groups of coTHH, we need our coalgebra spectra to be cocommutative. As a result, these
examples cannot be simplified using the O-Hopf algebra techniques because they are not

cocommutative. However, we will consider cocommutative coalgebras with homotopy that
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is similar to the above Fo-page examples later in this chapter.

5.1 Es-page Examples

Proposition 5.1.1
For the HFy-coalgebra HIF), Ay HF), the Eg-page of the spectral sequence calculating

s (coTHHIEP (HF), Apr7 HFp)) is
t F N
Ey" = coHH Y} (m«(HFy Az HEp)) = Ap, (1) ®F, Fplw]

for [[7]| = (0, 1), [lwll = (1,1).

Proof. By [Proposition|[2.5.5] HF), Ay, HF) is an HIF)-coalgebra coming from the map ¢ :

d
HZ — HTF), which is induced by Z oeh, Fp.

We want to find Ex(coTHHT(C)) for R = HFp, E =S, and C = HF Az HF) as in

the [Corollary|[3.0.2l Note that we satisfy the flatness condition that 7. (HFy Agy HF)) is

flat over 7. (HF,) = Fp, because modules are flat over fields. [Corollary|[3.0.2 states that the

relative coBokstedt spectral sequence has the form:

st Fp ’ HF
Ey" = coHHS’t(m(HIFp Az HFp)) = m_s(coTHH™ P (HF )y Afp7 HFp))

where the 77 serve as a reminder that convergence for this Bousfield-Kan spectral sequence
cannot be automatically assumed. We can use the Kiinneth spectral sequence to calculate

Tork s B (B, (M), Bo(N)) = Epag(M Ag N)
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which exists if E«(R) is a flat right R«-module [I5, Theorem IV.6.2]. Here we have E =S
and R = HZ, so since E«(R) = m«(HZ) = Z is indeed flat over Ry = m«(HZ) = 7Z, we may

apply the Kiinneth spectral sequence to get:

«(HZ
Torgjq( )(W*(HIFP), 7. (HFp)) = Torgq(Fp,Fp) = Tpiq(HFp Afpg, HFp)

To compute this Ey-term, we will need to create a projective resolution of F), as a Z-

module:

XP mod p

Z — Z —— T, —0.
Then we can truncate and — ®z I, to get
xp
7.&7 ¥, — Zozk, —0

which simplifies to

xp
Thus we have IF), in degree 0 and 1. As a coalgebra this is the exterior coalgebra with

a single generator in degree 1. Now that we know that 7. (HFy Apyz HF)) is an exterior

coalgebra over Iy, the Eo-page looks like:
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t F
By" = coHH } (. (HFp Az, HFp))

F
~ COHHSf'Z(AFp(T)) (7] =1)
= Ap, (1) ® Fplw] (by Proposition 5.1 in [4])

with bidegrees ||7|| = (0,1) and ||w|| = (1,1). Thus this Es-page looks like:

4 Tws—w?
3 Tw? w3
2 TW 2
1 T )
0
0 1 2 3 4

Therefore we have shown the desired result. O

Now that we’ve seen one calculation of an Eo-term for the relative coBokstedt spec-
tral sequence, let’s consider a similar HIF)-coalgebra example, HF) Agp<ys HIF). First we

introduce BP based on the complex cobordism spectrum MU as in [33].

Definition 5.1.2 ([9])
The spectrum BP, called the Brown-Peterson spectrum, is named because Brown and
Peterson showed that MU localized at a prime can be split into a wedge product of suspen-

sions of BP. In particular it is characterized by

T« (BP) = Zy)[v1,v2, . ],
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for [v;| = 2(p* — 1). There are also truncated Brown-Peterson spectra BP < n >, with
T (BP <n>)=Zlv1,...,vn]

as shown by [22].

Remark 5.1.3

Note that in order to consider B A 4 B as a B-coalgebra, we need A to be a commutative ring
spectrum. Because BP <0>=H Z(p) is an Eilenberg-Mac Lane spectrum of a commutative
ring, it will also be commutative. Similarly, [27] show that BP < 1 >= ¢ is commutative
since it is equivalent to the algebraic K-theory of a commutative ring spectrum. However
for n =2, BP <2 > is only known to be commutative for p = 2 [23] and p =3 [21], and so we

limit our examples to these cases.

Proposition 5.1.4
For the HIF)-coalgebra HIF), App<ys HIF) for n =0,1 and for n = 2 at the primes p = 2,3, the

Es-page of the spectral sequence calculating ;s (coTHH? P (H Fp Appens HFp)) is
t F N
Ey" = coHH } (m.(HFp Apeps HFp)) 2 Ap, (70, - - - 7n) ® Fp[wo, . .. wp]

for ||TZ|| = (072]92 - 1), ||(,UZ|| = (1,2]91 — 1)

Proof. HF) App<ps HFp is an HIF)-coalgebra because based on the definition for BP <n >
we have

T«BP <n>2 7, [v1,v9, ..., v ]
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for [v;| = 2p — 2, so there is a map of ring spectra

BP <n >~ HZ,) ~ HF),

given by mapping to the Eilenberg-Mac Lane spectrum on my. The composition gives a

coalgebra structure by [Proposition|[2.5.5 for n = 0,1 and for n = 2 at the primes p = 2, 3.

We apply the relative coBokstedt spectral sequence of [Corollary|[3.0.2] with R = HIF),

E =8, and C = HFy Appeps HF)p, giving us:
B3 = coHH.? i HT
o T CcoHH 4 (7« (HFp ABppeps HFp)) == m_s(coTHH" P (HFp Agpeps HEFp))
Now to compute m«(HFp App<ps HFp), we may again use the Kiinneth spectral sequence:
Tors s B (B, (M), Bo(N)) = Epag(M AR N)
which exists if E«(R) is a flat right R.-module. So here we have

|:’U1,’l)27...,'l}n]
gp) (Fp,Fp) = mprqg(HFp Appeps HFp)

Z
Torzg,’&BPm> (m« HFp, w4 HF)) = Tory,

To compute this, we will need to create a projective resolution of F, as a Z(p) [v1,v9, ..., 0p]-
module. We may use the Koszul complex, which we will include for n = 2 since that is the

largest case we will consider:
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Slo1valz,  [v1, v9] —5BZ ) [01, v9] @ S21Z y [v1, 0] @ BV1°21Z )y [0, 09]
1~ (2127_1}17]))

B v v (0
— Z(p) [01,02]@2| 1|Z(p) [v1,v2] ® ] 2|Z(p) [v1,v2] 7, Z(p) [v1,v9] — F, — 0.

