
  

 
 
 
 
 

MULTIPACTOR DISCHARGE WITH TWO-FREQUENCY RF FIELDS 
 

By 
 

Asif Iqbal 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

A DISSERTATION  

Submitted to 
Michigan State University 

in partial fulfillment of the requirements 
 for the degree of  

Electrical Engineering – Doctor of Philosophy  

2021  
 
 
 
 
 
 
 
 
 
 
  



 

ABSTRACT 

MULTIPACTOR DISCHARGE WITH TWO-FREQUENCY RF FIELDS 
 

By 
 

Asif Iqbal 
 

Multipactor is a nonlinear ac discharge in which a high frequency rf field creates an 

electron avalanche sustained through secondary electron emission from metallic or dielectric 

surfaces. Multipactor discharge can adversely affect various rf systems, such as 

telecommunications systems, high power electromagnetic sources, and accelerator structures. The 

restricted frequency spectrum and the cluttered satellite orbits require a single spacecraft to 

perform the same or enhanced functions which previously required several satellites. This 

necessitates complex multi-frequency operation for a much-enlarged orbital capacity and mission, 

where the requirement of high power rf payload significantly increases the threat of multipactor. 

This work provides a comprehensive understanding of multipactor discharge driven by two-

frequency rf fields. The study provides important results on single and two-surface multipactor, 

including multipactor mitigation, migration of electron trajectory, and frequency domain analysis. 

We use Monte Carlo simulations and analytical calculations to obtain single surface 

multipactor susceptibility diagrams with two-frequency rf fields. We present a novel multiparticle 

Monte Carlo simulation model with adaptive time steps to investigate the time dependent physics 

of the single surface multipactor. The effects of the relative strength and phase of the second carrier 

mode as well as the frequency separation between the two carrier modes are studied. It is found 

that two-frequency operation can reduce the multipactor strength compared to single-frequency 

operation with the same total rf power. Migration of the multipactor trajectory is demonstrated for 

different configurations of the two-frequency rf fields. Formation of beat waves is observed in the 



 

temporal profiles of the surface charging electric field with small frequency separation between 

the two carrier modes.  

We study the amplitude spectrum of the surface charging field due to multipactor in the 

frequency domain. It is found that for the single-frequency rf operation, the normal electric field 

consists of pronounced even harmonics of the driving rf frequency. For two-frequency rf operation, 

spectral peaks are observed at various frequencies of intermodulation product of the rf carrier 

frequencies. Pronounced peaks are observed at the sum and difference frequencies of the carrier 

frequencies, at multiples of those frequencies, and at multiples of the carrier frequencies.  

We also study two surface multipactor with single- and two-frequency rf fields using 

Monte Carlo simulations and CST. The effects of the relative strength and phase of the second 

carrier mode, and the frequency separation between the two carrier modes on multipactor 

susceptibility are studied. Regions of single and mixed multipactor modes are observed in the 

susceptibility chart. The effect of space charge on multipactor susceptibility and the time 

dependent physics is also studied. 
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CHAPTER 1: Introduction 

 

This Chapter is based on a manuscript under review titled, “A Review of Recent Studies on 

Two-Frequency RF Field Induced Single Surface Multipactor”, by A. Iqbal, et al. 

1.1. Motivation 

A multipactor discharge [1–7] is a nonlinear phenomenon in which electrons driven by a 

high frequency rf field create an avalanche by impacting one or more metallic or dielectric 

surfaces. The electron avalanche sustains itself by an exponential charge growth through secondary 

electron emission [8–11] from the surfaces. If this avalanche of electrons reaches a sufficiently 

high saturation level [2,4,5] by inducing appreciable outgassing from the surface, it can eventually 

turn into a gaseous-like discharge within the desorbed gas layer which is called flashover [12] .  

While there are some beneficial aspects of multipactor discharge [3], such as vacuum 

conditioning or electron sources, it is considered detrimental to rf systems in most applications. 

The discharges may cause breakdown of dielectric windows [13–16], erosion of metallic 

structures, melting of internal components and perforation of vacuum walls [2] (Fig. 1.1). 

Multipactor can also detune rf systems, limit the delivery of rf power, and cause a local pressure 

rise due to the desorption of surface gases [17]. In some cases [18,19], multipactor can induce a 

glow discharge below the expected minimum pressure for a multipactor-free, Paschen-type rf glow 

discharge [20]. Due to its various undesired effects, multipactor has been a major concern for high 

power microwave (HPM) sources [21–26], rf accelerators [15], and space-based communication 

systems [27–37].  
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Figure 1.1. Damage caused by multipactor discharge in (a) Silver Band pass filter, (b) Anodized 
Band pass filter, (c) Aluminum waveguide, (d)-(e) Kapton pressure flange, and (f) Treated 

waveguide. (Image Courtesy: European Space Agency [38]) 
 

To date, theoretical and experimental multipactor investigations have heavily focused on the 

single frequency rf field induced multipactor discharge. Voltage, frequency, and geometric criteria 

for multipactor development have been studied thoroughly for single frequency rf field, as will be 

discussed in the next section. However, many modern communication systems employ multicarrier 

rf transmission [39,40]. A primary requirement for modern satellites and spacecraft is the ability 

to perform complex multifrequency communication through restricted frequency spectrum [36]. 

Additionally, in recent times, due to restricted availability of orbital slots, several advanced 

communication missions are being frequently incorporated in a single satellite payload rendering 

multifrequency communication essential [41]. When a number of carrier waves are transmitted 

simultaneously at different frequencies through the system, modulation of the signal amplitude 

takes place which may significantly modify the conditions for multipactor breakdown [40]. 

Incidental superposition of multiple frequencies can also occur in many rf components due to 

coupling between imperfectly isolated subsystems, such as in transmission lines and supporting 
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components. Therefore, it is imperative to understand multipactor discharge with multi-frequency 

rf fields.  

 

Figure 1.2. An artist’s impression of satellites orbiting the earth based on actual data. Objects are 
shown at an exaggerated size to make them visible at the scale shown. According to the United 

Nations Office for Outer Space Affairs (UNOOSA) Online Index of Objects Launched into 
Outer Space, 4665 satellites are orbiting the earth in June 2020. Number of satellites are 

expected to increase drastically in the next decade as tens of thousands of new broadband 
satellites have been planned to be deployed. Protecting satellite components exposed to 

multifrequency rf operation from damages due to multipactor discharge is a major concern. 
(Image Courtesy: European Space Agency) 

 
Many recent studies have been conducted to date on multipactor discharge induced by rf 

fields consisting of multiple carrier modes [28–32,39,42].  However, important aspects of 

multipactor discharge due to multi-frequency rf operation, such as the multipactor susceptibility, 

time dependent physics, and frequency domain analysis on single surface multipactor have been 

rarely studied and are still not very well understood. This dissertation aims to provide a detailed 

account of multipactor discharge with two frequency rf fields. The simulation methods and 

analytic theory for the study have been developed based on extensively used and well understood 

principles of classical electron dynamics. By understanding multipactor discharge with two 

frequency rf fields, rf systems can be better designed to mitigate multipactor. The data from this 
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study can be used for verification of present and future experiments. They could also lead to the 

development of new technologies which may take advantage of the multipactor discharge.  

1.2. Historical Background of Multipactor 

1.2.1. 1920’s-1970’s 

Multipactor discharge was first reported in the 1920’s by French physicists C. Gutton and 

H. Gutton [43]. The first conceptual description of multipactor phenomenon in American technical 

literature was given in 1934 by Philo T. Farnsworth [1]. He employed multipactor to design an 

electron multiplier tube capable of producing current in the form of multipacting electrons to drive 

a fluorescent screen and produce a television image. Farnsworth first referred to this phenomenon 

as “multipactor” [1] and received several patents on technologies which highlighted multipactor 

discharges [44–47]. Observations of multipactor in gaseous breakdown experiments in 1930’s and 

1940’s led to many early theories. In 1936, Henneburg et al. [48] derived the resonance condition 

on the transit time for electrons emitted with zero initial velocity, and also identified single particle 

phase focusing and stability of the discharge.  

In the 1940’s, while investigating high frequency gas discharges at low pressure, Gill and 

von Engel of Oxford University rediscovered multipactor [49] and later conducted many 

theoretical and experimental studies on the subject of multipactor discharge. Gill experimentally 

outlined part of the region of multipactor susceptibility and advanced a theory that recognized the 

sensitivity of the solution to a nonzero emission velocity of secondaries. Gill provided a theoretical 

relation between the amplitude, phase, and frequency of the driving field, and the multipactor 

trajectory length. Gill and von Engel introduced the ad hoc assumption that the ratio of the impact 

velocity of the primaries to the emission velocity of secondaries is a constant parameter denoted 
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by 𝑘. This assumption was made without any physical basis to avoid the complications of a 

distribution of random emission velocities.  

In 1950’s, Hatch and Williams reformulated [6,7] the theory within a more concise 

mathematical framework and obtained reasonable agreement to their own multipactor 

experiments. However, they retained the constant 𝑘 assumption of Gill and von Engel with some 

modifications. Even with this flawed assumption, the theory was useful in constructing 

susceptibility curves and remained the classic theory on the accessibility of multipactor for 

decades.  

It is important to note that these early theoretical treatments of multipactor  [6,7,49] were 

based on simple assumptions such as negligible space charge effects and electric fields that only 

vary in time, and are invariant with respect to the location between the bounding surfaces, as would 

be the case for an infinite parallel plate geometry. These assumptions help the mathematical 

relationships of multipactor resonance to be derived and have been frequently adopted by later 

researchers as well.  

Research on multipactor discharge during this period heavily focused on two surface 

multipactor and investigation on single surface multipactor was scarce. However, in his 1961 

publication Vaughan [14] described two types of experimentally observed dielectric window 

failure in magnetrons and klystrons namely cracking and puncturing and attributed these failures 

to the electrostatic charging of an evaporated metallic deposit on the surface and an internal 

multipactor discharge, respectively. In the same year, Preist and Talcott [13] suggested that the 

dielectric window failure in microwave tubes could be attributed to excessive heating caused by 

“electron bombardment”. They proposed a theory and outlined the necessary conditions for such 

dielectric failure to take place which was essentially the first theoretical treatment of single surface 
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multipactor. In the late 1990’s Kishek et al. expanded on that theory and conducted a 

comprehensive study [4,50] on the topic.  

1.2.2. 1980’s-Present 

In the 1980’s, Vaughan [2] promoted an alternative to the constant-k theory from first 

principles. In contrast to the constant-𝑘 theory, Vaughan’s theory uses more realistic assumption 

of a monoenergetic nonzero initial velocity. It was adopted by many researchers in the 1990’s and 

2000’s such as Riyopoulos et al. [51–53], Kishek et al. [50,54–56], Ang. et al. [57], and Valfells 

et al. [58,59] etc. Riyopoulos et al. extended the theory to include a crossed-magnetic field  [51] 

and studied the multipactor saturation induced by space charge debunching [53]. Kishek et al. 

extensively studied the multipactor discharge and rf circuits interaction [54] and the phase focusing 

mechanism in the parallel plate geometry [55]. The numerous theoretical and computational 

studies and experimental investigations of the multipactor effect are summarized in the review 

articles of Vaughan [2] and Kishek [3] up through the time of their respective publication years of 

1988 and 1998.  

In 2010, S. Anza et al. proposed an alternative to the classical theory of electron dynamics 

called the nonstationary statistical theory [28] for both two surface and single surface multipactor 

with experimental validation. Recently, Moiz Siddiqi and Rami Kishek have proposed a map based 

theory [60] based on principles from nonlinear dynamics and chaos theory to study multipactor 

discharge. The theory has been employed in parallel plate geometry to study multipactor stability 

and growth [61] and to obtain susceptibility charts [62]. The theory has also been employed in 

single surface [63] and coaxial [64] geometry.  

The theory of multipactor discharge on single dielectric surface has been extensively 

researched since the 1980’s.  Notable numerical investigations were carried out employing Monte 
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Carlo (MC) particle simulations [3,5,40] and particle-in-cell (PIC) simulations [65]. The classical 

analytical theory based on electron dynamics has been employed to study the single surface 

susceptibility diagram [4] and power deposition on to the dielectric [57]. The effects of space 

charge [58,66], external electric and magnetic fields [5,59,67],  oblique rf electric fields [59,68], 

wave reflection [67], desorption or background gases [5,69] have been investigated. The transition 

of window breakdown from vacuum multipactor discharge to rf plasma has been studied, by both 

PIC simulations [65] and volume-averaged global models (GM) [70,71]. Analytical scaling laws 

have been derived for dielectric window breakdown in vacuum and collisional regimes [72]. Time-

dependent physics of single surface multipactor has been investigated [73].  

It is worthwhile to note that in addition to single and two surface geometries, multipactor 

discharge has been extensively studied for other geometries such as coaxial [34,64,74–77], 

rectangular [78,79], microstrip [80], circular [81,82], and elliptical [83] waveguides. Also 

noteworthy is that in recent years, along with numerical and analytical studies, much emphasis has 

been put on computer aided simulations of multipactor discharge using software such as the 

Multipactor Electron Simulation Tool (MEST) [84,85] and the Computer Simulation Technology 

(CST)  [86–88]. 

In recent years, studies on multipactor have heavily focused on its mitigation since 

avoiding multipactor is critical in the operation of certain systems as described in Section 1.1. 

Treatments to mitigate multipactor in various applications can be roughly categorized into two 

approaches. The first approach is mitigation by engineering the device susceptible to multipactor, 

which can be further categorized into three methods: conditioning of the components by the 

discharge [89], surface treatments such as coating [89–93], and geometrical modification [94–98]. 

Conditioning is a lengthy process that depends on the discharge affecting the surface 
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characteristics enough to quench itself. Surface treatments include using materials with low 

secondary electron yield (SEY), such as TiN [99,100], for device fabrication or surface coating. 

D. C. Joy provided [85] a large database of materials’ SEY which is very useful in this respect. 

However, there is lack of stable materials with low SEY, especially for extreme system 

requirements [93]. Geometrical modification can be useful in two ways. Firstly, artificially 

roughened or porous surfaces can be introduced to reduce the SEY [94–96,102,103].  Secondly, 

geometric modification can be employed to alter the trajectories of electrons so as to eliminate 

multipactor at frequencies of interest [104,105]. Although these processes can be effective for 

multipactor mitigation in future devices, components already in use in various applications often 

cannot benefit from these treatments. For example, replacement of existing microwave 

components in satellites that degrade system performance and face the risk of damage due to 

multipactor is not possible [106]. Moreover, system geometries may have engineering constraints 

or may be fixed by the necessary boundary conditions as in a waveguide, and other methods must 

be employed to prevent multipactor. 

The second approach of mitigation is by modifying the electric or magnetic fields that the 

devices are exposed to. This can be done by either applying external electric and/or magnetic fields 

or by modifying the driving rf electric field. A. Valfells et al. showed [59] that a large external 

magnetic field perpendicular to the rf electric field and to the normal electric field can significantly 

reduce multipactor on a single dielectric surface. C. Chang et al. demonstrated both 

theoretically [107] and experimentally [108] that high-power microwave (HPM) dielectric 

multipactor can be suppressed by utilizing external resonant magnetic field. O. A. Ivanov et al. 

demonstrated  [109] in their experimental study that an external dc bias repulsing the charges from 

a single dielectric (quartz) surface can mitigate multipactor. Mitigation by modification of the 
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driving rf electric field, such as the two-frequency and the multicarrier operation, is a rather vast 

domain itself that we will discuss in section 1.3. In 2011, Chang et al. summarized recent 

theoretical and experimental progress on improving HPM multipactor and breakdown 

threshold [110]. 

1.3. Multipactor and Multicarrier RF Operation 

Since the multicarrier rf operation has been extremely important in diverse applications in 

recent years, a number of studies have been conducted during this period to address multipactor 

discharge for the multicarrier rf operation. Majority of the studies on multicarrier rf field induced 

multipactor discharge have been carried out for two surface geometry. To tackle multicarrier 

multipactor discharge for parallel plate waveguides, the industry has widely adopted semi-

empirical multipaction threshold prediction methods [111] including the most commonly 

employed “20 gap crossing rule” [30] which is based on the dependency of the multipactor 

discharge on the signal envelope. The rule states that multipactor occurs when the multicarrier 

signal envelope exceeds the single carrier multipactor threshold for an interval equal or longer than 

20 times the time for an electron to cross the gap [111]. In the academia, S. Anza et al. generalized 

the nonstationary statistical theory for multicarrier signals [29] and showed that the prediction 

accuracy of the nonstationary theory is better than the 20-gap-crossing rule [31]. Siddiqi and 

Kishek employed their map based theory to investigate the long term multipactor discharge for 

two-frequency rf field [112]. Wong et al. recently proposed a model [36] to assess the effects of 

multipactor on the on the distortion of a signal for planer and coaxial geometry. They also proposed 

a novel way of using multipactor discharges for harmonic generation [113] by using the intrinsic 

phase-focusing mechanism of multipactor as a natural charge-bunching mechanism. A. A. Hubble 
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et al. studied multipactor under two-tone [114] and multicarrier [35] rf operations in microstrip 

geometry and proposed useful improvements in multipactor testing and diagnostics [115–117].  

Several studies have been conducted on the frequency domain analysis of two surface 

multipactor as well. Tang and Kudsia investigated  [118] multipactor breakdown and passive 

intermodulation (PIM) in microwave components for satellite applications. Zhang et al. 

investigated [119] passive intermodulation in a parallel plate transmission line (PPTL) caused by 

multipaction with 2-frequency and 4-frequency rf signals. Semenov et al. proposed a simplified 

analytical model  [120] to predict the spectrum of electric current induced by the multipacting 

electrons between two parallel electrodes exposed to a single frequency rf electric field.  

Multicarrier operation has also been found effective for multipaction mitigation. Semenov 

et al. [39] showed in early 2000’s that with two-frequency rf operation, mitigation of multipactor 

breakdown can be achieved in a metallic gap when the two carrier waves have close but separated 

frequencies. By employing the two-frequency rf field, Rice et al. [121] demonstrated the migration 

of multipactor trajectories to specific desirable locations in the parallel plate geometry for the 

purpose of cleaning the structure or reducing multipactor susceptibility. For the single surface 

geometry, Wen et al. [122] demonstrated reduction of multipactor discharge due to non-sinusoidal 

rf waveshapes, which is intrinsically a multi-frequency waveform, using Particle-in-cell 

(PIC) [65,73] and multiparticle Monte Carlo (MC) [123,124] simulations.  

