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PREFACK

In this volume ths author has set forth in detail what
he comsiders te de the mest prastical methed for the amalysis
of a oencroete areh. The primary reassoa for sempilimg this

volune was to become more fully acquainted with the dusign
and analysis of eonsrete arches.

The author wishes to ackmowledge m indebtness to Hoel
amd Johnson fer the diagrams repreduced from their book
"Conorete Lngimeers' Handbook"; to Mr. C.A.Melick, Bridge
imgineer of the State Highway; for his kimd assistance in
farnishing plans of the strusture and helpful suggestioms;

to Prof. Allem for his valusble instruction and guidance
in the various courses in eoncrete design; and to Prof,

Vedder for his aidful eriticimm and suggestions.
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DESCRIPTION OF THE STRUCTURK

This bridge is deimg built by the State Highway Depart-
ment across Thermapple River just morth the eity of Hastimgs.
It replaces a stoel bowstring bridge which has been cendemmned
a8 inadequate forthe present traffie loads. It is a single
span, nhfor«d concrete bridge designed by the Bridge Depart-
ment of the State Highway in accordance with their specifica~
tions and requirements. The contrast for its construction was
let t0 7V.G. Crebo, of Grand Rapids, during July 1921. It was
to be completed by the end of last year; but, due to the fuet
that quick sand was enoountered when exsavatimg for the abut-
ments, only the abutemeants and the wings have been poured at
the present time.

The superstructure comsists of ten panels of 10°'~-10" over
the arch and three pamels of 10'-3" over each abutment, making
a total length of 1728'-4". The roadway 1s 24' wide,which is
quite an imcrease over that of the old bridge.

The arch consists of twe arch rings, eash 5'-4" wide,
connected by a eress brase of reinforeed eoncrete 22' on
each side of the crown. They are 2'-0" thick at the erown and
6'-0" thick a$ the springing line. They are three centered
eircular arch rings with a clear spem ef 100' and & rise of
18'. The springing line elevation is 1.7' above mean water
level which is sufficient sinsce the river 1is only 4' deep.

The superstructure comsists of a 10" floor slab with
ourbs and railings made up of spindles and pilasters as
shown by the acocompening blue print. The superstructure
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above the arch rests upon reinforced cross beams which are
supported on the arch rings by mime pair of spandrel columms.

These columns are intercomnected by small arches.
The reinforecing is of steel dars thru-out, laid en the
principle of one-way roinrorging with just enough transverse

to prevent checking or cracking.

MuTHODS OF ANALYSIS

There are a mumber of both graphical and amalytical methods,

or a conbination of the two, which have been used in the past
in arch analysis. The two main theories upon waleck they have
been based are the Linc-of-Thrust Theory amd the Llastio
Theorye.

Since the dead load ususlly eontrols the shape of the arsch
ring, an approximate graphical analysis based on the Line-of
Thrust Theory is first made. The obJeot of this analysis is te
determine whether the lime ef thrust falls within the middle
third, which indicates that there is no tension in the con-
erete. Since the elastie propertigs of concrete is not taken
into consideration in this theory, it is useful only for Pre-
liminary investigations as to the proper shape of the arch
ring. 4 |

All of the methods of dusign and analysis based upon the
elastic theory have been derived by making numerous assu.ﬁ-
tions. Also many uncertain facto#s enter, some of which are
the following: the approximate character og the flexure for-
mulas; the uncertainity of the tensile stresses in conscrete;
the variation in the live load; the effect of temperature

-2-






variations; the effect of the shrinkage of eonmcrete; and
the effeet of alight movement er distortiom of the sbut-
ments. Thus conditions justify the usu of Chchrane's Feor-
mulas and Diggrams in the analysis of a concrete arch ring,
These formulas and diagrams were eompiled by Mr. Cochrane
fromthorough investigations of a great number of arch de-
signs found in technical litcrature. He also constructed a
curve giving the ratio of the thickness of the arch ring at
any point to that at the crown for various ratios of the
thickness of the arch ring at the sprimging lims te its
thickness at the crown. He also determined that il am areh ring
were designed in accoddance to this ourve, the maximum stress
osesured at the springing line or at the corown. Thus only these
two points have to be investigated to determime the safety of
the arch ring.