(17070)'_)(U17_p70) (17070)'_)]9
(0,1,0)'—> (U270a_p) (Oa170) = U
(070’ 1) = (07027_1)1) (0’07 1) = U9

d
where 1 is the module map v : Z(p) [v1,v9] i N Fp that sends v1 and vy to 0. We then

truncate and — ®Z( )[ Iy to get the resulting complex:
p

il vv2]

2|0102|Fp N g|01|19p o E|v2|[gp ® Z'”“’?'IFZ, N Fp & E|U1|]Fp ® 2|92|Fp U F, —> 0

Since coassociative comultiplication preserves total degree, the resulting IFPGBEFPGBZ|U1|+1]F p®

E|”2|+1Fp is an exterior coalgebra over F;, generated by what we will call 7, 71, 79 in degrees

70| =1, |m1]| = |v1]| + 1, and |m| = |vg| + 1}}| As in Tilson [35], the spectral sequence computin
0 1 1 2 2 P q P g

7« (HFp App<n> HFp) then collapses at this Fo-page, and we recover the calculation:

T+ (HFp Appeps HFp) 2 Ap, (70,71, .., Tn)

for |;| = |v;| + 1 = 2p* — 1, and our computation amounts to the familiar:

it F
Ey' = coHHsf;(m(HFp ABP<ns> HFp))

F .
ECOHHSfi(AFp(TO,Tl,...,Tn)) (|7]=2p* - 1)
= Ap, (70, - ) @, Fplwo, .., wn] (by Lemma 5.1 in [4])

1y [35, Prop 5.6] that specifically examines the case where n = 2 and p = 2, these generators are called
2,07, and v9.
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with bidegrees ||7;|| = (0,2p! - 1) and ||w;|| = (1,2p" - 1). O

Remark 5.1.5
Thanks to a conversation with Mike Hill, we also have the following quotients of the dual

Steenrod algebra for p = 2 that emerge as the homotopy groups of HI[Fy-coalgebras of the

form B a4 B for |¢] =20 - 1:

T
HFy Ay, HF; [y
HFy gy HF9 A1)
HF9 Ay HF A(&1,62)
HFy Ao HEF2 Fol&1,&]/&1, €3
HFo Aty p, (3) HF2 A(&1,€2,€3)
HFo A p HFo | Fal€1,62,63]/68,63.63

So by Lemma 5.1 in [4] as in the examples that we saw above, we could similarly find the

FEy-pages:

t F
Ey" = coHH 3 (74 (HF Ay HF2)) = Ap, (&1, 62) ® Falw, wo]

it F ~
Ey" = coHH 5 (4 (HF2 Ay, 1, (3) HF2)) 2 AR, (€1,2,63) ® Folwy, wa, ws]

5.2 Computational Tools

We are going to use the O-Hopf structure of the last chapter to give further computational
tools. Recall from the previous chapter that the shortest nonzero differential must go from
a O-Hopf algebra indecomposable to a O-coalgebra primitive. We first study the primitives

of O¢-coalgebras of the form C'® D.
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Proposition 5.2.1 ([3])
For coaugmented k-coalgebras C' and D, C® D is a O¢-coalgebra and an element c®d e C® D
is primitive as an element of the On-coalgebra C' ® D if and only if d is primitive in the k-

coalgebra D.

Bohmann-Gerhardt-Shipley prove that if coHH(D) is coflat over D then coHH(D) is a
Op-algebra [5]. We will further need to identify the indecomposable elements, but in that
case we will restrict to the specific computational setting we will need.

The last tool we introduce here is that for Hk-coalgebras the relative coBokstedt spectral
sequence is itself a spectral sequence of k-coalgebras, which will then allow us to restrict
differentials even further to targets that are k-coalgebra primitives. Bohmann-Gerhardt-
Hggenhaven-Shipley-Ziegenhagen [4] showed the following result for the coBokstedt spectral

sequence, and the relative case follows from their work.

Theorem 5.2.2
If C is a connected cocommutative Hk-coalgebra that is cofibrant as an Hk-module, then
the relative coBokstedt spectral sequence for F =S is a spectral sequence of k-coalgebras.

In particular, for every r > 1 there is a coproduct

VB — B ey
and the differentials d,- respect the coproduct.

Proof. This proof follows as in [4] since for E' =S we are already in the setting of cosimplicial

Hk-modules. ]
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5.3 Exterior Inputs

The goal of this section is to compute the homotopy groups of the topological coHochschild
homology of coalgebra spectra with an exterior homotopy coalgebra. Now because we proved
in the previous chapter that our spectral sequence has a O-Hopf algebra structure, we will
use that the shortest nonzero differential goes from an algebra indecomposable to a coalgebra
primitive.

Theorem 5.3.1

For a field k, let C be a cocommutative H k-coalgebra spectrum that is cofibrant as an Hk-
module with 74 (C) = Ag(y) for |y| odd and greater than 1. Then the relative coBokstedt

spectral sequence collapses and
7+ (cOTHHHF(C)) 2 A (y) ® k[w]

as graded k-modules for |w| = |y| - 1.

Proof. Recall that the flatness condition of the relative coBokstedt spectral sequence is

satisfied because we're taking £ =S and R = Hk, so the Fy-page is
t
By = coHHE (A () 2 Ag(y) ® k[w]

by Proposition 5.1 in [4]. But now because the degree of y is both odd and greater than 1,

we will show that the spectral sequence is sparse enough that all differentials will be zero.

By [Proposition| 4.3.9] we know that the shortest nontrivial differential in lowest total

degree must map from a O Ak(y)—algebra indecomposable to a O Ak(y)—coalgebra primitive.

Since the Fo-page is given by Ay (y) ® k[w], [Proposition|[5.2.1| implies that elements in this
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0 Ak(y)—coalgebra will be primitive if and only if the component from k[w] is primitive in the
k-coalgebra k[w]. Recall that primitives in the k-coalgebra k[w1,ws,...] more generally are

of the form wf " for p = char(k), so here

Ay (y) ® (primitives in k[w]) 2 Ag(y) ® wh™

Therefore the only terms in the spectral sequence that are possible targets of differentials
are wP"" and ywpm for m > 0 and prime p.

Bohmann-Gerhardt-Shipley also identify the indecomposable elements for the O Ap(y)”
algebra Ay (y) ® k[w] as those of the form Aj(y) ® w since the indecomposable elements
of k[wy,ws,...] more generally are w; [5]. Thus the only terms in the spectral sequence
that are possible sources of differentials are y and yw, since yw/ is decomposable for j > 1.
Because the possible targets are of the form wP™ and ywpm, and the ywpm appear in the
same diagonal as both y and yw, those elements cannot be hit by any (r,r — 1)-bidegree
differential. Thus we need only justify why differentials from y and yw cannot hit terms of
the form wP"".

Note that the elements we are considering live in the following bidegrees (||-||) and (¢-s)

total degrees (| —|) for m,n > 1:

lyll = (0,2n +1) (since |y| = 2n + 1 is odd and > 1)

[?™ | = (0™, p™ (20 + 1)) = (™, 20p™ + p™) (since ||w|| = (1,2n +1))
lywl] = (1,4n +2)
ldr (Il = (r,yl +7=1) = (r,2n+ L+7r=1) = (r,2n +7)
ldy (yw)|| = (L+7,4n+2+7r—1) = (L+7,4n+7+1)

First, we will justify that ||d.(y)|| # |[wP""|| for any m > 1. Suppose by contradiction that
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these terms were in the same bidegrees. Then the first coordinate tells us that r = p', so we

have from the second coordinate:

2n+p" =2np™ + p™M
2n = 2np™
1=p™m (since n>1)
but p is prime and m > 1, so we have a contradiction.
Second we justify that ||d,(yw)|| # |[w?""|| for any m > 1. Suppose by contradiction that
these terms were in the same bidegrees. Then the first coordinate tells us that r+1 = p™, so

we have from the second coordinate:

dn +p™ = 2np"" + p™
4n = 2np™
2=p™,
which is true only when m = 1 and p = 2. However, if m = 1 then 7+ 1 = p™ = 21 implies that

r =1 and we are already considering the Fo-page, so no such differential exists.

