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ABSTRACT

DIOPHANTINE APPROXIMATION FOR ALGEBRAIC POINTS ON CURVES
By
Thomas Plante

A foundational result in Diophantine approximation is Roth’s theorem, which asserts that for
a given algebraic number a and & > 0, the inequality |@ — p/q| < 1/ q2+‘9 has only finitely many
solutions in rational numbers p/q € Q. Ridout and Lang subsequently proved a general form
of Roth’s theorem allowing for arbitrary absolute values (including p-adic absolute values) and
permitting arbitrary (fixed) number fields k in place of the rational numbers. Wirsing proved a
generalization of Roth’s theorem, where the approximating elements are taken from varying number
fields of degree d, and the quantity 2 + £ in Roth’s theorem is replaced by 2d + £. As a consequence
of a deep inequality of Vojta, Wirsing’s theorem, appropriately formulated, may be extended to
a Diophantine approximation result for algebraic points of degree d on a nonsingular projective
curve.

The main theorem of this thesis improves on this general form of Wirsing’s theorem further, but
only in the cases where d = 2 and d = 3. More specifically, if we let C be a nonsingular projective
curve over a number field &, S a finite set of places of k and Py,..., P, € C(k) be distinct and

define the divisor D := Z?:l P;, then letting R € C(k) and & > 0, we get
mp,s(P) < (Ng(D) + &)hg(P) + O(1)

for all P € C(k) with [k(P) : k] = d € {2,3}, where mp,s(P) is a sum of local heights associated

to D and S, hp is a global height associated to R, and
N;(D) := max {‘(0'_1(0) U 0'_1(00)) N Supp(D)‘}

taken over all finite k-morphisms o : C — P! of degree d. As Ny(D) < 2d, the main result gives

a refinement of Wirsing’s theorem depending on the divisor D.



In much the same way that Roth’s theorem can be used to prove Siegel’s Theorem about integral
points on a genus-0 affine curve, the main theorem of this dissertation implies Levin’s generalization
of Siegel’s theorem for algebraic points of degree d in the cases d = 2, 3.

After a review of some properties of global heights and local heights, we also show that the
main theorem is sharp, in the sense that counterexamples exist when N,(D) + ¢ is replaced with
N;y(D) - e.

To prove the main theorem, we first show that for curves of large enough genus, the number of
morphisms o : C — P! of degree d = 2,3 defined over & is finite. We then prove that curves for
which the number of such morphisms is finite satisfy the main theorem. Finally, we prove the main
theorem for the remaining small genus curves on a case by case basis.

We transfer the Diophantine approximation problem for points of degree d on C to a Diophan-
tine approximation problem for rational points on Symd (C) (the dth symmetric power of C). We
exploit the map from Symd(C) to Jac(C), the Jacobian of C, and its associated geometry. We
use Diophantine approximation results for abelian varieties (when we’re on Jac(C)), Diophantine
approximation results for projective spaces (fibers of Sym?(C) — Jac(C)), and Diophantine ap-
proximation results on Symd(C ) directly, plus algebraic geometry to connect all of these. In the
course of the proof we make use of Schmidt’s subspace theorem and its generalizations due to
Ru-Wong and Evertse-Ferretti as well as a version of Roth’s theorem for nonreduced divisors and

Faltings’ approximation theorem for rational points on abelian varieties.
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CHAPTER 1

AN INTRODUCTION TO DIOPHANTINE APPROXIMATION

1.1 The Road to Roth’s Theorem

An important question in Diophantine approximation is how closely a given real number @ € R
can be approximated by rational numbers p/q € Q; in particular, that to approximate a closely both
the numerator, p, and denominator, g, must be large. A typical way of expressing this is to ask, for

a given @ € R and e > 0, whether or not the inequality

has infinitely many solutions p/q € Q. In 1842, it was shown by Dirichlet that

Theorem 1.1.1. For each a € R\ Q the inequality

- —a

‘p
q

1
=3
q

has infinitely many solutions p/q € Q.
Meanwhile, in 1844, Liouville showed that

Theorem 1.1.2 (Liouville). If « is an algebraic number of degree d and if e > d, then the inequality

q

'p a‘s !
lgl|®

has at most finitely many solutions p/q € Q.

In fact, given an algebraic number « of degree d, you can find an effective (explicitly described)

constant C = C(a) > 0 such that the inequality

holds for all p/q € Q \ {a}.



Example 1.1.3. Leta = 3.2, 107", Then the partial sums Zl’.’:l 10~ are solutions to ‘15) - cx‘ <

1 as long as n > e. By Liouville’s theorem, « is transcendental.

lq1€

In order to start getting nice applications to Diophantine equations, however, one needs an

exponent of d — €.

Theorem 1.1.4 (Thue, 1909). Let @ € Q, [Q(@) : Q] = d. Let & > 0. Then there are only finitely

many rational numbers 15) € Q satisfying

1
p .
§+1+s

Example 1.1.5. Consider integer solutions to the equation x3 - 2y3 = 1. Then

R (B

Which implies ’y—c - %/5‘ < % for some constant C > 0. By Thue’s theorem, there are only finitely
y

many solutions x, y € Z.
More generally, Thue proved that if f € Z[x, y] is an irreducible binary form with deg(f) > 3,

and r € Z, f(x,y) = r has only finitely many integer solutions x and y.

The exponent % + 1 in Thue’s theorem was subsequently improved to 2Vd by Siegel (1921)
and V2d by Dyson and Gelfond (independently) (1947). In 1955 Roth managed to eliminate the

dependence on d altogether.

Theorem 1.1.6 (Roth’s Theorem). For every algebraic number « and every € > 0, the inequality
e
q | q|2+s

has only finitely many solutions p/q € Q.

Equivalently, for every real algebraic number @ and every £ > 0, there exists a constant

C = C(a, &) > O such that for all p/qg € Q \ {a}




note here that Roth’s Theorem only asserts the existence of such a constant C and provides no way
of calculating it, that is, C is not effective. Another equivalent expression of Roth’s Theorem is that

for every real algebraic number @ and every € > 0, there exists a constant C = C(a, &) > 0 such

that for all p/q € Q \ {a}

-1
logmax{ ,1} < (2+¢)logmax {|p|, lq]} + C.

p
- —a
q

This form is significant, because it is written in terms of functions called heights. The left hand side
of the inequality is what’s known as a local height of p/q, relative to the algebraic number @, which
for now we denote A,(p/q). note that the closer p/q gets to a, the larger the local height becomes,
so we think of local height like an inverse distance function. The height of a rational number p/q,
with ged(p, q) = 1, is h(p/q) := logmax {|p|, |¢|}. Height can be thought of as a measure of the
arithmetic complexity of a number. Thus, using big-O notation, we may restate Roth’s theorem:

For every algebraic number a and every £ > 0, the inequality

Aa(B) < 2+ e)h(B) +0(1)

holds for all g € Q.
Generalizing to an arbitrary absolute value | - |, on a number field k£ (normalized as in Definition

2.1.3), we define the following:

Definition 1.1.7. Let k be a number field. Given @ € k and an absolute value | - |, on k (with some
fixed extension to k), define the local height associated to @ at v by

o
, 1
av

Aav(B) = log max {
forall 8 € k.

Similarly, we may define the (global) height of an algebraic number (see Definition 2.1.6).



1.2 Further Approximation Results

In 1958, Ridout generalized Roth’s theorem to p-adic absolute values on Q and soon after Lang

generalized the result to an arbitrary number field.

Theorem 1.2.1 (Roth’s Theorem, General Form). Let S be a finite set of absolute values on a
number field k. For eachv € S, let a, € k and fix an extension of | - |, to k. Let &€ > 0. Then for
all B € k \ {ay|v € S}

D Aayr(B) < 2+ &)(B) + O(1).

ves

We can also view Roth’s Theorem as a statement about k-rational points on the projective line
by defining local heights Ap ,, with respect to a divisor D on P! (k) (see Definition 2.2.1). Then we

get the following:

Theorem 1.2.2 (Roth’s Theorem on Pl). Let S be a finite set of places of a number field k. Let
Py,...,P4 € P (k) be distinct points, D = Z?:] P;, and& > 0. Thenforall P € PL(k)\{Py, ..., Py}
mp,s(P) = ) Apy(P) < (2+&)h(P) + O(1).

vesS
We will study throughout inequalities of this form, where a sum of local heights, with respect
to some divisor, is bounded by a constant multiple of a global height (where the constant may
depend on the divisor). For curves of genus greater than one, such inequalities are uninteresting

(for rational points) due to Faltings’ theorem:

Theorem 1.2.3 (Faltings’ Theorem). Let C be a smooth projective curve of genus g > 2, defined

over a number field k. Then the number of k-rational points of C is finite.
Proof. See [8, Part E]. O

This is exactly the statement that, given any finite set S of absolute values on a number field
k and distinct points Py,. .., Py € C(k), mp s(P) < O(1) for all P € C(k) \ {Py,..., Py}, where

D=3 P.



It remains to ask what happens on curves of genus one, i.e. elliptic curves. The answer for
this case is due to Siegel. It requires the notion of a global height associated to a divisor on
a curve C (see Definition 3.8). In the case of curves, we will typically take the divisor D to
consist of a single point R € C(k). By Theorem 2.2.12, if R,R’ € C(k), then for any & > 0,
|hr(P) — hgpr(P)| < ehg(P) + O(1), so that the choice of the point R will not be significant in our

inequalities.

Theorem 1.2.4 (Siegel). Let C be a smooth projective curve of genus one, defined over a number
field k. Let S be a finite set of places of k. Let Py,...,Pq € C(k) be distinct points and let
D= Z?:] P;. Let R € C(k) and let € > 0. Then for all P € C(k) \ {Py,...,Pg4}

mp.s(P) < ehg(P) + O(1).

Another way to generalize Roth’s theorem is to consider, instead of k-rational points, algebraic

points in C(k) of degree d over k. We denote the support of a divisor D by Supp(D).

Theorem 1.2.5 (Wirsing’s Theorem). Let S be a finite set of places of a number field k. Let
Py,...,P € Pl(k) be distinct points and let D = Z?:] P;. Let € > 0 and let d be a positive integer.

Then for all points P € P1(k) \ Supp(D) satisfying [k(P) : k] < d,
mp.s(P) < (2d + &)h(P) + O(1).

Theorem 1.2.6 (Vojta’s Inequality). Let C be a nonsingular projective curve defined over a number
field k with canonical divisor K. Let S be a finite set of places of k. Let Py,...,Py; € C(k) be
distinct points and let D = Ziq=1 P;. Let A be an ample divisor on C. Let € > 0. If r is a positive
integer then

mD,S(P) + hK(P) < da(P) + ShA(P) + 0(1)

for all points P € C(k)\ Supp(D) for which [k(P) : k] < r, where dy is the arithmetic discriminant

(a value defined by Vojta using Arakelov theory).

Proof. See [17]. O



Vojta’s inequality implies many important results in Diophantine Geometry, including Falt-
ing’s theorem and Wirsing’s theorem. Vojta also conjectured that the arithmetic discriminant
in the inequality could be replaced by the smaller geometric (logarithmic) discriminant d(P) :=
log [Dyp|/lk : Q]. The relationship between these discriminants is similar to that between the
arithmetic and geometric genus. Vojta’s conjecture implies many other famous conjectures, such
as the famous ABC conjecture.

We can use Vojta’s inequality to generalize Wirsing’s theorem to curves.

Theorem 1.2.7. Let C be a nonsingular projective curve over a number field k. Let S be a finite
set of places of k and let R € C(k). Let Py,...,P, € C(k) be distinct and define the divisor

D = Z?:l P;. Let € > 0 and let d be a positive integer. Then
mp.s(P) < (2d + &)hg(P) + O(1)
for all P € C(k) with [k(P) : k] = d.
Proof. Follows from Vojta’s inequality. See [14, Equation (2.0.3)]. O
Song and Tucker show that this result is sharp in the following sense.

Theorem 1.2.8. Let C be a nonsingular projective curve over a number field k and let ¢ : C — p!
be a nonconstant morphism of degree d. Let S be a finite set of places of k and let R € C(k). Let
€ > 0. Then there exists a choice of D such that there is an infinite set of points P € C(k) with
[k(P) : k] < d satisfying

mp.s(P) > (2d — &)hg(P) + O(1).

Proof. See [14, Theorem 2.3]. O

However, by replacing 2d with a constant depending on the divisor D, we found we could

improve on Theorem 1.2.7 as follows:



Theorem 1.2.9 (The Main Theorem). Let C be a nonsingular projective curve over a number field
k. Let S be a finite set of places of k. Let Py,..., P, € C(k) be distinct and define the divisor
D = Z?Zl P; € Div(C). Let R € C(k) and let € > 0. Then if d € {2,3},
mp,s(Q) < (Ng(D) + &)hg(Q) + O(1)
for all Q € C(k) with [k(Q) : k] = d, where
N;(D) := max {)(0'_1(0) U 0'_1(00)) N Supp(D)H
taken over all finite k-morphisms o : C — p! of degree d.

note that the most that N (D) could ever be is 2d, which agrees with Theorem 1.2.7. These
diophantine approximation inequalities are closely related to qualitative results for integral points

on curves.

1.3 Integral Points on Curves

Let k be a number field and let S be a finite set of places of k containing all archimedean places.
The ring of S-integers, denoted Oy g, is defined to be the set of all 8 € k such that |g], < 1 for all

vés.