This areh ring was not laid out by Cochrame's curves; but,
since it is almost exactly thru-out as specified by them, the
use of Cochrane’s formulas end diagrams are applicable. Also

the stresses at only the springing lime and at the crown
will have to be investigated.



1. Duvm-hltofthoamhrhchuhma socal.e
as oemvenient,

2. roh ring into five seotionsl divisions
spand rel eolummns.

Divide
with the uum sections at the

3. . locate the genters of gravity ef the trapesoidal seotions.

‘a. lkxtend Di until UN = RS
b. kxtand BC in the opposite direction until Ri a 71U,

c.The interseotion of MN and the msdian OP locates
the eenter of gravity.

4. Compute the weight of each section.
B, dead
5 1 pt;. g:z:ught of the spandrel columms amd

6. Draw in the lines of foree.
7. Ilay off the load linme.

8. Select a comvenient pole O on a horisomtal thrm K and
draw in the rays of the forse polygon.

9. Comstrust the ec ing equilibrium pelygon start-
ing at the center of springing line.

10. LExtend the first amd last rays, oa and ok, until they
intersect at W. This losates the emnter of forees.

11. Draw the resultant of forces vertisally thrg the peint W.

12, Extend a horisontal line from Z until it istersects the
resultant at Y, which is the point of intersection of
the first and Lut rays of the required equilibrium polygonm.

13. Draw XY.

.14. Draw the eorresponiing rays of the forece polygon parallel

to XY frem point A, thus locating point 0 at its interseec-
tion with the horisontal from K.

16. Construst the ocorrespondiing egquilibrium polygom parallel
to the rays ef the foroe polygon drawn from the pole 0.

16, Draw in the arch axis.
‘ - 4 -



DuAD LOADS

Left %ﬁ— Av. 1~

D.L.

—TT. ‘T"ﬂ"'ﬂ"'ﬂ
6.80 4,90 b5.86 7.7 5.33

4.90 3.03 3.966 10.83 "
3.03 2.28 2.666 " "

2,28 2,06 2.166 " "

2.06 2.00 2,086 " "

Tot‘l D‘L. -

1bs.
86,200

30,030

33,876
2¥%,000
40,440

32,670
17,680
16,210

283,086

Foroe
~ 1bs.

AB



1 =
h =
r =
t, =
t. =
V, =
L, =
Ec =
B =
k =
w =

w =

_BRTATIONS

span of areh axis.

rise of arch axis.

ratio of the rise to the span ef the arch axis.
thickness of the arch ring at the sréown. |
thickness of the arch ring at the springing linmes.
ratio of ¢, S0 ¢, .

modulus of elasticity of steel.

modulus of elasticity of eomsrete.
modulus ratio of steel and eonerete.

coefficlient of expansion of eoncrete.
weight per cubic yard ef ceomecrete.
dead load per linear foot at the crown.

T. or H. = horizsontal thrust at the crown.

V. =
U =
T, =
Vv, =
M, =

Asﬂ

vertical thrust at the erown.

bonding moment at the erown.

horisontal thrust at the springing limne.

vertical thrust at the springigg lime.

bending moment at the springing line.

area of steel.

equivalent area of comsrete at the erowa.
equivalent area of soncrete at the springing lime.
equivalent moment of inertia at the crowm.

 equivalent moment of ineftia at the springing lime.

average stress.
variation of temperature in degrees.



ANALYSIS BY TH: cLASTIC THiORY
With the Use of

COCHRAN:'S FORMULAS AND DIAGRAMS
~DATA

1=103.4' ¢ = 2,0' E = 30,000,000
A= 16,6' t=6,0' Le 2,000,000 n=15
re= ,160 U s 3.0 kX = 0,0000058

_LIVS 10AD
Specificatiems: 100 1bs. per sq.ft. plus 26% for impect.

we 125 x /2 » 126 x 12 = 1500 1bs./1in.ft. per arch rimg.

wl.= 1500 x 105.4 = 155,100 1bs.
wl = 1500 x 103.4 = 16,080,000 £t.1bs.

