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ABSTRACT

EPIDEMIC MODELS UNDER MOBILITY ON MULTI-LAYER NETWORKS
By
Vishal Abhishek

We study epidemic spreading models namely, SIS and SIR models, under mobility on multi-
layer networks. In particular, we consider a patchy environment in which each patch com-
prises individuals belonging the different classes, e.g., individuals in different socio-economic
strata. We model the mobility of individuals of each class across different patches through an
associated Continuous Time Markov Chain (CTMC). The topology of these multiple CTMCs
constitute the multi-layer network of mobility. At each time, individuals in the multi-layer
network of spatially-distributed patches move according to their CTMC and subsequently
interact with the local individuals in the patch according to SIS or SIR models. We es-
tablish the existence of various equilibria under different parameter regimes and establish
their (almost) global asymptotic stability using Lyapunov techniques. We also derive simple
conditions that highlight the influence of the multi-layer network on the stability of these
equilibria. We numerically illustrate that the derived model provides a good approximation
to the stochastic model with a finite population and also demonstrate the influence of the
multi-layer network structure.

Next, we extend some of the results to the case of weakly connected networks. Here, we
use the notion of strongly connected components and input to state stability to study the
stability of equilibria.

Finally, we consider a resource allocation problem to maximize the rate of convergence
to an equilibrium. We show that under certain assumptions the problem can be formulated

as a geometric program. We provide numerical illustrations to corroborate the results.
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CHAPTER 1

INTRODUCTION

In this thesis, we study epidemic models: namely, SIS (Susceptible-Infected-Susceptible) and
SIR (Susceptible-Infected-Recovered) models, under mobility on multi-layer networks. The

following sections introduce the work done.

1.1 Epidemic Models

Contagion dynamics are used to model a variety of phenomenon such as spread of influ-
ence, disease and rumors. Epidemic propagation models are as a class of contagion models
that have been used in the context of disease spread [1, 2|, spread of computer viruses [3, 4],
routing in mobile communication networks [5], and spread of rumors [6]. Epidemic prop-
agation in patchy environments refers to the epidemic spread process in an environment
comprised of disjoint spatially distributed regions (patches). In these models, individuals
interact within each patch and also move across different patches according to a CTMC.

In this thesis, we consider a generalized epidemic propagation model in patchy envi-
ronment in which individuals within each patch belong to multiple classes, and individuals
within each class move according to an associated CTMC. This leads to a multi-layer mobility
model and we study its interaction with epidemic propagation. Using Lyapunov techniques,
we characterize the steady state behavior of the model under different parameter regimes
and characterize the influence of mobility on epidemic dynamics.

Epidemic models have been extensively studied in the literature. The two most widely
studied models are SIS (Susceptible-Infected-Susceptible) and SIR (Susceptible-Infected-
Recovered) models, wherein individuals are classified into one of the three categories: sus-
ceptible, infected or recovered. In contrast to classical SIS/SIR models where the dynamics
of the fraction of the population in each category (2] is studied, the Network models consider

patches clustered into different nodes, and the patch-level dynamics is determined by the



local SIS/SIR interactions as well as the interactions with neighboring patches in the network
graph [7, 8, 8, 9, 10]. Authors in [11, 12| study network epidemic dynamics in discrete time
setting.

Some common generalizations of the SIR/SIS models include: SEIR model |7, 13], where
an additional classification “exposed" is introduced, SIRS [2, 12|, where individuals get tem-
porary immunity after recovery and then become susceptible again, and SIRI [14, 15|, where
after recovery, agents become susceptible with a different rate of infection. The network

epidemic dynamics have also been studied for time-varying networks [16, 17, 18§].

1.2 Epidemic Models under Mobility

The terms population dispersal and network mobility have been used interchangeably in
the literature. Epidemic spread under mobility has been modeled and analyzed as reaction-
diffusion process in [19, 20]. Epidemic spread in a patchy environment with population
dispersal has been modeled and studied in [21, 22, 23]. In these works, the mobility or
dispersal patterns depend on the state (susceptible or infected) of the individuals, and con-
ditions for global stability of the disease-free equilibrium and an endemic equilibrium are
derived. When the mobility patterns are identical for all individuals, then these models
reduce to a model similar to the single-layer version of the multi-layer model studied in this
thesis.

Epidemic spread with mobility on a multiplex network of patches has been modeled and
studied in [24]. Authors of this work consider a discrete model in which, at each time,
individuals randomly move to another node, participate in epidemic propagation and then
return to their home node. A multi-species SEIR epidemic model with population dispersal
has been analyzed in [25] and conditions for the global stability of a disease-free equilibrium
are derived. Stability results for endemic equilibrium for the single species case are also
derived. The population dispersal model in this work is identical to the multi-layer mobility

model studied in this thesis and it reduces to the single layer mobility model for a single



species. In contrast to this work, we focus on SIS epidemic model and study endemic
equilibria for the general multiplex network.

In this work, we study a coupled epidemic-mobility model comprised of a set of patches
located in a multi-layer network of spatially distributed regions. Individuals within each
patch (region) can travel across regions according to a Continuous Time Markov Chain
(CTMC) characterising their mobility pattern and upon reaching a new region participate
in the local SIS epidemic process. We extend the results for the deterministic network SIS
and SIR model [8, 9, 10, 11| to the proposed model and characterize its steady state and
stability properties.

We extend the results for the SIS model to the case of weakly connected networks. Here,
we use the notion of strongly connected components to divide the nodes of the multi-layer
networks into several batches and analyze the stability of epidemic model over these nodes
only. We use the notion of input to state stability to incorporate the effects of the remaining

nodes.

1.3 Resource Allocation

We formulate a resource allocation problem for the SIS model under markovian mobility
where we allocate resources so as to have the disease free equilibrium (DFE) as the stable

equilibrium. We consider two types of resources:

i. Preventive resource: This can be used to change the infection rate such that 3; €

[él., f;]. This resource is applied to a node with cost function f;(3;).

ii. Corrective resource: This can be used to change the recovery rate such that §; € [4;, ;).

The corresponding cost function is g;(9;).

We show that under certain assumptions the problem can be formulated as a geometric

program.



1.4 Thesis Organization

Chapter 2 discusses SIS epidemic model under mobility over single layer networks. Chap-
ter 3 discusses epidemic models: SIS and SIR under mobility on multi-layer networks. Chap-
ter 4 extends the results for weakly connected networks. Chapter 5 discusses resource allo-
cation formulation and its solution as a geometric program. Finally, Chapter 6 concludes

the thesis. First, we give below mathematical notations used in this thesis:

1.5 Mathematical Notations

For any two real vectors @, y € R", we denote:
x>y, ifz; >y forallie {1,... n},

x>y, ifx; >y forallie{l,... n},

x>y, ifx; >y forallie{l,... n}and x £ y.

For a square matrix G, radial abscissa p : R"*"™ — R is defined by
1(G) = max{Re(\) | A is an eigenvalue of G},
where Re(+) denotes the real part of the argument. Spectral radius p is defined by
p(G) = max{|A| | A is an eigenvalue of G'},

where |(+)| denotes the absolute value of the argument.
For any vector = [x1,..., x5, X = diag(x) is a diagonal matrix with X;; = x; for all

ie{l,...,n}.



CHAPTER 2

EPIDEMIC MODELS UNDER MOBILITY ON SINGLE-LAYER
NETWORKS

In this chapter, we study the SIS model under mobility on a single-layer network. The sin-
gle layer corresponds to the presence of one mobility pattern with its characteristic Markov
Chain and digraph. We assume that the digraph is strongly connected. We give complete
characterization of the equilibria of the system, including its existence, uniqueness and sta-

bility. We also give numerical illustrations to support our results.

2.1 SIS Model under Markovian Mobility

We consider n sub-populations of individuals that are located in distinct spatial regions.
We assume the individuals within each sub-population can be classified into two categories:
(1) susceptible, and (ii) infected. Let p; € [0, 1] (respectively, 1—p;) be the fraction of infected
(respectively, susceptible) individuals within sub-population ¢ € {1,...,n}. We assume that
the individuals within each sub-population can travel to regions associated with other sub-
populations. Let the connectivity of these regions be modeled by a digraph G = (V, £), where
V = {1,...,n} is the node set and &€ C V x V is the edge set. We model the mobility of
individuals on graph G using a Continuous Time Markov Chain (CTMC) with a stationary
generator matrix (), whose (4, j)-th entry is ¢;;. The entry ¢;; > 0,4 # j, is the instantaneous
transition rate from node ¢ to node j, and —q;; = v; is the total rate of transition out of node
i, le., v = Zj;éi q;j- Here, g;; > 0, if (i,7) € &; and ¢;; = 0, otherwise. Let z;(t) € (0,1)
be the fraction of the total population that constitutes the sub-population at node ¢ at time
t. It follows that 1 | x; = 1. Define p := [py, ... ,pn}T and x = [zq,... ,xn]T.

We model the interaction of mobility with the epidemic process as follows. At each time ¢,

individuals at each node move on graph G according to the CTMC with generator matrix ¢

and interact with individuals within their current node according to an SIS epidemic process.



For the epidemic process at node i, let 5; > 0 and §; > 0 be the infection and recovery rate,
respectively. We let B > 0 and D > 0 be the positive and non-negative diagonal matrices
with entries 5; and 0;, ¢ € {1,...,n}, respectively. Similarly we define P as a diagonal matrix
with entries p;. We now derive the continuous time dynamics that captures the interaction

of mobility and the SIS epidemic dynamics.

Proposition 1 (SIS model under mobility) The dynamics of the fractions of the in-
fected sub-population p and the fractions of the total population x that constitute the sub-
population at each node under Markovian mobility model with generator matrix (), and in-

fection and recovery matrices B and D, respectively, are

p=(B—D—L(zx))p— PBp (2.1a)

©=Q x, (2.1b)
where L(x) is a matriz with entries

J/‘ ] . . .
Z]#’LQH;?Z? ZfZ:.]a
lij(z) = N
—qjix—j,, otherwise.
1

Proof: Consider a small time increment h > 0 at time t. Then the fraction of the total

population present at node i after the evolution of CTMC in time-interval [¢,t + h) is
it +h) = 2;(t) (1 — vih) + Y qjizj(t)h + o(h). (2.2)

J#i

Individuals within each node interact according to SIS dynamics. Thus, the fraction of

infected population present at node 7 is:

z;(t + h)pi(t + h) = —2;(t)0;p;(t)h + 24 (t) Bip; () (1 — pi ()P

+ i ()pi(t) (1 = vih) + Y qjipj (i (H)h + o(h). (2.3)
J#i
The first two terms on the right side of (2.3) correspond to epidemic process within each

node, whereas the last two terms correspond to infected individuals coming from other nodes



due to mobility. Using the expression of z; from (2.2) in (2.3) and taking the limit A — 0

gives
. x j
pi = —&pi Bl = p) o+ D gy - Pi)ﬁ- (2.4)
J#i '
Similarly taking limits in (2.2) yields
T = —v;x; + Z qjiT;- (2.5)
J#
Rewriting (2.4) and (2.5) in vector form establishes the proposition. O

Remark 1 (Comparison with other models) The epidemic propagation models in the-
oretical ecology incorporate spatial aspects by using a partial differential equation that is
obtained by adding a spatial diffusion operator to the infected population dynamics [26].
Since, Laplacian matriz is a diffusion operator on a graph, dynamics (2.1) can be interpreted
as a network equivalent of the population models with spatial aspects. The dependence of
the Laplacian matriz on @ in (2.1) is more general than the constant diffusion coefficient

discussed in [26]. O

2.2 Analysis of SIS Model under Markovian Mobility

In this section, we analyze the SIS model under mobility (2.1) under the following stan-

dard assumption:

Assumption 1 Digraph G is strongly connected which is equivalent to matrix Q) being irre-

ducible [27]. O

Let v be the right eigenvector of QT associated with eigenvalue at 0. We assume that
v is scaled such that its inner product with the associated left eigenvector 1, is unity,
ie., 1,;'— v = 1. We call an equilibrium point (p*, "), an endemic equilibrium point, if at
equilibrium the disease does not die out, i.e., p* # 0, otherwise, we call it a disease-free

equilibrium point. Let L* := L(x*) = L(v).



