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ABSTRACT

ASYMPTOTICS OF THE TURAEV-VIRO INVARIANTS AND THEIR
CONNECTIONS IN LOW-DIMENSIONAL TOPOLOGY

By

Sanjay Lakshman Kumar

We study the Turaev-Viro invariants of 3-manifolds as well as their relationship to invari-
ants arising from hyperbolic geometry. We first construct a closed formula for the Turaev-
Viro invariants for hyperbolic once-punctured torus bundles. We then examine a conjecture
by Chen and Yang [13] which states that the asymptotics of the Turaev-Viro invariants
recover the hyperbolic volume of the manifold. Using topological tools, we are able to con-
struct infinite families of new examples of hyperbolic links in the 3-sphere which satisfy the
conjecture. Additionally, we show a general method for augmenting a link such that the
resulting link has hyperbolic complement which satisfies the conjecture.

As an application of the constructed links in the 3-sphere, we extend the class of known
examples which satisfy a conjecture by Andersen, Masbaum, and Ueno [3] relating the quan-
tum representations of surface mapping class groups to its Nielsen-Thurston classification.
Most notably, we provide explicit elements in the mapping class group for a genus zero
surface with n boundary components, for n > 3, as well as elements in the mapping class
group for any genus ¢ surface with four boundary components such that the obtained el-
ements satisfy the conjecture. This is accomplished by utilizing the intrinsic relationship
between the Turaev-Viro invariants and the quantum representations shown by Detcherry

and Kalfagianni in [18].
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Chapter 1

Introduction

In the 1980’s, Witten [60] provided a new interpretation of the Jones polynomials [30, 31]
from the perspective of physics leading to the construction of a sequence of complex-valued
3-manifold invariants. This led to the field of quantum topology, and the construction of a
wealth of new link and manifold invariants known as quantum invariants. This was first
formalized by Reshetikhin and Turaev [48] through the representation theory of quantum
groups which gave rise to the colored Jones polynomials. These are a sequence of poly-
nomial invariants of links parameterized by a positive integer n which are a generalization
of the Jones polynomial. Additionally, Reshetikhin and Turaev constructed a sequence of
3-manifold invariants calculated from the surgery description of the manifold [35] which
correspond to Witten’s invariants.

Although the quantum invariants can be used to distinguish links and manifolds, it is
conjectured that there are also strong connections between the hyperbolic geometry and
quantum topology of 3-manifolds. The most famous example being Kashaev’s volume con-
jecture [32, 33]. Kashaev introduced a sequence of quantum invariants for links in S* using
quantum dilogarithm functions, and Kashaev also observed in a few examples, as well as
conjectured in the general case, that the absolute value of the invariants grows exponentially
for hyperbolic links where the growth rate is given by the hyperbolic volume of the comple-
ment. Later in [44], Murakami and Murakami showed that the values of the colored Jones
polynomials evaluated at a particular root of unity coincide with Kashaev’s invariants lead-
ing to a reformulation of the volume conjecture. As this conjecture is analogous to numerous

topics in this dissertation, we provide its statement here.



Conjecture 1.0.1 ([33, 44)). For a hyperbolic link L in S®, let J,(L;q) be the n-th colored

Jones polynomial evaluated at q. Then

2
lim 2% log
n—oo M

7, <L; e£> ’ — Vol (S*\IntNbd(L))

where Vol (S*\IntNbd(L)) is the hyperbolic volume of the complement of L in S3.

The volume conjecture is one of the many proposed relations between hyperbolic geom-
etry and quantum topology. In this work, we will investigate two other conjectures which
further deepen the connection between the fields. Namely, we will explore the Turaev-Viro
invariant volume conjecture, stated by Chen and Yang in [13], and the Andersen-Masbaum-
Ueno (AMU) conjecture [3]. For the formal statements of the conjectures as well as main
results, see Sections 1.2 and 1.3, respectively.

Briefly, the Turaev-Viro invariant volume conjecture is analogous to the original volume
conjecture; however, in place of the colored Jones polynomials, the Turaev-Viro invariant
volume conjecture relates the exponential growth rate of a sequence of real-valued invariants
known as the Turaev-Viro invariants [57] to the volume of the hyperbolic manifold. As
opposed to the original volume conjecture which was stated for link complements in S®, the
Turaev-Viro invariant is a 3-manifold invariant defined on a triangulation of the 3-manifold.
Because of this, the Turaev-Viro invariant version of the volume conjecture can be stated
for more classes of hyperbolic 3-manifolds.

For the latter, the AMU conjecture asserts that the geometric properties of the elements
of the surface mapping class groups given by the Nielsen-Thurston classification [23, The-
orem 13.2] are detected by objects arising from the Witten-Reshetikhin-Turaev topological
quantum field theories known as the quantum representations [48, 56]. More explicitly, the
Nielsen-Thurston classification splits the mapping class group into either periodic, reducible,
or pseudo-Anosov elements, and in the reducible case, the elements may be further reduced

to smaller parts on which the Nielsen-Thurston classification again applies. The AMU con-



jecture states that there is a quantum representation of infinite order if and only if the

associated mapping class group element contains any parts that are pseudo-Anosov.
Notably, we will see in Subsection 2.2.3 that it is natural to study the two conjectures

jointly. This is due to the Turaev-Viro invariant volume conjecture implying the AMU

conjecture as shown by Detcherry and Kalfagianni in [18].

1.1 Organization of Dissertation

The main results of this dissertation along with the statements of the Turaev-Viro invariant
volume conjecture and the AMU conjecture can be found in Sections 1.2 and 1.3, respectively.
In Chapter 2, we will present necessary preliminary material involving the definition of
the Turaev-Viro invariant [57], an introduction to surface mapping class groups [23], an
introduction to Turaev’s shadow theory approach to 3-manifolds [56], and the construction
of a family of links known as the fundamental shadow links which were originally introduced
by Constantino and Thurston in [15]. In Chapter 3, we consider the Turaev-Viro invariants of
the once-punctured torus bundles and their possible relationship to quantities in hyperbolic
geometry. Lastly, in Chapters 4 and 5, we demonstrate positive results towards the Turaev-
Viro invariant volume conjecture and the AMU conjecture, respectively, through applications

of the fundamental shadow links.

1.2 The Turaev-Viro Invariant Volume Conjecture

In this section, we will write the statement of the Turaev-Viro invariant volume conjecture
followed by the main results found in Chapters 3 and 4.

The SO(3)-version of the Turaev-Viro invariants 7'V, (M, q) [21, 57] of a compact 3-
manifold M are real-valued invariants of M that depend on an odd integer r > 3 and a 2r-th
root of unity ¢. For a precise definition of the Turaev-Viro invariant, see Section 2.1. Similar

in form to the original volume conjecture, Chen and Yang proposed the following which



relates the exponential growth rate of T'V,. (M, q) to the hyperbolic volume of the manifold
M, denoted by Vol (M).

Conjecture 1.2.1 ([13]). Let M be a hyperbolic 3-manifold and q = exp (2”ﬁ). Then

r

2
lim == log [TV, (M, q)| = Vol (M)

r—oo T

as r ranges along the odd natural numbers.

Additionally in [13], Chen and Yang provided numerous computations supporting the
exponential growth rate of the Turaev-Viro invariant at this particular root of unity. It is
notable that this conjecture is in contrast to the evaluation of the invariant at ¢ = exp (@)
where the growth rate is expected to only be polynomial.

Currently, Conjecture 1.2.1, which we call the Turaev-Viro invariant volume conjecture,
has been proven for multiple 3-manifolds. It has been shown for the complement of the
Borromean rings and the complement of the figure-eight knot by Detcherry, Kalfagianni,
and Yang in [21]. It was verified by Ohtsuki that the closed hyperbolic 3-manifolds arising
from integral Dehn surgeries on the figure-eight knot satisfy the conjecture in [45] which
was extended by Wong and Yang to rational surgeries in [62]. In [7], Belletti, Detcherry,
Kalfagianni, and Yang verified the conjecture for the complements of the fundamental shadow
links which are a family of links in connected sums of S? x S'. Additionally in [6], Belletti
proved Conjecture 1.2.1 for families of links in connected sums of S? x S' which contain
examples that are not fundamental shadow links. Lastly in [61], Wong proved Conjecture
1.2.1 for the twisted Whitehead links as well as certain subfamilies of Whitehead chains
originally introduced by Roland van der Veen in [58].

Additionally in this work, it will be useful for us to generalize the Turaev-Viro invariant
volume conjecture for the cases when the manifold is not necessarily hyperbolic. For this,
we will write the Turaev-Viro invariant volume conjecture in terms of the simplicial volume.

We will only state the relationship between the simplicial volume and the hyperbolic volume



of a manifold; however, more details may be found in [27] by Gromov and in [54, Section
6.5] by Thurston.

We will denote the simplicial volume for a manifold M by ||M]||. If M is a hyperbolic
manifold of finite volume, then

Vol (M) = vy || M]|

where vy =~ 1.0149 is the volume of a regular ideal tetrahedron. For manifolds which are not
hyperbolic, the simplicial volume can be thought of as measuring the sum of the volumes
of the hyperbolic pieces. Because of this, the following conjecture, which is formally stated
by Detcherry and Kalfagianni in [19], is a natural extension of the Turaev-Viro invariant

volume conjecture.

Conjecture 1.2.2 ([13]). Let M be a compact and orientable 3-manifold with empty or

toroidal boundary. Then for ¢ = exp (@) )

2
LTV (M) = limsup — log |TV; (M, q)| = v || M|

r—soo I
as r ranges along the odd natural numbers.

In [19], the authors show that the extended Turaev-Viro invariant volume conjecture
holds for certain manifolds of simplicial volume zero. In addition, the authors show that the
extended Turaev-Viro invariant volume conjecture is preserved under gluings by manifolds
known as the invertible cabling spaces. Furthermore, Detcherry shows that the conjecture is
preserved under (p,2)-cabling for p odd in [17].

In the following subsections, we provide results from this work in relation to the Turaev-

Viro invariant volume conjecture.



1.2.1 Main Results From Chapter 3

In Chapter 3, we consider the Turaev-Viro invariants of once-punctured torus bundles.
Briefly, the mapping class group Mod(X1) is the group of isotopy classes of orientation-
preserving self-homeomorphisms of the surface. More information on mapping class groups
may be found in Section 2.2. From the elements of Mod(¥}), we may form the once-
punctured torus bundles. For ¢ € Mod(X1}), the once-punctured torus bundle is constructed
as the mapping torus M(¢) = X} x [0,1]/(x,0) ~ (¢(x), 1) such that M(¢) has monodromy
¢. In the case of hyperbolic once-punctured torus bundles, the monodromy ¢ admits a
canonical presentation in terms of generators R and L which is related to the canonical tri-
angulation of the bundle. From this canonical triangulation, we construct a closed formula
for the Turaev-Viro invariants which depends, in a trivial way, on the form of the canonical
presentation of the monodromy ¢ € Mod(X1). For more details on either the mapping tori
or the canonical triangulations, see Subsections 2.2.1 and 3.1.1, respectively.

We will now proceed with the closed formula for the Turaev-Viro invariants of the hy-
perbolic once-punctured torus bundles. Although understanding the formula involves the
introduction of additional notation found in Section 3.2, we will still first state the formula
here as follows. We remark that an admissible coloring is a set of criteria, dependent on the

odd and positive integer r, which the terms EN

5, known as the quantum 63-symbols will

have to satisfy. See Section 2.1 for the precise definition.

Theorem 3.2.1. Let ¢ = RMLN2... RNan—1 [Now ¢ Mod(31) where n, N; > 0 for 1 <i <

2n, and let N = (21221 N;). Then the mapping torus M (¢) has Turaev-Viro invariant
N+3
TV; <M (¢) ’Q) - 2b27b0 Z [(H ‘ak|> (EZ](\)T}JO ’ EZ]Y?M et Egjnthnl)]
adm k=4

where the sum is over all admissible colorings, ay = a(n42), G2 = AQ(N-Ny,+2), and a3 = A(N43).

Additionally, the indices iy and ji, may be computed inductively from (ig, jo) = (2,3) where



ik g {ik—lyjk—l} and with
) ik—l For N, k odd
Je =
Jk—1 For Ny even
In Subsection 3.2.1, we provide examples of explicit calculations of the Turaev-Viro in-
variants for once-punctured torus bundles using Theorem 3.2.1.
Lastly, we end Chapter 3 with a conjecture relating the Turaev-Viro invariants of hy-
perbolic manifolds to a geometric quantity of the mapping class group known as the stretch

factor. The conjecture is stated in the following where pseudo-Anosov elements are defined

in Subsection 2.2.1.

Conjecture 3.3.3. Let ¢ € Mod(X7) be a pseudo-Anosov element with stretch factor \s.
Then
2
LTV (M) = limsup — log [TV, (M(¢),q)| < 27 log (As)

r—oo T

where r runs along the odd integers and q = exp (@)

As the goal of the Turaev-Viro invariant volume conjecture is to relate quantum topology
to hyperbolic geometry, Conjecture 3.3.3 further supports the claim. As we will discuss in

Section 3.3, a similar bound involving the hyperbolic volume and the stretch factor is known.

1.2.2 Main Results From Chapter 4

We first note that a large part of the results stated here are based on the work found in
[36] by the author of this dissertation. An important observation is that the Turaev-Viro
invariant volume conjecture is preserved under homeomorphisms of manifolds. This is due to
the Turaev-Viro invariant being a 3-manifold invariant as well as the hyperbolic volume being
a topological invariant by Mostow-Prasad rigidity [43, 46]. By utilizing this property, we are
able to prove the Turaev-Viro invariant volume conjecture for many link complements in S®
through explicit homeomorphisms to the complements of the fundamental shadow links. In

this sense, we say that the fundamental shadow links are realized as links in S3.



The precise definition of the fundamental shadow links may be found in Subsection 2.3.1;
however, in summary, the fundamental shadow links are a family of links in connected sums
of S? x S with useful properties. More specifically, they are hyperbolic links with explicit
hyperbolic volumes constructed from even multiples of regular ideal hyperbolic octahedra
along with relatively simple Turaev-Viro invariants from which the Turaev-Viro invariant
volume conjecture can be directly verified [7]. Additionally, they are “universal” in the sense
that every orientable 3-manifold with empty or toroidal boundary can be realized as the
manifold obtained from Dehn fillings along some subset of the boundary components for
the complement of some fundamental shadow link. See Subsection 4.1.3 for more details on
Dehn fillings.

Using LinkInfo [39] by Livingston and Moore, we begin by classifying links up to 11-
crossings in S with complements homeomorphic to the complement of a fundamental shadow

link. Here, we denote vg ~ 3.6639 as the volume of a regular ideal hyperbolic octahedron.

L6a4 L8n5 L8n7 L9n25 L9n26 L10n32
L10n36 L10n70 L10n84 L10n87 L10n97 L10n105

L10n108 L11n287 L11n376 L11n378 L11n385

Table 1.1: The links up to 11-crossings in S® which satisfy the Turaev-Viro invariant volume
conjecture with volume 2wvsg.

Theorem 1.2.3. Fach of the links in Table 1.1 is hyperbolic with volume 2vg and satisfies

the Turaev-Viro tnvariant volume conjecture.

The given notation L., is such that the first index indicates the minimum number of
crossings, the second index indicates whether it is alternating or non-alternating, and the
last index indicates that it is the k-th link with the same first two indices. We note that in
Section 4.3, we compile a list of all possible links in LinkInfo which could be a fundamental
shadow link with hyperbolic volume 2vg. With the exception of the link Ljg,59, all of the
possible links are fundamental shadow links realized in S3. For the case of Lig,59, our method

gave an inconclusive result; however, we believe that the link does not have complement



k+1

Figure 1.1: The defined link families Ly, Ji, and K} in S3. For the link family {L;} with
(5k 4 6) crossings, the number of components is (k + 2) for £ odd and (k + 3) for k even.
For the link family {J,} and {K}} with (5k 4 5) and (5k + 4) crossings, the number of
components is (k + 2) and (k + 3), respectively.

homeomorphic to the complement of a fundamental shadow link.

Additionally, we construct infinite link families in S3 which satisfy the Turaev-Viro in-

variant volume conjecture.

Theorem 4.4.2. Given an integer k > 1, let Ly, Ji,, and K, be the links in S® shown in
Figure 1.1. The complement of each Ly, Ji, and Ky is a hyperbolic manifold with volume

2kvg and satisfies the Turaev-Viro invariant volume conjecture.

In the sense that they correspond to & = 1, the complements of these links should be seen
as a generalization of the complements of the Borromean rings and the Borromean twisted
sisters. For an illustration of the Borromean rings and the Borromean twisted sisters, see
Figure 4.3.

As we will see in Subsection 2.3.2, the fundamental shadow links may be constructed
from planar 4-valent graphs. In Section 4.5, we show that at least one of the fundamental
shadow links corresponding to a planar 4-valent graph can be realized as a link in S®. Here,
the complezity is the number of vertices of the graph. We remark that the following theorem

is a generalization of Theorem 4.1 first appearing in [36].

Theorem 4.5.1. For any G, a planar 4-valent graph of complexity k, there exists a corre-
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sponding fundamental shadow link realized in S® with hyperbolic volume 2kvs.

Now as an immediate corollary, we obtain the result that every link in S® may be
augmented by adding additional link components such that the resultant link satisfies the

Turaev-Viro invariant volume conjecture.

Corollary 4.5.2. Every link J C S3 is a sublink of a link L C S® such that the link
complement S*\IntNbd(L) is homeomorphic to a fundamental shadow link complement and

satisfies the Turaev-Viro invariant volume conjecture.

We note that Corollary 4.5.2 should be compared to a result of Baker [5, Theorem 1] and
Roland van der Veen [59, Corollary 3| which states that all links are sublinks of arithmetic
links. In particular, Corollary 4.5.2 is similar in application to Corollary 1 in [59]. By using
augmented knotted trivalent graphs, the author showed that any link may be augmented to
satisfy an SO(3)-version of the original volume conjecture.

At the end of Chapter 4, we note that the augmentations of the links can be described
explicitly. We outline the general method for augmenting a link in S, and we provide a

specific example of the augmentation for an unknot.

1.3 The Andersen-Masbaum-Ueno (AMU) Conjecture

In this section, we will write the statement of the Andersen-Masbaum-Ueno conjecture in
addition to the main results regarding the conjecture found in Chapter 5.

We will begin with a brief introduction to the quantum representations. We first fix
an odd integer r > 3 which we refer to as the level. We now let ¥, be a surface with
genus g and n boundary components, and we let Mod(X,,) be its mapping class group
which fixes the boundaries. For a more in-depth discussion of surface mapping class groups,
see Section 2.2. Now let |0(X,,,)| denote the set of boundary components of 3, ,,, and we

r—5

define I, = {0,1,...,5>, %} to be the set of non-negative integers less than or equal to

10



r—3
5

SO(3)-Witten-Reshetikhin-Turaev TQFT [10, 48, 56] gives a projective representation

Lastly, given a primitive 2r-th root of unity and an assignment ¢ : [0%,,| — I,, the

pre s Mod(X,,) — PGLg, . (C)

called the SO(3)-quantum representation where PGLg, .(C) is the projective general linear
group with d, . an integer dependent on the level » and the choice of c. Here, we will often
refer to the assignment c as a coloring of the boundaries. More intuitively, for a choice of r
and ¢, we can associate a matrix to every element of Mod(%,,,).

Now the AMU conjecture relates the Nielsen-Thurston classification of elements of the
mapping class group for a compact surface X, ,, to its quantum representations. For more de-
tails on the Nielsen-Thurston classification, see Subsection 2.2.1. Under the Nielsen-Thurston
classification, there are two types of infinite order elements in the mapping class group. These
are the reducible and pseudo-Anosov elements. For the reducible case, a power of the element
fixes a collection of disjoint curves on the surface such that we may consider the induced
self-homeomorphisms on the individual components obtained from cutting the surface along
the fixed curves. If at least one of the induced self-homeomorphisms is pseudo-Anosov, we
say that the mapping class group element contains pseudo-Anosov parts.

As we will see in the following statement, the AMU conjecture asserts that the asymp-

totics of the quantum representations detect the pseudo-Anosov parts in the mapping class

group.

Conjecture 1.3.1 ([3], AMU conjecture). An element f € Mod(X,,) has pseudo-Anosov
parts if and only if, for any big enough level r, there is a choice of coloring ¢ of the elements

of 0%, such that p,.(f) has infinite order.

We remark that one direction of the AMU conjecture is already known. If there exists
a pr.(f) with infinite order, then f has pseudo-Anosov parts. Because of this, whenever we

find a p,.(f) with infinite order, then we know that the associated element f satisfies the
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conclusion of the AMU conjecture. Although, in this work, we still consider cases where the
elements can additionally be shown to be pseudo-Anosov and not reducible.

The AMU conjecture was first stated in [3] where Andersen, Masbaum, and Ueno proved
the conjecture for the mapping class group of the four-holed sphere. Using a similar method,
Santharoubane also proved the conjecture for the one-holed torus in [51]. Although for the
following surfaces the AMU conjecture is still unknown, certain elements in the mapping
class group have been shown to satisfy the conjecture. Egsgaard and Jorgensen in [22]
and Santharoubane in [52], by using different approaches, produced elements of Mod(3 2,)
satisfying Conjecture 1.3.1.