Theorem 1.3.1 (Siegel’s Theorem, 1929). Let C C A" be a nonsingular affine curve over a number
field k and let S be a finite set of places of k containing the archimedean places. An S-integral
point of C is a point whose affine coordinates are all in the ring Oy s. If C has genus g > 0, or if

C has at least three distinct points at infinity, then C has only finitely many S-integral points.
Proof. See [1, Theorem 7.3.9]. |

Although this qualitative result preceded the above diophantine approximation inequalities on

projective curves, they are related in the following way:



Let C ¢ A" be a nonsingular affine curve over a number field k. Let C be the nonsingular
projective completion of C and let D be the very ample divisor on C consisting of the points at
infinity of C. Let R € C(k) and let & > 0. By Lemma 3.1.7, the set of S-integral points on C
corresponds (up to a finite number of points) to the set of points P € C(k) \ Supp(D) satisfying
mp.s(P) = hp(P) + O(1). If C has genus g = 0 and deg(D) > 3, then C is birationally equivalent

to P! and

deg(D)hR(P) = hgeg(p)r(P)
< (1+&)hp(P)+ O(1) by Theorem 2.2.12
= (1 +&)mps(P)+O(1)
<(1+&)2+¢&)hg(P)+ O(1) by Theorem 1.2.2,

implying hr(P) < O(1). By Theorem 2.2.11, there are only finitely many such points. If C has
genus g = 1, then Theorem 1.2.4 says mp s(P) < ehp(P)+ O(1) for all P € C \ Supp(D). But if
mp.s(P) = hp(P) + O(1), then this implies 2p(P) < O(1) and once again Theorem 2.2.11 implies
there are only finitely many such points. And of course if C has genus g > 2 then Theorem 1.2.3
implies mp g(P) < O(1). So if mp s(P) = hp(P) + O(1), then hp(P) < O(1) and there are only
finitely such points. Thus these three results together imply Siegel’s theorem.

In this way diophantine approximation inequalities for rational points on projective varieties can
be thought of as more precise statements of qualitative results for integral points on affine varieties.

Similar to how Roth’s theorem implies the genus-0 case of Siegel’s theorem, the main theorem

can be used to show the d = 2, 3 cases of the following qualitative result on integral points.

Theorem 1.3.2 (Levin). Let C C A" be a nonsingular affine curve over a number field k and let S
be a finite set of places of k containing the archimedean places. Let C be a nonsingular projective
completion of C and let (C\ C)(k) = {Py, ..., Pg}. Let d be a positive integer. Let 5;{,5 denote the

integral closure of Oy s in k. Then there exists a finite extension L of k such that the set

{PeC(OLs) | [L(P): L] < d}



is infinite if and only if there exists a morphism ¢ : C — P', over k with deg(¢) < d and

O({P1, ..., Pg}) C {0, c0}.
Proof. See [10, Theorem 1.9] O

To see how this is implied by the main theorem, let C C A" be a nonsingular affine curve over
a number field k and let S be a finite set of places of k containing the archimedean places. Let C
be a nonsingular projective completion of C and let (C \ C)(k) = {Py, .. ., Pg}. Letd € {2,3}. Let
D = Py + ...+ Pg be a divisor on C and let R € C(k). Then for all P € C‘(EL,S) \ {P1,...., Py}

with [k(P) : k] = d,

deg(D)hr(P) = hgeg(p)r(P)
< (1+&)hp(P)+ O(1) by Theorem 2.2.12
= (1+&)mps(P)+O(1)
< (1 +&)(Nyg(D) + €)hg(P) + O(1) by Theorem 1.2.2,

where
N(D) := max {)(a—l ) U o (oo)) N Supp(D)‘}

taken over all finite k-morphisms o : C — P! of degree d. But if there does not exist a morphism
0:C— P!, over k with deg(p) < d and p({Py,...,Pg}) C {0, 00} then N < deg(D), and so the
above inequality implies 2g(P) < O(1) and by Theorem 2.2.11, there are only finitely many such
points P.

The main idea behind this result and the main theorem is that we expect almost all of the degree
d points on a curve are coming from pulling back rational points on p! by maps of degree d. The
following are two other results that are closely related to this heuristic approach.

C is called hyperelliptic (respectively bielliptic) if it admits a map ¢ : C — X of degree 2 onto

a curve X of genus zero (respectively one).



Theorem 1.3.3 (Harris-Silverman). Let C be a nonsingular projective curve over a number field
k. Suppose C has genus g > 2. Assume that C is neither hyperelliptic nor bielliptic. Then the set

of points P € C(k) with [k(P) : k] < 2 is finite.
Proof. See [6, Corollary 3] O

Theorem 1.3.4 (Corvaja-Zannier). Let C C A" be a nonsingular affine curve over a number field
k and let S be a finite set of places of k containing the archimedean places. Let C be a nonsingular

projective completion of C and let (C \ C)(k) = {Py, ..., Pg}.
(a) If g = 5, then C contains only finitely many quadratic (over k) S-integral points.

(b) If g > 4, then there exists a finite set of rational maps ¢ : C — p! of degree 2 such that
all but finitely many of the quadratic S-integral points on C are sent to P}C by some of the

mentioned maps.

Proof. See [2, Corollary 1] O

10



CHAPTER 2

REVIEW OF HEIGHTS

2.1 Heights on Projective Spaces

The height of a rational number p/q is defined to be h(p/q) = logmax {|p|, |¢|}. Similarly the
height of a point P = (xg, ..., xs) € P"(Q), with coordinates chosen so that x,...,x; € Z and
gcd (xq, - .., xp) = 1, is defined to be A(P) = logmax {|xg|, ..., |xn|}. One of the key features of

heights is that, given a bound, the number of points of bounded height is finite, that is the set
{P e P"(Q) | h(P) < B}

is finite for any B > 0.
In order to generalize the concept of heights to number fields other than Q, we recall some
properties of absolute values on fields. An absolute value on a field k isamap |- | : k = R

satisfying the following.
* |@| > 0forall @ € k.
* || = 0if and only if @ = 0.
* |aB| = |a||B| for all @, B € k.
* la+B| < |a|+|B| forall @, B € k.

We say two absolute values on a field k are equivalent if they induce the same topology on k.

It can be shown that

Proposition 2.1.1. Two absolute values | - |1, | - | on a field k are equivalent if and only if there is
a positive real number s such that

|x[1 = |xl3

forall x € k.

11



Proof. See [11, Proposition 3.3]. |

We denote the set of equivalence classes of non-trivial absolute values on a field k by M} and
call its elements places. If k” is an extension of k and v is a place of k, we say a place w of k’

extends v, denoted w/|v, if the restriction to k of any representative of w is a representative of v.

Definition 2.1.2. The completion of k with respect to the place v is an extension field k,, with a

place w such that:
(@) wlv
(b) The topology of k, induced by w is complete.
(¢) k is a dense subset of k, in the above topology.

The completion exists and is unique up to isometric isomorphisms. By abuse of notation, we shall

denote the unique place w also by v.

The standard absolute values on Q are the (usual) archimedean absolute value | - |0 = | - | and
the p-adic absolute values | - |, = p_ordl’(') for each prime p. By Ostrowski’s Theorem, this is a

complete list of all absolute values on Q up to equivalence.

Definition 2.1.3. Let p be a place on Q. We consider a number field k and a place v of k extending
p. For any x € k, we define

[xly = [Ng, jg, ()l

where Ny, o » is the norm from k, to Q.

[ky:Qpl/[k:Q]

note that | - | is an extension to k of | - |,

on Q, an absolute value that by Proposition
2.1 is equivalent to | - |,. Thatis v|p.

These normalized absolute values satisfy the following.

12



Lemma 2.1.4. Let k be a number field with a place v € M. We consider a finite-dimensional

extension field k" of k. For any x € k¥,

[ 1xhe = Ixh.

WGMk/
wlv

Proof. See [1, Lemma 1.3.7]. O

Proposition 2.1.5 (The Product Formula). Let k be a number field. For any x € k¥,
1—[ lx|y = 1.
VEM)

Proof. See [1, Proposition 1.4.4]. O

Definition 2.1.6. The (absolute) height of a point P € P"(Q) with homogeneous coordinates

(xQs - - ., Xp) is defined to be

h(P)= ), max loglxly
VEMk Stsn

where k is some number field containing x, ..., x;. We also define the height of an algebraic

number @ € Q to be the height of the point (e, 1) € PL(Q)

h@) = h((a, 1)) = Z log max {|aly, 1}.

veM
Proposition 2.1.7. The height, so defined, is independent of the choice of homogeneous coordinates

for P and the choice of number field k containing them.
Proof. See [1, Lemmas 1.5.2 and 1.5.3]. O
One reason for studying heights is because they satisfy the following.

Theorem 2.1.8 (Northcott’s Theorem). For any numbers B, d > 0, the set

{P e P"(Q) | h(P) < Band [Q(P): Q] < d}

13



is finite. In particular, for any fixed number field k, the set
{P € IPZ | h(P) < B}
is finite.
Proof. See [1, Theorem 1.6.8]. O
Another important property of heights is preservation under Galois action.

Proposition 2.1.9. Ler o € Gal(Q/Q). Then h(P) = h(c(P)) for all P € PQ), where
o () = (@,

Proof. See [1, Proposition 1.5.17]. O

2.2 Heights on Projective Varieties

Let X be a projective variety over a number field k. We denote the set of divisors on X by
Div(X). We consider a divisor D on X with associated line bundle O(D) and rational section
sp. There are base-point-free line bundles L, M on X such that O(D) = L @ M ~1. Now choose

generating global sections s, . .., s, of L and t, . . ., 1, of M, and call the data
D =(sp;L,s; M, t)
a presentation of the divisor D. We denote the support of the divisor D by Supp(D).

Definition 2.2.1. Let v € M. For P € X (k) \ Supp(D), we define the local height of P relative to

the presentation D at the place v to be

Sk
—(P)
11Sp

v

Ap(P) :=log ml?x mlin

Definition 2.2.2. If D; and D, are divisors with presentations D; = (le.; L;,s;i; M, t;), then we

define the presentation 91 + D, of the divisor D; + D, to be
D1+ Dy :=(sp;SD,: L1 ® Lo, 8182; M1 © My, t11).

14



Similarly, if a divisor D has presentation D = (sp; L, s; M, t), we define the presentation —D of
the divisor —D to be

- = (sBl;M,t; L,s).

Furthermore, if 7 : ¥ — X is a morphism of projective varieties such that 77(Y) is not contained in

Supp(D), then we define the presentation 7* D of the divisor 7D on Y to be
7D = (n¥sp;aLnts;n* M, ).
With these definitions, it is immediate that the corresponding local heights satisfy

/11)1+D2,V = /12)1,\1 + /11)2,\}’ /1—1),\/ = _/11),\)’ and /171*1)’\) = /ID,V S
forallv € M;.

Definition 2.2.3. An Mj-constant is a map y : M; — R with the property that y, = 0 for all but

finitely many v € M.

Theorem 2.2.4. Let D and D’ be two presentations of the divisor D. Then there is an My -constant

v such that

|/1D,v - /11)’,\/| < Yy
Proof. See [1, Theorem 2.2.11]. O

For this reason, whenever an inequality holds only up to the addition of a bounded function,
we will omit the presentation 9 and, by abuse of notation, denote a local height relative to D at a

place v by Ap,.

Proposition 2.2.5. Let D be an effective divisor on X. Then there is a presentation D of D such
that for any P ¢ Supp(D) and for any field extension k C k' C k such that P € X(k’) and any place

v € My, it holds that Aq, ,,(P) > 0.

Proof. See [1, Proposition 2.3.9]. |
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Example 2.2.6. Let @ € k. The point (o, 1) in P}C has the presentation
A = (X() - CYXI;OPI(D’ (xl, X0 — axl); OPI’ 1).
For B8 € k \ {a} and v € M}, the corresponding local height is

1
Aay(B) = A7,((B, 1)) = log max{ , 1}
B-al,
which is the local height we described in Definition 1.1.7.

Example 2.2.7. The hyperplane {xq = 0} in PZ has the presentation
D= (X();Opn(l), (X(), Xlsevws xn);O]pn, 1).

For P € PZ with xg(P) # 0 and v € M}, the corresponding local height is

J

p,(P) = log m.aX{ )
1 X0

and the product formula becomes

WP = D Apy(P).

VGMk

For this reason we make the following definition.

Definition 2.2.8. Let D = (sp; L,s; M, t) be a presentation of a divisor D on X. For P € X(k)

there are s; and ¢; such that s;(P) # 0, ¢;(P) # 0 by definition of base point free line bundles. Thus

we can find a non-zero rational section s of O(D) such that P is not contained in the support of

the divisor D(s). Then D(s) = (s; L,s; M, t) is a presentation of D(s). If k” is a finite extension

k c k’ C k such that P € X(k’), then we define the global height of P relative to D by

hp(P)= D" Ap(s)(P).
VGMk/

Proposition 2.2.9. The global height hqy is independent of the choices of k" and of the section s.

Proof. See [1, Proposition 2.3.4].
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It is immediately clear by the definition and the above discussion that, given presentations D1,
Dy, D of divisors Dy, Dy, D respectively and a morphism of projective varieties 7 : X — Y, the

corresponding global heights also satisfy

hz)1+z)2 = th + hDZ’ /’l_z) = —hz), and hﬂ'*Z) = hz) oTT.

Furthermore, by Proposition 3.2, if D € Div(X) is effective, then there exists a presentation D of
D such that hq(P) > 0 for all P € X(k).
For two divisors Dy and D,, we write D| ~ D, if D is linearly equivalent to D,, i.e. the

difference D, — D is a principal divisor.

Theorem 2.2.10. Let Dy, D, be presentations of divisors D, Dy € Div(X) with D{ ~ Dj. Then

there is a constant y > 0 such that
|h@2 - hZ)1| 7.
Proof. See [1, Theorem 2.3.6]. ]
Similarly to local heights, whenever an inequality holds only up to the addition of a bounded
function, we will omit the presentation 9 and, by abuse of notation, denote a global height relative
to D by hp. Furthermore, in the special case where the divisor D is an effective divisor of degree

1 on a curve and Supp(D) = {R}, we define hg := hp.

