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ABSTRACT

MATHEMATICAL ANALYSIS OF BLOOD FLOW AND OXYGEN TRANSPORT IN
MICROCIRCULATION

By

Jun Liu

This dissertation presents a mathematical analysis of oxygen convection, diffusion and
consumption in a uniform and multi-capillary muscle tissue region. Capillaries are tiny ves-
sels connecting arterioles with venules and forming networks through out the body. The
diffusion of substrate, such as oxygen, from the microcirculation through capillaries and
the its consumption by tissue cells are basic in human physiology. Blockage or shortage of
blood in one or more capillaries due to thrombosis or systemic hypoperfusion could lead to
pathological conditions such as stroke. However, transient process of capillary-tissue oxy-
gen transport is poorly understood. The object of this thesis is to develop a mathematical
and computationally efficient model that estimates transient oxygen concentration in three
dimensional striated muscles (e.g. cardiac muscle), which is a four dimensional unsteady
convection-diffusion-consumption moving boundary problem. In particular, we aim to sim-
ulate the consequential stages of pathological conditions such as hyperoxia or hypoxia, by
determining oxygen concentration levels and its transport in order to better understand and
predict adverse health effects. Our computational method is based on a compartmental
modeling concept. It is simple, efficient and can be applied to boundaries of arbitrary shape.
In Chapter [I] the problem is introduced. In Chapter [2| the discrete compartmental modeling
is described. In Chapter [3| the discrete compartmental method is developed for 1D and 2D
problems. In Chapter [4] the method is extended to 3D problems and is used to simulate the

development and the recovery process of anoxia. In Chapter 5| theoretical analysis of the



method is given. Chapter [f] contains discussions, conclusion and possible future work.
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Chapter 1

Introduction

Our body constantly needs oxygen to stay alive. Oxygen were delivered and consumed
by tissue through blood flow inside the arteries. However, the arteries have thick vessel
walls almost impermeable to oxygen. The diffusion of oxygen (and nutrients) to tissue
actually occurs in the more permeable connecting capillaries. We are interested in the
possible unsteady change in oxygen concentration inside the capillary-tissue region.

Such a study is important because low oxygen delivery from the blood flow will result in
insufficient oxygen concentration for the muscle tissue. The cause of low oxygen could be due
to disease, low oxygen environment or excertion. In the muscle, low oxygen (hypoxia) may
cause soreness or pain. In the heart muscle, it may cause a heart attack and in the brain, a
stroke. Up to now, it is still difficult to measure the distribution of oxygen in a living body.
The theory or its variations remains constrained by a simple mathematical model developed
a century ago, with many deficiencies. The present research is to develop a more advanced
theoretical model.

Traditional mathematical modeling of biological processes is as follows. The problem is
described by partial differential equations which are then solved by numerical methods such
as the finite difference methods or finite element methods. For our problem, the modeling is

difficult because

1. The geometry is random and three dimensional due to natural dividing organism



2. The process is unsteady. This means time is an extra variable

3. The process involve diffusion - oxygen diffuses into the tissue area

4. The process also involve convection - oxygen is transported by blood flow in the cap-

illary

5. Consumption - the tissue will constantly consume the oxygen

6. Moving boundary problem - if certain regions is devoid of oxygen supply, the concen-

tration will have a moving boundary

Thus, it is a three-dimensional transient convection-diffusion-consumption moving boundary
problem. It would be a severe challenge to solve this problem with PDE or even numerical
method constructed from PDE.

This thesis presents a new method, names discrete compartmental method (DCM). The
region is divided into many small cubes, called compartments, each represents part of a
tissue or capillary based on their location. Based on their type, they are assigned of specific
difference equations, constructed directly from the physical laws, to update their value in
the next time step. By attaching the cubes together, we are able to simulate the oxygen
concentration change of the entire domain.

In addition, using a sliding element method (SEM) together with the time matching
method, the time derivative is naturally “eliminated” and the dimension of the problem was
reduced from 4D to 3D. Since the method is constructed based on the real biological process,

it provides accurate results.



1.1 Biological Background

The understanding of oxygen transport to tissue is basic and crucial in human physiology.
A sufficient supply of oxygen to the cells is critical to any form of energy production [52].
In mammals, oxygen is extracted from the atmospheric air in the lungs, and transported
by erythrocytes and dissolved in plasma through the circulation to the tissue. However,
actual oxygen supply from blood to tissue only occurs in the microcirculation, where oxygen

diffuses from capillaries into the tissue and is consumed there within the mitochondria.

1. Microcirculation

The microcirculation is the circulation of the blood in the smallest blood vessels, includ-
ing terminal arterioles, metarterioles, capillaries, and venules. Within organ tissues,
arterioles carry oxygenated blood to the capillaries, and blood flows out of the capillar-
ies through venules into veins [66]. In the microcirculation, substances such as oxygen
and nutrients are transported by flow convection [48]. During which process, the sub-
strate leaves the plasma, crosses the vessel wall, and diffuses into tissue. Within the
tissue, the substrate diffuses in a three dimensional region across many different his-
tological structures and fluid spaces. Eventually, the substrate reaches the metabolic

site in the cell and is consumed there [53].

2. Oxygen Transport in Striated Muscles

Capillaries are the smallest blood vessels connecting arterioles with venues and forming
networks through the human body. The size of capillaries are approximately 5-8 pum
in diameter [60]. There are approximately seven percent of the body’s blood is in

the capillaries which continuously exchange substances with the surrounding tissues,



named capillary exchange [66]. In striated muscles, capillaries are long and parallel
[38]. Glucose, amino acids, oxygen and other molecules exit capillaries by diffusion to
reach the tissues and is consumed there [66]. This process depends on the difference
of concentrate between the interstitial fluid and blood, with molecules moving in the

direction of declining concentration of that substrate in solution [35].

. Significant Problem: Hypoxia

Any form of energy production depends on a continuous supply of oxygen to the living
cells. Blockage of blood flow in capillaries due to thrombosis, embolism or trauma will
cause ischemia, leading to oxygen deficiency in tissue (hypoxia), which, if untreated,
leads to absence of oxygen (anoxia), and eventually tissue death (necrosis). According
to the recent result from the World Health Organization (WHO) [49], ischemic heart
disease such as Myocardial infraction (MI) or acute myocardial infarction (AMI), com-
monly known as a heart attack, due to insufficient blood flow at part of the heart
causing damage to the heart muscle have remained the top leading cause of death in

the world during the past decade.



Top 10 global causes of deaths, 2016
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Figure 1.1: Top 10 global causes of deaths, 2016.

Ischemic heart disease occurs when blood flow is insufficient in a part of the heart caus-
ing tissue death to the heart muscle. The most common symptom is chest pain, termed
angina pectoris, due to the sudden ischemia of the heart muscle. The discomfort may
quickly radiate into the shoulder, arm, back, neck, or jaw. Loss of consciousness or
sudden death also occurs in MIs. Under such circumstance, time is of crucial impor-
tance. Acetylsalicylic acid is an appropriate immediate treatment for a suspected MI;
however, it do not improve overall recovery. Thus, future research, especially theory
for the occurrence and properties of MI is sorely needed. This thesis attempts to an-
swer the following basic questions, which may help in the understanding, diagnosis and

subsequent treatment of MI.

1. What is the transient oxygen concentration distribution in tissue supplied by a

bunch of capillaries under both oxygen sufficient and insufficient conditions?

2. Where, when and how would hypoxia occur if one or more capillary were blocked?



3. Could the neighboring capillaries supply sufficient oxygen to the anoxic region?

How soon and how much?

1.2 Literature Review

Representing the microcirculation process using mathematical modeling, especially on de-
scribing the concentration and consumption of oxygen in muscles, has received a lot of
attention early in the beginning of 1910s and the precursor of this field is August Krogh[3§]
[39]. From observing the cross-section of striated muscle, he theorized that the rate of oxy-
gen transport was related to the number and arrangement of capillaries in tissue and to
the oxygen permeability of the capillary walls. Krogh’s work in the early stage was only
based on experimental and statistical results. However, his collaboration with mathemati-
cian Agner Erlang in 1919 opened the gate of mathematically modeling the microcirculation
[38]. They developed the first theoretical analysis of oxygen supply within muscle tissue,
which predicts the oxygen tension (partial pressure) distribution around a single capillary.
Krogh’s model assumed each capillary could be regarded as parallel to the muscle tissues
and supplying an independent concentric tissue region surrounding that capillary. He also
determined the average radius of such hypothetical tissue cylinder by counting the number of
capillaries in a certain cross-section area. With the assistance of the mathematician Erlang,
the mathematical description of such an ideal physical geometric arrangement, shown in Fig.
[1.2] predicting the oxygen tension along the tissue cylinder, was known as the Krogh-Erlang
equation

2
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Figure 1.2: (a) A single Krogh Tissue Cylinder. Estimation of PO within a circular cylinder
of tissue surrounding a capillary of radius R; r is the distance from the capillary center; Ry
denotes the cylinder radius where oxygen flux becomes zero. (b) POs at capillary declines
monotonically both around and within the fibre. (¢) Krogh’s view of circular tissue cylin-
der stacking, where tissue supply voids are inevitable. This arrangement is also known as
concurrent flow model.

where R; and R, are the tissue and capillary radii with R, < r < R, k is Krogh’s
oxygen (O9) diffusion coefficient in tissue, and M is a constant tissue demand for Os.
Other assumptions of the Krogh Tissue Cylinder model includes:

1. Tissue Oy consumption is constant and uniform.

2. Tissue partial pressure or O concentration (POs) at the capillary wall equals average
capillary PO».

3. Tissue O9 solubility and diffusivity are uniform.

4. Axial (or longitudinal) diffusion of Oy is not significant in comparison to radial diffu-
sion.

5. Micro-vascular O9 transport phenomena is steady.

6. All capillaries are parallel, unbranched, and equally spaced.

7. All capillaries receive equal convective Oy supply.

Based on Krogh'’s initial steady state model, A. V. Hill [30] derived unsteady state equa-

tions in 1928. G. Thews in 1950 [64] and F. W. J. Roughton in 1952 [56], developed steady



and unsteady state equations for Krogh tissue cylinder. In 1957, Seymour S. Kety [36] de-
veloped the first model including intra-capillary conditions. He proposed for the first time
that concentration of oxygen in capillaries should drop gradually from the arterial to the
venous side. Jackob Blum [6], in 1960, gives another innovative contribution by adding the
permeability of capillary wall and the metabolic rate in the tissue space to the Krogh tissue
cylinder. However, Blum did not considered bound substrate such as Oy in his work. His
result is not adaptive to oxygen but can be applied to diffusible substrate such as glucose.

The increasing availability of computers by the 1960s encouraged many investigators
started working not only on generalizing and completing the description of Krogh cylin-
der but also on developing new geometric models as well as exploring adaptive numerical
techniques. Gonzalez-Fernandez[26], Filtcher [16] [I7] and Reneau[55] in the period 1965 to
1975 studied the unsteady Krogh model. Reneau’s work in 1966[55] introduced the finite
difference equations to treat the nonlinear unsteady system for the first time. Salthe and
Wang [59] studied the change of oxygen concentration following a capillary occlusion using
the method of matched asymptotic expansions. More detailed presentations and discussions
of the Krogh cylinder can be found in Middleman [44] and Lightfoot [42] and the reviews of
Fletcher in 1977 [18] and Popel in 1989 [52].

Over more than half a century, the original framework build by Krogh, the Krogh tissue
cylinder, has always been the foundation of studying and modeling oxygen transport. How-
ever, the concept of a“lethal corner” (i.e. tissue area close to the cylinder boundry on the
venuous end) has been troublesome to many physiologists, since they are not able to isolate
and identify a particular capillary and its associated cylinder of tissue, and then make the
measurements in such tissue space. Although Silver [61], Whalen[70] and several others have

measured low values of oxygen tension in the tissues of small animals, yet no experimental



measurements could disprove or confirm the single tissue cylinder model.

For the purpose of determine if a single capillary model is valid for the predictions of the
oxygen distribution, several attempts to model large capillary networks were made in the
early 1970s. Hutten, Thews, and Vaupel [31] modeled considerably large capillary networks
with an electronic analog model and concluded that single capillary may supply larger or
smaller cross-sectional tissue area then that predicted from a single capillary model. Levit
[41], using the method of Johnson [34], considered diffusional and time dependent interaction
of adjacent capillaries. He argues that capillaries interactions are potentially important in
determining the true venous outflow.

Most of the early modeling were based on Krogh’s finding and assumed that the mi-
crocirculation was a passive network where blood is supplied by tube to a nonintereacting
volume of tissue. However, experimental works in the late 1970s challenged this traditional
view. It was observed that the microcirculatory environment is a much more complex locally
regulated intereacting system. Goresky and Goldsmith [27] suggests that diffusional bypass
may happen in cardiac muscle due to the diffusional interaction between adjacent groups
of capillaries. Moreover, Goresky’s study and those of Fable [15], Weiss [69] and others
observed that in cardiac muscle, the blood flow and metabolic function are synchronized
with the contractile cycle. Hence, both spatial and temporal relationships must be consid-
ered for any model attempting to describe substrate supply in cardiac muscle. For skeletal
muscle, Groom, Plyley and their associates [51] found that a capillary unites with branches
from an adjoining parallel network rather than rejoin its generating branch. This group’s
observation once again reveals the importance of capillary interaction to the determination
of venous outflow. As a result, most assumptions for the Krogh model fails to be true and

new adaptive models and numerical methods once again became necessary.



With the development of modern technology, several physiology observations have became
definite facts and widely accepted. They are mainly about the heterogeneity of microvascu-
lature, such as 1) capillaries, even those in the skeletal muscle, are not uniformly distributed,
2) the size of capillaries are not quite the same, 3) the Oy capacity of each capillary is differ-
ent, and 4) stronger O9 capillary capacity not only support adjacent area but compensates
neighboring regions. With these new understandings on microvessel’s heterogeneity, many of
the previous assumptions made on developing mathematical model of blood-tissue exchange
may not be applicable.

Considering the uneven capillary distribution and diffusional strength, Wang [68], in 1999,
devised a method to compute the oxygen density supplied by capillaries in a simply connected
circular region and a analytic solution is given. Wang defined the tissue region serviced by
a certain capillary to be the capillary supply region. The analytical result shows that, the
shapes of the supply region depend on both the location and the relative diffusion strength of
the capillaries(Fig. . Wang argues that a partial blockage of a certain capillary may not
cause anoxia near the blockage, but the neighboring capillaries may compensate by shifting

capillary supply regions.
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Figure 1.3: (a) Oxygen concentration curves of seven unevenly distributed capillaries of
unequal strength over a circular tissue region. Total flux given equals to total area of the
circular region times the tissue oxygen consumption rate. At the point on upper right
boundary, the concentration is zero. (b) The corresponding capillary supply regions.

Following Wang’s work, Go [1] [20] obtained the unsteady solution of oxygen distribution
in circular region. However, he considered negative solutions as the hypoxia region which is
far from accurate for the real case. Sun [62] extended Wang’s method to rectangular shaped
capillary-tissue regions. Again, his results would apply only to steady state situations.

On the order hand, in 1972, Crank and Gupta [12] [I1] first discussed one dimensional
moving boundary problem describing the oxygen diffusion and consumption phenomenon in
the body tissue. In Crank and Gupta’s first paper [12], an explicit finite difference method
is used with Lagrange formula interpolation near the moving boundary. In their second
paper [I1], Forward Difference Spline (F.D.S.) Method and Forward Difference Polynomial
(F.D.P.) Method are used to shift the mesh at each step to reduce the irregularities when

crossing a mesh point.
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Two years later, Hansen and Hougaard [29] derived an integral equation for the position
of the moving boundary and an integral formula for the concentration. The concentration is
estimated asymptotically for small times and calculated numerically for later times. Berger,
Ciment and Rogers [5] considered an equivalent problem as a non-linear equation on the fixed
interval [0, 1] and solved it numerically using finite difference method where the negative
part of the solution is set equal to zero before each step. However, their result has very
low accuracy even with small mesh spacing due to modifying the original problem. Miller,
Morton and Baines [45] used finite difference in time and finite element with adaptive mesh
in space. In the begining of 1980s, Gupta and Kumar [28] considered numerical integration.
Dahmardah & Mayers [13] obtained more accurate results by expanded the solution in a
Fourier series.

Mitchell [46] applied integral method together with a novel transformation to remove the
non-uniform initial profile. Mitchell & Vynnycky [47] connected the Keller box scheme with
the boundary immobilization method and focused on finding the oxygen depletion time in
2015. More detailed discussions about the moving boundary problem can be found in Crank
[10] [9] and Zerroukat [73].

Until recently, it has been admitted that capillaries are not evenly distributed but spa-
tially heterogeneous and the O9 capacities of each capillary are not identical but vary among
different adjacent cells [14]. Moreover, it is also recently being discovered that local capil-
lary capacity in muscle is primarily determined by muscle fiber type and fiber size [§]. For
transient problems, such as abnormal perfusion with more than one capillary, the problem
has not been studied at all. The difficulty is mainly due to the fact that the boundary of
the ischemic area is no longer stationary. For example, assume there is a blockage of one

capillary among many, the ischemic area may be decreasing over time by an increase in flux
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from the neighboring cells. In addition, unevenly and randomly distributed capillaries lead
to restrictions on model construction which result in large amount of computation time. In
addition, Whiteley et al. [71] recently examined the significance of axial diffusion in both
the capillary and the tissue on a single capillary model. Using dimensional analysis and nu-
merical methods, they found that axial diffusion in the capillary is negligible except within
a small boundary layer at the inflow region of the order of the capillary radius. However,
the effect of axial diffusion within the tissue was found to be small but significant.

Taking advantage of the increasing computing capability, more and more numerical meth-
ods are investigated to the study of oxygen transport in the micro-circulation. Goldman and
Popel [21] calculated the steady-state blood flow and time-dependent oxygen transport in a
three-dimensional capillary network using a finite difference based method. Using a slightly
modified method, Goldman [22] simulated the capillary network oxygen transport during
ischemia by comparing the result at different steady-states. Using the modified model, Gold-
man et al. [25] studied the role of heterogeneous capillary spacing and blood flow. Fraser
et al. [19] compared the generated parallel capillary arrays with three-dimensional recon-
structed capillary networks in modeling oxygen transport. Sun et al. [63] calculated the 2D
steady-state solution of multi-capillaries with uneven location and strength in rectangular
capillary-tissue beds.

Compartmantal method is a classic and commonly used mathematical analysis method on
studying biological processes. Compartments in physiology are composed of sets of intercon-
nected mixing chambers. Each component of the system being considered as homogeneous
instantly mixed, with uniform concentration. A comprehensive introduction of the compart-
mental method can be found in Jacquez [32]. More recent applications and computational

extensions of it can be found in Bassingthwaighte et al. [2].
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The sliding (fluid) element method is a not so wellknown method which address the
convection. It was first proposed in Bassingthwaighte et al. [3] for the computation of a 2-
barrier, 3-region convection-permeation-diffusion models for blood-tissue exchange problem.
The central idea of the sliding element algorithm is to set the time step equal to the length
step divided by the fluid velocity. This computationally efficient method for convection has

never been extended to a three dimensional model.

1.3 Objectives and Plan of the Current Research

After a century of study, many important questions regarding the transient process of oxygen
concentration distribution in tissue remain open today. The mathematical modelling of the
capillary supply to tissue generates a complex system of coupled mathematical expressions. A
finely detailed geometry of capillary networks requires considerations of both physiologically
interactive spatial effects and computationally attainable algorithm, since it is clear that
interacting microcirculatory regions do not maintain a completely static condition. For
striated muscle system, a mathematical model describing oxygen distribution from a resting
state to a state of maximum activity and maintain functional state under hypoxic conditions
for long periods of time is needed. A computational model which can reflect the adaptive
process of capillary recruitment, increasing and decreasing blood flow, and metabolic activity
would be a significant advance in the state of the art in modeling microcirculation.

The general object of this thesis is to develop a three dimensional mathematical model
with possible extensions and computational efficiency, in order to provide a mathematical
explanation for the transient state of tissue oxygen distribution. In particular, to provide

a new research tool for the study of oxygen transport in striated muscles, the process and
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degree of tissue hypoxia and, in particular, the forming process and location of an anoxia in
cardiac and skeletal muscles. This new method greatly improves the current frameworks on

both mathematical and physiological applications. Major innovations include:

1. diffusion-consumption problem with moving boundaries,

2. diffusion-consumption problem with multiple unevenly distributed sources and different

strength,

3. three dimensional space diffusion-consumption-convection problem modeling.

4. transient state solutions

In general, the new model is able to solve a three space dimensional, transient, mov-
ing boundary, convection-diffusion-consumption problem with multiple unevenly distributed
sources of different strength. With this new model, certain significant physiological phenom-
ena can be further studied, such as the approximation of local anoxia area caused by sudden

blockage of one or more capillaries and the time for full recovery.
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Chapter 2

Discrete Compartment Method

(DCM)

In this section we develop the discrete compartment model for the transient diffusion-
consumption-convection problem. First, we define the general problem of unsteady oxygen
exchange problem in multiple capillary domain and discuss the assumptions. Second, we de-
fine the discrete compartment method (DCM), give definitions to the basic terms, introduce
the graphic representation and discuss the basic compartmental difference equations. Lastly,
we will discuss the differences of the present model with other models and give a visual
explanation for demonstrating the essence of the discrete compartmental model. Important
material on numerical accuracy will be discussed in detail later in Chapter [5

The governing difference equations of discrete compartment methods are similar but
different to those of finite difference methods, and the graphic representation of a discrete
compartmental method are similar but different to those of finite volume methods. However,
the greatest difference is that the discrete compartmental methods are derived from the
basis of physical laws such as Fick’s diffusion law, a starting point that turns out to have
many advantages. Moreover, the discrete compartmental method can easily handle time-
dependent boundary conditions. At the same time, it is computationally efficient even for

four dimensional problems. More advantages and differences to other numerical methods
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and mathematical models will be discussed in the last section of this chapter.