Theorem 1 (Existence and Stability of Equilibria) For the SIS model under Marko-

vian mobility (2.1) with Assumption 1, the following statements hold

i. if p(0) € [0,1]"™, then p(t) € [0,1]™ for all t > 0. Also, if p(0) > 0y, then p(t) > 0y

for allt > 0;
ii. the model admits a disease-free equilibrium at (p*, x*) = (0p,v);

iii. the model admits an endemic equilibrium at (p*,x*) = (p,v), p > 0, if and only if

((B—D—L*) >0;

. the disease-free equilibrium is globally asymptotically stable if and only if (B — D —

L*) <0 and is unstable otherwise;

v. the endemic equilibrium is almost globally asymptotically stable if (B — D — L*) > 0

with region of attraction p(0) € [0,1]" such that p(0) # 0y,

Proof:  The first part of statement (i) follows from the fact that p is either directed
tangent or inside of the region [0, 1]" at its boundary which are surfaces with p; =0 or 1 .

For the second part of (i), we rewrite (3.1a) as:
p=(B(I-P)+Az))p - E(l)p

where L(xz) = C(x) — A(x) with C(x) composed of the diagonal terms of L(x), A(x) is
the non-negative matrix corresponding to the off-diagonal terms, and E(t) = C(x(t)) + D
is a diagonal matrix. Now, consider a variable change y(t) := ef(l)5 B (t)dtp(t). The rest of the
proof is same as in [8, Theorem 4.2 (i)].

The second statement follows by inspection.

The proof of the third statement is presented in Appendix A.1.

Stability of disease-free equilibria: To prove the fourth statement, we begin by estab-

lishing sufficient conditions for instability. The linearization of (2.1) at (p,x) = (0,v) is



p| _ B—D—-L" Onxn| |P . (2.6)
& Onxn Q' | |
Since the system matrix in (2.6) is block-diagonal, its eigenvalues are the eigenvalues of
the block-diagonal sub-matrices. Further, since radial abscissa u(QT) is zero, a sufficient
condition for instability of the disease-free equilibrium is that u(B — D — L*) > 0.
For the case of u(B — D — L*) < 0, we now show that the disease-free equilibrium is

a globally asymptotically stable equilibrium. Since (B — D — L*) is an irreducible Metzler

matrix with u(B — D — L*) <0, there exists a positive diagonal matrix R such that
R(BB-D—-L*)Y+(B-—D-L""R=—-K,

where K is a positive semi-definite matrix [10, Proposition 1 (iv), Lemma A.1|. Define

L:= L(x) — L* and r := ||R||, where || - || denotes the the induced two norm of the matrix.
Since x(0) > 0, under Assumption 1, z;(¢) is lower bounded by some positive constant
and hence, L is bounded and continuously differentiable. Since @ is bounded and exponen-
tially converges to *, it follows that || L(z)|| locally exponentially converges to ||L(x*)|| = 0
and [J [|L]|dt is bounded for all ¢ > 0.
Consider the Lyapunov-like function V(p,t) = p' Rp — 2nr fg || L||dt. Tt follows from the

above arguments that V' is bounded. Therefore,

V=p'Rp+p' Rp—2nr|L]
—p"(R(B-D—L*)+(B-D—- L R)p
—2p' R(L(z) — L*)p — 2p RPBp — 2nr||L||
——p Kp—2p RL(x)p—2p' RPBp
— 2nrHI~/H
< —p' Kp+2nr|L| - 2nr||L|| — 2p" RPBp

< —2p ' RPBp < 0. (2.7)



Since all the signals and their derivatives are bounded, it follows that V(¢) is bounded and
hence V is uniformly continuous in ¢. Therefore from Barbalat’s lemma and its application
to Lyapunov-like functions |[28, Lemma 4.3, Chapter 4| it follows that V = 0ast— oo.
Consequently, from (3.8), p! RPBp — 0. Since R > 0, B > 0 and p; > 0, p(t) — 0 as
t — oo. This establishes global attractivity of the disease-free equilibrium point. We now
establish its stability.

We note that ||L(z)|| is a real analytic function of @, for & > 0. Therefore, there exists
a region ||@ — z*|| < 01 in which ||L(z)|| < ki|jx — «*|| for some k; > 0. Also, since
x — x* is globally exponentially stable, ||x(t) — x*|| < koe™||x(0) — x*| for some ko,
a > 0. Thus, if [|[£(0) — z¥| < ]%, then | L(x)|| < kikoe ! ||(0) — =*||. This implies

fg | L||dt < §||:B(O) — x*||, where k := kiko. Now, since V(p,t) <0,
V(p(0),0) = p(0) ' Rp(0)
> V(p(t),1)

> p(t) " Rp(t)

_rkllz(0) - 2|

o
ok
> Byiallp(t)? — 22O =27
!
where Ryyin = min;(R;). Equivalently,
2 2 | onrklx(0) — 2
p(t)]|" < 5—|p0)||” +2
)P < 7 p0)] s

It follows using stability of & dynamics, that for any ¢ > 0, there exists 6 > 0 , such that
12(0) — *||% + |]p(0)]|> < 6% = |p@®)||? + ||=(t) — *||> < 2. This establishes stability.
Together, global attractivity and stability prove the fourth statement.

Stability of endemic equilibria: Finally, we prove the fifth statement. To this end, we

first establish an intermediate result.

Lemma 1 For the dynamics (3.1a), if p;(t) — 0 as t — oo, for some i € {1,...,n}, then

p(t) = 0 ast — co.

10



Proof: The dynamics of p; are
i = (B — 6 — lig(@))p; — Y _ lij(x)p; — Bipi- (2.8)
JFi
It can be easily seen that p; is bounded and hence p; is uniformly continuous in t. Now
if p;(t) — 0 as t — oo, it follows from Barbalat’s lemma |28, Lemma 4.2] that p; — 0.
Therefore, from (2.8) and the fact that —l;;(x) > 0 and p; > 0, it follows that p;(t) — 0 for

all j such that —I;;(x) # 0. Using Assumption 1 and applying the above argument at each

node implies p(t) — 0. O
Define p := p — p*, P* := diag(p*) and P .= diag(p). Then
p=(B-D-L(x)- PB)p
—(B-D—L*—P*B)p*+(B—D—L*— P*B)p
— L(x)p — PBp
—(B—-D—L*— P*B)p — L(x)p — PBp.
where (B — D — L* — P*B)p* =0, as (p*, *) is an equilibrium point.
Note that (B — D — L* — P*B) is an irreducible Metzler matrix. The Perron-Frobenius
theorem for irreducible Metzler matrices [27] implies u(B — D — L* — P*B) = 0 and the

associated eigenvector p* > 0,,. Also, this means there exists a positive-diagonal matrix Ry

and a positive semi-definite matrix Ko such that
Ry(B—D—L*—P*B)+ (B—D—L*— P*B) Ry = —Ko>.

Similar to the proof of the fourth statement, take Va(p,t) = p' Rop — 2nry fot | L]|dt,

11



where r9 := ||Ra||. Then,
Vo=p' Rop+p' Rop — 2nra| L
=p'(Ry(B—D — L* — P*B)
+(B—D—L*—P*B)"Ry)p
—2p' RyL(z)p — 2p' RyPBp — 2nro| L
= —p' Kop —2p' RoL(w)p — 2p' RyPBp — 2nro|L|

< —p! Kop + 2nro||L|| — 2nrs||L|| — 2p" RyPBp
n

< —2p' RyPBp = -2 (Ry)ifipipi < 0.
i—1

It can be easily shown that V5 is bounded implying V5 is uniformly continuous. Applying
Barbalat’s lemma |28, Lemma 4.2] gives Vo — 0 ast — oo. Now, since Ry and B are positive
diagonal matrices this implies that p;p; — 0, for each 7. Using Lemma 1, and the fact that
p = 0 is an unstable equilibrium for u(B — D — L*) > 0, we have p — 0 as long as p(0) # 0.
Stability can be established similarly to the disease-free equilibrium case. This concludes

the proof of the theorem. O

Corollary 1 (Stability of disease-free equilibria) For the SIS epidemic model under
Markovian mobility (2.1) with Assumption 1 and the disease-free equilibrium (p*,x*) =

(0p, v) the following statements hold

i. a necessary condition for stability is §; > B; — v;, for each i € {1,...,n};
ii. a necessary condition for stability is that there exists some i € {1,...,n} such that

iii. a sufficient condition for stability is §; > B;, for each i € {1,...,n};

w. a sufficient condition for stability is
A2

2\ 2
1+ /1 2 1
( * > Wi (5i—5i—m)> n

+m >0,

12



where w is a positive left eigenvector of L* such that w' L* = 0 with max; w; = 1,
m = min;(6; — 3;), W = diag(w), and Ay is the the second smallest eigenvalue of

SWL*+ L*Tw).

Proof:  We begin by proving the first two statements. First, we note that Lj; = v;. This
can be verified by evaluating L* = L(v) and utilising the fact that Q "v = 0. The necessary
and sufficient condition for the stability of disease-free equilibrium is (B — D — L*) < 0.
Since, B — D — L* is an irreducible Metzler matrix, a necessary condition for u < 0 is that
its diagonal terms are strictly negative, i.e., §; — d; — v; < 0, for each ¢ € {1,...,n}. This
gives the statement (i).