Despite recent increased focus on multicarrier rf field induced multipactor, several key 

aspects in this domain still lack clear understanding. For example, multipactor susceptibility is not 

well characterized for single-surface and two-surface multipactor for multicarrier rf operation and 

the time dependent physics has not been comprehensively studied. In addition, the frequency 
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domain analysis of single surface multipactor is rarely studied. This thesis attempts to address 

some of these issues theoretically. 

1.4. Organization of this Dissertation 

This dissertation is organized into six chapters, with this introduction being Chapter 1. 

Chapter 2 provides theoretical and computational methodology for single surface multipactor 

discharge with two frequency rf fields in the absence of space charge effects. The electron 

dynamics as well as the relationship between multipactor and the secondary electron yield (SEY) 

of surfaces sustaining multipactor are discussed. Monte Carlo and analytical approaches to 

analyzing multipactor are then discussed. In the final section of the chapter, a novel multiparticle 

Monte Carlo simulation model is presented, which can be employed to investigate the time 

dependent physics of single surface multipactor discharge.  

Chapter 3 presents a detailed analysis of the time-dependent physics of multipactor discharge 

on a single dielectric surface with a transverse rf electric field of two carrier frequencies using the 

multiparticle Monte Carlo simulation model presented in Chapter 2. The time averaged multipactor 

susceptibility diagrams are constructed for two-frequency rf fields. Effect of the relative strength 

and phase of the second carrier mode on multipactor electron trajectories are presented. The phase 

space evolution of multipactor electrons is examined. Effect of non-integer frequency ratio on the 

time dependent physics is described.  

Chapter 4 presents the comprehensive frequency domain analysis of multipactor discharge 

on a single dielectric surface for both single- and two-frequency rf operations. The amplitude 

spectrum of the normal electric field, its frequency components and their strengths are analyzed.  

In Chapter 5 we present an investigation on two-surface multipactor discharge. First, we 

reproduce important previous results, such as the susceptibility charts, for the single frequency rf 
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operation, by employing both analytical and Monte Carlo approaches. Next, for two-frequency 

operation, susceptibility charts produced by Monte Carlo simulation are presented, showing the 

effects of the second carrier mode on multipactor susceptibility.  

Chapter 6 concludes this dissertation with a summary of the results obtained, and possible 

directions for future works.   
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CHAPTER 2: Fundamentals of Single Surface Multipactor and a Novel Multiparticle 

Monte Carlo Method 

 

In this Chapter, we present the theoretical and computational methodology of studying single 

surface multipactor discharge with two frequency rf fields in the absence of space charge effects. 

The chapter begins with discussions on the electron dynamics of single surface multipactor 

discharge and the secondary electron yield (SEY) of surfaces sustaining multipactor. Then we 

present the Monte Carlo and analytical approaches to analyze multipactor susceptibility on a 

dielectric. We discuss the limitations of existing Monte Carlo simulation schemes in investigating 

the time dependent physics of single surface multipactor discharge. Finally, we present a novel 

multiparticle Monte Carlo simulation model to overcome these limitations. This Chapter contains 

figures and excerpts from [40,123] which have been reproduced with permission from AIP 

Publishing.  

2.1. Electron Dynamics 

 

Figure 2.1. Schematic of the single surface multipactor discharge in a normal electric field and a 
parallel rf field with two carrier frequencies. 
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Figure 2.1 shows the schematic of single surface multipactor discharge. An rf electric field 

𝐸( = [𝐸#$ sin(𝜔𝑡 + 𝜃) + 𝛽𝐸#$ sin(𝑛(𝜔𝑡 + 𝜃) + 𝛾)]	is applied parallel to the surface along the y-

direction. Here 𝐸#$ is the peak electric field strength, 𝜔 is the angular frequency, and 𝜃 is the initial 

phase of the electric field, of the fundamental carrier mode. 𝛽 is the field strength of the second 

carrier mode relative to the fundamental mode, 𝛾 is the relative phase of the second carrier mode 

when (𝜔𝑡 + 𝜃) = 0 or integer multiple of 2𝜋, and 𝑛 is the ratio of the two carrier frequencies. The 

multipactor electrons are subjected to forces imposed by this parallel rf electric field and the 

normal electric field 𝐸" originating from the residual charge on the dielectric acting along the x-

direction (Fig. 2.1). In our studies, the possible space-charge effects due to multipactor electrons 

are not considered [16,40,65,123], except the varying strength of 𝐸", which is captured in Monte 

Carlo simulations, as discussed in Sec. 2.5 below [125]. Referring to Fig. 2.1, the flight trajectory 

of a multipactor electron is governed by the force law,  

𝑚 ;)<⃗
;2
= −	∣ 𝑒 ∣ w𝐸x⃗ #$ sin(𝜔𝑡 + 𝜃) + 𝛽𝐸x⃗ #$ sin(𝑛(𝜔𝑡 + 𝜃) + 𝛾) + 𝐸x⃗ "z. (2.1) 

The velocity of the electron is obtained as, 
 

𝑣" = − ∣5∣
%
𝐸"𝑡 + 𝑣'𝑠𝑖𝑛𝜙, (2.2a) 

𝑣( =
∣ 𝑒 ∣
𝑚𝜔 𝐸#$ |𝑐𝑜𝑠

(𝜔𝑡 + 𝜃) − 𝑐𝑜𝑠𝜃 +
𝛽
𝑛
[𝑐𝑜𝑠(𝑛(𝜔𝑡 + 𝜃) + 𝛾) − 𝑐𝑜𝑠(𝑛𝜃 + 𝛾)]~ 

+ 𝑣'𝑐𝑜𝑠𝜙, 

(2.2b) 

where 𝑣' and 𝜙 are the emission speed and emission angle with respect to the surface of the 

multipactor electron, respectively. From Eq. (2.2), we obtain the instantaneous position of a 

multipactor electron as, 

𝑥 = − ∣5∣
1%
𝐸"𝑡1 + 𝑣'𝑡𝑠𝑖𝑛𝜙 + 𝑥', (2.3a) 
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𝑦 = ∣5∣
%?

𝐸#$ �	
0
?
(𝑠𝑖𝑛(𝜔𝑡 + 𝜃) − 𝑠𝑖𝑛𝜃)	 − 𝑡𝑐𝑜𝑠𝜃 + @

:
� 0
:?
(sin(𝑛(𝜔𝑡 + 𝜃) + 𝛾) −

sin	(𝑛𝜃 + 𝛾)) − 𝑡𝑐𝑜𝑠(𝑛𝜃 + 𝛾)�	� +	𝑣'𝑡𝑐𝑜𝑠𝜙 + 𝑦'. 

(2.3b) 

Here 𝑥' and 𝑦' account for the initial position of the particles at 𝑡	= 0. The transit time 𝜏 of an 

electron in flight is calculated by solving Eq. (2.3a) for 𝑥 = 0. Note the solutions to Eq. (2.1) given 

in Eqs. (2.2a, 2.2b) and (2.3a, 2.3b) apply only during the intervals between any two consecutive 

impacts from the entire ensemble of particles upon the surface, during which the normal electric 

field 𝐸" remains constant. 𝐸" changes only upon the impact of any particle onto the dielectric 

surface. 

2.2. Secondary Electron Yield 

The average number of secondary electrons produced by the impact of each primary 

electron upon the surface is called the secondary electron yield, 𝛿. It is a function of the impact 

energy of the primary electron, 𝐸+, and the angle to the normal, 𝜉, at which it strikes the 

surface [10]. It also depends on material properties translating into two parameters, the maximum 

yield, 𝛿%&", and the energy at which it occurs, 𝐸%&". We specify these parameters and adopt 

Vaughan’s empirical formula [10], to estimate the secondary electron yield for normal 

incidence  [10,126] to estimate the secondary electron yield,  

A(C)
A!"#(C)

= 	(𝑤𝑒06E)F, for 𝑤 ≤ 3.6; (2.4a) 

A(C)
A!"#(C)

= 1.125/𝑤'.H9, for 𝑤 > 3.6, (2.4b) 

where 𝑤 = 𝐸+/𝐸%&", 𝑘 = 0.56 for 𝑤 < 1, 𝑘 = 0.25 for 1 ≤ 𝑤 ≤ 3.6. The parameters are 

adjusted in calculating the yield, for impact at an angle	𝜉 with respect to the normal (Fig. 2.1), 

according to the following equations [10,126]:   
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𝐸%&" = 𝐸%&"' �1 +
I$%C&

1J
�, (2.5a) 

𝛿%&" = 𝛿%&"' �1 +
I$'C&

1J
�. (2.5b) 

In this study, we choose 𝐸%&"' = 400𝑒𝑉	and 𝛿%&"' = 3 as the parameters for an impact 

angle 𝜉	 = 0 (i.e., normal to the surface, c.f. Fig. 2.1) which is typical for some materials used in 

rf windows [4]. 𝑘,K and 𝑘,A are a surface smoothness factors for E and 𝛿 ranging from 0 for a 

rough surface to 2 for a polished surface. In this paper we set the values 𝑘,K = 𝑘,A = 1, 

representing a typical dull surface [10,126]. Two values of impact energy, termed the first and 

second crossover points, 𝐸0 and 𝐸1, respectively, result in a yield of 1, with 𝛿 > 1 in between (Fig. 

2.2).  

 

Figure 2.2. SEY vs. incidence energy curves from Vaughan’s models for impact angle 𝜉	 = 0. 
 
2.3. Monte Carlo Simulation – Single Particle Approach 

To calculate the growth rate of the multipactor discharge and thus to construct the 

multipactor susceptibility diagram for a given set of surface charging field 𝐸" , and rf electric field 

𝐸#$, we follow the trajectory of a weighted macroparticle over a large number of impacts in a MC 

simulation [4,5,57]. The initial rf phase,	𝜃, is uniformly distributed over 0 < 𝜃 < 2𝜋 (Fig. 2.1). 
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Each time a macroparticle leaves the surface, we assign it a random initial energy 𝐸' = (½)𝑚𝑣'1 

	and angle 𝜙 according to the following distributions [4]: 

𝑓(𝐸') =
𝐸'
𝐸'%1

𝑒6L
K(
K(!

M, 
(2.6a) 

𝑔(𝜙) = 0
1
𝑠𝑖𝑛𝜙,       0 < 𝜙 < 𝜋 (2.6b) 

where 𝐸'% is the peak of the distribution of emission energies, on the order of the work function, 

i.e., a few eV. The expected value of 𝐸' is 2𝐸'%, and ∫ 𝑔(𝜙)𝑑𝜙 = 1 over 0 < 𝜙 < 𝜋. Substituting 

these random values of initial velocity and angle into Eqs. (2.2) and (2.3), we obtain the impact 

energy, 𝐸+, and impact angle, 𝜉, and hence, the secondary electron yield, 𝛿, from Eq. (2.4). We use 

this value of the yield to adjust the charge and mass on the macroparticle and then emit it again 

with a random velocity. We repeat the process to obtain a series of yields (𝛿0. 𝛿1…𝛿N) for a large 

number of impacts. In order to average out the dependence of a secondary electron’s flight 

trajectory upon the rf conditions of a primary electron’s impact onto the surface, the phase of the 

rf field 𝜃 can be randomly assigned at the beginning of each flight. Alternatively, the rf phase 𝜃 is 

randomly assigned only initially, and then calculated self-consistently (𝜃+O0 = 𝜃+ + 𝜔𝜏+) at the 

beginning of each flight for a given macroparticle, the process of which is then repeated for many 

independent macroparticles. It is found that the two approaches yield very similar results in terms 

of multipactor susceptibility. In this study, we present the results using the latter method. The 

average value of secondary yield over N impacts is then calculated as 𝛿̅ = (𝛿0. 𝛿1…𝛿N)0/N, where 

a large 𝑁 (e.g. = 200) is used in the calculation. The simulation is then repeated for 𝑀 = 100 

(independent) macroparticles. The median value of the secondary yield of these M independent 

macroparticles is calculated, which represents either an exponentially growing (𝛿 > 	1) or an 

exponentially decaying (𝛿 < 	1) trend in the number of electrons in the avalanche. This trend 
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depends on the external parameters, such as 𝐸" , 𝐸#$ , 𝛿%&"', 𝜃, 𝑛, 𝛽, and 𝛾. For any given values 

of the fields, this average value of the secondary electron yield, averaged over the distributions of 

random emission energy, emission angle, and rf phase at emission, gives the growth rate. The 

boundaries of the multipactor susceptibility are determined when 𝛿 = 	1, i.e., the exponential 

growth rate of the electrons equals zero. Figure 2.3 shows susceptibility diagrams obtained from 

the single particle Monte Carlo simulation with single- and two- frequency rf fields. Roughly, the 

lower (upper) boundary corresponds to electron impact energy on the dielectric surface equal to 

the first (second) crossover point in the secondary electron yield curve [4]. Typically, multipactor 

saturation occurs at the lower boundary.  

 

Figure 2.3. Multipactor susceptibility boundaries obtained from single particle Monte Carlo 
simulation in the (𝐸",𝐸#$) plane for 𝛿%&"' = 3, 𝐸'%/𝐸%&"' = 	0.005, with (a) single frequency 

rf field, (b) two frequency rf field with 𝑛 = 2, 𝛾 = 0, and 𝛽 = 1. For both cases, we use a 
fundamental rf frequency, 𝑓#$ = 1𝐺𝐻𝑧. The colored region is the multipactor susceptibility 

region. 
 

2.4. Analytical Solution 

We follow Ref.  [4,40] and assume that all electrons are emitted normal to the surface (i.e., 

𝜙	 = 	90' in Fig. 2.1), with a single energy 𝐸' = (½)𝑚𝑣'1 = 2𝐸'%. Hence, substituting 𝜙 =	90' 

into Eqs. (2.2)– (2.4), averaging over rf phase 𝜃, and setting the resulting average impact energy 
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equal to 𝐸0 and 𝐸1 at 𝜉 ≈ 	𝜋/2 [cf., Eqs. (2.4) and (2.5)], we obtain the following normalized 

equations for the lower and upper boundaries: 

𝐸�#$0,1 = �
1KQ),&

06/8,RQO+
&

,&
(06/8,:RQ)O+,[TUV(:RQ6RQOW)6TUV(RQ6W)6TUV(:RQOW)O/8,W]

, 
(2.7) 

where 𝐸�#$0,1 =
∣5∣K-.),&

?Y%K!"#(
 ,𝐸�0,1 =

K),&
K!"#(

,  	𝜏̅ = 1Y1KQ(
KQ#

   , 𝐸�' =
K(

K!"#(
    , and 𝐸�" =

∣5∣K#
?Y%K!"#(

. When 

𝛽 = 0, Eq. (2.7) recovers the following boundaries of multipactor susceptibility for a single 

frequency rf field only [4],     

𝐸�#$0,1 = � 2𝐸�0,1
1 − 𝑐𝑜𝑠𝜏̅

	. 
(2.8) 

 

Figure 2.4. Multipactor susceptibility boundaries obtained from analytical calculation of Eqs. 
(2.8) and (2.7) (red lines) and from single particle Monte Carlo simulation (black lines) in the 
(𝐸",𝐸#$) plane for 𝛿%&"' = 3, 𝐸'%/𝐸%&"' = 	0.005, with (a) single frequency rf field, (b) two 

frequency rf field with 𝑛 = 2, 𝛾 = 0, and 𝛽 = 1. For both cases, we use a fundamental rf 
frequency, 𝑓#$ = 1𝐺𝐻𝑧. 

 
Figure 2.4 shows the multipactor region boundaries calculated from Eqs. (2.7) and (2.8) 

(red lines) and from the single particle MC simulation described in section 2.3 (black lines). The 

difference between the MC results and the analytical results is due to the simplified assumptions 



 20 

of the analytical solution. It is important to note that, implicit in the derivation of the analytical 

solution for the single surface multipactor susceptibility under two-frequency fields, we assume 

constant relative phase between the two carriers. In the early stage of multipactor discharge, or 

when the frequency ratio of the two carriers, 𝑛, is very close to unity, the evolution of relative 

phase is very slow with time, so that the relative phase may be regarded roughly as a constant. 

2.5. Limitation of the Single Particle Monte Carlo Approach 

Kishek et al. first employed the single particle Monte Carlo simulation approach for 

analyzing single surface multipactor susceptibility boundaries [3,4]. Later Ang et al. adopted this 

approach [57] for investigating time dependent physics of single surface multipactor.  

To study the time dependent physics, a small normal electric field 𝐸" is assigned only 

initially, and then calculated self-consistently as 𝐸",+ =
Z/,0
1[(

 at the beginning of each flight 𝑖 for the 

macroparticle, where 𝜎5,+ =
\/,0
]

 is the surface charge density, 𝑞5,+ is the charge contained in the 

macroparticle producing this normal electric field, and 𝐴 is the surface area (1𝑚1). The simulation 

is carried out for 𝑁 impacts of the macroparticle on the surface. The temporal profiles of the rf 

electric field 𝐸( , the electric field normal to the dielectric surface 𝐸", and the secondary electron 

yield 𝛿	are obtained by converting the iteration number 𝑁 into the scale of time using the transit 

times 𝜏+ 	 for each iteration. Figure 2.5 shows these temporal profiles obtained from the single 

particle MC simulation. 
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Figure 2.5. Instantaneous rf electric field, 𝐸( (solid blue lines), normal electric field, 𝐸" (broken 
black lines), and secondary electron yield, 𝛿 (dotted red lines), for single frequency rf field, 𝛽 =
0 obtained from single particle MC simulation. The average secondary electron yield 𝛿&)* = 1 

in the saturation regime. In the calculation, we set 	𝑓#$ = 1GHz and 𝐸#$ = 3MV/m. 
 