For the higher genus cases, there have also been results. Marché and Santharoubane in
[40] construct finitely many conjugacy classes of pseudo-Anosov elements for Mod(%, ), and
Detcherry and Kalfagianni construct cosets of Mod(%, ), for sufficiently large g, that satisfy
the AMU conjecture in [20]. Additionally, Detcherry and Kalfagianni in [18] find infinitely
many pseudo-Anosov elements in Mod(X,2) for g > 3 and in Mod(%,,,) where g > n > 3.

In the following subsection, we provide results from this work which further progress the

Andersen-Masbaum-Ueno conjecture.

1.3.1 Main Results From Chapter 5

Similar to Subsection 1.2.2, we remark that a large part of the results stated here are also
based on the work found in [36] by the author of this dissertation. As we will see in Subsection
2.2.3, the asymptotics of the Turaev-Viro invariants can be utilized in proving the AMU
conjecture. Our results in Chapter 5 are a consequence of this correlation. We first begin

with the following definition.

Definition 1.3.2. We say that two elements f,g € Mod(%,,) are independent if there is

no h € Mod(%,,) such that both f and g are conjugate to non-trivial powers of h.

As explained in [20], the motivation behind the definition of independent is if f and g

are not independent, then f satisfies the AMU conjecture if and only if ¢ does. Because
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of this, we need a less trivial definition for having infinitely many elements in the mapping
class group which satisfy the AMU conjecture. We now state the following theorem which

is based on techniques developed by Detcherry and Kalfagianni in [18].

Theorem 5.2.1. Given g > 0, there exists a pseudo-Anosov element in Mod(X,4) that
satisfies the AMU conjecture. Furthermore, for g > 3, there are infinitely many pairwise

independent pseudo-Anosov elements in Mod(3,4) that satisfy the AMU conjecture.

As a byproduct of the proof of Theorem 5.2.1, we also construct examples in Mod(3,,—1 )
and Mod(X,_3,), for n > 5, as well as examples in Mod(X; 3) and Mod(X33) which satisfy
the AMU conjecture.

For our next result, we construct explicit elements in the mapping class group for a genus
zero surface with boundary components that satisfy the AMU conjecture. In particular, to
the author’s knowledge, we obtain the first known examples of pseudo-Anosov elements
satisfying the AMU conjecture in the mapping class group for a genus zero surface with an
odd number of boundary components. We will now state the result as follows where the

elements w,, € Mod(%,,,) are defined in Subsection 5.2.3.

Corollary 5.2.9. For n > 4, the element w, € Mod(X%,,) satisfies the AMU conjecture.

Additionally, if n & {5,7}, then w, is a pseudo-Anosov element.

We note that the elements w, € Mod(¥y,) can be written explicitly as elements in the
pure braid group. For a summary of the braid group, see Subsection 2.2.2. Moreover, we
remark that the elements appearing in Corollary 5.2.9 have corresponding 3-manifolds which
also satisfy the Turaev-Viro invariant volume conjecture for when n ¢ {5,7}. In the case
when n € {5, 7}, the corresponding 3-manifolds satisfy the extended Turaev-Viro invariant
volume conjecture.

At the end of Chapter 5, we discuss a method, originally stated in [18, Remark 5.7], to
construct cosets of the pure braid group which satisfy the AMU conjecture. The general

idea utilizes Artin’s normal form for the pure braid group [4]. Artin demonstrates that every
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pure braid group of n-strands, denoted by PB,,, can be realized as the semidirect product of
a subgroup W,, in PB,, with PBj, where k < n. In particular, every element in PB, may be
written as a product - w for § € PBy and w € W,,. By a method stated in Section 5.3, we
show, for certain (3, that any pure braid group element of the form [ - w satisfies the AMU
conjecture. In the following statement, the set of elements P is explicitly defined in Section
5.3; however, they are the collection of pure braids obtained from the links in Theorem 1.2.3

as well as the elements of Corollary 5.2.9.

Corollary 5.3.2. For a fizred n, let § € PBg be an element of P with n > s. Now for
any b € PB,, with normal form b = (- w where w € W,,, the corresponding element b in

Mod (X0 n+1) satisfies the AMU conjecture.
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Chapter 2

Preliminaries

In this chapter, we will detail relevant material that will be used throughout this work. In
Section 2.1, we introduce definitions for the particular version of the Turaev-Viro invariant
studied in this dissertation. In Section 2.2, we introduce definitions for the mapping class
groups, the statement of the Nielsen-Thurston classification, an introduction to braid groups,
and relations between the quantum representations and the Turaev-Viro invariants. Lastly,
in Section 2.3, we introduce the shadow theory approach towards studying 3-manifolds as

well as the construction of the fundamental shadow links.

2.1 The Turaev-Viro Invariants

In this section, we will recall the basic definitions of the SO(3)-version of the Turaev-Viro
invariants [21, 57].

For the remainder of this section, we fix an odd r > 3, and we let I, = {0, 1, ..., 7"5—5, %}

be the set of non-negative integers less than or equal to % where the set [, is commonly

referred to as the coloring set. As mentioned in Section 1.2, the Turaev-Viro invariant
TV, (M,q) is a real-valued invariant defined on a triangulation of the 3-manifold M which
depends on a 2r-th root of unity ¢. In order to construct the invariant, we will first need to
define additional sets of complex numbers.

Let ¢ € C be a root of unity such that ¢? is a primitive root of unity of order r. For an

15



integer n, we let the quantum integer [n] be the number defined by

=g 2sin(%T)

g—q ' 2sin (22)

T

[n]

Analogous to the factorial for integers, we can also define a quantum factorial by [n]! =

[T:-,[i] where we define [0]! = 1. Using the quantum integers, we can build the necessary

1=

data set for the invariant.

Definition 2.1.1. We say that a triple (i, 5, k) € I3 is admissible if
o i+j+k<(r—2),
e 1 <j+k j<i+k,and k <i+ 7.

Given an admissible triple (i, 7, k) € I3, we define the number A(i, j, k) by

ﬁ+j—ﬂw+k—ww+i—ﬂvé
[i+j+k+ 1]

A, K) = (

with the convention that \/x = \/|x|v/—1 when the real number z is negative.
Additionally, we say that a 6-tuple (i, j, k,l,m,n) € I° is admissible if each of the triples

(1,7,k), (j,I,n), (i,m,n), and (k,l, m) are admissible.

Definition 2.1.2. For a given admissible 6-tuple (4, j, k,1,m,n) € I®, we define the quantum

67-symbol by

— (VD) A GG kA L ) A, my n) Ak, 1 m)

I m n

min{Q1,Q2.Qs} (=17 [z + 1]!

Z [z — Ti|![z — Tu]![z — T3]z — Tu)'[@Q1 — 2)'[Q2 — 2]![Q35 — =]!

z=max{T1,T»,T3,T4}

where I' =i+ j+k To=j4+1l4+nTs=i+m+n Ty=k+1l+m, Qr=1+j+1+m,

Q:=1+k+1+n,and Q3 = j + k + m + n. Furthermore, the quantum 6j-symbol has the
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Figure 2.1: The correspondence of an admissible colored tetrahedron to the quantum 6;-
symbol. The edges of the tetrahedron are labeled by the 6-tuple (i, 7, k, [, m,n), and the blue
shaded region is a quadrilateral which corresponds to ;.

following symmetry relations

1 gk Jg 1k 1 kg T m n I m k I 7 n

[ m n m [ n I n m Il 5 k T ] on 1 m k

Although the definition of the quantum 6j-symbol is quite complicated, it is easier to

memorize using the geometric association described in Definition 2.1.3.

Definition 2.1.3. An admissible coloring of a tetrahedron is an assignment, or coloring, of
the six colors of an admissible 6-tuple (i, j, k,1,m,n) € I® to the edges of the tetrahedron
such that the three colorings assigned to the edges of each face form the corresponding

admissible triples of the admissible 6-tuple.

As a memory aid, we will construct an admissible coloring of a tetrahedron from a given
admissible 6-tuple (¢, 7, k, 1, m,n). We begin by coloring the edges of an arbitrary face of the
tetrahedron with 7, j, and k, and we also color the edges on the opposite sides of 7, 7, and k
with [, m, and n, respectively. Now each of the 17,75, T3, and T corresponds to a face of the
tetrahedron, and each of the )1, Q)2, and ()3 corresponds to a quadrilateral separating two
pairs of vertices of the tetrahedron. This labeling can be seen in Figure 2.1 where the blue

shaded area is a quadrilateral which corresponds to . Notice that for a given admissible
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coloring of a tetrahedron, there are multiple associated quantum 6j-symbols which accounts
for the symmetry relations.

Lastly, in order to define our invariant, we need a triangulation of our manifold M. If M
is a closed manifold, we consider triangulations in the usual sense where a triangulation is
a finite collection of tetrahedra and a collection of homeomorphisms between pairs of faces
such that the space obtained from gluing along the homeomorphisms is homeomorphic to
M.

For compact manifolds M with boundary, we allow (partially) ideal triangulations where
some of the vertices are truncated such that the truncated faces triangulate the boundary
of M by triangles. When defining the invariant on a triangulation of M, we will need to
additionally consider the sets V' and E. The set V is the collection of vertices not lying
on OM, and the set E are the collection of edges of the triangulation excluding the edges

coming from the truncation of the vertices.

Definition 2.1.4. For a triangulation 7 of a manifold M, an admissible coloring c at level r
of the pair (M, 7) is an assignment of colors by ¢ to the edges of 7 such that each tetrahedron
has an admissible coloring. Furthermore, we will consider A, (7) to be the set of all possible

admissible colorings at level r.

Now for a given coloring ¢ at level r of the pair (M, 7), an edge e € E, and a tetrahedron

A € 7, we consider the numbers
lele = (—=1)* [2¢(e) + 1]

and |Al|. where |Al, is the quantum 6j-symbol associated to the admissible coloring of the
tetrahedron A obtained by the assignment of c.

We are now ready to define the Turaev-Viro invariant as a state-sum.

Theorem 2.1.5 ([57]). Let M be a compact and orientable manifold that is either closed or

with boundary. Let by and by denote the Zo-Betti number and the number of closed connected
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in( 2
components in M, respectively. Then for n, = %, the following state-sum

1V,(M,q) = 25y 3 [(H \e|c) (H wc)

c€A(T) eelr AeT
s a topological invariant independent of the partially ideal triangulation.

Now lastly, we will end the section with two propositions both appearing in [19] by
Detcherry and Kalfagianni which relate to the changes of the asymptotics of the Turaev-

Viro invariant under the drilling and gluing of tori.

Proposition 2.1.6 ([19], Corollary 5.3). Let M’ be a compact and oriented 3-manifold with
(possibly empty) toroidal boundary, and let M be a manifold obtained from M’ by drilling

out tori. Then

ITV (M) <ITV(M)

where

2
ITV (M) = liminf = log [TV, (M, q)|

T—00 T

for r running over odd integers and q = exp <_2W\F>'

Proposition 2.1.6 states that drilling out tori from our manifold does not decrease the
growth rate of the Turaev-Viro invariants. This will be a particularly useful property when
dealing with the AMU conjecture in Chapter 5.

Now for the second proposition, we will first define a family of manifolds known as
the invertible cabling spaces. Although the invertible cabling spaces have a more general

definition [19, Definition 8.3], we will only be concerned with the one provided.

Definition 2.1.7. We define an invertible cabling space T}, to be the complement in the solid
torus of p > 2 parallel copies of the core. Here, we note that there is a distinguished outer

boundary component arising from the original solid torus.
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A key property of the invertible cabling spaces is that they all have simplicial volume zero.
As the following proposition states, gluings of these manifolds will preserve the extended

Turaev-Viro invariant volume conjecture.

Proposition 2.1.8 ([19], Corollary 8.4). Let M be a 3-manifold with toroidal boundary such
that the extended Turaev-Viro invariant volume conjecture holds, and let T, be an invertible
cabling space with distinguished torus boundary T. Now the manifold M’ obtained by gluing
a component of O(1,)\T to a component of OM satisfies the extended Turaev-Viro invariant
volume conjecture such that

.27 27
tim 2 log [TV, (0. q)| = lim 27 log [TV, (0", )] = wx 2] = vi]}01

r—oo T

where r runs over the odd integers and ¢ = exp (@)

Given a manifold which satisfies the extended Turaev-Viro invariant volume conjecture,
Proposition 2.1.8 may be used to generate additional examples satisfying the conjecture. We
will see an application of this using Theorem 5.2.5 towards both the extended Turaev-Viro

invariant volume conjecture and the AMU conjecture.

2.2 Surface Mapping Class Groups

In this section, we will introduce the necessary definitions and concepts from surface mapping
class groups. Although the mapping class groups for surfaces can be defined for non-compact
surfaces, we will mostly be concerned with the compact and oriented case with the exception

of the once-punctured torus.

Definition 2.2.1. For a compact and oriented surface X, ,, of genus g with n removed open
disks, we define the mapping class group of ¥,,, denoted by Mod(%,,), to be the group

of isotopy classes of orientation-preserving homeomorphisms of ¥, ,, that fix the boundary
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Figure 2.2: The image of the blue curve under a Dehn twist of the annulus.

components where the group operation is composition of homeomorphisms. Additionally,

elements of Mod(3,,) are called mapping classes.

Example 2.2.2. As a quick introductory example, we consider the mapping class group
of the sphere ¥yo. Notice that any self-homeomorphism of ¥y, may be isotoped to fix a
single point x € 9. We may identify the space $o\{z} with the plane R?. In R? every
homeomorphism may be isotoped to the identity by considering the straight line homotopy,
therefore, every self-homeomorphism of Yy, is isotopic to the identity map. This implies

that Mod(X,) is isomorphic to the trivial group.

In order to understand more complicated examples, it is useful to consider the mapping

class group of the annulus X .

Definition 2.2.3. For an annulus A = S x [0, 1] where we identify S' as a circle of radius

1 about the origin in C, we define a Dehn twist to be the self-homeomorphism

f:8'x[0,1] = S* x [0,1]

such that f (exp (7r\/—19) ,t) = (exp (71'\/—1 0+ 27Tt)) ,t). See Figure 2.2 for an illustration
of the Dehn Twist.

Now the Dehn twist of the annulus generates the mapping class group with Mod(3¢2) =
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Remark 2.2.4. In general, every surface contains an annulus where we can perform a Dehn
twist. Oftentimes, we describe the annulus by a curve on the surface which is its core. The
Dehn twists are particularly useful because they can be used to generate the mapping class
group of surfaces. In this work, an important example is the mapping class group of the
once-punctured torus which we cover in Chapter 3. The surface is not compact; however,
we can treat the mapping class group of the once-punctured torus as the mapping class
group of the one-holed torus where we define a Dehn twist 5 on a curve § parallel to the
boundary to be trivial. In this case, the mapping class group is generated by Dehn twists
along the meridian curve o and the longitude curve 3. Additionally, the mapping class group

is isomorphic to the group SLs(Z) with

11
t, —
0 1
and
1 0
tg —
-1 1

where ¢, and tg are the Dehn twists along the curves o and 3, respectively. As a supple-
mentary remark, the trivial Dehn twist t5 can be realized as (tatg)ﬁ. This can be seen as the

identity matrix under the identification with SLy(Z).

2.2.1 The Nielsen-Thurston Classification

In this subsection, we give a brief introduction into the Nielsen-Thurston classification which,

as the name suggests, classifies the elements of the surface mapping class groups.
Definition 2.2.5. We consider three characterizations of elements in Mod(%,,,).

i. An element f € Mod(X,,) is periodic if there exists some power of f which is isotopic

to the identity.
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ii. An element f € Mod(¥,,) is reducible if there exists a finite nonempty set of simple
closed curves in ¥,, which are fixed under f. In this case, we may cut our surface
>4.n along the collection of simple closed curves, and we can consider the induced self-

homeomorphisms on the resulting parts.

iii. An element f € Mod(X,,) is pseudo-Anosov if it has infinite order and is not reducible.

As stated in the following theorem, we see that the three characterizations of the elements

in the surface mapping class groups are a complete classification.

Theorem 2.2.6 (Nielsen-Thurston classification). For any g,n > 0, each f € Mod(%,,,) is

either periodic, reducible, or pseudo-Anosov.

An important motivation for the Nielsen-Thurston classification is the relationship with

the geometric structures of the following family of 3-manifolds.

Definition 2.2.7. For any f € Mod(%,,,), we consider the mapping torus M(f) to be the

3-manifold defined as
M(f) = Xgn x [0,1]/(z,0) ~ (f(z),1)

where f is called the monodromy of M(f).

In [55], Thurston showed the following deep connection between the Nielsen-Thurston
classification of surface mapping class groups and the geometric structures of the mapping

torus.

Theorem 2.2.8 ([55]). An element f € Mod(X,,) is pseudo-Anosov if and only if the

mapping torus M(f) is hyperbolic.

2.2.2 Braid Groups

In this subsection, we introduce briefly the braid groups as well as their relationship with
the surface mapping class groups. For a more comprehensive survey, one may refer to [23,

Chapter 9] by Farb and Margalit.
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Figure 2.3: For the two leftmost diagrams, we have the generator o; and its inverse o; ',

respectively, for the braid group B,, where i € {1,...,n—1}. On the rightmost diagram, we
show the composition with the example o0, *.
The braid group was first rigorously defined by Artin in [4]. There are multiple equivalent

ways to define the braid group; however, we will first choose the intuitive definition of braids

as a composition of n-strands.

Definition 2.2.9. For a given integer n > 2, a braid of n-strands is a composition by vertical
stackings of standard generators o; for 1 <i < n — 1 and their inverses o; '. The standard
generators, their inverses, and the order of the compositions are shown in Figure 2.3. In the
cases for b € B,, where each strand begins and ends in the same position, we call b a pure

braid.

Definition 2.2.10. The braid group of n-strands, denoted by B,, is the group of isotopy
classes of all n-stranded braids where the group operation is stacking. Similarly, we define
the pure braid group of n-strands, denoted by PB,,, to be the subgroup of B,, comprised of
n-stranded pure braids.

Now for a given b € B,,, we can define two operations on b such that we obtain a link in
S3.
Definition 2.2.11. For b € B,,, we define the braid closure of b, denoted by l;, to be the
link in S® obtained from connecting the endpoints of the strands as in the left diagram of
Figure 2.4. Additionally, we may define a braided link, denoted by b, to be the link in S3

obtained from the braid closure with the addition of an unknotted component which bounds

an n-punctured disk called the braid axis as shown on the right diagram of Figure 2.4.
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Braid Axis

¥

Figure 2.4: On the left diagram, we show the braid closure of an arbitrary braid b € B,. On
the right diagram, we show the diagram of the associated braided link where we labeled the
braid axis.

The braided links will be of particular use to us in this work. Our braided links in S®
will always fiber over S' where the fiber surface is the n-punctured disk bounded by the
braid axis. We will see that this is closely related to the mapping class group of a genus zero

surface which we will utilize in finding elements which satisfy the AMU conjecture.

Definition 2.2.12. For a surface with punctures ¥, we will define MCG(X) to be the
group of isotopy classes of orientation-preserving self-homeomorphisms of 3 where the group

operation is composition of homeomorphisms.

Now for a given n, there exists a surjective homomorphism I' from the braid group of

n-strands to the mapping class group of the n-punctured disk MCG(D,,) such that

I': B, — MCG(Dy).

This map can be defined explicitly as sending the standard generators o; € B, for i €
{1,...,n — 1}, to a positive half-twist on an arc between the i-th puncture to the (i 4+ 1)-
th puncture of D,. Furthermore, the kernel of the map I' is generated by the element
(0109 ...0,_1)" which corresponds to a full-twist along the boundary of D,.

For a given I'(b) € MCG(D,,), we can construct the associated mapping torus M (I'(b)) =
D,, x[0,1]/(z,0) ~ (I'(b)(z), 1) with monodromy I'(b). This mapping torus is homeomorphic
to the complement of the braided link b. Now from our setup, we can note that every braid

b € B, corresponds to a braided link b which, up to homeomorphism, can be realized as the
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mapping torus M (I'(b)) with monodromy I'(b).
Lastly, we may use this correspondence with the pure braid group to study the mapping
tori for genus zero surfaces with boundary. By replacing the boundary of D,, by an additional

puncture, we induce an injective homomorphism from MCG(D,,) to MCG(SZ, ) where S2.,

is the (n + 1)-punctured sphere. Under this homomorphism, we may identify every element
of MCG(D,) as an element in MCG(S?,,). Now consider the case for an element b in the
pure braid group PB,. The element I'(b) € MCG(D,,) fixes the n punctured points of D,
which corresponds to fixing the associated punctures in S? +1- Because of this, we may also
realize the element I'(b) as an element in Mod(X,+1) in which we defined the boundary
components to be fixed. From the induced injective homomorphism, the complement of the
mapping torus M (I'(b)) is homeomorphic to the mapping torus of the corresponding element
in Mod(X,+1). Since our mapping torus M (I'(b)) may be understood in terms of the braided

link b, we can similarly approach the corresponding mapping torus of Mod(Xg,,+1) with the

complement of the braided link.