Now we want to make sure the convergence conditions of |(Corollary||3.0.5 hold; that is, if

. S,5+1 5,5+1
for every s there exists some r so that E,7 " = E

then the relative coBokstedt spectral
sequence converges completely to 7« (coTHH”®(C)). However, because the differentials
starting at the Fs-page must be trivial, we satisfy this condition for convergence, which

yields:

E2 ~ Foo & Ak(y) ® k[w]

and so we have an isomorphism with 7, (coTHH#(C)) as graded k-modules.
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Next we consider the computation when we increase the number of cogenerators. Bohmann-

Gerhardt-Shipley identifies the indecomposable elements for this setting more generally:

Proposition 5.3.2 ([3])

The indecomposable elements in the DAk(yl7y27m,yn)—algebra

COHH(Ak(y17y27 s 7yn)) = Ak(y1’y27 e 7yn) ® k[w17w27 e 7w’n]

are given by Ap(y1,92,..,yn) ® w;.

Theorem 5.3.3
Let k be a field and let p = char(k), including 0. For C' a cocommutative H k-coalgebra

spectrum that is cofibrant as an Hk-module with 7.(C) 2 Ag(y1,y2) for |y1],|y2] both odd

lya|-1

and greater than 1, if p'™ is not equal to | or lvol-1

y1l-1 lyp|-1

+ 1 for all m > 0, then the relative

coBokstedt spectral sequence collapses and

7 (cOTHHHE(C)) = A (y1, y2) ® k[wy, wa],

as graded k-modules for |w;| = |y;| - 1.

Proof. Suppose |y1| = a and |ys| = b so that on the Es-page of the spectral sequence y; appears
in bidegree (0,a), and yo appears in bidegree (0,b), which implies ||w1|| = (1, a), |Jwol| = (1,b).
Then we assume WLOG that b > a and we will determine if there is the possibility for

differentials by examining the degrees of the terms in the spectral sequence. We will refer to

lya|-1

W21 s condition 1 and not equal to lyp -1

our assumptions that p is not equal to 11

+1 as

condition 2.

Note that because of the O-coalgebra structure from [Proposition||4.3.9| the shortest non-
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trivial differential has to hit a coalgebra primitive. If char(k) = p a prime, then by

coalgebra primitives will be of the form

m
Ag(y1,y2) ® w!

T T
since the primitives in k[wq,ws] are of the form w]f or wg . However, by [Theorem||5.2.2

the relative coBokstedt spectral sequence in this setting also has a coalgebra structure over
k. Therefore the first nontrivial differential has to hit a k-coalgebra primitive, that is only
classes of the form y; or wf " (and not any of their tensored combinations). Since the y;s
appear in the zero column, they cannot be hit by any differentials, so our only possible targets
are classes w]fm or wgn. Similarly, if char(k) = 0 then the only primitives in k[wy,wo] are

wy and woy.

Further, the source of the shortest nontrivial differential must be a O-algebra indecompos-

able, which by [Propositionl[5.3.2| will be of the form Az (y1,y2) ® w;. Thus we only consider

differentials from the following sources that land in bidegrees:

ldr(y)l| = (rya+7r—1)
ldr (y2)|| = (r, b+ 7= 1)
ldr (y1y2)[| = (r,a+b+7-1)
ldr(w1)]|=(1+7,a+7r-1)
|dr(w2)|| = (1 +r,b+r-1)
lldr (y1wr)|| = (1 +7,2a+7r-1)
lldr (yow)||=(1+r,a+b+r-1)
ldr(yrwo)||= (1 +r,a+b+r-1)
ldr(y2wa)l| = (L +7,2b+7-1)
\ldr (y1yow1)|| = (1 +7,2a+b+7r-1)
\ldr(y1y2w2)|| = (L +r,a+2b+7r-1)
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The primitive elements that could serve as possible targets live in bidegrees:

m
lwy 1= (™, ap™)

m
lwyy |1 = (™, 0p™)

Note that if there is a nonzero differential hitting one of these classes, comparing the
degree of the first coordinate implies information about either r or 1+ r. In the char(k) =0
case, |wy| = (1,a) and |wsg| = (1,b) imply that no nontrivial differentials exist since we are
already on the Es-page. Thus we assume char(k) = p is prime so that the first coordinate
implies 7 = p" or 1 +r = p, which we will use to simplify the second coordinate of the
bidegree.

pm

Suppose dy(y1) hits a class wy . Then by comparing degrees:
a+p"—-1=ap™.

This gives either that a = 1 (except we're assuming |y;| > 1) or that m =0 (then a could be
anything), but in that case r = p”* = 1, and we’re already on the Es-page. Thus there is no

T
such possible differential. A similar argument can be used to justify why d,(y2) # wg

pm

Suppose dr(y1) hits a class ws, . Then by comparing degrees:
a+p™-1=bp".

So ‘bl%% = p™, but we assumed that b > a, so this equality only holds if p" =r = 1. But we

are considering the Ey-page, so no such differential exists. A similar justification regarding
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m m
r determines that d,(yjwy) # w}f and d,(yows) # wg

m
Suppose d,(y2) hits a class wlf . Then by comparing degrees:

b+p"—1=ap™
so p'M = %. Now we assumed in condition 1 that B?% # p™. so no such differential exists.
m
Suppose dy(y1y2) hits a class w} . Then
a+b+p"—-1=ap™,

sob=(p"-1)(a-1), but b is odd and a -1 is even and we can’t have equality due
to the parity issue, so there are no such possible differentials. Similar parity issues arise

m TN T TN T
to show d,(y1y2) # wg , as well as for dp(wy) # wlf or wg , dr(wo) # wlf or wg ,

m m m T
dr(y1yowy) # w]f or wg , and dy(y1yows) # wif or w‘g

T
Now suppose d;-(y1w1) hits a class w‘g . Then the first coordinate implies that r+1 = p"?,

so the second coordinate gives:

2a+r-1=0b(1+r),

SO 2‘;%% =r+1. But a<bso 2%%% <2(1) <3< r+1since r > 2 and so no such differential

exists. Similar justifications based on the assumption that a < b allow us to conclude that
p"™ P

dr(yow1) # wy  and dr(y1w2) # wy

m
Suppose d,(yowy) hits a class w?f . Then

a+b+p"-2=ap™,
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lyg|-1

so .=1 = p"™ - 1. However we assumed in condition 2 that p" cannot be equal to Y1

+1,
so no such differential exists. This condition also arises in the case d,(yjws) # wf

m
Finally suppose d,(yowo) hits a class wjf . Then

20+ p"™ -2 =ap™

SO 2% = p". However, we claim that the assumption p™ # QBTI:}

is already eliminated

by the existing conditions. First, if m =0 then p'™™ =1 and this assumption does not apply

since we assumed above that |ys| > |y1|. Therefore, we need only justify that p'™ # 2|y2| for
ly1[-1

m > 1. If p is odd, an odd prime p to any power will still be odd and so p" # 2{y2i due to

parity.

If p = 2, consider the case where szl is odd. Then 2 }y2l will only be equal to a power

of p = 2 if the power is 1. But m =1 would imply here that » =1 and we are already on the

Ey-page. If IyZ}j is even, then verifying that p™ # QB%% for m > 1 is equivalent to checking
m
that p" + Iyzl for n >0, i.e. condition 1. So, no such differential from yowy to wlf exists

if condition 1 is satisfied.

We have now justified via combinatorics why all possible differentials can be eliminated,
whether that is for parity reasons, because we’re already on the Fo-page, or because we
restricted values of p based on the conditions listed in the hypotheses. Thus the spectral

sequence collapses, and the convergence conditions of [Corollary][3.0.5] hold so we have the

desired result. O

Remark 5.3.4
Note that the conditions on p™ allow us to avoid cases like |y1| = 3, |y2| = 5, which has a

possible dg differential from y9 to w1 for the prime p =2 (which is in this case is eliminated
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by condition 1).