Global heights also satisfy Northcott’s theorem.

Theorem 2.2.11 (Northcott’s Theorem). Let D be an ample divisor on X and let D be a presentation
of D. Then the set

{(PeX(k)|hp(P)<B, [k(P):k]<d}

is finite for any constants B,d € R.
Proof. See [1, Theorem 2.4.9]. O

Recall that two divisors Dy, D, € Div(X) are algebraically equivalent if there exists a

connected algebraic set T, two points t1,p € T(k) and a line bundle L on X X T such that
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O(D)) = L|xx{s,y and O(D,) = L|xx{t,}- In particular if X is a curve, then any two points on X

are algebraically equivalent.

Theorem 2.2.12. Let A, B € Div(X) be algebraically equivalent divisors with A ample. Let € > 0

and d a positive integer. Then for all P € X(k) with [k(P) : k] < d we have
|ha(P) — hp(P)| < ghy(P) + O(1).
Proof. Follows from [8, Theorem B.5.9] and Theorem 2.2.11. |
Given a presentation D = (sp; L, s; M, t) of a divisor D € Div(X), we have the morphisms
0: X > P P (so(P),s1(P), ..., sm(P))
and
WX - P, P (to(P), 11(P), . .., t,(P)).

By the product formula we see that hq(P) = h(¢(P)) — h(y(P)). Therefore, by Proposition 2.1.9,
for any o € Gal(k/k) we have hp(o(P)) = hp(P).

2.3 Heights on Closed Subschemes

We identify a closed subscheme X of a nonsingular projective variety V with its ideal sheaf 7.

Then for closed subschemes X and Y we define the following:
Ixvy = Ixly
Ixny =Ix + Iy
Ixyy = Ix N Iy.
Wesay X c Yif Iy ¢ Ix. Let f : V — W be a morphism of projective varieties. Then

for any closed subscheme X C V and Z c W we define the scheme-theoretic image f(X) by

Zr(x) = Ker(Ow — f:Ox) and the scheme theoretic inverse image f *Zby I 7z =1 -1z, . 0y.

18



Lemma 2.3.1. Let f : V — W be a morphism of projective varieties and let Z C W be a closed

subscheme. The scheme theoretic inverse image f*Z is the fibered product

'z ——vV
Lk
zZ—— W

of Z andV over W, that is f*Z = Z xw V.
Proof. See Tag 01JU on The Stacks Project [15, Lemma 01JU]. O

Lemma 2.3.2. Let f : V — W be a morphism of projective varieties. Then for any Zariski-closed

subschemes X c Vand Z Cc W,
(a) X C f*(f(X))
(b) f(f*Z)cZ

Proof.  (a) By definition of f(X) we get a commutative diagram of sheaves,

f:Ox <—— fOy

T

Ow/Iyx) < Ow

to which the corresponding commutative diagram of schemes is as follows.

X —V

L b

fX) — W

By the universal property of the fibered product, there exists a unique morphism X —

f(X) xXw V such that the following diagram commutes.

X —> f(X) xWV

i

Vv
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By Lemma 2.3.1, f(X) Xy V is the inverse image f*(f(X)) and the map ¢ is a closed

immersion. Thus we also get the commutative diagram of structure sheaves,

Oy/Ix <—— Ov/Ip(sx))
\ T‘D#
Oy

which implies that 7« () € Zx, thatis X C fH(f(X)).

(b) By Lemma 2.3.1, we know that f*Z = Z Xy V. Thus we get the corresponding commutative

diagram of sheaves,

f*Of*Z < f:Oy

I [
Ow/17 <— Ow
from which it follows that 7, ¢ Ker(Oy — f*Of*Z) = Ip(p+7), thatis f(f*Z)c Z.

O

Lemma 2.3.3. Let X C V be a closed subscheme. There exist effective divisors Dy, ..., D, such
that X = ( D;.

Proof. See [13, Lemma 2.2]. O

Given such Dy, ..., D,, we define the local heights corresponding to the closed subscheme X

tobe Ay, = mini{/lDl.,V}, for all places v € M. note that on Supp(D;) we may think of Ap,,v as

having value oo so that Ay, is defined (up to a bounded function) outside () Supp(D;) = Supp(X).

Theorem 2.3.4. Let V be a projective variety defined over a number field k and let v € Mj.. Then

up to a bounded function we have the following:

(a) For all closed subschemes X C V and places v € My, the local height Ay ,, is well-defined,

up to a bounded function, independent of the choice of effective divisors Dy, ..., Dy.

(b) For all closed subschemes X,Y C V,
Axny,y = min{dx ,, Ay, }.
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(c) For all closed subschemes X,Y C 'V,
Ax+yy = Axy + Ay,y.
(d) If closed subschemes X,Y C V satisfy X C Y, then
Ax,y < Ay ,y.
(e) For all closed subschemes X,Y C V,
max{dxy, dy,y} < Axuyy < Axy + Ay,

(f) If closed subschemes X,Y C V satisfy Supp(X) C Supp(Y), then there exists a constant ¢ > 0
such that

Axy < cdyy.

(g) Let ¢ : W — V be a morphism of varieties, and let X C V be a closed subscheme. Then
Ay, X,y = AV.Xv © P

Proof. See [13, Theorem 2.1]. O
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CHAPTER 3

PREPARATION

3.1 Useful Results

Given a nonsingular variety V defined over a number field k£ and a closed subscheme X, and
given Dy, ..., D, such that X = ﬂ;zl D;, we define the local heights corresponding to the closed
subscheme X to be

Axy(P):= min {1p,(P)}
for all points P € V' \ X and all places v € M},. These are well-defined by Theorem 2.3.4. For a set

of places S C M), we similarly define

mx,s(P) = > Ax.y(P).

vES

Faltings generalized Siegel’s approximation result on elliptic curves to abelian varieties as follows.

Theorem 3.1.1. Let V be an abelian variety over a number field k. Let S be a finite set of places
of k. Let X C V be a closed subscheme and A an ample divisor on V. Let € > 0. Then for any
P € V(k) \ Supp(X)

my s(P) < gha(P)+ O(1).

Proof. See [5, Theorem 2]. O
Roth’s theorem was also generalized to higher dimensional projective spaces.

Theorem 3.1.2 (Schmidt’s Subspace Theorem). Let k be a number field. Let S be a finite set of
places of k. For eachv € S let {L,, ..., Lny} be a linearly independent set of linear forms in the
variables x, . . ., xn, with coefficients in k and let H;,, be the hyperplane in P"* associated with the

linear form L;,. Let € > 0. Then there exists a finite set H of hyperplanes of PZ such that for all

PEPZ\UHGWH

D0 Ay, (P) < (Ng(D) + 1+ £)h(P).

vesS i=0

22



Proof. See [1, Chapter 7]. O

We say a set of m + 1 hyperplanes in P" is in j-subgeneral position if » < j < m and any subset
of size j + 1 of the hyperplanes will have empty intersection. In this case we get the following

result of Ru and Wong.

Theorem 3.1.3. Let k be a number field. Let S be a finite set of places of k. Let {H, . .., Hy} be
a set of hyperplanes in P" in d-subgeneral position. Let € > 0. Then there exists a finite set H of

hyperplanes ofP’]Z such that for all P € PZ \Ugexr H

Z mp, s(P) < (2d = Ng(D) + 1 + £)h(P).
i=0

Proof. See [12, Theorem 3.5]. |

Generalizations of the subspace theorem to projective varieties have been given, independently,

by Corvaja and Zannier [3, Theorem 3] and by Evertse and Ferretti, whose version we state.

Theorem 3.1.4 (Evertse-Ferretti). Let X be a projective subvariety of PN of dimensionn > 1 defined
over a number field k. Let S be a finite set of places of k. Forallv € S, let Hy,, ..., Hp, € PN be
hypersurfaces over k such that

XﬁHO’vﬂ"'ﬁHn,V:@

Let € > 0. Then there exists a proper Zariski-closed subscheme Z C X such that, for all points

PeX(k)\Z,
v(P)
Z Z - VHZ — < (Ny(D) + 1 + &)h(P).
ves i=
Proof. See [4, Theorem 1.1] O

This may be reformulated in terms of divisors as follows.

Theorem 3.1.5 (Evertse-Ferretti, reformulated). Let X be a projective variety of dimension n
defined over a number field k. Let S be a finite set of places of k. For eachv € S let Dy, . .., Dpy

be effective divisors on X, defined over k, in general position. Suppose there exists an ample divisor
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A and positive integers d;,, such that D; ,, is linearly equivalent to d; ,A for all i and for all v € .

Let € > 0. Then there exists a proper Zariski-closed subscheme Z C X such that for all points

PeX(k)\Z »
ZZ ’VV < (Ng(D) + 1 + £)ha(P) + O(1).
vesS i=

Proof. See [9, Theorem 3.1] 5

Levin proved that the linear equivalence in this reformulation may be replaced by numerical

equivalence.

Theorem 3.1.6. Let X be a projective variety of dimension n defined over a number field k. Let S
be a finite set of places of k. For eachv € § let Dy,, ..., Dy, be effective divisors on X, defined
over k, in general position. Suppose there exists an ample divisor A and positive integers d; ,, such
that D; , is numerically equivalent to d; ,A for all i and for all v € S. Let € > 0. Then there exists

a proper Zariski-closed subscheme Z C X such that for all points P € X(k) \ Z,

n /lDi’V,V(P)
> 2 < (Ng(D) + 1 + £)ha(P) + O(1),
vesS i=0 Ly
Proof. See [9, Theorem 3.2]. O

Let k be a number field and let S be a finite set of places of k containing all archimedean places.
The ring of S-integers, denoted Oy, is defined to be the set of all x € k such that |x|, < 1 for
all v ¢ S. If S consists of only the archimedean places, we call these the ring of integers of &,
denoted O;. If V is a projective variety over k and D a very ample effective divisor on V with
x = (xg = 1, xq,...,x,) abasis for L(D), then the map P +— (x{(P), xp(P), ..., x,(P)) defines an
embedding of V' \ Supp(D) into A”. We say a point P € V(k) \ Supp(D) is (D, x, S)-integral if
x;(P) € Og for 0 < i < n. note that for any point P € V(k) \ Supp(D), we may choose a b € O
which clears the denominators of x;(P), 1 <i < n, so thatx’ = (xo = 1, bxy, ..., bxy) is a basis of
O(D) such that P is (D, x’, §)-integral. In order to find a more intrinsic definition, we need to look

at sets of points.
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Lemma 3.1.7. Let D be a very ample effective divisor on V. Let R be a subset of V(k) \ Supp(D).

Then the following are equivalent.

(a) There exists a basis x = (xg = 1, x1, .. ., xp) of O(D) such that R is a set of (D, X, S)-integral

points.

(b) There exists a presentation D of D and an My-constant vy such that for all P € R and all

VEMk\S,

/lD,v(P ) < Yy
Proof. See [16, Lemma 1.4.1]. O
Going back to Roth’s theorem, if the points P; are not distinct we can still say the following.

Theorem 3.1.8 (Roth’s Theorem with Multiplicities). Let S be a finite set of places of a number
field k. Let Py,...,P, € P}( be distinct points and let cy,cy,...cn be positive integers with

cr=2cy>--2cp Let D = Z?:] ciP; and let € > 0. Then for P € P}C
mD,S(P) < (Cl +Cy + 8)h(P) + 0(1)

Proof. See [10, Theorem 2.1]. O

3.2 Sharpness of the Main Result

Let C be a nonsingular projective curve defined over a number field k. Fix a point R € C(k).
For P € C(k) , let k(P) be the field of definition of P (the field extension of k generated by its local

coordinates).

Theorem 3.2.1. Let Py, ..., P, € C(k) be distinct and define the divisor D := Z?Zl P;. Let € > 0.

Denote the set of archimedean places of k by Sy . Then there exists a finite extension k” of k and
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an infinite collection of points P € C(k) with [k’(P) : k'] < d satisfying
mp,s,, . (P) = (N = &)hg(P) + O(1)

where Ny(D) := max {‘(O'_I(O) U 0'_1(00)) N Supp(D)H taken over all finite k-morphisms o :
Cc - P! of degree d.

Proof. By finitely extending k to k’, we may assume OZ, is an infinite set.

Since D is effective, we know MD.Skr > O(1), so we may assume N > 1. For each k-
morphism o : C — P! of degree d, let o(Supp(D)) = {T},T»,...,T;} and define n; = n;(0) :=
lo~(T;) N Supp(D)| fori = 1,2, ..., r. Reorder indices so that n; > ny > ... > n,. Then choose
a morphism o with 71 = 0 and 75 = oo such that ny(o") + np(0) = N.

We consider the infinite set of points P € C(k) satisfying o(P) = (, 1) for some a € OZ,. For
each v € M}, define the local height ¢, On p! by

) )

é)v} for all v € M, we see that /10+00,V(O'(P)) = 0 for

x2

X0X1

b

a

logma ’a
= X< |—
£ b

b

14

<i<l

Ap+o0,v((a, b)) := log max {
’ (@b)

Since Ao,y (0°(P)) = log max {lalv,

v € My \ Sy o by definition of OZ,. Thus

My reSy PV = D Ao (0rean(P)+O(1)

VESkI 0

>0 Areoy(@(P) +0(1)

VESk,,Oo

D7 Aosoon(@(P) + O(1)

VEMk/

= ho+oo(0(P)) + O(1)
= hg*(0+00)(P) + O(1)
For any effective divisor £ on C and v € M/, we have Ag ,(P) > 0. Thus we have mg, Sir cx)(P) =

ZveSys oo AENP) < Lyeyy AEN(P) = hE(P). Soif 070 +00) = 307, Qi then mg, 5, (P) <
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hg, (P) and

m

Z in’Sk’,oo(P) = mo‘*(0+oo),5k/ oo(P) + 0(1)
i=1 ’

= ha-*(0+oo)(P) + 0(1)

= Z ho,(P) + O(1).
i=1

Therefore in fact MmO,/ oO(P) = hg(P) for all Q € Supp(c™(0 + 0)). So
mpsy (P)= D, mos, (P)+O(1)
QeSupp(D)

> Z mQ.5r o () +O(1)
Q€Supp(D)NSupp(c*(0+00))

= Z ho(P) + O(1)
QeSupp(D)NSupp(c*(0+00))

> (nj(o) + na(o) — €)hg(P) + O(1) by Theorem 2.2.12

= (N —¢e)hg(P)+ O(1).