2.2.3 Quantum Representations and the Turaev-Viro Invariants

In this subsection, we will write necessary properties of the quantum representations. In
particular, we will see that the quantum representations of a surface mapping class group
are closely related to the Turaev-Viro invariants of the corresponding mapping tori. Because
of this connection, it can be shown that the Turaev-Viro invariant volume conjecture implies
the AMU conjecture.
As noted in Section 1.3, for a given surface X, ,,, an odd r > 3, and a coloring ¢ of 9(%,,,)
r—5

by elements in I, = {0, 1,..., 5>, %}, we have an associated SO(3) quantum representation

pre s Mod(%,,) = PGLq, .(C).

Although it is not focused on in this work, we will briefly mention that the traces of the
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individual quantum representations themselves are significant in that they are related to
another well-known quantum invariant. We denote the Reshetikhin-Turaev invariant for
closed manifolds with an embedded colored link (L, ¢) by RT,.(M, (L, c)) where ¢ is a coloring
of the components of L with elements of I,.. For more information on the Reshetikhin-Turaev
invariant, one may refer to [9, 48]. Now the traces of the quantum representations of the

mapping class groups are related to the Reshetikhin-Turaev invariant in the following way.

Theorem 2.2.13 ([10]). Forr > 3 and odd, let ¥,,, be a compact and oriented surface with
a coloring of the boundary from elements of I.. Define m to be the surface obtained from
Ygn by capping the components of 9%, by disks. For f € Mod(3,,), let f € Mod(%,,,) be
the mapping class group element of the extension of f from capping the disks by the identity.

Now let L C M(f) whose components consists of the cores of the tori in M(f) arising from

the capping disks on the surface. Then

Tr(pre(f)) = RT(M(f), (L, c))

where Tr(p,.(f)) is the trace of the quantum representation.

From Theorem 2.2.13, we can see that we can study quantum invariants through the
traces of the quantum representations. Although we omit the details here, the Reshetikhin-
Turaev invariant for closed manifolds are part of a larger set of compatible invariants for
compact 3-manifolds known as a TQFT [9, 10]. In this sense, the Reshetikhin-Turaev in-
variant may be defined for manifolds M with toroidal boundary; however, in these cases,
RT,.(M) is a vector.

Now the Turaev-Viro invariant can be recovered from the Reshetikhin-Turaev invariant
which was originally shown for closed 3-manifolds by Roberts in [49] and extended to mani-
folds with boundary by Benedetti and Petronio in [8]. Although Benedetti and Petronio state
their result for the SU(2)-version of the Turaev-Viro invariant, Detcherry and Kalfagianni

adapt the proof in the setting of the SO(3)-version in [21]. The relation is as follows.
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Theorem 2.2.14 ([8], Theorem 3.2). Fiz r > 3 and odd. For M an oriented and compact

3-manifold with either empty or toroidal boundary, we have

27/ —1 T/ —1
I3

TV, (M, e” ) = |RT,(M,e )"

As a consequence of Theorems 2.2.13 and 2.2.14, we can similarly study the Turaev-Viro
invariant in terms of quantum representations. In the proof of Theorem 1.2 in [18], Detcherry

and Kalfagianni show the following relation.

Proposition 2.2.15 ([18], Theorem 1.2). Let f € Mod(X,,) and M(f) the mapping torus
of f, then

TV(M(f),q) = Y |Tr(pre())

where ¢ runs over all possible colorings of the boundary components of ¥,,, by I,.

Although our definition of the Turaev-Viro invariant in Section 2.1 follows the original
construction, we can equally calculate the invariant in terms of the quantum representations.
This is especially advantageous when dealing with the Turaev-Viro invariant of mapping tori.
Even though p, . are projective representations, we note that the scaling coefficients are roots
of unity such that the magnitude of the trace is well-defined.

We end this subsection by showing that the Turaev-Viro invariant volume conjecture
implies the AMU conjecture. This result was first shown by Detcherry and Kalfagianni in
[18].

Theorem 2.2.16 ([18], Theorem 1.2). For a compact and oriented surface ¥,,, let f be
an element in Mod(¥,,) with pseudo-Anosov parts. For the mapping torus M(f) of the
element f, if ITV(M(f)) > 0, then f satisfies the AMU conjecture where

ITV(M) = liminf 2% log |TV,(M, )

7—00 T

2/ —1
for r running over odd integers and q = e( r )
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Proof. Let f € Mod(X,,) such that it contains pseudo-Anosov parts where we define M (f)
to be its corresponding mapping torus. Now suppose that

2
ITV (M) = liminf =" log |TV,(M, q)| > 0.

r—00 T

Therefore, our sequence of Turaev-Viro invariants with respect to r is growing exponentially.
Now from [10], it is known that the dimensions of the vector spaces of the quantum represen-
tations for these surface mapping class groups grow at most polynomially. By Proposition

2.2.15, we note that
TVA(M(),0) = ) ITr(pre( D).

C

Here, the left-hand side grows exponentially with r, and the dimensions of the quantum
representations on the right-hand side grow at most polynomially. This implies that for a
large enough r, there exists at least one coloring ¢ with quantum representation p,..(f) such
that the modulus of T'r(p,.(f)) exceeds the dimension of p,.(f).

Now since the modulus of the trace exceeds the dimension, then there must exist at
least one eigenvalue whose modulus is strictly larger than 1. This implies that the quantum
representation p,.(f) is infinite order which is the conclusion of the AMU conjecture for the

given f. m

Notice if TV, (M(f),q) has exponential growth rate, then [TV (M(f)) > 0. This is a
more general condition; however, it states that the Turaev-Viro invariant volume conjecture
implies the AMU conjecture for mapping tori. Theorem 2.2.16 shows that as long as we can
represent our manifold as a mapping torus, we can study the Turaev-Viro invariant volume
conjecture and the AMU conjecture simultaneously by looking at the asymptotics of the
Turaev-Viro invariant.

Lastly, in conjunction with Theorem 2.2.16, we consider Proposition 2.1.6. Proposition
2.1.6 states that drilling out tori from our manifold does not decrease the growth rate of

our Turaev-Viro invariants. Together with Theorem 2.2.16, once we have a mapping torus
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Region Edge l/
Vertex

Figure 2.5: The local models of the simple polyhedron.

with exponential growth rate, we can continue to drill out tori to obtain new manifolds
with exponential growth rate from which Theorem 2.2.16 applies again. In general, the new
manifolds we obtain may not be hyperbolic; however, as we will see in Proposition 5.2.3, it
may be clear in certain circumstances which tori we may drill out such that the resulting
manifold is a hyperbolic mapping torus. By Theorem 2.2.8, our corresponding element in
the mapping class group will be pseudo-Anosov, and we know that it will also satisfy the

AMU conjecture.

2.3 Shadows of 3-Manifolds

In this section, we introduce Turaev’s shadow theory approach towards 3-manifolds [56].
Briefly, shadows are a way to study 3- and 4-manifolds using 2-dimensional polyhedra en-
dowed with topological data. We will use the theory to construct the family of fundamental
shadow links which will have direct applications towards the Turaev-Viro invariant volume
conjecture and the AMU conjecture.

We will begin by defining the theory for oriented, closed, and connected 3-manifolds.

Definition 2.3.1. A simple polyhedron P is a compact topological space which locally is
homeomorphic to one of the models in Figure 2.5. The set of points with local models of the
right two types form a graph called the singular set, denoted by Sing(P). Additionally, the
set of points locally homeomorphic to the third model are known as vertices, and the number

of vertices of P is called the complezity of P. The set of points locally homeomorphic to the
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second model are known as edges, and we define the regions of P to be the set of connected
components of P\Sing(P). Lastly, the set of points with local models corresponding to the
boundaries of Figure 2.5 are known as the boundary of P, denoted by 0P, and if P has no

boundary components, then we say P is closed.

Definition 2.3.2. Let W be a piecewise linear, compact, and oriented 4-manifold, and let
P be a closed simple polyhedron. We say that P C W is a shadow of W' if the following two

conditions are satisfied.

i. W collapses onto P as a deformation retract.

ii. Every point x in P has a neighborhood U, C W which can be piecewise-linearly embed-
ded in R* such that U, N P C R® ¢ R*. This condition will be referred to as P C W

being locally flat.

Definition 2.3.3. A closed simple polyhedron P is a shadow of an oriented 3-manifold M
if 0(W) = M where P is the shadow of the 4-manifold W.

Theorem 2.3.4 ([56], Theorem IX.2.1.1). Every closed, oriented, and connected 3-manifold

has a shadow.

We can see from Theorem 2.3.4 that every closed, oriented, and connected 3-manifold
has a shadow; however, the simple polyhedron P may not be unique. There could possibly
be non-homeomorphic 3-manifolds with the same shadow.

In order to uniquely describe the 3-manifolds with a shadow, we need to endow the shadow
with the additional topological information known as the gleam. In this work, we will define
the gleam of a region in its simplest case where the closure of the region is embedded in the

simple polyhedron; however, one can refer to [56] for a more detailed discussion.

Definition 2.3.5. Let D be an embedded region in P where the closure D is embedded
with 9D C Sing(P), and let N(D) be a regular neighborhood of 9D C P\Int(D). We say
that the Zs-gleam of the region D is 1 if N(D) collapses over a Mobius strip, otherwise, the

Zo-gleam is 0.
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Definition 2.3.6. We define the gleam of a simple polyhedron to be an assignment of %Z
to all regions of the polyhedron such that the assignment is an integer if and only if the
Zo-gleam is 0. Now a simple polyhedron equipped with a gleam will be called a shadowed

polyhedron.

The idea behind the gleam is the following. When we thicken our polyhedron to a 4-
manifold, the regions of the polyhedron thicken to copies of B? x B? where B? is a disk.
These copies of B? x B% may be glued to the rest of the thickened polyhedron in different
ways resulting in possibly non-homeomorphic manifolds. The gleam of the region is the
topological data necessary to convey the gluing information.

Now we will extend our definitions to include shadows for manifolds M containing links
where M possibly has toroidal boundary components. In order to achieve this, we will

consider decorations of the boundary components for non-closed simple polyhedron.

Definition 2.3.7. A boundary-decorated simple polyhedron P is a simple polyhedron such
that each boundary component is either labeled as internal, external, or false. Respectively,

we will denote these subsets as 0jn(P), Ocut(P), and 0f(P).

The intuition behind these labelings can be thought of as follows. We consider the in-
ternal labeled boundaries to be components of the link in the manifold, the external labeled
boundaries correspond to drilling out solid tori contributing to the toroidal boundary com-
ponents of the manifold, and the false labeled boundaries are to be ignored.

Now we can define the boundary-decorated simple polyhedron acting as a shadow for the
pair (M, L) where M is an oriented 3-manifold, possibly with toroidal boundary components,

and L is a link embedded in M.

Definition 2.3.8. For a 4-manifold W with W = M, a boundary-decorated simple poly-

hedron P is a shadow for the pair (M, L) if the following three conditions are satisfied.

i. W collapses onto P.
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ii. P C W is locally flat.

iii. (M, L) = (OW\IntNbd(Oezt(P), OW ), Oipt(P)) where IntNbd (et (P), 0W) is an interior
neighborhood of the subset 0. (P) in OW.

Similar to before, we need to assign a gleam to the regions of the boundary-decorated

simple polyhedron in order to distinguish non-homeomorphic thickenings of the polyhedron.

Definition 2.3.9. For a boundary-decorated simple polyhedron P, an assignment by half-
integers of the regions of P which do not touch 0¢(P)U0e.(P) is called a gleam. A boundary-
decorated simple polyhedron equipped with a gleam is called a boundary-decorated shadowed

polyhedron.

Now in [56], Turaev showed that if a simple polyhedron embedded in a compact oriented
smooth 4-manifold W is a shadow of OW, then there is an induced gleam of the regions of
the polyhedron. Otherwise stated, every shadow P of a manifold M inherits a gleam such
that P may be identified with a shadowed polyhedron of M. Conversely, Turaev showed
that given a boundary-decorated shadowed polyhedron P, one can construct a compact
and oriented 4-manifold W with an embedding of P such that the induced gleam of the
embedding corresponds to the initial gleam of P. This correspondence allows us to study
3-manifolds from the viewpoint of the boundary-decorated shadowed polyhedron.

In the following, we will show a general sketch of constructing a 3-manifold from a
boundary-decorated shadowed polyhedron. For a more in-depth discussion, one may consult

Turaev’s proof in [56].

Theorem 2.3.10 ([56], Section IX.6.1). For a given boundary-decorated shadowed polyhedron
P, there exists a pair (Wp, P) such that Wp is a smooth, compact, and oriented 4-manifold,
and P 1s embedded such that P is a boundary-decorated shadowed polyhedron of the 3-manifold
OWp. Additionally, the induced gleam of the regions from the embedding coincides with the

wniatial gleam of P.
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Proof. We begin with the case when P is a shadowed polyhedron constructed from a closed
simple polyhedron. For when Sing(P) is empty, Wp is simply a 2-disk bundle over P with
Euler class equal to the gleam of the region. Now let us consider the case when the singular
set Sing(P) is non-empty. We first take a neighborhood of the singular set in P, denoted
by S(P) = Nbd(Sing(P), P). The set S(P) can be viewed as a collection of compositions of
the edge and vertex local models. We will now proceed to thicken this set to a 3-manifold N
such that S(P) is properly embedded in N where the gluing of the components is induced
from the shadowed polyhedron P. Next, we further thicken the manifold N to an orientable
4-manifold W,

The previous steps explained how to thicken the composition of the edge and vertex local
models to a 4-manifold. In the following, we will also thicken the regions of the shadowed
polyhedron to a 4-manifold, and we will glue the resulting collections together. We will
only consider one region R since adding additional regions follows similarly. As in the W,
case, we may thicken the region R into a manifold Wx. When R is an orientable surface,
Wgr = R x B? where B? is a disk. In order to discuss the gluing of the manifolds W5 and
Wy, notice the following. From the intersection of R N 9(S(P)), we obtain a simple closed
curve C. In the 3-dimensional thickening of the collection R and S(P), the curve C' will be
either the core of an annulus or a Mobius band. Our topological data of the gleam from P is
used as the framing of the core when identifying the components of the annuli and Mobius
bands together.

Lastly, we will consider the case when P has boundary. For the results in this work,
we will assume that the boundaries are copies of S'. We let {L;} be the collection of
boundary components such that L is their union. We now thicken L to be the framed
link L x [—1,1] such that L x {0} = O(P). This results in a new polyhedron P where
Sing(P) = Sing(P) U d(P), and we may follow the same construction as before using
Sing(P) to obtain a 3-manifold containing the framed link L x [~1,1]. Now by repeating

the rest of the construction, we end with a 4-manifold Wp such that Lx[—1,1] C 9(Wp). O
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2.3.1 Fundamental Shadow Links

In this subsection, we will construct the fundamental shadow links. The family was originally
introduced and discussed by Constantino and Thurston in [15, Section 3.6]. The fundamental
shadow links are a family of links in connected sums of S? x S with certain advantageous
properties. In particular, the Turaev-Viro invariants of the family are relatively simple, and
the hyperbolic volumes of the complements are well-understood. These two properties were

utilized to prove the following theorem in [7]| by Belletti, Detcherry, Kalfagianni, and Yang.

Theorem 2.3.11 ([7], Theorem 1.1). For any fundamental shadow link L, the link comple-

ment of L satisfies the Turaev-Viro invariant volume conjecture.

Additionally, these links are “universal” in the sense that every orientable 3-manifold
with empty or toroidal boundary can be realized as the manifold obtained from Dehn fillings
along some subset of the boundary components for the complement of some fundamental
shadow link. For the definition of a Dehn filling, see Subsection 4.1.3. As a consequence, it
may be possible to prove the Turaev-Viro invariant volume conjecture by showing that the
conjecture is preserved under Dehn fillings of the boundary tori for the complements of the
fundamental shadow links.

Now as discussed in Subsection 1.2.2, the Turaev-Viro invariant volume conjecture is
preserved under homeomorphisms. This implies that if two manifolds are homeomorphic
where ones satisfies the Turaev-Viro invariant volume conjecture, then both manifolds satisfy
the conjecture. This will be our main motivation in considering the fundamental shadow
link complements.

In order to construct this family, we will be using Theorem 2.3.10 on a particular family
of boundary-decorated shadowed polyhedron. We will begin by considering a closed simple
polyhedron P which contains at least one vertex in the singular set Sing(P) where Sing(P)
is also connected. Now let S(P) be a regular neighborhood of Sing(P) in P such that S(P)

can be viewed as a composition of the edge and vertex local models. From S(P), we define
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P’ to be the boundary-decorated shadowed polyhedron such that S(P) is the 2-dimensional
simple polyhedron with the boundary components of P’ decorated as external boundaries.

We will now build a 3-manifold Mp/ with boundary by applying Theorem 2.3.10 on
P’. We can better understand the manifold Mp: by studying the equipped collapsing map
7 : Mp — P’ obtained from the construction. As shown in Proposition 3.32 from [15], the
preimages of the edge local models will be a product of a pair of pants with [—1,1], and the
preimages of the vertex local models are genus 3 handlebodies. The components glue along
pairs of pants, and the resulting manifold Mp; has boundary a union of tori. In Subsection
2.3.2, we will show an explicit representation of the manifold in terms of the complement of
a surgery presentation of a link.

Now in the following, we can see that the manifold Mp/ has a decomposition into regular

ideal hyperbolic octahedra, therefore, an explicit hyperbolic volume.

Proposition 2.3.12 ([15], Proposition 3.33). For a given P’ as above, the manifold Mp:
can be equipped with a complete hyperbolic metric with volume 2kvg. Here, k is the number

of vertices of P’, and vg = 3.6639 is the volume of a regular ideal hyperbolic octahedron.

Moreover, the manifold Mp: can be realized as the complement of a link embedded in
connected sums of S? x S'. This can be achieved using the same simple polyhedron S(P);
however, instead of decorating the boundary components as external boundaries, we choose

to decorate the boundary components as internal boundaries.

Definition 2.3.13. Let P” be the boundary-decorated shadowed polyhedron with simple
polyhedron S(P) of complexity k& and with boundary components decorated as internal
boundaries. Using Theorem 2.3.10, the 4-manifold Wpr obtained from P” corresponds to
the pair

(M, Lpr) = (W), 0 (P")) = (#51(5 x S"), Lpn).

These pairs of links and 3-manifolds are known as the fundamental shadow links. In addition,

the 3-manifold Mps is homeomorphic to the link complement of Lp, in the manifold Mpn.
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Figure 2.6: The procedure to replace the vertices of the graph.
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2.3.2 Planar Graph Constructions of Fundamental Shadow Links

Although the fundamental shadow links can be constructed using boundary-decorated shad-
owed polyhedron, it is more intuitive to build them from planar 4-valent graphs. In particu-
lar, the fundamental shadow links of complexity k can be defined in terms of 0-surgeries on
a set of (k+ 1) unknotted link components of a link in S* obtained from the planar 4-valent
graphs. For a brief summary of a O-surgery on a link component, see Subsection 4.1.3.

Before we begin, we will first define the following.

Definition 2.3.14. We define a planar 4-valent graph G to be a connected graph embedded
on the plane in S® such that each vertex is incident to 4 edges where loops are edges which

are counted twice. Additionally, the complezity of G is the number of vertices of the graph.

Definition 2.3.15. For a graph G, a tree is a connected subgraph without any cycles.
Furthermore, a mazimal tree is a tree with a maximal set of edges, or equivalently, a tree

which includes all vertices of G.

We will now state the construction which was first discussed as Proposition 3.35 in [15]

and written explicitly in terms of the planar 4-valent graphs in [14, Section 2.3].

e Let G be a planar 4-valent graph of complexity k& embedded in S®, and let T be a

maximal tree of the graph G.

e We replace each edge of G by any 3-braid, and we replace each vertex of G by the 6

strands in Figure 2.6 or its mirror.
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Figure 2.7: An example of constructing a fundamental shadow link from a planar 4-valent
graph G. On the left, we begin with a planar 4-valent graph of complexity 2 where the
maximal tree T" is colored blue. We obtain the middle illustration by replacing the edges
and vertices by 3-braids and the 6 strands described in Figure 2.6, respectively. The right
illustration is obtained by encircling the 3-braids corresponding to the edges G\T by 0-framed
unknotted components.

e Next, for each 3-braid corresponding to an edge of G\T', we encircle the 3-braid by a

0-framed unknotted component.

e Lastly, the union of the 3-braids, the 6 strands obtained from Figure 2.6, and the
0-framed unknotted link give a surgery presentation in S® of a fundamental shadow

link.

As in the case of the boundary-decorated shadowed polyhedron, the hyperbolic volume
of the resulting fundamental shadow link from a graph of complexity k is given by 2kwvs.