 As we can observe from Fig. 2.5, the temporal profiles of the rf (𝐸() and the normal (𝐸") 

electric fields, as well as the secondary electron yield (𝛿) obtained from the single particle MC 

simulation are of very low resolution. This is because the simulation is carried out with only one 

macroparticle and the total charge producing the normal electric field is assumed to be contained 

in that single macroparticle.  

To overcome the limitation of single particle MC simulation, Kim and Verboncoeur adopted 

a variable number of particles approach [73], where the number of particles is varied in the 

simulation while the charge per particle is kept fixed. This allows for better statistics in a growing 

discharge, but is computationally costly [73], as the fixed time steps have to be set small compared 

to the time of flight of the particles between subsequent bounces on the surface.  

2.6. Multiparticle Monte Carlo Simulation 

In this section, we present a new one-dimensional multiparticle Monte Carlo (MC) 

simulation model [123] with adaptive time steps as a tool to investigate the time dependent physics 

of a single surface multipactor discharge.  
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In our model, we consider a system with many macroparticles. The number of 

macroparticles is held fixed throughout the simulation. Upon impact of each macroparticle onto 

the surface, the charge and mass in that macroparticle and the normal electric field to the dielectric 

surface are updated according to the secondary electron yield [10] and Gauss’s law respectively. 

This approach captures the statistics better than the single particle approach. However, since the 

number of macroparticles is fixed in this model, it still offers a simpler and less costly 

implementation than the variable number of particles approach. More importantly, the time 

intervals between subsequent bounces of different macroparticles on the surface are calculated 

exactly. 
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Figure 2.6. Schematic of MC modeling of the single surface multipactor discharge: (a) single 
particle model; the number of electrons in flight, 𝑄+, total surface charge, 𝑁,+, and normal 

electric field, 𝐸"+, are updated at each impact of a single macroparticle onto the surface. (b) 
multiparticle model; multiple macroparticles are in flight, each iteration traces one impact of a 
macroparticle onto the surface; the charge, 𝑞+, and mass, 𝑚+, of only the incident macroparticle 

hit on the surface is updated after each iteration. Total surface charge, 𝑁,+, and the normal 
electric field, 𝐸"+, are calculated as described in the text.  
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A single dielectric surface is exposed to a parallel rf electric field, 𝐸#$. An initial electric 

field 𝐸"' is assigned normal to the dielectric surface. This initial normal electric field is very small 

compared to the rf amplitude (𝐸"'~𝐸#$'/30). From Gauss’s Law we have, 𝐸"' =
Z/
1[(

, where 𝜎5 =

N$(5
]

 is the surface charge density, 𝑁,' is the initial positive surface charge producing this normal 

electric field, and 𝐴 is the surface area (1𝑚1). Therefore, we can calculate 𝑁,' =
1]K#([(

5
 from 𝐸"'. 

A number of macroparticles (𝑁 = 200) are emitted from the dielectric surface at time 𝑡 = 0 

(Fig.2.6). Each macroparticle is assigned a random emission energy 𝐸'  and random emission 

angle 𝜙 according to the distributions given in Eq. (2.6).  

For charge neutrality, the total number of electrons in these macroparticles in flight is equal 

to 𝑁,'. These initial electrons are considered to be uniformly distributed in the macroparticles. 

Therefore, the initial charge in 𝑗th macroparticle is 𝑞^,' = 𝑒𝑁,'/𝑁 , where 𝑒 is the electronic 

charge. The trajectories of the macroparticles are governed by the force law: 

𝑚
𝜕𝑣⃗
𝜕𝑡 = −	∣ 𝑒 ∣ w𝐸x⃗( + 𝐸x⃗ "z, 

(2.9) 

The macroparticles gain energy from the electric fields while in flight. After the period of 

flight, a macroparticle strikes the surface to emit secondary electrons [10,126]. In each iteration, 

we record one impact of a macroparticle upon the dielectric surface, with the transit time being 

calculated exactly (Fig. 2.6).  

During the ith iteration, we first calculate the transit time,	𝜏 , of each macroparticle from 

the force law. The particle with the minimum transit time, 𝜏%+:,+, strikes the surface first, yielding 

secondary electrons. We use Vaughn’s empirical formula [10,126] to calculate the secondary 

electron yield (SEY), 𝛿, at each impact. 
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 If the 𝑘th macroparticle with charge 𝑞F,(+60) strikes the surface at the ith impact, and the 

secondary electron yield for this impact is	𝛿+, then the charge in the 𝑘th macroparticle is updated 

for the next iteration as 𝑞F,+ = 𝛿+𝑞F,(+60). During this impact, 𝑞F,(+60) negative charge strikes the 

surface and 𝛿+𝑞F,(+60) negative charge is emitted from the surface. Therefore, the positive surface 

charge is updated for the next iteration as 𝑁,+ = 𝑁,(+60) + 𝑞F,(+60)(𝛿+ − 1). The normal electric 

field is updated as 𝐸"+ =
N$05
1][(

. The charge in all other macroparticles in flight remain unchanged 

by this impact, i.e., for any jth particle that does not strike the surface, the charge is updated as 

𝑞^,+ = 𝑞^,(+60) for the next iteration. We record the position, 𝑥 ,+, and the instantaneous velocity, 

𝑣 ,+, of these macroparticles at each impact. These values are used as initial conditions to calculate 

transit times during the next iteration. The rf phase, 𝜃, is updated self consistently [40] at each 

iteration. 

The 𝑘th macroparticle, incident during the ith iteration, is then emitted from the surface 

again at the (i+1)th iteration with updated charge 𝑞F,+, a new emission energy, 𝐸',  and a new 

emission angle, 𝜙, according to the distributions given by Eq. (2.6). We continue this process for 

𝑛 impacts (or iterations). The temporal profiles of the surface charge 𝑁, and the normal electric 

field to the dielectric surface 𝐸" are obtained by converting the iteration number 𝑛 into the scale 

of time using the transit times 𝜏%+:,+ 	 for each iteration. 𝐸" obtained at this stage is on a non-

uniform grid in time. We divide the time scale in uniform bins and compute the average 𝐸" in each 

of those bins.    
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Figure 2.7. Instantaneous rf electric field, 𝐸( (solid blue lines), normal electric field, 𝐸" (broken 
black lines), and secondary electron yield, 𝛿 (dotted red lines), for single frequency rf field, 𝛽 =
0 obtained from multiparticle MC simulation. The average secondary electron yield 𝛿&)* = 1 in 

the saturation regime. We set 	𝑓#$ = 1GHz and 𝐸#$ = 3MV/m in the calculation. 
 

As we can observe from Fig. 2.7, the multiparticle MC simulation scheme is able to resolve 

the statistics of the time dependent physics of single surface multipactor with much greater 

accuracy than the single particle MC simulation (Fig 2.5). The temporal profiles of the rf (𝐸() and 

the normal (𝐸") electric fields, as well as the secondary electron yield (𝛿) obtained from the 

multiparticle MC simulation are of high resolution. We observe that the temporal profiles of the 

normal electric (𝐸") and the secondary electron yield (𝛿) oscillate at twice the rf frequency which 

agrees with the results obtained by Kim and Verboncoeur [73] from the variable number of 

particles approach and the Particle in Cell (PIC) simulations. In our MC model, the possible change 

of 𝐸" during an iteration is not accounted for. The diagnostics are sampled over each iteration time 

step. In addition, space charge effects [58] are not considered. However, Fig. 2.8 shows that the 

temporal profiles of 𝐸" obtained from the PIC simulation of Kim and Verboncoeur (Fig. 2(b) 

of  [73]) which accounts for space charge effects and from our multiparticle MC technique (Fig. 

2(a) of  [123]) match almost exactly, for the special case of rf electric field amplitude 𝐸#$' =

3MV/m and rf frequency 𝑓#$ = 1GHz. This indicates that the effects of space charge may not be 
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significant for the parameter space explored in this study. A detailed examination on the effects of 

space charge on single-surface multipactor dynamics and susceptibility is needed for future 

research, which is beyond the scope of this thesis. 

 

Figure 2.8. The temporal profiles of the normal electric field 𝐸" for rf electric field amplitude 
𝐸#$' = 3𝑀𝑉/𝑚 and rf frequency 𝑓#$ = 1𝐺𝐻𝑧 from PIC simulation  [73] (dashed black line) and 

the multiparticle MC simulation (solid blue line) [123]. The results from the MC simulations 
match almost exactly with that of the PIC simulation. 

 
In this dissertation we will rely on the multiparticle Monte Carlo simulation model to study 

the single surface multipactor discharge.   
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CHAPTER 3: Time Dependent Physics of Single Surface Multipactor with Two-Frequency 

RF Fields 

 

In this Chapter, we present a detailed analysis of the time-dependent physics  [125] of 

multipactor discharge on a single dielectric surface with a transverse rf electric field of two carrier 

frequencies 𝐸( = [𝐸#$ sin(𝜔𝑡 + 𝜃) + 𝛽𝐸#$ sin(𝑛(𝜔𝑡 + 𝜃) + 𝛾)]	. We employ the multiparticle 

Monte Carlo simulation model presented in the Chapter 2 to analyze the temporal profiles of the 

secondary electron yield and the normal surface charging electric field. Next, we present the time 

averaged multipactor susceptibility diagrams for two frequency rf fields. We discuss the effect of 

the relative strength and phase of the second carrier mode on multipactor electron trajectories and 

examine the phase space evolution of multipactor electrons. Effect of frequency ratio on the time 

dependent physics is described in the last section of the Chapter [125]. This Chapter contains 

figures and excerpts from [125] which have been reproduced with permission from American 

Physical Society. 
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3.1. Time Dependent Electric Fields and Secondary Electron Yield 

  

Figure 3.1. Top row: Instantaneous rf electric field, 𝐸( (solid blue lines), normal electric field, 𝐸" 
(broken black lines), and secondary electron yield, 𝛿 (dotted red lines), for (a) single frequency rf 

field, 𝛽 = 0, (b) two carrier frequencies of the rf field with frequency ratio 𝑛 = 2, relative 
strength of the second carrier frequency, 𝛽 = 1, and initial relative phase of the second carrier 
frequency, 𝛾	= 0, (c) two carrier modes with 𝑛 = 2, 𝛽 = 1, 𝛾 = 𝜋/2, and (d) two carrier modes 
with 𝑛 = 2, 𝛽 = 1, 𝛾' = 𝜋. Bottom row: The corresponding plots of trajectories of the electric 

field (𝐸"(𝑡), 𝐸((𝑡)). The cyan region is the multiapctor susceptibility region obtained by 
applying constant electric field, 𝐸(,./, parallel to the surface [73,123,127]. In (a) – (d), the 

average secondary electron yield 𝛿&)* = 1 in the saturation regime. In all the calculations, we set 
	𝑓#$ = 1𝐺𝐻𝑧. For the single frequency case, we set 𝐸#$ = 3𝑀𝑉/𝑚, and for the cases with two 

carrier frequencies, we set 𝐸#$ = 3/√2	𝑀𝑉/𝑚. 
 

With the addition of the second carrier mode, the overall rf electric field will become 

periodically modulated, which is expected to distort the electrons’ trajectory, leading to modified 

multipactor dynamics [123]. Figure 3.1 shows the temporal profiles of the rf signal,	𝐸( (solid blue 

lines), secondary electron yield, 𝛿 (dotted red lines), and normal electric field,	𝐸", (broken black 

lines) for two-frequency excitations with various 𝛾, and with fixed 𝑛 = 2, 𝛽 = 1, and	𝑓#$ =

1𝐺𝐻𝑧. In Fig. 3.1(a), the single frequency rf signal 𝐸( with amplitude 𝐸#$,,+:*!5 = 3𝑀𝑉/𝑚 

produces the secondary electron yield 𝛿 and the normal electric field 𝐸" that oscillate at twice the 
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rf frequency as shown previously by Kim and Verboncoeur [73]. Figures 3.1(b)-(d) show the same 

plots for two-frequency rf signals. Individual carrier amplitudes of the two-frequency signals in 

Figs. 3.1(b)-(d) are chosen as 𝐸#$,.3&! = 𝐸#$,#%,,,+:*!5 = 3/√2	𝑀𝑉/𝑚 so that the average rf 

power of a two-frequency signal is equal to the average rf power of the single-frequency signal. 

Figures 3.1(e)-(h) show the closed Lissajous curves for the field configurations of Figs. 3.1(a)-(d) 

respectively, describing the temporal relationship between the fields normal (𝐸") and parallel (𝐸() 

to the surface. The cyan region in the Lissajous curves indicates the parameter regime where the 

multipactor discharge grows. When both components of the electric field (𝐸" , 𝐸() are in this cyan 

regime, it is expected that the number of electrons 𝑁, grows due to multipaction and the normal 

electric field 𝐸" increases. Otherwise, the normal electric field 𝐸" and hence the multipactor 

electron population 𝑁, decrease. Careful examination of the temporal profiles shows that there is 

a slight overshoot when crossing the boundaries: the growth continues for a short time after the 

curve exits the cyan region, and likewise, decay continues for a short time after the curve enters 

the cyan region. This overshoot might be the result of the inertia of particles.  

We find in Fig. 3.1(b) that when 𝑛 = 2, 𝛽 = 1, and 𝛾 = 0 the temporal profiles of the 

secondary electron yield 𝛿	and normal electric field 𝐸" oscillate at four times the rf frequency [123] 

and consequently there are two large loops and two small loops in the closed Lissajous curve of 

Fig. 3.1(f). In Fig. 3.1(c), the temporal profiles of 𝛿 and 𝐸" oscillate at three times the rf frequency 

for 𝛾 = 𝜋/2. As a result, there are two relatively small loops and one relatively large loop in the 

closed Lissajous curve of Fig. 3.1(g), resulting in a periodic asymmetry of electric field conditions 

in the horizontal 𝑦-direction. Figures 3.1(d) and 3.1(h) show the temporal profiles of 𝐸(, 𝛿, 𝐸" and 

the corresponding closed Lissajous curve respectively, for 𝛾 = 𝜋.  It is noteworthy that the rf fields 

(𝐸() for 𝛾 = 0 and 𝛾 = 𝜋 are similar but acting in opposite directions. Therefore, the temporal 
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profiles of 𝛿 and 𝐸" in Fig. 3.1(d) have similar oscillation patterns to those of Fig. 3.1(b), so are 

for the Lissajous curves in Figs. 3.1(h) and 3.1(f).  

By interpolating the values of 𝐸( where the Lissajous curves cross the susceptibility 

boundaries and substituting these values in 𝐸( = [𝐸#$ sin(𝜔𝑡 + 𝜃) + 𝛽𝐸#$ sin(𝑛(𝜔𝑡 + 𝜃) + 𝛾)]	 

for Figs. 3.1(e)- (h), we can determine the corresponding values of time 𝑡 and quantify the amount 

of time in a period spent by the electric fields in the growth regime (cyan region of the 

susceptibility diagram) and in the decay regime (white region of the susceptibility diagram). We 

also compare the time averaged normal electric fields due to surface charging, corresponding to 

the multipactor strengths in the system, for the single- and two-frequency operations. The results 

are summarized in Table 3.1.  

 

rf field configuration 

Percentage of time spent in 

growth (decay) regime during 

one rf period (𝟏𝒏𝒔) of the 

fundamental frequency 

Time averaged 

normal electric 

field 𝑬𝒙 

(MV/m) 

in large loops in small loops 

Single frequency 20%	(80%)  0%	(0%) 0.9 

 

Two-

frequency 

𝒏 = 𝟐, 𝜷 = 𝟏, 𝜸 = 𝟎 13%	(54%) 17%	(16%) 0.756 

𝒏 = 𝟐, 𝜷 = 𝟏, 𝜸 = 𝝅/𝟐 8%	(25%)  21%	(46%) 0.775 

𝒏 = 𝟐, 𝜷 = 𝟏, 𝜸 = 𝝅 13%	(54%)  17%	(16%) 0.75 

 
Table 3.1. Time spent by the electric fields in the growth and decay regions and the time 

averaged normal electric field values for different rf field configurations obtained from the 
temporal investigation of Fig. 3.1. 

 
Note that for the two-frequency cases, the time in the growth regime in the small loops are 

relatively long, where the growth rate is low, resulting in a relatively small multipactor electron 
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population during this time interval. In contrast, the time spent in the growth regime of the large 

loops in these cases are much shorter than that of the single frequency case. The time averaged 

normal electric field in the two-frequency cases (< 0.78MV/m), corresponding to the multipactor 

strength in the system, are reduced from that of the single frequency case (~0.9MV/m) for the 

same rf power. 

 

Figure 3.2. Top row: Instantaneous rf electric field, 𝐸( (solid blue lines), normal electric field, 𝐸" 
(broken black lines), and secondary electron yield, 𝛿 (dotted red lines), for two-frequency cases 
with frequency ratio 𝑛 = 2, initial relative phase of the second carrier frequency, 𝛾 = 𝜋/2 , and 
relative strength of the second carrier frequency, (a) 𝛽 = 1, (b) 𝛽 = 0.75, (c) 𝛽 = 0.5, and (d) 

𝛽 = 0.25. Bottom row: The corresponding plots of trajectories of the electric field 
(𝐸"(𝑡), 𝐸((𝑡)). The cyan region is the multiapctor susceptibility region obtained by applying 

constant electric field, 𝐸(,./, parallel to the surface [73,123,127]. In (a) – (d), the average 
secondary electron yield 𝛿&)* = 1 in the saturation regime. In all the calculations, we set 	𝑓#$ =

1GHz and 𝐸#$ = 3/√2	MV/m. 
 

Figure 3.2 shows temporal profiles of the rf signal,	𝐸( (solid blue lines), secondary electron 

yield, 𝛿 (dotted red lines), and normal electric field,	𝐸", (broken black lines) for 𝑛 = 2 and 𝛾 =

𝜋/2, when the relative strength 𝛽 decreases from 1, 0.75, 0.5	to	0.25. As 𝛽 decreases from Fig. 

3.2(a)-(d), the oscillation in the temporal profiles of 𝐸" and 𝛿 gradually transfers from three times 
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of the rf frequency to twice of the rf frequency. The third loop in the closed lissajous curve 

gradually disappears from Fig. 3.2(e)-(h) and two loops remain, resembling the single frequency 

case. This is consistent with the results of Iqbal et al. [40] that the effect of the second carrier mode 

on the multipactor susceptibility becomes less prominent as the relative strength of the second 

carrier mode decreases.  