Perron-Frobenius theorem for irreducible Metzler matrices implies that there exists a real
eigenvalue equal to p with positive eigenvector, i.e., (B — D — L*)y = uy, where y > 0,

Since, p < 0, written component-wise for *, where y,+ = min(y;) :

(ﬁz* — 52’* — ul-*)yi* — Z lijyj <0

JF#*
= (B — 0 )ype < (U + D Ly + > Lij(yj — ype)
J#i* JF#*
= (Bix — 0px )y < Z Lij(yj — yix)
JF#
This proves the statement (ii).
Since, L* is a Laplacian matrix, if 6; > f;, for each ¢ € {1,...,n}, from Gershgorin disks

theorem [27|, 11 < 0, which proves the third statement.
For the last statement, we use an eigenvalue bound for perturbed irreducible Laplacian
matrix of a digraph [29, Theorem 6], stated below:

Let H = L + A, where L is an n X n irreducible Laplacian matrix and A # 0 is a

13



non-negative diagonal matrix, then

Ao

A9 2
(H’/Hziwzﬁi) n+1

where, w is a positive left eigenvector of L such that w' L = 0 with max;w; = 1, W =

Re(\(H)) > > 0,

diag(w), and Ag is the second smallest eigenvalue of %(WL +LTW).
Now, in our case necessary and sufficient condition for stability of disease-free equilibrium
1s:
Re(AM(L* + D — B)) = Re(A(L* + A +mlI))
=Re(A(L*+A))+m >0
where, m = min;(§; — ;) and A = D — B — ml. Applying the eigenvalue bound with
H = L* + A gives the sufficient condition (iv). O

Remark 2 [t can be shown that v is the left eigenvector associated with eigenvalue zero for

1

both Q and L*, i.e., v' Q = v " L* = 0 and thus can be re-scaled to compute w = e (07)
1\

V.

O

Remark 3 For a given graph and the associated mobility transition rates in dynamics (2.1),
let m = min;(9; — 5;) and i* = argmin;(d; — 5;). Then, there exist 6;’s, i # i*, that satisfy
statement (iv) of Corollary 1 if m > myjgwer, where

A2
dn+1°

Mlower =

O

Remark 4 (Influence of mobility on stability of disease-free equilibrium.) The
statement (iv) of Corollary 1 characterizes the influence of mobility on the stability of disease-
free equilibria. In particular, Ao is a measure of “intensity” of mobility and m is a measure of
largest deficit in the recovery rate compared with infection rate among nodes. The sufficient
condition in statement (iv) states explicitly how mobility can allow for stability of disease-free

equilibrium even under deficit in recovery rate at some nodes. 0
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2.3 Numerical Illustrations

We start with numerical simulation of epidemic model with mobility in which we treat
epidemic spread as well as mobility as stochastic processes. We take 20 simulations with
same initial conditions and parameters and take the average of the results. The fraction of
infected populations for different cases are shown in Fig. 2.1. We take a line graph and the
mobility transition rates being equal among out going neighbors of a node. The two cases
relate to the stable disease-free equilibrium and stable endemic equilibrium respectively. We
have chosen heterogeneous curing or infection rates to elucidate the influence of mobility.
If the curing rates, infection rates and the initial fraction of infected population is same
for all the nodes, mobility does not play any role. The corresponding simulations of the
deterministic model as per Proposition 1 are also shown for comparison. Figure 2.1 (a)
corresponds to the case §; > f3; for each i, whereas Fig. 2.1 (c) corresponds to the case
d; < p; for each i. The results support statements (iii) and (ii) of Corollary 1 and lead to,

respectively, the stable disease-free equilibrium and the stable endemic equilibrium.
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Figure 2.1: Stochastic simulation of epidemic spread under mobility. Line graph, n = 20,

v(i) =02, gjj = E(—i), p;(0) = 0.01. Each iteration in stochastic model corresponds to
out

time-step 0.01 sec.

Once we have established the correctness of deterministic model predictions with the
stochastic simulations, we study the simulations of deterministic model only. We study the
effect of mobility over 4 different mobility graph structure - line graph, ring graph, star graph

and a complete graph. First we keep the equilibrium distribution of population same for all
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the four graphs by using instantaneous transition rates from Metropolis-Hastings algorithm
[30]. This shows the effect of different mobility graph structure on epidemic spread while
the equilibrium population distribution remains the same. Fig. 2.2 shows the fractions of
infected population trajectories for 20 nodes connected with 4 different graph structures. The
nodes have heterogeneous curing rates and these rates are the same across different graph
structures. The values of equilibrium fractions are affected by the presence of mobility and
are different for different graph structures. As seen in Fig. 2.2, star graph has the widest
distribution of equilibrium infected fraction values whereas complete graph has the narrowest

of the four.
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ons of infected populations
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(a) Line graph (b) Ring graph (c) Star graph (d) Complete graph

Figure 2.2: Simulation of deterministic model of epidemic spread under mobility, with same
equilibrium distribution of population over 4 different graph structure with stable endemic
equilibrium. n = 20, p;(0) = 0.01.

Next, we verify the statement (iv) of Corollary 1, where one can have some curing rates
0; less than the infection rates §; but still have stable disease-free equilibrium. We take
a complete graph of n = 20 nodes with given mobility transition rates which give us w,
L* and X\g. We take a given set of values of ;. Next, we compute Migwer = —21%
and take 0.8 times of this value as m in order to compute §;’s that satisfy statement (iv)
of Corollary 1. For our case the values are: B; = 0.3, Ao = 0.2105, mjgwer = —0.0026,
m = 0.8 Mmigwer = —0.0021, 1 = d, = B; + m and the rest J; computed to satisfy the
condition which gives 1 = §,, = 0.2979 and §; = 0.3198 for i € {2,...,n—1}. Fig. 2.3 shows

the trajectories of infected fraction populations. As can be seen the trajectories converge to

the disease-free equilibrium.
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Figure 2.3: Stable disease-free equilibrium with curing rates computed as per the Ao
sufficient condition (statement (iv), Corollary 1) for stability of disease-free equilibrium.
Graph: Complete, n = 20, p;(0) = 0.01.
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CHAPTER 3

EPIDEMIC MODELS UNDER MOBILITY ON MULTI-LAYER NETWORKS

In this chapter, we study SIS and SIR models under mobility on multi-layer networks. The
presence of multi-layer arises from the presence of different mobility patterns with their own
Markov chains and digraphs. We give complete characterization for existence, uniqueness

and stability of equilibria. We give numerical illustrations to support our results.

3.1 SIS Model under Multi-layer Markovian Mobility

We consider n sub-population of individuals that are located in distinct spatial regions
(patches). We assume the individuals within each patch can be classified into two categories:
(1) susceptible, and (ii) infected. We assume that the individuals within each patch are further
grouped into m classes which decide how they travel to other patches. Let the connectivity
of these patches corresponding to the mobility pattern of each class a € {1,...,m} be
modeled by a digraph G* = (V,&%), where V = {1,...,n} is the node (patch) set and
EY C V xV is the edge set. We model the mobility of individuals on each graph G% using a
Continuous Time Markov Chain (CTMC) with generator matrix Q%, whose (i, j)-th entry
is qiaj. The entry qiaj > 0, i # j, is the instantaneous transition rate from node i to node
J, and —qf; = vi* is the total rate of transition out of node i, i.e., ¥ = Zj# qio‘j. Here,
qf‘j > 0, if (i,7) € £€%; and qf‘j = 0, otherwise. Let z{'(f) be the number of individuals of
class o in patch ¢ at time ¢. Let pf* € [0,1] (respectively, 1 — p$') be the fraction of infected

’

(respectively, susceptible) sub-population of class a at patch i. Define p® := [pf, ..., p%]T
x® = [z, ... T p=[(eHT,..., (™" and & == [(=))T,..., (™) T]".

We model the interaction of mobility with the epidemic process as follows. At each time ¢,
individuals of each class o within each node move on graph G% according to the CTMC with

generator matrix Q% and then interact with individuals within their current node according

to an SIS epidemic process. For the epidemic process at node 7, let 5; > 0 and §; > 0 be
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the infection and recovery rate, respectively. We let B* > 0 and D% > 0 be the positive
and non-negative diagonal matrices with entries 8; and d;, i € {1,...,n}, respectively. Let
B and D be the positive and non-negative diagonal matrices with block-diagonal entries B
and D% « € {1,...,m}, respectively. Let P%* := diag(p®) and P := diag(p). We now
derive the continuous time dynamics that captures the interaction of mobility and the SIS

epidemic dynamics.

Proposition 2 (SIS model under mobility) The dynamics of the fractions of the in-
fected sub-population p and the number of individuals @ under multi-layer Markovian mo-
bility model with generator matrices Q%, and infection and recovery matrices B and D,

respectively, are

p=(BF(x)—D— L(x))p— PBF(x)p (3.1a)
a _ (Qa)Twa’ (3.1b)
where L is an nm x nm block-diagonal matriz with block-diagonal terms LY, o € {1,...,m},

LY(x) is a matriz with entries

O[
Z];&@ 31_]a ZfZ:j>
1

l?j (1:) = e
—qjo‘Z xja, otherwise,
F(x):=[F(x),...,FT(x)]" be a row-concatenated nmxnm matriz with each nxnm block-
row as F(x) := [Fl(x),...,F"™(x)], and F® as a diagonal matriz with entries [i{(x) =

«
%, i.€., the fraction of total population at node i contributed by class c.
o T8

Proof: Consider a small time increment A > 0 at time ¢. Then the number of individuals

of class o present at node i after the evolution of CTMC in time-interval [t,¢ + h) is

p(t+h) =2l (61— vf'h) + > q§iad )+ o(h). (3.2)
il
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After the mobility, individuals within each node interact according to SIS dynamics. Thus,

the fraction of infected population present at node 1 is:

g (t+ h)pi(t + h)
= =3 (£)6;p5 ()b + x5 (£) Bipi(t) (1 — pi’ (£)) A
2 (O () (L= vih) + D g5 (h+ o(h). (3.3)

J#i

where p; is the fraction of infected population at node i and is given as:

=> 1
«

The first two terms on the right side of (3.3) correspond to epidemic process within each
node, whereas the last two terms correspond to infected individuals coming from other nodes

due to mobility. Using the expression of 2§ from (3.2) in (3.3) and taking the limit & — 07

gives
JFi
Writing above in vector form gives:
p = (=D — L°(z®))p” + B*F(z)p — P*BF(z)p. (3.5)

Similarly taking limits in (3.2) yields

= -z + Zqﬂ (3.6)
JFi

Rewriting (3.4) and (3.6) in vector form establishes the proposition. O

3.2 Analysis of SIS Model under Multi-layer Markovian Mobility

In this section, we analyze the SIS model under multi-layer mobility (3.1) under the

following standard assumption:

Assumption 2 Digraph G is strongly connected, for alla € {1,...,m}, which is equivalent

to matrices Q% being irreducible [27]. O
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Let v® be the right eigenvector of (Q%)T associated with eigenvalue at 0. We assume
that v® is scaled such that its inner product with the associated left eigenvector 1, is
unity, ie., 1 v® = 1. Define v := [N'(vh)T,... N (™) T]T, where N is the total
number of individuals belonging to class «, for a € {1,...,m}. We call an equilibrium point
(p*,x*), an endemic equilibrium point, if at equilibrium the disease does not die out, i.e.,
p* # 0, otherwise, we call it a disease-free equilibrium point. Let F* := F(x*) = F(v) and
L* := L(x*) = L(v). It can be verified that F* admits the splitting, F* = I — M, where |

is the identity matrix of appropriate dimensions and M is a Laplacian matrix.