In Figure 2.7, we provide an explicit example of constructing a fundamental shadow link
given a graph G of complexity 2. In this case, our maximal tree consists of a single edge
which is colored blue in the leftmost diagram of Figure 2.7. Shown in the middle diagram
of Figure 2.7, we decide to replace three of the four edges with the identity 3-braid and the
fourth edge with a non-trivial 3-braid. On the rightmost diagram of Figure 2.7, we encircle

by 0-framed unknotted components the 3-braid components which correspond to G\T'.

Remark 2.3.16. For a given planar 4-valent graph G, we have multiple choices of 3-braids
for each edge of the graph. The choice of 3-braids may result in different non-homeomorphic
fundamental shadow link complements such that the graph G does not have a unique as-
sociated fundamental shadow link. However, it is to be noted that 3-braids which induce

the same permutation on the 3-strands result in homeomorphic fundamental shadow link
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complements. Therefore, there are only finitely many fundamental shadow links for each
given complexity k. Because there are only finitely many hyperbolic manifolds of the same
given volume [54, Chapters 5 and 6], this is consistent with the fact that the fundamental

shadow links are hyperbolic links.

Remark 2.3.17. From the viewpoint of constructing a fundamental shadow link from a
boundary-decorated shadowed polyhedron, we can see that the strands of the 3-braids are
the boundary of a simple polyhedron S(P). For the simple polyhedron S(P), the singular
set Sing(P) is the planar 4-valent graph. It is from this correspondence that we obtain
the planar 4-valent graph construction from the boundary-decorated shadowed polyhedron

construction.
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Chapter 3

The Turaev-Viro Invariants for Once-

Punctured Torus Bundles

In this chapter, we define a closed formula for the Turaev-Viro invariants of hyperbolic once-
punctured torus bundles which depends, in a trivial way, on the monodromy. Additionally,
we introduce a conjecture which relates the Turaev-Viro invariants of the mapping torus to

the stretch factor of the corresponding pseudo-Anosov element in the mapping class group.

3.1 Background

In this section, we introduce the canonical triangulations for hyperbolic once-punctured torus

bundles.

3.1.1 Canonical Triangulations

For a reference, see [24] by Floyd and Hatcher as well as [25, Section 3] by Futer and
Guéritaud. Given a pseudo-Anosov element in the mapping class group of the once-punctured
torus, we will highlight the construction of the canonical triangulation for the corresponding
mapping torus.

From the isomorphism between Mod(X}) and SLy(Z) described in Section 2.2, we define

the following matrices
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and

Now consider the following well-known proposition. For a sketch of the proof, we refer

to 25, Proposition 2.1].
Proposition 3.1.1. Let ¢ be an element in SLo(Z) with two distinct positive eigenvalues.
Then the conjugacy class of ¢ € SLy(Z) contains an element of the form

RN LN RNs N4 | RNan-1 [ Non
where n, N; > 0 for all i. Conversely, any product of such form is an element in SLy(Z)
with two distinct positive ergenvalues.

Since mapping tori constructed with conjugate monodromies are homeomorphic, we may
always consider our element in the mapping class group to be represented in this form. We

now begin with an arbitrary matrix

RN LN RNs [ N4 RNan-1 [ Non —

From the given monodromy, we consider the following vectors

a b a+b
, , and

c d c+d

When viewing the once-punctured torus X} as the quotient of the space R*\Z?, we can form
a triangulation of the space by lines connecting the punctures where the slopes of the lines
are the rational slopes of the vectors. Now note that when we multiply our monodromy

on the right by either R or L, one of the corresponding vectors will be fixed by either the
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column

of R or the column

of L. This implies that after multiplication, we will have a new triangulation of ¥} using the

slopes associated to the fixed vector, the vector

a+b

c+d 7
and a new vector which is the sum of the other two vectors. Because of this, the new
triangulation will always switch exactly one edge. This principle will be known as a diagonal
exchange.

Now given a sequence of triangulations of X1 related by diagonal exchanges, we can form
a collection of ideal tetrahedra in the sense that the vertices are removed by the puncture
in the triangulation of ¥]. This is obtained by considering the 2-dimensional triangulation
formed by pairwise gluing edges with identical slopes from two consecutive triangulations
of 1. The resultant figure will bound our desired tetrahedron where two opposite pairs of
edges are identified together. The remaining two edges which are not identified correspond
to the diagonal exchange.

Now lastly, our collection of tetrahedra are stacked on top of each other from the previous
gluings such that the bottommost and topmost triangulations of 31 are unaffected. These
final two triangulations are glued together by the self-homeomorphism from the mapping
class group. The resulting 3-dimensional triangulation is homeomorphic to the mapping

torus obtained from the corresponding mapping class group element.
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3.2 A Closed Formula for the Turaev-Viro Invariants

In this section, we calculate a closed formula for the Turaev-Viro invariants of the hyperbolic
once-punctured torus bundles as well as compute explicit examples. This will be achieved by
considering the canonical triangulations of the manifolds along with the original definition
of the Turaev-Viro invariant stated in Section 2.1.

As mentioned in Subsection 3.1.1, for a given monodromy which is pseudo-Anosov, we
can construct a triangulation of the manifold through diagonal exchanges. Now notice the
following. Every tetrahedron of the manifold is constructed from a diagonal exchange on a
triangulation of the once-punctured torus where each diagonal exchange corresponds to either
the element R or L. Because of this, for a given monodromy ¢ = RM LN2 ... RN2n-1 [ Nen
in Mod(%}), the number of tetrahedra for the mapping torus M(¢) is N = (ZZ” N;). O
the triangulations of the once-punctured torus, we have two pairs of opposite sides that are
identified, and the sides corresponding to the diagonal exchange will be opposite of each

other on the formed tetrahedron. Therefore, every 6j-symbol is of the following form.

ay a2 as ay a2 as ayp Gz as

Ey = . By = , or F3=
a, as as ay ay as ay as ay
where F; is the 6j-symbol such that the side opposite of the side associated to the color a; is
the side of the diagonal exchange. In this case, we chose to color the new side obtained from
the diagonal exchange with a,. For an illustration of the triangulation of the once-punctured
torus bundles, see Figure 3.1 where we demonstrate the first tetrahedron obtained from the
diagonal exchanges. In this example, as the quotient of R?\Z?, the once-punctured torus

may be triangulated by edges with slopes 1, 0, and oo, shown on the leftmost diagram, which
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@, O O 0
A LT~
0 0

Figure 3.1: On the left, we have two triangulations of the once-punctured torus as the
quotient of R?\Z?2. On the right, we have the tetrahedron obtained from stacking the trian-
gulations by identifying the edges with the same slope. Here, the slopes of the triangulations
are given in the illustrations, the white vertices are the puncture, and the red and blue edges
correspond to the edges of the diagonal exchange.

corresponds to the vectors given by the identity matrix

as well as edges with slopes 1, 0, and %, shown on the second diagram, which corresponds to

vectors given by the matrix

R:
0 1

The two resulting triangulations may then be identified to obtain the tetrahedron of the
rightmost diagram where each edge of the same slope is glued together. Since every tetra-
hedron of the triangulation is formed in a similar way, we see more directly that, depending
on the monodromy, each tetrahedron will correspond to one of the defined 6j-symbols Fj,
FE>, and Ej.

To simplify the notation, we will now define a specific product, denoted by -, on the 6;-
symbols ;. We will think of the operation E; - E; as the standard product of the 6j-symbols
where we additionally “glue” the bottom row of Ej; to the top row of E;. Because of this,

we refer to the product as a gluing of 6j-symbols. This is best illustrated with an example
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such as

ap az as a4 Q2 ag a4 a5 ag a4 Qg ag

El'EQ'EQ'Egz

aqs ag as as as as as ag as aqs Qg Qar
This product corresponds with the general principle of obtaining the triangulation of
the once-punctured torus bundles where we stack the tetrahedra on top of each other. For

convenience, we will take the convention of labeling the 6j-symbols such that the first 67-

symbol in the product has the first row labeled as

a; az as

and we label any edge obtained from the diagonal exchange with the subsequent index such
as in the example of E; - Fy - Ey - F3. Additionally, it is worth noting that any gluing of &
67-symbols will have (k£ + 3) labelings by colors a;.

Before we state the closed formula, we will introduce more useful notation using the
monodromy R™ as our example. By nature of the construction, the triangulation associated
to RNt will always fix one of the edges. As mentioned in Subsection 3.1.1, this is due to the

first column of R being the vector

Now because of this, the diagonal exchanges are going to alternately occur on the other
two non-fixed edges. In terms of the E;’s, this corresponds to N; alternating gluings of Fj,

and £, where iy # jo. We will denote this alternating gluing as EN. where we note that

10,70
the column which is not either iy nor j, will always remain a fixed color under the gluings.
Additionally, we can see that depending on whether N; is odd or even, the final F; in the

alternating gluings of E; '\, will either be Ej; or Ej,, respectively. We will denote this final

Jo»
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index by j; such that
1o For Nj odd

J1
Jo For Ny even
Furthermore, we can generalize this notation to all R™ such that for any alternating

gluing EN* the final index is

Ug—1,Jk—1"

i,—1 For Nj odd

Tk
Jk—1 For Nj even

Analogously for LN+ we can define the same alternating gluing ¢ with 75 defined in

i—1,0k—1
the same manner.
For the once-punctured torus X1, we will now state the closed formula for the correspond-

ing mapping torus of a pseudo-Anosov element where we define |a;| = (—1)?*[2a; + 1] for a

color a;.

Theorem 3.2.1. Let ¢ = RMLN2... RNan—1 [Non € Mod(31) where n, N; > 0 for 1 <i <

2n, and let N = (22"1 Ni). Then the mapping torus M (¢) has Turaev-Viro invariant

1=

N+3
TV; <M (¢) ,Q) - 2b27b0 Z [(H ‘CLH) <Ei](\)iljo ) Eﬁ?ﬂl Tt Egjnl,jznl)]

adm k=4

where the sum is over all admissible colorings, a1 = a(n42), G2 = A(N—Ny,+2), 0nd a3 = A(N13)-
Additionally, the indices i, and jr may be computed inductively from (ig, jo) = (2,3) where
’ik ¢ {Z'kfl,jkfl} and with
‘ ix—1 For Nj odd
Ik =
Jk—1 For Ni even
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Proof. From Theorem 2.1.5, the Turaev-Viro invariant may be defined as

TV, (M,q) =221 ) KHMC) (ch)

c€A(T) eck AeT

where ¢ runs over all admissible colorings of the edges. Since our triangulation is ideal, then

|V| = 0 such that

TV,(M,q) =2"7" > [(Hlelc> (H |A|c> .

ce€A,(T) eck Aer

Notice that our triangulation will have N distinct edges such that each edge is colored by ay
where 4 < k < N + 3. The edges corresponding to the colors ay, as, and az are not included

since they will be identified to other edges under the homeomorphism ¢. We now obtain

TV,(M(¢),q) =27 [(H mw) (H !A\c> .

adm AeT

Next, to obtain the 6j-symbols, we need to consider the triangulations of the manifold.
As mentioned previously, each RV and L™ corresponds to the alternating gluings of 6;-
symbols EZJZ ", and EZNk, kilvjk/—l' We consider the case when we multiply B on the right
by L where the case for multiplying L™ on the right by R is similar. This corresponds to a
diagonal exchange on the edge that is fixed by R such that we introduce a gluing on the
right by the 6j-symbol E;, where i;, & {ix_1,jx—1}. Now if we continue multiplying on the
right by L, we will once again have an edge which is fixed such that we have an alternating
gluing of 6j-symbols EZZ f“;cl for some ji. This jp will correspond to the column of the final

diagonal exchange of E¢ such that

Tk—1,Jk—1

i,—1 For Nj odd

Jk
Jk—1 For Nj even
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This implies that we can rewrite (H Acr |A|C) in terms of alternating gluings of 6j-symbols

such that

N+3
TV?“(M(¢>7Q> = 2%l Z [(H |ak|> (Ei];[}jo ’ Ei]f?jl T Egjn17j2n1>] :

adm k=4

Lastly, we will consider the identification of the colors under the gluing of the edges
by the map ¢. We will note that each once-punctured torus is triangulated by lines with

rational slopes between the punctures. For any given monodromy conjugated to the form

RN N2 ... RNan—1 [ Non wwith matrix

the slopes of the lines are determined by the slopes of the vectors

a v a+
, , and
d d d+d
Here, the vector
a+v
d+d

corresponds to the new edge obtained from the diagonal exchange. From this viewpoint, it

is more clear to understand the alternating gluings. For example, for ¢ R", we have that

a vl |1l n a adn+v

d d| [0 1 d dn+d
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is always fixed. Now if we multiply ¢ R"* by L™, then we have

SR a an+0| |1 0 a+m(an+b) an+t
d dn+d| |m 1 d+m(dn+d) dn+d

such that the new fixed edge corresponds to the vector

an+b

dn+d

Notice that when m = 1, then the first column of ¢R"L is

an+1)+V

dn+1)+d

which corresponds to the edge obtained by the final diagonal exchange of ¢ R™. This implies

that by gluing the tetrahedra corresponding to L™, our gluings of 6j-symbols are alternating

between the E;’s associated to the previously fixed column of ¢ R" and the E;’s associated

to the final diagonal exchange of pR" .

We will now continue with our consideration of gluing the edges of the top and bottom

tetrahedra. If we consider the triangulation of the once-punctured torus by

1 0 1
v = , Uy = , and vz =

0 1 1

In order to see which edges are identified, we only need to check the mapping of the vectors
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v1, Uy, and vz under ¢.
Let us consider the final multiplication of the monodromy RN LMz ... RN2n-1 [ Nan=1 1y
L. This may be viewed as the matrix

a bl |1 0 a+b b
¢ — RNlLNz . RNQn—lLNanlL — —

c d| |1 1 c+d d
such that we have the vectors
a—+b b a+2b
wy = , Wy = , and wg =
c+d d c+2d

First, we note that ¢(vs) = ws where ws corresponds to our final diagonal exchange.
Since v3 is associated to the color as, then we are identifying as with a(y13) which is the
color of the final edge added by the diagonal exchange.

Next, we note that ¢(v;) = w; where w; corresponds to the previous diagonal exchange.
Similar to before, since v; is associated to the color a;, then we are identifying a; with a(yo)
which is the color of the edge added by the previous diagonal exchange.

In the last case, ¢(vy) = wy where w;y corresponds to the fixed edge under L™?». Here,
Vo is associated to the color as which we are identifying to the color of the fixed column of

the alternating gluing EN n . This edge is obtained from the gluing of R¥2»-1)=1 which

1,J2n—1

has the color a(y—n,,+2)- O

Although the following is not reliant on Theorem 3.2.1, it is still worth noting to demon-
strate the similarities between the hyperbolic volume of the manifold and the asymptotics of
the Turaev-Viro invariants. In [7], Belletti, Detcherry, Kalfagianni, and Yang showed a rela-
tionship between the hyperbolic volume of a regular ideal octahedron and the asymptotics

of the 6j-symbols at ¢ = exp (2”F>

Theorem 3.2.2 ([7], Theorem 1.2). For ¢ = exp (2”\F> and any admissible 6-tuple
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(i,7,k,l,m,n) € IS, we have that

R
lim sup il log < vg

r—00

Il m n

where r runs over the odd integers and with vg the volume of a reqular ideal octahedron.

Using Theorem 3.2.2, we have the direct calculation that

LTV(M(6)) = limsup 2 log | TV, (M(9),q)| < Ny

=00

where ¢ = RMLN2... RNon—1[Non - N — (21221 N;), and ¢ = exp (@) For the steps
involved in the calculation, see the proof of Theorem 1.3 in [19] by Detcherry and Kalfagianni.
On the hyperbolic geometry side, a similar, although more precise, inequality has been

obtained by Agol in [1, Theorem 2.4], and separately by Futer and Guéritaud in [25, Theorem

B.1], where the inequality is given by
Vol(M(¢)) < 2nuvs.

The similarities of the two results further support the claim of the Turaev-Viro invariant
volume conjecture. Furthermore, it also suggests that much sharper bounds on the asymp-
totics of the Turaev-Viro invariants for the once-punctured torus bundles can be obtained

through closer analysis.

3.2.1 Calculations of Turaev-Viro Invariants

In this subsection, we will calculate some examples of the Turaev-Viro invariants for once-

punctured torus bundles using Theorem 3.2.1.

Example 3.2.3. We will begin with the small example of RL € Mod(X}). For context, the

complement of the mapping torus is homeomorphic to the complement of the figure-eight
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Figure 3.2: An ideal triangulation of the figure-eight knot. Here, we identify the black edges
together, and we identify the blue edges together.

knot in S? with hyperbolic volume 2v, ~ 2.0299.
By Theorem 3.2.1, we have that ¢ = R™M L™ where N; = N, = 1 such that N =

N; + Ny = 2. Now the indices i and j, may be computed inductively from (ig, jo) = (2, 3).

Since i1 & {i0,Jo}, then iy = 1, and since N; = 1 is odd, then j; = ig = 2. This implies that

TV, (M(9),q) =2"7 Y [(laallas]) (Ess - Ein)] =277 ) [(|asllas]) (Ez - Ev)]

adm adm

= 2k Z (laallas])

adm ay aa as as Qa4 Qs

a; az as ay a4 as

Additionally, we can compute that a; = a4, as = a3, and a3 = as. Using the symmetry

relations of the 6j-symbols in Section 2.1, we have that

_ a4 a5 das as a4 0as
TV, (M(¢),q) =27 ) | (lau]as])

adm as a4 Aas as a4 as

B ay G4 G35
= 2727003 " 1 (|aul[as))

adm as as as

This Turaev-Viro invariant corresponds with the known ideal triangulation of the figure-eight

knot given in Figure 3.2.
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Example 3.2.4. In this example, we will consider the element RM L2 € Mod(X1). In this
case, we have that N = N; + N,, and the indices change depending on the parity of N;. We
still have that 1o = 2, jo = 3, and ¢; = 1; however, we will either have that j; =2 or j; =3
for Ni odd or even, respectively. For the gluings of the edges, we have that a; = an.yo,

ag = an,+2, and ag = ay,3. This gives us either

TV (6).g) — 20 S [(H w) (BY, - E)

k=4

adm

for N7 odd, or

adm

TV, (M(d),q) = 27> [(H |ak|) (E3% - EY%)
k=4

for Ny even.

Example 3.2.5. As our last example, we will consider the element (RL)" € Mod(X1). The
mapping torus of this element has complement homeomorphic to the complement of the
n-fold cyclic cover of the figure-eight knot. Because of this, the complement has hyperbolic
volume 2nwy.

We consider ¢ = RMLN2RNs [ N1 RNen-1[New guch that each N; = 1 with N = 2n.
Now for the indices, notice the following. Since every Nj is odd, then j, = ix_; for every
k. Also notice that iy & {ir_1,75k-1} = {ik_1,%k_2}. Since initially ig = 2 and i; = 1, then
19 = 3. Inductively, this implies that i; cycles between the numbers 2, 1, and 3 starting at
190 = 2. For the gluings, we have that a1 = ag,19, @y = as, 11 and ag = ag,y3.

Now our Turaev-Viro invariants will be 2n gluings of 6j-symbols and fall into one of the

three following cases:

TV, (M(¢),q) = 2% KH ]ak|) (Ey-Ey-FEs-...-Ey-Ey - Es)

adm
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for n =0 mod 3.

TV,(M(¢),q) =27 KH |ak|) (Ey-Ey-Es-... By Ey- Ey)

adm

for n =1 mod 3.

TV, (M(¢),q) =2"""> " [(H |ak|> (Ey-Fy-Es-...-Ey-F3-Ey)

adm

for n =2 mod 3.

Remark 3.2.6. The Turaev-Viro invariant volume conjecture is known for the complement
of the figure-eight knot [21]; however, the proof utilized the relationship between the Turaev-
Viro invariants and the colored Jones polynomials. This relationship is a special case of
Theorem 2.2.15 which related the traces of the quantum representations to the Turaev-Viro
invariants. It would be of interest to prove the Turaev-Viro invariant volume conjecture for
the figure-eight knot from the viewpoint of the triangulation given in Example 3.2.3. This
may give further insight on proving the Turaev-Viro invariant volume conjecture for the

n-fold cyclic cover of the figure-eight knot using the triangulation given in Example 3.2.5.

3.3 A Conjecture in Relation to the Stretch Factor

In this section, we will state a conjecture which relates the asymptotics of the Turaev-Viro
invariants of a mapping torus with its stretch factor. This conjecture is supported by known
results in hyperbolic geometry.

Briefly, we will introduce the stretch factor for the example of the once-punctured torus.
For more details, see Chapter 14 in [23]. Now for the once-punctured torus X1, the mapping
class group Mod(27) is generated by the Dehn twists t,, and ¢ along the canonical meridian

and longitude, respectively. As stated in Section 2.2, there is also an isomorphism between
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Mod(%7) and SLy(Z) which sends

1 1
to — =R
01
and -
1 0
tﬁ — = Lil
-1 1

where R and L~! are the generators of SLy(Z). Now for certain elements in Mod(%}), we

can define the stretch factor.