2.1 Idea of the Model

Consider the whole tissue space partitioned into finite number of contiguous tissue bins.
For sufficient oxygen supply, each bin would consume one normalized unit of oxygen per
normalized unit of time, and some of the bins are designated as capillaries which can deliver
an amount of oxygen per unit of time. If oxygen supply is less than the minimum required,
the bin is labeled hypoxic and available oxygen is consumed. On the other hand, by Fick
diffusion law through a material, oxygen would diffuse from bins with a higher concentration
into adjacent bins with a lower concentration. Under steady state, the oxygen content in
each bin is assumed to be well mixed. Therefore, the whole system is a network of physical
compartments. The resulting equations are similar to the discretized diffusion-consumption
equations but are formulated from completely different principles. In the axial direction of
the capillary, the key strategy in the approach to convection is to use a sliding fluid element
algorithm, with the time step set equal to the length step divided by the fluid velocity. By
matching the time and space steps, the capillary oxygen content flow down the capillary
vessel one segment at a time and movement of single or a bunch of capillaries may stop in
the case of capillary blockage. This not so well-known method, which address the convection,
works perfectly with the compartmental method but has never been applied to a discrete
model. A concrete introduction to the construction and application of the sliding element

method on the discrete compartmental method (DCM) can be found in section [3.3]
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2.2 Multi-capillary Oxygen Transport in Striated

Muscle

2.2.1 The General Problem

Consider a 3D rectangular parallelopiped of tissue that has width W', height H’, and length
L', where the length is parallel to the z-axis (direction of blood flow), the width is parallel
to the x-axis and the height is parallel to the y-axis. The origin of the Cartesian coordinates
is at the center of the rectangular cross-section on the arterial (infusion) end. Consider n
parallel capillaries of same length L’ and radius R, located randomly along the center line.
Blood enters the capillaries at the arterial end with velocity Ul/)' As oxygen is convected
through the capillary, it diffuses into the surrounding tissue both radially and axially under
a constant diffusivity D’ and is consumed in the tissue at a constant rate s’ per volume of
tissue. The oxygen concentration in either blood or tissue is C’ which is non-negative due
to the physical fact that substrate concentration cannot be negative.

Normalize all length by the square root of the cross section area VW’ H', concentration
by that on the arterial end C}, time by W/H’/D’ and drop all primes. In terms of normalized
parameters, the problem can be stated as: there are n parallel capillaries of same length
L and radius R, located heterogeneously along the center line of a tissue box that has
width W, height H, and length L. Where R, = RLINW/H', W = W//VW'H!, H =
H'/VYW'H', and L = L'/~YW'H'. Blood enters the capillaries at the arterial end with
velocity v, = véx/m /D’. While oxygen is convecting through the capillary, it diffuses
into the surrounding tissue both radially and axially with unit constant diffusivity and is

consumed there at a constant rate k = 'W’'H'/C,D’. The oxygen concentration in either
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blood or tissue is C = C’/C, which is always non-negative. We assume that oxygen has

unlimited permeability through the thin capillary membrane.

2.2.2 Assumptions

1. The system is linear. Blood flow is constant. Both transfer and consumption
coefficients are not concentration-dependent. Capillaries are long and parallel, such
as those in the skeletal muscle or heart muscle. Moreover, the diffusivity of oxygen is
isotropic(axially uniform) in tissue and the permeability of the capillary endothelium

to the oxygen molecules is unlimited.

2. Only convection occurs in the capillary, i.e. oxygen is radially well-mixed in the
capillary. Radial diffusion is infinitely fast inside the capillary so the radial concentra-
tion gradients are zero in the capillary. The radial diffusion relocation times for small
solutes in capillaries is very short compare to capillary transit times and so negligible

due to order of magnitude.

3. The outer domain boundary is reflecting. We considered a local tissue region. We
assume similar diffusion also occurs inside of a similar neighboring domain. We assume
the adjacent tissue regions have exactly the same reflected distribution of capillaries and
identical (reflected) tissue oxygen concentration. This results in zero oxygen exchange
between neighboring regions and no net oxygen flux across the boundary. It allow us

to patch many solutions together and simulate much larger tissue regions.
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2.3 Discrete Compartmental Systems

A discrete compartmental system is a system which is represented by finite number of in-
terconnected microscopic subsystems of specific size in order, called discrete compartments,
each of which is homogeneous and well-mixed. Each compartment interact with adjacent
neighbors by exchanging material(mass), and for all such transfers between compartments
and, to and from the environment on the boundary, the mass conservation condition holds.
The system equations are difference equations, and the system can be used to approximate
continuous systems described by partial differential equations. There is no specific compart-
mental mental system which is optimal for a continuous system, as it is in the traditional
compartmental methods, but the approximation converges as the number of compartments
is increased as the system is refined.

The discrete compartmental method (DCM) sounds similar to the finite volume method
(FVM) [40] [65] as they both construct algebraic equations based on the flux change over
the small volume surrounding each node point on a mesh. However, they are essentially two
distinct methods and has each of its own advantages. FVM is a method for representing and
evaluating partial differential equations in the form of algebraic equations, but DCM is a
method for analyzing and simulating biological processes in the form of algebraic equations
derived directly from physical laws. In FVM, fluxes at the surfaces of each finite volume are
converted from volume integrals in a partial differential equation that contain a divergence
term, using the divergence theorem, but in DCM, the fluxes are derived from the Fick’s
diffusion law. This intrinsic difference makes DCM a more flexible method and can be applied
to simulate more complicated biological processes. Due to the difference on the construction

method, another remarkable difference between the two methods are for FVM each non-
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overlapping volume can be of arbitrary size and shape, but for DCM each compartment

mush have the same size and shape.

2.3.1 Basic Terms and Definitions

A number of terms are used frequently in discrete compartmental analysis and in its appli-
cation to the oxygen exchange problem in capillary beds. Variation of these terms in usage
in different literature may cause confusion and overlap in the meaning of some of the terms.
Here we define the commonly used terms more rigorously and will adhere to these definitions

in the remainder of this thesis.

(a) Discrete Compartment and Compartmentalization

A discrete compartment is a small physiological space or physical volume which con-
tains an amount of a material that acts kinetically like a distinct, homogeneous, well-
mixed material. It is to be distinguished from a classical compartment which does not
have a specific size and connectivity [33]. For example, the amount of oxygen in the
whole plasma space of the body could be a compartment in the classical compartmen-
tal system, while the amount of oxygen in a specific small volume of the capillary or

tissue space is a continuous compartment in the discrete compartment system.

Subdividing the spatial domain into homogeneous intervals in one spatial dimension,
homogeneous areas in two spatial dimension, and homogeneous volumes in three spatial
dimension, and represent each of them using discrete compartments is called compart-
mentalization. The shape of discrete compartments can only be triangular, rectangular
or hexagon. Each compartment only interact with adjacent compartments by exchang-

ing mass under a given transfer(diffusion) coefficient, and each compartment may or
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may not consume a certain amount of mass under a given consumption coefficient. In

each time step we update the values in each compartment by balancing the mass.

Cube Compartment

A cube compartment is a discrete compartment of cubic shape, which means it is three-
dimensional, bounded buy six square faces and has 12 edges and 8 vertices. Size of a
cube compartment is determined by length of each sub-interval in one space dimension,
area of each small square in two space dimension and it is exactly the volume of the

cubic sub-space in three dimensional domain.

Cube compartments are utilized here for the following reasons: 1. it could seamlessly
cover any problem domain(tissue region) without overlapping each other; 2. it is easy
to construct and set up the difference equations of mass transfer between adjacent
compartments under the Cartesian coordinate system; 3. it is computational efficient,

especially in the three dimensional transient problems.

Discrete Compartmental Space

A discrete compartmental space is a three dimensional space(preferably the smallest)
formed by discrete compartments that covers the entire problem domain. For example,
a 4 by 4 cube space formed by 16 small unit cube compartments is a continuous
compartmental space for a sphere of radius 2. It is worth to notice that in any of
the three space dimensions that make real sense, continuous compartments are in
the form of three-dimensional compartments with volume. In general, a 1D continuous
compartmental space looks like a cylinder, a 2D continuous compartmental space looks

like a slice, and a 3D continuous compartmental space looks like a block.
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(d)

Active Compartment and Inactive Compartment

There are two general types of compartments in a continuous compartmental space:
active compartment and inactive compartment. An active compartment is a com-
partment whose center is inside the problem domain. An inactive compartment is a
compartment whose center is outside the problem domain. Notice that, the concept
“center” is referring to the midpoint of a line segment in 1D space and the center of
a square area in 2D space and the centroid is a 3D space. Inactive compartments are
“chost” compartments, they do not participate in any computation. The reason for
accepting inactive compartments is for the convenience of programming, since in the

reality computer data are stored in matrices but the problem domain may be irregular.

Adjacent Neighbor and Contiguous Neighbor

Compartment B is called an adjacent neighbor of compartment A, if B has a common
surface with A. Compartment C is called an contiguous neighbor of compartment A,
if C has a common edge or common vertex with A. Each compartment has at most 2
adjacent neighbors, 0 contiguous neighbors in 1D space, at most 4 adjacent neighbors,
4 contiguous neighbors in 2D space, and at most 6 adjacent neighbors, 20 contiguous
neighbors in 3D space. (Although a compartment only interacts with its adjacent
neighbors, contiguous neighbors may appear in the equation to satisfy some mass

conservation condition on the boundary.)

Interior Compartment and Boundary Compartment

Active compartments can be further classified into two types: interior compartment
and boundary compartment. An interior compartment is an active compartment whose

adjacent neighbors are all active compartments. A boundary compartment is an active
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compartment whose has one or more adjacent neighbors that are inactive compart-

ments.

Discrete Compartmental Domain and Domain Boundary

The set of all active compartments is called the discrete compartmental domain; it is
a subset of the discrete compartmental space. The set of all boundary compartments
is called the discrete compartmental domain boundary; it is a subset of the continuous

compartmental domain.

Tissue Compartment and Capillary Compartment

Interior compartments can be eventually divide into two types: source(capillary) com-
partments and consuming(tissue) compartments, based on the position of their center
in the problem domain. For simplicity, we avoid putting a source on the boundary or
even too close to the boundary. Therefore, every boundary compartment is a consum-

ing compartment.

Type of Boundary Compartments

Boundary compartment can be eventually divide into different types based on the
attendance of there active neighbors. Specific methods for classification and list of

boundary types will be discussed for each individual problem.

The Moving Boundary

During a transient process, oxygen deficient regions (transient zero oxygen concen-
tration regions) may appear and their location is unknown apriori. In such a case a

moving boundary exists. Let O; denote the ith anoxia tissue region which appeared in
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the domain and “s” the total number of appeared oxygen-deficient regions, then

o=]Jo;, (2.1)

is the union of oxygen-deficient regions. Thus, 0O is the collection of transient moving

boundaries at the n'” time step.

The Sliding Period

A sliding period is the duration of time for elements inside the source compartments
to renew once or move one grid forward once. Its size is determined by the space step
size and the velocity of element convection of the source capillary.

Notation of Operators

For simplicity, we define the following operators in one, two and three dimensional

space respectively:

. n __ n n
an : anUZ = ui*l + U,L'+1
n __ n n n n
Dbty j = Ui_q j Uy 5+ U5 T U

n _.n n n n n n
(2.2)

2.3.2 Graphic Representation

A map is a schematic plan of the continuous compartmental space which stores a label for

each compartment indicating there type and any other additional information. Each label

corresponds to a specific difference equation which should be applied to the corresponding

compartment during the computation. The first part of a compartment label is two capital
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letters indicating the general type of the compartment. For example, for the problem of
oxygen exchange in capillary beds, we have the following leading letters each corresponding

to a basic compartment type:

“ CC '’ - Capillary Compartment

“ TC ’ - Tissue Compartment

“ BC ’ - Boundary Compartment

“1C 7 - Inactive Compartment

Another part of the label are numbers distinguishing a fine sorted type or other informa-
tion that indicating a compartment to be treated specifically during the computation. For
example, an interior tissue compartment can be simply marked as "TC” and an inactive
compartment can be simply marked as "IC” since there is no need to further distinguish-
ing them. However, two capillary compartments with different strength may be marked as
7CC001” and "CC002” to specify the coefficients being used during the calculation. Like-
wise, boundary compartments can be marked as "BC032” or "BC411” where the number
indicates different boundary types.

The Map itself is stored in an individual matrix which has the same dimension as the
continuous compartmental space it serves. In each time step we check the labels in Map
one by one, and use the paired difference equation to update the value of the corresponding
compartment. This process seem to be repetitive and redundant but actually has great
advantage on the transient multi-capillary and tissue exchange problem. Consider the case
where the blood flows inside one or more capillaries are suddenly decreased by different

amounts due to a small artery occlusion, or the case where a block of tissue’s consumption
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rate is suddenly increased due to exercise. In both of these cases we will need to make several
adjustments to the coefficients for a specific part of the domain and keep the rest unchanged.
A model which could easily process diverse time-dependent conditions is desired. The label
of a compartment on the Map can be changed at any time step to satisfy time-dependent
conditions. For example, if a capillary is closed (e.g. capillary blockage), we just need to
rewrite its label on the Map to a proper label which corresponds to zero blood velocity. If
the same capillary become open again later, the label is reestablished. If there is a change in
the tissue consumption over part of the domain due to cell hypertrophy, a new tissue label

is created, say "TC123”, corresponding to an appropriate difference equation.

2.4 Application of the DCM

The computation of discrete compartmental method (DCM) is based on difference equations
derived directly from physical laws. Detailed formulation will be discussed at the beginning
of each individual problems in the following chapters. Here we use a 1D transient problem
to introduce the computational method of discrete compartmental modeling.

Example: 1D problem modeling

Consider a one dimensional tissue region of length L = 1 where a capillary of radius
Re( Re < L) is located at the center of the x-y plane in the tissue region. The normalized
diffusion coefficient D is 1, the consumption coefficient is x, the oxygen concentration in the
capillary is C, and the blood velocity is vy,

To apply the DCM, first determine the space step based on the size of the capillary.
The position of capillary boundary is of crucial importance to the accuracy of the method.

Thus the spacial step size is determined according to the cross-section area of the capillary.
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In a one dimensional problem, choice of Az should be either equals to the diameter of the
capillary, or there should exist a positive integer whose product with the space step equals

the capillary diameter. Let 2" be the set of valid choices of Az, then
X ={Az|3acZ" st alz=2R.} (2.3)

i.e.

2
Az = 2R., R, ?C, (2.4)

Determination of Az for two and three dimensional problems will be discussed later at the
beginning of each individual problems.

For the time step size, if convection inside the capillary is not considered, then At could
be any small number provided the method converges and stable; if the convection is taken
into account, then a sliding element method is used to deal with the transient convection-
diffusion-consumption process and At is determined by the sliding period. The fundamental
requirement of the sliding element method is to match the space and time step so that the
diffusion-consumption process takes exactly the same amount of time as the materials in
the capillary compartments slide one complete grid forward. Let p be the sliding period
for materials in the capillary compartment slid exactly one grid downstream into the next
compartment, which means blood flow should travel a distance of Ax in the velocity of vy

during each p. Hence, the sliding period is determined by

Ax
p = —, (2.5)

Ub
which further determines the time step size At. If the stability condition is not satisfied, one
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should choose to use the quotient of p with a positive integer, say b. Let 7 be the set of

valid choices of At, then
T ={At|3beZ" st. bAt=p} (2.6)

1.e.

By doing so, the diffusion-consumption is perfumed b times every time before one slid in the
capillary. We call b the sliding frequency.

The oxygen concentration in the next time step of each compartment is determined by
difference equations derived from Ficks’ diffusion law and balance of mass. For example,
oxygen concentration in the next time step of a tissue compartment in the 1D problem is
given by

(Ar)?
Notice how the maximum function guarantees that the oxygen concentration will never
became negative, which means over each time step, a tissue compartment will either consume
At - k amount of oxygen or whatever is available. (Details about the formulation will be
given at the beginning of each individual problem.)

Instead of considering a Dirichlet boundary condition on the capillary wall, capillary
blood flow is part of the problem and oxygen concentration inside each capillary is computed
simultaneously with tissue oxygen concentration. This could be a great challenge using other
numerical methods but naturally possible in DCM. The advantages of doing so includes: 1.

it provides an out flow at the end of each time step, 2. it could apply to possible cessation
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of oxygen supply.

Consider when one of the source capillary is blocked. In such case, oxygen will continue
diffuse out from that capillary due to the difference of the partial pressures. The oxygen
concentration inside the capillary well gradually decrease. As the oxygen pressure gradient
gets smaller and the out flow of the oxygen will slow down. When the pressure difference
becomes zero this capillary no longer supply oxygen to the surrounding tissue. Assume there
is a well oxygenated capillary nearby, then the oxygen will gradually flow to regions with low
partial pressure. With the help of nearby normal capillaries, tissue cells next to the blocked
capillary may still be alive. Such complicated and physiological process can be simulated
easily using the discrete compartmental model.

Oxygen concentration of a capillary compartment at the end of the present time step

(denoted by a subscript “+7) is given by

At
nt _
Oi = Czn + w [EanZz — QCZn] . (29)

Notice the difference of the above equation with Eq. is the absence of a consumption
term, and a maximum function is not needed since its magnitude will be positive. If the
capillary occupies more than one compartment, i.e. Az < R., then an average of the
capillary’s encompassing compartments will be needed to compute the oxygen concentration.
Capillary oxygen concentration will then be updated after each exchange. At the beginning

of the next step (denoted by a subscript “—")
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Necessary Components for Stability

In the next few chapters we will gradually construct the governing continuous compartmen-
tal differential equation for capillary-tissue oxygen exchange problem from one dimensional
transient problems to three dimensional transient problems. One essential requirement is
that the resulting method should be convergent and stable. The essential condition that
must be satisfied while applying the continuous compartment method is:

for an d-dimensional transient problem, we require

< — (2.11)

in the compartmental difference equations. Theoretical proof is given in Chapter [5]

2.5 Discussion and Comparison with Previous Models

Two most commonly used methods on studying oxygen transportation problem in human
muscle tissue are the methods based on the Krogh cylinder model and the finite difference
method. They both have several drawbacks on solving the oxygen delivery problem which
can be handled easily by the discrete compartmental method.

A major shortcoming of the Krogh cylinder model and its extensions is the ignorance
of the concurrent flows from neighboring capillaries, which results in unrealistic phenomena
when applying to tissue beds with multiple capillaries. For a stack of Krogh cyliners, blockage
of one capillary will only affect oxygen concentration in that single cylinder, but in reality, as
the concentration of a local area starts decreasing, oxygen will flow in from neighboring tissue

cylinders driven by the partial pressure difference, which results in the cylinder boundary
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shifting towards the blocked capillary and the cylinder shape will no longer be maintained.
In addition, Krogh cylinder model assumes that capillaries are evenly distributed, which is
not true in reality.

Due to the development of computer technology and advance in computational speed,
numerical methods such as finite difference method has been more and more commonly used
as a tool to solve problems that can be described by partial differential equations. However,
for complicated biological processes, both the pde system and the numerical equations are
difficult to construct. For example, our oxygen transport problem is a three-dimensional
transient convection-diffusion-consumption moving boundary problem. Movement of the
oxygen is governed by different partial differential equations in different parts of the domain.
In addition, location of the moving boundary is unknown. Hence, it is difficult to set up the
boundary condition for pde equations.

The present discrete compartmental modeling is designed for solving transient convection-
diffusion-consumption problems arising from the capillary-tissue oxygen exchange problem.
It has many intrinsic advantages comparing with existing methods. First of all, the resulting
difference equations are derived directly from Fick’s law of diffusion, which makes it easy to
construct and extend to three dimensional problems with practical significance. For example,
it could deal with unevenly distributed capillaries, the occurrence of ischemic regions and
their moving boundaries easily. Second, it is easy to manipulate the time dependent bound-
ary conditions, which are essential for the physiological problem since the consequences of
increasing and decreasing blood flow and tissue consumption rate are of great importance.
Third, it is easy to deal with sources(capillaries) of uneven strengths and locations. More-
over, the difference equation system is similar to that of the finite difference method and

thus easy to compute using modern computer technology.
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Algorithm Analogy

Imagine a row of sensible kids, each stands one foot away from another. A teacher with
a bag of candy is standing on one end of the row. In the beginning, each kid has 0 candy in
his hand, and the teacher hold 10 candies in her hand. Afterwards, for each minute, each kid
compare the number of candies he has with each one of his two neighbors and exchanges x
candies, where x is the integer difference of number of candies in their hand times 0.4. The
teacher and the kid standing on other end will have only one neighbor. After exchanging
candies, each kid eats 1 candy if he has some or 0 candy if he has nothing. If a kid has
a fraction of one candy he will eat all he has. The teacher does not eat any candy. This
completes one round. At the beginning of each round, the teacher always holds 10 candies
in his hand.

Therefore in the first round, the first kid gets 4 candies ((10 — 0) x 0.4) from the teacher
and 0 candy ((0—0) x 0.4) from the kid on the right, and eats 1 candy; every other kid gets
0 candy and eat 0 candy. At the end of the first round, the teacher has 6 candies (10 —4) in
his hand, the first kid on the left has 3 candies in his hand, and the rest kids have 0 candies
in their hands. At the beginning of the second round, the teacher holds 10 candies in his
hand again, the first kid on the left has 3 candies (0 + 4 — 1) in his hand, and the rest kids
have 0 candies in their hand. During the second round, the first kid on the left gets 2.8
candies ((10 —3) x 0.4) from the teacher and gives the second kid 1.6 candies ((0 —4) x 0.4);
the second kid on the left gets 1.6 candies from his left neighbor and exchange 0 candy
((0—0) x 0.4) with his right neighbor; the rest kids get 0 candy from their neighbor. In the
second round, each of the first two kids on the left eats a candy and each of the rest kids
eats 0 candy. At the end of the second round, the teacher has 7.2 candies (10 — 2.8) in his

hand, the first kid from the left has 3.2 candies (3+2.8 — 1.6 — 1) in his hand, and the second
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kid from the left has 0.6 candy (1.6 — 1) in his hand, and the rest kids has 0 candies in their
hands. The first round starts at time zero and finishes at the end of the first minute. The
second round starts at the beginning of the second minute and finishes at the end of it.

