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ABSTRACT

PARAMETRIC STUDY OF THE DERMAL TEMPERATURE PROFILES DURING
CRYOLIPOLYSIS

By

Dillon H. McClintock

Cryolipolysis is a noninvasive clinical procedure to locally reduce adipose tissue. During

the procedure, paddles that are maintained at a prescribed temperature (commonly -14 �

and 3.1 �) are placed in good thermal contact with the skin. Cryolipolysis was inspired

by panniculitis observed in a pediatric patient. The goal is to cool the adipose tissue to

10.4 � in order to induce apoptosis in adipocytes, presumably by the crystallization of the

intracellular triglycerides. The dermal cells between the cooled paddle and the adipocytes

are colder than the adipocytes, but are less susceptible to death due to cooling. Thus, when

properly administered, cryolipolysis leaves the dermis and epidermis unharmed. There are

some adverse outcomes, e.g. transient neuropathy and rare adipose hyperplasia.

The clinical cooling protocol has been based largely on animal experiments and subsequent

clinical experience. A mathematical model could aid clinicians by providing insight into

the temperature history of the tissues, potentially allowing optimization of the procedure.

A model is here presented based on the Pennes bioheat transfer equation. Scaling the

equation reveals two parameters in the Pennes equation: the Fourier number and a blood

perfusion parameter. For optimizing treatments, the relationship between temperature and

time required to trigger apoptosis in adipocytes needs to be quantified and coupled with the

temperature model.
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CHAPTER 1

INTRODUCTION

Cryolipolysis (CLL) is a cosmetic procedure that uses local, superficial cooling of the

epidermis to induce apoptosis in the subcutaneous adipose tissue. Manstein [41] proposed

pressing a paddle maintained at -14 ◦C against the skin to cool the subcutaneous adipose

tissue to a temperature of 9 ◦C for duration of 30 to 60 minutes [48]. A candidate patient

for CLL is seeking local fat reduction and would reduce their weight by other means such

as dieting [38, 11]. CLL was inspired by the clinical observation of “popsicle panniculitis”

[20] and the apparent susceptibility of adipocytes to cold temperatures, as compared with

dermal cells. Epstein and Oren [20] discussed a child who presented with a 2-cm red nodule

in her cheek after having had a popsicle rest against the cheek there for 5 minutes. Biopsies

showed healthy epidermis and dermis but inflamed subcutaneous tissue. Similar responses

of adipose tissue to cooling had been observed by Haxthausen [24].

CLL is a non-invasive alternative to liposuction. Liposuction removes subcutaneous adi-

pose tissue via suction through a cannula that has been inserted in the area to be treated.

The surgical nature of liposuction suggests that infections, permanent numbness, or other

complications are more likely to occur from liposuction as compared with the non-invasive

fat removal treatments [2]. CLL tends to be less painful than other noninvasive procedures,

such as ultrasound or photodynamic treatments that rely on heating of adipose tissue [2, 44].

The skin is comprised of layers (see Fig. 1.1) of the epidermis, the dermis, and the hy-

podermis, also called the subcutaneous adipose tissue. The thickness of these layers varies

between patients and between different parts of the same patient. If the epidermis is cooled

sufficiently, the subcutaneous tissue will also be cooled, although not to the same tempera-

1



Figure 1.1: The anatomy of the skin that the problem model is based upon. The layers of
skin are not distinct as assumed in the model. It can also be seen that there are other
tissues and mechanisms present besides the skin tissue in the layers. Created with
BioRender.com [10].

ture. CLL relies on the epidermis and dermis remaining undamaged even though they are

colder than the adipose tissue, which is thought to undergo apoptosis following CLL. The

difference in death rate following cooling results from the triglyceride-rich adipocytes being

more susceptible to cooling than are the water filled cells in the outer layers of the skin.

It has been proposed that crystallization of the intracellular triglycerides of the adipocytes

induce apoptosis at 10.4 ◦C [48], while the outer cells with an aqueous cytosol can tolerate

sub-zero temperatures [45, 48]. Apoptosis is a programmed cell death that may be triggered

by naturally occurring processes, such as mitosis, or through external stressors such as, in

this case, cold temperatures. The minimum time required for the adipose tissue to be cooled

to trigger apoptosis is unknown. Loap and Lathe suggest that rather than apoptosis, a

thermogenic mechanism is responsible for the loss in adipose tissue following CLL [40], but

most researchers consider apoptosis to be the mechanism of cell death [48, 2, 4, 11, 26].
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There is not a single skin cell death temperature because multiple variables affect cell

survival [49]. The environmental temperature and the duration for which the skin experiences

this temperature are the two most significant variables that determine if necrosis will occur.

The dermis can withstand temperatures of -10 ◦C or warmer for extended times without

necrosis or serious skin damage. If the environment is at -50 ◦C or colder [49], the skin

may quickly go necrotic. Nonfreezing injuries can occur in wet and cold conditions before

actually freezing. Between these two temperature extremes, skin biopsies have shown necrosis

for various temperatures, especially as the time intervals increased [49].

Commercial Devices In addition to temperature and duration of treatment, design of

the cooling paddle may play a role in outcome. Two common designs are a flat paddle

and a vacuum assisted applicator. The vacuum assisted applicator may restrict local blood

perfusion by applying a greater perceived pressure to the skin. Quantification of blood

perfusion is challenging although some typical values are available. There is a correlation

between the amount of pressure applied and the effectiveness of the treatment post procedure

[41]. It was suggested that by increasing the perceived pressure, the vacuum paddle has

better thermal contact with the skin or with enough pressure, perfusion is reduced in the

skin. Either might account for better cooling of the adipose tissue. The relationship between

perfusion and pressure increases the efficacy of the treatment [48, 4]. It was shown that the

greater the pressure using during treatment the better results were and results were seen for

a longer period post-treatment. In both cases, gel is typically applied to the applicator to

increase thermal contact conductance between the skin and paddle.

Two commercially available devices for CLL are the Lipocryo [45] and the Zeltiq [41].

Each has a cooled paddle that is pressed against the skin as shown in Figure 1.2. The

Lipocryo is said to cool the dermal surface to 3.1 ◦C within four minutes at a maximum

cooling heat flux of 1400 Wm-2 which is comparable to 140 mW cm-2. Zeltiq cools to -14

3



Figure 1.2: Schemas of the two applicators used during CLL (a) paddle and (b) vacuum
assisted. The vacuum assisted applicator pulls the skin into the applicator in order to
increase contact conductance. The vacuum assisted may also restrict the local blood
perfusion by increasing the pressure to the skin could increase efficacy and better possible
cooling than the paddle applicator.

◦C. Zeltiq also defines a proprietary “Cooling Intensity Factor” (CIF), which is related to

the heat flux extracted from the surface. Published values suggest that the CIF has units

of 21.5 for -36.8 mWcm-2, 24.5, for -43.8 mWcm-2, and 42 for -72.9 mWcm-2 [17, 42]. This

appears to be a linear relationship (see Fig.1.3).