5.4 Divided Power Input

Along with proving the existence of the coBokstedt spectral sequence in Bohmann-Gerhardt-
Hogenhaven-Shipley-Ziegenhagen [4], they show the following significant computational re-

sult:
Theorem 5.4.1 ([4] 5.4)

Let C' be a cocommutative coassociative coalgebra spectrum that is cofibrant as a spectrum,

and whose homology coalgebra is

H*(Cvk) = Fk[l’l,fﬁg,. . ']a

where the x; are cogenerators in non-negative even degrees and there are only finitely many
cogenerators in each degree. Then the coBokstedt spectral sequence for C' collapses at Fo,
and

E9 2 Eo 2T1[z1,29....]® Ap(21, 22,...)

with z; in degree (0,|x;]) and z; in degree (1, |z;]).

Now we would like to have an analogous result for the relative coBokstedt spectral se-
quence for the case when F =S and R = Hk for a field k. Recall that these restrictions allow
us to use the O-Hopf algebra structure of the spectral sequence to eliminate certain possible

differentials.

Theorem 5.4.2

Let C' be a cocommutative coassociative H k-coalgebra spectrum that is cofibrant as an
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Hk-module spectrum, and whose homotopy coalgebra is
1 (C) =T[2z1,x9,...],

where the x; are in non-negative even degrees and there are only finitely many of them
in each degree. Then the relative coBokstedt spectral sequence calculating the homotopy

groups of the topological coHochschild homology of C' collapses at Eo, and
7 (cOTHHTF(C)) 2 Ty (1, 29, . .. ] ® Ap(21, 22, .. .)

as k-modules, with z; in degree |z;| - 1.

Proof. Since E.(C) = m«(C) =T'}[x1,29,...] is flat over Ex(R) = m«(HEk) 2 k, the relative

coBokstedt spectral sequence that abuts to my_s(coTHH?¥ () has Ey-page
E;’t = COHHé’t(Fk[Il,ZL‘Q, ]
By Proposition 5.1 in [4],
COHH§7*(Fk[x1, x9,...]) 2Tz, 29,...] ® Ap(21, 29, ..),

where ||z;]| = (1,|z;]). Now we want to examine the differentials on this FEo-page of our

spectral sequence. In particular,|Theorem|4.3.9[says that the coalgebra structure implies that

the shortest nonzero differential has to hit a O-coalgebra primitive. Since coHH (7« (C')) is

a O-coalgebra over m«(C) = T'p.[21,x2,...], we know by [Proposition|/5.2.1| that the primitive
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elements will be of the form
Tpl21,29,...] ® (primitives in Ag(z1,29,...)),

where the primitives in Ay (z1,29,...) viewed as a k-coalgebra are of the form z;.

Note that since all of the x;’s appear in degree (0, |z;|), all z;’s and all the divided powers
will stay in the zero column. Similarly, the exterior cogenerator z; is in degree (1,]x;|), and
so all possible targets, i.e. combinations of x;’s with a single z;, will be in the first column.
Because we are on the Eo-page, the differentials of bidegree (2,1) will be mapping outside
of these two columns, as will all possible d; differentials on later F,-pages. Thus beyond
the zero and first columns, the only elements that may be hit by differentials are those that
include at least z;z;. However, as we said above, such elements are not primitive, and the
shortest non-zero differential d;f’t in lowest total degree s + ¢ has to hit a Dm(c)—coalgebra
primitive. Therefore, our spectral sequence collapses at E>.

Now we want to make sure the convergence conditions of [Corollaryl[3.0.5 hold; that is, if

. S,8+1 8,5+1
for every s there exists some r so that F,° " = E}

then the relative coBokstedt spectral
sequence converges completely to ’/T*(COTHHH k (C)). However, because the differentials

starting at the Fs-page must be trivial, we satisfy this condition for convergence, and so we

have the following isomorphism of k-modules:

7. (cOTHHER(C)) 2 Ty [21, 29, .. .] ® Ap(21, 29, - ..).
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Chapter 6

Shadows

In a symmetric monoidal category (¢, ®,1), an object C'is called dualizable with dual D € ¢
if there is a coevaluation map n:1 - C'® D and evaluation map €: D ® C' - 1 that satisfy

the triangle identities:

(Idg®e)o(nelde):C-C®DeC - C=1d¢
(eoldp)o(ldpen):D->DeCe®D - D=Idp

Using this structure, one can define the trace of a map f:C — C as

1d
1% cent® copenec 1.

Observe that the symmetric monoidal setting critically provides the symmetry isomorphism
C®D =~ D®C. One might want to extend the notion of trace to bicategories. For two
objects C' and D in a bicategory, there is a horizontal composition C' ® D. However, one
would not expect to have a symmetry isomorphism relating C® D and Do C. Indeed, C® D
and D ® C' may not even live in the same category.

Work of Ponto [31] and Ponto-Shulman [32] develops a notion of a bicategorical shadow
to address this issue. More recently, work of Campbell-Ponto [I1] used this framework to

show that THH is a shadow. In this chapter we will show that coHochschild homology
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(coHH) is also a shadow. Note in particular that once we have the structure of a shadow,
other properties such as Morita invariance follow as a consequence. Some of these properties
were already shown via other methods, but the framework of shadows gives us another

perspective.

6.1 (Co)Bar Constructions

Because we will need bar and cobar constructions to give examples of shadows in this chapter,

we state those definitions here.

Definition 6.1.1
Let k& be a commutative ring, A a k-algebra, M a right A-module, and N a left A-module.

Define a simplicial k-module

M®kA®kA®kN
RN
M®kA®kN
N
M e, N

with face maps given by

ma]®...0a,®n 1=0
di(m®a1®...0a, ®n)={mM®a;®...0a;a;4,1®...8a,®n 1<i<r

mea1®...0ar_1®arn 1=,

and degeneracy maps that insert the unit map:
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melea ®-®a ®n 1=0

sim®a; ® - ®a,®n) = ,
me®a®-®a®1®a;1®-®ar®n 1<

Then the two-sided bar complex Bare(M,A,N) is given by the simplicial k-module

defined above. Further one can form a chain complex of k-modules via the boundary map

d =Y;(~1)'d; to create the two-sided bar construction Bar(M, A, N).

Definition 6.1.2
Let R be a commutative ring spectrum, A an R-algebra, M a right A-module with structure
map y: MAA - M, and N aleft A-module with ) : AAN — N, where all A in this definition

are over R. Define a simplicial R-module

MANAANAAN

AN
MAANN
N
M AN
with face maps given by
v AT 1=0
di = 1AM A ATdNTE 1<i<r

Id™ A i=r,

and degeneracy maps that insert the unit map:

s; = Idi+1 AT A Id?"—i+17

for 0 <i <r. Then the two-sided bar complex Bare(M, A, N) is given by the simplicial
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R-module defined above, which we can then geometrically realize to get the two-sided bar

construction Bar(M,A,N).

Definition 6.1.3
Let k£ be a commutative ring, C' a k-coalgebra, M a right C-comodule with right coaction
v: M - M®;C, and N a left C-comodule with left coaction ¢ : N - C ®; N. Define a

cosimplicial k-comodule

M, Ce,Ce, N
T
M®,.C®, N
T
M ®p N

with coface maps given by

v ®Id®"+1 i=0
5 ={1d® @ A 1d®(—i*1) 1 <<y
1d®* 1) i=7r+1

and codegeneracy maps that insert the counit map for 0 <7 <r—1:
o; = 1%+ @ ¢ @ [d®" .