Theorem 2 (Ezistence and Stability of Equilibria) For the SIS model under multi-

layer Markovian mobility (3.1) with Assumption 2, the following statements hold

i. if p(0) € [0,1)", then p(t) € [0,1]" for all t > 0. Also, if p(0) > Oy, then

p(t) > Oppy for all t > 0;
ii. the model admits a disease-free equilibrium at (p*,x*) = (Opm,v);

iii. the model admits an endemic equilibrium at (p*,x*) = (p,v), p > 0, if and only if
W(BF* — D — L*) > 0;

. the disease-free equilibrium is globally asymptotically stable if and only if u(BF* — D —

L*) <0 and is unstable otherwise;
v. the endemic equilibrium is almost globally asymptotically stable if u(BF*—D—L*) >0

with region of attraction p(0) € [0, 1] such that p(0) # Op,.

Proof:  The first part of statement (i) follows from the fact that p is either tangent or
directed inside of the region [0, 1] at its boundary which are surfaces with p§* =0 or 1 .

This can be seen from (3.4). For the second part of (i), we rewrite (3.1a) as:

p= (I - P)BF(z)+ Alz))p — E(1)p
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where L(x) = C(x) — A(x) with C(x) composed of the diagonal terms of L(x), A(x) is

the non-negative matrix corresponding to the off-diagonal terms, and E(t) = C'(x(t)) + D is
t

a diagonal matrix. Now, consider a variable change y(t) := elo £ (T)dTp(t). Differentiating

y(t) and using above gives:
g = efg E(T)dT((I — P)BF(z) + A(az))efg —E(T)dTef(7)5 E(T)dTp

— JOED (1 — P)BF(z) + A(z))elo ~E)dry,

Now, the coefficient matrix of y above is always non-negative and strongly connected. The
rest of the proof is same as in [8, Theorem 4.2 (i)].
The second statement follows by inspection.
The proof of the third statement is presented in Appendix A.2.
Stability of disease-free equilibria: To prove the fourth statement, we begin by estab-

lishing sufficient conditions for instability. The linearization of (3.1) at (p,x) = (0,v) is

p _ BF*—D-L* 0 D | (3.7)
T 0 Q' |z
Since the system matrix in (3.7) is block-diagonal, its eigenvalues are the eigenvalues of
the block-diagonal sub-matrices. Further, since radial abscissa M(QT) is zero, a sufficient
condition for instability of the disease-free equilibrium is that u(BF* — D — L*) > 0.
For the case of u(BF* — D — L*) < 0, we now show that the disease-free equilibrium is
a globally asymptotically stable equilibrium. It can be seen from the definitions of matrices
F* and L*, that under Assumption 2, (BF* — D — L*) is an irreducible Metzler matrix.
Together with u(BF* — D — L*) < 0, implies there exists a positive diagonal matrix R such
that

R(BF* =D —L*)+ (BF*—=D—-L""R = —K,

where K is a positive semi-definite matrix |10, Proposition 1 (iv), Lemma A.1]. Define
L := L(x) — L*, F := F(z) — F* and 7 := ||R||, where || - || denotes the the induced two

norm of the matrix.
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Since (0) > 0, under Assumption 2, z{(t) is lower bounded by some positive con-
stant and hence, L and F are bounded and continuously differentiable. Since  is bounded
and exponentially converges to *, it follows that ||L(z)|| and || F(z)|| locally exponentially
converge to 0 and fot | L||dt and fg | F||dt are bounded for all ¢ > 0.

Consider the Lyapunov-like function V(p,t) = p' Rp — 2nmr fg(BHFH + ||L|)dt. Tt

follows from the above arguments that V' is bounded. Therefore,

V =2p' Rp — 2nmr(B| F|| + || L|])

=p (R(BF* —D—L*)+ (BF*—D—L*)TR)p
+2p R(BF — L)p —2p" RPBFp
— 2nmr(B||F || +[|L])

— —p Kp+2p R(BF —L)p—2p' RPBFp
— 2nmr(B||F || +[|L])

< —p' Kp+ 2nmr(B||F|| + || L||)
— 2nmr(B||F|| +||L||) — 2p ' RPBFp

< —2p' RPBFp < 0. (3.8)

Since all the signals and their derivatives are bounded, it follows that V(¢) is bounded and
hence V is uniformly continuous in ¢. Therefore from Barbalat’s lemma and its application
to Lyapunov-like functions [28, Lemma 4.3, Chapter 4] it follows that V — 0 as t — oc.
Consequently, from (3.8), p! RPBFp — 0. Since R > 0, B > 0, F > 0 with Fy > 0
and pp > 0, p(t) — 0 as t — oo. This establishes global attractivity of the disease-free
equilibrium point. We now establish its stability.

We note that since, for & > 0, (B||F|| + ||L||) is a real analytic function of x, 3 a
region ||& — x*| < &1 in which (B||F| + ||L||) < k1|jx — =*|| for some k; > 0. Also, since
x — x* is globally exponentially stable, ||a(t) — 2*|| < koe™||2(0) — x*|| for ko, o > 0.

Thus, if ||2(0) — =*|| < ,% then (B||F|| + ||L]|) < kikoe™®!||2(0) — 2*|. This implies
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fg(BHFH +||L|))dt < E||l&(0) — 2*||, where k := k1ks. Now, since V(p,t) <0,
V(p(0),0) = p(0) Rp(0)
> V(p(t),t)

> p(t) Rp(t)

B 2nmrk;\|a:(0) — x|

«
nmrk||x(0) — ™|

> Rullp(0)|? - 2" 2

where Ry, = min;(R;). Equivalently,

r nmrk||xz(0) — *||
Ip(t)1> < ——|p(0)]* + 2

- Rmin

alRpyin

It follows using stability of & dynamics, that for any ¢ > 0, there exists 6 > 0 , such that
12(0) — *||% + |]p(0)]|> < 6% = |lp(®)||? + ||=(t) — *||> < 2. This establishes stability.
Together, global attractivity and stability prove the fourth statement.

Stability of endemic equilibria: Finally, we prove the fifth statement. To this end, we

first establish an intermediate result.

Lemma 2 For the dynamics (3.1a), if p{(t) — 0 as t — oo, for some i € {1,...,n} and

aec{l,...,m}, then p(t) = 0 as t — oo.

Proof: Tt can be easily seen from (3.4) that p¢* is bounded and hence p§* is uniformly
continuous in ¢. Now if pf'(t) — 0 as t — oo, it follows from Barbalat’s lemma [28, Lemma
4.2] that p§* — 0. Therefore, from (3.4) and the fact that —lio‘j(zc) > 0 and pi* > 0, it follows
that p?‘(t) — 0 for all 7 such that —lio‘j(a:) # 0. Using Assumption 2 and applying the above

argument for each class at each node implies p(¢) — O. O
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Define p := p — p*, P* := diag(p*) and P := diag(p). Then

p=(BF -D—L—PBF)p
=(BF*—D - L*— P*BF*)p*
+(BF*—D—L*— P*BF*)p
+ (BF — L)p— PBFp— PBF*p
=((I - P*)BF*—~D~L"p+ (I - P)BF — L)p
— PBF*p.
where we have used (BF* — D — L* — P*BF*)p* = 0, as (p*, «*) is an equilibrium point.
Note that (BF*— D — L*— P*BF*) = (I — P*)BF*— D — L) is an irreducible Metzler
matrix and p* > 0 is its positive eigenvector associated with eigenvalue at zero. Therefore,
the Perron-Frobenius theorem for irreducible Metzler matrices [27] implies u((I — P*)BF* —
D — L*) = 0. Also, this means there exists a positive-diagonal matrix Ry and a positive

semi-definite matrix K9 such that
Ro((I — P*)BF* — D — LY)

+((I = P*)BF* =D —L*)"Ry = —Kj.

Similar to the proof of the fourth statement, take Va(p,t) = P Rop — 2nmro fg(BHﬁH +

25



|L|)dt, where o := ||Ra||. Then,

Vo =2p' Rop — 2nmry(B||F|| + || L)
=p' (Ro((I — P¥)BF* — D — L¥)
+((I = PY)BF* — D — L*) " Ry)p
+2p " Ryo((I — P)BF — L)p — 2p' RyPBF*p
— 2nmry(B||F|| + || L]))
— —p' Kop+2p' Ry((I — P)BF — L)p
—2p' RyPBF*p — 2nmry(B||F| +||L])
< —p' Kop + 2nmro(B||F| + || L|)
— 2nmry(B||F|| + ||L||) — 2p ' RyPBF*p

< —2p' RyPBF*p
nm

< =2 (Ro)iBrFipbipr < 0.
=1

The last inequality above follows from the fact that R > 0, B > 0 and F > 0 with
diagonal terms F};. > 0. It can be easily shown that V5 is bounded implying V5 is uniformly
continuous. Applying Barbalat’s lemma |28, Lemma 4.2| gives Vo — 0 as t — oo. This
implies that ppp; — 0. Using Lemma 2, and the fact that p = 0 is an unstable equilibrium
for p(BF* — D — L*) > 0, we have p — 0 as long as p(0) # 0. Stability can be established

similarly to the disease-free equilibrium case. This concludes the proof of the theorem. [

Corollary 2 (Stability of disease-free equilibria) For the SIS epidemic model under
Multi-layer Markovian mobility (3.1) with Assumption 2 and the disease-free equilibrium

(p*,x*) = (0,v) the following statements hold

i. a necessary condition for stability is that for each i € {1,...,n}, Ja € {1,...,m} such

that 0; > 3; — Via;
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ii. a necessary condition for stability is that there exists some i € {1,...,n} such that
iii. a sufficient condition for stability is §; > B;, for each i € {1,...,n};

w. a sufficient condition for stability is

Ao

(1 + /14 A2 >2nm +1
52 wi (65—B—s)

where w is a positive left eigenvector of (BM + L*) such that w ' (BM + L*) = 0 with
max; w; = 1, s = min;(5; — 5;), W = diag(w), and o is the second smallest eigenvalue

of ¥(W(BM + L*) + (BM + L*) TW).

Proof:  We begin by proving the first two statements. First, we note that (L%)7; = v{*. This
can be verified by evaluating L* = L(v) and utilising the fact that Q "v = 0. The necessary
and sufficient condition for the stability of disease-free equilibrium is pu(BF* — D — L*) < 0.
Note that BF* — D — L* is an irreducible Metzler matrix. Perron-Frobenius theorem for
irreducible Metzler matrices implies that there exists a real eigenvalue equal to p with positive
eigenvector, i.e., (BF* — D — L*)y = py, where y > 0. Rename components of y as
Yinati) = U5 to write y = [(y") T, ... (g™ 7]

Let for eachi € {1,...,n},y," = mm{yil, ..., y"}. Since p < 0, written component-wise
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for (nk; + i)-th component

Here we have used facts: ), fi¢ =1, f* >0, l:j * <0 and that there exists j € {1,...

