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ABSTRACT
NONLINEAR CONTROL OF ROBOTIC FISH
By
Maria L. Castano

In the past few decades, robots that propel and maneuver themselves like fish, known as robotic fish,
have received substantial attention due to their efficiency, maneuverability, and lifelike features.
Their agile locomotion can be partially attributed to their bio-inspired propulsion methods, which
range from tail (caudal) and dorsal to paired pectoral fins. While these characteristics make robotic
fish an attractive choice for a myriad of aquatic applications, their highly nonlinear, often under-
actuated dynamics and actuator constraints present significant challenges in control design. The
goal of this dissertation is to develop systematic model-based control approaches that guarantee
closed-loop system stability, accommodate input constraints, and are computationally viable for
robotic fish.

We first propose a nonlinear model predictive control (NMPC) approach for path-following of
a tail-actuated robotic fish, where the control design is based on an averaged dynamic model. The
bias and the amplitude of the tail oscillation are treated as physical variables to be manipulated and
are related to the control inputs via a nonlinear map. A control projection method is introduced to
accommodate the inputs constraints while minimizing the optimization complexity in solving the
NMPC problem. Both simulation and experimental results on a tail-actuated robotic fish support
the efficacy of the proposed approach and its advantages over alternative approaches.

Although NMPC is a promising candidate for tracking control, its computational complexity
poses significant challenges in its implementation on resource-constrained robotic fish. We thus pro-
pose a backstepping-based trajectory tracking control scheme that is computationally inexpensive
and guarantees closed-loop stability. We demonstrate how the control scheme can be synthesized to
handle input constraints and establish via singular perturbation analysis the ultimate boundedness

of three tracking errors (2D-position and orientation) despite the under-actuated nature of the robot.



The effectiveness of this approach is supported by both simulation and experimental results on a
tail-actuated robotic fish.

We then turn our attention to pectoral fin-actuated robotic fish. Despite its benefits in achieving
agile maneuvering at low swimming speeds, the range constraint of pectoral fin movement presents
challenges in control. To overcome these challenges, we propose two different backstepping-based
control approaches to achieve trajectory tracking and quick-maneuvering control, respectively. We
first propose a scaling-based approach to develop a control-affine nonlinear dynamic average model
for a pectoral fin-actuated robotic fish, which is validated via both simulation and experiments.
The utility of the developed average dynamic model is then demonstrated via the synthesis of a
dual-loop backstepping-based trajectory tracking controller.

Cyclic actuation can often limit precise manipulation of the fin movements and the full ex-
ploitation of the maneuverability of pectoral fin-actuated robotic fish. To achieve quick velocity
maneuvering control, we propose a dual-loop control approach composed of a backstepping-based
controller in the outer loop and a fin movement-planning algorithm in the inner loop. Simulation
results are presented to demonstrate the performance of the proposed scheme via comparison with

a nonlinear model predictive controller.
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CHAPTER 1

INTRODUCTION

The efficiency, astounding agility, and remarkable feats in swimming of real fish have motivated
and inspired scientific interest in developing a class of autonomous underwater vehicles called
robotic fish. As illustrated in Figure 1.1, various bio-inspired actuation mechanisms, ranging from
oscillating tail (caudal) and paired pectoral fins [2, 3], a combination of both movements [4], to
undulatory motion of the entire body [5], have been explored in the design of these robots. In
addition to being promising platforms in applications such as aquatic environmental monitoring
and search and rescue, robotic fish are also useful tools to study robot-animal interactions [6-9].
Their efficiency, maneuverability, and stealth are some of the characteristics that have made robotic

fish an attractive choice over traditional propeller-driven underwater vehicles [10—12].

(a) Ghostswimmer, a robotic fish developed (b) Robotic fish developed by Delft University of Tech-
by Boston Engineering Corporation [13]. nology [14].

On/Off & charging
Port

Temperature
Sensor

t

Tail Fin

Pectoral Fin

(c) A robotic fish developed at New York (d) A robotic fish developed by the Smart Microsys-
University [9]. tems Lab at Michigan State University.

Figure 1.1: Examples of reported robotic fish prototypes.



1.1 Control of Robotic Fish

To be suitable for aquatic applications and effectively carry out monitoring and sensing tasks,
accurate trajectory tracking is essential for robotic fish. For example, trajectory tracking is critical
when exploring and sampling specific areas, seeking pollutant sources, and mapping the whole
aquatic environment. However, input constraints, and highly nonlinear and often under-actuated
dynamics of these robots present significant challenges in trajectory control.

Much of the work done on robotic fish has been focused on robot development, prototyping,
[1,5, 10, 15-31] and high-fidelity modeling [32-38]. There has also been extensive work on
motion control of robotic fish, which has mainly been focused on the generation of coordinated
movements of the actuation components to produce some fish-like swimming gaits. In the case
of swimming gait generation, several kinematics and dynamics-based schemes [39-47], as well
as bio-inspired approaches, such as central pattern generators [48—53], have been used to produce
fish-like swimming. However, these approaches are typically open-loop in nature. Although
some works have examined closed-loop approaches to drive the robot to achieve some desired

motion [31,54,55], they have mainly been focused on heading or depth control.

1.1.1 Control of Body and Caudal Fin (BCF)-actuated Robotic Fish

There has been additional work done on model-based closed-loop motion control of body and caudal
fin-actuated robotic fish to achieve maneuvering, speed and orientation control, path following,
point-to-point tracking, and line-of-sight (LOS) control [56—63]. In [56] a point-to-point control
of a four-link robotic fish with an oscillating tail was implemented, where a classical proportional-
integral-derivative controller combined with a fuzzy logic controller was designed for speed and
orientation control. The authors in [57] devised a control strategy using motion primitives to
achieve maneuvering of an aquatic vehicle using an oscillating foil. The strategy consists of an
optimal off-line primitive planning step and an online feedback control step composed of a cascade

of finite-time, time-scalable linear quadratic control, and input-output linearization, in combination



with a sliding mode controller. Furthermore, in [58] a target-tracking and collision-avoidance
algorithm for two autonomous robotic fish was implemented via a situated-behavior-based and
motion primitive decentralized control approach, in combination with an attractive force toward a
target and a repulsive force for collision avoidance. In [59] three simplified linearized models of the
decoupled fish dynamics were used for the design of linear quadratic regulators to achieve speed
and orientation control and to stabilize the pitch and roll. Furthermore, a line-of-sight guidance
scheme was implemented for way-point tracking using linearized controllers. Zou et al. developed a
neural-network-based sliding mode control algorithm for cooperative trajectory tracking of multiple
robotic fish [60]. The authors in [61] designed a sliding mode controller for swimming, orientating,
and LOS way-point tracking of robotic fish in three-dimensional motion. In [62], the authors
proposed a target-tracking hybrid controller that consists of an open-loop turning controller and a
closed-loop backstepping controller to drive a robotic fish to a specified target location. Finally,
in [63], the authors proposed a backstepping controller for tracking control of a nonholonomic fish
robot with dynamics that can be expressed in a chained form.

Despite the aforementioned progress in the control of robotic fish, most of the work focused
on speed, orientation, and way-point tacking control. Furthermore, it has relied on utilizing
either motion primitives, which can be system-specific, or linearized methods, which only provide
local results (i.e., stability is only guaranteed in a neighborhood of the selected operating points).
A unified, systematic control approach that accommodates input constraints and has stability

guarantees is in general lacking for such robots.

1.1.2 Control of Pectoral Fin-actuated Robotic Fish

While caudal fins have proven to be an efficient propulsion mode at higher speeds, pectoral fins are
vital in assisting propulsion and achieving agile maneuvering at low swimming speeds [25,64,65].
As shown in Figure 1.2, pectoral fin motions can generally be classified into three modes based
on the axis of rotation: rowing, feathering, and flapping, where the axes of rotation are vertical,

transverse, and longitudinal, respectively. Rowing motion is classified as a “drag-based”” swimming



Rowing motion Feathering motion Flapping motion

Figure 1.2: The main types of pectoral fin motion (adapted from [1]). The rotation axes for the
rowing, feathering, and flapping motions are vertical, transverse, and longitudinal, respectively.

mechanism, where the drag element of fluid dynamics generates the thrust, and it is often regarded
as an effective type of motion for achieving a number of in-plane locomotion and maneuvering
tasks, such as forward swimming, side-way swimming, and turning [66,67]. The rowing motion of
pectoral fins comprises two sub-movements during the fin-beat cycle: a power stroke and a recovery
stroke. During the power stroke, the pectoral fin moves backward to produce thrust through induced
drag on the pectoral fin surface, while during the recovery stroke, the fin moves toward the front of
the body, ideally with minimal loading, to get ready for the next fin-beat cycle.

Although beneficial in maneuvering, utilizing rowing motion for propulsion gives rise to chal-
lenges for the control of robotic fish. The challenge lies with the actuation constraints (i.e., angular
position, velocity, and acceleration limitations) and the mechanism in which the “drag-based”
swimming method is used to generate thrust. For example, forward thrust can only be generated
during the power stroke; however, when the pectoral fin reaches its maximum angular position,
it has to recover in order to be able to generate forward thrust again. During the recovery phase,
the fin will produce a “negative” thrust, thus opposing the objective of producing forward thrust
in the first place. While such “backing-up” behavior seems natural to human understanding and is
widely used by live fish, it is challenging to incorporate this behavior through systematic, rigorous
controller synthesis.

Significant work has been done on the modeling of pectoral fin-actuated robotic fish [3,5,24-30,
68—70]. Some of these works have focused on developing Computational Fluid Dynamics (CFD)

models to carry out numerical analysis of the robot’s hydrodynamic characteristics and the force



generation of the fins. Despite being instrumental in studying pectoral fins’ propulsive mechanism,
CFD-based models are not suitable for control design. Some efforts have also gone into developing
analytical models to study the propulsive mechanism and gait analysis. For example, [71] and [72]
utilized blade element theory (BET) to evaluate the quasi-static hydrodynamic forces generated
by undulating and rowing fins, respectively, and [73] utilized Euler-Lagrange equation methods
to develop a dynamic model for batoid swimming robots. Others have focused on developing
modeling frameworks for analyzing the effects of different pectoral fin designs and materials on the
robot’s swimming performance and mechanical efficiency [2,25,26,74,75]; however, these models
tend to be complex and are not amenable to controller design. Control-affine models that easily
allow studying the effect of the input parameters on the dynamics and fins movement are essential
for control design and are lacking for these types of robots.

Limited work has been reported on the control of pectoral fin-actuated robotic fish. Some of
the work in this area has focused on open-loop motion control, i.e., the generation of coordinated
movements of the actuation components to produce some fish-like swimming gaits [4, 76-78].
In terms of closed-loop control, several authors have proposed sensory-feedback Central Pattern
Generators (CPGs) for target tracking or obstacle avoidance control [79, 80]. Similarly, in [81]
the authors proposed a control strategy composed of two layers: an upper decision-making layer
that uses a finite state machine to determine the proper swimming gait and a layer that uses a
CPG to implement the desired gait. Fuzzy rule-based control laws were proposed in [82] to
control fin-beat parameters to drive a robotic fish to perform rendezvous and docking in a three-
dimensional workspace. The authors in [31] implemented geometric control methods for closed-
loop depth control of a robotic fish using pectoral fins undergoing feathering motion. All of the
aforementioned work is based on motion primitives, which can be system-specific, or have focused
mainly on heading, depth, and velocity tracking for robotic fish using pectoral fins undergoing
feathering or lead-lag motion. Systematic trajectory tracking control approaches that accommodate
input constraints and have closed-loop stability guarantees have not been proposed for robotic fish

with pectoral fins undergoing rowing motion.



The limited work on control of pectoral fin-actuated robotic fish utilized cyclic fin actuation
for the lead-lag or feathering motion of the fins while treating the fin-beat parameters or the phase
differences between the fins as the control variables for the fish locomotion control. However,
such cyclic fin movement limits precise manipulation of the fin movements and the thrust profile
that can be generated, which impedes full exploitation of the maneuverability of pectoral fin-
actuated robotic fish. Acyclic thrust or moments could be more instrumental for generating a
quick maneuvering response, which can be valuable in scenarios like counteracting disturbances or

avoiding fast obstacles.

1.2 Overview of Contributions

The contributions of this dissertation reside in the development of systematic model-based
control approaches that guarantee closed-loop system stability, accommodate input constraints,
and are computationally viable for robotic fish. In particular, we present two nonlinear model-
based control approaches for path-following and trajectory tracking of a tail-actuated robotic fish.
Furthermore, to exploit the benefits of pectoral fins and overcome their challenges in actuation,
we propose two different backstepping-based control approaches to achieve trajectory tracking and
quick-maneuvering control, respectively. The contributions of this research are further summarized

in the following subsections.

1.2.1 Model Predictive Control-based Path Following for Tail-actuated Robotic Fish

First, we propose a nonlinear model predictive control (NMPC) approach to path-following of a
tail-actuated robotic fish that accommodates the nonlinear dynamics and actuation constraints while
minimizing the control effort. Although there is extensive work on NMPC for path-following of
mobile robots [83—-88], little work has been reported on its application to control of robotic fish.
In this controller design, a high-fidelity averaged nonlinear dynamic model developed in [89]
is used. The physical control inputs consist of two of the tail-beat parameters, the bias and the

amplitude, while the angular frequency of the tail beat is kept constant. We propose a scheme to



address the nonlinear input constraints. Specifically, to maximize the use of the admissible control
and handle the nonlinear control constraints in a computationally efficient manner, we employ an
analytical projection scheme for the control inputs. We further propose a novel estimation scheme
to identify some critical unknown parameters in the robotic fish model. In particular, inspired by the
work in [89], we develop a parameter estimation method to empirically identify the hydrodynamic
and scaling coefficients of the model instead of utilizing time-consuming CFD simulations, or
relying on trial-and-error data-fitting between dynamic simulation and experimental measurement.
To implement the controller in real-time, we employ the ACADO Toolkit [90] to solve repeatedly the
optimal control problem, and an image processing algorithm using OpenCV to provide feedback.
Some preliminary results of this work were presented at the 2016 ASME Dynamic Systems
and Control Conference [91]. More comprehensive results were published in ASME Journal
of Dynamic Systems and Control [92], where we proposed a computation-efficient method to
deal with the nonlinear constraints, formulated a parameter estimation scheme to identify crucial
parameters in the model, and reported experimental results on a tail-actuated robotic fish. The
proposed NMPC scheme was compared with two alternative approaches. In one approach, the
nonlinear input constraints were directly defined, and in the other boxed constraints were used.
Overall, the tracking simulation and experimental results showed that the proposed NMPC scheme
with projection resulted in faster convergence to the desired path and smaller path error than the

alternative approaches. Chapter 2 describes the details of this work.

1.2.2 Backstepping Control-based Trajectory Tracking for Tail-actuated Robotic Fish

Although NMPC is a promising candidate for tracking control, its computational complexity
poses significant challenges in implementing such controllers on resource-constrained robotic fish.
Backstepping-based control design presents a practical and promising approach for trajectory
tracking with stability guarantees. In particular, it is computationally inexpensive, especially
when compared to methods such as NMPC, offers a systematic framework for the design of the

feedback control law, guarantees the stability of the system, and allows the accommodation of input



constraints.

Some limited work has been reported on backstepping-based control of robotic fish [62, 63].
In [62], the authors proposed a target-tracking hybrid controller that consists of an open-loop
turning controller and a closed-loop backstepping controller to drive a robotic fish to a specified
target location. In [63], the authors proposed a backstepping controller for tracking control of a
nonholonomic fish robot with dynamics that can be expressed in a chained form. The proposed
approach guaranteed asymptotic convergence to a desired trajectory generated by a reference fish
robot, but limitations were placed on the desired trajectory since it had to be generated by dynamics
in the same chained form. Furthermore, input constraints were not accommodated.

In this work, we address the trajectory tracking control problem for a general class of autonomous
under-actuated planar aquatic robots. In particular, we present a systematic method to synthesize a
backstepping-based continuous tracking controller to ultimately bound the position tracking errors
and the orientation error between the robot’s heading and a vector tangential to the reference.
Via multi-time-scale analysis of perturbed systems, we prove how the control scheme achieves
boundedness and convergence of the tracking errors to a neighborhood of the origin.

The scheme proposed in this work is inspired by the approach in [93]. In particular, we utilize
the idea of introducing an additional error coordinate that couples the lateral position error and
the heading angle error. In this manner, by stabilizing the longitudinal tracking error along with
this new state, we can guarantee that the whole error system is stabilized at a neighborhood of the
origin. Furthermore, we establish a systematic method that provides necessary conditions to be
considered when designing this augmenting state for a general class of systems.

The proposed control approach is implemented in a tail-actuated robotic fish, where the con-
troller design uses a high-fidelity averaged nonlinear dynamic model [89]. In addition, the physical
control inputs consist of the tail amplitude, and bias with the angular frequency kept constant.
Furthermore, an auxiliary system is designed to accommodate the input constraints such that the
controller compensates for the error due to the difference between the feasible and nominal inputs.

Finally, simulation and experimental results demonstrate the effectiveness of the controller.



Preliminary simulation results were presented at the 2019 International Conference on Advanced

Intelligent Mechatronics [94]. The details of this work are provided in Chapter 3.

1.2.3 Averaged Modeling and Trajectory Tracking Control of Pectoral Fin-actuated Robotic
Fish

Pectoral fins have become a useful actuation mechanism for robotic fish [25, 64, 65]. Utilizing

pectoral fins for locomotion improves maneuverability and can allow robotic fish to achieve tra-

jectories that could not otherwise be possible with just a tail fin, such as circular trajectories with

smaller radii, and sharp, aggressive turning. However, despite their benefit, pectoral fins give rise

to challenges in control.

Given the rhythmic nature of the robotic fish’s body and fin movements, averaging has proven
to be a useful approach in obtaining control-affine models [95, 96] and studying the effect of the
input parameters on its dynamics and fins movement [31, 54, 89]. This makes an averaged model
best suited for trajectory planning and tracking control. To the best of our knowledge, the use
of averaging has not been explored in developing control-affine models for pectoral fin-actuated
robotic fish.

In this work, we present a nonlinear dynamic average model for robotic fish propelled by a pair
of rigid pectoral fins undergoing rowing motion. In particular, we consider the robot undergoing
planar motion, with its original dynamics incorporating pectoral fin-generated hydrodynamic forces
evaluated via the blade element theory. Inspired by the work in [89], which deals with averaged
dynamics for tail-actuated robotic fish, we seek scaling factors, as functions of fin-beat parameters,
for the original hydrodynamic forces and moment. These scaling factors are determined such that
when classical averaging is applied to the resulting modified dynamics, the obtained average model
produces locomotion behaviors close to those of the original dynamic model. One fundamental step
in identifying the scaling functions is estimating the scaling values for a given fin-beat pattern. [89]
used a trial-and-error approach for the tail-actuated robotic fish, which is time-consuming. We

propose a novel systematic approach to finding optimal scaling values by formulating a nonlinear



model-predictive control (NMPC) problem, which can be readily solved with NMPC packages
instead. Once the scaling values are found for a set of fin-beat patterns, nonlinear regression is
used to determine the scaling functions with minimal complexity. Simulation comparison between
the averaged model and the original dynamic model, under fin-beat patterns not used in identifying
the scaling functions, supports the efficacy of the developed averaged model. Furthermore, we
conduct experiments on a pectoral fin-actuated robotic fish and compare the experimental results
with simulation predictions when considering the forward swimming motion, where both fins are
actuated symmetrically.

Finally, to demonstrate the utility of the dynamic average model, we design a controller for
trajectory tracking of a pectoral fin-actuated robotic fish. In particular, the proposed scheme uses
a backstepping-based controller that finds the needed inputs for the robot to track the desired
trajectory based upon the averaged model. In this design, the physical control inputs involve two of
the fin-beat parameters, the bias, and the amplitude, while the other parameters (angular frequency
and power/recover stroke ratio) are kept constant. We further use a multi-variable minimization
solver to determine the optimal fin-beat parameters such that the achieved inputs are closed to the
needed values. Simulation results are presented to demonstrate the effectiveness of the proposed
model-based tracking control scheme.

Preliminary experimental results demonstrating the effectiveness of the proposed average model
will be presented at the 2021 Modeling, Estimation and Control Conference (MECC) [97]. Chap-

ter 4 provides more detail of this work.

1.2.4 Rapid Maneuvering Control of Pectoral Fin-actuated Robotic Fish

Cyclic fin movement can limit precise manipulation of the fin movements and the thrust profile
that can be generated which can be detrimental in tasks like maneuvering. Acyclic actuation
could be more instrumental in such scenarios. In this work, we propose a systematic approach
to the control of pectoral fins that naturally accommodates the fins’ constraints and automatically

generates “intelligent” behavior (e.g., “backing-up” when required) to produce acyclic thrust for
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quick maneuvering. In particular, we consider the velocity tracking problem as an example to
illustrate the challenges and propose a dual-loop control structure to drive the velocity tracking
error to a neighborhood of the origin. The outer loop of the proposed scheme is composed of a
backstepping-based velocity-tracking controller that finds the needed thrust and moment for the
robot’s velocity to track the desired velocity profile. The inner loop is composed of a randomized,
model-predictive fin planning algorithm, which determines a feasible sequence for the fins’ angular
accelerations such that the thrust and moments generated are close to desired values. To demonstrate
the effectiveness of the proposed scheme, we present simulation results on tracking forward and
angular velocities that are abruptly changing. The proposed scheme is compared with an alternative
approach, in which the inner loop is implemented with a nonlinear model predictive controller
(NMPC).

Preliminary simulation results were presented at the 2021 International Conference on Advanced

Intelligent Mechatronics [98]. Further details of this work are presented in Chapter 5.
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CHAPTER 2

MODEL PREDICTIVE CONTROL-BASED PATH FOLLOWING FOR
TAIL-ACTUATED ROBOTIC FISH

To be suitable for monitoring and sensing aquatic environments, accurate path-following control
is vital for robotic fish. In this chapter we propose a nonlinear model predictive control (NMPC)
approach for path-following of a tail-actuated robotic fish. In this controller design, a high-fidelity
averaged nonlinear dynamic model is used, and the physical control inputs consist of two of the tail-
beat parameters, the bias and the amplitude, while the other parameter (angular frequency) is kept
constant. To address the nonlinear input constraints and maximize the use of the admissible control
in a computationally efficient manner, we employ an analytical projection scheme. Furthermore, we
present a novel parameter estimation scheme to empirically identify unknown parameters present
in the robotic fish model instead of utilizing time-consuming CFD simulations or relying on trial-
and-error data fitting between dynamic simulation and experimental measurement. To implement
real-time control, we employ ACADO Toolkit [90] to solve repeatedly the optimal control problem,
and an image processing algorithm using OpenCV to provide feedback.

This chapter is organized as follows. In section 2.1, the dynamic and scaled averaging models
of the tail-actuated robotic fish, followed by a simplified averaged model, are reviewed. In Section
2.2 the path-following problem formulation is presented, followed by the NMPC design and the
proposed control projection scheme. In Section 2.3 simulation results are discussed, and in Section
2.4 the experimental setup, the proposed parameter estimation scheme and the experimental results

are presented.

2.1 Tail-actuated Robotic Fish Model

2.1.1 Dynamic Model

As presented in [89], the tail-actuated robotic fish is modeled as a rigid body with a rigid tail

that is actuated at its base, and it is assumed that the robot operates in an inviscid, irrotational,
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and incompressible fluid within an infinite domain. Let [X,Y,Z]T and [x,y, z]T be the inertial
coordinate system and the body-fixed coordinate system, respectively, as illustrated in Figure 2.1.
The velocity of the center of mass in the body-fixed coordinates is expressed as V. = [V, ch Vel
where V¢, ., ch ,and V. z denote the surge, sway, and heave velocities, respectively. Furthermore, let
B denote the angle of attack, formed by the direction of V. with respect to the x-axis, and ¢ denote
the heading angle, formed by the x-axis relative to the X-axis. The angular velocity expressed in
the body-fixed coordinate system is given by w = [wy, Wy, w;], which is composed of roll (wy),
pitch (wy), and yaw (w;). Finally, let a denote the tail deflection angle with respect to the negative

X-axis.

7 Robotic Fish
o n Body
& Tail Fin
Z X

Figure 2.1: Top view of the tail-actuated robotic fish undergoing planar motion.