Notice how balance of mass is hold in the first two rounds. At the end of the second
round, there are totally 3.8 candies (3.2+0.6) left in kids hand. During the first two rounds,
3 candies (1+2) were eaten by the kids. The sum of them is equivalent to the number of
candies that the teacher gives out in the first two rounds, which is 6.8 candies (4+2.8). In
other words, the mass of candies that is being send out by the teacher is conserved with the
mass of candies eaten by the kids plus the mass of candies that left in the kids hands.

There can be more than one teacher, teachers can stand anywhere in the middle of the
line(but they may not stand together), and different teacher can hold different number of
candies in there hand at the beginning of each round. For example, consider a teacher stands
in the middle of the line. The kid on his left has 5 candies, the kid on his right has 9 candies
at the end of the previous step and this teacher hold 12 candies in his hand every time.
Then, in the next step, this teacher will give the kid on his left 2.8 candies((12 — 5) x 0.4)
and the kid on his right 1.2 candies((12 — 9) x 0.4). This teacher has 8 candies(12-2.8-1.2)
left in his hand at the end of this round, but he will take some from the candy bag and has
12 candies again in his hand at the beginning of the next round.

In the candy game, the teacher and kids plays the role of compartments, where the teacher
is a capillary compartment or source compartment that delivers the candy(material) and
each kid is a tissue compartment that consumes the candy(material). The uniform distance
between each two of them, 1 feet, is the space step, and the consistent time duration of each
round, 1 minute, is the time step. The ratio 0.4 multiplied to the candy(mass) difference is

the transfer(diffusion) coefficient, and the number of candies that a kid eats in each round
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is the consumption coefficient. The number of candies left in each kid’s hand at the end of
each round is the updated (concentration) value of that compartment after each time step.

Notice that, if a kid is standing next to the teacher, then he will always have some candy
to eat and he will have more candies than others have who are further to the teacher; if
a kid is standing very far away from the teacher, then he will gets less candy or perhaps
even no candy at all. Due to the consumption, there is a boundary of the diffusion. For
example, if there is only one teacher standing on the left end and holding only 10 candies
at the beginning of each round, then some kid on the right and every kid on his right may
never get a candy. If a kid do not have any candy to eat over a very long time, he may starve

to death just like tissue cells in human body dying from lack of oxygen.
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Chapter 3

Unsteady

Diffusion-Consumption-Convection

In this chapter we apply the discrete compartmental method to one and two dimensional
unsteady diffusion-consumption problems. The Crank-Gupta problem[I2] is used as a test
case to check the accuracy. The example of multiple capillaries in one dimensional regions
gives an idea of how the model deals with time-dependent boundary conditions. Then we
extend the method to two dimensional space and explore the unsteady state of the capillary
supply region, which attracted much attention in the past but only the steady state solutions
have been obtained[68]. Lastly we consider the problem in a circular domain and discuss the

treatment of boundary condition on irregular boundaries.

3.1 One Dimensional Unsteady Diffusion-Consumption

In general, the problem of one dimensional unsteady diffusion and consumption describing
the oxygen transfer from capillary to tissue after normalization can be stated as follows.
Consider M capillaries with the same radius R.. but with different blood oxygen concentration
C!,, where m = 1,2, ..., M, located irregularly in a bounded region Q' = [0, W’]. The domain
of each capillary is

, ={2' 12" € @ and |2’ — 2'm| < R},
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where ], is the center of each capillary. Therefore, the total capillary domain is

M
o=,
m=1
and the absorbing tissue domain is
Qp ='\ QL.

Driven by the passive diffusion due to the partial pressure difference, oxygen molecules
permeate out from each capillary, and diffuse into the surrounding tissue at rate D’ and
were consumed there at a rate of . The oxygen concentration in the tissue area can be
described as a non-negative function of space and time C’(z,t'), i.e. C'(2/,¢') > 0 for all 2/
and ¢'. Thus, the governing equation to this one dimensional diffusion-consumption problem
1s

ac«l 820/
a7 =P = e ' efo,00). (3.1)

with associated zero flux boundary conditions

0,8y =C,(W't') = 0. (3.2)

Inside each capillary and on the capillary wall the concentration is C/,,, differing in capillary
strength

c'(' ) =, e, te0,00), m=1,..,M. (3.3)

Normalize all lengths by W', time by W2 /D’ and concentration by the average of that
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on the arterial end C/and drop primes. In terms of normalized parameters the equations are

oCc  9%C

E—W—li, l’GQt, tG[0,00) (34)
C(z,t) = Cp, r € Qnp, tel0,00),m=1,--- M (3.5)
C(0,1) = Cy(1,) = 0. (3.6)

where & = &'W'2/C! D'
If oxygen deficient occurs, the flux and the concentration value equals zero on the moving

boundaries 90"
oC

52|, = Clocoon (37)

Oxygen deficit region and its moving boundaries are defined in section [2.3.1]

3.1.1 Formulation

Instead of approaching from partial differential equations, the discrete compartmental system
is constructed directly from the physical problem. Consider a one dimensional array of
ordered identical cube compartments with equal longitudinal length Az and cross-section
area A. Assume there are m unevenly distributed capillaries. The Az is required to be
chosen carefully so that the uniform capillary diameter 2R, can be divided evenly by Az.
For example, if R, = 0.05 after normalization, then 0.1, 0.05 and 0.025 are good choices for

the Az, but 0.09, 0.07 or 0.03 are not.
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CAPILLARY #1 CAPILLARY #2

TISSUE ! TISSUE l TISSUE

BC21 TC cc1 TC TC TC CC2 TC TC TC BC12

BC21| TC TC | TC |cc1 JCc1 ] TC | TC | TC | TC | TC TC JCcz)ccz)| TC TC | TC | TC TC | TC TC |BC12

Figure 3.1: Compartmentalization, map and labels of a 1D discrete compartmental model.

Align the center of the capillary-tissue region with the center of a single compartment
with width Az and generate the compartment array. Then, each compartment corresponds
to a sub-interval of the capillary-tissue domain of the same length, except the two end
compartments. This discretization error can be reduced by choosing a small and proper Ax.

The key strategy of constructing the discrete compartmental model is to classify and
label the type of each compartment, depending on the location of their centers. Theses
labels will be stored in a separate array called the map and will be used as a guidance
to assign different algorithms to each compartment during the iteration. We distinguish
between tissue, capillary of different strengths and different type of boundaries. For example,
if the center of a compartment is located inside a capillary region, then this compartment is
marked as a capillary compartment. The first compartment will be marked as a left boundary
compartment (“BC21”) and the last a right boundary compartment (“BC12”). Notice that
because Ax is appropriately chosen at the beginning, the total volume of each capillary is
kept constant during the discretization. Figure shows an example of the construction
of maps of a 1D capillary-tissue region with two capillaries under two different sizes of Ax.

Different numbers are used as labels for each compartment. In the present example, “TC”
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h capillary compartment, “BC21” means

means tissue compartment, “CCm” means the m’
a boundary compartment whose right neighbor is a tissue compartment and “BC12” means
a boundary compartment whose left neighbor is a tissue compartment. As shown in this

figure, the second capillary is shifted a little to the left under a relatively large Az, but this

displacement error was reduced greatly under a smaller Ax.

C,"A'AX
—Ax— ]
i-1 i i+1 | A

Figure 3.2: 1D compartmental model

Now we derive the governing difference equations for updating oxygen concentration in
different types of compartments in the 1D discrete compartmental system. Consider the gt
compartment. As shown in Fig[3.2] it is in between the (i —1)Az and iAz. Following Fick’s
law of diffusion, each compartment exchanges oxygen with adjacent compartments. Let C;
be the oxygen concentration of the ith compartment, then the mass of oxygen molecules in
this compartment can then be expressed as C; - A - Ax. Let J; be the amount of oxygen
flows into the it" compartment from the (1 — 1)th compartment through the cross section
area A at (i — 1)Az and Jo the amount of oxygen leaving the gth compartment towards the
(1 + 1)th compartment at ¢Az. For simplicity, let /V; denote the mass of oxygen molecules

in the " compartment for now. Consider small time step At such that

t=At-n. (3.8)
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The net movement of particles across the cross section area A during a time interval At from

the (i — 1)t" compartment to the 7" compartment is

NP — N,
n_ _ i t—
==L (3.9)

Multiplying the top and bottom of the right hand side by Az and rewriting, we have

ASL’ Nn N-n

n 7 1—1

L _ ) 1
1 At A-Ax A Ax (3 0)

The mass concentration is defined as mass per unit volume, and hence

NP
n_ i 11
O = AL (3.11)

is the oxygen concentration in the gth compartment. Thus our expression of the net oxygen
flux from the left simplifies to

AT rem_ n]. (3.12)

J{L:_E'[ i

Similarly, the net oxygen flux from the i compartment to the (i + 1) compartment can

be expressed as

Ax
=5 [on - 7. (313)
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1. Difference Equation of Capillary Compartments:

We start from the case Az = 2R, which means each capillary is represented by a single
compartment. Assume the ith compartment is a capillary compartment. Since the
permeability for gas through the capillary membrane is unlimited, the oxygen molecules
diffuse from the erythrocyte inside the capillary following Fick’s diffusion law under the
normalized diffusive constant D = (Axz)?/At (substitute back the parameters used for

normalization and their units, we have W'2/(W'2/D') = D'). Since the capillary itself

does not consume any oxygen, the net oxygen flux difference in the ith compartment
can be found by taking difference of the inflow [3.12] and outflow [3.13
Ax
Tt = J3 = =5 [CiL =267 + G (3.14)

Balancing the mass flow though the cross section area A with the change of oxygen
concentration in the it" capillary compartment over a short time period At yields

D- [Cﬁ— _

7

cﬂ CA-Az =[P — 5] A- AL (3.15)

where n_ represents the time at the end of the nth time interval. Substitute [3.15]into
and simplify, the oxygen concentration in a capillary compartment at the end of

the n' time interval is

(Gl —2C7 + Cfy] (3.16)

The oxygen concentration of the mth capillary compartment in the begining of the
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next time interval is

CPl=Cp, m=1,.., M. (3.17)

Now we extend the above idea to the general case, where Ax < 2R.. One major
problem arises from this situation is the asymmetry of neighboring tissue oxygen con-
centrations on the two sides. The strategy is to construct an algorithm from the real
physiological process. Let the capillaries and tissues complete exchanging and consum-
ing oxygen using equation during the time interval At, then average the oxygen

inside the capillary at the end of each time interval t_ = At -n_.

Notice that, there is no need to distinguish compartments of the same capillary between
the interior and the boundary ones and assign with different difference equations. The

discrete compartmental method can self-adjust during the physiological processes.

TCc | TC |ce1|eet [ee1| 1c | TC The Map

t=0, 051 0.5 - 0 0 Initial Condition
t=At 0.5]0.6 - 08|02 o Exchange

t=At, 05/06]09|09]09]|02]| 0 Mix
t=2At 06(07]08)]|09] 07|03 ]0.1 Exchange
t=2At, 06(07]|08)|08]|08]|03]0.1 Mix

Figure 3.3: Calculation of capillary oxygen concentration after blocking the source.

three darker cells denote contiguous capillary compartments.
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Figure demonstrates the change in oxygen concentration after blocking the source
in the case of Az = %Rc. In this example, the three capillary compartments were
labeled as "CC88” and the surrounding compartments are labeled as "TC” in the
map. The initial oxygen concentration in each capillary compartment is 1 and the
oxygen concentration is 0.5 in the two left neighboring tissue cells but 0 in the two
right neighboring tissue cells. Due to the uneven partial pressure on the two sides,
the oxygen concentrations inside each of the three capillary compartment are different
after one step of diffusion and the concentration in the interior capillary compartment
is unaffected. In this situation, the average of the three capillary compartments is
calculated and reassigned to all of three for the beginning of the next diffusion and
consumption step. Notice in reality the mixing process happens concurrently with the

diffusion, therefore the process does not take any extra time during the computations.

. Difference Equation of Tissue Compartments:

Oxygen is consumed in the tissue by chemical reaction (to C'O2) at a constant rate
k. Thus, combining Fick’s first law with the mass conservation, the change of oxygen

concentration in the i compartment over a short time period At is
D- [Cf“ - Cﬂ A Az =[JIA— JIA— k- A-Ag]- AL (3.18)

Substitute in J{', J3' from and 3.13} oxygen concentration in an tissue compart-

ment at the next time step can be estimated by

At
(Az)?

Ot = O + L (O ~ 200 + Ofyy) — At k. (319)
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However, in the case of hypoxia there may not be sufficient oxygen for tissue consump-
tion. In other words, the local available oxygen is less than the necessary consumption

rate

At
Ci' + (Br)?

[C =207 + O] < At -k, (3.20)

which will result the oxygen concentration value to be negative in the next time step.
In this case, we require that each tissue compartment can only consume the amount
of oxygen that are available, which means such tissue compartment will consume all

oxygen it has and its the concentration in the next time step is set to zero

cntl =, (3.21)

Combining the two cases, the governing equation of an interior tissue compartment

can be written as

A
c?+1=nmx{cn+ !

i T an)2 [Clq —2C] + CF ] — At n,o}. (3.22)

Notice that, in the above equation At/(Axz)? must be less than 0.5 for stability and

convergence in one dimensional problems. (A proof is given in Chapter [f])

. Difference Equation of Boundary Compartments:

There are two type boundary compartments in the one dimensional discrete compart-
mental model, the left boundary compartment and the right compartment. Table
shows a schematic diagram of the two boundary compartments and their labels. Here,

label “BC21” represents the left boundary compartment and label “BC12” represents
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the right boundary compartment.

IC

BC21 | TC TC |...| TC CC1 TC |..| TC | BC12 | IC

Table
“BC2

3.1: 1D schematic diagram of different type of boundaries and their labels. Label
17 = the left boundary compartment and label “BC12” = the right boundary com-

partment. “CC1” = capillary compartment of the (m = 1) capillary. “IC” = inactivated
compartment.

Consider the left boundary compartment, labeled as “BC21”, which has oxygen con-
centration C7'. Based on equation , its oxygen concentration in the next time step
is

At

where C{) is an inactive compartment on the left of the left boundary compartment
and is located outside the domain boundary. Recall that the outer domain boundary

is assumed to be reflecting, which implies that the oxygen concentration of the oth

274 compartment and so

compartment is always identical to the concentration of the
there is no net flux cross the boundary, i.e. Cg = C5' for all n. Therefore, the difference

equation gives the oxygen concentration of the left boundary compartment in the next

time step can be generally written as

2A
C’Zm'l = max {C’Zn + ﬁ [Clq — CF] — At -5, 0} . (3.24)

Similarly, for the right boundary compartment, labeled as “BC12”, oxygen concentra-

tion in the next time step is

C?Jrl = max {C” + [ e C’m — At - kK, O} ) (3.25)



Summary

There are in total four types of compartments in the one dimensional problem. The difference

equation governing each of them can be summarized to one single equation:

At
(Az)?

O — max {0;1 + [a-CPy =207 +b-CIL ] — At- K, o} . (3.26)

Different parameters should be employed while applying to different type of compartments.
Table gives a summary of the corresponding relationships of the compartment label and

the coefficients.

Compartment Type | a | b | K
CCm 11110

TC 111k

BC21 012k

BC12 210 kK

Table 3.2: Index table of different types of compartments. The corresponding relationships
of the compartment label and the coefficients is given. Label “CCm” represents the mth cap-
illary compartments, label “TC” represents the interior tissue compartments, label “BC21”
represents the left boundary compartment and label “BC12” represents the right boundary
compartment. K indicates the value of the consumption term.

3.1.2 The Crank-Gupta Problem

Introduction

The one dimensional moving boundary problem describing the oxygen diffusion and con-

sumption phenomenon in the body tissue is first discussed by Crank and Gupta [12] [11]
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due to interest in medical research concerning the uptake of oxygen by tissue. As one of
the simplest examples of a moving boundary problem, it has been used as a test case in the
development of new methods thereafter and is known as the Crank-Gupta problem. Hansen
and Hougaard [29], obtained an integral formula for the concentration. Their results are
probability the most accurate available and we shall compare our results with both Crank

and Gupta [12] and Hansen and Hougaard [29).

Statement of the problem

In the Crank-Gupta problem, oxygen is allowed to diffuse into a medium which simulta-
neously consumes the oxygen at a constant rate. The problem has two parts: first, the
oxygen concentration at the surface of the medium(could be considered as a capillary) is
kept constant until oxygen does not diffuse any further into the medium and a steady-state
is reached. The supply of oxygen is then removed abruptly and the surface is sealed. No
further oxygen passed in or out and the medium continues to absorb the available oxygen.
Consequently, the point marking the furthest depth of diffusion in the steady-state begins
to move towards the sealed surface at x = 0.

In non-dimensional form, the second part of the problem can be expressed in discrete
compartmental system as an array of I + 1 cube compartments of side length Az = 1/1,
each of which is centered at position Az -i and has oxygen concentration C}* at time At - n.

Initially, each compartment has oxygen concentration

1
C?:§(1—A:z;-z')2, i=0,1,---,1. (3.27)

At the beginning, each compartment exchange oxygen with its neighbors over each small
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time period At with constant diffusion coefficient of D = 1 and consume the oxygen simul-

taneously at a constant rate of kK = 1.

Using partial differential equations, the problem is originally expressed as

oCc  9*°C

=gz b 0<sw<s(), 120
X

with associated boundary conditions

8—0 =0, at the sealed surface x = 0,

ox

oC :

C= = 0, at the moving boundary = = s(t),
x
and the initial condition
1 2
Czé(l—x) , 0<z <1, t=0,

(3.28)

(3.29)

(3.30)

(3.31)

with s(0) = 1. Here C(z,t) denotes the oxygen concentration at a point, x, and time, ¢, and

s(t) the position of the moving boundary.

Notice that, the major challenge of the problem is to trace the location of the moving

boundary, in the meanwhile determining the oxygen concentration through the medium as a

function of time. Since not only the oxygen concentration is zero but its gradient is also zero

on the boundary, there is no explicit relationship which contains the velocity of the moving

boundary. However, if the discrete compartmental model is used to analyze the problem,

there is no need to specify the location of the boundary.
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Implementation of the DCM

To apply the discrete compartmental method, one need to construct an appropriate com-
partmental map and to determine the label of each compartment. Table [3.3] shows the
compartmental map for the Crank-Gupta problem with the following properties: 1. only
one boundary compartment is needed on the left side, 2. the number of tissue compartments
depends on the choice of Ax, 3. there is no need to specify the right boundary compartment,

4. the nearest compartment with zero concentration would be the moving boundary.

IC | BC21 | TC | TC | TC | TC | TC | TC | TC | TC | TC

Table 3.3: Compartmental map for the Crank-Gupta problem.

The difference equation updating the value of each compartment corresponding to each

label is given by equation ((3.26) and coefficients of which is given by table .

Results and discussion

Following the discrete compartment model, computations were carried out for different com-
partment sizes (Azxz = 0.05 and Az = 0.0125). Interpolation is applied to improve the
accuracy of the results. Table [3.4] and table [3.5 shows the comparison of results to that
from Crank and Gupta [12] with Az = 0.05 and Hansen & Hougaard [29] at different times.
Before a moving boundary appears, i.e. Eq. , our result is very close to that of Crank
and Gupta [12] using a finite difference method. At all times, the values obtained using
Az = 0.0125 are in a very good agreement with those from Hansen & Hougaard [29]. Tt
should be noted that both numerical solutions using relatively larger grid (Az = 0.5) involve
large errors on the moving boundary and are unstable due to discontinuity in the gradient

there. As the moving boundary gets very close at larger ¢ (e.g. t = 1.95), that error is
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enlarged since too few grids are left and are not enough to represent the remaining subtle

changes.
t\x 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
223605 217168 198777 170979 137379 101928 68291 39451 17581 4129
0,060 223746 217330 198992 171251 137684 102227 68548 39645 17705 4186
| 223615 217175 198783 170980 137376 101920 68283 39443 17574 4118
223605 217268 198777 170979 137379 101928 68291 39451 17579 4122
143177 139294 128082 110787 89295 65892 43018 23059 8232 603
0.100 143287 139414 128338 110996 89502 66112 43228 23232 8342 619
| 143181 139298 128084 110787 89289 65878 42995 23041 8271 774
143177 139294 128082 110787 89295 65892 43018 23058 8231 608
109129 106019 97025 83117 65795 46941 28667 13204 2873
0120 109228 106125 97149 83265 65963 47115 28827 13324 2924 "
| 109131 106020 97024 83114 65790 46936 28661 13193 2838 ’
109129 106019 97025 83117 65795 46941 28667 13203 2875 '
77850 75351 68130 56988 43197 28416 14638 4204
77937 75442 68233 57105 43322 28536 14730 4249
0.140 0 0
77850  7H350 68128 56984 43190 28407 14640 4186
77850 75351 68130 56988 43197 28415 14637 4203

Table 3.4: Comparison for C' x 109 at different times. On each time level, the first row shows
values taken from Hansen & Hougaard [29], the second row shows values from Crank and
Gupta [12] with Az = 0.05, the third row gives values obtained from DCM with Az = 0.05
and the forth row the DCM with Az = 0.0125.
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t\x 0.0 0.1 0.2 0.3 0.4 0.5 06 07 08 09

63078 60845 54403 44503 32353 19583 8251 1005
63157 60928 54496 44602 32453 19668 8298 1007

0.150 0 O
63069 60837 54394 44494 32344 19570 8217 996

63077 60845 54403 44503 32353 19582 8250 1000

48823 46840 41136 32434 21927 11304 2890
48893 46912 41212 32511 21996 11346 2890

0.160 0 0 0
48822 46837 41132 32428 21918 11303 2874

48823 46840 41136 32433 21927 11303 2888

21781 20287 16066 9942 3523
21824 20328 16096 9950 3506

0.180 0 0 0 0 0
21776 20282 16058 9932 3506

21781 20287 16065 9941 3519

9021 7817 4578 799
9039 7827 4575 750

0.190 0 0 0 0 0 O
9007 7801 4554 788

9021 7817 4576 787

2884 1914 32
2880 1909 0

0.195 0 0 0 0 0 0 O
2867 1885 0

2883 1912 33

Table 3.5: Comparison for C' x 109 at different times. On each time level, the first row shows
values taken from Hansen & Hougaard [29], the second row shows values from Crank and

Gupta [12] with Az = 0.05, the third row gives values obtained from DCM with Az = 0.05
and the forth row the DCM with Az = 0.0125.
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Method\ Time 0.05 0.1 0.16 0.18 0.19 0.195 0.197 0.1974

Crank & Gupta [12] 247841 143287 48893 21834 9030 2880 - -
Hansen & Hougaard [29] 247687 143177 48893 21824 9039 2884 - -
Dahmardah & Mayers [13] 247687 143177 48823 21781 9021 2883 491 40

DCM(Az=0.0125) 247687 143177 48823 21781 9021 2883 503 39

Table 3.6: Comparison of results at the sealed surface.

