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ABSTRACT 

A STUDY ON FLUID-STRUCTURE INTERACTION OF SWIMMING BEAM USING 
IMMERSED BOUNDARY- LATTICE BOLTZMANN METHOD 

By 

Md Towhidur Rahman 

Fluid-structure interaction (FSI) study is of great importance to understand the hydrodynamic 

coupling of biological swimmers in surrounding environmental domain. Multiple numerical and 

experimental studies have taken place to capture the behavioral pattern from the environment, 

explore the physical phenomena and comprehension of dynamics to make contribution in real 

life applications. In this study, an immersed boundary-lattice Boltzmann method (IB-LBM) for 

fluid-structure interaction problems is presented. The impact of solid structure on to the 

surrounding fluid domain is dealt with by immersed boundary method (IBM), where the structure 

is assumed to be immersed into surrounding fluid and the effect of the immersed boundary are 

considered by exertion of Lagrangian force onto the surrounding fluid grid points as body force. 

The flow dynamics is determined by solving discrete lattice Boltzmann equation of a single 

relaxation time model. The structural dynamics are solved by the finite difference method. For 

solving the structural dynamics, inextensibility condition was applied. A staggered grid is used in 

the Lagrangian coordinate system, where tension force is defined on the interfaces (half-grids) 

and other variables are defined on the nodes. Tension force is calculated at the intermediate 

steps and used as inextensibility constraint to obtain filament position at the next time step. In 

the present study, a detailed derivation and corresponding discretization is done for multiple 

free-swimming cases for a thin flexible filament. The thin flexible filament is actuated by imposing 

oscillatory heaving and pitching motion at the leading edge with prescribed control parameters. 

The flow physics of the system is investigated and pressure on the surfaces of the flexible filament 

is obtained. The results obtained in this study shows consistency with previous publications. The 

presented computational modelling may be used in future with multiple obstacles in the domain, 

to investigate the surface pressure variation of the swimming flexible filament and generated 

data sets may contribute to optimization of control mechanism of the swimmer.  
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1 Introduction 

The locomotion and behavior of swimming filament in uniform flow has gained attention in many 

industrial and biological systems. Different mathematical modelling has been introduced to 

determine physical parameters involved in this type of fluid-structure interaction problems. In 

order to mimic locomotion of fish, insects, sperm or micro-organism in fluid medium, 2D 

filaments and plates are often used. In real case, fish or micro-organism acts as flexible body and 

deformation occurs during locomotion. The deformations are usually generated by 

hydrodynamic forces, bending forces, elastic forces, and inertial forces. Also, this deformation 

dictates the further locomotive behavior. This flapping motion of fins or wings of different 

animals, including fish, insects etc. are generated for developing thrust or lift to propel or float in 

the surrounding fluid medium. A thin beam or filament with different control actuation such as 

heaving and pitching can be used for a simplified modelling to study animal locomotion.  

 

1.1 Fluid-Structure Interaction 

Fluid-Structure Interaction is an interdisciplinary subject which is associated with the field of fluid 

dynamics. It is a Multiphysics coupling between laws describing fluid dynamics and structural 

mechanics. It is characterized by stable or oscillatory interaction between a dynamic deformable 

structure and a surrounding or internal flow field. If a flow field interacts with a solid object, the 

flow exerts stresses and strain on the solid structure and the resulting forces generate 

deformations. The range of deformation depends on the physical parameters, such as pressure, 

density and velocity of the flow field and material properties of the solid structure. 

In case of small deformations of the structure and slow variation in time, the flow behavior is not 

greatly affected by the deformation. Hence, the focus can be kept on stresses generated on the 

solid structure. But if the deformations are relatively large, it affects flow behavior. Flow velocity 

and pressure field will be changed, and the problem needs to be treated as a coupled one. This 

coupled multi-physics problem needs to be treated bidirectionally, where the velocity and 

pressure of flow field develop solid structural deformations, and this deformation significantly 

changes the velocity and pressure of surrounding flow field.  
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Fluid-Structure Interactions (FSI) are very significant consideration while designing engineering 

systems in a vast range of fields, such as, automobiles, spacecrafts, industrial mixer, engines etc. 

The interaction between bearings and gears, and lubricant, as tribological machine components, 

is another example of FSI. It also plays a very important role in cardiovascular mechanics, blood 

flow modelling and micro-organic locomotion. To estimate wall shear stress of blood vessels, the 

change in tube size due to change in blood pressure and flow velocity needs to be considered 

properly. These considerations are crucial in case of analyzing aneurysms, hence it has become a 

standard procedure to apply computational fluid dynamics for analyzing patient specific models. 

Fluid-Structure Interaction problems are usually very complex for analytical solving, and so they 

are analyzed by experiments and numerical simulation. With the gradual development of 

computational fluid and structural dynamics, numerical solution of FSI problems can be treated 

with great efficiency. Fluid-Structure Interaction can be classified based on the procedures 

employed for solution. Two main approached are (a) a monolithic approach in which the 

governing equations for both flow and solid deformation and displacement are solved 

simultaneously, with one solver, as one unified system, and (b) a partitioned approach in which 

the governing equations for fluid and solid are solved separately, with two distinct solvers, as two 

different but coupled system. A partitioned approach permits using independently tested solvers 

for fluids and solids. Because of this reason, in most engineering application, this approach is 

preferred. Within this method, the fluid-solid coupling can be applied through a strongly coupled 

approach or weakly coupled approach. Due to the instability issues of weekly coupled approach, 

in most cases the strongly coupled approach is preferable. For the last couple of decades, 

immersed boundary methods have been largely used for FSI applications. These methods are 

very useful for complex FSI problems, particularly in which it is quite difficult to approach through 

complex mesh generation. 
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1.2 Immersed Boundary Method 

In an immersed boundary method (IBM), the solid structure is assumed to be immersed into 

surrounding fluid and the forces are interacted between the boundary of fluid and solid. In this 

method, conforming meshes are not necessary, since transfer of interface force is only required. 