We only consider the planar motion and further assume that the body is symmetric with respect
to the xz-plane and that the tail moves in the xy-plane. As a result, the system has three degrees
of freedom, surge (V¢, ), sway (Vey), and yaw (wy). It is further assumed that the inertial coupling

between yaw, sway and surge motions is negligible, which leads to the following equations of planar

13



motion

(mb - max)ch = (mb - may)VCwa + fx (2.1)
(mp, — may)VCy =—(myp - max)vcxwz + fy (2.2)
(Jbz - Jaz)d)z = (may - max)VCxVCy + M, (2.3)

where m;, is the mass of the body, Jp,; is the inertia of the body about the z-axis, mgq, and mg,, are
the hydrodynamic derivatives that represent the added masses of the robotic fish along the x and
y directions, respectively, and J,, represents the added inertia effect of the body about the z-axis.
The hydrodynamic forces and moment due to tail fin actuation and the interaction of the body itself
with the fluid are captured by fy, fy, and M. To evaluate the hydrodynamic forces exerted by the
tail, Lighthill’s large amplitude elongated body theory is used [89]. The kinematic equations for

the robotic fish are given by

X = Ve cosy — ch sin 2.4)
Y =V, sing + Vey cos iy (2.5)
= w; (2.6)

Given the rhythmic nature of the robotic fish movement and the periodic tail actuation, averaging
has proven to be a useful approach in studying the effect of the input parameters on the dynamics
of the robotic fish [89]. Furthermore, in practical applications, it is more natural to control the
parameters for periodic fin beats than to directly control the fin position at every moment. Therefore,
an averaged model is best suited for trajectory planning and tracking control. We next review the
averaged model proposed in [89], where the following periodic pattern for the tail deflection angle

is considered:

a(t) = ag + ag sin(wqt) 2.7)

where (), @4, and w,, represent the bias, amplitude, and frequency of the tail beat, respectively. The

original hydrodynamic force and moment terms in Eqs. (2.1)-(2.3) are scaled by some functions
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dependent on the tail beat parameters, «(), @4, and wy, and classical averaging is then conducted
over these scaled dynamics. In particular, we define the states x; = V., xp = Vey and X3 = wz, 50

that the averaged dynamics takes the following form

X1 = fi(x1,%2,x3) + K7 fa(@0, @a, wa) (2.8)
X5 = fo(x1,x2,x3) + K7 f5 (@, @q, a) (2.9)
X3 = f3(x1,%2,x3) + K fo (2, @a, wa) (2.10)
with
f1(x1,x2,x3) ——x2x3 - —xh/x +x + —xZw/x +x arctan(—) (2.11)
frx1,x0,x3) =— —x1x3 — —xzw/x +x — —xl,/x +x arctan(—) (2.12)
f3(x1,x0,x3) =(m1 — mp)x1xp — cqw?sgn(w;) (2.13)
7 m 5 5. 357 3,
Qg W) =——— 3-Za2 -2 2.14
falay, g, wa) lzmlewaa'a( 20'() 8“(1) ( )
r _m 2 2
fS(aO’aa»wa’) _4m szaa/aa'o (215)
fo(@0. @a. wa) = ~ ——cwlalag (2.16)
4J5L2
1 1
where m| = my, — May, My = My = Maqy, J3 = Jp; — Jaz, c| = EpSCD, cy = E,OSCL, c3 =
1 1 1 1
—mLz, c4 = —Kp, ¢ —Lzmc, and ¢ —L3m. Here S denotes the reference
2 73 227 @) NEVA)

surface area for the robot body, Cp, Cy, and Kp represent the drag force coeflicient, lift coefficient,
and drag moment coeflicient, respectively, p is the density of water, L is the tail length, c is the
distance from the body center to the pivot point of the actuated tail and m represents the mass of
water displaced by the tail per unit length and is approximated by % pd2 with d denoting the tail
depth. K is a scaling constant, and Ky, () is a scaling function affine in @(. To further facilitate
control design, in this work K}, is considered as a constant during the NMPC design. This term
is found by taking the average of Kj, for a given range of (. The resulting model is called the

simplified averaged model in this dissertation.
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2.2 Path-following Control Algorithm

It is important to design a controller that is able to meet performance objectives such as
minimizing the path-tracking error while accommodating input constraints. We are thus motivated
to develop an NMPC scheme for path-following. NMPC is an attractive choice because it allows
explicit consideration of state and input constraints, is capable of handling nonlinear models, and

can optimize control performance [99, 100].

2.2.1 Path-following Error Coordinates

In contrast to trajectory tracking, in path-following one is interested in following a geometric
reference parametrized by some scalar without any specified timing. The kinematic model of the
robotic fish is expressed in a Frenet-Serret frame {F} that moves along the reference path according

to some desired function of time. Figure 2.2 illustrates the path-following problem.

Robotic
Fish

‘ >
Z X

Figure 2.2: Illustration of the path-following problem for robotic fish.

Assume that the reference path is a twice continuously differentiable geometric curve that is
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defined as a set of points P parametrized by the scalar s,
P={PeR?P=p(s),Vs € [0,1,]} (2.17)

where [, denotes the length of the path, and the function p: R! — R2 is twice differentiable. Let
P denote a point on the path to be followed, 6, the tangential angle of the path at point P, and 6. the
angle between the robotic fish velocity vector V. and the inertial X-axis, while the coordinate axes
Xp and y,, are directed along the tangential and normal directions at point P. We let point C denote
the center of the robotic fish, and the vectors C and P describe the positions of C and P in the 3-D
inertial frame {I}. Note that since we are only considering the planar case, the third component of
the position vectors is taken as 0. Letr = [X,; Ye; O]T denote the position of the robotic fish center
C with respect to the point P on the path expressed in {F}. Let / R - denote the rotation matrix from
{I} to {F} and FR 7 denote the rotation matrix from {F} to {1}, with
cos@, sinf, 0O
'Rp=|-sing, cosd, 0 (2.18)
0 0 1

Define ép = Cp(s)s, where Cj(s) is the path’s curvature. One can express

C=P+'R;r (2.19)
The velocity of C in {I} is given by
d(_: dl_) F dr F

s =(— R;|— R 2.2

(dt ){1} (dt){1}+ I(dt){F}+ I(wp xr) (2.20)
where
wp=10 (2.21)
ép

Multiplying the equation above on the left by IRy gives the velocity of C expressed in {F}:

R3] =)y ()
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where

dC d
(E){z}: 4 (2.23)

0_

dP d
(E){F}: 0 (2.24)

d Xe

r .
()=

0 Xe —Cp(s)sYe
wpXr=| 0 |x|Ye|=]Cp(s)iXe (2.26)
Cp(s)s| |0 0

After rearranging and solving for X, and Y, from Eq. (2.22), we get the following expression
Xe
Ye

X cos Op + Y sin 0y — 5+ Cp(s)sYe
—Xsin@p +Y cosf, — Cp(s)$Xe

(2.27)

Let ae = ¢ — 0)p, and further expand X and Y with Eq. (2.4) and Eq. (2.5), respectively, which

results in the following error state model

Yo |=| Vesin(ae+pB) — Cp(s)sXe (2.28)
Qe wz; = Cp(s)s
where V. is the magnitude of the robotic fish’s translational velocity. The dynamical model of the
robotic fish in the error state is then obtained by augmenting the equations above with the simplified
averaged scaled dynamics as seen in Egs. (2.8)-(2.10). Ideally, one would like the robotic fish to
not only converge to a desired path, but also move along the path with some desired surge velocity
and desired angular velocity. Let V,; be the desired surge velocity, and let the velocity error states

be defined by 7o = Ve, = V., we = wz — Cp(s)$, and £ = § — V¢ cos(ae + ) so that
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Ne ch - de
We | = Wz = Cp(8)§ — ge(s)s? (2.29)
Ce § — Ve cos(ae + B) + Ve sin(ae + ) (de + 8)

where g (s) = dcgs(s). Since we are interested in steering the robotic fish such that V. = V., and

wz; = Cp(s)s$, by doing a change of variables on Egs. (2.8)-(2.10) using the above definitions, we
can express the robotic fish dynamic equations in terms of the error velocity states. Note that in
this work we assume de = 0. The error state vector is then given by

Xe

Y,

e

®
I

(2.30)
Ne

We

Le

Since we have formulated the problem with respect to the error dynamics, and have shifted
the equilibrium point of the dynamic equations, our control objective has become a stabilization

problem for the resultant error dynamics.

2.2.2 Path-following Control Design

To steer the robotic fish to the desired path, and drive the error state vector £, to zero, we utilize
an NMPC scheme using the robot’s simplified averaged model. NMPC is an optimization-based
method for feedback control of nonlinear systems, where the basic idea is to repeatedly solve
a finite-horizon optimization problem subject to state and input constraints. At a given time ¢,
measurements are obtained, and using a model of the process, the controller predicts the behavior
of the system over a prediction horizon T}, and then determines over the control horizon 7; the input
necessary to maximize the performance objective. The first part of the optimal control obtained
is implemented until the next sampling instant, and then a new measurement is obtained and the

process repeats [100].

19



To design the controller, we consider the robot’s simplified averaged model in which the control
represents functions of the actual control variables, namely, the tail-beat pattern parameters g, @,
and w,. By choosing the control in this manner, we allow the control inputs to appear linearly in

the dynamic equation. In particular, we have chosen our control inputs as

3 3
up, = ag(3- Eag - gaﬁ) (2.31)
us, = azag (2.32)

which are present in functions f4 (g, @4, W) to fg(@g, @q, W) in Egs. (2.8)-(2.10). To simplify
discussion, it is assumed that the robotic fish uses a fixed tail-beat frequency w,. Furthermore,
since the system dynamics are expressed in terms of the velocity errors states, by doing a change of
variables we have essentially shifted the equilibrium point of the dynamical system, which means
that there is also a shift on the control inputs u 1 and u fr Let uyg, and u3gg represent the shifted

control values, which are defined as follows

6psCDV§x
MZSS = Kmeza)az (233)
4KDCP(S)V§X (2 34)
u = .
3ss KnmL2cwy?

In order to satisfy the condition that Qe = 0 when Q, = 0 and u, = 0, we define the control
inputs as follows
Ue| § — Vecos(ae + B) + Ve sin(ae + B) (de + B)
Ue =|Uy |= wp = Ugs (2.35)
Ue3 Ufy = U3ss
where u,] is essentially 7, as seen in (2.29).
Since one is interested in steering the robotic fish to the desired path, we employ a stage cost that
is a function of the error state vector .. Furthermore, to minimize the control effort a weighting

term on the control inputs is introduced. The following quadratic cost is chosen:
F(Qe,ue) = () Q(Qe) + (ue) R(ue) (2.36)
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where Q and R are positive definite weighting matrices that penalize deviations from the desired
values.

Furthermore, to guarantee closed-loop stability and convergence, we utilize the terminal penalty,
and the fictitious terminal control law 7(€.) as proposed in [101], where a polytopic linear
differential inclusion (PLDI)-based method is employed to obtain the weighting matrix Q7 for a

terminal penalty of the following form
E(Qe(1+Tp)) = (Qe(t +Tp)) O7(Qe (1 +Tp)) (2.37)

The reader is referred to [101] for details on how to obtain this weighting matrix.

By solving the optimal control problem we obtain the optimal control sequence for u¢ |, ute,,
and Ues. From Uey, WE can obtain ., and thus the state ., from which we can then solve for 5.
Furthermore, from Ue and Ues, along with Eqs.(2.31)-(2.34), one can solve for the actual robotic

fish control variables «( and «,.

2.2.3 Control Projection

Given that the NMPC inputs, u,, and u,3, consist of functions of the actual robotic fish control
variables ¢ and «,, the NMPC input constraints are nonlinear in nature. As an illustration,
Figure 2.3 plots the admissible control inputs in terms of u l and u £ when the tail beat bias and

amplitude have the following limits:

ag, . =—40°, = 40°, =0°, = 30°

min @0max Xamin Famax

where ag and @, are the physical limits on the tail-beat bias and amplitude,

in’ ®Omax> ¥amin
respectively.

Although NMPC is able to handle nonlinear control constraints, defining the constraints in this
manner leads to an increase in computational time and complexity which in turn makes it challenging

to implement in real time. It is thus desirable to define boxed-constraints since this can reduce

significantly the complexity of the optimization problem and thus lower the computational time.
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Figure 2.3: Illustration of the admissible input control set for robotic fish.

One way of handling the irregular sector-shaped admissible control region shown in Figure 2.3, is to
choose a rectangular area that lies inside this sector-shaped region as depicted by the light gray box
in Figure 2.4. However, this deprives one of fully utilizing the admissible control. To overcome this
problem, we propose to employ a projection method, where we define the NMPC boxed constraint
to be such that it encompasses the admissible control region as depicted in Figure 2.5, and then
project the computed values onto the true region depicted by the red sector-shaped section.
Let z denote a control point anywhere in this rectangular region, and let the sector-shaped set
be represented by U. We can then project the point z onto the convex set U such that
Projy(z) £ argmin ||z — u|| (2.38)
uclU
Given that U is convex, this problem is then well defined and Proj;;(z) is unique. Instead of
relying on an iterative optimization algorithm to determine the projected value, one can directly
obtain an analytical solution that will simplify the projection and minimize computational complex-
ity, as explained next. By taking advantage of the symmetry of the admissible control set, one can

restrict the analysis to the left-half plane. To characterize the boundaries of the admissible control
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Figure 2.4: Illustration of a rectangular section chosen from the admissible control set.
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Figure 2.5: Boxed section encompassing the admissible control set.

region, we obtain the relationship between u fi Uy and a( by solving for @, from Eq. (2.32) and
then substituting that into Eq. (2.31). Similarly, by solving for ¢ from Eq. (2.32), we can obtain

an equation that captures the relationship between u £l Uty and «,.These equations are given as
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follows

3 3
A 2 ut =
Xl(ufl,ufz,ao) = —aquy + 3- ao)aoufz § H= 0
3 3
A 2 2 _
xolup  up, @q) = —quyp - Eufz +3al - g% = 0

(2.39)

(2.40)

where Eq. (2.39) represents the left boundary when a¢ = g, . and Eq. (2.40) represents the arc at

the top when @y = @4y, To implement the projection scheme, the following cases are considered:

(A) Xl(ufl,ufz,a/omin) <0 and Xz(ufl,ufz,aamax) <0
(B) xi(ufup, o) <0 and xo(up,up, @amax) >0

(C) x1(ufupy,ao . ) >0 and xo(uy,uf), Xamay) <0

(D) xi(ugupy,ao ;) >0 and xo(ug uf,, Qamax) > 0

For case (A), the point to be projected is inside or on the boundary of the convex set U

and no projection is needed. For case (D), the point to be projected would be outside of the box

encompassing the constraint set U and thus does not need to be considered. For case (B), the point to

be projected is above the arc, and therefore Pro jiy(z) can be found by finding the minimum distance

from the point z to the arc described by Eq. (2.40). Letz = (p, g) and u™ = (u’}1 , u}z) = Projy(2).

The relationship between u;}l and u’}2 is given by

uf] T2 (_ufz + 3a/amax Saamax)
and the distance between z and u* is then given by

82(up) =(u} —p)*+ (u* -q)?
-3 3 6

2
(_ufz + 3aamax - §aamax) —9q)

=(u}, = p)* + (=

amax

By taking the partial derivative of gz(u’}z) with respect to u*, , one obtains the following

f’
og(u’, )
f2 _ % 6 -3 _
W—ﬂuh—p)ﬂ( 2( uf2+3aa a’a)_Q)(z(E))—O
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(2.42)
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After simplifying Eq. (2.43), we obtain

9u’, ? 1802 6q
2+ (18- —¢ - =5 +2u} ~2p=0 (2.44)
Qg @,

and by setting Eq (2.44) to zero, we can obtain a unique real root for u}iz that would minimize this

distance. Finally, uj,l is obtained with Eq. (2.41).

For case (C), the point to be projected is below the left boundary. In this case, u 1 and u?z are

related by
—3a3
* 1 Omin _ « * 3 % 2
ufl = ( > ”f2 + 3a0min”f2 - gufz ) (2.45)
Omin

and the distance between z and u™ can be captured by:

g3(up) =y = p)*+ (up —q)°

5 3% 3u;}2 3., ) (2.46)
_(k min _ s 2w 2
=gy =) A Ty T gy )
min

By taking the partial derivative of g3 (u’}z) with respect to u}}z as follows:

dg3(u%,) 6u*, 2

H -6 6 6 2 -3 3 H
— 2 —2(ut — +(—u® +—u* - —y* = = =0 247
oy (upy =p)+ (Fup0 a2 8a3”f2 )5 @ 82 ) 4D

*

and by setting it to zero, we can obtain a unique real root for u Ix

and consequently u”*. with

h
Eq. (2.45).

2.3 Simulation Results

To evaluate the effectiveness of the designed controller, simulation was carried out using
ACADO Model Predictive Control Toolkit. The parameters used (Table 2.1) were based on
a robotic fish developed by Smart Microsystems Lab at Michigan State University. Furthermore,
while the input constraints are the same as those presented in the experiment section, the parameters

used to solve the optimization problem and implement the NMPC are as follows:
Length of optimization horizon : T =T, =12 s
Sampling interval : t; = 1's
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Weighting matrix : Q = diag(7,7,0.3,1,1,7)
Control weighting matrix : R = 0.001173
VC max — 0.04 m/seC

S‘max = 0.04 m/seC

— _AN°
XOpmin = 40
_ o
@0 max = 40
_ Nno
Qapip = 0

_ o
Qamax = 30

where V; max 1s the maximum velocity the robotic fish can achieve, $;,4 1s the maximum speed the

point s can move along the path with, and ao, and @, are the physical limits

> @0max> ¥amin
on the tail-beat bias and amplitude, respectively. Note that all of the following simulation was run
with the same set of parameters and initial conditions. Furthermore, the terminal penalty weighting
matrix was determined as described in Section 2.2.2. Though the controller was designed using
the simplified averaged model, the simulation was performed using the original dynamic model. In
other words, the model of the process was based on the simplified averaged dynamics as described
by Egs.(2.8)-(2.10), and the inputs obtained from solving the optimization problem were applied
to the system described by Eqgs. (2.1)-(2.3).

We first considered the following path

XP =S
(2.48)

yp =0
where x,, and y, represent the position of the point P in the {I} frame. This path has a curvature
of ¢, (s) = 0, and we chose to require the robotic fish to move with a constant velocity V. = 0.03

m/s. In Figures 2.6-2.8 we compare the desired path and the closed-loop trajectory of the robotic

fish for three cases. In particular, Figure 2.6 shows the simulation results of the NMPC utilizing
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Figure 2.6: Simulation: line-tracking results for NMPC with the proposed control projection
method.

the projection scheme, while Figure 2.7 shows the results for the case when no projection was
employed and a boxed constraint within U was chosen instead (as shown in Figure 2.4). Finally,
Figure 2.8 shows the results when the nonlinear constraints for the set U were directly defined.
Note that in this work the blue dashed line represents the closed-loop trajectory of the robotic fish
while the solid red line represents the desired path, and the arrowheads point in the direction of
progression. Furthermore, the red diamond represents the starting position of the robotic fish, the
green dot represents the starting point of the path, and the magenta box represents the imaginary

boundaries of the fish tank.
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Figure 2.7: Simulation: line-tracking results for NMPC with boxed constraints inside the admis-
sible sector-shaped control region.
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Figure 2.8: Simulation: line-tracking results for NMPC with direct nonlinear control constraints.

Similarly, we considered the following circular path

xp = 0.3sin(s)
(2.49)
yp = 0.3 cos(s)

which has a constant curvature of ¢ (s) = 3.03. In Figures 2.9-2.11 we compare the desired path

trajectory with those obtained by the robotic fish using the three aforementioned control schemes,

respectively.
0.8F ]
- -Achieved Path

06Fh —Desired Path |
E04f .

>_
0.2r J
Of, I T ]

0 0.5 1

Figure 2.9: Simulation: arc-tracking results for NMPC with the proposed control projection
method.

From the simulation results, one can see that the proposed NMPC scheme with projection
outperforms the other two schemes in both line-tracking and arc-tracking cases; in particular, it
results in smaller tracking error at the steady state. Compared with the case with boxed constraint
within the set U, the proposed scheme offers larger control authority. The better tracking results

from the proposed scheme compared to the case using direct, nonlinear constraints, however, were
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Figure 2.10: Simulation: arc-tracking results for NMPC with boxed constraints inside the admis-
sible sector-shaped control region.
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Figure 2.11: Simulation: arc-tracking results for NMPC with nonlinear control constraints.

somewhat surprising. We conjecture that this is because the latter algorithm cannot reach an optimal
solution within the allotted computing time. In particular, directly defining the nonlinear constraints
requires the optimization algorithm to conduct more iterations in order to find the solution, which

also makes it difficult to implement in real time.

2.4 Experimental Results

In order to evaluate the effectiveness of the designed controller, experiments were carried out us-
ing the robotic fish depicted in Figure 2.13. The robot consisted of a rigid-shell body and a relatively
rigid tail, which were both 3D-printed. The tail was actuated using a Hitec digital micro waterproof
servo (HS-5086WP), while a Microchip Digital Signal Processors and Controller (DSPIC30F6014)
was used to control the tail actuation. Furthermore, an XBee-PRO module was used for commu-

nication with a computer. Two Tenergy Li-Ion rechargeable batteries(7.4V, 3350mAh) were used

29



to power the robot. For the experiments, the robotic fish was run in an approximately 1.4 m by 0.8
m tank equipped with an overhead Logitech camera as seen in Figure 2.12. Furthermore, to obtain
the robotic fish’s position and orientation in the tank, two markers were attached to the anterior and
posterior of the robotic fish body. We then captured an overhead video of the robotic fish swimming
in the tank using the camera, and utilized Visual C++ and the OpenCV library to implement an
image processing algorithm. The algorithm detected the positions of the two markers and then
used their average to obtain the center position of the robotic fish. The heading angle of the robot
was estimated using the positions of the two markers. Additionally, the Kalman filter function in
OpenCV was used to estimate the linear and angular velocities of the robot based on the measured
position and heading. During every sampling time ¢y, the OpenCV algorithm was used to obtain
measurements for NMPC, which were then passed to the nonlinear optimization tool ACADO to
solve the optimal control problem. In particular, we ran the software on a Surface Pro tablet with
an Intel(R) Core(TM) i5 CPU @ 2.50 GHz with 4.0 GB of DDR3 RAM. Once the control inputs
were calculated, the bias and amplitude values for the tail beat were obtained and then transmitted

to the robotic fish wirelessly, and the process was repeated.
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Figure 2.12: The experimental setup.
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Figure 2.13: Tail-actuated robotic fish develop at Smart Microsystems Lab.
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2.4.1 Model Parameter Identification

Table 2.1: Identified parameters for the robotic fish used in this work.

PARAMETER VALUE

mp, 0.725 kg
Mgy -0.217 kg
May -0.7888 kg
Jhs 2.66x1073 kg - m?
Jaz -7.93x10™% kg - m2
L 0.071 m
d 0.04 m
¢ 0.105 m
o 1000 kg/m?
S 0.03 m?
Cp 0.97
Cr 3.9047
Kp 4.5 x1073 kg-m?

Ky 0.7
K (averaged) 0.45

The robotic fish mass and tail fin dimensions were measured, the values of which are as shown
in Table 2.1. Furthermore, the added masses, added inertia, and wetted surface were calculated
based on a prolate spheroid approximation of the robotic fish body [102]. Identification of the
hydrodynamic parameters (such as Cp, C, and Kp) of the robotic fish model (2.8)-(2.16) typically
requires extensive effort in fitting dynamic simulation data to experimental data by scanning the
parameter space [35]. Furthermore, the determination of the scaling coefficients of K and Ky,
requires scanning the parameter space for multiple sets of tail beat patterns and matching the
simulated average model data to the simulated dynamic model [89], which is time-consuming. In
this work, we propose an efficient and systematic way to identify the model parameters by exploiting
the approximate, analytical relationship between the steady-state turning parameter (turning radius,
turning period, etc.) and the model parameters established in [89]. With the assumption |x1 | > |x2|,

which is reasonable in general, we can obtain the unique equilibrium of the system (2.8)-(2.10),
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under a given tail beat pattern, as

3
Kme2w2 aq(3 - —0/2 - gag)
X = 2.50
X 6pSCD (2.50)
= Ky 6mpSCpL*w} a/(%cx(%
~ 2pS(Cp +Cp) 3 2_3 5
Ky =305 -5 2.51)
2mq Kmmcha)2 a2a0

pS(Cp +Cr) 4Kp

Kmmchwéagao
X3 = — 2.52
X3 \/ 1Ky (2.52)

And the steady-state turning period T, (i.e., how long the robot takes to complete a full orbit),

turning radius R, and angle of attack S can be expressed as

T, = 25| (2.53)
= (@ +32) [53] (2.54)
B = arctan(xp/x1) (2.55)

Using Egs. (2.50)-(2.55), we formulate the following algorithm to obtain the hydrodynamic coeffi-
cients Cp, Cr and Kp, as well as the scaling coefficients K, and K ¢ for the averaged model. Let

Ky . . Ky :
R| = ——. By solving for the ratio —— from Eq. (2.50), we obtain
Cp Cp

6pS)22
Ry = 3 3 (2.56)
mL2w aa(3 — 5 0 - —a%)

Using the equation above, one can obtain the numerical value of the ratio Ry for a given set of tail
beat parameters and the corresponding measured x1. In particular, we found this ratio by averaging
the different values obtained for each set of measurements. Furthermore, let K, = Ky + Kjaq. By

solving for Km. K from Eq. (2.52), and using the definition 6y = K3/Kp and 6; = K;/Kp, one gets

)?2
0o + g = 3 (2.57)

mchw%[a%ao
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Using Eq. (2.57) one can then estimate the numerical values for 6y and 61 by utilizing, for example,
the constrained linear least squares (/sglin) function in MATLAB, based on the tail beat parameters
and the corresponding measurement of x3 for a set of experiments.