Table provides a comparison for the result at the sealed surface as obtained from (i)
Crank & Gupta [12] with Az = 0.5, (ii) Hansen & Hougaard [29] using integral method,
(iii) Dahmardah & Mayers [I3] using Fourier expansion and (iv) DCM with Az = 0.0125.
Our results are in good agreement with those of Hansen & Hougaard [29] and Dahmardah

& Mayers [13] even in large times.

Method Oxygen depletion time
Crank & Gupta [12] 0.196349
Hansen & Hougaard [29] 0.1972-0.1977

Miller, Morton & Baines [45] 0.196-0.198
Gupta & Kumar [2§] 0.19732
(unequal intervals) 0.19734
Dahmardah & Mayers [13] 0.197434
Mitchell [46] 0.197432
Mitchell & Vynnycky [47] 0.197435

DCM (Az=0.0125) 0.197437

Table 3.7: Comparison of the oxygen depletion time with previous works.
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Table shows the comparison of oxygen depletion time with many previous works and
Table [3.8] shows the comparison of oxygen depletion time in different mesh size using DCM
. It is seen from the tables that our result converges quickly as the size of Ax decreases and

agree with those accurate methods with Az = 0.0125 and smaller.

Ax 0.1 0.05 0.025 0.0125 0.00625  0.003125

t* 0.196 0.197 0.1975 0.197437 0.197437 0.197437

Table 3.8: Comparison of oxygen depletion time (t*) in different mesh size using DCM.

3.1.3 Three Capillaries of Uneven Strength

As a multi-capillary example, consider three capillary of diameter 0.02 and uneven strength in
a one-dimensional tissue region of unit length and unit consumption rate. As an illustrative
example, let the first capillary centered at x = 0.21, the second at x = 0.61 and the third at
x = 0.91. Let the consumption rate be k = 1. Computations in this example were carried
out with compartment size of Ax = 0.02 and time step size At = 0.0001. The analytical

solution used for comparison is found by solving differential equation (3.4]) over each interval.

(a) The oxygen concentration is originally zero everywhere and the capillary concentration
is suddenly raised and kept at 0.08, 0.03 and 0.05 respectively. There is no flux on
the tissue boundary. All values here are normalized. Figure shows the transient
concentration profiles at ¢ = 0.001, ¢ = 0.01 and t = 0.2. An analytic steady state

solution is obtained from solving the partial differential equations. As t — oo, the
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transient numerical solution approaches the analytic steady state solution

(

0.5 (2% +0.12) 0<z<0.2

0.5 (22 — 1.083z +0.3499) 0.22 <z < 0.6

C(z) = (3.32)
0.5 (22 — 1.772 +0.5294)  0.62 <z < 0.9

0.5 (z2 — 2z + 1.094) 092 <z <1

0.08 -

0.06 -

0.04 -

0.02 -

‘ ¢ t=0.001 _,° ° .

0.00 -jeeeee® ; ®es0c0c0000® ; ecc0e®

0.0 0.2 04 0.6 08 1.0

Figure 3.4: Oxygen diffusion from three capillaries of different strengths into a consuming
region at t=0.001, t=0.01 and t=0.1, compared with the analytic steady state solution.

(b) The initial oxygen concentration is at the steady state of part @ The second capillary
is blocked at ¢ = 0. Note that a blockage does not mean the capillary concentration
suddenly drops to zero. A blocked capillary no longer provides new oxygen but the
remaining oxygen inside would gradually diffuse out. Figure |3.5[ shows the transient

concentration profiles at ¢ = 0.001, ¢ = 0.02 and t = 0.2. As t — oo, the transient
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solution approaches

e

0.5 (2% +0.12) 0<z<02
Clz) = 40.5 (22 — 1.208¢ + 0.3774)  0.22 < 2 < 0.9 (3.33)
0.5 (22 — 22 + 1.094) 0.92 <z < 1.

\

which is the analytic steady state solution under the new initial conditions.

0.08 - °
(]
(]
(]
A L
0.06 F =5
.N.T
0.04 - 1
L] [ d
o0, t=0.001 ®®
®,%%000c000,000°,°
- °
002} ST et
N LN X J
t=0.2
0.00 ‘ i i ‘ o
0.0 0.2 04 0.6 0.8 1.0

Figure 3.5: Concentration profile at t=0.001, t=0.02 and t=0.2 times after a blockage oc-
curred on middle capillary, compared with the analytic steady state solution.

(c¢) The initial oxygen concentration is at the steady state of part The third capillary
is blocked at ¢t = 0. Figure [3.5| shows the transient concentration profiles at ¢ = 0.002,
t=10.02and t = 0.3. Ast > 0.0272, the tissue compartments in the middle of the right
two capillaries begin to suffer anoxia and two moving boundaries occur. At ¢t = 0.03, an
anoxic zone of zero oxygen concentration exists in the interval 0.6 < x < 1. Note that

the gradient of the oxygen concentration at the supply boundary is zero as predicted

(Eq. (3.30)).
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t ..0 .
006 40 .
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+ . ° [ ] [ ]
0.04 - ¢ . 8
r ® . t=0.002
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0.02 - '.. . 1
L ° =| oo
'y, .* ..--t'Q'QZ |
$3sss000 Laee® t=0.03 |
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0.0 0.2 04 0.6 0.8 1.0

Figure 3.6: Concentration profile at t=0.002, t=0.02 and t=0.03 times after a blockage
occurred on the right capillary.

Table [3.9| shows how the boundary condition is easily changed in DCM by relabeling the
capillary compartments. Each raw of labels corresponds to part (a), (b) and (c¢) in the above
example. At the beginning, there are three capillaries labeled as “CC1”, ‘1CC2” and “CC3”
respectively, each of which determines the amount of oxygen concentration for that capillary
compartment at the beginning of each time step. While the second capillary is blocked,
label “CC2” is replaced by “CC0”, which corresponds to a particular algorithm for blocked
capillaries (diffusion only and no further update of incoming oxygen concentration). While
the third capillary is blocked, label “CC3” is replaced by “CC0” as well. Besides relabeling,

no further action is requires for changing the boundary condition.

TC | CC1 TC |...| TC CcC2 | TC |..| TC | CC3 | TC
TC | CC1 TC |...| TC CCo | TC |..| TC | CC3 | TC
TC | CC1 TC |...| TC CcCo | TC |..| TC | CCo | TC

Table 3.9: Schematic diagram of label changing following capillary blockage in the 1D ex-
ample. Label “CCM” = capillary compartment corresponding to the oxygen concentration
of the mt" capillary. “CCO0” = capillary compartment corresponding to a blocked capillary.
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Discussion

The solution of part @ shows that with capillaries of different strengths, tissue oxygen
concentration is changing at different speeds and the supply boundaries are closer to the
weaker sources. Part @’S result shows that blockage of a capillary may not cause serious
oxygen deficit overtime if neighbor sources are strong enough to compensate. Part shows
the method can easily treat moving boundary problems. Such problems has no analytic
solutions to compare with.

Transient solutions of this one dimensional problem illustrate many innovative advances
of DCM. However, it also shows the limits of using low dimensional models. The zero
concentration profile over the domain 0 < x < 0.2 never recovered. This is because there
is only one pathway in the 1D domain and tissue regions are isolated. If there are other
pathways, would the oxygen could diffuse around any blockage and replenish anoxic tissues?

We shall explore this possibility by building 2D and 3D compartmental models.
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3.2 Two Dimensional Unsteady Diffusion-Consumption

The discrete compartment model has showed some advantages on solving the one dimensional
unsteady diffusion-consumption problem. In 2D, it is more difficult to predict when and
where the anoxia regions will appear. The advantages of DCM will be extended to handle
such difficulty.

Figure shows a schematic diagram of 2D capillary-tissue region with two capillaries
of uneven strength. An important question we wish to answer is, where and when would
anoxia occur if one or more capillaries was blocked. For example, if the capillary on the right

was blocked, will the ischemia area only happen around the capillary or elsewhere or both?

7’
/
/
! (a) Twao capillaries in a fully
O | L perfused tissue domain,
dashed line represents the
\ capillary supply boundary.
\
N

(b)  One capillary is blocked,
the capillary supply boundary
shifted to the right and tissue
anoxia regions occur.

N\

AINANN

Figure 3.7: schematic diagram of 2D planar capillary-tissue region and blockage on one
capillary. Shaded area in part (b) represents the possible anoxic areas due to blockage on
the right capillary.

The problem of two dimensional unsteady diffusion and consumption problem describing
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the oxygen transfer from capillary to tissue after normalization can be generally stated as
follows. Consider M capillaries of same radius R, and different oxygen concentration 05\4

located irregularly in a bounded region ' € R2. Define individual capillary domain
U= { (', v) (0 y) € @ and (2 — a3+ (4 — yp)? < (R}

where (z),, y/.) are the coordinates of the center of each capillary. Thus, the total capillary

domain is
M
/ /
Q. = U O
m=1
and the absorbing tissue domain is
/ oo
Q =0\ Q.

Driven by the passive diffusion due to the partial pressure differences, oxygen diffuse out
from each capillary into the surrendering tissue and is consumed. The governing partial

differential equation to this unsteady diffusion-consumption problem is

oc’ , (9*C! 9P / I 1oy
o - (W+W)_K, (2 o) €, ¢ € [0,00) (3.34)

where D’ is the diffusion constant, C’(2’,y,t') is the non-negative oxygen concentration
(or partial pressure) and &’ is the constant consumption per volume of tissue. Inside each

capillary and on the capillary wall the concentration is C’ ,, differing in the capillary strength

Cl(o'f t)=Cl, (a;/,y/) e, t'e0,00), m=1,--- M. (3.35)
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On the tissue boundary 9’ there is no flux or the normal derivative of concentration is zero

oc’

B |t o~ (3:36)

Normalize all length by L = VA(Y), the square root of '’s area, the concentration by the
average on the arterial end C/, time by L2 /D’ and drop primes. In terms of normalized

parameters the equations are

a@—? = (6827? + %) — K, (x,y) € Y, t €0,00), (3.37)
C(z,y,t) = Cp,, (x,y) € Qm, t €[0,00), m=1,--- M, (3.38)
9¢ —0, (3.39)
M | (4.)c00

(3.40)

where x = &' L?/C!D'.
If oxygen deficient occurs, the flux and the concentration value equals zero on the moving

boundaries 00O
oC

o¢ _ ¢ —0 (3.41)
onlyeoo "V

Oxygen deficit region and its moving boundaries are defined in section [2.3.1]

3.2.1 Formulation

Now we construct the 2D discrete compartmental system directly from the physical problem.
The general problem after normalization can be stated as follows.

Consider a two dimensional discrete compartmental space of packed ordered identical
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compartments with equal side length Az and cross-section area A. The key of solving
capillary-tissue exchange problem using the discrete compartmental model is to maintain
the cross section area of each capillary. Moreover, the shape of capillary compartments need
be approximately radially symmetric. Thus, in two dimensional modeling, the choice of Az

must satisfy
T R2
ncce

Az =

(3.42)

where nco = 1,4,5,9,13, .... So that the total area of the capillary compartments is consis-
tent with the original circular area and the direction of oxygen flux is kept radially uniform.

Figure shows some examples of good and bad capillary compartment arrangements.

SN L s (a) Good capillary compartment
: i arrangements

\ y (b) Bad capillary compartment
T arrangements

Figure 3.8: Example of 2D capillary shapes.

Now we derive the governing difference equations for updating oxygen concentration in
different types of compartments in 2D discrete compartmental system. Figure 3.9 shows the

local arrangement of nine cube compartments. The (i, j )th cell has four adjacent neighbors

(t—1,7), (4,7 —1), (i+1,75), (4,5 + 1), (3.43)
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as well as four diagonal neighbors

Let Cz-nj denote the oxygen concentration of the (i, j)th compartment at time At - n. The

mass change inside this closed volume V' = (Aw)3 over a short time period At is

[cgfjl - Cgfj] V. (3.45)

|<—Ax——|/f
/ A Ax
al b

i-1,j-1 | i-1,j | i-1,j+1

V-
J2 Ja

ij-1—1 L] —ij+1

\-

"i+1,j-1| i+1,j |i+1,j+1

Figure 3.9: The 2D compartmental model.

Following the work in section |3.1.1], the oxygen fluxes across the cross sections of an area

A from/to the top, left, bottom or right neighbor compartments during a time interval At
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are

Y R R W R —i—? =i,

Az Ax
JQZ—E'[ zn+1,j_cgfj]’ J‘?:_Kt'[ Zﬂl_cﬁj]

(3.46)

1. Difference Equation of Capillary Compartments:

Consider the case Az = /7 R2, which means each capillary is represented by a single

compartment. Assume the (i, j)th compartment is a unobstructed capillary compart-
ment, where oxygen diffused out over each time step following the normalized diffusion
constant D = (Az)2/At and the compartment itself does not consume any oxygen.
)th

Thus, the concentration change in the (7, 7)" capillary compartment over the time

period At can be described as
[(J7+ Jy — J3 — JF) - A] - At. (3.47)

Balance of mass flow through the cross section area A with the oxygen concentration

change in the 4, jth capillary compartment over the time period At yields

(%)

where n_ represents time at the end of the nth time interval. Substituting in Ji',

D-[C’n-_—C}?j]-Vz

- LA, (3.48)

Jy', Jy, Ji, from 1’ and simplifying give the oxygen concentration in the (4, j)*

capillary compartment at the end of the nth time interval

At
n— _ ~m

2

[ZwCily —4C7y] (3.49)
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where

SpCi = Oy j+ O + Oy + Gl (3.50)

J

h

The oxygen concentration of the m!” unobstructed capillary compartment in the be-

gining of the next time interval is

Citt = Cim. (3.51)

Now extend the above idea to the general case, where Az < \/7R2. As shown in figure
3.8(a), while one capillary is represented by more then one compartment, each of the
compartment may have different values after one exchange process and a compartment
in the middle is isolated to the tissue region whose value will not be changed during
the exchange process. Since oxygen is assumed to be well mixed inside the capillary,
an average of the oxygen concentration over each capillary’s compartments shall be

taken and reassigned back to them at the end of each time interval t— = At -n_.

For capillaries with reducing strength, a new value of Cj, should be used in the next

time step t, 11 = At - (n+ 1). For blocked capillaries,

n+l _ ~"—
G =¢C

e (3.52)

. Difference Equation of Tissue Compartments:

Consider the interior tissue compartments which consume oxygen at a constant rate

of k. The concentration change caused by the difference between inflows, outflows and
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consumption in the 1, jth compartment over the time period At can be described as

(J7 4+ Jy —J3 —J)) - A—k-V]- At
Now, balance Equation (3.53]) with Equation ([3.45)) gives

D. [O;fjl —Cg?j} V=

4
(Z J%) A—k-V
m=1

Substituting in J7', J&', J&¥, JJ', from (3.46)) and simplifying yield

At

+1 _

[znbogjj - 40;}].] N

where

n n mn n mn
YpCiy = Cit1;+Cij1+ G+ G

Consider local oxygen deficiency, where

At

CZ??J‘ + (Aaj)Q

- At.

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

In this case, the tissue compartment consumes all the remaining oxygen during that

time step, which results

+1 _
crl =o.

(3.58)

Combining the oxygen sufficient case with the oxygen deficient case, the governing
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difference equation of an interior tissue compartment is

At

+1 __
cm —maX{C’Zj-I—W

i 5,CF — 402??]} N 0} , (3.59)

where At/(Az)? shall be less than 0.25 in the two dimensional problem for stability

and convergence. See section [5| for a theoretical proof.

3. Difference Equation of Boundary Compartments:

For a rectangular shaped domain in two dimensional space, there are eight type of
boundary compartments. As shown in table [3.10 these boundary compartments can
be classified into two groups: tissue compartment with one inactive neighbor(located on

the side) and tissue compartment with two inactive neighbors(located on the corner).

IC IC IC IC IC

IC | BC40 | BC31 | BC50 | IC

IC | BC21| TC | BC22 | IC

IC | BC60 | BC32 | BC70 | IC

IC IC IC IC IC

Table 3.10: Discrete compartmental map of 2D unsteady diffusion-consumption problem over
rectangular shaped domain. Label “TC” = tissue compartment; label “BC##” =boundary
compartment of type ##; label “IC” = inactivated compartment.

Consider the boundary compartment on the middle of the left margin, labeled as
“BC217”, which has oxygen concentration C%'; at time ¢, = At -n. Based on equation
[3.59] its oxygen concentration in the next time step is

At
0;1741-1 = max {03,1 + 5 | ZwCa1 — 403,1] — At - K, 0} , (3.60)

(Az)
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where

Because the (2, O)th compartment is an inactivated compartment, its value equals to the
(2, 2)”‘ compartment for all times so that no flux crosses the boundary, i.e. C§, = Cy'5
for all n. Hence, the difference equation gives the oxygen concentration for boundary

compartments labeled as “BC21” is in general

At
C’?}‘l = max {C’gfj +——= [ 1+ it

(3.62)
Governing difference equations for boundary compartments labeled as “BC22”, “BC31”

and “BC32” in table can be derived in the same way.

Now, consider the boundary compartment on the left up corner, labeled as “BC41”,
whose oxygen concentration at time ¢, = At -n is C';. Based on equation W, its

oxygen concentration in the next time step is

At
C{Lj—l :maX{Cﬁl‘l—w EnbO{L’l—éLCﬁl] —At'H,O}, (363)
where

However, both the (0,1)! and the (1,0)"" compartments are inactivated compart-
ments, which means they are outside the boundary. Due to the reflecting boundary
condition, C{}'; is assumed to be identical to C%; and C7' is assumed to be identical

to C7, for all n. Therefore, the difference equation updates the oxygen concentration

68



for a compartments labeled as ‘BC40” is generally

At
1
@ :max{czﬁ (Ax)2 2(CFa+ i) — 40y —At'ﬁvo}- (3.65)

Governing difference equations for boundary compartments labeled as “BC50”, “BC60”

and “BC70” in table [3.10| can be derived in the same way.

IC IC IC IC | IC

BC31 | BC51 IC IC |IC

TC TC | BC52| IC |IC

TC TC TC | BC53 | 1IC

TC TC TC | BC22 | IC

Table 3.11: Discrete compartmental map of 2D unsteady diffusion-consumption problem over
irregular shaped domain. Label “TC” = tissue compartment; label “BC##”=boundary
compartment of type #4; label “IC” = inactivated compartment.

For circular tissue domain or any other irregular shaped domains, a discretization
method is used. Table [3.11] shows a local compartment map over a piece of curved
boundary. Connecting the centers of boundary compartments “BC517, “BC52” and
“BCbH3” yields a discretized boundary. Consider the boundary labeled as “BC52” with
oxygen concentration C’Z?:‘j at time t,. A reflecting boundary condition implies that,
towards this compartment, oxygen concentration of the (i—1, 7)™ (top) inactive neigh-
bor is identical to that of the (i, j — 1)t (left) tissue neighbor and oxygen concentration
of the (4, j + 1)t (right) inactive neighbor is equals to that of the (i + 1, )" (bottom)

tissue neighbor. Therefore, the difference equation updates the oxygen concentration
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of this boundary compartment is

At
1
C,le = max {C’Zj + —(Aa:)Q 203]’—1 + QCZn—s—Lj — 40&} — At - K, 0} ) (3.66)

Similarly, the difference equation for compartment “BC51” is

At
1
Cij = max {Cﬁj a2 (Gl 30 - acyy| - at-n, 0} . (3.67)

and for compartment “BC53” is

At
1
Cirj " = max {Cﬁj LRTNSE 3CT 1+ Cilaj — 4C§}j} — At - K, 0} . (3.68)

3.2.2 Two capillaries of uneven strength in a circular domain

Consider, after normalization, a circular region of unit radius contains two capillaries at

arbitrary locations and different diffusion strengths. Let ¢, be the rate of amount of oxygen

(per length of capillary) out of the mth capillary, with radius R, centered at r = 7y, and

0=0n. Let q =2/3, 71 =05,0=0,¢q9=1/3, r9 =0.5, 0 = 7. The boundary and initial

conditions are that there is no flux on the circular boundary and the oxygen concentration

is zero everywhere over the tissue region when ¢ = 0. The consumption is x = 1 per volume

or whatever is available. As ¢t — 0o, the transient solution should approach the steady state

solution

2 N s
r d;j :
C = Z_Zlglnpj+z()rn (Ay cosnb + By sinnf) , (3.69)
]: n=
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where

N
1
Ay = 5 Z gjaj cos(may), (3.70)
j=1
and
1 N
By =5 > gjaf sin(mayj), m>1, (3.71)
j=1

as found analytically by Wang [68] Fig. [3.12,

Here we used Az = 0.01 and At = 0.00002. The supply boundary is found by drawing
the flux lines and searching for curves that starting from any point close to the saddle point
and end close to a node point. Figure [3.10] shows the transient concentration profiles at
t =0.0002, t = 0.003, t = 0.006, t = 0.009, t = 0.012, t = 0.018, t = 0.024 and t = 0.048. As
the figure shows, the majority of the tissue region is nourished in a very short time, but for
region away from both capillaries, it takes much more time for oxygen to be delivered. Those
regions are in great danger if the capillary supply was decreased or the tissue consumption
was increased. Actually, it takes t = 6.64 for the entire region to be fully nourished and
for the concentration profile to reach the steady state. Figure |3.12| shows the comparison of
the concentration profile at steady state with the analytical solution found by Wang [68].
Our DCM is extremely accurate as the concentration level curve agrees perfectly with the

analytic solution even near the circular boundary.
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0 50 100 150 200 0 50 100 150 200

t = 0.006 t = 0.009
Figure 3.10: Transient process of oxygen diffusion from two capillaries of different strengths

into a circular consuming region. Dark regions show the zero oxygen area. The vertical and
horizontal axes shows the compartment numbers used in each direction.
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t=10.018

0 s 100 150 — 0o s 100 150 T
t =0.024 t =0.048

Figure 3.11: Transient process of oxygen diffusion from two capillaries of different strengths
into a circular consuming region. Dark regions show the zero oxygen area. The vertical and
horizontal axes shows the compartment numbers used in each direction.
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Figure 3.12: Concentration profile of two unequal strength capillaries in a circular domain,
comparing to the analytic solution[68§].