3.2. Time Averaged Multipactor Susceptibility 

To calculate the multipactor susceptibility diagram, we use the multiparticle MC model 

described in Chapter 2, but keep the normal electric field 𝐸" fixed at its input value throughout the 

simulation [4,5,40]. The average value of secondary electron yield over 𝑛+ impacts (or iterations) 

is calculated as 𝛿̅ = (𝛿0. 𝛿1…𝛿:)0/:0, where a large 𝑛+ is used in the calculation 

(𝑛+ 	~	80000	impacts for 𝑁 = 200 macroparticles here) to estimate the 𝛿̅ over a time duration  

corresponding to integer multiple of an rf period. This average value 𝛿̅ represents either a growing 

(𝛿 > 	1) or decaying (𝛿 < 	1) trend in the number of electrons in the avalanche, which depends on 

the input parameters, 𝐸" , 𝐸#$ , 𝛿%&"', 𝑛, 𝛽, and 𝛾. The boundaries of the multipactor susceptibility 

are determined where 𝛿 = 1.  

For a two-carrier electric field, 𝐸( = [𝐸#$ sin(𝜔𝑡 + 𝜃) + 𝛽𝐸#$ sin(𝑛(𝜔𝑡 + 𝜃) + 𝛾)]	, 

During the early stage of multipactor discharge if the frequency ratio of the two carriers, 𝑛, is very 

close to unity, the evolution of relative phase is very slow with time. In this case, we can assume 

that relative phase remains constant with time in the Monte Carlo simulation, as described in 

section 2.4 as well as in Ref [40]. In contrast, when the frequency ratio 𝑛 is not close to unity, the 

relative phase evolves quickly with time, which has to be self-consistently considered in the Monte 

Carlo simulation. In this case, the relative phase evolves self-consistently as (𝑛 − 1)𝜃+O0 + 𝛾 at 

each iteration, where 𝑖 is iteration index.  



 34 

 

Figure 3.3. Multipactor susceptibility with two carrier frequencies of the rf field from MC 
simulation for different 𝛾 in Eq. (2.1), for  𝛿%&"' = 3, 𝐸'%/𝐸%&"' = 	0.005, relative frequency 

of the second carrier, 𝑛 = 2,	and relative strength of the second carrier, 𝛽 = 1 . Top row: the 
relative phase is kept fixed at the initial value; bottom row: the relative phase evolves with time.  

 
Figure 3.3 shows the comparison of the two-frequency fields induced multipactor 

susceptibility diagrams with constant relative phase of the two carriers as in Ref [40], and with 

evolving relative phase, for 𝑛 = 2 and 𝛽 = 1. For the cases of constant relative phase in Figs. 

3.3(a)-(d), the slopes of both upper and lower susceptibility boundaries increase significantly, as 

𝛾 increases from 0 to 𝜋  [40]. However, for the cases of relative phase evolving with time in Figs. 

3.3(e)-(h), the slope of the lower susceptibility boundary decreases slightly as 𝛾 increases from 0 

to 𝜋/2	and then increases again with 𝛾 = 𝜋, while the upper susceptibility boundary remains 

almost unaffected by the change of 𝛾. While Ref [40] concludes that the presence of a second 

carrier mode can change the multipactor susceptibility boundaries, with the highest threshold 

achieved at 𝛾 = 𝜋, our study here shows that the effect of γ on the susceptibility boundaries is not 

prominent when the relative phase between the two carriers evolves over time. 
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Note that the assumption of constant relative phase of the second carrier in Iqbal et al.  [40] 

is reasonable during the early stage of multipactor discharge if the frequency ratio of the two 

carriers, n, is very close to unity and therefore the evolution of relative phase is slow with time. 

When the frequency ratio n is not close to unity, the relative phase evolves quickly with time, 

which has to be self-consistently considered, as in Figs. 3.3(e) – (h) from our multiparticle MC 

model. 

For a given rf field 𝐸#$, we can estimate the saturation levels of the normal electric field, 

𝐸", at the lower susceptibility boundaries of the single- and two-frequency susceptibility diagrams 

of Figs. 3.3(e)-(h). For the single frequency case, the saturation level of 𝐸"	estimated from the 

susceptibility diagram of Fig. 3.3(e) is about 0.9MV/m with 𝐸#$,,+:*!5 = 3MV/m. For the two-

frequency cases with 𝐸#$,.3&! = 3/√2	MV/m for the same input power as of the single frequency 

case, the saturation levels of 𝐸" estimated from the susceptibility diagrams of Figs. 3.3(f)-(h) are 

about 0.73MV/m,	0.76MV/m, and 0.73MV/m	respectively. These values are in excellent 

agreement with the values obtained from our temporal investigation shown in Table 3.1 above.   
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3.3. Multipactor Electron Trajectories 

 

Figure 3.4. Top row: Horizontal (along the dielectric surface) and vertical (normal to the surface) 
excursions of 𝑁 = 50 multipacting macroparticles with respect to time, for (a) single-frequency 

rf electric field with 𝑓#$ = 1GHz, and (b) two-frequency rf electric field with 𝑓#$ = 1GHz, 𝜃 = 0, 
𝛽 = 1, 𝑛 = 2, 𝛾 = 𝜋/2	. Charge contained in the macroparticles are shown in the color bar. 

Mean displacements of the macroparticles with respect to time are shown as projections on the 
horizontal and vertical planes. Bottom row: Comparison of the mean horizontal displacements 

for the single- and two-frequency rf electric fields with 𝑓#$ = 1GHz, 𝜃 = 0, 𝑛 = 2, and 𝛾 =
0, 3𝜋/16, 𝜋/2, 19𝜋/16, 3𝜋/2, for (c) 𝛽 = 1 and (d) 𝛽 = 0.5. 

 
We have examined the multipacting particle trajectories for different rf field configurations 

when a second carrier mode is present in the rf field, as shown in Figs. 3.4(a) and 3.4(b). In our 

simulation, the vertical and horizontal excursions, controlled by the normal and parallel electric 

fields respectively, of 𝑁 = 50 macroparticles are monitored over time. The charge contained in 

the macroparticles is shown in the color bar on the right side of each plot. For charge neutrality, 
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the total charge contained in the macroparticles is equal to the total surface charge 𝑁,, which 

corresponds to the normal electric field 𝐸" at x = 0. In both plots of Figs. 3.4(a) and (b), as the 

normal electric field (or total surface charge 𝑁,) increases, the particles are drawn close to the 

surface and consequently their vertical excursions are small. During this period, their flight times 

are reduced, and they impact the surface with less energy. As a result, the SEY drops (see Fig. 

3.1(a)-(b)) and the normal electric field grows weaker. When the normal electric field is weak, the 

macroparticles containing less charge than before make farther excursions from the surface. Their 

flight times increase, allowing them to gain more energy from the rf electric fields, which 

consequently increases the SEY of the impacts (Fig. 3.1(a)-(b)). As a result, the normal electric 

field increases again and brings the trajectories of the particles closer to the surface. This process 

continues periodically, at twice the rf frequency for the single frequency operation in Fig. 3.4(a), 

and at three times the fundamental rf frequency for the two-frequency operation with 𝛽 = 1, 𝑛 =

2,	and	𝛾 = 𝜋/2 in Fig. 3.4(b).  

The horizontal excursions of the particles depend on the rf electric field acting parallel to 

the surface. The macroparticles, containing negatively charged electrons, accelerate in the opposite 

direction of the rf electric field. For the single frequency case, the rf field has periodic symmetry 

in the positive and negative 𝑦-directions. Therefore, the horizontal excursion of the particles during 

the positive half cycle of the rf period is compensated during the negative half cycle of the rf period 

and the mean horizontal displacement of the particles is almost negligible over the complete rf 

period, as evident from Fig. 3.4(a). However, for the two-frequency case, the periodic symmetry 

of the rf field in the y-direction is typically not present, as seen from Figs. 3.1(b)-(d) and 3.2(b)-

(d). During an rf period of 1 ns of the fundamental mode carrier for 𝛽 = 1, 𝑛 = 2,	and	𝛾 = 𝜋/2, 

the rf field acts in the +𝑦 direction for roughly 0.67ns and in the -𝑦 direction for roughly 0.33ns. 



 38 

Due to the periodic asymmetry of the rf field, a mean horizontal excursion of the negative charges 

in the -𝑦 direction in one rf period of the fundamental carrier is observed, as shown in Fig. 3.4(b).  

The mean horizontal displacements with time for various two-frequency fields are 

summarized in Figs. 3.4(c)-(d). Figure 3.4(c) shows that for three cases: the single frequency field 

(dashed black line), i.e., 𝛽 = 0, as well as for the two-frequency rf fields with 𝛽 = 1, 𝑛 =

2, and	𝛾 = 0	(solid red line) and	π (solid magenta line),	the mean horizontal displacement of the 

macroparticles is almost negligible over the complete rf period. This is due to the periodic 

symmetry of the rf electric fields, as shown in Figs. 3.1(a)-(b) and (d). For	0 < 𝛾 < 𝜋, the periodic 

asymmetry of the rf field causes a mean horizontal displacement of the macroparticles in the −𝑦 

direction and the maximum horizontal displacement occurs for 𝛾 = 𝜋/2. On the other hand, for 

		π < 𝛾 < 2𝜋, the periodic asymmetry of the rf field causes a mean horizontal displacement of the 

macroparticles in the +𝑦 direction and the maximum horizontal displacement occurs for 𝛾 =

3𝜋/2. When the relative strength of the second carrier mode is lower, i.e. 𝛽 = 0.5 in Fig. 3.4(d), 

the magnitudes of the mean horizontal displacement of the macroparticles decrease compared to 

those of 𝛽 = 1. However, the directions of the mean horizontal displacements for 0 < 𝛾 < 𝜋 and 

π < 𝛾 < 2𝜋 remain the same for both 𝛽 = 1 and 𝛽 = 0.5. Therefore, we can summarize that the 

magnitude and the direction of the mean horizontal displacement of the macroparticles depend on 

the relative strength, 𝛽, and initial relative phase, 𝛾, of the second harmonic carrier mode, 

respectively. This capability of migrating multipactor trajectories has been referred to as the 

steerability-to-zero criterion [121] and it can be of interest to rf system operators in applications 

such as cleaning a given location in a structure to reduce further susceptibility to multipactor, or 

for directing multipacting electrons to a specific desirable location in the geometry [121].  
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3.4. Multipactor Electron Phase Spaces 

 

Figure 3.5. Top two rows: 𝑣" vs 𝑥 for the single frequency case at times (a) 𝑡 = 0.25𝑇#$, (b) 𝑡 =
0.5𝑇#$ , (c) 𝑡 = 0.75𝑇#$ , (d)	𝑡 = 𝑇#$ , (e)	𝑡 = 1.25𝑇#$ , (f)	𝑡 = 1.5𝑇#$ , (g)	𝑡 = 1.75𝑇#$ , (h)	𝑡 =
2𝑇#$ , where 𝑇#$ = 1ns		is the rf period. Bottom two rows: (i)-(p) 𝑣" vs 𝑥 for the two-frequency 

case with 𝛽 = 1, 𝑛 = 2,	and	𝛾 = 𝜋/2	 at the same times as (a)-(h) respectively. 
 

Figures 3.5 and 3.6 show the velocity-position phase space of 𝑁 = 50 macroparticles 

during two rf periods in the vertical and horizontal directions respectively, for both single-

frequency and two-frequency operation. In the 𝑥 − 𝑣" phase space in Fig. 3.5, there is a periodic 

bunching and de-bunching of the macroparticles within an rf period. This happens because in our 
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simulation, secondary macroparticles emitted from the 𝑥 = 0 position are assigned random 

emission velocities in the +𝑥 direction and the normal electric field 𝐸" always acts in the -𝑥 

direction. When the normal field 𝐸" is weak (e.g. 𝑡 = 0.5𝑇#$, 𝑇#$	for single frequency operation, 

cf. Fig. 3.1(a); and 𝑡 = 0.25𝑇#$	for two-frequency operation, cf. Fig. 3.1(c)), the randomness of 

emission velocities results in a larger span of vertical positions of the macroparticles, and the  

vertical excursions of the macroparticles are large. However, when the normal field 𝐸" is very 

strong (e.g. 𝑡 = 0.25𝑇#$, 0.75𝑇#$	for single frequency operation, cf. Fig. 3.1(a); and 𝑡 =

0.75𝑇#$	for two-frequency operation, cf. Fig. 3.1(c)), it exerts more force and causes the 

macroparticles to stay closer to the surface, reducing the effect of the randomness of their emission 

velocities and resulting in a bunching effect in the 𝑥 − 𝑣" phase space. The periodicity of bunching 

and de-bunching of the macroparticles in the phase space results from the periodic increase and 

decrease of the strength of the normal electric field. Note that including the space charge shielding 

in the model would increase the distribution in vertical positions, since the most distant particles 

would see a weaker restoring field than the particles closer to the surface. 

 In contrast to Fig. 3.5, we observe in Fig. 3.6 a gradual de-bunching effect taking place in 

the horizontal velocity-position 𝑦 − 𝑣( phase space. This is because the horizontal displacement 

is determined by the rf electric field that not only changes in strength but also changes in direction 

periodically. The emitted secondary macroparticles are assigned random emission angles 

uniformly distributed in the range of [0, 𝜋]. Therefore, the directions of emission velocities of the 

macroparticles may be the same as or opposite to that of the rf field, causing a dispersion in the 

𝑦 − 𝑣( phase space. This span increases with time as new generations of secondary macroparticles 

are emitted from different 𝑦-locations and their emission velocities and emission angles add more 

randomness to the phase space.  
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Figure 3.6. Top two rows: 𝑣( vs 𝑦 for the single frequency case at times (a) 𝑡 = 0.25𝑇#$, (b) 𝑡 =
0.5𝑇#$ , (c) 𝑡 = 0.75𝑇#$ , (d)	𝑡 = 𝑇#$ , (e)	𝑡 = 1.25𝑇#$ , (f)	𝑡 = 1.5𝑇#$ , (g)	𝑡 = 1.75𝑇#$ , (h)	𝑡 =
2𝑇#$ , where 𝑇#$ = 1𝑛𝑠 is the rf period. Bottom two rows: (i)-(p) 𝑣( vs 𝑦 for the two-frequency 

case with 𝛽 = 1, 𝑛 = 2,	and	𝛾 = 𝜋/2	 at the same times as (a)-(h) respectively. 
 
 Another important observation of Fig. 3.6 is the migration of multipactor trajectories for 

the dual-frequency operation. For the single frequency case, the velocities of the macroparticles 

are in the −𝑦 direction during the positive half cycle of the rf-period (Fig. 3.6(a)-(b)), and in the 

+𝑦 direction during the negative half cycle of the rf-period (Fig. 3.6(c)-(d)). The macroparticles 

do not have obvious net horizontal displacement due to this symmetry in the direction of velocities 
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within a period. However, for the two-frequency case, the velocities of the macroparticles are in 

the −𝑦 direction during most of the rf cycle (Figs. 3.6(i), 3.6(j), and 3.6(l)). As a result, there is a 

net horizontal displacement of the particles in the −𝑦 direction, which is consistent with Fig. 

3.4(c).  

3.5. Effect of Frequency Separation 

 

Figure 3.7. Top row: Multipactor susceptibility diagrams for two-frequency rf fields with 
frequencies, (a) 𝑓0 = 1𝐺𝐻𝑧 and 𝑓1 = 1.1𝐺𝐻𝑧, (b) 𝑓0 = 1𝐺𝐻𝑧 and 𝑓1 = 1.25𝐺𝐻𝑧, and (c) 𝑓0 =
1𝐺𝐻𝑧 and 𝑓1 = 1.5𝐻𝑧. Bottom row: (d)-(f): The instantaneous rf electric field, 𝐸( (solid blue 

lines), normal electric field, 𝐸" (broken black lines), and secondary electron yield, 𝛿 (dotted red 
lines) for rf field configurations of plots (a)-(c) respectively. In (d) – (f), the average secondary 
electron yield 𝛿&)* = 1 in the saturation regime. In all the calculations, we set 𝐸#$ = 3𝑀𝑉/𝑚, 

𝛾 = 0 , and 𝛽 = 1. 
 

Figure 3.7 shows the two-frequency susceptibility diagrams and temporal profiles of 

𝐸( , 𝐸" ,	and	𝛿 for three cases with non-integer frequency ratio. The first, second, and third column 

shows the results for the case with 𝑓0 = 1GHz and 𝑓1 = 1.1GHz, 𝑓1 = 1.25GHz, and 𝑓1 = 1.5GHz, 

respectively. Figures 3.7(a)-(c) have little difference, showing that multipactor susceptibility is 

relatively insensitive to the frequency separation, which is consistent with previous results in [40]. 
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The reason for this insensitivity can be inferred from the temporal profiles of 𝐸( and 𝐸" in Figs. 

3.7(d)-(f). Due to the frequency separation the rf envelopes for the three cases are different. 

However, for the given 𝐸#$ = 3 MV/m, the time averaged values of the resulting normal electric 

fields are almost the same, being 1.02	MV/m for Fig. 3.7(a), 1.03MV/m for Fig. 3.7(b) and 

1.03MV/m for Fig. 3.7(c), respectively. From the susceptibility diagrams of Fig. 3.7(a)-(c), the 

saturation levels for the three cases are estimated to be ~1.0MV/m, ~1.0MV/m, and ~1.01MV/m, 

respectively.  