Effectiveness of CLL Mostafa and Elshafey [44] found that CLL was more effective than

laser lipolysis in reducing abdominal fat in adolescents. Neither treatment reduced the body

mass index (BMI1) of the subjects, but locally reduced adipose tissue. Avram and Harry

[4] reviewed the safety and efficacy of CLL based on studies that used paddle temperatures

of from -8 ◦C to -5 ◦C and treatment times of up to 10 minutes. This is much warmer and

for shorter treatment times than protocol used by other researchers. They found it to be

1BMI is defined as the ratio of the mass in kg of the subject to the square of the height
of the subject in m [22].
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Figure 1.3: The proposed CIF for each heat flux described by Zeltiq [41]. The relation
between the CIF and heat flux is linear. CIF values: 21.5, 24.4, and 42 corresponding to
heat flux values :-36.8 mWcm-2, -43.8 mWcm-2, -72.9 mWcm-2 [17, 42].

safe and effective, even though the mechanism was unknown. Ingargiola et al. [26] examined

the available studies on the effectiveness of CLL and concluded that it is generally safe and

resulted in substantial local reduction in adipose tissue as measured by calipers. At 16-weeks

post treatment, a 2.8 mm reduction of the mean fat layer had been measured [64]. Zelickson,

Burns, and Kilmer note that a standard treatment protocol is yet to be established. Bernstein

et al. found that 94.4% of the time physicians were able to correctly identify blinded clinical

pre- and post- treatment pictures of patients [8]. Paddle temperatures of -5 ◦C and -10 ◦C for

10 minutes was used. Bernstein et al. found that the localized fat reduction was maintained

6 to 9 years post-treatment in patients whose weight remained essentially unchanged [9].

Measurements taken over a 12-week span post procedure have shown no uptake of fat in

liver. This holds even though the apoptosis of adipocytes releases triglycerides, presumably

to the blood stream [36].
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Post-treatment erythema, bruising, and transient numbness are common side effects, of

CLL. These usually resolve within two weeks, as does the less common (c.a., 0.1%) complaint

of late-onset pain [38]. Coleman et al. [14] found that CLL produced short-term, reversible

reduction in peripheral sensory nerve function. This loss lasted less than 4 weeks on average.

Rare cases of paradoxical adipose hyperplasia (PAH) occur following CLL [58, 34]. PAH is

the local growth of adipose tissue at the treatment site. PAH is not subject to spontaneous

resolution and may require surgical intervention (i.e., liposuction). PAH is reported to occur

in 0.0051% of cases [27], but others have suggested greater incidence [52, 33]. Keaney and

Naga [33] observed that PAH occurs more commonly in men.

Although generally done safely, without damage in the epidermis or dermis, there are

some examples of the treatment going wrong even when done by a certified technician.

A beautician performed CLL on a woman who then presented at a hospital with burns

that required surgical repair [7]. Benoit and Modarressi [7] describe treatment to correct

full-thickness frostbite following cryolipolysis treatment by non-medically trained operators.

Leonard et al. [39] discusses the case of a patient who suffered full thickness burns after

self-administering CLL using dry ice. These injuries also required surgical intervention. The

paddle temperature recommended for CLL is at the warmer end of the necrotic spectrum,

as mentioned above [49].

Derrick et al. reviewed the available literature on the safety and efficacy of CLL [17]. They

suggested that future studies should focus on quantifying treatment parameters as reflected

in treatment outputs. Many of the reports on the efficacy of CLL lack rigor in methodology

or reporting of results [11]. There is uncertainty in what constitutes success from a clinical

perspective and a lack of rigorous study regarding the mechanism of CLL [2, 11]. Garibyan

et al. [23] measured the change in tissue volume using calipers as well as an optical system,

but the clinical standard of calipers is most commonly used [26].
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Modeling Tissue Temperature Many studies have modeled the temperature of the skin,

but none have considered CLL. Those focused on hypodermis have focused on cryosurgery, for

which the water-rich dermis undergoes freezing [28, 47]. Baldry et al. [5] modeled the cooling

of the scalp in a procedure designed to prevent hair loss in patients undergoing chemotherapy

using a numerical model. The target temperature for stimulating follicles was 22 ◦C. The

cooling power of thermoelectric coolers were kept to less than 3175 W m-2. Modeling of

perfused tissue is usually done starting with the Pennes bioheat equation [57, 60].

The Pennes bioheat transfer equation may be written for 1D rectangular coordinates and

assuming uniform properties, as

ρc
∂T

∂t̂
= k

∂2(T )

∂x̂2
+ (ρbcb)wb (Ta − T )︸ ︷︷ ︸

blood perfusion term

(1.1)

where x̂ is depth from surface, t̂ time, T and Ta are tissue and arterial temperatures, respec-

tively, as seen in Figure 2.1, k, c, and ρ are the tissue conductivity, specific heat, and density,

respectively, cb is the blood specific heat, ρb the blood density, and wb is the blood perfusion

rate with net units of s-1. The Pennes equation is the diffusion equation with a term included

to model blood perfusion. This makes the equation a transient fin equation. Some modelers

have suggested using the Catteneo constitutive model for conduction in tissue rather than

the Fourier equation [55, 54].

This is based on the experiments in wet sand [55] and in processed meat [54]. This would

change the Pennes equation to

τ
∂2T

∂t̂2
+ ρc

∂T

∂t̂
= k

∂2(T )

∂x̂2
+ (ρbcb)wb (Ta − T ) (1.2)

with τ being a relaxation time. Flaws in the experimental design of [55] and [54] have been

demonstrated by Scott et al. [51] and Herwig and Beckert [50]. As yet, no reliable experiment
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using tissue has demonstrated the appropriateness of a non-zero τ , so the Pennes equation

will be used here.

Project scope While multiple clinical and laboratory studies have examined the efficacy

and safety of CLL, no study has quantified the sensitivity of the temperature field to the

several clinical parameters. The clinically controllable parameters include paddle tempera-

ture and treatment duration. Parameters that are not controlled include tissue properties of

perfusion (which may be affected by the pressure of the applicator bit is a challenge to quan-

tify), thermal conductivity, and thermal capacity. The sensitivity of the controllable and

uncontrolled parameters will be examined here through calculations of the 1D temperature

field calculated using Green’s functions. The Greens function solution will be validated using

the usual error function solution for the temperature in a semi-infinite domain. In addition,

published studies have assumed that the heat flux at the skin surface is constant, although

it varies with time as the temperature field is established. Here, the heat flux removed from

the skin surface will be examined as a function of time.

The results of this study should guide clinicians in the application of CLL. It will provide

a starting point for optimizing treatment based on patient specific parameters of such as

skin thickness and hydration.

There is no treatment protocol for CLL. This is dangerous for a few reasons. Prolonged

exposure to low temperatures can cause permanent numbness, frostbite “burning” of the skin,

hard lumps, and extreme redness and swelling [2, 64]. Without a set treatment temperature

or procedure to follow it is possible for the treatment to not be as effective as it should be or

damaging to the skin. A model of the thermal profile of the skin can be used to accurately

design a treatment procedure to best fit the condition of the client and to ensure their safety.
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Besides the implications of optimizing CLL, the creation of an accurate thermal profile of

the skin allows for exploration into other medical procedures that are based upon cooling

and non-freezing injuries. Frostbite, trench foot, and chilblain are a couple of common non-

freezing injuries and frostbite is also a possible negative side effect of CLL. Frostbite does not

require the skin to actually reach freezing, but to get to at least a cold enough temperature to

send cells into apoptosis or if cold enough, necrosis. Local hypothermia is also used in many

medical procedures or therapies so being able to derive and understand the temperature

profile of the skin as well as how it would react is important. Improved understanding of

the response of adipose tissue to environmental changes may allow for better understanding

of fat metabolism which, is important for shedding light on obesity in terms of fat storage

and reaction to environmental changes.