In addition, Figure [3.13] shows the plot of streamlines and the supply boundary curve
found by searching the flux line that starts from a saddle point and end at a node point.

Our result again agrees perfectly with those found analytically by Wang [68].

\ \\\\\\
2 ‘iii \\égf////‘/ﬁt

Figure 3.13: Flux and supply boundary of two capillaries of unequal strength in a circular
domain, comparing to the analytic solution [6§].

3.2.3 Nine capillaries of uneven strength in a rectangular domain

Consider nine capillaries of uneven strength in a squared region of unit side length. Table
[3.12|shows the randomly generated location and flux strength corresponding to each capillary
[62]. The boundary and initial conditions are that there is no flux on the circular boundary

and the oxygen concentration is zero everywhere over the tissue region when t = 0. The
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consumption is k = 1 per volume or whatever is available. The sum of flux equals to 1 here,
so that the tissue region is guaranteed be fully perfused at the steady state. As t — oo, the
transient solution should approach the steady state solution. Note that, DCM can easily
deal with tissue oxygen deficiency cases. The purpose of this example and the above one is

to validate DCM with existing results.

m | Tm ym | flux strength of the mth capillary, Qm
1 ] 0.501 | 0.498 0.044
2 10.721 | 0.235 0.089
3 10.242 | 0.754 0.133
4 10.091 | 0.046 0.133
5 1 0.633 | 0.932 0.089
6 | 0.867 | 0.354 0.023
7 10.425 | 0.301 0.133
8 1 0.664 | 0.316 0.178
9 10.723 | 0.833 0.178

Table 3.12: Locations and flux strength of nine capillaries used in the example.

Following the discrete compartmental method, computations were carried out with Ax =
0.01 and At = 0.0000166. Figure[3.14] shows the oxygen concentration level curves at steady
state, where the tissue domain is fully nourished as expected. Our result agrees well with the
analytic result found by Sun [62]. Actually, DCM is more accurate near the tissue boundary
comparing to the analytic solution using a matching technique with first 40 terms in each

set of coefficients, as the level curves are more perpendicular to the domain boundary.
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Figure 3.14: Oxygen concentration level curves of nine capillaries with different strengths
at steady state. The vertical and horizontal axes shows the compartment numbers used in
each direction.

Remark: If capillary flux strength is given instead of concentration, in the difference
equation for capillary compartments , we simply replace the concentration difference
in the corresponding direction by the flux strength. For example, for a tissue compartment
neighboring the mht capillary, say its (i + 1,7) neighbor is a capillary compartment, then
the governing difference equation for that tissue cell is

At
i1 Ol + 0l — 307+ Qm)| - (3.72)

7’L+ o n ey 7
Cig = O+ (ape |1
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Discussion

In this section, we constructed the discrete compartment model in two-dimensional tissue
region with multiple capillaries of uneven location and different strength. Two examples are
demonstrated and the result at steady state agrees perfectly with the analytical solutions.
It is shown by the steady state solution that oxygen coming out from stronger capillary
will diffuse further and help nourishing low oxygen tension area. In addition to that, the
transient solutions show that the time taken for oxygen to be delivered to region away from
the capillaries could be considerable. However, a 2D model can not be used to explain the
real biological phenomena, since the real capillary-tissue region is 3D. That means there are
more pathways for oxygen to move and the oxygen concentration profile changes from the
arterial end to the veinous end. In order to extend the DCM to 3D, we will first introduce
the sliding element method and construct the 2D discrete compartmental model with the

convection of oxygen inside the capillary taking into account.

3.3 Two Dimensional Unsteady Diffusion-Consumption-

Convection

For oxygen transport to tissue, the convection due to blood flow cannot be ignored. We
consider the convection of oxygen in capillary together with diffusion and consumption in
tissue. Starting from a two-dimensional problem, introduce the sliding fluid element method
on the discrete compartment model inside capillary compartments and combine it with the
diffusion-consumption process in the tissue compartments. The three-dimensional transient

problem is introduced in the following chapter..
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Figure 3.15: Schematic diagram for 2D capillary-tissue exchange with convection, diffusion
and consumption with nondimensionalized parameters. v is the blood velocity; D = 1 is
the normalized diffusion coefficient; x is the tissue consumption coefficient; L is the length
of the tissue region along the z-axis; W is the thickness of the tissue region along the x-axis;
oxygen concentration on the arterial end of the capillary is normalized by itself and therefore
equals to 1.

Consider blood with velocity vg inside a long and straight capillary with radius R.
centered along the z’-axes, where substrates and oxygen permeate through the capillary
membrane wall with permeability P, diffuse into the nearby tissue region of length L’ and
thickness W’ with diffusivety D', and was consumed there at constant rate x’. Assume
solutes are radially well mixed inside the capillary and the axial diffusion rate inside the
capillary is neglected in comparison to transverse diffusion. Let C.(z/,¢') and Cj(2', 7', t/)
be the oxygen concentration inside the capillary and tissue respectively, with C’. being non-
negative for any «’, 2/, and t. The governing partial differential equations to this unsteady

convection-diffusion-consumption problem are

ocl _, [d*C,  9*C ,
W =D <ax/2 + az/2 — K, (373)
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in the tissue region, and

9Ce _ 1. 9Ce
o b 9y

(3.74)
inside the capillary, where 0 < 2/ < W/, 0 < 2/ < L' and ¢/ > 0. Assume there is no flux
on the boundary of tissue region. The permeability H is infinite for gas solute like oxygen.
Thus the capillary and tissue oxygen concentration are equivalent on the capillary wall at
¥ =R

Normalize all lengths by the thickness of the region W', concentration by that of the

arterial end C, time by W’ 2 /D’ and drop primes. In terms of normalized parameters, the

governing equations and boundary conditions are

oCy ?Cy PGy

5 = max{(m + 5.2 )~ k,0p, x€(Rel], z€[0,L], t €]0,00) (3.75)
0C: oC,

5 = U5, TE [0,R¢], 2 €[0,L], t € [0,00) (3.76)
Ce(0,t) =1, (3.77)
Cc(z,t) - Ct(Rc, Z,t), (378)
oCy|  _ G 0, (3.79)
O [, 0z z={0,L}

where k = KW' /D'Cy, vy = W'v} /D', Re = R,./W' and L = L'/W’. This two region and
one barrier model is illustrated in Figure [3.15

If oxygen deficient occurs, the flux and the concentration value equals zero on the moving

boundaries 90"
oC

" - "t (3.80)
on (x,2)€00™ (x,2)€00

Oxygen deficit region and its moving boundaries are defined in section [2.3.1]
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3.3.1 Formulation: The Space and Time Step Matching Technique

Consider a two dimensional discrete compartmental domain of ordered identical cube com-
partments with equal side length Az and cross-section area A. Since oxygen is assumed to
be radially well mixed inside the capillary, the choice of Ax is arbitrary in the 2D problems.
The strategies for diffusion and consumption in the tissue region are the same as those in
section [3.2] In this section, we shall focus on developing the discrete compartmental model
for convection.

The fundamental strategy in this approach is to match the extravascular diffusion to
the intravascular convection, so that the oxygen flux changes in both regions are adequately
accounted for independent of the choice of compartment size. Figure demonstrates the
main idea and basic steps of this blood-tissue exchange algorithm. With the chosen Az,
the capillary is divided into N cube compartments of equal dimensions, indexed k = 1, N
beginning at the inflow and the capillary plasma transit time t = At - n. Now, we further

“split” the time step interval Let

Aty = begining of the time interval
(3.81)

At_ = end of the time interval

and hence At = At_ — Aty. Before the time begins, the strength of the capillary is given
by specifying the concentration on the arterial end. At beginning of each time interval At ,
the contents in each capillary compartment slides one segment downstream such that the

th, at which moment

concentration in the k" compartment is replaced by that in the (k—1)
change in the tissue region is frozen. Thereafter, during the time interval At, diffusion and

consumption occur in the tissue region. At the end of the current time interval At_, the
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exchange pauses again and oxygen inside the capillary compartments slide one grid down for
the next time step. The outflow at time ¢4 would be the concentration of the N th capillary
compartment at time £_.

Notice that, over each time interval, the sliding process in the capillary takes infinites-
imally small amount of time. The reason is that the oxygen concentration in the capillary
compartments is equivalent to the boundary condition for the concentration changes in the
tissue region. On the other hand, the diffusion-consumption process takes the entire interval
of time over each time step, At, which is determined by matching the time and space steps
so that contents inside the capillary compartments slide exactly one segment at a time.

k-1 k k+1

t=0, : VEIN | Slide

t=At VEIN | Diffuse + Consume
t=At, VEIN Slide

t = 2At VEIN Diffuse + Consume
t=2At, _ VEIN Slide

Figure 3.16: Lagrangian sliding fluid element method. With each At, oxygen in the capillary
compartment slide instantaneously one segment downstream, after which the diffusion and
consumption are computed.
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3.3.2 A Simplified Model: Unsteady
Convection-Permeation-Consumption

Consider a problem with single layer of tissue region and no diffusion in the longitudinal di-
rection in order to focus on developing the discrete compartmental algorithm for convection-
permeation-consumption problem based on the sliding element method. This simplified
model serves as a basis for more complex models.

Consider a 1-barrier, 2-region model accounting for oxygen convection along a capillary
with velocity vp. Oxygen permeates into adjacent cell regions and was consumed there at
a constant rate k. Let Ce(z,t) and Ci(z,t) be the oxygen concentration in capillary and
tissue region respectively. In non-dimensional form, this unsteady convection-permeation-

consumption problem can be expressed using partial differential equations as

oC, oC,
o=+ (Cr = Ca), (3.82)
ocC,
8_tt = (Ce = Cy) — k. (3.83)
v, —> 0k-1 0.k 0k+1 A CAPILLARY
O Ko 1,k-1 1,k 1,k+1 TISSUE
b x|

Figure 3.17: Compartment model for capillary-tissue exchange in well-perfused organ.

Now we solve this problem from a compartmental point of view. Figure |3.17] shows the

discrete compartmentalized capillary-tissue region. Oxygen is well-perfused in the tissue
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region without longitudinal diffusion. With a selected space step Ax, the corresponding
sliding period is determined by

p=—. (3.84)

b
Table [3.13| shows a sample map of discrete compartmental modeling used for this prob-
lem, where interior capillary compartments, the capillary compartment on the arterial end,
the capillary compartment on the venous end, tissue compartments and inactivated compart-
ments are distinguished. Arterial capillary compartment shall be assigned an initial value at
the beginning and can be changed at anytime during the process. Depending on the size of

p, we classify the computational process into a basic case and a general case.
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The basic case: p < (Ax)2/2d, where d is the space dimension of the problem. This

usually happens when Az or vy, is relatively large. In such case, we set
At = p. (3.85)

and the sliding and diffusing process will happen alternatively, switching back and forth.
As time begins, contents in the capillary slides down stream one grid a time. In the
beginning time step At

n_

n
Cor = Cox1- (3.86)

Then, oxygen permeates into the tissue region due to the partial pressure difference and

consumption x (or whatever remains) over the time step At is

U —max O+ A (cpk - ofE = x) 0} (3.87)

C

Combining the above two equations and drop “4” subscripts, the governing difference equa-

tion of concentration change of tissue compartments over one complete time interval At
opft =max {or, +at- (G = Oy —x), 0} (3.88)

During the same time interval, capillary compartments lost an equivalent amount of oxygen
which permeated into tissue cells. Balancing the inflow and outflow, concentration inside a
capillary compartment at the end of the previous time step is

C(n+1),

n n n
ok =t at (el -cpt). (3.89)

0,k
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Associate the above with Equation and drop “+” subscripts gives the governing differ-

ence equation for capillary compartments
+1 _
Cotl = O+t (Ol = Clyy). (3.90)

At the beginning of the next time step At the diffusion-consumption pause for a moment

and oxygen inside the capillary compartments moves another whole block forward.

CCA | CC | CC | CC | CC | ccv

IC | STC | STC | STC | STC | IC

Table 3.13: Discrete compartmental map of unsteady convection-permeation-consumption
problem. Label “CC”=capillary compartment; label “CCA” =capillary compartment on the
arterial end; label “CCV” =capillary compartment on the venous end; label “STC” = single
layer tissue compartment; label “IC” = inactivated compartment.

The general case: p > (Az)2/2d happens when one or both of Az and vy, are relatively
small. In such case, we let

At = %, (3.91)

where b is the least positive whole number such that p/b < (Az)?/2d. Then, Eq. is
called for every b steps during the computation and when b = 1 it covers the basic case.
Note that, using extra sliding step will not cause convergence problems but will result in

higher concentration values, which means the computational errors may be larger.
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Example 3.3.1. As an illustrative example, consider a capillary of length L = 1 and blood
velocity v, = 1 adjacent to tissue cells that consumes oxygen a constant rate x = 0.2.
Initially the concentrations are zero everywhere until a constant unit amount of oxygen is
suddenlyinfused at the arterial end of the capillary, or C(0,t) = 1. Assume the outer tissue
boundary is reflecting, which means that there is no flux from or to the neighboring regions.
Using the discrete compartment model with the sliding element technique, the calculation is
carried with Az = 0.01 and At = 0.01. Figure [3.1§ shows the numerical results of transient
concentration profiles in both regions at t = 0.5, t =1, t =5, and t = 10. As t — oo, the

unsteady solution approaches

Colz) =1 — g 2, (3.92)
Ce(z)=1—k — g -z, (3.93)

which is the steady state solution.
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Figure 3.18: Oxygen convection into a consuming region using a two region model. Red dots
represent oxygen concentration flowing in capillary, blue dots represent oxygen concentration

in adjacent tissue region with constant consumption and solid lines are analytic solutions at
steady state.

As the figure shows, under the given velocity v, = 1, blood slides to the middle of
the capillary at ¢t = 0.5 and slides to the veinous end of the capillary at ¢ = 1. Oxygen
concentration in the tissue region gradually increases with the movement of blood in the
capillary. Oxygen in the capillary and tissues on the arterial end first reaches the steady
state solution with a difference of 0.2, which is the given consumption rate k. At ¢t = 5,
oxygen concentration in both regions gradually approaches the stead state solution and the
their difference gradually approaches x = 0.2. At ¢t = 10, oxygen concentration in both
regions reaches the steady state solution. The numerical solution using DCM with the

sliding element method agrees perfectly with the analytic solution.
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3.3.3 Unsteady Convection-Diffusion-Consumption

Now add oxygen diffusion within the tissue and develop the discrete compartmental model.
The partial differential equations for the unsteady convection-diffusion-consumption problem
are derived at the beginning of this section

Consider a two space dimensional discrete compartmental space of ordered identical cube
compartments with equal side length Az and cross-section area A(Fig. . Differing
from the diffusion-consumption problem in section the choice of Ax is arbitrary in 2D
convection-diffusion-consumption model with a single capillary. Since we assumed oxygen
to be well mixed inside capillary, one single row of compartments is adequate to represent
the capillary region. Therefore, compartments with side length of any reasonably small
Ax can be used but there lower surfaces have to be matched perfectly with the capillary
compartments. On the other hand, it is advantageous to choose a Az that divide the tissue
region exactly to reduce the discretization error. With a fixed Az, the corresponding time

step At is determined by equation [2.5]

Vs ) i-1, k-1 i-1, k i-1, k+1 A CAPILLARY

i k=1 ik i, k+1

OKO i+1, k

Figure 3.19: Compartment model for capillary-tissue exchange with diffusion.

TISSUE

Table shows a sample Map for this problem, in addition to the problem with two

layers, tissue compartments are further divided. Capillary adjacent tissue compartments are
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marked out differently as wells as the different types of boundary compartments. At the
venous end, one extra compartment is added in order to quantify the oxygen concentration
through the outflow. The governing difference equations for a tissue compartment and the
boundary tissue compartments not adjacent to the capillary are identical to the compart-
ments with the same label in section Here, we focus on deriving the difference equation

for the capillary compartment and neighboring capillary compartments.

CCA | CC CC CC CC | CCV

IC | BCi1i1| CTC | CTC | BC12 | IC

IC | BC21| TC TC | BC22| IC

IC | BC60 | BC32 | BC32 | BC70 | IC

Table 3.14: Discrete compartmental map of 2D unsteady convection-diffusion-consumption
problem. Label “CC”=capillary compartment; label “CCA”=capillary compartment on
the arterial end; label “CCV”=capillary compartment on the venous end; label “TC”
= tissue compartment; label “CTC” = capillary neighboring tissue compartment; label
“BC#+4#”=boundary compartment of type ##; label “IC” = inactivated compartment.

Similar to the two layer model, a given concentration value from blood on the arterial

end of the capillary is initially stored in the source compartment
Label “CCA”: C’?k =Cy. (3.94)

1. Difference Equation of Capillary Compartments:

As time begins, oxygen inside the capillary compartments slides instantaneous down

stream at the beginning of time step Aty

Cn+ _ Cn_

ik ik—1" (3.95)
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From their to the end of time step At_, oxygen diffuses into the neighboring tissue
regions driven by the partial pressure difference. Balancing the mass or concentration
in a capillary cell at the end of each time step gives

G =Cul + a2 (=) (3.96)

Substitute into Eq. (3.95), drop subscripts and simplify give the differential equation

for capillary compartments

At
« ”. +1 _
Label “CC”: CZT,lk = Cz??k—l + W [ Z'n—|—1,/<; - C’Zk‘—l . (397)

The outflow at the end of each time step is found by

Label “CCV”: ng;l: - (3.98)

. Difference Equation of Capillary Neighboring Tissue Compartments:

Oxygen diffused from the capillary continuously exchange among the tissue compart-
ments due to the partial pressure difference and x or consumed within the tissue.
Similarly to section [3.2] concentration in a tissue compartment at the end of each time

step can be find as

+1)_
= 2 ax {C?” +— [anoz,j - 402,‘;] N 0} , (3.99)

where
TL+ o TL_|_ n_|_ n+ n+
2nbCig = Citip T Cip1 T Cigin t Cingr (3.100)
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In the capillary, oxygen slide from the (i—1, k— 1)th capillary neighbor to the (i—1, k:)th
capillary neighbor and diffuse into the tissue during each time interval. Thus, for a
tissue compartment adjacent to a capillary, the infusion of oxygen for time interval

At can be expressed as

n_|_ - n_
Citik = Cisi -1 (3.101)

Substitute the above relation into Eq. (3.99) and drop subscripts on ¢. The difference

equation for concentration tissue compartment adjacent to a capillary is

n

At
{ k-1t Ok

« ”. +1
Label “CTC”: C;.lk: = max {C’-nk + W

Z

(3.102)
FCOPy + Ol —4CT | = Atk 0}

. Difference Equation of Boundary Compartments Adjacent to a Capillary

Combining the technique above for tissue compartments adjacent to a capillary and the
compartmental treatment on the reflecting boundary in section[3.2] difference equations

for tissue compartments adjacent to a capillary are

At
« ”. +1 _
Label “BC117: CZI{: = maX{Cg’lk + W [ zn—l,k—l
(3.103)
FCPy g+ 20041 — ACT | = At -k, 0}
and
L 1 “BC . C«n—i—l o CTL At n
abe 127: ik —maxq Gy + W [ i—1k—1
(3.104)
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Example 3.3.2. Consider a capillary-tissue domain as diagrammed in Figure [3.15 As an
illustrative example, a single capillary of length L = 40, radius R, = 0.1 and blood velocity
vp, = 20 is adjacent to a rectangular tissue region of width W = 1. Oxygen concentration on
the arterial end is C; = 1, the diffusion constant is D = 2 and the consumption coefficient is
rk = 0.1. Assume the outer tissue boundary is reflecting, which means that there is no flux
from or to the neighboring regions.

We aim to compute the steady state solution from the transient state. Assume there are
initially zero oxygen everywhere and at starting time blood with oxygen suddenly flows in.
Our numerical solution is computed under of Az = 0.05 and At = 0.0005. The space step
size is determined by the capillary radius, such that the R, is an integral multiple of Ax
and the time step size is determined following the convergence theorem (see section [5| for the
theorem and proof).