This methodology is useful for working with boundary conditions at fluid-fluid and fluid-solid 

interfaces based on meshed that are nonconformal to the shape of interfaces. The main 

advantage of IBM is its capacity to deal with complicated geometries and large boundary 

movement. For complicated geometries, the mesh generation is easier. With immersed 

boundary methods, mesh regeneration and mesh movements can be avoided for fluid-structure 

interaction and flows with non-stagnant boundaries. IBM can process mesh in simpler way than 

traditional body-conformal grid approach and hence, the computational efficiency could be 

higher.  

The immersed boundary method was first introduced and developed by Peskin to simulate 

cardiovascular mechanics and associated blood flow [34]. The uniqueness of this method was 

that the complete simulation took place on a Cartesian grid, which was nonconformal to heart 

geometry. To apply the impact of immersed boundary on the flow field, an unprecedented 

procedure was introduced.  

In fitted boundary methods, grid generation is consisted of two segments. Primarily, a surface 

grid is generated that discretely represents the geometry of the body. Then a structured or 

unstructured mesh is built with grid generating algorithm to fill the fluid domain. These grids are 

called body-fitted grids or body-conformal. In immersed boundary method, the grid system 

comes with much more simplicity. A cartesian grid covers the complete computational domain, 

including the immersed body. By means of subdividing cells, local grid refinements can be applied 

in boundary vicinity. In fitted boundary methods, applying the boundary conditions is very simple. 

As calculations are performed in grid points, information about the solution at the boundary can 

be easily extracted in case of necessity. This is generally not the case with immersed boundary 

method since there is no connection between the structure surface and the grid point 

coordinates. A force function is included as an extra term in the governing equations to impose 
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boundary condition. This can also be done by making change to the numerical stencils in the 

vicinity of the boundary. 

This evolving field of immersed boundary method is mostly concentrated on moving boundary 

flows and simulation of flow around complex geometries. Recent research in these methods is 

mostly focused toward improving efficiency and accuracy of the solutions. Applying adaptive grid 

refinement with immerse boundary methods is getting good attention, particularly for flows with 

high Reynolds number. Most of applications of these IB methods are currently found in 

multiphase and biological flows. Besides, these methods have great potential for increased 

application in fluid-structure interaction, complex turbulent flows, and multi-physics simulations. 

 

1.3 Lattice Boltzmann Method 

Lattice Boltzmann Method (LBM) is a powerful computational tool for simulating the fluid. It was 

developed in the 1880s based on the statistical mechanics. The LBM can be classified as a 

mesoscopic approach, in contrast to macroscopic approaches, such as finite difference method 

and finite volume method, and microscopic approaches, such as molecular dynamics, in 

computational fluid dynamics. This approach is a particle-based kinetic method in which the 

behavior of the fictitious fluid particles is modelled, and physical quantities of flow field are 

determined. While in conventional CFD techniques, the Navier–Stokes equations are solved 

directly, in the LBM, without solving the Navier–Stokes equations directly, a fluid density on a 

lattice is simulated with streaming and collision (relaxation) processes by using the Lattice 

Boltzmann Equation (LBE). Furthermore, by using the Chapman–Enskog expansion, the Navier–

Stokes equations can be derived from the Boltzmann equation  

The unique feature of LBE is how it can reduce the degrees of freedom associated with the 

velocity. Initially, the idea of simplified Boltzmann equations with discrete speeds were mostly 

meant to generate simpler model equations for rarefied gas dynamics. Then it evolved as a 

computational alternative for the numerical solution of the Navier-Stokes. LBE as a 

computational solver for flow problems, has the distinctive property of space-time locality. 

Quantitative information moves along the straight lines defined by the particle velocities 
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associated with the lattice, instead of the flow speed defined space-time dependent material 

lines. LBM can also be recognized as a versatile approach as the model fluid can be made to 

contain usual fluid behavior like vapor/liquid coexistence. So, fluid systems such as liquid droplets 

can be straightforwardly simulated with LBM. Besides, this method is highly efficient in complex, 

coupled flow with heat transfer and chemical reactions. 

The LBM was designed to run efficiently on massive parallel architectures, which contains a wide 

range from inexpensive embedded Field Programmable Gate Arrays (FPGAs) and Digital Signal 

Processor (DSPs) to GPUs, heterogeneous clusters, and supercomputers. It enables complex 

physics and sophisticated algorithms with much more efficiency that leads to better qualitative 

understanding. The method is obtained from molecular description of a fluid and can associate 

physical parameters from the interaction between molecules. LBM is also efficient in simulating 

fluids in complex environments such as porous media, while conventional CFD methods are hard 

to work with complex boundary structures. For these significant properties, the Lattice 

Boltzmann Method is widely used in fields of fluid dynamics and associated area of research 

including material science and biological applications. 

