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ABSTRACT

ON A FAMILY OF INTEGRAL OPERATORS ON THE BALL
By
Wenchuan Tian

In this dissertation, we transform the equation in the upper half space first studied by
Caffarelli and Silvestre to an equation in the Euclidean unit ball B". We identify the Poisson
kernel for the equation in the unit ball. Using the Poisson kernel, we define the extension
operator. We prove an extension inequality in the limit case and identify the extremal
functions using the method of moving spheres. In addition we offer an interpretation of the

limit case inequality as a conformally invariant generalization of Carleman’s inequality.
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CHAPTER 1

INTRODUCTION

1.1 Sharp Integral Inequalities for Harmonic Functions

The Laplace equation with Dirichlet boundary in the unit ball is a well known equation.
We can solve it with the help of the Poisson kernel. We use B" to denote the unit ball in R"

and S”1 to denote the unit sphere in R". For f: S"~1 5 R regular enough, the equation
Au =0, in B"
u= f, on "1

has the unique solution

1 1— |z~
" ot g O

u(z)
We can consider the extension operation as an operator that maps functions on the unit

sphere to functions in the unit ball. For any fdeﬁne

1 1— |z ~

Pf(x) = ’Sn_1| S?’L—l |l’ o 5’”f<£)d£’

then it is easy to see that
Hpﬂ‘m@(m) = Hﬂ‘LOO(Sn—l)'
This is the well known maximum principle.

In general we want to ask whether we can prove that the extension operator Pis a
bounded operator from LP(S™~1) to L4(B") for some p and ¢q. Hang, Wang and Yan con-
sidered this problem in both the upper half space and the unit ball.

In the upper half space, Hang, Wang and Yan [17] prove that the extension operator
P:LP (R”_l) — L% (R:‘L) is bounded for 1 < p < co. Here the operator P is defined as

follows, for any f: R 1 5 R




Here y = (3/,y5n) denote points in the upper half space such that 3’ € R*™ 1 and y, > 0,

w € R" 1 dw denotes the volume form on R”~! with the Euclidean metric. When p =

2(n—1)
n—2 7

there is conformal symmetry in the system, they even identify the sharp constant

and classify all the extremal functions. In particular they proved the following

Theorem 1.1. [17, Theorem 1.1] Assume n > 3; then for any f € L%(R"_l)
n—2 _—_n=2_
IPAl on < 20 0w, 207 gy (1.1.1)
Ln—Q(R’}r) L n=2 (Rl
Moreover, equality holds if and only if
c

0= e e

for some constant ¢, positive constant \, and & € R" 1. Here wy, is the Euclidean volume

of the unit ball in R™.

Hang, Wang and Yan [17] proved the existence of the maximizer using two different
approaches. In the first approach, they proved it with the concentration compactness prin-
ciple. In the second approach they proved the existence of the maximizer with the method
of symmetrization as in [21].

Hang, Wang and Yan [17] also considered the variational problem

2(n—2)
n = sup{IPS | 20 g £ € L7F (RIS yg0m — 1},
n—2\v -+ LTQ_(Rnfl)

derived the Euler-Lagrange equation for nonnegative critical function f

n n+2
fn=2 = o Pz, §)(Pf)(z)n—2du, (1.1.2)
_l’_
and proved the classification result for positive critical functions as follows
2(n—1)
Theorem 1.2. [17, Theorem 1.2] Assume n >3, f € L' =2 (R™1) is nonnegative, not
identically zero and satisfies (1.1.2), then for some X\ > 0 and & € R"~1,

n—2

1O = (re—ep)

where c(n) is determined by the scaling.



In the unit ball, Hang, Wang and Yan also considered the same extension problem. In

[18] they proved the following:

- 2(n-1)
Theorem 1.3. [18, Theorem 3.1] Assume n > 3, then for every f € L n—2 (S*1),

n—2

1PFl on  <m 20D, 207Dy F . (1.1.3)

Ln—2(B") L =2 (sn—1y
Here for any x € B"

Py = [ Ll e (1.14)
Sl Jen—1 jz — ¢ o

s the harmonic extension of f, wy, 18 the volume of the unit ball in R"™ with the FEuclidean
metric and |S" 1| is the volume of the unit sphere in R™ with the standard metric. Equality

holds if and only if
~ _n—=2
for some ¢ € R and ¢ € B"™. Note that here £ - { denotes the inner product between & and C

with respect to the Euclidean metric.

Inequality (1.1.3) can be considered as a direct consequence of inequality (1.1.1), but in

[18] Hang, Wang and Yan proved inequality using the Kazdan-Warner type argument.

1.2 An Extension Problem Related to the Fractional Laplacian

In [3] Caffarelli and Silvestre considered an interesting generalization of Laplace equation
in the upper half space.

For a given parameter a such that 2—n < a < 1,in R"” = {y = (y',yn) eR"IxR:y, > 0},
consider the following equation

div (y5Vu) =0, for y € R},
(1.2.1)

u(y',0) = f(/), for y € R"1



For the case —1 < o < 1, Caffarelli and Silvestre [3] developed the Poisson formula for this

equation
, yl—a
(Paf) (y >yn) = Cn,a /n— L T f (w) dw, (1.2.2)
(I - wlP+43) =
where

00 n—2 l—a\prn-1
. - ‘S”_Ql/ dr T TGy S’H‘. (1.2.3)
"

e L42) 2000

Caffarelli and Silvestre [3] also found an interesting relation between the Poisson formula
(1.2.2) and the fractional Laplacian (—A)1=)/2 oy g1

For a function f : R"~1 — R regular enoght, the fractional Laplacian of f can be defined
using the formula

_ w) — f(v
)12 w) = Cna) [ 1T,

where —1 < o < 1, and C(n,a) is some normalization constant. Note that in this article
we used the notation C'(n, a) to denote any constant that only depends on n and «, and the
constant changes through out the article.

In [3], Caffarelli and Silvestre proved that for the extension u = P, f given in (1.2.2) we

have

Cln,a)(~A) 1 2f/y = lim —ySuyn(y, yn)
_ 1 hm u(yla yn) - u(yla 0)
l -« yn—0Tt yrlL_a

In Proposition B.4 and Remark 13 in the appendix, we offer an alternative explanation

of why the function

1

['(y) = C(”,@)W

is a fundamental solution to the equation

div(yp Vu) =0



as observed by Caffarelli and Silvestre in [3]. Our explanation does not involve fractional di-

mension and suggests that the hyperbolic space plays a special role in the family of equations

(1.2.1).

1.3 Sharp Integral Inequalities with «

Chen [8] considered the extension problem related to the equation (1.2.1). He defined the
~ ~ 2=l
extension operator Py, in the unit ball. For any f € Ln—2Fa (S?~1) he defined the extension

in the unit ball to be Igaf such that

(]Bod?) o d(y ,yn) = ‘ (y’, Yn + %)

n—i—a—?Pa (WM), (1~3'1)

w, %)‘n—l—a—2

where (y/,yn) € R and w € R™ 1. Here ¢ : R" — B" is the projection map

/ 1
o' yn) = (y o 2> 5 — (0,1), (1.3.2)
(vn )

f 1
where 0 is assumed to be the origin in R” 1. The extension P, M is as in
|(w,5)| a2

(1.2.2).
Note that Chen [8] did not give an explicit formula for the operator P,. We will use
a slightly different projection map to define a similar extension operator ]Sa and give the

explicit formula in (2.3.1). Chen [8] used the definition (1.3.1) to prove the following:

L 2(n=1)
Theorem 1.4. [8, Theorem 1] For any f € Ln—2+a(S" 1) n > 2, 2—n < a < 1, we have

the sharp inequality
[Pafll_2n < Snallfll 2(-1) )
Ln—2+o (Bn) Ln—2+a (sn—1)
where the sharp constant Sy o depends only on n and o. The optimizers are unique up to a

conformal transform and include the constant function f = 1.

The proof of this theorem uses similar ideas as in [17].

Chen [8] also considered the limit case « — 2 — n, and proved the following.



Theorem 1.5. [8, Theorem 2] For any F such that ¥’ € L 1(S"1), n > 2, we have

In+PoF F
He ntta HL”(IBSn) < STLHG HLnfl(Snfl)-

where Sy, is a sharp constant that only depends on n, and INn 15 a radial function. Up to a

conformal transform any constant is an optimizer.

In [8] Chen gave a way to calculate I, but did not give the general formula for it. He
also did not prove the uniqueness of optimizers in the limit case.
General formula for I, in the even dimension can be found in [25, formula (3.35)]. We

will also prove an induction relation for fn in all dimensions in Lemma 3.2.

1.4 Fractional Laplacian

In this section I will introduce the fractional Laplacian in conformally compact manifolds
following [7] and define the adapted metic following [1] and [5]. The adapted metric in
the limit case is as in the work of Fefferman and Graham [11]. I will follow [1] and refer
to it as the Fefferman-Graham metric. I will also introduce the Sobolev trace inequality
of higher orders proved by Ache and Chang [1] and Yang [25]. The higher order Sobolev
trace inequality suggests that there is a natural relation between the hyperbolic harmonic
extension of functions and the Fefferman-Graham metric in the unit ball.

The fractional Laplacian in conformally compact manifolds is closely related to the work
of Caffarelli and Silvestre as we will see in Lemma 1.6. The Fefferman-Graham metric in the
unit ball shows up naturally in the proof of Theorem 1.13 which is one of the main theorem

of this dissertation.

1.4.1 Conformally Compact Manifold

The notion of conformally compact manifold generalizes the relation between the Euclidean
unit ball and the ball model of hyperbolic space. Given any compact n—dimensional manifold

M" with interior M and boundary OM = Y"1 A function p : M — R is called a defining



function of ¥ in M if

p>0in M, p=0on 3, dp#0on X.

Suppose ¢ is a metric on M, we say that g7 is a conformally compact metric on M with
conformal infinity (3, [h]) if there exists a defining function p such that the manifold (M, g)
is compact with § = p?gt, and G|y, € [h]. Here G|y denotes the restriction of g to the
submanifold ¥, and [h] denotes the conformal class containing the metric h.

As an example we can look at the hyperbolic space. Take M = B"™ with boundary

Y = S" 1. We can take gt = ﬁdaﬁ, where dz? is the standard metric in the Euclidean
—|T
2
space and |z| denotes the standard Euclidean norm. We can choose the p = L |2x| as the

defining function, then we have § = dz? and h is the standard metric on the unit sphere

sn1,

1.4.2 Connection with Scattering Theory

In a given conformally compact manifold, Case and Chang [5] defined the adapted metric
using scattering theory.

It is well know that (Mazzeo and Melrose [22|, Graham and Zworski [15]) given f €
C°(X) and s € C such that Re(s) > ”Tfl, s — "Tfl ¢ NU{0}, and s(n — 1 —s) is not in the

pure point spectrum of Ag+, the eigenvalue problem
—Ag+u—3(n— l1-—s)u=0in M (1.4.1)
has a unique solution of the form
w=Fp" 175 4+ Hp for F, H e C®°(M) and Fly, = f.

Consider the case f = 1, and denote the corresponding solution to (1.4.1) as vs. When

vs > 0 in M (this is the case when M is the unit ball and ¢g© is the hyperbolic metric),

1
we can use ys = (vs)"—1-5 as a defining function, and the metric g5 = ygg+ is called the



adapted metric. In the limiting case when n is even and s — n — 1 we can define

d

T =——
ds s=n—1

Vs

then the metric g* = ¢*"¢% is as in the work of Fefferman and Graham [11], we will refer to
it as the Fefferman-Graham metric.
In [7] Chang and Gonzélez found a relation between the scattering theory and the ex-

tension problem related to the fractional Laplacian. They proved the following

Lemma 1.6. [7, Lemma 4.1] Let (M™, g%) be any conformally compact Einstein manifold
with boundary "1, For any ~ € (0, ”T_l) such that 7y is not an integer, denote s = ”?_1 +7,

a =1—2v. For any defining function p of ¥, the equation
—Ag+u —s(n—1—=s)u=01in (M, g") (1.4.2)

18 equivalent to

—div(p*VU) + E(p)U = 0 in (M,7), (1.4.3)

where

g=p'g", U=p"""u

and the derivatives in (1.4.3) are taken with respect to the metric g. The lower order term

15 given by
n—2

. a
in— 1)

a «a 1\ _
E(p) = —Ag(p2)p? + <72 - Z) pAte 4

here Ry is the scalar curvature of g. Or equivalently writing everything in gT, we have

n—2+a —n—2+q n—1)>2 _
E(p)=-Dy(p 2 )p 2 - (%—72),0 ot

Chang and Gonzalez also proved a similar results for hyperbolic upper half space in
theorem 3.1 of their paper [7].
As we will see in Remark 2, equation (2.2.1) obtained by me is a special case of equation

(1.4.3).



1.4.3 Sobolev Trace Inequality in 4-dimensional Unit Ball

Ache and Chang found an explicit formula for the Fefferman-Graham metric in 4-dimensional
hyperbolic unit ball (proposition 2.2 in [1]). Their calculation make use of the connection
(Lemma 1.6) discovered by Chang and Gonzélez [7]. Ache and Chang also proved a very

interesting Sobolev trace inequality of order 4:

Theorem 1.7. [1, Theorem B ] Given f € C(S3), suppose u is a smooth extension of f
to the Euclidean unit ball (IB%4, dxz). If u satisfies the Neumann boundary condition

0

s3
here v 1s the outer unit normal vector with respect to the Euclidean metric, then we have the

inequality

1 _7F 3 3 ~
log <ﬁ /3 63(f f)d€> < 1672 [B4<Au)2d$ + 3.2 /S3 ‘Vf|2d€~ (1.4.5)
S

Here, d¢ is the volume form on the standard sphere, f = fS3 fd¢ is the average of f, A
1s the Laplacian in the Fuclidean unit ball and V is the gradient on the standard sphere.
Moreover, equality holds if and only if u is a biharmonic extension of a function of the form
fe(€§) = —log |1 — (¢, §)| + ¢, where c € R is a constant, ¢ € B* is a fized point, £ € S3, and

u satisfies the Neumann boundary condition (1.4.4).

Their proof suggests that there is a natural relation between the hyperbolic harmonic
extension of functions and the Fefferman-Graham metric in the unit ball. They start with
a smooth function f € C°°(S3) and consider the biharmonic extension to the unit ball
satisfying the boundary condition (1.4.4). Then they do integration by part using the bihar-
monic extension functions and the Fefferman-Graham metric. Eventually they establish the
inequality (1.4.5) using Beckner’s generalization of Moser-Trudinger inequality [2].

Based on the calculation in the appendix B, we know that: in B* biharmonic extension
of a given function satisfying Neumann boundary condition (1.4.4) is exactly the hyperbolic

harmonic extension of the same function.



1.4.4 Sobolev Trace Inequality in Even-dimensional Unit Ball

Yang [25] generalized Ache and Chang’s result. He found an explicit formula for the
Fefferman-Graham metric in all even-dimensional unit ball and used the integration by parts

argument in even-dimensional unit ball to prove the following:

Theorem 1.8. [25, Theorem 1.7] Let n > 4 be an even integer. Given f € C®°(SP1),
suppose u is a smooth extension of f to the unit ball B" which also satisfies the Neumann

boundary condition

r(2\r (=l — &
Arulgy g = (—1)F O ("7 k) o, £ for0<k<["=2. (1.4.6)
(%) (3 — 8 P12t
and
DL -k _
LN PR ) (7 ) 20 £ofor0<k< P24 (a4
o lgn-1 r <nT—1> T (2 — k) Pn-1-2k

Here A denotes the Laplacian in the Euclidean unit ball, v is the outer unit normal vector on
the boundary S*~1 with respect to the Buclidean metric in B™. For any a € R, [a] denotes
the largest integer that is less than or equal to a. Pon are operators on S"L defined by

Beckner [2], such that for any 0 < v < nT_l we have

I'(B+1/2 ~ —92\?2
gy B L5 (222)]

L(B+1/2—7) 2
here A is the Laplace-Beltrami operator on the standard sphere S~ 1.

Then we have the inequality

1 —
- (n=1)(f—1)
tog <|Sn—1| sn-1° d":)

(1.4.8)
n—1

n/2, 2
< TS (/an Ul d:v+/Sn_1f7n_2fd§).

Here

m .
A2, when m is even,

AVALES
—1
VAm? , when m is odd.

10



T is an operator of order 2m on S~ Y defined as follows: when m is an odd integer

n—2T(m+ 1)I(1/2) Popt1
2 I'(m+1/2) P

(mi)/z(m _gpy Rm + PTG+ 1/2)Tm — k4 1/2) Pt

D(m+1/2)2C(k +1)0(m — k +1) Popny1-okPoks1’

TIm

k=1
and when m s an even integer
n—2T(m+ 1)I(1/2) Popt1

I,
" 2 I'(m+1/2) P

T T m+1 2 2
n—2-—m (m+1) <T> Pyt

2 L(m+1/2)0(m/2+1) | #2_,
m/2—1

2 _ (@2
. gp T+ 1) F(§ F1/2)T(m -k +1/2) Bt
P L(m+1/2)T(k+1)0(m —k+1) Popr1—2kPok41

Moreover, equality holds if and only if

n— n — — 2\n—1
u(z) = wf%(nl__)l) /Sn_l %(—m - (20,6)] +c)de,  (1.4.9)
2

where ¢ € R and xg € B".

Note that if we use }S"*1| to denote the volume of the unit sphere with the standard

metric, then we have

n=1 T(n—1)
5\ )
2n—1F(n51)

We obtain the same explicit formula for Fefferman-Graham metric in all even dimensional

Sn—l

‘1

unit ball using a different method in Theorem 3.1. Moreover, we obtain the same boundary

conditions (1.4.6) and (1.4.7) using a different method in Proposition B.2 in the appendix
Yang’s proof further suggests that there is a natural relation between the hyperbolic

harmonic extension of functions and the Fefferman-Graham metric in the unit ball. In

particular, (1.4.9) is the hyperbolic harmonic extension of the function —In |1 — (zq, &)| + c.