We denote the cosimplicial two-sided cobar complex by coBar®(M,C, N). One can form
a cochain complex of k-comodules via the boundary map § = ¥;(~1)%§; to create the two-

sided cobar construction coBar(M,C, N).
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6.2 Shadow Background

We first recall some basic definitions.

Definition 6.2.1 ([32] 11])

A bicategory % consists of

a collection objects, ob(A), called 0-cells

e categories B(R,T) for each pair R,T € ob(#). The objects in these categories are

referred to as 1-cells and the morphisms as 2-cells.
e unit functors Up € ob(ZA(R, R)) for all R € ob(A)

e horizontal composition functors for R, T,V € ob(A)

©:B(R,T)xB(T,V)—>AB(R,V)

which are not required to be strictly associative or unital.

e natural isomorphisms for M € ob(#B(R,T)), N € ob(B(T,V)), and P € ob(B(V,W)),

Q € ob(B(W, X)) for R, T,V,W, X € ob(A)

a:(MoN)oP—>Mo (NoP)
l:Upo M —=> M
r:M@UTiM

that satisfy the monoidal category coherence axioms (triangle identity and pentagon

identity):
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(MoUp)®N g s Mo (Up®N)

rold
Idoel

Mo N
(MoN)o(PoQ)
(MoeN)oP)oQ Mo (No(PoQ))
ia@ld Id@aT
(Mo(NoP))eQ 2 s Mo ((NoeP)oQ)

Example 6.2.2
The bicategory Mod/Ring whose 0-cells are rings, and Mod/Ring(R,T) =g Modyp is the
category of (R,T)-bimodules for rings R,7T. The unit Up is the (R, R)-bimodule R, and

horizontal composition is given by the tensor product of bimodules

©: B(R,T)x B(T,V) > B(R,V)
(M,N)»MoN:=MepN

Example 6.2.3
The bicategory Z(Ch/Ring) has 0-cells that are rings and Z2(Ch/Ring)(R,T) = Z(pModr)
is the derived category of (R,T)-bimodules. The unit Up is the (R, R)-bimodule R viewed

as a chain complex, and horizontal composition is given by the derived tensor product ®L:

©:B(R,T)xB(T,V) > RB(R,V)
(M,N)»MoN:=MeLN

Note that Bare(M,T,N) ~ M ®%N viewed as a trivial simplicial object via the isomorphism
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that in degree j multiplies together all the factors of 7. Thus we may also consider this

horizontal composition as the two-sided bar construction.

Example 6.2.4

Let Z(Mod/Ring Spectra) denote the bicategory whose 0-cells are ring spectra, and for ring
spectra R, T Z(Mod|Ring Spectra)(R,T) is the homotopy category of (R,T")-bimodules.
The unit Up is the (R, R)-bimodule spectrum R, and horizontal composition is given by the

derived smash product AL of spectra

©: B(R,T)x B(T,V) > B(R,V)
(M,N)» Mo N:=MruN

Note that as in the previous example M /\% N ~ Bar(M,T,N) [15, Prop IV.7.5], and so we

may also consider this horizontal composition as the two-sided bar construction.

Now that we have the underlying bicategorical structure, we will define a shadow on that

bicategory:

Definition 6.2.5 ([31], 32])

A shadow functor for a bicategory & consists of functors

(- Do #(C.C) T

for every C' € 0b(%) and some fixed category T equipped with a natural isomorphism for

M e B(C,D), N ¢ B(D,C)

0:((MoN)e— ((NoM)p.

82



For P € #(C,C), these functors must satisfy the following commutative diagrams (when

they make sense):

(Mo N) o P)e—((Po (Mo N L (PoiroN),

l<<a>> eT
(Mo (NoPWo—t-((NoP)or), YL (vo (o)),

(P o U)o~ ((Uc @ P))o —2=((P o Uc))c

R

{P)c

We can now consider shadows for the bicategories that we introduced earlier.

Example 6.2.6
The “underived version” of Hochschild homology (or HHy(R; M)) is a shadow on the bicat-
egory Mod/Ring [32]. Recall that Mod/Ring(R, R) =g Modpg, so let R be a ring and M be

an (R, R)-bimodule to define

({(-Np:rModp - /b
Ml—)R@R@,RopMEHHo(R;M)

where /b is the category of abelian groups and the isomorphism above follows since

R®pgrop M = Hy(R ®é®ROp M)

- Tor(l)%@ROp(R, M)
- HH(R; M)

Equivalently we could define this shadow of the (R, R)-bimodule M to be the coequalizer of

Y
R®Mw:;M—>((M)),
where v and v are the right and left module actions respectively.

The main property of shadows that we want to justify is that for an (R, T")-bimodule M

83



and an (7, R)-bimodule N, there is an isomorphism

6:((MoN))g— ((NoM)

Unpacking this we see

((MoN))g=(MerN))p=ROrgrop (M & N)
~HHy(R; M ®7 N)
((NoM))p:={(Ne&rM))p=T &pgrop (N ®r M)
*HHo(T; N @p M)
So justifying that there is such an isomorphism 6 comes down to comparing M ® 7 N quo-
tiented by the action of R ® R°P and N ® p M quotiented by the action of T'® T°P.

Recall the 0" Hochschild homology of a k-algebra A with coefficients in an (A, A)-

bimodule B is given by:

HHO(A;B);B/<ab—ba>.

So to define # above, we need a map

9:M®TN/<7“m®n—m®m“>——>N®RM/<tn®m—n®mt>.

We would like to define # as the map that swaps the tensor factors m®n — n®m. However,
in order for this map to be a well-defined map, we need to verify that rm ® n —m ® nr maps
to 0. But because of the universal property of ®;, we can bring r through the tensor so that

0 takes
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TMRrN—MO;NT —>NQrTM—NTr @, M=NQrTmM—-NQzrm =0.

Therefore we have defined € in one direction. A similar argument justifies that its inverse

sends n ® m — m ® n, and together these give the desired isomorphism:

0:HHy(R; M & N) — HHo(T; N & M).

We have seen above that HHy(R;-) is a shadow. Now we will see that Hochschild

homology is as well.

Example 6.2.7
Hochschild homology is a shadow on the category Z(Ch/Ring). So let R be a ring and M

be a chain complex of (R, R)-bimodules to define

((=Nr:Z2(Ch/Ring)(R, R) —~ 2(Chyg)
M~ Rk oop M = HH(R, M)

where C'hy is chain complexes of abelian groups and HH(R, M) denotes the complex whose

homology gives Hochschild homology. The isomorphism above follows since

op
Hi(R &% nop M) =Tor®R7 (R, M)
= HH;(R; M)

Again, the argument amounts to justifying that for M a chain complex of (R,T)-

bimodules and N a chain complex of (T, R)-bimodules, there is an isomorphism
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0:((MoN))p— ((No M)y

Unpacking this and using the fact that M ®% N ~ Bar(M,T,N) we see

(Mo N))g:=((M&FN))g = R&p pop (M &F N)

~ HH(R, M ®% N) = HH(R, Bar(M, T, N))
(N o M))p:=({N&j M)y =T &% rop (N&p M)

~ HH(T, N ®% M) = HH(T, Bar(N, R, M))

So justifying that there is such an isomorphism 6 amounts to constructing an isomorphism:

0 : HH(R, Bar(M,T, N)) — HH(T, Bar(N, R, M)).

