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ABSTRACT
TWO WEIGHTED CARLESON EMBEDDINGS ON MULTI-TREES AND MULTI-DISK
By

Georgios Psaromiligkos

Given two measures p,w on a multi-tree 7' we prove a two weighted multi-parameter
dyadic embedding theorem for the Hardy operator, assuming w is a product weight and a
certain “Box” condition holds. The main result has been long proven for dimension n = 1,
however, for higher dimensions the result was not known. There was a general feeling such
an embedding was not possible under the Box condition, due to a famous counterexample by
Lennart Carleson. In this counterexample, the measure p was the two-dimensional Lebesgue
measure, which is a product measure along with a non-product weight w. Shortly after,
A. Chang imposed a (strictly) more general condition than the Box one and showed it
is sufficient to get the same embedding in dimension n = 2. This was later used by A.
Chang and R. Fefferman to characterize the dyadic n-dimensional product BMO, denoted
by BMOZ, ((R™).

Recently, the question of embedding the Dirichlet space on the bi-disk D? into LQ(ID)z)
appeared. This is equivalent to proving a general measure y is “Carleson” for the Dirichlet
space on D?. It was shown that proving the (discrete) analogue of the embedding on a
bi-tree is enough to get the same for the bi-disc. To do this, however, we need to change the
restrictions on the measures; we will assume p to be general and w to be a product weight.
Given these restrictions, we managed to prove the surprising result that the Box condition
is enough to imply the embedding for dimensions n = 2,3. This is not contradictory to

Carleson’s counterexample as the weight w was non-product.
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KEY TO SYMBOLS

The following is a list of some of the notation used throughout this paper.

R" the real coordinate space of dimension n

D™ the n-disk, i.e. the Cartesian product of n unit disks in the complex plane
T a tree of finite depth (for example, a dyadic tree)

T" is the Cartesian product of n trees

I, I, T the one, two and three-dimensional Hardy operator respectively

I*, T*, T* the adjoints of the operators above

A < B if there exists a universal constant C' such that A < CB

A~ Bwhen AS Band BS A

D(D?) the Dirichlet space over the bi-disk

Cap(F) the discrete bi-logarithmic capacity of a set £ C 7™ or the (%, . %)—Bessel
capacity of a closed set £ C (0D)", according to context

VH# the potential of measure

E[p] the total energy of measure p

Vg the cut-off of the potential at level §

Esp] the cut-off of the energy at level ¢

<, > the ordering on the n-tree 7"

ch(«) the set of maximal elements strictly smaller than «
|2 the one-dimensional Lebesgue measure of the set 2
ma(2) the two-dimensional Lebesgue measure of the set {2
|ie| the total mass of a measure

[w, i) oy the Box condition constant

[w, u]o the Carleson condition constant

[w, p] o the hereditary Carleson (or restricted energy condition) constant

[w, u|o g the Carleson embedding constant

X



Chapter 1

Introduction

This thesis deals with the boundedness of a specific dyadic paraproduct, under a certain
condition. Dyadic paraproducts are a special form of paraproducts which are arguably one of
the most important classes of operators in harmonic analysis: their boundedness properties
are at the core of many problems. Initially, they appeared through PDE questions, such as
the Leibniz rule for fractional derivatives (see below). A typical example of a paraproduct
operator appears when one deals with the classical T'1 theorem of David and Journé: For a

function b € BMO(R") we define

Lf = [ (b )

(for formal details see [12]). The operator L is a paraproduct and can be shown to be a
bounded Calderén-Zygmund operator on L2 with L1 = b.
However, in the literature paraproducts usually appear as bi-linear operators and one

needs to prove the next bound for paraproducts:

111
(9 S pllglly, 1 <pig<oo, =20 0<r<oo. (1.1)

where II is a paraproduct operator. For example, consider the fractional derivative of order

a: feS, DYF(E) = |€]*f(€), where S is the class of Schwartz functions. Then, the Leibniz



rule is:

ID(f )l S NP Fllpligllg + F 1P gllq (1.2)

for r, p, q as above. This rule appears when one works on regularity questions for linear and
non-linear PDE (see [17], [18]). In order to prove (1.2) one actually needs paraproducts and
bounds as in (1.1). Such estimates are proven in the works [15], [18] and [13].

The need to study more complicated operators, namely multi-parameter paraproducts,
appears naturally — again primarily from PDE. These are easy to describe, but difficult to
work with. For n = 2, a bi-parameter paraproduct is an operator given by the coordinate-
wise tensor product of two one-dimensional paraproduct operators. Proving the boundedness
as in (1.1) of those operators is much harder, but still feasible (see [22] or [23]), and it was
used by Kenig in [16] to treat the well-posedness of the Kadomtsev—Petviashvili equation
describing non-linear wave motions. For this, another type of Leibniz rule was required,
which was again reduced to the boundedness of paraproducts; this time of the aforementioned
multi-parameter (tensor) type.

It has been noticed that the right model for studying paraproducts are the so-called dyadic
paraproducts. For a dyadic n-rectangle R = I} x --- x I, C [0,1)" let hp(z1,...,zy) =
hr (®1) - - hp, (zn) where h 1; is the Haar function in R associated with the dyadic interval

I;. Then, a simple example of a dyadic multi-parameter paraproduct, is the operator

Mye:=> (&)p-Br-hp
R

where () g is the average of ¢ over R and g := (b,hg) 2 are the Haar coefficients of the
function b. The boundedness of the operator II; has been studied extensively in the last 60

years.



1.1 The one dimensional case

If we consider the case n = 1 and a dyadic lattice D of intervals in R (or [0, 1) for simplicity),

then the operator 11 is bounded in L? if one assumes the following “Carleson Box” condition:

S py<c|P, vPeD (1.3)
QeD,QCP

The boundedness of II; is additionally equivalent with b € BM Od(R”), where d stands for
dyadic.

The one dimensional case is well-known and exhausted in every possible way. First, it
appeared in the work of L. Carleson (see [8]) in the 60’s and was used in complex interpolation
and corona results. The underlying measure was the Lebesgue one. Much later, another proof
emerged using the Bellman function method (see [25]) and in [2] an equivalent formulation
of the problem was proven on a dyadic tree. Finally, in [26] Sawyer considered the weighted
situation (with general measure v) and used it to deal with weighted Calderén—Zygmund

operators.

1.2 Higher dimensions

By a simple observation, the arguments above are verbatim the same in the case of R", with
n > 1, if we replace dyadic intervals with dyadic cubes. A cube is a Cartesian product of
n dyadic intervals of the same length. The dyadic lattice produced by these cubes enjoys
similar properties to the one-dimensional case; each cube has a single parent and it is covered
only once by its 2" descendants. A question appears here; What happens if we replace cubes

by rectangles? That is, Cartesian products of dyadic intervals but not necessarily of the same



length. In this case, there is much more overlap as each rectangle is covered 2™ — 1 times by
its closest descendants. Another notable difference is this; when n = 1 and for I, J dyadic
intervals with I N J # &, we have I C J or J C I. However, it is obvious this property
is not necessarily true if n > 2 and I, J are dyadic n-rectangles. This is the setting of the
multi-parameter theory.

In the case of higher dimensions one would ask whether the condition (1.3) is enough to
imply the boundedness of the operator Il for n = 2 with the Lebesgue measure. It turns
out, this is not true; a counterexample constructed by Carleson in [7] (see also [30]). Hence,
the need for a new condition appeared: S.-Y. A. Chang in [10] found the necessary and

sufficient condition for (1.1) to be valid:

Z 5]2% < Cma() V) dyadic open set, (1.4)
RCQO,ReD?
where a dyadic open set, €2, is any finite union of dyadic rectangles.

Of course, the Chang-Carleson condition (1.4) is a strictly stronger requirement than the
Carleson box condition (1.3) as shown by Carleson’s counterexample. The same criterion
of Chang works for n > 2, but again only for Lebesgue measure. Chang’s criterion led to
the understanding that multi-parameter BM O space, studied by Chang and R. Fefferman,
is a much more subtle object than the “usual" BMO. The reader may guess that product
BMO? of Chang-Fefferman (see [11]) consists of the functions b whose Haar coefficients, S,
satisfy (1.4).

Most of these developments happened in the 80’s, and apart from Sawyer’s work [27],
there were no developments in weighted multi-parameter theory until recently. In particu-

lar, the case where Lebesgue measure is replaced by an arbitrary measure was left totally



unsettled. The need to find a criterion for the boundedness of II; on L? for n > 2 and gen-
eral measure was initiated by natural questions from several complex variables theory and
especially questions about Carleson measures for a certain scale of Hilbert spaces of analytic
functions on the bi-disc.

Namely, given s = (s1,$2) € R? consider the space My of analytic functions f on the

unit bi-disc for which the norm

115 = Y (n1+ 1) (ng+1)%2|f(ng,no)?

ni,ne=>0

is finite. One then can ask for which measures ;1 the embedding Hs — L2(]D>27 ) is bounded.
The Hardy space on the bi-disc, H(O,O)a corresponds to the Carleson-Chang-Fefferman case.
It turns out that the special form of the second case, with arbitrary measure but without
weight, describes the embedding of the Dirichlet space #q 1) on the bi-disc (see [4] and [6]).
It is worth mentioning that this latter issue is always present when attempting to solve the
corona problem in several variables.

The measure 1 in [4] was general, as the question there is whether y is a Carleson measure
for the Dirichlet space D(DQ). For this reason, we change the constraints; instead of the
Lebesgue measure and arbitrary weight, we consider an arbitrary measure and a weight w
of product form. Such weight is the tensor product (coordinate-wise) of n positive functions
in R. We examine whether the analogue of the implication (1.3) = (1.1) (for p = ¢ = 2),

still holds true:

> wg (/R fdu)2 < c/[o o Fdv,  YfeL?(0,1)"v) (1.5)

ReDN ’



whenever

> wpu(P?<w(R), YReD" (1.6)
PCR,PeD"

where D', as before, is the Cartesian product of n dyadic intervals which we assume to be
subsets of [0,1) (without loss of generality). Note that on the RHS of (1.6) we could have a
constant ¢, which we re-normalize by considering the measure 7 = v/¢, for simplicity.

We now explain why this condition is the correct candidate. For n = 2 and wp =1 on
D2, the authors in [4] were able to prove an equivalent relation to (1.5) on Bi-disc, if they
assume a “General Capacitary condition”, which we will describe later. However, one can

avoid the usage of capacity, if another condition is being assumed (see [3]):

Z wp v(P)? < v(Q), V2 dyadic open set (1.7)
PCQ,PeD?

This condition is analogous to the one of S.-Y. A. Chang in [10].

