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ABSTRACT

OBSERVERS AS A TOOL TO REDUCE INFORMATION EXCHANGE AND
INCREASE CONVERGENCE RATE IN MULTI-AGENT SYSTEMS

By

Dhrubajit Chowdhury

Observers form an integral part of output feedback control of linear and nonlinear sys-
tems. This dissertation investigates the use of observers in multi-agent systems to reduce
information exchange and increase the convergence rate. Multi-agent systems have been
immensely popular since the last two decades due to their broad applicability in practical
problems, some of them being distributed sensor networks, formation control, and cooper-
ative robotics. The controller for each agent is distributed in nature, which means that it
only depends on the local information available to it. The distributed approach has several
advantages such as less computational effort, reliability, etc., compared to the centralized one
where there is a central agent that does all the computations and then makes the decision.

The convergence rate of consensus algorithms is an important performance measure.
We show that by using observers, we can increase the convergence rate of the consensus
algorithm. The observer is used for estimating the missing links at each agent. We also
study the effect of increasing network size on the consensus algorithm. For networks without
a leader, the rate of convergence of the consensus protocol becomes slow for certain classes
of graphs, while for networks with a single leader, the convergence rate becomes slow for
undirected graphs. We design scalable consensus algorithms for first-order linear agents
and second-order nonlinear heterogeneous agents where the convergence rate remains almost
invariant of the network size.

We consider the case of reduced information exchange in a network of nonlinear hetero-



geneous agents having the same relative degree r. We use observers along with feedback
control to compensate for the heterogeneity at each agent. Finally, motivated by the practi-
cal application of multi-agent systems to power systems frequency synchronization, we fuse
dynamic consensus algorithms with observers to achieve practical frequency synchronization
under time-varying power-demand. We show that the frequency synchronization error can

be made arbitrarily small by tuning controller and observer parameters.
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Chapter 1

Introduction

Multi-agent systems are popular due to their wide applicability in practical problems, some
of them being distributed sensor networks [1], [2] and cooperative robotics [3], [4]. The
consensus problem in multi-agent systems has been well studied in the last decade. Consensus
problems were studied in the field of computer science in distributed computing in which
the computer processes are required to reach an agreement on certain data values [5]. The
controllers designed for multi-agent systems are distributed in nature and are based on the
local information available to the agents, which in turn depends on the communication
topology. The communication constraints and the convergence rate of the protocol are given

more emphasis while solving the consensus problem.

1.1 Literature Review

1.1.1 Review on Algebraic Graph Theory

The communication topology between the agents is defined by a time-invariant directed
communication graph which describes the information flow among the agents. A weighted
directed graph is denoted by G = (V, &, A), where V = {v1,v9,...,vun} is the set of nodes,
one for each of the N agents present in the network, £ C V x V is the set of edges which

represent the interconnection between the agents, and A is a weighted adjacency matrix with



non-negative elements [Al;; = aj; > 0. If the edge weights aj; are only zero or one, then
the graph is said to be unweighted, otherwise it is said to be weighted. An edge (vp, vj) S
implies that there is a directed edge from node vy, to node v; and node v; receives information
from node vy,. Moreover, vy, is called an in—neighbor of v;, and v; is called an out —neighbor
of vg. If (v, v;) € E = (vj,v;) € &, then the graph is said to be undirected, otherwise
it is said to be directed. A path is defined by a sequence of vertices such that for each of
its vertices vy, the next vertex in the sequence is a neighbor of v;. Two nodes vy, and v; are
connected if and only if there exists a directed path from node vy to node v;. We assume
that there are no self-loops which implies az;. = 0 for £ = 1,2,..., N. A directed graph
contains a directed spanning tree if there exists a node called root such that there exists a
directed path from the root node to every other node in the graph. In other words, this
implies that the graph is connected.

N
The Laplacian matrix L € RY*N is defined as [L]; = lj where [y, = > ayj,

’ J=1j#k

lj = —ay; for j # k. The Laplacian of an undirected graph can be defined as L = BFLBT,
where ['j is a diagonal matrix with the diagonal elements being the weights of edge (i, j) € £
for all (i,7) € V, B € R™" ig the incidence matrix and m is the cardinality of the edge
set £, where cardinality is defined as the number of elements in a set. The incidence matrix
satisfies BI'1 = 0, where 1 € R represents the vector of all 1’s. It can be also be defined as
L =D — A, where D is called the degree matrix of G.

The structure of the Laplacian matrix is such that the diagonal entries are non-negative,
and the off-diagonal entries are non-positive and, for each row, the sum of all the entries on
this row is zero. A matrix that satisfies these properties is called Metzler [6] or M matrix.

As a result it has an eigenvalue A1 (L) = 0 and the corresponding eigenvector associated with

it is a vector of all-ones 1 = col(1,1,...,1). We denote the other N — 1 eigenvalues of L



as Ao(L),...,Any(L). A time-invariant directed graph is connected if and only if L has one
simple zero eigenvalue A{(L) = 0 and all other eigenvalues Ao(L), ..., Ay (L) have positive
real parts [7], [8]. If for each node, the number of in — neighbor is equal to the number of
out — neighbor, we say the graph is balanced, and it follows that 17L = 0.

For leader-follower networks with a single leader in the network we define the expanded
graph as G = (V, &, A), where V = {vg,v1,v9,...,vx} and £, A contains the edges and edge
weights from the leader to the other agents in addition to the edges and edge weights from £
and A, respectively. In this case, the communication topology is described by the grounded
Laplacian matrix L. The grounded Laplacian matrix is obtained by removing certain rows
and columns associated with the leader from the Laplacian matrix. It is also studied in the
context of agent stubbornness [9], where an agent can influence the network by exchanging
its information with the other agents. Still, in return, it is not influenced since it does not
use any information from the other agents in the network. It can also be defined with respect
to the Laplacian of the graph G by Lg = L + D, where D = diag(dy,...,dy), and dj, > 0
if agent vy, receives information from the leader vy otherwise dj. = 0. The leader does not
receive any information from the agents in the network. If the expanded graph G contains a
directed spanning tree with the leader as the root node, then the grounded Laplacian matrix

L¢ is a nonsingular M-matrix [10].

1.1.2 Consensus and Synchronization Algorithms Review

Consensus and synchronization both describe the effect of reaching agreement in a group of
agents in some sense. Consensus-based approaches are used for solving cooperative control
problems in multi-agent systems which include formation control [11], [12], connectivity

maintenance [13] and flocking [14]. The survey papers [15], [16], and the books [17], [18§]



provide an exhaustive material on the consensus problems in multi-agent systems.

Consensus in first-order agents was achieved in [19]. The convergence rate is an important
factor in the design of the consensus controller. The communication topology through which
the agents communicate is important as it decides the convergence rate of the consensus
algorithm. The communication topology is generally encoded in a matrix called the graph
Laplacian [20], denoted by L. The convergence rate of the consensus algorithm for an
undirected graph depends on the second smallest eigenvalue \o(L) of the graph Laplacian,
also known as the algebraic connectivity [7] of the graph. For an undirected graph, the
second smallest eigenvalue of the graph Laplacian is non-decreasing if edges are added to the
graph [18]. The effect on the convergence rate by adding edges on a directed acyclic graph
has been studied in [21].

To increase the convergence rate, a simple solution would be to multiply the consensus
equation by a gain. However, if the second smallest eigenvalue of the graph Laplacian
of the graph tends to zero, then the gain needs to be very large. Another approach to
solving this problem is by redesigning the network topology [22], [23], to increase the second
smallest eigenvalue of the graph Laplacian. Redesign of the network topology may lead to
a high communication cost as nodes that are at a large geographical distance may need to
communicate with each other. Next, we mention other approaches where fast convergence
is achieved without using high-gain or redesigning the network topology. Fast consensus is
achieved in [24] by recording the past state of a selected agent and its neighbors. In [25], fast
convergence is achieved for a strongly connected network of agents with a single leader in the
discrete-time setting. The control of the leader is designed by making use of past values of
the leader’s state, which improves the convergence rate. Some of the other methods estimate

the second smallest eigenvalue of the graph Laplacian, which can then be used as a control



parameter to achieve fast convergence. Decentralized estimation of the second smallest
eigenvalue of the graph Laplacian was achieved for undirected graphs in [26], and strongly
connected graphs in [27]. However, these methods require each agent to communicate a
vector whose size increases linearly with the number of agents in the network. In [28], the
second smallest eigenvalue of the graph Laplacian is estimated, and adaptive control is used
to tune the edge weights for undirected graphs. However, the effect of change in edge weights
on the control signal is not shown, and the controller requires more information exchange.
The decrease of the second smallest eigenvalue of the graph Laplacian also affects finite-time
consensus algorithms [29], [30], as the upper bound on the finite time is inversely proportional
to the second smallest eigenvalue of the graph Laplacian.

The scalability of consensus laws is also an important factor as with an increase in the
network size, the second smallest eigenvalue of the graph Laplacian decreases for many
classes of graphs, including planar, lattice, and tree graphs; see [31]. These classes of graphs
are contained in the non-expander family [32], where the second smallest eigenvalue of the
graph Laplacian decreases towards zero with an increase in the network size. For example,
in a circulant undirected graph [17, Chapter 2|, where all the agents are arranged in a circle
and each agent can communicate with its two adjacent neighbors, the eigenvalues of the
Laplacian for this undirected network has a closed-form given by

2(N — 1)m

0.2 - 2cos 2599
, COS =7+ coS I

Therefore as the number of agents (V) increases we have

27
lim 2—2cos— =0
N—oo N



which implies that the second smallest eigenvalue of the graph Laplacian is decreasing to-
wards zero, and the convergence rate of the consensus algorithm is becoming slow. In [18,
Chapter 10], a similar conclusion has been drawn for a directed circulant graph. On the
contrary, expander family contains classes of graphs where the second smallest eigenvalue of
the graph Laplacian is bounded away from zero, with an increase in network size [33], which
includes complete graphs, random regular graphs, small-world networks [34], etc. The recent
thesis [31] describes this effect. It covers some non-exhaustive classes of graphs where the
second smallest eigenvalue of the graph Laplacian decreases with an increase in network size.
This property has also been investigated in the platooning of vehicles, where the vehicles
are arranged in a line formation, and with an increase in the number of vehicles, the second
smallest eigenvalue of the graph Laplacian decreases and, as a result, the closed-loop system
becomes unstable [35].

Performance measures of the consensus algorithms are also studied for leader-follower
networks. The communication topology is defined by the grounded Laplacian matrix, which
is obtained by removing specific rows and columns associated with the leader from the
Laplacian matrix. These networks are used for applications such as platooning, where the
lead vehicle guides the platoon. The performance measure for these networks depends on
the smallest eigenvalue of the grounded Laplacian matrix [36]. For leader-follower networks,
the performance measure can degrade with an increase in network size, even if the graph
among the followers belongs to the expander family. The decrease in the smallest eigenvalue
of the grounded Laplacian matrix or the second smallest eigenvalue of the graph Laplacian
also affects other performance measures like the Ha-norm, which is commonly used [37] for
studying the robustness of consensus algorithms in the context of linear systems [38], [39].

The Ho-norm is calculated from the difference between the systems output and the average



output of the network to the disturbance input. This framework has been applied to analyze
the performance of the distributed controllers used for the platooning of vehicles [35]. It was
shown in [40], that for first-order systems, the Ho-norm is O(N), where N is the network
size, for the case when the underlying graph among the followers is a random regular graph,
which belongs to the expander family. This occurs due to the smallest eigenvalue of the
grounded Laplacian matrix approaching zero with an increase in network size. Similarly,
observations were made in [32], which also comments on the loss of stability for agents of
order greater or equal to three.

In synchronization problems, the emphasis is on the individual dynamics rather than on
the communication constraints; for example, in [41], an all to all communication topology
was considered for the synchronization of a group of Kuramoto oscillators. The synchroniza-
tion problem for general linear systems was also solved in [42] by a low gain approach. Later
on, a distributed observer-based protocol was designed in [43], which required the exchange
of the outputs of the internal states of the controller. However, the topology of the network
was restrictive as the edge weights could be only 0 or 1. The results of [43] were extended
in [44] where the extension was done for general time-invariant directed topologies. The
synchronization problem for a network of integrators connected through a time-varying com-
munication graph was first addressed in [19] and [45]. The extension to time-varying graphs
is generally carried out in the framework of switching. The topology switches among a finite
set of graphs and there is a dwell-time in between the switches; see [46], [47], [48], [49], [50].
In all of the works mentioned, the state synchronization was done for homogeneous agents,
which means that the agent models were identical. It was shown in [51] that an internal
model principle is necessary and sufficient for output synchronization of heterogeneous linear

systems. Some of the works in output synchronization of heterogeneous multi-agent systems



include [52], [53], [54].

The work of [51] was extended to uncertain heterogeneous nonlinear agents in [55] where
each agent has a copy of an exosystem and the exosystems were first synchronized and then
local controllers were designed at each agent to track the output of the agents respective
exosystem. But the design procedure requires an explicit solution of the output regulator
equation, which requires solving partial differential equations. The work in [55] was extended
in [56] to nonlinear agents in a leader-follower configuration with time-varying topology,
with the assumption that each agent knows its output. The work in [57] uses a distributed
internal model to convert the problem to a robust stabilization of the augmented system.
Then it solves the stabilization problem via distributed dynamic output control law by
utilizing and combining a backstepping, high gain feedback control, and distributed high
gain observer. An extension to time-varying topologies and non-identical relative degree was
recently proposed in [58]. However, similar to [55], the design procedure in [57] and [5§]
requires an explicit solution of the output regulator equation and assumes that the solution
of the output regulator equation along the trajectory of the exosystem is polynomial. In [59]
optimal output synchronization in a network of heterogeneous agents was achieved. However,
the proposed approach requires the knowledge of leader dynamics to be known at each agent
or its approximation using neural networks, which requires the knowledge of basis functions.
Moreover, the HJB solution requires knowledge of the system data along the trajectories of
the augmented system. In the second part, an off-policy reinforcement learning is proposed,
which does not require the system data but requires that each agent knows its state and the
dimension of the leaders state. Synchronization in homogeneous nonlinear and heterogeneous
linear agents without the exchange of controller states was done in [53]. In [60], almost

regulated output synchronization for nonlinear heterogeneous agents with a time-varying



graph was achieved. Unlike [55], the paper [60] does not require knowledge of the local
output. However, the class of nonlinear systems is a special case of the class of [55] because
the input coefficient is taken to be one. In [61] practical synchronization was achieved in a
network of nonlinear heterogeneous agents where it was shown that the synchronization error
could be made small by increasing the coupling strength of the interconnection. However, the
agents were assumed to be semi-passive, and it was assumed that for the emergent dynamics
(the dynamics to which all the agents converge to), there exists a compact invariant set that
is asymptotically stable.

Distributed observers are used in multi-agent systems when only relative output infor-
mation is available to the agents. Synchronization was achieved in [43], [52], [62] using
distributed observers where the observers were required to exchange the estimates through
the communication topology. In [63] synchronization in a network of identical systems was
achieved with reduced information exchange using standard Luenberger observers; how-
ever, the exchange of controller states was required. In [53] distributed observers were used
without the exchange of observer estimates among the agents to achieve synchronization
in homogeneous linear and nonlinear agents and heterogeneous linear agents. In a recent
work [64], local observers were designed based on LMI approaches to achieve robust output

synchronization in linear heterogeneous multi-agent systems.

1.1.3 Application of Consensus Algorithms to Power Systems Re-
view

One of the major applications of the synchronization problem is in power systems, which

are studied with the help of swing equations [65]. The power grid is a large network of



subsystems called control areas, where each area produces, consumes, and transfers power
to adjacent areas to balance power supply and demand in real-time. The frequency of the
AC signal should be maintained very close to a nominal value (typically 50 or 60 Hz), to
avoid tripping of generators, degraded power quality, etc. Therefore, one of the control
objectives in power systems is to minimize the frequency deviation from the nominal value
in an economically efficient way in the presence of load fluctuations. The decentralized
control is computationally less expensive and can provide efficient control under islanding
and self-healing features in scenarios where there is limited communication between the
nodes [66].

Frequency control of power systems is a well-established field of research, which has
led to standard control designs. The decentralized PI controller is used along with the
proportional droop controller to achieve a zero steady-state error, which leads to global
stability results [67]. However, it suffers from performance degradation due to measurement
bias and clock drifts. Moreover, the steady-state control does not follow equal power-sharing,
and therefore, it is not economically efficient. The decentralized leaky-integrator approach,
introduced in [68], is robust to biases in the frequency measurements, and the steady-state
control leads to equal power-sharing. However, due to the leakage term, the steady-state
error is not zero in the case of constant power demand.

To achieve optimal load frequency control (OLFC), the economic dispatch is incorporated
with the frequency control problem [67]. Primal-dual gradient controllers achieve OLFC and
can handle constraints and convex cost functions; see the survey paper [69]. However, they
require knowledge about load and power flow, which are generally unknown. Distributed
consensus algorithms are used to achieve OLFC by assuming the existence of a commu-

nication layer. A distributed controller strategy called the distributed averaging integral
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control (DAPI) is well-studied in the context of microgrids [70], [71] and synchronous gener-
ators [72]. The DAPI uses a communication network to exchange the integrator states among
the controllers, which leads to equal power-sharing, zero steady-state error, and robustness
to measurement bias [73]. The DAPI controller has been studied considering the linear [72]
and nonlinear [73] models of the power system.

The unknown power demand is assumed to be constant in the above-mentioned ap-
proaches. However, an increase in the use of renewable energy sources causes the power
demand to fluctuate at the same timescale as the power system dynamics, and therefore
approximating the power demand by a constant value becomes unrealistic [74]. This new
challenge necessitates the design of controllers that can handle time-varying power demand.
One of the strategies developed to deal with time-varying power demand is the distributed
internal model approach [74], [75], [76]. However, this approach requires the time-varying
power demand to be generated from a known exosystem model, which is difficult to know
in advance. More recently, an adaptive internal model-based approach has been developed
in [77], where the exosystem is unknown. Still, it uses a linear power system model and

assumes that the unknown power demand is a summation of sinusoids.

1.2 Contribution and Organization

1.2.1 Overview of Contribution

The main contribution of this dissertation is to use observers to increase the convergence
rate and reduce information exchange in multi-agent systems. The main contributions of
this thesis are discussed below.

We first show that observers can be used to construct missing information at each node
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in a given network topology. We take advantage of the star topology network architecture
and design observer-based decentralized controllers that increase the convergence rate of
the consensus protocol. This is unlike high-gain consensus approaches where to reach fast
consensus, the control gain needs to be high. We also show that for sufficiently small observer
parameters, not only the convergence rate of the consensus protocol with the star topology
approaches the convergence rate of a complete graph but also the trajectories of the agents
with the star topology approach the trajectories of the agents with the complete graph.
However, this design procedure is only limited to the star topology.

Next, we study the effect of network size on the convergence rate. For non-expander
graphs, the convergence rate of the consensus algorithm becomes slow, with an increase
in network size. To solve this issue, we design a scalable consensus algorithm for first-
order agents using Proportional Derivative (PD) for general directed graphs in which we
guarantee that the convergence rate of the closed-loop system does not change with an
increase in network size. Therefore, using the proposed controller, the convergence rate to
achieve consensus does not slow down when the network size increases for general directed
non-expander graphs. The PD controller is realized using a high-gain observer. We show
that the trajectories of the closed-loop system when the high-gain observer is used can be
brought arbitrarily close to the trajectories under the PD controller.

The effect of an increase in network size on the system performance also carries over
to nonlinear systems since the nature of information exchange between the agents remains
the same, i.e., diffusive coupling. For a leader-follower network with a single leader in the
network, the smallest eigenvalue of the grounded Laplacian matrix approaches zero with an
increase in network size for undirected graphs. The controller gain of standard nonlinear

control approaches to achieve synchronization is inversely proportional to the smallest eigen-
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value of the grounded Laplacian. Therefore, as the network size increases, these approaches
require a significantly high-gain to achieve synchronization. To alleviate this problem, we de-
sign a scalable consensus algorithm to achieve practical synchronization in a leader-follower
framework for second-order nonlinear heterogeneous systems. We assume that relative state
and velocity derivatives are available for feedback, and we realize the controller using a
reduced-order high-gain observer. We show that the synchronization error can be made
arbitrarily small by tuning a controller and observer parameter, respectively.

Next, we study the use of extended high-gain observers to achieve practical synchroniza-
tion in a leader-follower network of nonlinear multi-agent systems having the same relative
degree r under reduced information exchange. The class of systems considered in the previ-
ous cases is a special case of the one considered here. Moreover, the controller designed here
uses less information. The agents do not have access to their state or output and only have
relative output information from their neighbors. Extended high-gain observer, along with
feedback control, is the primary tool used to compensate for the heterogeneous dynamics
of each agent and then replace it with the dynamics of the leader. The proposed approach
has significant advantages over the other works in literature that solve the synchronization
problem for a general class of nonlinear heterogeneous agents: i) It does not require the
explicit solution of the output regulator equation. ii) Unlike the classical output synchro-
nization approach, which gives importance only to the steady-state synchronization error,
the proposed method also shapes the transient performance of the closed-loop system. iii)
The convergence rate can be chosen by first designing the state feedback control. Then, the
convergence rate for output feedback can be made arbitrarily close to the convergence rate
under state feedback for a sufficiently small observer parameter. This is unlike [61], where the

convergence rate depends on the open-loop system. iv) Motivated by practical applications
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like platooning of vehicles, and frequency synchronization of power systems, we specialize to
agents that have relative degree two and the leader having its first state unbounded. This
is unlike the scenario in the classical output synchronization approach, which requires the
leader or exosystem states to be bounded.

Finally, as an application, we use dynamic consensus and extended high-gain observers to
achieve practical frequency synchronization in power systems under unknown time-varying
power-demand. The controller design procedure is different from the previous chapter. We
do not use feedback linearization to cancel the power system dynamics; rather, we design
the controller to only compensate for the time-varying power demand. For stability analysis,
we follow a multiple time-scale approach. Unlike other algorithms in the literature, we do
not assume that a known model generates power-demand. We show that the steady-state
controller approaches the steady-state controller of [74], and the error between them can be
made arbitrarily small depending on the tuning of a controller and observer parameters. We
show that the synchronization error can be made arbitrarily small by tuning controller and
observer parameters. We also consider the communication topology for the exchange of in-
formation among the controllers to be directed, which relaxes the communication constraints

compared to [68], [72], [74], which assume the communication topology to be undirected.

1.2.2 Thesis Organization

The dissertation is organized as follows. Chapter 2 studies the use of high-gain observers in
a star topology to achieve fast consensus. In Chapter 3, we focus on the design of scalable
consensus algorithms in first-order agents. In Chapter 4, we design a scalable consensus con-
troller to achieve practical scalable synchronization in second-order nonlinear heterogeneous

agents. Chapter 5 studies the practical synchronization of a network of nonlinear heteroge-
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neous agents under reduced information exchange. We study the power systems frequency
synchronization problem using dynamic consensus and high-gain observers in Chapter 6.
Finally, Chapter 7 discusses the conclusions and future work. Throughout the dissertation,

until and otherwise stated || - || would denote the Euclidean norm.
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Chapter 2

Fast Consensus with Star Topology

Using High (Gain Observers

2.1 Introduction

In this chapter, we show that the second smallest eigenvalue of the graph Laplacian can
be increased for a fixed star topology [78] by using extended high-gain observers. The star
topology is used in wireless sensor networks [79], VSAT communications [80], smart grids
in power networks [81] and the leader-follower configuration in multi-agent systems [82].
The star topology is robust against the failures of the individual nodes, i.e., except for
the root node, if one of the nodes get disconnected, the graph remains connected and the
remaining connected agents can still reach consensus. Furthermore, it has the least number
of connections required for a graph to be connected, which reduces the communication
cost. Such a configuration also arises in the consensus problem of mobile robots, where the
central robot uses an omnidirectional range sensor. In contrast, other robots use single ray
range sensors. The sensors are used to measure the relative distance among the robots. The
peripheral robots are within the field of view of the central robot, and therefore it can measure
its relative distance to the peripheral nodes. The peripheral robots are aligned towards the

central robot, and therefore they can measure the relative distance to the central robot. The
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only information available to the robots is the relative distance among them based on the
range sensor measurements, and there is no other communication structure present in this
scenario. The consensus problem is solved based on the relative measurements available to
the robots by employing the consensus protocol [19].