Creating a thermal profile for the skin extends beyond the reach of CLL. An accurate

thermal profile of the skin allows for exploration into both freezing and non-freezing injuries

as well as medical procedures that use non-freezing tissue reactions. Sensitivity studies were

done for the characteristic length, blood perfusion, paddle temperature, treatment time, and

thermal conductivity.
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CHAPTER 2

PROBLEM FORMULATION

2.1 Anatomy of Dermis

The skin is composed of three primary layers: the epidermis, dermis, and subcuta-

neous(also called the hypodermis). The adipose tissue that CLL aims to remove is in the

subcutaneous layer, which is the deepest in the tissue (see Fig. 1.1). In CLL, a paddle

is placed at the surface of the skin and is maintained at -14 ◦C for Zeltiq and 3.1 ◦C for

Lipocryo. Because a thermally conducting gel is applied to the skin, it is assumed that there

is perfect contact between the paddle and the outer most point of skin.

Adipose tissue thickness ranges from 1.6 to 30.6 mm [56] for normally weighted to obese

subjects. This is taken from randomly selected sites on the body giving an average for the

whole body.

2.2 Model

The farthest point of the model can either be assumed to be the same as the arterial

of internal temperature of the patient since the model has a fixed length and is not semi-

infinite. Inside each layer of skin, the same equation is used throughout assuming that each

Layer
Range Value Used
(mm) (mm)

Epidermis 0.05 - 1.5 1
Dermis 0.6 - 3 2

Hypodermis 1.6 - 30.6 13

Table 2.1: Model skin layer thicknesses. Nominal value of 13 mm used for adipose tissue
for 15 mm over all model length [56].
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Figure 2.1: Diagram model given 3 distinct layers of skin and a defined arterial
temperature of Ta and a paddle temperature of T0. L is the characteristic length with can
be divided into Li where i=1,2,3 for the epidermis, dermis, and subcutaneous, respectively.
La denotes the length of muscle tissue included in the model until arterial temperature is
reached. The dimensional coordinate is x̂.

layer has constant perfusion, and the properties are not changing. This is based upon the

Pennes Bio Heat Transfer equation. Between each layer of skin an energy balance equation

was done assuming that there is also perfect contact between layers and the skin is the same

temperature at the start and end of either tissue layers that is in contact.

2.2.1 Pennes Bioheat Equation

The Pennes bioheat transfer equation is commonly used to model the temperature in blood

perfused tissue [57, 60]. The equation was developed using the 1D diffusion equation with
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the inclusion of a blood perfusion term and terms to account volumetric heat generation due

to metabolic activity or external sources, such as therapeutic ultrasound. Pennes initially

determined values of perfusion by fitting temperature measurements in the forearms of prone,

resting subjects [57]. It was later determined that the perfusion values were in error due

to an error in the assumed value of the thermal conductivity of the tissue [60]. While that

sensitivity to the difficult to measure blood perfusion, along with some theoretical questions

[12], the Pennes equation remains the equation used to model the temperature profile in

perfused tissue [60].

The Pennes bioheat transfer equation may be written for 1D rectangular coordinates and

assuming uniform properties, as

ρc
∂T

∂t̂
= k

∂2(T )

∂x̂2
+ (ρbcb)wb (Ta − T )︸ ︷︷ ︸

blood perfusion term

(2.1)

with x̂ depth from surface, t̂ time, T and Ta are tissue and arterial temperature respectively,

k is the tissue conductivity, c is the specific heat, ρ is the mass density, cb is the specific heat

of the blood, ρb the mass density of blood, and wb is the blood perfusion rate, with net units

of s-1.Typical values of wb are between 0.0001 and 0.0005 s-1 [43]. Since the epidermis is a

very thin layer and the distinction between the dermis and hypodermis layers is unclear, it

is reasonable to model the skin as one layer.

2.2.2 Boundary Conditions

The boundary and initial conditions may be written as

x̂ = 0 : T = T0

x̂ → ∞ : T → T a or x̂ = L : T = T a

t̂ = 0 : T = T a
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Parameter Range Value Used

k (W m-1 K-1) 0.16 - 0.52 0.52

ρ (kg m-2) 850 - 1270 1200

c (J kg-1 ◦C -1) 2288 - 3770 3400

ρb (kg m-2) 850 - 1270 1200

cb (J kg-1 ◦C -1) 2288 - 3770 3400

wb (s-1) 0 - 0.00125 0.0005
Ta (◦C) - 37
T0 (◦C) - -14, 3.1

Table 2.2: Property values used during study besides during sensitivity studies were one
parameter was varied. Properties assumed uniform throughout all three layers [53, 46].

The distant boundary can be treated as an infinite boundary during the initial response. As

treatment times increase, specifying the core body temperature of 37 ◦C at a finite length

is the appropriate distant boundary condition [28]. The appropriate value of L is examined

in the results section.

2.2.3 Properties

All three layers of tissue would have slightly different parameters, but due to differences

between patients and inconsistency in measuring parameters, uniform properties are were

used. Values used throughout the model are seen in Table 2.2 besides when property values

were varied for sensitivity studies.

2.3 Solutions

The error function, and Green’s function with two different sets of boundary conditions

were used. The error function does not include perfusion and, with a semi-infinite distant

internal boundary condition, only functions for early times; however, this works well as a

check for the other solutions. The Green’s function of the X10 boundary conditions includes

the two parameters of α and γ once non-dimensionalized meaning that it includes perfusion.

This solution technique still does not include a finite length and instead a semi-infinite distant
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boundary condition meaning that it is still only reasonable for early temperature responses.

The Green’s function solution with X11 boundary conditions includes perfusion and has a

finite length with a specified temperature at the depth L̂.

2.3.1 Early times, no perfusion – Error Function solution

For the case of no perfusion, wb is zero and the Pennes equation simplifies to the diffusion

equation

ρc
∂T

∂t̂
= k

∂2(T )

∂x̂2
(2.2)

Because this solution considers the initial temperature response of the tissue, the range is

considered semi-infinite with the distant boundary condition being the core body tempera-

ture. The boundary and initial conditions may be written as

x̂ = 0 : T = T0

x̂ → ∞ : T → T a

t̂ = 0 : T = T a

After a sudden change in the boundary temperature, the familiar error function solution is

φ =
T − T0
Ta − T0

= erf

(
x̂√
4αt̂

)
(2.3)

This has been left in terms of dimensional x̂ and t̂ because the analysis naturally forms

the dimensionless variable η =
(

x̂√
4αt̂

)
. The heat flux during this initial response may be

determined using Fourier’s Law. Thus,

q′′0 = −k ∂T
∂x

∣∣∣∣
x=0

=
k(T0 − Ta)√

παt
exp

[
−x2

4αt

]
x=0

=
k(T0 − Ta)√

παt
(2.4)

This solution provides a check of the solutions that include perfusion.
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2.3.2 Early Temperature Response of Perfused Tissue

Including blood perfusion, that is a wb 6= 0, Eq. 2.1 has the form of the equation for the

transient temperature response of a fin. The initial temperature response of perfused tissue

retains the semi-infinite domain of the error function solution. For the perfused case, it is

useful to scale Eq. 2.1 by defining a perfusion parameter as

γ =
(ρbcb

k

)
wb (2.5)

with the thermal diffusivity being α = k/ρcp; γ has units of m-2. Equation 2.1 becomes

1

α

∂θ

∂t̂
=
∂2θ

∂x̂2
− γθ (2.6)

with the two parameters of α and γ. The boundary conditions are

x̂ = 0 : T = T0

x̂ → ∞ : T → T a

t̂ = 0 : T = T a

Comparing Eq. 2.6, γ plays the role m2 in the usual notation for the fin equation (e.f.