Obviously, (1.7) is stronger than (1.6). Actually, without any restrictions on w, v it is
strictly stronger; L. Carleson in [7] for v the 2-dimensional Lebesgue measure, constructed
a particular sequence wp such that the condition (1.6) holds, but for any constant C' there
exists a specific f satisfying opposite inequality of (1.5). The objects in this construction
were dyadic 2-rectangles (not of the same side length necessarily). However, Carleson’s
sequence wp was equal to @ for certain rectangles and 0 otherwise. In [14] the authors
tried to construct an analogous counterexample on bi-trees with wp = 1, however the only
managed to construct a weight w with wp € {0, 1}.

Nevertheless, as surprising as it seems, such a weight cannot exist. The main result

presented in this thesis is this; if wp = 1 then, it is a product weight and for such weights



the condition (1.6) implies (1.5). This was proven for n = 2 in [5] and for n = 3 in [19]. For
higher dimensions the question is still open, as we highlight in section 7.

Note that in Carleson’s counterexample the weight was not of product form. Indeed, the
absence of a product weight can trigger several other counterexamples, in similar manner as
in [7], see [21].

Next, we give an overview of how we approach the proof of the implication (1.6) —
(1.5) for n = 2,3. Thanks to an approximation argument we can transfer the implication
(1.6) == (1.5) to an equivalent implication on finite multi-trees (also called n-trees).
Such objects are the Cartesian product of n simple trees of the same finite depth. A finite
simple tree T is a partially ordered set with the following property: For any w € 0T the
set {a : a > w} is totally ordered, where OT is the set of minimal elements of 7. Any
element o € T is called a node. For simplicity we consider dyadic trees, i.e. simple trees
with their nodes being dyadic intervals, but the results below can be proven for any partially
ordered set with this property. If 7 is a finite dyadic tree of depth N, then J7T consists of
all intervals of side length 2N,

We continue by defining an n-tree. For n € N, an n-tree, denoted by 7" is Cartesian
product of n simple trees T of depth N. All the constants below are independent of N. A
measure p on 7" is a positive function with domain 97" = (97)™ (Cartesian products of

intervals of side length 2= ). The Hardy operator on 7" is defined for f: 7" — R as

If(8) =) fla) (1.8)

a>p

and its adjoint by

IFf(B) = fla) (1.9)

a<p



Our investigation revolves around the following. Let any f € EQ(Tn, w). We want to

check if

> @@ UE) 5 [ s (1.10)

BeTn

under the assumption

S w(@)p(e)? STu(p), vpeT" (111)

a<p
The smallest constant such the above inequalities hold are denoted by [w, u|c g and [w, ] Bos
respectively. The weight w is said to be of product form if for any « = a3 X -+- X ay, € T"
we have w(a) = wy(aq) -+ - wp(ay) where w; are positive functions on the simple tree 7.

The main theorem is this:

Theorem 1.1. Let n = 2,3 and p be a measure on T'™. Assume w is a product weight on

T". Then [wyﬂ]CE N [waN]Box

Before proceeding with our investigation let us make a comment. As we said, the constant
in (1.10) is independent of the depth N of the n-tree. Hence, we can easily show the
implication (1.11) == (1.10) gives the implication (1.6) = (1.5). Suppose we have
the condition (1.6) and let a positive step function f € L2([0,1)",v). Then, there is Ny
large enough (which depends on f) such that for any fixed N > Ny, f is constant in each
n-dimensional square of side 2~V These squares form the boundary of an n-tree of depth
N. Thus, we can think of f as a function on 7" with domain 97". Also we define a measure
pon OT™ by I*u(a) := v(a) for « € T™. Additionally, T*(fu)(8) = fﬁ fdv for g € T™

Hence, as the assumption (1.6) trivially implies (1.11) for the measure p, and if we assume



momentarily that Theorem 1.1 is true, we get (1.10). This becomes, given the definitions

above:

S w()( /ﬂ f)’<C Y fw)?w)

BeTm wegTmn
and the RHS of this inequality is equal than f[O,l)” f2dv. Note on the left-hand we have a
positive, increasing sequence (on NN) which is also bounded. As the constant C'is independent
of N and this is true for any N > Ny, we get (1.5) for any positive step function. By a
limiting argument we can extend this for any f € L2([0,1)",v). Therefore the following

equivalence holds:

((1.6) = (1.5)) < ((1.11) = (1.10))



Chapter 2

Definitions of different conditions

Apart from the box condition (1.11) other conditions play an important role. First, we have
the “Carleson” condition, related to the work of Chang mentioned in the introduction. For

any D C T" with D a down-set (a set of maximal nodes along with all of their descendants)

> w(@)Fp(a)® < w(D). (2.1)

a€D

where u(D) = > p(w). The smallest constant such the above inequality holds is
weDNIT™

denoted by [w, p]c. The Restricted energy (or Hereditary Carleson) condition holds if

3 w(e)([*(ulp)(@)? < lulpl (2.2)

aeTn

where the latter is the total mass of the restriction of p on E. The smallest constant such
the above inequality holds is denoted by [w, u] gc. In other words, a measure yu satisfies the
Hereditary Carleson condition if for any set £ C 7" the measure ul g satisfies the Carleson

condition (2.1). The reader might notice the following inequalities are obvious:

[,LU?M]BOJ; < [waM]C < [U)?PJ]HC < [wnu]CE (23)

As noted in the introduction, for a product weight w we also prove [w, ulcp < [w, 4] Box

~Y

which makes the conditions above equivalent. More precisely we have the equivalence be-

10



tween the constants [w, u]lc and [w, ] gy, Which even in the case w = 1 is surprising: In
the definition (2.1), the set D could be “wild” in the sense that any covering of D by dyadic
rectangles can have huge overlap, similar to what happens in Carleson’s counterexample.
Even though this is true, still conditions (1.11) and (2.1) turned out to be equivalent.

The equivalence (2.3) was proven in [5] for n = 2 and in [19] for n = 3. Before this, for
n = 2, the inequality [w, ulop < [w, u]o was proven in [3]. The latter work tried to avoid

the usage of capacity. For a set E C T, the capacity Cap(F) is

— 2 .
Cap(E) = inf {[|¢}5 m, : T(@) = 1.Vor € E} (2.4)

For n = 2 is was proven in [4] that the embedding (1.5) holds under the assumption

v(E) S Cap(E) (2.5)

where E is any subset of 97". Almost trivially it follows that the embedding implies (2.5).
In subsection 4.1 we show the same is true for n = 3.

If in the definition above we take E' = {R} with R = I} x --- x I, a dyadic n-rectangle

then Cap(R) = T 1 I . To see this, as noted in Section 2.3 of [4] the min-
imizer in (2.4) is the unique equilibrium measure pg of E. This measure satisfies Cap(F) =
Jn (I*p E)Q. By Lemma 5.6 of [4], for any other measure pu satisfying V# := II*p < 1 inside
E, we have p(F) < Cap(F). Let us construct such a measure p and show the opposite

inequality as well, in the case £ = {R}. Suppose R := I{ X --- X I, and k; are such that

;] = 27 %i. Then for each w < R, w € T we define pu(w) = (k:1+1)~-1~(kn+1) SNH 12N -
ee - hn

and u(w) = 0 if w £ R. For any a > R we set p(a) = [*u(a) and ¢(a) = 0 for

a ? R. Hence, for any o > R we have p(a) = ( 1 and so Ip(a) = 1, which

11



also means V#(a) = 1. Using the result above, we get u(E) < Cap(F). Finally, we get

< 2 _ 1 _ 1 _ .
Cap(E) < [ CEDECESY (o3 ‘T11|+1)"'(10g2 ﬁ+1) wu(E). Therefore the
n

measure y is the minimizer of the set { R}. Our final condition, is called the “box-capacitary

condition”:

1

VB S o T (omy L 11
(Oggm—i— )"'(ngmJF )

(2.6)

As we just proved, the RHS is equal to Cap(R). This condition is the subject of subsection

4.2.
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Chapter 3

The proof of Theorem 1.1

Before proving Theorem 1.1 is true we start with the known case of n = 1. We give a new
proof of the equivalence between (1.5) and (1.11) for the case n = 1, using Schur’s test. For
this idea we are grateful to M. Christ. As we mentioned in the introduction, this result is
long-known, proven first in [8], then in [27] and later in [25] and [2] (in the case of a simple
tree). The sequence wjy can be arbitrary but as we stated in Theorem 1.1, for n = 2,3
our weight must be of product form. Later, we inspect non-product weights for which the

embedding holds (subsection 6.1) and does not hold (section 6).

3.1 The known case of n =1, a new proof

For this section we change our notation a little. Let v be any measure in [0, 1) and w be any
positive weight with domain D, the collection of all dyadic intervals in [0,1). Also, let 7 be
a simple tree of finite depth N. For a function f € LQ([O, 1), 1/) and a f € T we define the

operator J as

3F(8) = /ﬁ f

As we said before, we are interested to see whether J is bounded from L? ([0,1),v) to (T, w),

13



with a norm independent of N, under the (normalized) assumption:

> w(a)-v(a)? <v(B), VBeT (3.1)

a<p
Note that if we show this for any finite simple tree 7 then the implication (1.6) = (1.5)
is also true by letting N — co. To draw a direct connection with the other setting, note

that ||J|| = [w, p]o g where u is defined such that v = T*i on T. For a

L2(]0,1),0)—=L2(T w)

function g on T and x € [0, 1), its formal adjoint operator is given by

T (9)(x) = > (wg)(B) - 15(x)
BeT

We will show J : L?([0,1),v) — ¢2(T,w) is bounded by using Schur’s test:

Theorem 3.1. Schur’s Test. Let 1 < p < oo and p,o be o-finite measures on the
measurable spaces X,Y resp. Suppose K is an operator of the form

= Jy k( y) du(y), where k: X xY — R is measurable and non-negative.
Then K : LP(Y, u) — LP(X, 0) is bounded if there are functions u,v with

O<u<oo forae xeX and 0 < v <oo forae yeY such that

K(vp/)(:v) < up/(x) a.e. v €X

and

K*(uP)(y) SvP(y) ae yeY

Where K* is the formal adjoint of K, i.e. the operator K*g( fX x) do(x).