1.5 Introduction to the Method of Moving Spheres

The method of moving spheres is a powerful tool to prove uniqueness of solutions to

equations that have conformal symmetry. The method relies on maximum principle and

11



the conformal symmetry of the equation. The method of moving spheres can be considered
as a powerful generalization of the method of moving planes, but this dissertation will not
talk more about the method of moving planes. For more information about the method of
moving planes we refer the readers to the articles [13] [9] [16].

The method of moving spheres is closely related to conformal geometry. In [10] Escobar

proved an important result in conformal geometry:

Theorem 1.9. [10, Theorem 3.1] In @1 = {(«/,xp) : 2/ € R"L 2, > 0} with the Euclidean

metric. Let u be a positive solution to the problem

(

Au=0 on R",
6(1_1:1 +(n— Q)Un/(n—Q) -0 on Rn—17 (1.5.1)

u(x) = O(|z|>~") near co.

\

| i . (n—2)/2
w(@', xp) = (|x/_x0|2—i—(6+fn)2) ’

where € > 0 and zg € R 1.

Then

This uniqueness result is very important in conformal geometry, because it entails the
fact that the only metric in Rﬁ_ that is conformal to the Euclidean metric and has zero scalar

curvature and constant mean curvature is

2

€ 2

= dx”,
ge (\x'—x012+<e+xn>2>

where dz? denotes the Euclidean metric.

In [20] Li and Zhu used the method of moving spheres to prove the uniqueness of solutions

to the equation (1.5.1). They proved the following:

Theorem 1.10. [20] For any integer n > 3, let u € C?(R'L) N CY(RY) be any nonnegative
solution of
—Au =0 in R,

aax—l; = cu™ (n=2) op R?~L

12



where ¢ < 0. Then either u =0 or

—(n — 2)t00_1 )(”—2)/2
|2 — 20| + (zn + t)?

u(x', xy) = (
for some tg >0 and xy € R

Note that in Theorem 1.10 Li and Zhu dropped the asymptotic assumption u(z) =
O(Jz|>~™). But more importantly, the method of moving sphere is very general; it can be
applied to a wide range of equations with conformal symmetry. It can be applied to differ-

ential equations as well as integral equations. For example in [19] Li proved the following:

Theorem 1.11. [19, Theorem 1.1] For any integer n > 3, 0 < a < n let u € L7° (R") be a

positive solution to the equation

n+oa

u(z) = / Mdy, for all x € R",
R

n |z —y[h—o

. (n-a)/2
ule) = <d+ |x—:co|2) ’

for some a,d > 0 and some xg € R".

then

In this dissertation I will also use the method of moving spheres to prove Theorem 1.14.
My proof combines both approaches for differential equations as in [20] and approaches for

integral equations as in [19].

1.6 Main Result

In this article, we revisit the extension problem studied in [8] by a different approach.
We firstly derive an explicit formula for P, in (2.3.1) and then carry out the analysis on B".
In Theorem 2.12, we prove that the following inequality has constant function as opti-

mizers.

2(n—1)
Theorem 1.12. Assume n >3 and o € (2—n,1). For every f € Ln—2%a(S"~1) we have

H]SafH m < Sn,a £l 2(n—1)
Ln—24a (BN) Ln—2+a (sn—1)

13



Where Sp o is a constant that only depends on n and o. Up to conformal transformation

any constant is an optimizer..

Our proof of the existence of optimizer relies on subcritical analysis as in [18], while our
proof of uniqueness is the same as [§].

In the limit case @« — 2 —n. We prove

Theorem 1.13. For dimension n > 2, and any function FeL® (S”’l) we have

|efnPon| < Sn|ef (1.6.1)

LN(B") — Ln— ISn 1)

Where INn( )= dea When n is even we have

‘a 2—n-

n/2-1 r(”T—?)F(n—k—l)

o 2k T2 (5-k)
efn
The sharp constant Sy, = L (B")
‘Sn—l‘m

Our proof of the limit case inequality is very similar to [8]. When n is even, in addition
to proving the inequality, we also found an explicit formula for the function I, through
induction. The induction formula is in proved in Lemma 3.2. When n is odd, we can
calculate Iy, by change of variable. We don’t have an explicit formula for I, when n is odd,
but the induction relation in Lemma 3.2 is true for both when n is even and when n is odd.
In particular, we used the induction relation to prove that the function fn +In %

is hyperbolic harmonic in Lemma 3.6.

We also considered the variational problem

n = sup {HGT”HS?—W?H fe LS, ‘ of

Lnfl(gnfl) - 1} ’

and derived the Euler Lagrange equation
(= DFE) /B et P nfy L (r, €)ds

We prove the following uniqueness result

14



Theorem 1.14. For any integer n > 2, iffG LX(S"1Y satisfies the equation
I — [ entnPenT gy (0, €)do
BTL

then for all & € SP—1

fiey -l e
(3]
€ — (|2
where ¢ € B" and Cy, = —ﬁ In }S”*H is a constant. Here {S”fl‘ denotes the volume of

the standard sphere.

Note that the choice of (), is to make sure that ef = 1. We prove this

Ln—l(gn—l)
theorem using the moving sphere method in Section 3.5.

1.7 Conformally Invariant Generalization of Carleman’s Inequal-
ity
In this section we offer an interpretation of the limit case inequality as a conformally

invariant generalization of Carleman’s inequality.

In [4] Carleman proved the following:

Theorem 1.15. ([4]) For any u € COO(E2) such that w is harmonic in B> with respec to

the Fuclidean metric then we have

1
2ug.. < U
/18%26 dx_47T (/Sle d9>. (1.7.1)

Where equality holds u(x) = ¢ or u(x) = —2In |x — xg| + ¢ where ¢ € R is any constant and
xo € R2\E2.

Note that the inequality (1.7.1) is conformally invariant and that it also holds for sub-
harmonic functions. We will refer to (1.7.1) as Carleman’s inequality through out the dis-
sertation.

Hang, Wang and Yan [18] proved a higher dimensional generalization of Carleman’s
inequality for harmonic functions. As an application of inequality (1.1.3), they proved the

following result:

15



Corollary 1.16. [18, Corollary 3.1] Assume n > 3, then for f € L°(S"1),

Here }Njf 15 the harmonic extension off as defined in (1.1.4), wy, is the volume of the unit

<ot ||
Ln— 1 (B") " Lisn—1y"

ball in R™ with the Euclidean metric. Moreover, equality holds if and only z'ff 1 constant.

Note that the inequality in the corollary also works for subharmonic functions but it is
not invariant under conformal transformation.
In [8] Chen proposed another way to generalize the Carleman’s inequality in dimension

4, he proved the following;:

Corollary 1.17. /8, Corollary 1] For any u : B* — R satisfying A%u < 0 and —2% < 1,

1 1
4u 1 3u 3
(/18346 dx) §S(/Sge df)

Note that here A is the Laplacian in B* with the Fuclidean metric, v 1s the outer unit normal
vector with respect to the Fuclidean metric. Here S is the sharp constant, and is assumed by

the solution to the equation
(

A2y =0, in B?
u=0, onS? (1.7.2)
—% =1, onS3.

\

Note that Chen did not prove uniqueness of extremal function for this generalization, and
as he pointed out at the end of [8] that this generalization works well because the Green’s
function of equation (1.7.2) is positive. As a result will be difficult for us to find similar
generalizations in higher dimensions.

As an application of inequality (1.6.1), we propose another way to generalize the Carle-

man’s inequality:
Corollary 1.18. Assume n > 3, then for any fe Lo(sn—h

Hefn+ﬁ2_nf o < 50 H(j

Ln—l(gn—l) ’

16



ef”
w, Moreover, equality holds if and only if f(é*) =
‘Sn—l‘n——f

—In|l1 —=¢-¢&+C. Where C € R is a constant and ¢ € B".

The sharp constant S, =

Note that this inequality is invariant under conformal transformation and that it also
holds for hyperbolic subharmonic functions.

The proof of this corollary is simply a combination of Theorem 1.13, Theorem 1.14
and regularity results Proposition C.6 from the appendix. When n is even, we can think
of ||efn+ﬁ2—nf||Ln(Bn) as the L norm of e/2-n/ measured using the Fefferman-Graham
metric [1][11]

g = e2Ingy?

where dz? is the standard Euclidean metric on the unit ball.

17



CHAPTER 2

FROM THE UPPER HALF SPACE TO THE UNIT BALL

2.1 Chapter Outline and Notation

In this chapter we transform the equation (1.2.1) from the upper half space to the unit
ball. We also identify the Poisson kernel of the corresponding equation in the unit ball and
study how the Poisson kernel transforms under conformal changes. At the end of this chapter
we formulate a conjecture inspired by the Martin boundary theory.

Through out this dissertation, we let
R’ = {(y,yn) € R" such that y/ € R 4, > 0},

and

B" = {x € R" such that |z| < 1},

here |z| denotes the norm of = with respect to the Euclidean metric. We also use the notation
s"~! = {z € R” such that |z]| = 1}

to denote the unit sphere in S*~1.

Through out this dissertation we use notations like (3, y,) and (z’, 2,) to denote points
in R" where ¢/, 2/ € R""! and y,,, 2, € R.
Definition 2.1. Forr € (0,1], define SP~! = {z € B" : |z| = r} and B? = {z € B" : |z| <

r}.

Let U : R"Y — B" be the projection map defined by

! _ 2
(2/ ) =V (y,yn) = ( 2y L+ 1yl >

1+ 2y + y2 1+ 2yn + Jy)?

2.1.1
_ 2y' 2(1+yn) &

<<1 ry) 2P () |y'|2>

18



with the inverse ¢! : B — Ri

2! 1— |z
() = ! <x',xn>=< ! 12 )

(1—z2)?+ 22 (1= 2n)? + |2/

It is useful to record

1— 2z + 2> 2
2 L+ 2y + |yl
Which means that if we define [¥(y)], to be the n—th component of ¥(y) (note that by
_ 2
definition [V (y)], = %), then we have
120 U(y)|? 2
2 L+ 2yn + [y

The restriction of U on y, = 0 is the stereographic projection R” ™1 — S"~!. From the
calculation in proposition 2.2, in particular (2.2.2), we see that
Ady?

U*dr? = 5
2
(1 + 2yn + ’y| )

It means that ¥ : R:LL — B" is a conformal transformation. Here the conformal factor is
very important for our calculation, through out this article we will use |¥/(y)| to denote the

conformal factor, in particular for any y € R} we have

2

o’ = 2.1.3
V) = g (213
and for any w e R"~1 = OR'! we have
l 2
W (w)] = —- (2.1.4)
1+ |w|

We will discuss more about ¥ and other conformal transformation in the appendix.

For a function Nf on B" or Sn 1 we deﬁne
n—24+a«
—5

F O un) =Fov (v, un) <#> . (2.1.5)

1+ 2y + |y
2(n—1) 2(n—1)
It is easy to check that this map is an isometry from Ln—2+a (S”_l) to Ln—2+a (]R”_l)
2n 2n
and from Ln=2+a (B") to Ln—2+a (R"). The inverse map is
n—24+«

/ -1 /.7 2 2
fa an) =fo0™ (2!, 2n) . (2.1.6)

1 — 2z + |z|?
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2.2 The Equation in the Unit Ball

Now we are ready to transform the equation (1.2.1) from the upper half space to the unit
ball. For any 2 —n < a < 1 define the operator £ in B" such that for any = = (2/, z;,) € B"

and for any u € C2(B")

2—a)/2
N (1 et mg) (n+2—a)/
Lu = 5

« a—1
, 1— |z | a@-n-a)(1-|zf ~
div [(T) Vu| + 5 5 U

Note that in B" we have Lu = 0 if and only if

« a—1
diq)[(l_z"”'z) vir| 4 42=n=a) (1_|$|2> T =0. (2.2.1)

2 2
Proposition 2.2. (How the operator tranforms) For any2—n < a < 1 and any u € CQ(R’}F)

define u using (2.1.6) then we have
div(yp, Vu) =0, in R’
if and only
Lu=0, inB"

Proof. In the following, for any y = (¢, yn) € R", let p = (1 + 2uyn + |y|2> /2. Then we
have Vp = (y’, 1+ yn). Let a, b, ¢, d=1, 2, ..., n be indices. Suppose z = ¥(y), then by

direct calculation we have, when ¢ # n,
(

dyayc
—— L a#cand a#n
T 2 +22 7 7
duc 2 4y2
= ) — AVE cC=a % n,
0Ya 14+2yn+y| (1+2yn+y|?)
J—— 4yc(yn+1% 2’ a = ’n,7
L (1+2yn+ly[#)
and when ¢ =n
2
2ya 2ya(1—|yl*)
a#n
Orn 142y +y[2 (1+2yré+|y|2)2’ 7,
Ya 2yn 2(1-[y[*)(14yn) a = n.

I 2yn+yl2  (1+2yn+ly[2)2

20



From it we have

_27 C = d7
Z O0xe Oy _ p (2.2.2)
aya Y 0, c#d.
Z 8xc ap . _Pilya C # n,
8ya ya p L (14y,) c=n. ’
i 8.’L’C . - (n - 2) p_2yCa c 7é n,
— =
a1 Ya n—2)p2(14+yn) c=n.
We calculate
ou —(n+a)/2 [ ou Oz, ( n—i—oz) 8p]
- — — 1 —
0Yq P paxc 0Yq 2 (9ya

21



‘ 0 Ju
div(yaVu) = B0 (yg‘a—%>
()2 0% OxcOxy +p o 02w
" 0xc0xq OYa OYa Oz 8y§
n+a\ 0p O0u Ox, n+a\ -
J— 1 _
+(2 2 >ayaaxcaya+n< 2 )u]

n+a g —(n+a)/2—1 dp {paa 85Ec+(1_n+a>~@}

— =y Unp S |7 )i
tayd1p—(nta)/2 {pg_ig_;j N (1 B n;ra) a;_y,ﬂ
— y%p—(n—ka)/Q p—lAa+p§’i 8;;36
—(n+a) <1 _n JZF O‘) g0 (o) /25
gy pm ()2 {pg—ig—z + (1 . JQF O‘) ag_y’;}
= 32 p—(n—|—a)/2
. [p—lAﬂ_ap—l <% (1+ yn) — aé%yj) L (1_ n+a> ﬁ}

2
1 — _ Ju ou
+ays 1p (n+a)/2 {,0 1 (1+yn) (% (1+yn) — %?/])
J

Ju n+a\ .
_EJr(l— . )u(1+yn)1

_ y%p_(n+a)/2p_1Aﬁ + ayg—lp—(n—i—a)ﬂ

A1 @(1_’_ )_% _@_‘_ 1_n+a U
P Oxp Yn axjyj Oxn 2

1—|z* - ot 2 —n—a)_
~ gtz | L2l Au_m%i+a< » %]
-1 2— 2
B 1—|a:|2 “ 1—2xn+|a:]2 (n+2=a)/

B 2 2
1—|z|> ot a2—n—a)_
[ Q"A“—%axﬁ 2 >u]

O

Remark 1. For any integer n > 2 and any a € (2 —n,0), we can apply theorem 1.1 in [24]
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to show that solution to the equation

Lu =0, in B"
w=f, in S"!
is unique in C2(B™) N COBM).

Remark 2. Note that the equation (2.2.1) is a special case of equation (4.2) in [7] if we
take G as the Euclidean metric in the unit ball, g* as the hyperbolic metric in the unit ball,

2
and p = % as the defining function.

2.3 Poisson Kernel in the Unit Ball

Caffarelli and Silvestre [3] found a Poisson kernel that solves the Dirichlet problem (1.2.1).
For any -1 <a <1,y € R’} and any £ € R7—1

yl—a
pa(y,w) = Cn,anin_a-

ly —wl| 2

For any f: R" 1 — R regular enough, we can define

Paf= [ poly©)f(w)du,

such that P, f solves the Dirichlet problem (1.2.1).

We want to find the corresponding Poisson kernel in the unit ball. Define

~ a1, (L—z)te
pa(z,§) =2 "cpa z — gna
and for any function d; .S~ 5 R, define
Padle) = [ Fale.)3(6)de (2.3.1)
STL

then we have the following proposition:
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2(n—1)
Proposition 2.3. For any integer n > 2, any a € (2 —n,1), any f € Ln—2+a(R" 1),
define f as in (2.1.6), then we have
f£?==fﬁfi
Here ]3;} is the transformation of Py f as defined in (2.1.6), and ﬁaf is the extension off

in the unit ball as defined in (2.3.1).

Proof. The proof is by direct calculation. Note that for any w € R® 1 using the fact that

(2.1.5) and (2.1.6) are inverse to each other, we have

) = Fowiw) (1)

n—24«
Boora

As a result, we have

(Paf) o0t (2!, ap)

P 2N 2
1 [af2 ’
t\ oo o2
1-2zn+|x

n—2+a«
_ 2 2
Divide both sides by (%) then we are done. O
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Remark 3. For any integer n > 2 and o = 2 — n we can prove similar result. For any

f e L®R" 1), define

f=fou,
then the same calculation as in the previous proposition show that
(Prnf)o 0™t =Py (fou ™) =Py yf.

Remark 4. We note that
/ ﬁa ('Tv 6) d&
Sn—l

s not constant in x except when o =0 or 2 —n.

Proposition 2.4. For any f € C (S”_l)

fgn—l Pa (7,€) f(§)d§, v € B"

fz),z e sn1

u(z) =

defines a continuous function on B™ which is smooth in B" and satisfies Lu = 0.