Definition 3.3.1. For a given element ¢ € Mod(X%1) & SLy(Z) with |Trace(¢)| > 2, the
unique real-valued eigenvalue A > 1 is defined as the stretch factor. Furthermore, ¢ is

pseudo-Anosov if and only if |Trace(¢)| > 2.

It is easier to understand the stretch factor when viewing the once-punctured torus as
a quotient of R?\Z? Homeomorphisms of X1 may be viewed as the corresponding matrices
of SLy(Z) acting on R*\Z? followed by the quotient of the space. Because we have that

|Trace(¢)| > 2, any curve in X1 will be stretched by A along parallel copies of one eigenvector

and will contract by % along parallel copies of the other eigenvector. These dilations and
contractions are the geometric interpretation of the stretch factor. In fact, a pseudo-Anosov
map is more accurately defined as a generalization of this principle.

Now we will discuss the following open question posed by Andersen, Masbaum, and Ueno

in [3].

Question 3.3.2 ([3], Question 1.1). Can one compute the stretch factor for pseudo-Anosov

mapping classes from the quantum representations?

In [3], the authors show that this is true for the four-punctured sphere with certain
colorings of the punctures. In regards to Question 3.3.2, we consider the case for the once-

punctured torus where there is only one puncture to color. In [51], Santharoubane showed
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that, for any dimension N, the sequence of quantum representations for a fixed dimension
converge to a matrix with known eigenvalues. In particular, the eigenvalues of the convergent
matrix are powers of the stretch factor which implies that Question 3.3.2 is also true for the
once-punctured torus.

Now the following is not rigorous and only supported through small computational exam-
ples. For a fixed » > 3 with r odd, there is one quantum representation pfq\fc( N of dimension
Nforl1< N < % where ¢(N, r) is a chosen coloring of the puncture such that the quantum
representation has dimension N. For an explicit formulation of the quantum representations,
one may refer to [26] by Gilmer and Masbaum as well as [51] by Santharoubane. Now given
a pseudo-Anosov element ¢ with stretch factor Ay, we make the assumption that, for any
N, the eigenvalues \; xy of the quantum representation pfq\;( Nm)(gb) has the property that
Ain| < )\;%3. The motivation behind assuming this property is that it appears that the
eigenvalues of the quantum representations converge to the eigenvalues of the convergent
matrix from below. By Proposition 2.2.15, we have the following calculation which would

imply the subsequent conjecture.

1 1

TV(M(6) = Y |Tr(pY (@) = 3 Ay + -+ Ayl

N=1 N=1

Conjecture 3.3.3. Let ¢ € Mod(X1) be a pseudo-Anosov element with stretch factor \gs.
Then

2
LTV (M) = limsup = log [TV, (M(6), ¢)] < 27log (As)

T—00

where r runs along the odd integers and ¢ = exp (@)

Although we could write a more general conjecture for all surface mapping class groups,
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the arguments for the four-punctured sphere and the once-punctured torus depended on
exploiting their convergence to the homological representation which does not generalize to
other cases. Because of this, it is not known to what extent the quantum representations
determine the stretch factors of the mapping class group.

The main motivation of Conjecture 3.3.3 is still to relate the asymptotics of the Turaev-
Viro invariants to the hyperbolic volume of the manifold. The term log()s), known as the
entropy, has significance in hyperbolic geometry. By the works of Brock, Mazur, and Minsky
in [11, 12, 42] and Kin, Kojima, and Takasawa in [34], the authors have shown a relationship
between the hyperbolic volume of the mapping torus for a pseudo-Anosov element and the
corresponding entropy. In particular, it is known that the volume of a hyperbolic manifold is
bounded by a constant multiplied by the entropy where the constant depends on the surface
of the mapping class group. Because of this, Conjecture 3.3.3 would further support that
the Turaev-Viro invariant volume conjecture is true. Additionally, it may provide another

method in calculating the constants for the bounds.
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Chapter 4

Realizing Fundamental Shadow Links

in S°

In this chapter, we construct infinite families of links in S® whose complements satisfy the
Turaev-Viro invariant volume conjecture. Additionally, we provide a general method in
augmenting a link such that the resultant link also has complement which satisfies the
Turaev-Viro invariant volume conjecture. The method involves finding a homeomorphism
of the complement of the link with the complement of a fundamental shadow link where the
conjecture is already known. Since the Turaev-Viro invariant and the hyperbolic volume are
preserved under homeomorphisms, this provides link complements in S® which satisfy the
conjecture. We note that the results for Sections 4.3, 4.4, and 4.5 first appeared in [36] by

the author of this dissertation; however, in Section 4.5, we consider a more general approach.

4.1 Background

In this section, we will introduce the Stein factorization of stable maps of links followed by
their connection with shadows of links in S®. Under this correspondence, we are able to
understand the collapsing map given by Turaev’s shadow theory approach to 3-manifolds
through the explicit map given by the Stein factorization. Additionally, we briefly discuss
Kirby calculus which we will use in an alternate proof of Theorem 4.5.1. The method

involving Kirby calculus provides a direct approach based purely on the surgery presentation.
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4.1.1 The Stein Factorization of Stable Maps of Links

In this subsection, we will introduce the Stein factorization of stable maps. We remark
that the definitions stated here are written formally; however, it is only necessary to have
a loose conceptual understanding of this subsection in order to follow the results appearing
later in Chapter 4. As discussed in Subsection 2.3.2, the fundamental shadow links may
be viewed as a surgery presentation in S®. In this case, one can realize the fundamental
shadow links in S3 through the widely used Kirby calculus. An alternate proof using this
technique will be provided in this work; however, by Constantino and Thurston [15], we will
also see that there is a close connection between the Stein factorization of stable maps of
links and boundary-decorated shadowed polyhedron. Through the explicit maps, we have a
more natural approach to studying the complements of the fundamental shadow links.

We will begin with a brief outline. For a 3-manifold M, the Stein factorization of a stable
map f = goh : M — R? decomposes f into a map h : M — W, of connected fibers and
a map g : Wy — R? which is finite-to-one where W; is a 2-dimensional polyhedron. For
our cases, Wy will be a simple polyhedron in the same manner as the shadows in Section
2.3. Analogous to the 3-manifolds obtained from Turaev’s shadow construction, the generic
points of Wy have preimages under the map h which are circle bundles inside a 3-manifold.
At these circle bundles, we can glue disks which is similar to the 4-thickening process. This
results in a 4-manifold which collapses onto the simple polyhedron along the disks where the
boundary is given by the 3-manifold M.

Much of this construction is close to the boundary-decorated shadowed polyhedron view-
point of a manifold. The main difference is that we do not state the topological data of the
gleam explicitly in the Stein factorization. We will proceed with the basic definitions of the
Stein surface. One can find more detailed information in [37] by Levine and in [50] by Saeki.

We will now begin to define the Stein factorization for a map on a 3-manifold with

(possibly empty) boundary of tori.
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Definition 4.1.1. Let M be a closed 3-manifold and f a smooth map from M to an ori-
entable 2-manifold ¥. Now suppose that f satisfies the following conditions. For every
p € M and f(p), there exist local coordinates centered at p such that f can be described as

one of the following:
i (u,z,y) = (u, ).
i (u,z,y) = (u, 22 + y?).
iii. (u,z,y) — (u, 22 — y?).
iv. (u,x,y) — (u,y* +uz — 23).

For the previous conditions (i), (i), (i77), and (iv) at a point p, we say p is a regular point,
a definite fold point, an indefinite fold point, or a cusp point, respectively. Furthermore, if

S(f) are the singular points of f, then suppose f also satisfies these global conditions:

v. f7Vo f(p) N S(f) = {p} for a cusp point.

vi. The restriction of f to the singular points which are not cusp points is an immersion

with normal crossings.
We say that a map f satisfying all of the conditions is a stable map.

Definition 4.1.2. Suppose that M is a compact and orientable 3-manifold with (possibly
empty) boundary of tori. We say that a smooth map f of M into an orientable 2-manifold
Y is an S-map if the restriction to the interior of M is a stable map, and each p € M can
be described locally by the map (u,z,y) — (u,x) such that x = 0 corresponds to points on

the boundary.

Definition 4.1.3. For a given S-map, we define the space Wy to be the quotient of the
space M along the connected fibers of f with map h: M — W;. Now we let g : W; — X be
the map such that f = g o h. This factorization of the map f is the Stein factorization with

corresponding Stein surface W.
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Lastly, we can further extend this definition such that M contains a link L.

Definition 4.1.4. Let M be a compact and orientable 3-manifold M with (possibly empty)
boundary of tori and a (possibly empty) link L. Let f be an S-map of the manifold M into
an orientable 2-manifold 3. We define f to be an S-map of the pair (M, L) if the link L is
contained in the set of definite fold points of f. In the case when M is a closed 3-manifold,

the map f is called a stable map of the pair (M, L).

4.1.2 Stein Surfaces and Shadows of 3-Manifolds

In this subsection, we will construct a boundary-decorated shadowed polyhedron for the
manifold pair (S%, L). We will then see that the collapsing map in Turaev’s construction
from shadows can be realized as an explicit map given by the Stein factorization of the pair.

We let D be a flat oriented disk in the 4-ball B*, and we define the closure of D minus
a neighborhood of the boundary to be the set D’. Now we have a clear map 7 : S — D
given by collapsing B* onto the disk D. From this collapsing map, we can assume that
the preimage of D’ under the map 7 is a solid torus 7', and additionally, the remaining
T' = S3\Int(T) is also a solid torus.

Now in order to consider a link L in S? of n-components, we proceed in the following way.
We begin by isotoping the link L such that it is contained in D’ x [—¢, €] for some € where
the projection under the collapsing map 7|7 is generic with respect to the link L. Here, we
define generic in the usual sense where the projection contains no cusps, no crossings contain
more than two strands, and there are no self-tangencies of the projection. This property can
always be obtained through small isotopies of the link.

Now we will begin to define the boundary-decorated shadowed polyhedron for the pair

(53, L). Consider the mapping cylinder obtained from the quotient

P, = (Lx[0,1]uD"/((x,0) ~ w(x)).
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From P;, we define the boundary-decorated shadowed polyhedron P, as having the simple
polyhedron obtained from collapsing the region touching the boundary d(D’) onto the com-
ponents of w(L). Here, we decorate the boundary 0(Pr) = L x {1} as internal components
where the gleam is explained as follows. For the regions not touching the boundary of Py,
there is a choice of gleam such that Pp is a boundary-decorated shadowed polyhedron cor-
responding to the pair (5%, L). In this work, the gleam for such regions R will be % where
Vg denotes the number of vertices touching R. More details can be found in Section 3.2 of
[15].

Now given the boundary-decorated shadowed polyhedron Pp, we can construct a stable
map f : (S*, L) — R? such that the corresponding Stein surface W; with map h: (53 L) —
W can be identified in a natural way to Pp,. In [29], Ishikawa and Koda discuss the explicit
map h in terms of preimages of points in Wy for links inside compact and orientable 3-
manifolds with (possibly empty) toroidal boundary. Additionally, in Section 4 of [29], the
authors construct the map h for the specific case of the pair (S%, L). Their result is provided

as follows where the details are discussed in-depth in the proof of Theorem 3.5 in [29].

Proposition 4.1.5 ([29], Theorem 3.5). Let L be a link in S3. There exists a stable map
[ (S* L) — R? with Stein surface W; and Stein factorization f = g o h such that the

preimage of a point in Wy can be viewed as one of the five following:
i). If xy is a point on Pr\(L x [0,1]), then h™'(x1) is the reqular fiber {z;} x S* C T.

i). If oy is a point on L x (0,1), then h™'(zs) is a meridian of the corresponding link

component of L x {1}.
). If x3 is a point on L x {1}, then h™'(z3) is a point on the corresponding link in S3.

iv). Let x4 be a point from the singular set S(P) which are not vertices. Locally around x4,
there are three regions separated by the singular set. There exists a triple of points, one
from each region, such that their preimages are circles which are the boundary to a pair

of pants with h='(x4) as its spine.
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v). Let x5 be a point from the set of vertices of the singular set S(P). As in case iv), there
exist preimages of points from the regions around the vertexr which pullback to circles

such that they bound a surface with spine h™*(xs).

4.1.3 Kirby Calculus

In this subsection, we give a brief summary of Kirby calculus. For an introduction, one may
refer to Chapter VI in [47] by Prasolov and Sossinsky.

Similar to how isotopic links in S® may be realized through Reidemeister moves of the
link diagrams, Kirby calculus gives a method for studying homeomorphic 3-manifolds from
their surgery presentation.

We recall that a 3-manifold may be viewed as an integer framing of a link in S3. Here, the

framed link carries the topological data to construct the 3-manifold through Dehn surgeries.

Definition 4.1.6. A Dehn surgery is the procedure of removing a toroidal neighborhood
of the link component followed by a Dehn filling where we glue back the meridian of the
removed solid torus to the boundary torus. For a given integer framing n, the gluing sends
the meridian of the removed torus to a simple closed curve 7 in the homology class of [na+ 3]
where a and (3, respectively, are the standard generating meridian and longitude curves of

the first homology group of the torus.

The Dehn surgery operation may be defined for rational surgeries; however, we will
mostly only see either 0-framed surgeries or oo-framed surgeries in this work. For the 0-
framed surgeries, the solid torus is removed and glued back such that the meridian of the
removed torus is glued as the longitude of the boundary torus. For the co-framed surgeries,
we consider this case to be the identity Dehn surgery. The removed solid torus is glued back
to the boundary torus such that the meridian is still identified with the meridian.

Now given a surgery presentation of a 3-manifold, we consider the two moves shown in

Figure 4.1. In this work, we will often refer to the Kirby II move as a handleslide. Now
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Kirby I Kirby II

Figure 4.1: On the left, the Kirby I move which adds or removes an unlinked component with
framing 1. On the right, the Kirby II move where any two components with their framing
curves contained in a possibly knotted two-holed disk in S® can be changed as shown. Here,
the framed link is colored blue, the two-holed disk may be linked with other components,
and the new framing curves are still on the two-holed disk.

by the following theorem, the Kirby moves may be used to relate surgery presentations of

homeomorphic manifolds.

Theorem 4.1.7 ([35]). Two framed links in S® represent the same oriented 3-manifold by

surgery if and only if they are related by a sequence of Kirby I and Kirby II moves.

Theorem 4.1.7 will be essential in our alternate proof of Theorem 4.5.1. By using the
handleslides on the surgery presentation of the fundamental shadow links given in Sub-
section 2.3.2, we can obtain a simpler surgery presentation for a homeomorphic manifold.
From this new surgery presentation, we can explicitly find a link in S® with a complement

homeomorphic to the complement of a fundamental shadow link.

4.2 An Obstruction to Knots in S°

In the following sections of the chapter, we will see that every obtained hyperbolic link in S®
which satisfies the Turaev-Viro invariant volume conjecture contains at least two components.
In this section, we provide an explanation by showing that, up to homeomorphisms of the
knot complements, there are only finitely many knots in S® that can have complement

homeomorphic to the complement of a fundamental shadow link with one component.

Proposition 4.2.1. Let K be a knot in S3, and let K¢ C #°T1(S? x S1) be a complexity
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¢ fundamental shadow link with one link component. For any ¢ > 2, the complements of K

and K¢ are not homeomorphic.

Proof. This proof is a simple consequence of the Mayer—Vietoris sequence. For more infor-
mation, see Hatcher [28, Section 2.2]. For a knot K in S3, it is well-known through a quick
application of the Mayer—Vietoris sequence that the first homology group H; (S*\IntNbd(K))
is isomorphic to Z [38, Theorem 1.5]. In a similar way, we will use the Mayer—Vietoris se-
quence for the first homology group of the complement of the fundamental shadow link. We

will first define the spaces
X=#""(?*x8"), A=D*xS", B=X\4, andY=ANnB=5" x5

where D? is the two-dimensional closed disk. Now from the Mayer—Vietoris sequence, we

have the long exact sequence

S HW(Y) = Hy(A) @ Hy(B) > Hi(X) %

— Ho(Y) — Ho(A) ® Ho(B) — Ho(X) — 0.

The zeroth homology group is generated by the number of path connected components such

that we have

S HU(Y) s Hy(A) @ Hy(B) L H(X) %

— 727 -7 DL — 7Z — 0.

In this case, from the exactness of the sequence, g is the zero map. Therefore, we can consider

the following long exact sequence

o H(Y) = Hy(A) @ Hy(B) L Hi(X) % 0.
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We will compute the homologies of H1(A) and H;(X). For H;(A), there is a deformation
retraction of the space A onto the space S' such that H;(A) = Z. Now the manifold X is
obtained from the connected sum of closed and oriented 3-manifolds. In the case of finitely
generated abelian groups, the first homology group of the connected sum may be computed

as the direct sum of the first homology groups shown as

c+1

H, (#c+1 (52 > Sl)) ~ @Hl (SZ « Sl) o getl
Replacing our isomorphisms into the long exact sequence, we obtain
s H(Y) = Z o H(B) Lz % 0.

Now since g is the zero map, then the kernel of g is the entire set Z°*!. By exactness
of the sequence, the kernel of g must be equal to the image of f such that Z & H,(B) must
have at least (c¢+ 1) generators. This implies that H;(B) will have at least ¢ generators. For
the complement of a fundamental shadow link B, in the case when ¢ > 2, the first homology
group H;(B) has more generators than the first homology group of the knot complement
in S3. This implies that their first homology groups cannot be isomorphic, and the two

manifolds must be distinct.

4.3 Links in S? up to 11-Crossings

In this section, we will classify, up to homeomorphisms of their complements, the hyper-
bolic links of volume 2vg with at most 11-crossings which are complexity one fundamental
shadow links. As discussed in Subsection 1.2.2, since the Turaev-Viro invariant and the hy-
perbolic volume are preserved under homeomorphisms, this provides new examples of links

in S which satisfy the Turaev-Viro invariant volume conjecture. We will obtain the results
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FSL 4 FSL 5 FSL 6

Figure 4.2: The six fundamental shadow links with complements homeomorphic to the
complements of links up to 11-crossings.

using the link database of LinkInfo [39] in combination with computations from SnapPy
[16]. In Figure 4.2, we provide the six fundamental shadow links which have complements

homeomorphic with at least one of the complements of links up to 11-crossings.

Remark 4.3.1. From our calculations, the only candidate that we were not able to determine
was a fundamental shadow link was the link Lig,59. Although SnapPy determined the link
was not a fundamental shadow link, this is not rigorous and may be due to a numerical error.

To prove whether or not it is a fundamental shadow link would require a different method.

’ Fundamental Shadow Link \ LinkInfo Name ‘
FSL 1 Lionso
FSL 2 L1onss
FSL 3 Leas, Lonas, Liinasr, Liinars
FSL 4 Lionsa, Lionst
FSL 5 Lgns, Lon2e, Lionro, L11n376, L11n3ss
F'SL 6 Lgn7, Liongr, Lion10s, Lionios

Table 4.1: The links with homeomorphic complements to a fundamental shadow link.

Theorem 4.3.2. The links given in Table 4.1 have volume 2vg and satisfy the Turaev-Viro

imwvariant volume conjecture.
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Proof. We will prove Theorem 4.3.2 using the following procedure:

e Since we know that we are looking for complexity one fundamental shadow links, then
the volume of all of our links will be 2vg ~ 7.3277. From using LinkInfo, this will allow

us to narrow down all links up to 11-crossings whose volume is approximately 2vs.

e The previous step gives us the list of links: Lgaa, Lsns, Lsn7, Lon2s, Lron2e, Lions2,
Lionse; Lionsos Lion7o; Lionsa; Lionst, Lionor, Lionios, Liontos, Liinest, Liinsre, Liinsts,
and Lq1,385 where, as a reminder, the first number indicates the number of crossings,
the letter indicates whether it is alternating or non-alternating, and the second number

indicates it is the n-th link with the same first two parameters.

e As mentioned in Remark 2.3.16, the complements of the fundamental shadow links
obtained by replacing edges by 3-braids of single vertex planar 4-valent graphs are
homeomorphic if they induce the same permutation on the 3-strands, therefore, there
are only finitely many fundamental shadow links with volume 2vg. This implies that we
can compare the finite list of links up to 11-crossings with the finite list of fundamental

shadow links of volume 2uvy.

e As demonstrated in Subsection 2.3.2, the complements of the fundamental shadow
links in connected sums of S? x S! can be realized as the complement of a surgery
presentation of a link in S3. From this, we define each of the surgery presentations of
the fundamental shadow links into SnapPy as well as our candidates from the list of

links up to 11-crossings.

e Lastly, we use SnapPy to test the finitely many cases to see which manifolds are
homeomorphic to each other. Of the possible fundamental shadow links, the links in
Figure 4.2 are the only fundamental shadow links which SnapPy recognizes as having

homeomorphic complements with a link of at most 11-crossings.
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Figure 4.3: The Borromean rings are the leftmost link, and the Borromean twisted sisters
are the two rightmost links.

Remark 4.3.3. From LinkInfo, all links up to 11-crossings have volume strictly less than 6vs.
This implies that the only other links in this set that have homeomorphic complements with
the fundamental shadow links must have complexity two. Similar to the proof of Theorem
4.3.2, we could also look for candidates by looking for links with volume 4vg in LinkInfo.
From doing this, the only possible links are the links ;1,387 and Li1,388; however, currently,
it has not been shown that if either of the links have complements homeomorphic to the

complement of a complexity two fundamental shadow link.