Though the popularity of LBM in simulating complex fluid systems is increasing, this efficient 

novel method has some limitations. High-Mach number flows in aerodynamics are difficult to 

simulate using LBM. The absence of a consistent thermo-hydrodynamic scheme makes it less 

convenient. However, LBM methods, with Navier–Stokes based CFD, have been successfully 

coupled with thermal-specific solutions to provide efficiency in heat transfer simulation. For 

multiphase flow system, generally the interface thickness is larger and the density ratio across 

the interface is smaller compared to real fluids. But despite of limitations, fast advancements of 

this method, along with evolving field of wider applications, have been a proof of its great 

potential in computational physics and numerical simulations. 
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2 Literature Review 

Study on interaction between flexible bodies and surrounding fluid has drawn significant interest 

from biomechanics, soft robotics, and material science and engineering. System that involves 

fluid structure interaction (FSI) is common in nature which includes but not limited to flapping 

motions of wings/fins by animals such as fishes, birds, and insects. These flapping motions are 

used for generating thrust to propel or lift to maintain aloft position. The same principle is used 

by engineers and researchers to develop autonomous air and underwater vehicles in microscale. 

With significant motivation from the biological FSI examples, there has been rapid growth in 

understanding efficient control system, structural design, and maneuvering.  

This phenomenon of fluid and structural interaction, involving a significant amount of 

momentum exchange between structure and fluid domain, is challenging to model numerically. 

This is due to different complex geometries and free movement off boundaries. In these systems, 

the swimming motions are achieved by both-way forcing on the boundary. The flexible solid 

structure exerts force on the enveloped fluid domain and the fluid also acts on the structure by 

pressure gradients and viscous shear stresses. To ensure efficient propulsion, the structure needs 

to act in specific swimming gates [1]. The employment of certain pattern is more important in 

case of low Reynolds number, where viscous effect is dominant [2]. Proper exchange of 

momentum between flexible body and fluid, in specific pattern, can lead to a sustainable 

oscillatory propulsion system analogous to the flapping of a flag.  

 

Study on undulatory fish swimming [3, 5] has been conducted focusing on muscle activation and 

strain pattern, which was further investigated numerically at moderate Reynolds number [4], 

where vortex shedding is found to be consistent with experimental flow visualization. Flapping 

plates are mostly used for mimicking fin movement in fluid through exertion of forced by fish fins 

and insect wings. Fins and wings are flexible complex geometries [6, 7, 10]. Deformation of fins 

and wings during flapping motion is generally resulted from hydrodynamic forces, bending forces 

and initial forces. Mechanical properties such as flexural stiffness of wings have been studied to 

understand the relation between its flexibility and venation pattern [8, 9, 11]. These mechanical 
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properties help to control shape and stiffness of fins for ensuring proper response to external 

hydrodynamic forces [12].  

To understand the motion of flexible filament in fluid, different theoretical [1, 18], experimental 

[12- 17] and numerical [19- 28] methods have been used. In the work by Zhang et al. [29], the 

flexible filament motion in a flowing soap was visualized as a two-dimensional model of flapping 

flag problem. Stretched- straight state and self-sustained state was observed for a single filament, 

and four distinct dynamic states were found for two side-by-side filaments. Later, numerical 

simulations on the filament-fluid flow interaction were carried out. For both single and double 

side- by- side filaments, simulations were modeled by Peskin and coworkers [31- 33], for 

comparing experimental data using a modified version of immersed boundary [IB] method. In 

this method, mass of the filament was taken into consideration, and significant impact of mass 

in flapping dynamics was found. A distributed Lagrangian multiplier/ fictitious domain method 

(DLM/FD) was applied by Yu [35] to model fluid/ flexible body interaction. Lin et al. [36] studied 

fluid- structure interaction of soft robotic swimmer by employing a fictitious domain/ active 

strain method. In the work of Farnell et al. [37], the filament motion was formulated, considering 

the flexible filament as an N-tuple pendulum, by Lagrange mechanics. Pressure difference was 

calculated across the filament and hydrodynamic force exerted on the filament was obtained 

from that. Huang et al. [27] proposed an improved version of immersed boundary method where 

the fractional step method and a staggered Cartesian grid system was adopted in the Navier- 

Stokes solver. In this work, direct numerical method was introduced to obtain locomotion of 

filament under inextensibility constraint.  

IB methods has gained much attention for fluid- structure interaction simulation as their grid 

generation requirement is much simplified. This method can handle complex flow geometries 

without the requirement for a boundary conforming grid, by applying a momentum forcing to 

the Navier- Stokes equation to model no slip condition [30]. For moving boundaries, it does not 

require the formation of grid. Eulerian variables are defined on a fixed Cartesian mesh, and they 

describe the fluid motion. The Lagrangian variables are defined on the freely moving mesh and 

they describe the immersed boundary motion. A smoothed approximation of Dirac delta function 

is employed to relate the Eulerian and Lagrangian variables. This method has also been applied 
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for flow modelling which involved bluff bodies, fluid-fluid interfaces, and sharp structure- fluid 

interfaces. Versatile approaches including discreet forcing IB method [61] and moving-least 

squared IB method [62] have been used to predict different FSI problems.  