By considering R and the ratio % we have reduced the number of parameters to be estimated
from 5 (Kf, Kn,Cp,Cr,Kp)to3 (R, Ilg—g, Cr). In order to obtain the particular values for Cp,
K fs Kn, and Kp, and to estimate the remaining parameter Cy, we utilize Eqgs. (2.56) and (2.57)
along with Eqgs. (2.51) and (2.54). By letting ¢y = Cp + Cy, and substituting R, 6y and 6 into

(2.54), one obtains

2
C d
R =22 + (—Dd1 + —2) (2.58)
€0 €0
where
6mpSL2w2 aza?
dy = R, . ¢ ‘; 0 (2.59)
R1(3 - ECZ(% - g&%)
dy = 2my \/(91 + Qzao)mL%wéa%a/O (2.60)
pS 4
Using Eq. (2.58) and letting c¢| = % we can obtain the following:
y = cid3 +diChct +2¢1dyd Cp (2.61)

where y = R2|)E3|2 - X%. Letting ¢; = c%, ¢y = Céc%, and ¢3 = C%CD, one can rewrite the above
expression as

y = ¢1d3 +d2 ¢, +2dyd; 3 (2.62)

With a set of collected data, the parameters ¢; through ¢3 can be estimated readily using
techniques, such as the constrained linear-least square method. We can then solve for Cp, Cy and
K ¢ using the definitions established above. Since the proposed estimation method only provides
the ratio Ilg—g, to obtain the values for K;;, and Kp, we run simulations with the original dynamical
model and choose Kp such that the angular velocity of the dynamic model matches that of the

averaged model.
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Table 2.2: Model validation results: relative model prediction error for
turning radius and turning period, when the tail beats at 1.5 Hz.

’ (ag,ap) Turning Radius Error(%) Turning Period Error(%) ‘

(15°,45%) 11.23 8.80
(15°,50°) 7.57 11.65
(20°, 45°%) 8.46 3.82
(20°, 50° ) 8.74 12.55
(25°,45%) 2.90 0.97
(25°,50%) 11.07 15.88

For the implementation of the above parameter estimation scheme, we first ran experiments
to obtain the steady-state turning radii and periods for different tail biases (0°, 25°, 40°), and
amplitudes (15°, 20°, 25°) while holding the frequency at 1 Hz. The values obtained for the
parameters K fo K, Cp, Cr and Kp are listed in Table 2.1. Furthermore, to validate the models we
ran experiments with the same set of biases and amplitudes as previously stated while holding the
frequency at 1.5 Hz. Table 2.2 lists the errors in turning radius and period between those obtained
from experiments and those obtained from simulation using the parameters estimated above. The

comparison indicates that the estimated model has acceptable accuracy.

2.4.2 Experimental Results on Path-Following

The parameters used to solve the optimization problem and implement the NMPC were as follows:
Length of optimization horizon : Te =Tp = 7s
Sampling interval: t; = 1s
Weighting matrix: Q = 0.915
Control weighting matrix: R = 0.00173
Ve max = 0.04 m/s

Smax = 0.04 m/S
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a/()min = —40°
XOmax = 40°
@amax = 30°
Qapip = 0°

The following were the inputs constraints used for the case implementing projection:

-1.810 <u,; <£0.190
0 <up <0.794 (2.63)
—-0.191 <uygp <0.191
For the case using boxed constraints (without projection), we considered the following input

constraints:

~1.81 < u, <0.1900
0366 < us < 0.794 (2.64)
~0.115< upy <0.115

We first considered the following path

e (2.65)

Yp = 0
where x, and y, represent the position of the point P in the {I} frame. The desired velocity for
the robotic fish was set to be 0.03 m/s. In Figures 2.14 and 2.15 we compare the desired path
and the closed-loop robotic fish trajectory, obtained by using the NMPC with the proposed control
projection scheme, and with a boxed constraint inside the nonlinear constraint set U, respectively.
We do not report the case of NMPC with nonlinear constraints U directly, because it could not
be implemented in real time due to its long computation time. Figure 2.16 shows the computed
physical inputs from solving the NMPC with the larger boxed constraint and their final values after

the proposed projection. Furthermore, it shows the desired surge velocity V,;, versus the robot’s

linear velocity’s V.
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Figure 2.14: Experiments: line-tracking results for NMPC with the proposed control projection
method.

08F" ; ;
- -Achieved Path
06F —Desired Path
_ 2cE L EYNNG
50.4' o ).-)\)'3‘9\»-)\—)‘)-‘
0.21
] . .
0 0.5 1

Figure 2.15: Experiments: line-tracking results for NMPC with boxed constraints inside the
admissible sector-shaped control region.
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Figure 2.16: Experiments: computed NMPC physical inputs and their projected values.
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Similarly, we considered the following circular path

xp = 0.3 sin(s)
(2.66)
yp = 0.3 cos(s)

and Figure 2.17 and Figure 2.18 show the path-following results for NMPC with the proposed

projection and for NMPC with boxed constraints inside U, respectively.
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Figure 2.17: Experiments: arc-tracking results for NMPC with the proposed control projection
method.
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Figure 2.18: Experiments: arc-tracking results for NMPC with boxed constraints inside the
admissible sector-shaped control region.

Overall, the tracking results shown in Figures 2.14-2.18, one can see that, consistent with the
simulation results, the proposed NMPC scheme with projection resulted in faster convergence to

the desired path and smaller path error, due to the availability of larger control authority.
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2.5 Chapter Summary

In this chapter, we proposed and implemented in real time a path-following NMPC scheme for a
tail-actuated robotic fish. A high-fidelity averaged nonlinear dynamic model was used for controller
design. A parameter estimation scheme was employed to empirically identify the hydrodynamic
parameters and scaling coeflicients of the model. Furthermore, given that the control inputs were
functions of two of the tail-beat parameters, specifically the tail bias and tail amplitude, a control
projection strategy was implemented to handle these nonlinear input constraints and maximize the
use of the admissible control region in a computationally efficient manner. Finally, simulation and

experimental results demonstrated the effectiveness of the proposed scheme.
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CHAPTER 3

BACKSTEPPING CONTROL-BASED TRAJECTORY TRACKING FOR
TAIL-ACTUATED ROBOTIC FISH

Although NMPC offered a systematic framework for control, its computational complexity poses
challenges on implementation in resource-constrained robotic fish. Furthermore, the effect of
the proposed projection scheme on stability is unclear and challenging to analyze. We are thus
inspired to explore alternative control approaches that can handle input constraints and provide
stability analysis of the closed-loop system. Backstepping-based control design presents a practical
and systematic approach to the trajectory tracking problem as it is computationally inexpensive,
especially when compared to methods such as nonlinear model predictive control (NMPC), and
provides stability guarantees. In this chapter, we first consider the trajectory tracking control
problem for a general class of autonomous under-actuated planar aquatic robots and then implement
the proposed schemed on a tail-actuated robotic fish.

In the case of under-actuated marine robotic systems confined to a horizontal plane, several
groups have proposed nonlinear control methods to achieve tracking of desired trajectories. How-
ever, some of these works have been limited to tracking a restrictive class of trajectories with
reference angular velocities bigger than zero [103—112]. Others have only focused on regulating
the position error while ignoring the vehicle’s orientation, which in some applications, e.g., in the
case of the robotic fish, can often lead to unstable configurations where no proper control can be
applied due to the actuator constraints [83, 113—-120].

Several authors have designed backstepping and Lyapunov-based controllers that have achieved
both position and orientation tracking [121-127]. However, these approaches suffer from the
drawback that the position and orientation tracking controllers only allow the vehicles to track
pre-specified feasible state-space trajectories that are generated using the model of the vehicle.

In this work, we address the trajectory tracking control problem for autonomous under-actuated

planar aquatic robots and vehicles. In particular, we present a systematic method to design a
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backstepping-based continuous tracking controller that yields global ultimate boundedness of the
position tracking errors and the orientation error. Furthermore, we demonstrate its effectiveness
via simulation and experiments on a tail-actuated robotic fish.

The control scheme proposed in this work was inspired by [93] (chapter 5), where the control
of an under-actuated ship is considered. In particular, we utilize the idea of introducing an
augmented error coordinate to address the under-actuation issue and stabilize the heading, lateral
and longitudinal tracking errors. While [93] focuses on the dynamic model of a ship, in this
work we consider a general class of nonlinear systems with under-actuated planar dynamics and
input coupling where each input could affect multiple velocity states. Furthermore, unlike [93]
and other work previously reported in literature we do not impose that the reference trajectory
be generated from a nominal dynamics model, i.e., we do not require that the desired body-fixed
velocities are generated from a virtual vehicle with the same dynamics, nor do we assume that
the reference angular velocity is persistently exciting or decays to zero as in [93]. Another key
difference between our work and [93] is that, while [93] uses a particular form for the augmented
error state, we provide a systematic approach to the synthesis of this state that guarantees the global
boundedness and convergence of the position and heading tracking errors to a neighborhood of the
origin. We establish the theoretical results via multi-time-scale analysis of singularly perturbed
systems.

The proposed scheme is illustrated and validated via the trajectory tracking control of a tail-
actuated robotic fish, as the latter is a good example of highly nonlinear, under-actuated robotic
systems that exhibit input coupling [128]. By considering the cyclic nature of tail actuation, an
averaged dynamic model for the robotic fish is used, where the bias and amplitude of the tail
oscillation are treated as physical variables to be manipulated, while the tail beat frequency is fixed.
Experimental results demonstrate the effectiveness of the proposed scheme and show its advantages
over a well-tuned PI controller.

The rest of the chapter is organized as follows. We first describe the dynamic model for the

class of under-actuated robots considered in this work in Section 3.1. In Section 3.2, the problem
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formulation for trajectory tracking is presented, followed by the backstepping control design. The
closed-loop system stability analysis is shown in Section 3.3. In Section 3.4 the backstepping
controller is designed for a robotic fish. In Section 3.5 simulation results are presented. Finally,
in Section 3.6 the experimental set-up and experimental results for the robotic fish are discussed.

Finally, we provide some concluding remarks in Section 3.7.

3.1 System Model

Zp Xy

7 {7 X

Figure 3.1: Top view of an aquatic robotic system undergoing planar motion.

Consider an under-actuated robotic system modeled as a 3-DOF rigid body with two inputs.
Let {I} denote the inertial coordinate frame and { B} the body-fixed reference frame attached to the
center of mass of the robot. In particular, let [X, Y, Z]” and [£, $, 2]7 denote the inertial and
the body-fixed coordinate systems, respectively, as illustrated in Figure 3.1. Assume that the robot
undergoes planar motion such that its configuration (R;, p) is an element of the Special Euclidean
group SE(2): = SO(2) x R? where BR; € R2%2:{BR; BRIT = I, det(BR;) = +1} is a rotation
matrix that maps the vehicle’s body coordinates into the inertial coordinates, and p = [x),y p]T is

the position of the origin of {B} in {I}. Let v = [v; v,]7 denote the body-fixed linear velocity,
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where v and v, denote the surge and sway velocities, respectively. The angular velocity expressed
in the body-fixed coordinates is given by w € R. Furthermore, let S denote the angle of attack,
formed by the direction of v with respect to the body-fixed x-axis, and let s denote the heading
angle, formed by the body-fixed %-axis relative to the inertial X-axis. The robot’s kinematics are

thus expressed as

p="Ryv (3.1a)
BR, =B R;S(w) (3.1b)
where
BR] _ C?sz// — sinyr (32)
sinyy cosy

and S(-) is the skew-symmetric matrix defined as

s =" 7 (3.3)
w 0

Let » = [vi vy w], and consider the class of under-actuated aquatic robot models with the

following dynamic equations of motion:

5= H(yp) + BU (3.4)
where
h1(n) by by .
1
H(n) =|hy(n)|, B=|by by|. U=
up
h3(n) bs bg

uy, up represent the inputs, b1 — bg are constants, and 1 (), ho(-), h3(+) can be nonlinear functions

of the velocity states.

Assumption 1 The dynamic system described by Eq. (3.4) is input-to-state stable.

Assumption 2 The sway velocity is bounded such that |v,| < O for some constant § > 0.
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Assumption 3 The submatrix
by by
bs b

S
1]

(3.5)

is not singular.

3.2 Trajectory Tracking Control Algorithm

3.2.1 Trajectory Tracking Error Coordinates

The trajectory tracking problem involves the design of a control law that enables the robot to track
a desired reference trajectory in the inertial frame, i.e., a geometric path with a specified time law,
such that the robot’s position and pose coincide with those of the desired trajectory. Figure 3.1
depicts the general idea.

Consider a robot with dynamics given by Eq. (3.1) and (3.4), and let the vectors P(¢) and T(¢)
denote the robot’s actual and desired position and pose with respect to the inertial frame {I} at a

given time ¢, respectively, such that

Xp Xy
P=|y,|. T=|y, (3.6)
Y Yr

For ease of presentation, the time-dependence notation is omitted for the remainder of the paper.

Assume that the time evolution of T is given by

_ Xy Vi COS Yy
dT . .
dr = ).’r = | vrsiny, (3.7)
Ur Wy

where v, and w; are some desired surge and angular velocities, respectively. Note that in this work,
we are interested in aligning the robot’s heading angle ¢ with the velocity vector v, = [X,, V],
which lies tangent to the reference trajectory, i.e., i, = arctan il
r
Furthermore, let e = [x¢ ye ¥e]? denote the tracking error vector expressed in the body-fixed
frame such that

'R Oox1\ o =
= P-T 3.8
e={o T )@-T) (3:8)
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where /R p denotes the rotation matrix from the inertial frame {1} to the body-fixed frame {B}.

The derivative of e (expressed in {B}) is given by

de _ S‘(IRB 02X1)(P “T)+ (IRB OZX])(@ _ @) (3.9)
dr 012 1 012 1 dr dt )
where
_ -S 0
- ( (w) 2><0) (3.10)
012 0

d
By solving for d—i from Eq. (3.9), and by augmenting the error state model with the robot’s

dynamics (3.4), one can obtain the following error state model

Xe Vi —vrcos(Ye) + wye

Ve Vo + v sin(ye) — wxe

j w — W

Vel _ ] (3.11)
V1 hi(vi,vo,w) + bjuy + bouy

12} hy(vi,vo,w) + b3uj + bauy

W h3(vi,v2,w) + bsuy + bguy

Assumption 4 The reference velocities v, and w, are bounded and differentiable with bounded

derivatives v, and wy. In particular, we assume |wy| < W' and 0 < v, < v,

By formulating the tracking problem in terms of the error dynamics, the trajectory tracking
control problem has become a stabilization problem. In particular, the trajectory-tracking problem
is to find a control law such that, for an arbitrary initial error, the states (xe, ye, ¥e) of system (3.11)

converges to a neighborhood of the origin.

3.2.2 Backstepping Control Design

In this subsection we synthesize the backstepping-based controller such that the tracking error

states, X¢, Ve,and e, are stabilized at a neighborhood of the origin.
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Let e = [x¢, Ve, l//e]T such that (3.11) is expressed as

é=F(t,e)+L(e)n (3.12)
1) =H(nn) + BU (3.13)
where
—vy cos(Ye) I 0 ye
F(t,e)=| vysin(ye) |, L(e)=] 0 1 —x, (3.14)
—Wwy 0 0 1

Note that the time dependence in the system above stems from the time-varying reference
trajectory. From (3.12)-(3.13), one can see that this system can be viewed as a cascade connection
of two subsystems, where the first subsystem is given by Eq. (3.12) with 7 as input, and the second
subsystem is given by Eq. (3.13) with U as input. By treating i as a virtual control input for the
stabilization of e, the objective of backstepping control is to design a state feedback control law,
such that e — 0 as t — oo. Ideally one would seek a state feedback law i = ¢(e) such that the

system

é=F(t,e)+L(e)p(e)

is asymptotically stable. However, although one could find a choice of ¢ that would stabilize e at the
origin, this would entail utilizing three virtual inputs (v, vp, w). Given the under-actuated nature
of the dynamics of 7, this would lead to an over-constrained problem as one would be attempting
to manipulate three virtual inputs with only two actual inputs u; and u,. The under-actuation of
the dynamics thus implies that only two virtual inputs are available to stabilize e. Alternatively,
one could attempt to stabilize only two of the states at the origin, for example, x, and y.; however,
the third state, in this case, ¥, is not guaranteed to converge to the origin or even be bounded.
The choice of virtual inputs should also consider practicality. For example, choosing the sway
velocity v, as a virtual input is impractical in reality because either it can lead to unstable whirling
of the robot or it is not directly actuated (when b3 and b4 are zero); therefore, the most viable

virtual input choices are v| and w. It is natural to use v to regulate the error in the longitudinal
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axis (x.), which leaves w as a virtual input to drive the lateral (y.) and heading angle () errors
to the origin.

The control scheme proposed in [93] for a ship, overcame a similar limitation by introducing
a new error state that couples the lateral and heading angle errors. By stabilizing the longitudinal
tracking error along with this new state, the authors were able to stabilize the whole error system
at the origin. Inspired by this work, we propose a similar approach; however, whereas [93] only
provided a specific form of this new error state, in this work, we provide a systematic approach to
its design for a general class of under-actuated dynamics. In particular, we establish the sufficient
conditions needed to achieve closed-loop stability and via time-scale analysis, we provide further
insight into the structure that this new error state needs in order to achieve ultimate boundedness
of the error state system.

We define a new state, referred to as a “modified error” Z¢, which is a function of y, and ¥, and
couples them in such a way that the convergence of one implies the convergence of the other. This
new state can be viewed intuitively as a “correction angle”, where essentially the heading angle
error ¥, is “corrected” with an angle that is correlated to the magnitude of the error y,, such that it
determines the rotation needed for the robot to point towards the desired trajectory. Following this
intuition, let the “modified error” state be defined as z¢ = q(t, ye,¥e) = q1(2, ye) + q2(t,¥e). Let

q(-,-,-) satisfy the following assumption:

Assumption 5 The function q(t, ye, ¥e) is continuously differentiable with respect to all its argu-
ments, q>(t, W) is invertible with respect to Y., the range of q| is bounded, and q(t,0,0) = 0.

Furthermore, write the time derivative of q(-, -, -) as

dg 0q(t, ) dqo(t, 0q(t,ye,

d_CtI _ QIa(yeye) (v + vy sin(We) — wxe) + QZa(l//g‘ﬁe) (- wy) + q( ;’te Ve)

d

T —wk(t,e) + p(t,e,v2)

dr

dq(t, . dqy(t, 0q(t,ye,
where p(t.e.v2) = S (1 vy sin()) - PLELE () 4 ST L)
e e
k(t,e) = 992(t, re) - 9q1(t, ye)xe. It is assumed that k(t,e) # 0 V¥ t > 0,Y e € D, in which
Ore Jye

D c R" is a domain that contains the origin and the initial error state e(0).
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Using this new error variable, the error system (3.12)-(3.13) is augmented to the following

é=F(t,e)+L(e)n (3.15a)
Z¢ =p(t,e,v2) + wk(t, e) (3.15b)
11 =H(n) + BU (3.15¢)

The function ¢(-, -, -) should be defined such that driving z¢ and x, to a neighborhood of the origin
guarantees that the error system e converges to a neighborhood of the origin. The reason and
mechanism to why this is true will be evident later with the time-scale analysis.

To guarantee that the dynamics of i, and ¢ are asymptotically stable, a state feedback law ¢ ()
needs to be designed. Letp = ¢(-) = [¢1 O ¢3]T, where ¢ and ¢3 will be determined shorty.

Let the candidate Lyapunov function for the X., Z¢ system be chosen as

1, 1
V(xe,zg) = Exi + 52? (3.16)

The derivative of V with respect to time is then given by
V(xe,z£) = Xe(—vy cos(We) + 1 + yed3) +zz(¢3k(1,€) + p(1,€,v7)) (3.17)

By choosing

_p(t, e, V2) - KZ§Z§

¢3(tae’v2’ Zf) = (3188)

k(t,e)
¢1(f,e,V2,Z§) =vr cos(Ye) — Ye$3 — KxoXe (3.18b)
one can get
/ =— 2 _ 2 (3.19)
V(xe, Zf) Kyexe KZ§Z§

where Ky, > 0 and K, £ 0 are tuning parameters.
From the above it can be concluded that z¢ and x, will asymptotically converge to the origin
so long as n is identical to ¢. However, given that there is no direct control over the virtual

inputs, another ‘step’ in the backstepping design must be performed such that the actual input U
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appears. By adding and subtracting L(e)@(t, e, V2, z¢) on the right hand side of Eq. (3.15a) and

k(t,e)$3(t, e, v2, z¢) on the right hand side of Eq. (3.15b), one can obtain the following:

¢ = F(t,e) + L(e)p(t, e, v, 2¢) + L(e)(n —b(t, e, v, Zf))

t = plt,e,v) + k(1,003 + k1, ) (w - 93)

11=H(n)+BU
Let the virtual input error be defined as

en | V1= 1+ yelw—93)

ens k(t.e)(w - ¢3)

:Q_(t9 e)('] - ¢(t’ €, vy, Zf))

where
I 0 e
O(t,e)=10 0 0
0 0 k(t,e)
The time derivative of e, is given by
‘m|
ey =|ény| = Ot 0) () + BU) +
é773

(0021~ 901 e.v2.20)) - Q1. ) (1. e v2. 7))

U (tevo.zg)

=Q0(t,e)H(n) + Q(1,e)BU + Y (1, €,v2, 2¢)
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where

hy (i) by by
Hm)=| 0o |, B=|0 0
|73 () bs b
- 1 F(t,e) + L(e)n
, dg1 041 041 991
- — 3.24
P1(1,e,v2,2¢) de Ovy Oz ha(m) + b3uy +baup | + —- (3.24)

Y wk(t,e) + p(t, e, vy)

- 1 F(t,e)+ L(e)n
003 003 003 ||\ o)+ by + byy | + 223
de Gvy dzg || 20T I TR T gy

Y wk(t,e) + p(t,e,vy)

¢53 (t’ e,Vvp, Zf) =

Furthermore, since v and w are the only virtual inputs to be directly manipulated, the sway

velocity v is an uncontrolled state, so we let it signify a perturbation to the system and define

o o
i=q]=|wn (3.25)
o o

To ease the control synthesis and the analysis of the closed-loop system, using Egs. (3.20)-(3.23)

and (3.25), we rewrite the error system as

é=F(t,e)+L(e)p(t,e,v2,z¢) + L(t,e)ey +1f (3.26a)
2g=p(t.e.n) +k(t,e)p3+epy (3.26b)
én=0(t,e)H(n) +Q(t,e)BU +y(t, €,v2,2¢) (3.26¢)
1= ha(n) + bauy + bauy (3.26d)
where
1 0 0

- 00 ——¢

L(t,e) = k(z,e) (3.27)
k(t,e)

When e;, is zero (implying the virtual inputs v; and w equal ¢; and ¢3, respectively), x.

and z¢ approach zero asymptotically as previously shown with the Lyapunov function V (x,, z¢).
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We thus would like to drive e; asymptotically to the origin. To ease the control design, let

OBU = (u -y (t,e, v2.2¢)), where p € R3*! is the nominal control input defined as

fi
p=10 (3.28)

H2

Note that since the second element of y as well as the second row of of the right hand side of
(3.26¢) are zero, a unique expression for u can be obtained using the definition above. With (3.28),

the error system (3.26) then becomes

¢ =F(t,e) + L(e)¢p(t,e,v2,2¢) + L(1, €)en +1j (3.29a)
g =plt,e,n)+k(t,e)p3+ep; (3.29b)
én = 0(1,e)H(n) + (3.29¢)
i = ho (1) + b3uy + bauy (3.29d)

Considering the system composed of x,, z¢, ey, we define a new Lyapunov function V; as
1
Vo (xe, 2¢, €5) = V(xe, 2¢) + zege,} (3.30)

with its time derivative given by

Vo = AV (xe, z¢, €n) OV (xe, zg,en) | |-vrcos(e) + 1 + d3e
? 9% dz¢ pt.e.qi) + k(1. )3
|9V Gezeen) Ve zeen) | ey, vele, (3.31)
axe aZéf en?)

= Kxexg —~ Kzgzg +Xeen, +zgeny + eg(Q_(t, e)H(n) + p)

Let
p=-0(t,e)H () — Ke ey (3.32)
where
Kem 0 0
Ke, = 0 0 0
0 0 Ke,73
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which yields

V= —Ky,x; - Kzgzé +Xeen) +zgeny = (Kep, 6%1 + Keyy e%g) (3.33)

2 2
e e
After adding and subtracting % and % and completing the square, one can arrive at
¢ &

e g =522
2= " hxe\Ye "ok 2\* 7 og, .
(3.34)
- Ko~ )~ e~ ]
€np\Beny 1K, n3\Lens 4K,
If Kxo > 0, Kzp > 0, Koy > @ and K, > @,then V) < Ounless x, = z¢ = e;, = ey, =0.

From Lyapunov theory ([129]), one can conclude the convergence of (xe, z¢, €5, e,73) to the origin.

Finally, let = [¥; O ¢]7 such that the input U is given by

U=c@e M1~ (3.35)
M2 =Y
where C(t, e) is given by
be _ (ba+bgye)
Clt.e) = b1be Zsb2b5 k(t,(egl(ﬁlgséy—e)bzbs) (3.36)

" bibg — babs  k(1,e)(b1bg — babs)

Remark 1 Note that Assumption 3 guarantees that b1 bg — by bs is nonzero.