The periodic beating of the rf electric field 𝐸( produces a beat wave in the temporal profiles 

of the normal surface charging electric field 𝐸". The beat frequency of such waves depends on the 

frequency separation, Δ𝑓 = 𝑓1 − 𝑓0. The three representative cases with frequency separation of 

100MHz, 250MHz,	and 500MHz have beat wave periods of 10ns, 4ns, and 2ns respectively. It 

is evident that multiple frequency components are present in the temporal profiles of the normal 

electric fields. These frequency components of the normal electric fields are analyzed through the 

frequency domain analysis of single surface multipactor  [124],  which will be discussed in Chapter 

4 in details.  
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Figure 3.8. (a) Multipactor susceptibility diagrams for two-frequency rf fields with 𝛽 = 1, 𝛾 =
0, and frequency ratio 1.05 ≤ 𝑛 ≤ 1.5. The cyan region shows the parameter regime where the 

multipactor discharge develops. The upper and lower susceptibility boundaries for different 
frequency ratio 𝑛 are largely overlaid with one another. (b) rf carrier amplitude at the lower 

susceptibility boundary in ac saturation state, 𝐸#$,,&2, for two-frequency rf operation with 𝛽 = 1, 
𝛾 = 0, 𝜋/4, 𝜋/2,	and	𝜋  for time averaged saturation values of the normal electric field, 𝐸" =
0.5MV/m	(dashed lines) and	1.0MV/m(solid lines). For a fixed value of 𝐸" (0.5MV/m or 

1MV/m), the 𝐸#$ vs 𝑛 plots corresponding to different values of 𝛾 are overlaid with one another. 
 

The insensitivity of multipactor susceptibility to the frequency separation of the two carrier 

modes is evident from Figure 3.8. In Fig. 3.8(a), we observe that when the relative strength and 

phase of the second carrier mode is kept fixed at 𝛽 = 1 and 𝛾 = 0 respectively, and the frequency 

ratio changes from 𝑛 = 1.05	to	𝑛 = 1.5, the two-frequency multipactor susceptibility boundaries 

remain almost unchanged. Figure 3.8(b) shows that for a fixed time averaged saturation value of 

the normal electric field 𝐸", the rf carrier amplitude at the lower susceptibility boundary in ac 

saturation state, 𝐸#$,,&2, is insensitive to the frequency ratio 𝑛 as well as to the relative phase of 

the second carrier mode 𝛾. When 𝐸" = 0.5MV/m (dashed lines in Fig. 3.8(b)), for frequency ratio, 

1.05 ≤ 𝑛 ≤ 1.50, and relative phase of the second carrier mode, 0 ≤ 𝛾 ≤ 	𝜋, the rf carrier 

amplitude in ac saturation is found to be 𝐸#$,,&2~1.49MV/m. When 𝐸" in increased to 𝐸" =

1.0MV/m (solid lines in Fig. 3.8(b)), the 𝐸#$,,&2 increases to 𝐸#$,,&2~2.98MV/m, remaining 
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insensitive to both 𝑛 and 𝛾. These results have been spot checked against one dimensional Particle-

in-cell (PIC) simulations. 
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CHAPTER 4: Frequency Domain Analysis of Single Surface Multipactor 

 

As mentioned in Chapter 1, the frequency domain analysis of multipactor discharge is 

important to understand the effect of multipactor on device operations. In this chapter, we examine 

multipactor discharge in the frequency domain on a single dielectric surface with single- and two-

frequency rf fields  [124]. This Chapter contains figures and excerpts from [124] which have been 

reproduced with permission from IEEE.  

We employ the multiparticle Monte Carlo (MC) simulation model  [123] to obtain the 

temporal profiles of the normal electric field to the surface that corresponds to the multipactor 

strength in the system. We then employ Fast Fourier Transform (FFT) algorithm using MATLAB 

to obtain the Discrete Fourier Transform (DFT) (also called the amplitude spectrum) of the 

temporal profiles of the normal electric field 𝐸" in the ac saturation state.  
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4.1. Analysis for Single Frequency RF field Induced Multipactor 

 

Figure 4.1. (a) Temporal profile of the rf field with frequency 𝑓#$ = 1GHz and amplitude 𝐸#$' =
3MV/m. (b) Temporal profile of the normal electric field 𝐸" in the ac saturation state obtained 

from the MC simulation. (c) Multipactor susceptibility boundaries (cyan region is subject to 
multipactor susceptibility) in the (𝐸" , 𝐸#$') plane from Monte Carlo simulation with single 

frequency rf field. Here, the maximum secondary electron yield, 𝛿%&"' 	= 3, occurring at impact 
energy 𝐸%&"' 	= 420eV, and 𝐸'4/𝐸%&"' 	= 0.005, where 2𝐸'4 is the average emission energy 

of secondary electrons. In the calculation of (c), 𝐸" is kept as a constant for each case, and the 
susceptibility is recorded when 𝛿&)* > 1. 

 
Previous studies conducted by Kim and Verboncoeur [73] and Iqbal et al. [123] showed that 

for a single frequency rf electric field (Fig. 4.1(a)), the temporal profile of the normal electric field 

𝐸" oscillates at twice the rf frequency in the ac saturation state (Figure 4.1(b)). It is also 

understood  [4,40,123] that the ac saturation for a given rf amplitude occurs at the lower 

multipactor susceptibility boundary, as shown in Fig. 4.1(c). For instance, for the rf amplitude 

𝐸#$' = 3MV/m of Fig. 3(a), the ac saturation occurs at point “𝐴” in Fig. 4.1(c) where the time 

averaged normal electric field is 𝐸" = 0.93MV/m. This is very close to the time averaged value 

of 0.9 MV/m obtained from Fig. 4.1(b). It is evident from Fig 4.1(b) that the oscillation in the 

normal electric field profile is not purely sinusoidal and thus is expected to have multiple frequency 

components. We employ DFT to obtain the amplitude spectrum of the normal electric field 𝐸" and 

observe its frequency components for different rf amplitudes and frequencies.  
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Figure 4.2. Amplitude spectrum of the normal electric field in the ac saturation state induced by a 
single frequency rf field with amplitude,	𝐸#$' = 3MV/m and frequencies 𝑓#$ = (a) 1GHz, (b) 
1.5GHz, and (c) 2GHz. Pronounced spectral peaks are observed at even harmonics of the rf 

frequency in each case. The heights of the spectral peaks are independent of the rf frequency. 
 
Figure 4.2 shows the amplitude spectrum of the normal electric field 𝐸" for three different 

cases of a single frequency rf field. The rf amplitude is kept fixed at 𝐸#$' = 3MV/m and the rf 

frequency is varied as 𝑓#$ = 1𝐺Hz,	1.5GHz, and 2GHz from Figs. 4.2(a)-(c) respectively.  

As shown in Fig. 4.2, the peaks in the amplitude spectrum of 𝐸" appear at even harmonics 

of the rf frequency, 2𝑙𝑓#$, where 𝑙 is a positive integer. We also observe that the heights of the 

spectral peaks gradually decrease with the increase of their frequencies. However, the heights of 

the spectral peaks are almost independent of the rf frequency. It is noteworthy that, the normal 

surface charging field 𝐸" consist of only even harmonics of the rf frequency. This is expected since 

surface charging due to multipactor discharge from the single dielectric surface is independent of 

the direction (i.e. either positive or negative) of the parallel rf electric field 𝐸#$, and the normal 

surface charging field 𝐸" must be symmetric in the positive and negative half cycles of 𝐸#$.   
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Figure 4.3. Amplitude spectrum of the normal electric field in the ac saturation state induced by a 
single frequency rf field with rf frequency 𝑓#$ = 1GHz and rf amplitudes, 𝐸#$' = (a)1MV/m, 
(b)	2𝑀V/m, (c)	3MV/m. Pronounced spectral peaks are observed at even harmonics of the rf 
frequency in each case. The heights of the spectral peaks increase linearly with the increase of 

the rf amplitude. 
 

In Fig. 4.3, we plot the amplitude spectrum of 𝐸"	for rf amplitudes 𝐸#$' = 1MV/m, 2MV/m, 

and 3MV/m while the rf frequency is kept fixed at 𝑓#$ = 1GHz. It is clear from these plots that the 

heights of the spectral peaks at even harmonics increase as the rf amplitude increases. We can 

express the relation between the heights of the spectral peaks, 𝐸"!, at even harmonic frequencies 

of the rf frequency, 𝑓 = 2𝑙𝑓#$ ,  and the rf amplitude, 𝐸#$', with the following linear equation,  

𝐸"!(MV/m) = 𝐴!𝐸#$'(MV/m) + 𝐵! (4.1) 

By curve fitting, we obtain the following empirical formula for the coefficients 𝐴! and 𝐵!.   

𝐴! = 𝑎(2𝑙)` (4.2a) 

𝐵! = 𝑐(2𝑙) + 𝑑 (4.2b) 

For the DFT results in Figs. 4.2 and 4.3, we find 𝑎 = 	1.709, 𝑏 = −2.379, 𝑐 =

0.004,	and	𝑑 = −0.036. The temporal profiles of the normal electric field can be expressed in 

terms of the DFT peaks as,  

𝐸" ≅ 𝐸",&)* + ∑ 𝐸"!sin	(2𝑙𝜔'𝑡)7
!a0 . (4.3) 
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Here, 𝐸",&)* is the time averaged value of the normal electric field in the ac saturation state, which 

is the peak observed at frequency 𝑓 = 0 in the amplitude spectrum of 𝐸" and 𝜔' = 2𝜋𝑓#$ is the 

angular frequency of the rf field. It is noteworthy that, for a given 𝐸#$', the value of 𝐸",&)* can 

also be interpolated at point “𝐴” from the lower susceptibility boundary of the susceptibility 

diagram of Fig. 4.1(c).  

 

Figure 4.4. Temporal profiles of the normal electric field 𝐸" in the ac saturation state obtained 
from the MC simulation (black solid lines) and the empirical relation in Eq. (4.3) (blue dashed 

lines) for single frequency rf fields with (a) rf amplitude 𝐸#$' = 3MV/m and rf frequency 𝑓#$ =
1GHz, (b) 𝐸#$' = 1MV/m and  𝑓#$ = 1GHz, and (c) 𝐸#$' = 3MV/m and 𝑓#$ = 2GHz. The time 

averaged saturation values used in these cases are 𝐸",&)* = 0.93MV/m, 0.42MV/m,	and 
1.03MV/m respectively. 

 
In Fig. 4.4, we have the temporal profiles of the normal electric fields obtained from Eq. 

(4.3) (blue dashed lines) and from the MC simulation (black solid lines), showing very good 

agreement. The differences are due to the fact that in Eq. (4.3) we only included the first four even 

harmonics which were the most pronounced in the amplitude spectrums. The higher harmonics of 

𝐸" could not be recovered with confidence due to the background noises of the FFT. Here, it is 

important to note that even though the coefficients used in Eq. (4.2) are obtained by fitting the data 

in Figs. 4.2 and 4.3, they remain applicable to new cases in Fig. 4.4. 
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4.2. Analysis for Two-Frequency RF Field Induced Multipactor 

 

Figure 4.5. Amplitude spectrum of the normal electric field in the ac saturation state induced by a 
two-frequency rf field with individual carrier amplitude,	𝐸#$' = 3MV/m (with 𝛽 = 1 in Eq. 

(2.1)) and carrier frequencies (a) 𝑓0 = 1GHz, 𝑓1 = 1.5GHz, (b) 𝑓0 = 1GHz, 𝑓1 = 1.3GHz, (c) 𝑓0 =
2GHz, 𝑓1 = 3GHz. Pronounced spectral peaks are observed at frequencies (𝑓1 ± 𝑓0), 2𝑓0,1, 

and	2(𝑓1 ± 𝑓0). 
 

We extend our analysis to multipactor due to two-frequency rf fields. Figure 4.5 shows the 

amplitude spectrum of the normal electric field 𝐸" for three cases of a two-frequency rf field. The 

individual rf amplitude is kept fixed at 𝐸#$' = 3MV/m (with 𝛽 = 1 in Eq. (2.1)) for all three cases. 

The carrier frequencies are varied as 𝑓0 = 1GHz and 𝑓1 = 1.5GHz (Fig 4.5(a)), 𝑓0 = 1GHz and 

𝑓1 = 1.3GHz (Fig 4.5(b)), and 𝑓0 = 2GHz and 𝑓1 = 3GHz (Fig 4.5(c)), corresponding to 𝑛 = 𝑓1/𝑓0 

= 1.5, 1.3, and 1.5 in Eq. (2.1), respectively. We observe spectral peaks at various frequencies of 

intermodulation products in the amplitude spectrum of 𝐸". Pronounced peaks are observed at the 

sum and difference frequencies of the carrier frequencies, at multiples of those frequencies, and at 

multiples of the individual carrier frequencies. We list the frequencies of the most pronounced 

peaks observed in Figs. 4.5(a)-(c) in Table 4.1.  
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RF frequencies Frequencies of the 

strongest peaks 

Frequencies of the 

2nd strongest peaks 

Frequencies of the next 

two strongest peaks 

𝑓0 𝑓1 𝑓1 − 𝑓0 𝑓0 + 𝑓1 2𝑓0 2𝑓1 2(𝑓1 − 𝑓0) 2(𝑓0 + 𝑓1) 

1 1.5 0.5 2.5 2 3 1 5 

1 1.3 0.3 2.3 2 2.6 0.6 4.6 

2 3 1 5 4 6 2 10 

 
Table 4.1. Frequencies of prominent spectral peaks in Fig. 4.5. All the frequencies are in GHz. 

 
We observe from Fig. 4.5 that the heights of the different intermodulation peaks, 𝑓1 ± 𝑓0, 

2𝑓0,1, and 2(𝑓1 ± 𝑓0), remain unchanged with the change of the carrier frequencies. For all three 

cases, the two strongest peaks have equal spectral heights and appear at the sum and difference 

frequencies of the carrier frequencies, 𝑓1 ± 𝑓0. The two second strongest peaks with equal heights 

appear at twice the carrier frequencies, 2𝑓0,1. The third and fourth strongest peaks appear at twice 

the difference, 2(𝑓1 − 𝑓0), and twice the sum, 2(𝑓1 + 𝑓0), of the carrier frequencies, respectively. 

A number of weaker peaks are also observed at various intermodulation products of the carrier 

frequencies. For instance, we find weaker peaks at frequencies 3𝑓0 − 𝑓1 = 1.5GHz, 3𝑓1 − 𝑓0 =

3.5GHz, 3𝑓0 + 𝑓1 = 3𝑓1 = 4.5GHz, 𝑓0 + 3𝑓1 = 5.5GHz, 3𝑓0 + 2𝑓1 = 6GHz	and	3(𝑓0 + 𝑓1) =

7.5GHz in Fig. 4.5(a), at frequencies 3𝑓1 − 𝑓0 = 	2.9GHz, 3𝑓0 + 𝑓1 = 4.3GHz, 𝑓0 + 3𝑓1 =

4.9GHz, and 3(𝑓0 + 𝑓1) = 6.9GHz	in Fig. 4.5(b), at frequencies 3𝑓0 − 𝑓1 = 3GHz, 3𝑓1 − 𝑓0 =

	7GHz, 3𝑓1 = 9GHz, 𝑓0 + 3𝑓1 = 11GHz, 3𝑓0 + 2𝑓1 = 12GHz, 𝑓0 + 4𝑓1 = 14GHz, and 3(𝑓0 +

𝑓1) = 15GHz in Fig. 4.5(c). 
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Figure 4.6. Amplitude spectrum of the normal electric field in the ac saturation state induced by a 
two-frequency rf field with carrier frequencies 𝑓0 = 1GHz, 𝑓1 = 1.5GHz (i.e. 𝑛 = 1.5 in Eq. 

(2.1)) and equal rf amplitudes (𝛽 = 1 in Eq. (2.1)) for the two carriers, 𝐸#$',.3&! = (a)1MV/m, 
(b)	2MV/m, (c)	3MV/m. Pronounced spectral peaks are observed at frequencies (𝑓1 ± 𝑓0), 2𝑓0,1,

and	2(𝑓1 ± 𝑓0). The heights of the spectral peaks increase with the rf amplitude. 
 

In Fig. 4.6, we plot the amplitude spectrum of the normal electric field by a dual-frequency 

rf field with carrier frequencies 𝑓0 = 1GHz	and 𝑓1 = 1.5GHz and equal amplitudes for the two 

carriers (i.e. 𝑛 = 1.5, and	𝛽 = 1 in Eq. (2.1)), for 𝐸#$' = 1MV/m,  2MV/m, and 3MV/m. It is 

clear that the heights of the spectral peaks increase as the rf amplitude increases. The relation 

between the spectral peak heights at different frequencies of intermodulation products and the rf 

amplitude can still be fitted with the linear Eq. (4.1), with the coefficients 𝐴! and 𝐵! listed in Table 

4.2.  

 

 

 

 

 

 

 



 54 

𝑙 Frequency (𝑓!bc) Coefficient 𝐴! Coefficient 𝐵! 

1 𝑓1 − 𝑓0 0.4005 −0.02547 

2 𝑓0 + 𝑓1 

3 2𝑓0 0.1518 −0.001782 

4 2𝑓1 

5 2(𝑓1 − 𝑓0) 0.1073 −0.02528 

6 2(𝑓0 + 𝑓1) 0.08427 −0.04026 

 
Table 4.2. Empirical values of coefficients 𝐴! and 𝐵! at frequencies of intermodulation products 

with the strongest peaks. 
 

For dual-frequency operation, the temporal profiles of the normal electric field is 

approximated as,  

𝐸" ≅ 𝐸",&)* + ∑ 𝐸"!sin	(2𝜋𝑓!bc𝑡)d
!a0 . (4.4) 

Here, 𝐸",&)* is the time averaged value of the normal electric field in the ac saturation state, which 

is the peak observed at frequency 𝑓 = 0 in the amplitude spectrum of 𝐸", and 𝑓!bc denotes the 

frequencies of intermodulation products, as shown in Figs. 4.5 and 4.6. Figure 4.7 plots the 

temporal profiles of 𝐸" obtained from Eqs. (4.1) and (4.4) with coefficients in Table 4.2 (blue 

dashed lines) and from the MC simulation (black solid lines), showing very good agreement. The 

differences are due to the fact that only the first six strongest frequency peaks are included in Eq. 