In recent years, lattice Boltzmann method (LBM) has obtained popularity for fluid flow simulation 

[39, 40, 48, 55]. This method offers simple formulation and significant advantage of scalability on 

system of parallel processing. LBM is based on particle kinetics and can bypass discretization of 

momentum equation. LBM has been applied to study viscoelastic fluids [24, 43, 44], immiscible 

fluids [45], incompressible flows [46], and nearly incompressible flows [47]. Finite volume 

method was used to solve constitutive equations and IBM was applied for FSI modeling by Goyal 

and Derksen [43]. To study FSI problems, IBM and LBM has been coupled for gaining combined 

advantages [56- 60]. The standard LBM, that utilized a uniform Cartesian mesh, was combined 

with IBM for the first time by Feng and Michaelides [63, 64] to deal with rigid moving particles. 

Afterwards, different versions of the IB-LBM have been developed and applied to model flow 

simulation with rigid bodies [65, 66, 67]. F.B. Tian and his coworkers [38, 49, 50, 51] applied 

immersed boundary-lattice Boltzmann method (IB-LBM) for modelling interaction between 

elastic filament and fluid flow with different arrangements. Zhu [52] applied IB-LBM to study 3D 

FSI flows over a massless flexible sheet. Zhu et al. [53] discussed the use of 3D lattice Boltzmann 

model (D3Q19) within IB method to simulate viscous flow past a flexible sheet in a 3D channel. 

Sun et al. [54] used a hybrid method, which coupled the multi- relaxation- time (MRT)-LB and IB 

models to study hydrodynamic focusing of particles in microchannels.   

LBM uses a uniform Cartesian mesh and hence, distribution of grid points becomes an issue 

resulting in high computational cost with increased Reynolds number. Multiblock LBM was 

introduced to handle this issue, by overlapping fine-resolution Cartesian mesh with a coarse 

background [68, 69]. Afterwards, multiblock LBM was coupled with IBM for simulating elastic 

body- incompressible viscous fluid interaction [70] and IB- LBM was employed on non-uniform 

Cartesian mesh to use grid points efficiently for 3D incompressible flows [71]. 

In this work, we present immersed boundary-lattice Boltzmann method for solving fluid-

structure interaction problems to obtain data on flow dynamics and corresponding structural 
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surface pressure data. We derived and discretized thoroughly the specific mixed-type boundary 

conditions for combination of horizontally unconstrained and vertically imposed oscillatory 

heaving and/or pitching motion on the leading edge of a thin flexible filament. The inextensibility 

condition of the structure has been studied extensively and applied in the computational work. 

The modelling and results obtained from this study has the potential to be used in generating 

database for pressure-based control optimization. 
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3 Methodology 

3.1 Problem formulation 

The model problem of a self-propelled flexible filament was considered (Figure 1). The plate has 

a partially free leading edge where it is clamped and undergoes a harmonic oscillation in the 

vertical direction but can move freely horizontally. The filament is assumed to be a thin 

inextensible beam. The governing equations for the filament, written in Lagrangian form, are 

𝜌l
𝜕2𝑿

𝜕𝑡2
=
𝜕

𝜕𝑠
(𝑇
𝜕𝑿

𝜕𝑠
) −

𝜕2

𝜕𝑠2
(𝛾
𝜕2𝑿

𝜕𝑠2
) + 𝜌l𝒈 − 𝑭, 

 

(1) 

𝜕𝑿

𝜕𝑠
.
𝜕𝑿

𝜕𝑠
= 1 , 

 

(2) 

where, X = (X(s,t),Y(s,t)) refers to the position vector of the filament, s is the Lagrangian 

coordinate along the filament, T is the tension coefficient along the filament axis, 𝛾 is the bending 

rigidity, 𝑭 is the hydrodynamic force acted on the filament by the surrounding fluid. 

The fluid flow is assumed to be laminar and incompressible and is governed by the Navier-Stokes 

(N-S) equation 

𝜌0 (
𝜕𝒖

𝜕𝑡
+ 𝒖. ∇𝒖) = −∇𝑝 + 𝜇∇2𝒖 + 𝒇 , 

 

(3) 

∇.𝒖 = 𝟎 , 

 

(4) 

where u = (u,v) is the fluid velocity vector, 𝜌0 is the fluid density, p is the pressure, 𝜇 is the dynamic 

viscosity, and f is the Eulerian forcing applied to enforce no-slip boundary condition along the 

immersed boundary. 

Non-dimensionalized form of Eqs. (1)-(4) can be obtained by using characteristic scales:  

 



 
11 

 

Reference length of filament 𝐿𝑓 

Far-field (reference) velocity 𝑈∞ 

Time 𝐿𝑓/𝑈∞ 

Pressure 𝜌0𝑈∞
2  

Momentum force 𝜌0𝑈∞
2 /𝐿𝑓 

Lagrangian force 𝜌l𝑈∞
2 /𝐿𝑓 

Tension force 𝜌l𝑈∞
2  

Bending rigidity 𝜌l𝑈∞
2 𝐿𝑓

2  

Reynolds number, Re 𝜌l𝑈∞𝐿𝑓/𝜇 

Froude number, Fr g𝐿𝑓/𝑈∞
2  

Mass ratio, 𝛽 𝜌1/(𝜌0𝐿𝑓) 

 

As a result of non-dimensionalizing, Eqs. (1) and (3) gets new form respectively as, 