The second smallest eigenvalue of the graph Laplacian increases with an increase in the
number of communication links, but it leads to high communication costs. For example,
the fastest convergence rate can be achieved when the communication topology is given by
a complete graph, which is costly in terms of the required number of communication links.
Therefore one of the trade-offs, as discussed in [19], is that undirected graphs with high
communication costs are expected to have a large second smallest eigenvalue of the graph
Laplacian and vice-versa. In this chapter, we show that we can increase the second smallest
eigenvalue of the graph Laplacian for a fixed star topology by adding observers to each agent
expect the root agent. The complete graph is chosen as a reference target system, and we
show that the convergence rate of the consensus protocol with the star topology approaches
the convergence rate of the consensus protocol with the complete graph for sufficiently small
€, which is a high-gain observer parameter. Furthermore, we show that for sufficiently small
€, the trajectories of the agents with the star topology approach the trajectories of the agents
with the complete virtual graph.

We make the following assumption about the communication topology.

Assumption 2.1: The communication topology is given by a time-invariant, undirected,
unweighted, star graph G.

The star topology is illustrated in 2.1
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Figure 2.1: Star Topology

We consider agent one as the central or root agent and all the other agents as peripheral

agents.

2.2 Consensus on Different Network Topologies

In this section, the convergence rate of the consensus protocol is studied when the communi-
cation topology is in the form of complete and star graphs, respectively. The agent dynamics
are given by

g =u;, i=1,...,N (2.1)

The consensus protocol is given by

wp=>» (vj—x;) i=1...,N (2.2)

2.2.1 Consensus with Complete Graph

If the communication topology is given by a complete graph then the consensus protocol
takes the form

j: - _ch, (23)
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where © = [:pl,...,xN]T, and L. is the graph Laplacian for the complete graph. The

eigenvalues of L. are given by [20]

ALe) = {0,N,N,...,N,N}.

where A(-) denotes the eigenvalue. Therefore, the convergence rate of the consensus protocol

is proportional to N.

2.2.2 Consensus with Star Graph

Now if the communication topology is given by a star graph we have

where Lyg is the graph Laplacian. The eigenvalues of L are given by A(Ls) = {0,1,1,...,1, N}.
Therefore, the convergence rate of the consensus protocol is proportional to 1. The conver-
gence rate of the consensus protocol for the complete graph is N times faster than the star

graph.

2.3 Design Preliminaries

We define our target system as the consensus protocol for the complete graph. The objective
of the observer-based controller designed in this chapter is to match the performance of the

target system.
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2.3.1 Target System

The target system is defined as

i* = —Lex®™, 2(0) = z(0), (2.5)

where x*(t) is the solution of the target system. Consider the change of variables

o =xf, (2.6a)
o =xj —a", 1<i<N-—1L (2.6b)
& =[], ... ,é}k\]_l]T is called the disagreement vector and o™ is the consensus manifold.

Differentiating (2.6) we have

N-1

af = o7, (2.7a)
=1

5 = _No~ (2.7h)

We choose a Lyapunov function candidate for the disagreement dynamics (2.7b) as V =

%(5*T5*. Differentiating V' along (2.7b) we have
V= -—N&Ts = —N|5*|%
From which we have

V(6*(t) = e 2NV (57(0)).
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Therefore the disagreement vector converges exponentially to zero with a rate N. Hence we

can conclude that

tlggo(s;f(t):o — tl_i)rrolo{xfﬂ(t)—a*(t)}:(), 1<i<N-1.

2.3.2 Exploiting the Star Topology Structure

The root agent is numbered as 1 while the other agents are numbered from 2, ..., N and the
root agent is connected to all the other agents in the star network.

In addition to the consensus controller a new decentralized controller will be designed
for each agent except the root agent. We do not modify the consensus controller of the root

agent as it is connected to all the other agents in the network and it is given by

N

i1 = (j— 1) (2.8)

The controllers in all the other agents will be modified with an observer-based decentralized

controller.

2.4 Controller Design and Analysis

In this section we will discuss our strategy of designing the observer-based decentralized

controller.
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2.4.1 Extended High Gain Observers

We add an extended high gain observer to each agent in the star network except the root
agent. The main motivation in adding the observer is that each agent estimates its missing
connections from the root agent. The information available to each agent except the root
agent is

Ci—lle_xi:_i—lv iZQ,...,N. (29)

The control for the peripheral agents are given by
up=Gi—1 +vi-1, 1=2,...,N

where v; is the observer based controller to be defined later. Differentiating eq. (2.9) we

have
‘ N
0i—1=—(#1 —d;) = = > (j— 1) + (v1 — 7)) + vi1.
=2

for i =2,..., N. From which we have

N
dic1 =201+ > (v1—xj)+vi1.

J=2,j#1
If we knew the term
N N
oii= Y (wi—xj)=— > &1, i=2...,N (2.10)
J=2,j#1 j=2,j#i
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the missing connections then could be constructed by the following relation

N
Z (rj—a;) = —0i-1— (N—2)0i—1, i=2,...,N
J=2,j#1

This gives us the motivation to estimate o;_1 by using an extended high-gain observer. The

extended high-gain observer is constructed as [83]

A A R « A
0j—1 = —20;—1+ 061 +vi1+ ?1(51'*1 —0i-1), (2.11a)
X aQ N
Oi-1 = 5 (0i-1 = 0i-1), (2.11b)
fori =2,..., N, where ¢, a1 and a9 are positive constants with ¢ << 1. The observer-based
controller is given by
Vi1 =—0i—1— (N —2)6_1. (2.12)

Similar to (2.6), we define the change of variables

a =1, (2.13a)

6 =wjp1—a, 1<i<N-1. (2.13Db)

and 6 = [01,...,0n_1]T.

2.4.2 Peaking

When 6;_1(0) — 6;_1(0) # 0 the transient response of the observer contains a term of the
form (1/€)e~/€ for some a > 0. This is known as the peaking phenomenon [84]. Its impact

in feedback control is overcome by saturating the control outside a compact set of interest.
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We define the Lyapunov function V(§) = %5T5. Let S be any compact set in RV 1.
Choose ¢ > 0 such that

SCQe={V(©)<c} cRNL (2.14)

The observer-based controller is saturated outside the compact set .. Let
M; 1 > max\l/l-_1|, 2<i <N,
0ee

The observer-based control is saturated as

2.4.3 Observer Error Dynamics

The system (2.1) with the controller

u; = (v1 — ;) + i1, fori=2,...,N (2.15)

in the new coordinates become

N-1

a=Y_ 4, (2.16a)
1=1

§ = —Lso+ 1, (2.16b)

24



where 7 = [y, D9, ...,0n_1]T and Ly is given by

Le=[0]In_1]Ls | — | + 7T, (2.17)

where In_1 € RV=IXN=1i5 the identity matrix, 7 = 1 € RN~ is a column of all 1’s and
the eigenvalues of L are the non-zero eigenvalues of L.

With the scaled estimation errors

81— 0

Ni-1=0i—1—0i_1, (2.18Db)
the observer error dynamics are given by

€pi—1 =0;—1 — ;-1
N . al A
=201+ oi1 F Vi1 + 201 = i1 = vier = — (01 = 6i-1)
= —1pi—1 +Ni—1 — 2ep;_1,

€Ni—1 = —Qp;_1 + €0;_1,

. N . . N &
where o;_1 = >, (j—21)=— > 0j_1.
J=2,5#1 j=2.j#i

The foregoing equations can be rewritten as

i1 = Ao&i_1 + €A1, (2.19)
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—aq 1 _2902'—1
where &_1 = [pi—1,mi—1]", Ag = , A = N
—ag 0 - Z 5]'—1
. J=2,g#1
witz. Let T = [Tl,...,TN_l]T where Tifl = [(51',1,5'1',1]11 fori = 2,...,N, T =

and Ag is Hur-

(Y1,..., Ty_q]t where Ty = [5i—1,05-1)" fori = 2,...,N, and § = [&,....En—1]T

where &, T, T € R2ZO-1), We have

T="-D, (2.20)

e 0
where D = (In_q ® Dg) € RZV-Dx2(N=1) and py =

01

Theorem 2.1: Consider the disagreement dynamics (2.16b) obtained using the feedback
controller (2.15) and the extended high-gain observer (2.11), with €, a1 and ag chosen as
positive constants. Let S be defined as in (2.14) and @Q be any compact set 0f]R2(N_1). Then,
there exists € > 0, such that for every 0 < e < €*, the solutions (5(t), T(t)) of (2.16b) and
(2.11), starting in S x Q, satisfy

lim 6(t) =0 and lim Y(¢) =0 (2.21)

t—o0 t—o00

Proof : We rewrite the closed loop system in the singularly perturbed form,

N-1
=4, (2.22a)
=1
6= F(6,8), (2.22b)
€€ = AE + €A, (2.22¢)
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where F(8,8) = —L6+, A = [A1, A, ..., An_1]T, A= (Iy_1®4g) € RZWV-1x2(N-1),
The disagreement dynamics (2.22b) and the observer error dynamics (2.22c) are independent
of a.

The Lyapunov function for (2.22c) is defined as W = €L P¢, where P = (Iy_; ® P)
€ RZWN-1)x2(N=1) 4nq P is the positive definite solution of the Lyapunov equation PAgy +
AOTP = —I. We define the compact sets ¥ = {W(€) < fe?} and A = Q. x . Due to global

boundedness of F' and A in T, for all 6 € Q¢ and ¢ € R2(V=1) we have

1E(6, O < ki, [AG ] < Ly, (2.23)

where L1, ki are positive constants independent of €. Because §(0) is in the interior of Q.
there exists 77 > 0 independent of € such that § € Q. for t € [0,77] and during this time
interval (2.23) holds. Following the standard analysis for the high-gain observer theory [84,
Theorem 1] it can be argued that initially £(0) could be outside the set ¥ but it quickly
reaches the set within a time interval [0,7(¢)] where T'(¢) — 0 as ¢ — 0 and there exists
positive constants § and e such that the compact set A = Q. x ¥ is positively invariant
for every 0 < e < ¢1 and for all §(0) € S and T(0) € Q, the trajectory (5(¢),&(t)) enters A
within the interval [0, T'(¢)].

The saturation is no longer effective when the trajectory enters A. Therefore we have

Vi1 =vj_1, ¥Yt>T(e), and the closed-loop system is then defined by the linear singularly
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perturbed form

N-1
a= Y4, (2.24a)
1=1
§=—No§—VE, (2.24b)
€€ = (A+ €eR)E + M, (2.24¢c)

for some matrices V', R and M. We define the following change of variables [85] to separate

the fast variables from the slow ones:

x =&+ Y(e)o, (2.25)

where Y (¢) = eA™1 M + O(€?). The transformed system is

N-1
a= >4, (2.26a)
=1
O =(=NIn_;+0(e)d - Vy, (2.26b)
ex = (A+€eR)x. (2.26¢)

From (2.26b) and (2.26¢) we have

b —NIyn_1+O(e) -V B b
— =T : (2.27)

X 0 (A+eR)/e| |x %

The matrix I' is block triangular and hence its eigenvalues are the eigenvalues of (—NIy_1+

O(e)) and (A+€R)/e. We can find €* > 0 such that for all € € (0, ¢*) the matrix I" is Hurwitz.
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Therefore,

lim §(¢t) =0 and lim x(¢) = 0. (2.28)
t—o00 t—00
From (2.25) we can conclude that tlim £(t) = 0; hence (2.21) follows from (2.20). [
—00

Remark 2.1: The convergence rate of the star topology will increase to b if the consensus
controller (2.2) is multiplied by a gain b. However there is a limit on how high the gain could
be and it depends on the physical constraints of the control. The observer based method
presented in this chapter speeds up the convergence rate not by increasing the gain in the
consensus equation but by providing more information to the nodes.

Theorem 2.2: Suppose Theorem 2.1 holds and let the target system be defined as in

(2.5). Then, given any u > 0 there exists €* > 0 such that for all € € (0, ™)

lz(t) =2 (O < n V20, (2.29)

Proof: As §(0) is in the interior of Q. we have ||0(t) — 6(0)|| < kit during the interval

[0, T(¢)], for some ky; > 0. Similarly it can be shown that ||0*(¢) — §*(0)|| < k1t during the

same time interval. As 6(0) = §*(0) we have

16(t) = 6" ()| < 2k1T'(e), ¥Vt €[0,T(e)].

Since T'(¢) — 0 as € — 0, there exists 0 < eg < €* such that, for every 0 < € < €9, we have

16(t) — 6" (t)|| = O(T(¢)), Vte€[0,T(e)]. (2.30)
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Subtracting (2.7a) from (2.26a) we have
a(t) — & (t) = rL[6(t) — 6% (). (2.31)
Integrating (2.31) and using a(0) = o*(0) results in
t
alt) — a*(t) = 1T / 6(r) — 6*(n))dr.
0
Taking the absolute value we have
la(t) — a*(t)] = O(T?(e)), ¥t € [0,T(e)]. (2.32)
We know that
||67NIN71t|| < k2€—)\1t and ||6(7NIN71+O(6))t” < ]{736_/\2t, (233)

where k9, k3, A1 and A9 are positive constants and for € small enough A9 can be chosen such

that Ao < Aq. From (2.26¢) we have
Ix(®)]| < kge™8ETE/ €\ (T(e)), (2.34)

where k4 and \g are positive constants. Next we define the deviation of the system trajectory

from the target trajectory as ¢(t) = &(t) — 6*(¢). Differentiating v (t) we have
Y(t) = (=NIy_1 +O(e)¥(t) + O(e)5*(t) — Vx(1).
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Integrating 1)(t) we have

i
b(t) = e(—NIN—1+O(6))(t—T(6))w(T(e)) 4 / o(NIN_1+0(€))(t—7) [0(€)6* (1) — Vx(7)]dr.
T(e)

(2.35)

From (2.30) we have,

[T () = [I6(T(€)) — 6™ (T(e))| = O(T'(e))-
From (2.35),

()] < kze 2ETEO(T(e)) + %[B—AQ(FT(G)) _ e MET())
N (A1 = A2)

Y

_ chsks [6—A2<t—T<e>> o A3(t-T(e)) e
(A3 — €Xg)

where k5, kg and A3 are positive constants. From the above inequality it can be shown that
[l < (O(T(e)) + ekp)e 21D v ¢ > T(e), (2.36)

where k7 is a positive constant. Since T'(¢) — 0 as € — 0, there exists 0 < eg3 < €9 such that,

for every 0 < € < €3, we can conclude that

[6(t) =" < p, VE=0. (2.37)
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Integrating (2.31) from the time 7'(¢) we have

Using |o(T'(€)) — o (T(€))| = O(T?(e)) shows that

T(e)) + eky)
A9 ’

a(t) — a*(1)] < O(T2(e)) + T (2.38)

Since T'(¢) — 0 as € — 0, there exists 0 < ¢4 < €3 such that, for every 0 < € < ¢4, we can
conclude that

la(t) —a™(t)| < p ViE>0. (2.39)

Take €** = min{e3, e4}. Then (2.29) follows from (2.37) and (2.39). |

Remark 2.2: The consensus limit achieved by using a controller of the form (2.22) is the
average of the initial conditions of the system [19]. From Theorem 2.1 we can only conclude
that the agents achieve consensus. Theorem 2.2 shows that the consensus limit achieved
by using the observer-based controller can be made arbitrarily close to the one achieved by

using a standard consensus controller.

2.5 Simulations

The simulation results are provided for a network of 10 agents with agent 1 as the root agent.

The initial conditions for the agents are chosen as z;1(0) = 5i, for i =0,1,...,9.
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Figure 2.2: Consensus on Complete Graph

XXy Xy Xy Xy Xg—X;—Xg—Xg Xy

0 01 02 03 04 05 06
t

Figure 2.4: Consensus on Star Graph with Observers and ¢ = 0.001

Fig. 2.2 shows the trajectories of the agents under a complete graph. Fig. 2.3 shows the

trajectories of the agents under a star graph without observer where the convergence rate
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is 10 times slower than the complete graph. Fig. 2.4 shows the trajectories of the agents
under a star graph with observers. Fig. 2.2 and 2.4 have the same time scale as they achieve

consensus with a rate of 10.
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12 |—e=0.001
1.4
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Figure 2.5: Deviation of agent 6 trajectory from target trajectory

Fig. 2.5 illustrates the fact that as e decreases the deviation of the consensus limit of the
star topology with observers compared to the complete topology decreases and this trend is

representative for all other agent trajectories.

2.6 Conclusion

This chapter presented an algorithm which increases the convergence rate of the consensus
protocol on star topology using observers. The trajectories of the agents under the star
topology approach the trajectories of the agents under a complete graph for sufficiently
small e. However adding observers increases the controller complexity as the closed loop

system also comprises the observer dynamics.
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Chapter 3

Scalable Consensus Using High Gain

Observers

3.1 Introduction

In this chapter, we design a PD consensus controller for general directed graphs in which
we guarantee that the convergence rate of the closed-loop system does not change with an
increase in network size. The effect of network size on the convergence rate is not known
for the case of general directed graphs. However, using the proposed controller, we can
guarantee that the convergence rate remains unchanged [86] with an increase in network size.
Moreover, the closed-loop system matrix has the properties of a Laplacian matrix. Therefore,
it is named as Virtual Laplacian matrix, which represents the virtual connections among the
agents for the closed-loop system. The real parts of the eigenvalues of the Virtual Laplacian
matrix approach one while the imaginary parts approach zero as a design parameter increases.
We realize the PD controller using a high-gain observer and show that the trajectories of
the closed-loop system when the high-gain observer is used can be brought arbitrarily close

to the trajectories under the PD controller.
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3.2 Problem Definition

We consider the consensus problem in a network of N agents where a single integrator

represents each agent

:i’i:Uz', iZl,...,N. (31)

The communication topology is defined by G = (V, &, A). The agents can only measure
relative information, and we define a signal which represents the weighted sum of all the

measurements at agent i,

N
Gi=Y_ aij(rj — ;) (3.2)
=1

where a;; > 0. Equation (3.2) in matrix form can be written as ( = —Lx, where ( =
col(Cy, .-, C¢N)-

Assumption 3.1: The communication topology is defined by a weighted directed graph
G which contains a globally reachable node, i.e., G contains a node which can be reached
from any another node by traversing a directed path.
The above assumption implies that zero is a simple eigenvalue of the graph Laplacian L and
all other eigenvalues have positive real parts [20]. This is the most general assumption con-
sidered in the literature for time-invariant graphs. The objective of the consensus algorithm
is defined as

lim {z;(t) —xj(t)} =0, fori#jand i, j=1,...,N
t—00

for which a standard consensus controller [19] is

N
V; = /{ZS Z aw(x] - sz) (3.3)
j=1
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where kg is a positive constant, which we introduce as a tunable controller gain. The closed-

loop system of (3.1) with the controller (3.3) is

where the convergence rate for undirected graphs [18, Chapter 7] is given by ksAg(L). The
convergence rate decreases for certain classes of undirected graphs where increase in network
size results in A\o(L) — 0. Therefore, as the second smallest eigenvalue of the graph Laplacian
tends to zero the magnitude of the control signal needs to be very large to attain a specific

convergence rate.

3.3 State feedback Controller Design

In this section we design PD control for a network of NV agents described in (3.1), assuming

that the state derivatives are available to the agents. Differentiating (3.2) in matrix form we

have
(=—Lv
where v = col(vq,...,vy) and for each agent i we have
N
G = Z Qyj (Uj v;)
j=1
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Next we define a signal o; to be o; = ¢;, which can be written as ¢ = —Luv, where ¢ =

col(o,...,0n). The control at each node is taken as
v; = kqoi + kpG; (3.5)

where kp and k; are positive constants. In this section we assume that o; is available for

feedback. Substituting for o; we have,

N
vi =kg »_ aii(v; —v;) + kp
=1

The above controller is distributed in nature as it relies only on local information. Next we

write the equations in matrix form,

(I + kgL)v = FpC

Y

The matrix (I + k4L) is nonsingular because A\;(I +kgL) = 1+ kg\;(L), where Re (\;(L))
0, from Assumption 3.1. Choosing k; = k and k, = vk, we have the control as v =

-1
1
vy (EI + L) ¢, which results in the closed-loop system

-1
1 .
T=—y (El + L) Ly = —yLx (3.6)

where L represents the Virtual Laplacian matrix, defined as
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Remark 3.1: The matrix L encodes the physical exchange of information among the agents
while the matrix L encodes the virtual connections among the agents for the closed-loop
system.

Properties of a matrix of the form (I+eL)™!L for e > 0, were identified in [87, Section I1.B],
for the case of undirected graphs. In the next Lemma we show a property of L for general
directed graphs.

Lemma 3.1: The matriz L is a Laplacian matrix.

Proof: A matrix is a Laplacian matrix if [18, Chapter 6], i) its row-sums are zero, ii) its
diagonal entries are non-negative, and iii) its non-diagonal entries are non-positive. We now

show that L satisfies the three properties. Using the identity
I+A) P =T1-1+4)7'4

where A € RVXN | equation (3.7) can be simplified to

~

L=I—(I+kL)™ .

The Laplacian matrix L is a singular Metzler or M matrix [6], which implies that (I + kL)
is a nonsingular M matrix. It follows from [88, Section II1.G] that (I + kL)~ ! is a positive

matrix. We first show that the row sums of L are zero by
. 1 -1
1= I—(I+kL)_1]1:<EI+L) [1=0

where (1, 0) are columns of all 1’s and 0’s of appropriate dimension. From which we conclude
that (I + kL) 11 =1.
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Next, let w;; be an element of the matrix (I + kL)~L. Since (I +kL)~!is a positive matrix
it implies w;; > 0. Moreover, from (I + kL)™11 =1, we have Z?:l w;; = 1. The matrix L
has the diagonal elements as 1 — w;; and the off-diagonal elements as —w;; for i # j. Using
the properties w;; > 0 and Z?:l w;j =1 we can conclude that 1 — w;; is non-negative and
—; ; is non-positive, which satisfies property (ii) and (iii) and therefore we conclude that Lis
a Laplacian matrix. |

In the next Theorem we show properties of the eigenvalues of L for general directed graphs.

Theorem 3.1: Consider the closed-loop system (3.6), with initial condition x(0) € RV,
obtained using the state feedback controller (5.5), with ky = vk, and kg = k where k and
v are chosen as positive constants. Let the graph G be a weighted directed graph satisfying

Assumption 3.1, then for sufficiently large k,

Re(A(1) = 1 — %Re (ﬁ) +0 (%) | (3.82)
1

Im(\; (L)) = —%Im (W) +0 (%) : (3.8b)

for i = 2,... N, where N\j(L) and X\;(L) are the eigenvalues of L and L, respectively.
Moreover, the control signal v = —7ﬁx 1s bounded uniformly in k.

Proof : First we decompose L in its Jordan form
L=pJjp!

where J = blkdiag(0, Jo, ..., ;) and m < N is the number of Jordan blocks. The first

Jordan block is the scalar zero and the other Jordan blocks Js, . .., Ji, contain the eigenvalues
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with strict positive real parts. From the Jordan decomposition of L we have

-1 -1
. 1~ ~ L L. -1 -
I = EPP_l +pjp Y pyjpl=p {%1 + J} Jp~1

1 1
—1 4+ J is a triangular matrix with diagonal elements — + \;(L) and J is a triangular matrix

k k

with diagonal elements \;(L). Therefore the eigenvalues of L are given by

H;l =1- kAil(L) + (k/\l-l(L))Q - (k/\l-l(L))3+"'
kAi(L)

fori=2,..., N, from which

) T m) o le)
Im % ~in(5m) <0 ()

k

Therefore, (3.8) follows from the above equations.

To show that the control signal is bounded we write it as v = —Kx, where K = ”yﬁ. We show
that the norm of K is bounded uniformly in k. First, we rewrite K as K = 7]—7(I+kL)_1.

The matrix (I + kL) is a nonsingular M matrix and it is strictly diagonally dominant,
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therefore it follows from [89] that
(2 + kL)oo = 1.