Proof. The integral fSn_l'ﬁa(m,g)dS = rn;—l Sn_lﬁa(x,g)dz is a function that only de-
T
pends on |z|. Define h(|z|) = fSn—l Pa(x,&)dE, then by Lemma 2.7, and remark 6 we know

that for r € [0, 1]

n—2+a [ (252 I‘(ﬂ:l> n—2+a
(2) ("5*)T (% Sh(T)S(Q) pp—
147 F(n,——l)I‘<l%§1) 1+7r

By dominated convergence theorem as in Remark 7, we know that for r € [0,1], A(r) is

continuous and that

lim A(r) = 1.
r—1

By the continuity of f on S"~1, we can choose § > 0 small, such that when |£; — &| < 0,

we have |f(&1) — f(§2)| < e. By the continuity of h(r) on the interval [0, 1] and the fact
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that it is strictly positive on [0, 1] we can choose § > 0 smaller if needed, such that when

< 11 _
|z — 29| < 0 we have Re) ~ Rlegn| <€ Define
M= || Flo - Ur (1)
= 1 )
LOO(Sn )F (n;a) T <n51)
Note that we have
r (nga) r (n—

0<

) <h
— (T)7
)

n—1
2
P(n—1)0 (PT@
for all r € [0, 1].

Suppose zg € S*1, and = € B" such that |z — zg| < §/2 consider

) ~ateo) = | [ o r@de- [ Fulno fe
f

- x o
< [ o (ir0- (o)|+‘( SRR
7 _ fw)
" /|§_x0|>5pa(x,§)'f(§) fen e
< CO(n,a)e+ C(n, Q) M(1 — |z|2)l-@

671—0&

As a result u(z) is continuous at x(.
The part that Lu = 0 follows from dominated convergence theorem and direct calcula-

tion. ]
Based on the Martin theory for harmonic functions, we make the following conjecture:

Conjecture 1. (The representation theorem) Let u : B" — R be a positive solution of

Then there exists a Borel measure v on S*1 s.t.
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2.4 Poisson Kernel under Conformal Transformation

We also want to know how the Poisson kernel transforms under conform transformation.

We prove the following:

Proposition 2.5. For any integer n > 2, any o € [2—n, 1), anyy € Rl and any w € R71
we have

Ba(T(y), U(w)) = pa(y, w)[¥' (y)| @~ (w)| 0=/, (2.4.1)

Here W is the conformal transformation defined in (2.1.1), |9'(y)| and |¥'(w)| are the con-

formal factors in (2.1.3) and (2.1.4) respectively.

Proof. For any z € B" and any £ € S"™1, by definition we have

(1 —Ja?)

~ _ pa—1

From this we have for any y € R} and any w € RrR-1

(L eE)H)
HU(y) - W(w)rme

Pa(¥(y), U(w)) =207

Through direct calculation we have

dyn /
1— Uy = —— =2y, |
) = g, = 2l )
and
2
2 2
U(y) — U(w)|? — Wy —1) - ————(w,—1
4 4
- 7+ 2
1+ 2yp + |yl 1+ |w|
8 /
— w,y)+ 14y
T P+ 2 5 D) (oY) + 1+ 0)
4

T T+ 2 T 9P
(1 + ’w’2 + 1+ 2yn + |?J|2 - 2<w,y/> —2- 2yn>
4 9
T BTz w®
=y — P )] ()]
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Note that here we use the notation (¢, —y, — 1) and (w, —1) to denote points in R™ and
use the notation (w,y') to denote the Euclidean inner product in R?~!. Combine these

calculations together, then we can get (2.4.1). O

We also want to consider how the Poisson kernel transform under the isometry group of

4
(1|[2)

notation SO(n, 1) to denote the isometry group of the unit ball with the hyperbolic metric.

(B™, g5,). Here g5, = dz? denotes the hyperbolic metric in the unit ball. We use the
For any ® € SO(n,1) any 2 € B" and any ¢ € S?~! we use |®(z)| and |¥/(¢)| to denote

the conformal factors in B" and S”~1 respectively. We prove the following;

Proposition 2.6. For any integer n > 2 any a € [2—n,1), any x € B", any € € S* and

any ® € SO(n, 1) we have
Pa (® (2), @ (€)) = Pa (2,€) | @ ()| * "2 |0/ (¢)| /2. (2.4.2)

Proof. For any & € SO (n,1), since it is an isometry of B" with the hyperoblic metric

4

de% it is a conformal transformation with respect to the Euclidean metric.
1—z|

9n =
We have for any z € B"
4 4 4
o* (7&(32) = —@*(dx2) . —
(1—[z[2)? (1—]®(x)%)? (1 —[z[2)?
and
O*da?® = |@ (x)>da?.
Here |®/(x)| is the conformal factor, it is a notation similar to |¥’(y)|. From this we conclude

that for any z € B"
2
1L eE?
1= [z

| (2)] (2.4.3)

For any z, z € B", define d(z, z) as the distance between the two points measured by

the hyperbolic metric. Then we have

(1- x%(zj 22)
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Since ® is an isometry with respect to the hyperbolic metric, we have Thus

|z — 2|2 | () — @ (2)]?

(1=122) (1=1=2)  (1=le @) (1- 12 ()?)

Letting z — £ € S"71 yields

@ (z) = @ (&) = | (©)] @' ()] [« — & (2.4.4)

Plug (2.4.3) and (2.4.4) into pa(®(x), ®(&)) we have

. a1, (= je@))
Pa (@ (z),®(§) = 2 Cn,a B(2) — d(g)[—a
- (1 — ||/ ()1
"N - gna)@! (z)|(nma)/2|g/ (g )| (nma)/2
= Pal(z,)]|®/(2)| 22|19/ (g)| (-2,

]
~  2(n-1)
For any ® € SO (n,1) and any f € Ln—2+ta(S"!) we define
F s —2+0a)/2
Jo (&) = Foa () |0 ()" )/2. (2.4.5)
- 2(n—1)
Then it is easy to see that fg € Ln—2Fa(S"~1) and that
fell 2m-1) = Il 201
Lm(gnfl) Lm(gnfl)
Moreover, the extension of fq) as defined in (2.3.1) transforms in the following way:
Po (Ja) () = (PaF) 0 @ () [@' ()| " 2H)/2. (2.4.6)

2.5 Compactness

The goal of this section is to prove that the extension operator P, : LP(S"~1) — LI(B")
is compact for certain choices of p and ¢. This is done in Corollary 2.10. Before we can prove
Corollary 2.10, we need to prove an estimate in Proposition 2.9. The proof of Proposition

2.9 depends on the following important technical lemma:
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Lemma 2.7. For anyn > 2, a« € [2—n,1) and r € (0,1)

Loy Pl )de <1,

r

The notation S is as in definition 2.1.

Proof.

/Sn_l ﬁa(xa é)dlE

™ - n—2
_ 2a _ sn— 21, n—1 1— 2 1—a/ Sl <¢) do.
ST (r2 + 1 — 2r cos(g)) (n—)/2 ’

Using u-substitution, take u = tan(¢/2), we get
/77 sin™ 2 (¢) i
0 (r2+1—2rcos(¢))n—a)/2

o 2w\ 1 2du
_/0 (1+u2) <r2+1_2r<1_u2>>(n04)/21+u2

1+u2

(2.5.1)

B on—1 /oo uh—2 du
(1—r)n—a J, (1+ u2)(n—2+a)/2 ((%)2 2t 1) (n—a)/2

1

+

Using u-substitution again, take v = {77 u, we have
/” sin" 2 (¢) 0o
0 (r2+1—2rcos(¢ )) n—a)/2
2n—1(1 . T)a—l /oo Un—2 dv
(1+ T)n—l 0 (1 . <1;r)2 1}2> (n—2+a)/2 (UQ + 1)(n—a)/2
I+r

_ anl(l_T)afl /oo UandU
- (@4t o (2

2" (1 —r)* ()T ("F)

Overall, we have

[y Falw s 2 enalS NN
sp1 (14 r)n-2rar(ige)
2n—2+a n—1

(1+T)n—2+a

1.

IN

IN
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n—1

Here we used (1.2.3) and the fact that the function —=

(1+T)n—2+a

rfor2—n<a<land0<r<l1.

Remark 5. From (2.5.1) we see that when o =2 —n

T s
/0 (12 +1 — 2rcos(¢))n—1 a9

1

is an increasing function of

O

2du

/OO 2u,
0 1+ u?

27171

:m

)n 2
<T2 +1-—2r
00 un72du
k (

2 ’fl*l ’
G%::) u? + 1)
ru then we have

sin”_2(¢)

Now if we take v = 1+

()"t
1+u2

n_2d1)

/ow (r? +

1—2r cos(gb))”_ld¢ (1-— 7"2)” 1 /0 (1 + v2)n—1

2 (r (7

)

(1 —r2)n—1P(p —

where in the last step we used (1.2.3). As a result, for any x € B"

/Sn1 52—71(1‘75) =1

Remark 6. From the calculation in Lemma 2.7 we can also get a lower bound for the

integration. Note that

/(: (r?

2n71(1 . T)afl

sin"2(g)
+1 — 2rcos(¢))(m—a)/2 d¢

dv

n—1
(1+47r) L,

T+r
2n—1(1 . 7,)04—1 00 vn_QdU
(14 7)1 /0 (vZ2 +1)n1
2-2(1 — r)o-(D(ngh)?
(14+7r)"'(n—-1)

As a result, we have
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2n—2+arn—lp(u)r(n_—1
/ -1 f)&(ﬂj‘,&)d.ﬁlﬁ Z ) 2 11—«
Remark 7. In the calculation of Lemma 2.7, we have

Uan n—2

(n—24a)/2 = (02 4 1)(n—a)/27

A

for all v € [0,1] and all v > 0. As a result, by dominated convergence theorem, for any

ro € [0, 1] we have
o0 V2w

T (n—2+a)/2
070 (1 + (_)%z) (02 4 1)(n—a)/2

—_
=+
3=

B /oo Un—de
o 0 . 9 (TL—Q—}-O[)/Z ’
(1 + () v2> (02 4 1)(n-0)/2

In particular, we have
00 Un72dv
lim

r—1 (n—2+a)/2
—J0 (1+ <1r>2v2) (U2+1)(n—a)/2

=

+r

B /oo Un_Qd'U
- 0 (U2+1)(n—a)/2'

Before we can prove the estimate in Proposition 2.9 we need to define the weak norm:

Definition 2.8. Define the weak norm L];V(IB%”) , such that
1
|U|L€V(]B%”) = iggt ||ul > [P
Here ||u| > t| is the measure of the set {|u| > t}.

We are now ready to prove the following estimates, the proof uses the same method as

in [18].
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Proposition 2.9. For anyn > 2 and any 2 —n < a < 1 the extension operator ]Sa satisfies

s

n < C(n, )| fllp1gn-1y,
Ljy @) pE

and

HIBafHL%(Bn) < C(n,0,p)f | pp(gn-1,

Proof. Note that we only need to prove the weak estimate. The strong estimate follows from

Marcinkiewicz interpolation theorem and the fact that for any x € B"

P @) < Ul gognny [, Pl )€ < )l flgooqgny,

-1

here the last step follows from Lemma 2.7. The constant C'(n,«) here only depends on n
and a. Note that it is different from the notation ¢ o, and that C(n, o) changes through out

the dissertation. To prove the weak type estimate. Assume that f > 0 and |f| Lln—1) = 1.

Note that
a1, (L= z)
Palz,§) =2 Cna L ga
(1—[e)!—
= Ol a) g e (2.5.2)
< C(n,a) .
~ (L= [af)nt
As a result, we have
D C(n7a)
0< Pof < T (2.5.3)

From (2.5.3) we conclude that

~ 1 -
|Pof > A ={zeB":1—|z| < C(n,a)X n=1 P,f > A}
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1
If 1 <C(n,a)\ n—1 then we have

~ 1 ~
Pof > A < ~ / P fdrde
X Jgn

1

IN

C(n,«)
A

IN

IN

n
< C(n,a)\ n—T.

o (G I ACROTE

n 1
C(n,a)\ n=Txn-T

1

Note that here we used Lemma 2.7 and the fact that An—I < C'(n,«). Note also that the

constant C'(n, «) changes along the argument.

1 1
If C(n,a)\ n=1 < 1 then we can define rg = 1 — C(n,a)A n—1, then we have

1

Pof > A <+ / P fdude
A JBr\BY,

IN

IN

C(n,a)(1 —rg)
A
C(n,a))\_%.

IN

This finishes the proof.

S .

Doz, &)drd

With the help of Proposition 2.9 we can prove the following:

Corollary 2.10. Foranyn>2,2—n<a<1,1<p<oo,and1 <q< % the operator

Py : LP(S"1) — LY(B™) is compact.

Proof. First assume 1 < p < oo. Suppose we have a sequence of function f; € LP (S”_l)

such that ’fi|LP(S”—1) < 1. Then from (2.5.3) we have for all 7 and all z € B"

Bufila)] < 200
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By Schauder estimate, there exists u € C2(B") such that Py f; — u in C2

loc

(B™). As a result

we have: for r € (0,1)

|Pofi = Pafjlramny < |Pafi— Pafjlpamp) + |Pafi — Pofjlpa@nsn)
< |Pafi = Pafjla@n)
n—1

~ ~ 1_n—1
+HPafi = Pafjl _np [B\By |7 ™P
L= (B™\B})

~ ~ 1 n—1
< |Pafi = Pafjlpamp) + Cn, o, p)[BU\B| 7P,

where we used Holder inequality and Proposition 2.9. Hence

~ ~ l_;
limsup [Po f; — Pafjlramny < C(n, a,p)[B"\B; [T 7P .
1,j—00
Letting » — 1, we see that Jgafi is a Cauchy sequence in LY(B"), hence P, : r(smh —
L1(B") is compact. O

~ 2(n—1) 2n
We can see that P, : Ln—2ta(SP~1) - Ln—2Fa(B") is not compact in the following

example, which is similar to the example given in [6, Chapter 1].

Remark 8. We consider a sequence of conformal transformation ®, : B — B" defined by

alz —a* + (1 — |a|*)(a — 2)
jaf?|a* — |2

Oy(z) =

Here a € B" such that a = (0,...,0,1 —€) for some e € (0,1), and a* = ‘a%. From (2.4.3)

we see that for any r € B"

L= |®a(@)? _ 1—af?
L—fal? af?a* — |’

@ (2)] =

take limit © — & for some & € S"1 we get

/ 1— |af? €(2+¢)
0} = = .
2O =GR —eE ~ = ol — P

If € # (0,...,0,1), then it is easy to see that lime_,o|®, (&) = 0. If £ = (0,...,0,1) = &,

lal

then we have




hence lim,_y ‘@’ < a )‘ = 00.

la]

Now consider the function f: S"1 & R such that }v: 1. Define fq)a as in (2.4.5), then

it 15 easy to see that

1foall 2(u-1) =I£l 2n-1) :
Ln—2Fa(sn—1y Ln—2+a (sn—1)
2(n—1)

and that ﬁpa weakly converges to the zero function in Ln—2+a (S”_l). For any given x € B",

think of pa(z,€) as a function of £, using the L°° bound (2.5.2) we can show that
lim Py fp, () = 0.
GE)I%) Oéf‘I’a (:U)

- 2n
Now we can show that Py fe, weakly converges to the zero function in Ln—2+a(B"). For

2n
any function in the dual space h € Ln+2—a(B") and any r € (0,1), we have
/ ﬁaf%(x)h(x)dx
BTL
= /BH\IB%? Pofo,(x)h(z)dz + /n Po fo,(x)h(x)dx

By

<||Pofaa| 2 Ao + [ Palog(0)hla)de,
Ln—=2Fa(Bn)  [nt2—a(BP\BR) JBP

where the second step follows from Hélder’s inequality. Note that from (2.4.6) we can see

that
Pt 5 -]
Ln—2+a (Bn) Ln— 2+a (B")
By dominated convergence theorem we have
lim 15l 2, 0.
r—1

LTFI3 (BB}
Combine the L bound (2.5.3) with dominated convergence theorem we see that for any
€ (0,1)

%bwgﬁwm@wza

Now for any § > 0 small, we can choose r € (0,1) such that

Al 2n < 0.
Ln+2—« (Bn\]}g;})
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For this given r, we can choose € > 0 small such that
/ Bofa, (2)h(z)dz < 6
B!
Combine these results, we see that

lim [ Pafg,(x)h(z)dr =0
e—0 Jpn

2n
for any h € Ln+2—a (B").
But since

Hﬁafq)a O’

I L
Ln (B") Ln—2Fa (Bn)

2(n—1)
we conclude that Py : Ln—2Fa (S"~1) — [n— 2+a (B™) is not compact.

2.6 Extremal Function

Using Corollary 2.10, we can identify the extremal function in the same way as in [18].
In order to do so we need the help of the Kazdan-Warner type condition in the following

lemma

Lemma 2.11. Suppose a € (2 —n,1), and K, f € CHS"™1) such that for any & € S"~1

n—a ~ n+2—a
K@SQm70 = | Falw,&) (Paf(a)) "2 dr.

Let X be a conformal vector field in B", then we have
2(n—1)
/ XK - fn—2Fad¢ = 0.
sn—1

Proof. Consider the functional

\fbf! 2n
Ln—2+a (BN
I(K;f):: ( )n—2+a

2(n—1) 2(n—1)
Jén_lj(.fn—2+ad§
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with Euler-Lagrange equation

n—a n+2—«o

KON = [ &) (Pas@) " do

Consider ®; as the 1-parameter family of conformal group generated by X. Define

n—24+«
Ja, = F o ®()B)()] T

Since f is a critical function for the functional I(K f), we have

d

5| (K fe,) =0.

t=0

Where according to the calculation of conformal invariance in the beginning, we have

|Pato,l _on
Ln—2+a (Bn
I<K7 f(I)t) = ( 7)1*2+Oz

2(n—1) 2(n—1)
(fgn_l K. fpm2te df)

t

|ﬁo¢f‘ 2n
Ln—2+a (Bn)

n—24+«
2(n—1) 2(n—1)
(fgn—l Ko®_yo®,(6)- (o 0y(¢))n-2+0 |<1>g<s>|n—1d5>

’ﬁaﬂ 2n
Lm(]}gn)

2(n—1) ?%(—1127_4-1(;
Jn 1 K 0 ®_y(€) - fr-Trade

= I(Ko®_y4 f).