Recall that Hochschild homology is calculated using a cyclic bar construction, and applying
the Dold-Kan correspondence between chain complexes and simplicial k-modules allows us
to identify both of the above bisimplicial chain complexes, HHqo(R; Bare(M, T, N)) and

HHo(7T'; Bare(N, R, M)) with the bisimplicial object Hee that at the (7, j)-spot is given by:

RR®...9R
® i ®
N M
® j ®
TeoT®...9T

where the face maps are given by multiplication of adjacent terms. Then the map 6 is given

degree-wise by:

0O MIT® - 3TOANIR® -9 R—NQIR®--RMeT® T
met @t @nNer| @ ®r; > tN@r| @ r;@met; ® - ®t;,
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where the + is determined by the Koszul sign convention. This map is defined because
of the (R,T)-bimodule structure on M and the (T, R)-bimodule structure on N. This
bisimplicial identification then gives an equivalence of complexes and thus defines the desired
isomorphism #. This approach is often referred to as a Dennis-Waldhausen Morita Argument
136, 3].

Example 6.2.8 ([11])

Topological Hochschild homology is a shadow on the bicategory 2(Mod/Ring Spectra). Let

R be a ring spectrum and M an (R, R)-bimodule spectrum, and define

{(=)Ng:Ho(Mod (g ry) - Ho(Sp)
M = THH(R, M)

where Ho(Sp) is the homotopy category of spectra.
Again, the argument amounts to justifying that for an (R, T)-bimodule M and a (T, R)-

bimodule N, there is an isomorphism

0:((MoN))gp— ((No M)

Unpacking this as before shows that justifying that 6 is an isomorphism is equivalent to

showing that there is an isomorphism

0 : THH(R, Bar(M, T, N)) — THH(T, Bar(N, R, M)).

As above we may apply the Dennis-Waldhausen Morita Argument to identify both
THHe(R, Bare(M,T,N)) and THH4(T, Bare(N, R, M)) with the bisimplicial spectrum that
at the (7, j)-spot looks like
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TANTA...AT
Then the geometric realization yields the desired equivalence [3].

Now we will see how to extend this work to the dual situation with coalgebra inputs.

6.3 CoHochschild Homology is a Shadow

We want to show that coHochschild homology is also a shadow. We first describe the

following bicategory.

Definition 6.3.1
For a field k, the bicategory CoAlg;. has 0-cells that are coalgebras over k, say C, D, and
CoAlg.(C, D) is the category of (C, D)-bicomodules. The unit Ug is the (C, C')-bicomodule

C, and horizontal composition is given by the cotensor product O given by

©:B(C,D)x B(D,E) - B(C,E)
(M,N)»MoN:=MopN

For (C, D)-bicomodule M, (D, E)-bicomodule N, and (E, F)-bicomodule P the natural

isomorphisms

a:(MoN)oP—> Mo (NoP)
L:UsoM— M
riMoUp— M

follow as in [14] from the natural isomorphisms
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(Mop N)og P2xMuop (Nog P)
CoocM=z=M
Muaop D= M.

The maps above are given by:

(I:(MDDN)DEPQMDD(NDEP)
(men)®pr»me (n®p)

l:CDcMEM

Zici ®m; — Zie(ci)mi

r: M Op D>~M
Nim; ® d; = Xymge(d;)

We refer to [10, 11.6] for the proof that the cotensor is associative since the field k ensures

flatness.

Theorem 6.3.2
The 0" Hochschild homology, coHHy, is a shadow on the bicategory CoAlgp.. That is, it

gives a family of functors

coHHy(-,C) : CoModc oy > b
NN Ooecop Cz COHH()(N, C)

that satisfy the required shadow properties.

Proof. We use the bicategory with 1- and 2-cells from CoM Od(C’,C’)? which is the category

of (C,C)-bicomodules as defined above. Recall the horizontal composition:

89



©:%(C,D)x #(D,E) - B(C,E)
(M,N)»MoN:=MapN

Note that since we are working with coalgebras over a field k, the cotensor M op N is a
bicomodule.

We want to define the required functor:

<< - >>C : COMOd(C7c) - JZ{b
Nw~N UogCcop Cz COHH()(N, C)

where @7b is again the category of abelian groups. The isomorphism above follows from

N Ooecop C= HO(N Oogcop C)
= COTOT%®COP(N, )
= coHHy(N, C)

Now the brunt of what we need to justify to show that coHHy is a shadow is that for M

a (C, D)-bicomodule and N a (D, C')-bicomodule, we have an isomorphism

0:((MoN))c— ((NoM)p

But unpacking our notation gives

(MeN))o:={(MopN))¢c=(MopN)ocgcor C
~ coHHo(M op N, C)

(NeM))p=((NoM))p=(NocM)opgpor D
E‘COHH()(N Qo M,D).
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Recall that the 0! coHochschild homology of a k-coalgebra A with coefficients in an

(A, A)-bicomodule B with coactions v: B - B® A and ¢ : B - A® B is given by:

coHHo(B, A) = {be B | t1)(b) =7(b)}

where  is the twist map [14]. We want to define a map 6

O:{meneMaopN |[ty(men)=y(men)} — {n®@meNog M |ty(n®m)=y(nem)}
for the following comodule and structure maps

yl:MDDN%MDDN@)C

men—meyy(n)

vi:MopN-CeMopN Yy M > MeD
men e, (m)en Yy M—->CeM
vo:NoocM - NoocMeD YWw:N->NeC
n®m—ne®y,(m) Yy:N—>D®N.

Yo: NOg M -De®Noo M
n®m~ hy(n)®m

We would like to define 6 as the map that swaps the factors m ® n » n ® m. In order
for this map to be well-defined, we need to verify that fi)9(n ® m) = y9(n ® m). Note the

definition of cotensor

Yaur®Idy
MopN— (M®@N)—=M®D®N
Idy®yy

implies that for m®@ne M op N, v,,(m) ® n = m ® 1y(n), verifying

B (n @ m) = {(y(n) ®m) = n @7, (m) = y2(n ® m).

A similar argument justifies the map in the other direction as well, so we can define the
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isomorphism 6 by

0 : colHHy(M op N, C') —> collHy(N o¢ M, D).

meneHn®Im

We need to show that for a chain complex of (C, C')-bicomodules P the following diagrams

are commutative when they make sense:

{(MoN)o P~ ((Po (e N)) YL ((Po)e )

L<<a>> eT
(Mo (NoP))—~((NoP)yor) "L (Ne (o))
(PoUg)) —2= ((Uc o P)) -2~ ((PoUs))
l«m
(P))

But notice that the first diagram above is equivalent to

{(r)) {(r))

)

coHHy((M 0p N) 0¢: P, C) —> coHHy (P o (M 0p N), C') — S UoHHo (P 0o M) op N, C)

l((a» OT
)

colHy(M op (N 0¢ P), C) —— colHy (N o¢ P) 0c M, D) — S UHH (N e (P oe M), D)
So if we apply the definitions of a and 6 from above, a tedious check based on the definition

of coHH( shows that this diagram commutes.