From which we have

1K lloo < 2

Therefore, the infinity norm of K is independent of k. For sufficiently large k, the matrix

-1
. 1 s
Ji = {EI + Ji] J; is given by J; = I + O(1/k) and the solution of (3.6) is given by

o(t) = PLP2(0) + O (%)

where L = diag(1,e~ 7%, ..., e 7"). From which it can be shown that
l2(t)]loo < a1+ (a2 + aze™ ") [|2(0)]|oc
where a1, ag and ag are positive constants independent of k. Therefore,
lo(®)lloo < I1K]loo - [|2(t)|oo < 2ylar + (a2 + age™)[[2(0)||oc]

From which we can conclude that the control signal is bounded uniformly in k. ]

Remark 3.2: For sufficiently large k, the eigenvalues of the Virtual Laplacian matrix L
approach 14-0i, and therefore the directedness of the graph is irrelevant. The eigenvalues of
the closed-loop system (3.6) approach —+ for sufficiently large k. Therefore, the convergence

rate approaches v and will not deteriorate as the network size grows, provided k is sufficiently
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large. The convergence rate can further be increased by increasing v, however with increase

in v, the magnitude of the control signal increases.

Remark 3.3: A special case arises when the graph G is connected and undirected with
Laplacian L = UA;UT, where U is orthonormal and A; = diag(0, A2, ..., An). Then for
this case, L is irreducible [18], which implies that (I + kL) is also irreducible. Therefore,
it follows from [88, Section IIL.G] that (I + kL)™' is a strictly positive matrix. Since,
(I + kL)~ strictly positive, it implies that all the matrix elements are non-zero. Therefore,
we can conclude the virtual Laplacian matrix Lis symmetric with all the connections (virtual

complete graph). Moreover, with sufficiently large k

-1
1 1 1
I+ L S L o —
(k " ) ; *O(W)

where LV is the pseudoinverse Laplacian matrix, see [18, Chapter 6], with L™ = UApU T,

where Ap = diag(0,1/A,...,1/A\y). Therefore, we have

. 1 1
L=L"L “)=1|1-=11"
o(3) -+

+0 (%) (3.9)

3.4 QOutput-Feedback Controller

3.4.1 Preliminaries

For the design of the output feedback controller we first discuss the following controller

pwo; = —v; + ko + vk (3.10)
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which in vector form becomes

o = —v + ko + vkC

The motivation for using a controller of the form (3.10) is because the analysis of the output
feedback requires the boundedness of the derivative of the control (v) which is achieved by
(3.10). First, we discuss the case when o is available for feedback. The quasi-steady state

of (3.10) when p = 0 is given by

v="ko+vk( =—kLv—~vklLr — v = —vﬁx

which implies that for sufficiently small ; we recover the PD controller properties. From the

change of variable y = v + fylA}x, we have

pj = [A+ pyLly — py* L (3.11)

where A = —(I + kL). We define a change of coordinates

1 of
y = 2 =Ty
1 7
From which we have
- 1s 0 512 1 0 Li9
L=T LT = L, L=T LT =
0 Loy 0 Lo
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where the eigenvalues of the matrix Lo9, Lo9 are the non-zero eigenvalues of L and L,

respectively. Using the transformations = Pz and y = T3, the closed-loop system becomes

5= Rig (3.12a)
= —~JZ+ Roj (3.12b)
= Ay + kEj + pyRai + 7 RaZ (3.12¢)
where
. -1 0 0 —L19
A = 5 E — )
0 —(I+kLo2) 0 ON_1xN-1

where A is Hurwitz, Ox_jxn_1 is a matrix of all 0’s, z = col(z1, 2), for some matrices
Rq, Ro, R3, and R4 where the norm of these matrices are bounded uniformly in k& and

J = blkdiag(Ja, . . ., Jmm). For sufficiently large k, we have

J=T+O0(1/k)

Remark 3.4: The system (3.12b)-(3.12c) is a linear singularly perturbed system and it can
be easily shown following the standard singular perturbation results that for sufficiently small
i, the origin of (3.12b)-(3.12¢) is exponentially stable. We follow a Lyapunov analysis for
(3.12b)-(3.12¢) for two reasons i) The analysis of the system (3.12) determines the saturation
levels that have to be used in output feedback to deal with the observer peaking. ii) To show

that an upper bound on parameter p is independent of k.
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Next we define a composite Lyapunov function for (3.12b)-(3.12¢) as

v=:T74+4"Py

where P is a symmetric positive definite matrix given by

b/2 0T
P p—

0o W

where b > 0 and W = W7 > 0 is the solution to the Lyapunov equation W £g9 +£_2TQW =1.

From which we have PA + ATP = —(@, where @) is a symmetric positive definite matrix
given by
b o
Q=
0 (2W +kI)

We define the set of initial conditions as I' = {V < ¢}, where ¢ is any positive constant.

Lemma 3.2: Consider the closed-loop system (3.12) obtained using the system (3.1) and
controller (3.10). Let (2(0),4(0)) € I' and 21(0) lie in any compact set of R. Then, there
exists * > 0, such that for all p € (0, u*], the set I is positively invariant and the trajectories

of the system (3.12) are bounded. Moreover we have

li 2(t) = lim y(t) = d i = tant 1
Jim Z(t) =0, Jim y(t) =0, an Jim z1 = constan (3.13)
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Proof : Taking the time-derivative of V" along (3.12b)-(3.12¢), we have

V= =y [T+ J1)z + 25T Rog — (1/w)[5" @W + kDT + by)

— (1/u)bky1L127 + 275! PR3y + 242y PR,z

where g = col(y1, ), § = col(ya, ..., yn). From which we have

. ) 3 3 3 b —bkey /2 U1
V < =293+ (e /R)|12l[*+e2 12| 7] +esl|7]* = (1/ ) 91 §]
_bk€4/2 2/\min(W) ]

for some positive constants ey, e, e3 and e4 independent of k. Choosing b < 8 i (W) / (k2 ez),

min
where ki, is a lower bound on k, which without the loss of generality can be chosen as

Emin = 1, from which we have

b —bhey/2
—[71 7] g1 97 < —b1||7])?
—bk€4/2 2)\min(W)

where by is a positive constant independent of k. For k£ > e, we have

A

V< iz g v —e/2

<—[zy
b

—e9/2 L —e3
L

Ny

Therefore, there exists p* > 0 such that for all u € (0, "], the above matrix positive is

positive definite. From which it follows that

lim 2(t) =0, lim 7(t) =0
t—00

t—o0
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Moreover, the set T' is positively invariant as V < 0 on the boundary {V =c}.
Because of the exponential stability of the system (3.12b)-(3.12¢), 21(¢) remains bounded
and all the agents converge to the consensus value tlim z1(t) = constant. From which we can

— 00

conclude that (3.13) follows. |

3.4.2 Observer Design

The controller (3.10) assumes the availability of the state derivatives. In this section we
estimate the extended state by adding a high-gain observer to each agent in the network to
estimate the signal o;. The driving signal to the observer is (;. The high-gain observer [90]

is constructed as

X R al N

G =01+ —(G—G) (3.14a)

X a2 2

0i =5 (G~ G) (3.14b)
where €, a1 and a9 are positive constants with e << 1 fori=1,..., N.

3.4.3 Peaking

When the initial condition of the estimate th(O) is not the same as (;(0), then during the
transient period, the observer estimates will peak; see [90]. In order to mitigate this effect,
the control is saturated outside a positively invariant set under the state feedback controller
so that peaking does not affect the plant. We find the maximum value of the control by

finding the maximum value of v =y — ”yﬁx = 1y + Q2% inside the positively invariant set
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I', where Q1 and )9 are some matrices independent of k. Let

M; > max |(Q1);y] + |(Q3)iZ
(z,y)el’

where (Q1);, (Q2); denotes the ith rows of Q1 and Qy. The constants M; are independent
of k as the set {V < ¢} is independent of k. The output feedback controller is given by

(3.15)

, ko; + vkGi
wo; = —v; + M;sat (#)

where sat(+) is the saturation function defined as sat(y) = sign(y) min{1, |y|}.

The change of variables y = v + yLa transforms (3.15) to

wj = [A+ pyLly — py* Rz — A

k6 + vkC
M

sat = col | sat M y...,sat M .
M My

The observer scaled estimation error is defined as

where A = | (ko + vk() — Msat , M = diag(Mj,...,My) and

G- G

€

5; =

and N, = o0y —(3'Z'
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and using the change of coordinates z = Pz and y = T the closed-loop system under the

output feedback controller (3.15) is given by

3 = Ry (3.16a)
= —~JZ+ Roj (3.16b)
j = Ay + kEj + pyRsy + py Rz + RsA (3.16¢)
. 0
e = Ap + (¢/p) (3.16d)
—LATy + LA
—aql I
where Ag = is Hurwitz, ¢ = col(d,n), § = col(d1,...,0n),n = col(n1,...,nn)
—agl Onxn

and Ry is some matrix which is bounded uniformly in &.

Next we define the Lyapunov functions V;, = ¢TH Y, where H = H T~ 0 is the solution to
the Lyapunov equation HAg + AOTH =—1.

We now state the main Theorems of the chapter.

Theorem 3.2: Consider the system (3.1) with the output feedback controller (3.15) and the
high-gain observer (3.14). Let S be a compact set in the interior of I' and Q) be any compact
set of RZNFL. Let (3(0),5(0)) € S, and (21(0),(0),5(0)) € Q, and A = max {M, ﬁ}, then
there exists \* > 0, such that for every 0 < A\ < \*, the trajectories of the closed-loop system

(8.16) are bounded for allt > 0, and

lim [z;(t) —x;(t)] =0, fori#jandi,j=1,...,N (3.17)

t—00
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Proof : It proceeds in three steps:

Step 1. We show that there exist positive constants k1 and 5\1 such that for 5\1 < A the set
A={V <c} x{V, < k1(€/p)?} is positively invariant.

Step 2. We show that for any bounded ((0),5(0)) and any (2(0),5(0)) in the interior of
{V < ¢} there exists Ay > 0, such that for A < A9, the trajectory (2(t), 7(t), ¥ (t)) enters the
set {V <c} x{V, < ko(e/p)?} in finite time 77 (€) with 6lg}r(l) Ti(e) = 0.

Step 3. We show that there exists Ag such that for A < )3, the system (3.16b)-(3.16d) is
exponentially stable from which (3.17) follows.

We show the first step by calculating the derivatives of V and V;;, on the boundaries {V' = c}
and {Vy, = r1(e/ ,u)2}, respectively. The saturation is no longer effective when the trajectory

is in A, from which we have A = kn + eykd. By taking the time derivative of V,, along

(3.16d) we have

. 2 0
Vy = —vTy+ =yTH
K LATG + kLn + eykLs

With A <1, we have

eV < — 0l + (e/warl 1% + (e/maallvl]

where g1 and ¢g are some positive constants. For ¢/u < 1/(2¢g1) we have

Vi < —(1/DI) + (e/malIY |
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Thus,

Vy < —U/DIWIP V(191 = 4(e/w)a

Taking k1 = 16/\maX(H)q§ ensures that
: L2 P
V< ~3 IR ¥ V2 me/)

From which we conclude that for sufficiently small A the set {V, < x1(e/ (1)} is positively
invariant as Vw < 0 on the boundary V,, = k1(e/ )2,

The derivative of V, for all ¢ € {V;, < r1(e/p)?}, satisfies

V =2l J + J1z 4 22T Rog — (1/w)[g" W + kD)§T + bgd) — (1/p)bky1 L127

+ 29T PR3y + 27257 PRyZ + 257 PRsA
Similar to the proof of Lemma 3.2, it can be shown that for sufficiently small p
V < —ba[Z]]* = b3)1511* + (/m)a3lll]
for some positive constants bo, b3, and ¢3. From which we have
V < —by||B1* + (¢/)a3]|©]]

where © = col(||Z][, ||7]|]) and by = min{bs, b3}. Thus,

€

u<2q3/b4>

. b4
V<l viel =
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Therefore, V is negative on the boundary {V = ¢}, for sufficiently small A\. Therefore, there
exists A; > 0, such that for all A < A the set A is positively invariant.

In the second step, because (2(0),7(0)) lie in the interior of the set {V < ¢}, and the right-
hand-side functions of (3.16b)-(3.16¢) are bounded uniformly in €, there exists a time 77 > 0,
such that (2(t),7(t)) € {V < ¢} for all t € [0,T1]. For ¢(0) ¢ {¢THy < kq(e/p)?}, it can
be seen

V(1) < que™ 95y (0)| |2

where ¢4 = Amax(H), ¢5 = 1/(4 max(H)). Considering 1(0) = O(1/¢), we have
Vy(t) < (g5/e)e5°

for some g5 > 0. Since € < €/u, for A < 1, the time taken by (t) to reach the set
{YTHy < k1(e/p)?} can be estimated by the more conservative time 77 (¢) when Vi = K1€2,
which is given by 77 = (¢/¢5)In (q6/(/<;164)). By I'Hopital’s rule it can be shown that
ggr(l) Ty(e) = 0. Therefore, there exists :\2 > 0, such that for all A < :\2, we can ensure
Ti(e) < (1/2)Ty, which implies (2(t),5(t),¢(t)) € {V < ¢} x {Vy < k1(e/p)2} for all
t > Ti(e).

In the third step we show the exponential stability of the system (3.16b)-(3.16d), by forming

the composite Lyapunov function as Vo = V + Vj, and analyzing the system inside A. For

sufficiently small p the time derivative of V. along (3.16b)-(3.16d) is given by

bo 0 0
- a7 48| =
V<—ZT 0 b —_— =
c> 3 9 201




where ¢7, gg are positive constants, and = = col(||Z||, ||7|, [|¥]])-

The 2 x 2 principal minor is positive since by and bg are positive. Choose €/u small enough to
make the determinant positive, which makes the above matrix positive definite. Therefore,
we can conclude there exists A3 > 0, such that for all A < A3,

lim 2(¢t) =0, lim gy(¢) =0and lim ¢(t) =0. (3.18)
t—o00 t—o00

t—00

Because of the exponential stability of the system (3.16b)-(3.16d), z1(¢) remains bounded

and all the agents converge to the consensus value

li t) = tant
Jim z1(t) = constan

and by choosing \* = min{jq, A2, A3, 1} we conclude that (3.17) follows. [ |
Theorem 3.3: Consider that Theorem 3.2 holds and let *(t) be the solution of the closed-

loop system under state feedback (3.6) with x*(0) = x(0). Then, given any T > 0 there exists

A** > 0 such that for all X € (0, \**)
|z(t) —2*(#)| < T V>0, (3.19)

Proof : In this Theorem we show the solution z(t) under the output feedback control ap-
proaches the solution z*(¢) under the state feedback control which illustrates the performance
recovery property of the output feedback controller. We first show this in the transformed
coordinates z = P~ 1z, where z(t) = col(z1(t), 2(t)), is the solution of the equations (3.16a)

and (3.16b). The system in the transformed coordinates under the state feedback control is
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given by

4 =0 (3.20a)

o s (3.20b)

2] (t) and Z*(t) are the solutions of the equations (3.20a) and (3.20b), with initial conditions
7*(0) = 2(0) and 2](0) = 21(0).

The time interval is split into [0, T} (€)] and [T} (€), 0o) and it is shown that ||z(t)—z*(t)|| < T
holds for each time interval, where T = Y/(v/2||P||). This is achieved by showing that
121(t) — 25(t)] < T and ||2(t) — 2*(t)]| < T hold for each time interval. Showing |21 (t) —
21 (1) < T is more involved as z(¢) is in the direction of the zero eigenvalue of L.

Since #(0) is in the interior of {V < ¢} we have ||Z(t) — 2(0)|| < kit during the interval
[0, T (€)], where kq is a positive constant. Similarly, it can be shown that ||Z*(£)—2*(0)| < kit

during the same time interval. By using Z(0) = 2*(0), we have

12(t) = 25 ()]l < 2k1 T (e), ¥ t € [0, T1(e)].

Since T1(e) — 0 as € — 0, therefore we have

() — 25(t) = O(T(e)), ¥ t € [0, Ty (e)]- (3.21)

By using continuous dependence of the solutions of differential equations on initial conditions

and parameters and the exponential stability of 2 = —v.JZ we conclude that [91, Theorem
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9.1],

2(t) — 75(t) = O(Ti(e)), V>0

Therefore, for sufficiently small €, we have
|Z(t) = Z*(1)|| < T, V£t >0 (3.22)
Next we integrate 21(t) — 2] (t) and by using 21(0) = 27(0),
t
z1(t) — zf(t) = /O Ryy(r)dr

During the period [0, T} (€)], |R17(7)| < ko, where ks is a positive constant independent of e

and p. Since Ty (e) — 0 as € — 0, therefore for sufficiently small € we have
21(t) — 21 (t) = O(T1(e)), ¥ t € [0, Ty (e)].

For t > Tj(e), the system (3.16b)-(3.16d) represents a three-time scale system where 1) is
the fast variable and (Z,¢) are the slow variables. Following [85, Chapter 2], we perform a
change of coordinates x = ¥ + D1Z + Day, for some matrices Dy, Do, which separates the

fast variable ¢ from the slow ones (Z,¢), and § = g+ SZ, for some matrix S, to separate the
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intermediate system 7 from the slow one Z, from which we have

4 =07+ R0 (3.23a)

i= [—yj + O(A)] 2+ Rof (3.23b)
1l = [A+ O(N)]0 + Rgx (3.23¢)
ex = (Ao + (e/n) Rr)x (3.23d)

for some matrices Rg, Ry. For sufficiently small A, the solution of (3.23¢) and (3.23d) for
t > T1(e) is bounded by

Ix(@)]| < ke (M1 /9E=T1(e)

for ¢ << p and some positive constants rq, ro, 1253 and k4 independent of A.

Defining ¢(t) = 2(t) — 2*(¢) and by differentiating it we have
6(t) = (=] + O(N)e(t) + O(N)Z*(t) + Ra(1).
Integrating ¢(t) from time 77 (¢) we have

t
6(t) = eTTFONET1(E) g (Ty (e)) + / (HHONET) 0N 2*(r) + Ryf(7))dr.

Ty (e)

From (3.21), we have ¢(T(¢)) = O(T1(¢)), and therefore it can be shown that

lo(t)]| < (O(Ti(e)) + O(N))e~T3lE=Ti(e) (3.24)
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for all ¢ > T (e), where r3 is a positive constant independant of A. Next integrating 2 (¢) —

#1(t) from time T4 (€) and by substituting Z(t) = ¢(t) + 2*(t), we have

t
ZMU—ZﬂUZVﬂﬂ@»—Zﬂﬂ@m+’/[OQWWW+OQﬁWﬂ+JﬁﬂﬂMT
Ty (e)

Using 21 (7% (€)) — 2] (T1(€)) = O(T1(¢€)), it can be shown that zq(t) — 2] () = O(T1(€)) + O(N)

for all ¢ > T (e¢). Therefore, for all A € (0, \**), we can conclude that

|21(t) — 2f (1) < T, Vt>0. (3.25)

From which we conclude that ||z() — 2*(t)|| < v/2T and by using the transformation z = Pz

we have x(t) — 2*(t) = P[z(t) — z*(t)]. By taking the norm we have
le(t) = «* @O < |1 - ||2(8) = 2“0l < V2| PIIT

from which (3.19) follows. |
Theorem 3.2 shows that the agents achieve consensus under the output feedback controller

(3.15), while Theorem 3.3 shows z(t) under the output feedback controller approaches the

solution z*(t) under the state feedback controller which illustrates the performance recovery

property of the output feedback controller.

3.5 Cyclic Pursuit on Plane

Motivated by robotic coordination problems we take the example of cyclic pursuit [92]. We

consider N robots on a plane with positions x;, for ¢ = 1,..., N, and moving according to
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x; = v;, where v; are the velocity commands. The objective of the robots is rendezvous at a
common point (while using only onboard sensors). A simple strategy to achieve rendezvous
is cyclic pursuit: where robot ¢ pursues the next robot i+ 1. In other words, the information
available to each robot is given by (; = x;_1 — x; for i« = 1,...,N. (Here we consider
xg = xp). We can arrange the nodes such that the graph for this network of N robots is

represented by a circulant directed graph. Fig. 3.1 demonstrates the graph.

o

Figure 3.1: A directed circulant graph

We take the number of nodes to be 100. The initial conditions of the agents are chosen
to be in the range [1,100]. The circular directed graph is balanced and strongly connected
and as a result the convergence rate is given by Ags(Ls) = 0.0020, where \g is the smallest
non-zero eigenvalue of Ls = (L 4+ LT)/2; see [19]. We simulate the system with the PD
controller with v = 3 and k = 20 and the standard controller (3.3) with ks = 600 in order to
match the convergence rate of the system under the PD controller. The saturation levels are
chosen as M; = +170, for ¢ = 1,...,100. The saturation levels are chosen from simulations
to see the maximal values that the state trajectories (3.12) would take when using the state
PD controller.

In Fig. 3.2, xpg denotes the state under high-gain consensus controller, x;,q denotes the

state under PD controller (3.5), x4, denotes the state under the output feedback controller
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Figure 3.3: Agent 4 control signal
(3.15). We compare the state and control signals of agent 4 for the high-gain consensus
controller, the state feedback PD controller, and the output feedback PD controller. From
Fig. 3.2, the state under the high-gain consensus controller xy,. oscillates as it approaches
the consensus value. The oscillations are due to the presence of the imaginary component
in the eigenvalues of L. The state under the state feedback PD controller x,q does not
have any oscillations and achieves the same consensus value as in the case of a high-gain

consensus controller. The state under the output feedback PD controller x,q, is shown for

60



0L

151

_20 | | | |
10710 108 10°® 104 1072 10° 102
Time(log)

Figure 3.4: Agent 4 control signal with g = 0.1, ¢ = 0.0001

two different values of € and p, from Fig. 3.2 it can be seen that as € and p decrease the
trajectory under output feedback approaches, the one under state feedback as predicted by
Theorem 3.3 and this trend is representative for all other agent trajectories.

In Fig. 3.3, upge denotes the control signal of the high-gain consensus controller, u,q
denotes the control signal of the PD controller (3.5), upq, denotes the control signal of the
output feedback controller (3.15). In Fig. 3.3, the control signal of agent 4 under control
Upgc is represented by a subfigure due to the large magnitude difference. As seen in Fig. 3.3
the control signal under the high-gain consensus controller is much higher than the proposed
controller for the same convergence rate. Finally, Fig. 3.4 shows the control signal of agent
4 with different values of k. We plot the control signals in the linear-log scale for different
values of k£ to improve the readability of the figure. It can be seen from the figure increasing

k does not increase the magnitude of the control signal of agent 4.
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3.6 Tree Graphs

In this section, we consider two kinds of self-similar graphs, namely, the Tree-Like Fractal
graph and the Vicsek Fractal graph. Self-similar graphs have a prescribed way of increasing
the graph size such that the structure of the graph is preserved. Other examples of self-
similar graphs include Torus and lattice graphs, where 1-D lattice graphs are line graphs
used in the platooning of vehicles [35].