14



We will use this theorem for p = 2. We take K =J, X =7,Y =0,1) and = v and
o = w (weighted counting measure on T'). Note that k(3,r) = 15(z). For simplicity let

S := JJ* and note that for g € T

S(9)(B) = Y (wg)(e) - v(a A B)

aeT

Our goal is to construct an auxiliary function F' such that J(J*(F)) < F. Then we will
take u? := F and v? := J*(F). To construct such F' we use a recursive argument, starting

with the function fo(5) = v(B) for § € T. Then we have:

S(fo)(B) = (wfo)(@)v(a A B)

a€T
= 3" (wr)(a) - vla A )
a€T
_ (Z + Z)(wu)(a)-l/(a/\ﬁ)
a>8 a<p
= f1(8)+ > w(a)  v(e)
a<p
< [1(B) + fo(B)

using our assumption. Moreover, for any i € {1,..,m}, m to be specified later, we define

the functions f; by the formula

£i(B) =v(B)- > (wfi—1)(e) (3.2)

a>f

and we will prove

15



the following recursive formula

S(fi)(B) < fir1(B) + S(fi—1)(B) (3.3)

To see this we have (as before)

S(fz)( fz+1 +Z wfz

v<B
and the second term is estimated as follows:

> (wfi)() - v()

v<pB

= (wr)(y) - Y (wfim)(a) - v(7)
v<pB a>y

—’E: 2: (wfiz1)(@)
y<pa>y

=Z(Z Z) - (wfim1)(a)

¥<B Ny<a<B  a>B

Now we change the order of summation for both sums and we use our assumption to get:

Z( 2. +Z) > (whi-1)()

v<B Cy<a<f  a>p

-(Zx+ zz) 2. (wfi)(e)

a<fr<a  a>fr<p

< }:l/ (wfiq 2: (wfiz1)(a)

a<p a>f
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which is equal to

=Y vaAB) - (whim)(@) + Y vlaAB) - (wfi—1)(a)

a<p a>f3

= S(fi—1)(B)

which proves (3.3). Now recall that S(fy) < f1(8) + fo(B) and by using (3.3) recursively,

we get for every m

m—+1

S(fm)(B) < Y filB) (3.4)

1=0
Now we look at the definition of f; in (3.2). It is defined as a succession of sums, and each
such sum is over nodes which are strictly bigger than those of the previous sum. Since the
tree T has finite depth N, there is some M < N such that f,, =0 for m > M. For

minimal such M we define




Remark 3.2. Here we proved the one-dimensional result for p = 2. In addition, the result is
true for general 1 < p < oo, see for example [25]. The proof there uses the Bellman
function method and although the authors take p = 2, the same is true for any 1 < p < oo
with a slight modification. By generalizing this Bellman function appropriately, [9] proves

the same result on dyadic trees.

Remark 3.3. From the proof of Schur’s test we can see that ||J||2 < 4. As

L2([0,1) )02 (T w)
it is known, this is the sharp constant, see [25]. It is also known that the squared norm of

the Maximal function operator is at most 4. For a connection between the Carleson

embedding theorem and the Maximal function, see subsection 5.1.

Remark 3.4. Using the inequality S(F) < F on 7 and modifying Schur’s test
appropriately, we see that S : £2(T,w) — (2(T,w) is bounded. However, since £2(T,w) is a
Hilbert space, the boundedness of S is equivalent with the boundedness of

.72 2
J: L*([0,1),v) — ¢2(T,w) and moreover, [|S]| 2 (T )2 (T ) ||JHL2 0.0) ) 2(T )

3.2 The case of higher dimensions - Potential theory
on n-tree

For this section we deploy the techniques first presented in [4]. The main tool there is
capacity on a bi-tree. A capacity-free theory is developed in [3] and later evolved even
more in [5] and [19]. Our presentation is based on the latter.

Recall the operators I, T* from the beginning of the section. This will be the notation for
n = 2 and for general n too. Specifically, for n = 3 we use the symbols I and I*. The

corresponding operators for dimension n = 1 are denoted by I, I*. Note that for n = 2 the
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operator I can be written as I = I1/9 and for n = 3 we have I = I;I913. We fix positive a

product weight w on 7" and we define the potential V# as

VH = T(wl* )

(the symbol for the potentials is the same for any dimension) and the energy E[u] as

= Y w(@la(a? = [ v

aeTh

Moreover, for § > 0 we define the truncated potential and energy

Vi ol ), El= [ Vidu= Y wl@lue)?
T ae{Vi<s)

The following is the main result of this section. As we already mentioned the maximum

principle fails. However, this quasi- maximum principle holds:

Theorem 3.5. Let n =1,2,3. Let T" be an n-tree and i, p positive measures on T".

Then the following is true for r = % :

1—r
12 < T T
| Vo < @lol)” (Eses])
By taking pu = p we get

Corollary 3.6. Let n =1,2,3. Let T" be an n-tree and p positive measure on T". Then

1.

the following is true forr = - :

2r 1-r
s = [ Vhdn < (Ol L T

<
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For n =1 the proof of Theorem 3.5 is immediate, as on a simple tree we have Vg <4
(maximum principle). By using Cauchy-Schwarz inequality we can prove for a positive

measure p on 7 and every r € [0, 1] that

" o 1—r 1—r
TV5dp§5 Ipl" Eslu] 2 Ep] 2

where |p| is the total mass of p on the simple tree 7. However, the maximum principle fails
on the n-tree, for n > 2 (see section 6.4). Before we give the proof of this theorem, lets see
how we can use it in order to get the desired embedding. This part of the proof is purely of

combinatorial nature.

3.2.1 Box condition implies Hereditary Carleson for n = 2,3

We start with two definitions

a>w:Vo (w)>e

The next results work for any n > 2, as long as Theorem 3.5 is true. However, we are only
able to prove it in the case n = 2,3. Hence, one needs to prove 3.5 for any n > 4 and this

would be sufficient for settling the embedding (more in section 7).

Lemma 3.7. Letn >2 and p: T" — [0,00). Let w: T™ — [0,00) be a product weight and

assume Theorem 3.5 holds for this n. Suppose that E[p] < |u| and

VH >1/3 on suppp. (3.8)
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Then, if € is small enough, we have

8 gt 2

Proof. 1t suffices to show that, for some € and ¢,,_1, we have

p{we T |V

@) > en 1} > a2

Let € > 0 be chosen later and define

1/k ] 1/k

€1 1= €, €3:=€€] , €3:=€€6 ...

where Kk = 12_437 r = 1/n. By corollary 3.6, we have

[ tdn S et < ¢ [ d
By Chebyshov’s inequality, it follows that
Ve, (w) < (¢/€)"/10 (3.9)

for a p- proportion > (1 — C'¢”) of w’s. So we only consider w’s for which (3.9) holds for all

j=1,...,n— 1. Similarly, we may restrict to those w’s for which V#(w) < 1.

Let
/
€ i =€-€1 " €p_1.
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For a fixed w, let

U:={a>w|Vhw) >} (3.10)

and

Wj={a>w|V(a) <¢}, 1<j<n—1 (3.11)

Note these sets are decreasing in j. For p € T", write
tp:={aeT"[az=p}

For p et w, let

lp={aeT"|w<a<p}

If U € W,,_1, then this means that there exists p € W,,_1 with T p CU. Hence,

V2 g00d @) = > (Wl p)(p') = VH(p) = 1.
petp

Assume now that & C W,,_1. In this case, we will cover 1w \ W) by boundedly many sets
of the form | ¢ with ¢ €1 w \ Y. This will lead to a contradiction with (3.8), since, by (3.9)

and (3.10), the integral of

fi=wl*u

is small on WW; and on each such set | g.

For a set of coordinates J C {1,...,n} and a point p € T", let

typ={qeT"|q;>pjforjeJ qj=p;forj&J}.
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Given J C {1,...,n} with J # 0 and p € T", we define a set Q 7(p) C T" as follows. If
|J| =1, then Q j(p) consists of the (unique) maximal element of 17 p \ U, if the latter set is
nonempty, and is empty otherwise. If |J| > 2, then Q j(p) is a maximal set of maximal

elements of 17 p\ Wn,qu such that the sets 17 ¢\ an|J|+2 are pairwise disjoint for

q€ Q;(p).

Then, recursively, let Ry(p) := {p},

Ry(p) = UicsYUpeq ) R @),

where the first union runs ovel all subsets of J with cardinality |J/| = |J| — 1.

We claim that, for every p €1 w and every J C {1,...,n} with J # (), we have

U 49 21\ W1 (3.12)
P'eER 5 (p)
where we set W, := U to simplify notation. Relation (3.12) is our main combinatorial
statement and we prove it by induction on |J|. For |J| = 1, the claim (3.12) obviously
holds. Let now J with |J| > 2 be given, and suppose that (3.12) is known for all proper

subsets of J. Let

D= {J . P=typ\ Wy
P'eR j(p)

By the inductive hypothesis,
DOty ' \ Wy g142 (3.13)
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for every p’ € Q j(p) and every J’ C J. Suppose that

D2 P. (3.14)

Choose a maximal ¢ € P\ D. Since D is a down-set, ¢ is also a maximal element of P. We

claim that

(17 aN 17 PV \ Wy gj42 = 0 for all p’ € Q(p). (3.15)

Indeed, suppose for a contradiction that there exists ¢’ € (17 ¢ 17 p') \ Wn_‘ J|2 and let
¢’ be minimal with this property. Since Wn_‘ J|+2 is an up-set, ¢’ is also a minimal element
of 17 gN 1y p. Since q,p" €1 p then ¢ is in fact the coordinatewise maximum of ¢, p’.
Since ¢ and p’ are distinct maximal elements of P, in fact ¢’ coincides with p’ in at least
one coordinate, so ¢’ ST p for some J’ C J. Now, (3.13) implies that ¢’ € D, and, since

D is a down-set and ¢ > ¢, also ¢ € D, a contradiction.

Therefore, (3.15) holds. But this contradicts the maximality of Q j(p). Thus the

assumption (3.14) is false, and we obtain (3.12).

Let p > w. For 2 < |J| < n, we have

12 VH(w)
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by definition, as ¢ € W,,_| 711 and by (3.9),

> > (g1 — (6 g42/€)"/10)
q€Q 5 (p)

2 1QsP)len—y141-
We multiply those inequalities to get:
e en—1|Ryp @) S 1

Hence, by (3.12),

Therefore, by (3.9),
1/3 < VH(w) = (VM (w) = VE (W) + VE, (w) < Ce+1/10.

This inequality is false if € is sufficiently small, contradicting the assumption

UW,_1.
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The following lemma [3, Lemma 3.1] is in place.

Lemma 3.8 (Balancing lemma). Let p: T" — [0, 00) with

l) = [ Vidp = Al

Then there exists a down-set E C T™ such that for the measure i := pl 5 we have

|

on FE,

and

£lj) > €l

With this at hand we complete the proof the implication “Box to Hereditary Carleson”.