As a result, we have

d

dt

d

](K7 f(I)t) =

Y HKod_y, f)=0.
=0 dt

t=0

From this we can conclude that

2(n—1
/ XK - fn—TFad¢ = 0.
sn—1
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Now we can find the extremal function and the sharp constant using subcritical approx-
imation as in [18].

2(n—1)
Theorem 2.12. Assume n >3 and o € (2 —n,1). For every f € Ln—2%a(S* 1) we have

H]SafH m < Sn,a £l 2(n—1)
Ln—2+a (BN) Ln—2Fa sn—1)

Where Sp o is a constant that only depends on n and o. Up to conformal transformation

any constant is an optimizer.

2(n—1)

Proof. For p > 51,

by corollary 2.10, the operator
~ 1 2n
Py : LP(S"") — Ln—2+a(B")

is compact. Consider the variational problem

Sna=swp ||Paf]| s iferrs" ) suhthat |f] gy =1
Ln—2+« (B™) Ln—2Fa (S”_l)

We show that the supremum is achieved as follows:

Consider a maximizing sequence f; € LP(S"™1), with f; > 0,

HfiHLp(Sn—l) =1

and
Aim (1 fill ppgn—1) = Sn.a-

By uniform boundedness of LP norm, we know that there exists a subsequence f; weakly
converges to some function f), € L (S”fl). By compactness of ﬁa we also know that there
exists a subsequence f; such that Py f; converges to v in L%(E”) norm. By the weak
LP convergence of f; to fp, we also have P, fi converges to P, fp pointwise. As a result we
have ﬁa fp = v and the supremum S, o is achieved at f.

Replacing fp by f; if necessary, we may assume that f, is radial symmetric and decreas-
ing. Meaning that for £ = (&1, ..., &) € R™ such that |£| = 1, the function f(&) only depends

on &, and that L (¢) <0.
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After rescaling, we may assume f, satisfy the Euler-Lagrange equation

2(n—1)

N ~ n+2—« 1 n—o p—
/IB” Pa(x,&)(Pafp)(x)n—2tadr = fp(f)p_ = fp(§)n—2Fa f(&)" n—2+a

Apply Proposition C.5 from the appendix, we know that fp € cl(s" 1. By Lemma 2.11,

we have
_2(n-1) 2(n—1)
/Sn1<vfp(§)p n=2Fa V) f(€) 72 dE =0,

Consider the function gp(r) = fp(0,...,0,sinr, cosr) for r € [0,7]. The equality becomes

/O7r g]/)(r)gp(r)p_1 sin ~2(r)dr = 0.

Note that g]’j = —0Op fsin(r) > 0. Hence we know that f, is actually a constant. |
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CHAPTER 3

LIMIT CASE

3.1 Chapter Outline

In this chapter we want to take limit « — 2 — n and study the limit case inequality. We
take the limit in section 3.2. In the process of taking the limit, a very special function I
shows up. The property of the function INn is crucial in the study of the limit case inequality.
We prove several important properties of the function fn in section 3.3. We prove uniqueness
of the limit case inequality using the moving sphere method in section 3.5, but before that
we need to transform the limit case inequality to the upper half space in section 3.4.

Through out this chapter, we still use notations fand f to denote functions on s"—1 and
R"-1 respectively, but the relation between them is different from the relation discussed in

Chapter 2. We will specify their relation in (3.4.2) below.

3.2 Proof of Theorem 1.13: Limit Case Inequality

We consider the limit case @« — 2 — n in the same way as [8], our statement and proof
are slightly different.
- ~ ~ -~ 2n=l)
For any F € L>®(S"™1), define f = 1 + =212 F We have f € Ln—2Fa(S"~1) for all

a € (2—n,1). We prove the following theorem for F'.
Theorem 3.1. For dimension n > 2, and any function F € L®(S"1) we have

Tn+ Py F F
le?n2=n 5| pnmy < Snlle” [l pn—1 (3.2.1)

(sn=1)

Where INn(x) = nggl ‘a:2_n. When n is even we have

~ n/2-1 F(”—_2>F(n—k—1)
1 2
(@)= 2, g T(n—2)T (% — &)

k=1 2

(1— |z*)*.
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Jefn]|
The sharp constant Sy, = w

|sn—1jn—1
Proof. For any F € L°°(S"~1), define f=1+ 71—2%15 Define € = n— 2+ a, from theorem
2.12, we have

1Pa(l+eF)| o < Snalll +€F|l o041 :
LA=2Fa (Bn) Ln=2Fa (gn-1)

which is equivalent to

AR )" s N
/ (ﬁoﬂ)% 1+6~a < (Sn,a)E (/ (1"‘6?)116)” .
BN Pal sn—1

n
€.

As in [8], we need to find a lower bound for P,1 and an upper bound for (P,1)

We handle the lower bound for Py1 firstly. From remark 6, we know that

D (%52) T ()
T(n—1)T (%) '

Pyl >

r(g2)r(*7!)
Since =y is a continuous function of « for all @ € [2—n, 1), and

NCONES
1—
rn—1r (152)
for a < 1. As a result for some 0 < o < 1, there exists m > 0 such that
- —1
r(eze)r (=)
P(n— 1)1 (152)

for all a such that 2 —n < a < ag < 1. Here m will be the lower bound for the function

>0

>m >0

P,1(x). Note that it does not depend on a or z.

n
€.

Now we consider the upper bound for (ﬁal) From Lemma 2.7, we have

N fSn_l ﬁa(l’,f)d:ﬁ 9 n—2+ao
Pal = L S < ) )

rn—l L+
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for all @ € [2 —n,1). As a result we have an upper bound

n
<( 2 > <2,
“\1i5) =

for all « € [2—mn,1). If we define I, = 2d§gl la=2—n, then with the help of the lower bound

S

(Pal)

for ]Sal(a:) and the upper bound for (ﬁal)%, we can apply dominated convergence theorem

to get

n
. B\ ¢ S
lim (fhj)% (1%_€Ag ) :i/“ eMntnPy_nF
e—0 Jpn P,1 BN

For the right hand side of the inequality we can get

~ n—1
lim (1—}—6F)n6 :/ e(”-l)F‘
sn—1

e—0 Jgn—1

1
In order to find the limit lim¢_y0(Sn,a)7, first note that since constant is an optimizer in

theorem 2.12. As a result, if we take F = 0, then we can have

(f]B%n(]Sal)%) b _ Jeln I n(Bn) |

1
‘ 1 1
’Sn—l‘n—l ‘Sn—1|n—1

lim (.S, =1
egr(l)( ma) eg%

When n is an even integer, using mathematical induction and (3.3.10) it is easy to prove

that
n/2-1 F(”—_2>F(n—k—1)
~ 1 2
In(x) = o (1 — [,
]; 2k T(n—2)L (5 —k)
This finishes the proof. O

3.3 The Function fn

The function fn naturally appears in the process of taking limit; its properties are very
important for subsequent analysis. Yang [25] found an explicit formula for the function fn
when n is an even integer. In the previous section we use a different method to find I, when
n is even. Our method relies on the induction relation (3.3.10) to be proved in this section.
When n is odd we do not have an explicit formula for fn, but the same induction relation

still apply.
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In Subsection 3.3.1 we consider how I~n transforms under conformal transformation. In
Subsection 3.3.3 we prove a very useful induction relation, which helps us to determine the
explicit formula for I,, in even dimensional unit ball. The induction relation is the basis for

the proofs in Subsection 3.3.5 and Subsection 3.3.6

3.3.1 Conformal Transformation of fn

In this subsection we want to take a closer look at how the function I, changes under
conformal transformation ® : B"” — B", as well as how the it changes under the projection
map W : R’! — B". These are given in (3.3.2) and (3.3.3) respectively.

To begin with, we have

- 1— 2N\1-«
Pl zzalcn,a/ (L= fal) 2 e

sn—1 |z —gn

Taking derivative with respect to o at @ = 2 — n, we get

dPy1 d _ 1— |z]?)n1
(6% — el (204 lcn,a) / ( | |2>_2 dé-
do a=2-n dov a=2-n sn—1 ’:L’ _£| n
1 122110 (1 — |52
g, [ LR D)
= g1 |z — ¢[2n—2
1-n (1= [z 'In|z —¢|
T e e T
Note that
d - (1 — [t
— ¢ 1C / ———d
da a:Q—n( n,a) sn—1 |:E — €|2n—2
%‘a:2fn<2a_1cn,a)

21_ncn,2—n

S Uk )

Y

2 2
where 10(z) = % In(I'(z)) is the polygamma function. Hence the result simplifies to

APy 1 _ylon / (L= |z[)"  njz ¢

= Cn,2—n 9m—9 3

dor la=z—n sn 2 =4l (3.3.1)
0 0/n=1
o C0m—1) | 90
ln(l 2] ) +In(2) s
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Under conformal transformation ®, we can see that

L (@), €)n9() — €lde

2—n—a n—2+«
= [ Gl mle— @@l 2 )"

n—o n—24+«
5= 0/ (0)]" 2 e

*/Sm(ﬁa(x,f) In|@'(¢)|2)|9/(2)

_ / 1 / 2—n—a _, n—=2+o
+ Sn_l(pa(x,é) I |®%(x)[2)[@"(x)] 2 |@(E)] 2 de.
When we take limit « — 2 —n, we get

L Fen(@@Omie@) —ds = [ Foale. )l - elag

2Py [#'(©)) + 5 n[0'(2)].

From which we can get the conformal change for dggl

a=2-n

O(x) + 5 In|®(x)] = Py, (In | (€))).
da |4—o_y ° @)+ 2 n|@ ()l dov a:2—n<x> - 9" 2 n(In[®7()])
Recall that for any z € B", we define
~ dPy1
In(z) =2 dz ) (x),
a=z2—N

then we have

Iy o ®(x) + In|@'(2)] = In(x) + Poyp(In | (€)]):

(3.3.2)

From this we see that I, is a radial function, since when ® is a rotation we have In |/ (z)| = 0

for any = € B" and In |®/(£)| = 0 for any ¢ € "L As a result, we sometimes think of I, (z)

as I(r) for r = |z].

We also want to consider how I, changes under the transformation ¥ : R — B". For

any y € R} define

dP,1
a=2-n
_ Yn 0 B 0 n—1
= 2l o 1>+¢( . )
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Note that since

yl «
Ry —ul +3) 2

/ 1 du

= Cno )

) Rrn—1 y/ w2 n—aq ynfl
(g —gulf+1) 2 9n

through change of variable, we get

1 - 2d
Pl :Cn,a/ 1 U—Cna|Sn 2|/ L 1.
RO ([uf2 1) 2"

Note that in the last step we used (1.2.3). From this it is easy to see that

dPa
In(y) = =0
! da a=2—n
for all y € R} . Using (2.4.1) we can show that
T 0 W(y) + [ W ()] = In(y) + Pap In [ ¥ ()] = Py In | ¥'(0)]. (3:3.3)

Note that here w € R?~1, while |¥/(y)| and |¥/(w)| are as in (2.1.3) and (2.1.4) respectively.

3.3.2 Simplify the Function fn

In this subsection we want to further simplify the function I,,. We write the integration in

the polar coordinate in the Euclidean ball B", then (3.3.1) becomes

dP,1
do

21_”F(n -1) (1 2>n—1 /” sin” 2 ¢1n(1 — 2rcos ¢ + r2)d¢
= ——— = (1—r
a=9—n r <nTil> 0 (1 —2rcos¢+r2)n—1

WOn—1)  O(251)
2 + 2 ’

- ln(l - r2> +1In(2) —

Note that here we also used the explicit formula for the constant ¢, o, from (1.2.3).
Polygamma functions have two special properties that are useful to us. The first property
is
n— 1

¢0( )=—v+ Z e where n € NT. (3.3.4)
k=1
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Here 7 is the Euler Mascheroni constant. The second property is

0(22) = % <w0(z) + 90z + 1)) + In(2), where z € C*. (3.3.5)

2

For any n € N™ such that n > 2, plug z = nT_l into (3.3.5) we get

w( ) W 1) =90 - 1)~ (2) ~ (@) (33.6)

Combine (3.3.6) and (3.3.4) we get that when n € N is an even integer then

n—2 -
20 (";1)=—1n(4)—7+ Z Z% (3.3.7)

k::n/2 k=1

Now combine (3.3.4), (3.3.6) and (3.3.7) we see that for any n > 2 such that n is an even

integer:
n—1 2
0 — 0 _
O (M5 ) - = -oga) + 3
k=n/2
Using (3.3.4) we can see that for any n > 2 such that n is an odd integer:

0 (”_1)_1/)0(71—1):— 112—:2 %

k=(n—1),2

As a result, when n > 2 is an even integer, equation (3.3.1) simplifies to

dPy1 2 (- 1) /77 (1 —r2)"Lgin"2$1n(1 — 2r cos d + r2)d¢
do |po r <n1)2 0 (1 —2rcos¢ +r2)n—1
T2
(3.3.8)
1=
~mn(1-1%) + =
n(1—r ) Z I
When n > 2 is an odd integer, equation (3.3.1) simplifies to
dP,1 2l (n - 1) /W (1 =72 Lgin"2¢1n(1 — 2rcos ¢ + r2)d¢
da |y p r <n__1>2 0 (1 —2rcos¢ +r2)n—1
2
(3.3.9)
1 =
— p— 2 [ — —
ln<1 7‘>+1n2 5 Z =
k=(n—1)/2
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3.3.3 Induction Relation

If we take derivative of .Tn with respect to r, then we have the following induction relation.

Lemma 3.2. Forn € NT such that n > 3, In satisfies the induction relation
I, = (3.3.10)

Proof. The main calculation here is to use integration by parts to evaluate the integral

/7r sin” 2 pIn(1 — 2r cos ¢ + %) "
0 (1 —2rcos ¢+ r2)n—1 ‘
Take
v =sin""3 ¢
then we have
dv = (n — 3)sin” 4 ¢ cos pdg.

Take

dw = singIn(1 — 2rcos ¢ + T2)d¢,

(1 —2rcos¢ +r2)n—1

then we have

1 ( In(1 — 2r cos ¢ + 1?) 1 )
YT Ty (n —2)(1 — 2rcos ¢ + r2)n—2 * (n—2)2(1 —2rcos¢ +r2)n=2 ) -

As a result, we have

/7T sin "2 ¢ In(1 — 2r cos ¢ + r2)de
0 (1 —2rcos ¢ + r2)n—1
_ (n=3)(1+1r?) sin” =% ¢In(1 — 2r cos ¢ + 12)do
 (n—2)4r2 / (1 —2rcos¢ + r2)n—2
(n—3) sin 4 ¢In(1 — 2r cos ¢ + r2)d¢
 (n—2)4r2 / (1 —2rcos¢ +r2)n—3
N (n —3)(1+1?) / sin” 4 pdp
(n — 2)24r2 (1 —2rcos ¢+ r2)n—2
n—3 sin 4 pdo
 (n—2)24s2 / (1 —2rcos ¢+ r2)n=3"

48



Note that here we used

/vdw:vw—/wdv:—/wdv,

and that sin0 = sinm = 0. We evaluate each one of the integrals separately in the next
subsection. Using the results from next subsection, namely by (3.3.14), (3.3.15) and (3.3.16),

we have

/W sin 2 pIn(1 — 2r cos ¢ + 12)d¢
0 (1 —2rcos ¢+ r2)n—1
1+ r2) rod sin” 4 ¢ In(1 — 2r cos ¢ + r2)de
C (n—24r2 (1 —r2)dr (/ (1 —2rcos ¢+ r2)n—3 )
(n—3)(1+7%) 1 sin” 4 ¢ In(1 — 2r cos ¢ + r2)de
(n—2)4r2 1 —r2 / (1 —2rcos ¢+ r2)n—3
(n—3)(1+12) 2" (25%)? 2r?
(n — 2)4r? L(n—3) (n—3)(1—r2)n-1
(n—3) sin =% ¢ In(1 — 2r cos ¢ + r2)d¢
© (n—2)4r2 / (1 —2rcos ¢+ r2)n—3
(n=3)1+r2) 2" 1T (%522 1442
(n — 2)24r2 L(n—=3) (1—r2)n-1
n—3 20AT(153)2 1
Cn—2242 T(n—-3) (1—r2)n=3

_|_

After reordering, we have

/77 sin” 2 pIn(1 — 2r cos ¢ + 12)d¢
0 (1 —2rcos¢ +r2)n—1
(1+7?) d sin” % ¢ In(1 — 2r cos ¢ + r2)d¢
" (n—2)4r(1 —r2)dr (/ (1 — 2rcos ¢ + r2)n=3 )
(n—3) sin 4 ¢ In(1 — 2r cos ¢ + r2)d¢
2(n —2)(1 —7~2)/ (1 —2rcos ¢+ r2)n—3
1 2nip(ng3)2 (n -3 1+ 7“2) 1

i ['(n—3) n_2 1 2 (1 —r2)n-1
If we define
21" (n — 1) o1 [ sin""2pIn(1 — 2rcos ¢ + r2)do
an =" 21— %) ,
(1 —2rcos¢ +r2)n—1
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then we have the following induction relation

1—r* d 1 1472
= —F—(ap— _ 3.3.11
i 47’(n—3)dr(an 2) + an 2+2(n—2)+4(n—3) ( )
When n is even, from (3.3.8) we see that
= —2
~  _dPyl — 1
T =252 g = 200 - 21n<1 - r2) > (3.3.12)
k="
2
Taking derivative with respect to r we see that
d ~ d 4r
—(I—9) = 2—(a,— . 3.3.13
() = 2 (an ) + (331
Combine (3.3.11), (3.3.12) and (3.3.13) we get that
~ 1—r% d 1 1472
I, = ——(2ay,_ 20,
" 4r(n—3)dr< an—2) + 2an 2+n—2+ 2(n — 3)
n—2 1
—2mn(1-7?) -
n )+ Z 2
k=n/2
1—rt d ~ 4r
= (L) -
4dr(n —3) \dr 1—r
n—4 1
nea-anfir) e $
+2ap_9—2In(1—7r7) + Z 3
k=(n—2)/2
n 1 n 1472
n—3 2(n-23)
1—r% d ~ ~ 1—r2
=——(I,— Iy, o+ ——.
4r(n—3)dr( n-2) +In 2+2(n—3)
This is the end of the calculation for the case when n is even.
In the case when n is odd, from (3.3.9) we have
~ -2
~  _dP,l 3 1
I, =2 d? \620:2an—2ln<1—7’2)+1n4— Z T
k=(n—-1)/2

Going through similar calculations as in the case when n is even, we can see that for the

case n is odd we have exactly the same induction relation. O

Using the induction relation (3.3.10) it is easy to find an explicit formula for I, when n

1s even.
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3.3.4 Supplementary Calculation

In this subsection we continue several calculations from previous subsection. We use k to

denote any positive integer.