3.3 Facts on Trigonal Maps

From this point forward the symbol ~ will refer to linear equivalence of divisors on a variety.
We will make frequent use of the following theorem about divisors on curves. For a divisor D

on a nonsingular projective curve C, let [(D) := dimkHO(C, O(D)).

Theorem 3.3.1 (Riemann-Roch Theorem). Let D be a divisor on a curve C of genus g. Let K be a

canonical divisor on C. Then
I(D)-I(K-D)=degD+1-g.

Proof. See [7, Theorem IV.1.3]. |
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Lemma 3.3.2. Let C be a curve of genus g > 3 defined over k. Then C cannot be both hyperelliptic

and trigonal.

Proof. Suppose C is both hyperelliptic and trigonal. Then there exist finite morphisms ¢ : C — p!
andy : C — P! of degrees 2 and 3 respectively. By the universal property of fibered products

there exists a unique morphism ¢ : C — P! x P! such that the following diagram commutes.

C Ld s pl xp!
]
("4
p! P!

By the commutative diagram we see the degree of ¢ divides the degrees of ¢ and ¢, that is 2
and 3, so the degree of ¢ is 1, meaning ¢ is a birational morphism. Thus ¢(C) is an irreducible
curve on P! x P! of type (2,3). It follows that the genus of C is bounded above by the formula
(dy - 1)(d, — 2) for the genus of a nonsingular curve of type (dy, d>) on P! x P!. That is to say
g<(2-1)3-1)=2. O

Lemma 3.3.3. Let C be a curve of genus g > 5 defined over k. Then C can be trigonal in at most

one way (up to k-automorphism).

Proof. Suppose C is trigonal in more than one way. Then there exist two finite morphisms
¢:C—-Plandy:C — Pl of degree 3, distinct even up to an automorphism of pl. By the
universal property of fibered products there exists a unique morphism ¢ : C — P! x P! such that

the following diagram commutes.

C Ld s pl % p!
Yy iﬂz
("2
p! p!

By the commutative diagram we see the degree of ¢ divides the degrees of ¢ and ¥, so the degree
of ¢ is either 1 or 3. However if the degree of ¢ is 3 then the projections 7y and 7, each have

L -1 o
degree 1, so my|y(c) and 73|,y are birational maps. Thus 7y|,c) © n2|¢( c)isa birational map
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-1

from P! to P!, which necessarily extends to a k-automorphism. But then ¢ = 71 |,(c) © 772|(p ©° v,

a contradiction since ¢ and ¢ were distinct trigonal maps up to k-automorphism of pl.

Thus we conclude the degree of ¢ is 1, meaning ¢ is a birational morphism. Then ¢(C) is an
irreducible curve on P! x P! of type (3, 3). It follows that the genus of C is bounded above by the
formula (d; — 1)(d, — 2) for the genus of a nonsingular curve of type (dj, d») on P! x P1. That is

tosayg <(3-1)3-1)=4. O

Lemma 3.3.4. Let C be a curve of genus g = 3 defined over k. Then C has only finitely many

distinct trigonal k-morphisms up to k-automorphism of pl.

Proof. Let ¢ : C — P! be a finite k-morphism of degree 3. Let D be an effective divisor defined
over k in the corresponding base-point free linear system. Then deg(D) = 3, (D) = 2. By
Riemann-Roch, /(K — D) = 1, which is to say there exists a unique point P € C(k) such that
K — D ~ P. Since K — D is defined over £ it follows that P is k-rational.

Ify : C — Pl isanother trigonal morphism and E a corresponding divisor such that K — E ~ P
then D ~ E, implying ¢ and ¢ correspond to the same linear system. Thus ¢ and ¢ are equivalent
up to automorphism of P

By Falting’s Theorem, there exists at most finitely many k-rational points on C. Since each
trigonal k-morphism has a corresponding k-rational point and no two distinct trigonal k-morphisms
correspond to the same point, it follows that there are finitely many trigonal k-morphisms up to

automorphism of P!, O

Lemma 3.3.5. Let C be a curve of genus g = 4 defined over k. Then C can be trigonal in at most

two distinct ways up to a k-automorphism of pl.

Proof. Suppose C is trigonal in more than one way. Then there exist two finite morphisms
p:C— P! and v :C— P! of degree 3, distinct even up to a k-automorphism of P'. Let D and
E be corresponding effective divisors of the respective base-point free linear systems. Let (1, f)

and (1, g) be local equations for ¢ and . Because D + E + (1), D+ E + (f), D + E + (g), and
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D+ E +(f - g) are all effective divisors, we can think of the functions 1, f, g, and f - g as elements
of L(D + E).

Assume 1, f, g, and f - g are k-linearly dependent. Consider the map ¢ : C — P! x p!
given by (¢, ¢) = (1, f) x (1, g). Composing with the Segre embedding gives a map C — P> with
coordinates (1, f, g, f - g). Since these are k-linearly dependent, the image lies in a hyperplane in
P3. A hyperplane in P3 cuts out a curve of type (1, 1) in P! x P!. Thus the image of ¢ lies in a curve
H of type (1, 1). Since neither ¢ nor ¢ is constant, H must be a copy of P! embedded in P! x P1.

Thus we get an induced morphism ¢’ : C — H satisfying the following commutative diagram.

/
Yy H— Plxp!
("2
p! p!

Since H has type (1, 1) it follows that the projections 71|y and 75|y restricted to H are morphisms

C

of degree 1 from P! to itself, that is automorphisms of P!. Thus ¢ = m|g o ”2|I_11 oy, a
contradiction since ¢ and ¢ were distinct trigonal maps up to k-automorphism of P!. Thus
we see the four functions 1, f, g, and f - g must in fact be k-linearly independent. Therefore
I(D+E)=dimL(D+E) > 4.

By Riemann-Roch we have (K — D - E)=I(D+ E)—3 > 1. Since deg(K — D — E) = 0 we
conclude K — D — E ~ 0, thatis D + E is a canonical divisor.

Let £ : C — P! be a finite morphism of degree 3 with corresponding effective divisor F. If &
is not equivalent to ¢ (up to a k-automorphism of P') then the same argument shows that D + F
is a canonical divisor. Thus E ~ F, implying ¢ and &£ have the same corresponding linear system,

which is to say £ is equivalent to ¢. m|
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CHAPTER 4

PROOF OF THE MAIN THEOREM

4.1 Algebraic Points on Curves

A divisor B on a projective variety X of dimension 7 is called big if there exists an a > 0 and

jo > 0 such that HO(V, Oy (jB)) > aj" for all j > jo.

Lemma 4.1.1 (Kodaira’s Lemma). Let B be a big divisor and D an arbitrary divisor on a nonsin-

gular projective variety V. Then for m > 0,
H(V, Oy(mB - D)) # 0.

Corollary 4.1.2. Let A be an ample divisor and D an arbitrary divisor on a nonsingular projective

variety V. Then for m > 0, hp(P) < mhy(P) + O(1) for all P € V(k).
Proof. Since ample divisors are big, by Kodaira’s Lemma we have
H(V,0y(mA - D)) #0

for m > 0. So there exists an effective divisor E such that mA ~ D + E. Choose an n € Z so that

E + nA is very ample.
(m + WhAP) = hsmya(P) + O(1)
= hp+E+nA(P) + O(1)
= hp(P) + hg4na(P) + O(1)
> hp(P) + O(1).

Let C be a nonsingular projective curve of genus g > 1 defined over a number field k.
Fix a point R € C(k). For Q € {P € C : [k(P) : k] = d} let Oy,...,Q, be the Galois

conjugates of Q, in some order, and define O = (J,...,04) € C% and ¢ : C? — Sym?(C) by
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(Py,...,Pg) — Py + ...+ Py. We identify Sym?(C) with the set of effective divisors of degree d
on C. Let 1y : C¢ — C be the first projection and let y : Symd(C) — Jac(C) be the map given by
Pi+...4+P;— Oc(P1+...+Pg—dR).

We’ll need the following Lemma, as shown in [9].

Lemma 4.1.3. Let S be a finite set of places of k. Let Py, ..., P, € C(k) be distinct and define the
divisor D := Y| P;. Then for all Q € C(k) with [k(Q) : k] = d

() = 7t (AN +O(1) and hR(Q) = Th, e (D) + O

Proof. Since local heights are invariant under Galois maps,

mps(Q) =~ > mps(0;)+O0(1)

1 d
2.
i=1

1 d
2,
i=1

1 d
2
i=1

p,s(7i(Q)) +0(1)

Qul

d

= m

= 7 mnlka,S(Q_) +0(1)
1 -

= — « + O(1
254 e @+ O
1 _

= Emgo*go*ﬂTD,S(Q) +0(1)
1 -

= Myt s(£Q)) + O().

The proof for global heights is identical. O
Theorem 4.1.4. Let S be a finite set of places of k. Let Py,...,P, € C(k) be distinct and
define the divisor D = ?:1 P;. Let & > 0. Then for all Q € C(k) with [k(Q) : k] = d and
u(p(0)) & u(psrj(D)),

mp,s(Q) < ehg(Q) + O(1).

Proof. note that go*yr’l“(D) is an effective divisor on Symd(C) and so a closed subscheme of dimen-

sion d — 1. By Lemma 2.3.2(a), p«7}(D) C p*(u(p«7{(D))). Let A be an ample divisor on Jac(C).
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note that go*zr’l"R is also ample. By Corollary 4.1.2 there exists an integer m > 0 such that
hxa(E) < mh¢*nTR(E) +0(1)
for all E € Sym?(C). Furthermore, for all Q € C(k) with [k(Q) : k] = d and u(¢(Q)) ¢

e« (D)),
My %D, s(9(Q)) < m (s D), s(¢(Q)) + O(1) by Theorem 2.3.4(d)
= mﬂ(¢*ﬂTD),S(# o ¢(Q)) + O(1)

< —hp(uo ¢(Q)) + O(1) by Theorem 3.1.1

o 3]0

=y a($(0)) + O(1)

< ah(p n*R(SO(Q_)) + O(1) by Corollary 4.1.2.
M

By Lemma 4.1.3, the desired result holds on C.

Conversely, we see the following lemma.

Lemma 4.1.5. Let C be a nonsingular projective curve of genus g defined over a number field k.

Let P € C(k) and let Q € C(k) with [k(Q) : k] = d. Suppose that u(o(Q)) € ,u(go*ﬂT(D)), that is

Q1+---+Qd~P+R1+---+Rd_1

for some points R; € C (k). If
1 whend =2
8§ 2
2 whend =3

then R; # Oy for any j and k. In particular, there exists a k-morphism o : C — p! of degree d

such that o*(o(Q)) = Q1 + - - + Q4.
Furthermore ifd = 4and g > 5, then we also get such a k-morphism, provided Q1 +Q>+03+Qu4

is not a sum of two hyperelliptic divisors on C.
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Proof. note that because [k(P) : k] = 1 and [k(Q;) : k] = d > 1, we know Q; # P for all
1<j<d

Without loss of generality, assume R;_; = O, so that cancelling like terms would leave us
with

Q1+ +Q4_1~P+Ry+--+Ry_».

If d = 2, then this says Q| ~ P, implying either ; = P or g = 0. But Q; # P and by
hypothesis g > 1. Thus we reach a contradiction.

If d = 3, then this says Q; + O» ~ P + Ry. If one of Q1 and Q5 is equal to one of P
and Ry, then since P is not equal to Q; or Q,, this would imply R; is equal to either Q; or
05, so P is linearly equivalent to one of Q; and Q5 further implying ¢ = 0, a contradiction.
On the other hand, if the points on the left side of the linear equivalence are distinct from the
points on the right side then there exists a morphism o : C — P! of degree two such that
o(P) = o(Ry). Since g > 2, this says C is hyperelliptic. Since P is a k-rational point and the
unique hyperelliptic map o is a k-morphism, R; must be k-rational as well. Let ¢ € Gal (%/ k).
Then é(Ry) ~ £(Q1+Q02+03)—P—R; =01 +0>+03-P—R| ~ Ry. Since g > 0,4(Ry) = Ry.
Since ¢ was arbitrary, R, is k-rational, contradicting the assumption R, = Q3 since Q3 is a cubic
point over k.

If d = 4, then this says 01+ 02 +03 ~ P+R; +R,. Since g > 5, there exists at most one trigonal
map (up to automorphism of P'), at most one hyperelliptic map (up to automorphism of P1), and not
both. If C has a unique trigonal map o with o-(P) = o-(R|) = 0 (R;), by uniqueness, o is k-rational,
else we could use Galois conjugation to get a new hyperelliptic morphism. Since P is a k-rational
point, we see that R; and R, are at worst quadratic conjugates. Thus for any ¢ € Gal (E/ k), we have
E(R3) ~ Q1+ 02+ 03+04)—P—E(R| +Ry) = 01+ 02+ 03+ 04— P— R — Ry ~ R3. Since
g > 0, £(R3) = R3. Since & was arbitrary, R3 is a k-rational point, contradicting the assumption
Rz = Q4, since Q4 is a quartic point over .