Theorem 3.9. Let n > 2 and p be a measure on T™. Let w: T™ — [0,00) be a product

weight and assume Theorem 3.5 holds for this n. Then,

[w7 IU’]HC 5 [U), M]Box

Proof. By scaling, we may assume [w, ] go, = 1 without loss of generality. Let

A = [w, p]gc. We will show A is bounded by an absolute constant. We start with

E C T™ be a subset such that up = plp # 0 and E{ug] = A|ug| (such a subset exists
because we assume that 77 is finite). By Lemma 3.8, there exists a further subset £ C 7"
such that pp == pply satisfies

Vﬁz on E

ol

and fip # 0. Thus, replacing up by g, we may assume VFE > A/3 on supp pg.
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By Lemma 3.7 applied with 'L% in place of p, for sufficiently small €, 0 > 0, we have

/ VL ooadie = 208 [ng). (3.16)

We claim that, with these values of € and 0, we have

0 %
Elupl < 17— > w(e)(T*pp(a))®. (3.17)
a:0eAl* pp(a)<Ealnp)

Indeed, suppose that « is such that

OcAT () > Ealup] = Y pp@)VoP (W), VoPw)= Y w(B)Tug)®)

w<a Bw<B<a

where the latter definition is from (3.6). Then we have

> ppw)=Tng(a) - > pe(w)
wSOz:VgE (w)<eA wga:VgE (w)>eA

> T ug(a) — ELA VZE(W),UE(W)

w<la

> (1 -0 up(a).

It follows that

> we)Tup)? < Y w@F o) Y )

a:0eAT* pp(a)>Ea(p ] wga:VuE (w)<eA
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which is equal to

1
= 15 2 HEW@)(VIE — VB, )W)
w

1—20
<
—1-0

Elpg]-

This implies the claim (3.17).

By corollary 3.6 again, and since VFE > A/4 on supp g, we also have
Egalng) S (A \upl"Elpp)' ™" S (¢) Elng). (3.18)
Taking ¢’ sufficiently small and combining (3.18) with (3.17), we obtain
Elupl S Y w@)([Fup(a)?, Ri={aeT"|0Al up(a) < Ealup], VFE(a) > ¢ A}.
acR
For each a € R, we have
0eAl" np(a) < Ealnp] < Ealv] < [w,v]pol"v(a) = To(a),
where 0 :=vlp, F:={f €T |3a € R,a > [}. It follows that

A%Epg) S Elo). (3.19)

On the other hand, using the definition of A, the fact that VFE > A on supp o, and the
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Cauchy-Schwarz inequality, we obtain
Elo] < Alo| < /V“Eda < Elug]2E]0] V2. (3.20)

From (3.20), we obtain £[o] < E[ug|, and inserting this into (3.19) gives A < 1. O

3.2.2 Hereditary Carleson implies embedding

Theorem 3.10. Let n =1,2,3 and w : T™ — [0,00) be a positive product weight. Let i, p

be positive measures on T™ with

w, plgpc <1, [w,plpc < 1. (3.21)

Then, for some 0 < k < %If, we have
[r Whdp < [l 12 (3.22)

Proof. Let 6 > 0 be chosen later and consider the set E :={V# > §} C T". As F'is a
down-set we have 15l*u < I*(ulg). Thus, by the Hereditary Carleson condition (2.2), we

have
/ (VI = V)dp = > wlgl*ul*p < E[pd g] 2 [p) M2 < [pa gl /2 (o) /2
Tn
Tn

Again, using the Hereditary Carleson condition

dluip| < / Vidp =Y wl*(udp)Tn < Eu'PE[up) 2 < € Plutg'? - (3.23)
E
Tn
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Therefore,

g% < 67te[u)?,

which implies
v = hdp < 57 gl e
n
Next, by Theorem 3.5, Corollary 3.6 and (3.21), we obtain
/ Vudp< (5T‘M‘(1—7‘)/2|p|(1+7")/2'
n 00

and thus

/T” Vidp < O || (1712 p ()2 4 572 o) 12 12,

We choose § which makes the two terms equal, to obtain

1/2  1/24r
/V“dpS | 17| p| TH7

and we take k := 2(731) < 21[

Theorem 3.11. Let n =1,2,3. Let p,w : T" — [0,00). Assume that w is a positive

product weight and that the Hereditary Carleson condition (2.2) holds. Then
S @ s |

7'77,
TTL

for any f e C2(T™ ).
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The argument below is similar to the proof of [1, Theorem 7.1.1].

Proof. Without loss of generality [w, u|gc = 1. Let f: 7™ — [0, 00) and consider

o0
fu—/o pedt, i = pdy gy

Then [w, utlgo < [w, u]|go =1 for every 0 < ¢t < co. Using symmetry, we obtain

Suwn? =2 [ [ [ w )

Tn
oot
by Theorem (3.10) < 2/ / |,u5|1/2_“|,ut|1/2+“dsdt
0 0

1 poo
s — rt and Fubini = 2/ / et V20 g |V 2R ey

0 JO

1 0
=2 / rm (72 / (r2 e )20 ()2t

0 0

1 00 1/2— 00 1/2+4
by Holder < 2/ p—(1-26) (/ 7‘2t|u7at|dt> / K(/ t|ut|dt) / "dr
0 0 0

= (/01 r_(l_QH)dT> <2 /Ooot’ut‘dt)

o0
s2 [ thulds
0

= f2d,u.
T’fl

3.2.3 Proof of Theorem 3.5.
Some more definitions are in order.

Definition 3.12. Given a simple tree T, the set of children of a vertex § € T consists of

the maximal elements of 7 that are strictly smaller than £:

ch(B) :=max{p' € T |5 < B}
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A function g : 7 — R is called superadditive if for every 5 € T we have

B'€ch(B)
Thus, a super-additive function g satisfies Ag > 0 on T.
Lets see our first lemma

Lemma 3.13. Let T be a simple tree and f,g: T — [0,00) be any functions. Then

(If)Ig) <I(f-Ig)+I(If-g)

Proof.

f)ge)= 3 Y fagl” = 3 ( DY >f(o/)g(o/’)

alzao//za O/Za a”Zo/ oz§oz”<o/

=Y > flahgl)+ Y Y fla))ga”)

alza 0//20/ o/Za ago//<o/

= > @)1+ 37 (1f = f)la")gla”)

0/204 o/’Za

=I(f-Ig)(a) +I(If-g)(a) — I(fg)(a)

We have the next lemma.

Lemma 3.14 (Partial summation). Let T be a simple tree. For any functions
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fig: T — R, we have

Y fla)gla) =) Af(a)g(a)

acT aeT

Proof. By induction on the size of the tree, one can show

fla)= 3 Af()

o <a

which means I* is the inverse of A (as AI* = id, trivially). It follows that

Y fagla) =D D Af(a)gla) = Y Af(e)) D gla)= D Af(a)Ig(a’) O

aeT aeT o/ <a odeT a>a! ofeT

Corollary 3.15. Let T be a simple tree and f,g: T — [0,00) with f superadditive. Then

I*(fg) < I*(Af - Ig)

Proof.

[*(fg)(ﬁ) = Z f(a)g(a) = Z f(Oé) (gl{ﬂy:’ygﬁ})(a) = Z Af(a) ) I<gl{”y:7§6})(a)

a<p acT a€T

Where we used the previous lemma on the third equality.

Note f is superadditive on T and so Af > 0. Finally, for each € T, we have

(91 y.y<py)(@) < Ig(a) - 1. <y () and so the desired inequality follows.

Next we have a two-dimensional analogue of Lemma (3.13).
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Lemma 3.16. Let T2 be a bi-tree and f,g: T> — [0,00) Then

(Lf)(Lg) <IAf-g+Iif-Tag+Iaf - Iig+ [ - 1g)

Proof. Recall that I = I;15. We apply Lemma (3.13) first to /; and then to Iy (note Iy, I5

commute) to get the desired result. ]
The following estimate is key for the proof of Theorem 3.5 for n = 2.

Lemma 3.17. Let T2 be a bi-tree and f : T2 — [0,00) a function that is superadditive in

each parameter separately. Let w be a positive product weight. Suppose that

supp f C {[(wf) < é}. Then

D w(l(wi ) (Ia(waf))? < 46% Y wf?

7'2 7'2

Proof. By Lemma 3.13 and commutativity of operations in different coordinates,

> w(l(wi)?(I2(wef)? <4 wli(wyf - i (wif)) - Io(waf - T(waf))
T2 T2

=4 I(wif - Ii(wf)) - Ip(waf - I(wf))
7'2

=43 B f - I(wf)) - I (waf - Tow)))
T2

=43 why(f - Ii(wf)) - I{(f - L(wf))
7'2

By Corollary 3.15, we have

L(f-I(wf)) <I{(ALf - I a(wf)).
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Since f is superadditive, Ay f > 0. Hence,

L(f - B(wf)) < IT(ALf-Lwf)) < I{(ALf-6) = df. (3.24)

where we used Ay f is supported on {I(wf) <} (If Aqf(a) > 0 then f(a) # 0 for
otherwise A1 f(a) < 0). Arguing similarly for the other term and inserting these in the last

estimate above, we obtain the claim.

Finally we prove theorem 3.5 for n = 2.

Lemma 3.18. Let i, p be positive measures on T2 and 6 > 0. Let w be a positive product

weight. Then

Vhdp < 52|p|2 51l 3.25
o V5 0P S O lplP EslulTE (3.25)

Proof. Let f := Lyu<sl*u. Note that f is superadditive in each parameter. Also

I(wf) = Vg < VH <6 on suppf. Finally, E5[u] = 22wf2. Then
T

[er'gdp:[rz]I(wf)dp
< o2 [ atwyPan)

by Lemma 316 < [p]'/%(2 /T () - Ba(wh) + (wf) - wf)dp)

S ( [ uthtouf) - Datwaf) + 7 ap )
< 20 (S w(wr ) - Iolwa) + 1w h)?)
T2
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using the inequality (a + b)? < 2(a? + b?) and Lemma 3.17

S Jolt/2e ()4 (10023 wp?) !
T2

< Lol 2Elp] M 461 2 e )

Next we develop further our techniques for dimension n = 3. The next lemma is an

analogue of Lemma 3.16.

Lemma 3.19. Let T3 be a tri-tree and f,g: T°> — [0,00). Then

@) <0 D Iaf - Lacy),

AC{1,2,3}
where Ty = 1;eqL;.

Proof. Note that I = I11513. We use Lemma (3.13) three times along with the

commutativity of Iy, I, I3.