(4.4). More frequency components can be added to Eq. (4.4) to give better predictions.  
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Figure 4.7. Temporal profiles of the normal electric field 𝐸" in the ac saturation state obtained 
from the MC simulation (black solid lines) and empirical Eq. (4.4) (blue dashed lines) for dual-

frequency rf fields with (a) 𝐸#$',.3&! = 3MV/m,  𝑓0 = 1GHz, 𝑓1 = 1.5GHz, (b) 𝐸#$',.3&! =
1MV/m,  𝑓0 = 1GHz, 𝑓1 = 1.5GHz, and (c) 𝐸#$',.3&! = 3MV/m,  𝑓0 = 2GHz, 𝑓1 = 3GHz. The 

time-averaged saturation values used in these cases are 𝐸",&)* = 1.3MV/m, 0.52MV/m,	and 
1.3MV/m, respectively. 
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CHAPTER 5: Two Surface Multipactor with Two-Frequency RF Fields 

 

In this Chapter, we present a study on two surface multipactor discharge with two-frequency 

rf fields. We discuss the electron dynamics of parallel plate resonant multipactor for single- and 

two-frequency rf operation. We present the analytical model as well as the Monte Carlo and CST 

simulation methods used to construct multipactor susceptibility charts. We analyze the effects of 

the relative strength and phase of the second carrier mode on multipactor susceptibility. The effect 

of space charge on multipactor susceptibility and the time dependent physics is also studied. This 

Chapter is based on a manuscript under preparation titled, “Two surface multipactor discharge 

with two-frequency rf fields”, by A. Iqbal, et al. 

5.1. Analysis for Single Frequency RF Field Induced Multipactor 

5.1.1. Electron Dynamics 

 

Figure 5.1. Multipactor discharge with an electric field oscillating between two metal electrodes 
𝐴 and 𝐵. Upon each electron impact, secondary electrons are emitted from the surface, 

multiplying the total number of electrons at each half cycle. 
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Figure 5.1 depicts the simplified schematic of two surface multipactor discharge for single 

frequency rf operation. An rf electric field 𝐸( = 𝐸#$ sin(𝜔𝑡 + 𝜃)	is applied normal to the parallel 

plates 𝐴 and 𝐵 along the y-direction. Here 𝐸#$ is the peak electric field strength, 𝜔 is the angular 

frequency, and 𝜃 is the initial phase of the electric field. In panel (a) of Fig. 5.1, an electron is born 

in plate 𝐴 and then accelerated by the RF electric field. Assuming 1-D motion in the y-direction, 

the flight trajectory of a multipactor electron is governed by the force law,  

𝑎(𝑡) =
𝑒𝐸#$
𝑚 𝑠𝑖𝑛(𝜔𝑡 + 𝜃) =

𝑒𝑉#$
𝑚𝑑 𝑠𝑖𝑛(𝜔𝑡 + 𝜃), (5.1) 

where 𝑎(𝑡) is the acceleration, 𝑉#$ is the peak voltage, and 𝑑 is the gap distance between plates 𝐴 

and 𝐵. The velocity of the electron is obtained as, 

𝑣 = 5e-.
%?.

[𝑐𝑜𝑠𝜃 − cos	(𝜔𝑡 + 𝜃)] + 𝑣', (5.2) 

From Eq. (5.2), we obtain the instantaneous position of a multipactor electron as, 

𝑦 = 5e-.
%?&.

{𝜔𝑡𝑐𝑜𝑠𝜃 − sin(𝜔𝑡 + 𝜃) + 𝑠𝑖𝑛𝜃	} +	𝑣'𝑡 + 𝑦'. (5.3) 

Here 𝑦' accounts for initial position of the particles at 𝑡	= 0. The transit time 𝜏]f of an electron in 

flight from plate 𝐴 to plate 𝐵,  is calculated by solving Eq. (5.3) for 𝑦 = 𝑑.  

Let us assume that the electron hits the opposite electrode (plate 𝐵) with sufficient energy 

for emission of more than one electron. This emission occurs near the time when the field reverses 

direction at 𝜔𝑡 = 𝜋, and each of the emitted secondary electrons, as shown in panel (b), is then 

accelerated across the gap in the reverse direction. Again, these electrons traverse the gap in half 

the cycle time and impact plate 𝐴 with enough energy to cause further electron multiplication by 

secondary emission. This process continues with each half cycle as the multipactor develops.  

Several conditions need to be satisfied for the successful development of the two surface 

multipactor discharge as depicted in Fig. 5.1. Firstly, the rf frequency and system geometry 
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coupled with the accelerating electric field must give rise to this type of resonant electron motion. 

If the rf electric field is too high for a given frequency and electrode spacing, the initial electron 

will impact too early, the secondary electrons will be emitted against the electric field, and they 

will not be able to accelerate back across the electrode gap. On the other hand, if the electric field 

is too low, the electron may not be able to reach the opposite electrode during half cycle of the rf 

field, or it may impact with insufficient energy for secondary electron. As a result, electrons which 

sustain the multipactor are focused into a narrow sheet over many cycles, impacting with the 

required phase range to sustain the resonance. Secondly, the impacted surfaces must allow for a 

gain in the number of electrons by secondary emission, i.e., the secondary electron yield must be 

greater than unity for the impacting multipactor electrons. Lastly, it is necessary for this discharge 

to occur under vacuum pressures, typically less than 1 mtorr [17], as frequent collisions with 

background gas can prevent the necessary resonant electron motion.  

5.1.2. Analytical Solution 

The multipactor resonant condition specifies that the electron must traverse the electrode 

spacing, 𝑑, and impact the opposing surface near the time the electric field changes direction. The 

electric field changes direction at 𝜔𝑡 = 𝑁𝜋 + 𝜃, where 𝑁 is a positive odd integer, i.e., 𝑦 = 𝑑 at 

𝜔𝑡 = 𝑁𝜋 + 𝜃. Invoking this condition in Eq. (5.3), the multipactor condition for the voltage in a 

parallel plate geometry is given by,     

𝑉#$ =
𝑚
𝑒
𝜔𝑑(𝜔𝑑 − 𝑣'𝑁𝜋)
𝑁𝜋𝑐𝑜𝑠𝜃 + 2𝑠𝑖𝑛𝜃 (5.4) 

 The minimum voltage necessary to sustain a multipactor will occur at the phase that 

maximizes 𝑁𝜋𝑐𝑜𝑠𝜃 + 2𝑠𝑖𝑛𝜃 regardless of the value of 𝑣'. This maximum occurs when  

𝜃 = arctan ©
2
𝑁𝜋ª (5.5) 
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Equations (5.4) and (5.5) give the conditions for the lower multipactor boundary  [2]. The 

upper boundaries are given by equation (5.4) too, but with the maximum negative value of the 

angle 𝜃, determined by the condition that the initial emission velocity 𝑣' just allows the electron 

to escape against the initially retarding field (Fig. 5.2)  [2]. 

 

Figure 5.2. Trajectory of an electron for the upper multipactor boundary. Electron emitted from 
surface 𝐴 at rf phase 𝜃 = −𝜃% reaches position 𝑦 = 0	with velocity 𝑣 = 0 as the electric field 

changes direction at time 𝑡 = 𝑡'. The electron does not impact surface 𝐴. It is accelerated by the 
reversed electric field, traverses the electrode spacing 𝑑 and impacts surface 𝐵.  

 
If an electron is launched from plate 𝐴 at phase 𝜃 = −𝜃% (0 ≤ 𝜃% ≤ 𝜋) and reaches position 

𝑦 = 0	with velocity 𝑣 = 0 as the electric field changes direction at time 𝑡 = 𝑡', then from Eqs. 

(5.2) and (5.3) we have,  

𝑣(𝑡') =
𝑒
𝑚
𝑉#$
𝜔𝑑

(cos(−𝜃%) − cos(𝜔𝑡' − 𝜃%)) + 𝑣' = 0, (5.6) 

𝑦(𝑡') =
5
%

e-.
?&.

[𝑐𝑜𝑠(−𝜃%)(𝜔𝑡') − 𝑠𝑖𝑛(𝜔𝑡' − 𝜃%) + 𝑠𝑖𝑛	(−𝜃%)] + 𝑣'𝑡' = 0. (5.7) 

 
These equations can be normalized as follows, 

cos(𝜔«𝜏̅ − 𝜃%) − 𝑐𝑜𝑠𝜃% =
𝜔«
𝑉#$����

, (5.8) 

𝑉#$����
𝜔«1

[(𝜔«𝑡'«)𝑐𝑜𝑠𝜃% − 𝑠𝑖𝑛(𝜔«𝑡'« − 𝜃%) − 𝑠𝑖𝑛𝜃%] + 𝑡'« = 0, 
(5.9) 
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where 𝜔« = ?
)(
𝑑, 𝑉#$���� =

?g &L061234 M

61,+:h!ONJ/8,h!
, and 𝑡'« =

2()(
.

. From Eq. (5.8) we get,   

ω«t'« = 𝜃% ± 𝑎𝑐𝑜𝑠 ­
𝜔«
𝑉#$����

+ 𝑐𝑜𝑠𝜃%® . 
(5.10) 

 
Substituting Eq. (5.10) in Eq. (5.9), we get,  

¯𝜃% ± acos ­
𝜔«
𝑉#$����

+ cos 𝜃%®° 𝑐𝑜𝑠𝜃% − sin ¯± acos ­
𝜔«
𝑉#$����

+ cos 𝜃%®°

+
𝜔«
𝑉#$����

¯𝜃% ± acos ­
𝜔«
𝑉#$����

+ cos 𝜃%®° − 𝑠𝑖𝑛𝜃% = 0. 

(5.11) 

We can solve Eq. (5.11) to find the angle 𝜃%, and the upper multipactor boundary can then 

be found by substituting 𝜃 = −𝜃% in Eq. (5.4). Figure 5.3 shows the multipactor upper and lower 

boundaries for the first three modes, 𝑁 = 1,3,	and	5 for emission energy, 𝑉' =
0
1
𝑚𝑣'1 = 2eV, 

where 𝑣' is the emission velocity.  

 

Figure 5.3. Multipactor upper and lower boundaries for the first three modes, 𝑁 = 1,3,	and	5 for 
emission energy, 𝑉' =

0
1
𝑚𝑣'1 = 2eV, where 𝑣' is the emission velocity. The lower boundary for 

each mode is determined by Eqs (5.4) and (5.5); and the upper boundary for each mode is 
determined by Eqs (5.4) and (5.11).  
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As previously discussed in section 5.1, the secondary electron yield must be greater than 

unity for the impacting multipactor electrons for the development of the two surface multipactor 

discharge. In this study, we assume copper (Cu) as the electrode material and employ Vaughan’s 

model for secondary electron emission as described in Chapter 2 Section 2.2. As shown in Fig. 

5.4a, we use a first crossover incident energy 𝑉0 = 42	eV, a second crossover incident energy 𝑉1 =

3054	eV, a peak incident energy 𝑉%&"' = 277.5	eV, and a peak SEY 𝛿%&"' = 2.0887; all of these 

values are for normal incidence.  The impact velocities corresponding to the first and second 

crossover incident energies lead to two more boundaries [128],  

𝑉#$±𝑉'; 𝑉0,1, 𝑓𝑑,𝑁² =
𝑚𝜔𝑑
2𝑒 × 

�(NJ)&O7
1%

±³𝑉0,1	 − ³𝑉'²
1
+ ­𝜔𝑑	 − 𝑁𝜋´1e(

%
®
1

− 𝑁𝜋 ­´1e),&
%

− ´1e(
%
®­𝜔𝑑	 − 𝑁𝜋´1e(

%
®, 

 

(5.12) 

which are shown in Fig. 5.4b. 
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Figure 5.4. (a) SEY vs. incidence energy curves for copper electrode from Vaughan’s models for 
impact angle 𝜉	 = 0. Here, the first crossover incident energy 𝑉0 = 42	eV, the second crossover 
incident energy 𝑉1 = 3054	eV, the peak incident energy 𝑉%&"' = 277.5	eV, and the peak SEY 
𝛿%&"' = 2.0887. (b) The corresponding multipactor susceptibility chart for the first five modes, 
𝑁 = 1, 3, 5, 7	and	9 with emission energy, 𝑉' =

0
1
𝑚𝑣'1 = 2eV. The boundaries corresponding to 

the first and second crossover points are calculated from Eq. (5.12) 
 

5.1.3. Monte Carlo (MC) Simulation  

To calculate the growth rate of the multipactor discharge, we follow the trajectory of a 

weighted macroparticle over a large number of impacts in a MC simulation [4,5,57]. The initial rf 

phase,	𝜃, is uniformly distributed over 0 ≤ 𝜃 < 2𝜋. Each time a macroparticle leaves the surface 

of an electrode, we assign it a random initial energy 𝐸' = (½)𝑚𝑣51 	and angle 𝜙 according to the 

distributions given in Eq. (2.6). As described in Section 5.1, the transit time 𝑡 = 𝜏]f of an electron 

in flight from plate 𝐴 to plate 𝐵,  is calculated by solving Eq. (5.3) for 𝑣' = 𝑣5𝑠𝑖𝑛𝜙, 𝑦' = 0, 

𝑦(𝑡 = 𝜏]f) = 𝑑. The transit time 𝑡 = 𝜏]] for single surface impact on plate 𝐴 is calculated by 

solving Eq. (5.3) for 𝑣' = 𝑣5𝑠𝑖𝑛𝜙,	𝑦' = 0, and 𝑦(𝑡 = 𝜏]]) = 0. The transit time 𝑡 = 𝜏f] of an 

electron in flight from plate 𝐵 to plate 𝐴, is calculated by solving Eq. (5.3) for 𝑣' = −𝑣5𝑠𝑖𝑛𝜙, 𝑦' =

𝑑, 𝑦(𝑡 = 𝜏f]) = 0, and the transit time 𝑡 = 𝜏ff for single surface impact on plate 𝐵 is calculated 

by solving Eq. (5.3) for 𝑣' = −𝑣5𝑠𝑖𝑛𝜙,	𝑦' = 𝑑, and 𝑦(𝑡 = 𝜏ff) = 𝑑. We substitute the random 
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values of initial velocity and angle into Eqs. (5.2) to calculate the impact energy, 𝐸+, and hence, 

the secondary electron yield, 𝛿, from Eq. (2.4). We use this value of the yield to adjust the charge 

and mass on the macroparticle and then emit it again with a random velocity. We repeat the process 

to obtain a series of yields (𝛿0. 𝛿1…𝛿N) for a large number of impacts. The rf phase 𝜃 is calculated 

self-consistently (𝜃+O0 = 𝜃+ + 𝜔𝜏+) at the beginning of each flight for a given macroparticle. The 

average value of secondary yield over 𝑁 impacts is then calculated as 𝛿̅ = (𝛿0. 𝛿1…𝛿N)0/N, where 

a 𝑁 = 20 is used in the calculation, corresponding to 10 rf periods. For a specific combination of 

rf frequency 𝜔 , gap distance 𝑑, and accelerating voltage 𝑉#$, if we find a valid electron trajectory 

for which  𝛿̅ > 1, we conclude that multipactor discharge develops in the system for these 

parameters.  

 

Figure 5.5. (a) Multipactor susceptibility chart calculated from MC simulation (red dotted 
regions) for fixed emission energy, 𝑉' =

0
1
𝑚𝑣'1 = 2eV and emission angle 𝜙 = 𝜋/2 along with 

analytical boundaries for the first five modes, 𝑁 = 1	(solid black line), 3	(solid blue line), 5	(solid 
red line), 7	(solid magenta line) and	9	(solid green line) calculated as described in Section 5.1.2. 
(b) Same plot as in (a) but for random emission energy and emission angle given by Eq. (2.6). 

These simulations were produced using SEY Vaughan’s model parameters for copper 𝐸%&"' =
277.5eV, 𝛿%&"' = 2.088, 𝑇5 = 2eV. For all cases, we use rf frequency, 𝑓 = 1GHz, and variation 

of 𝑓𝑑 is obtained by varying the gap distance, 𝑑. 
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Figure 5.5 shows the comparison of the susceptibility chart obtained from the analytical 

calculations described in section 5.1.2 and the MC simulation described in this section. In Fig. 

5.5(a), the MC simulation is conducted for secondary electrons with fixed emission energy, 𝑉' =

0
1
𝑚𝑣'1 = 2eV and emission angle 𝜙 = 𝜋/2 which is similar to the analytical prediction. Therefore, 

in this case, the susceptibility chart obtained from the MC simulation and the analytical calculation 

are in good agreement with each other. In Fig. 5.5(b), the MC simulation is conducted with random 

emission energy and emission angle for secondary electrons given by Eq. (2.6), which leads to a 

shift in the boundaries of multipactor susceptibility between the MC simulation and the analytical 

calculation in this case. It is also found that allowing random emission energy and angle for 

secondary electron emission results in a relatively smaller region of multipactor susceptibility. 

5.1.4. Electron Trajectory and Multipactor Modes 

To explain the differences between the analytical and the MC simulation results in Fig 5.5, 

in Fig 5.6, we show the trajectories of the macroparticle for different points in the susceptibility 

chart obtained from the MC simulation invoking Eq. (5.3).  
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Figure 5.6. (a) Multipactor susceptibility chart calculated from MC simulation (red dotted 
regions) for random emission energy and emission angle along with analytical boundaries for the 
first five modes, 𝑁 = 1	(solid black line), 3	(solid blue line), 5	(solid red line), 7	(solid magenta 
line) and	9	(solid green line) calculated as described in in section 5.1.2. (b)-(e): Instantaneous rf 

voltage (blue lines) and the corresponding macroparticle trajectories (red lines) for (b) 𝑉#$ =
216.5V, 𝑓𝑑 = 2.025	GHz · mm, (c) 𝑉#$ = 323.3V, 𝑓𝑑 = 4.143	GHz · mm, (d)	𝑉#$ = 600V, 
𝑓𝑑 = 4.143	GHz · mm, and (e) 𝑉#$ = 3160V, 𝑓𝑑 = 8	GHz · mm. For all the cases, we use rf 

frequency, 𝑓 = 1GHz, and variation of 𝑓𝑑 is obtained by varying the gap distance, 𝑑. Plots (b)-
(e) correspond to the points 𝑚, 𝑛, 𝑜,	and 𝑝 in the susceptibility chart of plot in (a), respectively. 