𝛽
𝜕2𝑿

𝜕𝑡2
=
𝜕

𝜕𝑠
(𝑇
𝜕𝑿

𝜕𝑠
) −

𝜕2

𝜕𝑠2
(𝛾
𝜕2𝑿

𝜕𝑠2
) + 𝛽𝐹𝑟

𝒈

𝑔
− 𝑭 , 

(5) 

𝜕𝒖

𝜕𝑡
+ 𝒖. ∇𝒖 = −∇𝑝 +

1

𝑅𝑒
∇2𝒖 + 𝒇 , 

(6) 

A Poisson equation for the tension coefficient T(s,t) can be derived from Eqs. (2) and (5) as 

𝜕𝑿

𝜕𝑠
⋅
𝜕2

𝜕𝑠2
(𝑇
𝜕𝑿

𝜕𝑠
) =

1

2

𝜕2

𝜕𝑡2
(
𝜕𝑿

𝜕𝑠
⋅
𝜕𝑿

𝜕𝑠
) − 𝛽

𝜕2𝑿

𝜕𝑡𝜕𝑠
⋅
𝜕2𝑿

𝜕𝑡𝜕𝑠
−
𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑠
(𝑭𝒃 − 𝑭) , 

(7) 

 

where, 𝑭𝒃 = −
𝜕2

𝜕𝑠2
(𝛾

𝜕2𝑿

𝜕𝑠2
)  is the bending force. The first term on the right-hand side of Eq. (7) is 

theoretically zero, but this is kept for correction of numerical error in the computation due to 

inextensibility constraints. 

In the current study, the thin filament represents a swimming body which is actuated by 

prescribed heaving and pitching motion at the leading edge. Different vertical displacements and 



 
12 

 

rotational angles was imposed. Meanwhile, the horizontal displacement of the leading edge was 

not restricted to allow free swimming. 

The boundary conditions at the leading edge of the self-propelled filament are considered as 

mixed-type, which accommodates both the vertical forced oscillation, clamped condition and 

horizontally unconstrained condition: 

(𝑌)𝑠=0 = 𝑦(𝑡) , (8) 

(
𝜕𝑿

𝜕𝑠
)
𝑠=0

= (1,0) , 
(9) 

(
𝜕3𝑋

𝜕𝑠3
)
𝑠=0

= 0 , 
(10) 

𝑇𝑠=0 = 0 , (11) 

 

where X and Y are respectively horizontal and vertical components of displacement vector X. For 

this mixed-type boundary condition, the forces (tension, bending and hydrodynamic force) are 

treated accordingly along vertical and horizontal direction. 

For simply supported (pinned) case at the leading edge, the boundary conditions: 

(𝑿)𝑠=0 = 𝑿0 , 

 

(12) 

(
𝜕2𝑿

𝜕𝑠2
)
𝑠=1

= (0,0) , 
(13) 

For the trailing edge of the flexible filament, free end condition was employed: 

(
𝜕2𝑿

𝜕𝑠2
)
𝑠=1

= (0,0) , 
(14) 

(
𝜕3𝑿

𝜕𝑠3
)
𝑠=1

= (0,0) , 
(15) 

𝑇𝑠=1 = 0 , 

 

 

(16) 
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3.2 Numerical Approach 

In this section, numerical methods are described for solving governing equation of fluid and solid 

body. The Navier-Stokes equations are solved by applying LBM and immersed boundary method 

was used to deal with moving boundary and hydrodynamic interactions. 

3.2.1 The lattice Boltzmann method for Navier-Stokes equations 

In this study, the discreet lattice Boltzmann equation of a single relaxation time model was 

applied to govern the kinematics of the fluid [39,40,66], 

𝑓𝑖( 𝐱 + 𝐞𝑖Δ𝑡, 𝑡 + Δ𝑡) − 𝑓𝑖( 𝐱, 𝑡) = −
1

𝜏
[𝑓𝑖( 𝐱, 𝑡) − 𝑓𝑖

𝑒𝑞( 𝐱, 𝑡)] + Δ𝑡𝐹𝑖 , 
(17) 

where 𝑓𝑖( 𝐱, 𝑡) is the distribution function, 𝑓𝑖
𝑒𝑞( 𝐱, 𝑡) is the equilibrium distribution function, 𝐱 is 

the position of fluid particle, 𝐞𝑖  is the velocity along direction i, t is the time, Δ𝑡 is the time step, 

𝐹𝑖 refers to body force term affecting the distribution function, and 𝜏 is non-dimensional 

relaxation time. The relaxation time can be found from its relationship with dynamic viscosity of 

the solvent in Navier-Stokes equations by [38,39] 

𝜇𝑠
𝜌
 =  (𝜏 − 

𝟏

2
 ) 𝑐𝑠

2Δ𝑡 , 
(18) 

where 𝑐𝑠
2 = 1 / √3 is sound speed,  𝜇𝑠 is the solvent dynamic viscosity. 