Theorem 3.2.1 Consider the error dynamics given by (3.11). If the system dynamics satisfy
Assumptions 1 and 3 and the desired trajectory satisfies Assumption 4, then the backstepping control
law (3.35) guarantees the convergence of the longitudinal tracking error x, and the modified error
z¢ to the origin. Furthermore, if the system dynamics satisfies Assumptions 2., then (xe, Ye,¥e)
from the error system (3.11) are stabilized at a neighborhood of the origin and are ultimately

bounded as
llell < max{B(lle(to)|l, —10),p(§)}, VY t>19 (3.37)

where B(||e(tg)|, t —tg) is a class KL function, p(£) is a class K function and & is an upper bound

to be determined.
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Remark 2 Note that typically for any set of inputs uy and uy, |vo| < |v1| is satisfied in the absence
of external disturbances. This assumption is often made in literature and it is reasonable in practice
as many aquatic robotic systems satisfy this condition when no disturbances are present. Relevant
examples include robotic fish [89] and under-actuated ships/surface vessels [130]. Therefore, the

disturbance that arises from vy is expected to be relatively small.

Note that the backstepping controller guarantees the convergence of x, and z¢ to the origin.

The following analysis in Section 3.3 shows how the rest of the error states y, and ¥, are stabilized.

3.3 Stability Analysis of the Closed-Loop System

We first show how the error system (3.11) is stable at the origin under the assumption that the
perturbation arising from the uncontrolled state v is identically zero, that is 7(0) = 0 and 77 = 0.
The case of v, not being constantly zero will be considered in a later part of the stability analysis.

With the control law u substituted into Eq. (3.26), the closed-loop system is obtained as follows:

Xeens

Ye = vrsin(Ye) — xed3 — K yeze.e) (3.38a)
. e

e = I (3350

Xe = =Ky, xe + en (3.38¢)
tg = —Kepzg +eny (3.38d)

éy = —Kene,, (3.38e)
=0 (3.38f)

Eq. (3.38) allows one to see the time-scale structure of the closed-loop system as it is evident that
ey, 2¢> and x, are “fast” converging states if Ke, , K; ¢ and Ky, are chosen adequately large. Inspired
by this, we utilize singular perturbation methods for nonautonomous systems [131] to analyze the

stability properties of the closed-loop system.
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3.3.1 Asymptotic Stability of Multi-Time-Scale Systems: The Setup

In general, multi-time-scale analysis involves the decomposition of a system into stages dictated by
the separation of different time scales. In particular, the system is decomposed into a “slow” reduced
model that dominates the system behavior and a “fast” boundary layer which is composed of the

states that evolve in faster time scales and represent deviations from the slow system. Following this

1
17 = [2¢ xe en, en,]? and e =
§& e mp 3 maX(KZg’KXe’Kenl’Ke%)

such that the closed-loop system (3.38), excluding (3.38b), is transformed into a two-time scale

intuition, let ¥ = [x1 X2 X3 X4

singular perturbation model of the following form:

Ye = f(t,Yes x) (3.39)
e)e:g(t,)’e,/\/,f) (340)
7=0 (3.41)
where
. X
F(t,yes x) =V sin(e) — xagy - —224 (3.422)
) i k(ts y€7X)
—ax|+€xs
—bys+€
gt e)=| 2T (3.42b)
—CX3
—dx4
-a 0 0 €||x1
-b € X2
— ) (3.42¢)
—C X3
0 —d||x4
A
Kz _ K
- é‘: _ Kxe - _ 7’]1
where a = max(KZ§’Kx€’KeT]17K€n3)’ b= maX(Kz§’KXe’K€n1,Ken3)’ c = max(Kzg,Kxe,Kenl,Ke%),
_ K
d = 13 Ve 1s the slow variable, and y is the fast variable. Furthermore,

maX(KZé: ’KXe ,KEUI 9K€n3 ) ’

consider € <« 1.

Egs. (3.39)-(3.40) represent the singularly perturbed full system, which for

simplicity is denoted as the Y gz system. Similarly, the different sub-index combinations in Y
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T SF Full SyStem Reduced Order T g-subsystem
Je = f(tﬂw G(tvye)a 0)

Ye = f(t, yeaX;E)

ex = g(t,Ye, X, €) Boundary Layer T p-subsystem
t b _
T = Z dTl _g(t7y€aX(Tl)70)

Figure 3.2: The bottom-up approach to the analysis of two-time-scale system.

denote the different subsystems. For example, Y g denotes the slow subsystem. Note that the state
Ve has not been included in the perturbation model, since we exploit its relationship with the error
state y, and the new error coordinate Zé and instead analyze the evolution of z¢- In other words, we
utilize the relationship z¢ = q1 (¢, ye) + g2(2, ¥e), which is enforced via the backstepping feedback
law.

By considering the singular perturbation parameter €, the Y gz system can be broken into a pair
of slow and fast subsystems, and its time-scale properties can be analyzed in an ascending manner.
Figure 3.2 illustrates this methodology. The standard two-time scale stability analysis is based on

the following result.

Lemma 1 ([131]) Consider the singularly perturbed system

()= f(t,L,7.€), (€R"
(3.43)

ey =g(t,¢,y,€), yeR"

Assume that the following assumptions are satisfied for all
(t,,v,€) € [0,00) X By X B, X [0,€09], By CR", B, cR™,and 0 < ¢y € R
¢ By ¢ Y
1. f(¢,0,0,e) and g(z,0,0,€) =0.

2. The equation
8(t,4,7,0)=0

has an isolated root y = G (t, (), and there exists a class K function p| such that

1G (. DIl < p1 (I
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. The functions f, g, and G are smooth and their partial derivatives up to the second order are

bounded for y — G(t,{) € By.
. The origin of the reduced order system

(@)= f(1,4,G(1,£),0)

is asymptotically stable; there exists a positive-definite Lyapunov function candidate Vg that
satisfies

0 <s1(l1D) < Vr(2, Q) < s2(1I<1)
for some class K functions s1(-) and s,(-), and

6VR(t9 {) " 6VR(I9 {)
o1 o7

f(1.4.G(1.0).0) <~} ¥*(0)
where 0/1 > 0 and Y (-) is a continuous scalar function of { that vanishes only at { = 0.

. The origin of the boundary-layer system

d
L 4.0 B+ 60,0
(r = 1)

where B =y —-G(t,{) and T =

, is asymptotically stable at the origin, uniformly in

(t, ), there exists a Lyapunov function candidate W (t, {,y), that satisfies

0 <s3(ly =G D) < W(t, 4, y) < sallly =G, DD

for some class K functions s3(-) and s4(-), and that satisfies the following:

ow(t,Z,y)

S 8(1.4,7,0) < —ay @ (y = G(1,)),
Y

where a/’2 > 0 and ©(-) is a continuous function of an R™ vector z f which vanishes only at
zy =0.

. VRr(t,{) satisfies the following interconnection condition:

oVg

W[f(t’ {’ Y 6) - f(t’ {7 G(t’ é/),())] < ﬂlllp(é’)q)(’y - G(t’ 4)) + 6/1,1\112(4)

where the constants ﬁ’] and /1’1 are nonnegative.
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7. W(t,Z,y) satisfies the second and third interconnection conditions:

ow

W[g(t’ 5,7’ 6) - g(t’ g’G(t’ g),O)] < f/l,zq)(?’ - G(t» {)) + fﬁlz‘P(f),‘D(V - G(t’ {))

ow oW

R SR K@% (y = G(,0)) + B () @(y - G(1.0))

where the constants ), A3,B), and B} are nonnegative.

Then there exists €* > 0 such that for all € < €, the origin of (3.43) is uniformly asymptotically

stable. Moreover, there exists a composite Lyapunov function defined as
v(t,l,y) = (1 =d)Vg(t,0) +d'W(t,l,y), 0<d <1

such that

T
i< YO | @
Q(y - G(1,7)) O(y -G(1,9))
where | |
1_dl /—/l/ __1_dl /__d/ /+/
el ( ><a11 el) X § B, - 5’ (By+ BY) i
S -dIB -dBy Ay Doy - ety + )
which is positive definite for
€ < 1% def (3.45)

1
CL”I (/1,2 +/1%) + 0,2/1’] + m[(l - d,)ﬁ,] + d’(ﬁlz +ﬁ’3)]2

The maximum of €, is given by
€dl r_pt 10p f oy =€ = alla,,z
d'=p1 /(B +(By+B3)) o (X + y) + &bl + B (B + Bh)

The Y g subsystem is formed by the reduced-order slow-subsystem Y g and the four-dimensional
fast Yz boundary layer. Let G(, y.) denote the unique equilibrium point of g(¢, ye, G(¢, ye),0)

when € = 0, such that
0=g(t,ye,x,€) > x=G(t,y,) =0 (3.46)
By considering the stretched time scale defined by 71 = (¢ — tg)/(€), the slow model is given by

the YS

Ve =f(t,ye, G(1,ye)) = vrsin(Ye) (3.47)
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Subsystem Condition

Assumption 4 of Lemma 1: Reduced System

Vs (t, Vs (t,
Yor TSI 11, 0,61, o), 0 + P50 <2
Ye ot

Assumption 5 of Lemma 1: Boundary-Layer

OV (t,x)
YSF Tg(la)’e,/\’so)s_a'zq)%

Assumption 6 of Lemma 1: Interconnection Condition 1

Ysr %y’” (L yer 10 €) = £t ve, Gt 70, 001} < 1 W) @y + e, 92
Assumption 7.a of Lemma 1: Interconnection Condition 2

Yor N g1y = 50136 G070, 0] < o)+ B
Assumption 7.b of Lemma 1: Interconnection Condition 3

YsF WZT(Z’X)J’(IJ&X&HWF@—?X) < 1307 + B3 D)

Table 3.1: Comparison functions and inequalities that guarantee the asymptotic stability require-
ments for the two-time scale system.

while the fast model or boundary layer for the X ¢r-subsystem is given by the X p-subsystem as

—axq

d —B)(Z
d—X =g(t,ye, x(11),0) = | (3.48)

L —Cx3

._d_X4_

Recall that one of the fast variables, Zé denotes the “modified error”’ defined as e =41 (t,ye) +
q2(t,e). At this time-scale stage, z¢ reaches equilibrium faster than ye, i.e, zz — 0 which
implies that g, (f,¥¢) — —q(t,ye). Since go(t,¥e) satisfies Assumption 5, this suggests that
Ye = —q, 1 (q1(t,ye)), and implies that once z¢ has reached equilibrium, ¥ is forced to move
in a manifold defined by Y = —¢q; Y(g1(2,ve)) (enforced by the backstepping controller). By

considering that ¥, is constrained to evolve on this manifold, Eq. (3.47) can thus be rewritten as

f(t,ye,G(t,ye)) (3.49a)

—v,sin(g; ! (q1(t, ye))) (3.49b)

Ve
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One can then carry out the stability analysis on the subsystem composed of the slow variable y,
and the fast variable z¢ with ¢ subject to evolving on the manifold defined by —g;5 Lg1(t,ve)).

Note this means that the convergence of ¢, is implied once y, converges.

3.3.2 Lyapunov Function Candidates and Two-Time-Scale Analysis

As seen from Lemma 1, the asymptotic stability analysis requires the existence of Lyapunov
functions for each of the subsystems. These Lyapunov functions, in turn, will be utilized to form a
composite Lyapunov function for the complete Y gz system.

To choose the Lyapunov functions at each stage, we consider each of the subsystems in a
descending manner. In particular, we first consider the reduced-order slow Y g-subsystem given by
Eq. (3.49), and let Vg(¢, y) represent its Lyapunov function, where the exact structure of Vg(z, y,)
is dependent upon the choice of the ¢; and g, functions. Note that Vg(¢, y.) is allowed to depend
on time. An example of a candidate Lyapunov function will be given briefly. On the other hand,

for the corresponding fast Y g-subsystem (3.48), a natural choice is

Ve(x) = x' Py (3.50)

where P is a real, symmetric positive-definite matrix and the solution to the Lyapunov equation
PA+ ATP = —S where S = ST > 0. Note that since A is Hurwitz, P is the unique solution of the
Lyapunov equation (Theorem 3.7 [129]).

Considering the above Lyapunov functions, one can then establish asymptotic stability of
the origin by satisfying assumptions (1)-(7) of Lemma 1. Table 3.1 summarizes the equivalent
assumptions by substituting the corresponding system dynamics.

It can be verified that (0, 0) is an equilibrium of the system given by Egs. (3.39)-(3.40). The
time derivative of Vg(z, y.) is given

Vs

: ovg . _
Vs(t,ye) = =g vrsin(ay (@1 (1. ye) + 5= (3.51)
e

Depending on the choice of ¢ and g, Vg(t, y.) can be determined such that Vg(¢, y.) is shown

to be negative definite. In general, with the appropriate choice of @y and ¥, Assumption 4 of
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Lemma 1 can be satisfied. Take for example Vg(y,) = (1 — cos(qgl(ql(ye))), where ¢ and g,

are chosen to be independent of ¢, in which case

0(q5" (q1(ye)))

Vs(ye) = —vrsin®(g3 " (q1(ye))) % (3.52)

As a simple choice, let g = Kepe, with K, > 0, such that

q1 (ye))a(cn(ye))

(3.53
K. Kc0ye )

VS()’e) =—Vr Sinz(

9(q1(ye))
dye
5, g1 must be chosen such that it is continuously differentiable and well defined for all real numbers

By choosing ¢ such that > 0, Vg(ye) can be made negative definite. From Assumption

(Ye

I+yg
aforementioned assumptions. Note that arcsin(-) has a limited domain; however, its argument is

of y. and has a bounded range. arcsin ) is one viable option that would satisfy all the

restricted since —1 < —2¢— < 1. Let ¢ = K arcsin(—2¢=) such that
\/1+yg \/1+y%
i K, K 1
Vg(ye) = —vp—= 4 in? (=< arcsin( Ye N 2) (3.54a)
K. K. /1 +y% 1+yz
K K 1
< —ymin2d G52 (2d resin(—28 ))( 5) (3.54b)

Ke Ke 1+ y 1+ ye
vV e

where K; > 0 can be thought of as a scale to determine the effect of the “correction” term.

dqs(t, dq(t, K x K.
k(t,e) = 921, ¥e) - q1( ye)xe =K, - dXe  catisfies k(t,e) #0 V t >0,V |x¢| < —

e dye 1+ye K4

In this example, Assumption 4 of Lemma 1 can be satisfied with a > V7" Z and ¥ =

sinz(llg—i arcsin( F)) ( ) For another example we refer the reader to Section 3.4.3.
1+y2 1+ y
Using Eq. (3.50), it can be shown that by letting ay > A,nin(S), @1 = |lx|l, Wwhere A, (S) is
the smallest eigenvalue of S, Assumption 5 of Lemma 1 can be satisfied. Furthermore, with the
appropriate choice 81 and 17 = 0, Assumption 6 of Lemma 1 can also be satisfied. Finally, with
Ay =0, B =0, 13 =0, and B3 = 0, Assumption 7.a and Assumption 7.b of Lemma 1 can be
satisfied.

A composite Lyapunov function for the Y gr-subsystem is given by

Vi(t,ye, x) = (1 =dy)Vs(t,ye) +d1VE(x) (3.55)
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with

T
: Y1(ye) Yi(ye) Yi(ye)|2
V(ta)’e,/\/):_ A S—/l(A )
: o (0| | 01x) : chlm
[ —
o2
where A is given by
1
(1-dp)a —5(1 —-d1)p1
=11
—5(1 —-d1)p1 dl(%)

and A(A) is its smallest eigenvalue of A. The stability of the two time-scale Y gz-subsystem is then

guaranteed for
< 4diajan def

(-dppz

3.3.2.1 Asymptotic Stability of the Closed-Loop Perturbed System

Throughout the stability analysis done so far, it has been assumed that the perturbation 77 that
results from the uncontrolled sway velocity v, is identically zero. However, to complete the proof
of Theorem 3.2.1 and show how the error system (3.11) is ultimately bounded we incorporate v, as
a disturbance and treat the resultant closed-loop system as a disturbed system. Using the perturbed
system theory as presented in [129] (Lemma 4.4), stability analysis can be carried out.

Let the perturbed Y g system be expressed as
f(t,X)
2=0tX)+r(t,X) = |g(t, L) | +r(t,X) (3.56)
0
where = [ye, . 7]7

XZ(_ﬁ(ta)’eaX)_kz§)(l) X2X3

— |vpsin -
f(t, Z) r ('703) k(t, ye,)() k(t, ye,)() (3.57)
—ax1+e€xq
~byy +
g(t,x) = | TN (3.58)
—CX3
—dx4
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85]10 Ye) iy
dye 2 i
k(t’ye’)()
0
r(t,X) = 0 (3.59)
0
0
hy(vi,1, w) + b3uy + bauy
0q1(t,ye, . 0q2(t, ye, dq(1,ye,
5t yerx1.x2) =Ww sin(y,) — 202ye ) - 94 ve X) (3.60)
Ye awe ot

Note that in this manner the nominal system is represented by Q (¢, X) while the perturbation is
denoted by (¢, Z). In the previous section it was shown that the nominal system given by £ = Q(X)
is asymptotically stable. Furthermore, a composite Lyapunov function Vj (¢, X) for the full nominal

system is found, for which it can be shown that

Cr(IZN) < Vi(5,Z) < Ta (1D,

oV,

P06+ 2L < -ry(izi. | o <

(9V1 (3.61)

for all ¥ € Bg, where Bg c R and I';,i = 1,2, 3 are class K functions.
Considering the same Lyapunov function V; for the pertubed system, we can express the

derivative of V| along the trajectories of (3.56) as

Vi(1,X) = avl ale(z) ‘W‘ r(t,Z) (3.62a)
ov
< -T3(1ZI +|5 1Hﬂr(r 2| (3.62b)
Suppose that the perturbation term satisfies the bound
6r5(I; ' (T'1(R)))
Ir(E Dl < ¢ < —2 (3.63)

)

for all t > 0 and X € Bp, with some positive constant § < 1. The derivative of V| along the
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trajectories of (3.56) becomes

6,2 =206 + D) G.640)
<1302 + | 2. 21 (3.64b)
<-T3(IE]) +s¢ (3.64c)
<~ (L= B3Il - T3 (11D + 59 364
<-(1-ors(izi. vz =r3' (%) (3.64¢)

Then for all £(¢g) € {V;(X) < T'1(R)}, the solution X(7) of the perturbed system satisfies

IZ]I < max{B([[Z(10)ll.t = 10). p(@)}, V¥ 1219 (3.65)

for some class KL functions S, and a class K function p given by

ple) =T7 (213 (5)

3.4 Backstepping Control of Robotic Fish

To demonstrate the effectiveness of the proposed approach, the backstepping control algorithm
is implemented in a robotic fish, as this system has highly nonlinear dynamics with input coupling

and is under-actuated.

3.4.1 Dynamic Model of Robotic Fish

The tail-actuated robotic fish is modeled as a rigid body with a rigid tail that is actuated at its base,
and is considered to undergo planar motion [89]. The system has three degrees of freedom, namely

surge, sway, and yaw. The tail deflection angle is assumed to have the following periodic pattern:

a(t) = ag + ag sin(wgt) (3.66)
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where «(, @4, and w, represent the bias, amplitude, and frequency of the tail beat, respectively.

The dynamics of the system are described with an average model [89] and is given by

vi=h1(v], vy, w) +KfC7f4(a/0,a/a,wa) (3.67a)
vy = hy(vi, v, w) + K peg fs (@, @ar wa) (3.67b)
@ = h3(v1, v, ) + Kimcg fo (g, @a, wq) (3.67¢)

with

m c
h1(v], V2, ©) =—2vpw — —1vy v% + v%
mi mi

c v
+ —2v2,/v% + v% arctan(—z)
mi Vi

m c
hy (], 2, ) = — —vjw — —-vy v%+v%
m m
2 2,2 V2
— —=Vv14/vT +v; arctan(—=
my NT1T 2 (vl) (3.68)

h3(v1,va, ) =(my — ma)v vy — c4wsgn(w)

_ 3 3
falap, aq, wa) ngﬂa (3- 50(2) - gaZ)

fS (0/0, Qq, (Ua) :w(zl/a%a/o

3 2 2
f6(a0’ad’wa) =W @gQ(
1 1
where my = myp —mg,, my = my, — May, J3 = Jpz = Jaz, 1 = 3pSCp, ¢ = 53p5CL, ¢4 =

Kp _ mL? _ mL? _ _cmL? : .
T30 7 = Tong 8 = Zuye and cg = — ryal Here my is the mass of the body, Jj,, is the

inertia of the body about the body-fixed z-axis, m, and Mgy, are the hydrodynamic derivatives that
represent the added masses of the robotic fish along the body-fixed x and y directions, respectively,
and Jq, represents the added inertia effect of the body about the body-fixed z direction. S denotes
the reference surface area for the robot body, Cp, C;, and Kp represent the drag force coeflicient,
lift coefficient, and drag moment coeflicient, respectively, p is the density of water, L is the tail
length, c is the distance from the body center to the pivot point of the actuated tail and m represents
the mass of water displaced by the tail per unit length and is approximated by % pd? with d denoting
the tail depth. K f is a scaling constant, and K, is a scaling function affine in @(. As done in [92],

to further facilitate control design, in this work K}, is considered as a constant by taking the average
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of Kj;, for a given range of @(. Furthermore, let (xp, yp) denote the robot’s center of mass and ¢ the
heading angle, formed by the body fixed axis relative to the inertial axis. The system’s kinematics

are thus given by

Xp =vicosy —vysiny (3.69a)
Yp =visinyg +vycosy (3.69b)
W =w (3.69¢)

The robotic fish dynamics satisfy Assumption 1, and Assumption 2, the proof for which can be

found in Appendix A.

3.4.2 Backstepping Control Design

To design the controller, the robot’s simplified averaged model presented above is considered.
Here the control inputs are functions of the actual physical variables, namely the tail-beat pattern
parameters ), @, and w,. To simplify discussion, a fixed tail-beat frequency w is assumed. The

control inputs are then chosen as

3 3
uy = aq(3 - zag - g"%) (3.70)

Uy = ozzozo (3.71)

which are present in functions fi(ag, @g, we) to fs(ag, @q, we) in Egs. (3.67a)-(3.67c). Note
that the control inputs defined this way appear linearly in the dynamic equations. In this manner,
(3.67a)-(3.67¢) thus resembles (3.4) with by = Kfcw%, by =0,b3 =0, by = Kf08a)gy, bs =0
and bg = KmC9w3,.

The modified error function g for the robotic fish should be chosen such that the heading angle
of the robot can be used to minimize y., but still allow tracking of ¢, when y, is small enough.
For simplicity, we choose g, = ¥, and consider the Lyapunov function Vg proposed in Section

3.3.2 to determine possible choices for g. In particular the derivative of Vg with respect to time is
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given by

0q1(t,30) , Vs
0ye ot

From the above, ¢ need to be chosen such that Vg is negative definite. For simplicity, we let g

Vs(ye) = —vrsin®(g3 " (q1(ye))) (3.72)

be only a function of y,. Furthermore, taking into consideration Assumption 5, g; needs to be a
continuously differentiable function that is well defined for all real numbers of y, and has a bounded

range. The function arctan(y,) is an attractive choice since it satisfies all of the aforementioned

9(q1(t, ye)) _
dye 1+y;
all y.. The modified error for the robotic fish system is thus chosen as

assumptions. Furthermore, its derivative with respect to ye,

, 1s positive for

2e =q(Ye,We) =We +q2(ye) (3.73)
where g5 is given by
q2(ye) = kg, arctan(ks, ye) (3.74)

where ks, and ks, are positive constants. In particular, ks, can be thought of as a scale for the

“correction” angle within the total error z¢, while k(sz tunes the magnitude of the angle. Note that
0q2(t.¥e) _0q1(t,ye) ks ksyxe

= 1-— SUCh that
Ore Oye ¢ I+ (kdz)’e)z

with this choice we also satisfy k(z, e) =

k(t,e) #0 V t 20,V |xo| < .
kzs kzs,

3.4.2.1 Control Synthesis

The backstepping controller for the robotic fish can be designed by following the procedure from
Section 3.2.2. First, to stabilize the (xe, z¢) subsystem, the following candidate Lyapunov function
is chosen

1, 1,5
V= >%e + 7% (3.75)

Let vi = ¢1 and w = ¢3 represent the virtual inputs, which will be chosen shortly. The time

derivative of Eq. (3.75) is given by

V =XpXp + 202
ereTren (3.76)

=xe(¢1 = Vrcos(Ye) + d3ye) +z¢(k(1,€)¢3 + p(1,e,v2))
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where

(Vi sin(ye) +v2) _

p(t,e,vo) =ks ks w (3.77)
172 (k62y€)2 +1 '
ks, ks x
k(re)=1-—1"2°_ (3.78)
(k52y€) + 1
Let
¢1=Vrcos(Ye) — d3ye — Kxpxe (3.79)
_p(t’ e’ VZ) - KZ Zé—'
¢3 = & (3.80)
k(t,e)
so that
V:_Kx€x§+_[(z($z§ (3.81)
Let the virtual input error be given by
e Vi — @1+ Ye(w — ¢3)
"= ‘ : (3.82)
en k(t,e) (a) - ¢3)
and define a new Lyapunov function
1o, 15
Vo=V+ Ee,” + 56773 (3.83)
The time derivative of Eq. (3.83) is given by

With Eqgs. (3.67a)-(3.67c) along with the input definition Eq. (3.70)- (3.71), one can expand the v,

v and & terms that appear in Eq. (3.84). To make V, negative definite, let u| and u; be chosen as

uy
uz

0 n

T,
p)

(3.85)
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with

Ty ==hi(0)+ Vr cos(ye) — Vr Sin(’ﬁe)l/}e

(3.86)
- h3('))’e —WYe — Kxexe - Ke;“ en
T) == h3(Vk() = k() (w — ¢3) — k(-)A - Keysens (3.87)
; Xe 2 2xeyeYe
k()=—k; kgoy———————+k; . k (3.88)
VT2 (ko ve)r 1) 02 (ko ye)? +1)2
—P = Kz 2 . P~ Kz

A:kzélkzézT—kzélkzézk(-)W (3.89)

X hy(-) + Vr sin(Ye) + Vr Cos(we)l/.’e 2 2yeYe(Vrsin(ye) +va)
P =kzg1kzg, 5 — kzg Kz, 2 (3.90)

(kzgyye)™ +1 ((kzgpye)=+1)
Kng

n=kzg + Kpcok(t, e) (3.91)

k -
02 (kzspye)? +1

3.4.2.2 Control Synthesis Incorporating Input Constraints

Given that robot fish actuators have physical limitations, the backstepping-based controller design
should accommodate these constraints so that the control scheme can be successfully implemented.
In this section, we present the control synthesis incorporating the input constraints. However, note
that the time-scale stability analysis assumes that the nominal inputs are achievable.// The latter can
be true given that the desired trajectory is feasible. In other words, when the desired trajectory is
such that the nominal values will lie within the actuator constraints, then the achievable input will
converge to the nominal input.