Corollary 3.20. Let 0 < § < \/4. Let f : T3 — [0,00) with supp f C {If < &}. Then

(Lf)x<rp<on < 4/\_1]1( >, Lf- ](i)f'lﬂf§2A>7
i€{1,2,3}

where Iy =T, 1

Proof. Substituting f = g, Lemma 3.19 implies that

<2 Y Lf-Ipf+2f-1f)

i€{1,2,3}
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Using the support condition, this implies

(If)Lr<pf<on < AHI)?Lycpp<on

< )\_1]I<2 Z L f- ](l)f + 25f> 1)\S]If§2/\
ie{1,2,3)

< [/\’1]I<2 S ]if~I(l-)f> +25x1]1f] Ly<If<a
ie{1,2,3}

Since 20A~! < 1/2, this implies

(Lf)La<ip<an < 4)\_111< > [if‘I(i)f> Ly<f<2x
i€{1,2,3}

< 4A_1]I<-€{1223} Lif -1y f - 1]If§2>\) =

Now we need one more lemma. Denote W) = Hj;éi w; and so w = w - Wy

Lemma 3.21. Let f: T3 — [0,00) be superadditive on each parameter separately. Let w be

a positive product weight. Suppose that supp f C {I(wf) < }. Then for every i € {1,2,3}

S w(Giwif) - Ly ) gz <200y wf?
T3 T3

Proof. By Lemma 3.13 for I; we have

/w(fi(wf) : [(i)<w(z’)f))21][(wf)§)\

(3.26)



By Corollary 3.15, we have

I ((I(i)(w(i)f)) (L (wf)) - 1]I(wf)§>\> < I <Ai<1]I(wf)§>\ Ay (wf)) - Ii(I(z')(wf)>

As f is superadditive in the i-th coordinate, the function f := I(wf)<x I(i)(w(i)f) is also
superadditive in the i-th coordinate. Hence A; f > 0. Moreover, if A; f (o) > 0 then

f(a) # 0 which means o € {I(wf) < A} and so supp A;f € {I(wf) < A}. Hence,

17 (A - 1Ty (wh) ) < IF(Aif - X) = My pen - Ly (wi f)

Using this bound, we obtain

(3.26) < 2>\/w,’f Li(wf) - Ly (we f)
=2>\/f'fi(wf)'f(i)(wf)

=2\ [ wf (- Ty (w)
As in (6.10), we see that
L (f - Igy(wf)) < 6f.

This implies the conclusion of the lemma. Il

The next result is a key tool for dimension 3.

Lemma 3.22 (Small energy majorization on tri-tree). Let T3 be a tri-tree and
f: T3 = [0,00) a function that is superadditive in each parameter separately. Let w be a

positive product weight. Suppose that supp f C {I(wf) < 0}. Let A > 45. Then there exists
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@ : T3 —[0,00) such that

a) I(we) > T(wf), where L(wf) € [\, 2],

where C s an absolute constant.

Proof. Put

pi=a"1 " Lwif - Tywi f - Ty py<an
i€{1,2,3}

For part a) we use Corollary 3.20 with f replaced by wf. Note supp(wf) C supp(f) and

thus
L(w/f)Iz<(wp)<on < 4/\_1]I< > Liwf) - Igy(wf) - Tygp <2/\>
1€{1,2,3}
4A*1H<w > Liwif) - Ly (wey f) - 1]I(wf)§2)\> = I(wyp)
i€{1,2,3}
For part b) we apply Lemma 3.21. m

Lets prove Theorem 3.5 for n = 3

Lemma 3.23. Let i, p be positive measures on T3 and § > 0. Let w be a positive product

weight. Then

i

[r?) Vidp 5 (9&1uIE el lo) (3.27)

Proof. Without loss of generality, Es[u| # 0 and p £ 0. Let A > 0 be chosen later.
Let f:=I"u - 1yp<s(a). This function is superadditive. Also, [(wf) = Vg < VA <édon
supp f, and Es[u] = [wf>.
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For m =0,1,... we use Lemma 3.22 with data (w, f,d,2"\) to get

I(wf)- Lomy<t(wyy<om+1y < L(wom),

and

3w 5 gy oo

73

Hence,

VEdp = / VEdp + / VEdp
73 0 {Vg@)\} g Z {2ma<vi <omtlyy 0
SUESS |, twsn)ip
m=0 T
o0
= Ap| + Z /7_3 womI*dp
m=0
> 1/2
<ol + 3 (X wed) el

<ol + Y COo/Em ) e e 12

m=0

< Ap| + C(3/ N 2E5[u) 2 o] /2

Recall we need A > 48. Let A := (6&;5[1]€[p])1/3]p|~2/3. If A > 46 then we obtain (3.27) by
substituting it in the last line above. Otherwise, if A < 46, then we automatically get (3.27)

without using any lemmata. O]

3.3 Improvement in the case of n =2

We state here without a proof an improvement of the energy estimate of Lemma 3.18.
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Theorem 3.24. Let pi be a measure on T2 and w = 1. Then, for every T € (0,1):

Eslu) Sr (Bl TE”

with the implicit constant depending on .
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Chapter 4

Capacitary conditions and Embedding

4.1 General Capacitary condition implies embedding

As we said this result is known for n = 2, first proven in [4]. We prove it here for n = 3
following closely the proof of n = 2. What would be useful here is Lemma 3.22 which first
appeared in [19]. Hence, as we have established the equivalence between the Box condition
and the embedding and since we show the General capacitary condition (2.5) is also
equivalent to the embedding, then the Box condition implies the general capacitary
condition. As we discuss in subsection 4.2 the Box condition is enough to prove the much
weaker Box capacitary condition, but here, indirectly we show something much stronger.
Here we take w = 1.

To begin, suppose we have a measure 1 on 7° and for any E C 97 the following

condition holds

u(E) < Cap(E)

which is condition (2.5). This condition implies for any f € (2 (T3)

| et~ | TN 2 LS S 21y > 20 < 30 0% Capliy > 26} (41)

keZ keZ
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Recall the measure p is non-zero only on the boundary of 73 and thus we are interested to

estimate the capacity of the sets £}, := {If > Qk} NAT3. More specifically we wish to show

> 2% Cap(By) S £l 75, (42)
keZ

and this would finish the inequality in (4.1). By duality we conclude (1.10) holds. As it is
mentioned in [1], for a set E, the minimizer in (2.4) is a function of the form I* g where
(g 1s measure on T3 which is called the equilibrium measure of E. The measure E
satisfies VFE =1 on F and also, since E is compact we also have supp(ug) C E. This
implies Cap(E) = f(JI*,uE)2 = [VFEdup = pp(E). For every k € Z we get such a
measure j; and by arguments found in the Section 3.1 of [4] we deduce (4.2) as long as the

following is proven:

DN oitk /T3 Vikdp; < 2% [rS VFEdpy, (4.3)

keZ j<k keZ

In turn (4.3) is proven exactly in the same manner as in this paper, if the next Lemma is

true;

Lemma 4.1 (Lemma 3.2 of [4]). Let F, E C 3T be two sets such that Cap(F) < Cap(E)

and let pp, pg be their equilibrium measures. Then, we have

ﬁf?) VEEdup < |pplV3 - \up??

Proof. We have seen above that Cap(F) = |up|. If this number is 0 we have nothing to

prove.
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f7'3 VEEdpp

7] and for £ € NU {0} we define the sets
HF

Otherwise, we set A =

Fqi={weF :VIE <1}

Fp={weF : 2" <VrE <2k}

As T3 is finite, then there exists some m € N such that for any k > m, Fj. = &. Now, by

using Proposition 4.2 we see that

HE
Cap(Fy) < 141 (4.4

Next, let j such that 2/ < X < 2/F! and we write

A lur| = | v Bdup = / VIEdpuy: <
T k>—1

< Y FHup(R,) < JX_: R up(Fp) + > 2FH . Cap(Fy)  (45)

k>—1 k=—1 E>j—1

and the last inequality follows by Lemma 5.6 of [4] : As VFF =1 on F}. then

wp(Fr) < Cap(F})). Using (4.4) and that the sets Fj, are disjoint, we get

; 1
J—1. k+1
(45) <27 pup(F) +C - lppl- Y 2 23k =
k>7—-1

eEl

/\
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which implies

15

’MF’ N F

and this finishes the proof given the definition of .

Proposition 4.2. Let 1 be a measure on T3 with VA < 1 on supp p. Then, for any A > 1

we have

Cap({V# > A}) < €

A

Proof of Proposition 4.2. Consider f =1*u, § = 1. If f(«) # 0 then there is 8 < « such
that § € supp . But then by assumption If(5) = II*u(8) = V#(5) < 1. By monotonicity

of T we have that If(«) < 1. Hence

supp f C {If < 4§ =1},

and we are in the assumptions of small energy majorization Lemma on tri-tree 3.22. We

apply it with data (f,6 = 1, A := 2" )) to get functions ¢,,, m =0, 1,... such that

Loy > If = VF, where VF e [2m), 2 1),

which means that
27MA My, > 1, where VF € [2m), 271 )],
Now define ¢ := 3", 27"\ "1y, and hence,

Ip >1, where V¥ € [\, 00),
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Now, by Minkowski’s integral inequality we get:

/73902 <>\ 1202 m / >1/2> <
< (/\ 1§: ~1/29— T</7_3f2)1/2)2§/\_3/7_3f2

=0

which finishes the proof, since f = " and so ng 2 =&l O

4.2 Box condition implies Box Capacitary Condition

Let v be a finite positive measure in [0,1)" with |v| < 1. In this section we show that the
box condition (1.6) on n-tree implies box-capacitary condition (2.6) on n-tree of depth N,

for all n > 2. In other words, if

> wpv(P)? <v(R), YReT"

then

v(R) < Cap(R), VReT"

Recall the nodes of 7™ have the form Nm = 2%+1k> 0<k<N, 0<m<2N"%_1and

we call these dyadic n-rectangles (Cartesian product of dyadic intervals). By construction

these are inside the unit n-cube [0,1)". Recall that

1
1

Cap(R) ~
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where R = I x .. X I, and if |I;] = 1 we just replace this term by 1 in the denominator.
We will prove our result for a hooked dyadic n-rectangle, i.e. a dyadic n-rectangle which
has a vertex at (0,0,..,0) € Z™. This does not change at all the arguments although it
simplifies the calculations.

Let R be a hooked dyadic n-rectangle of the form

0,27 N+m1] 5 0,27 N+m2] 5 % [0,27N+™n] Then there is an s € N such that

2718 < y(R) < 27N If we define a := 27% then we have a’ < v(R) < 2"a".

We connect the points (mq,ms,..,my) and (N, N, .., N) € Z" by a line L. In parametric
form this line is L : (z1,x9,..,xn) = (Mm1,ma, ..,mp) + t(N —m1, N —ma, .., N —my)
where 0 <t < 1. We are going to consider points on that line which satisfy some
conditions. The points are defined recursively by

P =(my+my1+..+myp,mo+moy+ .. +mgp, .., My + Mmp1+ .. +my ) where
m;y, € Z4 with j € {1,..,n}, k € {1,..,4} and i € N is fixed (to be specified). Also,

Py = (mq,..,mp).