 

Figure 3-1: D2Q9 lattice model 
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Here the two-dimensional nine-speed model, briefly D2Q9 model, is shown in figure 3-1, and the 

nine discreet velocities of the particle are given by, 

𝐞0 = (0,0) , (19) 

𝐞𝑖  =  (𝑐𝑜𝑠 
𝜋(𝑖−1)

2
,  𝑠𝑖𝑛

𝜋(𝑖−1)

2
)
Δ𝑥

Δ𝑡
 ,                      for i = 1 to 4, (20) 

𝐞𝑖  = (𝑐𝑜𝑠
𝜋(𝑖−9/2)

2
,  𝑠𝑖𝑛

𝜋(𝑖−9/2)

2
)
√2 Δ𝑥

Δ𝑡
 ,             for i = 5 to 8, (21) 

 

where, Δ𝑥 is the lattice spacing. In equation (17), the force term 𝐹𝑖 and the equilibrium 

distribution function 𝑓𝑖
𝑒𝑞

 were calculated using [66] 

𝐹𝑖 = (1 − 
𝟏

2𝜏
 ) 𝑤𝑖  (

𝐞𝑖 − 𝐮

𝑐𝑠2
+
𝐞𝑖 .  𝐮

𝑐𝑠4
𝐞𝑖) . 𝐟 , 

(22) 

𝑓𝑖
𝑒𝑞
= 𝑤𝑖𝜌 (1 + 

𝐞𝑖 . 𝐮

𝑐𝑠2
 +  

𝐮𝐮 ∶  (𝐞𝑖𝐞𝑖 − 𝑐𝑠
2𝐈)

2𝑐𝑠4
) , 

(23) 

 

where u = (u,v) is velocity of the fluid, 𝑐𝑠
2 = 1 / √3 is sound speed, f is the body force acting on 

the fluid, and 𝑤𝑖  are weight factors. For D2Q9 lattice model, weight factors are given by 𝑤0 = 4/9, 

𝑤1 = 𝑤2 = 𝑤3 = 𝑤4 = 1/9, and 𝑤5 = 𝑤6 = 𝑤7 = 𝑤8 = 1/36. 

The particle density distribution is computed by the series of equations stated, and once it is 

known, the fluid density, velocity and pressure was calculated by [38,39] 

𝜌 =∑𝑓𝑖  ,

𝑖

 (24) 

𝐮 =
Σ𝑖𝐞𝑖𝑓𝑖 + 0.5𝐟Δ𝑡

𝜌
 , 

(25) 

P = 𝜌𝑐𝑠
2 . (26) 
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3.2.2 The immersed boundary method 

Immersed boundary method has been employed to quantify the interaction between fluid and 

structure. This method considers the boundary effect on fluid by exerting the Lagrangian force 

on to the fluid as body force. The following expression was used for this method [24,38], 

𝒇(𝐱, 𝑡) = ∫ 𝑭(𝒔, 𝑡)𝛿ℎ(𝐱 − 𝑿(𝑠, 𝑡)) ⅆ𝒔 , (27) 

where 𝑭 is Lagrangian force density,  𝒇(𝐱, 𝑡) is fluid body force density, 𝛿ℎ(𝐱 − 𝑿(𝑠, 𝑡)) is a 

smoothed approximation of Dirac delta function. In two-dimension, the Dirac delta function was 

calculated by 

𝛿ℎ(𝐱 − 𝑿(𝑠, 𝑡)) =  
1

ℎ2
𝜙 (
𝑥 − 𝑋(𝒔, 𝑡)

ℎ
)𝜙 (

𝑦 − 𝑌(𝒔, 𝑡)

ℎ
) , 

(28) 

where h refers to the mesh size. 𝜙 was defined by using four-point delta function as 

𝜙(r) = {

1

8
(3 − 2|𝑟| + √1 + 4|𝑟| − 4𝑟2

1

8
(5 − 2|𝑟| − √−7 + 12|𝑟| − 4𝑟2

0,

 

0 ≤ |𝑟| < 1 , 

1 ≤ |𝑟| < 2 , 

2 ≤ |𝑟| , 

(29) 

The Lagrangian force 𝑭 was derived for structure with mass by the following equation 

𝑭 = 𝛼
𝐔 − 𝐮𝑖𝑏
Δ𝑡

 , 
(30) 

𝐮𝑖𝑏 (𝐬, 𝑡) = ∫ 𝐮(𝐱, t)𝛿ℎ(𝐱 − 𝑿(𝑠, 𝑡)) d𝐱 , (31) 

𝜕𝑿(𝑠, 𝑡)

𝜕𝑡
=  𝐮𝑖𝑏(𝒔, 𝑡) , 

(32) 

Where U is structural velocity, which was achieved by solving the dynamics of structure, 𝛼 is a 

positive constant, and 𝐮𝑖𝑏 is the velocity of the filament which was obtained through 

interpolation from the flow field, and filament position is calculated and updated explicitly.  

 

3.2.3 Discretization of filament governing equation 

In the Lagrangian coordinate system, a staggered grid has been used. The indices start from the 

leading edge (𝑖 = 0), where a mixed boundary condition is applied, that is a blend of horizontally 

free and vertically forced oscillation and stops at the trailing end (𝑖 = 𝑁), which is treated as a 
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free end. All the variables are defined on the nodes, except for tension force defined on the 

interfaces (half nodes).  