Dead LOAD

NOTL: The volumme of the wholes ceater span section was

used in Getemining the dead 1load per limear foot per areh
at srown,

1. Fleor 5lab,
v = bdl = 13'=-3" x 10" x 10'-10"
*(13.26 x 10 x 130)/ 144 =» 119.56 ou.ft.
2. Floor Beam at the Crown.

ve bl *= 1'«0" x 28,6" x 11'-2"

(1 x 28,56 x 134)/ 144 » 26,66 " v
=(4" x 4" x 113-2")
@& (16 x 134 )/ 1732 = le24 7
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3. Curd g Brag!o!g.

2'-6" x 6" x10'=10" » 30 x 6 x 130 = 23400 eu.in.
3" x6"x 2=8"= Fxbx BYp 48 " "
1'«3" 24" x 2'= 0" = )6 x4 x 24 » lm " on
P.5" X 4" x 1'=10" w9, x 4 x R2 ® won
"™ x2"xl'-8"® 7 x8x 20 280 " "
2'-a2" x 9" x 1'- 6" w 26 x 9 x 18 % 42156 " "

L ]

Total » ----= 30660 cu.in.
w 165,04 cu.ft.

4._2ilasters over Cyown.

2" x l'«9" x 1'«9"= 2 x 21 x 21 = 882 ocu.in.
' 6" x 1:-9" x 1:-2: ®= gxRlx18=8084 " "
8l -G" b @ 3 8 10040 " "
AE-Z 0w MES DA 35 §-5 1 Gt S

Total ————— 16692 ocu.in.

e 9,87 " "

6. Spindles ( whthout upper or lower reilings )

2"x 9" xll"e 2 x9x11l® 198 ou.in,
2'«3" x7T"x 9" 3 27 x T x99 =1701 " "
" x99 xll"» 2x9x1l)le= 1968 " %

£097 ou.in.
s 8,80 " "

6. Bailinge

2"x 1'«8" x 6" x 10'~-10" -.2_1_1%%8!;3.1&0-13.51 nooon

7._Spandrel Column.

£'-11" x 1'-6" x 1'=-6" = 35 x 18 x 18 » 11330 oun.in.
0" x1'-9" x1'-9" 8 10 x 28l x Bl = 4410 " "

16740 ocu.in,
= 9 . 08 n "




8., _Arch Between Spandrel Columms.

1'«6" (9'-4" x 1'=10") = 6818 x 9'-4" x 1'=7"
» 18 (112 x 28) - 18 (,6818 x 112 x 19)
« 10 (2464 x 1464) = 18 x 1010 = 18180 cu.in.s 10.49 eu.ft.

Total vol. of superstrusture of center span z 216.16 ou,ft.
Vol. per lin. ft. = 216,16 x 150/12 & -~== 19,98 ou.ft.

Vol. of areh per lin. ft. at ocrown
« 8 x 5.338 8 ~e=== 10,67 " "

Total Vol. per 1lin., f%. &% Crown = 30,66 ou.ft,

Dead Lonﬂ per lin, ft. at Crown
s 30,66 x 160 = 46598 lbs.

D ) ] in er .
. Rib Braces,

8'-1" x 1'=6" x 1'=6"= 97/12 x 1.6 x 1.6 = 18,20 ou.ft.
B' X 8' X1'6" £ 2 X 8 X 16 B eccmee 6,00 n m

?O. Extra Weight at the Rid Brage.
3" x 28.6" x 11'-2"% 3 x £8.5 x 134

® 11470 ou.in.
(48"=16") x 7.5" x 118-2" &
383 x 7.6 x 134 8 wc-a 84190 * v

456660 ou.in.
- 26,33 " "

Totsal vel. of extra load= 50,83 cu.ft.

Since this load is concentrated mear the quater point
it 1s reasonable to oonsider it es uniformily distridbuted.

Thus, w,= (650.563 x 160)/61.7 = 149 1bs/sq ft.
and w.Z. 4598 ~ 149 ~ 4747 lbs.