4.4 Families of Links in S°

In this section, we will construct infinite families of links which satisfy the Turaev-Viro
invariant volume conjecture. The motivation for this comes from the Borromean rings and
the Borromean twisted sisters depicted in Figure 4.3. These are links with non-homeomorphic
complements; however, they each have the same hyperbolic volume of 2vg. Although the
conjecture is already known for the Borromean rings, it was not previously verified for both
of the Borromean twisted sisters. In pursuing a positive result for these links, we generalize
the link complements to infinite families where each link complement satisfies the conjecture.

Before the statement of the main theorem in this section, we will need the following

technical lemma.
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Ly,

E+1 kE+1

Figure 4.4: On the left are the complexity k£ fundamental shadow links embedded in con-
nected sums of S? x S', and on the right are their associated links in S%.

Lemma 4.4.1 ([15], Lemma 3.25). Let P be a boundary-decorated shadowed polyhedron of
(M, L) where L is a framed link and with M an oriented 3-manifold. Then the manifold M’

obtained from Dehn filling L has a shadow P' given by capping components of OP by disks.

Proof. We will begin by letting P be a boundary-decorated shadowed polyhedron of a 4-
dimensional manifold W with the boundary (W) = M and the link L = 0;,,(P). Performing
a Dehn filling along L in the manifold O(W) corresponds to gluing 2-handles B x B? to
W. Without loss of generality, we can assume that the copies of B? x B? collapse onto
the disks B% x {pt} such that the boundary of each disk S' x {pt} is a link component of
Oint(P). After the gluings, we obtain a new simple polyhedron P’ which is the result of the
disk components B? x {pt} being attached to the original P. On the simple polyhedron P’,

the gleam of the new regions are determined by the framing of the link L. O]

Now with Lemma 4.4.1, we will proceed to state and prove the main result of the section.
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Shadow P Shadow P’ S3\ L S3\(L U Ly)

Figure 4.5: On the leftmost diagram, we have the shadow P with Sing(P) the dashed lines,
Oint(P) colored blue, and O,.¢(P) colored black. We cap 0;,;(P) with disks to obtain regions
R; shaded blue, and we mark their centers with p; and p, to recover a new shadow P’. In
this case, the gleam of the new regions are both % P’ is the shadow of a link complement
in S such that the preimages of the points p; and p, are the cores of the oo-framed link
in S3. Drilling out the co-framed link gives a link complement in S® homeomorphic to the
complement of the original fundamental shadow link.

First, we will define the generalizations of the complements of the Borromean rings and the
Borromean twisted sisters as the complements of the link families appearing in Figure 4.4,

denoted by Ly, Ji, and K. The links in S® on the right of Figure 4.4 are the same as the

families in S® appearing in Figure 1.1.

Theorem 4.4.2. Given an integer k > 1, let Ly, Ji,, and K, be the links in S® shown in
Figure 1.1. The complement of each Ly, Ji, and Ky is a hyperbolic manifold with volume

2kvg and satisfies the Turaev-Viro invariant volume conjecture.

Proof. Each of the links shown on the right of Figure 4.4 can be constructed using the
following steps. As an example, one can reference Figure 4.5 which demonstrates the case
for K. As a quick note, in Remark 4.4.4, we discuss a proof using Hopf link pairs which
are sublinks of the surgery presentation. Although this approach leads to a more immediate
discovery of the homeomorphisms, the method we choose to highlight here allows us to
consider a more general case stated later in this work.

From the procedure of constructing a fundamental shadow link from a graph in Sub-
section 2.3.2, we let S(P) be the simple polyhedron of the fundamental shadow link of
complexity k& which corresponds to the planar 4-valent graph of Figure 4.6. Here, we choose

the construction such that the link can be represented as one of the links in connected sums
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Figure 4.6: The planar 4-valent graph of complexity k used in the construction of the link
families Ly, Jp, and Kj.

of §% x St illustrated by the surgery presentations on the left side of Figure 4.4.

We now consider P to be the boundary-decorated shadowed polyhedron obtained from
S(P) by decorating the innermost (k+1) boundaries of S(P) as internal boundaries with the
remaining boundary components decorated as external boundaries. In the leftmost diagram
of our example of Figure 4.5, this is demonstrated as the boundary-decorated shadowed
polyhedron with singular set the dashed lines, with internal boundaries colored blue, and
with external boundaries colored as black.

Now we consider the boundary-decorated shadowed polyhedron P’ with newly introduced
regions and gleam obtained by capping the internal boundaries with disks. We will label this
set of regions by ;. From Lemma 4.4.1, gluing disks to P corresponds to performing Dehn
fillings along the internal boundary components where the new gleam is determined by the
initial framing of the link. In order for P’ to be a boundary-decorated shadowed polyhedron

Vi,
for the link complement in S3, we can choose a framing such that the gleam of R; is el

2
where Vg, is the number of vertices of the singular set touching R;.

In the second diagram from the left of Figure 4.5, this is shown by capping the blue colored
boundary components by blue shaded disks with gleam % As shown in Subsection 4.1.2, P’ is
of the form of a boundary-decorated shadowed polyhedron which can be used in constructing
a link complement S*\IntNbd(L) where the link L corresponds to the boundary components
of P'. Note that in Subsection 4.1.2, we constructed a pair (53, L) from a boundary-decorated
shadowed polyhedron; however, in this case, the link complement comes from decorating the

boundary of P’ as external as opposed to internal.

Now from Proposition 4.1.5, we have a map f with a Stein surface W; and Stein factor-
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ization f = goh such that W can be identified with P’ where the preimages of the points are
as described in Proposition 4.1.5. Now by using the map h, we can find a homeomorphism
between the fundamental shadow link and a specific link in S3.

Previously, the Dehn fillings corresponded to gluing copies of the 2-handles B? x B? to
the 4-thickening of our boundary-decorated shadowed polyhedron P. We let p; € R; be the
points in the 2-handles which correspond to the center of the capping disks. Under the map
h, the preimages of the set of centers {p;} correspond to cores of tori. From Proposition
4.1.5, we can explicitly see that the preimages of {p;} form an unknotted link {p,;} x S*,
denoted by Ly, embedded in S*\IntNbd(L) such that Ly runs parallel to the z-axis. In our
manifold S®\IntNbd(L), the link Ly can be viewed as having framing co. In Figure 4.5, the
link complement S*\IntNbd(L) with the co-framed link is illustrated in the third diagram
from the left.

Next, we will remove the 2-handles which contain the oo-framed link. This will add
an additional toroidal boundary for each component of the link Ly. Our resultant mani-
fold is homeomorphic to the link complement S3\IntNbd(L Ul Ly) with boundary-decorated
shadowed polyhedron P” where P” can be obtained from decorating all of the boundary
components of the simple polyhedron S(P) as external boundaries.

As stated in Subsection 2.3.1, P” is a boundary-decorated shadowed polyhedron for the
complement of a fundamental shadow link. This implies that the union of the links L and
Ly in S® form the realization of the fundamental shadow link in S2. This is shown as the
right diagrams of Figure 4.4 as well as the rightmost diagram in Figure 4.5. Now since
the complement of a fundamental shadow link of complexity k& is a hyperbolic manifold
of volume 2kvg which satisfies the Turaev-Viro invariant volume conjecture, then through
homeomorphisms, the complement of the link L L Ly in S? is also a hyperbolic manifold
satisfying the Turaev-Viro invariant volume conjecture with volume 2kvs.

O
Remark 4.4.3. Notice for the cases of the link families J, and K}, we can reduce our
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fundamental shadow links of complexity & to one of complexity (k — 1) through certain oco-
framed Dehn surgeries. This can be done by performing the Dehn surgery on the rightmost

of the (k + 1)-unknotted components bounding the twice punctured disks.

Remark 4.4.4. For the link families of Figure 4.4, we implicitly used the following property
of the surgery presentation of the link in S®. Notice that each 0-framed unknotted component
could be paired with a component of the fundamental shadow link to form a Hopf link pair
in the surgery presentation. In the manifold of connected sums of S? x S, the component of
the Hopf link pair coming from a fundamental shadow link component is isotopic to the core
of the tori obtained from the O-framed surgery on the unknot component. This implies that
we can isotope the fundamental shadow link component such that the removed torus in the
complement corresponds to removing the torus from the O-framed unknot surgery. In terms
of the surgery diagrams on the left of Figure 4.4, we can obtain our link complements repre-
sented on the right by simply drilling out tori with cores the 0-framed unknot and deleting
their corresponding fundamental shadow link components from the link. This procedure can
work for any fundamental shadow link as long as we can pair as Hopf links every O-framed
unknotted component with a fundamental shadow link component such that all of the Hopf
link pairs are disjoint.

Using the viewpoint of the Hopf link pairs on the surgery presentation, we immediately
obtain the results of Theorem 4.4.2; however, this is generally not the case. As we will see
in Theorem 4.5.1, from the surgery presentation, the Hopf link pairs may not always be
disjoint from each other. This may be remedied through the use of Kirby calculus which is
provided as an alternate proof; however, we can eliminate this technical issue by utilizing
the Stein surface approach. Because of this, the Stein surface approach is a more natural
method for generalizing our results. From the map equipped to the Stein surface, we are
able to see that each capped disk corresponds to a Hopf link pair. Here, the boundary of
the disk is the fundamental shadow link component, and the preimage of the center of the

disk corresponds to our 0-framed unknotted component. In order to utilize this method, we
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only need a boundary-decorated shadowed polyhedron of a fundamental shadow link which
can be augmented by capping disks to a boundary-decorated shadowed polyhedron of the
form Pp as defined in Subsection 4.1.2. From the explicit map, the O-framed unknotted
components always run parallel to the z-axis, therefore, all of the Hopf links pairs will be

disjoint from each other.

By using Theorems 4.3.2 and 4.4.2, we can now provide an alternate proof to the Turaev-
Viro invariant volume conjecture for the Borromean rings as well as extend the result to
our initial motivation of the Borromean twisted sisters. Additionally, we can see that the
complements of the link families L, Ji, and K} are a generalization of the complements of

the Borromean rings and the Borromean twisted sisters.

Corollary 4.4.5. The Borromean rings and the Borromean twisted sisters shown in Fig-
ure 4.3 are hyperbolic links with volume 2vg and satisfy the Turaev-Viro invariant volume

conjecture.

Proof. For the case of k = 1 for Theorem 4.4.2, we can see that the links L, J;, and
K, correspond to the links FSL 3, FSL 5, and FSL 6 in Figure 4.2, respectively. Since
the Turaev-Viro invariant volume conjecture is preserved under homeomorphisms, then any
links from Table 4.1 homeomorphic to the links FSL 3, FSL 5, and FSL 6 also satisfy the
conjecture. From this, we can see that L, J;, and K; have complements homeomorphic
to the complements of the Borromean rings and the Borromean twisted sisters in Figure
4.3, respectively. In this sense, the complements of the link families L, Ji, and Kj are
a generalization of the complements of the Borromean rings and the Borromean twisted

sisters. []

We will end this section by demonstrating that the links in Theorem 4.4.2 provide new
examples of links in S® which satisfy the Turaev-Viro invariant volume conjecture. Of the
known examples of links in S® which satisfy the conjecture, the Whitehead chains are the

only other infinite family. As detailed by Roland van der Veen in [58], the Whitehead chains
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Twist Belt Clasp Mirrored Clasp

Figure 4.7: The diagrams of the twist, belt, clasp, and mirrored clasp components are
illustrated, respectively.

Wapea are a family of links that can be constructed as the closure of the composition of
a-twists, b-belts, c-clasps, and d-mirrored clasps shown in Figure 4.7. The Whitehead chains
have the particularly nice property that when b = 1, the complement is hyperbolic with
Vol(Wyi.ca) = (¢ + d)vs. We will let W be this set of hyperbolic links.

Proposition 4.4.6. For an integer k > 3, no link of Theorem 4.4 has complement homeo-

morphic to the complement of an element of WW.

Proof. For every element in W, the complement has volume (¢ + d)vg where ¢ and d are
the number of clasps and mirrored clasps, respectively. Since we want to compare the links
in W with the fundamental shadow links, we will always assume that the volume is an
even multiple of vg. Notice that the number of components of the Whitehead chain will be
(c+d+1) because the clasps and mirrored clasps each add one component with the addition
of the belt component.

Now for a fundamental shadow link of complexity k, the volume of the complement will
be 2kvg. From the link families in Theorem 4.4.2, the number of components of the link will
either be (k + 2) or (k + 3). In order for the Whitehead chains to have the same volume
of 2kvg, they would need (2k + 1) link components. This implies that when k& > 3, every
element of W with volume 2kvg will have complement with more boundary components

than the complements of the links L, Ji, and K} in Theorem 4.4. Therefore, for k > 3,
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no element of YW has complement homeomorphic to the complement of a link appearing in

Theorem 4.4. O

As we will see in Section 4.5, we can construct many links in S® which satisfy the Turaev-
Viro invariant volume conjecture. By following a similar proof to Proposition 4.4.6, many of
the links in Section 4.5 can also be shown to be new examples of links in S* which satisfy

the Turaev-Viro invariant volume conjecture.

4.5 Augmenting Links in S°

In this section, we will generalize our methodology used in the proof of Theorem 4.4.2 to
show that every planar 4-valent graph corresponds to a fundamental shadow link which can
be realized as a link in S3. This is accomplished by considering the fundamental shadow link
obtained by replacing each edge by the identity 3-braid. Since every link may be projected
as a planar 4-valent graph, we will see that this implies that every link is a sublink of a
fundamental shadow link realized in S®. Therefore, we show that every link in S® may be

augmented to a link whose complement satisfies the Turaev-Viro invariant volume conjecture.

Theorem 4.5.1. For any G, a planar 4-valent graph of complexity k, there exists a corre-

sponding fundamental shadow link realized in S® with hyperbolic volume 2kvs.

Proof. As noted in Remark 4.4.4, the surgery presentation of a fundamental shadow link
generally does not contain disjoint Hopf link pairs. By using the Stein surface approach, we
only need to augment our boundary-decorated shadowed polyhedron by capping with disks
to one that corresponds to the boundary-decorated shadowed polyhedron P, in Subsection
4.1.2. By utilizing a particular construction of our graph G to a fundamental shadow link,
we can guarantee that such an augmentation is always possible. As stated before, this is an
advantage in using the Stein surface method; however, we also provide an alternate proof

involving Kirby calculus which remedies the case when the Hopf link pairs are not disjoint.
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Figure 4.8: On the leftmost diagram, we have a planar 4-valent graph with complexity 2.
From the graph, we obtain the boundary-decorated shadowed polyhedron shown in the mid-
dle illustration. Here, the edges were replaced by identity 3-braids, the outermost boundary
is labeled C, the internal decorated boundaries are blue, the external decorated boundaries
are black, and the singular set is dashed. As in Theorem 4.4.2, we cap the blue curves with
disks and drill out the corresponding tori to recover the link in the third diagram.

We will begin with the proof where a small example of the general method can be found
in Figure 4.8. Let G be a planar 4-valent graph of complexity k. From the graph G, we
can consider the boundary-decorated shadowed polyhedron P obtained in the following way.
We let P have the simple polyhedron S(P) where the boundary is obtained from replacing
all of the edges of G by the identity 3-braid and by replacing the vertices by the 6-stranded
figure or its mirror. To recall the 6-stranded figure, see Figure 2.6. Notice that since we have
chosen the identity 3-braids, there exists an outermost boundary component C' in the sense
that it bounds a disk D where D X (—e¢, €) contains the remaining components of 9(S(P))
for some e.

Now the boundaries of P are decorated such that the outermost boundary component is
an external boundary, the boundaries which convey crossing information are external bound-
aries, and the remaining boundaries are internal boundaries. The decorations are chosen as
such since we will be gluing disks onto the internal boundaries. This can be seen as the two
leftmost illustrations of Figure 4.8. The leftmost illustration is an arbitrary planar 4-valent

graph, and the following illustration shows the associated boundary-decorated shadowed
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polyhedron P in S3. Depicted in the figure, the outermost component is labeled C, the
external boundaries are colored black, the internal boundaries are colored blue, and the sin-
gular set of P is dashed. It is worth noting that since we chose the identity 3-braids, the
internal boundary components are in direct correspondence to all of the initial regions of the
graph G excluding the outermost region.

Now since O( P) contains an outermost region, we can obtain a boundary-decorated shad-
owed polyhedron for a link complement in S®. This can be achieved in the same way as in
the proof of Theorem 4.4.2 by gluing disks along the internal boundary components. By our
initial choices, this will lead to a boundary-decorated shadowed polyhedron of the form P,
as in Subsection 4.1.2. As mentioned in Remark 4.4.4, from the map arising from the Stein
surface of our specific boundary-decorated shadowed polyhedron, we can obtain a collection
of Hopf link pairs where one component comes from the fundamental shadow link and the
other from a 0-framed unknot component. Again, from the explicit map, the 0-framed un-
knot component runs parallel to the z-axis such that each Hopf link pair is disjoint, therefore,
each capped region corresponds to adding an additional link component.

Finally, the collection of the link components coming from the external decorated bound-
ary components along with the link components arising from the Hopf link pairs give a
hyperbolic link in S3 that is the realization of a fundamental shadow link with volume 2kuvs.
This can be seen in the rightmost illustration of Figure 4.8 where each blue colored inter-
nal decorated boundary component from the previous illustration now corresponds to a link

component which runs parallel to the z-axis. O]

Alternatively, we will provide a proof of Theorem 4.5.1 using a combination of the surgery

presentation of the fundamental shadow link along with Kirby calculus.

Alternate proof of Theorem 4.5.1. We will let G be a planar 4-valent graph of k vertices,
and we pick a maximal tree T. For convenience, we will consider G as a graph on S? such
that the outermost region is defined to contain the point co. We will now define two regions

of our graph to be adjacent if there exists an edge in G\T which is adjacent to both of them.
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Notice that since T is a maximal tree, then T contains no cycles. This implies that any two
regions of GG are related by a sequence of adjacent regions. In particular, we have that every
region is related to the outermost region through a sequence of adjacent regions. We also
note that any two adjacent regions are adjacent by exactly one edge of G\T.

We will now consider the surgery presentation construction from a planar 4-valent graph
given in Subsection 2.3.2. We begin by replacing the edges of the graph by identity 3-braids,
replacing the vertices of the graph by the 6-stranded figure or its mirror, and encircling the
3-braids corresponding to the edges of G\T' by O-framed unknots. From this construction,
we can see that every region of the graph which is adjacent to an edge G\T will be punctured
by at least one O-framed unknot. Also notice that each region of G will correspond to an
unknotted fundamental shadow link component obtained from replacing the edges by the
trivial 3-braid. Excluding the component arising from the outermost region which we denote
by C, the link components corresponding to the regions will eventually form part of the
Hopf link pairs mentioned in Remark 4.4.4. With the exception of the link component C,
we will denote the collection of the disks these fundamental shadow link components bound
by {D;}icr with corresponding regions of G denoted by {S; }ier.

We will now perform a sequence of handleslides such that each disk D; is punctured by
exactly one O-framed unknot. This will ensure that our Hopf link pairs will all be disjoint.
Now from the construction, given any two adjacent regions, there exists a 0-framed unknot
which corresponds to the edge between them. We first consider the collection of regions
{Si}ier, of G where I is a subset of I such that the regions are adjacent to the outermost
region. As the corresponding O-framed unknots only puncture the collection of disks {D; };cr,
we will leave them alone.

Next, we consider the collection {S;}ics, of regions of G which are adjacent to the col-
lection {S;}ier,. Since this collection of corresponding O-framed unknots also puncture the
previous collection {D;};cr,, we can see that the Hopf link pairs are currently not disjoint.

Now by performing handleslides of the 0-framed unknots arising from the edges between
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{Si}ier, and {S;}icr, over the 0-framed unknots corresponding to the edges between {S; }icr,
and the outermost region, each D;c;, will be punctured by exactly one O-framed unknot.
Additionally, for clarity, we can isotope the two sets of O-framed unknots such that each
O-framed unknot is parallel to the z-axis and punctures exactly one element of {D;}icr,ur,-
We can now see that the Hopf link pairs corresponding to the disks { D, };cs, are each disjoint.

Next, we consider the collection of regions {S;};cz, which are adjacent to {S;};cs, with
I;N I; = (. Similar to before, the corresponding 0O-framed unknots arising from the edges
between the regions {S;}icr, and {S;}icr, will puncture the disks {D;}ier, as well as also
puncturing the collection {D;};c;,. This will create Hopf link pairs which are not disjoint.
We can again perform handleslides on the O-framed unknots which puncture both the disks
{D;}ier, and {D;};cr, over the adjacent previous collection of O-framed unknots. By our
isotopy of the previous collection of O-framed unknots, the O-framed unknots corresponding to
the edges between {S; }ier, and {S; }ier, will also be parallel to the z-axis after the handleslide.
Once again, our three sets of O-framed unknots will each only puncture one element of
{Di}ienunus-

Now lastly, since any two regions are related by a sequence of adjacent regions, we can
perform these handleslides until every disk of {D;};c; is punctured exactly once by a 0-
framed unknot which is parallel to the z-axis. Notice that in the end, we obtain a surgery
presentation which is the same as the one obtained from the Stein surface approach. In
this case, each of the Hopf link pairs are disjoint from each other, and we can proceed as in
Remark 4.4.4. Thus, this concludes the alternate proof of Theorem 4.5.1 using the surgery

presentation of the fundamental shadow link along with Kirby calculus.