For an arbitrary variable ε, first-order central, forward and backward difference approximations 

are described as follows,  

𝐷𝑠
0𝜖 = (𝜖(𝑠 + Δ𝑠/2) − 𝜖(𝑠 − Δ𝑠/2)) ∕ Δ𝑠) , (33) 

𝐷𝑠
+𝜖 = (𝜖(𝑠 + Δ𝑠) − 𝜖(𝑠)) ∕ Δ𝑠) , (34) 

𝐷𝑠
−𝜖 = (𝜖(𝑠) − 𝜖(𝑠 − Δ𝑠)) ∕ Δ𝑠) , (35) 

and the second-order central difference approximation is denoted by 

𝐷𝑠
+𝐷𝑠

−𝜖 = (𝜖(𝑠 + Δ𝑠) − 2𝜖(𝑠) + 𝜖(𝑠 − Δ𝑠)) ∕ Δ𝑠2) , (36) 

where 𝐷𝑠 and 𝐷𝑠𝑠 denotes first and second order derivatives of arclength s. Same approximations 

apply for discretization along time (t).  

The bending force term is discretized as following 

(𝑭𝑏)𝑖 = −[𝐷𝑠
+𝐷𝑠

−(𝛾𝐷𝑠𝑠𝑿)]𝑖 = −𝛾
(𝐷𝑠𝑠𝑿)𝑖+1 − 2(𝐷𝑠𝑠𝑿)𝑖 + (𝐷𝑠𝑠𝑿)𝑖−1

Δ𝑠2
 ,

for 𝑖 = 1, 2,   .  .  .  , 𝑁 − 1 and 𝛾 is constant ,   

(37) 

(𝐹𝑏
(1))

0
= −𝛾

(𝐷𝑠𝑠𝑠𝑋)1 − (𝐷𝑠𝑠𝑠𝑋)0
Δ𝑠

=  
(𝐷𝑠𝑠𝑋)1 − (𝐷𝑠𝑠𝑋)0

Δ𝑠2
  , 

(38) 

(𝐹𝑏
(2)
)
0
= −𝛾

(𝐷𝑠𝑠𝑠𝑌)1 − (𝐷𝑠𝑠𝑠𝑌)0
Δ𝑠

=  
(𝐷𝑠𝑠𝑌)2 − 2(𝐷𝑠𝑠𝑌)1 + (𝐷𝑠𝑠𝑌)0

Δ𝑠2
 , 

(39) 

(𝑭𝑏)𝑁 =  −𝛾
(𝐷𝑠𝑠𝑠𝑿)𝑁 − (𝐷𝑠𝑠𝑠𝑿)𝑁−1

Δ𝑠
=  𝛾

(𝐷𝑠𝑠𝑋)𝑁 − (𝐷𝑠𝑠𝑋)𝑁−1
Δ𝑠2

 ,  
(40) 

where  

 (𝐷𝑠𝑠𝑠𝑋)1 =  
(𝐷𝑠𝑠𝑋)1 − (𝐷𝑠𝑠𝑋)0

Δ𝑠
 , 

(41) 

 (𝐷𝑠𝑠𝑿)𝑖 = (𝐷𝑠
+𝐷𝑠

−𝑿)𝑖 ,                                                  𝑖 = 1, 2,   .  .  .  , 𝑁 − 1 (42) 
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The boundary conditions at mixed end (𝑖 = 0) and free end (𝑖 = 𝑁) are described as 

 (𝐷𝑠𝑠𝑿)0 = (0,0) ,                                               for simply supported case (43) 

 (𝐷𝑠𝑠𝑿)0 =  [(𝐷𝑠𝑿)1/2 − (0,0)]/(Δ𝑠/2),      for clamped case (44) 

 (𝐷𝑠𝑠𝑿)𝑁 = (0,0) , (45) 

 (𝐷𝑠𝑠𝑠𝑋)0 = (0,0) , (46) 

 (𝐷𝑠𝑠𝑠𝑿)𝑁 = (0,0) , (47) 

In our validation case, we used the discretization of bending force considering 𝛾 as a function of 

s, and it took an extended form as 

(𝐹𝑏)𝑖 = −[𝐷𝑠
+𝐷𝑠

−(𝛾𝐷𝑠𝑠𝑿)]𝑖

= −𝛾
(𝐷𝑠𝑠𝑿)𝑖+1 − 2(𝐷𝑠𝑠𝑿)𝑖 + (𝐷𝑠𝑠𝑿)𝑖−1

Δ𝑠2

− 2 [

(𝛾
𝑖+
1
2
 
− 𝛾

𝑖−
1
2
) ((𝐷𝑠𝑠𝑿)𝑖 − (𝐷𝑠𝑠𝑿)𝑖−1)

Δ𝑠2
]

− 
(𝛾𝑖+1 −  2𝛾𝑖 + 𝛾𝑖−1) (𝐷𝑠𝑠𝑿)𝑖

Δ𝑠2
    

for 𝑖 = 1, 2,   .  .  . 𝑁 − 1 and 𝛾 is a function of 𝑠 

 

 

(48) 

The tension force term 
𝜕

𝜕𝑠
(𝑇

𝜕𝑿

𝜕𝑠
) is discretized as 

[𝐷𝑠(𝑇𝐷𝑠𝑿)]𝑖 = [𝐷𝑠
0(𝑇𝐷𝑠

0𝑿)]𝑖 =
𝑇𝑖+1/2(𝐷𝑠

0𝑿)𝑖+1/2 − 𝑇𝑖−1/2(𝐷𝑠
0𝑿)𝑖−1/2

Δ𝑠
 ,

for 𝑖 = 1, 2,   .  .  .  , 𝑁 − 1 , 

(49) 