Wl ® 4747 x 103.4 = 491,300 1bs.
wl* = 4747 x 103.4"= 50,780,000 £%.1bs.

THRUSTS ARD MOM.NTS

Deed Load - Disgrem ,1
T Or H. = Cw.1 =40,876 x 491,300 = 430,000 1lbs.
Vs ® Cw.l & 0,630 x 491,600 = 309,800 lba,

T; ® Cw.l » 1.086 x 491,300 = 535,000 1bs.

Live lead Max, + liom, 8t Crown.- Liasgram #2
T, ® CW.1 = 0,406 x 165,200 = 62,800 1bs.
lic = cw,1 = 0,00420 x 16,030,000 = 67,800 £$.1bs.

Live lLoad, Max. - Mom, a$ Crown.- Diagram 72
T » Cw.1l » 0,407 x 166,100 = 63,100 1bs.

M. = Cw.1 = -0,00357 x 16,030,000 = -57,260 £%.1bs.

Live Load, lax, + Mom, at Sphinging Line. Diagram .3

Ts @ Cw.1 ® 0,60 x 166,100 = 68,400 1bs.
Tc = Cw. 1 = 0,590 = 156,100 2 931,500 1bs.
Ms; 3 Cw.1 = 90,0817 x 16,030,000 £4.1bs.

Live Load, lMax. - liom. at Springing Line. lisgram ;i3

Ts ® Cw .1 = 0,387 x 166,100 = 60,160 1bs.
T. = Cw,1 ® 0.223 x 165,100 = 34,580 1bs.
M; ® Cw.1'= -0,0266 x 16,080,000 = =410,800 £t.1bs.
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Fell ef Temperature of 40 - Diagrgm {6

t.t,E = 0.0000066 x 40 x 288,000,000 = 63,400 1bs./sq.in.

7 =0, t‘tnEL =39.2 x 63,400 x 5,296 = -48,350 1lbe.

16.50°

uc--czi‘% = 218-0 x 16,5 x ~48,880 4 134,100 £t.1bs.

= «81 x ~48,360 = -39,200 1bs.

M; 2 Mc +hTc = 134,100 - (16.50 x 48,360)
= 154.100 -~ 788,000 = ~653,9007t.1¥s.

-11-







. Crose-Sectisn of the Arech .

S

A=t '
9~/ a bars « 11.39a"

"‘ T— : - ¢ ~r/al’ éa;': /.:7.'/ N

9-1%"vbors = /1.39,"

¢
~
T 3 t +— -

}
-
i , [Ceg
25_:/» ; é@7% . 4-//' t—.,zt..
PR
IA BQUIV. 8.
At the Crewn.

I=ba’+ 3An + 24.a
il

5,88 x £, 9.5'x 22.78 x 2 x ,563 x 16
e gt X0 2x 003220

o 3.568 + 1.487 + .251 = 5.296 inm.

A% b4 + 164, ® (5,333 x 2)+(16 x 26.52)/144
= 10,67 + 2,64 = 13.31 sq.ft.

At the Springing Line.

Iz5:33x6, 53,6 x 22.78 x 16
12 144 x 144

2 96.00 + 18.480 + .261 ® 114,731 in.
A = 5.333 x 6 + (16 x 85.32)/144 ® 32,00+ 2,64 ® 34,64 84.ft.

+ 0.251






AVERAGE STRESSES
Dead Load
2= C(T:/A,) = (0.846 x 430,000)/18.81 = 27,500 1bm.

L. L. Produci + at C
- 24 % C(T./A,) = (.821 x 62,800)/13.31 = 3,870 1bs.

L. L. Produoing Max, Mom. ( ~ ) at Crowp. ,
£, ™ C(T./A,) = (.860 x 63,100)/15.51 = 4,075 1ba.

L, L, Produeing Max. + Mom. at Springing Line.

2, = C(T./A) = (,828 x 91,500)/18.81 = 5,690 1bs.

L.L. Preduci s = Mom, at Springing Lime
£, ® C(%. /o) = (,855 x 34,560)/13.51 = 2,220 1bs.