In order to address magnitude constraints on the control inputs, we employ the following scheme
inspired by [132] and [133]. Let v| and v, represent the nominal backstepping control inputs, and
let #1 and up be the inputs that can be practically implemented. To obtain the value for u; and
uy, first the values given by v; and v, are used to solve for the tail-beat parameters «, @, using
Egs. (3.70)-(3.71), and then the tail-beat parameter values are saturated such that they lie within the
range [« ],and [ |. Finally u; and u, are obtained using Egs. (3.70)-(3.71)

min’ YOmax Qamax> Yayip
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with the saturated values.

To analyze the influence of the input constraints, the following auxiliary system is chosen,

Al ==01 A + A,

Ay = =LA+ Kpeq(uy —vy) + YeKmeg(uz — va)
J (3.92)

A3 =—{343+ A4

Ag = —{4dq = 1(uz = v2)

The variables 1;-14 defined above represent the filtered effect of the non-achievable portion
of the virtual and control inputs. In particular, the additional tracking error that arises because of
mismatch between the nominal and implementable inputs is represent by A; and A3, while 4, and
A4 represent the error propagated to the virtual inputs. As a result, the modified tracking errors are

defined as follows:

.)Eg = Xe - /11 (3.93)

Zg =z — A3 (3.94)
Furthermore, let the modified virtual errors be given as
eny =vi— 1+ ye(w—¢3) - A2 (3.95)
eny = k(t,e)(w—¢3) — A4 (3.96)
To stabilize the (X, Z¢) subsystem, the following Lyapunov function is chosen

1, 1,
V= ixe + EZ',;_- (3.97)

With these new definitions, similar stability analysis as done in Eq. (3.76)-(3.81) is carried out.

Let the virtual inputs be defined as

1 =Vrcos(Ye) — wye — Ky, Xe — {141 (3.98)
_—p(t, e,v2) = Kz Zg = {343
¢3 = ) (3.99)
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so that

Then a new Lyapunov function is defined as

1 1
Vo=V + 56‘%1 + 5533 (3.101)

The time derivative of Eq. (3.101) is given by
Vo=V ey &y +Ep3én, (3.102)

As previously done, the terms v, Vo and w that appear in Eq. (3.102) can be further expanded.

After simplifying the above, v and v, can be chosen as

Kpcqvi + Kmcgyevy == hy(-) + Vi cos(e) — Vi sin(We)re — h3(-)ye — wzye — KxpXe

+ {71 = (G + )y = Key &y

(3.103)
vy == h3(Vk() — k() (w - ¢3) — k(DA + {53 — (&3 + {a)Ag — Keysny (3.104)
where
_ B Keyke p K%
A :kzdlchSZT - kzélkzézk(-)v (3.105)
lé :k251k152 ha(+) + Vi sin(ye) ‘;Vr cos(Ye)Ve _ k251 s 2yeye(Vr Sm(zlﬁe) +2V2) (3.106)
(kzgyye)” +1 ((kzgyye)=+1)

By following similar stability analysis as previously done for the constraints-free case, one can

arrive at the following

s _ I _ o» _ 1 _ » o 1 ) 1
Vo=~ Kre e = gpeem )" = Kep(Gg = gp—ny)™ = &y (Keny = o) = &3 (Keny =

Kx, - e 4K, )

(3.107)

If Ky, > 0, KZf > 0, Ke771 > @ and ken3 > @ then V5, < O unless when X, = Zg =

én, = ény = 0, implying the convergence of (Xes Zg, €ny, e’,73) to zero as time approaches infinity.
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Furthermore, since 0 < V5(#) < V,(0), one can conclude that (%, Z¢, €ny, €ny) are each in L.
This shows that even when physical limitations do not allow the the desired control signals to be
implemented, the quantities X, and Z¢ do not diverge. In other words, this guarantees convergence
for the compensated tracking errors X, and Zg but not the actual tracking errors x, and z¢. The
latter may actually increase during periods when input limitations are in effect given that the desired
control signal is not being implemented (i.e. u1 # v| and/or u, # v;). However, when the control
signal limitations are not in effect, (i.e. u; = vy and up = vp), 41-A4 approach zero, and (X, Z¢)
converges towards (x,, z¢). Once the control input limitatiosn are not in the effect, the time-scale
analysis previously presented will apply. Finally the nominal inputs v{ and v, can be obtained from
(3.105).

In the following section we establish the stability analysis for the robotic fish under the assump-

tion that the nominal input values are achieved.

3.4.3 Stability Analysis of Closed-Loop Robotic Fish System

Following the time-scale analysis presented in Section 3.3, it can be shown that by choosing

Vs(ye) = (1 — cos(k(g1 arctan(k(gzye))) (3.108a)

Vr(x) = x' Py (3.108b)

and a composite Lyapunov function

Vi(t,ye, x) = (1 =d1)Vs(t,ye) +d1VE(x) (3.109)

then for all X(¢g) € {V1(t,X) < I'{(R)}, the solution X(¢) of the robotic fish perturbed system

satisfies
IZ|l < max{B(|[Z(zo) .7 —10). p(¢)}, VY 121 (3.110)
where p is given by
®s
o= ()
H/lmin(A)
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and

2 -
G- \/(q(l — )Pk ey )+ Qi Tna () PIIR]

ko kzs O
o= —"1"2 ||
D,

(3.111)

with D, defined such that

lxel(L+kzg kzg ) X
5 L 22 < bxel (3.112)
(kz(;z)’e) +1- kzelkz52xe De

for |[x¢| < ————. The reader is referred to Appendix B for a detailed proof of the time-scale

kzs kzs
1 2
analysis without perturbation and Appendix C for the stability analysis of the perturbed robotic fish

system.

3.5 Simulation Results

To evaluate the effectiveness of the designed controller, simulations were carried out using
MATLAB. Furthermore, a PI controller was implemented to provide performance comparison.
The robotic fish parameters used for simulation are listed Table 3.2.

The tunable backstepping and PI controller parameters for the line trajectory (defined briefly)
in the simulation were chosen as follows:

Kie=l.1  Kp=12  Key =0.69 Koy =041
£1=0.4 £>=0.8 £3=0.9 £4=0.9
kzg =5 k:5,=633  Kp1=35  Kpp=0.85
K;1=0.021 K»=0.023 ap_. =-50° =50°

OO aamax=300 ts =O.66 S Wa= 371'

min @0max
Qapmin=

where o _.

min® POmax> ¥amin A0d Capay are the physical limits on the tail-beat bias and amplitude

respectively. Furthermore, Kpj, Kp>, Kj1, and K, are the PI controller tunable parameters. The
variable 7 is the sampling interval which pertains to the amount of time between an update to the

control inputs. In this design, we chose #; = 0.66 seconds given that the tail-beat frequency is
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1.5 Hz. The controller parameters were chosen such that under the right values the backstepping
controller was able to regulate the error system to the origin. We found that varying {1 — {4
controlled the convergence rate of the errors 1| — A4, which are a consequence of the effect of the
input constraints. For the PI controller, its gain parameters were tuned carefully in simulation using
Ziegler-Nichols’ closed-loop method [134].

Note that although the backstepping controller was designed using the simplified averaged
model, the simulations were performed on the original dynamic model. The following line and

circular trajectories were considered

).Cr =V COS(lﬂr), yr = 0, ‘br = (,Ur,With Vy = 0.02, Wy = 0 and
{Xp =vrcos(Yr), Yr=v,sin(yy), 'j’r = wy, with (3.113)
Vy = RllQ)rl, Rl = 0.2, Wy = _009,

where %, and Y, represent the velocity of the trajectory in the {1} frame.

Figures 3.3a-3.3b depict the desired and the closed-loop trajectories of the robotic fish for the
backstepping-based and PI controller in both the line and circular cases. Note that the diamonds
represents the starting position of the robotic fish, while the green circle represents the starting
point of the path. In particular, 10 simulations trials were run for each type of trajectory with
different initial conditions.

Figures 3.4-3.5 illustrate the averaged magnitude of the position errors over time along with the
corresponding standard deviations for line and circular tracking, respectively, for both the proposed
backstepping scheme and the PI controller. Similarly, Figures 3.6-3.7 illustrate the averaged
magnitude of the angle errors over time along with the corresponding standard deviations for line
and circular tracking, respectively, for both the proposed backstepping scheme and the PI controller.
From simulation results, in particular from Figures 3.4-3.7, one can see that, with the proposed
backstepping scheme, smaller position tracking error in the allotted time is obtained, as well as a

faster convergence to the desired trajectory.
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(a) Line-tracking trajectories.
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(b) Circle-tracking trajectories.

Figure 3.3: Simulation: line and circle-tracking trajectory results, respectively, for backstepping-
based and PI control.
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Figure 3.4: Simulation: line-tracking position error for backstepping-based and PI control.
“STD” curves represent the standard deviation envelopes for the average error under each con-
troller.
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Figure 3.5: Simulation: circle-tracking position error for backstepping-based and PI control.
“STD” curves represent the standard deviation envelopes for the average error under each
controller.
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Figure 3.6: Simulation: line-tracking angle error for backstepping-based and PI control. “STD”
curves represent the standard deviation envelopes for the average error under each controller.
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Figure 3.7: Simulation: circle-tracking angle error for backstepping-based and PI control.
“STD” curves represent the standard deviation envelopes for the average error under each
controller.
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Table 3.2: Parameters of the robotic fish.

PARAMETER | VALUE PARAMETER | VALUE
my, 0.725 kg Max 20217 kg
May -0.7888 kg ¢ 0.105 m
Jaz 7.93x10™% kg -m? | L 0.071 m
Thz 2.66x10 3 kg-m? | d 0.04 m

0 1000 kg/m> S 0.03 m?
Cp 0.97 Cr 3.9047
Kp 45x1073 kgm? | K 0.7

K (averaged) | 0.45

3.6 Experimental Results

In order to evaluate the validity of the proposed scheme, experiments were carried out using the
robotic fish presented in the previous Chapter (Figure 2.13). Furthermore, a similar experimental
set up was utilized (Figure. 2.12). Finally, the parameters for the robotic fish are as shown in
Table 3.2.

To demonstrate the effectiveness of the proposed approach, experiments were carried out to
compare the performance of the backstepping-based controller with that of a proportional-integral
(PI) controller in terms of tracking performance. It is important to emphasize that the robotic fish
has actuator constraints that must be considered when implementing the controller. To address
this, the backstepping controller was modified as shown in Section 3.4.2.2. Furthermore, the inputs
were saturated in a similar fashion as described in Section 3.5. In the case of the PI controller, the
original calculated values for the tail-beat parameters were saturated to obtain the realizable values
and thus the viable inputs.

The tunable controller parameters were chosen as follows:

Kx,=0.6 KZ§= 0.6 Ke’?] =1.02 Ke772= 1.02
£1=06 (=06 £3=0.5 £4=0.5
ks=1  ks,=16 Kp;=025  Kpy=0.31
K;1=001 Kp=00071 ag_. =-50° ag.,=50°
@q . =0 @apa=30° 13=0.66s
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where aq_ and g, are the physical limits on the tail-beat bias and amplitude

in’®max> Famin
respectively. Furthermore, Kp{, Kpy, K1, and K, are the PI controller tunable parameters. ¢y is
the sampling interval that pertains to the amount of time between an update to the control inputs.
In this design, we chose 5= 0.66 seconds given that the tail-beat frequency is 1.5 Hz. Finally, {1-{4
are the controller parameters used to handle the input constraints. The PI gain parameters were

tuned in experiments using Ziegler-Nichols’ closed-loop method [134].

The following line and circular trajectories were considered for the tracking tasks

xr=vircos(Wr),  ¥r=0, Y =wrwith v, =0.02, w, =0 and
Xr =vicos(¥y), Yr=visin(yy), Yr=wy, with (3.114)
vlr :Rllwrl, Rl 20.2, Wy = _009,

In particular, ten different trials with similar initial conditions were performed for both the
backstepping and PI controllers. In Figure 3.8, the desired and the closed-loop robotic fish
trajectories for all ten trials are depicted for both the line and circular trajectories, while in Figure 3.9
the tracking results for only one of the trials is depicted. In particular, Figure 3.9a illustrates the
tracking results for backstepping-based control, and Figure 3.9b illustrates those obtained for PI
control. In both figures the yellow diamond depicts the starting position of the robot while the
green circle depicts the start of the trajectory. Furthermore, the blue solid line depicts the desired
trajectory while the red solind like depicts that of the robotic fish. Finally, the arrowheads on the
lines denote the direction of progression.

In addition, Figure 3.10 depicts the averaged position tracking error along with its corresponding
standard deviation for both control schemes in each trajectory case. In particular, the solid blue
line with circular markers represents the averaged tracking error obtained for backstepping-based
control, while the dotted blue lines represent its standard deviation. Similarly, the solid magenta
line represents the averaged error obtained for PI control, while the dotted-dashed magenta lines
represent its standard deviation. Similarly, Figure 3.11 depicts the averaged angle tracking error

along with its corresponding standard deviation for both control schemes in each trajectory case.
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(a) Line-tracking trajectories.
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(b) Circle-tracking trajectories.

Figure 3.8: Experiments: line and circle-tracking trajectory results, respectively, for backstepping-
based and PI control.

From the average errors depicted in Figures 3.10-3.11 one can see that overall the proposed
backstepping scheme resulted in faster convergence to the desired trajectory and achieves a smaller

steady-state error for both types of trajectory.

3.7 Chapter Summary

In this chapter, we proposed a backstepping-based scheme to achieve trajectory tracking of
under-actuated planar robotic systems. In particular, we proposed a scheme that would guarantee
the ultimate boundedness of the position and heading tracking errors to a neighborhood of the origin.
This was achieved via defining a new error coordinate that coupled the lateral and heading errors.
The controller was then synthesized such that it guaranteed the convergence of the longitudinal

and new coordinate error. Via time-scale analysis of perturbed system, it was shown that the
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(b) PI control.

Figure 3.9: A snapshot of an experimental run for line and circle-tracking using backstepping-based
(a) and PI control (b), respectively.

convergence of these then guarantees the stabilization of the whole error system to a neighborhood
around the origin.

The proposed scheme was implemented on a tail-actuated robotic fish, where a high-fidelity
averaged nonlinear dynamic model was used for controller design. The actuator constraints of the
system were handled via an auxiliary system. Finally, real-time experimental results demonstrated
the effectiveness of the proposed scheme and showed its value over standard PI control. While
most of the discussions in this work were framed in the context of aquatic robots and vehicles, the

approach applies to ground robots and vehicles with similar under-actuated constraints.
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(a) Line-tracking averaged position error and its standard deviation.
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(b) Circle-tracking averaged position error and its standard deviation.

Figure 3.10: Experiments: line-tracking (3.10a) and circle-tracking (3.10b) averaged position
error for backstepping-based control and PI control. The solid blue line with circular markers
represents the averaged position error obtained for backstepping-based control, while the dashed
blue lines represent its standard deviation. Similarly, the solid magenta line represents the averaged
position error obtained for PI control, while the dotted-dashed magenta lines represent its standard
deviation.
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(a) Line-tracking averaged angle error and its standard deviation.
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(b) Circle-tracking averaged angle error and its standard deviation.

Figure 3.11: Experiments: line-tracking (3.11a) and circle-tracking (3.11b) averaged angle error
for backstepping-based control and PI control. The solid blue line with circular markers represents
the averaged angle error obtained for backstepping-based control, while the dashed blue lines
represent its standard deviation. Similarly, the solid magenta line represents the averaged angle
error obtained for PI control, while the dotted-dashed magenta lines represent its standard deviation.
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CHAPTER 4

AVERAGED MODELING AND TRACKING CONTROL OF PECTORAL
FIN-ACTUATED ROBOTIC FISH

The approaches proposed in Chapter 2 and Chapter 3 focused on the control of tail fin-actuated
robotic fish. While caudal fins have proven to be an efficient propulsion mode at higher speeds,
pectoral fins play a vital role in maneuvering and stability while providing or assisting propulsion
at lower speeds [25].

Pectoral fin motions can generally be classified into three modes based on the axis of rotation:
rowing, feathering, and flapping. Feathering and flapping involve fin rotation about the transverse
and longitudinal axis, respectively, while rowing motion involves fin rotation about the vertical
axis. Rowing motion is classified as a “drag-based” swimming mechanism, where the drag element
of fluid dynamics generates the thrust and can be utilized for a number of in-plane locomotion and
maneuvering tasks, such as forward swimming, sideway swimming, and turning [66, 67].

The fin beat cycle in the rowing motion of pectoral fins comprises two sub-movements: a power
stroke and a recovery stroke. During the power stroke, the pectoral fin rotates towards the back
of the robot to produce thrust through induced drag on the pectoral fin surface, while during the
recovery stroke, the fin moves toward the front of the body, ideally with minimal loading, to get
ready for the next fin-beat cycle.

Considering the cyclic nature of typical actuation modes, it is of interest to develop a dynamic
average model that is amenable to controller design, where the control inputs are actuation pattern
parameters. Furthermore, in practical applications it is more natural to control the parameters
of periodic fin beats than to directly control the fin position at every moment, which makes
an averaged model best suited for trajectory planning and tracking control. In this chapter, we
present a nonlinear dynamic average model for robotic fish propelled by a pair of rigid pectoral
fins undergoing rowing motion. In particular, we consider the robot undergoing planar motion,

with its original dynamics incorporating pectoral fin-generated hydrodynamic forces evaluated via
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the blade element theory. Inspired by the work in [89], which deals with averaged dynamics
for tail-actuated robotic fish, we seek scaling factors, as functions of fin-beat parameters, for the
original hydrodynamic forces and moment, such that when classical averaging is applied to the
resulting modified dynamics the obtained average model produces locomotion behaviors close to
those of the original dynamic model. One fundamental step in identifying the scaling functions is
estimating the scaling values for a given fin-beat pattern. [89] used a trial-and-error approach for
the tail-actuated robotic fish, which is time-consuming. We propose a novel systematic approach
to finding optimal scaling values by formulating a nonlinear model-predictive control (NMPC)
problem, which can be readily solved with NMPC packages. Once the scaling values are found
for a set of fin-beat patterns, nonlinear regression is used to determine the scaling functions with
minimal complexity. Simulation comparison between the averaged model and the original dynamic
model, using fin-beat patterns not used in identifying the scaling functions, supports the efficacy
of the developed averaged model. Furthermore, we conduct experiments on a pectoral fin-actuated
robotic fish and compare the experimental results with simulation predictions when considering
the forward swimming motion, where both fins are actuated symmetrically.

Finally, to demonstrate the utility of the dynamic average model, we design a controller for
trajectory tracking of a pectoral fin-actuated robotic fish. In particular, the proposed scheme uses
a backstepping-based controller that finds the needed inputs for the robot to track the desired
trajectory based upon the averaged model. In this design, the physical control inputs involve two of
the fin-beat parameters, the bias, and the amplitude, while the other parameters (angular frequency
and power/recover stroke ratio) are kept constant. We further use a multi-variable minimization
solver to determine the optimal fin-beat parameters such that the achieved inputs are closed to the
needed values. Simulation results are presented to demonstrate the effectiveness of the proposed
model-based tracking control scheme.

The rest of the chapter is organized as follows. We first review the dynamic model of the
pectoral fin-actuated robotic fish in Section 4.1. In Section 4.2 we present the development of the

proposed averaged model. In Section 4.3 we present the scheme to determine the model parameters
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and the averaged scaling functions, as well as the experimental and simulation validation of the
resulting average model. In Section 4.4 we detail the proposed backstepping-based tracking control
approach, with simulation results in Section 4.5. Finally, we provide some concluding remarks in

Section 4.6.

4.1 Dynamic Model For Pectoral Fin-actuated Robotic Fish

4.1.1 Rigid Body Dynamics

We consider the robot to be a rigid body with rigid pectoral fins that are actuated at the base, and
we assume that the robot operates in an inviscid, irrotational, and incompressible fluid within an

infinite domain.

Joint-base
Y ~ .
*@ X 4V P pomt\‘
' 0)2 AOR :
\{y. » Right
¢ N Pectoral
>/ 7 Fin
Robotic
Fish Body <
y
Z@; »X A

(a)

Figure 4.1: (a) Top view of the pectoral fin-actuated robotic fish undergoing planar motion; (b)
side view and blade element of the right pectoral fin with its parameters and variables; (c) top view
of the pectoral fin with its associated forces and angles.

As illustrated in Figure 4.1(a), we define [X,Y,Z]Tand (X, 9, 2]T as the inertial coordinate
system and the body-fixed coordinate system, respectively. The velocity of the center of mass in
the body-fixed coordinates is expressed as V¢ = [Ve,, ch, ch]’ where V., ch, and V., indicate
surge, sway, and heave velocities, respectively. The angular velocity expressed in the body-fixed

coordinate system is given by w = [wy, wy, w;], which is composed of roll (wy), pitch (wy), and
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yaw (wz). We let @ denote the angle of attack, formed by the direction of V. with respect to the
X-axis and is given by @ = arctan(%). Let ¢ denote the heading angle, formed by the %-axis
relative to the X-axis, Cp be the distance between the pectoral fin base and the body’s center of
mass, and Agz, and Agg denote the pivot points for the left and right fins, respectively. Finally, y,
and yg represent the angles between the left pectoral fin and the body-fixed X-axis and the right
pectoral fin and the body-fixed x-axis, respectively.

We only consider the robot’s planar motion, and further assume that the body is symmetric with
respect to the XZ-plane and that the pectoral fins move in the X9-plane, such that the system only
has three degrees of freedom, surge (V., ), sway (ch), and yaw (w;). Furthermore, we assume that
we can neglect the inertial coupling between yaw, sway and surge motions [102], and arrive at the

following equations of planar motion

(mb - max)VCx = (mb - may)VCwa + fx (4.1)
(myp — may)VCy =—(myp - max)vcxwz + fy 4.2)
(Jbz - Jaz)wz = (may - max)VCxVCy + 7z (4.3)

where my, is the mass of the body, Jj is the inertia of the body about the Z-axis, mg, and mq,
are the hydrodynamic derivatives that represent the added masses of the robotic fish along the £
and y directions, respectively, and Jq, represents the added inertia effect of the body about the Z
direction. Finally, the hydrodynamic forces and moment due to the pectoral fin actuation and the

interaction of the body itself with the fluid are captured by fy, fy, and 7; and are given by

fx =fny — Fp cos(a) + Fr, sin(a) 4.4)
fy :fhy — Fp sin(a@) — F sin(a) 4.5)
Ty =Tp, + Mp (4.6)

where fj ., fhy, and 7, are the hydrodynamic forces and moment transmitted to the fish body
by the right and left pectoral fins, while Fp, Fj, and Mp are the body drag, lift, and moment,

respectively.
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4.1.2 Drag and Lift on the Robot Body

The lift force Fp,, drag force Fp, and drag moment Mp acting on the robotic fish can be captured

by ([31,135])

1
Fp =5pIVeS4Cp (4.7)
1
Fr =§P|Vc|25ACLC¥ (4.8)
_ 2
Mp = - Cywzsgn(w;z) 4.9)

where p is the density of water, |V| is the linear velocity magnitude of the body in the body-fixed
frame and is defined as |V.| = , /VCZX + chy, S 4 1s the wetted surface area for the robot, Cp is the
drag force coeflicient, Cy, is the lift force coefficient, Cj is the drag moment coefficient, and sgn(-)

is the signum function.

4.1.3 Hydrodynamic Forces from Rowing Pectoral Fins

As shown in Figure 4.1(b), we consider the pectoral fins to be rectangular with span length S, and
chordlength D, and assume that they perform pure rowing motion. To evaluate their hydrodynamic
forces, we adopt the procedure proposed in [136]. Furthermore, we illustrate the force calculations
using only the right pectoral fin, since they can be trivially extended to the left pectoral fin.