Tree-Like Fractal graphs are generated in an iterative manner, starting from the first
generation, which consists of two nodes connected by an edge. Each family of these tree-like
fractal graphs is parameterized by a positive integer m. The procedure of creating the graph
of generation g+1 starts by replacing each edge with a path of length two in the graph of
generation g, thus creating a new node in the process. After that, m new nodes are added
to the newly created node; see [93]. Fig. 3.5 represents the first three generations of the

Tree-like fractal graphs with m = 2.

g=2

§=3

Figure 3.5: Tree-like Fractal graphs

Vicsek fractal graphs are parameterized by a positive integer d. The star graph with
d + 1 nodes is the first generation (g=1) graph. The graph for the next generation (g+1) is
generated from the graph of generation g. A detailed procedure for constructing the graph

of generation g+1 from the graph of generation g is given in [93]. Fig. 3.6 represents the
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first three generations of the Vicsek fractal graphs for d = 2. Both graphs have an increasing

1. el
g=1 BTH
i 1 t %
T T T
% B
g=2
T

Figure 3.6: Vicsek Fractal graphs

tree diameter (greatest distance between any two nodes in a graph) as the generation of the
graph increases. From [94], for a tree with growing diameter the second smallest eigenvalue

of the Laplacian is bounded by

where dg represents the diameter of the graph. Therefore Ag(L) decreases with increase in

the diameter of the graph.
The following tables illustrate the performance of the proposed controller on Tree-Like

Fractal graphs and Vicsek Fractal graphs with different network sizes.
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Table 3.1: Laplacian Eigenvalues of Tree-like fractal graphs

. . Ao (L Ao (L
N R P PN I b1
k=20 k=200 |k=20 k =200
2 2 0.9756 0.9975 0.4878 0.4988
) 1 0.9524 0.9950 0.9524 0.9950
17 0.2087 0.8067 0.9766 3.8654 4.6794
65 0.0314 0.3859 0.8627 12.2898 | 27.4745

Table 3.1 shows the performance of the proposed controller with two different values of
k. As seen from the table as the size of the Tree-Like Fractal graph increases the second

smallest eigenvalue of the graph Ao(L) decreases. With increase in network size for higher

A

value of k the ratio between Ao(L) and A\o(L) significantly increases.

Table 3.2: Laplacian Eigenvalues of Vicsek fractal graphs

. . Ao (L Ao (L
N ) ey el SEE AT
k =60 k=300 |k=260 k = 300
) 1 0.9836 0.9993 0.9836 0.9993
25 0.0692 0.8059 0.9540 11.646 13.78
121 0.0053 0.2396 0.6117 45.2075 115.4151

Table 3.2 shows the performance of the proposed controller with different size of Vicsek
Fractal graph with two different values of k. From the table for N = 121, the ratio between

Xo(L) and Ag(L) is significantly higher for k& = 300 than the other cases.
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3.7 Conclusion

In this chapter we proposed a new consensus algorithm which is scalable as with increase in
the network size the eigenvalues of the closed-loop Laplacian matrix remain preserved. This
has benefits as in certain classes of graphs with increase in network size the convergence rate
becomes slow and to achieve fast consensus a large control effort is required.

We simulated the proposed controller on a circular, directed graph with 100 nodes. The
magnitude of the proposed controller compared to the high-gain consensus controller for
achieving the same convergence rate, was much lower. We also considered two classes of
graphs, which show the trend of decrease in the second smallest eigenvalue of the graph
Laplacian with an increase in network size. We showed the benefit of using the proposed

controller on these networks with different sizes.
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Chapter 4

Practical Scalable Synchronization in

Leader-Follower Networks

4.1 Introduction

For a network of linear agents, if the performance measure degrades with an increase in
network size, then this is because the smallest eigenvalue of the grounded Laplacian matrix
approaches zero. We will discuss the effect of this behavior on some standard nonlinear
control techniques, which rely on local relative information. Therefore, we will exclude, [55]
from our discussion as it uses local output information.

Synchronization was achieved for homogeneous (identical dynamics) second-order non-
linear systems in [95] and [96], using only relative position and velocity feedback. However,
the gain of the controller is inversely proportional to the smallest eigenvalue of the grounded
Laplacian. As this quantity decreases with an increase in network size, the controller gain
becomes very large. In [53] and [97], synchronization was achieved for homogeneous and
heterogeneous nonlinear agents, respectively. The feedback gain matrix in these methods
depends on the solution of a parametric algebraic Riccati equation (PARE), where the pa-
rameter is a lower bound on the real parts of the eigenvalues of the graph Laplacian. There-

fore, as the second smallest eigenvalue of the graph Laplacian approaches zero, it implies
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that the parameter also approaches zero, which in turn makes the controller gain very small.
As a result, synchronization is achieved in a very long time.

In [61], practical synchronization is achieved in a network of nonlinear heterogeneous
agents by choosing the gain of the diffusive coupling sufficiently large. Other approaches
like [98], [99], [100] involve the use of adaptation where the nonlinearity is compensated using
neural networks. For undirected graphs, the controller gain in these algorithms is inversely
proportional to the smallest eigenvalue of the grounded Laplacian. A similar conclusion can
be drawn for the controller gain in [57], where the controller gain is required to be greater
than a constant that is inversely proportional to the smallest eigenvalue of the grounded
Laplacian.

As discussed above, decrease in the smallest eigenvalue of the grounded Laplacian, has an
adverse effect on the controllers of nonlinear systems. Therefore, in this chapter, we design
scalable consensus algorithms [101] for leader-follower networks of second-order nonlinear
systems. We consider second-order systems as they represent models of real-world systems
akin to platooning of vehicles [35], power systems with second-order swing dynamics [65],

Euler-Lagrange systems [99], and longitudinal vehicle dynamics [102].
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4.2 Problem Setup

4.2.1 Class of Systems

We consider a network of N second-order nonlinear heterogeneous agents given by

Tj = U (4.1a)

@i:fi(xi,vi)—l—wi(t)—l—biui, Vi=1,...,N. (4'1b)

where x; € R is the position, v; € R is the velocity, u; € R is the control, f;(x;, v;) represents
the nonlinearity associated with each system, w;(t) represents a time-varying disturbance.
The system (4.1) represents models of real world systems like power systems [65], and lon-

gitudinal vehicle dynamics [102]. We make the following assumptions.

Assumption 4.1: The communication topology is given by a strongly connected weighted

directed graph G.

Assumption 4.2: The functions f; are unknown and continuously differentiable for all

(x,v) € D where D is some domain containing the origins.
Assumption 4.3: The disturbances w;(t) and its derivative w;(¢) are unknown and bounded.

Assumption 4.4: The control coefficient b; is an unknown constant and satisfies b; > b; > 0.

4.2.2 Leader

In applications of multi-agent systems like platooning, power systems, etc., the agents are
required to follow or synchronize to a desired trajectory. The trajectory is generated by a

leader and, to reduce the information flow, it is assumed that only a subset of the agents
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receives information from the leader. The leader dynamics is defined as

o = fo(zo,vo) + ug(t, 2o, vo) (4.2b)

The leader (4.2) with the control input ug(t, xg, vg) is used to generate trajectories depending
on the required objective. We do not require the control of the leader to be known to the

agents.

Assumption 4.5: The functions fy, ug are continuously differentiable and the closed-loop

trajectories of the leader (zg,vy) belongs to a known compact invariant set W C R2.

Next we discuss the information exchange between the agents which is of the following form:

N

Ty = Z aij(xj —x;) + di(xog — x;), (4.3a)
j=1
N

Vpj = Z aij(vj - Ui) + di(vo - Ui) (4‘3b)
j=1

where a;; > 0, z;; defines the relative position exchange, v;; defines the relative velocity
exchange and d; > 0 is satisfied at least for one agent. We define the synchronization error
as

€xi = L4 — X0s Cy; = V3 — U0
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forall  =1,..., N. From which the information exchange can be redefined as

N

Ty = Zaij(exj — ezi) — dieg, (4.4a)
=1
N

v = 3 agjleg; — evi) — dieyi, (4.4b)
=1

which in matrix form can be written as

Ty = _LGex, Uy = _LG€U

where Ly = L + D is the grounded Laplacian matrix [36], D = diag(dy,...,dy), ez =
col(eg1, ... epn) and e, = col(eyt, ..., euN)-

The expanded graph is given by G = (V, &, A).
Assumption 4.6: There is a directed path from the leader to all the agents in the expanded
graph G.
Remark 4.1: The above assumption is standard to achieve synchronization in a network of

agents with a leader.

Under Assumption 4.1 and 4.6 we have the following properties

(i) L is an M-matrix [6] beacause it can be decomposed into L = dI — A, for some

nonnegative matrix A and d > p(A), where p(-) denotes the spectral radius of a

matrix.
(ii) Lq is an M-matrix, since L is an M-matrix and D = diag(d;) > 0.

(i) L¢ is nonsingular and all its eigenvalues have positive real parts [10]. Therefore, L¢

is a nonsingular M-matrix.
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The objective of this chapter is to design a controller using the information structure
(4.4) to achieve

tli>Holo eri(t) =0, and tli}rgo eyi(t) =0 (4.5)

fori=1,...,N.

Remark 4.2: In this chapter we will achieve practical synchronization where the synchro-
nization error can be made arbitrarily small by tuning a control and observer parameter,
respectively.

We transform system (4.1) into the error coordinates

€ri = €yi (4.6&)
i = filexi + 20, €pi +v0) +w;(t) — fo(wo,vo) — uo(t, zo, vo) + biu; (4.6b)
fori=1,...,N.

4.3 Controller Design With Full Information

4.3.1 Controller Design

In this section we assume that the relative velocity derivatives are available for feedback and

we design the following PD control for each agent, which is given by

ui = kp®y + kovp; + kqo; (4.7)
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where u? denotes the controller designed with full information, kz, ky, k4 are positive con-

stants to be chosen later, o; is defined as
N

07 = i = Y aij(éyj — éyi) = dicui,
j=1

which in matrix form can be written as 0 = —Léy, where 0 = col(oq,...,0n). We assume

that o; is available for feedback. Substituting for o; in (4.7) we have,

N

Uf = kypyi + kyvp + kd Z aij(évj - évi) - kddiévi
j=1

The above controller is distributed in nature as it relies only on local information. Next we

write the equations in matrix form,
(I + degB)uS = kyxyr + kyvr — kgLo(f +w) + kgLa1(fo + wo)

where f = col(f1,..., fn), B = diag(by,...,by), w = col(wy, ..., wy) and u® = col(uf, ..., u}).
The terms f, fo, ugp and w are written without their arguments for ease of notation.

Lemma 4.1: Suppose Assumption 4.6 holds, then the matriz (I + kyLgB) is nonsingular
with eigenvalues having positive real parts.

Proof: The matrix (I + kgL B) is similar to the matrix (I + kyBL¢), this follows by pre-
multiplying (I + kqLgB) by B and then post-multiplying it by B~1, where B is invertible
from Assumption 4.4. The matrix BL¢ can be thought of as a grounded Laplacian matrix

where each row is scaled by b;. Therefore, it follows that the eigenvalues of BL s remain on
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the right half-plane for any positive diagonal matrix B and we have
NI+ kgBLg) =14 kg\;(BLg),

where Re (A\;(BL¢)) > 0, from which we conclude that (I4+ky LG B) is invertible and its eigen-

values have positive real parts. [ |

Choosing kj = k, ky = 1k and ky, = 9k, where 1 and o are positive constants, we have

the control as
u® = —y1B ' Lger — 2B Lgey, — BT La[f +w — 1(fo + ug)] (4.8)
where EG represents the Virtual Grounded Laplacian matrix, defined as
. 1 I
Lg = (EI + L(;) Lq (4.9)

where L = BL is the scaled grounded Laplacian matrix from the proof of Lemma 4.1.

Lemma 4.2: Let the expanded graph G satisfy Assumption 4.6, then for sufficiently large

k,
Re(\(Lg)) =1 — %Re ( Ai (EG)) +0 (/?12) | (4.10a)
(k) == (57757 ) +© (52 (100

fori=1,...,N, where \j(Lg) and )\Z-(lAlg) are the eigenvalues of L and ig, respectively.

The proof of this Lemma can be done by repeating the steps in Theorem 3.1 of chapter 3
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and therefore it is omitted.

4.3.2 Closed-loop System Analysis

The system (4.6) with the controller (4.8) becomes

6y = €y (4.11a)

év = —71Lger —yalges + Li(f + w) — Li1(fo + up) (4.11b)
where L1 = I — L = (I + kL)1, Next we do a change of coordinates
ex = Péy, and ey = Péy (4.12)

where L = pjp~1 J= blkdiag(J1, J9, . . ., Jm) is the Jordan block of Ly and m < N is

the number of Jordan blocks. The system in the transformed coordinates becomes

Er = &y (4.13a)

bp = —1J6x — Y2 dEp + Lo(f + w) — Lol(fo + ug) (4.13b)

-1
. 1 3
where Ly = (I + kJ)~1P~1 J= (EI + J) J. The Jordan block J contains eigenvalues

with strict positive real parts. For sufficiently large k£, we have

J=TI1+0(1/k), and Ly = O(1/k).
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Next we define the Lyapunov function V, = el We, where W = W1 > 0 is the solution to
the Lyapunov equation WA + ATW = —I, e = col(é,, éy) and A is a Hurwitz matrix given

by
0 1
A=
-l =2l
Theorem 4.1 Consider the system (4.6) with the controller (4.8). Let e(0) € §2. where
Q ={Ve < ¢}, for some c > 0, such that Q C D. Then, there ezists k* > 0, such that for all

k > k*, the trajectories of the closed-loop system are bounded for all t > 0, and there exists

time T > 0, such that

x—lxon(%), Vi>T (4.14a)
v—lvon(%),‘v’tZT (4.14Db)

Moreover, the control signal u®(t) is bounded uniformly in k.

Proof: Taking the time-derivative of V, along (4.13) we have
’ ai ag as
Ve < —|le]]” + ?Hell2 + - Hell(AT+ [Twll) + == llell(fol + uol)

for some positive constants a1, as, ag. For k > k1 = 2ay, we have

. 1 a9 as
Ve < —§|I€H2 + el (LA + flwll) + =>lell(fol + [uol)
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Since f;(x;,v;) = filexi + T, €yi + vo) and the function f; is continuously differentiable, it

follows that for all e € 2 and (zq,vg) € W, we have

[ f]] < aallel| + as|xo| + aglvo| < asllel| + a7

where a4, as, ag and a7 are positive constants. Moreover, since w(t) is bounded we have

Ve < =(1/2)l[ell® + (as/k)llell + (ag/k)llel|

for some positive constants ag and ag. For k > ko = 4ag, we have

Ve < —(1/9)|lell? + (ag/k)llel]

From which we have

Ve < =(1/8)llell?, ¥ [[el| = (8ag/k) (4.15)

For all k > ks where k3 is a positive constant, V. < 0 on the boundary V, = ¢ and therefore
the set €2 is positively invariant, from which we can conclude that the trajectories of the
closed-loop system are bounded for all £ > 0. Finally, by choosing k* = max{ky, ko, k3}, we

can conclude that there exists time 7' > 0, such that

le@)Il = O(1/k), ¥ t =T

Therefore, (4.14) follows from the above expression, which shows that the trajectories of the

agents become arbitrarily close to the trajectories of the leader (xq,vg).
Next we show that control signal «*(¢) is uniformly bounded in k. From (4.15), using [103,
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Theorem 4.5] we have

Amax (W)

lell < 5 ma ol o0 (15" ) 52 @0

The control signal is given by
u® = B Lg[—Re — f —w + 1(fo + ug)]

where R = [y1 P ~2P]. The norm of ||B~!|| is given by ||[B~Y| = 1/b, where b = 1£r;i<ani
<i<

and the norm of L is bounded uniformly in k as
: 7 -1
ILall < P11 - [[P77]] = a10 + O(1/k)

for some positive constant a1y independent of k. Since we have (z((t),vg(t)) € W and w(t)

is bounded, therefore the norm of the control signal satisfies
[u®(@)[| < ar1llel] + a12

for some positive constants aj; and a1z, uniformly independent of k. Using (4.16) in the

above inequality we can conclude that the control signal is bounded uniformly in &. [
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4.4 QOutput Feedback Controller

4.4.1 Observer Design

In the previous section we assumed o; is available for feedback, which is not true for practical
applications. Therefore, in this section we realize the proposed scalable controller (4.7) by
using a reduced-order high-gain observer. The stability analysis using a full-order high-gain
observer can be shown only with additional controller dynamics as shown in the previous
chapter. Since in this chapter we do not use additional controller dynamics, the stability of
the closed-loop system is shown using a reduced-order high-gain observer. However, using
reduced-order observers is at the expense of assuming that the initial state of the relative
sychronization errors is known. Each agent has measurement of relative state x,; and relative
velocity v,; locally. We estimate the relative velocity derivatives by adding a reduced-order
high gain observer to each agent in the network to estimate the signal o; = v,.;. The driving

signal to the observer is v,;. The reduced order high-gain observer [90] is constructed as

b; = —g [¢i + %vm} , 6; = ¢i + (p/e)vy (4.17)

where €, and p are positive constants with e << 1 for ¢ =1,..., N. The transfer function of

the observer from v,; to g; is The output feedback controller is chosen as

(e/p)s+1
uj = y1kwy; + yokvy; + ko; (4.18)

which in matrix form becomes

u=—y1kLges — vokLgey + ko
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where u = col(uq,...,uy) and 6 = col(dy,...,0nN)-

4.4.2 Peaking

The estimation error is defined as n; = o; — &;, which satisfies

€n = —pn +eo
where n = col(ny,...,ny) and & = —Lgéy. After some simplifications the observer error
dynamics can be written as
en = —p[l + kLgB]n + €A (4.19)

where A = A(w, fo, o, f,e). For all e € Q, (zq(t),vo(t)) € W and bounded 1, the term A
is bounded by a constant independent of e.
The output feedback control is given by u = —vyikLges — vkLgey + ko — kn. Using

o = —Lgéy, we arrive at

uw= -y B 'Lagey —vaB 'Laey — B Lalf +w —1(fo +ugp)] — k(I + kLgB) 'y (4.20)

Noting that n(0) = —La[f(0) +w(0) — 1(fp(0) +u(0))] — LeBu(0) — 6(0), by substituting

u(0), we have

(I+kLgB) ™ '(0) = —La[f(0) +w(0) — 1(fo(0) +uo(0))] + 71 La Lgea(0) +vaLgLges(0)

+ LaLalf(0) +w(0) = 1(fo(0) + uo(0))] — ¢(0) + (p/€) Liew(0)
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where we have used I —kLoB(I+kLgB) ™' = (I+kLgB)~1. The term LoLe = kLgB(I+

kLoB) ‘Lo = Lo — (I 4+ kLgB) L, from which we have

(I +kLgB)~'n(0) = —(I + kLgB) ' La(f(0) + w(0) = 1(fo(0) + ug(0))]

+71[Le—(I+kLGB) ' Lglex(0)+72[Lg — (I+kLeB) ! Lgles(0) — 6(0) + (p/€) Lges(0)

Multiplying the above equation by (I + kLgB), we have

1(0) = —La[f(0) + w(0) = 1(fo(0) + uo(0))] + 11kLgBLgex(0) + 2k Lg BLGey(0)

— (I + kLB)¢(0) + (p/€)(I + kLG B)Lges(0)

Because n(0) = O(1/¢), then during the transient period, the observer contains a term of
the form (1 /e)e‘alt/ ¢, for some a; > 0. This term is transmitted to the control as seen
in equation (4.20). By choosing ¢(0) = v1 Lgez(0) + v2Laen(0) + (p/€) Ley(0), the initial

estimation error becomes

1(0) = =La[f(0) +w(0) = 1(fo(0) + ug(0))] — 11 Lgex(0) — y2Laen(0),

which eliminates peaking and both the estimation error 7(t) and the control u(¢) become
bounded uniformly in € and k. Note that the parameters v1, 72, p, €, and the initial conditions

Laez(0) and Ley(0) are locally available to each agent.
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4.4.3 Analysis of the closed loop system

The system (4.6) with the controller (4.20) becomes

¢y = —m1Lger —voLlgey + L1(f +w) — L11(fo + up) — L3n (4.21b)

where Ly = [(1/k)B~1 4+ Lg]~!. Using the change of coordinates e; = Pé,, e, = Pé&,, and

n= B_lﬁ, we have

€x = &y (4.22a)
v = —NJEx —12JE + La(f +w) — La1(fo + ug) — Lyii (4.22D)
ey = —p[I + kLg]n + A (4.22¢)

where Ly = [(1/k)] + J]7'P~1 and A = BA.
Next we recall the following Lemma.

Lemma 4.3, [104], [105]: A square matrix Ay, = [a;;], where @;; < 0 for i # j, is a

nonsingular M-matrix, if and only if one of the following equivalent conditions holds:
(i) There is a positive vector Z > 0 such that A,,Z > 0
(ii) There is a positive vector § > 0 such that AL 7 >0
(iii) All eigenvalues of A, have positive real parts

(iv) Ay, is nonsingular and A1 is nonnegative
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Since L¢ is a grounded Laplacian matrix with eigenvalues having positive real parts as
shown in the proof of Lemma 4.1. It follows that L is also a nonsingular M-matrix
as premultiplying L by a diagonal matrix does not change its structure of having outer
diagonal nonpositive elements and nonnegative diagonal elements.

The following Theorem constructs a Lyapunov function candidate for the system (4.22c).

Theorem 4.2, [104] : Suppose Assumption 4.6 holds. Let

P = diag(p;) = diag(7;/7;),
—_ DT _T 5
Q=PLg+ LsP.

Then P > 0 and Q > 0.

Proof : Since L is a nonsingular M-matrix, then by Lemma 4.3, Eal and [_/C_;T are non-
negative matrices with no zero rows. This implies Z,y > 0 from which P > 0. From which
we can conclude that ) has outer diagonal nonpositive elements and nonnegative diagnal

elements, since P = diag(p;) > 0. Now

Qi = PLgi + LEP7
=P1+LLy

= col(py,...,pN)+1>0

Therefore, from Lemma 4.3 we can conclude () is a nonsingular M-matrix having eigenvalues

82



with positive real parts. Moreover, it is positive definite since ) = QT. [ |

We construct the Lyapunov function candidate for the system (4.22c¢) as Vi = ﬁTPﬁ.

Theorem 4.3 Consider the system (4.6) with the output feedback controller (4.18) and the
reduced-order high-gain observer (4.17). Let S be a compact set such that S C Q. Let
e(0) € S, and ¢(0) be chosen as ¢(0) = vy Lgex(0)+ (v2 + (p/€)) Laen(0)), then, there exists
€ >0, such that for every 0 < e < €, the trajectories of the closed-loop system are bounded

for all t >0, and there exists time T > 0 such that

x—la:o:O(%)—i—O(e),VtZT (4.23a)
v—lvon(%)—kO(e),‘v’tZT (4.23b)

Moreover, the control signal u(t) is bounded uniformly in k and e.

Proof : The proof proceeds in three steps:

Step 1. We show that there exists positive constants x; and €1 such that for e; < e the set
T = {TWe < ¢} x {71 Pij < k1€2} is positively invariant.

Step 2. We show that for 6(0) = y1Lges(0) + v2Lgey(0) and any e(0) in the interior of
{eTWe < ¢}, there exists eg > 0, such that for € < eo, the trajectory (e(t),7(t)) enters the
set {elWe < ¢} x {77 Pij < k1€2} in finite time T} (¢) with lim 77 (¢) = 0.

e—0

Step 3. We show that there exists €3 such that for € < e, (4.23) holds.

We show the first step by calculating the derivatives of V, = el We, and Vi = ﬁTﬁﬁ on the
boundaries {Ve = c}, and {Vj; = r1€2}, respectively. By taking the time derivative of Vi
along (4.22¢) we have

eV = —2piy’ Pij — pki’ Qi + 267’ PA
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For all (xq(t),vo(t)) € W, e(t) € 2 and bounded 1, we have ||A|| < I1, where [1 is a positive

constant independent of €. From which we have,

Evﬁ < _p[QAmin(ﬁ) + kAmin(Q)]Hﬁ’F + 612”77”

where Iy = 211||P||. Thus,

Vi < —allil|?, ¥ [il] > s

where a = —(p/2)[2A\min(P) + kAmin(Q)] and I3 = ly/a. Taking xy = l%)\max(ﬁ) ensures
that

: ~112 2
Vi < —allfll?, ¥ V2 e

From which we can conclude that V;] < 0 on the boundary Vﬁ = I€1€2.

The derivative of V, = el We satisfies
. Iy l5 lg .
Ve < —|le]|* + EH@H2 + o el QAT+ Tl l) + - Hlell(Lfol + luol) + Lzlell - []7]]

for some positive constants ly, 5, lg and l7. For all (zg(t),vg(t)) € W, e(t) € €, bounded

w(t), w(t) and 77 € {V; < k1€2}, we have
: [ [
2 8 2 9
Ve < —llell” + —llell” + - llell + elrollel]
k k
where [g, lg and [ are positive constants. For k > l~€1 = 2lg, we have

. lg
Ve < —(1/2)[[el* + 2 llell + eliollel]
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From which we have,
Ve < —(1/9)lell?, ¥ llell > 4(lg/k + elo)

Therefore, for all k > ko > 0 and € < ¢; > 0, V, is negative on the boundary {V, = ¢} and
the set {elWe < ¢} x {i#] Pij < k1€} is positively invariant.