Zemperture Dyvp ef 40.
Lo » C(T./A) = (.7569 x -46,800)/15.51 = ~2,670 1bs.

- Apeh-Shorteping.

For each oombimation of losding, the arch-shertening
thrusts and moments bear the same ratio to the thrusts amd
‘moments dus to a fall of 40° in tempersture, as does the
total average stress to the stress t.t, k.



R o MOM.AT.

‘a) DoLo. L.L.. & Am m!m.

THRUST MOMENRT AV. STRESSES
Dead Load +430,000 +27,5600
Live Load + 62,800 + 67,500 + 3,870
Aseh Short. - 22,990 + 63,700 - 1,270

Total +469,810 +1351,000 +80,100

(b) D.L., L.L., Temp. Var. & Areh S.
_ZERUST =~ _MOMENT ~ AV. STRES3KS

D.L. & L.L. 492,800 67,500 31,570
Temp. Var. - 48,350 184,100 - 2,670
Arxeh. S. - 21,000 " 58,200 - 1,160
Tetals 423,450 £69, 600 27,5640

Computation of £, , T, , & M. for Arch S.
Let £, due %0 Arol S. = x
Then X - 31,370 - x
- 93,800

1 4 *

X = «26 70

x =3 =2670 x 28,700
66,070

® -1,270 1bs.

* =1,160 1bs.

let T = y
Then _XL_."_ 30,100
. =48,850

|

2
8

- = 48,350 x 30,100 _ _
y €607 = -22,990 1bs.

yw =48350 x 27,540

66,070 = 21,000 1bs.

- 14 -






Let M_ duwe %0 Arch-S. = g

Then z___ _30,000
434, /00 63,400

| #
and s = 1_“6;"200” 00 = 63,700-1bs.
*

100 x 27,640 _ #
= w"oo e 68.200 1”.







SUMMARY FOR MAX. = AT CROWH

(a) DoI‘o. I'OI'Q‘ & ANh-ShortM.

THRUST MOMENT  AV. STRESSKS
Dead Load 430,000 27, 500
Live Load 65,100 - 57,280 4,075
Arch-S. - 25,150 64,000 - 1,280
Total 479,970 6,750 30,296

(b) D.L., L.LL, Temp. Var. & Arch-s.

THRUST MOMi:NT  AV. STRESSES
Desd L.& L.L. 493,100 - 57,250 31,676
Temp. Var. - 48,360 184,100 - 2,670
Arch-5. - 21,150 68,660 - 1,170
Total 428,700 127, 200 27,786

Above summary shows that there is mo megative

moment ag the orown.
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SUMMARY FOR MAX. # MOM. AT SPRINGING LINi.

‘8) D.L.' L.L.. & Anh" m!mo
THRUST MOMINT AV, STRESSiS
1lbs, i‘oisso Be
Dead Load 633,000 27,600
Live Load 88,400 508,200 5,690
Arch-S. - 19,700 -388,800 - 1,340
Total 601,700 179,900 31,850

(b) D.L.‘ L-Lo. IEEO var. é Am’s:

THRUST MOMLNT AV, STRESSKK

~1bs. £t,1bs. 1bs.

Deed L. & L.L. 621,400 508,200 83,190
Temp. Var. 59,200  653,9000 2,670
Aroh-S. - 21,280 - 364,800 - 1,480
Total 639,320 807,300 34,410
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SUIMARY FOR MAX. = MOM, AT SPRINGING LINk.
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‘a) Do&o. L'L.. & A“&!Mo
THRYST MOMLNT AV, sr;gg'- SisS
1bs, .1bs8. .
~ Dead Load 6533, 000 27,500
Live Load 60,160 -410,8500 2,220
Areh-S, - 17,620 ~294,000 - 1,200
‘Tetal 575,640  ~604,500 28,520
(b) D.L., L.L., Temp, Var. & Argh-S,
PHRUST MOMHT AV, 8B
lbﬁ. ft.lb“ lb..
DeLe, L.L., 593,160 - 410,500 29,720
Temp. Var. - 39,200 - 663,900 - 2,670
Areh=S. = 16,030 - 267,700 - 1,090
fotal 687,930 -1,8382.100 26,960

'






APPROXIMATE MAXIMUM PIBKR STRiSSES

Max. - Mom. &t Crown.