Bergman & Lavine). Scaling the independent variables of t = αγt̂ and x =
√
γx̂ yields

∂φ

∂t
=
∂2φ

∂x2
− φ (2.7)

The boundary conditions are

x = 0 : φ = 1

x → ∞ : φ→ 0

t = 0 : φ = 0

Transformation of Fin Equation Using the transformation for a transient fin equation

to a diffusion equation [15]

φ = W exp [−t]
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Eq. 2.7 can be rewritten as

∂W

∂t
=
∂2W

∂x2
(2.8)

The boundary conditions transform to

x = 0 : W = exp [t] (2.9)

x→∞ : W = 0

t = 0 : W = 0

where the boundary condition at x = 0 becomes time dependent instead of constant. Equa-

tion 2.8 may be solved using Green’s functions, where the GF equation [15] reduces to

W (x, t) = −α
∫ t

τ=0
dτ

[
− exp

[
m2ατ

] ∂G
∂x

]
(2.10)

for the case of no initial temperature profile, no heat generation, and only one inhomogeneous

type I boundary condition at the origin. The appropriate Green’s function for the X101 case

is [15]

− ∂GX10

∂n′

∣∣∣∣
x′=0

=
x{

4π [α (t− τ)]3
}1/2 exp

[
− x2

4α (t− τ)

]
(2.11)

Substituting Eq. 2.11 into 2.10 and integrating, the solution for the non-dimensional tem-

perature is

φ =
1

2

[
e−x

(
−1− erf

(√
t− x

2
√
t

))
− ex

(
1− erf

(√
t+

x

2
√
t

))]
(2.12)

which can be written in terms of dimensional temperature as

T (x, t) = T0 + (Ta − T0)

∗ 1

2

[
e−x

(
−1− erf

(√
t− x

2
√
t

))
− ex

(
1− erf

(√
t+

x

2
√
t

))]
(2.13)

1X10 is the numbering system used by Cole et al. citecolebeck2011 to categorize boundary
value problems with the diffusion equation. The X refers to rectangular coordinates, the 0
refers to an infinite boundary, 1 refers to a boundary condition of the 1st kind (specified
temperature), 2 to a specified heat flux, and 3 for a specified convective surface condition.
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Substituting for the dimensional independent variables of x = x̂
√
γ and t = γαt̂ leads to

T (x, t) = T0 + (Ta − T0)

∗ 1

2

[
e−
√
γx̂
(
−1− erf

(√
γαt̂− x̂

2
√
αt̂

))
− e

√
γx̂
(

1− erf

(√
γαt̂+

x̂

2
√
αt̂

))]
(2.14)

The heat flux at the boundary may be calculated again by using Fourier’s law. The

gradient of temperature is

∂T

∂x̂
= (Ta − T0)

[
1

2

(
e
−√γx̂−

(√
αγt̂− x̂

2
√
αt̂

)2
√
παt̂

+
e

√
γx̂−

(√
αγt̂+ x̂

2
√
αt̂

)2
√
παt̂

(2.15)

+
√
γe−
√
γx̂
(

1 + erf
[√

αγt̂− x̂

2
√
αt̂

])
−√γe

√
γx̂
(

erfc

[√
αγt̂+

x̂

2
√
αt̂

]))]

Then, the heat flux evaluated at the cooled surface, x̂ = 0, is

q′′0 = k(T0 − Ta)

(
e−(αγt)√
παt

+
√
γ
(

erf
[√
αγt
] ))

(2.16)

Equation 2.16 reduces to Eq. 2.4 when there is no perfusion.

2.3.3 Longer term solution for perfused tissue – Finite Depth, X11 solution

As time progresses, the temperature disturbance from the surface of the X10 solution

reaches deeper into the tissue. The human body has an active mechanism of thermal regula-

tion and the tissue temperature in the body is kept nearly constant. Here, this is simulated

by assuming that the temperature is fixed to the core-body temperature at some depth L̂

[28]. The analysis for the longer-term temperature response is similar to the X10 case but

uses a different Green’s function. Because the depth of the core body temperature is not

fixed, the sensitivity of the solution to the choice of L̂ will be examined. The governing
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equation remains Eq. 2.1 and the initial and boundary conditions for the X11 case become

x̂ = 0 : T = T0

x̂ = L̂ : T = Ta

t̂ = 0 : T = Ta

In terms of φ, the initial and boundary conditions become

x̂ = 0 : φ = 0 (2.17)

x̂ = L̂ : φ = 1

t̂ = 0 : φ = 0

2.3.4 Green’s Function Solution

Equation 2.8 subject to conditions 2.17 may be solved using Green’s functions. All of the

independent variables are still dimensional, but the carats are here omitted. The end result

will show The GF equation (p. 66, CBHL) [15] becomes

W (x, t) = −α
∫ t

τ=0
dτ

2∑
i=1

[
θ0e

γατ ∂GX11

∂x′i

∣∣∣∣
x′=0

]
(2.18)

with the boundary conditions of

x = 0 : W = 0 (2.19)

x = L : W = exp [t]

t = 0 : W = 0

For the X11 case, Cole et al. [15] gave

− ∂GX11

∂n′

∣∣∣∣
x′=0

=
2π

L2

∞∑
m=1

e−m
2π2α(t−τ)/L2m sin

(
mπ

x

L

)
(2.20)
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Since the boundary condition is homogeneous at x = 0, that is f(τ) = 0 at x = 0, the

integral vanishes there an is not written. Then, the derivative of the Green’s function at the

x = 0 boundary can be written in dimensional coordinates

− ∂GX11

∂n′

∣∣∣∣
x′=0

=
2π

L̂2

∞∑
n=1

e−n
2π2α(t−τ)/L2n sin

(
nπ

x

L

)
(2.21)

So, substituting into Eq. 2.18 gives

W (x, t) = α

∫ t

τ=0
eγατ

2π

L2

∞∑
n=1

e−n
2π2α(t−τ)/L2n sin

(
nπ

x

L

)
dτ (2.22)

Integrating gives

W (x, t) = 2π
∞∑
n=1

(
eγαt − e−n

2π2αt/L2
)

sin
(nπx
L

) n

γL2 + n2π2
(2.23)

The inverse transformation gets to the temperature excess of

φ(x, t) = e−γαtW (x, t)

= 2πe−γαt
∞∑
n=1

(
eγαt − e−n

2π2αt/L2
)

sin
(nπx
L

) n

γL2 + n2π2
(2.24)

which may be simplified to

φ(x, t) = 2π
∞∑
n=1

(
1− e−γαte−n

2π2αt/L2
)

sin
(nπx
L

) n

γL2 + n2π2
(2.25)

This may be written in terms of temperature as

T (x, t) = T0 + (Ta − T0)(
2π
∞∑
n=1

(
1− e−γαte−n

2π2αt/L2
)

sin
(nπx
L

) n

γL2 + n2π2

)
(2.26)