Further by the definition of the shadow, the second diagram is equivalent to:

coHHy(P og C, C) —2~ collHy(C op P, C') —2~ collHy (P op C, )

To— o

coHHy(P,C)
This diagram commutes because ({r)) and ({{)) just apply the counit € to the copies of

C in the coefficients while 6 : coHHo(P oo C,C) — coHHy(C og P,C) by definition just
shuffles the P component to the appropriate spot. Therefore the 0t coHochschild homology

is a shadow in this bicategorical setting. O]
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Definition 6.3.3

For a field k, let Z2(CoAlg;.) denote the bicategory whose 0-cells are coalgebras over k, and
2(CoAlg;)(C, D) = .@(C’oMod(C,D)) is the derived category of (C, D)-bicomodules. The
unit Ug is the (C, C)-bicomodule C' viewed as a cochain complex, and horizontal composition

is given by the derived cotensor product, which we denote by O:

©:B(C,D)x B(D,E) > AB(C,E)
(M,N)» Mo N :=MdpN
Note that there is a quasi-isomorphism of cochain complexes MGpN ~ coBar(M, D, N), and

so we may also consider this horizontal composition as the two-sided cobar construction.

Remark 6.3.4

Using this equivalence, we define the natural isomorphisms for this setting as:

a:coBar(coBar(M,D,N), E, P) =, coBar(M, D, coBar(N, E, P))
(med®®di®n)®e;®®c;®p>med; @ ®d;®(n®e;® - ®c;p)
l:coBar(C,C, M) =M
c®c1®-®c;®@m—e(c)e(cr)e(c;)m
r:coBar(M,D, D) M
med; @ ®d;®d~ me(dy)-e(d;)e(d).

where 7, 7 denote the number of tensored copies in the cobar construction.

Theorem 6.3.5
CoHochschild homology, coHH, is a shadow on the bicategory Z(CoAlg;,). That is, it gives

a family of functors
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coHH(-,C) : Z(CoMod(c cy) » Z(CoChy)
N~ CaC®COpN = COHH(N, C)

as a complex that satisfy the required properties, where C'oChy. is the category of cochain

complexes.

Proof. We use the bicategory 2(CoM Od(C,C))> which is the derived category of (C,C)-

bicomodules as defined above. Recall the horizontal composition:

©:B(C,D) x B(D,E) - B(C,E)
(M,N)» M ® N := MBpN = coBar(M,D,N)

Note that this definition requires M to be flat over k, which in this case is satisfied because
k is a field.

We want to define the required functor:

{(=DNec: 9(CO]V[OOZ(O,O)) - P(CoChy,)
N — CaC®COpN = COI‘IH(]V7 C)

where CoChy, is cochain complexes of k-modules and coHH(N,C) denotes the complex

whose homology gives coHochschild homology. The isomorphism above follows from

H'(CBpgeopN) = COT0r8®COp(C, N)
= coHH; (N, C)

Now the brunt of what we need to justify to show that coHH is a shadow is that for M

a cochain complex of (C, D)-bicomodules and N a cochain complex of (D, C)-bicomodules,
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we have an isomorphism

0:((MoN)c— ((NoM))p

But unpacking our notation and using the fact that MGpN ~ coBar(M, D, N) gives

((MoN))c:={{MBpN))c = CBogeor(MBpN)

~ coHH(MBpN, C) = coHH(coBar(M,D,N),C)
((N e M))p = {({NBM))p = DBpgpop(NBc M)

~ coHH(NGoM, D) = coHH(coBar(N,C, M), D)

and so showing that there exists an isomorphism # amounts to defining

0 : collH(coBar(M, D, N),C) —> coHH(coBar(N,C, M), D).

Recall that coHochschild homology is calculated using a cyclic cobar construction, and
both coHH®*(coBar®*(M,D,N),C) and coHH®*(coBar®(N,C, M), D) can be identified with

the bicosimiplicial object H®® that at the (¢, j)-spot is given by:

CeC®...0C

i
J

DeD®...®D
where the coface maps are given by comultiplication at the appropriate index. Then the

map 0 is given degree-wise by:

O M3 D -3 DINR(C®+-(C —N(C®---CeeMD®---®D
med ® dj®n®c;® - ®c;>+n®Cc1® - ®c;®M®d] @+ ®dj,

where the + is determined by the Koszul sign. This map behaves well with respect to
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the coface maps because of the (C, D)-comodule structure on M and the (D, C)-comodule
structure on N. This shuffling thus gives an equivalence of cochain complexes and defines
the desired isomorphism 6.

We need to show that for a cochain complex of (C,C)-bicomodules P the following

diagrams are commutative when they make sense:

((MoN)oP)——(Po@roN) L ((poineny)

[ 0 ((a) |

(Mo (NoP))—L=(((NeP)oM) "2 ((No(PoM))
(PoUc)) —t=((Ug o P)) L= ((PoUc))

But notice that the first diagram above is equivalent to

coHH((MBpN)BeP, () — coHH(PB(MBpN), ) — Lo HH((PBoM)B LN, )

|t o

CoHH(MB (NS P), C') — coHH((NBe: P)8 M, D) — Yo HH(NB(PBa M), D).

So if we apply the definitions of a and 6 from above, a tedious check based on the Dennis-
Waldhausen Morita Argument shows that this diagram, which is expanded in of
the Appendix, commutes.

Further thanks to the natural isomorphisms of the bicategorical structure, the second

diagram is equivalent to:

coHH(PBC, C) —2~ coHH(CBo P, C) —4= coHH(PBC, C)

T

coHH(P,C)
This diagram commutes because ((r)) and ((l)) just apply the counit € to the copies of C'in

the coefficients while 0 : coHH(coBar(P,C,C),C) - coHH(coBar(C,C, P),C') by definition

just shuffles the P component to the appropriate spot. Therefore coHH is a shadow. O
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6.4 Morita Invariance

Classically, we can define Morita equivalence in the context of rings and bimodules:

Definition 6.4.1 ([29])

Two rings R and 1" are Morita equivalent if there exist bimodules p M7 and 7Npg so that

M®TN§R N®RM§T

as R- and T-bimodules respectively.
Hochschild homology is known to be Morita invariant:

Theorem 6.4.2 ([24])

If R and T are Morita equivalent rings, then there is a natural isomorphism

HH. (R) =~ HH,(T).

Morita equivalence in the dual setting of coalgebras is often referred to as Morita- Takeuchi
invariance thanks to work of Takeuchi [34]. This work was further developed by Farinati

and Solotar [I7], Brezenzinski and Wisbauer [10] and Hess-Shipley [20].

Definition 6.4.3 ([10])

Two coalgebras C' and D are Morita-Takeuchi equivalent if there exists a (C, D)-bicomodule
M and a (D, C)-bicomodule N such that there are bicomodule isomorphisms M op N = C
and NOg M = D.

This gives an equivalence of categories:

Nog-:CoModg - CoModp
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CoHochschild homology is similarly known to be Morita-Takeuchi invariant, by work of

Farinati-Solotar:

Theorem 6.4.4 ([16])

If C and D are Morita-Takeuchi equivalent coalgebras, then there is a natural isomorphism

coHH«(C') = coHH (D).

More generally, Morita equivalence is a natural notion of equivalence in bicategories. We
recall the definition of Morita equivalence as presented, for instance, in Campbell-Ponto [T1].

In order to define it in the bicategorical setting, we need the following definition.

Definition 6.4.5
For a bicategory £, a l-cell M € B(C, D) is right dualizable if there exists a 1-cell N €
PB(D,(C), called the right dual, along with a coevaluation 2-cell NNy P Uo =~ Mo N and

an evaluation 2-cell €(M,N) N © M - Up such that they satisfy the triangle identities:

IdM=(IdMG)E(M’N))O(U(M7N)@IdM)!MEUc®M—>M®N®M—>M®UDEM
ldy = (ear,vy @1dy) e (Idy @ nprny)) : N2 NoUog>NoMeN -UpeN=N

The pair (M, N) is called a dual pair, and N is left dualizable with left dual M.