Zﬁzf*aa §+y Zl*k kz<0
el

ko k;
=>Zﬁzf*ayl +Zﬁz S =) — (6 vy
_Zl*k‘ kl<0

J#i
= (B — 6 — v )yt < — Zﬁz O Y

k,
= (B; — 0; —I/Zk)yiZ <0

:>ﬁi—5i—l/ki<0.

]

such that l;-kj © < 0. This proves the statement (i).

Let yfi be min{yf, ...,y }. Similar to the proof of the first statement

Here we have used an additional fact: v; (= Z [ ij t

S s = P Y <o
JF#

jZﬁzf*“ K +Zﬁz [y — )—(5i+yfi)yfi

—Zz*’“ S -y <0

JFi JFi

= (Bi — 6i)y Z< Zﬁz *ayz +Zl ‘i_yz)
JFi

= (B; — 0;)y; hi< g

= B —0; < 0.

JF#

= 0. This proves statement (ii).

Let F* = I — M where M is a Laplacian matrix which can be seen from the definition of

F. Now BF* —

D—-L*=B—-D—(BM+L"). Since (BM + L*) is an irreducible Laplacian
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matrix, if §; > 3;, for each ¢ € {1,...,n}, from Gershgorin disks theorem [27|, u < 0, which
proves the third statement.

For the last statement, we use an eigenvalue bound for perturbed irreducible Laplacian
matrix of a digraph [29, Theorem 6|, stated below:

Let H = A+ A, where A is an n x n irreducible Laplacian matrix and A # 0 is a

non-negative diagonal matrix, then

A2

1+./1 I
( + +ZiwiAi) n

where, w is a positive left eigenvector of A such that w'A = 0 with max;w; = 1, W =

Re(AM(H)) =

> 0,

diag(w), and A9 is the second smallest eigenvalue of %(WA + ATW).
Now, in our case necessary and sufficient condition for stability of disease-free equilibrium
is:
Re(AM(BM + L*+ D — B)) = Re(A(BM + L* + A + sI))
=Re(AM(BM + L* + A)) +s
> 0,
where, s = min;(6; — ;) and A = D — B — sI. Applying the eigenvalue bound with

H = BM + L* + A gives the sufficient condition (iv). O

Remark 5 For given graphs and the associated mobility transition rates in dynamics (3.1),
let s = min;(6; — ;) and i* = argmin;(6; — ;). Then, there exist &;’s, i # i*, that satisfy
statement (iv) of Corollary 3 if s > Sjgwer, Where

dmn +1°

Slower —

U

Remark 6 (Influence of mobility on stability of disease-free equilibrium.) The
statement (iv) of Corollary 3 characterizes the influence of mobility on the stability of disease-

free equilibria. In particular, Ay is a measure of “intensity” of mobility and s is a measure of
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largest deficit in the recovery rate compared with infection rate among nodes. The sufficient
condition in statement (iv) states explicitly how mobility can allow for stability of disease-free

equilibrium even under deficit in recovery rate at some nodes. O

3.3 Numerical Illustrations

We start with numerical simulation of epidemic model with multi-layer mobility in which
we treat epidemic spread as well as mobility as stochastic processes. The fraction of infected
populations for different cases are shown in Fig. 3.1. The corresponding simulations of
the deterministic model as per Proposition 2 are also shown for comparison. We take two
mobility network layers: a complete graph and a line graph with the mobility transition
rates being equal among out going neighbors of a node for both the graphs. The two cases
relate to the stable disease-free equilibrium and stable endemic equilibrium respectively. If
the curing rates, infection rates and the initial fraction of infected population are the same
for all the nodes, mobility does not play any role. Therefore, we have chosen heterogeneous
curing or infection rates to elucidate the influence of mobility. Figure 3.1 (a) corresponds
to the case §; > B; for each i, whereas Fig. 3.1 (c) corresponds to the case §; < f3; for each
i. The results support statements (iii) and (ii) of Corollary 3 and lead to, respectively, the

stable disease-free equilibrium and the stable endemic equilibrium.
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Figure 3.1: Stochastic simulation of epidemic spread under mobility. Complete-Line
graphs, n = 20, v(i) = 0.2, ¢;; = 5(—1)25, p;(0) = 0.01. Each iteration in stochastic model
ou.
corresponds to time-step 0.01 sec.
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Once we have established the correctness of deterministic model predictions with the
stochastic simulations, we study the simulations using only the deterministic model. We
study the effect of multi-layer mobility over different pairs of mobility graph structures -
line-line graph, line-ring graph and line-star graph. We choose different population size for
the two mobility layers and take the mobility transition rates such as to keep the equilibrium
distribution of population the same for both the layers across all pairs (taken as uniform
equilibrium distribution) by using instantaneous transition rates from Metropolis-Hastings
algorithm [30]. This shows the effect of different mobility graph structure on epidemic
spread while the equilibrium population distribution remains the same. Fig. 3.2 shows the
fractions of infected population trajectories for 10 nodes connected with different pairs of
graph structures. The values of equilibrium fractions are affected by the presence of mobility

and are different for different graph structures.
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Figure 3.2: Simulation of deterministic model of epidemic spread under 2 layer mobility,
over different graph structure with stable endemic equilibrium. n = 10, p;(0) = 0.01.
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3.4 SIR Model under Multi-layer Markovian Mobility

We consider n sub-populations of individuals that are located in distinct spatial regions
(patches). We assume that the individuals within each patch can be classified into three
categories: (i) susceptible, (ii) infected and (iii) recovered. Additionally, we assume that
these individuals are further grouped into m classes depending on how they travel to other
patches. Let the connectivity of these patches corresponding to the mobility pattern of each
class a € {1,...,m} be modeled by a digraph G% = (V, &%), where V = {1,...,n} is the
node (patch) set and £ C VxV is the edge set. We model the mobility of individuals on each
graph G% using a Continuous Time Markov Chain (CTMC) with generator matrix Q%, whose
(i, 7)-th entry is qlqj. The entry qlaj >0, i # j, is the instantaneous transition rate from node
i to node j, and —¢f; = v{* is the total rate of transition out of node i, i.e., v{* = Zj;éi q%.
Here, qf‘j >0, if (4,7) € £%; and qf‘j = 0, otherwise. Let x{*(t) be the number of individuals
of class a in patch i at time ¢. Let p* € [0,1] (respectively, s& € [0,1]) be the fraction of

infected (respectively, susceptible) individuals within individuals of class a at patch . Define

p® = pf, .., pY T, 8 = s, .., 8Q T, 2 = 2T p = (YT, 0™ T
s=[sH",..., ™" and z = [()T,..., (™) "]".

For the epidemic process at node ¢, let §; > 0 and §; > 0 be the infection and recovery
rate, respectively. We let BY > 0 and D% > 0 be the positive and non-negative diagonal
matrices with entries 3; and ¢;, i € {1,...,n}, respectively. Let B and D be the positive
and non-negative diagonal matrices with block-diagonal entries B¢ and D%, « € {1,...,m},
respectively. Let P% := diag(p®), P := diag(p) and S := diag(s). We now derive the
continuous time dynamics that captures the interaction of mobility and the SIR epidemic

dynamics.
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Proposition 3 (SIR model under mobility) The

dynamic model for SIR epidemic process with multi-layer Markovian mobility is

$=—SBF(x)p — L(x)s (3.9a)
p=(SBF(x)— D — L(x))p (3.9b)
& = (QY) 'z, (3.9¢)
where L is an nmxnm block-diagonal matriz with block-diagonal terms LY, o € {1,...,m},
L*(x) is a matriz with entries
> i qqi? ifi =7,
1% () = J xqﬂxi
—q%%, otherwise,
F(x):=[F(x),...,FT(x)]" be a row-concatenated nmxnm matriz with each nxnm block-
row as F(x) := [Fl(x),...,F"™(x)], and F® as a diagonal matriz with entries () =

«
lexa, i.€., the fraction of total population at node i contributed by class c.
Qg

Proof: The proof follows similarly to that in Proposition 2. O

We analyze the SIR model under multi-layer mobility (3.9) under the strongly connected

assumption: Assumption 2 as well as following standard assumption:
Assumption 3 There exists a node k such that 6. > 0. O

Let v® be the right eigenvector of (Q¥)T associated with eigenvalue at 0. We assume
that v® is scaled such that its inner product with the associated left eigenvector 1,, is unity,
ie., 1) v® = 1. Define v := [NY(w!)T,... N"(@™)T]T, where N® is the total number of

individuals belonging to class «, for a € {1,...,m}.

Theorem 3 (Existence and properties of equilibria) For the SIR model with multi-

layer Markovian mobility (3.9) under Assumptions 2 and 3, the following statements hold
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i. if p(0) and s(0) € [0,1]™ | then p(t) and s(t) € [0, 1] for allt > 0 ;
ii. if p(0) > 0 and s*(0) > 0 for each «, then p(t) > 0 and s(t) > 0 for allt >0 ;

iii. the equilibrium points (p*, s*, x*) belong to the set

{(0, [kllg,kﬂg,...,kmlg]—r,v) | ]{31,]62, ...,/Cm € Rzo};

w. the set of equilibria
{(0, [kllg,kglg,...,kmlg]T,v) | k1, k2, ....km € R>q} is globally asymptotically at-

tractive.

Proof: (i) and (ii) follow similarly to the proof in Theorem 2. Define L* := L(x*),
S* = diag(s*) and F* := F(x*) . To establish statement (iii), premultiply (3.9a) and

(3.9b) with *T at equilibrium

—z*T S*BF*p* =0 (3.10a)

x* T S*BF*p* —x*T Dp* = 0. (3.10b)

Here, we have used the fact that 2* T L* = 0, which can be seen from the fact that & " L(z) =

x'Q. Also, since £* > 0 and S*BF*p* > 0, Dp* > 0, (3.10) yields

S*BF*p* =0 (3.11a)

Dp* = 0. (3.11Db)

Using Assumption 3 in (3.11b) implies p;* = 0 for each o at node k with 6, > 0. Using (3.11)

*@ — 0 for each o. Therefore

in (3.9b) at equilibrium gives L*p* = 0 or equivalently L*“p
under strong connectivity assumption of each layer (Assumption 2) p* = 0. Further using
(3.11a) in (3.9a) at equilibrium yields L*s* = 0, or equivalently L**s*® = 0 which gives:

8™ = ko1, for each a.. This proves statement (iii).

For statement (iv), consider a Lyapunov candidate function V3 = x'(2s + p). It follows
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that
Va = wT(—ZSBFp —2Ls+ SBFp — Dp — Lp)
+2'Q(2s +p)

— 2 ' (—SBFp — Dp)

<0.
Now, using LaSalle’s invariance theorem [31, Theorem 4.4], all trajectory asymptotically goes
to the largest invariant set with V3 = 0. This further implies all trajectory asymptotically
goes to an invariant set with Dp = 0 and SBF'p = 0. Using this fact in (3.9b) at equilibrium
expanded for each mobility layer under Assumptions 2 and 3 implies p* = 0 is globally
attractive.