Now as a simple application of Theorem 4.5.1, we obtain the following result.

Corollary 4.5.2. Every link J C S® is a sublink of a link L C S® such that the link
complement S3\IntNbd(L) is homeomorphic to a fundamental shadow link complement and

satisfies the Turaev-Viro invariant volume conjecture.
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Proof. Let J be a link in S3. Under isotopies of the link, we can obtain a projection G' of
J such that G is a planar 4-valent graph where we keep track of the crossing information at
each vertex. Note that we may need to introduce crossings of the link through isotopies such
that GG is connected. Now we follow the same fundamental shadow link construction from
Theorem 4.5.1; however, we choose to replace the vertices of our graph by the 6-stranded
figure or its mirror such that the crossing information is consistent with the original link J.
Notice that since we kept track of the crossing information while replacing the vertices, the
link components which correspond to the set 0. (P)\{C} form our initial link .J.

Lastly, we can see that J is now a sublink of the link L which is the realization of the
fundamental shadow link in S% constructed from Theorem 4.5.1. Therefore, we have that
J C L C S? such that the link complement S*\IntNbd(L) satisfies the Turaev-Viro invariant

volume conjecture. O]

4.5.1 The Algorithm for Augmentation

Corollary 4.5.2 tells us that we can always augment our link to eventually satisfy the Turaev-
Viro invariant volume conjecture. Moreover, the augmentation can be seen explicitly through
following the proofs of Theorem 4.5.1 and Corollary 4.5.2; however, for convenience, we will

summarize the explicit augmentation in terms of the closure of braids.

Definition 4.5.3. For a braid in the braid group b € B,,, we say b is an unreduced word if
we do not cancel pairs of elements of the form o;0; " or o; 'o;. Additionally, we define the

length of b to be the number of standard generators appearing in the unreduced word b.

The following corollary requires that each generator appears in the braid b at least once;
however, since the result is stated in terms of the unreduced word, we can obtain a new
unreduced word by adding the elements ¢;0; ' or o; 'o; without changing the link in the
closure of the braid. By a classical result of Alexander [2] which states that every link is the
closure of a braid, Corollary 4.5.4 also implies that every link can be augmented to a link

with more components that satisfies the Turaev-Viro invariant volume conjecture.
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Figure 4.9: As shown in the first two diagrams, we begin with the unreduced word b =

o101 101_ !¢ B, which we embed into Bs, and we take the closure of the new braid with

outermost component labeled C. The projection of the second diagram onto S? gives the
third diagram where we label the regions not touching C' with R;. Now each region R;
corresponds to a link component parallel to the z-axis given in the final diagram. The
final diagram is of a hyperbolic link that has volume 6vg, satisfies the Turaev-Viro invariant
volume conjecture, and contains b as a sublink.

Corollary 4.5.4. Letb € B,, be an unreduced word of length k with each generator appearing

at least once. Then the braid closure b is a sublink of a link L in S® where the complement

S3\IntNbd(L) satisfies the Turaev-Viro invariant volume conjecture and has volume 2kuvsg.

Proof. Since b is a link in 53, the result is almost immediate by Corollary 4.5.2; however,
we require that each generator appears at least once so that the associated planar 4-valent
graph is connected. Additionally, notice that each generator contributes a vertex to the
planar 4-valent graph. Therefore, the complexity of the planar 4-valent graph is equal to the
length of . This implies that our resulting hyperbolic manifold has volume 2kvg where k is

the length of the unreduced word b. [

We will proceed to wrap up the subsection by summarizing the link augmentation algo-
rithm from a braid group element. A simple example of the augmentation can be seen in
Figure 4.9 for the unknot as the closure of the unreduced word iy 07! € B,. Since our
initial braid has length 3, then the resulting hyperbolic volume of the link complement will
be 6vg by Corollary 4.5.4.

Let L be a link, and let b for b € B, be its braid closure where b has at least one of every
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generator. We begin by embedding b into the larger braid group B, .; which we denote by
b’ such that each generator o; is sent to o;,1. This can be viewed as adding a new individual
strand in front of the original braid b. This new strand will correspond to the outermost
component C' in the closure.

Now from the braid closure of ¥/ , we will add new link components to obtain our link L.
Consider the projection p(l;’ ) onto the surface S? such that each crossing is now a vertex.
Excluding the regions touching C', each region of the projection will correspond to a link
component in the augmentation.

We will proceed to count the resulting regions. Since p(l;’ ) is a graph in S?, the Euler
characteristic x(S?) = 2 = v — e + r where v, ¢, and r are the number of vertices, edges,
and regions, respectively. Now each vertex corresponds to a generator such that v = k, and
since we have a 4-valent graph, then e = 2k. Through a quick calculation which includes
the additional region obtained from C', we see that r = (k + 3).

Lastly, since we do not need to add link components to the two regions touching C', we
can obtain our link L by adding components parallel to the z-axis in each of the remaining

(k +1) corresponding regions of ¥'.

84



Chapter 5

Applications Towards the AMU Con-

jecture

In this chapter, we construct elements in the surface mapping class groups which satisfy the
AMU conjecture. This is achieved by using the intrinsic relationship between the Turaev-Viro
invariant and the quantum representations as stated in Theorem 2.2.16. The links obtained
in Chapter 4 can be realized as mapping tori such that the corresponding monodromies
satisfy the AMU conjecture. With the exception of Section 5.3, we note that the results of

this chapter first appeared in [36] by the author of this dissertation.

5.1 Background

In this section, we will briefly discuss the Stallings fibration which has a useful application in

constructing elements of the surface mapping class groups which satisfy the AMU conjecture.

5.1.1 The Stallings Fibration

We will begin with the following definitions.

Definition 5.1.1. An element b € B, is a homogeneous braid if each standard generator

appearing in b always appears with the same sign.

Definition 5.1.2. For an oriented link L in S3, a Seifert surface is a connected, compact,

and oriented surface contained in S® such that the oriented boundary is the oriented link L.
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Seifert showed algorithmically that every oriented link in S® has a Seifert surface. A
brief introduction of Seifert surfaces may be found in [38, Chapter 2]. Although we will not
provide the procedure in this work, we will note that the equation for calculating the genus

of the Seifert surface for the closure of a braid b € B constructed with Seifert’s algorithm is

g 2 4+ #(Crossings) — #(Components) — s
— ; ,

(5.1)

Now in [53], Stallings showed that the complement of the closure of any homogeneous
braid is fibered over S'. In these cases, the fiber surface is 3, ,, where the surface is obtained
using Seifert’s algorithm. In particular, the complement of the closure of the homogeneous
braid is a mapping torus of the Seifert surface ¥,,, for some f € Mod(X,,). In addition,
Stallings showed that there is an operation which takes a fibered link and transforms it into

another fibered link with the same fiber surface.

Definition 5.1.3. A Stallings twist is the operation of performing a 1/m-surgery on a simple
closed curve of the fiber surface where the framing of the curve is induced by the normal

vector of the surface.

In general, the Stallings twist may be trivial in the sense that the newly obtained link
complement may still be homeomorphic to the complement of the original link. In [18], the
authors demonstrate a criterion in obtaining non-trivial Stallings twists. They show that
as long as the braid contains either the elements J?aifl or o; 20§+1, then the closure of the
braid admits non-trivial Stallings twists on the fiber surface.

As mentioned in Subsection 1.3.1, we recall that two elements f,g € Mod(%,,) are
independent if there is no h € Mod(¥,,,) such that both f and ¢ are conjugate to non-
trivial powers of h. An important utility of the Stallings twist is that we can obtain infinitely

many pairwise independent pseudo-Anosov mapping class group elements as stated in the

following.
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Theorem 5.1.4 ([18], Theorem 5.4). Let L be a hyperbolic fibered link with fiber ¥ and mon-
odromy f. Suppose that L contains a sublink K with ITV (S*\K) > 0. Suppose, moreover,
that the fiber 3 admits a non-trivial Stallings twist along a curve ¢ C % such that the interior
of the twisting disc D intersects K at most once geometrically. Let 7. denote the Dehn twist
of 3 along c¢. Then the family {f o 7"}, of homeomorphisms give infinitely many pairwise
independent pseudo-Anosov mapping class group elements in Mod(X) that satisfy the AMU

conjecture.

Later in Subsection 5.2.1, we will use Theorem 5.1.4 on a particular family of links to
construct infinitely many pairwise independent pseudo-Anosov mapping class group elements

which satisfy the AMU conjecture.

5.2 Constructions of Pseudo-Anosov Elements

In this section, we construct elements in the mapping class group of the compact and ori-
entable surface ¥,,. We will accomplish this using a combination of techniques involving
the Stallings fibration, Theorem 4.3.2, and Corollary 4.5.4. At the end of the section, we

will define an explicit family of pure braids all of which satisfy the AMU conjecture.

5.2.1 Applications of the Stallings Fibration

In this subsection, we will provide new results of pseudo-Anosov elements in surfaces X, ,
which satisfy the AMU conjecture. The main result of the subsection can be stated as

follows.

Theorem 5.2.1. Given g > 0, there exists a pseudo-Anosov element in Mod(X,4) that
satisfies the AMU conjecture. Furthermore, for g > 3, there are infinitely many pairwise

independent pseudo-Anosov elements in Mod(¥,4) that satisfy the AMU conjecture.

The consequence of Theorem 5.2.1 is that we can find a pseudo-Anosov element for every

surface with four boundary components such that it satisfies the AMU conjecture. As it
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is a direct consequence of the other results of this subsection, we will reserve the proof of
Theorem 5.2.1 until the end.
We will begin with a simple application of the Stallings fibration to the links in S® up to

11-crossings which are the realization of the fundamental shadow links of complexity one.

’ LinkInfo Name \ Braid Group B \ Homogeneous Braid \ Fiber Surface ‘

Leas 5=3 (o1051)? 23
Laa 5=3 (07 09)? 213
L7 s=4 0102_20103_102_203_1 214
L10n87 s=3 0'%0'%0'%0’%0‘1 2373
Liong7 s=4 o 0y o oy loy %05t o4
Lion1os s=4 (0, 0y ')3030, %03 o4
Li1n3ss s=4 (07 0, ")3030;5 %0305 " Y33

Table 5.1: The fundamental shadow links up to 11-crossings written as the closure of a
homogeneous braid such that the fiber surface is given by the Stallings fibration.

Corollary 5.2.2. The monodromy of the closure of the braids in Table 5.1 obtained from

the Stallings fibration is pseudo-Anosov and satisfies the AMU conjecture.

Proof. From Theorem 4.3.2; the link complements appearing in Table 5.1 are homeomor-
phic to the complement of a fundamental shadow link. Therefore, they all are hyperbolic
and satisfy the Turaev-Viro invariant volume conjecture. Since they are hyperbolic and by
Theorem 2.2.8, any corresponding monodromy as a mapping torus will be pseudo-Anosov.
Since they satisfy the Turaev-Viro invariant volume conjecture and by Theorem 2.2.16, then
their monodromies will also satisfy the AMU conjecture.

To end the proof, we will compute the fiber surfaces of the links in Table 5.1. Because
the fiber surface is obtained from Seifert’s algorithm on a braid closure, Equation (5.1) will

allow us to compute the genus as

g = 2 + #(Crossings) — #(Components) — s
- ; _

Here, #(Crossings) is the length of the homogeneous braid, and #(Components) is the
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Figure 5.1: The link L;,, where the box indicates 2m negative crossings. Here, the Bor-
romean rings are the blue colored sublink.

number of components of the closure of the braid. This quick computation leads to the fiber

surfaces shown on the rightmost column of Table 5.1. O]

Next, we will construct infinitely many pairwise independent pseudo-Anosov mapping
class group elements using Corollary 5.2.2. The techniques utilized here were developed
n [18]. In their work, the authors build a 2-parameter family of links which contains the
figure-eight knot as a sublink in order to create their examples. Their method relies on
Theorem 5.1.4, and thus, it is necessary for their sublink to have an exponentially growing
Turaev-Viro invariant. By using the links in Corollary 5.2.2 where the Turaev-Viro invariant
volume conjecture is known, we can consider similar steps to construct a 2-parameter family
of links which also may be used to find examples satisfying the AMU conjecture. In this
subsection, we will only focus on using the Borromean rings. This specific choice of link will
be made clear in Remark 5.2.4.

We will begin to define our 2-parameter family of links L,, ,, for n > 4 and m > 1 where
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n is the number of components. Necessary for the proof of our next proposition, we will
build L,, ,, such that it is alternating and the closure of a homogeneous braid. We first let L
be the Borromean rings which corresponds to the link Lg,4 in Tables 4.1 and 5.1. As noted
in Corollary 5.2.2, the Borromean rings have the property that they may be represented as
the closure of a homogeneous braid (0, '0;)?® € Bs. We will now proceed to define C; to
be the component obtained as the closure of the i-th strand of the homogeneous braid such
that C; UCy UC5 = L.

We will begin by defining the link for the case Ls,, which is the union of L with the addi-
tional components C and C5 shown in Figure 5.1. In Figure 5.1, the parameter m indicates
the number of negative full-twists, or equivalently, 2m negative crossings. Additionally, we
can notice that our braid contains the subword 20,2 As mentioned in Subsection 5.2.1,
this implies that we will be able to later utilize a non-trivial Stallings twist.

From Ls ,,, we will inductively begin to add additional components C; for 6 <1 < n such
that the union of the components defines our link L, ,,,. In order to build L, ,, from a
given L, ,,, we add a new strand with closure C),;; in the following way. From the viewpoint
of following along C,,, we see that C), has 2 crossings with C),., followed by 2 crossings with
C,—1, and then ending with 2 more crossings with )1 where the signs of the crossings
are chosen such that the link L, ,, is always alternating. Each time we continue with this
procedure of inserting a new component, we introduce 4 more crossings to the link.

Lastly, for the special case when n = 4, we simply replace the 2m negative crossings
in Ls,, with (2m — 1) negative crossings. The resultant link will be our 4-component link
denoted by Ly .

We will now proceed with finding our elements in the mapping class group using the

2-parameter link family L,, ,,.

Proposition 5.2.3. Suppose that either n =4 and g > 3, or g+ 2 > n > 5, then there are
infinitely many pairwise independent pseudo-Anosov elements of Mod(X,,) that satisfy the

AMU conjecture.
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Proof. By construction, the 2-parameter link family L, ,, contains the Borromean rings as a
sublink for every n > 4 and m > 1. Now notice by Proposition 2.1.6, drilling out tori from
our 3-manifold does not decrease the exponential growth rate of our Turaev-Viro invariant.
In particular, if we start with any link where the Turaev-Viro invariant grows exponentially,
then any new link obtained by adding additional components will also have the Turaev-
Viro invariant growing exponentially. Since the Borromean rings have this property, this is
also the case for the 2-parameter link family L, ,,, which contains the Borromean rings as a
sublink. Now by Theorem 2.2.16, any mapping torus of the link complement of L, ,,, will
have its corresponding element in the mapping class group satisfy the AMU conjecture.

Additionally, our link family L, ,, will be hyperbolic by Menasco’s criterion [41] which
states that any prime, non-split, and alternating diagram of a link that is not the standard
diagram of the T'(2,q) torus link is a hyperbolic link. By Theorem 2.2.8, this implies that
the element in the mapping class group is also pseudo-Anosov.

Now by construction, our 2-parameter link family L, ,, is the closure of a homogeneous
braid such that we can consider its Stallings fibration with fiber surface ¥, ,, for some g. As
noted previously, our corresponding braid contains the subword 20,2 such that we have a
non-trivial Stallings twist. Now by Theorem 5.1.4, we can obtain infinitely many pairwise
independent pseudo-Anosov elements satisfying the AMU conjecture for each fiber surface
obtained from L, ,, using the Stallings fibration.

We will end the proof by calculating the genus for each of the fiber surfaces ¥, of
the Stallings fibration of L, ,. From Equation (5.1), we can calculate the genus of the

homogeneous braid as

2 + #(Crossings) —n — s
g = 2

where n is the number of components and s the index of the corresponding braid group.

We first consider the case when n = 4. By counting, we have (2m + 11) crossings with
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braid group Bj such that s = 5. We can calculate that

g = 2+#(Cross;ngs) —n—s _ 2m2+4 .

therefore, g = m + 2 for m > 1.

Now we consider the case for n > 5. Here, the number of components is equal to the
index of the braid group such that n = s. As mentioned earlier, each time we increase n by
one, we add four additional crossings. This implies that there are (2m + 4n — 8) crossings.

From this, we calculate that

2 + #(Crossings) —n—s  2m+2n—6
9= =

5 = ) =m-+n—3,

therefore, g = m +mn — 3 for m > 1. These two cases imply our final result that our fiber

surface X, ,, has either n =4 and g > 3, 0or g +2>n > 5. O

As mentioned previously, Proposition 5.2.3 and its proof should be compared to [18,
Theorem 1.4]. Here, the authors similarly find infinitely many pairwise independent pseudo-
Anosov elements for the surface ¥,, where n = 2 and g > 3, or ¢ > n > 3. Although
the method is the same, by considering the Borromean rings as opposed to the figure-eight
knot as our sublink, we gain additional infinite families for Mod(X,,) for certain g and n
not previously discussed. Noticeably, their examples always have genus larger than or equal
to the number of boundary components; however, with the Borromean rings, we can obtain
infinitely many pairwise independent pseudo-Anosov elements where the genus is strictly less

than the number of boundary components.

Remark 5.2.4. An important aspect of the proof of Proposition 5.2.3 is the use of Menasco’s
criterion. Because of this, we chose to use the Borromean rings from Table 5.1 as our example.
In this case, our 2-parameter family L, ,,, will be alternating which will then imply that the

link is hyperbolic by Menasco’s criterion. Our previous construction would have worked with
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any other homogeneous braid from Table 5.1; however, the resulting manifold may not be
hyperbolic. In these cases, the Turaev-Viro invariant will still grow exponentially; however,
the associated mapping class group element may not be pseudo-Anosov. Instead, the element
may only be reducible and contain pseudo-Anosov parts. In either of these two settings, the

conclusion of the AMU conjecture will still follow.
We will now end the subsection with a proof of Theorem 5.2.1.

Proof of Theorem 5.2.1. 1t is immediate that the combination of Corollary 5.2.2 and Propo-
sition 5.2.3 provides a pseudo-Anosov element of Mod(3,4) for every g > 1. In particular,
we see from Proposition 5.2.3 that for g > 3, there are infinitely many pairwise independent
pseudo-Anosov elements satisfying the AMU conjecture. For the case when g = 0, Ander-
sen, Masbaum, and Ueno in [3] verified the conjecture for every pseudo-Anosov element in

Mod(%4) as noted in Section 1.3. O

5.2.2 Applications of Corollary 4.5.4

In this subsection, we will demonstrate how Corollary 4.5.4 may be utilized to construct
links fibering over S'. As we will see in Subsection 5.2.3, Subsection 5.2.2 will be used in
preparation of obtaining additional examples of pseudo-Anosov elements in the mapping
class group which satisfy the AMU conjecture. We also note that the results of Theorem
5.2.5 are obtained using the fundamental shadow links. Therefore, any of the corresponding
manifolds will also satisfy the Turaev-Viro invariant volume conjecture.

Our main result of the subsection states that given any complexity k, we can find a
fundamental shadow link which fibers over S! with fiber surface a disk with punctures. In

order to write the statement, we will first define the family of braids {b;} as follows:

e For k = 1, define by := 0y %02 € Bs.
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Figure 5.2: The complexity k& fundamental shadow links realized in S® obtained from the
braid family ay. On the left, for k even, there are (k4 4) components, and on the right, for
k odd, there are (k4 3) components. Here, our eventual braid axis component is labeled as
B, and the component that bounds a (k + 1)-punctured disk is labeled L.

e For k = 2m, define b, € By 3 by

m

._ I I 2 _—1 2
by = (U2i+102i ©+ 03020109 0304 " '02i02i+1)(02i+202i+1 ©+ 1030903 "+ 021'+1<721'+2)-
i=1

e For k =2m — 1, define by € Byy3 by

m
b = o 2 ) ) ) ) 2,1 o
k=0 (02102171 ©1 030703 "02171021)(02#1021 ©++ 030207109 0304 "021021+1)7
i=2

where o = (01)(03090%0, *03).

Theorem 5.2.5. For k > 1, let M, := S*\IntNbd(by,) denote the complement of the braided
link by.. Then

1.) My, fibers over S* with fiber surface a disk with punctures,

2.) My is hyperbolic with volume 2kvg, and
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Figure 5.3: On the leftmost diagram, we have the closure of the braid oy, = oy07" with the
region labeled Rp corresponding to the B labeled component in the second diagram. From
the braid, we can apply Corollary 4.5.4 to obtain the link in the second diagram where B
will eventual be the braid axis component. Through an isotopy, we obtain the link in the
third diagram.