In the second step, because e(0) lies in the interior of the set {e! We < ¢}, and the right-
hand-side function of (4.22a)-(4.22b) is bounded uniformly in e, there exists a time T} > 0,
such that e(t) € {eTWe < ¢} for all t € [0,T1]. During this time period, we have 7(0) ¢

{71 Pij < k1€2}, it can be seen that

Vii(t) < lire™ 128/ |7(0)|2

where 117 = Amax(P), l12 = @/(Amax(P)). From the choice of initial condition of ¢(0) =

—v121(0) — 20, (0) — (p/€)vy-(0), we have 77(0) = Bn(0) = B[o(0) — (0)], which is given by
1(0) = =BLg[f(0) +w(0) = 1(fo(0) + up(0))] = 1 BLgex(0) = v2BLgey(0)

For all (xo(t),vg(t)) € W, e(t) € Q, bounded w(t), we can conclude that 7(0) = O(1), and
we have

Vii(t) < lze12t/¢

for some l13 > 0. The time taken by 7(t) to reach the set {7P7] < k1€?} is given by Th =
(€/l12) In (113/(:‘1162)). By I'Hopital’s rule it can be shown that lirr(l) Ty(e) = 0. Therefore,
€E—

there exists e > 0, such that for all € < €9, we can ensure Tg(e) < (1/2)T1, which implies
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(e(t),7(t)) € {Ve < cf x {V5 < k1€?} for all t > Th(e). Therefore, by choosing k** =
max{k, ko} and €* = min{e,es}, we conclude that all the trajectories of the closed-loop

system are bounded for all £ > 0 and there exists time T > 0, such that

1 1
x—1lzg=0 <E) + 0O (), and v—1vyg =0 (E) + O (¢)
for all t > T.
Next we show that the control signal u(t) is bounded uniformly in k. From (4.20), after

time ¢t > Th(e), the control signal is given by
u= B Lg[—vies — 260 — f — w + 1(fo + ug)] + Ofe)

Therefore, following the same steps as in Theorem 4.1 it can be shown that ||u(t)|| for
all t > Ty(e) is uniformly bounded in k. During the time period t € [0, Th(¢)] since e(t) €
{eTWe < ¢}, (zo(t), vo(t)) € W, w(t) is bounded, and Vﬁ < —(a/(e)\maX(P)))Vﬁ. Therefore,

the norm of 7 is given by

at

1(0) Jexp (M‘—(P)) Wt e [0,T5(o)]

Amax (p)

I < /52 5

Since 7(0) = O(1), it implies 7(t) is bounded independent of € for all t € [0, T5(¢)]. As shown
in Theorem 4.1 since ||Lg|| is uniformly bounded in k and L3 = O(1), it follows that |ju(t)||
is uniformly bounded in k during the time period ¢ € [0, T(¢)]. From which we conclude
that the control signal u(t) is uniformly bounded in & for all ¢ > 0. |

Theorem 4.4 Consider that Theorem 4.3 holds and let e(t) and e(t) be the trajectories of

the closed-loop systems (4.13) and (4.21), respectively with €(0) = e(0). Then, given any
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= > 0, there exists K*** > 0, and for each k € [k*™* 00), € = €"*(k) ewists such that for

each k € [E**,00) and € € (0, " (k)],

le(t) —e(t)]| <=, Vt>0 (4.24)

Proof: The proof is done in three steps where we first show (4.24) during the time period
[Ty, 00), where T > 0 is some finite time followed by [0, 7} (e)] and then during [T7(€), T»].
From Theorem 4.3, given any = > 0, there exists k > 1271 > 0 and é; = €1(k) > 0 such that

for each k € [k1,00) and € € (0, ¢ (k)]

le®)ll <E/2, [le)l] <E/2, V¢ =Ty

Therefore, using ||e(t) — e(t)|| < |le(t)|| + ||e(t)|] it follows that

Next we show (4.24) during the time period [0, T} (¢)]. From Theorems 4.1 and 4.3, we know
that e(t) € Q and &(t) € Q during the time period [0, T} (e)]. Therefore, the right-hand-side
of (4.13a)-(4.13b) and (4.21a)-(4.21b) is bounded by a constant independent of €. By using
e(0) = e(0) we have

le(t) — e(t)l] < 26T1(e),

for all t € [0, T} (e)], where lin%) Ti(e) = 0 and b is a positive constant. Therefore, there exists
e—
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k> ko > 0and éy = é9(k) > 0 such that for each k € [k, 00) and € € (0, é9(k)], we have

le(t) —e®)]| < E, VT e[0,T1(e)]

~ ~

Over the time interval [Th(€), T5], equations (4.21a)-(4.21b) under output feedback is O(e)
perturbation from the corresponding model (4.13a)-(4.13b). Therefore, it follows from the

continuous dependence of solutions of differential equation on initial conditions and param-

eters [91, Theorem 3.5] that

le(t) — el < . V t € [Ty(e), T3]

Therefore, (4.24) follows by choosing k*** = max{k;, ko } and ¢* = min{¢;, é&2}. [

4.5 Examples

4.5.1 IEEE 300-Bus System

In this example we consider the synchronization problem on a network of oscillators on the
IEEE-300 Bus system. Fig. 4.1 which is modified from [106] represents the network. The
edge weights are taken to be 1 or 0 depending on whether an edge exists or not between two
nodes. The leader node 0 is connected to node with highest degree which is node 268. The
smallest eigenvalue of the grounded Laplacian is given by Apin(Lg) = 0.0010. Therefore,
standard nonlinear control approaches will require a very high controller gain to achieve

synchronization.
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IEEE 300-Bus

Figure 4.1: Diagram of node connections for the IEEE 300-Bus System

The oscillator dynamics is given by

P (4.25a)

0 = =i + gi(1 — &})vi + Giug (4.25b)

where g; and g; are constants. The constants are chosen to lie in the range g; € [—5.5,16.5],

g; € [1,3]. The leader dynamics is given by

. . 2
Ty = vy, Vo= —TQ — THUQ

The initial conditions of the leader are chosen as xg(0) = 2,v9(0) = —2 and the initial

conditions of the other oscillators are chosen to lie in the range x; € [—1,1], v; € [—1,1].
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The controller parameters are chosen as y; = 20, v9 = 20, £ = 300, p =1, e = 0.01.

25

Figure 4.2: State one synchronization error e; = z — xg

10 Time 15 20 25

Figure 4.3: State two synchronization error e, = v — vy

Fig. 4.2 and Fig. 4.3 illustrate the synchronization error of the first state and second
state for the first 50 oscillators. From the figures it can be seen that the steady-state

synchronization error is very small.
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10 1074 1072 10° 102
Time (log)

Figure 4.5: Log-Linear plot of the contol signal for different value of k

Fig. 4.4 represents the control signal of the first 50 oscillators. It can be seen from figure
that the control signal is bounded independent of the value of k. In order to better illustrate
the uniform boundedness of the control signal with respect to k, we use log-linear plot for
the control signal of the 200th oscillator for different values of k. From Fig. 4.5 it can be

seen that the control signal does not increase as the value of k increases.
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- ¢=0.05
e=0.01

2 4 Time 6 8 10

Figure 4.6: Performance recovery with k£ = 300

Finally, Fig. 4.6 shows the results of Theorem 4.4, where the trajectory e, under the
output feedback controller approaches the trajectory e, under the controller with full infor-
mation (4.7) as the value of € decreases. The trajectories e, and é; are shown for the 100th

oscillator.

4.5.2 Platooning of Vehicles

We consider a platoon of vehicles which are described by their longitudinal dynamics given

by [102]:

;= v; (4.26a)
miv; = —agvy — bymigcos @ — migsin 0+ d;(t) + u; (4.26b)
0d

where 7; = x; — x x?d denotes the desired distance of vehicle ¢ from the leader, (z;,v;)

7
denotes the position and velocity of the i vehicle, m; denotes the mass of vehicle i, a;
is the drag factor, BZ is the rolling resistance coefficient, 6 is the slope of the road, and
d;(t) = al, sin(27 f;t) denotes a time-varying disturbance acting on the vehicles, u; is the

control input. All the units are in SI system. We consider that the desired inter-vehicle

92



distance between two adjacent vehicles is 50m and therefore m?d is chosen as x?d = 50z. The
system parameters are chosen as m; € [1545,1550], a; € [1,2], b = [0.01,0.04], § = 0.049,
fi €[0.1,0.9], g = 9.8 and d’, € [1,6].

The leader decides the synchronizing velocity of the platoon of vehicles and its dynamics is

given by

To =wvg, v9=0

Note that although z( is unbounded, the Theorems of this chapter still apply because in
system (4.26), x; does not appear in the second equation. A more general class of second-
order system will be treated in the next chapter. Moreove, we will provide a rigorous analysis
of the closed-loop system.

The leader sends its information to the first vehicle. The initial condition of the leader is
chosen as zg(0) = 0,v9(0) = 25. We assume that the followers start at the desired inter-
vehicle distance and speed, which implies Z;(0) = 0 and v;(0) = 25 for ¢ = 1,...,100. The
minimum eigenvalue of the grounded Laplacian is given by Apin(Lg) = 0.002. The controller

parameters chosen are 1 = 40, v = 40, k = 600, p =1, ¢ = 0.001.

. , , { ......... }40

0

Figure 4.7: Line graph representing platoon of vehicles

Fig. 4.7 illustrates the network topology. In the figure node 0 is the leader, while nodes
1,...,100 are the followers.

Fig. 4.8 shows the position error of vehicle ten (Z1g), which is the difference between
the position of vehicle ten and the desired distance of vehicle ten from the leader. As seen

from the figure, the position error is small, and it approaches steady-state. Fig. 4.9 shows
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Figure 4.8: Position error of vehicle ten, 219 = x19 — x%l
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Figure 4.9: Velocity error of vehicle ten, €,19 = v19 — vg

the velocity synchronization error of vehicle ten. It can be seen from the figure that the

steady-state velocity synchronization error is small.

) 200 400 600 800 1000
Time (s)

Figure 4.10: Control signal of vehicle ten
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Fig. 4.10 shows the control signal of vehicle ten. The fluctuation in the control signal is

because it compensates for the time-varying disturbance d;(t).

Remark 4.3: The string stability or network coherence [35] in a platoon of vehicles is also
an important performance measure. In this chapter we do not study coherence in a platoon
of vehicles. However, scalable coherence in a platoon of vehicles represented by second-order
linear systems has been studied in [107]. It is shown the Ho-norm from the disturbance input
to the difference between the output of a vehicle to the average output of all the vehicles in

the network is scalable with respect to the network size.

4.6 Conclusion

In this chapter, we proposed a distributed scalable controller for the practical synchro-
nization of second-order nonlinear heterogeneous systems using high-gain observers. The
synchronization error can be made arbitrarily small by tuning a controller and observer pa-
rameter, respectively. The tuning of these parameters does not affect the magnitude of the
control signal as we show that it is uniformly bounded in these parameters. The system
performance remains almost invariant as the smallest eigenvalue of the grounded Laplacian
approaches zero, as the controller gain can be chosen sufficiently large without affecting the
magnitude of the control signal. This is unlike the case for standard nonlinear controller ap-
proaches where the magnitude of the controller signal is inversely proportional to the smallest
eigenvalue of the grounded Laplacian. We also showed the performance recovery property
of the output feedback controller. In other words, the trajectories under output feedback
can be made arbitrarily close to the trajectory under the controller using relative velocity

derivative information by tuning the controller and observer parameters, respectively. The
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performance of the controller was shown for two large-scale nonlinear systems motivated by

practical applications.

96



Chapter 5

Practical Synchronization in
Networks of Nonlinear Heterogenous

Agents under Reduced Information

5.1 Introduction

More recently, the research in multi-agent systems is geared towards the synchronization
of agents with complex individual dynamics and reduced information exchange. In this
chapter, we consider the practical state synchronization problem in a network of nonlinear
heterogeneous agents exchanging only relative output information. The class of systems
studied in the previous chapter is a special case of the one considered in this chapter. But
unlike the previous chapter, we do not focus on scalable synchronization but instead on
synchronization under reduced information exchange. The controller design approach used in
this chapter is different from the previous one, and it also uses less information. An extended
high-gain observer is a primary tool used in this chapter to achieve synchronization. The use
of extended high-gain observers for attaining synchronization is challenging as it is not clear
how to use it for the original problem formulation described in Isidori et al. [55]. Therefore,

the first step before applying the tool requires the original problem to be transformed into the
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relative coordinates. In the relative coordinates, the synchronization problem is converted
into a stabilization problem of N nonlinear systems. It is then that we use the extended high-
gain observer based on the relative output exchange to estimate the uncertain terms, and then
using feedback control, we cancel them. In other words, we compensate for the heterogeneous
dynamics of each agent using extended high-gain observer and feedback control.

The proposed approach shapes the transient performance of the closed-loop system and
guarantees a steady-state error that can be made arbitrarily small [108] by tuning the ob-
server parameter. This is achieved by first designing the state feedback controller with full
information to shape the transient response of the closed-loop system. The transient response
under output feedback is shaped by the performance recovery property which is achieved
by bringing the trajectories under output feedback arbitrarily close to the trajectories under

state feedback for sufficiently small observer parameter.

5.2 Problem Formulation

We consider a network of NV non-identical uncertain heterogeneous nonlinear agents having
the same relative degree r, which exchange information through a communication graph G.
We assume that there is a leader which can communicate with a subset of the agents in the
network. The objective is to synchronize the trajectories of the agents to the trajectory of the
leader. The controller structure is decentralized in nature and therefore the local controller

of each agent depends only on the relative information exchanged with its neighbors.
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The dynamics of the agents are defined as

i = fi(ni: &) (5.1a)
& = A& + B bi(n, &)ui + ¢i(t,mi, &) (5.1b)
yi = C¢& (5.1c)
fori =1,..., N, where n; € R™ ™" is the internal state, n; denotes the dimension of each

agent, r is the relative degree of the agent, ; € R" is the external state and the matrices

AeR™" BeR™*! and C € R1*" are defined as

0 1 0 0| o]
00 1 0 0
A=  B=1:1],
00 0 1 0
00 0 1

o0

The agents are minimum-phase which implies that the origin of 1; = f;(n;,0) is asymptoti-

cally stable.

Assumption 5.1: There exists continuously differentiable functions V;(n;), class K func-

tions ¥;, I'; and X; such that

Ui(llmill) < Vilmi) < Ti([lmil])
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oV;

8_77;‘]%(772"@) <0, Il = X;(1&1)

for all (n;,&;) € S; C R™ where S; is a domain that contains the origin.

Assumption 5.1 implies that the internal dynamics of the agents are regionally input-to-state

stable.

Assumption 5.2: The functions b; and ¢; are continuously differentiable with locally Lip-

schitz derivatives and the function f; is locally Lipschitz.

Assumption 5.3: There exists ZNJZ such that

bi(m;, &) > b; >0, ¥ (;,&) €S

The agents class defined in (5.1) covers a wide variety of practical systems used for engineer-

ing applications.

5.2.1 Leader

The agents are required ro synchronize to a desired trajectory. The desired trajectory can
be generated by a leader or exosystem and, to reduce the information flow, it is assumed
that only a subset of the agents receives information from the leader. The leader dynamics

is defined as

&0 = Aoéo + Br(t, &) (5.2a)

yo = C&o (5.2b)
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where {y € R" and yg € R. In this problem we are interested in the synchronization between
the external state of the agents ¢ and the state of the leader £y and therefore the leader is not
required to have internal dynamics. The leader (5.2) with the control input v(¢,&y) covers
both the class of linear and nonlinear dynamics. The control v(t,§y) is not required to be

known to the agents in the network and is chosen such that the following assumption holds.

Assumption 5.4: The closed-loop trajectories of the leader {y(t) belongs to a known com-

pact invariant set W C R".

Remark 5.1: If the control v(t,&) = 0 or v(t,&) = —K&, then (5.2) corresponds to a
leader with linear dynamics and then for Assumption 5.4 to hold the eigenvalues of Ay or
(Ag — BK) should lie in the closed left-half complex plane with distinct eigenvalues on the
imaginary axis.

We require the matrix A defined in (5.2) to have the following structure

Ag=A+ A (5.3)
where ~ _
0 0 0
0 O 0
A=
0 0 0
_CLO e e a/r2 ar_]__ e

We define the expanded graph as G = (V, €, A), where V = {vg, v1,v9,...,un}, E C VXV
and A contains the weights of the edges from the leader to the other agents.

Assumption 5.5: There is a directed path from the leader to all the other nodes in the
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expanded graph G.

The above assumption is standard for achieving synchronization in a network of agents with
a leader. We assume that the agents do not have access to their own state or output. The
information available to the agents is a linear combination of its own output relative to its

neighbors. The information structure is written as

N
Xi = > aij(y; — i) + di(yo — i) (5.4)
=1

where a;; > 0 are the edge coefficients of the communication graph G, d; > 0 if agent ¢
receives information from the leader otherwise d; = 0. The leader does not receive any infor-
mation from the agents in the network. In applications like deep space [43] and underwater,
it is difficult for the agent to measure its own output or state as GPS is not available, and
it is more likely that the agent can measure relative information between itself and those of
its neighbors. The physical meaning of the coefficients in the weighted sum could represent
the scaling in measuring the relative outputs of the agents. For engineering applications like
swarm robotics, installing sensors for each robot so that it can measure its own state or out-
put may become costly. On the other hand, it is cheaper to install sensors in agents that can
measure relative states or outputs for example in low-cost swarm robots like Kilobots [109].
The main goal is to find a distributed control law using only the relative information struc-
ture (5.4) such that synchronization between the external state of the agents £ and the state

of the leader & is achieved which implies that

Jim [€,(8) — €0(t)] = 0
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fori=1,2,...,N.

5.3 Relative Dynamics

In this section we define the relative dynamics among the agents in the network and hence

transform system (5.1). We first define the relative states as

p = ZCLU = &)+ di(o — &) (5.5)

i=1,2,...,N. Defining p = COl(pl,...,pN), & =col(&y, ..., &) we have

p=—(Lg® )+ (D IL)(1® &)

where L = L+ D, D = diag(dy,...,dy), I, represents an identity matrix of dimension r xr
and 1 represents column of all ones. From Assumption 5.5 the matrix L is nonsingular.

Using the Kronecker product properties we have

=—(Lg ® Ir)§ + (d® &) (5.6)

where d = D1 = col(dy,...,dy). The & dynamics of all the agents in the network can be

written in the following compact form

¢ = (In ® A+ (Iy © B)B(n, )u+ (I © B)o(t,1,£) (5.7)
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where 17 = col(n1,...,ny), B(n,§) = diag(b1(.),...,bn(.), u = col(u,...,uy) and ¢ =

col(¢,...,¢n) . Taking the time derivative of (5.6) yields

p=—(Lg® L)+ (do &)

={Lg® L H{(IN ®A)¢+ (Iy ® B)B(n, u+ o(t,n, &)} + (d & &)

From (5.6) we have

E=(Le@ L) H-p+([d®&)}

=(Lg' @ L) {—p+ (d®&)}

p=(In®A)p—(d® A) — (Lg @ B)é(t,n,p, &) — (Lg ® B)B(n, p,&o)u

+ (d ® (Ao + Br(t,&o)))

Using (5.3) we have

p= Iy ® Ap+ Iy @ B) [ (A + Bult.€0))]

—(IN®B)Lg [¢(t, n.p.%) + B0, p, 50)74 (5.8)
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Therefore, the system dynamics in the new coordinates becomes

1 = fi(ni, i(p, €0)) (5.9a)
. . N . . .
pt=Ap'+B |— Z a;j +d; | bju; + Al + A; + A} (5.9b)
j=1

v; = Cp (5.9¢)

. N
where 6 = col(dy,...,0n) = {L(_;l ® Ir} [(d® &) — pl, AL, = ajjbju; represents the

j=1

. N N
control inputs of the neighbors of the agent, Azb = Zl a;jPj — Zl a;j +d; | ¢; repre-
J= J=

sents the uncertain heterogeneous nonlinearities of the agent and its neighbors and Al =
d;1T ([150 +By(t,§0)) represents the leader states and control. The terms ¢;, and b;

are written without their arguments, their complete forms are ¢; = ¢;(t,1;,9;(p,&o)), and
b; = b;(n;, 6i(p, £0))-

From the definition of § we have

J

(Lglde &) - (15" e 1) p

L'D1o&) - (Lt e ) p
(ta'preq) - (L6 o 1)

(L@ngl ® go) - (L(_;l ® Ir) p

where the term D1 is written as L1 since the Laplacian L satisfies the property L1 = 0.

Therefore

§=1®& — (Lé1®IT>p
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Taking the norm we have

1811 < VNI|€oll + 1|l

where x = ||L&1 ® Ip]-

The internal dynamics (5.9a) in the new coordinates now satisfies

Vi

a_nfi@ia(si(% £)) <0, [mill = Xi(xllpll + VN|&l)

for all (n,p,&y) € S x W where S = S7 x S9 x ... Sy. Therefore, the internal dynamics in

the new coordinates still has the regionally input-to-state stable property.

5.4 Synchronization under full information

In this section we assume that each agent has full knowledge of the system states (7, p, &),

leader control v, functions AZ, Agb and Af). The system (5.8) can be treated as a multi-input

multi-output system where the coefficient of the control is given by

G(n,p.&) = LaB(n. p, &)

In order to make the representation compact we drop the argument of G. A centralized

feedback linearizing controller is given by

w=G"} {—ngb(t, n.p, &) +d1T (Ago + But, go))} +G Y Iy ® K)p (5.10)

where K is designed such that the matrix (A — BK) is Hurwitz.
Theorem 5.1: Consider the closed-loop system formed of the system (5.9) with the controller
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(5.10). Suppose Assumptions 5.1-5.5 are satisfied. Then

[(t) — ()] =0, for i=1,2,... N. (5.11)

lim
t—o0

Proof: In the new coordinates we need to solve the stabilization problem of N nonlin-
ear systems represented by (5.9) in order to achieve state synchronization in the original

coordinates. The closed loop system of the plant (5.9) with the controller (5.10) is given by
p={Iy®(A—-BK)}p (5.12)
From (5.6) we have
(Lg;l ® IT> p=—£+ (Lg;1 ® ]r) (D1 ® &)

which can be simpfied into

(Lg'®h) p=—¢+12¢

From (5.12) we have exponential stability of p which implies (5.11) using the above equation.

Therefore, the stabilization of N nonlinear systems (5.9) results in

lim [£() —1®&(t)] =0 (5.13)
t—00
which implies that all the states of the agents synchronize to the state of the leader. [ |

We define a Lyapunov function as V,(p) = ol (In ® P) p where P = PT > 0 is the solution

of the Lyapunov equation P(A — BK) + (A — BK)TP = —Q for some Q = QT > 0. Let
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¢ > 0 be chosen such that {V,(p) < ¢} C S x W. Next we define the compact set

Q={Vilm) <c1} x...x{Vy(nn) <en} x{Vp <c}

where ¢; > T';(X;(7v(c))) such that the set {V;(n;) < ¢;} is compact and contained in S; and

v(c) is defined as
v(e)= max_(sllpl| + VNIIl))

 pe{Vp<chEHeW
Since ¢; should be chosen such that the set {Vj(n;) < ¢;} is contained in S;, this may put a
restriction on the choice of c.

The compact set €2 is positively invariant with respect to the system

ni = fi(ni;6i(p,60)), p=1{IN®@(A—BK)}p (5.14)

fori =1,2,..., N because on the boundary {V; = ¢;}

Li(llml)) = ¢ =2 Ti(Xi(v(€)) = il = Xi(v(c))

= |lnill = Xi(sllpll + VN|[&ll) = V; <0

and on the boundary {V, = c}, Vp < 0.