Next consider a Lyapunov candidate function V; = s X*s—2nmr fg (IIL||)dt with X* :=

diag(x*) and r := || X*||. Then,

Vi =2s" X*s — 2nmr(||L]])

— 25 X*BFSp+s' (X*(—L)+ (—L)"X*)s
— 2nmr(||L]])

= 28 X*BFSp — s (X*(L*) + (L*) T X*)s
— s (X*(L) + (L) X*)s — 2nmr(|[L])

< —2s' X*BFSp— s (X*(L*) 4+ (L") X*)s
+ 2nmer(||L])) = 2nmr (|| L))

< —2s' X*BFSp—s' (X*(L*)+ (L") X*)s

T * /T % *\ T vk
< —s (X*(L*)+ (L) TX*)s < 0.
The last inequality follows as the matrix X*(L*) 4+ (L*)T X* is a symmetric Laplacian

and hence a symmetric positive semi-definite matrix. To see this, note that (X*(L*) +

(L*)TX*)1 = X*(L*)1+ (L") T X*1 = 0+ (L*) "x* = 0. Additionally, this matrix is a block
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diagonal matrix with block elements as strongly connected symmetric Laplacian matrices.
Using Barbalat’s lemma, we get V4 — 0. This in turn leads to s — [k1 15, ko 1,TL, ey kmlg]T.
This proves statement (iv). O

An epidemic outbreak is an event in which the total number of infected individuals in
the system (summed over all the layers and nodes) increase before eventually reaching a
disease-free state. As evident from Theorem 3, the total number of infected individuals
ultimately goes to zero. The epidemic outbreak is characterized by the increase in the size
of the infected population in the early phase of the transient response.

Define smax(t) as the greatest element in s(t) taken over all layers and nodes.

Corollary 3 (Epidemic outbreak) For the SIR epidemic model under multi-layer Marko-

vian mobility (3.9) under Assumption 2, the following statements hold

i. For a single layer network, if smax(0)B — D < 0 then there is no epidemic outbreak

and total infected population monotonically decreases to zero;

ii. If S(0)BF(0) — D > 0, then there is an epidemic outbreak at t = 0.

Proof: Using (3.9b), we first write the expression for the rate of change of total infected

population for the system, N; = z'p:

Ni=x'p+a'p
— 2! (SBF(z)—D—L(z)p+x' Qp

—a! (SBF(xz)— D)p (3.12)

where (3.12) follows using ' L(z) = ' Q, a consequence of definitions of matrices L(x)
and Q. It can be shown from (3.9a) that spax(t) monotonically decreases with time. This is
a consequence of negative first term and negative Laplacian second term in the right hand
side of (3.9a). Now, for the special case of a single layer network F'(x) = I, therefore in the

right hand side of (3.12), we can see that SB—D < smax(t)B—D < smax(0)B—D. Further,
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since  and p are non-negative, if spax(0)B — D < 0, then for a single layer network the
right hand side of (3.12) is non-positive and hence Nj monotonically decreases. This proves
statement (i).

Statement (ii) follows by evaluating SBF — D at t = 0 and making it positive to make
right side of (3.12) positive at ¢ = 0 and hence Ny increases at ¢t = 0 giving rise to an initial

outbreak. O

3.5 Numerical Illustrations

In this section, we numerically illustrate our results on multi-layer SIR epidemic model.

We choose different population size for the two mobility layers and select the mobil-
ity transition rates using the Metropolis-Hastings algorithm [30]| such that the equilibrium
distribution of population is the same for both the layers (taken as uniform equilibrium
distribution).

Figures 3.3 (a) and (b) show the fractions of infected population whereas Figures 3.3 (c)
and (d) show the fraction of susceptible population trajectories for 10 nodes connected with
2-layers of graph structures. Layer 1 is line graph and layer 2 is ring graph. The initial

population distribution at the 10 nodes for layer 1 and layer 2 are

5 x [700, 500, 300, 100, 500, 700, 800, 900, 600, 500], and

5 x [300, 300, 200, 100, 200, 300, 400, 400, 500, 200},
respectively. The infection and curing rates for the 10 nodes are

0.31,0.32,0.35,0.36,0.5,0.3,0.3,0.1,0.1,0.1], and

0.3,0.22,0.21,0.25,0.3,0.21,0.23,0.24, 0.21, 0.22],

respectively. The initial fraction of infected population is taken as 0.01 for all layers and

nodes with no recovered population.
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Figure 3.3: Simulation of deterministic model of SIR epidemic spread under 2 layer
mobility, over Line-Ring graph structure. n = 10, p;(0) = 0.01.
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CHAPTER 4

SIS EPIDEMIC MODEL UNDER MOBILITY ON MULTI-LAYER
NETWORKS: WEAKLY CONNECTED CASE

In this chapter, we relax the assumption that a layer need to be strongly connected. We
characterize the stability of SIS model under mobility for a weakly connected multi-layer

network.

4.1 SIS Model under Mobility with Non-strongly Connected Layers

o
9 | Batch 3
Batch 1 H
P i B I | Layer 2
NI )
| I i

|

1

I

|
T T “ !
[ 1o [ |
L e o

Batch 1

Batch 2

Figure 4.1: Non-strongly connected multilayer network with shaded sink components

In this section, we relax the Assumption 1, so that the digraph representing mobility on
a layer need not be strongly connected. For each layer, at equilibrium, the entire population
will be restricted to strongly connected sink components and hence we track infected popu-
lation only among nodes belonging to these sink components. Furthermore, at equilibrium,
the effect of nodes shared between different layers appears in the same fashion as before
through mixing matrix F'* of the sink component nodes under consideration. Note that the
matrix BEF™* — D — L* considered for sink component nodes only, need not be strongly con-
nected (as the inter-layer connections among restricted nodes shared between different layers
need not be strongly connected) in contrast to the earlier case. Therefore, we can partition
the total restricted nodes, comprised of strongly connected sink components on each layer,
into different multi-layer network batches, which are strongly connected in themselves but at

equilibrium disconnected from each other. Figure 4.1 shows the depiction. Note that there
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may be nodes which do not belong to any of these batches. For any given batch, the effect
of nodes outside that batch will be shown to be vanishing at equilibrium with ISS cascaded
connection to that batch. We develop the formulation as below:

Consider a multi-layered population of n nodes comprising of m class. The dynamics of

fraction of infected population for each class at each node is given by (2) reproduced below:

p=((I - P)BF(z) ~ D - L(z))p (4.1)

& = (QY) "z, (4.1b)

Since the strongly connected sink components for all layers can be grouped into different
batches, we consider a general batch comprising of 1 <[ < m layers with class a contributing
go strongly connected sink components. Stacking all the sink components of each layer
one below the other and then such stacks one below the other gives s := [s!, ..., sl] with
sk .= [s(k’l), e s(k’qk)]. The dynamics is given by writing the dynamics of the cocnerned
class of concerned nodes out of (4.1) and separating the contribution from the rest of the

elements:

$§=((I - 8)BF(z) - D — Li(x))s
+ (I = S)BFy(x)u — Lo(x)u

= ((I = S)BFi(z) — D — Li())s

+ (I — S)Bcl + c9 (4.2)

where, the elements of the matrix F' and the matrix L for the concerned classes on
concerned nodes are written as F| + Fy and Ly + Lo with F| and L being square matrices
formed by retaining the rows ¢ and columns i of the matrix F' and L, F5 and Lo being
rectangular formed by rows ¢ and columns 5 where, p; is a concerned element of the original

vector p, and p; is not. It is clear from the definition of the matrix F5 whose elements are 0
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a &
L+ and elements of matrix — Lo with elements ¢%—%, that the elements (> 0) of these

or =4
Ea xj iji )

matrices are either identically zero or has globally asymptotically stable equilibrium at zero.
Hence, ¢; and c9 asymptotically go to zero. Note that at equilibrium the block diagonal
matrix L] comprises of strongly connected laplacian matrices as the diagonal blocks. Also,
the matrix BF T - D — L] now determines the existence and nature of equilibrium point as
before. Unlike the strongly connected case, the block diagonal D® for a strongly connected
sink component on a layer may be zero resulting in s** = 1. To avoid this situation here

we assume each §; > 0. We show the stability analysis as below:

4.2 Stability Analysis

First, we use an ISS based approach to prove the stability of the SIS model over strongly
connected multi-layer networks: Since, (QO‘)T has exactly one eigenvalue with multiplicity
1 at zero and all others in negative half plane, we can have a coordinate transformation
2% = (V) "z such that 2 = [N®,y '] with y® = 0 (an n — 1 dimensional zero vector)
and N® is the total number of people in class «. It is easy to see that y® = 0 is globally
asymptotically stable. Defining z = [(z1)7,..., (™) "]T andy = [(y") T, ..., (™) "]T,y =0
(an m(n-1) dimensional zero vector) is globally asymptotically stable. Also, with a given
population of each class, we can write F'(y) and L(y) as functions of y alone and it can
further be seen that || F(y)|| and ||L(y)|| are positive definite functions of y. Consider the

cascaded system:

p=(BF*—~D—L*)p— PBF(y)p+ (BF(y) — L(y))p (4.3a)

y=Ay. (4.3b)
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Consider the Lyapunov function V(p) = p' Rp. Therefore,

V =2p' Rp
=p' (R(BF* -~ D~ L*)+ (BF* -~ D—L*)'R)p
+2p R(BF — L)p — 2p" RPB(F + F*)p
= —p Kp+2p R(B(I-P)F—L)p—2p RPBF*p
< —2p  RPBF*p + 2k (b|F|| + | L)), k1,b> 0
< —2(1 —€)p' RPBF*p —2ep' RPBF*p

+ 21 (b||F|| + || L], YO <e< 1

< —2(1 —€)p' RPBF*p — ksl|p||2, + 2k1 (0| F|| + || L)
< —2(1—€e)p" RPBF*p — ka||p|I2. + p1(]lylo0)
< —2(1—€)p RPBF*p, |plloc > p2([lyllo0) (4.4)

Here, py is a suitable class x function as per [31, Lemma 4.3] and define py = %/%,
a class k function of ||y|lco. Since the last term in (4.4) is a continous negative definite
function of p in p; € [0,1], it follows from [31, Theorem 4.19] that dynamics (4.3a) is ISS
(Input to state stable) with respect to input y. Note that (4.3b) has globally asymptotically
stable equilibrium at origin. Further using |31, Lemma 4.7| over the cascaded system with
y as input to dynamics for p implies that the cascaded system has globally asymptotically
stable equilibrium at origin. Next, we modify this prove for the case of weakly connected
networks as shown below:

Stability of epidemic equilibria: Consider the Lyapunov function V(s) = s Rs. There-
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fore,

V =2s"Rs
— s (R(BFf —D —L})+ (BFf —D—L})"R)s
+2s' R(BFy — Ly)s — 28 RSB(F| + F})s
+2s' (I —8)Bey +2s ¢
— —s' Ks+2s' R(B(I—S)F| — Li)s —2s' RSBF}'s
+2s" (I —8)Bey +2s ¢
< —2s' RSBF{'s + 2k (b1 || F1|| + b2|| L1 || + b3ller || + [lezl)
, k1,b1,02,b3 >0
< —2(1—€)s' RSBF}'s —2es' RSBFjs
+ 2k (01| Pl + bl La || + baller]| + fle2])), YO < e <1
< —2(1—€)s' RSBF}s — kol|s||2,
+ 21 (01| Fy || + b2l L || + ballex || + llezll)
< —2(1—e)s ' RSBFfs — ka||s[I3 + p1([ylloc)

< —2(1—¢)s ' RSBFYs, |sloo = p2(llyllsc)

(4.5)

Here, pq is a suitable class x function as per [31, Lemma 4.3| and define py = ; /%, a

class r function of ||y|lcc. Note, that a vector y can still be constructed as in (4.3b) for

a weakly connected graph, where ¢;(y), e2(y), Fi(y) and Lq(y) are functions of y and y

asymptotically goes to zero. Since the last term in (4.5) is a continous negative definite

function of s in p; € [0,1], it follows from [31, Theorem 4.19| that dynamics (4.2) is ISS

(Input to state stable) with respect to input y. The rest of the argument follows same as

the ISS based epidemic equilibrium stability proof presented above.