We consider a coordinate system with unit vectors M X and AR that are attached to the pectoral

fin. The relationship between these unit vectors and the robotic fish body-fixed coordinates is given

by

mf =cosyrt — sinyg$ (4.10)

AR = — sin YRX — COSYRY (4.11)

In the following calculations we assume an anchored robotic fish body, often adopted in

literature as it simplifies calculation without incurring significant error [25, 137]. The velocity and
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acceleration at the point s along the fin are then given by

vpp (s, 1) =sygpi® (4.12)

ag(s,t) =sypaf — syRmk (4.13)

where yg and y indicate the first and second time derivatives of yg, respectively.

The hydrodynamic forces on the pectoral fin have both span-wise and normal components.
However, the fins are considered to have pure rowing motion which implies that the span-wise force
that arises from friction is very small and can thus be neglected [138]. Using blade theory, we can
then calculate the differential normal force dF, g (s, t) on each blade element ds on the pectoral fin

at time ¢ as

! .
dFuR(s.1) == 5 Cu(R(s:D)pDplvpp (5. )1*ds g (4.14)

where C,,(pRr(s,t)) = Asingg(s,t) is the normal force coefficient, which depends on the angle
of attack of each arbitrary blade, ¢ (s, ), and A is a parameter that can be evaluated empirically
through experiments. The angle of attack of the right pectoral fin at each point, ¢g (s, 1), is defined

as
< va(s,t),ﬁR >

tan R (s,t) = (4.15)

<vpr(s, 1), mk >
where < -, - > denotes the inner product. Note that in this work we assume < v, g (s, 1), MR >=0.
The total hydrodynamic force acting on each pectoral fin is calculated by integrating the force

density along the span length of the fin such that
Sp
Fug (1) = - /0 dF g (5.1)

Sp 1 2 AR
=— =ApDp|vpRr(s,1)|ds 7
0o 2 (4.16)

1 3.2 AR
=— E/lprSpyR sin pp il

1 : D\ A
== 2ApDpSyVpsen(yr) A
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S‘)'/R

s7R)2

where we used sin pp = sin(arctan(%)) = = sgn(yg). The total force acting on the

right fin is determined by

Fr = Fup, ﬁR_FAOR: mpaR(S,t)|s=STP (4.17)
where F A Tepresents the force applied by the rigid pectoral fin on the servo joint, and m), is the
effective mass of the rigid fin (the fin mass m »f and the added mass, where the added mass is
calculated based on a rigid plate moving in water [139]).

The moment of the fin relative to its pivot point (Agg) is given by
- Sp
Mpp :/ s X dFy g (4.18)
0

Finally, the force and moment exerted on the robotic fish body by the right pectoral fin is given

by

Jnxr = < FayRr. X >

S S (4.19)
—l/lDS3'2' o Op . _Op 2 R
=cPDp »Vg SINYRSEN(YR) — mp( > TRSinyR 27R0087R) £
Jhyr = < Fagr. 3 >
S S (4.20)
=cPDp » Vg COSYRSEN(YR) — mp( > TRCOSYR + 27Rsmm) ¥
4.21)

1 3.2 . . Sp .. . Sp .o 7
=- Cp(gﬂprSpvR sin ygsgn(yg) — mp(‘?'}’R Sinyg — —¥g 08 YR)) k
For a more comprehensive derivation of the hydrodynamic forces, we refer the reader to

[136]. By considering the kinematic equations of the robotic fish, the final dynamic model can be

summarized as follows:
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- Vey COSYr — Vey sin i

X Vey SINY + Vey COSY

Y w;

v JnxR + fnyL
= N1 ey veys wz) + T (4.22)
Vey mi

_ JhyR + JhyL
ch fz(vi’va’wZ) + m—2
Wy Thg T Thy,
L B egsvey wg) + —R L

J3

where
_my c1 [2 .2, 2 L2 Vey
J1(ex, vey, wz) —m—lvcycuZ - m—lvcx Vey TVey F m—lvcy vey + V& arctan(vcx)

my ¢l \/ﬁ c2 \/ﬁ Yey
Vers Vey, Wz) = — — Ve, 0y — —V Ve +va — —v va +v4 arctan(—) (4.23
f2( Cx Cy Z) m2 cxWz m2 Cy Cx Cy m2 Cx Cx Cy (ch) ( )

(my —myp) 2
f3(VCx9 VCy’ (Uz) :J—3VvaCy - C4wzsgn(wz)

withmy = my, —may, my = mp —may, J3 = Jp, = Jay, ¢y = 5pSCp, 3 = 5pSC, c4 = (}?CM-
4.2 Averaging with Scaled Forcing

In this section we present the scaled-averaging approach and the proposed scheme to estimate the
scaling functions. Finally, we present experimental and simulation results to validate the proposed

averaged model.

4.2.1 Averaged Model

In order to generate a net thrust over each cycle, the pectoral fins need to be actuated differently in
the power and recovery strokes. For example, to generate forward thrust the fin has to be actuated

faster in the power stroke than in the recovery stroke. We specify the fin beat pattern as

yo—yAcos[n(g-'-l)t], Osrs%
v = Gen Lo T o
70+7ACOS[7T({TP)(I—{+1)], vl =t
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where vy is the fin-beat bias, y4 is the fin-beat amplitude, Tp is the fin-beat period, and { is a
parameter defining the ratio of angular velocities of the fin during the power and recovery strokes,
respectively.

Under this periodic fin movement, averaging can be a useful tool for gaining insight into the
effect of the input parameters (such as the beat bias y(, amplitude y 4, period T, and ratio {) on the
dynamics and for designing controllers. First-order averaging [96] tends to generate prohibitively
complex model for control [89]. On the other hand, classical averaging (directly averaging the
vector field over one period of the fin-beat) cannot be directly applied since the dynamics is not
slow in typical scenarios as shown in [89]. Therefore, we first scale the original forcing terms
with functions that are potentially dependent on the fin-beat parameters, and then apply classical
averaging over the modified dynamics.

Specifically, let the original system (4.22) be modified as

Vex =f1(Weys Vey, wz) + K R(YOR, YAR TpR: ER) - [y R(1)

(4.25)
+ Ko (Yor,YAL>TpL>€L) * e (2)

Vey =fa(Vexs Vey, W) + Kp r(YOR: YAR TpR- {R) - fnyR (1) 4.26)
+Kp, . (oL YAL-TpL {L) - Sy ()

d)Z :f3(VCx, VCy5 wZ) + KmR (70R5 YAR> TpR9 gR) ' ThR (t) (4 27)

+Kmy (YoL, AL TpL-4L) - Ty (1)

where K ¢, r(), KfyR (), Kmp (1), K . (4)s KfyL(‘)’ Kin () are scaling functions to be determined
later (Section 4.3.3), and are {yogr,¥ar,Tpr-¢{r} and {yor,.var.Tpr,{L} are the fin-beat pa-
rameters of the right fin and left fin, respectively. For brevity, the arguments of the functions
f1(), f2(+), f3(-) and the scaling functions are omitted in the remainder of the chapter, and the
calculations are illustrated using only the right fin since they can be extended for the left fin in a
straightforward manner.

To avoid the integration of nested sin functions and facilitate the computation of the averaging,

we first use the second-order Taylor series expansion to approximate the cos(y) and sin(y) terms
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that appear in the forcing terms in f}, - and fhy- After conducting classical averaging, the following

averaged system is obtained

Ve =f1 +Kpr - [ R(YOR VAR TpR- CR) + Ko fre (oL YL Tpr- 1)

Vey =f2 +KpyR - fayR(YOR: YAR: TpR: R) + K fy 1+ fyr (oL, YaL TpLs {L) (4.28)

Wz =f3+ Kmp - Thg (YORs YAR: TpR- ER) + Ky - Thy (YoL. VAL TpL-{L)

where

DpAlyS)n2 pyoy (=475 = 3(=8 +y)) (=1 +¢?)
288m (T3

JherR = (4.29)

2 2

M(4Dpy(2)/ll]2)p(—l + 2+

96m,T5¢ (4.30)
Dp(=8+y3)U3p(=1+¢2) = dydmp(1+ 0% = 3ygyamp(1+ )
CpDpAlim*pygy; (—4v5 = 3(=8+y3)) (-1 + %)

288755

Jhyr =

Thyg =

(4.31)

Note that the model (4.28) can be expressed in a control-affine form if one defines the control
inputs as a; = K¢, g fh k> @2 = K1 fnpL. @3 = KfnyhyR and ay = KfnyhyL. As an example,
we refer the reader to [92], where the authors show how one can express an averaged model for a

trail-actuated robotic fish in a control-affine form and use it to design a model-predictive controller.

4.3 Simulation and Experimental Model Validation

In order to validate the presented averaged model, we must first identify the hydrodynamic pa-
rameters (Cp, Cr, and Cyy), the fin parameter (1), and the scaling functions (K FeR> K fyR> K R K feLo
K fyLs K ) for the model. In this section we present the experimental setup and discuss the ex-
perimental identification and validation of the hydrodynamic and fin model parameters and present
an estimation scheme to obtain the scaling coefficients. Finally, we present simulation and experi-

mental results to evaluate the effectiveness of the proposed averaged model.
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4.3.1 Experimental Setup

To validate the presented averaged model, we conduct experiments using the free-swimming robotic
fish depicted in Figure 4.2. The robot consists of a rigid-shell body, a tail and two rigid pectoral
fins, which were all 3D-printed. Although the robot also has a servo-actuated caudal fin, the
tail-actuation is not included in this work. The body and fins dimensions are shown in Table 4.1.
Two Tenergy Li-Ion rechargeable batteries (7.4V, 3350mAh) are used to power the robot, and two
Hitec digital micro waterproof servos (HS-5086WP) are used to actuate the pectoral fins. Finally, a
Microchip Digital Signal Processor and Controller (DSPIC30F6014) is used to realize the control
of the servos and a Xbee module is used for wireless communication with a computer.

The robotic fish is run in a 2.30 m by 1.2 m space enclosed within a tank equipped with an
overhead Logitech C930E camera as seen in Figure 4.2. To obtain the robotic fish’s position and
orientation in the tank, two markers were attached to the anterior and posterior of the robotic fish
body. An overhead video of the robotic fish swimming in the tank is captured using the camera,
and Visual C++ with the OpenCV library is used to implement an image processing algorithm.
The algorithm detects the positions of the two markers and uses their average to obtain the center
position of the robotic fish. In addition, the heading angle of the robot is estimated using the
positions of the two markers, and a high gain observer is used to estimate the linear and angular

velocities of the robot based on the measured position and heading.

4.3.2 Original Dynamics Parameter Identification

Before identifying the scaling functions and validating the averaged model, the hydrodynamic
parameters present in the dynamic and averaged model must first be identified. These parameters
are either measured directly or calculated based on measurements and are summarize in Table 4.1.
As typically done in literature [102, 140], the body inertia about Z-axis is evaluated as Jjp, =
%mb(a2 + 02), where a = w and ¢ = w are the semiaxis lengths. Furthermore,

the added masses, added inertia, and wetted surface are calculated based on a prolate spheroid

approximation of the robotic fish body [102, 130].
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Camera

Pectoral Fin

Figure 4.2: The experimental setup. During experiments the pectoral-fin actuated robotic fish
swims within the enclosed area (denoted by the yellow lines) in the tank, and the overhead Logitech
camera captures a video of the robot swimming. An image processing algorithm detects the red
and blue markers placed on top of the robot to localize it and determine its heading.

The fin normal force coefficient A, as well as the body drag and lift coefficients (Cp, Cp,
and C)y) are identified empirically from data collected using the robotic fish described above. In
particular, we consider only turning motions which are achieved by activating only one fin at a time
according to (4.24).

To determine the body drag, lift and moment coeflicients (Cp, Cy, and Cyy), we let the robotic
fish swim for some time (approximately 35 s) to reach the steady-state motion, and then stop

actuating the pectoral fin such that the robot slowly halts to a stop. In particular, considering (5.2),

once the actuation has stopped, the dynamics equations become

[ my 1 2 2 c 2 2 ]
—Vey,Wy; — —V 1“/' +v + —v 1,V +v
n”/lnl cy®™z n’él Cx Cx Cy mcl Cy Cx Cy
. 2 _ g 2 2 _ 22 2 2
ey | = [Ty Vex @z = poVey Ve Ve — Ve Ve + V2, (4.32)

W (my —mj)

73 VexVey = C4w%sgn(wz)

1 1 1
where my = mp —may, my =mp—may, J3 = Jp;=Jaz, 1 = 305Cp, c2 = 5pSCL, c4 = ECM'

Let ¢ = [Cp Cr Cp]T and rearrange (4.32) such that
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where

X¢

—c’4w§sgn(wz)

(4.33)

(4.34)

(4.35)

where ¢ = % pS, ¢y = %pS, Cq = % We use the captured video along with the image processing

algorithm to determine the body-fixed velocities, and a high gain observer to estimate the body-fixed

acceleration for different sets of fin amplitudes (yg): 15°, 18°, 20°, 25°, 30°; biases (ygr): 80°,

90°, 100°, 110°; periods (T,g): 0.5, 0.66, 1 s; and power/ recovery stroke ratios (£ ): 5, 6.

Furthermore, to estimate the fin parameter A, we formulate another parameter estimation

paradigm, where we consider constant actuation. In particular, using the hydrodynamic parame-

ters estimated above along with the dynamic equations and Eqs. (4.19)-(4.21), we can obtain the

following
Ve — fi(Ver, V. _ I
Cx fl Cx» C‘yawz ml
In
VCy - fZ(VCx’VCy’wZ) - m_é)
K
wZ - f3(VCX’VCy3wZ) - _]L?)Z
where

6

LoD ps3?

YR

sinyppsgn(syg)

6

Tk

m1
cosygpsgn(syR)

_Cp

1

m

6,0DpS3 yR siny gsgn(syR)

/3

A Sp. . Sp .o
xR =— mp(‘??’R SinyR — ¥k €08 YR)

S

r Sp ., P2 .
Jnyr == mp(=—-YRCOSYR + -~V SINYR)

. Sp. . Sp .2
Ther == Cp(=mp(=—-FRSINYR = -~V COSYR))
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We collect the robotic fish steady-state body-fixed velocities for another set of fin amplitudes
(yagr): 8%, 10°, 13°, 15°, 18°; biases (ygg): 85°, 93°, 98°, 100°, 103°; periods (Tyr): 0.5, 0.66
s ; and power/ recovery stroke ratios ({): 4, 5, and estimate the parameter A using (4.36). The
resulting coefficients are listed in Table 4.1. These parameters are then used in independent model
validation for the dynamic model.

Table 4.1: Identified model parameters for the robotic fish.

Robot Body
Parameter Value unit
Body Length 0.198 m
Body Height 0.1 m
Body Width (Cp) 0.03 m
Mass (mp) 0.795 kg
Inertia (J;) 426x107% kg - m?
—Jaz 2.7% 107> kg/m?
Wet surface area (S4) 0.325 m?
Drag coef. (Cp) 0.3870 -
Lift coef. (Cp) 0.0808 -

Moment coef. (Cyy) 8.5 x1073 kg/m2
Pectoral Fin

Parameter Value unit
Fin Length (S)) 0.061 m

Fin Heigth (D)) 0.041 m

Fin Mass (m,, r) 0.008 kg
Effective mass (mp)  0.008 kg
Water density (p) 1000 kg/ m3
A 4.1464 -

To validate the dynamic model, we conduct experiments based on different fin actuation pa-
rameters in both forward swimming and turning. In the forward swimming case both left and right
fins are actuated in sync with the same fin-beat patterns. We compare the steady state swimming
speeds predicted by the model and those obtained from experiments in the forward swimming case,
whilst in the turning cases we compare the turning radius and period. Each experiment is repeated
four times to obtain the average and standard deviation. Table 4.2 and Table 4.3 list the percent
errors between the values obtained from experiments and those obtained from simulation using
the parameters estimated earlier. The comparison indicates that the dynamic model has acceptable

accuracy.
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Table 4.2: Model validation results: relative model prediction error for turning radius and turning
period.

(YoL>YaL-TpL>{r) Turning Radius Error(%) Turning Period Error(%)
(85°,18°%,15s,4) 10.96 5.96
(85°,18°,15s,3) 4.66 17.92
(80°,22°,1s,4) 12.67 491
(80°,22°,15s,3) 16.15 2.12
(85°,22°,1s,4) 2.60 1.39
(85°,22°,15,3) 13.61 4.82

Table 4.3: Model validation results: surge velocities predicted by the original model and measured
from experiments, and their relative error.

| Oor-vaL-Tpr,8L)  Surge Velocity(Experiments) Surge Velocity(Model)  Error (%) |

(95°,12°,1s,4) 0.0383 0.0397 3.60
(95°,12°,0.66 s, 5) 0.0423 0.0449 5.77
(100°, 12°,0.8 5,4 ) 0.0536 0.0494 8.52
(100°, 12°,0.8'5,5) 0.0614 0.0558 9.96
(100°, 12°,0.66 s, 5 ) 0.0490 0.0447 9.74

4.3.3 Identification of Scaling Functions

To identify the corresponding scaling functions for the averaged model, we conduct simulations
using the original dynamic model (with the experimentally identified parameters presented in the
previous subsection) considering only one fin (the right fin) actuated with a given fin-beat pattern,
and seek the corresponding values of the scaling functions (i.e., K¢ g, K fyR> K p) such that the
resulting average model (4.28) produces the best match in the turning radius and turning period
with those of the original dynamics (4.22).

Under a given fin actuation pattern, instead of conducting blanket-search of the scaling param-
eters as done in [89], we propose a novel formulation that treats the scaling values for the given
actuation pattern as constant control inputs to the averaged model and solve for these values through
nonlinear model predictive control [100], such that the averaged system tracks the surge, sway, and
angular velocities extracted from the simulated trajectory of the original dynamics (4.22) under the

same fin-actuation pattern. We elaborate on this below.
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Simulations are first conducted using the original dynamic model with different sets of fin-beat
parameters (Yo, YA, 1p, ), where we use body parameters identified in the previous subsection
(Table 4.1). Only the right fin is actuated, since the scaling functions are considered left-right
symmetric. In particular, 560 simulations are conducted with the combination of the following
fin-beat patterns: 7 different amplitudes (y4 g) : 10°,15°,20°,22°,25°,28°,30°; 5 different
biases (ypg): 50°,60°,70°,80°,90°; 4 different periods (T,g): 0.5, 0.66, 1, 2 s; and 4 different
power/recovery stroke ratios ({): 2, 3, 4, 5.

For each simulation, we extract the turning radius R, turning period 7}, (time taken to complete
one turn) and angle of attack « of the robot at the steady state, and then use the following relationships
to determine the corresponding steady-state body-fixed linear (v, Vey) and angular (w;) velocities

for the original dynamics:

V%x + V%y vcy
, R=———"— a=arctan—— (4.38)
Wy wy Vey

2r
T, = —
These velocities (vcx,vcy,cuz) are then considered as desired values to be tracked by the
averaged model: Vyy = vey, Vyr = ch,a_)r = w,. We further let u; = K¢ gy = KfyR’u3 = KmR

such that (4.28) can be rewritten as

Vey =f1 +u1fneR (4.39)
Vey =fa+uafayr (4.40)
J)Z =f3 + ugth (4.41)

We construct the velocity tracking error as
Vex = Vaxr

The objective is to determine u |, uo, u3 such that the tracking error states of system (4.42) are

driven to zero. To do so, we define an objective function with the following stage cost F(-) and
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Figure 4.3: Obtained scaling values K¢, g, K fyR> K, r versus the amplitude y 4 R and bias vy R
for fixed actuation period 7 , = 1 s and ratio { = 2.

terminal penalty E(-)

F(ey,u) =en(t)T Qey(7) (4.43)
E(eq(t+T)) =(ey(t +T) Q1 (ey(t + 7)) (4.44)
]T

where T is the prediction horizon, u(t) = [u; up u3]', and Q and Qr are positive-definite

weighting matrices that penalize deviations from the desired values. By solving the nonlinear
model predictive control (NMPC) problem (for example, using ACADO Model Predictive Control
Toolkit [90]), we obtain the optimal inputs u, up, u3 and thus the values for K ¢, g, K fyR K p for
a given fin-beat parameter combination. Specifically, the following NMPC parameters are used in

solving for the scaling values:
Length of optimization horizon : T = 10 s
Sampling interval : tg = 1's
Weighting matrix : Q = 200013
Terminal Penalty Weighting matrix : Q7 = 8013

where I3 is a 3 by 3 identity matrix. Figure 4.3 shows the resultant 3D surfaces of optimal

coefficients obtained for different fin amplitudes and fin biases when the fin actuation period and
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Table 4.4: Averaged model validation results: relative model prediction error between the original
and averaged models for turning radius and turning period.

(YoL>YaL-TpL>{r) Turning Radius Error(%) Turning Period Error(%)
(90°,22°,15s,4) 3.51 0.21
(90°,22°,15s,3) 3.58 3.13
(90°,20°,1s,4) 3.45 1.34
(90°,20°,15s,3) 3.77 5.58
(80°,22°,15,4) 2.93 1.84
(80°,22°,15,3) 3.31 2.56
(80°,20° 15,4) 2.86 0.73
(80°,20°,15s,3) 3.78 2.17
(60°,22°,15,4) 2.14 4.06
(60°,22°,15,3) 2.29 2.00
(60°,20°,15,4) 1.97 0.19
(60°,20°,15s,3) 2.28 4.60

power/recover stroke ratio are fixed at some particular values. Results for other period and ratio
combinations are similar and thus omitted in the interest of brevity.

To obtain closed-form expressions for the relationships between each scaling coefficient and the
fin-beat parameters, we implement a multivariate nonlinear regression scheme using the MATLAB
command fitnlm, where we seek the lowest-degree polynomials that provide adequate match with

the computed scaling coeflicients, and obtain the following:

K f,g =0.9801 = 0.0653y4 , +0.08280, — 0.0007£g — 0.00697 ), (4.45)
_ . 2 2 2
Kfyr == 5292+0.6y4 + 18934y, — 3.8y5  —2500.6y7, —0.00002762% e
2 3 3 4 4
~ 0.0001324T 55 + 9.1y,  + 1446677, — 8.2, —309.1y7
Kimg =0.9869 — 0.4004y 4, +0.06610,, — 0.0007Zg — 0.0059T), (4.47)

4.3.4 Validation of the Averaged Model

We first compare the turning radius and period predictions between the averaged and the dynamic
model for the turning case. Table 4.4 lists the errors between the predictions obtained from the
averaged model and those obtained from the dynamic model for different sets of fin parameters.
Furthermore, Figure 4.4 depicts circular trajectories obtained from experiments and simulation

using the dynamic and averaged models. From the figure, we can see how the trajectory behavior
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Figure 4.4: Circular trajectories captured in experiments and predicted by the original and average
dynamic models. In this case the right fin remains still and the left fin undergoes actuation with the
following parameters fixed: y47 = 22°, yor, = 85°, Tpr, = 1 and ¢ = 4.

and steady-state radius of the dynamic and averaged model predictions match that of experiments,
which suggest that the average model is able to capture well the behavior of the original dynamics
and the dynamics of the robot under the new actuation patterns.

To further validate the average model, we conduct simulations and experiments considering
the forward swimming motion. The forward swimming case was not used in obtaining the scaling
functions, and thus provides independent validation for the proposed average model. Figure 4.5
compares the simulated steady-state forward swimming speeds predicted with the original dynamic
and the average models, and those obtained from the experiments. Note that the steady state is

considered to be reached after the first 15 s of the robot swimming. In the experiments, for the given
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Figure 4.5: Comparison between experimental results and the predictions of the steady-state
forward swimming speed based on the average model and the original dynamic model. In this
study the left and right fins undergo symmetric actuation with the following parameters fixed:
YA = 150, Yo = 95° and f =4.

{ =4, to prevent exceeding the speed limit of the servo motors, a maximum actuation frequency

1.75 Hz is used. We have extended the simulation results to fin-beat frequency up to 2.75 Hz in

order to capture the performance trend of the robotic fish.

4.4 Average Dynamic Model-based Trajectory Tracking Control

To illustrate the utility and further evaluate the validity of the proposed averaged model, we

consider the trajectory tracking control problem as an example.

4.4.1 Trajectory Tracking Problem

Let the vectors F(¢r) = [X Y ¢]T and T(¢) = [X, ¥ ¢, ]T denote the position (of the center) and
orientation of the robotic fish and the desired position/orientation, respectively, with respect to
the inertial frame {I} at a given time 7. Let e, = [X, Y, Ye]T denote the tracking error vector

expressed in the robot’s body-fixed frame:

e, ='Rp(F-T) (4.48)
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where R p 1s the rotation matrix from the inertial frame {I} to the body-fixed frame {B} and it is

defined as where

cosyy siny 0
TRp = |-sin Y cosy O (4.49)
0 0 1

Following the procedure outlined in Chapter 3, the following error state model augmented with the

averaged dynamics (Eq. (4.28)), is obtained

Xe Ve _VrCOS(l//e_‘/_/r)"‘a_)zYe
Y, Vey + Visin(We — ¢r) — @z Xe
Vel Wz _ (4.50)
Vey S1+ KR freR + KpL - fryL
Vey| |2+ Kpr oy +KpyL - fayL
| | f3+Kmp - Thp +Kmp - Thy
where V, = u% + v%, Uy = arctan(;—;), wy =Y, and uy, v, and w, are some surge, sway and angular

velocities, respectively, used to generate the desired trajectory such that X, = u, cos ¥, — v, sin i,
and Y, = u, sin Yy + vy cosiyy.