For every k € {1, ..,i}, the first condition we impose is P;. € L and the second condition is

277,

myg Mk - Mpk = al
k-1

where ag := a and aj, = 2a;,_1 with k € {1,..,i}. Working recursively from k = 1, we see

that for every j,1 € {1,..,n} we get

m
- = for all k € {1,..,i} (4.6)
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n
Using these equalities and mq j - mo - .. - my, p = a%— we deduce the next formula for

k—1
every j € {1,..,n}
n—1
2 (N -m )T
LI (N = my)
I#]
le{l,..,n}

Let Q1 .1 s be the dyadic n-rectangle with fixed vertex at (0,0, ..,0) € Z™ and of size

1Moy,
2N_m/1 X 2N_m/2 % .. x 2N=mn For simplicity, let v(m), mb,..,m},) := V(meyméw’m%).
Then, for (mf,mb,..,m},) = (mq +my 1, ma +ma1,..,my + my 1) we have at least
m11-ma7 - .. My 1 other such dyadic n-rectangles which contain R. Now we start using

(1.6) for the first time (we normalize the constant to be 1)

P
v(my4+mi1,mo+maq, .., My +my1) >myq-maq-..-my - v(R)T >

2n n_.n n
mi1-moq-..cMmy1-a” =20 ay =aj

n
using that mqy1-mgq-..-mp1 = 2—n and the definition of ag,a1. We continue recursively
0

and after k steps we have

vimy +mi 4. +my g, mo+mo1 + . Mo, M+ M1+, ) > ag

We stop the recursion (and choose i = k) at the minimal &k such that
m1+mi1+..+myg > N (by (4.6) this is equivalent to m; +m;1 +..+m; > N for any

j€{l,.,n}) or when k = s.
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If the first case happens, then by (4.7) we have

(N —mqp) n 2 2 2
N—m1<m171+m1,2+..+m1,i: 1-<—+—+..+ ) )
I (N-m)n 0 @ di
I#1
le{l,..,n}
—1

(N—m)' 7 4

I N-mn ¢

[#1

le{1,...,n}

as the sum is a geometric series by the definition of a;. If we rearrange the two ends of the

above inequalities we get

n ! =C"-ca
“ 5(N—ml).(N—mQ)...-(N—mn)_C p(R)

Keeping in mind that v(R) < 2™a™ we have the desired inequality. If the second case

happens, namely ¢ = s and since ag = 1 we see that

v(my + mi1+..+mygmg+mar+..+mog,..,mpy+my1+ ..+ mms) >1

Our measure is normalized such that |v| < 1. Intuitively this means there is no much room
left. If my +my1+ .. +myp > % then by reasoning as above we get the same desired
inequality. If my +my 1 +.. +myy < % then let M = L%J We do one more step in the

recursion to get

v(mi+my1+..+mys+Mmo+moq+ .. +mog, .., My +my 1+ .+ mps) >

M -v(my+my1+..+mygmo+moq+ .. +mog,...,mpy+my1+.. +mys) > M
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which is of course a contradiction as NV is large. Therefore the desired inequality has been

established.

4.3 Box capacitary does not imply general capacitary
condition

One could ask: Since Box condition (1.6) is able to imply the embedding (1.5), is it also
true that Box capacitary condition (2.6) also implies the same embedding? The answer is
no. This was proven by Stegenga in [28] for n = 1. We now give a counterexample (due to
P. Mozolyako) in the case of a simple tree.

Consider a simple tree 7 of depth 2N for N € N. Let us describe the construction of a
“Cantor” type set with small capacity and of full-measure. For simplicity we assume the
root of the tree is of generation 1. We choose the left-most and right-most boundary points
of the tree. Then we move to the 2nd generation and for each of these two nodes we
consider the sub-graphs with these as a root. We choose the left-most and right-most
boundary points of each sub-graph (we count duplicate nodes just once). Then we go to
the 4th generation and we consider the sub-graphs with roots the left-most and right-most
descendants of the 2nd generation (hence we look at 4 sub-graphs in total). As before, for
each of these sub-graphs we choose the left-most and right-most boundary points. We
continue doing this for all generations of order 2k with 0 < k < N — 1. The total number of
the boundary points we choose is 2NV out of a total 22N_1 boundary points. Their selection
is uniform and we now give the exact positions of these boundary points.

Let us look at the boundary of the simple tree from the left to the right and consider the

N N
set F which is comprised of the boundary nodes in positions m - 22" N n . 227N 41 1 for
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oN~—1 oN-1 _9N-1

m=1,.., and n =0, .., — 1. For n = 0 we get the left-most and for m
we get the right-most boundary point. The measure p is constructed as follows: to each
node w of E we set u(w) = 2LN Therefore, |u| = 1. We also set v = I*s and so

lv| =v(F)=1. For all I € T we show v(I) < Cap(I), and also Cap(FE) < % Hence, the
box capacitary condition holds with bounded constant while the general capacitary

condition can only hold with a constant which depends on N. We now prove these two

facts.

First, let any I € T. Let ¢ be the generation of I from the top, with 1 </ < 2N Then,
there is some k, 0 < k < N such that ok </l < ok+1 By our construction, the amount of
boundary points which are descendants of I and have p-mass is 2N=F  Therefore,
—oN-k L 1 h such bound de h L Ou the other hand
v(l) = 2—N—2—kaseac such boundary node asmassZ—N. n the other hand,
1

Cap(l) = - >

77 g1 and thus v(I) < 2- Cap([). Hence v satisfies the Box capacitary

condition.

Second, for any w € 9T we show N < VH(w) < 2N and so 1 < V% < 2. Using this and
the Cauchy-Schwarz inequality we get Cap(FE) % Ik VN dp < 2}5 | which gives the
second estimate as |u| = 1. To prove this, fix w € 9T and let any o > w. As before, we
have I*u(a) = v(a) = Qik where k is such that, 28 < ¢ < 251 and £ is the generation of a.

Next, let w =: AN < .S o be an enumeration of the ancestors of w where a; is the root

of the tree 7. Then we have

N-1
1
ZH* nen) Z > Tplay) =1+ Z(2k+1—2’f)2—k:N+1
k=0 2k§g<2k—|—1 k=0

Finally, for any n € N with n > 2 and an n-tree 7", consider a measure p on 07" which is
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a product of measures constructed above. Hence, as capacity is of product nature, the

above counterexample gives rise to a counterexample for higher dimensions.
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Chapter 5

Connections with known results and

applications

5.1 Maximal function and embedding

In this section we consider a set P which is any finite n-tree with n € N. More generally
one could think of P as any partially ordered set. Given a measure p on P we define the

corresponding maximal operator by

My(es) i= sup (o ula). (B)ula) = —por (1)

a>w

with the convention 0/0 = 0. This definition recovers the usual dyadic maximal operator
on the tree and the bi-parameter maximal operator on the bi-tree. We have the following

connection between these constants:

Proposition 5.1. Let i be a measure on a set P, with P as above. Then

, = || M2 . 5.2
w:[wiz]I)C<1[w mles = IMullz2 ., 120 (5.2)

Example 5.2. If P =T is a usual tree, then the maximal function M, is essentially the

martingale maximal function, and it is well-known that it is bounded on LP(u) with norm
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at most p’. In particular the right-hand side of (5.2) equals 4. This is the sharp constant in

the Carleson embedding theorem on the tree [25].

Example 5.3. f P =T" =71 x .. X Ty, is an n-tree and u = py X .. X py, is a product
measure, then the n-parameter maximal operator (5.1) can be majorized by the

composition of n one-parameter maximal operators
M,uw S Mlnu‘l ©..0 Mn"unw,

which are also defined by (5.1) but on the simple trees 7;. Using L? bounds for the
one-parameter maximal operators we see that the right-hand side of (5.2) is bounded by
4", Hence for product measures p and arbitrary weights w Proposition 5.1 gives the
implication (2.1) = (1.10). As the n-dimensional Lebesgue measure is product, this is

connected to the results of Chang in the case of the bi-disc (see [10]).

Remark 5.4. As we said in the first example, it is known for n = 1 the boundedness of
Maximal function is equivalent to the Carleson Embedding theorem. Additionally, by
Proposition 5.1 and our results we see the rectangular strong Maximal function on 7" for
n = 2,3 is bounded as soon as the Box condition is true and the weight w is of product

form: recall that [w, u|os < [w, ulo < [w, 1] Bog-

Proof of Proposition 5.1. We begin with the inequality < in (5.2). Let ¢ : P — [0,00) be a

non-negative function with ||| 2 )= 1. Then

(W)pu(e)
Zw * () (@) = Zw(a)]l*,u(a)Q/ " sds

a€eP aeP 0

- /OO 25 Z w(a)I*p(a)?ds
O a@)ula)>s
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< /O 25 Z w(a)I*p(a)?ds

a:Mpyb(a)>s

<lwaple [ 2o s Mus(a) > shds
0
= [w WM,

< [w7 N]C||MU||%2(M)~>L2(/~L)

Here we have used that the superlevel sets {a : M ¥(a) > s} are down-sets. Taking

supremum over all weight w such that [w, u]o < 1 we obtain the inequality < in (5.2).

Now we will show the inequality > in (5.2). Let ¢ : P — [0,00) be a non-negative function
such that ||| 200 = 1. The set OP consists of the minimal elements of P. Recall that pu is

non-zero only on 0P. For each o € P with I*(¢ou) () # 0 let

Alla) == {w e IP,w < a| Muh(w) = (W) u(a)},

and let A’(a) := () otherwise. Enumerate P = {aq, a9, ...} and set

Alay) = Allap) \ [ A'(ay).
j'<j

Then, as the sets A(a) are pairwise disjoint:

D M) @) =3 > (Whula) )

weP a€P weA(w)
= > w(a) (" () ()%,
acP
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where

w(a) == Tpa) 2 Y pw)

weA(a)
with the convention w(a) = 0 if A(«) = 0. Since the sets A(a) are disjoint and consist of

minimal elements then for every down-set D C P we have

Yow@@T @)= > pw)<s Y pw) <pu(D),

aeD a€DweA(a) weDNOP

and thus [w, u]c < 1. Also, by the calculations above

[w, plcg > ||Mu¢||22(u)

By first taking the supremum over w with [w, u]c < 1 and then over ¢ we obtain the

inequality > in (5.2). O

Similarly we can also prove:

Proposition 5.5. Let u be a measure on OP. Then

1 2
owp [ ilie = s [ Mu(1p)|%,
w:[w,pu] <1 EcP |H1E] H

5.2 A comparison with a result of E. Sawyer

As we mentioned before, two weighted embeddings have enjoyed much attention in the last
50 years. In a continuous setting the paper [26] of E. Sawyer gives a characterization of the

2-dimensional embedding in terms of three “Box Conditions”. Lets translate his results to
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the case of bi-trees. Suppose the weight w is supported on a set of the form:

suppw C {a € T2 | o > wy}. (5.3)

where w is a fixed point in @7 2. Then, in [26] we consider the discrete measure on a bi-tree

instead of the Lebesgue measure. The result becomes:

Theorem 5.6 (cf. [26, Theorem 1(A)]). Suppose that the weight w satisfies the support
condition (5.3). Then [w, i is finite if and only for some A < 0o and every 8 € T2 with

B > wq the following conditions hold:

I* u(B)Iw(B) < A2, (5.4a)

> pe)Iw(e)® < A%Iw (), (5.4b)
azfzuw

> w()Fp(a)? < AT u(B), (5.4c)

wp<a<p
No two of these conditions suffice to ensure [w, plop < 0.