Lemma 3.3. For any k € NT such that k > 2

/W sinfLodp ok 1 (33.14)
0 (L—=2rcosg+rh)k [SE=ep gy g (1—r)k -
Proof. This follows directly from Remark 5. O
Lemma 3.4. For any k € Nt such that k > 2
/W sin® 1 ¢dep 2RI (R/2))2 142 (3:3.15)
0 (I—2rcosg+r2)k+l — T(k) (1 r2)k+2 -
Proof. By taking derivative with respect to r, we get
rd /W sin"~1 pdo
k(1 —r2)dr \ Jo (1—2rcos¢+r2)k
B /W sin 1 ¢dg 1 /Tf sin 1 ¢dg
Jo (1=2rcosp+r2)ktL 1—7r2 Jy (1 —2rcose +r2)k
Combine this with (3.3.14) then we are done. O

Lemma 3.5. For any k € N such that k > 2

/W sin® 1 ¢In(1 — 2r cos ¢ + 12)d¢
0 (1 — 2rcos ¢ + r2)k+1

r d (/77 sin" 1 ¢In(1 — 2r cos ¢ + r2)d¢>
0

k(1 —r2)dr (1 —2rcos ¢+ r2)k
1 /” sinf—1 dIn(1 — 2rcos ¢ + r2)de
1-1r2 ) (1 —2rcos ¢+ r2)k
ok=1(T(k/2))2 22
I'(k) k(1 —r2)k+2

_|_
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o k—1 _ . 2
Proof. Take derivative of fér S (;M;(l 2;:?_052(1;;70 Jd¢
—aT" COS T

with respect to r, we can get

/7r sinf—1 pIn(1 — 2rcos ¢ + r2)de
0 (1 — 2rcos ¢ + r2)k+1

B r d (/W sinf~1 ¢In(1 — 2rcos ¢ + T2)d¢>
0

k(1 —1r2)dr (1 —2rcos¢ +r2)k
N 1 /W sin® 1 ¢ In(1 — 2r cos ¢ + r2)d¢
1—1r2 Jy (1 —2rcos ¢+ r2)k

1 /7r sinf 1 ¢do
k(1—72) Jo (1 —2rcos¢+r2)k
1 /W sin® 1 ¢do
kJo (1—2rcose+r2)ktl’
By (3.3.14) and (3.3.15), we have

1 / sinf—1 odop B 1 / sinf—1 odop

k) (1—2rcosp+r2)k+tl k(1 —12) ) (1—2rcos¢+r2)k
2P lr(k/2)2 22

B (k) k(1 — r2)k+2

Combine these two equations we can get (3.3.16). O

3.3.5 Hyperbolic Harmonic Through Induction

Using the induction relation (3.3.10), we can prove that I,o W (y)+In |¥/(y)| is harmonic with
respect to the standard hyperbolic metric. We prove it in the unit ball model of hyperbolic

space.

Lemma 3.6. Forn > 2, in B" we have

~ 1-2 2
AH(Ian ot o] ):o.

2

Here Ay is the Laplacian in hyperbolic space. For any function u € C°°(B™) we have

1 — [a]?
2

Agu — (1_2|x|2>2Au—|—(n—2) (2, V).

Where A is the Laplacian in Euclidean space and (x,Vu) is the inner product in Euclidean

space.
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Proof. Through direct calculation we have

1= 2y + |22 22— 2,
2 1= 2z, + |z

Vin

here e, means the unit vector in the direction xj,.

As a result, we have

Alml—2:15n+|a:|2: 2n —4 .
2 1— 22, + |2
and
1 — 2z + |z|? 1—|z|? 2 2n — 4
AH In = 9
2 2 1— 2z, + ||
1— |z 20 — 2ey,
+(n —2 :
(n—2) 2 <$ 1 — 22y, + |2|?

(1~ [2[*)*(n = 2) + (n — 2)(1 — [a]*) 2[[* — 227)
2(1 — 2y + |7]2)
(n—2)(1 —|a[*)
2

Next we want to show that

AT, = 1= 2)(21 i) (3.3.16)

Since fn is a radial function, we can verify this in polar coordinates in the Euclidean unit

ball. Where we have

2 2
~ 1—1r2 ~ 1—-r2\"n—-1_~ n—2r(l—r?) . ~
Aan:< 5 >531n+< 5 > - ar1n+( )2( )8r[n

For n = 2 it is easy to see that 72 = 0, and for n = 3, we can integrate by part to get

Ts = In(4) + (1) In(1—r)—(1+r)? In(1+r)

2r

. So it is easy to verify by direct calculation that

(3.3.16) is true for n = 2 and n = 3.
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When n > 3, suppose (3.3.16) is true for ]Nn_g, from which we have

2 2
1 —7“2 ~ 1 —’[“2 n—3 ~
> 0L, + ( ) —Orlp—2

AHINn—Q =

( 2 2
—Dr(1 =72 ~
NIRRT
_ < ) BTt (= 3) + (= )0 T
 m—9a-)
B 2

After rearranging we get

n—3. ~

2(n—4 2(n—4 ~
(n—4) (n )Tar]n—2 - Tarln—l (3.3.17)

1— 72 B 1— 72

337n—2 =

Consider (3.3.10), take derivative with respect to r, we get

= 1—rt o~ 1+ 3 ~ r
Opdn = —— T, o+ (1 7) Ol o —

Ar(n — 3) ~ 4r2(n — 3) n—3’
and
~ 1—t ~ 1+3r4 ~
2, = ——1,_ 1— ———— ) 0%I,_
rn 4r(n—3)7“”2+< 27“2(71—3)) rin—2
1-3 - 1
— 0l 9 — .
+2T3(n—3) L T

Using (3.3.17), we have

~ 4(n —4)r n—3 2n-—4)(1+7r?) ~

3 —

Orin-2 = _(1—r2)2+< 2T qo2E )i

n—3 2(n—4)r\ o+
_< r + 1— 72 )81"]71—27
and

1—T4 37
Tr(n —3)Or 2

(n—4)1+r%) [(1—r* (m—4HA+r)?\ | ~
T (n—3)(1—12) (47«3 _2r(n—3)(1—r2)>aTIn_2

1—rd (n—4)(1—|—7’2) ~
_(47«2 LTy )83]”‘2
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As a result, we have

27 (n+1)r +2(n—2)r2 (n—1)\ o+
021, = < e ) 2T, s
(n—1) - (3n — 912 — (50— 13)rt — (n — 11)r0\ _ ~
+ ( A3 (n _ 3)(1 _ 7‘2) > Oplp_o
(=3 + (n — 5)r?

(n—3)(1—12)
Hence
(1 ) 021,
(n+1)r +2 — 22 — (n—1) 1—72 2(‘927
3 9 rin—2
( (n—1) 3n— )(5n13)24<(n31)7‘6 1_T287
+< 8r3(n — 3) ) g rin—2
(n—3)+ (n—>5)r2 [1—r2
o ()
A
()
=D =t 1=\
- 4r2(n—3) ( 2 )&,Jn_g
(n—1)1—=7r22 (n-1)1-r)21+31 . ~
* < 4r - 16r3(n — 3) ) Orln-2
(n—1)(1— r2)2
 4(n-3)
(n—2)r(1—7"2) ~
5 oI
=22 (112N e
T 2(n-3) < 2 )872‘]”‘2
1+3rt \ (n—2)r(1 —r?)  ~
n (1 - 3)T2> Al S
(n —2)r2(1 —r?)
 2(n-3)
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Adding them up, we get

- _9)y 2 1o p2\? -
Aul, — (n—2)—r (1 T)aflng

n—3 2
—(n =5t +n?—8n+13)r* + (n—2)(n—3) (1 —1r> ~
+ 2r(n — 3) < 2 > Orln—2
(- r2)((n —2) + (n — 4)r?)
2(n —3)
Note that we have
(n—2)—72 (n—3)+(n—>5)r?
(n—3) 2r
—(n =5t + (n? = 8n +13)r2 + (n — 2)(n — 3)
B 2r(n — 3) ’
as a result, we have
Agly
n— _7"2 _TQ 2 ~ n— n — 7"2 —T2 ~
oy <(1 : ) T,y + 0= 2D) (1 . arfn_2)>
(- ) (n—2) + (n — 4)r?)
2(n — 3)

Use induction assumption in the form

o2 2 N N y
(1 9 ) 83171—2—}—14 <(n_3)+(”_5)7“2)3r1n_2:—( 4);1 )7

r

Then we get

= (n—2)(1—r2)
Agly, = — 5 .

Which finishes the proof. O]

3.3.6 Boundary Value Through Induction

Using the induction relation (3.3.10), we can find boundary value for I,. We have the

following lemma.
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Lemma 3.7. For n > 2 we have

lim I, = 0,
r—1

llm afrfn - _]_,
r—1

and

T _
lim —2 0:-1

r—1 r—1

Proof. For n = 2, we have fn = 0. For n = 3 we have

(1—7)2In(1 —7)— (1 +7)2%n(1l +7)
2r '

73 =1In4+
It is easy to see that
lim I3 = 0,
r—1
lim 913 = —1,
r—1
and

. Is—0
lim
r—1r—1

=1

In general we use induction to prove that

lim I,, = 0
r—1

and
r—1
Here C' =0 for n = 2 and C' = —1 for n > 3. Suppose the induction assumption holds for

n — 2, then we have

lim fn_Q =0
r—1

and
lim Opl,_9 = C
r—1

Now consider I,,. By (3.3.10), we have

I .~ . 1—1?
lim 0,1, _9 + lim I, _9 4 lim
r—1 r—1

lim I, = li .
o " r—12(n —3)

r—1 r—14r(n —3)
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Using the induction assumption for ]Nn_g, it is easy to see that

lim I, = 0.

r—1

Start with (3.3.10), take derivative with respect to r, we get

~ 1—rt 9~ 1+ 3rt ~ r
Oy =———02T, o+ (1 - ——— ) 0,19 — .
rn 4r(n—3)7””2+< 4r2(n—3)) Tzl

Use (3.3.17) to substitute 821,,_o, then we get

~ 1—rt 2(n—4) 2n—4)r_ ~ n—3. ~
orly, = — - Oplp_9 — Op I —
r 47“(71—3)( 1—1r2 1—p2 R po T2
1+3rd ~ r
l———— |0 Ip_9— :
+( 4r2(n—3)> rnerT s

Use the induction assumption and take limit we have
r—1

Now we use induction to show that

In(r) =0
lim 771(70) =C,
r—1 r—1
again, we have C' =0 for n = 2 and C' = —1 for n > 3. Suppose it is true for n — 2 then we
have the induction assumption
I, -0
lim =2 2(r) =C.

Use (3.3.10), then we have

In—0  (+r1+r2) ~ In_o—0 147
= — a7’In—2+ - .
r—1 4r(n — 3) r—1 2(n —3)

Now take limit and use the induction assumption, then we have

In(r)—20 C 1
o nﬁl R R s
When n > 5, we have lim,_, 87«_7”_2 = —1 and lim, 4 @ = —1, and as a result we
have
lim m =—1.

r—»1 r—1
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When n = 4, we have lim, 1 07«_7”_2 =0 and lim, 41 % =0, and

. In(r) =0 1
lim = —
r—1 r—1 n—3

= 1.

This concludes the proof. O

3.4 Conformal Trasformation of the Inequality

We will prove Theorem 1.14 in the next section. In this section we consider how the
inequality (3.2.1) and its corresponding Euler Lagrange equation transforms under conformal
transformation ¥ : R} — B".

Note that in (3.2.1) we have the inequality
e+ P2=nT|| o gny < Snlled |l n-1gn-1y,

with Euler-Lagrange euquation
c=1F(6) — / eMntnBynlp, (2, €)dw (3.4.1)
BM
Consider change of variable
/ e(n=1)F ge _ (=) (Fol+In |/ (w)]) g,
sn—1 Rrn—1
If we define

Fw) = foU(w)+ In ¥ (w)], (3.4.2)

ef

then we have ’ On the other hand, using the same

— |lef
Ln—lgn=1y — He ’
change of variable, we have

n—1 (Rn—l)'

/ olntnPy_,f g _ / noU+n(Py_p foV+nin| ¥ (y)| 4
n
B" RT
_ / enPrn(foutin ¥l gy,
Ry
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Note that in the last step we used (2.4.1) and (3.3.3). Which means we have

In+Py_f P
e P2=nd | gmy = €720t | L)

As a result, for any f € L°°(B"), if we define a corresponding f as in (3.4.2), then we

have the corresponding inequality
le®2nT | pngmy < Sulle! | n-1gn-1) (3.4.3)

If we further suppose J7 satisfies the Euler-Lagrange equation (3.4.1), then f satisfies the
Euler-Lagrange equation

(=15 (w) _ / o=t py_ (y, w)dy. (3.4.4)
R

3.5 Uniqueness Through the Method of Moving Spheres

In this section, we prove the uniqueness of solutions to equation (3.4.1). We define several
notation related to the inversion with respect to a sphere in Subsection 3.5.1.

We prove Theorem 1.14 from Subsection 3.5.2 to Subsection 3.5.5. We will start with a
smooth solution f € C°°(S"1) to (3.4.1), then define the corresponding f as in (3.4.2). We
will prove that the function f is unique up to conformal transformation using the method
of moving sphere.

Note that this is different from directly proving uniqueness of smooth solutions to (3.4.4).
Since by starting with smooth solutions of (3.4.1) we gain the asymptotic behavior In |®'(u)]

as in (3.4.2). This asymptotic behavior helps us to start the sphere in subsequent parts.

3.5.1 Notation

For any w € R"~! and A € R, define v = (w,0) € R™. For all y € R” such that y # v define

the inversion with respect to a sphere centered at v with radius A as

)\2

Pap(y) =v+ (y —v). (3.5.1)

ly —v|?

60



Note that ¢y ,(y) maps the upper half space into the itself, and ¢, ,(y) : Rt — R’} is a

conformal transformation. We use |¢) , (y)| to denote the conformal factor such that

33 dy” = |64, (v) [ dy”

Note that \qﬁ&yv(y)]” is the Jacobian in R’}. Through direct calculation using (3.5.1), we can

see that
)\QTL
/ n_
|¢)\7@(y)| - ’y—/U‘Qn,
and
/ A2
= — 3.9.2

Note that since W o ¢y , o U1 is a conformal transformation that maps B to itself, we
have Wo g, ;0 U~ € SO(n,1). For any f: R""! = R, we can define /v as the conformal

transformation of f under ¢ , such that

Frw=Fodr, +nldh . (35.3)

b

In addition we define

Bro={y €R": |y —v] <A},

with IB%}\L’U =B, ,NRY} and E;U denotes the closure of IB%;U in R"”. We also use @i to denote

the closure of err in R,

3.5.2 Inversion with Respect to Spheres

We now start the proof of Theorem 1.14.

Suppose f € C°°(S"1) is a solution to (3.4.1), for w € IRl = R"~! define

f(w) = foW(w)+n|¥(w)l.
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Through the discussion in Section 3.4 we know that f is a solution to (3.4.4). Under trans-

formation ¢) , as defined in (3.5.1) we can define fawg s in (3.5.3)

f)\,vo (w) = fo ¢A,v0 (w) +In |¢l)\,v0 (w)]

= ‘]?O Vo ¢)\,’UO (U}) +In |\I/,(¢)\,’U0 (w>>| + In |¢//\,U0 <w)|
= folos (w) +1In 2
N A0 (1+ [vol?)[w — vo|2 + A + 222 (vg, w — vp)

Note that here |\Il’(¢/\)vo(w))| is as in (2.1.4) and |¢i\’vo(w)| is as in (3.5.2). The notation
(v, u — vg) denotes the Euclidean inner product in R".

In the special case vg = 0, we have

~ 2)\2

f)\jo(v) =foWo qb)\,()(v) +1n m (3.5.4)

Remark 9. Note that for any fe COO(S”_I) and any A > 0 the function [y o is smooth in

R™ L. We can see this using the definition of ¢>\,v0 and ¥, for any w € R"~1

B 2X2w A — |w?
AWM w2 M4 w2 )
If we define Wo ¢y (0) = (0,...,0,1) € R" then it is easy to see that the map

ogyg: R st

is smooth. The other parts of the function [y o is also smooth.
Through similar calculation we can also conclude that for any fe C'OO(S"_l), any A > 0

and any vg € R"™1, the function f)\ﬂ)o is smooth in R"~1L.
On the other hand, for any f € C°°(S" 1) define f as in (3.4.2) then we have
Py n(f) = P2—n<J7° V) + Py _p(ln ’qj,<w)‘)
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Using (3.3.3) and Remark 3, we see that

Po_n(f) = Pop(f 0 0) + Iy 0 U(y) + In ¥ ()] (3.5.5)
= (ﬁ2—nf) oW + fn o¥(y) +In |\Ijl(y)|

For f) 4. using (A.0.2) and (A.0.4), we have for any y € R’}

Pg_nf)\,vo (y) = Pp(f)o ¢)\,v0 (y) +1In |¢l)\,v0 ()]
= Pg_n(fo ¥)o ¢)\,v0 (y) + ]Nn oWo ¢A7U0 ()
+In |\III(¢)\,UO () + In |¢£\,v0 (y)l

= Prp(fo W) 06y (y) +InoWo gy (y)
22
(1+ Jvol®)|y — vol? + A% + 2X2(vg, y — vo) + N2ypn

+1In

Using result from Remark 3 we have

P2—nf)\7vo (y) = <ﬁ2—nf) oWlo ¢A,v0 (y) + fn oWVo ¢)\,UO (y)
2)2
(1+ fvo)ly — vol? + A% + 232 (vg, y — vo) + Myn’

(3.5.6)
+In

Remark 10. Note that when f € C(S"1Y, both functions Po_y,f and Py fau, are con-
tinuous in RYy. We can see this from (3.5.5) and (8.5.6) using similar calculations as in

Remark 9.