Stability of endemic equilibria: The stability of endemic equilibrium can be shown by

doing Lyapunov analysis similar to the strongly connected case and the extra terms can be

incorporated into ISS terms similar to the previous proof.
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CHAPTER 5

RESOURCE ALLOCATION

In this chapter, we formulate a resource allocation problem for the SIS epidemic model under
mobility on single-layer and multi-layer network. We show that under certain assumptions
the problem can be formulated as a geometric program. We give numerical illustrations to

support our results.

5.1 Resource allocation

We formulate a resource allocation problem for the SIS model under markovian mobility
where we allocate resources so as to have the disease free equilibrium (DFE) as the stable

equilibrium. We consider two types of resources:

i. Preventive resource: This can be used to change the infection rate such that f3; €

[éi’ f3;]. This resource is applied to a node with cost function f;(3;).

ii. Corrective resource: This can be used to change the recovery rate such that §; € [, ;].

The corresponding cost function is g;(9;).

5.1.1 Single layer mobility

It is shown in Appendix A.3 that the matrix B — D — L* is similar to B — D + Q ", hence

the condition for stability of DFE is given by:
WB-D+Q")<0

Since B — D + QT is an irreducible Metzler matrix, p is a real and simple eigenvalue
referred to as A1 henceforth. We use the approach similar to the one in [32]. We use a lemma

resulting from Perron-Frobenius theorem for irreducible non-negative matrix:
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Lemma 3 If M is an irreducible non-negative matriz, with A\ = p(M) being its radial-

abscissa, then \y = inf{A € R: Mu < \u  for u > 0}.

By applying above lemma one can minimize A1 (M) by minimizing A such that:

MUZ'

<1 > 0. 5.1
)\UZ —_ I ul ( )

In order to maximize the decay rate of DFE, we minimize A\ (B — D+ QT) with a budget
constraint over total resource cost. It can be seen that A\j(B—D+Q ") =\ (B+D+Q ") —
A —1— 7, where D = diag(0;), &; = A+ 1 —6;, A = max{5;}7;, Qij = Qij for i3,
Qii = Gis =V —vj, U = max{v;};__1, where v; = 3 ;,; ¢;j. Note that minimising A;(B —
D+ QT) is same as minimising A\ (B + D+ QT), where latter corresponds to an irreducible
non-negative matrix. To pose the optimization problem as a Geometric Program, we restrict
ourselves to preventive and corrective resources only. Further, we assume the preventive cost
F(B;) a posynomial and corrective cost g(8;) = G(A +1—6;) = §(6;), with § a posynomial.
Consider a strongly connected digraph G = (V, ), where V = {1,...,n} is the node (patch)
set and £ C V x V is the edge set. The generator matrix for mobility is @), whose (i, j)-th
entry is g;j, where g;; > 0 for (4, j) € £ and 0 otherwise. Utilising lemma 3, (5.1) on matrix
(B +1A)+QT), the resource allocation problem [32] can be stated as a geometric programming

problem:

min A (5.2)
Aauivﬂiaéi
1 (B+D+Q")u;
ot i=inl Q ity <1, (5.3)
)\ui
> 1B + 6] < €, (5.4)
i
B, < Bi < Bi, (5.5)
A+1-0; <o <A+1-4; (5.6)

where i € [1,n].
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5.1.2 Multilayer mobility

The condition for stability of DFE is given by:

(W(BF* — D —L*) <0

Since BF* — D — L* is an irreducible Metzler matrix, u is a real and simple eigenvalue
referred to as A1 henceforth. We consider a variable transformation similar to the single
layer case: A\{(BF* — D — L*) = \{(BF* 4+ D+ A) — A — 1 — 1, where D = blkdiag(D®),
D* = diag(6;), 0; = A+1-0;, A = max{5;};, A = blkdiag(A®), A, = —L& for i # j,

_ o n,m

Ao o = _ a ™, a e
Af = = v — v, v = max{y }izl,oz:l’ where v = . qjj- Note that minimising

N

M(BF* — D — L*) is same as minimising \;(BF* + D + A), where latter corresponds to
an irreducible non-negative matrix. Similar to the single-layer case, restricting ourselves
to posynomial costs f(5;) and g(&-), the resource allocation problem can be stated as a

geometric problem:

min A (5.7)
Aaupﬁzaaz
1. (BF*+ D+ A);u;
ot i=toml )i <1, fori=1"tonm, (5.8)
/\ui
> 1fi(Bi) + 3i(0)] < €, fori=1ton, (5.9)
)
B; < Bi < 3;, fori=1ton, (5.10)
A+1-6; <6 <A+1-4; fori=1ton. (5.11)

5.2 Numerical Illustration

We give numerical illustration for the budget constrained resource allocation problem for
the case of multi-layer network. We take two layers: layer 1 as line graph and layer 2 as a
ring graph. We use mobility transition rates as those obtained with the condition of equal

outgoing rates to neighboring nodes with total outgoing transition rate fixed as 0.2. The
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total number of individuals on layer 1 is taken as 300 whereas those on layer 2 as 500. The

cost functions are taken as

11
fﬁ_ -
(Z> @z /Bz
1 1 . 1 1
5:) = — — —3(0) = — — — —
9(0%i) A+1-6 A+1-4; 9000) o A+1-4;

The bounds on the infection and curing rates are taken as

B.=01, B;=04, 6 =01, 6 =04

et}
We solve the resulting geometric programming for minimisation of A corresponding to decay
rate of desease-free equilibrium. Note that A = \{(BF* + D + A) —1 — A — i, where A
corresponds to the decay rate of disease-free equilibrium. Figure 5.1 shows the plot of
obtained minimum A against the maximum allowable cost (budget) C. As can be seen, A
is positive for very low values of budget implying unstable disease-free equilibrium. As the
budget C increases A saturates around a value of —0.3. Note that the actual cost used is

less than or equal to the budget and need not be equal to the budget C'
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Figure 5.1: Decay rate A against maximum allowable cost C'. Graphl: Line, Graph 2:
Ring, n = 10, v; = 0.2.
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CHAPTER 6

CONCLUSIONS

We derived a continuous-time model for epidemic propagation under Markovian mobility
across a network of sub-populations. The epidemic spread within each node has been modeled
as SIS and SIR population models. The derived models have been analysed to establish the
existence, uniqueness and stability of disease-free equilibrium and an endemic equilibrium
under different conditions. Some necessary and some sufficient conditions for stability of
disease-free equilibrium have been established. We also provided numerical studies to support
our results and elucidated the effect of mobility on epidemic propagation. We extended the
stability results for the SIS model to the case of non-strongly connected layers. Further, we
formulated a budget constrained resource allocation problem as a geometric program and

provided numerical illustrations.
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A.1 Proof of Theorem 1 (iii), Chapter 2: Existence of an endemic
equilibrium
We show below that in the case of u(B—D—L*) > 0, there exists an endemic equilibrium
p*, ie.,
Plp—px = (B—D—L*— P*B)p* = 0. (1)
We use Brouwer’s fixed point theorem, similar to the derivation in [9]. Rearranging the

terms and writing the above as an equation in p to be satisfied at non-trivial equilibrium p*

leads to:

(L* + D)((L*+ D)"'B — I'p = PBp. (2)
Define A := (L*+ D)~ !B. Since A~! = B~1(L*+ D) is a non-singular M-matrix, its inverse
A is non-negative [33|. Rearranging (2) leads to

p=H(p)=(I+AP) ' Ap. (3)

Now we show that H(p) as defined above is a monotonic function in the sense that

P2 > py implies H(py) > H(p;). Define p := py — py and P := diag(p). Then,
H(psy) — H(p1)
= (AT + Py Ipy— (AT + Py
= (AT 4+ P) M py — (AT ) (AT 4 P) ) (4)
=A '+ R p-PAT +P) py)
— (A~L 4 Py) LI — diag((A™L + P)) " 1py))p.

Since (A~ + Py) = B~1(L* + D) 4 P, is an M-matrix its inverse and hence the first term
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above is non-negative. The second term is shown to be non-negative as below:

(I — diag((A~" + P1)"'py))

= (I — diag((I + APy)"'AP11,))
= diag((I — (I + AP)"tAP)1,)
= diag((I + AP})"11,)

= diag((A~1 + P) 71471,

>0

Y

where we have used the identity:
IT+X)'=r—U+x)'X, (6)

in the second line. The last inequality in (5) holds as A~11,, = B~1(L*4+ D)1, = B~1D1,, >
0,, and (A_1 + Pl)_l > 0 the inverse of an M-matrix. The last term in the last line of (4)
is p > 0y,. This implies that H(p) is a monotonic function. Also, result in (5) implies that

H(p) <1, for all p € [0,1])". Therefore H(1,) < 1,.

Convergent splitting property of irreducible M-matrices [33] implies (B — D — L*) > 0
if and only if Ry = p(A) = p((L* + D)~'B) > 1. Here p(A) is spectral radius of A. Since
A is an irreducible non-negative matrix, Perron-Frobenius theorem implies p(A) is a simple
eigenvalue with right eigenvector w satisfying Au = p(A)u = Ryu , with w > 0,,. Define

U := diag(u) and v := ﬂ}% Now, we find a value of € > 0 such that H(eu) > eu as below:

H(ew) — eu = (I + eAU) ' Aeu — eu

= (I — (I + €AU) LeAU)eRyu — eu

Ry—1) (7)

— ERO(( u— (I +eAU) LeAUu)

Ry
= cRy(yu — (I 4+ eAU) " LeAUw).
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Now, the expression in the brackets in the last line is a continous function of ¢ and is
equal to yu > 0, at € = 0. Therefore, there exists an € > 0 such that H(eu) — eu > 0y,
or equivalently, H(eu) > eu. Taking the closed compact set K = [eu,1,], H : K — K is a
continuous function. Therefore, by Brouwer’s fixed point theorem, there exists a fixed point
in K. This proves the existence of a non-trivial equilibrium p* > 0, when u(B—D—L*) >0

or equivalently Ry > 1. The uniqueness is further shown in the following proposition.
Proposition 4 If the mapping H has a strictly positive fixed point, then it is unique.