A transient solution is calculated until reaching steady state. Figure [3.20| shows the
transient oxygen concentration profiles in the tissue region at t=0.1, t=0.25, t=1, t=2.5,
t=>5, t=7.5 and t=10. As the figure shows, under the given velocity v, = 20, blood slides
around 40 capillary compartments down stream at ¢ = 0.1. Different from the previous simple
model, where only one layer of tissue compartment is considered, movement of the plasma
inside the capillary slows down while flowing further to the veinous end. This is because the
tissue region is thicker and consumes more oxygen. Hence more oxygen diffuses out to the
tissue and less oxygen lefts inside the capillary. At ¢ = 10, the entire tissue is perfused with
oxygen. Horizontally, the concentration is higher on the arterial end and gradually decreases
towards the veinous end. Vertically, the concentration is higher over tissue regions near the

capillary and slightly lower over tissue regions away from the capillary.
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Figure 3.20: Concentration curves of a single capillary with blood velocity at t=0.1, t=0.25,
t=1, t=2.5, t=>5, t=7.5 and t=10. The vertical and horizontal axes shows the compartment
numbers used in each direction.
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Figure 3.21: Concentration profile on the capillary boundary and the tissue boundary, com-
pared with the analytic solution. Circles are numerical solution of oxygen concentration on
the tissue boundary. Triangles are numerical solution of oxygen concentration on the capil-
lary wall. Solid lines represents the oxygen concentration profile obtained from the analytic

solution. Horizontal axis shows the normalized capillary length and vertical axis show the
normalized concentration value.

At t = 15, the unsteady solution approaches the steady state solution, which is obtained
from solving the differential equations over the capillary region and the tissue region. Figure
[3.21] shows the comparison of the numerical solution and the analytic solution of oxygen
concentration on the tissue boundary and on the capillary wall. The numerical solution

using DCM with the sliding element method agrees perfectly with the analytic solution.

Discussion

In this section, we constructed 2D discrete compartment model with the convection of oxygen
inside the capillary taking into account. Two examples are demonstrated and the result at
steady state agrees perfectly with the analytical solutions. It is shown by the steady state
solution that the oxygen concentration inside the capillary decreases from the arterial end
to the veinous end. In addition to that, the transient solutions show that the velocity of
oxygen (not plasma) inside the capillary may not be constant or even linear, but depends

on the oxygen concentration of the surrounded tissues. Again, a 2D model can not be used
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to explain the real biological phenomena. We will construct the 3D discrete compartmental

model in the following chapter.
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Chapter 4

The Three Dimensional Modeling

The problem of capillary-tissue supply is unlikely to be limited to 2D tissue cross section
area, 3D tissue cylinder with a single capillary or a 3D steady state. None of these could
represent the real, especially transient physiological phenomena. In this chapter, we extend
the techniques of the previous chapters and develop the 3D discrete compartmental model for

simulating the transient process of multi-capillary oxygen supply to striated muscle tissue.

4.1 Three-Dimensional Unsteady Diffusion-Consumption-

Convection

The problem of three-dimensional unsteady convection, diffusion and consumption problem
describing the oxygen transfer from capillary to tissue can be generally stated as follows.
Consider M straight capillaries of same radius RL., same blood flow velocity Ul/) in the direction
of 2/, but different oxygen concentration C/,, where m = 1,2, ..., M, located irregularly in
a bounded and non-simply connected tissue region ' € R3. Define individual capillary

domain

O ={ @y, ) @y ) € X and (0 = 2+ (0 —y)? < (RO}, (A1)
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where (x},,, yl,,, 2') are the coordinates of points along the center line of each capillary. Thus,

the total capillary domain is
M
o=, (4.2)
m=1

and the absorbing tissue domain is
Q; =0\ QL. (4.3)

Assume oxygen permeate through the thin capillary membrane wall without resistance and
diffuse into the nearby tissue region at a diffusion rate D’ and is consumed in the tissue at
a rate of k’. Let C’é(m' .y, 2’ ') be the function of non-negative oxygen concentration of the
tissue region and C~(2/, ') the non-negative oxygen function in the capillaries, the governing

partial differential equations to this unsteady convection-diffusion-consumption problem are

9C! 02Cy  9*C!  93C
8_t’t - Dl <@x/2 T 8y12t T 82/2t - ﬂl? (xlaylu Zl) € Qé? t, € [07 OO)? (44)

and
oL, o
o b g

(!9, ) € U ¢ € [0,00). (4.5)

On the outer tissue boundary 99’ there is no flux or the normal derivative of concentration

1S zero
oC’

—_— = 0. 4.6
on (! o ' )eoq (4.6)
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On the arterial end of each capillary(z’ = 0), the concentration is C},, differing in capillary

strength

C'(' 0,8y =Cl, (zl,y/,()) cQ ., t'el0,00), m=1,---, M. (4.7)

Since the permeability through the capillary wall can be regarded as infinite for gas solutes

like oxygen, the boundary conditions are

Ci(«’ ) =CLZ ), (2, 7)€ ol (4.8)

Normalize all lengths by L = 1/A(Q N {z = 0}), the square root of the cross sectional
area of Q' on the zy-plane, concentration by the average on the arterial end C/,, time by
L? /D" and drop primes. In terms of normalized parameters, the governing equations and

boundary conditions are

88(“;’5 - (%23 4 %2;; 5;;'5) ok, (ny.2) € Oy t € [0,00) (4.9)
%—f S g—f, (2,9,2) € Qe £ € [0, 00) (4.10)
Ce(z,y, z,t) = Ce(z,1), (x,y,2) € 08, (4.11)
O2,9,0,8) = Crps (2,4,0) € Q, t€[0,00), m=1,---, M, (4.12)
9k =0, (4.13)

on (w,y,2)€00Q

Where K = H/Z2/D/C(/l, ’Ub = [Z’Ué/D, and RC = R,C/z

If oxygen deficiency occurs, the flux and the concentration value equals zero on the
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moving boundaries 90"

0C}

on (x,y,2)€00M (z,y,2)€

Oxygen deficit region and its moving boundaries are defined in section [2.3.1] Note the

governing equations are 3D and unsteady.

4.1.1 Formulation

Consider a three-dimensional discrete compartmental space of identical cube compartments
with side length Az. It is of much importance to define the cross-section area of each

capillary. Hence, in three dimensional modeling, the choice of Az must satisfy

7 R2
nce

Ax =

(4.15)

where noo = 1,4,5,9,13,21...; which is the same as in 2D modeling. Again, shapes of
capillary compartment arrangements need to be approximately radially symmetric.
The formulation of governing difference equations for 3D modeling follows the same

procedure of the 1D and 2D modeling. The (3, 7, k)th cell has six adjacent neighbors
(7/ - 1aj7 k)a (Z + 17ja k)a (27] - 1ak>7 (27] + 17k)7 (Z>]>k - 1)7 <Z7jak + 1) (416)

Let Cznj ;- denote the oxygen concentration of the (4, j, k)th compartment at time At-n. The

change in mass inside this closed volume V = (Az)? over a short time period At is

Crhe =il | - V- (4.17)
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Figure 4.1: A 3D compartment for deriving the difference equations for DCM.

In the direction of the positive z-axis, the oxygen flux across each side from/to the top,

bottom, left, right, back and front neighboring compartments during a time interval At are

Az 1 | Ax | 1
n __ n n n__ n n
Ji = TUAE L6ak Ci—l,j,k_ ; Jy = T A |Vitlik T Ci,j,k_ ,
Az | Ax | q
n __ n n n_ n "
J3 N _E L i’j’k o Ci7j717k_ ’ J4 - _E _Cl,j‘i’l,k - Oi,j7k_ s (4.18)
Az T 1 Azt -
n _ n n 0 . ,
5= Gk G e = g (G~ G

A schematic diagram is given in Fig.

1. Difference Equation of Tissue Compartments:

Consider the interior tissue compartments which constantly consume oxygen at the rate

k. The concentration change caused by the difference between inflows, outflows and
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consumption in the (4, 7, k:)th compartment over the time period At can be described

as

(J7 4+ +Jg —Jy —Jf —J§)-A—k-V]- At, (4.19)
where A = (Az)? is the single face area of a cube compartment and V = (Az)? the
volume of a cube compartment. Balancing Equation (4.19)) with Equation (4.17) gives

D-|cntl — o }.v:

i,k P4,k - At. (4.20)

6
(Z J%) A—k-V
m=1

Substituting fluxes by concentration differences from (4.18)) and simplifying yields

At
+1 _
ij,k - CZT.Lj,k + W [an f]k - 60}17-,;@] — At - R, (4.21)
where
SO =0l j+ it j + O + Ol + O e + G g (4.22)

Now, consider the situation of a local oxygen deficiency, where

At
Clan T Tapz [PnCigk ~ 607 ] < At-r, (4.23)

in which case the tissue compartment will consume all the available oxygen over that

time step, and thus
n+1l _
Ci.j,k =0. (4.24)

Combining the oxygen sufficient case with the oxygen deficient case, the governing
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difference equation of an interior tissue compartment is

At
1
Cifjje = max {%k T oz ik 6 4] — At 0} : (4.25)

where At/(Az)? shall be less than 1/6 in the three dimensional problem for stability

and convergence. See Chapter [5| for the theoretical proof of convergence.

. Difference Equation of Capillary Compartments:

In the three dimensional problem, oxygen inside the capillary compartments not only
diffuse into the tissue region but also flow downstream at the same time. Dealing
with this complex situation, we shall extend the discrete compartmental technique
introduced in sectionsB.2land 3.3l The fundamental idea is to execute the 3D diffusion

and sliding process by a time-space matching technique.

Consider the case Az = /7 RZ, where each capillary is represented by a single row of

compartments. Each capillary compartment has four tissue neighbors and two capillary

neighbors. The concentration change in the (i, j)th capillary compartment over the

time period At can be described as

(J1 4+ J8 — J3 — J}) - A] - At. (4.26)

th

Balancing of mass flow with concentration change in the (i, 7, k)" capillary compart-

ment over the time period At yields

N+ —
D.|C. z??j,k} V=

ik At (4.27)

(%)
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where n4 represents time at the end of the nth time interval. Substitute in J{', J3,
3, Jy, from 1) and simplify. The oxygen concentration in the (i, j, k)" capillary

compartment at the end of the nth time interval is

At

N4 ~n n
Czjvk o Ciajvk + (Al’)2 Z C 2,7, k 4C ,j, ) (428)
(i.4) nb

where

Y Ok = Oy T Ol + Ol + Ol e (4.29)
(i 7])nb
and

At = %, (4.30)

in which p is the sliding period determined by Ax /vy and b is any positive integer.
Here At is chosen to that give the desired accuracy and also satisfies the condition
of convergence. During each sliding period, the diffusion-consumption is executed for
every At and oxygen in each capillary compartment slide one segment downstream
for every b - At. Thus, the oxygen concentration of a capillary compartment in the
beginning of the next time interval is

cr=cit

For the general case Az < \/TR2, where each capillary is represented by more then
one row of compartments, an average of the oxygen concentration over each capillary’s

cross-section area shall be taken and reassigned after the diffusion process by Eq.

(£.28).
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3. Difference Equation of Boundary Compartments:

Consider a cuboid discrete compartmental space, where the boundary compartments
can be divided into three categories: 1. tissue compartment with one inactive neigh-
bor(a side boundary), tissue compartment with two inactive neighbors(an edge bound-
ary), 3. tissue compartment with three inactive neighbors(a corner boundary). The
derivation of the governing difference equation for boundary tissue compartments satis-
fying the reflecting boundary condition follows a similar process as in section [3.2.1] For
example, if a boundary compartment on the corner, whose (i — 1, j, k:)th, (1,7 —1, k:)th
and (i,7,k — 1)th neighbors are inactive compartments, then the difference equation

updating oxygen concentration of this compartment is

At
+1 _
Ot =max { Oy + Ty (200 208 o+ 2004 = OCT] = At 0

(4.32)
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4.1.2 Three capillaries of uneven strength in a cuboid domain

Consider three capillary of uneven strength and random distribution in a cube region, {2 =
W x HxL=1x1x1. Locations and plasma oxygen concentration on the arterial end of
the capillaries are randomly generated and shown in table 4.1} The uniform capillary radius
R is set to be 0.056419 for demonstration, the blood velocity v, = 180, and the tissue

consumption coefficient k = 1.

Tm ym | Cq of the mth capillary

0.679 | 0.390 0.311
0.258 | 0.299 0.186
0.511 | 0.605 0.473

Table 4.1: Locations and plasma oxygen concentration on the arterial end of three randomly
distributed capillaries used in the example.

Assume this cubic multi-capillary tissue domain initially has zero oxygen everywhere.
Blood with oxygen suddenly flows into the capillaries and the oxygen starts to diffuse into
the surrounding tissue. Figure[4.2|shows the computed oxygen concentration profiles at time
t=0.1,t=0.2,t=0.5 and t = 2.2. The domain is gradually filled with oxygen and finally
reaching a steady state, which is determined by comparing the concentration values of each
compartment over a constant time period and see if the difference of every corresponding

compartment is less then a given threshold.
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Figure 4.2: Concentration profile of three capillaries of uneven strength in a cube domain at
t=0.1,t=0.2,t=0.5 and t = 2.2 (steady state).
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Of interest is time when the domain becomes fully perfused, ¢y, which is found by search-
ing for zero-concentration compartments over each time step. If every compartment has a
nonzero value, we say the domain is fully perfused; if the tissue domain has both zero and
nonzero compartments, we say the domain is partially perfused. The first time when the
domain changed from partially perfused to fully perfused is the domain fully perfused time.

Another subject of interest is the time for the transient solution of the whole domain
to reach a steady state, ts. Since between two adjacent time steps the difference between
the concentration profiles is very small, ¢ is determined by comparing the concentration
values of each compartment over a longer time period say ¢ = 0.1. If the difference of every
corresponding compartment is less then 1 x 1079, we say the transient solution has reached

a steady state.

Az 0.1 0.05 0.02 0.0111111 0.00995803

ty 01511 0.1367 0.1965  0.2059 0.2047

ts  2.200 2.200  2.200 2.200 2.200

Table 4.2: Time to fully perfused (t7) and to steady state (ts) corresponding to different
valid choices of spacial step size (Ax)

Table 4.2 shows the time to full perfusion (¢7) and to steady state (ts) corresponding to
different choices of spacial step size (Ax). As we can see that the full perfusion time is highly
influenced by the compartment size but converges to a certain value. The steady state time
is much more stable and not being influenced by the compartment’s size. This makes sense
because when there are too few compartments, the boundary compartments are thicker and
closer to the center, thus become nonzero earlier while not influencing the stability.

We are also interested about the numerical convergence of this algorithm under transient
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state. Figure shows effect of space step size at time ¢ = 0.1 for two locations, the oxygen
concentration of the compartment at the center and at a random location. The vertical
axis represents the concentration value(x10) of the compartment and the horizontal axis
is the inverse of spacial step sizes (Az) corresponding to different valid capillary shapes.
For each location, 24 different spacial step sizes are tested. It can be seen from both Fig.
M(a) and Table that the concentration quickly converges to within a certain range and
oscillate inside that range as the size of Ax decreases. This oscillation phenomenon may
due to the different cross sections of approximating the capillary compartment by squares.
For example, using 1, 4 or 9 compartments to approximate the capillary cross section the
shape is a square, but using 5 or 13 compartments, the capillary is cross-shaped. To further

analyze the convergence, we divide the result into sub-groups and calculate there averages.

Az 0.1 0.05 0.02  0.0111111

t=0.1 28437 40875 42190 41207

t=0.2 59394 72609 70437 68811

t=0.5 97947 108828 104477 102693

t=1 107338 117156 113228 111468

t=2 108028 117751 113936 112178

t=4 108031 117754 113940 112182

t=8 108031 117754 113940 112182

Table 4.3:  Convergence for concentration value (x10%) on a random point
(0.243,0.525,0.725) corresponding to an interior tissue compartment for different choices
of valid spacial step size (Ax)
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Due to the convergence constraint and the given blood velocity, smaller Az requires
larger sliding frequencies corresponding to a smaller sliding period and thus requires extra
sliding steps during each time step. Vertical black lines in the figure divides the plane into
sub-regions corresponding to different sliding frequencies b = 1, 2,3 and 4 from left to right.
Average of values in each sub-region is represented by the short black lines. Starting from
the smallest Az on the right end, convergence of the points is estimated using the uniformly
minimum variance unbiased estimator and represented by the long horizontal black line. We
found that, although individual points vibrate around the line without a clear pattern, the

average values of each sub-region gradually converge to the estimated value as expected.
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(a) Concentration value(><106) on a random point (0.243,0.525,0.725)
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(b) Concentration Value(><106) on the central point (0.5,0.5,0.5)

Figure 4.3: Convergence of the 3D algorithm on interior tissue compartments for different
choices of valid spacial step size (Azx), at time ¢ = 0.1. The vertical axis represents the
concentration value(x10%) of the compartment and the horizontal axis is the inverse of
spacial step size (Ax). Vertical black lines divides the plane into sub-regions due to the
sliding period corresponding to the compartment size. Short horizontal lines are the average
of values in each rectangular region and the long horizontal line is calculated using the
uniformly minimum variance unbiased estimator from the end of the smallest Az obtained.
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4.1.3 The Krogh Tissue Cylinder

In this section, we reexamine the clasical work of the oxygen transport from a single capillary
to its surrounding tissues by Krogh [38], taking account of the blood flow through the
capillary as well as the oxygen diffusion in the tissue in the axial direction. We shall compute
the steady state solution from unsteady state, and compare the results with the analytic

solution.

Figure 4.4: The Krogh tissue cylinder

Figure 4.4]shows the schematic diagram of a Krogh capillary-tissue cylinder model. In the
example we use a Krogh cylinder of 110 ym diameter tissue surrounding a 10 ym diameter
capillary of 1000 pm long. The tissue diffusivities are 900 pm? /s, which is assumesd to be
the same in the axial and radial direction. The blood flow inside the capillary is 400 pum/sec.
To determine the normalized concentrations, it is sufficient to only specify the ratio of the
tissue oxygen consumption to the oxygen concentration on the arterial side of the capillary.

Here we used x'/Cy = 0.002sec™ L.
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Figure 4.5: Concentration curves of the Krogh tissue cylinder at (C' = 0.6,0.7,0.8,0.9)
at steady state from the numerical solution. The vertical and horizontal axes shows the
compartment numbers used in each direction.

We aim to compute the steady state solution from the transient state. Assume there
are initially zero oxygen everywhere and at starting time blood with oxygen suddenly flows
in. Our numerical solution is computed under space step of Az = 0.0590818, which is
determined by the normalized capillary radius and using four compartments to represent
one capillary (7 - R2 = 4 - (Az)?). A transient solution is calculated until reaching steady
state. Figure shows the oxygen concentration curves for typical values obtained from
the numerical solution. Figure shows almost perfect agreement of the numerical and the
analytic solution on the tissue boundary and on the capillary wall. Derivation of the analytic

solution can be find in the Appendix
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Figure 4.6: Concentration profile of the Krogh tissue cylinder on the capillary boundary and
the tissue boundary. Circles are numerical solution of oxygen concentration on the capillary
wall. Triangles are numerical solution of oxygen concentration on the tissue boundary.
Solid lines represents the oxygen concentration profile obtained from the analytic solution.

Horizontal axis shows the normalized capillary length and vertical axis show the normalized
concentration value.
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4.2 Simulating 3D Multi-Capillary Oxygen Transport

using DCM

Parameter Value Reference

R!. 2 —5pum [37] [54]

L 150 - 1000 pm 58] 23]
FCD 1000 - 1500 capillaries /mm? [67]
vy 130 - 1500 pum/s [24]
Cq 3 x 1073 (ml O9)/(ml blood) [50]

D' 1.21 - 2.41 x 107° em?/s [24] [72]
Ky, 1.67 x 10~4 (ml O9)(ml tissue) s~ 1 [24]
Kihar 3 x 1073 (ml Og)(ml tissue) ™1 s~ [4]

Table 4.4: Biophysical parameters used for the simulation of oxygen transport in multi-
capillary tissue bed. R., capillary radius; L', capillary length; FCD, functional capillary
density; UI'), normal RBC velocity; C,, arterial oxygen concentration; D', tissue oxygen
diffusivity; rﬁg, basal tissue oxygen consumption; /.., maximal tissue oxygen consumption.

Consider a cube shaped multi-capillary bad with biological parameters are shown in table
. As an illustrative example, let capillary radius R, = 2.8um, capillary length L' = 240um
and functional capillary density FCD = 1250 capillaries/ mm?. Consider 8 capillaries and a
square cross sectional tissue domain. The dimensions of the tissue region is then calculated
from the functional capillary density, ' = W/ x H' x L' = 80um x 80um x 240pum and
Q=W xLxH =1x1x3 after normalization. Table shows the capillary locations (from
reference [67]) and the plasma oxygen concentration on the arterial end for each capillary.

All the initial oxygen concentrations on the arterial end were set to be lower than that in the
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artery and were randomly generated from the range of [0.8,1]. Note that, the normalized
arterial oxygen concentration equals 1. Based on the convergence analysis result in section
[4.1.2) we use 13 compartments to represent each capillary, which determines the space step
Az = 0.0172057.

The steady state solution was first established from transient solution of zero oxygen ev-
erywhere and then blood suddenly flows into the capillaries. The tissue diffusivity 24.1um/s
is assumesd to be the same in the axial and radial direction. Under the basal tissue oxygen
consumption rate and a blood velocity of 1150um/s, oxygen concentration in the modeled

capillary-tissue system reaches steady state at normalized time ¢ = 0.6.

m| Tm ym | Cq of the mth capillary
1 10.385 | 0.879 0.960
2 10.183 | 0.673 0.935
3 | 0.837 | 0.855 0.978
4 10.602 | 0.690 0.928
5 | 0.138 | 0.365 0.931
6 | 0.691 | 0.428 0.995
7 10.310 | 0.161 0.976
8 | 0.760 | 0.203 0.962

Table 4.5: Locations and plasma oxygen concentration on the arterial end of eight capillaries.

Figure [4.7 shows the concentration profile of the capillary-tissue region at steady state.
Capillary-tissue region with oxygen concentration lower than 0.0001 is considered as anoxia.