Again, note that . When vy = 0, we have

2)\2
ly[? + A+ A2y,

Py_nfroly) = <ﬁ2—nf> oW oy o(y)+InoTopygly)+In (3.5.7)

We can show the following result, which will be used in subsequent parts.

Lemma 3.8. Suppose ]?6 C(S"1). Define f, fA,Uo as in (3.4.2) and (3.5.3) repectively.
Define the coresponding extensions Po_, f and Pg_an’vO as in (3.5.5), then Po_,f and
P, f A\ 0re harmonic in R"} with the standard Hyperbolic metric and with boundary values

f and f)\,vo respectively.

63



Proof. We consider Py_,, f firstly. Using (3.5.5) and (2.4.1) we can see that

Py y(f) = Prn(fo®)+1TnoU(y)+n|¥(y)

= (Py_nf) oW+ I 0 U(y) + In|¥(y)].

From Proposition 2.4 we can see that (]Sg_nf) o W is harmonic in R”} with the Hyperbolic
metric and that Py_,,f o U(u) = f o W(u) for all u € OR"! = R L

_ 2
% is hyperbolic

From Lemma 3.6 we sce that in B” the fucntion I,,(z) + In
harmonic. Since ¥ : R — B" is an isometry between two models of hyperbolic spaces, we
have I, o U(y) + In |¥/(y)| is also harmonic in R" with the Hyperbolic metric. Note that
here we used the relation (2.1.2).

From Lemma 3.7 we see that I, is continuous up to the boundary and that Ino U(w)=0
for all w € OR? = R""1. As a result, we have I o U(w) + In |/ (w)] = In |¥(w)| for all
w e OR™ = R" 1. This finishes the proof for Po_,, f.

Now we consider Po_,, f>\7U0' By Remark 9, f)\,vo is continuous on JR’f. Using the

definition of f) y, (A.0.2) and (A.0.4), we have

Panf)\,vo =P pnfo ¢)\,UO +In ’gb//\,vo“

Since ¢ Ao is an isometry of R” with hyperbolic metric, we have Py_,, f o ¢ Ao is harmonic
in Rl with the hyperbolic metric. On the other hand, using (3.5.2), by direct calculation as
in (B.3.1) we can see that In |¢I)‘»UO| is harmonic in R} with the hyperbolic metric.

From (3.5.6) and similar calculations as in Remark 9 we see that Py_, f A\ IS continuous
in Ei. As a result, P_,, f)\,vo is hyperbolic harmonic in R" with boundary value fA,vo‘

O

Note that in this proof we only need the asymptotic behavior (3.5.4) and (3.5.7) and
Proposition 2.4. We also need the regularity f e C(S" 1) in order to use Proposition 2.4,

but we do not need to assume f to be a solution of (3.4.1).
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3.5.3 Start the Sphere

Now we start the moving sphere argument. The first step is called start the sphere; and
we prove it in the following two propositions. The proof of Proposition 3.9 relies on the
asymptotic behavior (3.5.4) while the proof of Proposition 3.10 relies on the asymptotic

behavior (3.5.7) and the maximum principle.

Proposition 3.9. For any ]?E C®(S" 1) any A > 0 and any vg € OR"l = R™™ L, define f
and f)\ﬂ)() as in (3.4.2) and (3.5.3) respectively. Then there exists A\g > 0 depending only on

vg, such that for all 0 < X < Ag

"0 () < 1 (),

for all [w — vg| > A.

Proof. Our proof uses similar ideas as in Lemma 3.1 of [19] and Lemma 2.1 of [20]. Our
proof is even simpler since we have the asymptotic behavior (3.5.4).

Consider in polar coordinate of R"™1 w = (r,#) € R" where r > 0 and 6 € sn—2,
Since f € C(R"1) (actually we only need f to be C1) and "1/ > 0, there exists

rg > 0 such that

dii“ <r"_1e(”_1)f(r, 0)) >0

for all 0 < r < rg and all § € S"~2.

As a result, when 0 < A\ < |w| < 79 we have

)2 n—1 B )2 Dl (e
() e () i

|w]

and hence using (3.5.3) we have

e(nfl)f)\’o (’LU) < e(n—l)f(w)

for all 0 < A < |w| < rg. (Note that here we used the fact that when 0 < A < |w|, we have

}/\Qw

| = |w| < [w])
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For |u| > rq, from (3.4.2) and (3.5.4) we have

n— 2 -l n— ~O
e"=Df (w) = (TW) (=) foW ()

n—1 _ 2
(n—l)f)\,() _ 2\ > (n—1)fol ()\_w)
‘ (w) (A4+|w|2 ‘ W)

Define m = inffegn—l ef(g) and M = SUPgcgn—1 ef(g). Note that we have 0 < m < M.

and

Choose g small enough such that 0 < A\g < rg and
m — )\%M >m/2,
and
r%m/ 2> )\(Q)M :

Then we have for all |w| > rg and 0 < A < Ag

(m—XNM)w]*> > (m—/\%M)r%
> mr%/?
> A3M
> A2M

> A2(M — X2m).

As a result, we have for all 0 < A < \g < rg < |w|,

2m IN2M
T+ w2 ™ w2+ A4
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and hence

e=Df (w) =

With the chosen \g, combining the two cases together, we get for all 0 < A < A\g and all

lw| > A\, we have

e Df () > D0 (w).

Remark 11. Note that

e(nfl)f)\’vo (w) < e(n—l)f(w>
for all lw — vg| > X is equivalent to

e(nfl)f)\,vo (w) > e(n—l)f(w>

for all jw—wvg| < . Since for any w such that |w—vy| < A, we can define Wx vy = Py (w).
Then we have

Cb)\,vo (w)\mo) = ¢)\,vo © ¢A,UO (w) = w, (3.5.8)

and
)\2

= > A\
[w — v

‘w)\,vo —vg| = |¢/\,vo (w) — vy
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As a result, using Theorem 3.9, we have for |w — vg| < A

n—1 n—1 (n—
T w) = 1 (@)D (g )

n1 (n—1
> (g (@) A0y

= [ ()" 1D (0 0) " e ()

(=D ().

Note that in the last step we used

[0 ()"0 (a0 " =1, (3.5.9)
which follows from (3.5.8) and chain rule.

With the help of the previous remark, we can use maximum principle to prove similar

results for Py_,, f.

Proposition 3.10. For any f € C°°(S"™1), define f and Fawg as in (3.4.2) and (3.5.3)
respectively.

For any vy € OR"} = R™ 1 there exists \g > 0 such that for all 0 < X\ < \g we have

enP2_nf(y) < enPQ—nf)\ﬂ)O (y)

for all |y — vg| < A.

Proof. From Lemma 3.8 we see that Py, f and Po_, fA’UO are Hyperbolic harmonic with
boundary values f and f A respctivly. By the discussion at the beginning of this section, all
four functions f, f)w(), P, f and P2—nf)\,v0 are continuous at the point vy € OR'} = R 1.

Choose the same Ay as in Theorem 3.9. Using the previous remark we have

en=Df () < e(n_l)f)"vo (w),
for any 0 < A < Ag and for all w € R"~! such that |w — vg| < A\. Which is equivalent to
f(U]) < f)\,vo (U))
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for all w € R"! such that |w — vg| < A. On the other hand, using the definition of fA’UO,

(A.0.2) and (A.0.4), we can see

Py nfly) = P2—nf)\,v0 (y)

for all y € R"} such that |y —vp| = A. By maximum principle we can see

Py f(y) < P2—nf)\,vo (y)
for all |y — vg| < A. O

Note that in this subsection we only used asymptotic behavior (3.5.4), (3.5.7) and the
maximum principle. We did not use the fact that J7 is a solution to the integral equation

(3.4.1).

3.5.4 The Case \g =

In the previous subsection we showed that A\g > 0 exists. In this subsection we will show
that it can not go to infinity.
Define

Xo = sup{A > 0 such that ¢(" D (w) < D g (w) for all |w —vg| < A.}  (3.5.10)

In the following lemma we show that Ay can not equal to oo.

Lemma 3.11. For any f : R"1 = R, such that e/ € LY R, and for all vy € OR". =

R we have Ay < .

Proof. We can prove this by contradiction following [12]. Suppose for some vy € OR"! =

R" ! we have Mo = 00, then we can find a sequence \; — oo such that

6(n—l)f(w) < e(n_l)f)\i,vo (w)
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for all |w—wvg| < A; and for all i. For a given i, by the previous inequality, (3.5.9) and change

of variable we have

/+ D (wydw < /+ e(”_l)f/\z‘avo(w)dw
B B

Aisv0 Aisv0
_ / (=Df ()
= e w)dw.
Bt
RQL'\BAZ',UO
As a result, we have
1
0< —/ e(”_l)f(w)dw < / e(n_l)f(w)dw.
2 Jrn—1 |w—vg|>X\;

But the right hand side of the inequality goes to zero as \; — oo by dominated convergence

theorem. O

Note that in the this proof we only need e/ € L 1(R"~1) in order to use dominated

convergence theorem. We don’t need fto be a solution to the integral equation (3.4.1).

3.5.5 The Case \g < o0

Note that since A\g > 0, this is the last case we need to consider. In this subsection we will

show that at the critical value Ay, we have

Fxgwg =T

But firstly we need to show three lemmas. The first lemma is about the kernel function

p2—n(y, u).

Lemma 3.12. For any vg € R = R and any A > 0, define Drpg @S 1N (8.5.1). Then

for any y € IB%;UO and any w € R = R" L such that lw —wvg| < A, we have

P2—n (Y, w) = p2—n (P vy (y), w) >0 (3.5.11)
Proof. By (A.0.1), we have
|n71

p2—n(¢/\,vo (y), w) = p2—n(y, ¢)\,v0 (w)) |¢l)\,v0 (w)
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so we only need to prove

| [ g )" .,
ly — w272y — oy (w)Pm2

for any y € IB%;\FUO and any w € R"! such that |lw — vg| < A. By direct calculation using

(3.5.1), we have
/ S
S

So the proof follows from

|2 |w — U0|2

2 (A = [w — voH (N = |y — wl?)
)\2

= 12 7

[y = Gr 0 () —ly—w

which is positive when both |w — vg| < A and |y — vg| < A.

If we define
K (vo, Ay, w) = p2—n(y, w) — p2—n(Px vy (¥), w)
as in [19] (right before Lemma 3.1 in [19]), then we can show the following result about the

derivative of K with respect to w (as in the proof of Lemma 3.2 in [19]).

Lemma 3.13.

2(n — 1)Cn,2—nyvq_1

<va(U07>\;y,w),w_UO |U}—y|2n

>Mw_7}0|:)‘ = - (|7~U—UO|2—|Z/—U0|2)> (3.5.12)

for ally e R}

Proof. Here (VK (vg, \; y, w), w—1g) denote the inner product in R”~! (or R™) with respect
to the Euclidean metric. And V,, denotes the gradient in R”~! with the Euclidean metric.
The subscript w emphasizes the fact that the derivative is taken with respect to w. The

proof follows from direct calculation. As in the previous lemma, use A.0.1 we can have

K(vo, Ay, w)
n—
it | () :
n,2—nYn |w_y|2n 2 |w—7)0| ‘y_ i )\2(w—v0) 2n—2
|w—vo|2
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As a result, we can calculate VK to be

VuwK
Cn,2—ny1rll_1
2(n — 1) (w — /) 2(n — 1)/\27172|w — vo|2”*4
T = Tyl —wP - w2

(n — DAZ"2|w — v 2" 2 (4]y — vo|?|w — vo|2 — 4X2{y — vp, w — 1))
[(y — vo)|w — vo|? = A2(w — vg)[?"
2(n — 1))\2”|w - 00]2”_2

|y — vo)lw —vol? — N2 (w — vo)|2n(|w —vol*(y — vo) — N(w — vp)).

(w — )

Here (y — vp, w — vg) denotes inner product in R™. Then for the inner product we have

—2(n — 1)Cn,2—nyg_1
lw —y|

= 2
(VwK,w—vo>\|w_v0|:A: (Jw — vol* — [y — vo[%).

O
In the next lemma, we use change of variable to rewrite equation (3.4.4) into a new form.

Lemma 3.14. For any vy € OR'} and any A > 0, define the inversion ¢>\,’UO as in (3.5.1).
For any f € C°(R"™Y) that is a solution to (3.4.1). Define f and faug s in (5.4.2) and
(8.5.3) respectively, then we have

e(nil)f)\,vo _ B(n_l)f

-/,

Proof. Since fis a solution to 3.4.1, through change of variable we can see that f is a solution

. (3.5.13)
) G 7Wm—wﬁﬂ>mwmm—mﬂwm@wwy
A0

to (3.4.4). Using equation (3.4.4) we have

Jn-1)f / e"Prntpy L (y,w)dy + / N e"Prnt py_ (y, w)dy
BT R" \B
;U0 A
nPy_, f
= /B+ <€nP2—nfp2_n(y,w) 42 A,v0p2_n(¢)\,vo(y),w)> dy,
A

where the second step follows from change of variable and (A.0.4). Similarly

(n—l)f nPy_ f nPo__ f
e Av) — . e 2—n A’“Opz—n(y,w)dw . e 2—n )"Uopg_n(y,w)dy
]B)\ RZ}_\BA
77}0 7/00
nPoy_ f P
= /B+ (6 2—n )\,v0p2_n(y, w) + el Q_anQ—n((b)\,vo (y), w)) dy.
A
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Subtracting the first inequality from the second one, we get the desired result.

We now prove f = fXO v by contradiction.

Proposition 3.15. Suppose f € CYR"™1) is a solution to (3.4.4). For any vy € OR". =
R with Xy defined as in (3.5.10), f and fXO " defined as in (3.4.2) and (3.5.3) respec-
tively, we have

Flw) = iz, o ()

for allw e R"1,

Proof. We prove this by contradiction. Our proof is similar to a combination of Lemma 2.4

in [20] and Lemma 3.2 in [19]. Suppose there exists v € IR"} = R"~! such that

F0) < Fy g (©)

then by maximum principle (note that by Lemma 3.8 we can use maximum principle here),
we have
Py nfly) < PQ—an()’UO (y),

+

for all y € BX . As a result, using (3.4.4) and Lemma 3.12 we see that
0-v0

flw) < fX()ﬂ)()@)) (3.5.14)

for all w € OR"} = R 1 such that |w — vg| < Xg. By (3.5.4), fXO "0 is continuous on

OR'!. Using compactness of E;O J2.00° there exists v > 0 such that

9

Ponf3g W) = Po-nfly) 27 >0

for all y € E;O/Q v

Consider a sequence {);}7°; such that for each i we have

Ai > Air1 > Ao,
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and that

as 1 — 0o. We can also require that

Poyfrag ) = Ponf(y) = L >0, (3.5.15)

N2

since by (3.5.7) we know that Po_,, f A (y) is continuous function of .

For each i by compactness of Ej\—iﬂo’ there exists w; € Ej\;’vo such that

Pa—nfjwo(Wi) = Pr—nf(wi) = _inf Popfy, vy = Ponf.
2000

Since Ay is the critical value, we must have

Ponfa; o (Wi) = Pa—p f(wi) <0.

By maximum principle, we also know that w; € E;‘FMO NOR", and that

f)\i,v()(wi) — flw;) = P2—nf)\i,v0 (wi) — Po—p flw;) <0.

In addition, by 3.5.15 we have )\70 < |w; —vg] < ;. We have strict inequality because

I wo(w) = f(w) for all [w —vo| = A;.

Since wj; is an interior minimum for f A fin E;\:’”O NORY, we have

V(frgg — F)(wi) =0,

Here we use V to denote the gradient in R"~! with the Euclidean metric. It is the same
notation as in Lemma 3.13.

By compactness of E}\LLUO, we can choose a subsequence (still denote it {w;}7°; and
{Ai}5°) such that w; — wp for some wy € E—{O»UO NOR". By (3.5.4) we can see that both
Fawg (w) and Vf)wo (w) are continuous for A > 0 and |w| # 0. As a result, we can take limit
1 — oo to get

Py (20) = £(w0) <0 (3.5.16)
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and
V(fx(w0 — f)(wp) = 0. (3.5.17)

Because of (3.5.16) and (3.5.14) we have |wy — vg| = Ag. But by Lemma 3.14 and Lemma

3.13, we can see that

(n = 1" (wo)(V (5, ,, — )(wo).wo — o)

= om0 = oD ), g — )

Py f~ _ _
_ /+ (en 2 nf)\o,UO — e’nPQ_nf(y)) <VIUK(U0’ >‘07 Y, wO)a wo — 'U0>dy
Ho0
-1

’I’LP27 ff yn —2
= =20 Denzon [ ( 1T5000 — ¢nPa-n <y>) (32— pfP)dy
Bt lwy — v

Xo,vo
< 0.

Which is a contradiction to (3.5.17).

3.5.6 Proof of Theorem 1.14
For the proof of Theorem 1.14 we need the following Lemma proved by Li and Zhu [20]

Lemma 3.16. [20, Lemma 2.5] For any integer n > 3, suppose f € CHR" 1) satisfying:

for any b € R there exists Ap € R such that

)\n—2 )\2
flw) bb|n2f <| b_(w—b)+ b) . for all w € R" 1\ {b}.

:\w— w — b|?

Then for some a >0, d > 0, wy € R* 1,

. (n-2)/2 »
f('ll]) = <m) y fOT’ allw e Rn s
or
. (n-2)/2 »
f('ll)) = — (m) s fOT’ all w S Rn .