If this does not give a trigonal map, say Ry = Q3 as well, then C has a unique hyperelliptic

map o with 0(Q1) = 0(Q») and o-(P) = o(R;) and by the same argument in the d = 3 case, R; is
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k-rational. Thus for any ¢ € Gal (%/k), we have E(Ry + R3) ~ (01 + 02+ 03+ 04) - P — Ry =
Ql +Q2 +Q3 +Q4 —P—R1 ~ R2+R3. So O'(Rz) = O'(R3). But R2 = Q3 and R3 = Q4,
so 0(03) = 0(Q4), meaning Q1 + O + O3 + Q4 is a sum of two hyperelliptic divisors on C,

contradicting the hypothesis. O

Theorem 4.1.6. Let S be a finite set of places of k. Let Py,..., P, € C(k) be distinct and define
the divisor D = Z?:l P;. Let o : C — P! be a k-morphism of degree d. Let o-(Supp(D)) =
(T, T, ..., Ty} and define n; = nij(o) == |~ (T;) N Supp(D)| fori = 1,2,...,r. Reorder indices
sothatny > ny, > ... > ny. Let € > 0. Then for all Q € C \ Supp(D) with [k(Q) : k] = d and
7(Q) e P! (k)

mp,s(Q) < (ny +ny + €)hg(Q) + O(1)

Proof. Let ¢ : P! — Sym?(C) c Div*(C) be given by «(T) = o-*(T). Then ¢ is an embedding with
L*(,D*HT = 0. Since 07(Q) € P1(k), any Galois map over k will only permute the set o~ (c7(Q))

implying ¢ o 07(Q) = o*(07(Q)) = Oy + - - - + Q4. Thus up to O(1)

1 _
mp s(Q) = EWSD*HT(D),S(QD(Q)) by Lemma 4.1.3

1 .
= EmQD*HT(D)’S(l © O—(Q))

1

1
= Emo-*(D),S(O'(Q))

1

< E(nl +ny + &)hy()(o(Q)) by Theorem 3.1.8
1

= E(nl +ny + &)hgrr(0)(Q)

= S+ +6)|hg (@) + -+ hg (©0)
< (ny +ny + &)1 +&)hg(Q)
= (I’ll +ny + 8(1’11 +ny + 2))hR(Q).

And replacing & with £/(2d + 2) gives the desired result. O
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Lemma 4.1.7. Let S be a finite set of places of k. Let Py, ..., P, € C(k) be distinct and define the
divisor D := Z?:l P;. Let € > 0. Suppose there exist only a finite number of k-morphisms C — p!
of degree d (modulo automorphisms of P1). Then for all Q € C(k) with [k(Q) : k] = d such that
o (Q) € PL(k) for some k-morphism o : C — P! of degree d, we have

mp,s(Q) < (Ng(D) + e)hg(Q) + O(1)

where N;(D) := max {‘(0'_1(0) U 0'_1(00)) N Supp(D)H taken over all finite k-morphisms o :
Cc - P! of degree d.

Proof. Let {oj} be the unique set of representatives of the equivalence classes of k-morphisms

C — P! of degree d (modulo automorphisms of P') such that
ni(o;) = 0']._1(0) N Supp(D)| and ny(oj) = o-j_l(oo) N Supp(D)

for all j, where n; is as defined in Theorem 4.1.6. By definition it is clear that N = ny(cj) + na(o;)
for some j. Let Q € C(k) with [k(Q) : k] = d such that o-(Q) € Pl(k) for some k-morphism
o:C — Plof degree d. After composing with an automorphism of P! we may assume o = 0
for some j. Thus by Theorem 4.1.6, for all Q € C(k) with [k(Q) : k] = d such that o7(Q) € Pl(k)

for some k-morphism o : C — P! of degree d, we have
mp s(Q) < m;,lx {(n1(cj) + na(oj) + £)hr(Q) + 0;(1)}

< (Na(D) + )hg(Q) + O(1).

Corollary 4.1.8. Let S be a finite set of places of k. Let Py,..., P, € C(k) be distinct and define

the divisor D := Z?:I P;. Let e > 0. If g > 2, then for all Q € C(k) with [k(Q) : k] = 2,

mp,s(Q) < (Ng(D) + e)hg(Q) + O(1)

where N;(D) := max {‘(0“1(0) U 0'_1(00)) N Supp(D)‘} taken over all finite k-morphisms o :
C — P! of degree 2.
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Proof. For those Q € C(k) with u(¢(Q)) ¢ ,u(go*ni‘(D)) the result follows from Theorem 4.1.4,
regardless of the value of N;(D). For those Q € C(k) with [k(Q) : k] = 2 and u(p(Q)) €
,u(gp*ﬂi‘(D)), Lemma 4.1.5 implies there exists a morphism o : C — P! of degree 2 such that
a*((0)) = ¢(Q), that is o(Q) € P1(k). Since g > 2, such a hyperelliptic map is unique up to an

automorphism of Pl, so the result follows from Lemma 4.1.7. m]

Corollary 4.1.9. Let S be a finite set of places of k. Let Py,. .., P, € C(k) be distinct and define
the divisor D := Z?:l P;. Lete > 0. If g > 3, then for all Q € C(k) with [k(Q) : k] = 3,

mp,s(Q) < (Ng(D) + &)hg(Q) + O(1)

where Nj(D) := max {‘(0'_1(0) U 0'_](00)) N Supp(D)’} taken over all finite k-morphisms o :
C - P! of degree 3.

Proof. For those Q € C(k) with u(¢(Q)) ¢ ,u(go*n’lk(D)) the result follows from Theorem 4.1.4,
regardless of the value of Ny(D). For those Q € C(k) with [k(Q) : k] = 3 and u(p(Q)) €
N(QO*JTT(D)), Lemma 4.1.5 implies there exists a morphism o : C — P! of degree 3 such that
a*((0)) = ¢(Q), that is o(Q) € P1(k). If g > 5, by Theorem 3.3.2 such a trigonal morphism
is unique up to an automorphism of P!. If g = 4, then by Theorem 3.3.5 there exist at most two
such trigonal morphisms. If g = 3, then by Theorem 3.3.4 there are only finitely many trigonal

k-morphisms. So the result follows from Lemma 4.1.7. O

4.2 Quadratic Points on Elliptic Curves

First, a general lemma.

Lemma 4.2.1. Let C be a projective nonsingular curve of genus g defined over a number field
k. Let S be a finite set of places of k. Let Py,...,P, € C(k) be distinct and define the divisor
D = Z?:l P;. Let R € C(k) and let € > 0. Let d be a positive integer and let Z be a finite union of

irreducible curves in Symd(C).
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(a) If g = 1 and d = 2 and there does not exist a subset {iy, . ..,i4} C {l,...,n} such that
Pl'1 +Pi ~ Pi3 + Pi4
then for all Q € C(k) with [k(Q) : k] = 2 and ¢(Q) € Z we have

mp,s(Q) < (3 +&)hr(Q) + O(1).
(b) If g = 1 and d = 3 and there does not exist a subset {iy, .. .,iq} C {1,...,n} such that
P,-] + Pl-2 + P,-3 ~ P,~4 + P,-5 + P,~6
then for all Q € C(k) with [k(Q) : k] = 3 such that ¢(Q) € Z we have

mp,s(Q) < (5 + &)hr(Q) + O(1).
(c) If g =2 and d = 3 and there does not exist a subset {iy,...,ig} C {1,...,n} such that
Pi, + Py + Piy ~ Pjy + Pis + Pj
then for all Q € C(k) with [k(Q) : k]| = 2 such that ¢(Q) € Z we have
mp,s(Q) < (5 +&)hr(Q) + O(1).

Furthermore if there does not exist a subset {iy, . ..,i5} C {l,...,n} and a point T € C(k)

P

distinct from P i

i P,-3 such that
Pl'1 +Pi2 +Pi3 ~ Pi4 +Pi5 +T
then for all Q € C(k) with [k(Q) : k] = 3 such that (Q) € Z we have

mp.s(Q) < (4 +&)hg(Q) + O(1).

Proof. Let Z = Z;=1 Z; be the decomposition of Z into irreducible curves. Since 0(Q) ¢

Supp(ps«7 D), we may assume Z; \ Supp(g.7D) is nonempty, that is Z; is not a subset of
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Supp(ga*nikP,-) for i = 1,...,n. We think of Z; with the reduced induced closed subscheme
structure and let p; : Z; — X be the closed immersion. If there are only finitely many points
Q € C(k) such that [k(Q) : k] = d and ¢(Q) € Z j» then we are done. Else Z; has infinitely many

k-rational points, thus by Falting’s Theorem Z; has genus O or 1. If Z; has genus 1 then for those

Q € C(k) with [k(Q) : k] = d and ¢(Q) € p;(Z)),

1 _
mps(Q) = Emgo*n’fD,S(‘P(Q)) + O(1) by Lemma 4.1.3
1 _ -
= "o 0.SP) (0 +0(1)

e _ _
< g R0] L((0))) + O(1) by Lemma 3.1.1

Tt R£(Q)) + O(1)

= echgr(Q) + O(1) by Lemma 4.1.3.

Alternatively if Zj has genus O then, since abelian varieties admit no rational subvarieties,
the image u(Z;) € Jac(C) = C is a point. Thus Z; is contained in a fiber ¥ of u. Let E € Y.
Then the subvariety ¥ ¢ Sym?(C) may be thought of as the complete linear system |E| of the
degree d divisor E on C. Furthermore the divisor ()D*ﬂ'ikpl' |y may be thought of as the linear system
|E — P;| + P;, and thus as a linear subspace of the projective space Y.

Ifd =g+ 1, where g = 1 or 2, then by Riemann-Roch the complete linear systems of divisors
of degree d all have dimension 1, so ¥ = P!, Since go*zr’l"P,- ly is a linear subspace, it is either a
single point, or all of Y. Furthermore, because Z gi has dimension 1, it follows that Z = Y. So
either Z; € Supp(ps7| P;), a contradiction, or p;‘fcp*n’l“Pl— = @«7) Pily is a degree 1 divisor.

If g = 1 and d = 3, then by Riemann-Roch, the complete linear systems of divisors of degree
d all have dimension 2. Riemann-Roch also tells us that |E — P;| has dimension 1 and so go*ﬂTP,- ly
is a line in the projective plane Y. note the divisors go*yr’lkP,- are in 3-subgeneral position, thus so

are the lines go*n’lkPi ly. By Theorem 3.1.3, there exists a finite set / of lines in Y such that for all
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PeY\UpenH
n
i=1

< (5+&)h(P)+ O(1) by Theorem 3.1.3,
where h is the canonical height on ¥ = P2. Thus if Z; ¢ H, then for all Q € C(k) with
[k(Q) : k] = d and ©(Q) € p;(Z))

1 _
mp.s(Q) = gmgo*n’l"D,S(‘P(Q)) + O(1) by Lemma4.1.3

- %mp;%,,]kp,s(pjl(so(Q_))) +0(1)

< 55+ Oy o400 + O

= %(5 + 8)h¢*ﬂTR(90(Q_)) +0(1)

=(5+¢&)hg(Q)+ O(1) by Lemma 4.1.3.

Since this would satisfy every inequality in part (b), we need not consider this case any further. If
Zj € H, then either Z; C Supp(g.| P;), a contradiction, or p;fgo*ﬂikPi has degree 1.

At most d of the divisors p;fgo*ﬂ’l"(P,-) can coincide, and if ¢ divisors
Pi@«m | (Pi))s ... pipam(Pic)
coincide, then
P,-1 +...+ P +Ry1+...+ Ry~ E

for some Roy1,...,R; € C(k). Let p;(p*nl*(D) = Zf;:l cmEm for some positive integers
€1,¢2,-+,cp Withcy 2 ¢y 2 -+ 2 ¢p. Then for Q € C(k) with [k(Q) : k] = d and (Q) € Z;

1 _
mp s(Q) = me*ﬂT(D),S(SO(Q)) +O(1) by Lemma 4.1.3

1 -

= Emgp*,rf(pﬂyjk,s(QD(Q)) +0(1)
1 -

< E(Cl +cy+ 8)h90*”1*(R)|ij (¢(Q))+0(1) by Lemma 3.1.8
1 -

= €1+ €2 + Dy ) (#(D) + O

=(c; + 2 +&)hgr(Q) + O(1) by Lemma 4.1.3.
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If there does not exist a subset {iy,...,i2;} € {1,...,n} such that

P; .+ P

Pl‘1+...+P id

ig ~ ligep +o-

then for all Q € C(k) with [k(Q) : k] = d such that ¢(Q) € Z; we have

mp,s(Q) < (2d = 1+ £)hr(Q) + O(1).

Finally, in the special case where g = 2 and d = 3, if there does not exist a subset {i{,...,i5} C

P

{1,...,n} and a point T € C(k) distinct from P, ins

i P,-3 such that

Pl'1 +Pi2+Pl'3 “’Pi4+Pi5 +T

then either such a linear equivalence does not exist for any T € C(k) , in which case, forall Q € C(k)

with [k(Q) : k] = 3 such that ¢(Q) € Z, we have
mp,s(Q) < (4 +&)hr(Q) + O(1).

Else, there does exist a subset {iy,...,i5} C {l,...,n} andapoint T € C(k) such that
P,-1 +P,-2 +P,-3 ~ P,-4 +P,-5 +T

with either T ¢ C(k) or T € {P;,,P;

i ,Z,P,-3}. However since every other point in the linear

equivalence is k-rational and thus fixed under Galois maps over k, it follows that T is also fixed,

and so T € C(k) automatically. Thus T € {Pil’PiZ’Pi3}’ say T = P;,. But that would imply

3

QO*TITPI':S

intersects the projective line ¥ = Z; in more than one point, contradicting the fact that
p;fgo*ﬂTP,- = @«7| Pily has degree 1 as shown above.