Note that there is a tiny oxygen deficient region on the top corner of the top layer. Oxygen
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diffused to that part was depleted during the same time step and so it is at the borderline
to anoxia.

We shall use this steady state result as the initial condition to simulate the development
of anoxia and its recovery in the following examples. We shall use the DCM to develop
tissue anoxia from two different ways: 1. by blocking capillaries and 2. by increasing the
tissue oxygen consumption rate. In the first case, the recovery process will be simulated by
unclogging the blocked capillary. In both cases, the recovery process will be simulated by
decreasing the consumption rate, by increasing capillary blood velocity and by increasing

oxygen concentration in the incoming plasma.
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Figure 4.7: Oxygen concentration profile of eight capillaries of uneven strength and distri-
bution in a cuboid domain at steady state. Biophysical parameters collected in Table [£.4]
is used to simulate the actual biological process. Under capillary blood velocity 1150um/s
and basal tissue oxygen consumption rate 1.67 x 10™% (ml Oy)(ml tissue)™! s71, oxygen
concentration in this capillary-tissue system reaches the steady state at a normalized time
of t = 0.6.
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4.2.1 Anoxia Following Capillary Occlusion

In the previous subsection, the steady state oxygen concentration in a capillary-tissue region
with 8 capillaries of uneven strength and experimental parameters are established. Now,
consider one capillary is suddenly blocked, which means blood in that capillary suddenly
stopped flowing. That means, new oxygen will stop entering the blocked capillary and only
the remaining oxygen in the blocked capillary is available for the surrounding tissue.

Figure shows the change of oxygen concentration after blocking a capillary (m = 4)
which is closer to the middle of the tissue domain at time ¢ = 0.01, 0.05, 0.1 and 0.2. At
t = 0.1, oxygen level around the blocked capillary decreased dramatically. However, the first
oxygen deficient region appears on the top margin (at ¢ = 0.05), which is far away from the
blocked capillary and close to two healthy capillaries. This happens because oxygen always
diffuse from high concentration region to low concentration region, which enables capillaries
to support each other and balancing the oxygen distribution in the tissue region. This
surprising result is different from the traditional view, that tissue surrounding the blocked
capillary will be anoxic first. At t = 0.2 several oxygen deficient areas occur in separate
locations. The distribution of oxygen concentration reaches steady state again at ¢ = 0.6.
Since the response time should be short in the reality, we shall use this result at ¢ = 0.2 as
the initial condition on the next simulation.

The present result shows that, while occlusion happens, oxygen is redistributed to reach
a new balance with minimum anoxic area and this area may not occur near the blocked

capillary. Afterwards, anoxia may occur in several places.
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Figure 4.8: The development of oxygen deficit by blocking one capillary closer to the middle
of the tissue domain, at time ¢ = 0.01, 0.05, 0.1 and 0.2. Anoxic areas are shown in white
for contrast.
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Figure shows the results of oxygen distribution from blocking a capillary near the
outer tissue boundary (m = 1), after time ¢ = 0.01, 0.05, 0.1 and 0.2. At ¢ = 0.01,
oxygen concentration around the blocked capillary decreased greatly but unevenly due to
the distribution of other healthy capillaries. At ¢t = 0.05, a significant anoxic area appears on
the veinous end. At t = 0.1, the zero oxygen region expands and extends to the arterial end.
Besides that, additional small anoxia regions starts to occur elsewhere near the veinous end.
The oxygen deficient regions keep expending from ¢ = 0.1 to ¢t = 0.2. Since the boundary
is defined to be reflected, this example demonstrates the result of blocking a bunch of four
neighboring capillaries.

This section is important for the study of heart attack and its recovery. A heart attack
or Myocardial infarction (MI) is the death of a segment of heart muscle usually caused by
a loss of blood supply. The blood is usually cut off when an artery supplying the heart
muscle is blocked by a blood clot. During a heart attack, the heart muscle loses oxygen
supply and is damaged. If impaired blood flow to the heart lasts long enough, the heart
cells die, chiefly through necrosis, and do not grow back. Treatment of an MI is time-
critical. Common treatments include nitroprusside, theophyline, coronary artery bypass
surgery, and thrombolysis, where the blood flow is restored; supplemental oxygen, where
oxygen concentration in the artery blood is increased and so on. In the following subsections,
DCM is applied to simulate different types of the recovery process.

For convenience, note that ¢ = 0.01 is corresponding to 2.6556 seconds, t = 0.05 is

corresponding to 13.278 seconds and ¢ = 0.2 is corresponding to 53.112 seconds.
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Figure 4.9: The development of oxygen deficit by blocking one capillary near the tissue
domain boundary, at time ¢t = 0.01, 0.05, 0.1 and 0.2. Anoxic areas are shown in white for
contrast.
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4.2.1.1 Recovery Through Eliminating Capillary Blockage

In the previous simulation, one of the eight capillaries of uneven strength and distribution
was blocked, causing oxygen deficient in several separate regions (Figure . Now, consider
the blocked capillary was unblocked and resumes flow. We are interested in the transient
recovery process of tissue oxygen redistribution. Using the results from blocking the capillary
(m = 4) for a duration of ¢ = 0.2 as the initial condition here, we restore the blood flow
of that capillary. Thus, original rate of oxygen flows into the recovered capillary again and
diffuse into the surrounding tissue region.

Figure shows the oxygen concentration profiles after the blocked capillary is un-
clogged after time ¢ = 0.001, 0.05, 0.1 and 0.2. At t = 0.001, the recovered capillary was
infused again with oxygenated blood and re-nourish the surrounding tissue. At t = 0.05,
oxygen deficient region in the middle has fully recovered but other anoxic regions remain.
From ¢ = 0.05 to t = 0.1, the rest zero oxygen region shrunk greatly but still remain existed.
The concentration profile reaches a fully nourished steady state again at t = 0.5.

The result shows that, after eliminating the capillary blockage of a single capillary, oxygen
deficient regions near the blocked capillary will be recovered first. Anoxia tissue regions away
from the blocked capillary will need to wait a longer time for oxygen to diffuse there, and

thus have a greater chance to encounter tissue death.
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Figure 4.10: Recovery process of tissue oxygen distribution through unclog the blocked
capillary, at time ¢ = 0.001, 0.05, 0.1 and 0.2. Anoxic areas are shown in white for contrast.
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4.2.1.2 Recovery Through Decreasing Consumption Rate

In section [£.2.1] anoxia in capillary-tissue region with 8 capillaries of uneven strength and
experimental parameters was simulated by suddenly stopping the blood flow velocity inside
a capillary from steady state. Now, assume that capillary was still blocked and the living
system responds to anoxia by decreasing oxygen consumption. That means, the amount of
oxygen entering the system per time period remains the same as after the capillary occlusion,
but the less oxygen was consumed during each time period. So that extra oxygen will flow
towards anoxic regions. In reality, the basal tissue consumption rate can be further reduced
by decreasing the temperature, such as putting tissues into ice.

Consider the oxygen consumption rate is reduced from 1.67 x 10™% (ml Og)(ml tissue) !
s71 to 1.55 x 1074 (ml O9)(ml tissue)™! s~ at time ¢ = 0.2 after the capillary blockage
happens. Figure shows the recovery process of the tissue oxygen distribution after
reducing the oxygen consumption rate at time ¢ = 0.001, 0.05, 0.1 and 0.2. At ¢t = 0.001,
there is no significant change on the concentration profile. At t = 0.05, every anoxic region
is slightly reduced but none fully recovered. The zero oxygen regions continue to shrink from
t=0.05tot=0.2.

The oxygen distribution reaches steady state ¢ = 0.6 after the reduction of the consump-
tion rate. Under the selected new consumption rate, a significant oxygen deficient region
still exists at the middle of the top margin on the top layer. Tissues in this region are cer-
tainly going to die if nothing else happens, and tissues surround the blocked capillary on the
veinous end are in great danger. In addition, the top corner on the top level, which used to
have the lowest concentration in the steady state in the beginning , was no longer the

most anoxic.
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Figure 4.11: Recovery process of tissue oxygen distribution following a reduction of the
tissue consumption, at time ¢ = 0.001, 0.05, 0.1 and 0.2. Anoxic areas are shown in white
for contrast.
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4.2.1.3 Recovery Through Increasing Capillary Blood Velocity

In section [4.2.1] we developed anoxia in a capillary-tissue region with 8 capillaries of uneven
strength from steady state by blocking a single capillary and reduced the total oxygen supply.
Now, assume the living system is attempting to avoid tissue death by increasing the blood
velocity in the other healthy capillaries. That means, more oxygen will enter the region in
the same amount of time, resulting an increase on the amount to oxygen supply to tissue.
Physically, increasing of the heartbeat due to many reasons will lead to an increase of the
blood flow.

Assume the blood velocity of the seven healthy capillaries is suddenly increased from
1150pm/s to 1500um/s, at time ¢ = 0.2 after the capillary blockage happens. The resulting
oxygen concentration redistribution process at time ¢ = 0.001, 0.05, 0.1 and 0.2 is shown
in Figure [4.12 At ¢ = 0.001, there is no significant change on the concentration profiles.
However, at ¢ = 0.05 most of the anoxic region has already recovered, leaving only tissues
near the blocked capillary and in the middle of two blocked capillaries (the boundary is
reflecting). Although the majority of the anoxia region recovered quickly, a zero oxygen
region exists at ¢ = 0.2. Actually, the oxygen distribution reaches steady state at ¢ = 0.5
with that region remain anoxic.

Increasing the blood velocity by 50um every time, we found the anoxic region can be
fully recovered at vy = 1750um. It takes ¢t = 0.1922 for the entire tissue region to be perfused
and ¢t = 0.5 to reach the steady state. The result shows us, by increasing the blood velocity;,
the majority of the oxygen deficient region can be recovered in a short time. However, if
the velocity is not fast enough, some anoxic regions may exist permanently, leading to tissue

death.
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Figure 4.12: Recovery process following an increment in the capillary blood velocity, at time
t =0.001, 0.05, 0.1 and 0.2. Anoxic areas are shown in white for contrast.
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4.2.1.4 Recovery Through Increasing Oxygen Concentration in Blood

In this simulation, we started with the oxygen shortage developed in section by blocking
a single capillary. Assume the oxygen concentration in the incoming blood in the remaining
capillaries is suddenly increased by a certain amount, which means the total amount of
oxygen entering the capillary-tissue region will increase during each time period. Here, we
increase the arterial oxygen concentration C, by 10%, at time ¢t = 0.2 after the single capillary
occlusion occurs. Oxygen therapy, also known as supplemental oxygen, is a commonly used
medical treatment which increases the oxygen concentration in the artery blood.

Figure shows the oxygen concentration profiles following increasing oxygen concen-
tration in blood, at time ¢ = 0.001, 0.05, 0.1 and 0.2. The recovery process is very similar
to the result from increasing the blood velocity in the previous part There is no
immediate change on the concentration profile at ¢ = 0.001 but the anoxia region shrunk
greatly at t = 0.05. With the applied 10% increment on the blood oxygen concentration,
the oxygen distribution reaches steady state at ¢ = 0.6 with a small zero oxygen area at the
top margin on the veinous end.

Note that, the anoxic regions could fully recovers with a greater increment on the oxygen
concentration in the artery blood. Here, we are aiming to explore and predict the location for
possible tissue death under severe cases. As the result shows, tissue death caused by capillary
occlusion may not happen on tissues neighboring the blocked capillary nor on tissues initially

having the lowest oxygen concentration but elsewhere.
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Figure 4.13: Recovery process of tissue oxygen distribution following increasing oxygen con-
centration in the arterial blood, at time ¢ = 0.001, 0.05, 0.1 and 0.2. Anoxic areas are shown
in white for contrast.
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4.2.2 Anoxia Following Increased Tissue Oxygen Consumption

In section the steady state of oxygen concentration in capillary-tissue region with 8
capillaries of uneven strength and experimental parameters are calculated. Now, consider
the tissue oxygen consumption is suddenly increased. Increments on oxygen consumption
caused by muscle movement are usually accompanied by the increase of the blood velocity
or blood oxygen concentration. Here, we consider the case of acute exertion without proper
warm-up and focus on the occurrence of the resulting oxygen shortage and its recovery
processes.

Consider the tissue oxygen consumption rate is suddenly increased by 50%, from the
basal rate 1.67 x 1074 (ml Oy)(ml tissue) ™' 571 to 2.505 x 10~ (ml Og)(ml tissue) ™! s~
after the steady state in section Figure [4.14] shows the change of oxygen concentration
at time ¢ = 0.01, 0.05, 0.1 and 0.2. Comparing to the result from blocking capillaries in
section [£.2.1], the oxygen shortage occurs more separately in the tissue domain at ¢t = 0.01
and affects not only the veinous end at all levels. The oxygen deficient area expands to the
arterial end over time. The distribution of oxygen concentration reaches steady state again
at t = 0.4. Since the response time should be short in the reality, we shall use this result at

t = 0.2 as the initial condition of the following subsections.
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Figure 4.14: The development of oxygen deficit by increasing the tissue oxygen consumption
rate, at time ¢t = 0.01, 0.05, 0.1 and 0.2. Anoxic areas are shown in white for contrast.
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4.2.2.1 Recovery Through Decreasing the Consumption Rate

In the previous subsection 4.2.2, anoxia in capillary-tissue region with 8 capillaries of un-
even strength and experimental parameters was developed by suddenly increasing the tissue

oxygen consumption rate. Now, assume the tissue oxygen consumption rate has decreased

back to the original 1.67 x 10™% (ml O9)(ml tissue) ™! s~1 from 2.505 x 10~% (ml Oy)(ml

L's=1 at time ¢t = 0.2. That means, although the amount of oxygen entering the

tissue) ™
system remains the same, the oxygen concentration will be redistributed since every tissue
cell consumes less oxygen per time step allowing extra oxygen to flow back to anoxia regions.

Figure shows the recovery process of the tissue oxygen distribution after reducing
the oxygen consumption rate at time ¢ = 0.001, 0.01, 0.05 and 0.2. During the recovery
process, each of the oxygen deficient region gradually shrink and eventually disappear. The
oxygen distribution reaches steady state again ¢ = 0.6, which is longer than the time taken
during the anoxia development process in the previous section [4.2.2

Comparing the recovered area between different time periods, we observed that, even a

full recovery at the end is guaranteed, it took less time for the oxygen perfused region to

expand to tissues close to the capillaries than to tissues far from the capillaries.
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Figure 4.15: Recovery process of tissue oxygen distribution following reducing the tissue
consumption rate to original state, at time t = 0.001, 0.05, 0.1 and 0.2. Anoxic areas are
shown in white for contrast.
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4.2.2.2 Recovery Through Increasing Capillary Blood Velocity

In section [4.2.2] anoxia is developed by suddenly increasing the tissue oxygen consumption
rate at steady state. Muscle exercise always followed by an increase in the blood velocity.
From rest to exercise, blood flow velocity in the muscle capillaries can increase more then
tenfold [43]. Here, we consider two cases. Case 1: the capillary blood flow velocity is suddenly
increased to 1500um/s t = 0.2 after the rise of tissue oxygen consumption rate, and case 2:
the capillary blood flow velocity is suddenly doubled. We are interested in how soon all the
anoxia regions are fully recovered.

Figure shows the oxygen redistribution process at time ¢ = 0.001, 0.01, 0.05 and 0.1
after suddenly increasing the capillary blood velocity to 1500um/s. The oxygen deficient
regions were fully perfused with oxygen at ¢ = 0.0569. Figure shows the oxygen con-
centration profiles ¢ = 0.001, 0.01, 0.05 and 0.1 after the capillary blood velocity is suddenly
doubled. At t = 0.0298, the anoxia regions have fully recovered. Comparing the two results,
we can see that there are significant zero oxygen regions remains at ¢ = 0.01 in both cases,
However, a faster blood velocity lead to a much smaller fully-perfusion time, which means

faster further expansion of perfused region towards tissues located away from the capillaries.
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Figure 4.16: Recovery process of tissue oxygen distribution following increasing the capillary
blood velocity to 1500um/s, at time ¢ = 0.001, 0.01, 0.05 and 0.1. Anoxic areas are shown
in white for contrast.
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Figure 4.17: Recovery process of tissue oxygen distribution following doubling the capillary
blood velocity, at time ¢ = 0.001, 0.01, 0.05 and 0.1. Anoxic areas are shown in white for
contrast.
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4.2.2.3 Recovery Through Increasing Oxygen Concentration in Blood

In this simulation, we started with the oxygen shortage developed in section [£.2.2] by increas-
ing the tissue oxygen consumption rate. Assume the oxygen concentration in the incoming
blood has suddenly increased at time ¢t = 0.2 after the consumption rate has increased. Here,
we increase the arterial oxygen concentration Cy by 10%, which means the total amount of
oxygen entering the capillary-tissue region is increased by 10% during each following time
period.

Figure [4.18] shows the oxygen concentration profiles following increasing oxygen concen-
tration in blood, at time ¢t = 0.001, 0.01, 0.05 and 0.1. The recovery process is very similar
to the result from increasing the blood velocity in the previous part There is no
immediate change on the concentration profile at ¢ = 0.001 but the anoxia region shrunk
greatly at t = 0.01. With the applied 10% increment on the blood oxygen concentration,
the anoxic tissue region is fully recovered at ¢ = 0.0668.

Note that both increasing the blood velocity and increasing the oxygen concentration
in the incoming blood increases the amount of oxygen entering the capillary-tissue region.
Hence, the resulting recovery process are similar, but increasing the arterial oxygen concen-

tration will lead to a higher oxygen concentration in tissues closer to the artery end.
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Figure 4.18: Recovery process of tissue oxygen distribution following increasing oxygen con-
centration in the arterial blood, at time ¢t = 0.001, 0.01, 0.05 and 0.1. Anoxic areas are
shown in white for contrast.
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Chapter 5

The Analytic Theory of the Discrete

Compartmental Method

The proposed Discrete Compartment Method (DCM) is a numerical method that approx-
imates the solution of a transient diffusion-consumption-convection system by solving cor-
responding difference equations on a discrete domain with finite number of compartments.
In the examples from previous sections, we have validated the accuracy of steady state so-
lutions obtained using DCM by comparing them with analytic solutions of the differential
equation. However, for transient problems we generally do not have the exact solution to
compare against, nor do we have any highly accurate solution computed by other means or
experimental results (for example, transient problems in 2D and 3D; transient problems in
1D with anoxic region.) In such cases, we mush rely on some combination of the following

techniques to gain confidence in our numerical results:

e Validation on test problems. The model with particular implementation should
be tested on simple problems for which the true solution is known, or on problems
for which a highly accurate comparison solution can be computed by other methods.

Experimental results may also be available for comparison in some cases.

e Theoretical analysis of convergence and accuracy. Ideally one would like to

prove that the numerical result converges to the correct solution as the compartment
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is refined and obtain reasonable error estimates for the numerical error that will be

observed on any particular discrete domain.

In this chapter we concentrate on the theoretical analysis. Here we consider only the
diffusion consumption problem on a bounded cubic domain. We will also assume the problem
is well-posed, which means there exist a unique solution and it depends continuously upon
its initial value. In addition, we assume there is no moving boundary in the tissue region for

all ¢.

5.1 Numerical Error

In order to talk about accuracy or convergence, we first need to quantify the error and obtain
reasonable error estimates. Numerical solution using DCM is influenced by two sources of

error:

e Discretization error, the difference between the exact analytical solution of the
partial differential equation and the exact solution of the compartmental difference

equation.

e Round-off error, the difference between the exact solution of the compartmental
difference equation and the numerical result using finite-precision. It is also called
rounding error, which is incurred after a repetitive number of calculations due to in-

exactness in the representation of real numbers on a computer.

In one dimensional problem we have an approximation C7' for each compartment using
the discrete compartment method. For comparison, we let u(z,t) represent the analytical

solution of the partial differential equation and u}' represent the exact value we are hoping
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to approximate well. For a finite difference method we may choose to compare with the

pointwise value

u; = u(iAz, nAt), (5.1)

but for a discrete compartment method we may want to instead use

1 Tiv1/2
ul /

= — A . 2
i T AL . u(z, nAt)dx (5.2)

1/2

However, the pointwise value for the compartment centered at z; agrees with the
compartment average to O(Az) if the function u(x,t) is sufficiently smooth. Since
the present discrete compartment method is second-order accurate (will prove in the next
section), comparison with the pointwise value can be used for simplicity. The global error

at time T'= N At can then be represented as
EN =N . (5.3)

Note that for time dependent problems, errors generally grow with time, and the number of
time steps to reach time level n+ 1 will grow to infinity (in the limit that must be considered
in proving convergence) as we refine the grid. So we should not expect that any finite grid
could yield good solutions at arbitrarily large times.

We say that the method is convergent at time 7" in the norm || - || if
IEN|| =0, Az, At —0, (5.4)
and the method is pointwise convergent as the compartment is refined if the method is
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convergent in the co—norm

1Eoo = max |Eil. (5.5)

We say that the method is accurate of order (p, q) if
|EN|| = O(AP) + O(AtT) (5.6)
which means there exist a constant B, such that

I1EN)| < B (Axﬁ + At@) . (5.7)

5.2 Convergence

Consider the Crank-Gupta problem

”

oC _ 9*C
W__aﬂ_l’ 0<z<s(t), t=0

oC
o = 0, at =0
) )
e (5.8)

C:?ngo, at = s(t),

C(r,0)=311-2)% o0<a<],

\
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where s(0) = 1, and the discrete compartment method

(

CM = max {C? + a - [CP | — 207 + CP

Z+1}—At~/{,0}, n>=0

Col = max {C +2a- [C} — CF] — At- K, 0}, n>0,

Ot = max {CF +2a- [CF = CP] = At-x, 0}, 020,

where o = At/(Ax)?.

(5.9)

Theorem 5.2.1. If 0 < o < 1/2, we have the solution of (5.9) pointwise converges to the

solution of (j5.8]), i.e.

|E"||c = 0, as Ax,At—0, VneN.