Remark 5.2: Under Assumptions 5.1-5.5, the synchronization achieved will be regional.
However, if all the assumptions hold globally, i.e. S; = R™ and n; = f;(n;,&;) is input-to-
state stable, then the constants cq,...,cy and ¢, can be chosen arbitrarily large, and any
compact set of R™™" x ... x R*™N~" x RN" can be put in the interior of Q = {V;(n) <

c1} x ... x{Vn(nnN) < en} x {V, < c}. Then, the synchronization achieved for this case
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will be semi-global.

5.5 Synchronization under output feedback

The control design of the previous section is not realizable as the agents only have the
knowledge of the relative outputs (5.4). The terms A!, Al (’) in (5.9b) are unknown
and therefore are treated as disturbance inputs. In this section we use extended high-gain
observers to estimate the unknown terms and cancel them using feedback control. The
extended high-gain observer is built for each agent locally and then the local controllers are
designed to stabilize the network of N nonlinear systems (5.9b) in order to achieve state
synchronization.

We assume that we have no knowledge of the functions ¢;(t,n;,d;(p,&y)). Let g; be
positive constants, then the p;@ equation can be written as
pr =o' — giu;
where 0! = Aé) + A(i) + AiGu and AL, = —[G; — G;], where G; and G; are the ith rows of G
and G respectively where G is defined as G = diag(g1, 92, - - -, gn). Since we assume that an
agent has no information about the control input of its neighbors, this constrains G to be
diagonal matrix.

Defining o = col(a?, . .. ,UN), we have

o=—Laqgo(t,n,p,&) + a1’ </~1§0 + BV(Zf,f())) — [G — GA} u

We augment ¢’ as an additional state to the chain of integrators (5.9b) for each agent,

109



therefore a high-gain observer for the extended system of the agent is taken as

N s Ak i A

Ph=Pep T (P —p1), forl<k<r-—1, (5.15a)

:\‘ R . a . A.

pr=06" = giui + (o1 = 1), (5.15b)

/,\ . a +1 . A.

Gi— 5:—1-1 (ph — pb), (5.15¢)
fori=1,2,..., N, where oy to ;1 are chosen such that the roots of the polynomial

+
ST s + ...+ (5.16)

are real and negative and € > 0 is a small parameter. The output feedback control is chosen

as

o+ Kp' i
uj = {g—} = ¥i(p',0"). (5.17)
1

A characteristic of using high-gain observers is the peaking phenomenon, which occurs when
p1(0) # p'(0) and the estimates become O(1/¢"~1) and when these estimates are used in

feedback control they may destabilize the closed-loop system [90]. Denote the ith component

of

Gl {—LG¢ +a” (2150 + By) F(Iy® K)p}

by T;(n, p, &) and let

M; > max T;(n, p, 5.18
i (n,p)eQ,éoeW‘ i(n,0,60)] (5.18)

The control is saturated outside the compact set €2 x W in order to protect the system from

the peaking effect of the observer. We saturate the expression of u; (5.18) at £M; using the
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saturation function sat(.) which gives the output feedback controller

u; = M; sat (%ﬁ) (5.19)

Theorem 5.2: Consider the closed-loop system formed of the plant (5.9), the observer (5.15)

and the controller (5.19) for i=1,2,... ,N. Suppose that Assumptions 5.1-5.5 are satisfied,

G(n,p.&0) = GIEG™H|| b <1, 5.20
|§3{mm§%ﬁww(np@) | H} (5.20)

where E = diag(e,...,ey), the initial states of the observers (p'(0),5%(0)) belong to a
compact subset of R"T1, and the initial states of the plant (n;(0), p*(0)) belong to a compact

set in the interior of Q) for 1 =1, 2, ..., N. Then

o there exists €] > 0 such that for every 0 < e < €], the trajectories of the closed-loop

system are bounded for allt > 0;

e given any p > 0, there exists €5 > 0, dependent on i, such that for every 0 < e < &

p(t) = per(®)]| <p ¥V £ =0, (5.21)

where pyp 1S the solution of the system (5.12) with py-(0) = p(0);

e given any p > 0, there exist €5 > 0 and Ty > 0, both dependent on i, such that for
every 0 < e < e3,

oI < p, YE>T) (5.22)
Remark 5.3: The first bullet shows that for sufficiently small €, the trajectories of the
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closed-loop system are bounded. The second bullet shows the performance recovery property
of the output feedback controller, as the trajectories under output feedback p(t) can be
made arbitrarily close to the trajectories of the target system py(t), for sufficiently small e.
Finally, the third bullet shows that the output feedback controller achieves practical state
synchronization, as the ultimate bound on ||p(t)||, can be made arbitrarily small, by choosing

€ small.

Remark 5.4: From the change of coordinates (5.6), we have
¢-10&=—(1g' e L) s
Taking the norm on both sides we have

1€ = 1@ &ll < sllpl|

where x is defined earlier in section 5.3. Therefore, if the desired synchronization error is

required to be fi, then by choosing p < fi/k, from the third bullet we have
lE-1e&l<p Yi=T

which implies we achieve practical state synchronization in the original coordinates.

Proof: We define the change of variables

C]ZC = (,02: - ﬁ};)/sﬂ'l_k, for 1<k<r, (5.23a)

Chig = AL+ Ah + Agbs(p,6) — 6 (5.23b)
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where
1 51 N N
s = col <M1gs (_1#1(?4;0 >> voos M Ge <—wN(§/[J\;U >>>

and ¢ is on odd function defined by

Y for 0 <y <1,

~1 050%2—-1
9ey) = qy+ L= y )for1§y§1+€,
£ E

1+0.5¢ fory >1+e.

\

The function g is nondecreasing, continuously differentiable with a locally Lipschitz deriva-
tive, bounded uniformly in e for any bounded interval of ¢ and satisfies |g;(y)] < 1 and
lge(y) —sat(y)| < /2 for all y € R.

The observer error dynamics are

e¢f, = —op({ + (g for 1<k<r—1 (5.24a)
€<7Z‘ = _QTC% + C'/,é—}—l + TZ(”? P 157 a-a 5) (524b)
eCliy =~ 1(] + a1 ALFGT Iy @ C)¢ + eIl (5.24c)
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where

T :—Al Ws(/?a ) ?ﬁsat(ﬁﬁ)],

I = AL+ Al + ALFG, + Abis(p, 8).

o, ol N N
Usat = col (M1sat <¢1(M1 )) ;oo Mysat (%ﬁ)) ,

F = diag(g.(¢1(-)); - - 9u( 5 (),

/ oY1 4 YN -N)
=col | — e, ——
Y, = co (aplp’ N )

and (' = col(Ci, ce 7§+1) where ¢ = col(¢t, ..., ¢V).

From (5.24c), the term II’ on the right hand side of 5(’; 41 is a continuous function of
(1, p. C, €0, €0, v, 1, €). Since g- is continuously differentiable with locally Lipschitz derivatives
and globally bounded using (5.23a) and from the definition of g¢ it can be shown that Y’ /e
is a locally Lipschitz function [83].

The local observer error dynamics is given by

el = A+ ap 1 BINLFG Y Iy © O)C + & [Blni + Byl /e (5.25)

where _ -
—a1 1 0 ... 0
—ag 0 1 ... 0

_ 0| _ B

A= 7Bl = 7B2 =

B 0
—ap 0 . 0 1
—app1 0 0
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The observer error dynamics of the network is given by
e¢ =(IN @A — apy1(Iy ® B)A(IN®C) +e [(In ® Bo)T + (Iy ® B)II]  (5.26)

where II = COl(Hl, . ,HN), T = Col(Tl, . ,TN) and can be expressed as

1 A . ~ o
T =~ (6= &) (s(p,8) = viarl5.5))]
~ / . . . A
= (G~ Q)P+ Ay + Ay = (G~ Oslp.0).
Ag = COl(Aé, . ,A(J)V), A¢ = col(Aé, e AQ]) and

~ ~

A¢=(G—G)FG.

The functions T, IT and A, are locally Lipschitz in their arguments and bounded from above
by kq + kpl|C||, where k4 and kj, are positive constants independent of . The matrix A is
Hurwitz by design, the fast dynamics of the observer (5.26) is the same as seen in high-gain
observer theory [84] except for the term a,11(Iy ® Bl)Ag(IN ® C)¢. The system (5.26)

without O(e) terms on the right hand side is given by
e¢=(IN® A — apy1(Iy ® B1)A(In ® C)C. (5.27)

Equation (5.27) can be represented by a negative feedback connection of the transfer function

Qr+1
= I
o) = (e )

and the time-varying gain A¢. Since we consider that the observer poles are real, we have
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[|©]lcc = 1. Tt can be shown that the origin of the system (5.27) is globally exponentially
stable using (5.20) by applying the circle criterion [83].

The change of variables (5.23b) is well defined if

aCr—&—lf
i IN+AC

is nonsingular for (n, p) € Q and & € W, where (41 = col(g}+1, o ,Cﬁl), and

& =col(at,... o)

, which is the case because [|[Ac|| < 1.

Applying a loop transformation to (5.27) and using the Kalman-Yakubovich-Poppov
lemma [103, Lemma 5.3] we can obtain a quadratic Lyapunov function W(¢) = (T (Iy @ Y)¢
whose derivative with respect to (5.27) is bounded from above by —(A/e)W () for some
positive constant A, independent of . Using W (({) as a Lyapunov function candidate for
(5.27), we can show that all the state variables are bounded. We show that for any ¢ > 0,
the set ¥ = Q x {W(¢) < €2} is positively invariant.

Since the initial conditions (7(0), p(0)) are defined in the interior of the set € and due to the
global boundedness of the control u; there exists a finite time 7% > 0 independent of € such
that the trajectories of the system (5.9) do not leave the compact set Q for all ¢ € [0,T%].
Initially the scaled estimation error ¢(0) could be outside the set {W(¢) < ée?}. But from
the time-derivative of W(¢) it can be shown that ((t) enters the set {WW < €2¢} in finite
time T'(¢), where elg% T'(e) = 0. By choosing € small enough we can ensure that T'(¢) < 7.
While the system trajectory (1, p,() € X, we have (,41(t) = O(e) and p(t) — p(t) = O(e).

Therefore,

w(ﬁa 6) = ¢(Pa &> + O(E)

6 = —Lao(t:n, p,0) + A1 (Ao + Bu(t, &) — (G = G)s(p,6) + Ofe)
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Therefore, up to an O(¢e) error, the control ¥ (p, o) satisfies

U(p,6) =G Yo+ (Iy ® K)p}
= GTH—Lao(t.n, p. &) + 1T (Agy + Bu(t,&)) — (G — G)s(p, &) + (Iy @ K)p}
b+ GHG — C)s(p,6) = G H~Lao(t,n, p,&) + d1T (Agy + Bu(t, &)) + (Iy © K)p}

Next we define the map F RY — RV as

N

F(s) =s+ G NG — O)s(s)

The map F is proper which implies |F(s)| — oo as |s| — oco. This follows from the definition
of 1¢ and from the fact that G is bounded. Using Hadamard’s Theorem [110], if the Jacobian
of F(s) is nonsingular in RV, then the map F is one-to-one and onto which implies that

the map has globally defined inverse. The Jacobian of F(s) is defined as

%—f —Iy+G Y G-GHF (5.28)

Rearranging the terms we have

N e Iy (@ -GG G = G Iy + A €

The Jacobian (5.28) is nonsingular because ||A¢|| < 1. Therefore, the mapping F is globally
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invertible and by direct substitution it can be seen that the unique solution is
v=a"" {_LG¢(ta n,p,&0) +d1” <A€o + Bu(t, 50))} +G M (In @ K)p
Hence,
U(p.6) = G {~Lao(t.n.p.&0) + d1T (A + Br(t.&)) } + G Iy @ K)p+ O(e).

The saturation levels M; are chosen greater than 7T;, and therefore for sufficiently small ¢,
¥(p, ) will be in the linear region of the saturation function and therefore the closed-loop

system is represented by

ni = fi(mi, 0i(p,&p)) for 1<i< N (5.29a)
p={In ®(A—BK)}p+Ofe) (5.29b)
e¢ = (In ® M) — apy1(Iy ® B1)A¢(Iy ® C)C + O(e) (5.29¢)

From the equations (5.29), it can be easily argued that the set Qx{W(¢) < €2¢;} is positively
invariant for sufficiently small €, which establishes boundedness of all state variables.
Since p(t) satisfies (5.29b) for t > T'(¢), p, pgr are bounded uniformly in € and p(0) = pg-(0),

therefore it follows that

p(t) — per(t) = O(T(g)), for 0<t<T(e) (5.30)

Hence, p(T(g)) — ptr(T(2)) = O(T(¢)). Using (5.30), (5.12), (5.29b), continuous dependence

of the solutions of differential equations on initial conditions and parameters [91, Theorem
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9.1], and exponential stability of p = {Iy ® (A — BK)}p, we conclude that
p(t) = pir(t) = O(e) + O(T'(¢)), V t =>T(e) (5.31)
Therefore from (5.30) and (5.31) we conclude that
p(t) = pir(t) = O(e) + O(T'(€)), V =0 (5.32)

and therefore given any p > 0 there exists €5 > 0 such that for all ¢ € (0,€5] (5.21) is
satisfied.

Because tli>rgo per(t) = 0, given any p > 0 there is a finite time 77 > 0 such that ||pg-(2)]] <
p/2 for all t > Ty. From (5.30) there exists ez > 0 such that for all ¢ € (0,¢3], [[p(t) —

ptr()|| < p/2 for all t > T. Hence

oI = llp(t) = per(t) + per O] < [lp(8) = per (D] + [ per D)]]

oMl <p V=T,

which proves (5.22). [

We consider three special cases for which condition (5.20) holds. In all cases, we take

~

G = gmI with gy, > 0. Therefore,
A N Al A 1
I(G = GYEG = (G - &G E] < HI _ —GH

dm

as || E|| < 1.
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Case I: The graph G is undirected with control coefficients b; = 1 for ¢ = 1,..., N. In this

case G = L is symmetric and positive definite. The condition (5.20) is satisfied by taking

1
dm > 5)\max(LG>

Proof of Case I: In this case,

1 Ai(L
HI— —GH < max ‘1_ i m‘
gm 1<i<N gm
A L
Choosing gy, > %G)
Ai(L
— 0< ilLg) <2,
dm
— —1<1- M <1,
dam
Ai(L
— ‘1——1( G)‘ <1
dm
1
Therefore, we can conclude || — —G H < 1.
dm

Case II: G = L, where L is a normal matrix and the control coefficients b; = 1 for

1=1,...,N. We take

gm > max a?—l—ﬁ?
TSN 204

where «; + j3;, for © = 1,..., N, are the eigenvalues of L. The set of graphs where the
matrix L¢ is normal includes undirected graphs but is more general as the eigenvalues can

be complex [111], [112].
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Proof of Case II: Since the matrix L is a normal matrix, it is unitarily diagonalizable

Lo = ZAZ*

where Z is a unitary matrix and A = diag(jq, e ,:\N) is a diagonal matrix where the

diagonal elements are the eigenvalues of L. Therefore

L ZAZ* ZAZ*
= [~ 2] -
Im Im dm
A A
Z<IN——> Z* < Z|| | In — — || [1Z7]]
dm 9m

where ||Z]| = ||Z*|] =1 and

A
Inv — —

. < max \/(1 — ai/gm)2 + (5i/9m)2

T 1<i<N

where a; and 3; are the real and imaginary parts of the eigenvalues of L. The eigenvalues
of the matrix L are in the open right half plane which implies that «; > 0. Therefore for

1
I - —G
am

< 1 to hold

2 2
max (1 — oy + (5; <1
lgiSN( z/gm) <ﬂz/gm)

and therefore g, should satisfy

gm > max 022—1—52-2
TTIKIEN 204
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Case III: G(n, &) satisfies

G(n,€) +GT(n,€) > BT and [|G(n,€)|| < Ba

for some positive constants 51 and [, for all (n;,&;) € S;, for i = 1,..., N. The condition

(5.20) is satisfied by taking g, > B% /B1. A special case arises when G(n,£) is symmetric

and satisfies

0< 1l <G(n,€) < gol

Proof of Case III:

1 1
= el = s [ - ol
gm llyl[=1 gm
1 1T 1
= max 4|yl [N——G] {[N——G}y
llyl|=1 gm 9m

1 1
= max 4|yl {[N——[G+GT]+—2GTG}y
[lyl|=1 gm Im

T Ao Bg T
< max (\[yty — —yy+ —5yty
llyll=1 gm Im

2
= max 1— ﬁ + 5_22 yTy
[lyl[=1 gm  9m

Choosing gy, > 6%/51, there is 0 < k& < 1 such that

2
(ﬁ_ﬂ_)
dm  9m
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Hence

1 =
HIN__GHE k<1
gm

5.6 Example

We illustrate our method by applying to an example that was treated in [55]. In [55] the
network consisted of three subsystems where each subsystem comprised of an agent and an
exosystem. Each exosystem exchanged information with neighboring exosystems and with
the agent in its subsystem. We consider that there is only one exosystem in the network,
which is connected to agent 1 and, instead of the exosystems, the agents exchange information
with their neighbors. The agents are labeled as 1,2, 3, while the exosystem is labeled as 0.
The communication topology is taken to be the same as in [55]. In this case the L and D

matrix become

1 0 -1 100
L=|1-1 1 0|, D=100 0
0 —1 1 00 0

Figure 5.1: Network interconnection between the agents

Fig. 5.1 illustrates the connections between the leader and the agents. The exosystem is
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taken as the leader and its dynamics are defined as

o1 = o2 (5.33a)
S0z = 2(1 — &1)%02 — o (5.33)
Yo = o1 (5.33¢)

It can be seen that the leader is a Van der Pol oscillator and the compact set W consists
of the limit cycle of the oscillator and its interior [103]. The set W is globally uniformly

attractive with respect to the dynamics (5.33). The agent dynamics are defined as

i1 = o (5.34a)
o = ¢i(pi &) +uj, 1<i<3 (5.34b)
yi =& (5.34c)

where ¢1 = —p1&11, ¢ = pa(1 — &3;)éo2 — &1 and 3 = —p3é3) + &3, The relative states

are defined as

p1=(&—&) + (S0 —&1), p2= (&1 —&2), p3 = (§&2 —&3) (5.35)

Defining p = col(py, p2, p3) we have

p=—(Lg® L)+ (d® &) (5.36)
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where £ = col(&1, &9, &3) and d = col(dy, do, d3) = col(1,0,0). Differentiating (5.36) we have
p=(I30 Ap+ (I3 © B) [d1TBu(&y) — Go(€) + Gu] (5.37)

where G = L, ¢ = col(¢1, ¢2,¢3) and v = 2(1 — 531)602 — &p1. The local dynamics are

defined as
3 3 3 3
=0 (g v gy (o) 00— S,
j=1 j=1 j=1 j=1
+ B(d;17 Bu (&)
Xi = Cpj

The extended high-gain observer is constructed as

s A

Pi1 = pPi2 + ?(,02'1 — pi1), (5.38a)
bin = 0 2oy — i (5.38)
Pi2 = 0; — gmu; + 5_2(/)21 — Pi1), .

. a3 )

0i = g (pin = pin). (5.38¢)

with oy = a9 = 3 and a3 = 1, which assigns all three roots of the polynomial
3 2
%+ a18” + ags + ag (5.39)

at —1, and € > 0 is a small parameter. The output feedback control is chosen as

A KA.
w; = Misat (LMP@> L i=1,2,3 (5.40)
gm Vi

125



where K = [18 9] and the estimates (p;,d;) are provided by extended high-gain observer
and M; is the saturation level of control. For simulation, the initial condition of the agents
were chosen as §y = (1,1), & = (2.4,2.7), & = (2.6,3.2), &3 = (3.2,3.8) and saturation
levels were chosen as M7 = +35, My = +50 and M3 = £100. The saturation levels were
chosen from simulation of the closed-loop system under the state feedback controller to see
the maximum value of the control signals. For this example the matrix G = L + D satisfies
case III with 8; = 0.43 and (89 = 2.46 so that 63/51 = 14.07 and therefore g, is chosen as

2 S —Leader
gl e ---Agent 1
Lo Agent 2
5 \‘,\‘, 05 \; .. [Agent3
\\:‘ ™
A R
i

Time

(a) 67;71 for i=1,2,3.

—Leader

Time

(b) 5i,2 for i=1,2,3.

Figure 5.2: States of the agents under the proposed controller with e = 0.001
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Figure 5.4: States of the agents under the proposed controller with e = 0.0001
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Figure 5.5: Control of the agents with € = 0.0001

Fig 5.2. and Fig. 5.4 show that after the transient period the states of the agents track
the states of the exosystem and the synchronization error is small for sufficiently small value
of e. Fig 5.3. and Fig 5.5. show the control of the agents and it can be seen that the control
saturates during the peaking period of the observer. As seen from Fig 5.2. and Fig 5.4. that

as € decreases the synchronization error also decreases.

5.7 Case with Some Unbounded Leader States

The designed state and output feedback controllers developed in section 5.4 and 5.5 deal
with the case when the leader state is bounded. In applications like formation control of
mobile robots [66] and frequency control of power systems [113] some of the leaders state
need be unbounded. Therefore in this section we deal with a special case where the systems

have relative degree two (r = 2) and the second-order equation of the leader has unbounded
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first component of the state. The systems take the form

&1 = &io (5.41a)

o i N

Eir = biGo)ui + Gi(&ia) + hi | D mij(& — &) (5.41b)
=1

y; = C&; (5.41c)

where h; : R2 — R is continuously differentiable and m;; = 0 if there no coupling between
agent ¢ and j. The system (5.41) is a special case of (5.1) where there is no zero dynamics,
r = 2, and the functions b; and ¢; depend only on the second component of &. On the
other hand, (5.41) allows for a coupling term between the agents that depends only on the
differences &; — ¢;. Examples of systems that appear in the form (5.41) are phase oscillators
[114], power systems [72], [113] and double integrator models of mobile robots [66], [115].
The leader dynamics are defined as

(5.42a)

€01 = &02

€02 =0 (5.42Db)

which implies that £y is bounded and £p; is unbounded. The information structure (5.4)

can be rewritten as

N
Xi = Y ai{(&1 — &o1) — (&1 — So0)} + di(éo1 — &)

j=1
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Next we define the relative states as

N
0 =Y aii (& — &) — i (5.43)

j=1
where & = col(&1 — &1, &2 — Eo2) defines the synchronization error. Equation (5.43) in

matrix form can be written as

0= —{Lg® L} (5.44)

where & = col(&1,...,Ex), ¥ = col(¥!, ..., 9N), Iy represents an identity matrix of dimension

2. The synchronization error dynamics of the network is given by

§ = (I ® A+ (In ® B) | BE Goa)u+ 0(E. &oz) + H(E)| (5.45)

where B = diag(b1(§12+£02), - - -, by (En2 +£02)), & = col(d1(§12+&02), - -, O (Ena +E02))
and H = col(hy (Zﬁvzl mi;(&1 - 5;’)) ,oohy <Z§V:1 myj(En — 5;‘)))-

The relative dynamics is given by

0= (Iy ® A9 — (Iy @ B)[LaB(0, {o2)u + Lad(0, &02) + Lo H (9)] (5.46a)
x=(Iny®C)W (5.46Db)
where x = col(x1,...,xn) and £=— [L&l ® ]2] ¥. It can be seen that equation (5.46)

does not depend on the unbounded state of the leader £y7. The control coefficient for system
(5.46) is given by

G = LgB(¥,£02).
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5.7.1 State feedback Controller

The state feedback controller that achieves synchronization will be of the form
u=—GLa{d(V, Eo2) + HW)} + G~ (Iy ® K)¥ (5.47)

Theorem 5.3: Consider the closed-loop system formed of the system (5.46) with the con-

troller (5.47). Then

lim [le(t) — fOl(t)} =0, lirélo [flg(t) — 502(25)] =0 for :=1,2,..., N. (5.48)

t—00 t—

Proof: The closed loop system is given by
0 ={Iy ®(A— BK)}v (5.49)

which implies that ¥ exponentially converges to zero. And from (5.44) we can conclude

that lim £(t) = 0 from which (5.48) follows. |
t—00

We define a Lyapunov function as V() = 97 (Iy ® P)9. Let a > 0 be chosen such that

Qq = {Vy(¥) < a} is a compact positively invariant set with respect to the dynamical system

(5.49).