Since there are only finitely many irreducible components Z; in Z, we may take the maximum
of the constants O(1) in each of the above inequalities to prove the same inequalities holds for all

0 € C(k) with [k(Q) : k] = d such that ¢(Q) € Z. O

Proposition 4.2.2. Suppose g = 1. Let S be a finite set of places of k. Let Py, ..., P, € C(k) be
distinct and define the divisor D := Z?:l P;. Let & > 0. Then for all Q € C(k) with [k(Q) : k] =2

mp,s(Q) < (4 +&)hr(Q) + O(1)
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and if there does not exist a subset {iy, ...,i4} C {1,...,n} such that
Pl'1 + Pi2 ~ Pi3 + Pi4
then for all Q € C(k) with [k(Q) : k] = 2 we have

mp,s(Q) < (3 + &)hr(Q) + O(1).

Proof. We may assume n > 2. Since RT(R) + n;(R) is an ample divisor on C2, we see that
go*(ni‘(R) + n;(R)) = 2(p*7ri‘(R) is an ample divisor on SymZ(C) and therefore so is go*yr’l"(R).
Since any two points on a curve are numerically equivalent, we also have (p*ni‘(Pi) is numerically
equivalent to go*ﬂ’f(R) for all i. The divisors cp*ﬂi“(P,-) are in general position since the intersection
of go*ﬂik(Pil) and go*ﬂ’f(Piz) in Sym2(C) is the point Pi + P,.

Foreachv € S, choose two of the divisors go*nT(Pi) tobe Dy, and D, ,,. Then applying Theorem
3.1.6 with X = Sym?(C), A = go*ﬂi‘(R) and d; = 1, for 1 < i < 2, we see there exists a proper
Zariski-closed subscheme Z C SymZ(C) such that for all points Q € C(k) with [k(Q) : k] = 2 and

¢(0) € Sym?(C)(k) \ Z,

2
2 24D, (#(D) < B+ )y, i (p ) (#(D).

vesSi=1
Since at most two of the divisors go*ﬂT(P,-) intersect at a point, we see that a point in Symz(C )k)\Z
can be v-adically close to at most two of these divisors for each v € S. Points v-adically closest
to Dy, and Dy, cannot be (arbitrarily) v-adically close to any other of the divisors QD*ﬂ'T(Pl'), that
is those local heights /l‘p* ) are bounded for such points. Thus for all points Q € C(k) with

[k(Q) : k] = 2 and (Q) € Sym?(C)(k) \ Z with ¢(Q) v-adically closest to D1, and Dy, for each
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veSs,

1 _
mp s(Q) = 5 Mgt (D), ¢(¢(0)) + 0(1) by Lemma 4.1.3

_ % 2 D Agurtp(#(@)) + O()

vesSi=1

2
=3 2> Ay, a(6(@)) + O()

veSi=1

< 36+ 2yt 910D + O()
= 3+ &)hr(Q) + O(1) by Lemma 4.1.3.

Since this inequality does not depend upon the choices of Dy, and D, for each place v € S, the
result follows for all Q € C(k) with [k(Q) : k] = 2 and ¢(Q) € Sym%(C)(k) \ Z.

Since ¢(Q) € Symz(C )(k) it only remains to consider the case where ¢(Q) € Z. By Lemma
4.2.1, then for all Q € C(k) with [k(Q) : k] = 2 such that ¢(Q) € Z we have

mp s(Q) < (4 +&)hg(Q) + O(1)
and if there does not exist a subset {iy,7,13,i4} C {1,...,n} such that
Pl'1 + P;

2~Pi3+Pi

then for all Q € C(k) with [k(Q) : k] = 2 such that ¢(Q) € Z we have
mp.s(Q) < (3 +&)hr(Q) + O(1).

Combining the above inequalities, we get that the proposition holds for all Q € C(k) with [k(Q) :

k] =2. O

Corollary 4.2.3. Let C be a nonsingular projective curve of genus-1 defined over a number field k
and let R € C(k). Let S be a finite set of places of k. Let Py, ..., P, € C(k) be distinct and define
the divisor D := Z?:l P;. Let € > 0. Then for all Q € C(k) with [k(Q) : k] = 2,

mp,s(Q) < (N2(D) + £)hg(Q) + O(1)
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where N>(D) := max {|(0'_1(0) U 0'_1(00)) N Supp(D)‘} taken over all k-morphisms o : C — P!

of degree 2. If no such k-morphism exists, we say No(D) = 0.

Proof. First note that since degree 2 morphisms are at most 2-to-1, we have N>(D) < 4. By
Riemann-Roch, the dimension of the complete linear system |E| of any divisor E on C of positive
degree is given by dim|E| = deg(E) — 1. If there are only finitely many points Q € C(k) with
[k(Q) : k] = 2, thenmp 5(Q) < O(1), so we assume there are infinitely many points Q € C(k) with
[k(Q) : k] = 2. In particular, there exists a pair of conjugate k-quadratic points Q1, Q5 € C(k).
Since |Q] + Os|=1 and |Q + Qp — T| = 0 for all T € C(k), it follows that Q1 + Q5 is a degree 2
divisor defined over k, whose complete linear system, |Q; + Q»|, is base-point-free of dimension
1. Thus it induces a degree 2 morphism w : C — P! defined over .

If deg(D) = 1, then after composing with a k-automorphism of P!, we may assume w(P;) = 0,
s0 Ny(D) = 1. If deg(D) = 2, then after composing with a k-automorphism of P!, we may assume
w(Pq) = 0 and either w(P;) = 0 or w(Py) = o0, so No(D) = 2. In both these cases N = deg(D), so

we have
mp,s(Q) < hp(Q) by Definition 2.2.8

< (deg(D) + €)hg(Q) + O(1) by Theorem 2.2.12
= (Ng(D) + £)hg(Q) + O(1).

Suppose deg(D) > 3. Then since |P| + Py|=1 and |P; + P, = T| = 0 for all T € C(k), it
follows that P + P, is a degree 2 divisor defined over k, whose complete linear system, |P| + P;|,
is base-point-free of dimension 1. Thus it induces a degree 2 morphism o : C — P! defined
over k, such that o-(P;) = o(P;). By composing with an automorphism of P!, we may assume
o (Py) = 0(Pp) = 0 and o-(P3) = o0. Thus we see N2(D) > 3.

If Ny(D) = 4, then the inequality follows from Proposition 4.2.2.

Conversely, if there exists a subset {i{,i2,13,i4} C {l,...,n} such that Py + Piy ~ Piy + P,
then there exists a k-morphism o~ : C — P! of degree 2 such that O'(Pil) = O'(P,-Z) = 0 and

O'(Pi3) = O'(Pl'4) = o0, so that N>(D) = 4.
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Thus if Np(D) = 3, then such a subset of {1,...,n} does not exist and the inequality again

follows from Proposition 4.2.2. m|

4.3 Cubic Points on Curves of Low Genus

It remains to show the main theorem holds for points of degree 3 on curves of genus 1 and 2.

Theorem 4.3.1. Let X be an irreducible projective surface defined over a number field k. Let S be
a finite set of places of k and let n € N. For each v € S, let D1y, ..., Dy, be effective divisors on
X, defined over k having no irreducible components in common in their supports. Suppose there
exists an ample divisor A and positive integers d;,, such that D; ,, is numerically equivalent to d; ,, A
for all i and for all v € S. Suppose there exists a nonconstant k-morphism o : X — E for some
elliptic curve E defined over k. Let € > 0. Then there exists a proper closed subscheme Z C X

such that for all points P € X(k) \ Z,

n /lDl'V,V(P)
Z Z BT T < B+ e)hya(P) + O(1).

s
Proof. Let R € E(k). By Theorem 3.1.1, for any Q € E(k) we have

mg s(P) < ehg(P) + O(1)
for all P € E(k) \ {Q}. Thus for any Q € E(k)
Mg+ s(P) = mg s(o(P)) + O(1)
< ehg(o(P)) + O(1)
= eh,«g(P) + O(1)
for all P € X (k) \ o*(Q). By Corollary 4.1.2, there exists an M € N, depending only on R and A,

such that for all P € X(k)

ghyxp(P) < eM - hy(P)+ O(1).
By replacing € with €/ M we can say that for any Q € E(k)

myxg s(P) < eha(P) + O(1)
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for all P € X (k) \ 0*(Q). Therefore, by Lemma 2.3.2(a) and Theorem 2.3.4(d), for any Q € X(k)

we have

mg s(P) < myx (o ()),s(P) + O(1)
< ehu(P) + 0(1)
forall P € X(k) \ o*(07(Q)).

For each v € S, let

Y= | Supp(Diy)nSupp(D},).

1<i<j<n

Since no two of the divisors share irreducible components in common, it follows that Y;, is a finite
set of points. Partition the set X by which of the points of ¥, each point is v-adically closest to.
note that if a point is v-adically closest to two points of Y),, then it cannot be v-adically close to any
of the divisors D; ,, that is all of the local heights ’lDi,wV will be bounded. Consider those points
P that are v-adically closest to Q € ¥,,.

For each pair of indices i and j we have, by definition,

ADi,VnDj,V’V(P) = min{/lDi’v,V(P)a /le’v,V(P)}

for all P € X(k) \ Supp(D;,) N Supp(D;,). Butif Q € Supp(D;,) N Supp(D;,,), we have

Agu(P) = minfap, (P) Ap, ,(P)} +0(1)

for those points P € X(k) \ {Q} such that Q is the v-adically closest point to P out of all of the

points in ¥;,. Thus we have
min{Ap, , v(P) Ap, , v(P)} < &ha(P)+O(1)

for all such P € X(k)\ o*(o(Q)). Since we can repeat this for each pair of indices i and j, it follows
that at most one of the local heights Ap, (P), say /lDl.Q v,V(P)’ can be greater than ¢ - hs(P) for

infinitely many of the points P € X (k) \ (o (Q)) that are v-adically closest to Q. As such

Ap; ,w(P) ADjpy v (P)
> < +&(n — Dha(P) + O(1)
diy diyy

i
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forall P € X(k) \ ( 1 Supp(D;) U o'*(a'(Q))) that are v-adically closest to Q.
Repeating this process for each v € § gives a collection of partitions, which together make a
finer partition of X into those Q) € Y, that the points are closest to for each v € § together with a

proper (since o is nonconstant) closed subscheme of X,

zi=J | o).

veS QeYy

Then we have

o(P)

AD: v i
Dlv (P )—Z Qv +&(n — 1)|S|ha(P) + O(1)

3

i=0 veS
forall P € X(k)\ Uyes ( ;721 Supp(D;,,) U U*(U(QV))) that are v-adically closest to Q, for each

v € S. But by Theorem 3.1.6, there exists a proper closed subscheme Z, C X such that

D w(P)
ZQV— < 3+ &)ha(P)

veS dz,v

forall P € X(k)\ Zy. Let Z = U, es U?:l Supp(D;,) U Z1 U Z,. Then forall P € X(K) \ Z

& /1D iy v(
ZZ < 3ha(P) + (1 + (n— 1)|S]) ha(P) + O(1).
i=0 v l,v
Thus by replacing & with /(1 + (n — 1)|S]), we obtain the desired result. o

Proposition 4.3.2. Let C be an elliptic curve defined over k. Let S be a finite set of places of k.
Let Py, ..., Py, € C(k) be distinct and define the divisor D := Z?:l P;. Let R € C(k) and let € > 0.

Then for all Q € C(k) with [k(Q) : k] = 3

mp,s(Q) < (6 + &)hr(Q) + O(1)
and if there does not exist a subset {iy, .. .,ig} C {1,...,n} such that

Pi, + Py + Piy ~ Pjy + Pis + Pj
then for all Q € C(k) with [k(Q) : k] = 3 we have

mp,s(Q) < (5 +&)hgr(Q) + O(1).
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Proof. By Theorem 3.1.6, there exists a proper closed subscheme Z C Sym3(C) such that for all
Q € C(k) such that [k(Q) : k] = 3 and ¢(Q) ¢ Z we have

1 _
mp.s(Q) = gm(p*ﬂikD’S((p(Q)) + O(1) by Lemma 4.1.3

1
< 5(4 +¢e)h TR(Q) + O(1) by Theorem 3.1.6

Pt

=4+ ¢e)hg(Q)+ O(1) by Lemma 4.1.3.

Let Z; be an irreducible component of Z. Then y| z; is a k-morphism from the irreducible surface
Z; to an elliptic curve Jac(C) = C.

If | z; is a constant map then Z; is contained in a fiber of . But the fibers of u are 2-dimensional
by Riemann-Roch, so it follows that Z jis a fiber of u, so there exists an E € Div(C) such that
Zj = |E| = P2. Since go*yr’l"P,- is the set of effective divisors on C with P; in their support, we
see that it cuts out the 1-dimensional linear system |E — P;| + P; in |E|. Furthermore the divisors
(go*ﬂTP,-)l z; on Z; are in 3-subgeneral position. Thus we may apply Theorem 3.1.3 with r = 2 and

Li = (pumiPi)lz; to get

1 _
mp s(Q) = gm‘p*nikD,S(go(Q)) + O(1) by Lemma 4.1.3

= 3 D mrs(e(0) +0(1)
i=1

IA

1
5(5 + 8)h‘p*ﬂ.>lkR(Q) + O(1) by Theorem 3.1.3

(5+&)hgr(Q) +0O(1) by Lemma 4.1.3.

for all Q € C(k) such that [k(Q) : k] = 3 and ¢(Q) € Z; \ 'Y}, where Y; is a union of hyperplanes
Yjp cZj = P2. By Lemma 4.2.1, if there does not exist a subset {i|, i, i3, i, is,ig} C {1,...,n}

such that Py +Pi, +Piy ~ Piy + Pis + P; then for all Q € C(k) with [k(Q) : k] = 3 and ¢(Q) € Y;

6
mp,s(Q) < (5 +&)hr(Q) + O(1)

otherwise

mp,s(Q) < (6 +&)hr(Q) + O(1).
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Combining the above inequalities we get the result on all of Z;. Since there are only finitely many
irreducible components Z; in Z, we may take the maximum of all of the above constants in O(1) to

get the result for all Q € C(k) with [k(Q) : k] = 3. O

Lemma 4.3.3. Let C be a nonsingular projective curve of genus 1 over an algebraic number field
k. Let d > 3 be an integer and let Py, ..., Py _1 € C(k) be distinct. Let Pry_1 be the identity
element of the elliptic curve C. Suppose that for every morphism o : C — P! over k of degree d
we have

‘(0—1(0) U 0'_1(00)) A{Py.... Py} <2d-2.