3.) My, satisfies the Turaev-Viro invariant volume conjecture.

Proof. For k > 2, we will begin by considering the unreduced braids aj = (10, l)g, for k
even, and o = o1(0;'01)" T, for k odd. Now from the braids ay, we will apply Corollary
4.5.4 followed by an isotopy to obtain either the left link in Figure 5.2, for k even, or the
right link, for £ odd. For clarity, an example is shown in Figure 5.3 for when £ = 2. In
this case, the region corresponding to the component B is labeled as Rg. Now since our
link is always constructed from the closure of a braid, we will always have an inside region
Rp, and we can label the corresponding component in the link by B as shown in Figure 5.2.
Eventually, the component B will be our braid axis in our fibered link. We note that when
k is even, the sublink obtained from the braid closure of «y contains two components. In
the case when k is odd, the sublink obtained from the braid closure of ay contains only one
component. This accounts for the difference between the total components in the left and
right diagrams of Figure 5.2.

Now we let L be a link of Figure 5.2 with link component L’ as labeled. Notice that L’
bounds a (k 4 1)-punctured disk where one of the punctures comes from the component B.
We consider the self-homeomorphism obtained by performing a full-twist along the (k + 1)-

punctured disk that L’ bounds. Under this self-homeomorphism, we will obtain a new link
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Figure 5.4: The case of obtaining a fibration for & = 2. Performing a full-twist on
the 3-punctured disk shaded blue in the leftmost diagram results in the middle diagram.
Through an isotopy of the link, we obtain a link fibering over S! with fiber surface Ds
as represented by the last diagram. Here, the monodromy may be written explicitly as
(03090205 L03)(0403030304).
in S® where we define the complement of the manifold as M. In this new link, B, as a
braid axis, now bounds a (k + 3)-punctured disk Dy, 3. The components of our new link
in S® may now be isotoped to our defined braided link b,. Since we initially began with a
fundamental shadow link of complexity k, our manifold M} will be hyperbolic with volume
2kvg and satisfy the Turaev-Viro invariant volume conjecture.

Now from the relationship between braided links and mapping tori, we will see that our
link may be viewed as a mapping torus M (I'(bg)) where I' is the surjective homomorphism

between Byis and MCG(Dy3) defined in Subsection 2.2.2. Additionally, the family by in

By 3 will be seen explicitly as the elements

m

2 -1 2

H(02i+102i ©+ 103020109 0304" " 02i02i+1)(02i+202i+1 ©r 030503 0'2i+10'2i+2)7

i=1
when k& = 2m, and

m
2 1 2 2 -1

(0103020102 03) (021‘0%—1 ©r 030503 - U2i—102i)<02i+102i ©++ 03020109 0304 """ U2i02i+1)7

=2

when £ =2m — 1 and k # 1.
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Figure 5.5: An isotopy of the Borromean twisted sister to a braided link where the braid
axis is colored black. The resulting manifold has fiber surface D3 with monodromy the braid
group element o} 202 € Bs under the surjective homomorphism T'.

Obtaining this fibration of the link in S? with the given monodromy is straightforward,
and we will demonstrate an example of this process for k£ = 2 in Figure 5.4. We begin by
isotoping the component B so that locally we have a copy of Dy 3 X [—¢, €] for some €. After
this isotopy, we may cut along the surface bounded by B such that we obtain the braid
element b, which corresponds to our initial definition of the elements of the family. After
this step, we have our desired fibration with monodromy I'(by).

Now lastly, we consider the case when k& = 1. This will be done by showing an explicit
isotopy of the Borromean twisted sister. For reference, the Borromean twisted sister appears
as the rightmost diagram of Figure 4.3; however, it will be illustrated here again. As shown
in Corollary 4.4.5, the complement of the Borromean twisted sister is a complexity one
fundamental shadow link such that it satisfies the Turaev-Viro invariant volume conjecture
with hyperbolic volume 2vg. Now from following the isotopies in Figure 5.5, we can see that
one of the components is a braid axis that bounds a 3-punctured disk such that we have a
fibered link. By cutting along the 3-punctured disk, we can see that our monodromy is the
braid group element o *02 € Bs under the map I

In conclusion, we can find a manifold with volume 2kvg, for any integer £ > 1, which
satisfies the Turaev-Viro invariant volume conjecture, fibers over S* with fiber surface a disk

with punctures, and has explicit monodromy represented by by. O

Remark 5.2.6. Once we have a fibering link from Theorem 5.2.5, we may continue to
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construct more examples of links satisfying the Turaev-Viro invariant volume conjecture by
performing full-twists along the punctured disks the link components bound. Through this
process, the new link with a homeomorphic complement may have a different fiber surface and
monodromy. Additionally, there are self-homeomorphisms which may also remove the braid
axis such that the resulting link is the closure of a braid. For example, a link with complement
homeomorphic to the complement of a fundamental shadow link may be obtained as the braid

closure of the element

(040309070905 *04) (0504030405 (010203040304030901) € Bg.

This can be seen by performing a full-twist along the component labeled L” in the rightmost

diagram of Figure 5.4.

Remark 5.2.7. In the proof of Theorem 5.2.5, we obtained our results by applying Corollary
4.5.4 to a particular family of 2-braids. In general, this process may be repeated for other n-
braids to obtain other links fibering over S which satisfy the Turaev-Viro invariant volume
conjecture; however, the monodromies may be more difficult to write down explicitly. In
Subsection 5.2.3, we will follow the same steps for a particular family of 3-stranded braids
such that we obtain fibered links satisfying similar properties. These links in combination
with the links in Theorem 5.2.5 will be used to create explicit pseudo-Anosov elements in

the mapping class group of a genus zero surface with n boundary components.

We will end this subsection with a result for obtaining additional fibered links which

satisfy the extended Turaev-Viro invariant volume conjecture.

Corollary 5.2.8. Let My, be a manifold from Theorem 5.2.5 of volume 2kvs that is realized
as the complement of the braided link b, where b, € B, for some n. Then for any p > 2,

there exists a manifold M}, obtained as the complement of a braided link bj, where b}, € By yp1
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such that

2
lim ~ log [TV, (M}, q)| = va|| M| = 2kvs.

r—oo T

Here, v is odd, ¢ = exp <M>, |M,|| denotes the simplicial volume of M', and b} is

T

obtained as an embedding of by into By ip_1.

Proof. For p > 2, we will first define 7, with distinguished boundary 7' to be the invertible
cabling space as stated in Definition 2.1.7. To recall, T}, is the complement of a solid torus
with p strands parallel to the core where the outer boundary torus of 7}, is labeled 7. For
k > 1, the manifold M, from Theorem 5.2.5 satisfies the Turaev-Viro invariant volume
conjecture, and more generally, M, satisfies the extended Turaev-Viro invariant volume
conjecture. We will now define M;, to be the manifold obtained by gluing 9(7,)\T for the
manifold 7, to the boundary component of M; which corresponds to the braid axis. Now
by Proposition 2.1.8, the manifold M; satisfies the extended Turaev-Viro invariant volume
conjecture with the following equalities

.2 .27
lim == log |T'V: (M, )| = lim —=log [TV (Mj, q)| = vl Mi]| = 2kvs

r—oo T

where r runs along the odd integers and ¢ = exp (@)

Lastly, the manifold M may be viewed explicitly as the complement of a braided link.
This is because both the manifolds M}, and T, are the complement of a link in a solid torus.
By gluing the outer torus of M}, to one of the inner tori of 7),, our resultant manifold M;,

is still a complement of a link in a solid torus. In other words, the manifold M) is the

complement of a braided link obtained by drilling out (p — 1) solid tori from M. O]

Although Proposition 2.1.6 states that the exponential growth rate does not decrease by
drilling out tori, it is not necessary for the growth rate to be related to the simplicial volume

of the new manifold; however, Corollary 5.2.8 provides explicit examples where this holds.
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5.2.3 Explicit Pure Braids Satisfying the AMU Conjecture

In this subsection, we will define explicit elements in the braid group which are pure braids.
Because they are pure braids, they also represent elements in the mapping class group for
genus zero surfaces as stated in Subsection 2.2.2. Additionally, since they will be constructed
from fundamental shadow links, the explicit elements in the mapping class group will also
satisfy the AMU conjecture. As a result, we provide the first known examples of pseudo-
Anosov elements satisfying the conjecture in the mapping class group of ¥ ,, for odd n.
Under the identification of elements of the pure braid group PB,, with Mod(X¢ ,+1), we
will now define the family of pure braids {w,,}, for m > 4, where we refer to {b;} as the

family of braids obtained from Theorem 5.2.5:

For m = 4, define wy :=b; € Mod(Xo4).

For m > 6 and even, define wy, := by,—4 € Mod(X¢ ).

e For m = 5 and m = 7, define w,, := w),_; € Mod(X,,) such that w], ;| is an

embedding of wy,—1 € Mod(3g,-1) into Mod(%,,,) sending each generator o; to o;.

For m =9, define wg € Mod(X¢9) by

Wo ::(040304)(05040303030405)(06050403020505103040506)

2 1
(07060504030503  04050607).

For m =7+ 2s and s > 2, define w,, € Mod(X,,) by

S

R 2
Wi - =Wg H(U4+2i03+2i cr 1040304 03+2i04+2i)
i=2

2 -1
(05+2i04+2i ©+ 1030903 0405+ U4+2i05+2i)
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where wy is an embedding of wy € Mod(X¢9) into Mod(X,,) sending each generator

0j to 0j.
Now in terms of the pure braid family {wy}, we state the following result.

Corollary 5.2.9. For n > 4, the element w, € Mod(X,,) satisfies the AMU conjecture.

Additionally, if n & {5,7}, then w, is a pseudo-Anosov element.

Proof. We will first consider the case for genus zero surfaces with an even number of boundary
components. We note that for every m > 3 and odd, there exists a link fibering over S* that
has fiber surface D,, such that the complement satisfies the Turaev-Viro invariant volume
conjecture. The examples of such manifolds are M; and My, for even k, obtained from

Theorem 5.2.5. For reference, we will list the associated braids as follows:

e For k = 1, we defined by, := 0;%0% € Bs.
e For k = 25, we defined b, € By.3 as

J
by == H(U2i+102z‘ T 03020%02_10304 - 02i02i41)(02i4202i41 - - '030303 S 02i4102i42)-
i=1

Notice that in these cases, the monodromies are obtained from pure braids. Under the
identification of the pure braid group PB,, with Mod(X ;,,+1), this implies that we can view
our manifolds as the mapping tori M (b;) with monodromy by, € Mod(X¢ ;,+1)-

Now by Theorem 2.2.8, since our manifolds are hyperbolic, the element b, € Mod(Xg 1)
is pseudo-Anosov. By Theorem 2.2.16, since our manifolds are mapping tori which satisfy
the Turaev-Viro invariant volume conjecture where the elements are pseudo-Anosov, then
by satisfies the AMU conjecture. This shows that for any n > 4 and even, we can find a
pseudo-Anosov element b, € Mod(%,,,) that satisfies the AMU conjecture.

We now consider the cases when our surface is ¥y, for n € {5,7}. Our argument will

follow the same logic in constructing elements in the mapping class group such that the
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Figure 5.6: On the left, we define the boxed diagram as the identity 3-braid with 2s additional
components. For a box labeled with 0, the diagram is the identity 3-braid without additional
components. On the right, we show the link in S obtained from applying Corollary 4.5.4 to
the element (007 ')*(020, ') € Bs. Here, the braid axis is labeled B, the link component that
bounds a (3 + 2s)-punctured disk is labeled L', and the link contains (7 + 2s) components.

corresponding mapping tori have exponential growth; however, we will choose to utilize
Corollary 5.2.8. We first begin with any pure braid in PB,, for m < (n — 2) where the
corresponding mapping torus satisfies the Turaev-Viro invariant volume conjecture. Now
by Corollary 5.2.8, for p > 2, we may add an additional (p — 1) strands to obtain a pure
braid in PB,,1,-1 such that the corresponding mapping torus also has Turaev-Viro invariant
with an exponential growth rate. This implies that the constructed element in the mapping
class group Mod(Xg m+p) Will satisfy the AMU conjecture. For n € {5, 7}, we can choose to
use our previous pure braids from the case of a genus zero surface with an even number of
boundary components.

It is important to note the following. By utilizing the previous procedure, any number of
elements in different mapping class groups satisfying the AMU conjecture may be obtained.
Although in these cases, the elements will only contain pseudo-Anosov parts, and they will

not be pseudo-Anosov.
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Lastly, we will consider the case when n > 9 and odd. Similar to the even boundary
case, we will construct a pure braid through a combination of Corollary 4.5.4 and self-
homeomorphisms of the manifold. For s > 1, consider (0,07, ")*(0905,") € Bs as the unre-
duced word of length (2s+2). From Corollary 4.5.4, we can construct a hyperbolic manifold
satisfying the Turaev-Viro invariant volume conjecture which is the complement of the link
shown in the right diagram of Figure 5.6. Here, the box labeled with (s —1) is defined on the
left diagram. We also note that on the right diagram when (s—1) = 0, the boxed diagram is
defined to be the identity 3-braid without any additional components. In the same manner
of the proof of Theorem 5.2.5, we can perform a full-twist along the component L’ to obtain
a braided link w755 with braid axis B such that w;,9s is a pure braid.

Now since L' and B bound a (3 + 2s)- and 4-punctured disk, respectively, then after
the full-twist, our resultant link will have fiber surface Dg,o5. From the full-twist, we can

describe the obtained elements in the pure braid group explicitly as follows:

e For s = 1, define wr 95 € Bg by

Wryas :=(040304)(05040305030405) (060504030205 05 L 03040506)

2 1
(07060504030503  04050607).
e For s > 2, define wy 95 € Bgyos by

S
R 2
Wry2s =Wy H(04+2z‘03+2z‘ © 1040304 " '03+2Z‘U4+2i)
i=2

2 -1
(05+2i04+2i ©+ 1030903 0405 04+2ia5+2i)

where wq is an embedding of wg € By into Bg o, sending each generator o; to o;.

Since wr 95 € Bgyas is a pure braid and the complement of the braided link w75 satisfies the

Turaev-Viro invariant volume conjecture, we can use the same argument as for the case of the
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genus zero surface with an even number of boundary components. Under the identification
of the pure braid group PBgas with the mapping class group Mod(3g742s), we can find
a corresponding element in Mod(Xg71925) which is pseudo-Anosov and satisfies the AMU
conjecture.

In conclusion, this shows that for every n > 4, our pure braid family {w,} satisfies the

AMU conjecture such that w,, is pseudo-Anosov for n & {5, 7}.

5.3 Cosets of the Pure Braid Group

In this section, we will construct additional examples of elements in the pure braid group
which satisfy the AMU conjecture. This will be done by considering the forgetful maps for
pure braid groups as well as utilizing the normal form of the pure braid group shown by
Artin in [4]. Note that this consideration for using the normal form was found in Remark

5.7 of [18].

Definition 5.3.1. For 1 < i < n, we define the i-th forgetful map on the pure braid
group F; : PB, — PB,_1 to be the surjective homomorphism obtained by deleting the
1-th strand of the pure braid. For 1 <[ < n — 1, a forgetful map on the pure braid group

F . PB, — PB,_; is a composition of i-th forgetful maps.

For a given forgetful map F': PB,,,; — PB,, and an element b € PB,,, we can see that
F~1(b) = {Bx} is a collection of pure braids S, € PB,,;. Now notice that the corresponding
complement of the braided link S, is obtained from the complement of b by drilling out tori.
If our initial braided link b has Turaev-Viro invariant with exponential growth rate, then f;
also has exponential growth rate by Proposition 2.1.6. Additionally, by Theorem 2.2.16, since
the complement of B, corresponds to the mapping torus of 8, € M od(X0,m+i1+1), then the
element (. also satisfies the AMU conjecture. Note that this is a more general construction

for finding elements that satisfy the AMU conjecture than the one found in the proof of
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Corollary 5.2.9 for the n € {5, 7} case. Here, the main difference is that our elements in the
proof of Corollary 5.2.9 also satisfy the extended Turaev-Viro invariant volume conjecture
which is not necessarily true for the general elements obtained from the inverses of the
forgetful map. Using the forgetful maps, we see that we can obtain many elements that
satisfy the AMU conjecture.

To add more structure to the elements, we will consider the normal form [4] of the pure
braid group. This will allow us to view the elements which satisfy the AMU conjecture
as cosets of the pure braid groups. It is well-known that for any n > k, the pure braid
group PB, may be written as a semidirect product of W,, and PBj where W, is itself a
semidirect product of free subgroups of PB,. Because of this, any braid b € PB, has a
unique representation as a product of - w for § € P, and w € W,,. Now as before, notice
that the braided link b = (- w contains the braided link 8 as a sublink such that if the
complement of 3 has Turaev-Viro invariant with an exponential growth rate, then b also has
Turaev-Viro invariant with an exponential growth rate. Once again, by Theorem 2.2.16, the
element b € Mod(Xg,,+1) will satisfy the AMU conjecture. This leads us into the following
corollary where we define the collection of pure braids P to contain the elements from Table
5.2 and the elements from Corollary 5.2.9. Here, the elements in Table 5.2 are the links up

to 11-crossings from Theorem 4.3.2 which can be obtained as the closure of a pure braid.

Corollary 5.3.2. For a fixed n, let B € PB, be an element of P with n > s. Now for
any b € PB,, with normal form b = 3 -w where w € W, the corresponding element b in

Mod(3g n41) satisfies the AMU conjecture.

Proof. The proof follows from the previous discussion. The braided link of every element /3
in the collection P has Turaev-Viro invariant with an exponential growth rate. Now notice
that the braided link of an element b = 8 -w € PB, also contains 3 as a sublink. Therefore,
the complement of b which is the mapping torus of b € M od(X¢,+1) also has Turaev-Viro
invariant with an exponential growth rate. By Theorem 2.2.16, the element b € Mod(X¢ ,+1)

satisfies the AMU conjecture. O
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’ LinkInfo Name | Pure Braid Group PB;

Pure Braid Element

Lgas s=3 (0’10’2_1)3

Lgas s=3 (0'1_10'2)3

Lgns s=3 (o7 109)%0, 10,

L8n7 s=4 010205102Uf202030201

Lgy7 s=4 o, 05 05 1090, 2090305 "0y !

Lg,7 s=4 0102_20302_201_10303_102_2

Lg,7 s=4 01_102_10510201_2020302_101_1

Lgnr s=4 010201030, 2073

Lg,7 s=4 0102_20103_102_203_1

Lg,7 s=4 010205 20201_ 1020302
Lions s=3 030301050,

Liongr s=4 010905 0507 20y 030207
Liongr s=4 o050, oy oy 05!
Liongr s =4 0105°05 05 "0y L090509
Lign10s s=4 01_10201051010510510305103_1
Lionios s=4 01090, 1090105 0205 05 03
Lionios s=4 01(0203)2 090, 105 030005 L0
Lionios s=4 01051030510§1020;102030;10302
Lionios s=4 (o705 )20, tosoy tog Toaos
Lionios s=4 0105 '010907 T (0309)203
Lionios s=4 010905 "0y 30y oy oy tog ) 2oy !
Lion10s s=4 0102_103_10205102_101_102051020302_1
Lionios s=4 (o070, o305, %03
Lionios s=4 010905 2090, oy g 1)3
Lionios s =4 01052030, 20, [0y 1030905 10
Lionios s=4 0105 1010907 05 200057
Lionios s=4 01090 0201030, 20305,
Lionios s=4 010203_20201_10;1020302_10302

Table 5.2: The fundamental shadow links from Theorem 4.3.2 which can be written as the
closure of a pure braid.

Corollary 5.3.2 allows us to construct cosets of elements in the pure braid group which
satisfy the AMU conjecture; however, there is a key distinction compared to the elements in
Corollary 5.2.9. For Corollary 5.2.9, we were careful in ensuring that all but finitely many
of the elements are pseudo-Anosov. In the case of Corollary 5.3.2, there is no guarantee

on whether the elements are pseudo-Anosov or whether they only contain pseudo-Anosov

pieces.
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Remark 5.3.3. Although the braided links 8 formed from the braids 8 in Table 5.2 are
not necessarily fundamental shadow links, 5 as an element in the mapping class group of a
genus zero surface still satisfies the AMU conjecture. This is because the mapping torus of
the element 3 as an element in the mapping class group of a genus zero surface corresponds
to the link complement of a braided link which inherently contains the braid axis. Now the
braided link B contains the braid closure of 3 as a sublink such that the complement of /3
is a fundamental shadow link realized in S® with a drilled out torus from the braid axis.
Since drilling out a torus does not decrease the exponential growth rate of the Turaev-Viro
invariant, the complement of the braided link 8 also has Turaev-Viro invariants with an
exponential growth rate, and we can apply Theorem 2.2.16 to see that § as an element in

the mapping class group of a genus zero surface satisfies the AMU conjecture.
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