We restate Theorem 1.14 here for the convenience of the reader:
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Theorem 3.17. For any integer n > 2, iffG LX(S"1Y satisfies the equation

((n-DF(€) _ /B et nfy (v, )dr,

then for all € € SP~1

= 1—[¢?
f(§) =In + Ch,
& =g
where ¢ € B" and Cy, = —ﬁ In }S"*H is a constant. Here |S”*1‘ denotes the volume of

the standard sphere.

Proof. By Proposition C.6 in the appendix we know that ]7 € Cl(S”_l). For w € R"1
define f(w) as in (3.4.2) then we have f € C*(R"~1). By discussion at the end of Section
3.4 we know that f satisfies the Euler-Lagrange equation (3.4.4). Then by Proposition 3.15

we know that for any vy € IR} = ]R”_l, there exists A\g > 0 depending on v, such that

Fw) = o (1)
for all w € R”~1. Note that here

Frpan ) = © 03 oo ) + 0165 | (@)

<2 ~2
A A

[w — vo|? Jw = vo|?

is as in (3.5.3).

Define
plw) = "2,

then it is easy to check that ¢ satisfies the assumption of Lemma 3.16. As a result we have

o= (i)

|w — wg|? +d

for some a > 0, d > 0 and wg € R™1. From this we know that

flw) = —ln<|w — wp|? +d> + Ina.
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Define
¢ = W(wo, Vd),
where (w,v/d) is a point in R’ . Then we have

1P
—In 151
Q==

Note that here the constant C), = —ﬁ In !S”fl‘ is determined by the restriction

+ Cp, forall £ € sn1,

HefHLnl(snl) =1

This finishes the proof.
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APPENDIX A

CONFORMAL TRANFORMATIONS

Note that we use three different types of conformal transformation in this part
¥ :RY — B",
defined in section 2. ® € SO(n, 1), and the corresponding ¢ : Rt — R’ defined by
p=U"lodoW.

Using the definition of ¥, through direct calculation, we have

_ 1P

\I//
)| =y

Lemma A.1. For any ® € SO(n,1), define
p=U"1odo0,
then for any y € R and any u € R™ 1 we have

P2 (6(y), (W) = p2_n(y,u)| ¢ (w)] 7™, (A.0.1)

as a result, for any f: R — R we have

(PQ—nf) 0Q = P2—n(f o ¢) (A.O.Q)

Proof. Since we have

VoU =g,
using chain rule, we have

V(U (2)) - (U (2) = 1d

for all x € B". Note that we think of the left hand side of the equation as matrix multipli-

cation. As a result we have
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@ @) = (e (@) (A.0.3)
Using both (2.4.1) and (2.4.2) we have
P2-n(6(y), o(w)) = prp(¥ " oo W(y), ! o doW(w))
= Pa-n(®0W(y),® o U(w))| ¥ (¥ oo W(w)|"!
= P2 ((y), ¥(w))| @' (¥ (w))[' (T o b oW (w))["

= pan(y, W)V (w) "D (U (w)) | (T 0 @ o W(w))|"
|1—n.

= p2-n(y, w)[¢ (w)

Note that in the last step we used chain rule and (A.0.3) by plug in z = ® o ¥(w).

Using (A.0.1) we have

(Poeaf)o(0) = cogn [ poalolu).w)fw)dw
= ez [ P20 ) (SO ()"

— ez [ P2l ) (6w du
— Pralf o)y,

Lemma A.2.

In[¢!(5)] = Po_p n |6/ (w)] (A.0.9)
Proof. Since ® = W o ¢o UL by (3.3.2), we have
Iy o @(z) + In|@'(2)] = In(z) + Poyp(In|®'(€)]):
If we define y = U1 (z), then using (3.3.3) we have

In(z) = IoU(y)

= Ppp(In W' (u)]) — In |W'(y)],
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and

Ino®(z) = Iyo®oW(y)
= Ino¥(p(y))
= (Py—nIn|¥'(w)]) 0 d(y) — In [¥'(¢(y))]

= Py In|W(¢(w))|(y) — In [T (6(y))],

where the last step follows from (A.0.2).

On the other hand, using chain rule, we have

n|¢'(z)] = W |¥ (o™ (@) + ¢/ (T (@) + [T ()

= In|¥(g(y)) +In|¢' (y)| + n |(T~1) (T(y))]
If we define w = U~1(¢), then using chain rule, we have
In [&'(&)] = In [ ¥ (¢ 0 WH(€)] + In |6/ ()] + | (¥~ ()],
and by (2.4.1) we have
(PynIn[@(€))) 0 U = Py In W (¢(w))| + Pay |/ (w)] + Pop I | (T (¥ (w))].
Putting everything together and using (A.0.3) we have

In|¢'(y)| = Py—p In|¢' (w)].
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APPENDIX B

HARMONIC FUNCTIONS IN HYPERBOLIC SPACE

B.1 Induction Formula

In this section we prove a simple induction formula for hyperbolic harmonic functions.
This induction formula will help us relate harmonic functions in hyperbolic space and poly-
harmonic functions in Euclidean space in subsequent sections.

For an integer n > 2, consider the unit ball model of hyperbolic space (B", g;,), where

2
gp = (1—|i|2) dz?. Define p= #, then we have

and

Note that here V and A are the gradient and Laplacian with respect to the Euclidean metric.

We prove the following induction formula
Lemma B.1. For k € Ny we have
pAFy = —(k = 1)(n — 2k)AF Ty — (n — 2k)(z, VAP 1u). (B.1.1)
Note that here the inner product is with respect to the Euclidean metric.

Proof. When k = 1 the equation (B.1.1) holds because w is harmonic with respect to the
hyperbolic metric.

Now suppose (B.1.1) holds for k. Apply A on both sides, we get
A (pAku> = —nAFu 4 pAFFy — 2z, VAFY),

and

A <—(k — 1) (n - 28)AF Yy — (0 — 2k)(a, VA’Hu))

=—(k—1)(n— 2k)Aku —(n— 2/{)(2Aku + (z, VAku>).
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Rearrange terms then we have
pAF Ly = — (k) (n = 2(k + 1) AFu — (n — 2(k + 1)) (z, VAFu).

This finishes the proof. O

B.2 Hyperbolic Harmonic Functions in the Unit Ball

In this section we only consider even dimensional unit ball. From (B.1.1) we see that for
any u € C°(B") if
Apu = 0,
then

A2y — .

Here A denotes the Laplacian with respect to the Euclidean metric, whereas Ay denotes
the Laplacian with respect to the hyperbolic metric.
In [25] Yang found the boundary condition satisfied by hyperbolic harmonic extension of

smooth functions. Suppose n > 2 is even and f € C*°(S" 1), if we define

— |z 2\n—1
u(z) = cp /Sn—l u]pdf

o — P

then u is hyperbolic harmonic, and satisfies the boundary conditions

()0 (2L -k _
Aky -——mk(” 'z ) Pt powo<k<"2 (B2
ol T ()T (g - k) ook !
and
I (&L -k _
3Aku = (—1)k+! (%) ( ’ ) Pn-1 f; for 0 <k < [n 4]. (B.2.2)
ov gn—1 T (nT_l> T (% _ /{:) P19k 4

Here v is the outer normal unit vector. The notation [a] denotes the largest integer that
is less than or equal to a. For example [1/2] = 0 and [1] = 1. %, denotes a family of

operators on S"~1! such that




here A is the Laplace-Beltrami opertor on the standard sphere sn—1,

Note that using the property of gamma function, namely % = x, we can get
P (B+n/2) T(B—n/24+1+k)

Pp_1-or  T(B+n/2—k) T(B-n/2+1)
— T (B+n/2 -0 (B —n/2+1i)

= T (-A+(i—1)(n—i-1)).

Plug this into (B.2.1), we have

k .
Aku o (_1)k ;—Iizl(n _‘22)
Iy (n—2i—1)

a1 I [~A+ (i = 1)(n—i—1)u. (B.2.3)

B.2.1 Recover the Boundary Conditions

In this subsection we will show that we can recover the boundary conditions (B.2.1) and

(B.2.2) using only the induction formula (B.1.1) and results from [23].

Proposition B.2. For any even integer n > 2 and any f € C®(S"™1), if we define
(1 — |z
u(z) = cp /Sn—l Wfdf
then uw € C*°(B") and satisfies the boundary conditions (B.2.1) and (B.2.2). Here ¢, =

L_l)l 1s the normalization constant.
2

Proof. In proposition 5.1 of [23], in particular (5.14) of the note, Michael Taylor showed that
when the unit ball is even dimensional, the hyperbolic extension maps smooth function to
functions that are smooth up to the boundary. As a result we have u € C*°(B").

Now we showed that u satisfies the boundary conditions (B.2.1) and (B.2.2). It will be

easier for us to work in the polar coordinate in the Euclidean unit ball. In this coordinate

(B.1.1) becomes

1—r2
2

AFy = —(k = 1)(n — 2k)A* 1y — (n — Qk)raﬁM—lu. (B.2.4)
T
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We want to take limit 7 — 1 to obtain the boundary conditions. Since u € C*° (En), for any
k € N4 both AFy and r%Aku are continuous in B
This leads to two simple results, firstly when k = 1, by taking limit » — 1 in (B.2.4) we

have
2,
or

and for any k € N by taking limit » — 1 in (B.2.4) we have

Y

Sn—1<_

gAku

= —kAF
or “

sn—1

Sn—l.

So now in order to finish the calculation, we only need to calculate Aky for any k € N4.

sn—1

Consider the case when k = 1, from (B.2.4) we have

1— 72 0
Au=—(n—2)r—
U (n )raru,

divide both sides by (1 —72)/2, and take limit » — 1 (using the boundary condition that

%u = 0), we have

sn—1

(B.2.5)

0 0
Au 1 (n— 2)5 (TEU)

In Euclidean polar coordinate we have

0% n—l@_u Au

Ay =LY 2u
“ 37’2+ r 8r+r2’

here A is the Laplace-Beltrami operator in the standard sphere S"~!. Taking limit r — 1

we have
0%y

0%u — 0%y
87‘2 sn—1 N

Af=A — )
+ f 1LSn—1 8T2

Sn—1’

where the last step follows from (B.2.5). From which we have

~ 0%y
Af=(n-3)—
f 01 )aTQ Sn—l
and
Au . 2&]‘
gn—l n—3
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This is exactly (B.2.3) for k = 1.
Calculation for 1 < k < ["T*Q] can be done using induction with (B.2.3), we omit the

calculation here. This finishes the proof. ]

B.2.2 The Other Direction

On the contrary we can prove the following

Proposition B.3. For any even integer n > 2 and any u € C(En) NC*°(B™) with boundary
value f € C®(S"1) such that u satisfies the boundary conditions (B.2.1) and (B.2.2), we
have

Agu =0, in B".
Recall that Ay is the Laplacian in the hyperbolic unit ball.

Proof. We consider the hyperbolic harmonic extension of f, define w : B" — R by

——:EQ n—1
u(z) = ey /Sn—l ufdf.

o — €=
From the previous subsection we know that u satisfies the same boundary conditions as wu.

Since the equation and boundary conditions are all linear, we only need to show that if

(

A”/2U:0,

{ AFy =0; for 0 < k < [22];
sn—1

LN =0; for 0 < k < [24

\81/ vSn-l ; for 0 <k < [*77],

then v = 0.

This can be done by considering the integration

/ vA™ 2y = 0.
Bn

There are two cases, the first case is when n/2 is even. By doing integration by parts

=0, we get an(A”/4v)2 = 0, which

repeatedly, using the boundary condition %Akv
sn—1
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means A™4~1y is harmonic with boundary condition A4, = 0, so A4y = 0.
sn—

= 0 we eventually arrive at the conclusion

Now use all the boundary conditions Aky )
sn—

that v = 0.
The second case is when n/2 is odd. This is similar, the only difference is in the last

step, we only get
/Bn IVAM=2)/4y12 = ¢,

which mean A(=2)/4y 45 constant, but since AM=2)/4y, = 0, we know that A=2)/4, —
Sn—

0 in B". This finishes the proof. O

B.3 Calculation in the Upper Half Space

We also include some calculation in the upper half space model of hyperbolic space.
2

Consider the space (Rf‘r, d%) Here dy? denotes the Euclidean metric; yy, is the last
Yn

component;

R’ = {(y,yn) € R" such that y/ € Ry, > 0}

We show that In |y|? is hyperbolic harmonic in the upper half space. Note that here |y|?
denotes the norm of y with respect to the Euclidean norm.

This is a straight forward calculation. We use Ap to denote the hyperbolic Laplacian in
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the upper half space.

Sy 0 (ya "0 Inyl?)
—n
Yn

Aglnly|* =

n

=yn > 07 Inly[> + (2 = n)yndn In |y|*
=1

/l:i
2 4?/@‘2 2(2 —n)y2
Y 2
— \lvl* [yl || (B.3.1)

>
- ( 2n 4\912) L 22— n)ya

2
=Un
2

n
=1
>yt ly|?
C2n—4)yE  202—-n)y2
ly|? ly|?

=0.
Remark 12. The calculation in (B.3.1) offers an alternative explanation of the origin of
the function I, as discussed in Section 3.3.
It is easy to expect that (B.3.1) is invariant under translation in R 1. In the sense that

for any v € R"™ 1 we have

Aglnly —v]? =0.

It is also easy to expect that (B.3.1) is not invariant under translation in y, direction, in the

sense that for any \ < 0
Agtn((ya = N2+ 1y/12) #0.
Note that here y = (v, yn) where v/ € R"™1 and y,, > 0.

But instead we have when A = —1
Ag (TnoW(y) = n((yn + D2+ 1y F)) = 0.
Note that this is the consequence of Lemma 3.6, where we also use the relation (2.1.2).
The calculation (B.3.1) also leads to an interesting observation
Proposition B.4. For any y € R"} define u(y) = In|y| then

div (y%Ve(Q_”_a)u> =0
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in R . Where the divergence and V are all defined with respect to the Euclidean metric.

Proof. This is a straight forward calculation. From (B.3.1) we have

Au = (n — 2)8nu’
Yn

where Au denotes the Laplacian with respect to the Euclidean metric. As a result, we have
div (yﬁ‘Ve@_n_a)u>

=(2—n-— a)y,ol‘e(z_”_o‘)“ (Au + Oz? +(2—-n— a)|Vu|2)
n
=(2—-—n-— a)y,ol‘e@_"_a)“ ((n — 2)0nu + Ozanu +(2—-—n— 04)|Vu\2) :
Yn Yn

We conclude the proof by pointing out the fact that

Onu

= |Vul?.
Yn

O

Remark 13. Note that Proposition B.4 offers an alternative explanation of why the function

1

I'(y) = C(n, Q)W

s a fundamental solution to the equation
div(yp, Vu) =0

as observed by Caffarelli and Silvestre in [3].

We think of it as the consequence of the fact that In|y| is hyperbolic harmonic in the

upper half space and of the coincidence that 8”572“” = |VIn|y|%.
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APPENDIX C

REGULARITY

2(n—1)

n—24+a«o

For any integer n > 3 any a € (2 —n, 1) and any p >

we want to prove regularity of

the function f e LP(S"1) such that f is a solution to the integral equation for any £ € S?~1

/]Bm Pa(z,§) (ﬁaﬂ (@Zf%;g _ fep,

Here Po(z,€) is the Poisson kernel .For any « € B” and any ¢ € S?"~! we have

ﬁa(x 5) _ 2a—lcna(1 - |.T}’ )

‘x _ f’nfa ’
The normalizing constant ¢, o is as in (1.2.3), we restate it here:

_ Sn 2’/ e er L0 ("%5h) ‘Sn—Q"

In upper half space the kernel function is

1—
ly — w|

Pa(y, w

with
y —
Paf(yl7 Yn) = Cn,a/ 1 = n—c f(w)dw
By —wP+y3) 2

The corresponding integral equation in the upper half space is

- p—1 p a—n n+2—«o
(Fowtw))"™ = [ poluw)¥'(w)|"2" ((Pu) ) 727 dy,
+
or equivalently

n—a_ (p=1)(n—2+a) nt2—a

oy @) 2T ) ((Pa ) 2R dy,

+
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C.1 From [P to L*®

Proposition C.1. For any integer n > 3, any o € (2 —n,1) and any 721(_”2:_1(1 <p <o

suppose fe Lp(S”_l) 15 a solution to the Euler-Lagrange equation
L m2a
[ o &) (Puf) ()27 da = ey,
BN

then we have f € L°(S"1)

- 2n
Proof. Note that the operator P, : LP(S?~1) — Ln—2Fa (B") is bounded and compact when

2(n—1)
n—2+«

< p < oo. For u € LY(B™) where 1 < g < n, define the operator T,

Tl — /B o, E)ia)da.

Using a duality argument as in [18] we can prove

ITetll ong < llsen (C.L1.1)
‘L_ﬁzﬁ_(gnfl)

Suppose fve LP(S™ 1Y is a solution to the Euler-Lagrange equation

n+2—«

/IB” Pa(@;¢) ((ﬁaf> (55)) n=2Ea gy = Fep1.

From Proposition 2.9 we see that
~ ~ _np_
Py f € Ln=1(B").

n—24+«
n+2—a’

As a result if we define v = then we have

(Baf)'/7 € L I (B").

Using (C.1.1) we have
~ p(n=1)
frte Ln=I=p (s,

and hence
_ app=1)(n=1)
fer nT=w (sn1
If we keep going we can have ]76 L (Sn_l). O

91



C.2 Derivative of p, with respect to z

Next, we want to prove regularity for f in using the same idea as in the book by Gilbart-
Trudinger [14, Chapter 4]. (The way they handle the Newtonian Potential) So firstly, we

take derivative of p,, with respect to x and with respect to £. Through direct calculation we

get
_(n_oé)?/?lli (yz z#n
Oy;paly, w) = e
yZpOé Y, 2« —«
Y Y o
_(n—a)|y an a+2+(1 )ly £|n S, i=n

l1-a
Y Yi —w;i) .
awipa(yaw) = (n— O‘)W, 1=1, 2,..., n—1

C.3 C° Regularity for F

Suppose we have the integral equation

yl—a
F(w) = cna /R Iy,

n |y —w|"=e

where y = (¢, yn) € R} and ¢/, w € R" 1. We assume U(y) € L*>*(R"') and U(y) > 0
for all y € R"}.