Then for every i € {l,...,2d — 2}, the inverse of P; in the elliptic curve C is P; for some

je{l,....2d -2\ {i}.

Proof. We proceed by induction on the number of pairs of inverse points identified. Trivially,
we have already identified zero such pairs. Suppose we have identified m pairs already and that
m<d-1.LetM c {l1,...,2d — 2} be a set of representative indices, each pair of inverse points
being represented by exactly one index, so that [M| = m. For each i € M, define i* to be the index
of the inverse of P;, that is to say P; + P;+ ~ 2Py4_1. Let I C {1,...,2d — 2} be a subset disjoint
from M with |I|=d—-2-mandletJ = {1,...,2d —2} \ (M U I). By Riemann-Roch, there exists
a unique R € C(k) such that
R+Py i+ ), Pi~) P
ieEMuUl JjeJ
Furthermore R € C(k) by uniqueness. If R ¢ {P; | j € J}, then this linear equivalence defines a
base-point-free 1-dimensional linear system over k of degree d. Thus there exists a corresponding
morphism o : C — P! over k with o=1(0) = {R, Pyy_1} U{P; | i € MU I} and o~} (e0) = {P; |
j € J}, so that
)(0—1(0) U 0'_1(00)) A {Py....Pay_1}| =2d-1.
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As this would contradict the hypothesis, we conclude there exists an r € J such that R = P,. That

is to say

Py_1+ ), Pi~ > P (4.1)

ieMuUl jeJ\{r}
Once again by Riemann-Roch, there exists a T € C(k) such that
Py-1+ Y, Pi~T+Pr+ > P
jel{r} i€MUI
By the same reasoning as above, either 7' = Pyy_j or T € {P; | j € J\ {r}}. Butif T = Ppy_y,

then

> Pi~P+ Y P

je\{r} ieMUul
Comparing this to equivalence (4.1) reveals that P, ~ P»;_;. But according to Riemann-Roch, if

two points on C are linearly equivalent, then they are equal, that is P, = P>4_1, a contradiction
since r # 2d — 1 and the P; are distinct. Therefore there exists at € J \ {r} such that T = P;. That

is to say

P2d—1 + Z Pj ~ Pr + Z Pi- (4.2)
jeJ\{rt} ieMuUl

Adding equivalences (4.1) and (4.2) together we get

2Py 1 + Z P, ~ Z P;.
ie{l,..2d=2)\{r.t} ie{l,...2d-2}

And after cancelling, we get P + P; ~ 2P,_1, which is exactly the condition that P, and P; are
inverse points in the elliptic curve C with identity P,;_1. Thus we have determined m + 1 distinct
pairs of inverse points on C. Therefore, by induction we conclude that we can find d — 1 distinct
pairs of inverse points, which must consist of Py, ..., Py _o as desired.

O

Proposition 4.3.4. Let C be a nonsingular projective curve of genus 1 over an algebraic number
field k. Let Py,. .., P5 € C(k) be distinct. Suppose that for every morphism o : C — P! over k of
degree 3 we have

‘(0—1(0) U 0'_1(00)) N{P,,...,Ps}| <4
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Then if one of the five given points is chosen to be the identity element of the elliptic curve C, the

five given points then form a subgroup of C(k) of order 5.

Proof. Without loss of generality, let P5 be the identity element of the elliptic curve C. By Lemma
4.3.3, forevery k € {1,...,4} there exists a k* € {1,...,4} \ {k} such that P + Py ~ 2P5. Let
these four non-identity points be called P;, Pjx, Pj, P .

By Riemann-Roch, there exists an R € C(k) such that
R+ P5 + P« ~P,~+Pj+Pj*. 4.3)

Since we assume the above morphism o does not exist, it must be the case that either R = P;,

R = Pj, or R = P;«. Butif R = P;, then equivalence (4.3) simplifies to
Pl* + P5 + Pi* ~ P; + 2P5.

So P;x ~ P5. By Riemann-Roch, this implies P;«x = Ps, a contradiction.

Therefore R = P, with r € {j, j*}. In this case, equivalence (4.3) simplifies to
P, +P5 + Pi* ~ Pi + 2P5.

Adding P; to both sides and cancelling like terms gives P, + P5 ~ 2P;. As elements of the elliptic
curve C, this says 2P; = P,. Taking inverses, we also get 2P;+ = P,«. Repeating this process for
the linear equivalence

T+Ps+Pp~Pj+ P+ Ppx

gives T = Py for some ¢t € {i,i*} and so P; + P5 ~ 2P;. As elements of the elliptic curve C, this
says 2P; = Py and 2P+ = Pix. Since 2P5 = Ps, we see that these five points are closed under
doubling.

Once again by Riemann-Roch, there exists a point A € C(k) such that
A+ Pi+Pj~ Py + P+ Ps.

Since we assume the above morphism o does not exist, it must be the case that either A = P;x,

A= Pjx,or A= Ps. If A= Pshowever, then P; + P; = Py + Pjx and adding P; + P; to both sides
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gives P, + P; = 0, which is not possible, given r € {j, j*} and 7 € {i,i*}. Thus A € {P;+, Pj+} and
P;+Pj = Py forsomeu € {i*, j*}. Taking inverses gives Pjx + Pjx = P,«. Similarly, P; + P;« = Py
for some v € {i*, j} and so P;x + P; = P,«. Thus the set {Py, ..., P5} is closed under addition, and

therefore forms a subgroup of order 5 in the elliptic curve C. O

It is worth noting that this obstruction does not appear in higher degree examples, as demon-

strated in the following.

Proposition 4.3.5. Let C be a nonsingular projective curve of genus 1 over an algebraic number
field k. Let d > 4 be an integer and let Py, ..., Pyy_1 € C(k) be distinct. Then there exists a

morphism o : C — P! over k of degree d such that
(e @Uo ) Py, Prgo}| =24 - 1.

Proof. By way of contradiction, assume such a morphism does not exist. Let P,;_1 be the identity
element of the elliptic curve C. Then by Lemma 4.3.3, for every i € {1, ...,2d — 2} there exists an
i* € {l,...,2d — 2} \ {i} such that P; + P;x ~ 2P5;_1. Let M be a set of representative indices
of these pairs, that is for each i € {1,...,2d — 2}, eitheri € M or i* € M and not both, so that
IM| =d—-1. Let M; = M \ {1,1*} and note | M| = d - 2.
The proof is broken into two cases, but those cases are treated very similarly. First suppose d
iseven. Let K ¢ M with |K| = % By Riemann-Roch, there exists an R € C(k) such that
R+Pi+ > (Pi+Pp)~Pyq_y+Pr+ ) (P +Pp). (4.4)
ieM{\K ieK
Since we assume the desired morphism does not exist, it must be the case that either R = P41,

R=Pyx,orRe{P;|iecKori*eK}. Butif R = Pp;_1, then equivalence (4.4) simplifies to
Prg—1+P1+(d=2)Pyq_1 ~ Prg—1 + Px + (d = 2)Pyq_1.

So Py ~ P;x. By Riemann-Roch, this implies P; = P;x, a contradiction to Lemma 4.3.3. And if

R = Py«, then equivalence (4.4) simplifies to

Pl* + Pl + (d — 2)P2d—1 ~ P2d—1 + Pl* + (d — 2)P2d—1'
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So P; ~ Py;_1. By Riemann-Roch, this implies P; = P»,4_1, a contradiction to the hypothesis.
Therefore R = P, for some r € {1,...,2d — 2} with either »r € K or r* € K. In this case

equivalence (4.4) simplifies to
Pr+ Py +(d—=2)Pyy_1 ~ Prg_1 + Ppx +(d =2)Pry_1.
Adding P+ to both sides and cancelling like terms gives
Pr+ Pyg_ 1 ~2P;x. 4.5)

Now choose K’ ¢ My \ {r,r*} with |K’| = % note this subset exists because | M \ {r,r*}| =

d -3 and % <d-3 & d >4 ByRiemann-Roch, there exists an T € C(k) such that

T+ P+ Z (P; + Pi*) ~Pyg_1 + Ppx + Z (P; + Pi*)' (4.6)
ieM\K’ ieK’

Once again this implies that T = P; for some t € {1,...,2d — 2} with either r € K’ or t* € K’.

Therefore equivalence (4.6) simplifies to
Pi+ Py +(d—=2)Pyg_1 ~ Prg—1 + Pyx +(d —2)Pry_1.
Adding Py= to both sides and cancelling like terms gives
P+ Pyg 1 ~2P;x. 4.7)

Comparing equivalences (4.5) and (4.7) reveals that P, ~ P;, which implies that P, = P;, but that
implies r = ¢, a contradiction to the construction of K’. Therefore our initial assumption must have

been false and there exists a morphism o~ : C — P! over k of degree d such that

)(0—1(0) U 0'_1(00)) A{P.... Py} =2d-1.
Now suppose d is odd. Let K ¢ M; with |[K| = % By Riemann-Roch, there exists an

R € C(k) such that

R + P2d—l + Pl + Z (Pi + Pi*) ~ Pl* + Z(Pi + Pi*)' (48)
ieEM\K ieK
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Since we assume the desired morphism does not exist, it must be the case that either R = Px or

Re{P;|ieKori* e K}. Butif R= P+, then equivalence (4.8) simplifies to
Pix+Prg_1 + Py +(d—=3)Pyg-1 ~ Pyx +(d = 1)Pr4_1.

So P; ~ Pp4_1. By Riemann-Roch, this implies P; = P»;4_1, a contradiction.
Therefore R = P, for some r € {1,...,2d — 2} with either r € K or r* € K. In this case

equivalence (4.8) simplifies to
Pr+Pyjg_1+Py+(d-3)Pyg-1 ~Ppx+(d—-1)Pry_1.
Adding P+ to both sides and cancelling like terms gives
Pr+ Pyg 1 ~2P;x. 4.9)

Now choose K’ ¢ M \{r,r*} with |K’| = % note this subset exists because | M \{r,r*}| = d-3

and % <d-3 < d > 5. By Riemann-Roch, there exists an T € C(k) such that

T+P2d_1 + P+ Z (Pl'+Pl->k)~P1* + Z(Pi_'_Pi*)' (4.10)
ieM\K’ ieK’

Once again this implies that T = P; for some ¢ € {1,...,2d — 2} with either r € K" or t* € K’.

Therefore equivalence (4.10) simplifies to
P+ Pyy_1 +P1+(d-3)Pyg-1 ~ Pyx +(d—1)Pry_1.
Adding P+ to both sides and cancelling like terms gives
Pi+ Prg_1 ~2Px. (4.11)

Comparing equivalences (4.9) and (4.11) reveals that P, ~ P;, which implies that P, = P, but that
implies r = t, a contradiction to the construction of K’. Therefore our initial assumption must have

been false and there exists a morphism o~ : C — P! over k of degree d such that

)(0—1(0) U 0'_1(00)) N{P....Py_}| =2d-1.
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Now we prove the desired inequality holds for cubic points on elliptic curves, excluding the
special case when the support of the divisor consists of exactly five points forming a subgroup of

the elliptic curve.

Corollary 4.3.6. Let C be a nonsingular projective curve of genus 1 defined over a number field
k and let R € C(k). Let S be a finite set of places of k. Let Py,..., P, € C(k) be distinct, such
that the set {Py, ..., Py} is not a subgroup of order five of the elliptic curve (C(k), Pp) (which is
automatically true if n # 5). Define the divisor D := er'lzl P;. Let &€ > 0. Then for all Q € C(k)
with [k(Q) : k] =3,

mp,s(Q) < (N3(D) + £)hp(Q) + O(1)

where N3(D) := max “(0"1(0) U 0'_1(00)) N Supp(D)” taken over all k-morphisms o : C — P!

of degree 3. If no such k-morphism exists, we say N3(D) = 0.

Proof. First note that since degree 3 morphisms are at most 3-to-1, we have N3(D) < 6. We also
clearly have N3(D) < deg(D). By Riemann-Roch, the dimension of the complete linear system |E |
of any divisor E on C of positive degree is given by dim|E| = deg(E) — 1. If there are only finitely
many points Q € C(k) with [k(Q) : k] = 3, then mp s(Q) < O(1), so we assume there are infinitely
many points Q € C(k) with [k(Q) : k] = 3. In particular, there exists a triple of conjugate k-cubic
points Q1,0,, 03 € C(k). Since |Q1 + Qr + Q3] =2 and |Q] + Qy + Q3 — T — U| = 0 for all
T,U € C(k), it follows that Q] + Q5 + Q3 is a degree 3, very ample divisor defined over k, whose
complete linear system |Q + Q5 + Q3| has dimension 2. Thus it induces an embedding F : C — P2
defined over k, whose image is a curve over k of degree 3 such that the points F(Q1), F(Q2), F(Q3)
lie on a line H over k. Projecting from any k-rational point A not on the curve F(C) in P2 produces
a degree 3 morphism fy : C — P! over k.

If deg(D) = 1, then choose any line L over k in P? containing F(P;). As the intersection of two
lines over k, the point A := L N H is k-rational, thus different from F(Q), F(Q»), F(Q3), thus not
apointon F(C). So f4 is a degree 3 morphism over k and after composing with a k-automorphism

of P!, we may assume f4(P;) = 0, so that N3(D) = 1.
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If deg(D) = 2, then let L be the line in P? containing F(P;) and F(P,), thus a line over k.
As the intersection of two lines over k, the point B := L N H is k-rational, thus different from
F(Q1), F(Q»), F(Q3), thus not a point on F(C). So fp is a morphism of degree 3 over k and after
composing with a k-automorphism of P!, we may assume fg(P1) = fg(Pp) = 0, so that N3(D) = 2.