In order to calculate the heat flux at the surface of the cooled skin, the temperature

gradient is taken to be

∂T

∂x
= (Ta − T0)

(
2π
∞∑
n=1

(
1− e−γαte−n

2π2αt/L2
)
nπ

L
cos
(nπx
L

) n

γL2 + n2π2

)
(2.27)

Then at x = 0, the heat flux becomes

q′′0 = k(T0 − Ta)

(
2π
∞∑
n=1

(
1− e−γαte−n

2π2αt/L2
)

n2π

γL3 + n2π2L

)
(2.28)
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CHAPTER 3

RESULTS

To aid in clinical outcomes, the temperature and duration of a CLL treatment are exam-

ined in terms of sensitivity to various parameters such as blood perfusion, tissue thermal

conductivity, and characteristic length. Due to the relationship between tissue density and

specific heat, the product of these two parameters is kept constant. The error function does

not include perfusion, but is well known and is used to verify the other models. The X10

case includes perfusion, but at longer times, has a non-physiological response because the

infinite boundary condition neglects the core body temperature. The X11 case also includes

perfusion and has a more realistic boundary condition deep in the tissue. While the skin has

three layers, it is modeled as one in this case due to the thinness of the epidermis and the

uncertainty in the distinction between the dermis and hypodermis layers in terms of thermal

properties. This assumption will be checked in calculations.

All of the analysis was done non-dimensionally and re-dimensionalized for paddle temper-

atures of -14 ◦C (Zeltiq [41]) or 3.1 ◦C (Lipocryo [45]) for comparison of clinical protocols.

Typical clinical protocols use treatment times of 30 to 60 minutes. For each plot, aside from

direct comparison of paddle temperature, there is a -14 ◦C and 3.1 ◦C paddle temperature

version to aid in examination of the depth of the 10.4 ◦C isotherm.

Time Evolution The solutions can be compared to one another over the clinically treat-

ment period of 30 to 60 minutes total. Early treatment lengths and a 90-minute treatment

length were included to watch the evolution of the temperature profile over and past the

treatment time. The treatment time greatly affects the temperature profile for each of the

three solutions examined in this study. It affects the error function and Green’s function
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more since the distant boundary condition is taken to be semi-infinite and then results in an

unreasonably cold temperatures in the deep tissue.

Figure 3.1: Comparison of emperature profiles as a function of treatment time for the error
function. The Zeltiq paddle temperature of -14 ◦C is used [41]. The length of the model is
set to be 3 cm with all other properties uniform. A thermal conductivity of k=0.52
Wm-1K-1 is used and blood perfusion is not included in the model. The time varies from 1
minute to 90 minutes. Due to the semi-infinite distant internal boundary condition, the
profile does not reach steady state.
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Figure 3.2: Comparison of temperature profiles as a function of treatment time for the
error function. The Lipocryo paddle temperature of 3.1 ◦C is used [45]. The length of the
model is set to be 3 cm with all other properties uniform. A thermal conductivity of
k=0.52 Wm-1K-1 is used and blood perfusion is not included in the model. The time varies
from 1 minute to 90 minutes. Due to the semi-infinite distant internal boundary condition,
the profile does not reach steady state.

The error function predicts initial temperatures with the solution not reaching steady

state due to the semi-infinite distant boundary condition (see Fig. 3.1 for -14 ◦C and 3.2

for 3.1 ◦C). The Green’s function of the X10 boundary condition case is similar to the error

function with the semi-infinite internal boundary condition, but perfusion is included. Due

to the distant internal boundary condition omitting the core body temperature, the overall

temperature profile is not anatomically correct. The Green’s function of the X11 case also

includes perfusion, but the core body temperature is assumed at the boundary distant from

the skin surface.
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Figure 3.3: Comparison of the temperature profiles as a function of treatment time for the
X10 Green’s function solution. The Zeltiq paddle temperature of -14 ◦C is used [41]. The
length of the model is set to be 3 cm with all other properties uniform. A thermal
conductivity of k=0.52 Wm-1K-1 and a blood perfusion value of wb = 0.0005 s-1 are used.
The time varies from 1 minute to 90 minutes. The model gets closer to steady state
approsximately 15 minutes with the 60- and 90-minute treatments being similar, but true
steady state is not reached due to the semi-infinite internal distant boundary condition.
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Figure 3.4: Comparison of the temperature profiles as a function of treatment time for the
X10 Green’s function solution. The Zeltiq paddle temperature of -14 ◦C is used [41]. The
length of the model is set to be 3 cm with all other properties uniform. A thermal
conductivity of k=0.52 Wm-1K-1 and a blood perfusion value of wb = 0.0005 s-1 are used.
The time varies from 1 minute to 90 minutes. The model gets closer to steady state around
15 minutes with the 60- and 90-minute treatments being similar, but true steady state is
not reached due to the semi-infinite internal distant boundary condition.
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Figure 3.5: Comparison of the treatment time for the X11 Green’s function solution. The
Zeltiq paddle temperature of -14 ◦C is used [48]. The length for the distant boundary
condition is set to be 3 cm with all other properties uniform. A thermal conductivity of
k=0.52 Wm-1K-1 and a blood perfusion value of wb = 0.0005 s-1 are used. The time varies
from 1 minute to 90 minutes. The model nearly reaches steady state after 15 minutes of
treatment and does not change post 60 minutes.

25



Figure 3.6: Comparison of the treatment time for the X11 Green’s function solution.
Lipocryo paddle temperature of 3.1 ◦C is used [45]. The length for the distant boundary
condition is set to be 3 cm with all other properties uniform. A thermal conductivity of
k=0.52 Wm-1K-1 and a blood perfusion value of wb = 0.0005 s-1 are used. The time varies
from 1 minute to 90 minutes. The model nearlyreaches steady state by 15 minutes of
treatment and does not change after 60 minutes.

For the Green’s function of the X11 case (see Fig. 3.4 and 3.5), the temperature profile

fairly quickly cools to reach almost steady state by 15 minutes. After 30 minutes the tem-

perature profile is nearly stationary with the 60- and 90-minute treatment times essentially

matching. For Zeltiq, the 15-minute treatment time reaches the target temperature of 10.4

◦C has been reached for the first 0.8 cm of the adipose tissue. This suggests that the treat-

ment needs to be longer than 15 minutes, but the amount of time for crystallization to occur

is uncertain.

Model Comparison The longest treatment time is typically 60 minutes and is used here

to compare the three model solutions. The Zeltiq paddle temperature results in a colder

temperature profile of all solutions (see Fig. 3.7) as compare to the Lipocryo paddle tem-
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perature (see Fig. 3.8), which is expected. The error function does not include perfusion in

the solution and thus cools faster than either of the Green’s function solutions. The error

function and the Green’s function of X10 case both have a semi-infinite boundary condition

at the distant boundary resulting an internal temperature colder than the arterial temper-

ature attained deep the body. Perfusion in the X10 case causes the profile to be warmer

than the error function solution. The Green’s function of the X11 case allows for the distant

boundary condition to be set at the arterial temperature and the profile maintaining a higher

and more realistic temperature.