5.7.2 Output feedback Controller

The 99 equation for (5.46) can be written as

[1]

|
)
N

dy =

131



where 19 = 001(19%, . ,199[), and = = col(Z1,...,Zp) is defined as
E=—Lgo¥,&02) — LgH(0) — [é - G} u

The extended high-gain observer is given by

9i =9 + %wg — i) (5.50a)
P ~ v 0] . NS
Uy =E" — gju; + 6—22(1921 — 1) (5.50b)
N S R
== 5_3( 1 Y (5.50¢)
fori=1,2,..., N, where a to ag are chosen such that the roots of the polynomial
3 2
57 4+ a18° +ags + a3 (5.51)

are real and negative and € > 0 is a small parameter. The output feedback control is chosen

as

=4 Ko .
u; = {Jr—ﬁ} 2 (', =), (5.52)

The control is saturated outside the compact set €2, x 25 where )4 is the set of the synchro-

nization trajectories pa. Denote the ith component of
—G Le{d(0,&02) + HW)} + G H(Iy @ K)Y

by T; (1, &p2) and let

M; > max T; (9, 5.53
i %ngmegs\ 3 (0, &02)| (5.53)
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We saturate the expression of u; (5.53) at =M, using the saturation function sat(.), which

gives the output feedback controller
_ /. 192 éz
u; = M; sat <M> (5.54)

where the estimates (@Z,éz) are provided by extended high-gain observers and M; is the

saturation level of control.

Theorem 5.4: Consider the closed-loop system formed of the system (5.46), observer (5.50)

and the controller (5.54). Suppose

G0, &02) — GIRGT| b < 1, 5.55
|gl}%x1{19692}%>;€98 [G(9, §02) — G H} (5.55)

where R = diag(ry,...,ry), the initial states of the observers (193(0),1922(0),@(0)) for
i=1,2,...,N belong to a compact subset of R3, and the initial states of the plant 9¥(0) be-
long to a compact set in the interior of Qq. Then there exists € > 0 such that for every
0 < e < &%, the trajectories of the closed-loop system are bounded for all t > 0 and there is

T > 0 such that

(5.56a)

v
~

1&i1(t) = &o1(t)| =O(e) Vi

(5.56b)

vV
~

[§i2(t) = So2(t)| = O(e) V¢

fori=1,2,...,N.
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Proof: We define the change of variables

ph = (05 —07)/%, (5.57a)
h = (05 —5) /e, (5.57b)
(5.57c)

1

[1]>

~
—_
— J—
—

py = Ay — (G — Gi)vs (0,
where G and G; are the ith rows of G and G respectively, A, represents the nonlinear

couplings of the agents neighbors,

A (@ ED . DOV, ZN)
s = col (Mlgs (]\7[—1> oo s MNGe (M—N

Following similar steps as in the section 5.5 the observer error dynamics of the network are

given by
ep=(IN@AN)p—a3(Iy @ B1)Ap(Iy @ C)o+e [(Iy @ B2)T + (Iy @ B)II]  (5.58)

ﬁ:col(ﬁl,...,ﬁN), I = (A,
lo i ioq i 1 N
,9e(UN (), " = col(p], @b, ©h), @ = col(p™, ..., ™).

F = diag(g, (1(-)), - ..
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Similarly, the system (5.58) without O(g) terms on the right hand side is given by
ep = (In @ Ny — az(Iy @ B1)Ap(Iy @ C)gp. (5.59)

Equation (5.59) can be represented by a negative feedback connection of the transfer function

a3 ) 7
(e5)3 + a1(es)2 + ag(es) + ag N

oles) = (

and the time-varying gain A,. Similar to the proof of Theorem 5.2, the origin of (5.59) is
globally exponentially stable using (5.55) by applying the circle criterion [83].
Using the same steps as in the proof of Theorem 5.2 it can be shown that after a finite

time 7" > 0, the closed-loop system is given by

9 ={Iy®(A—BK)} +O(e) (5.60a)
ep = (In @A) — az(Iy ® B1)Ap(Iy ® O)p + O(e) (5.60b)
from which (5.56) follows. -

Remark 5.5: Similar to Theorem 5.2, we can consider three special cases where inequality
(5.55) is satisfied. The first two cases are exactly the same as the general case, since they
depend on the communication topology which is considered the same for both the cases.
The third case will be different as it depends on G(v, £y2) and therefore the inequalities will

be satisfied by constants different than the general case.

Remark 5.6: The performance recovery property can also be shown by following the same

steps as in the last part of the proof of Theorem 5.2.
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5.8 Frequency Control of Power Systems

We consider the frequency control of power systems when only relative phase measurement is
available. Each synchronous generator is equipped with an encoder to measure the angular
position of the rotor, which is the phase of the generator [116]. The generators can exchange
their phase measurements with their neighbors. The frequency measurement is not available,
which might be due to the lack of speed sensor. In [117], it is illustrated that the lack of
a speed sensor reduces the system cost and can enhance the reliability of the generator.
We consider a network of generators interconnected by transmission lines. The objective is
to achieve frequency control where the frequencies of the buses synchronize to a reference

frequency. For this system the per unit nonlinear swing equation is given by [65]
N
m;w; + djw; = — Z kij sin(6; — 9]) + p;n + u; (5.61)
j=1

where 6; is the phase angle of bus i, m; = 2H/ws, H is the inertia constant defined as
H = mw?/(2S), S is the MVA rating of the generator, m; and d; are the inertia and
damping coefficients respectively, ws is the synchronizing frequency, w is the frequency, p}"
is the electrical power load at bus ¢ and wu; is the mechanical input power. The coefficient
ki; is nonnegative and is given by k;; = [V;[|V}|b;; where [V;| is the absolute value of the
voltage of bus i and b;; is the susceptance of the line (7, j). Next we define a change in the
time scale by 7 = t/m; from which we get the modified equation as

dwi

N
- = —djw; — Z kijsin(0; — 0;) + i 4 u; (5.62)
7=1
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In state space form the swing equation is defined as

N
w; = —Jiwi — Z kzy Sin(ei — 9]) —I—pgn + u; (563b)
j=1

where (+) denotes the derivative w.r.t 7. The leader dynamics is defined as

wo =0 (5.64Db)

This definition implies that wg is bounded and 6 is unbounded and therefore the problem
formulation is the same as discussed in section 5.7. The information structure can be written

as

N
Xi = Y aij(0; — 0;) + di(6g — ;) (5.65)
=

where a;; = Bk;j, B is a positive constant, d; > 0 if agent ¢ receives information from the
leader otherwise d; = 0. The terms k;; might be large and therefore they are scaled by /.

The synchronization error dynamics of the network is given by

£ = (In® A)¢ + Iy © B) [~D(Iy ® C)¢ — D(1 @ Cgo)|

+(Iy ® B) [Pm tu— Brysin(BL(Iy O)g] (5.66)

where £ = col(&y,...,&n), & = col(0; — 0p,w; — wp), C = [0 1], D = diag(dy,....dy),

Py = col(p}n, - ,p%), u = col(uy,...,upn), I', is a diagonal matrix whose diagonal ele-

137



ments represents the edges weights of the graph G and B is the graph incidence matrix [17]
which is related to the Laplacian by L = BT’ LBT. The design of the output feedback
controller can be done by following the same steps as in section 5.7 first by designing the
extended high-gain observer (5.50) and then designing the control (5.54). The extended
high-gain observer estimates the nonlinear couplings and disturbances and then by using

feedback control compensates for them in the closed-loop system.

The exosystem (5.64) with the initial condition wg(0) = 1007 will guarantee that the fre-
quencies of the buses track the reference frequency of 50 Hz. The constants were cho-
sen as f = 1/(|]V|?) where V; = V for i = 1,2,...,N and D = diag(0,0,3,...,0),
d = co0l(0,0,3,...,0). The fact that d3 = 3 implies that bus 3 receives information about the
reference phase and frequency from the exosystem (5.64). The proposed controller is tested
on the IEEE 30 bus test system [118]. The line admittances were extracted from [118] and
the line voltages were assumed to be 11 kV for all buses. The mass and damping coefficients
are given by m; = 10° kgm?, d; = 1s™1, ws = 1007 rad/s, S = 100 MVA. For simulation the
initial condition of the exosystem (5.64) was chosen as (0y,wp) = (0,1007) and the initial
condition of the system (5.63) was chosen to be in the range 0; € [0, 7], w; € (290, 314.15)
for i = 1,2,..., N and the controller parameters were chosen as K = [9 6]. The observer
parameters were chosen as a; = 3, ag = 3, ag = 1, € = 0.0001 and the saturation levels
were taken as M; = 436 for ¢ = 1,...,30. The saturation levels were chosen from simu-
lation of the closed-loop system under the state feedback controller to see the maximum
value of the control signal. In power systems the graph is undirected because the generators
are connected by physical links, which makes the coupling bidirectional. Since the graph

is undirected it implies that the matrix G is symmetric and positive definite and therefore
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1
satisfies case I with 5/\maX(LG) = 52.4. Therefore, g, was chosen as g, = 54. The power
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Figure 5.7: Frequency of the buses

system was initially not in the operational equilibrium and therefore as seen from Fig. 5.6
and Fig. 5.7 the phase and frequency synchronize to the trajectory of the exosystem (5.64).
The power load at buses 2, 3 and 7 was increased by 30 per unit at 7 = 6, which results in
the immediate desynchronization of the frequencies. After the desynchronization the phases
and frequencies under the distributed controller again synchronize towards the phase and
frequency of the exosystem (5.64). Fig. 5.8 shows the per unit control signal at each of the

buses.
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Figure 5.8: Control

5.9 Conclusion

In this chapter, we presented a new distributed control design for practical synchronization in
a network of nonlinear heterogeneous agents. A state transformation was done to transform
the system into relative dynamics where the agents are coupled. The problem then changes
into a stabilization problem for the network of agents. Extended high-gain observers were
used to estimate the nonlinear coupling terms and then cancel them by feedback control.
The proposed distributed controller requires only relative output measurement from its
neighbors, which is a less restrictive information requirement from a practical standpoint.
The efficacy of the controller was tested on the example from [55] and on the IEEE 30 bus

system [118] for the frequency control of power systems.
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Chapter 6

Power Systems Frequency

Synchronization

6.1 Introduction

In this chapter, we study the frequency control of power systems when the frequency mea-
surement is available. The main reason behind assuming the availability of the frequency
measurement is that the controller designed in this chapter does not use feedback lineariza-
tion to cancel the power system dynamics compared to the previous chapter. The designed
controller compensates for the time-varying power demand and does not cancel the rich
power system dynamics.

The existing approaches to achieve frequency synchronization assume the unknown power
demand to be constant. However, increasing use of renewable energy sources causes the power
demand to fluctuate at the same timescale as the power system dynamics and therefore
approximating the power demand by a constant value becomes unrealistic [74]. In this
chapter we design a dynamic consensus based extended high-gain observer algorithm [119]
that achieves practical frequency synchronization in the presence of unknown time-varying

power demand.
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6.1.1 System Model

We consider a lossless, connected and network-reduced power system with N generators

modeled by the following swing equation [65]

é:&j—wre‘f (61&)
M = —D(& — wyep) — P(t) — VU(0) + u (6.1b)
where 6 = col(fy,...,0y) are the generator rotor angles, @ = col(wy,...,0y) are the

velocities of the generator rotors with respect to a fixed reference frame [65], w,.f is the
synchronous frequency which is typically 1207 for a 60 Hz system, M = diag(mq,...,my)
represents the inertia matrix with m; > 0, D = diag(dy, ..., dy) represents the droop coef-
ficient matrix with d; > 0, P(t) = col(Py(t), ..., Pn(t)) represents the time-varying vector of
unknown power demand, VU () € RY represents the power flow and u = col(uy,...,uy) is
the control input. All quantities are normalized following the per unit representation of the

power system models [65]. The time-varying power demand can be decomposed into

P(t) = P + P(t) (6.2)

where P and P(t) represent the unknown constant and time-varying components of the
power-demand.
The power system network can be viewed as an undirected graph G = (V,€), where

the nodes, V, represent the number of generators and the edges, &£, represent the power
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transmission lines connecting the generators. We introduce the potential function given by

N
1
U(é’) = —5 Z BZ]V;VJ COS(@Z' — Hj)
ij=1
where B;; = Bj; > 0 is the susceptance of the line connecting generators ¢ and j with

constant terminal voltage magnitudes V;, V; > 0. The gth component of the gradient of the

potential function is
N

(VU(6)); = Y B;;ViVjsin(6; — 0) (6.3)
=1
VU (6) satisfies a zero net power flow balance given by 17VU(#) = 0. The terms U(6) and

VU (#) can be compactly written as
U(0) = —1TTcos(B19), VU(#) = BUsin(B'0)

where B € RV*™ ig the incidence matrix of the power system network, with N generators
and m transmission lines, cos(-) = col(cos(-),...,cos(+)), sin(-) = col(sin(+),...,sin(+)),
' € R™*™ ig a diagonal matrix which encodes the susceptance Bj, of the power lines and
the voltage amplitudes V;, V; at each edge as [I']y, = By V;Vj, for each edge k = (i,j) € £
and By, = B;;.

For ease of analysis we apply a change of coordinates as w = w—wy.. r, which represents the
frequency deviation and 6 = 116 = (I — %1171) 6, which is inspired by the center-of-inertia
coordinates, see [68], [65]. From which we have BT'6 = BTTI9 = BT9 — %BTllTQ = BT,

since BT'1 = 0. By a slight abuse of notation we refer to the potential function of § by the
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same symbol U. Therefore, the system in the new coordinate becomes

5 = Tlw (6.4a)

M = —Dw — P(t) — VU(8) + u (6.4b)

where VU (8) = Bl'sin(BT6).

6.2 Control Objective

The control objective is to achieve frequency synchronization, i.e., to regulate the frequency
deviation w to zero while achieving proportional power sharing among the generators. We
characterize the steady-state solution (6*,w*) of (6.4), with steady-state control u(t) = u*(t),
where w* is a constant that belongs to ker(IT), which implies that w* is a constant vector

with all the elements being the same. The constant steady-state solution satisfies

0 = Tw* (6.5a)

0= —Dw* — P(t) — VU(8*) + u*(t) (6.5b)

Lemma 6.1, [74] : If there exists (6*,w*) € Im II x RN, such that (6.5) holds, then

w* = wgl, with
1 (w*(t) - P(t))

6.6
1T p1 (6.:6)

Wg =

Remark 6.1: From, equation (6.5), we can observe that the left-hand-side is constant
while the right-hand-side contains a time-varying quantity P(¢). This equation can only be

satisfied when P(t) satisfies a certain condition which will be defined later in this section.
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From equation (6.6), it is clear that in order to regulate the frequency deviation w to zero,
there are infinitely many choices for u*(t) to satisfy 17 (u*(t) — P(t)) = 0. This also implies
that the controller u* is time-varying. Therefore, we split the control into constant and
time-varying parts as

u*(t) =u* +a*(t)

where @* and @*(t) should satisfy 17 (@* — P) = 0 and 17 (¢*(t) — P(t)) = 0. This freedom in
the choice of @* leads to the design of controllers that are optimal with respect to a certain
cost function. The controllers are designed based on the concept of optimal power dispatch
given a constant power demand, where the cost is dependent only on the amount of power
produced at each generator. A solution to the optimal dispatch problem is given by [74]

, 11Tp

17g 1 oD

7jzpt =Q
where @ = diag(Qq,...,Qy) is the marginal cost matrix. From (6.7), it is clear that the
power generated at each node 7, is inversely proportional to its marginal cost ¢); and optimal

steady-state controller is chosen as @* = However, in order to achieve frequency

pt

synchronization, we need to satisfy 17 (u*(t) — P(t)) = 0, and therefore u*(t) is

4117P(1)
W) = QT = @ At 6.8
0= 11 (" (63
. 11T P() , ,
where @*(t) = @ lTQ—_ll’ represents the time-varying part of the steady-state controller.

Equation (6.5b) can now be satisfied with v*(t) = @* 4+ @*(¢) and w* = 0, from which

T
Brsin(BL5*) — (Q*% _ 1) P(t) (6.9)
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From, equation (6.9), we can observe that left-hand-side is constant while the right-hand-side
contains a time-varying quantity P(t); therefore we require P(t) to belong to
117
ker [ Q7 '———= — 1.
(Q lTQ_ 11 >

117
It is shown in [74], that R(Q 1) is included in ker (Q‘l

]_TCQ—_l]_ — I) . Therefore, we

make the following assumption.

Assumption 6.1, [74], [76]: The time-varying part of the power demand satisfies

P(t) = Q '1p(t) (6.10)

where p(t) is some bounded unknown time-varying function with bounded derivative.
Assumption 6.1 guarantees the existence of the steady-state solution (6.5), despite the pres-
ence of the time-varying quantity P(¢). From Assumption 6.1, equation (6.9) is simplified

as

T
Brsin(B75%) — (Q‘lng—_ll _ 1> P (6.11)

Next we make a feasibility assumption.

Assumption 6.2, [74]: For a given constant P, there exists * € I'm 11, such that equation

(6.11) has a solution.

Assumptions 6.1 and 6.2 guarantees the existence of a constant steady-state solution (6.5),

despite the presence of the time-varying quantity P(t).

Assumption 6.3, [68] : The synchronous solution (6.5) is such that BT6* € © :=

(70T )" foraconstont p e (0,7)
- - — Oor a consta - .
5 TP 5 —p) foraconstant p '3

The assumption on ¢*, is standard in stability analysis of power systems [68], and is usually

called the security constraint [71].
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Remark 6.2: Assumptions 6.1, 6.2 and 6.3 are made in order to guarantee the existence

of the synchronous solution (6.5). These assumptions are standard in the power systems

literature [68], [73], [74], [76].

6.3 Controller Design Under known Time-Varying Power

Demand

6.3.1 Communication Topology

We will proceed with a two-step approach for the design of the controller, where in the first
step, the controller will be designed assuming that the power demand is known. In the
second step, we will use observers to remove the requirement of knowing the power demand.
In this section we discuss the first step.

Assumption 6.4: There exists a balanced, directed, strongly connected communication topol-
oqy to allow the exchange of information among the controllers.

The communication graph is represented by G = (V,g , jl) and the graph Laplacian is de-
noted by L. In general, the communication graph can be different from the graph represented
by the power transmission lines i.e., (£, A) can be different from (€, A). The generators are
coupled physically through the graph G, which evolve in a slow time-scale, while the dynamic

controllers exchange information through the graph G and evolve in a fast time-scale.

6.3.2 Dynamic Average Consensus

To achieve a steady-state controller of the form (6.8), a natural intuitive idea is that if each

controller knows its local power demand Pj, then it can communicate its local P; to its
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neighbors. Such a strategy would require an all-to-all communication graph so that each
controller can calculate the sum of the total power demand. However, such design would be
quite restrictive because an all-to-all communication topology (complete graph ) is a costly
communication requirement. In this section, for the design of the controller, we will assume
that each generator has knowledge about its own power demand. Next, to alleviate the
requirement of a complete graph, we will apply ideas from dynamic average consensus [120].

The dynamic average consensus algorithm states that if each node i has access to a time-
varying reference signal r;(¢), then using a distributed consensus algorithm it is possible that
each node is able to track the average of the reference signals given by Zjvzl ri(t)/N. The

dynamic average consensus algorithm is given by [120]:

N
G=— Y ai(z(t) — zj(t) +7(t), Vie{l,...,N} (6.12)
j=1

with the initial condition z;(0) = 7;(0). In order to obviate the requirement of the derivative
of the reference signal, we do a change of coordinates [120], z; = r;(t) — p;, from which we
get

N
pi =Y aij(zi(t) = zj(1)), pi(0) =0 (6.13)
=1

The applications and a tutorial of the dynamic average consensus algorithm can be found

in [120]. We choose the reference signal r;(t) at each generator to be ¢;, which is given by

or in vector form ¢ = —VU(J)) — P(t). For the controller design we consider that each

generator has access to the signal ;. The signal o; is treated as the known time-varying
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reference signal as in the case of the dynamic consensus algorithm.

The distributed dynamic average consensus algorithm is given by

up =—Lp+ Lo = Ly (6.14)

where p is a small positive consant, p € RY is the state of the dynamic consensus algorithm
and y = o0 — p.

Remark 6.3 : In the literature the dynamic consensus algorithm is not coupled with any
other dynamics. In the current problem it will be coupled with the power system dynamics
as the controller will depend on the state p. Therefore, we require p to be faster than the

power system dynamics and we achieve it by introducing the parameter .

6.3.3 Analysis of the Closed-loop System

We define the dynamic consensus tracking error as

Differentiating the above equation and using L1 = 0 we have,

pe = —Le + ulle (6.15)

1
We define the change of coordinates as é = TT e where T = [—1 R] in which RTR =

VN

I,RT1 = 0. Hence, TTT =TTT = 1. By the change of coordinates we have

pé = —(TTLT)e + pT e
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1
0 0 —17 T 0
TTLT = , 7T = | VN [_i}:
0 RTLR RT N RT
The system (6.15) is transformed to
é1=0 (6.16a)
s = —Ls + uRTd (6.16b)
where s = col(é9,...,€éN), L = RTLR and the eigenvalues of L are the nonzero eigenvalues

of L.
The initial condition of the dynamic consensus state p(t) is taken as p(0) = 0, from which

the initial condition of €1(0) is given by

where we have used 17TI = 0. Therefore, we conclude that

é1(t)=0, vt>0

Assumption 6.5: The controller at each generator has access to the quantity Qi_l / 179—11.

Remark 6.4: Assumption 6.5 requires a central authority which will communicate the
quantity Q;l / 17Q~11 to the generators. This communication occurs only when the system
is initialized or when there is a change in the cost matrix (). This assumption is not restrictive
because the optimal dispatch problem is solved centrally offline in order to obtain the optimal

controller (6.8) and then the cost @); is made available to the generators. Therefore, the
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information Qi_l / 17Q~11 can be made available to the controllers after the optimal dispatch
problem is solved centrally.