Definition 6.4.6 ([11])

Let & be a bicategory. Then C, D € ob(#) are Morita equivalent if there exist 1-cells
M e #(C,D) and N € #A(D,C) such that (M,N) and (N, M) are dual pairs and the
coevaluation maps N(M,N) Uc—- MOoN, N(N,M) Up - N ® M and the evaluation maps
€Ny NOM —Up, ¢y MoN - U are inverses. That is,
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N(N,M) ° €(M,N) = ldyem (N M) °I(MN) = IdUC
U(M’N)OG(N,M) :IdM@N E(M7N)o77(N,M) :IdUD

Example 6.4.7
Using this structure, we see that in the bicategory Mod/Ring, R and T are Morita equivalent
if there exists an (R, T")-bimodule M and a (T, R)-bimodule N such that (M, N) and (N, M)

are dual pairs, giving

M®TNER
NepM=T.

Note that since HH( is a shadow:

(Mo N)g={NoM)r
HH()(R;M®T N) = HHO(T;N®R M)

Morita invariance says that M @ N = R and N ®p M =2 T. So then we get

HHy(R; R) x HHo(R; M @7 N) (Morita equivalence)
~HHy(T; N op M) (equivalence)
~ HHy(7T;T) (Morita invariance)

so our Morita equivalent rings R and T have equivalent “underived” Hochschild homology.

Example 6.4.8

In the bicategory Z(Ch/Ring), R and T are Morita equivalent if there exist chain complexes
M of (R,T)-bimodules and N of (7, R)-bimodules such that (M, N) and (N, M) are dual
pairs, giving
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MeLN=zR
L ~
NekM=T.

Again, since HH is a shadow:

((MoN))g=({(NoM)r
HH(R, M ok N) = HH(T, N ok M).

Morita invariance says that M ®% N2 R and N ®]L% M =T. So then we get

HH(R, R) x HH(R, M ®% N) (Morita equivalence)
~ HH(T, N % M) (shadows)
~HH(T,T) (Morita equivalence)

so our Morita invariant rings R and 7" have equivalent Hochschild homology as well.

Example 6.4.9

Since [I1] further show that THH is a shadow, the same notion of Morita invariance holds for
the bicategorical setting Z(Mod/Ring Spectra). That is, ring spectra R and T are Morita
equivalent if there exists an (R, T')-bimodule spectrum M and a (T, R)-bimodule spectrum

N such that (M, N) and (N, M) are dual pairs, yielding
L Ao
M A7 N>R
Larw~
NApM~T.

Then since THH is a shadow,
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((MoN))p=z{(NoM)r
THH(R, M Ak N) ~ THH(T, N nL ).

Since Morita invariance says that M /\:LF N~ R and N /\]LDb M~T,

THH(R, R) ~ THH(R, M AL N) (Morita equivalence)
~ THH(T, N nk M) (shadows)
~ THH(T,T) (Morita equivalence)

so our Morita equivalent ring spectra R and T' have equivalent topological Hochschild ho-

mology as well.

Now we consider which objects are Morita equivalent in the bicategory C'oAlg;..

Example 6.4.10

In the bicategory CoAlg;., coalgebras C' and D are Morita equivalent if there exists a (C, D)-
bicomodule M and a (D, C')-bicomodule N such that (M, N) and (N, M) are dual pairs (i.e.
there exist coevaluation and evaluation maps for M and N satisfying the conditions of the

definition), yielding

MDDNEC
NocM=D.

This recovers the classical notion of Morita-Takeuchi equivalence as in [34]. According
to the bicategorical shadow structure we have the following Morita invariance results for

coHochschild homology.
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Proposition 6.4.11

If C"and D are Morita equivalent coalgebras in the bicategory C'oAlg; then

coHHy(C') 2 coHHy(D).

Proof. Because coHH is a shadow,

((MoN)c=z{{NeM)p
COHH()(M Up N, C) 'ECOHH()(N Hrgl M,D).

Suppose C' and D are Morita equivalent. By definition, M Op N 2 C' and N oo M = D and

therefore
coHH((C,C) 2 coHHy(M op N, C) (Morita equivalence)
~ coHHy(N or M, D) (shadows)
~ coHHy(D, D) (Morita equivalence)
Thus C and D have the same 0" coHochschild homology. O]

Now we consider Morita equivalent objects in the bicategory Z(CoAlg;.).

Example 6.4.12

In the bicategory Z(CoAlgy.), coalgebras C' and D are Morita equivalent if there exists a
chain complex of (C, D)-bicomodules M and a chain complex of (D, C')-bicomodules N such
that (M, N) and (N, M) are dual pairs (i.e. there exist coevaluation and evaluation maps

for M and N satisfying the conditions of the definition), yielding
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MGDN ~C
NBcM = D.

Morita equivalent objects in the bicategory Z(CoAlg;) are classically Morita-Takeuchi

equivalent as well.

Proposition 6.4.13

If C' and D are Morita equivalent coalgebras in the bicategory 2(CoAlg;.) then

coHH«(C') = coHH (D).

Proof. Because coHH is a shadow,

coHH(MBpN, C) = coHH(NG M, D).

Suppose C' and D are Morita equivalent. By definition, MOpN = C' and NOgoM = D and

therefore

coHH(C, C') 2 coHH(MBpN, C) (Morita equivalence)
~ coHH(NG-M, D) (shadows)
~ coHH(D, D) (Morita equivalence)

Thus Morita equivalent coalgebras C' and D have equivalent coHochschild homology. [

This recovers a result of Farinati-Solotar [16], using the perspective of shadows.
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Appendix

The following diagrams are referenced in this thesis.

Diagram 1: Coassociativity from proof of [Proposition|2.5.5

i Anld Idroald Idai pald
BasB A BrgAngB ¢ BAagBayB B (BAyB)Ag(BagB)
ignld Idni gnld Idai gnld IdAIdnai gAld
1 A AIdAId TdAGAIAALd IdAt pAIdAId
BAagAAy B A BAg ANy ANy B e BAagBAagAANy B B (BAagB)Ag (BAgAnyB)
Idronld IdAIdAgald — IdAIdagnald IdAIdAIdagald
1 AnIdALd TdronEBAId Idat pAIdAald
BapBAayB A BAagAAgBay B ONB (BAagB)nyg (BnagB) B (BAagB)Ag (BAyg BAyB)
IdnigAald IdaIdAi gAld IdAldni gAld IdAIdAIdAi gAld
/\Id/\Id/\Id IdapAIdAIdald Idai g AIdATdALD
(B B) g (Bag BYS (B4 Ang B) g (BasBY VSN ) By B) g (B as BYZE(BAYB) Ap (B B) ng (BagB)

Diagram 2: Shadow properties of coHH from proof of [Theorem]|6.3.5]

o1
>>COHH(COB(I’/’(COBCLT(P C,M),D,N),C)

d

COHH(coBar(N C,coBar(P,C,M)), D)

coHH(coBar(coBar(M,D,N),C, P), C)—>COHH(coBar(P C,coBar(M,D,N)), C’)

|t
coHH(coBar(M, D, coBar(N,C, P)), C)—>coHH(coBar(coBar(N C,P),C, M), D)
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