Figure 3.7: Comparison of the temperature solutions for the error function and Green’s
functions of X10 and X11 boundary conditions at 60 minute cooling and a characteristic
length of 3 cm. The Zeltiq paddle temperature of -14 ◦C is used [41]. All parameter values
are uniform and perfusion was set to the nominal value of wb = 0.0005 s-1 for the Green’s
function solutions. The thermal conductivity was set to be k=0.52 Wm-1K-1 for all
solutions. The error function and the X10 Green’s function have a semi-infinite internal
boundary condition resulting in a model with a distant boundary condition colder than the
internal body temperature. The Green’s function of the X11 case keeps the distant
boundary condition at the set internal arterial temperature resulting in a more realistic
model.
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Figure 3.8: Comparison of the temperature solutions for the error function and Green’s
functions of X10 and X11 boundary conditions at 60 minute cooling and a characteristic
length of 3 cm. The Lipocryo paddle temperature of 3.1 ◦C is used [45]. All parameter
values are uniform and perfusion was set to the nominal value of wb = 0.0005 s-1 for the
Green’s function solutions. The thermal conductivity was set to be k=0.52 Wm-1K-1 for all
solutions. The error function and the X10 Green’s function have a semi-infinite internal
boundary condition resulting in a model with a distant boundary condition colder than the
internal body temperature. The Green’s function of the X11 case keeps the distant
boundary condition at the set internal arterial temperature resulting in a more realistic
model.

Characteristic Length Sensitivity The temperature profile of the Green’s function of

the X11 case is sensitive to the computational length, up to a point. These are compared

in Figs. 3.9 and 3.10. The 3 cm, 4.5 cm, and the 6 cm lengths share similar temperature

profiles until about 1 cm into the skin, which is approximately the average end of the adipose

tissue layer. A computational domain of 6 cm into the skin is much deeper than the 3 layers

of skin, meaning that a lot of muscle is included in the domain. The internal tissue beyond

the adipose tissue would be cooled in this case, but due to much greater perfusion, it can

be assumed to be kept at the core arterial temperature. The 6 cm length is not realistic
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but could be used since it affects the temperature profile minimally within the skin region.

The 1.5 cm characteristic length is too short to adequately model the temperature profile

the hypodermis in the 60-minute treatment time.

Figure 3.9: Study of sensitivity of the Green’s function of the X11 case to the
computational length of the model given nominal perfusion of wb = 0.0005 s-1 and a
treatment time of 60 minutes. The thermal conductivity is set to be k=0.52 Wm-1K-1. The
Zeltiq paddle temperature of -14 ◦C is used [41]. The grey portion of the graph highlights
the adipose tissue layer ending at 1.5 cm into the skin. The lengths of 3 cm, 4.5 cm, and 6
cm show a similar temperature profiles up until the end of the adipose tissue layer. The
temperature profile for the Green’s function of the X11 case is insensitive to model length
after 3cm.
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Figure 3.10: Study of sensitivity of the Green’s function of the X11 case to the
computational length of the model given nominal perfusion of wb = 0.0005 s-1 and a
treatment time of 60 minutes. The thermal conductivity is set to be k=0.52 Wm-1K-1. The
Lipocryo paddle temperature of 3.1 ◦C is used [45]. The grey portion of the graph
highlights the adipose tissue layer ending at 1.5 cm into the skin. The lengths of 3 cm, 4.5
cm, and 6 cm show a similar temperature profiles up until the end of the adipose tissue
layer. The temperature profile for the Green’s function of the X11 case is insensitive to
model length after 3cm.

Blood Perfusion Sensitivity The temperature solution is highly sensitive to variation

in blood perfusion regardless of model solution. In Figs. 3.11 and 3.12, the X11 Green’s

function is used. During the semi-transient portion of the temperature profile for either

paddle temperature, the blood perfusion difference has a small effect on the profile. Once

the near steady state is reached, starting at 15 minutes until the 60 minutes in the plot, the

difference in the temperature profile for each solution is significant.

One possible source of perfusion reduction could be the difference in paddle temperatures.

A colder paddle may decrease perfusion due to the vasoconstriction. There is significant

uncertainty in reported perfusion values [43]. The two different paddle types (as seen in Fig.
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1.2) could be another reason for varying perfusion. The vacuum assisted paddle is thought

to reduce perfusion in the skin by increasing the perceived pressure. The less perfusion the

tissue has, the quicker it cools in this model with an almost 10 ◦C difference at the maximum

point of variance.

Figure 3.11: Sensitivity of the Green’s function with X11 boundaries to perfusion. Three
values of perfusion were used of either half or double the nominal wb = 0.0005 s-1. The
Zeltiq paddle temperature of -14 ◦C is used [41]. The treatment time varies from 1 minute
to 60 minutes. The length is 3 cm and all other properties are uniform with the thermal
conductivity being set to k=0.52 Wm-1K-1. The transient temperature profile is insensitive
to the blood perfusion, but the steady state temperature profile has a larger difference
between the upper and lower blood perfusion limits.
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Figure 3.12: Sensitivity of the Green’s function with X11 boundaries to perfusion. Three
values of perfusion were used of either half or double the nominal wb = 0.0005 s-1. The
Lipocryo paddle temperature of 3.1 ◦C is used [45]. The treatment time varies from 1
minute to 60 minutes. The length is 3 cm and all other properties are uniform with the
thermal conductivity being set to k=0.52 Wm-1K-1. The transient temperature profile is
insensitive to the blood perfusion, but the steady state temperature profile has a larger
difference between the upper and lower blood perfusion limits.

If the target adipose tissue temperature is 10.4 ◦C [48], a -14 ◦C paddle temperature with

reduced perfusion, possibly from the vacuum assisted paddle, results in almost all of the

adipose tissue reaching this target temperature. Even with reduced perfusion, the 3.1 ◦C

paddle temperature results in an adipose tissue temperature of about 20 ◦C at the farthest

point of the hypodermis.

Tissue Thermal Conductivity Sensitivity The variation in comparing the tissue ther-

mal conductivity is over a small range near 0.52 Wm-1K-1. Thermal conductivity is largely

a function of tissue hydration [13]. For either paddle temperature (Fig. 3.13 and Fig. 3.14),

the thermal conductivity has a minimal effect on the temperature profiles. The difference in

the temperature profile between thermal conductivity values also does not drastically change
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regardless of treatment time. The solution is insensitive in changes in conductivity during

the transient or steady state portion of the treatment.

Figure 3.13: The sensitivity of the Green’s function of the X11 case to the thermal
conductivity. Values ±0.1 Wm-1K-1 to a nominal value of 0.5 Wm-1K-1 were used to assess
the sensitivity at treatment times of 1 minute, 5 minutes, and 60 minutes. The Zeltiq
paddle temperature of -14 ◦C is used [41]. The computational length is 3 cm and the
nominal blood perfusion value is wb = 0.0005 s-1. All other properties are uniform. The
temperature profile shows little sensitivity to thermal conductivity with the variation
between values being small and constant throughout the transient and steady-state profiles.
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Figure 3.14: The sensitivity of the Green’s function of the X11 case to the thermal
conductivity. Values ±0.1 Wm-1K-1 to a nominal value of 0.5 Wm-1K-1 were used to assess
the sensitivity at treatment times of 1 minute, 5 minutes, and 60 minutes. The Lipocryo
paddle temperature of 3.1 ◦C is used [45]. The computational length is 3 cm and the
nominal blood perfusion value is wb = 0.0005 s-1. All other properties are uniform. The
temperature profile shows insensitivity to thermal conductivity with the variation between
values being small and constant throughout the transient and steady-state profiles.