Proof: The proof is similar to the proof of [10, Proposition A.3| and is given below:

Assume there are two strictly positive fixed points: p* and g*. Define
* *
7 := max p—f.k, k= argmax%
(3 (3

Therefore, p* < ng*. Lets assume n > 1. First we will show that H(ng*) < nH(q"*) as

follows:

H(nq") — nH(q")

= (T + AnQ") " Ang* —n(I + AQ") ' Aq"

= (I + AnQ*) 1A= (I + AQ") " A)ng*

= (A7 4+ = (AT + QY g’ (8)
= (AT 0TI — (AT QYA + Q) ng”

= (AT QY TN == )(AT + QY ng”

<0

where the last inequality uses result that inverse of a non-singular M-matrix is non-negative

and non-singular, that n > 1 and, that ¢* > 0 by assumption. Consequently

p. = Hi(p") < Hi(ng") < nHi(q") = nqz, (9)
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Since, nql"; = py. by definition, if > 1, we have from above p;: < p]’:, a contradiction. Hence,
n < 1 which implies p* < q*. By switching the roles of p* and g¢* and repeating the above
argument we can show g* < p*. Thus p* = ¢* and hence there is a unique strictly positive

fixed point. [l

A.2 Proof of Theorem 2 (iii), Chapter 3: Existence of an endemic
equilibrium: Multi-layer Case

Here we assume that there exists atleast one node with positive recovery rate, i.e., §; > 0
for atleast one i. The case with no recovery at all nodes is trivial and leads to p* = 1.

We first state some properties of M-matrices, which we will use in the proof.

Theorem 4 (Properties of M-matrixz, [33]) For a real Z-matriz (i.e., a matriz with all
off-diagonal terms non-positive) A € R"™ ™ the following statements are equivalent to A

being a non-singular M-matriz
i. Stability: real part of each eigenvalue of A is positive;
i. Inverse positivity: A~ >0 (for irreducible A, A=1 > 0);

iti. Regular splitting: A has a convergent regular splitting, i.e., A has a representation
A=M—N, where M1 >0, N >0 (called regular splitting), with M~IN convergent,

i.e., pf(M™IN) < 1;

iv. Convergent regular splitting: every regular splitting of A is convergent. Further, for
a singular M-matriz (i.e. singular Z-matriz with real part of eigenvalues non-negative)

reqular splitting of A gives p(M™IN) = 1;

v. Sema-positivity: there exists x > 0 such that Ax > 0;
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vi. Modified semi-positivity: there exists * > 0 such that y = Ax > 0 and matrix A
defined by
. L if Ajj #0 ory; #0,
1y —
0 otherwise

1s 1rreducible.

A consequence of Theorem 4 (vi) is that an irreducible Laplacian matrix perturbed with
a non-negative diagonal matrix with atleast one positive element is a non-singular M-matrix
(take & = 1 > 0). This implies that block diagonal submatrices of the matrix L* 4+ D are
all non-singular M-matrices (since §; > 0 with strict inequality for atleast one i) and hence
L* + D is a non-singular M-matrix. Similar arguments imply B~1(L* 4+ D) is a non-singular
M-matrix.

We show below that in the case of u(BF* — D — L*) > 0 there exists an endemic

equilibrium p* > 0, i.e.,

Plyps = (BF* =D — L* — P*BF*)p* = 0. (10)

We use Brouwer’s fixed point theorem, similar to the derivation in [9]. We split the
non-negative matrix F* as F’* = [ — M, where M is a Laplacian matrix. Rearranging the

terms and writing the above as an equation in p to be satisfied at p* leads to

(L*+ D)((L*+ D) 'B—1I)p= (PB+(I—P)BM)p "
— B(P + (I — P)M)p.

Define A := (L* + D)"!B. Since A~! = B=1(L* + D) is a non-singular M-matrix, its

inverse A is non-negative [33]. Rearranging (11) leads to

p=H(p)=(+ AP+ (I - P)M))~Ap. (12)
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Now we show that H(p) as defined above is a monotonic function in the sense that

py > py implies H(py) > H(py). Define p := py — p; and P := diag(p). Then,

H(psy) — H(p1)

- (A—l +P2+(I—P2)M>_1p2
_ (A*1+P1+(I—P1)M)_ P1

- (A—l + Py+ (I — PQ)M) (pQ—
(A7 4 P (1= P)M) (A1 P+ (I—Pl)M>_1p1> (13)
— (a4 p+ (- P)M) (B
~ P(I= M) (A7 + Pt (I = P)M)  py)
— (AT s+ Py (1= )M (1
— diag (I = M)A~ + P+ (1= P)M) "'y ) )
Since (A~ + Py + (I — Po)M) = B~ (L* + D) + P, + (I — P,)M is a non-singular

M-matrix (consider theorem 4 (vi) with & = 1 > 0), its inverse and hence the first term
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above is non-negative. The second term is shown to be non-negative as below

(1 — diag (1~ M)A+ Py + (1= P)M) 'y ) )
= (1 = diag (1= M)(A™! + P+ (1= P)M) ' P1L) )
= diag ( ([ — (I = M)(I+ AP, + A(I — PI)M)’lAP1> 1)
— diag ((I M — (I—M)(I+ AP, + A(I — P,)M)™!
(AP, + A(I — P)M) )1)
= diag (I = M)(I = (I + AP, + A(I - Py)M) !
(AP, + A(I — P))M) )1)
— diag ((1 — M)(I+ AP, + A(I - P)M)"! 1)
= diag (F*(A—1 + P4 (1 — Pl)M)_lA_11>

>0

Y

where we have used the identity
IT+X) ' =1—-T+X)"'X, (15)

and M1 = 0 , as M is a Laplacian matrix. The last inequality in (14) holds as A711 =
B YL*+ D)1 =B 'D1>0and (A~! + P, + (I — P))M)~! > 0, since it is the inverse
of an M-matrix. The last term in the last line of (13) is p > 0. This implies that H(p) is
a monotonic function. Also, argument similar to above can be used to show that H(p) < 1

for all 0 < p < 1. Therefore, H(1) < 1.

Applying the converse of Theorem 4 (iv), with Z-matrix as (L* + D) — BF™*, where
(L* + D)~ >0, BF* > 0 implies u (BF* — (D + L*)) > 0 if and only if Ry = p(AF*) =
p(A(I — M)) > 1. Now, A is a block-diagonal matrix with block-diagonal terms as A% =
(L** 4+ D*)~1B® which are inverse of irreducible non-singular M-matrices and hence are

positive. Using the expression for F gives AF* = [(ADTET(x*), ..., (A™TFT(x*)]".
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Since A% > 0 and F* > 0 with no zero column, AF* > 0 and hence irreducible. Since AF*
is an irreducible non-negative matrix, Perron-Frobenius theorem implies p(AF™) is a simple

eigenvalue satisfying AF*u = p(AF*)u = Rgu with w > 0. Using F* = I — M implies:

Au = Ryu + AMu
(16)
=(Ry—1Du+ (I +AM)u.

Define U := diag(u) and ~ := R]%—.—gl Putting p = eu , we show that 3 ¢y such that

e € (0,€eg) implies H(eu) > eu as below:

H(ew) — eu

— (I + €AU + A(I — eU)M) " Aeu — eu

- e((]+eAU+A(I—eU)M)_1(RO— 1u (17)
+ (I + €AU + A(I — eU)M) NI + AM)u — u)

= eK(e).

Now we evaluate K(¢) at e =0 :

K(0)

= (I +AM)"Y(Ry — V)u+ (I + AM)" NI + AM)u — u

= (I+AM)" YRy —1u

=(Ro-D)(A "+ M) 1Ay (18)
— %(A_l + M)t

= (A M) Pt

> 0.

The last inequality follows as v and w are both positive, and (A=l + M)~ F* = (B~} (L+

D)+ M)™'F* > 0 as B~Y(L 4+ D) + M is an irreducible M-matrix and hence its inverse
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is positive and F* > 0 with no zero column. Since K (¢) is a continuous function of € , 3
€g such that ¢y > e > 0 implies K(¢) > 0 and therefore, H(eu) > eu. Therefore there
exists an € > 0 such that H(eu) — eu > 0 or equivalently, H(eu) > eu. Taking the closed
compact set J = [eu, 1], H(p) : J — J is a continuous function of p. Brouwer’s fixed point
theorem implies there exists a fixed point of H in J. This proves the existence of an endemic
equilibrium p* > 0 when u(BF* — D — L*) > 0 or equivalently Ry > 1. The uniqueness is

further shown in the following proposition.
Proposition 5 If the mapping H has a strictly positive fixed point, then it is unique.

Proof: Assume there are two strictly positive fixed points: 0 < p* < 1 and 0 < ¢* <
1. Strict inequality compared to 1 is assumed which can be easily proved for any equilibrium

point using (2.4) under Assumptions 1 and 3. Define

Py p;
7 1= max —fk, = arg max —17 Zj = min(nqﬁ 1)
; .

1
Therefore, p* < z < nq*. Lets assume 1 > 1, which implies ¢* < z. First we will show

that H(z) < nH(q") as follows:

H(z) —nH(q")
—A Yy Z+ U -2)M) 2
AT+ Q" + (I - QM) g’
<A Y+ Z4+U-2)M)7!
(I— (A" + 2+ (I = 2)M)(A™ + Q" + (I - Q")M) " )ng* (19)
=W I —T1-((Z-Q") = (Z=Q)M)(A™ + Q"+ (I - Q")M) ')ng’
= W HZ - Q) - M)A + Q" + (I - Q")M)'ng*
=W N Z - QYF (AT + Q" + (I - Q" )M) 'ng’

<0
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where the last inequality uses result that, W~ and (A1 + Q* + (I — Q*)M)~! inverse of
non-singular M-matrices are non-negative and non-singular (hence with no zero rows), that
F* is non-negative with no zero rows, that Z — Q™ has all elements positive and, that g* > 0

by assumption. Consequently
P = Hi(p*) < Hy(2) < nHy(q") = nqy, (20)

Since, nq;. = p. by definition, if » > 1, we have from above p;. < py, a contradiction. Hence,
n < 1 which implies p* < q*. By switching the roles of p* and g¢* and repeating the above
argument we can show g* < p*. Thus p* = ¢* and hence there is a unique strictly positive

fixed point. 0

A.3 Similarity of B—D—L*and B—D + Q"

Using definition of L* it can be seen that:

T,

Also, L;j = _qjix_Z' This implies:

B-D-L*=(X""YB-D+Q")Xx*

Here we have used the fact that B and D are diagonal matrices.
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