> S %i E.g. - %.: . %ci,fg. (1b:. per sq. f£%.))

469,810 131,000
fc = =3531* "5 596 = 31,800 + 24,730 = 59,980

= 59,980 / 144 = 417/ /s8q.1n.

(a)

(b) , ~_ 423,450 _ _269,600
fo = S93aT + —¢ ts6 - 51,800 + 49,000 = 80,800

= 80,800 / 144 = 561 #/sq.in.

Max, - Hom. &8t Crown.

NHo megative moment at the crewn.

Max. - Mom. at the Springing Line
.= %t !Q-}:- ( 1bs. per sq. £t. )

604,500 x 6

(@) £ SR8 + F4I058 - 16,6020 - 16,800 = 52,10,

= 32,410 / 144 = 225 i/sq.in.

(b) 637,930 _ 1,332,100 x 6 )
t*—34-64 — b x 114.73  ~16.620 - 34,820 ‘.50'“0"

2 50,340 / 144 = 350 #/8q.in.

llax. + Mom. at the Springing Lime.
‘a) tc. 163 if/l(l.in.
(b) £.= 282 i7/8g.in.

- 19 -
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CORRECTION FOR MAX. PIBR: STRESSLS

loto; The results obtaimed by Ooehmo 8 are a 1little low,
80 8 oorroct:lon is made by oouuorhs the thmt of the dead
load as having an eecentricity of eme-fortieth of tho arsh

scotion.

Correction for Stresses at Crown

Corr, #(4.1.T. x ,025 x $, x o) / I44 I,
=(430,000 x ,025 x 2) / (144 x 5.296) = 28,2 ;/sq.1in.

Correction for stresses &t Springing Line. _ »

Corr. :(d.l.l‘_, x,026 x ¢, x0) /144 I,
2(533,000 x 0256 x 6 x 3) / (144 x 13,31 )= 125,2,/8q.1n.

- 20 =







MAXIMUM FIBiR STRESSiS

Condition of leading

Max, = n“. wo + Mom. m. - Mom.
at crown at spring. at spring.

¥/8q.1in. i/8Qe. 1n. ¥/8q.1n.
(a) 417 153 225
(v) - 517 282 360
COrréction 28 125 126
Total (s) 445 278 866
Total (b) 689 407 475

FIBAL SUMMARY AND COMPARISION

By Cochrane's By Melick's Allowable
Method Method

#/8q.1in. +/8q.1n. «/84.4n.
Crown -~-~--- 589 696 660
Sprimging Line 476 497 650



CLUS I

In the graphiecal analysis, the lime of thrust fellowed

very clesely the axis of the areh ring, whiech ahows that

the arch rimg is acceptadble for further amalysis. Since the
falls o
line of thrustiabove the aroh axis,it indieates that the

aroh rimg is a trifle heavier than mecessary.

The analysis by Coschrane's method shows that the max-
imus’ #iber stress at the crown is 9.4% below the allowable,
and the meximmm fiber stress at the springing lime 1is 26.9%
below the allowable. These results echeek very slosely with
those obtained at the State Highway offise by the use of
Mr. llolio?'a method. Their maximum stress at the orown was
7.1% above the allowable, and the maximum fiber stress at
the springing line was 17.4% below the allowable.

Thus,from the preceding results,it is evidentithet the
areh is safe and well designed. The omly correctiom that
might be suggested is that the thickness be redused slightly

from the hsunseh to the sprimging line; dut the change is
not advisable for it would introduce a fraectional U which

wonld de very bothersome and undesirable in amslysis by
Cochrane's method.
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Values of rise — ratior”
Live-load thrusts and moments at crown; open spandrel arches.
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Live-load thrusts and moments at springing; open spandrel arches.
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Live-load thrusts and moments at crown; filled spandrel arches.
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Live-load thrusts and moments at springing; filled spandrel arches.
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