Paddle Temperature Sensitivity The temperature profile is sensitive to the paddle

temperature at the surface of the skin where contact with the paddle is made (see Fig. 3.15).

Setting the paddle temperature hotter than -14 ◦C results in a curve that does not reach

the target temperature of 10.4 ◦C for the adipose tissue, even at a 60-minute treatment

time. Colder than -14 ◦C results in a cool enough temperature profile to have all of the

adipose tissue at or less than 10.4 ◦C in order to try and meet the conditions for possible

crystallization of the adipose tissue in the subcutaneous layers. Necrosis in the dermis can

occur for surface temperatures of -20 ◦C, regardless of treatment time [49].

The paddle temperatures of -10 ◦C and -5 ◦C [9] may be reasonable for CLL. The Zeltiq

paddle of -14 ◦C is more likely to cause adverse side effects and tissue damage since it is
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much colder than the Lipocryo paddles at 3.1 ◦C. The 3.1 ◦C is relatively warm and does not

cause much adipose tissue to reach the target temperature for crystallization. If the paddles

used by Bernstein to explore cooling of the skin were used in a clinical CLL treatment, either

might work better than Lipocryo and be safer than Zeltiq.

Figure 3.15: Sensitivity study of the Green’s function solution for X11 boundary condition
to the paddle temperature. The model uses the nominal perfusion value of wb = 0.0005 s-1

and a treatment time of 60 minutes. All other properties are constant with a characteristic
length of 3 cm and a thermal conductivity of k=0.52 Wm-1K-1. T0=-20 ◦C is when tissue
starts to develop necrotic behavior [49]. Bernstein explored paddle temperatures of -10 ◦C
and -5 ◦C [9] while the two manufacturers, Zeltiq and Lypocryo, used paddle temperatures
of -14 ◦C [41] and 3.1 ◦C [45], respectively. The temperature solution is sensitive to paddle
temperature causing variance in the model curve up until the specified distant boundary
condition.

Heat Flux The heat fluxed provided by the manufacturers state values were presumably

for the steady-state portion of the temperature profile during treatment. While the heat flux

is initially transient, after about 5 minutes the steady state values are reached. The final

portion of the steady state heat flux can be seen in Fig. 3.17 and 3.19. The temperature

profile is not sensitive to the tissue thermal conductivity meaning that the sensitivity studies
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Solution
Max Heat Flux Min Heat Flux

(mWcm-2) (mWcm-2)

-14 ◦C
erf -4191 -70

GFX10 -4193 -168
GFX11 -3053 -173

3.1 ◦C
erf -2786 -46

GFX10 -2787 -112
GFX11 -2029 -115

Table 3.1: Minimum and maximum heat flux during treatment. Values are negative for
this model but can be assumed to be positive for direct comparison to the manufacturer
heat flux. Maximum value is the largest transient value with the minimum heat flux is the
smallest flux during the steady state portion of both the temperature profile and the heat
flux. The maximum heat flux is not measured at time zero, but one second into the time
interval due to the heat flux going to infinity at zero.

done for the heat flux with varying k made the heat flux a function of only the difference in

k. For this reason, all heat flux plots were only done for the nominal thermal conductivity

value.

For either paddle temperature the X11 and X10 cases for the Green’s function are almost

indistinguishable from each other (see Fig. 3.16 and 3.18), except for the maximum heat

flux during the transient portion of the profile. It can be seen from the time evolution plots

of the GF models for either paddle temperature that the X10 case cools much quicker in

Figures 3.3 and 3.4. In the direct comparison of the models in Fig. 3.7 for the Zeltiq paddle

temperature that the GF profiles are very similar near the surface of the skin. The error

function has a smaller minimum heat flux value, which corresponds to the model comparison

plot.
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Figure 3.16: Comparison of the surface heat flux between the three model solutions over a
60 minute treatment time interval. The Zeltiq paddle temperature of -14 ◦C is used [41].
The perfusion is not included in the error function. All other parameters are kept constant.

Figure 3.17: Isolation of 2500 seconds to 3600 seconds of -14 ◦C paddle temperature heat
flux comparison of error function and the Green’s function of the X10 case and X11 case.
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Figure 3.18: Comparison of the surface heat flux between the three model solutions over a
60 minute treatment time interval. The Lipocryo paddle temperature of 3.1 ◦C is used [45].
The perfusion is not included in the error function. All other parameters are kept constant.

Figure 3.19: Isolation of 2500 seconds to 3600 seconds of 3.1 ◦C paddle temperature heat
flux comparison of error function and the Green’s function of the X10 case and X11 case.
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CHAPTER 4

DISCUSSION AND CONCLUSIONS

CLL is a popular cosmetic procedure used to reduce subcutaneous fat in localized areas

(e.g., under the chin) through superficial cooling of the epidermis, which is thought to trigger

apoptosis in subcutaneous adipocytes. While there is uncertainty as to the mechanism by

which the adipocytes become apoptotic, Manstein suggests that the intracellular triglycerides

of the adipocytes crystallize at 10.4 ◦C, thus triggering apoptosis [48].

CLL is usually a safe and effective procedure with few side effects. A common side effect

is transient neuropathy that typically resolves shortly after the procedure. Paradoxical

adipose hyperplasia is a rare outcome that may require surgical intervention. Improved

outcomes after CLL might be possible if the mechanism of adipocyte loss and the temperature

distribution during treatment were known. One step to reducing the uncertainty in the

treatment is to develop a mathematical model of the tissue temperature during treatment.

This study uses a target temperature of 10.4 ◦C to estimate the extent of effective treat-

ment. Additionally, the adipose tissue in the subcutaneous layer is assumed to end at 1.5

cm into the skin (see table 2.1). The temperature of the skin is modeled assuming a single

layer with uniform properties, even though the skin has three different layers with varying

properties. This assumption appears reasonable because the unperfused epidermis is thin

and has little effect on the temperature profile. The dermis and hypodermis likely have

different blood perfusion rates and thermal conductivities. There is, however, considerable

uncertainty in blood perfusion rate of tissues. Blood rates are often published in qualitative

terms and not quantified. In addition, blood perfusion can be affected by apparent pressure

on a tissue and by the temperature of the tissue. Thus, a value often quoted for skin is
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used. Various values are also quoted in the literature for the thermal conductivity of tissue.

Tissue thermal conductivity varies considerable with the mass fraction of water in the tissue

[13]. Some of the largest values quoted are likely to include the effects of blood perfusion.

Sensitivity calculations for perfusion and conductivity justify these assumptions, although

quantifying the perfusion rate would aid in calculation of the steady temperature.

The transient temperature profiles are based on the Pennes bioheat equation 2.1 solved

using the error function and the Green’s functions for the X10 and X11 boundary condition

cases. The error function solution omits perfusion and has a semi-infinite boundary condi-

tion for the boundary distant from the skin (i.e., the internal temperature). This solution is

best for the initial response of unperfused tissue and is used to verify the Green’s function

solutions. The Green’s function solutions include perfusion, making them more representa-

tive of the tissue temperature. The X10 case includes blood perfusion and, similar to the

error function, the distant internal boundary condition is the semi-infinite condition. This

results in a colder internal temperature as time progresses than the core body temperature.