For any R > 0 we can write

_ /
= Cna/ /]Rn 1y — w|n aU(y)dy dyn

/
+ cna/ /}Rn 1 Ty— w|n ————U(y)dy'dyn.

Define

/
_cna/ /Rn e w|n —————U(y)dy'dyn. (C.3.1)

It is easy to see that F' — Fp € COO(R”_I), since there is no local singularity, and the

singularity at oo is still summable after taking derivatives.
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Lemma C.2. For any 2 —n < a < 1. For any R > 0 and for U € L°(R"), and U > 0,

define F'g as in (C.3.1). Then for any 8 such that 0 < B < 1, we have Fg € o’ (R~ 1.

loc

Proof. For any v, w € R 1 consider

11—«
Yn /
F Fr( — Uy)dy dyy,.
) = Frle C”O‘/ - 1<|y wfr= \y—v|”—a) s

Define r = |v — w|. Suppose we have 0 < r < £&. Define

A={y eR" : such that |y —v| < 2r and |y — w| < 2r}.

Then we can write

11—«
Yy
Frw) = Fp(v) = cna / / (’y o |y_”vln_a)U<y>dy’dyn
[0

1 yl a ,
= Ul(y)dy'd

= I—I—II

For I we have

Yn ,
Cna/ /(!y w|n— |y_nv|n—a)U(y)dydyn

a|y w| /
< na/ /A!y w\n a+ﬂU(y)dydyn
—Q
Yy
Cln,a / /A "n b gg)af e
Blay — B /
< Py ( [ [ i

/
/ /1'4|y_7)’n OH_/dedyn)»

in the last inequality we used the fact that |y — w| < 2r = 2|v — w|, |y — w| < 2|v — w| and
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dy’
Yn

Rd !
aYn
dy'dy, < / /
J/ m[;|y wlr—atf T N
|Sn—2|/ dyn/ r’T 2dT
0 9 04_5)

RS e
Rl_ﬁ F( - 02‘_ ))FULEI)
L5 or (=g=)

U > 0in R’} . By change of variable, choose 2 = yy with dz/ = 7 then we have

Skl

Note that when 2 —n < a <1 and 0 < 5 < 1, we have 1= _B)>0and%_5)>0. As

a result, we have

/
/ /Aw e g/ dyn < C(n,0, 6. R).

Similarly for v we have

/ /A ly — v\” a+6dy/dy" < C(n,a, 5, R).

As a result, we have

1< C(n,a, B, R|U| ooz |w — vl
Now we consider 7. Notice that
[ Dwpaly, w)| < (n —a)ena y—
Using mean value theorem we have: for some wq lying on the line segment between v and w
ey, w) = paly,v)| < [Dwpaly, wo)llw — vl.

As a result, we have

1) < (nalUMﬂww(/ / 1 Duply wo)llw = oldy'd,

«

1
— o8 1B,
= Ul oo /4MWyWMMthumw%

In R’'\ A, we have

ly — wo| > |w—v| =7
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We can prove this by contradiction. Suppose we have
ly —wol <,
then by triangle inequality, we have
ly — w] < Jw—wo| + |y — wo| < |w—v[+ |y —wp| <2r.

Similarly for v, we have

ly —ov] < 2r.

As a result, we have y € A, which is a contradiction.
Now we have

(67

1
< g [ [, Tyl ol ol

«

1
— _ 28 /
(n a)||U||LOO Rn |w U| / /]R” 1\A |y w0|n Oé—l—ﬁdy dyn

By previous calculation we have

1
- dy' dyn dy' dyp,.
RN— 1\A |y w0|n a+p rn—1 |y w0|n a+f

< naﬁ)

IN

As a result, we have

|II| S C(TL, (X,B, R)HUHLOO(RQL_“'(U - ’UlB
All together, for any 0 < < 1 we have
|[Fr(w) — Fr(v)| < C(n,, B, R)HUHLOO(RCLF)I@U — v|ﬁ,

which means Fr € c? (R 1.

loc
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C.4 (CP Regularity for U

Lemma C.3. For some 2 —n < a < 1,0 < < 1 such that o + 8 < 1 and for some

feOﬂ

loc

(R"1) N L®@R™1), define

11—«

u(y) = Pof(y) = Cn,a/ ynif(w)dw.

rn—1 |y — w|~ @

Then for any y' € R"1 we have

lim U(y/7 yn) = f(y,>7
yn—>0

B
and u € C) (R).
Proof. Through change of variable we see that

dw

n—o '’
(lw?+1)"2"

flynw + 9/
|u(y)| = Cp,a /]RTL—l (’ (’; )n—)a dw| < ||f||LOO(RTL—1)Cn,Oé Rn—1
wl*+1) 2

From which we can get
HUHLOO(RQ) < HfHLOO(RTL—l)-
In addition, by dominated convergence theorem, we get

. . w+y
lim u(yla Yn) = Cn,oz/ lim S 3_>a dw = f(y,)

Since it is easy to see that U € C°°(R'} ), we only need to show that U is Holder continuous
up to the boundary.

For any y € R? and any v € R""!, define D = {w € R"~! such that |(y,w+y’)—v| < 1}.
Note that D is a ball in R”~! centered at ”;—gl with radius yin Also, note that for any w € D
we have

lynw + 3| <1+ |v|

Choose R > 0 large enough such that
1+ v| <R
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then for all w € D we have

lynw + 4| <1+ |v| < R.

Since f € cf

1o (R 1), we have

sup

lw|<R, Jwg|<R

Consider

| f(wy) —

f(ws)]

flynw + ')

= K < Q.

lwy — wolP

uy) —u(v)| =

C
/]R .

IN

(Jwl? +

~ /)],
1) 2

f(v)

w

(Jwl? +

flynw +y') —

/ flypw +vy') —
Cn7a b n—c ’LU

1) 2

+cn,a /
]R”—l\D

f(v)

— dw

(jw?+1) 2"

IA

Cn,a

+26n,a“f”L00(Rn—1) / n—a

IN

IN

IN

+Clnaf el =ol* [

n—a
D (lw2+1) 2

Clna o flioe) [ ( —_ .

Cna o Wzl ol [

oo+ (4 =)

oo+ ' =)

RVID (w2 +1) 2

Clna o) [ —

(jw>+1) 2"

lynlwl” ly' —vl”

o dw
1) 2

(Jw|?> +

n—a
1) 2
jw|?
(w2 +1)" 2
1

lw]? +

dw

dw.

n—«o
PuwP4) T

Note that in the third inequality, we used subadditivity of concave function. Also, note that

/]Rn—l ’wyﬁ —Q dw
(jw[2+1)" 2
and
/ jw]
R (w2 4 1) 2

() (e24)

B GO
SCINCY
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Both integrals are finite when 2—n < a <1,0< g <1and a+ 3 < 1. As a result, we have

[uly) = u(v)| < Cln,a, B, 5, || fllgoo)ly — vl

for all v € R~ such that |v| + 1 < R and for all y € R . Note that since x depends on R,

the function w is only locally Holder continuous. We have u € Clﬁo C(ﬁﬁ). O

C.5 (! Regularity for F

For any v € R"™1 = 9R" and for any R > 0 define Br, ={y € R" : [y —v| < R},
and BE’U = Bgr, NRY}. We also define the n — 1 dimensional ball as IEB%;} ={w e RP1
|lw —v| < R}. We also use notation Bp, IB%E and B%_l to denote Bp o, BE,O and IB%%I)I
respectively.

We prove C'k

ZOC(Rnfl) regularity using the same argument as in [14, Lemma 4.2].

Lemma C.4. For any2—n <a <1,0< g <1 and for any U € LR’} ) N C’loc(ﬁz),

U > 0 such that
yl—a
F(w) = cna /R I pr(y)ay

7—7(_ ’y _ w‘n—a

is well defined. We have F € C}

loc

(R,
Proof. Note that for any R > 0 we can write
yl—a yl—a
F(w) = Cn,a/ nifU(y)dy + Cn,a/ nifU(y)dya
B} [y —w[" ™ RIAB, |y —w]" ™
where

1_
c Yn “

M JrnBg, Yy —wnTe
+ VP Rw

so we only need to consider

U(y)dy € Cre.(B% ),

yl—a
c — I U(y)dy.
e /IBSE ly — w[r—e

Extend U(y) to R™ by defining

—, U(yluyn)7 fOl" y’I’L Z 07

Uy, —yn), for yn <O0.
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for all ¢/ € R"~1. Then it is easy to see that U € L*®(R") N cP

loc

(R™). Extend pq(y,w) to

R™ in the y variable by defining

. ‘yn|1_a
Pa(y, w) el g
As a result we have
1 B _
L Paly,w)U(y)dy = 3 Doy, w)U(y)dy,
B}, Bp

for all w € B%_l. Now we only need to consider fBR Doy, w)U(y)dy. We can use the same

argument as in Lemma 4.2 of [14] to prove that
D; ( / ﬁa(y,w)U(y)dy> - / Dipaly.w) (Uly) — U(w)) dy
Br Br

~U(w) /a Pl ()5,

for i =1,2,...,n— 1. Here derivative is taken with respect to w, dBp is the boundary of Bp

in R™, dSy is the standard measure on 0Bp. [

C.6 Application to the Non-limit case

Now we are ready to prove regularity results which was used in Theorem 2.12.

Proposition C.5. For any integern > 3, for any2—n < a < 1 and any p > 3}_”2_13[ suppose

we have fe LOO(S”*I), ]72 0 and that f s a solution to the Fuler-Lagrange equation
. n+2—a _
[ ) (Paf) @) 727 de = ey,
B’I’L
then f € C1(S"1).

Proof. If for any w € R we define
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as in 2.1.5, then by Proposition 2.5 and change of variable we can see that f satisfies the the

integral equation

n—a_ (p—1)(n—2+a) nt2—«a
() @) "2 Z/Rn (3. 0) (P ) () 254 dy.

_|_

As an immediate result, we have f(w) > 0 for all w € R" ™1, since otherwise we have f = 0.
n+2—«
Where [|Pafllpoomn ) < £l oo gn—1, and hence ((Faf)(y))n—2+e € L¥(RL).

Using Lemma C.2, choose some  such that 0 < <1, f <p—1 and % +a <1, we

get that
n—o —1)(n—2+«
(Pt [0 () "7 o

loc

®"Y),
Since |0/ (w)| = —2— is smooth as a function of w and that it is always positive, we have
1+|w|?

Ll of

loc

(Rn_1)7

and as a reuslt

B
fecP hmr

loc

Now apply Lemma C.3, we get

B
Pof € CPH(RY).

loc

Finally apply Lemma C.4 to get

n—a_ (p—1)(n—2+a)
(f(w)P~H W/ (w)| 2 2 € CL.(R™),

and hence
(f(w)P~! € CLR).
Lastly, since f(w) > 0 for all w € R we have
f(w) € Cpoo(R").
Transform f back to the unit ball we see that

fectst .
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C.7 Application to the Limit Case a =2 —n

Proposition C.6. For any integer n > 3, suppose we have }VE L®(S" 1) and that fv is a

solution to the Euler-Lagrange equation

e(n=1F(6) _ /B ) APy n 5 (0 &)da (C.7.1)
then f e C1(S"1).
Proof. Suppose fe L®(S"~1) satisfies the integral equation (C.7.1). Define

fw) = foW(w)+n|¥(w)],
then as discussed in Section 3.4 we see that f(w) satisfy the following integral equation:
(=1 f(w) _ /R M Pand gy (. w)dy. (C.7.2)
+

Since e"2-nt (y) = |/ ()| T2t o W(y) € L*°(R"), we can apply Lemma C.2 to

get
enDIW) ¢ of (mPY).
Since e~ 1f(@) = 0 for all w € R"! we have
f(w) € Cp) (R*)

Now from Lemma C.3 we know that Py_,,f € C’l[i c(@i). Using Lemma C.4 and equation
(C.7.2) we eventually get f € Ollo C(]R"_l). Eventually, transform back to the unit ball we

get f e CL(s 1, O
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APPENDIX D

CONFORMALLY COMPACT MANIFOLD

A natural way to generalize observations in the hyperbolic space is to consider the confor-
mally compact manifolds. In this appendix we consider the solvability of Laplace equation
with Dirichlet boundary condition. Firstly we define some notations that will be used through

out this appendix.

Definition D.1. By (M,g) is conformally compact to (M,g), we mean: M is a compact
manifold with nonempty boundary, and M is the interior of M. We assume G to be smooth.
With a fized defining function v : M — R such that r is smooth and positive in M, where
r =0 on dM and drlg = 1 on OM. Such that g = r=2g. Note that here we use V and
A = trg V2 to denote operators on (M, g) and use V and A = tr§v2 to denote operators
on (M,g). Moreover, Sobolev spaces on M and M are defined using measure from g and g

respectively.

Note that this definition is closely related to Subsection 1.4.1. In conformally compact
manifold there exists a special neighborhood called the collar neighborhood. We discuss the

collar neighborhood in the following remark.

Remark 14. Note that by compactness of OM and the fact that |dr|g = 1, there exists a
collar neighborhood Q = [0,€) x OM of OM, such that the metric g = r—2(dr® + h) in the
collar neighborhood. Here € > 0 is a real number, and h is a metric on OM that depends on

r, we use the hq to denote the metric on {0} x OM.

In order to prove the solvability of Laplace equation in conformally compact manifolds
with Dirichlet boundary condition, we firstly prove that we can extend a smooth function

on the boundary to be a nice function on the collar neighborhood in the following sense:
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Proposition D.2. Suppose (M, g) is a connected n-dimensional manifold conformally com-
pact to (M,g) as in Definition D.1. For C* function f: OM — R, extend f to fo: Q2 — R
by fo(t,0) = f(0). Where (t,0) € [0,€) x OM. Then there exists functions a; : [0,€) x OM —

R fori =2, ...,n, which only depends on 6 € OM, such that

n—2
A (fo + Z w") =0("

Proof. In the collar neighborhood as mentioned in Remark 14, for any C2 function v :  — R,

we have
Or det h
Au = "9 (r> ") + 12 2Tdeet . Oru+ 2 Aju. (D.0.1)
In particular, when v = r®, we have
Or det h
Ar® =ala—n+1)r* + aﬁ Al — ol —n+1)r* + 0>t (D.0.2)
e

Hence we have Afy = T‘QAhf. If n < 4 then we are done. If n > 4, then we can take

ag = mAhofO such that

1 Or det h
A(fo + agr?) = =) (27“3 get By fo+ 7"4AhAh0f0) = 0(r").

We can keep going until

n—2
A (fo +> airi) = 0@, (D.0.3)
=2

where a; : [0,€) x M — R does not depend on r, i = 2, ..., n. Note that this is the best we
can do, since by equation (D.0.2), we have for any a,_1 : [0,€) x 9M — R that does not

depend on r,

Aap_17" 1 = 0@™). (D.0.4)
So in general we can not cancel the O(r"~1) term in the same way. O

Now we are ready to prove the solvability of Laplace equation in conformally compact

manifolds with Dirichlet boundary condition.
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Proposition D.3. For any C*® function f : OM — R, there exists a function ¢ : M — R

such that V| y37 = f and that Ay =0 in M.

Proof. Extend f to fy as in proposition D.2. By proposition D.2, there exists functions
a; : [0,€) x OM — R for i = 2, ...,n, which only depends on # € M, such that

Choose a cut off function y : 9M — R such that 0 <y <1 and y =1 on [0,¢/2] x M and

that  is supported in [0,€) x M. Define
Me = {x € M| r(xz) > €}.

Note that M¢ = {x € M | r(x) > €}. Define

n—2 _
U=x <f0+zai7‘l> ,
1=2
then we can extend U to be a function on M such that U = 0 on M, and that
AU = O(r" 1.
Choose 0 < ¢y < €¢/2 small enough such that

sup [U] < 2sup|f|
oM, oM

For any 0 < € < ¢, in M o> by standard theorem on bounded domain, there exists a function

¢, such that
Ag&el = —AU, in Me/
ps =0, on 8M€/.

Since A(¢ +U) =0 in M, by maximum principle we have

sup [ + U| < sup [U] < 2sup|f]
M, 6M6/ (9M

€
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As a result we have

| < 2sup|f] +sup U]
oM M

in M, for all € € (0,¢p). Define C' = 2supgz7 | f| + supas |U]. Choose a € (0,7 — 1), by
equation (D.0.2) we have
Ar® = oo —n+ 1)r® + O(r&h).

Moreover, since AU = O(r" 1) there exists ¢; € (0, eg) such that

7,.0[

A (C—a + U) <0

€1
for all (¢,6) € [0,€1) x M. Choose €' € (0,€1), define A o = {r e M| <r(x) <el,
then we have

TCY

(0%
in A e Which mean O? + ¢, is a super harmonic function in Ae/,q' By maximum
principle, we have
,rOé
Alnf Ce_o‘ +o > 0.
e 1
/ T’a Ela T’a
Note that when r = € we have Ce—ai@g = C’E—a > 0, and when r = €7 we have C’e—aigoe/ =
1 1 1

C =+ ¢ > 0. As a result we have

ro
|906/| < Ce—a
1

forall z € A, o and for all € € (0,¢1). Hence we have

(6%
|¢€/+U|§C(Z—a+1) <20
1

for all z € A€/761 and for all € € (0,¢1). Since ¢ + U is harmonic in M, by maximum

principle we have for any = € M,
’906/ + U‘ < 2C.

By standard elliptic estimate we have

lper + UHOQ’Q(MGI) < (.
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By Arzela-Ascoli, and a diagonalization argument, there exists a sequence €; — 0 such that
¢e; + U converges to some function ¢ : M — R in C? norm. As a result, we have v is

harmonic in M and that ¢ = f on OM. ]
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