The controller is chosen as

u=—F|(c —p) (6.17)

where F1 = (N/(17Q711))Q~!. Substituting y = ¢ + (1701)/N and after some simplifica-
tions we have

u(t) = u*(t) — Fie

The error e can be written as e = ——¢é1 + Rs = Rs, since €1 = 0, from which the control

VN

becomes

u(t) = u*(t) — F1Rs (6.18)

and the closed-loop system is given by

6 = Tw (6.19a)
M = —Dw — VU(8) — P(t) + u*(t) — F1Rs (6.19b)
s = —Ls — pRTV2U (0)w — uRTQ~11(t) (6.19¢)

The closed-loop system (6.19) does not have an equilibrium point due to the presence of
the time-varying component p(t) in equation (6.19¢), therefore we proceed with a singular

perturbation framework. The reduced-order model of (6.19), obtained by setting p = 0, is

6 = Tlw (6.20a)

M = —Dw — VU(8) — P(t) + u*(¢) (6.20b)
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and the boundary-layer-model, obtained by choosing t = p7 and setting p = 0, is

ds ~
— =L 21
dr 5 (6.21)

Theorem 6.1: Consider the closed-loop system (6.19) obtained from the power system model
(6.4), the dynamic consensus algorithm (6.14) and the controller (6.17). Let (5(t),w(t)) and
(0(t),w(t)) be the trajectories of the reduced-order model (6.20) and the closed-loop system
(6.19), respectively, with (§(0),w(0)) = (6(0),@(0)). Then, there exists u* > 0 such that for

all p € (0, p7),

() —8(t) = O(n), w(t) —@(t)=0(n), Yt>0 (6.22)

Proof : The reduced-order model (6.20) has a synchronous solution (6*,0), which follows
from Assumptions 6.1 and 6.2. We first show the exponential stability of the reduced-order

system by using the following Lyapunov function from [73],
V(8,6%,w) = U(0) = U(6") — VU(*)T (6 — &) + %wTMw + h(VU(8) — VU (N Mw
where h is a small positive constant. It can be shown from [73, Lemma 2] that
10 = 0| < IVU(8) = VU()|[* < 216 — 7] (6.23)
where v1 and 79 are positive constants and

Cminl|7]? < V(8,6%,w) < emaxl|z]|? (6.24)
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where x = col(d — 0%,w), cmax 1S a positive constant and ¢p;, is positive for sufficiently
small h and therefore V' is a Lyapunov function candidate. Taking the time derivative of V,
along the reduced-order model (6.20), and substituting P(t) = —VU(0*) + «*(¢) from the

steady-state of (6.20b), we have
V = —w! Du—h(VU(8)=VU (5*)T (VU (8)=VU (6*))—h(VU (8)=VU (6*))T Dw+hw! H(8)w

where H(8) = (MV2U(8) + V2U(5)M)/2 which is obtained by using V2U (§)II = V2U(4)
since V2U(6)1 = 0. Since V2U(8) is bounded for any &, we have ||H(0)|| < ki where kq is

a positive constant. From which we have

T
IVU(6) = VU(5")]| . IVU(5) = VU(5")]|

[|w]] ||w]]
where
3 _h)\maX(D)
T = 2
hA D
_%H )‘min(D) - hkl

By choosing h sufficiently small we can make the determinant of T positive thereby making T
a positive definite matrix. Let y = col(||VU(6)—VU(6*)|],||w]||). Since Y is positive definite,
we have V' < —ko||x||?, for some positive constant ky. From (6.23), ||x||?> > ks3||z||?, where
k3 = min(1,~1). Hence

V < —kak|z||* < —ky|z|?

where k4 = koks. Therefore, we can conclude that (6.20) is exponentially stable.
The boundary-layer system is exponentially stable and a Lyapunov function candidate for

(6.21) is given by Vg = sT'Gs, where G = G > 0, is the solution to the Lyapunov equation
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GL+ LTG = I. The time-derivative of Vs along (6.21) is given by Vs = —||s||?.
The time-derivative of V' and Vi by taking into account the coupling between the systems

(6.19b) and (6.19¢) is given by,

V< _—v——\/_{ v_%m] (6.250)

2

. k k 201k 201k

Vi < -2V, — L/, {\/vs i BV 7 M] (6.25b)
2u 2u k7 k7

where k5 = k4/cmaX7 kg = ||FIRH( + h\/_ \/Crmn min G)7 k7 = 1/)‘maX(G)7 ks =
2U|GRT||/\/emin - Amin(G), kg = 2pm||GRT Q71| /v/Ammin (G), ||B(1)]] < pm, and ||V2U(5)|] <

1, for some positive constants py, and I. From (6.25a) and (6.25b), in order to have V < 0

and Vi < 0, we need

VVs < (k5 /2ke)VV, and \/Vi > (2uks /kr)VV + 2ukg /7

Considering equality, we have two lines in (v/V, /Vs), which intersect for sufficiently small y
and the intersection points are given by vV = pkyg and /Vs = ukq, for some positive con-
stants k10 and k11. Moreover, for sufficiently small 41, on the boundaries V'V = pkig, VVs =
ki1, we have V < 0 and Vs < 0. From which we can conclude that V < 0 for V > “2k%0
and VS < 0 for Vg > ,u2k%1

Next we find a compact set 0, = {V < d}, which is contained in ©. The constant d can be
chosen [68] as d = ¢in@/Amax(BBT), where & > 0 is such that for ||[BT6 — BT6*|| < ¢, also
satisfies BL§ € ©. Therefore, for sufficiently small 1, we have V<OonV=dand Vs <0

on Vi = a, where a > 0. Therefore, the set Q = Q, x {Vs < a} is positively invariant.

Since the reduced-order model and boundary layer are exponentially stable, it follows from
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(91, Theorem 11.2] that (6.19) has a unique solution x(t, x) on [0, 00) and

2t 1) — #(t) = O(n) (6.26)

holds uniformly for ¢ € [0, 00), where Z(t) = (§(t) — 6*,@(t)) is the solution of the reduced-

order model (6.20). Therefore, (6.22) follows from (6.26). |

6.4 Controller Design Under Unknown Time Varying

Power Demand

In this section we proceed with the second step and design the controller when the power

demand is unknown.

6.4.1 Extended High-Gain Observer

In the previous section we assumed that each local controller had access to the signal o;.
However, in practice this signal is typically not available because the power demand is not
known beforehand. We use a high-gain observer to estimate the signal ¢;, which can then
be used by the dynamic consensus algorithm. The signal o;, composed of a time-varying
power demand and the power-flow, is estimated using an extended high-gain observer. The

extended high-gain observer is constructed as

S=-M1Do+ M Y6+ M u+ Dw—a) (6.27a)
€
6= "2(w-0n) (6.27)
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where oy, a9 are any positive constants, € is a small positive constant, w € RN , 0 € RN

are the estimates of w and o. Next we define the scaled estimation errors as

where ¢; € RV, (5 € RY. Using (6.4) and (6.27) we write the observer error dynamics as
e = AgC + eB1( + €BoA(t, 6, w) (6.28)

where ¢ = col((1, (), A(t,6,w) = —Q11j(t) — V2U (6w,

—ayl ML —-M~1D 0
Ag = , B = , By = :

—aol 0 0 -1

The eigenvalues of A( are given by the roots of the polynomials
s2+a15+a2m;1, fori=1,...,N.

Since the coefficients of the polynomials are positive it follows that the roots of the poly-
nomials are negative, from which we conclude that Ag is Hurwitz. To avoid the peaking
phenomenon [90], we saturate the observer estimates outside the positively invariant set

before using them in feedback control. The signal & is saturated as

. Jj
0js = M;ssat (MZ )
is
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where sat is the saturation function and

Mg > max

o
o€Q, [|[P()||<Pm

where Py, represents a measure of the maximum power demand. The distributed dynamic

average consensus algorithm using the saturated estimate 65 = col(d1g, ..., 0pns) is given by

up = —Lp + Lés (6.29)

and the controller is chosen as

u=—Fi(6s—p) (6.30)

6.4.2 Analysis of the Closed-loop System

1701
By defining the dynamic consensus tracking error as e = o —p— ]\(; and using the change

of coordinates é = TLe, the error dynamics is given by

pé = —(TTLT)e + TTL(6s — o) + pT T 16

where TTL = col(0, RT L), from which we have

(6.31a)

G (6.31h)
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where s = col(ég, ..., €éy). Since, we choose p(0) = 0, it follows that

Next we define the Lyapunov function Vi = ¢ Ts¢, where S is the solution to the Lyapunov
equation SAg + AOTS =—1.

Lemma 6.2: Let (6(0) — 6*,w(0),s(0)) lie in the interior of the set ), and let the initial
observer states lie in (&2(0),5(0)) € Y, where Y is a compact subset of R?™. Then, there
exists a positive constant k1 such that the set A =  x {VC < /4:162} 18 positively invariant
and the trajectory (6(t) — 6%, w(t), s(t),((t)) enters the set A in finite time T'(¢) > 0, where
elg% T(e) =0.

Proof : We first show that A is positively invariant by calculating the derivatives of V', Vg
and Vi = CTS( on the boundaries V' =d, Vs = aand V; = K1€2, respectively. The saturation
is no longer active when the system trajectory is in A, which implies 6;4(t) = ;(t). Taking

the time derivative of VC we have

eV < =<1 + equl[C][* + egal ]|

where g1 = 2||SB1||, g2 = 2dy||SBs||, and ||A]| < dy,. After some simplifications we have

Ve < —(1/DICI1, VS]] > 4eqo

By taking k1 = 16)\maX(S)q%, we have

Ve < —(1/4)|[CI%, ¥ Ve > kyé?
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Next by taking the time derivative of V' and Vs, we have

. 2
I MU A R
)

o =it VT [ e - -5

for all Vi > €2qy, where g3, qq are positive constants. It can be shown that for sufficiently
small p, V < 0 for V > p2¢5 and Vi < 0 for Vi > p2gs, for some positive constants g5 and gg.
Furthermore, we can choose € sufficiently small, such that the set {V < 2g3} x {Vi < @1}
is in the interior of the set {V < p2¢s5} x {Vs < pqg}. Therefore, we have V < 0 on the
boundary V = d and Vi < 0 on the boundary Vi = a, which implies A is positively invariant.

By following the standard work in high-gain observer theory [90], it can be shown that
(8(t) — 6%, w(t),s(t)) € Q for all t € [0,T], where T > 0 is some finite time independent of
p. The state ((¢) enters the set {V; < r1€2} within time T'(¢) > 0, where lim T(e) = 0 and

e—0

therefore by choosing e sufficiently small we have T'(¢) < T, from which we can conclude
that (0(t) — 6%, w(t), s(t),((t)) € A for all t > T'(e). [ |
From Lemma 6.2, we have ((t) = O(¢),V t > T(e), which implies 6;(t) = 0;(t) + O(€),V t >

T(e) and the closed-loop system for t > T'(€) is given by

§ = Tw (6.32a)
M = —Dw — VU(8) — P(t) + u*(t) — F(Rs — (2) (6.32b)
ps=—Ls— RTL¢y + uRT 6 (6.32¢)
e = ApC + €B1( + eByA (6.32d)
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Theorem 6.2: Consider the closed-loop system (6.32) obtained from the power system model
(6.4), the dynamic consensus algorithm (6.29) and the controller (6.30). Let (5(t),w0(t)) and
(0(t),w(t)) be the trajectories of the reduced-order model (6.20) and the closed-loop system
(6.52), respectively with (5(0),w(0)) = (6(0),&(0)). Then given any = > 0, there exists
w* >0, and for each pu € (0,u*], € = €"(u) exists such that for each p € (0,u*| and

€ € (0,€*(w)], all system trajectories are bounded, and

16(t) =0 <E, lw(t) =@ <E, V>0 (6.33)

Proof : The proof is done in three steps where we first show (6.33) during the time period
[T, 00), where T > 0 is some finite time followed by [0, T'(¢)] and then during [T'(e), T).

Let &(t) = col(d(t)—0*,w(t), s(t)) be the solution of (6.32) and Z,(t) = col(d,(t)—0™, wy(t), sp(t))
be the solution of the reduced-order model of system (6.32) obtained by setting ¢ = 0, which

is represented by Eq. (6.19), with Z,(0) = #(0). From Theorem 6.1 and Lemma 6.2, given
any = > 0, there exists 1 > 0 and €; = €;(u) > 0 such that for each g € (0, 1] and

€< (07 El(:u)]

[z < =/4, |lz:O] <E/4, Vi>T

Therefore it follows that

12(t) =2 ()| <E/2, ¥Vt > T

Using 6(t) — 0(t) = 0(t) — 6 + 6,(t) — 6(¢) and w(t) — 0(t) = w(t) — wy +wr(t) — ©(t), there

exists pg > 0 and €9 = eg(p) > 0, such that for all u € (0, uo] and € € (0, e2(1)], we have

16(t) =3I <5, Jlw(t) —@O| <E V=T
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Next we show (6.33) during the time period [0,7'(¢)]. From Lemma 6.2, we know that
(0(t) — 6%, w(t), s(t)) € 2 during the time period [0, 7T (¢)]. Therefore the right-hand-side of
(6.32a)-(6.32b) and (6.19a)-(6.19¢) is bounded by a constant independent of €, from which
we have

10(2) = or ()] < 20T (€), ||w(t) — wr ()] < 26T (e),

for all t € [0,7'(¢)], where lin%) T(e) = 0 and b is a positive constant. Similar to the first step
e—

using 8(t) — 6(t) = 5(t) — 0 + 6,(t) — 8(t) and w(t) — @ (t) = w(t) — wy + wy(t) — O(t), there

exists 3 > 0 and eg = e3(p) > 0 such that for each u € (0, ug] and € € (0, e3(u)], we have

16(t) = 0()]] < B, |jw(t) —w(t)|| < E,V t € [0,T(e)]

Over the time interval [T'(¢), T], equations (6.32a)-(6.32c) under output feedback is O(e)
perturbation from the corresponding model (6.19a)-(6.19¢). Therefore, it follows from the
continuous dependence of solutions of differential equation on initial conditions and parame-
ters [91, Theorem 3.5] and by repeating the arguments in the previous steps that there exists

tgq >0 and ¢4 = e4(p) > 0 such that for each pu € (0, uy] and € € (0, e4()], we have

16() =8Il < E, llw(t) —@®)l| < E, Yt € [T(e),T]

Therefore, (6.33) follows by choosing p* = min{uy, uo, p3, pa} and € = min{eq, €9, €3, €4}.
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6.5 Simulation

We illustrate the performance of the proposed controller on a connected four area network

taken from [74]. The area connections taken from [74] is illustrated in Fig. 6.1.

Figure 6.1: Four area network

The four area equivalent network can be obtained for the IEEE New England 39-bus
system; see [121]. The parameters of the system in per unit taken from [74], are given
by M = diag(5.22,3.98,4.49,4.22), D = diag(1.60,1.22,1.38,1.42). All the line voltages
are chosen to 1 per unit and line coefficients of the power-flow are taken as Bjo = 25.6,
Bos = 33.1, Byy = 16.6, Bjy = 21. The generator cost coefficient matrix is given by

@ = diag(1,0.75,1.5,0.5) and the nominal frequency is chosen as wyef = 1207 rad/s.

6.5.1 Case I : Unknown Constant Power Demand

For the first scenario the power demand is constant which implies P = P (per unit). The
system is initially at steady-state with P = [2.00,1.00, 1.50,1.00]7, ¢ € [0,10). At timestep 10
the load is increased for ¢ > 10 to P = [2.20, 1.05, 1.55, 1.10]T. For the design of the controller
(6.30) we choose the parameters as oy = 2, ap = 1, € = 0.001, g = 0.01 and the saturation

level as M;s = 43 for i = 1,2,3,4. The saturation levels are chosen from simulations to
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see the maximal values that the trajectories would take when using the controller with the
worst case power demand.
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o &» A N O N A O ©

Frequency deviation, w (pu)

L
o
o

20 40 60 80 100 120
Time(s)

Figure 6.2: Frequency deviation (w) under unknown constant power demand
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Figure 6.3: Control (u) under unknown constant power demand

Fig. 6.2 and 6.3 illustrates the frequency deviation under the controller (32). Compared
to the results in [74], the frequency deviation is roughly ten times smaller. Morever the

control signal quickly reaches steady-state as seen from Fig. 6.3.
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6.5.2 Case II : Unknown Time-Varying Power Demand with vari-
able Frequency

For the second scenario we consider the unknown power-demand to be time-varying with

variable frequency. The power demand is taken as:

;

2.00, 1.00, 1.50, 1.00] T, t €10, 10)
2.20,1.05,1.55,1.10)7 + 0.05Q 1155 (¢), t € [10,50)

[2.20,1.05,1.55, 1.10)7 + 0.07Q 1155 (t), ¢ € [50,80)

2.20,1.05,1.55,1.10]7 4+ 0.09Q 1 153(¢), t > 80

\

27 21 27
o f— 3 — oy fr— 3 — o] f— ] — .
where p1 (t) sin (30 t) , pg(t) sin (20 t) , pg(t) sin (1015)

g x10*
= 6 5x10° 7
£ 4 OL’“W\M 1
3 sl
o ,
T 0 e
s !
o© -2+
>
2 4t —Area 1| |
3 —Area 2
o -6+ Area 3| -
o —Area 4
gl |
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Time(s)

Figure 6.4: Frequency deviation (w) under unknown time-varying power demand
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Figure 6.5: Control (u) under unknown time-varying power demand

Fig. 6.4 shows the frequency deviation under the proposed controller (6.30) with = 0.01,
and ¢ = 0.001. The steady-state error is of the order of 1072 and has oscillations of small
amplitude due to the time-varying power demand. Finally, Fig. 6.5 shows the control,
which is time-varying, due to the time-varying component of P(t), and it quickly reaches

the time-varying steady-state control.

6.6 Conclusion

In this chapter, we presented an observer-based dynamic consensus algorithm to achieve
practical frequency synchronization and power-sharing in the presence of unknown time-
varying power demand. The proposed approach does not assume that the power demand is
generated from a known exosystem compared to the internal model approach [74]. Moreover,
the trajectories of the closed-loop system under the controller (6.30) is arbitrarily close to

the system trajectories (6.20) under the steady-state controller.
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Chapter 7

Conclusion and Future Work

7.1 Overview of Conclusion

This thesis investigated the use of observers in multi-agent systems to reduce information
exchange and increase the convergence rate. The conclusion is summarized below.

First, we showed that by adding extended high-gain observers to each agent except the
root agent, the convergence rate of the star topology could be increased to match the conver-
gence rate of a complete graph. Furthermore, we showed that the trajectories of the agents
under the star topology approach the trajectories of the agents under a complete graph for
sufficiently small e.

Second, we design a scalable consensus algorithm for first-order agents using PD control,
where the eigenvalues of the closed-loop Laplacian matrix are invariant with respect to the
size of the network for general directed graphs. As a result, the convergence of the consensus
protocol does not slow down when the network size increases for non-expander graphs. The
PD controller is realized using a high-gain observer, and we show that the trajectories of
the closed-loop system when the high-gain observer can be brought arbitrarily close to the
trajectories under the PD controller. Simulation results were presented to demonstrate the
efficacy of the proposed algorithm on a circular directed graph with 100 nodes and two classes

of graphs, which show the trend of decrease in the second smallest eigenvalue of the graph
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Laplacian with an increase in network size.

Third, motivated by real-world systems akin to power systems with second-order swing
dynamics [65], and longitudinal vehicle dynamics [102], and effect of an increase in network
size on the performance of nonlinear systems we design a scalable consensus algorithm to
achieve practical synchronization in a leader-follower framework for second-order nonlinear
heterogeneous systems. The synchronization error can be made arbitrarily small by increas-
ing a controller parameter. We show that the control signal is uniformly bounded with
respect to this controller parameter, and therefore by increasing it to achieve an arbitrarily
small synchronization error does not increase the magnitude of the control signal. Unlike the
previous chapters, we realize the controller using a reduced-order high-gain observer. This
is done because we do not use additional controller dynamics, as in the previous chapter.
We show that the synchronization error can be made arbitrarily small by tuning a controller
and observer parameter, respectively. We show that the control signal is uniformly bounded
with respect to these parameters. We demonstrated the efficacy of the proposed controller
with two examples i) a network of oscillators on the IEEE-300 bus system and ii) a platoon
of vehicles.

Fourth, we design an extended high gain observer-based controller to achieve synchroniza-
tion in a leader-follower network of nonlinear multi-agent systems having the same relative
degree r. The agents have access to only relative output information from their neighbors.
The class of systems considered in this chapter is more general than the previous chapters.
But unlike the previous chapters, we focus on synchronization with reduced information
exchange. An extended high-gain observer based on the relative output exchange is used
to estimate the uncertain terms and then using feedback control to cancel them. In other

words, we compensate for the heterogeneous dynamics of each agent using extended high-
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gain observer and feedback control. Finally, simulations were done on the example from [55]
and with a network of power systems to show the efficacy of the proposed controller.

Fifth, we design a load-estimator-based consensus algorithm that achieves practical fre-
quency synchronization in the presence of unknown time-varying power demand in a network
of lossless, connected and network-reduced power systems. We assume the availability fre-
quency measurement. The controller design procedure is different from the previous chapter
as instead of canceling the power system dynamics, we only compensate for the time-varying
power demand. We show that the frequency synchronization error can be made arbitrar-
ily small by tuning a controller and observer parameter. Finally, simulations on a network
reduced four area network is performed to show the performance of the proposed controller.

Throughout the thesis, we assumed that there is no noise in the measurements. However,
the presence of measurement noise puts a constraint on how high the observer gain could
be, which results in a trade-off between fast convergence to the state estimates and the error
due to measurement noise. In practice, the choice of € is bounded from below by the level
of measurement noise in the system. In experimental applications of high-gain observers,
typically, a low-pass filter is used to filter out the high-frequency content of the measurement
noise before using the measurement in the observer [122], [123].

One of the basic ideas to mitigate the effect of measurement noise is by adjusting the
observer gain so that a higher gain is used during the transient period to converge to the state
estimate quickly. Then the gain is lowered as the estimation error approaches the steady-state
since the effect of measurement noise is notable when the estimation error is small. Based
on this idea, some techniques have been developed in the literature, including switching gain
between two values [124], adaptive law to adjust gain [125], and using nonlinear gain where

the gain reduces when the estimation error is small [126].
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7.2 Future Directions

7.2.1 Stability of Networks with Signed Laplacians

Signed graphs appear in a wide range of applications like social networks, power systems,
and biological networks. The graphs primarily contain edges where the weights on these
edges can be positive or negative. The negative weights have physical interpretations. For
example, antagonistic relations in social relations and the presence of critical transmission
lines in power systems across which the bus angles difference is greater than 7/2. The
current research in this field focuses on the conditions required on signed Laplacian, such
that consensus is achieved.

The future research in this area will mainly focus on achieving consensus for any signed
graph. Since the scalable consensus controller designed in this thesis can change the closed-
loop Laplacian matrix using only relative information. This can help in changing the closed-
loop Laplacian of signed networks whose underlying signed Laplacian has positive eigenvalues
and, as a result, help in achieving consensus. The main features of using this scalable

controller will be:

e The distributed controller will use only local relative information

e The closed-loop system under the proposed controller will behave as a virtual Lapla-
cian, where the non-zero eigenvalues can be assigned to be negative, thus achieving

consensus.

One of the main applications of this algorithm will be in the stability analysis of power

systems in the presence of critical transmission lines where the bus angles differ by greater

169



than 7/2 and thereby providing solutions to those scenarios where the signed Laplacian is

not positive semi-definite.

7.2.2 Scalable Formation Control of Mobile Robots

Formation control of mobile robots is one of the well-studied distributed control problems
due to its wide applications in surveillance and searching operations. The mobile robots are
generally equipped with omnidirectional range-based proximity sensors, which can measure
the relative position or velocity of a neighboring agent if it lies within its proximity disk.
The main objective of the formation control algorithm is to maintain a pre-specified distance
between the robots while they move or meet at a certain goal point. In the literature,
nonlinear consensus algorithms have been developed to maintain connectivity among a group
of agents while achieving consensus.

The performance of this algorithm, when the network size increases, needs to be in-
vestigated. This is essential since converging to a certain goal within a specific time is very
important for applications such as search and rescue. Therefore, there is a need to investi-
gate the performance of these algorithms in large sparse graphs and develop new distributed
scalable controllers that can maintain a specific convergence rate with an increase in network
size. The presence of proximity sensors, which make consensus algorithm nonlinear, make
this work challenging and can explain the lack of research done in this area. Future research
in this direction will be the design of new scalable controllers such that performance does
not degrade with an increase in network size. The scalable controllers designed in this thesis

can help in the design of the new controllers.
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7.2.3 Frequency Synchronization in Higher Order Power System

Models

The second-order power systems model considered in the thesis was lossless, network-reduced,
and the voltage fluctuations were assumed to be constant. As a future direction to this
work, a fourth-order model, including the turbine-governor dynamics, will be considered.
This research direction will help solve the current practical challenges faced in the frequency

synchronization of power systems. The other important directions in this area will include:

e Effects of uncertain mass and damping coefficients

e Effects of loss-of-communication/packet and dropouts/delay.
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Kronecker Product

The Kronecker product of matrices A € R™*" and B € RP*4 is defined as

dllé ... aipB

N
&®
wel]
Il

where [A];; = a;; and it satisfies the following properties [6]:

(A® B)(C ® D) = (AC @ BD), (A® Bl = AT @ BT

A (B+C0)=A®B+AxC

Moreover if A and B are nonsingular matrices then

Consensus Algorithm

Consider a group of N agents where each agent is labeled by the index v; and v; € V. Let

G ={V,&, A} encode the communication topology connecting the agents. The information
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available to each agent is given by

N

CZ:ZCLU(ZE]—IZ) iZl,...,N

j=1

The above form of information is available to the agents implies that it can only measure
the relative difference of the states between itself and its neighbors. Each of the agents has

single integrator dynamics represented by

We define the total energy of the graph associated with its edges as [19]

N

1
Eg = 5 Z a”(a:] — $i)2.
ij=1

The controller is now chosen as the gradient-based feedback law

N
10F

J=1

for e =1,...,N. The gradient-based feedback law is the standard decentralized controller

used for solving the consensus problem as considered in [19].
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