The X11 case is also perfused, but has a set internal boundary condition of the core body

temperature (i.e., 37 ◦C), making it the most anatomically correct. Realistically, the internal

body temperature fluctuates and would result in a temperature profile between the X11 and

X10 solutions, but the X11 case is still closer to an anatomical reaction than the X10 case.

Each Green’s function solution shows good agreement with the error function solution after

setting the blood perfusion term to zero. With no blood perfusion, the X10 Green’s function

solution equals the error function solution identically. The X11 Green’s function solution,

while not identical to the error function solution, agrees with the error function solution

during early temperature responses. These results verify the Green’s function solutions.
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All temperatures were calculated in non-dimensional terms, and are presented in dimen-

sional terms to aid comparison in terms of the 10.4 ◦C target temperature for the adipose

tissue. Except where noted, such as for studying paddle temperature sensitivity, results are

presented for the paddle temperature of two prominent manufacturers Zeltiq (-14 ◦C) [48]

and Lipocryo (3.1 ◦C) [45]. Aside from the paddle temperature sensitivity, all of the sensi-

tivities of the properties are independent of paddle temperature. For discussion purposes,

unless the paddle temperature is specified, the assumption can be made that it applies to

the paddles of both manufacturers.

A model domain of 3 cm was used for the X11 Green’s function solution. Figure 3.9

justifies this length. For referenced, the subcutaneous layer is assumed to end at 1.5 cm into

the skin (see Table 2.1). A model length of 1.5 cm does not represent the susceptibility of

the adipocytes to cooling. Temperatures for model depths of 4.5 cm and 6 cm to set the

boundary temperature of the core body temperature show good agreement in the adipose

layer. These depths are unrealistic for anatomically. The 3 cm depth is more realistic

anatomically and compares well with the deeper boundaries.

Both manufacturers suggest treatment times of from 30 to 60 minutes. Due to its formu-

lation, the error function solution (see Fig. 3.1 and 3.2) does not reach steady state. For

a 60-minute treatment duration, the temperature at the deepest point in the solution do-

main is less than 20 ◦C for the Zeltiq paddle temperature and approximately 25 ◦C for the

Lipocryo. This is much colder than the core body temperature, so even though the adipose

tissue is colder than the target of 10.4 ◦C, the error function solution does not representative

of an accurate physiological response.

As seen in Figure 3.3 and 3.4, inclusion of blood perfusion in the X10 Green’s function

solution leads to a warmer profile than for the error function solution, albeit with the same
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distant boundary condition. The temperature profile varies slowly after 30 minutes and the

60-minute treatment time results in a temperature at a depth of 3 cm of just cooler than 30

◦C for the Zeltiq paddle and approximately 30 ◦C for the Lipocryo paddle. Still colder than

the core body temperature.

The X11 Green’s function solution represents a more clinically accurate response as the

body seeks to maintain homeostasis. With the internal boundary (dimensional) temperature

set to 37 ◦C at the distance computation boundary, the temperature profile is the warmest

of the solutions. This means that the 10.4 ◦C target temperature is not met for much of the

hypodermis. For the -14 ◦C paddle temperature and 60 minutes of treatment, the deepest

point of the adipose tissue reaches approximately 20 ◦C. For the 3.1 ◦C paddle, the deepest

adipose tissue reaches approximately 25 ◦C.

Figures 3.11 and 3.12 show the sensitivity of the X11 Green’s function solution to variation

in blood perfusion. Perfusion was varied about the nominal value of 0.0005 s-1 between

0.00025 s-1 and 0.001 s-1. The transient temperature profiles are less affected by the blood

perfusion variation than is the steady state portion. The difference in temperature between

the profiles for the minimum and maximum perfusion values is near 10 ◦C for the -14 ◦C

paddle temperature and just below 10 ◦C for the 3.1 ◦C paddle temperature. This is a

significant difference in temperatures suggesting that the model is sensitive to the values

of blood perfusion. This suggests that quantifying the rate of blood perfusion is important

for improved clinical predictions. Smaller blood perfusion rates lead to colder temperature

profiles. At the minimum perfusion value, the temperature at the end of the assumed adipose

tissue layer is just about the target 10.4 ◦C if the -14 ◦C paddle is used. This also suggests

that the vacuum assisted paddle, which may reduce blood perfusion, would produce a colder

adipose tissue temperature.
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The temperature profile varied little with varying thermal conductivity over the range of

0.5 ± 0.1 W m-1K-1. Thermal conductivity of tissues varies about a small range changing

most significantly with the mass fraction of water [13]. The maximum differences in tem-

perature for this range is small (see Figures 3.13 and 3.14 for the two paddle temperatures).

Unlike for blood perfusion, this difference in temperature profiles was similar for the transient

and steady state.

Each of the two manufacturers referenced in this study lists heat flux for the removal of

energy during CLL. Lipocryo suggests a heat flux value of 140 mWcm-2 [45], while Zeltiq

offers several values, although in terms of a proprietary cooling index factor or CIF. Based

on available values the heat flux ranges from -36.8 mWcm-2 to -72.9 mWcm-2 [17, 42] and

the relationship between heat flux and CIF can be seen in Figure 1.3. These values are

presumably stated for the steady state, as initial transient values are much greater in mag-

nitude. The initial maximum and steady state minimum values for each solution can be

seen in Table 3.1. Comparing the X11 Green’s function steady state heat flux values with

those stated by the manufacturers shows reasonable agreement. For Zeltiq, the calculated

heat flux during steady state was -173 mWcm-2, while the manufacture defined values are

lower. The calculated heat flux during steady state for the Lipocryo is calculated to be -115

mWcm-2, which is closer to the 140 mWcm-2 defined by the manufacturer. Of course, the

magnitude of the heat flux should be compared in this instance, rather than the sign, be-

cause the manufacturers may define it in a positive sense for the heat gain in the paddle. The

manufacturers may also be measuring heat flux as the cooling power of the device, rather

than the heat loss of the skin, accounting for some of the differences.

In order to provide the safest and most effective CLL treatment, the temperature and du-

ration of cooling necessary to trigger apoptosis in the adipose tissue, the assumed mechanism

of CLL, should be quantified. The skin does not need to be exposed to freezing tempera-
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tures in order to be injured, so exploration of nonfreezing dermal injuries is also important

for a safe CLL treatment. The paddle temperature significantly changes the outcomes of

the temperature profile due to changing the starting point of the curve at the outer surface

boundary condition. In addition, the manufacturers should provide more accurate measure-

ments of heat flux and the CIF in order to allow for the clinician to provide a safer treatment

to their patient. The CIF and heat flux measurements used by the common producers of

machines for CLL [45, 41, 17] do provide enough insight into CLL for thermodynamics and

heat transfer analyses of the mechanisms of CLL. Additionally, more study is required for

the mechanisms of apoptosis in adipocytes. The time required for exposure of tissue to

10.4 ◦C [48], assuming that it is the crystallization of triglycerides that causes apoptosis,

needs to be considered. Since the temperature profiles demonstrate that all of the adipose

tissue is unlikely to be at 10.4 ◦C, the role of intercellular communication in triggering cell

death should also be examined. Moreover, CLL could benefit if the patient-specific tissue

thicknesses and tissue properties were included in a pre-procedure analysis of CLL. This

suggests the continuing need for a defined relationship between time and temperature of the

adipocytes in order to crystallize the cells and when a dangerous environment is reached.
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