Remark 5.7. The last condition (5.4c) is just the box condition (1.11). In other words, if
we restrict the weight to be supported only on the hooked rectangles, but drop the
requirement that it has a product structure, we see that the single box test (1.11) is getting

replaced by three single box tests for the pair w, u.

Remark 5.8. The second condition (5.4b) is not needed in our setting. Recall that pu is

non-zero only on the boundary of the bi-tree and hence (5.4b) is implied by the first one.

Remark 5.9. A careful reading of our proof in section 4.2 shows that for a measure p on

the boundary of the bi-tree, a weight w and for every o € T2, we have
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the following condition:

w(a) - I*p(e) $ Cap(a)

as long as the box condition (1.11) holds. Therefore, if the weight w satisfies the support
condition (5.3) and moreover is non-increasing, the inequality above easily implies (5.4a).
To summarize: if w is non-increasing and satisfies the support condition (5.3), then the
Box condition (5.4c) implies the conditions (5.4a) and (5.4b) and hence the embedding
(1.10) holds as well. For an application of this, consider the weight w which satisfies w = 1
on the set {a € T2 | @« > wp} and 0 otherwise. However, this example is the connecting
point between our results and the result in [26]: as this particular weight w is a product

weight, we already know the single box condition (1.11) is sufficient to imply (1.10).
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Chapter 6

Necessary and sufficient conditions

6.1 A product weight is not necessary

As we know, for n > 2 the n-tree does not have a nice geometric structure. In the case

n =1, for any w € 9T the set {a: @ > w} is totally-ordered. However for n > 2 this is not
true for any w € T 2. Albeit, one could consider a sub-graph of the n-tree which has this
property; We start with [0, 1) and we keep all its descendants which are cubes, namely
Cartesian products of n dyadic sub-intervals of [0, 1), of generation at most N and of the
same length. Thus, if we modify the weight w to be non-zero only on such cubes, then we
have a structure similar to a simple tree. Note that such a weight is non-product and that
the sum on the LHS of (1.5) is over a partially ordered set P with the following property;
for any w € OP the set {a: @ > w} is totally-ordered. As we discussed in the introduction,
for a set P with this property, the same proof as in the case n = 1 holds. Therefore, for
such a weight w the Box condition (1.6) implies (1.5) which implies a product weight is not
a necessary condition for any n > 2 (although it is sufficient for n = 2,3, as we already
proved).

In the last section we see another proof of this fact emerging from our try to push the idea
of Shur’s test to work for higher dimensions. However such proof might not be possible: As

we have seen in the case n = 1, the weight and its structure played no role. But the weight
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w cannot be general for higher dimensions, given Carleson’s counterexample. This might

be an issue if one tries to use Schur’s test for higher dimensions (more in section 7).

6.2 Box condition does not imply Carleson condition

for general weight w

Let mo to be the planar Lebesgue measure. As mentioned in the introduction, L. Carleson
constructed in [7] families R; of dyadic sub-rectangles of @ = [0,1)? having the following

two properties:

> ma(R) <ma(Ro), YRy C[0,1)° (6.1)
RQRO
RGRZ'

but

Y ma(R)=1>>ma( || R) (6.2)

RERZ' RERZ'
with the latter area a small as one wishes. By taking a finite bi-tree 7;2, large enough to
contain the family R;, and choosing p s.t. I*4 = mo and
1 :
R e R;,

wi(R) = "2

0, otherwise

we can identify the left-hand sides of (6.1) and (6.2) with the left-hand sides of (1.11) and

(2.1), respectively. The measure p is fixed, and for any M > 0 there is i € N such that

sup  [w, gl > [wi, plo > M
w:w, ] B <1
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6.3 Carleson condition does not imply REC

Our aim here is to show that for general w, u the Carleson condition (2.1) is no longer
sufficient for the Restricted Energy Condition (2.2). This example is quite simple and is
inspired by the counterexample of R. Fefferman in [24] for the LP-boundedness of the
bi-parameter maximal function for arbitrary measure p. Our examples are given in 72 but
we can easily extend these to higher dimensions. Our weight w will not be product,
otherwise we know that Hereditary Carleson condition and Carleson condition are
equivalent. It will be supported on a very small subset of the bi-tree, which differs greatly
from the original graph.

For any N € N we construct a measure p and a weight w such that [w, ulc < 4 but

[w, plgpo > N. Therefore, for any C' > 0 there is an N € N such that

sup  [w,plgc = [w,plpc = C
w,p:[w,p] <1

We start by letting Q; = [0,271) x [0,27N) for i = 1,.., N and Qg = [0,27 )2, Let
the measure p satisfy pu(Qq) = ]I*,u(QjJr) = 1 where Q;FJF is the upper right quadrant of

Q;, and p = 0 everywhere else. We also define the weight w to be:

1 if R = Q; for some j € {0,.., N},
w(R) :=

0 otherwise.

So we have N + 1 nodes o where w(a) is equal to 1. For the node @y we have

N
> (o) (I (gy) (@) = 3 (Fu@n Q) = (V+1) 1% = (N +1)julg,|
1=0

2
aGTN
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which means [w, u] g > N. Now, for an arbitrary down-set D C 7}% we have

SwTue? = Y Ta@?P= Y Q)

a€D a€D, w(a)#0 J:Q;€D

Then since Q;L+ NQ; =0 unless i = 0,7, we have

S Tu@)t< > 2% <4u(D)

j:QjGD jQJG'D

which finishes the counterexample.

6.4 The lack of maximal principle matters

In this section we construct a measure y which gives an example of the following fact about
the potentials on a bi-tree: The maximal principle fails. Another example of such a
measure 4 can be found in [4] (Proposition 5.2). The weight there satisfies w = 1, but here

it takes the values 0,1. For s € N and N = 2% we construct a measure p such that

VA <1 on suppy, (6.3)
but
max V# > VH(wg) = s. (6.4)
where wg = [0,27)2.
We define a collection of rectangles
_9J _o—J+s .
Qj:=10,277]x 0,2 I, j=1,.,s (6.5)
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and we define

R:={R: Q; C Rfor some j=1,..,s}

wq = 1r(Q) (6.6)

S

1 1
p(w) = N > WIQTL(M).
j

J=1

where #() denotes the total amount of w € 87']\2, with w < Q. Observe that on @); the
measure is basically a uniform distribution of the mass % over the upper right quarter

Q;LJF of the rectangle Q; (and these quadrants are disjoint).

To prove (6.3) we fix w € Q;Jr and we split: (Q}L, Q; are the upper and right half of Q;
resp.)

VW) = V() (@) + (@) + VH(Q))
J

where the first term sums up I*u(«) for o with w < o < Q;Lf It is easy to see that
Vg 1w S % (the left-hand side is a double geometric sum). Trivially

M(Q?) +u(Q) < % The non-trivial part is the estimate

VAQ) S 1. (6.7

For each dyadic rectangle R > wq and each j' we have
either @5 C R, or Q;‘,+ NR=10. (6.8)

Moreover, since the sides of rectangles Q; are nested, the set { i Q il C R} is an interval
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that contains j. For an interval of integers [m,m + k] let

clmm b = {R>w [ {j: Q € R} = [m,m + K]}

Since each rectangle in "™ 4kl contains [0, 2_2m] x [0, 2_2_m_k+s], we have
It follows that
1 1
VEQy) = Y (#Cm MR Dgs S S (k+ 1)22—k+52—s <1 (6.10)
[m,m+k]>j k>0

This shows (6.7), and hence (6.3) is also proved.

Now we will estimate V#(wg) from below. To this end we need a more careful lower bound
on #C [mm+k] The set C17} contains all rectangles R that contain (); and are contained

i—1 —j—s—1
in[0,27% 7 1% [0,27277 7" 1], s0

4ol > 911, 97i=571 > 95 (6.11)
Hence
VA (wp) > Zl(#o{ﬂ})Q—s > 5. (6.12)
]:
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6.5 REC does not imply embedding

In this section we use the same dyadic rectangles {Q;} as above. We also keep the same

measure 4 to which we add an extra piece of measure. We have a few more definitions:
Qo,j := Qj, po = p from the previous section .

Next we continue with defining a sequence of collections Qp., k=0, ..., K ~ log s of dyadic

rectangles as follows

j+2k—1
Qi =4Qr;= (] Quini=1....s—2"p k=1 K. (6.13)

In other words, Q. consists of the intersections of 2k consecutive elements of the basic

collection Qg. The total amount of rectangles in Qj. is denoted by s;, = s — 2k 4+ 1.

For k=1,...,K let

2—2]6 5k 1 5
pig(w) = +4(w), wedT",
Z #Q-i--l- Q k.
and define
K
= o+ Y i
k=1

By duality the inequality (1.10) is equivalent to the Carleson embedding inequality

0P < wdes [ £ (614

65



We test the inequality (6.14) with the function

J(R) =T ug(R).

Using (6.3) we obtain

S

2. _ RO < = 1
o 12w= [ veodu <l = (6.15)

On the other hand, by definition (6.13) and replacing s by 2% in (6.12) we obtain
VHO(Qy j) 2 2F. (6.16)

It follows that
K K s
/T ()2 = /T V02 = 3 [0 2duy 2 37 Pyl ~ 5 logs. (647
k=1 k=1

Substituting (6.15) and (6.17) in (6.14) we obtain [w, ulcg 2 log s.

We claim that [w, u|go < 1. This means that for any collection A of dyadic rectangles,
setting A := Upc 4R, we have

ElplA] S |pl 4l (6.18)

To show (6.18) let v, := ug|A, k=0,..., K. Then

E[ulA] = Z/VVnyk <2) /VV”z/k <2) /wﬂyk.
n,k

n>k n>k
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Since supp v, C supp py, it suffices to show

Z VR <1 on  supp pi. (6.19)
n>k

The claim (6.19) has the advantage that it does not depend on .4 any more.

For every R € R we have

pn(R) = 272" 4#{Q, ; C R} < 272"(#{Qo; C R} +2")

<27"(#{Qo; S R} +1) <2-27"ug(R).

It follows that

j+2k—1
VA (Qpy) S 27"VHO(Qr ) <27 ) VHO(Qgy) S 28,
i=j
where the last inequality follows from (6.3). This implies (6.19) and therefore (6.18).