If deg(D) = 3, then after composing with a k-automorphism of P!, we may assume fg(P;) =
fB(P>) = 0 and fg(P3) = oo, so that N3(D) = 3.

If deg(D) = 4, then let H, be the line in P? containing F(P)), F(P;), F(P3), and let g4 :
C — P! be the morphism of degree 3 over k induced by the projection from a point A € Hy(k).
Then g4(P1) = ga(P2) = ga(P3), so composing with a k-automorphism of P!, we may assume
gA(P1) = ga(P2) = ga(P3) = 0 and g4(P4) = oo, so that N3(D) = 4.

If deg(D) = 5, then by the hypothesis and by Proposition 4.3.4, we have N3(D) = 5.

In these cases N3(D) = deg(D), so we have

mp,s(Q) < hp(Q) by Definition 2.2.8

< (deg(D) + €)hg(Q) + O(1) by Theorem 2.2.12
= (N3(D) + &)hg(Q) + O(1).

Now suppose deg(D) > 6. If we assume that N3(D) < 4, then by Proposition 4.3.4, we know
that the points {P1, . . ., Ps5} form a subgroup of order 5 of the elliptic curve C with identity element
Ps. 1In particular there exist i, j € {2,3,4} such that P; + P; = P|. Replacing P| with Pg and
applying Proposition 4.3.4 again to show that the points {P»,..., Pg} form a subgroup of order
5 in the elliptic curve C with identity element P5. But these points obey the same group law as
before, and P; + P = P, meaning the set is not closed under addition, a contradiction. Therefore
we conclude that N3(D) > 5.

If N3(D) = 6, then the inequality follows from Proposition 4.3.2.

Conversely, if there exists a subset {i{, i3, 13, i4,i5,ig} C {1, ...,n} such that Pl-1 + P,-2 + Pl-3 ~
P; 4t P,-5 + P;

6 then there exists a k-morphism o : C — P! of degree 3 such that O'(P,'l) =

O'(P,-Z) = O'(P,-3) and o (P; 4) = O'(Pl's) = O'(Pi6). After composing with a k-automorphism of
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P!, we may assume O'(P,-I) = O'(Piz) = O'(P,-3) = 0 and O'(P,-4) = O'(P,-S) = O'(P,-6) = o0, so that
N3(D) = 6.
Thus if N3(D) = 5, then such a subset of {1,...,n} does not exist and the inequality again

follows from Proposition 4.3.2. O

Proposition 4.3.7. Let C be a nonsingular projective curve of genus 2 defined over a number field
k. Let S be a finite set of places of k. Let Py,...,P, € C(k) be distinct and define the divisor
D:= 3" | Pi. Let R € C(k) and let € > 0.

If there exists a subset {i1, i2,13,14,15,i} C {1,...,n} suchthat Pi, +Pi,+Piy ~ Piy+Pis+Pj,
then for all Q € C(k) with [k(Q) : k] =3

mp,s(Q) < (6 + &)hr(Q) + O(1).

If such a linear equivalence does not exist, but there exists a subset {iy, i, i3,i4,i5} C {1,...,n}

and a point T € C(k) distinct from the points P; , P; Piy such that Py, + Piy + Piy ~ Pi, + Pis +T,

e

then for all Q € C(k) with [k(Q) : k] =3

mp,s(Q) < (5 +£)hr(Q) + O(1).

And if neither of these hold, then for all Q € C(k) with [k(Q) : k] =3

mp,s(Q) < (4 +&)hr(Q) + O(1)

Proof. By Theorem 3.1.6, there exists a proper closed subscheme Z C Sym3(C) such that for all
P e Sym*(C)(k) \ Z,

mp.s(P) < (4 + ‘9)hgo*7r“fR(P)'
Let Z; be an irreducible component of Z. Then y| z; is a k-morphism from the irreducible surface
Zj to the abelian variety Jac(C).

If u|z. were a constant map then Z; would be contained in a fiber of y. But the fibers of u are
gi J

1-dimensional by Riemann-Roch, a contradiction, so y| zj is nonconstant.
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If the image of y| Z; is a curve, then Theorem 4.3.1 says there exists a proper closed subscheme

Y; of Z; such that for all P € Z;(k) \ ¥;

Since ¥; is a proper closed subscheme we may assume it is 1-dimensional, and is thus a union
of curves. By Lemma 4.2.1, if there does not exist a subset {i},ip,i3,i4,i5} C {1l,...,n} and a

P:

point T € C(k) distinct from the points P; i

i P,-3 such that

Pl'1 +Pi2 +Pi3 ~ Pi4 +Pi5 +T,
then for all Q € C(k) with [k(Q) : k] = 3 and ¢(Q) € ;

mp,s(Q) < (4 + &)hr(Q) + O(1).

And if there does not exist a subset {iy,i,i3,i4,i5,i} C {1,...,n} such that Pl-1 + Pl-2 + P,-3 ~

Py, + Pig + P, then for all Q € C(k) with [k(Q) : k] = 3 and ¢(Q) € Y;

mp,s(Q) < (5 + &)hr(Q) + O(1),

else
mp,s(Q) < (6 + £)hr(Q) + O(1).

Finally, if the image of ,U|Zj is all of Jac(C), then Y; = Supp (,u*/l*go*ni‘Dlzj) is a finite union
of irreducible curves Yj; on Z;. By Theorem 4.1.4, it is enough to show the inequality holds on
these curves, which of course follows once again from Lemma 4.2.1.

Combining the above inequalities we get the result on all of Z;. Since there are only finitely
many irreducible components Z; in Z, we make take the maximum of all of the above constants
O(1) to get the result for all Q € C(k) with [k(Q) : k] = 3.

O

Lemma 4.3.8. Let C be a nonsingular projective curve of genus 2. Let D be an effective divisor
on C of degree 3. Then the complete linear system |D| has a base point if and only if K < D for a

canonical divisor K on C.
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Proof. By Riemann-Roch, dim|D| = 1. Suppose D has a base point P € C(k). Then there exists
an effective divisor E of degree 2 such that D = E + P. Furthermore dim|E| = dim|D — P| =
dim|D| = 1. By Riemann-Roch, dim|K — E| = 0, and since deg(K — E) = 0, this implies £ ~ K.
That is to say, E is a canonical divisor with £ < D, as was to be shown.

Conversely, suppose K < D for a canonical divisor K. Then D = K + P for some P € C(k).

Thus dim|D — P| = dim|K| = 1 = dim|D|, so P is a base point of D. O

Corollary 4.3.9. Let C be a nonsingular projective curve of genus 2 defined over a number field
k. Let S be a finite set of places of k. Let Py,...,P, € C(k) be distinct and define the divisor
D := Z?Zl P;. Suppose that either n < 2 or else that there exist i1,is,i3 € {1, ...,n} such that the
set {P;., P;

1> Piys Pl-3} does not contain a pair of hyperelliptic conjugates (which is automatically true

whenn > 5). Let € > 0. Then for all Q € C(k) with [k(Q) : k] = 3,

mp,s(Q) < (N3(D) + £)hg(Q) + O(1)

where N3(D) := max {‘(0'_1(0) U 0'_1(00)) N Supp(D)‘} taken over all finite k-morphisms o :

C - P! of degree 3. If no such k-morphism exists, we say N3(D) = 0.

Proof. First note that since degree 3 morphisms are at most 3-to-1, we have N3(D) < 6. We also
clearly have N3(D) < deg(D). If there are only finitely many points Q € C(k) with [k(Q) : k] = 3,
then mp 5(Q) < O(1), so we assume there are infinitely many points Q € C (k) with [k(Q) : k] = 3.
In particular, there exists a triple of conjugate k-cubic points Q1, O, Q3 € C(k). By Riemann-Roch,
dim|Qq + 07 + Q3] = 1.

If the linear system |Q + Q> + Q3] has a base point, then by Lemma 4.3.8, K < Q1 + Q> + 03
for a canonical divisor K on C. Without loss of generality, say K = Q; + Q>. By uniqueness, |K|
is fixed under Galois action. Thus if £ is any Galois action that takes O, to Q3, then £(Q;) = Q;
for some i € {1,2}, s0 Q1 + Oy ~ &(Q1 + Q1) = Q; + Q3 and subtracting Q; from both sides
leaves Q; ~ Q3 for some j € {1,2}, implying Q; = Q3, a contradiction. Therefore |Q1 + Q> + Q3]

is a 1-dimensional base point free linear system of degree 3 defined over k. It follows that the
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corresponding k-morphism w : C — P! has degree 3 with w(Q1) = w(Q7) = w(Q3). Therefore if
deg(D) = 1 or 2, then N3(D) = deg(D).

Alternatively, if there exist iy, ip,i3 € {1,...,n} such that {P; , P;

i1 Piss Pl-3} does not contain a pair

of hyperelliptic conjugates, then the complete linear system |P,-1 + P,-2 + P,-3| is base point free
by Lemma 4.3.8. So there exists a k-morphism y : C — P! of degree 3 with y(P,-l) = 7(Pi2) =
y(P,-3) = 0. If deg(D) = 3, then this shows N3(D) = 3.

In these cases, where N3(D) = deg(D), we have

mp,s(Q) < hp(Q) by Definition 2.2.8

< (deg(D) + €)hg(Q) + O(1) by Theorem 2.2.12
= (N3(D) + £)hg(Q) + O(1).

From here on, suppose deg(D) > 4. Then there exists a fourth point in the support of D and
the morphism y must map it somewhere. After a k-automorphism of P!, we may assume it is sent
to infinity, and so N3(D) > 4.

If N3(D) = 6, then the inequality follows from Proposition 4.3.7.

Conversely, if there exists a subset {i}, i3, 13,4, 5,06} C {1, ...,n} such that Py, + Piy + Piy ~
P; 4t P,-5 + P,-6, then there exists a k-morphism o : C — P! of degree 3 such that O'(Pl'l) =
O'(P,-Z) = O'(P,-3) =0and O'(Pi4) = O'(P,-S) = O'(P,-6) = o0, so that N3(D) = 6.

Thus if N3(D) = 5, then such a subset of {1,...,n} does not exist and the inequality again
follows from Proposition 4.3.7.

If N3(D) > 5 then there exists a subset {iy,io,i3,i4,i5} C {l,...,n} and a k-morphism
§:C — Plof degree 3 such that 6(Pl~1) = 6(P,~2) = 6(P,~3) = 0 and 6(Pi4) = 6(P,~5) = o0.
Since 0 ~ oo in P1, it follows that 6*0 ~ §*co. That is Pi + Piy + Piy ~ Piy + Pig +T for some
T € C(k). Since 8(T) = oo, it is clear that T is distinct from the points Pj, Piy, Pis. Since ¢
is defined over k, for any Galois action & € G(k/k) we have £(6%(c0)) = 6*(£(c0)) = 6*(c0) s0
Pi, + P,-5 +&(T) = f(Pi4 + Pis +7T) = P, + P,~5 + T, implying £&(T) = T. Since ¢ was arbitrary,

we have T € C(k). Ergo if such a subset and point do not exist, then N3(D) < 5, so N3(D) = 4 and
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the result follows from Proposition 4.3.7. O

Corollary 4.3.10. Let C be a nonsingular projective curve of genus 2 defined over a number field
k. Let S be a finite set of places of k. Let Py,...,P, € C(k) be distinct and define the divisor
D:=3" | P;. Lete > 0. Then forall Q € C(k) with [k(Q) : k] = 3,

mp,s(Q) < (N3(D) + £)hg(Q) + O(1)

where N3(D) = N3(C, k, D) := max {)(0"1(0) U o'_l(oo)) N Supp(D)‘} taken over all finite mor-

phisms o : C — P of degree 3. If no such morphism exists, we say N3(D) = 0.

Proof. note that N3(D) < N3(D), so the inequality is implied by Corollary 4.3.9 except in cases
where deg(D) = 3 or 4.

Consider the morphism [, -] : C? - Jac(C) defined by [T,U]=O(U-T). If [T, U] = [T",U’],
then T + U’ ~ T” + U, and since the hyperelliptic morphism is unique, it follows that [-, -] is 2-to-1,
and comparing dimensions, we see it is surjective.

Thus if deg(D) = 4, there exist T, U € C(k) such that
Pl'1 +Pl'2+T~Pl'3 +Pi4+U.

We can always arrange the points so that P,-l and P,-2 are not hyperelliptic conjugates and Pl-3 and
P;, are not hyperelliptic conjugates, so this defines a base point free linear system of dimension 1
and degree 3. Thus there is a morphism o : C — P! of degree 3 with O'(P,-I) = O'(Pl'z) =0 and
o(Piy) = o(P;,) = oo, that is N3(D) = 4.

Similarly if deg(D) = 3, then for any V € C(k) there exist T, U € C(k) such that
Pl'1 +Pl'2+T~Pl'3 +V+U.

We can always arrange the points so that Pl-1 and Piz are not hyperelliptic conjugates and choose

V so that V is not the hyperelliptic conjugate of Pi, and V is not equal to P, or Pj,, so that this

2,
defines a base point free linear system of dimension 1 and degree 3. Thus there is a morphism

o : C — P! of degree 3 with o(P;) = 0(Piy) = 0 and 0 (P;;) = oo, that is N3(D) = 3.
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In these cases, where N3(D) = deg(D), we have

mp s(Q) < hp(Q) by Definition 2.2.8

< (deg(D) + €)hgr(Q) + O(1) by Theorem 2.2.12

= (N3(D) + &)hgr(Q) + O(1).
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