By formulating the tracking problem in terms of the error dynamics, the control objective has
become a stabilization problem, where the task is to find a control law such that, for an arbitrary
initial error, the position and orientation error states (Xe,Ye,¢) of system (4.50) converge to the

neighborhood of the origin.

4.4.2 Trajectory Tracking Control Algorithm

To design the controller, let the control inputs be chosen as

ur =KpR* fuR + KoL Syl 4.51)
uy =Kp R fuyR + KpyL* fiyr (4.52)
u3 =Kmp * Tnp + Kmp, - Ty (4.53)

such that the averaged dynamic model (4.28) is expressed in the control-affine form as
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Figure 4.6: Illustration of the proposed dual-loop pectoral fin-actuated robotic fish control scheme.
The green dashed line encompasses the outer loop trajectory tracking controller, while the inner
red dotted and dashed line encompasses the fin parameter optimization algorithm.

Ve | | i+
Vey| = |fa+uz (4.54)
Wy f3+u3

where the inputs appearing linearly.

To achieve trajectory tracking, we use a backstepping controller that determines the inputs u 1, uo
and u3 needed such that (X,, Ye, ¥e) — 0. We then determine the fin-beat parameters, considering
their practical constraints, such that the generated inputs are close to the desired values. The
difference between the generated and desired input values is captured by the states of an auxiliary
system, which is used along with the backstepping controller to guarantee closed-loop stability, as
is similarly done in [94, 132]. Figure 4.6 illustrates the control scheme. We elaborate the controller
design below.

Let v, vo and v3 represent the nominal inputs from the backstepping design, and let u1, uo and

u3 be the inputs that can be practically implemented. To analyze the influence of the mismatch
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between the nominal and actual inputs, the following auxiliary system is chosen

Al = =41+ A,

Ay = =0y + (uy —vy) + Ye(uz —v3)

3= =043+ A4

J (4.55)
Ay = =L4dq + (ug = vp) — Xe(uz — v3)

As = {515+ Ag

Ag = —Lede + (u3 — v3)

where {1, {», {3, {4, {5, {g are positive tuning constants. The variables 1, A3 and A5 represent the
filtered effect of the non-achievable portion of the inputs as well as the additional tracking error
that arises because of the mismatch between the nominal and implementable inputs.
To stabilize the e, error while also considering the difference between nominal and achievable
inputs, we define the following Lyapunov function
Vi(Re, Fe o) =3 X2 + 372+ 207

| 1 | (4.56)
=5 (Xe =)+ S (Ye = 13)° + 5 (e = 25)°

where X, Y, and i, are the modified tracking errors. The time derivative of Eq. (4.56) is given by
14 :Xe(‘_’cx —Vycos(Ye — r) + @Y, + 141 — A2)
+ Ye(‘_’c*y + Vi sin(e — Yr) — @ X + {343 — A4) (4.57)
+e(@07 — wr + {545 — Ag)

Letthe @) = v¢,, ap = Vey and a3 = w; denote the virtual inputs with @41, @4, and @43 as the

corresponding desired virtual inputs. The modified virtual inputs errors are then defined as

Zi=a)—-ag) — A (4.58)
Zy=ay—ag — A4 (4.59)
23 =Qa3 —ag3 — /16 (4-60)
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Let the desired virtual inputs be given by

g1 = Vycos(Ye — Ur) - WzYe — 141 — K)Ze)_(e (4.61)
agy =~V sin(Ye —§r) + @ Xe — {343 — Kf/eYe (4.62)
@q3 =Wy — {515 — Kd',e‘;e (4.63)

such that (4.57) becomes
Vl :Xe(zl - K}'(eXe) + Ye(ZZ - KYeYe) + ‘/76(23 - Klpe‘;e) (4.64)

where Ky, Ky, and Ky, are positive tuning constants.

To account for the virtual input errors, we then define a new Lyapunov function

N P P
Vy=Vi+5Zi+525+ 523 (4.65)

with its time derivative is given by
‘72 = ‘71 + 21 Zl + 2222 + 2323 (4.66)

Eq. (4.66) can be further expanded using Eq. (4.28) along with the input definition Eq. (4.51). After

simplification, v, v, and v3 can be obtain from

-1
Vi 1 0 Y. I

wml=10 1 -X, I, (4.67)
v3 00 1 I3

where

Iy==fi—faYet Vr cos(e — l/_’r) = Vysin(ye - ‘;r)(l[’e - l/_’r) - (DZYE

. (4.68a)
— K5, Xe — (1(=0121 + 22) — HAa — K1 Z)
Ih=-fr+ f3Xe - Vv, sin(e — ¢r) + (I)ZXE = Vycos(Ye — ‘»Er)(‘ﬁe - 'ﬁr)
) ] (4.68b)
= Ky Ye = (3(={3A3 + A4) = {ady — K22
I3 == f3+@r = {5(-{545 + Ag) — {66 — Klpeaze - K373 (4.68¢)
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By adding and subtracting z— KX Z% TRy, 22 and 7 l!’ 22 to Eq. (4.66), and after completing the

square one can arrive at

Y z 7 7 1 50 1 2 52
Va=-Kg, (X, - Zl)z_K)'/ (Ye — 57—22)" - Ky (Ye - —Z3) Z (K ——)
e )—(e e 2KYE € Kl!/e 4 X
- 1 _ 1
72Ky — —) - Z3(K3 - ——
2( 2 4K)7) 3( 3 4Kl/7 )
e e
(4.69)
1 -
If Kg, > 0, Ky, > O,Kl/—,e >0, K| > 4KX , Ky > 4KY and K3 > , then V, < 0

unless when X, =Y, = ¢, = Z; = Zy = Z3 = 0, implying the convergence of (Xe, Yo, ) to zero
as time approaches infinity. Given that 0 < V;(¢) < V;(0), one can conclude that (X, Y., (¢)
belongs to L, which implies that even when the desired force and moment are not implemented,
the quantities X,, Y, and ¥, do not diverge. Note that while the convergence for the modified
tracking errors X, Y, and i, is guaranteed, that of the actual tracking error e is not. The latter
may actually increase during periods when input limitations are in effect and the desired values
cannot be implemented (i.e. u; # v{, up # v and/or uz # v3). However, when the control
signal limitations are not in effect, and A, A, and A3 approach zero, (X,, Ye, i) converges towards
(Xe, Ye, ¥e) and the tracking errors can be stabilized.

Let v, v and v3 represent the nominal inputs obtained from the backstepping design. One
needs to determine the (feasible) fin-beat parameters such that the resultant inputs u{, uy, and
u3 are close to vy, vo, and v3, respectively. Note that to ease the discussion, in this work we fix
Typr, ¢, Tpr and (g, leaving (YR, YAR) and (YoL, yaL) as the fin parameters to be found. We use a
constrained multi-variable minimization solver, in particular, a controlled, elitist genetic algorithm

available in MATLAB (a variant of NSGA-II [141]), to find the best fin parameters. Given vy, vy
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and v3, the constrained multi-variable optimization problem at time 7 is posed as

(KfoR fugR + K por fir —v1)?

argmin 1

f 7 2
(KfyR * fnyR + KpyL - fryr = v2)
YORYAR-YOL-YAL Iy y Sy y

_ _ 2
(KmR . ThR +KmL . ThL - V3)
subject t0: YAR, YAL € [YA min> YA max]

YOR> YoL € [Y0min»> Y0 max] (4.70)

where [Y A min> YA max] @1d [ Y0 min» Y0 max ] represent the ranges of the fin-beat amplitude and bias,

respectively.

4.5 Trajectory Tracking Simulation Results

Simulation is conducted to evaluate the effectiveness of the designed controller, where the

following parameters for the simulation are used:

Kg,=03  Kp,=02  K;,=03  K;=103
Ky=145  K3=1.03 £1=0.1 £,=0.1
23=0.1 £4=02 £5=02 6=02
YAmin =97 YAmax =30 Y0, =40°  Yomax = 100°
Tp=1 s =3 ts=1 s

where K¢,, Ky, Kl/}e’Kl’ K>, K3,{1, 0, {3, {4, {5, {s are tuning parameters for the backstepping
controller an auxiliary system. Note that although the controller is designed using the averaged
model, inputs from the controller are applied to the original dynamics described by Eq. (4.22).

The following line and circular trajectories are considered

X}” =Uy, Yr =V, lﬁr = (,Ur,With

ur =003, v,=0, w,=0 and
) . 4.71)
Xr :ler COS(CL)rt), Yr = _Rl(,l)r Sin(wrt),

r =wr, with Ry =025,  w, =0.09,
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Figure 4.7: Simulation: position, heading angle and velocity tracking for the line-tracking case.
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Figure 4.8: Simulation: position, heading angle and velocity tracking for the circle-tracking
case.

where X, and Y, represent the velocity of the trajectory in the {I} frame. In Figures 4.7-4.8 the
desired and the closed-loop trajectories of the robotic fish are compared for both the line and
circle-tracking cases. Furthermore, the surge, sway and angular velocities for the desired trajectory

and robotic fish are presented. Finally, Figure 4.9 depicts the desired versus the achievable inputs
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Figure 4.9: Simulation: desired input versus achievable inputs for the line tracking case.

for the line tracking case. From the results, we can see that the robot is able to track the desired

position and heading angle trajectories.

4.6 Conclusion

In this work, we presented a nonlinear dynamic average model for a pectoral fin-actuated robotic
fish. In particular, we proposed a scaling averaging scheme, where the pectoral fin-generated
hydrodynamic forces and moment are first scaled using functions of the fin-beat parameters, and
classical averaging is then conducted over the resulting dynamics. Furthermore, we proposed
a novel estimation scheme employing a nonlinear model predictive controller and a multivariate
nonlinear regression scheme to determine the scaling functions. To evaluate the averaged model,
simulation and experimental results comparing the predictions from the original and average models
were presented. Furthermore, the utility of the proposed modeling scheme was demonstrated via

the design of a backstepping-based trajectory tracking controller.
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CHAPTER 5

RAPID MANEUVERING CONTROL OF PECTORAL FIN-ACTUATED ROBOTIC FISH

Although useful in practical applications, cyclic fin movement limits precise manipulation of the
fin movements and the thrust profile that can be generated, which impedes full exploitation of the
maneuverability of pectoral fin-actuated robotic fish. On the other hand, acyclic thrust or moments
could be more instrumental for generating a quick maneuvering response, which can be valuable
in scenarios like counteracting disturbances or avoiding fast obstacles.

While rowing motion is beneficial in maneuvering, the actuation constraints (i.e., angular
position, velocity, and acceleration limitations) and the mechanism in which the “drag-based”
swimming method is used to generate thrust give rise to challenges for maneuvering control of
robotic fish. In particular, the range constraint of the fin movement can often inhibit the robot
from generating thrust in a direction required for maneuvering. The latter could necessitate the fin
moving first in a direction opposite to the desired one (which in turn generates unwanted drag) in
order to “back up” and create enough room for accelerating.

While seeming natural for fish or humans, such fin maneuvers are difficult to engineer with
existing control design methods. To overcome these challenges and achieve quick maneuvering
control, in this work, we propose a dual-loop control approach composed of a backstepping-based
controller in the outer loop and a fin movement-planning algorithm in the inner loop. In particular,
for the inner loop, we propose a model-predictive planning scheme based on a randomized sampling
algorithm that accommodates the fins’ constraints and “intelligently”” determines the necessary fins’
movements to produce a desired thrust despite the fins’ current configuration. Simulation results are
presented to demonstrate the performance of the proposed scheme via comparison with a nonlinear
model predictive controller (NMPC) in rapid velocity maneuvering.

The rest of this chapter is organized as follows. We first review the dynamic model of the
pectoral fin-actuated robotic fish in Section 5.1. In Section 5.2, we present the proposed control

approach in detail. In Section 5.3, simulation results are discussed. Finally, we provide some
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concluding remarks in Section 5.4.

5.1 Dynamic Model of Pectoral Fin-actuated Robotic Fish

The dynamic model of the robotic fish is presented in Section 4.1 of Chapter 4. By letting

YR = OWR, ¥ = W[, u1 = wg and up = Wy, and by considering the kinematic equations of the

robotic fish, the dynamic model can be summarized as follows:

[ X ] Vey cosyy — Ve sings
y Vey sSinyg + Vey cosy
v Wz
' FAVers Ve, ;) + 1
ch 1 Cx» Cya Z ?11
’ h
ch — fZ(VCX’VCyawZ)'i'm_; (5 1)
. T .
Wz fS(ch,VCy,wz) + JL;
YL wr
YR WR
Wy u
[ OR )
with
FiVey, Vey, w2) _m_IVCy“’Z - m—chx\/ch +Vey+
2y, V2 +V? arctan(vﬂ)
ml Cy Cx Cy ch
mq C1 [
1 fZ(ch, ch, wz) = — m_ZVCxa)Z - m_2ch Vgx + ng (5.2)
V.
_92y h2 iy2 Yey
- Vel Ve + ch arctan ( ch)
(my —my)
f3(VCx, VCy’ wZ) :TVCXVCy — C4(U%Sgn((,l)z)

1 1 1
where m| = mp—mg,, My = mb—may,,]:;) = JbZ_Jaz’ c1 = szCD, cy) = jpSCL, Cq4 = (JS)CM.

Note that fhx = fth + fth, fhy = fhyR + fhyL and Thz = ThzR + ThzL-
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Figure 5.1: Illustration of the proposed dual-loop pectoral fin-actuated robotic fish control scheme.
The green dashed line encompasses the outer loop velocity tracking controller, while the inner red
dotted and dashed line encompasses the fin movement planning and control algorithm.

5.2 Dual-Loop Fin Control Scheme

Using the validated model proposed in Section 4.1, in this section we propose a dual-loop fin

control scheme to achieve velocity tracking for a pectoral fin-actuated robotic fish.

5.2.1 Velocity Tracking Problem

The velocity tracking problem involves controlling the robot to track desired body-fixed velocity
trajectories that are parameterized in time ¢. Given the underactuated nature and input coupling of
the robotic fish, tracking three velocities is challenging [94]; since the main focus of this work is
in fin control we only consider tracking of the surge and angular velocity and leave the former for
future work. Let the velocity tracking error at time ¢ be given by

lev VCx _Ver(t)]
el] = =

5.3
ew wz — wr(1) -

For brevity we drop the time-dependence for the remainder of the chapter. By formulating the
tracking problem in terms of the error state, the control objective becomes a stabilization problem,
where the task is to find suitable control laws for u, uy such that for an arbitrary initial error, the

states (e, e,) of system (5.3) can be held near the origin (0,0).
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5.2.2 Velocity Tracking Control Algorithm

To achieve velocity tracking, a dual loop control structure is proposed. The outer loop is composed
of a backstepping controller that determines the thrust and moment needed such that e;; — 0. In
particular, with sampling time #¢, the robotic fish and auxiliary system states are sampled. The
robot’s velocities are compared to the reference velocities V., and w;, and the tracking error ey is
then calculated. The error ey is used by the outer loop controller (i.e., the backstepping controller)
to determine the thrust F, . ; and moment M, 4 needed to drive e;) to the origin. On the other hand,
the inner loop is composed of a pectoral fin controller that determines the inputs #; and u, such
that the pectoral fins generate a thrust Fj, and moment M}, that are close to the desired values
Fp,.q and M, 4. The robotic fish dynamics are then propagated using u| and u3, and the difference
between the generated and desired thrust is captured by the states of an auxiliary system which
is used along with the backstepping controller to guarantee closed-loop stability. At time 7 + #;
the process repeats. Figure 5.1 illustrates the proposed method. A detailed overview of proposed

control approach will be provided in the following sub-sections.

5.2.3 Outer-loop Tracking Control Synthesis

Backstepping control is a practical and systematic approach that provides stability guarantees, which
makes it an attractive choice for velocity tracking. In this work, a backstepping-based controller is
proposed to determine the thrust and moments necessary to drive the states (ey, e.) of the error
system (5.3) to a neighborhood of the origin.

In order to successfully stabilize the error states to the origin and guarantee closed-loop sta-
bility, the backstepping controller must accommodate magnitude constraints on the thrust fj, and
moments 7y, that can be generated by the pectoral fins at a given time. In order to address this
limitations, we adopt a similar scheme to that proposed in [94, 132].

Let Fj,q and My, 4 represent the nominal backstepping control inputs, and let Fy, . and My,
be the forces and moments that that can be practically implemented by the fins. Note that the Fj,

and My, will be determined by the inner loop fin controller. To analyze the influence of the input
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difference, the following auxiliary system is chosen

. F, —F
Ay =-4a+ —hxml hed (5.42)
. Mp, = Mpy_q

b =—0lh+ ——— 7 2 (5.4b)

The auxiliary system composed of the variables 11 and 1, defined above represents the filtered
effect of the non-achievable portion of the control inputs. In other words, they represent the addi-
tional tracking error that arises because of the mismatch between the nominal and implementable
forces and moments.

To stabilize the (e, e.,) subsystem while also considering the difference in inputs, the following

candidate Lyapunov function is proposed
1 5, 1._ 1 1
Vi= 58+ 5= 5en = 1) + 5 (ew — 1)’ (5.5)
where e, and ¢, are the modified tracking errors. The time derivative of Eq. (5.5) is given by

Vl ze_vév + e_we_w

F M (5.6)
_ . h_xd _ . hZ
:ev(fl(VstVCyawZ)_Ver+m—1+{1/ll)+ea)(f3(VC‘x’VCyst)_wr+ 7 + A7)
Let th d and Mhz J be given by
thd =my(=f1(Vey, VCY’ wz) + chr -4 - Kz év) (5.7a)
My, q =J3(=f3(Vex, Vey, wz) + or — A2 — Kz ew) (5.7b)
such that (5.6) becomes
Vi =— Kz, e> - Kz, é2, (5.8)

If Kz, > 0 and Kz, > 0, then \71 < 0 except when e, = ¢, = 0 implying the convergence
of (é,,é,) to zero as time approaches infinity. Given that 0 < V() < V1(0), one can conclude
that (e, é,) belongs to L5, which implies that even when the desired force and moment are not
implemented, the quantities €, and e, do not diverge. While the convergence for the modified

tracking errors €, and e, is guaranteed, that of the actual velocity tracking errors e, and e, is not,
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as the latter may actually increase during periods when the force and moment limitations are in
effect and the desired values cannot be implemented (i.e. Fy, # Fj g or My, # Mj,q). On the
other hand, when the control signal limitations are not in effect (i.e., Fj, = Fp, 4 and My, = My, 4),
A1 and A, approach zero, and (éy, €,,) converges towards (e, €. ) and thus the velocity error can
be stabilized.

From Eq. (4.21) and Egs. (5.7a)-(5.7b), the desired left and right pectoral fin forces can be

determined as

J
fh dL :_3(_f3 (Vny ch, wz) + Or + {ody — Ke—we_w)
xdL =3¢,
(5.9
m . _
- %(_fl(VCX’VCya wZ) +VCXV - 51/11 - Ke_vev)
J
fhde :%(_fS(VCx, VCya (UZ) + d)}" + §212 - Ke_we_w)
P (5.10)

my . _
+— N VerVey, 02) +Veyr = 4141 — Keyév)

5.2.4 Pectoral Fin Control Algorithm

The goal of the pectoral fin control algorithm is to determine the inputs #| and u; such that pectoral
fin movement generates forces that track the desired forces fj, 41, and fj, 4r-

To achieve this goal, we propose a model-predictive planning algorithm to determine an angular
acceleration trajectory for each fin that accommodates the feasibility of the fin movement while
producing a thrust that is close to the desired value for a given interval of time T}, where T), = t;.

The general procedure to determine the angular trajectory is as follows: Tp is discretized into
multiple evenly spaced sub-intervals. For the first sub-interval, a fixed number of B different
possible (constant) fin acceleration choices are generated by randomly sampling a distribution (the
design of which will be discussed later), and their corresponding angular velocities, positions
and force trajectories within the said sub-interval are calculated based on a constant-acceleration
model. For the next sub-interval, for each choice previously generated, a new set of B choices
for the acceleration are generated and once again the fins’angular velocities, positions and force

trajectories within the sub-interval are calculated for all choices. The process repeats until the total
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number of sub-intervals is reached. In this manner the number of choices per sub-interval increases
exponentially with the sub-interval stage. Figure 5.2 depicts an example of the general idea, where
different possible acceleration, velocity and position trajectories generated for a planning interval Tp
are shown. The assemblage of individual angular accelerations values (and corresponding position
and velocities) from each interval is considered a plausible angular trajectory for the period 7).
Each possible angular trajectory is assigned a cost that is dependent on the difference between its
corresponding generated force trajectory and the desired value. The trajectory that yields the lowest
cost is selected as the solution. To elaborate on the control algorithm in detail, we utilize the right

fin as an example; however, the same approach can be trivially extended to the left pectoral fin.

—~ 5000- T T T T T T — T T 1
3 ——
T OO0 )
= !
~ E
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Figure 5.2: Example of different possible fin acceleration, velocity and position trajectories
generated within a planning interval Tp that is divided into three sub-intervals.

The outer loop control inputs are updated every 75 seconds and new f;, 47 and f}, g forces
are calculated. For the duration of 7, the desired forces remain constant and become the tracking
reference for the fin control algorithm. Note that 7, = #;. Let Tp be discretized into ng evenly
spaced sub-intervals of length Ar and let yr; be constant throughout the ith sub-interval, where
i=1,---,ng. Ata given ith sub-interval there will be B’ different choices for j, such that for

a given period Tp there area a total of B"0 possible choices of (piecewise constant) acceleration
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trajectories.

For a given choice of angular accelerations up to the beginning of the ith sub-interval, the
following elaborates on the procedure for the related computation:

1. Determine allowed range for ¥ : Given that the pectoral fins position yg is physically
limited, the allowed angular velocities yr and angular acceleration y are constrained to lie within
a range dependent on the current fin’s position and velocity. Since yg is constant throughout
each sub-interval, using the standard constant acceleration model the allowed ¥ within A¢ can be
determined as follows

2(YRmax — 7;;% Vg%At)

j}R(max)i = (At)z (5.11a)
2(,}/ () . (i) At

. Rmin —YRo ~ )/RO )

YR(min)i = (At)z (5.11b)

where ¥ g;nax and ¥ rinin denote the maximum and minimum allowed fin position, respectively, while

(i)

Y go and y(l) denote the value of yg and yg at the beginning of the ith sub-interval, respectively.

2. Calculate desired yr4 : Given fj, 4gr, a desired yg4 is calculated from Eq. (4.19) as
follows

/l/onS2 (7(’))28gn(7(l))

YRdi =

3mp
) (5.12)
(7 ) COS?’RO 2fnyRra
sin 71(2()) Spmp sin y(l)

3. Generate the sampling distribution and sample B values: The B different y» values are
sampled from a distribution which is generated by dividing the allowable yg; range into N evenly
spaced discrete values. Each possible nth value is assigned a normalized weight W, determined by

the following:

e~ (5.13)
Wy= — .
ZnNzl e~

wheren=1,---N,and d;, = 4/ (jig? — $rq)? is the Euclidean distance between the nth y; value

and the desired yg;;. Note ZQ’:IWn =1.
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Figure 5.3: Example of weights for each value of yg; within a given allowed range. The vertical
dotted red lines indicate the maximum and minimum values allowed for yg; in the ith interval,
while the green solid line represents the desired value.

To sample from this distribution, generate P “particles”, where each “particle" is representative
of each discrete value of yg;. The number of particles generated for a particular discrete value of
VRi 1s given by

Note that P, must be rounded to the nearest integer and that ZnN=1 P, = P. Figure 5.3 illustrates
an example of the weights calculated for a given range of yg;. Finally, B “particles" are uniformly
sampled from the whole set of P particles, which results in random choices of yg; with preference

towards values closer to yg,.

4. Calculate yp; and yg; : For a given yp;, the resultant )/( i) and y() trajectories can be
obtained from the constant acceleration model as follows

72)(ti,ti+1) =YRo * )’;())f + S VRit 2 (5.15a)

P (i, 1141) =38 + it (5.15b)

where 1 € [t;,t;41].

5. Determine the force flii)R for a given ypg; : From Eq. (4.19), the force generated by the
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fin in the ith interval is calculated as

() 2 (l))

fh R(fu tiv1) ——/1pr53 (Vg Sln?’R Sgn(y

/D) siny @ _
YR

) (5.16)
—mp(- —y 7"(7,; ) cosy\¥)
6. Calculate cost for each yp;: A cost is assigned to each generated acceleration choice
within the ith sub-interval. The cost function is given by
i i1 2
K= ([ 00 = ficna) de (5.17)
L
7. Determine the best 7 trajectory among the B"0 candidates :

min K (5.18)
7R()Z

Note that in steps 1-5 sets of possible accelerations for each interval are generated, while in the
steps 6-7 the best candidate is determined. Furthermore, by sampling from the skewed distribution
presented in step 3, we take into consideration the ideal y g, which allows us to make an educated
guess as to what possible yr should be generated in order to find a good solution. Finally, since the
algorithm considers the angular position constraints, a plausible yg trajectory is always generated.