Finally, for any C' > 0 there is an s € N with logs > C' and so we get that

sSup [’LU, :U]CE >C
w,pw,pl o<1
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Chapter 7

Open questions

7.1 Failure of Schur’s test for n > 2

Now let 7" be a finite n-tree. In analogy to subsection 3.1 we define the operator S as

follows: for 5 € T™ and a function f € £2(T™, w)

S(HB) = Y (whla)-v(anp)

aeTn

We want to show S : 2(T",w) — (2(T",w) is bounded if the following “box” condition

holds

Z w(a) - v(e)? <v(B), VBeT"

a<p

For dimension n = 1 we used Schur’s Test successfully in subsection 3.1. Hence, we try to
follow the same scheme for higher dimensions, although we hit an obstacle as we are not
able to estimate certain terms which appear only on poly-trees. It would become obvious
the problem is the same for any dimension bigger than 2, hence we use n = 2 for simplicity.
By a>1/ we mean inclusion in the first coordinate and by a>9( in the second.

As in the case n = 1 we start with a function fy defined as fo(5) = v(5).
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Then we write

S(fo)(B) = > (wfo)(e) - v(aAp)

aeTh

= Z (wr)(a) - v(a A B)

aeTn

S OIEDIED WD WY IRORTIE

a>f  alf alyB a>1p

a>9f8  a<of
)+ > w( 2+ 01(8)
a<p
where
F(B) = v(B) - > (wfo)(a)
a>f
and

(Z Z)wfo v(a A B)

ayf  a>18
a>9f8  a<of

The subscripts 1,2 mean we sum with respect to the 1st and 2nd coordinate respectively.

As before, the middle term is estimated using our assumption and we thus get

S(f0)(B) < f1(B) + fo(B) + g1(B)

We define recursively the functions f;, g; by the formula

[i(B)=v(B)- > (wfi—1)()

a>f
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and

(Z Z)wfz (e A B)

a1 a>1f
a>9f  a<of

Then, we see

S(fi)(B) fz—i—l ) + Z wfi)(y "’92—&—1(5)

v<pB

For the term in the middle we have

S () v() =Y w) - ve) vy - Y (whi)(e)

7<P V<8 -
= Z Z w() - v(7)? - (wfi—1)(a)
Y<B ey
= A1(B) + As(P)

Where

D= (L T +X X et whio

Y<By<a<p ~y<Ba>p

( DD >w(fy)-u(’y)2‘(wfi—1)<04)

Oz>15 Oz>25
7<g9a<lof y<ia<1B
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Below we show that

which imply that

S(f)(B) < fix1(B) + gi+1(B) + S(fi—1)(B) + 9:(B)

and as

S(f0)(B) < f1(B) + fo(B) + g1(B)

by recursion we get

m—+1

S(fm)(B) < Y hi(B) (7.1)

1=0

where hg := fg and for ¢ > 1, h; = f; + g;.

Remark 7.1. What is missing is an estimate for S(g;). Given the discussion in the
beginning of chapter 6 we believe its impossible to get such an estimate, if w is general.
However, as the functions g; collect all the terms we can not estimate, we might try to
“cancel” their contribution by considering a weight w which is non-zero only on
sub-squares of [0, 1)™. This results to a structure similar to a simple tree: for non-trivially
intersecting o, § € T" we either have w(a) = 0 or w(f) = 0. This implies that g; = 0 for

any ¢ € N and so we have h; = f;. Then, by taking F' as in (3.5) and using (7.1) we get S
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is bounded from £2(T",w) — (2(T™,w). Of course we saw a much simpler proof of this

using the one-dimensional case in subsection 6.1.

7.1.1 Estimates for A;, A

For Ay we change the order of summation for both double sums and we use our assumption

to get:

(Z 2. +ZZ) 2 (wfi1)(@)

Y<By<a<p ~y<pa>p

_ ( IDIEDIDS )“’W) v(7)? - (wfi1)(a)

aspr<a  a>py<p

<> wla)- (wfim)(a) + > v(B) - (wfi)(a)

a<p a>f
= Z w(a) - v(iaAB)- fi—1(a)
aEeT?2
= S(fi—1)(B)

Next, recall Ag is a sum of two double sums:

=Z( 2. T X )w(w)-uwwwﬁ_l)(a)

v<p a>1p a>9f8
<oa<lof y<ia<1p

We will take care of the first double sum only as the second follows similarly. By carefully
writing the double sum as four sums (each one on the 1-tree) and by changing the order of

summation for the second and third sum we have
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the following:

= > D D wl) v (whis)(@)

Y18 <98 v<9a<9B a>1f3

= > > D > wh) v (whis1)(a)

<18 aoB 1<2® a>1f3

Notice the restrictions above would imply v < a A 8. By changing the summation again

and use our assumption we see

S8 Y N we) v (whii)(a)

a>16 alof v 8 1<2¢

<D Y wl) v (i)

a>18 aloff y<anp

<Y DY vang) - (wfizy)(e)

a>1ﬁ a§25

=> > u 2 (wfi1)(@)

a>1f a<of

The symmetric of this last sum is obtained by manipulating accordingly the second double

sum, which means As(f) < g;(f) as claimed.

7.2 Potential theory and the hurdles for n > 4

The main problem with pushing the results to n-trees, n > 4, lies with the analogue of

Lemma 3.22.
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For exampe for dimension n = 4 the analogous candidate ¢ would be

2
P = X(hf'I[234f+—]2f‘]I134f‘|‘13f']I124f+—74f']1123f+

Liof -Iaaf 4+ Ligf - Ioaf +Tnaf - Togf + fLf).

where I19 = I119, et cetera and I = I1934. We can show part a) in Lemma 3.21

analogously. But for part b) we need to estimate the energy of each one of these terms. For
the first four terms we can do it successfully exactly as in Lemma 3.21. Also, the last term
satisfies If < 6 on supp(f). However, we can not prove the analogue of Lemma 3.21 for the

other terms and we have the next question.

Question 7.2. Let f: T4 = [0,00) be superadditive on each parameter separately. Let w

be a positive product weight. Suppose that supp f C {I(wf) < §}. Then

> w(lIp(wywaf) - I3I4(w3w4f))2111(wf)§/\ SO wf?
T4 74

for some appropriate powers k,r. The problem here is we can not use the same proof as we
now have the product of two two-dimensional Hardy operators.

One might ask: can we do it differently? The method above first appeared in [19]. In [5]

there is a slightly different majorization which is based on the following lemma:

Lemma 7.3. Let supp f C {Ig < 6}. Let g be a superadditive function. There exists

¢ : T —[0,00) such that

a) Io(w) > If(w) Yw e dT: Ig(w) € [N, 2)] (7.3)
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b) /TgOQSC%/TfQ. (7.4)

Proof. Put

p=N"1f g 1pcqn,
and see [5]. O

Using this lemma, one is able to prove the corresponding of Lemma 3.22 on a bi-tree.
However if we try to prove a 2-dimensional analogue of Lemma 7.3 as a way to get Lemma
3.22 then we are going to fail. The analogous of the function ¢ in Lemma 7.3 is not a good

candidate anymore as, according to the methods found in [5], it is impossible to get

/2 (If - 9)*1gger SO5N D f2
T pe;

for some appropriate powers k,r. Hence, we are, again, in need of different function ¢. We

have the following question.

Question 7.4. Suppose supp f C {lg <} and g be a function which is superadditive for

each parameter separately. Then, there exists o : T? = [0,00) such that

a) Ip(w) > If(w) VYw € dT2: Ig(w) € [\, 2)] (7.5)

ONT
2 2

< - .
b)/2g0 _C’(}\) 2f (7.6)
with some positive T.

The possible positive answer of this question could finish the argument for n = 3 (which we

already know) but could also open up the road for higher dimensions. Therefore, if we
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could prove Question 7.4 for n — 1 (instead of 2) then following Theorem 3.1 of [5] we could
get the analogue of Lemma 3.21 on the n-tree.

One of the main issues we encounter is that a function g which is super-additive on each
variable satisfies A;g > 0 for each coordinate ¢, but the same is not true if we consider
compositions of these operators. For example, our assumptions can not force AjA9g to be
non-negative. Hence our methods fail to be generalized in higher dimensions. Therefore,
one may wonder if these methods are limited or if the developed potential theory can not
answer the question for dimensions n > 4 and we are again in need of new methods.
Finally, a natural question arises: what if its impossible to prove the embedding for

dimension n > 47

7.3 Counterexample for n > 47

It is natural to ask this question under these circumstances. One might think there is a lot
of freedom in four dimensions which might trigger a counterexample. Hence, the following

question is also possible:

Question 7.5. Let n > 4 and D" be the collection of all dyadic n rectangles in [0, 1)".

There is a measure p on [0,1)"™ such that for any dyadic n-rectangle Ry:

> u(R)?* < p(Ro)
RQRO
ReD"

but for any C' > 0 there is some 1 € L2([O, D", p) with

2 2
> ([ vaw?>c /{mwzﬁ ay

ReDn
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Similar questions could be posed by substituting the Box condition with any of the other
conditions (Carleson, Hereditary Carleson or even the capacity condition of [4]). So far, we
do not know if any of these imply the embedding for n > 4. However, the methods we used
for n = 2, 3 reveal that as soon as one proves the analogue of Theorem 3.5 for higher
dimensions then we get “Box condition to Embedding” and “General Capacitary to

Embedding”.

7.4 Embedding for p # 2

So far our investigation is around the case p = 2. As noted in the second chapter the
Carleson embedding theorem is true for any 1 < p < oo and a proof can be found in [25].
Although they proved it for p = 2 the exact same proof works for general p. In the case of
a simple tree and p = 2 the proof (which used the same Bellman function) can be found in
2] and for general 1 < p < oo in a recent preprint, see [9].

Hence, as the embedding theorem is true for dimension n = 2,3 a natural question arises:
Is it true for any 1 < p < oo other than 27 We do not know the answer. It could be true
but our potential theoretic methods lose some important properties. For example, the Box

condition becomes, for 5 € T"

> Tp(e)? ST u(B)

a<p
and so one should define the potential to be V# = JI((]I*,u)pfl). As we can see our potential
is not linear anymore and moreover the function g = (I*1)P~! is superadditive in each
variable for p > 2, but the energy estimates do not hold with exponent p’ (the conjugate of

p). One can construct a superadditive f which gives a counterexample of the corresponding
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of Lemma 3.21 on a simple tree 7 and then consider a product of such functions in the
case of bi-tree or tri-tree.

On the other hand, if 1 < p < 2 then the energy estimates hold with power p’ and some
appropriate powers for §, A (by interpolating between 2 and co) but ¢ is not superadditive
anymore, as the opposite inequality holds (i.e. g is subadditive). Hence p = 2 is the only p
such the conditional (on p) statements “g superadditive” and “energy estimates hold” are
both true. Therefore one might need to find new techniques in order to prove the
embedding for general p. These possible new techniques might have the advantage of
resolving the question for dimensions n > 4 as well. Until then, all these interesting

questions remain open.
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