 
In Figs 5.6(b)-(e), we consider a few cases of successful multipactor development from the 

MC simulation with different combinations of 𝑉#$ and 𝑓𝑑.  For the cases in Figs. 5.6(b)-(c) 

corresponding to the points m and n in the susceptibility chart of Fig. 5.6(a), we observe that the 

transit time of the macroparticle from the top plate to the bottom plate is equal to the transit time 

of the macroparticle from the bottom plate to the top plate. For the case in Fig 5.6(b), multipactor 

develops for an emission angle 𝜃 = 0.9468 = 0.3014𝜋 and the macroparticle crosses the gap 

distance in 𝑁 = 1 half cycle of the rf period. Therefore, the corresponding point 𝑚 in Fig 5.6(a) 

lies inside the analytical susceptibility region of 𝑁 = 1	mode. For the case in Fig 5.6(c), 

multipactor develops for an emission angle 𝜃 = 0	and the macroparticle crosses the gap distance 
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in 𝑁 = 3 half cycles of the rf period. Therefore, the corresponding point 𝑛 in Fig 5.6(a) lies inside 

the analytical susceptibility region of 𝑁 = 3	mode. 

However, for the cases of Figs 5.6(d)-(e) where multipactor develops for emission angles 

of 𝜃 = 0,	and	0.4974	(= 0.1583𝜋) respectively, the transit times of the macroparticle from the 

top plate to the bottom plate are not equal to the transit times of the macroparticle from the bottom 

plate to the top plate. Therefore, these cases give rise to mixed multipactor modes and the 

corresponding points 𝑜 and 𝑝 in Fig 5.6(a) lie outside the analytical susceptibility region. From 

this examination, it is clear that the difference between the analytical and the MC simulation results 

is largely due to the mixed multipactor modes, which are not considered in the analytical 

calculations. Due to the simplified assumption that electrons take odd integer multiples of the rf 

half cycles to transit the gap distance, the analytical model is unable to resolve the mixed 

multipactor modes.    

5.1.5. CST Simulation 

CST Particle Studio (CST PS)  [129] is a particle-in-cell (PIC) code that includes secondary 

electron emission and has been widely used for the simulation of rf vacuum electronics [130–132] 

as well as multipactor discharge  [88]. For the simulation of two-surface multipactor using CST, 

we consider a simple parallel plate structure as shown in Fig 5.7(a). Plates 𝐀 and 𝐁 are made of 

copper with a vacuum gap between them. Each plate has a length 𝑙 = 20𝑚𝑚, width 𝑤 = 20𝑚𝑚, 

and thickness 𝑡i = 0.2𝑚𝑚. A constant amplitude of 1-GHz excitation is applied to the waveguide 

port on one end (port 1 in Fig. 5.7(b)) of the parallel plate structure and exits through a waveguide 

port on the opposite end (port 2 in Fig. 5.7(b)). For single frequency rf operation, the excitation 

signal is defined as 𝐸( =
e-.
.
sin𝜔𝑡. A variation in 𝑓𝑑 is achieved in the simulation by varying the 

gap distance, 𝑑.   
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Figure 5.7. (a) Schematic of the parallel plate geometry used in the CST simulation for two 
surface multipactor. A and B are the bottom and top plates, respectively. The plates are separated 

by a gap distance 𝑑. (b) Waveguide ports 1 and 2 used to apply the 1-GHz excitation shown as 
red planes. O is the particle source with an emission area of 1067𝑚𝑚1.  

 
A particle source O with an emission area of 1067mm1 is located at the center of the top 

plate pointed toward the −𝑦 direction. We run the simulation for 𝑡 = 10𝑛𝑠 which corresponds to 

10 cycles of the excitation signal. The time step is 0.01𝑛𝑠. The particle source emits seed electrons 

into the vacuum gap between the plates during the first period of the excitation at a constant rate 

of 1515 particles/ns and remains inactive during the rest of the simulation. In the simulation, each 

macroparticle contains 1 electron, which is kept fixed for all the macroparticles throughout the 

simulation. Each injected electron has an initial kinetic energy, 𝐸F' = 0𝑒𝑉. In this simulation, we 

turn off space charge effect in CST.  

For secondary electron emission, we use the built-in Vaughan model in CST, which 

assumes an emission energy distribution that is gamma distributed and weighted by a temperature 

𝑇5 [133]. For the simulations in this study, we assume a temperature of 𝑇5 = 2eV, which provides 

an emission energy probability distribution function (PDF) similar to the distribution given in Eq. 
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2.6(a) provided by Kishek and Lau  [4]. Secondary electrons are emitted at angles relative to the 

surface normal with the following probability distribution function [133], 

𝑓(𝜃) = 𝑐𝑜𝑠𝜃, 𝜃 ∈ [0, 𝜋/2]. (5.13) 

 

Figure 5.8. (a) Multipactor susceptibility chart calculated from MC simulation (red dotted 
regions) for random emission voltage and emission angle given by Eq. (2.6) along with 

analytical boundaries for the first five modes, 𝑁 = 1	(solid black line), 3	(solid blue line), 5	(solid 
red line), 7	(solid magenta line) and	9	(solid green line) calculated as described in in section 
5.1.2. (b) Emission energy probability distribution functions (PDF) obtained from CST with 

𝑇5 = 2𝑒𝑉 (red curve) and from Eq. 2.6(a) (black curve). (c) Evolution of the electron population 
at gap voltage amplitudes, 𝑉#$ = 99V	(black curve), 111V	(red curve), and 93V	(blue curve). 

These simulations were produced with 𝑓𝑑	 = 	0.9902 GHz·mm (𝑓	 = 	1 GHz,	𝑑	 =
	0.9902	mm) using the peak incident energy 𝑉%&"' = 277.5eV, peak SEY 𝛿%&"' =

2.088,	and	𝑇5 = 2eV as Vaughan’s model parameters in CST.  
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It is known that multipactor discharge causes the electron population to increase 

exponentially. An example of this is shown in Fig. 5.8(c) at different applied voltage levels, with 

𝑓𝑑	 = 	0.9902	GHz·mm. For all the applied voltages, an initial growth of electron population is 

observed at a constant rate as the particle source emits seed electrons during the first excitation 

period. After this initial increase, we observe an increase of electron population at a higher rate 

and then a decrease as seeded electrons with favorable phase and velocity are multiplied and 

electrons with unfavorable phase and velocity are absorbed by the boundaries. In the 𝑉#$ = 99V 

case (black curve in Fig. 5.8(c)), the electron population is periodically increasing and decreasing 

maintaining a time-averaged steady saturation level. Therefore, this voltage is expected to be very 

close to the multipactor threshold. In the 𝑉#$ = 93V case (blue curve in Fig. 5.8(c)), the electron 

population slowly increases, suggesting the voltage is within the multipactor susceptibility regime 

and still close to multipactor threshold. In the 𝑉#$ = 111V case (red curve in Fig. 5.8(c)), the 

electron population slowly decreases, suggesting multipactor will not be sustained in the long term.  

As we can observe from Fig 5.8(a), the three points are indeed very close to the upper 

multipactor threshold boundary obtained from the MC simulation, justifying the slow growth and 

decay of electron population in Figs. 5.8(c). The case shown by the black curve in Fig 5.8(c) is the 

closest to the susceptibility boundary shown by yellow circle in Fig 5.8(a).  
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Figure 5.9. Comparison of the multipactor susceptibility chart obtained from analytical 
calculations (solid lines), MC simulation (red dotted regions), and CST simulation (black dotted 

regions). The CST simulation is conducted for 𝑓𝑑 = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 15,	and	18 
GHz·mm. For all the cases, we use rf frequency, 𝑓 = 1GHz, and variation of 𝑓𝑑 is obtained by 

varying the gap distance, 𝑑. 
 

Figure 5.9 shows the comparison of the full susceptibility chart obtained from analytical 

calculations described in section 5.1.2 (solid lines), MC simulation described in section 5.1.3 (red 

dotted regions), and the CST simulation described in this section (black dotted regions). We 

observe that there is excellent agreement between the MC and the CST simulation. Typical 

simulation times to generate a full susceptibility diagram (black dots in Fig. 5.9) were on the order 

of a few hours to a day using a PC with two 12-core Intel Xeon E5-2687WV4 processors.  

The difference between the MC and CST simulation is mainly due to the fact that the MC 

model used here is a simplified single macroparticle model. Another reason is the different energy 

distribution of secondary electron emission used: in MC, all the emitted secondary electrons are 

assumed to be contained in a single macroparticle which is then emitted from the surface following 

the energy and angle distributions given by Eq (2.6); whereas in CST, discrete secondary electrons 

are emitted with energies following the gamma distribution (red curve in Fig. 5.8(b)) which is 

different from the distribution used in the MC simulation (black curve in Fig. 5.8(b)). In addition, 



 71 

as a result of the polar angle distribution of the emitted secondary electrons in CST given by Eq. 

(5.13), there is a lateral diffusion of electrons in the 3-dimensional CST simulation, as can be 

observed from Fig. 5.10.  

 

Figure 5.10. Evolution of the multipactor discharge with, 𝑉#$ = 99V, 𝑓𝑑	 = 	0.9902	GHz · mm, 
𝑓	 = 	1 GHz, 𝑑	 = 	0.9902	mm.  

 
5.2. Analysis for Two-Frequency RF Field Induced Multipactor 

5.2.1. Electron Dynamics 

As described in Chapter 2 Section 2.1, the two frequency rf electric field can be described 

as 𝐸( = [𝐸#$ sin(𝜔𝑡 + 𝜃) + 𝛽𝐸#$ sin(𝑛(𝜔𝑡 + 𝜃) + 𝛾)]	. Here 𝐸#$ is the peak electric field 

strength, 𝜔 is the angular frequency, and 𝜃 is the initial phase of the electric field, of the 

fundamental carrier mode. 𝛽 is the field strength of the second carrier mode relative to the 

fundamental mode, 𝛾 is the relative phase of the second carrier mode when (𝜔𝑡 + 𝜃) = 0 or integer 

multiple of 2𝜋, and 𝑛 is the ratio of the two carrier frequencies. Therefore, the force law governing 

the electron trajectories for the two frequency rf field is as follows, 

𝑎(𝑡) =
𝑒𝑉#$
𝑚𝑑 [𝑠𝑖𝑛(𝜔𝑡 + 𝜃) + 𝛽sin	(𝑛(𝜔𝑡 + 𝜃) + 𝛾)], (5.14) 

The velocity of the electron is obtained as, 
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𝑣 =
𝑒𝑉#$
𝑚𝜔𝑑 |𝑐𝑜𝑠𝜃 − cos

(𝜔𝑡 + 𝜃) +
𝛽
𝑛
[cos(𝑛𝜃 + 𝛾) − cos(𝑛(𝜔𝑡 + 𝜃) + 𝛾)]~

+ 𝑣'𝑠𝑖𝑛𝜙. 

(5.15) 

and the instantaneous position of a multipactor electron is obtained as,  

𝑦 = 5e-.
%?&.

�𝜔𝑡𝑐𝑜𝑠𝜃 − sin(𝜔𝑡 + 𝜃) + 𝑠𝑖𝑛𝜃 + @
:
[𝑛𝜔𝑡𝑐𝑜𝑠(𝑛𝜃 + 𝛾) − sin(𝑛(𝜔𝑡 + 𝜃) +

𝛾) + 𝑠𝑖𝑛(𝑛𝜃 + 𝛾)]� +	𝑣'𝑡𝑠𝑖𝑛𝜙 + 𝑦'. 

 

(5.16) 

5.2.2. Analytical Model 

Developing a general analytical model for the two-frequency rf operation is not as 

straightforward as that of the single frequency rf operation. This is due to the fact that for two-

frequency rf operation, there can be infinite number of the rf waveshape for different combinations 

of 𝑛, 𝛽,	and	𝛾. From our discussion in section 5.1.2, it is clear that the electron transit time between 

the parallel plates is dependent on the rf waveshape. Therefore, unlike the single frequency case, 

a general assumption cannot be made about the electron transit time for the two-frequency case 

that will work for arbitrary combinations of 𝑛, 𝛽,	and	𝛾. In the next sections, we resort to the Monte 

Carlo and CST simulations to study the two-frequency rf operation.  

5.2.3. Monte Carlo and CST Simulation 

We follow the same MC simulation procedure described in section 5.1.3 and construct the 

multipactor charts for the two frequency rf fields. Figure 5.11 shows the multipactor susceptibility 

charts calculated from MC simulations for random emission energy and emission angle following 

Eqs. 2.6, and also from CST simulations, for the cases with relative strength of the second carrier 

𝛽 = 1, frequency ratio between the two carrier modes 𝑛 = 2, and relative phase of the second 

carrier 𝛾 = 0, 𝜋/2,	and	3𝜋/4. It is important to note here that along the horizontal axis of the two-
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frequency susceptibility chart, we have the product of the fundamental rf frequency, 𝑓, and the gap 

distance, 𝑑.  

 

Figure 5.11. Multipactor susceptibility charts calculated from MC simulation (red dotted regions) 
for random emission voltage and emission angle and from CST simulation (black dotted regions) 
for (a) single frequency rf operation, which is the same as Fig. 5.9 above, (b) relative strength of 

the second carrier 𝛽 = 1, frequency ratio between the two carrier modes 𝑛 = 2, and relative 
phase of the second carrier,  𝛾 = 0, (c) 𝑛 = 2, 𝛽 = 1, 𝛾 = 𝜋/2, and (d) 𝑛 = 2, 𝛽 = 1, 𝛾 = 3𝜋/4. 
The CST simulation is conducted for 𝑓𝑑 = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 15,	and	18 GHz · mm. 

For all the cases, we use fundamental rf frequency, 𝑓 = 1GHz, and variation of 𝑓𝑑 is obtained by 
varying the gap distance, 𝑑. 

 
Figure 5.11 shows that multipactor susceptibility regions are sensitive to the relative phase 

𝛾 of the second carrier mode. As 𝛾 increases from 𝛾 = 0	to 𝜋/2,	and 3𝜋/4, the multipactor 

susceptibility regions slightly shrink. This agrees with previous results of V. Semenov [39] and 

can be attributed to the modulation of rf envelope by the second carrier mode. The susceptibility 

regions have the smallest area for 𝛾 = 𝜋/2. The difference between the MC and the CST results 

can be attributed to the differences between the two methods as described in section 5.1.5.  
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Figure 5.12. Multipactor susceptibility charts calculated from MC simulation (red dotted regions) 
for random emission voltage and emission angle for frequency ratio between the two carrier 

modes, 𝑛 = 2,  relative phase of the second carrier,  𝛾 = 𝜋/2,	and relative strength of the second 
carrier (a) 𝛽 = 1, (b) 𝛽 = 0.75, (c) 𝛽 = 0.5 and (d) 𝛽 = 0.25. For all the cases, we use 
fundamental rf frequency, 𝑓 = 1GHz, and variation of 𝑓𝑑 is obtained by varying the gap 

distance, 𝑑.  
 
 Figure 5.12 shows that as the relative strength of the second carrier mode decreases, the 

effect of the second carrier mode becomes less prominent on the susceptibility chart, as the chart 

gradually approaches that of single frequency operation. This has also been previously observed 

for single surface multipactor discharge with two-frequency rf fields [125]. 

5.2.4. Electron Trajectories and Multipactor Modes 

As discussed before in section 5.2.2, multipactor modes cannot be rigidly defined for two-

frequency rf operation. However, careful examination of the particle trajectories for points at 

different regions in the susceptibility chart leads to a few interesting observations.  
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Figure 5.13. (a) Multipactor susceptibility chart for two-frequency rf operation with frequency 
ratio between the two carrier modes, 𝑛 = 2,	relative strength of the second carrier mode, 𝛽 =
1,	and relative phase of the second carrier mode, 𝛾 = 0 calculated from MC simulation for 

random emission voltage and emission angle. (b)-(e): Instantaneous rf voltage (blue lines) and 
corresponding macroparticle trajectories (red lines) for (b) 𝑉#$ = 56.86V, 𝑓𝑑 = 0.9902	GHz ·
mm, (c) 𝑉#$ = 283V, 𝑓𝑑 = 3.112	GHz · mm, (d)	𝑉#$ = 400V, 𝑓𝑑 = 5	GHz · mm, and (e) 𝑉#$ =
800V, 𝑓𝑑 = 10GHz · mm. For all the cases, we use fundamental rf frequency, 𝑓 = 1GHz, and 

variation of 𝑓𝑑 is obtained by varying the gap distance, 𝑑. Plots (b)-(e) correspond to the points 
𝑚, 𝑛, 𝑜,	and 𝑝 in the susceptibility chart in (a), respectively. 

  
For a single multipactor mode in single frequency rf operation, the transit time of the 

macroparticle from the top plate to the bottom plate and the transit time from the bottom plate to 

the top plate are equal. However, for the two frequency rf operation, we frequently observe mixed 

multipactor modes where the two transit times are not equal to each other, and yet the time for a 

complete round trip of the particle remains fixed.  

For example, Fig 5.13(b) shows a case of two frequency operation with 𝛽 = 1, 𝑛 = 2, 𝛾 =

𝜋/2, 𝑉#$ = 56.86V, 𝑓𝑑 = 0.9902	GHz · mm, the transit time from bottom plate to top plate, 

𝜏]f = 0.4ns,	and the transit time from bottom plate to top plate,	𝜏f] = 0.6ns.	The total time 
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required for the round trip is therefore, 𝜏#83:. = 1𝑛𝑠. The corresponding point 𝑚 is shown in the 

susceptibility chart in Fig. 5.13(a).  

In the case of Fig 5.13(c) with 𝑉#$ = 283V, 𝑓𝑑 = 3.112	GHz · mm, we have 𝜏]f =

0.8ns,	and	𝜏f] = 1.2ns.	The total time required for the round trip is therefore, 𝜏#83:. = 2𝑛𝑠. The 

corresponding point 𝑛 is shown in the susceptibility chart in Fig. 5.13(a). Similarly, for the cases 

of Figs. 5.13(d)-(e), we have 𝜏]f = 1.5ns and 2.5ns, respectively and 𝜏f] = 2.5ns and 4.5ns, 

respectively. The total time required for the round trips are therefore, 𝜏#83:. = 4ns and 7ns, 

respectively. The corresponding points 𝑜 and 𝑝 are shown in the susceptibility chart in Fig. 5.13(a). 