Once the best yg and y, are selected, the total hydrodynamic force Fj, and moment My, that

will be exerted by the robotic fish can be calculated, and the auxiliary system states can be updated.

5.3 Simulation Results

To evaluate the effectiveness of the designed controller, simulations were carried out using
MATLAB. The robotic fish parameters used for simulation are listed in Table 4.1. Furthermore,

the backstepping controller and planning algorithm parameters were chosen as follows:

Kz, =15 Kz, =2

{1=01 =02

YRmin = YLmin =45°  YRmax = YLmax = 120°
ts=0.2's Tp=02s

ng=3 B=5

N =20 P =100
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where the variable ¢ is the sampling interval which pertains to the amount of time between an
update to the desired force and moment values, Fj, 4 and My 4. The backstepping controller
parameters were chosen such that under the right values the velocity error system was stabilized
to a neighborhood of the origin. We found that Kz, and Kz, regulate the balance between the
convergence rate of the e, and e, error, respectively, while varying {; and {, regulates the
convergence rate of the control-deviation errors A; and A,, respectively. The randomized model-
predictive planning scheme parameters, ng, B, N and P, were chosen as to balance the trade-off
between computational effort and performance.

To demonstrate the effectiveness of the proposed approach, simulations were carried out to
compare its performance with an alternative approach, where NMPC is used as the inner loop
fin controller. The cost function Eq. (5.17) was adopted to the NMPC algorithm, and the NMPC
parameters were chosen as follows:

Prediction Horizon= 0.2 s Control Intervals = 30
0=5000 ts =0.2s

where the weighting matrix Q was chosen to heavily penalize the deviation from the desired
force and the force being generated , and the prediction horizon was chosen as the length of the
sampling time #g. The following reference velocity trajectory, with abrupt changes, was considered

in simulations

Vex, =0.01 m/s, wp =—0.15rad/s 1 <0.8

Ve .= 0.04 m/s, wy = 0.2 rad/s 08<tr<1.6

X
chr =-001m/s, wp=04rad/ls 1.6<tr<2.2
Ver =0.0l m/s, wrp =-0.1rad/s 22<t<24
chr =0.01 m/s, w; =0 rad/s 24<t<3
Vey, =001 m/s, wp =-0.04rad/s 3<7<34

Ver =0.04 m/s, wy = 0.1 rad/s 34<t<4

chr =-0.05m/s, wr=0.1rad/s 4<t<44

Ver =0m/s, wy = 0rad/s 44<t<5
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Figure 5.4: Simulation: velocity-tracking trajectories results for the proposed scheme (a) and the
alternative scheme with NMPC for the inner loop controller (b).

Note that the above desired velocities include scenarios like backwards swimming ( 1.6 < ¢ <
2.2), quick left and right turning, and stopping( 4.4 <t < 5).

In Figure 5.4 the desired and the closed-loop velocity trajectories of the robotic fish are depicted
for the proposed method (Figure 5.4a) and the alternative NMPC scheme (Figure 5.4b) , while

Figure 5.5 illustrates the fin positions over time for each scheme. From Figure 5.4 one can see that
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Figure 5.5: Simulation: fin position trajectories resulting from the proposed scheme (a) and the
alternative scheme with NMPC for the inner loop controller (b). The dashed blue lines depict the
fin’s position constraints.

the proposed approach allows the robot to respond to the sudden changes of the desired velocities.
In particular, although there are slight overshoot the robot was able to change its surge and angular
velocity velocities to keep up with the quickly varying reference. In contrast, although the NMPC

approach is able to handle the fin range constraints, its tracking performance is inferior when
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compared to the proposed approach. Finally, from Figure 5.5, one can note that for both approaches

the fin’s positions constraints are not violated.

5.4 Chapter Summary

In this work, a systematic approach for maneuvering control of a pectoral-fin actuated robotic
fish was proposed. Specifically, we proposed a dual loop control scheme consisting of an outer-
loop backstepping controller and an inner loop fin movement-planning algorithm. In particular, the
outer loop backstepping-controller finds the thrust and moment required to stabilize the velocity
tracking error, while the inner loop plans the motion of the fin for a given time-interval to produce a
thrust and a moment close to their desired values by utilizing a randomized sampling algorithm. A
parameter estimation scheme was employed to empirically identify the hydrodynamic parameters
of the model. To illustrate the challenges in control, the velocity tracking problem with abrupt
velocity changes for a robotic fish was considered. Simulation results showed the effectiveness of
the proposed scheme and and its superiority over an alternative employing an NMPC in the inner

loop.
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CHAPTER 6

SUMMARY AND FUTURE WORK

6.1 Summary

This dissertation presented several systematic model-based control approaches for tail-actuated
and pectoral fin-actuated robotic fish that guarantee closed-loop system stability, accommodate
input constraints, and are computationally viable for these robots.

We first proposed and implemented in real-time a path-following NMPC scheme for a tail-
actuated robotic fish, where a high-fidelity averaged nonlinear dynamic model was used for con-
troller design. A novel parameter estimation scheme was employed to empirically identify the
averaged model’s hydrodynamic parameters and scaling coefficients. Furthermore, given that the
control inputs were functions of two of the tail-beat parameters, specifically the tail bias and tail am-
plitude, a control projection strategy was implemented to handle these nonlinear input constraints
and maximize the use of the admissible control region in a computationally efficient manner. Finally,
simulation and experimental results demonstrated the effectiveness of the proposed scheme.

Despite being a promising tracking control approach, NMPC’s computational complexity posed
challenges in implementation in resource-constrained robots. We thus proposed a backstepping-
based control that is practical, systematic, and computationally inexpensive, especially when com-
pared to NMPC. We first considered the trajectory tracking of under-actuated planar robotic systems
and demonstrated how the controller guarantees the ultimate boundedness of the position and head-
ing tracking errors to a neighborhood of the origin. In particular, the controller was synthesized
to guarantee the convergence of the longitudinal error and a new coordinate error that coupled the
lateral error and the heading error. Via time-scale analysis of perturbed systems, it was shown that
the convergence of these errors guarantees the stabilization of the whole error system to a neigh-
borhood around the origin. Furthermore, the proposed scheme was implemented on a tail-actuated

robotic fish, where a high-fidelity averaged nonlinear dynamic model was used for controller design.
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Finally, real-time experimental results demonstrated the effectiveness of the proposed scheme and
showed its value over standard PI control.

Moving forward, we then turned our attention to pectoral fin-actuated robotic fish. In practical
applications like trajectory tracking, it is more natural to control the parameters of periodic fin
beats. To this end, we presented a nonlinear dynamic average model for a pectoral fin-actuated
robotic fish that is amenable to controller design, where the control inputs are actuation pattern
parameters. In particular, we proposed a scaling averaging scheme, where the pectoral fin-generated
hydrodynamic forces and moment are first scaled using functions of the fin-beat parameters, and
classical averaging is then conducted over the resulting dynamics. Furthermore, we proposed a novel
estimation scheme employing a nonlinear model predictive controller and a multivariate nonlinear
regression scheme to determine the scaling functions. To validate the averaged model simulation
comparing the predictions from the original and average models were presented. Furthermore,
both models were validated with experimental results. Finally, the utility of the proposed modeling
scheme was demonstrated via the design of a dual-loop backstepping-based trajectory tracking
controller. Simulation results demonstrate the effectiveness of the proposed control approach.

Acyclic actuation could be more instrumental than cyclic actuation in tasks such as rapid
maneuvering. To overcome the challenges pectoral fins pose in control, a systematic approach for
maneuvering control of a pectoral-fin actuated robotic fish was proposed. Specifically, we proposed
a dual-loop control scheme consisting of an outer-loop backstepping controller and an inner-loop
fin movement-planning algorithm. The outer-loop backstepping-controller finds the thrust and
moment required to stabilize the velocity tracking error, while the inner-loop plans the motion of
the fin for a given time interval to produce a thrust and a moment close to their desired values
by utilizing a randomized sampling algorithm. To illustrate the challenges in control, the velocity
tracking problem with abrupt velocity changes for a robotic fish was considered. Simulation results
showed the effectiveness of the proposed scheme and its superiority over an alternative employing

an NMPC in the inner loop.
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6.2 Future Work

For future work, experimental trials that validate the proposed trajectory tracking control scheme
for a pectoral fin-actuated robotic fish will be implemented. Furthermore, the proposed pectoral
fin-actuated robotic fish maneuvering scheme will be optimized to accommodate the trade-off
between performance and computational efficiency. In addition, experiments will be implemented
on a robotic fish prototype to verify the effectiveness of the proposed approach.

The work presented in this dissertation can also be expanded in different directions. First,
it would be interesting to compare the trajectory tracking performance of controllers using the
original dynamics versus the averaged dynamics when considering trajectories with sharp turns or
sudden changes. Furthermore, since the original dynamic model captures transient behavior while
the averaged dynamic model captures the steady state behavior, it would be of interest to develop
frameworks that allow the coordination of two separate model-based controllers that are designed
to implement pectoral fin-based locomotion. Finally, since the tail fin tends to be most beneficial at
higher speeds, while pectoral fins tend to be more effective for maneuvering, it would be interesting
to develop control algorithms that allow the coordination of the two forms of locomotion.

In addition, it also would be interesting to investigate the use of Linear Parameter Varying (LPV)
models for control of robotic fish [142,143]. For example, one could explore the use of model
predictive control or linear quadratic regulator control approaches along with the LPV model to
implement trajectory tracking control.

In another direction, it would be interesting to utilize the trajectory tracking control algorithms in
an environmental sensing application, where an upper-level path planning scheme is integrated with
one of the proposed trajectory tracking schemes for active sensing. We have done some preliminary
work along this direction, where we used an ergodic exploration algorithm for trajectory planning
along with an NMPC trajectory tracking controller [144].

Finally, while model-based control tends to be effective, it is challenging to obtain high-fidelity
and accurate models that are amenable to control synthesis especially for dynamic, uncertain

environmental conditions. Furthermore, it can be difficult to estimate parameters, either offline
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and online, accurately. Data-driven methods such as Koopman operators are promising approaches
that can facilitate learning control-affine models. In our recent work, we have explored the use of
Koopman operators for developing linear models and implementing real-time velocity control of
robotic fish [145,146]. Exploring these data-driven techniques can be useful for robotic fish due to

the highly nonlinear dynamics and the need for controllers that use limited computation.
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APPENDIX A

PROOF OF THE ROBOTIC FISH’S INPUT-TO-STATE STABILITY

Consider the robotic fish dynamics given by Eq. (3.67a)-(3.67¢), where f is locally Lipschitz in x
and u, and u(t) is a piece-wise continuous, bounded function of ¢ for all # > 0. To determine if the

system is input-to-state stable we apply the result from [129](Lemma 4.6).

Unforced System

Let X = [%; % ©3]7 =[v; vo w]. The unforced system for the robotic fish is then given by

x = f(x,0) (A.1)

and in particular

i = —x2x3 _ —xl |52 +x2 + —xz,/x +x arctan— (A.2a)
Xy = ——x1x3 - —xz,/x +x - —x ,/ arctan —= (A.2b)

(m1 -my) _

Y XX — c4X3 sgn(X3) (A2c)
3

To prove that this system has a global asymptotically stable equilibrium point at the origin, consider

the following Lyapunov function

myp _ 1 _
V(x) = ﬁ % + —x% + —x% (A.3)
such that

V(x) = J—lxl)fl + —2)22)?2 + X3X3
3 %

B (mz mi
N3 U3
(ml mz)) (02 Cz) - [, 2 X
- +|=--= + X5 arctan —= A4
7; X1XpX3 5T X1X2[X] + X5 % (A4)

c c
——lx%,/ +)E2——1x§1/x +)c2 C4x3sgn(x3)
c <
= 1 2,/ X 1 Z,Ix + 2 —C4x3sgn(x3)
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V(x) is thus negative definite globally and it can be concluded that the origin is globally asymptot-

ically stable (G.A.S).

State Boundedness

Let X = f (X, u) be a perturbation of the unforced system x = £(x,0). The function f(X, u) satisfies

the following

lf(x,u) = f(X,0)]| < L||ull
L2 2
Kf Smlwa’
mL2
2

“ (A.5)

Kfmwczyuz < L||ul|

2
cmL< 2
—Am74p Walt2

where L is a Lipschitz constant. From Definition 4.7 and Theorem 4.19 in [129], the ultimate

bound of the states can be determined. Considering the derivative of Eq.(A.3) along f (X, u)
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m
f(x u) —xlxl + J—2x2x2 +X3X3

c c
:——lx% x +X ——lx%ﬂx +x

mi mL? )
- C4x35gn(x3) +x1—Kf—1a)au1

+X mzK mszzu x3K Cmszzu
2 2 f4 alt2 = A38m 475 a2

- —; \Jx X +)22 — —x2,/x +x2 - C4x3sgn(X3)

Kme
12J3
cmL

+K
"4,

)
<_(1_91)_x1 (1 _QZ)EXZ

walleluzl

w Xqllupl +
altl 1 1]3

2
—— w3 %3 uyl

(A.6)

_ _ Cl_
- (1- 93)C4x3sgn(x3) - Glzx%

€1 - -
- 923)6% - 03C4x§sgn(x3)

KmL?
2= 2=
+ wo|X1||lur| + wo Xy ||u
2
cmL 2
+ K;,;,——ws | x3||u
g alsllin]
Cl_ 1 2

<-(1- 91)—)61 -(1- 92)—)62

- (1 - 93)6‘4)6 SgIl(x:z,) Ql—x 92 2
3 J3 1 J3 )

_3 _ _ _ _
— O3c4x3sgn(X3) Vx| > py, [%2] 2 po, %3] 2 p3

L il = S st an s = K
w4 luq|, uo = w=u = ———— w5 |us.

From Definition 4.4 of [129], for any initial state x(zy) and a bounded input u(?), the solution

where when p; =

x(t) exists for all # > ty and satisfies

Iell < max {B(llx(to)l, = 10, (@2 ()} ¥ 1210 (A7)
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where @ (r) = Apin(P)r?2, a3(r) = Amax (P)r2. In particular, for X, ¥, and X3, respectively, the

ultimate bounds b — b3 are given by

, KymL* N
1—mwa|”1| (A.8a)
KymL?
by = 207c; wylus| (A.8b)
KcmL?
b3 Z&T‘%wab@ (A.8¢)
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APPENDIX B

PROOF OF STABILITY OF THE PERTURBATION-FREE ROBOTIC FISH
CLOSED-LOOP SYSTEM

The asymptotic stability of the origin for the robotic fish system can be demonstrated by following

the procedure from Section 3.3. Using the following definitions
Vi =x3+ 01— ye(w - ¢3) (B.1)
W = x4+ 093 (B.2)

we can write the closed-loop system as

- . - [ . X X -
Ve Vo + vy sin(Ye) — k(zt,e‘g - 283
X1 ~Kzex1 + x4
X2 — _KxeXZ + X3 (B.3)
).(4 _KZ2X4
| 1 | hy(vy, 17, w) +b4f_5(a’0aa’a,wa)
where
Ve =x1 — k51 arctan(k52ye) (B.4)
kze kzenX2
51252
k(t,e) =1- 1 (BS)

(k62y€)2 +1
The reduced Y g-subsystem for the robotic fish is defined as
Ye = f(1,ye,G(1,ye),0)
=—v, sin(k(g1 arctan(k(gzye))

Its corresponding boundary layer is given by

—ax
dy ~bx»
d_:g(t’ye’G(t’X(Tl))’O) = _

T —CX3

__CZ_X4_
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Assumption 4 of Lemma 1:

Vs aVg
- 0yef(t’ye’G(t’ye))+ at

vrks ks, sin(k(;1 arctan(k52ye))
(k52y€)2 +1

Let y, lie within compact set such that Ky e = Maxy,cq |yel. One can then find c( such that in

Vs

(B.6)

an interval of y,
sin(ks, arctan(k(szye))2

(k52y€)2 +1

> coys (B.7)
such that
. . 2
Vs < —vi"ks ksycove (B.8)
Since V™", ks,> ks, > 0, Assumption 4 of Lemma 1 can be satisfied with aj > v’rm"’lc(g1 ks,co

and ¥ (ye) = [yel

Assumption 5 of Lemma 1:

ov -
—8(yex.0) = ~x"Sx < ~din(8) 111 (B.9)

where A,,i,(S) is the smallest eigenvalue of S. Let @y > A,,i,(S) and @1 = || ||

Assumption 6 of Lemma 1:

Letg = k(gl arctan(k(gzye), and

T = ks ks (vysin(ye) +v2)

(B.10)
! 2 (k(52y6)2 + 1
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£, ve0 0 = (1,70, Glye)
Ye

_ ks, ks, sin(q) [
 (ksyye)?+1 |
ks ks, sin(g) | xa((kgyye)* +1)

 (kgyye)t+1 | (keyye)® +1—kzg kegrx

wr((ks,ye)® +1) keg kag, vr sin(e)

X4+ Wr—T— Kzg)(l
k(t,e)

vrsin(Ye) — )(2( ) + vy sin(q)]

vr(sin(e) +sin(a)) - x2

(kdz)’e)z +1- kz(gl kz sy X2 (kdz)’e)z +1- kz(;l kzsy X2
Kepx1 ((kspye) + 1)

(kdz)’e)z +1- kz(gl kzsoX2

(B.11)

v (sinCx1) cos(g) = cos(x1) sin(g) + sin(q))
= k51 k52 Sln(‘])

(k52y€)2 +1
_ X2Wr
(k52y6)2 +1- kz(gl k152/\/2

_ X2
(kézye)z +1- kz51 kzs X2

kz(gl kZ52 vy sin(Ye)
brs =K - (ko) + 1 )
vrks, ks, sin(q)  sin(x1) cos(q) + (1 - cos(x1)) sin(g))

(k52y€)2 + 1

X2ks, ks, sin(q)wr ks, ks, sin(g) x2
- - (X4 - KZgXl
(kézye)z +1- kz61 k252/\/2 (k62y€)2 +1- kz(gl kZ52X2
(k151 kz(gz)vr sin(e)

(k52y€)2+ 1 )

Since Ky ¢ = MaxXy,cq |Yel, one can always find an interval for all y, within the compact set
| sin(kg, arctan(ks,ye))l

(k52y€)2 + 1

where the term is increasing and is bounded such that

| sin(ks, arctan(ks, ye))l

colyel < (B.12)
: (ksyye)? +1
Furthermore, one can fin ¢ such that
| sin(k(g1 arctan(k(;zye))l
< cqlyel (B.13)

(k52y8)2 + 1
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sin _
so that _Isin(@)] < c1lyel, and |sin(g)| < ki[ye|. Similarly, let K, = maxcq [x1] such that
(k52y€)2 +1

dolx1l < (1 —cos(x1)) < dilxil (B.14)

bolx1l < sin(xy) < bylx1l (B.15)

Furthermore, given |sin(¥¢| < 1, |cos(x)| < 1, and | cos(g)| < 1, (B.11) can be rewritten as

Vs vrks, ks, sin(q) (b1lx1] cos(g) + di x| sin(g))
[f(le’e’X)_f(t’)’e’G(t’)’e))] < 2
aye (k52ye) +1

Ix2lks, ks, | sin(g)|w,|

+

(kéz)’e)z +1- kz51 kzs0 X2
N ks, ks, | sin(q)|]x2l
(k52ye)2 +1- kz51 kzs0 X2
kz(;l kz52Vr| Sin(‘/’e”)
(ksyye)? +1

(sl + Keglinl+

< ymX(p, 4 dl)clk51k52|)’e||)(1|
kiks ksylw llx2llyel
(ksyye)? + 1= keg kzsyXa

kiks ksylyellxal (I Kol
+ X4l + Kz.1X1 )
(koyye)? + 1=k kegyxo ¢

VI (kg ko)l el
+
(k62y6)2 +1- kz(gl kzsy X2

(B.16)

Assume that y, is restricted to a compact set such that K Xy = MaXyeq |x2|, and let

k,. k
25, Kz, X2l - Il

(B.17)
(kz(sz)’e)z +1- kzel k152X2 D,

1
for |yo| < ———— such that (B.16) becomes
ks Kzs,
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C1k61 kézlwrllXZH)’el
D,
vrey (ks ksy)?xallyel (B.18)
D,

< 2cv (b +dy)ks ksylyellxi| +

C1k51k52|y€|K)(2|
D,

(eal + Kzelial) +

< Kslyelllxll
where
K5 =v™(by +dy)cks ks,
ki kél kéZ max (B.19)
+ D—e(lwrl + Ky, + K)QKZ§ + vy (k(glk(gz))
Let B; > Ks and 41 = 0 to satisfy Assumption 6 of Lemma 1.

Assumption 7.a of Lemma 1

oV
Oye

[g(t’ye7G(t’ye’)’€) - g(t’ye7G(t’y€)’O)] =0 (BZO)

Let 4, = B, = 0 to satisfy the second interconnection condition from Assumption 7 of Lemma

Assumption 7.b of Lemma 1

oVp
0ye

f(t,ye,G(1,y¢)) =0 (B.21)

Let A3 = B3 = 0 to satisfy third interconnection condition from Assumption 7 of Lemma 1.

The composite Lyapunov function for the Y gz-subsystem is given by

Vl (ye’x’ t) = (1 - dl)VS(ye) +d1VF(X), dl € (O’ 1)

(B.22)
= (1 - dp)(1 = cos(ks, arctan(ks,ye))) +d1 (" Py)
and its derivative is given by,
T
<— |Vel? |Vel?
Xl Xl (B.23)

2
< ~in(A) (V32 + ¥ 1)
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APPENDIX C

PROOF OF STABILITY OF THE ROBOTIC FISH’S PERTURBED CLOSED-LOOP

SYSTEM

Let the perturbed Zgr system be expressed as

f(t,X)
=002 +r(t,X) = |g(t,X)| +r(t,X)
0
where
Y =[ye, x, 7]
[ X4+63

f(1,2) = [vrsin(¥e) = (Z5=)x2

—ax| + €1 x4

g(1,X) = |~bxat+eixs

—CX3
—dxy |
_kz(g] kZ(;zﬁXZ o
n
2
(kz(gzc)’e) +1- k151 kz(gz)(z
0
r(t,X) =
(1,X) 0
0
0
hy (v, 17, ) + bauy
- (vrsin(ye))
$3 =wr — kz(;l k rsintWe)) Kzex1

,, vrsinWe))
%2 (kzg,ve)? + 1

From Eq. (B.22)

v, vrks ks, sin(ks, arctan(ks, ye))

di2x’pP
ax (koyye)? +1 1ox
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Since it is assumed that y. lies within a compact set such that Ky ¢ = Maxy,c |yel, one can bound

the sin(k(;1 arctan(k(;zye)) term in (C.7) by (B.13), such that

oV,
Ha_zH < |e1 (1= dviks ksylvel - di2IPlLxll (C.8a)
<[er (= s alyel - di2Tmax (Pl (C.b)

<NI ] (C.8¢)

where we write (C.8b) as y w and use the inequality |y? w| < [[w|l||y]l, Amax (P) is the maximum

eigenvalue of P and N = \/(cl (1= d)vi®ks, k52)2 + (2d1 Amax (p))?2. Furthermore, recall

2
200(1,2) < ~dmin(0)(y 0F + 1) ©9)

Since y, lies within a compact set such that Kye = maxy,eq |yel, one could find g¢ and g

such that
VI(Z) =(1 - dy)(1 - cos(kg, arctan(ks, ye))) +d1x" Px
<(1=dq1yz +didmax(P)x* (C.10)
< (1 = d))g 1) + (dy Dax (P21 [E] 2
and

Vi(Z) =(1 - d1)qoy? + di Amin(P) x>

(C.11)
2 \((1 - d1)g0)? + (d Tuin(P) 2|

Therefore, for X € Bg, the Lyapunov function V| satisfies inequalities (3.61) with
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Iy = (1 = d1)q0)? + (di Lmin(P))? |IZ|2

a

[y = (1 = d)gn)? + (d Imax(P) | Z2

b
T3 = Amin(A) |21 (C.12)

¢ =NI[Z]|

Recall ik
5, Kz, X2l -l

2
(kz(sz)’e) +1- kz51 k252X2 D,

(C.13)

for [yo| < ——— . Eq. (C.5) can thus be rewritten as
ks, Kzs,

—kzél k152 1711 x2l
D,

+ (7]

(. )| <

oS O O

0

| o (V1,7 w) + bauy

kzs kzs U
1 2
< (———+D)|=
< (5= + Dz
The right-hand side of (3.63) is given by
oT3(C5 1 (T (R))) _ Amin(A) \/@M
s N Np

(C.14)

The derivative of V| along the trajectories of (C.1) satisfies
oV oV,
- -7
ox 1)
< = Amin(WIIZ]* + ¢N| 2]

Vl(l‘, Z) =

(%) + (E.1)

(C.15)
<= (1= 0)Amin (M1 = 0dmin (M) 1Z]1 + oN|IZ ||
©oN
<—(1=0Ain(MIZI? V 2] > —F——
<= (1= dninWIZIP V2] > s
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The solution X of the perturbed system will be ultimately bounded with the bound given by

(3.110).
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