(5.10)

Proof. First, we show that C}" is decreasing w.r.t i in the region where its values are positive.

We have

Since Az =

2

1 , 1 .
o, - = S—(i+ 1)Az)? — 5 (- iAx)?
1
= (i+ §)Aa:2 — Az
1/I, fori=1,...,1 —1 we have

-1 -1
1+ 5 I —i—5
I Ag - Ap— 172

1
(i + §)Aa:2 — Az =
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Combining with (5.11)) we have

e, —-cY<o0, fori=1,..,1-1 (5.13)

7

Now consider the region where Cznj'll and C’;H'l > 0,

il — Pt =(1 = 20)C ) + a(C] + CPg) — At -k

— (1 — 20()0? — O((On_l -+ in-i-l) - At K

]

=(1=2a)(Cjy; = CF') + a(Cy — Gy + O = CLy) (5.14)

Assume C"

i1 — O} <0, we have by (5.14) that

crtt—crtt <o, (5.15)

because v > 0 and 1 — 2a > 0. Recall by (5.13), this is also true for n = 0. Thus by
induction, we have

for all 4 = 1,...,1 — 1 such that C}' >0, Vn € N.

On the left boundary, since CSLJFI < Cf, by 1) we have

Cytl = (1-2a2)Cf +2a-CF — At -k < Cf. (5.17)
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Simplify and rewrite gives

At
cp>op - ==

— C{ as Az — 0, (5.18)

Vn € N such that C’Zn > 0.

Thus, the solution C}' is decreasing strictly before it reaches 0. Moreover, we have by

(E-19) and (F.11) that
et — e <O —CP[ =0 as Az — 0. (5.19)
Let 4y, be such that C? and C? =0, by (5.19) we have Ve >0, 3 > 0 s.t.
n n+1

|CZZL | <€ when Az <, (5.20)
n

i.e. the numerical solution is asymptotically continuous as Az — 0.
Next, we show that the numerical solution converges to the original solution in its positive
values. Let

El' = C}' — u(iAz,nAt), (5.21)

then for i = 1,..., I — 1 such that C}* >0

+1 _mtl :
BT =C0 —wu(iAx, (n + 1)At)
=(1-2a)C}' + (Cl' 4 + Cf 1) — At - k — u(iAz, (n 4 1)At) (5.22)

=(1 = 2a) [E}' + u(iAz,nAt)] + o [El | + u((i — 1)Az,nAt) + B},

uw((i + 1) Az, nAt)] — At - k — u(iAz, (n + 1)At), (5.23)
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Vn € N. Consider the Taylor expansion of the analytical solution terms in equation (|5.23)

at (iAx,nAt)

— 1)Az,nAt) = u(tAzx,nAt) — Ax - — A
u((i — 1)Ax, nAt) = u(iAx, nAt) T (Al + O(Azx*),
u((i 4+ 1)Az,nAt) = u(iAx,nAt) + Ax - T [ + O(Az?),

. o . ou 2
u(iAz, (n + 1)At) = u(iAx,nAt)) + At - | (ineman + O(At?).

Put these back into ([5.23)), we have

E{Hl =(1-20)E!'+ [E,le -+ Z-"Jrﬂ + (1 = 2a) - u(iAz, nAt)

+ {u(iAm,nAt) — Az - Ou , + O(Az?)
(iAx,nAt)

ox

ou
Ax,nAt) + Ax - —
+u(iAx, nAt) + Ax 5

2
(iAx,nAt) +O0(Ax )}

— Atk — [u(iAx, nAt)) + At - %

2
(iAx,nAt) +O(A )}

=(1-2a)E' + o [EP 4 + El' 4] + O(Az?) + O(At).

Since o > 0 and 1 — 2 > 0, by the triangle inequality;,

|EPH < (1 - 20)| B + | EX |+ a|EX | + B - (Ax? + At)
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for some constant B > (. Take supremum over positive region, we have

sup |Ein+1| < swp  |E][+ DB (Az? + At) (5.29)
ISi<in ISisin 41
< sup |E]'[+nB- (Az? + At) (5.30)
1<
Observe that
1 1
EY = 51— iAx)?) — 51— iAz)?) = 0. (5.31)
We have
sup ]EZ-H1| <nA- (A2 +At) =0 as Az, At — 0. (5.32)
1<i<in 41

Therefore, for each (i,n), where i = 1,...,/ —1 and n € N, such that C7" > 0, we have

|E]| = |C — u(iAz,nAt)| - 0 as Az, At — 0. (5.33)

On the right boundary, obviously we have

|E7|=0 VneN. (5.34)
On the left boundary, we have
By =Cl — (0, (n + 1)At) (5.35)
=(1 - 2a)C§ +2aCT — At -k — C(0, (n + 1)At) (5.36)
=(1 — 2a) [E} + u(0,nAt)] + 2a [EY + u(Az, nAt)] (5.37)
— Atk —u(0,(n+ 1)At) (5.38)
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Vn € N. Consider the Taylor expansion of the analytical solution terms in equation (5.35)

at (10, nAt)
_ Ou 2
u(Aa,nAt) = u(0,nA) + Az - )(o,mw +O(Az?), (5.39)
u(0, (n + 1)At) = u(0,nAt)) + At - ?9_?‘(0 At) + O(A?). (5.40)

Put these back into ([5.35]), we have

ESH’l =(1—2a)Ey + (1 — 2a)u(0, nAt) + 20E7

ou
+ 2 |:u(07 TlAt) + Ax - %)(O,nAt)

ou
— Atk — |:u(0, nAt)) +At- E‘(O,nAt)

+ O(sz)}
+ (’)(AtQ)]

—=(1 — 20)E} + 2aE} + O(Az?) + O(At) (5.41)
where (5.41)) is because Ju/0x =0 at © = 0. Since 0 < a < 1/2

B < IEG|+ | Y| + By - (Aa? + At)
< |EYY 4+ BV 4+ | B + 2By - (Ar® + At)
<. <

n
<IEQI+ Y |Ef|+nBy - (A2 + At)
k=0

n
=0+ Y _|Ef|+nBy - (Az? + At), (5.42)
k=0
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for some constant By > 0. Together with ([5.33)), we have
|Ey] =1CY —u(0,nAt)] - 0 as Az, At — 0. (5.43)

To handle the zero value part, recall by (5.20) that the numerical solution C}' is asymp-

totically continuous. Thus Ve > 0, 39 s.t. (by (5.33))

]C? —u(inAz,nAt)| < e if max(Az, At) <. (5.44)
n

By (5.20), 361 > 0 s.t.
\CZIL | <e for Az <. (5.45)
n

Combining (5.44)) and ([5.45]), we have

|u(inAz, nAt)| = |u(inAz, nAt) — CZ} + CZ@ ]
n n

< |lu(inAz, nAt) — C¥ | + |CZ |
n n

< 2e. (5.46)

Since u(z,t) is non-increasing and positive in z, we have

0 < u((in + 1)Az,nAt) < u(inAzx,nAt). (5.47)
Recall by definition of ;n we have C% =0, i.e.
Zn+1
12— u((in + 1) Az, nAt)| < 2e. (5.48)
’Ln+1
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Therefore, C}' is also convergent to u(z,t) in the zero value region. Combining ([5.33) and

(5.48)), we have
Cl' = u(iAz,nAt) as Az, At — 0, (5.49)

Vi=1,...,1 and Vn € N, i.e.

E™|oo = ||C™ — u™||oo — 0, as Az, At—0, VYneN. (5.50)

]

Remark 5.2.1. The result can be easily extended to two-dimensional cases with 0 < a < 1/4

and three-dimensional cases with 0 < a < 1/6.

When the sliding element method (SEM) is introduced to deal with the convection,
the time step size is dependent on the blood velocity. Since our the original goal is to
simulate and analyze real biological process, biological parameters are used through out the
computation. For some combination of the parameters, we will need to adjust the sliding
frequency b accordingly to maintain the method’s stability. Based on the stability condition
of the discrete compartment method and the definition of the sliding period p, we have the

following corollary.

Corollary 5.2.1. When the sliding element method (SEM) is used along with the discrete
compartment method (DCM), for the convergence of an m-dimensional problem, we require

ps _2m

> Aour (5.51)

where vy, is the normalized blood velocity and b € Z™T is the sliding frequency.
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Proof. For method convergence, we require

At < L (5.52)
(Az)2 = 2m’ '
By the definition of At (4.30)), we have
p_ (Az)?
=< 5.53
b 2m (5:53)
Finally, apply the definition of p gives
Az (Az)?
< . 5.54
b- vy 2m (5:54)
Rewriting and simplifying the above equation yields the desired inequality (/5.51)). O

The above corollary is crucial to the development of the discrete compartment model.
It helps determining the smallest b under selected blood velocity and space step size, which

satisfies the stability condition with the best accuracy.

Remark 5.2.2. In original coefficients with units and the way of normalization used in this

thesis, an m-dimensional DCM+SEM scheme is convergent, if

om - D'

b> ————
Am-L-vé

(5.55)

where L = \/A(Q/ N {z = 0}) is the square root of the cross sectional area of the capillary-
tissue region € on the zy-plane in the unit of length, D’ is the diffusion coefficient in the

unit of area per time, vg) is blood velocity in the unit of length per time and b € Z™.

150



Chapter 6

Conclusions

6.1 Discussion

The delivery of oxygen through capillaries and blood flow in the microcirculation is critical
in human physiology. Due to the advance of technology, it has been shown that many of the
macro-cycle system of major diseases, such as all kinds of stroke, ischemic heart disease, high
blood pressure, vascular occlusive diseases, diabetes, malignant tumor metastasis, etc, has
its occurrence and development not in the macro-circulation but in the micro-circulation.
A three-dimensional discrete compartmental model is developed to estimate the oxygen
concentration provided by multiple straight capillaries with different strengths among stri-
ated muscles. A reflecting boundary condition is assumed and blood flow velocity inside
the capillary is considered. Supply of oxygen from capillaries and tissue and the tissue oxy-
gen concentration level is critical in the function of all living creatures. Using the present
method, multiple capillaries with arbitrary characteristics in a three dimensional absorb-
ing tissue domain were first modeled in this paper. The proposed discrete compartmental
method is advantageous when compared to other methods due to the following four major

reasons:

1. The solution is transient. Previous works has obtained steady-state solutions in many

different setups, but the transient solution is more important has not been studied.
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Actually, a true steady state may never exist in reality since the oxygen partial pres-
sure inside the capillary changes with breathing and cardiac pulse. Also, the tissue

consumption rate changes from rest to normal movement, to physical exercise.

2. The model is three-dimensional. Previous works only studied two-dimensional transient
problems with multiple capillaries, but these results cannot reveal the physiology of
the three-dimension case. In two-dimensional models, the axial diffusion in tissue
was neglected. However, recent experiments on the tissue surrounding a capillary
clearly indicated that axial diffusion have significant effect on the oxygen concentration

profiles.

3. The model deals with anoxia among multiple capillaries. Some authors studied anoxia
using the Krogh tissue cylinder with a single capillary, but such case may never exist in
reality due to the concurrent flow. It is evident that capillaries have different potential
strengths and the distribution is uneven. Also the previous models do not predict the

location of anoxia which actually occurs somewhere away from a blocked capillary.

4. The model is constructed directly from Fick’s Law of diffusion. Therefore, the model is
easier to apply to three-dimensional case than previous models. At the same time, the
resulting difference equation is easy to compute using modern computer technology.
The model itself and its construction method can be applied to future studies of more

complicated biological systems.

The three major results are 1. The three dimensional transient oxygen concentration can
be solved in tissue supplied by a bunch of capillaries 2. If one capillary is blocked, tissue

anoxia dose not occur in the vicinity of the blocked capillary but occurs in some affected
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region which is susceptible to low oxygen concentration 3. If neighboring capillaries are well
oxygenated, tissue anoxia may not occur at any time.

The present model is a significant contribution to the research field of both numerical
methods and micro-circulation. It reveals and simulates many important biological processes
which are not measurable or observable by experiments. Also, it demonstrates a successful
and novel way of developing efficient computational model for complicated biological phe-
nomena. Lastly and most importantly, it provides a new research tool with many possible
extensions on similar transport problems, especially for the study of heart attack and stroke

and their recovery.

6.2 Future Works

The three dimensional discrete compartmental modeling along with the time and space
matching technique is first developed in this paper. The discrete compartmental model is
designed especially for the oxygen transport problem in muscle tissue where the governing
difference equations are derived directly from the Ficks’ law of diffusion. Therefore, it is
much simpler than any other traditional numerical methods such as finite difference method
or finite element method and it can be used as a powerful tool to study the oxygen transport
among cellular units and oxygen concentration among muscle tissue.

Possible extensions of the discrete compartmental model are:

1. consider diverse type of cells with different consumption rates,

2. apply the model to other substrates such as carbon dioxide or substrates with finite
permeability,

3. instead of sudden blockage, consider different reduced blood velocities,
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8.

9.

. treatment of different boundary shapes,

. use other compartment shapes such as hexagonal cube or tetrahedron,

instead of straight capillary, consider slightly curved capillaries,
instead of the zero oxygen area, study also the low oxygen areas,
simulation of large scaled tissue bed,

explore ways study low blood velocity without violate the convergence constraint,

10. study the change of individual and total outflow versus any abnormal oxygen distri-

bution such as anoxia,

11. consider capillaries of different radius,

12. consider oxygen axial diffusion inside the capillary,

13. deal with capillary branching,

14. calculate the anoxia time of individual zero oxygen regions and predict tissue death

time and location.

Theoretical proofs of consistency, convergence and stability of the discrete compartmental

method with moving boundary property remain to be improved. The model can be also be

applied to pharmacological problems such as the analysis of the drug delivery to tissues.
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APPENDIX

Analytic Solution of Krogh Tissue

Cylinder

A derivation of the steady state analytic solution of oxygen distribution in a Krogh cylinder
is given below. The model consists of a single capillary from which oxygen diffuses into a
surrounding cylinder of tissue. The equations governing this model were derived by Blum
[6] in 1960, who also attempted to obtain their solution but end up with incorrect results. A
correct mathematical analysis of a model for substrate concentration in tissue surrounding
single capillries is given by Salathe and Wang [57] in 1980. We shall apply their method to
the substrate of oxygen.

Frist, we will review and define the geometry and nature of the idealized cylindrical

capillary bad.

1. A single capillary of radius R/, and length L’ is surrounded by a concentric cylinder of
tissue of radius Rj. Both ends of the tissue cylinder is bounded by planes normal to the
capillary, and it is assumed that no oxygen crosses the boundary of the tissue cylinder
including the ends and the cylindrical sides. The origin of a cylindrical coordinate

system (z/,2') is place on the symmetry axis at the arterial end.

2. Blood containing oxygen molecules at a concentration C! enters the capillary at the

arterial end and flows down to the venous end at a uniform velocity vé. Inside the
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capillary, we assume the hemoglobin was uniformly dissolved in the plasma and use
the average oxygen concentration at any cross section of the capillary. We also assume
that diffusion of oxygen inside the capillary are negligible compared to convection due

to blood flow through capillary.

3. As the oxygen is convected through the capillary at any longitudinal distance 2’ from
the entrance, it diffuses through the membrane into the surrounding tissue. The per-

meability, P, of the capillary endothelium to the oxygen molecules is unlimited.

4. In the surrounding tissue the diffusivities of the oxygen in the radial and axial direction,

D', is assumed to be the same, i.e. isotropic diffusion.

5. The surrounding tissue cells are assumed to be similar and has uniformly distributed

enzyme system that consumes the oxygen at a constant rate «’.

6. Under the assumptions above, the concentration of oxygen in the capillary, C.. is a
founction only of the axial distance 2/, while the concentration in the surrounding

tissue, C’é, depends on both z and the radial diatance 7.

Normalize all length by the tissue radius Ré and oxygen concentration by that on the arterial
end C}. In terms of the nondimensional variables C. = C./C},, Cy = C{/Cy, r = 1'/RY,
z=2'/R}, 1l = L'/R, and R = R[/R}, the governing equation in the tissue arround the

capillary is

9*Cy 10 ( 9C;
I T — ) = <z <K <r< .
822+r8T(T8T> R, 0<2<l, R<r<, (1)

where x = #'(R})?/D'C!,.
Inside the capillary, the amount of oxygen passing through a cross section at a distance

2" along the capillary can be denoted as WR/CQUI/)Cé, and the amount leaving the capillary at
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the distance 2’ +dz' is 7R [C.+ dC!]. The excess, which is the amount of oxygen diffused
away to the surrounding tissues in a distance of d2’ is —WR'CZUI’)(dCé /dz")dz'. Meanwhile, the
amount of oxygen permeates across through the surface of the capillary membrane enclosed
by planes 2z’ and 2’ + d2’ is given by the product of that area, 2w R.dz’, times the flow per
unit area, C/. — CHT/: RL: These two flows have to be equal in the steady state which gives
the expressions of the changes of the oxygen concentration inside and on the boundary of

the capillary cylinder.

dCé 2P / / / /
TR [Cc—q yp]. 02 <L (.2)
After the normalization we have
dC
B =~[Cc~Cilpl, 0< <l (:3)

where 3 = Rgvy /AR{P. The oxygen flux in the radial direction is

e

D
or’

e = =P |[CL=Clly_p |, 0<5 <L, (4)

and after normalization is

0Cy

Sotlr=r = =n[Ce = Cily—g], 0< =<1, (5)

where 7 = 2R} P/D’.The inner and outer oxygen flows on the capillary membrane can then

be related by

dC.  0C
= —|._ <z < .
e or lr=r, 0<2< (.6)
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where v = R’cvg)/ 2D'. Since we assumed that permeability is unlimited, the boundary
condition on the capillary wall is given by taking the limit on equation with P going to
infinty

Ce(2) = Cy(R,2) =0, 0<z<I (.7)

The other boundary conditions in terms of normalized veriables for this pair of differential

equations are

Ce=1, 2=0 (-8)
%207 r=1, 0<z2<I (-9)
%:0, 2=0,1, R<r<1. (-10)

We shall solve for Cy(r, z) in terms of C(z) by separation of variables, then substitute

it into to obtain the equation of C¢(z). Assume the corresponding homogeneous PDE

9°Cy 19 [ 0C
R - — | = < z< <r< .
022 +r8r(rc97“> boUseshofisrst .

has a solution of the form

Ci(r,z) = F(r)G(2). (.12)
Substituting into yields
FrG"(2) + F'(r)G(2) + %F'(T)G(z) —0. (13)

159



Separation of variables yields two ODE’s
F'(r) + %F'(r) —NF@r)=0 and G"(2)+ X2G(z) =0 (.14)
with boundary conditions
F'(1) =0, and G'(0) = G'(I) = 0. (.15)

Combine the solutions to (.14)) that satisfies these boundary consitions express the solution

to (.11]) by the eigenfunction expansion

Cy(r,z) = Z an [K1(An)Io(Anr) + It (An) Ko(Apr)] cos(Ap2) + A Py Ay (.16)

4 2
n=1

where Ay, = nn/l, for n = 1,2,3,---. Substituting into the remaining boundary condition
@ yields

> nmz k [ R

Ce(z) = Z angn COS <T> + 3 (7 —In R) + Ao, (.17)

n=1

where

From the orthogonality of the eigenfunctions cos(“7=) on the interval 0 < z < [ it follows

that
ap = 2 ZC (2) cos (w) dz (.19)
n — lgn 0 C l ) .
and
1 [t 2
Ay = —/ Ce(z)dz — fOED InR|. (.20)
1) 2\ 2
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Substituting the solution of Cy(r, z) with constants given explicitly in C¢(z) into equation

and together with the boundary condition yields

oo

2fn . /nmz ; nmTw K 1
Ce(z) = Z ’anZ]n sin < l ) /0 Ce(w) cos (T) dw + 2 (R - E) 241 (.21)
n=1

where

fn =M [K1<)\n)]1()\nR> - IlO‘n)Kl (/\nR)] . ('22>

Multiply equation 1} by cos (mfz ) and integrate over dz from z = 0 to z = [ yields a

Fredholm integral equation of the second kind with separable kernel

(0.}
Cm:bm‘i‘zamncna m:172737"' ’ (23)

n=1

where

2fn L e mnz
Amn, = sin (T> cos < l > dz

YnTgn Jo
0, m = n orm 4+ n even
41 - 1)fy (:24)
3 5 3% m + n odd,
Y= gn, (n -m )
b —/li R—l z+1 cos( 7Tz)clz
o 12y R l
0, m even
= (.25)
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and

Cm = /Ol Ce(2) cos (m;rz> dz. (.26)

Equation (.23) represents an infinite set of linear algebric equations for the infinite set of

unknown constants ¢;,, which can be truncated into the form

N
Cm =bm+ Y amnn, m=1,23- (.27)
n=1
Writting in matrix form
Cmx1 = Bmx1 + AmxnCnx1. (.28)
So that
(I-A)C=B. (.29)

This "reduced” system can be solved as

C=(-A)'B, (.30)

where is can be shown that ¢, converges to ¢, as N — oco. By choosing a sufficiently large
N, one can obtain a solution of ¢, of any desired accuracy. Therefore, the solution to C¢(z)

and Ci(r, z) are found as

o0
2
Cilr,2) = 3 7 (K3 ) To () + Ty () Ko ()] os()
n=1
2 2 l
+g |:%—111T——+111R:| +%/ Ce(2)dz, (.31)
0
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and
0

B 2enfn . [nmz K 1
Ce(z) = ngl P sin ( ; ) + 2 (R R) z+1, (.32)
where
1 /[ . 2enfn Kl ( 1)
- Ce(2)dz = ——— |1 —cos(nm)|+ — | R— —= | + 1. .33
[ 3 St = costoml+ (R - (33

This result is used for the comparison with the numerical solution obtained using DCM
in example 4.1.3

Note that, since the solution is obtained as an infinite series, it must be truncated after a
finite number of terms for numerical computations. An error analysis of the applied method
is given in [57]. In the example shown in this thesis, 100 terms were used in the expansion,

and the error was exceedingly small.
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