 

Figure 5.14. (a) Multipactor susceptibility chart for two-frequency rf operation with frequency 
ratio between the two carrier modes, 𝑛 = 2,	relative strength of the second carrier mode, 𝛽 =
1,	and relative phase of the second carrier mode, 𝛾 = 𝜋/2 calculated from MC simulation for 
random emission energy and emission angle. (b)-(e): Instantaneous rf voltage (blue lines) and 

corresponding macroparticle trajectories (red lines) for (b) 𝑉#$ = 100V, 𝑓𝑑 = 1.5	GHz · mm, (c) 
𝑉#$ = 178V, 𝑓𝑑 = 2	GHz · mm, (d)	𝑉#$ = 450V, 𝑓𝑑 = 4	GHz · mm, and (e) 𝑉#$ = 800V, 𝑓𝑑 =
10GHz · mm. For all the cases, we use fundamental rf frequency, 𝑓 = 1GHz, and variation of 𝑓𝑑 
is obtained by varying the gap distance, 𝑑. Plots (b)-(e) correspond to the points 𝑚, 𝑛, 𝑜,	and 𝑝 in 

the susceptibility chart in (a), respectively. 
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 Figure 5.14 shows similar mixed multipactor modes for 𝛽 = 1, 𝑛 = 2, 𝛾 = 𝜋/2 where 𝜏]f 

and 𝜏f] are different, but 𝜏#83:. is fixed. For Figs. 5.14(b)-(e) we have four cases with 𝜏#83:. =

1ns, 1ns, 5ns,	and	7ns respectively.  

5.3. Preliminary Results on Space Charge Effect 

In addition to a Particle-in-Cell (PIC) solver without space charge effect, CST also offers 

a PIC solver with space charge effect  [88,133]. Next, we turn on the space charge effect and run 

the simulation for single frequency rf operation to examine the effect of space charge on the time 

dependent physics and multipactor susceptibility. 

5.3.1. Space Charge Effect on the Time Dependent Physics  

 

Figure 5.15. Number of particles vs time in CST with peak rf voltage,	𝑉#$ = 85V, gap 
distance	𝑑 = 0.9902mm,	and rf frequency	𝑓 = 1GHz without space charge effect (blue curve), 
with the space charge effect (red curve). The total number of seed particles in the simulation, 

𝑁,55.,282&! = 1515, and the number of electrons contained in each particle, 𝑁5 = 109. 
 

 First, we try to understand how space charge affects multipactor electron dynamics and the 

time dependent physics. As an example case, we choose the point in the susceptibility chart with 

𝑉#$ = 85V, 	and	𝑓𝑑 = 1𝐺Hz · mm. We can observe from Figs. 5.15 that the growth rate of electron 
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population without space charge is much higher than the growth rate of electron population with 

space charge. Both cases result in an exponential growth of electrons with the secondary electron 

yield, 𝛿 > 1. Therefore, space charge significantly affects the time dependent physics of 

multipactor discharge. Figure 5.16 shows the three-dimensional picture of the evolution of electron 

population in the system with and without space charge.  

 

Figure 5.16. Three-dimensional pictures of the evolution of multipactor discharge (a)-(d): 
without space charge, (e)-(h): with space charge, for 𝑉#$ = 85V, 𝑓	 = 	1 GHz, 𝑑	 = 	0.9902	mm. 

The total number of seed particles in the simulation, 𝑁,55.,282&! = 1515, and the number of 
electrons contained in each particle, 𝑁5 = 109.  

 
 To understand why the growth rate of electron population without space charge is higher 

compared to that with space charge, we examine the y-directional position (𝑦)-velocity (𝑣() phase 

space. Figure 5.17(a)-(c) show that when space charge effect is absent, the number of seed particles 
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increases linearly from  𝑁,55. = 456 to 𝑁,55. = 797 from time 𝑡 = 0.3𝑛𝑠 to 𝑡 = 0.5𝑛𝑠 according 

to the input assigned in CST. These seed particles impact the bottom plate near the time 𝑡 = 0.5𝑛𝑠 

and the impact velocity of the primary particles for these impacts, 𝑣+ > 4 × 10d𝑚/𝑠 (Fig. 5.17(c)). 

At 𝑡 = 0.5𝑛𝑠,	the electric field reverses direction and then the emitted secondary particles are 

accelerated toward the top plate. These secondary particles impact the top plate near the time 𝑡 =

1𝑛𝑠 (Fig 5.17(g)).  

  

Figure 5.17. y vs 𝑣( without space charge for 𝑉#$ = 85V, 𝑓	 = 	1 GHz, 𝑑	 = 	0.9902	mm at 
times (a) 𝑡 = 0.3𝑇#$, (b) 𝑡 = 0.4𝑇#$ , (c) 𝑡 = 0.5𝑇#$ , (d)	𝑡 = 0.6𝑇#$ , (e)	𝑡 = 0.7𝑇#$ , (f)	𝑡 =
0.8𝑇#$ , (g)	𝑡 = 0.9𝑇#$ , (h)	𝑡 = 1.0𝑇#$ , where 𝑇#$ = 1ns		is the rf period. The total number of 

seed particles in the simulation is set as 𝑁,55.,282&! = 1515, and the number of electrons 
contained in each particle, 𝑁5 = 109.  

 
 However, electron dynamics changes significantly in the presence of space charge. Figures 

5.17(a) and 5.18(a) show that at time 𝑡 = 0.3𝑛𝑠, the number of seed particles with space charge is 

equal to the number of seed particles without space charge (𝑁,55. = 456 for both cases). However, 

at 𝑡 = 0.4𝑛𝑠, we only observe 𝑁,55. = 371	with space charge (Fig.5.18(b)) compared to 𝑁,55. =

607 without space charge (Fig. 5.17(b)). This happens because when space charge effect is 
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accounted for, seed particles emitted from the surface at a later time are repelled by the seed 

particles emitted during the early period and consequently they are absorbed by the emitting 

surface (top plate). This is due to the virtual cathode effect [134–138] which is also shown in Fig. 

5.15. In addition, space charge repulsion decreases the acceleration of the seed particles by the 

electric field. Therefore, we observe that the velocities of the seed particles with space charge 

effect (Figs. 5.18(a)-(c)) are significantly lower than the velocities of the seed particles without 

space charge effect (Figs. 5.17(a)-(c)). As a result, the primary particles fail to reach the bottom 

plate at 𝑡 = 0.5𝑛𝑠 (Fig. 5.18(c)) when the electric field reverses direction, i.e., the resonance 

condition discussed in Section 5.1.1 is not met. The reversed electric field decelerates the seed 

particles, and they impact the bottom plate with velocities 𝑣( < 4 × 10d𝑚/𝑠 (Fig. 5.18(d)) 

resulting in a lower SEY compared to that without space charge effect. In addition, many of the 

emitted secondary particles are absorbed by the emitting surface due to the virtual cathode effect.  

Therefore, the lower growth rate of electron population with space charge effect can be 

attributed to the virtual cathode effect, the disruption of resonant electron motion, and low SEY 

due to low impact energy of the primary electrons.  
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Figure 5.18. y vs 𝑣( with space charge for 𝑉#$ = 85V, 𝑓	 = 	1 GHz, 𝑑	 = 	0.9902	mm at times 
(a) 𝑡 = 0.3𝑇#$, (b) 𝑡 = 0.4𝑇#$ , (c) 𝑡 = 0.5𝑇#$ , (d)	𝑡 = 0.6𝑇#$ , (e)	𝑡 = 0.7𝑇#$ , (f)	𝑡 =

0.8𝑇#$ , (g)	𝑡 = 0.9𝑇#$ , (h)	𝑡 = 1.0𝑇#$ , where 𝑇#$ = 1ns		is the rf period. The total number of 
seed particles in the simulation is set as 𝑁,55.,282&! = 1515, and the number of electrons 

contained in each particle, 𝑁5 = 109. 
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5.3.2. Space Charge Effect with Different Total Volume Charge 

 

Figure 5.19. (a) Number of particles vs time for the number of electrons contained in each 
particle, 𝑁5 = 109(blue curve) and 𝑁5 = 0.5 × 109(red curve). For both cases, we use emission 

period of seed particles, 𝑡5%+,,+8: = 1𝑛𝑠	and	the total number of seed particles, 𝑁,55.,282&! =
1515. (b) Volume charge vs time with 𝑡5%+,,+8: = 1ns, 𝑁,55.,282&! = 1515,𝑁5 = 109 (blue 
curve), and 𝑡5%+,,+8: = 2ns, 𝑁,55.,282&! = 3030	and 𝑁5 = 0.5 × 109(red curve). For all the 

cases, we use 𝑉#$ = 85V, 𝑓	 = 	1 GHz, 𝑑	 = 	0.9902	mm.  
 
 Figure 5.19(a) shows that with a fixed total number of seed particles, 𝑁,55.,282&!, as the 

number of electrons contained in each particle, 𝑁5, increases, space charge effect becomes more 

prominent. This happens because as 𝑁5 increases, the total emitted charge in the volume also 

increases, making space charge more significant. Thus, it is important to choose a proper 𝑁5 in 

CST simulation in order to have sufficient volume charge to observe the impact of space charge 

effect.  

 Figure 5.19(b) shows two multipactor simulation cases in CST with space charge. In one 

case (blue curve), we use 𝑁,55.,282&! = 1515 and 𝑁5 = 109. In the other case (red curve), we 

increase 𝑁,55.,282&! 	by two times (𝑁,55.,282&! = 3030) and at the same time decrease 𝑁5 	by two 

times (𝑁5 = 0.5 × 109), so that the total volume charge for the two cases remain the same. Since 

the volume charge is the same for the two cases, we observe that the charge growth due to 
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multipactor remains almost the same for the two cases. The major difference between the two cases 

observed for 𝑡 < 2ns is due to the fact that for the first case (blue curve), seed particles are emitted 

for 𝑡5%+,,+8: = 1ns whereas for the second case (red curve), seed particles are emitted for 

𝑡5%+,,+8: = 2ns resulting in some differences in the charge growth between the two cases for 𝑡 <

2ns. 

5.3.3. Space Charge Effect on Multipactor Susceptibility 

 

Figure 5.20. Multipactor susceptibility charts for single frequency rf operation calculated from 
MC simulation without space charge effect (dotted red regions) for random emission energy and 
emission angle along with (a) CST simulation (black dotted regions) without space charge effect 
for 𝑁,55.,282&! = 1515, 𝑁5 = 109. (b) CST simulation with space chare effect for 𝑁,55.,282&! =
1515,𝑁5 = 109,	and (b) CST simulation with space chare effect for	𝑁,55.,282&! = 1515,𝑁5 =

4 × 109.  
 

We observe from Fig. 5.20(a-b) that the susceptibility charts without space charge effect 

and with space charge effect are almost identical when we choose 𝑁5 = 109. However, if we 

increase the total volume charge by choosing 𝑁5 = 4 × 109 (Fig. 5.20(c)), space charge effect on 

multipactor susceptibility becomes more prominent, as described in Section 5.3.2. As a result, 

multipactor susceptibility bands shrink when space charge increases. This trend agrees with 

previous study conducted by G. Romanov [139].  

The difference in the susceptibility charts with and without space charge effect can be 

explained from the time dependent physics described in Section 5.3.1.  Due to the virtual cathode 
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effect induced by space charge as well as the low impact energy of primary electrons leading to 

low SEY of impacts, a higher electric field is required to initiate multipactor in the presence of 

space charge which results in the upwards shift of the lower multipactor susceptibility boundary. 

For the upper boundary, in the presence of the repulsive space charge field, a lower RF electric 

field is required to make sure the emitted electrons do not back strike the original emitting surface 

(cf. Fig. 5.2). As a result, the presence of space charge leads to the shrinkage of the susceptibility 

bands in Fig. 5.20(c). 

5.3.4. Space Charge Induced Multipactor Saturation 

 

Figure 5.21. Multipactor saturation in CST simulation due to space charge effect with 𝑁5 = 109 
(blue curve), and	𝑁5 = 4 × 109(red curve). For both cases, we use 𝑁,55.,282&! = 1515,	 𝑉#$ =

369.6V, 𝑓	 = 	1 GHz, and 𝑑	 = 	2.02	mm. 
 
 Previous studies [50,53,139] have concluded that space charge plays a significant role in 

two-surface multipactor saturation mechanism. S. Riyopoulos attributed multipactor saturation to 

two synergistic effects: spreading of the impact phases into the region where the vacuum rf retards 

emission and field reversal in the front end of the bunch due to the space-charge field  [53]. In our 

CST simulation, we observe multipactor saturation with space charge effect when the simulation 
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is conducted for a long time period (30ns	in Fig. 5.21). However, when the same simulation is 

conducted in the absence of space charge effect, the number of particles keep increasing 

indefinitely, since there is no saturation mechanism, and eventually the program crashes.   

 Figure 5.21 also shows that the multipactor saturation level, in terms of total charge in the 

volume, for a given set of inputs does not depend on 𝑁5. The same saturation level is observed for 

both cases with 𝑁5 = 109 (blue curve), and	𝑁5 = 4 × 109(red curve) in Fig. 5.21. However, due 

to the difference in charge growth rate for the two cases, multipactor saturation is obtained at 

different times.  
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CHAPTER 6: Summary and Future Works 

 

This dissertation presents a numerical and analytical investigation of multipactor discharge 

with two carrier frequencies. While multipactor can occur in a system with multiple surfaces and 

complicated geometries, we focus our study on single-surface and parallel plate geometries with 

an emphasis on the former.  

6.1. On Multipactor Susceptibility and Time Dependent Physics of Single Surface 

Multipactor Discharge 

By employing Monte Carlo simulations and analytical calculations we obtain multipactor 

susceptibility diagrams on a dielectric in terms of the two-frequency transverse rf electric field and 

normal surface charging field. We present a novel multiparticle Monte Carlo simulation model in 

one dimension with adaptive time steps that can calculate the electron flight times exactly. We 

employ this model to investigate the effects of the relative strength and phase, and the frequency 

separation between the two carriers on time averaged multipactor susceptibility and time 

dependent physics of multipactor discharge. We show that two frequency operation reduces the 

multipactor strength compared to single frequency operation with the same total rf power. We 

demonstrate migration of the multipactor trajectory for different rf field configurations which can 

be used for directing multipacting electrons to a specific desirable location in the geometry for 

purposes such as device cleaning or to reduce further susceptibility to multipactor. With small 

frequency ratio between the two carrier modes, we observe the formation of beat waves in the 

temporal profiles of the normal electric field due to surface charging.  

The multiparticle Monte Carlo simulation scheme presented in this thesis does not account for 

space charge. However, a more advanced MC simulation scheme may be developed to include the 
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space charge effect without losing the computational speed and simplicity. Developing such an 

algorithm can be a subject of future research.  

Possible future work may also include investigating multipactor discharge due to non-

sinusoidal rf waveshapes. Wen et al. have studied the time dependent physics of multipactor 

discharge with transverse Gaussian type electric field [122] using PIC and multiparticle Monte 

Carlo simulations to demonstrate multipactor suppression. Multipactor susceptibility charts can be 

constructed for such non sinusoidal rf operation by extending our works in this dissertation. A 

study on multipactor induced by multi-carrier (more than two frequencies) rf operation can also 

be of interest for practical applications. Other types of electric field waveforms, such as rectangular 

or triangular waveforms may have interesting effects on multipactor discharge. Another important 

domain of future research may include multipactor induced by non-transverse rf modes which will 

significantly change electron impact energies and angles leading to different secondary electron 

emission conditions.  

6.2. On Frequency Domain Analysis of Single Surface Multipactor 

The thesis presents a comprehensive frequency domain analysis of multipactor discharge 

on single dielectric surface for both single- and two-frequency rf operations. We find that for the 

single frequency rf operation, the normal electric field consists of pronounced even harmonics of 

the driving rf frequency and the strength of a harmonic component in the normal electric field is a 

function of its frequency and the incident rf amplitude. We propose an empirical relation between 

the strength and frequency of the harmonics and the input rf amplitude. For two frequency rf 

operation, we observe spectral peaks are in the amplitude spectrum of the normal electric field at 

various frequencies of intermodulation product of the rf carrier frequencies. We propose empirical 

relations between the heights of different spectral peaks and the input rf amplitudes. 
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To the knowledge of the author, the frequency components of the surface charging field 

associated with single surface multipactor discharge have not been investigated in experiments. 

Diagnosis and harvesting of these frequency components may be an interesting research pursuit 

for future. These frequency components may be useful in various applications, such as harmonic 

generation  [113]. Future research may also include the effect of these frequency components on 

transmitted rf signal quality  [36]. Our research on the frequency domain analysis of multipactor 

can also be extended to multi-frequency rf operation.   

6.3.  On Two Surface Multipactor 

We investigate two surface multipactor with two frequency rf fields using Monte Carlo and 

CST simulation. We observe that multipactor susceptibility is sensitive to the relative strength and 

phase of the second carrier mode. Multipactor susceptibility regions can become smaller with two 

frequency rf operation. Regions of single and mixed multipactor modes are observed in the 

susceptibility chart. For these mixed multipactor modes, electrons take fixed times to complete a 

round trip between the two surfaces. However, the required times of the electrons to traverse the 

gap once during each round trip are different. An analytical model for these mixed multipactor 

modes may be developed in future. The effect of non-integer frequency separation on two surface 

multipactor may be examined. The connection between single and two surface multipactor may 

also be investigated.  

CST simulation with space charge reveals that space charge largely changes the time 

dependent physics of multipactor discharge. Electron growth rate is smaller with space charge than 

without it. This happens due to virtual cathode effect, disruption of resonant electron motion, and 

low SEY due to low impact energy of primary electrons due to space charge. Since a higher electric 
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field is required to overcome these effects and initiate multipactor discharge, susceptibility bands 

in the multipactor susceptibility chart shrink in the presence of space charge effect.  

In addition to two surface geometry, CST simulation may be employed in future to study 

a variety of geometries such as coaxial, rectangular, microstrip, circular, and 

elliptical waveguides. CST may also be employed in the frequency domain analysis of multipactor 

for these geometries.    
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