At leading edge and trailing edge, mixed end boundary condition and free end 

boundary condition are applied respectively 
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[𝐷𝑠(𝑇𝐷𝑠𝑋)]0 =
(𝑇𝐷𝑠𝑋)1/2 − (𝑇𝐷𝑠𝑋)0

Δ𝑠/2
=  
𝑇1/2(𝐷𝑠

0𝑋)1/2

Δ𝑠/2
 , 

(50) 

[𝐷𝑠(𝑇𝐷𝑠𝑌)]0  −  [𝐷𝑠𝑠(𝛾𝐷𝑠𝑠𝑌)]0 = (𝐹(2))
0
−  𝛽𝐹𝑟 (

𝒈(2)

𝑔
) + �̈�(𝑡) , (51) 

[𝐷𝑠(𝑇𝐷𝑠𝑿)]𝑁 =
(𝑇𝐷𝑠𝑿)𝑁−1/2 − (𝑇𝐷𝑠𝑿)𝑁

Δ𝑠/2
=  
𝑇1/2(𝐷𝑠

0𝑿)𝑁−1/2

Δ𝑠/2
 ,  

(52) 

where 

�̈�(𝑡) =  (
𝜕2𝑌

𝜕𝑡2
)
0

 

3.2.4 Time marching scheme 

Eq. (5) can be written in discretized form as 

𝛽
𝑿𝑖
𝑛+1 − 2𝑿𝑖

𝑛 +𝑿𝑖
𝑛−1

Δ𝑡2
= [𝐷𝑠(𝑇

𝑛+1/2𝐷𝑠𝑿
𝑛+1)]

𝑖
+ (𝑭𝑏

∗ )𝑖 − (𝑭
𝑛)𝑖 +  𝛽𝐹𝑟 (

𝒈

𝑔
) ,

for 𝑖 = 0, 1, 2,   .  .  .  , 𝑁 , 

(53) 

where 𝑛 represents the 𝑛th time step, Δ𝑡 represents the increment of time. The bending force 

term is calculated explicitly as 

𝑭𝑏
∗ = 𝑭𝑏(2𝑿

𝑛 − 𝑿𝑛−1) (54) 

The discretized form of Eq. (7) is expressed as 

(𝐷𝑠
0𝑿∗)

𝑖+
1
2
 
 . [𝐷𝑠

0 (𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑿

∗))]
𝑖+
1
2

=
1

2
𝐷𝑡
+𝐷𝑡

−(𝐷𝑠
0𝑿𝑛 .𝐷𝑠

0𝑿𝑛)
𝑖+
1
2
− (𝐷𝑠

0𝑼𝑛 . 𝐷𝑠
0𝑼𝑛)

𝑖+
1
2
 

−  (𝐷𝑠
0𝑿∗)

𝑖+
1
2
 
 . [𝐷𝑠

0(𝑭𝑏
∗  −  𝑭𝑛)]

𝑖+
1
2
 ,              

 for 𝑖 = 0, 1, 2,   .  .  .  , 𝑁 − 1 ,              

(55) 

here, the tension force term is calculated implicitly, and 𝑇𝑛+1/2 is tension force coefficient at the 

intermediate time step. 𝑿∗denotes the predicted displacement vector of points in the Lagrangian 

coordinate system at time step 𝑛 + 1 by applying temporal extrapolation from those points at 
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time steps 𝑛 − 1 and 𝑛, in the form of  𝑿∗ = 2𝑿𝑛 − 𝑿𝑛−1. The first order forward and backward 

difference operators are represented by 𝐷𝑡
+ and 𝐷𝑡

−.  

The first term on the right-hand side of Eq. (55) can be discretized as 

1

2
𝐷𝑡
+𝐷𝑡

−(𝐷𝑠
0𝑿𝑛 . 𝐷𝑠

0𝑿𝑛) =  
(𝐷𝑠

0𝑿 . 𝐷𝑠
0𝑿)𝑛+1 − 2(𝐷𝑠

0𝑿 . 𝐷𝑠
0𝑿)𝑛 + (𝐷𝑠

0𝑿 . 𝐷𝑠
0𝑿)𝑛−1

2Δ𝑡2

= 
1 − 2(𝐷𝑠

0𝑿 . 𝐷𝑠
0𝑿)𝑛 + (𝐷𝑠

0𝑿 . 𝐷𝑠
0𝑿)𝑛−1

2Δ𝑡2
 , 

 

(56) 

 

where the inextensibility condition (𝐷𝑠𝑿 . 𝐷𝑠𝑿)
𝑛+1 = 1 has been used. (𝐷𝑠𝑿 . 𝐷𝑠𝑿)

𝑛 and 

(𝐷𝑠𝑿 . 𝐷𝑠𝑿)
𝑛−1 terms are penalized as numerical errors introduced in the previous steps. To 

solve for 𝑇𝑛+1/2, tension force coefficient at intermediate time step, Eq. (55) has been applied, 

where discretized form of bending and tension force were used, and the boundary conditions 

were employed for node, 𝑖 = 0 and 𝑖 = 𝑁 − 1. After solving 𝑇𝑛+1/2, it was applied as an 

inextensibility constraint in Eq. (53) to solve for 𝑿𝑛+1 . 
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4 Derivation and Discretization of Governing Equations and Boundary Conditions 

4.1 Detailed Discretization of governing equation for the flexible filament 

In this section, the structural governing equations and boundary conditions are discretized. The 

derivation of Poisson equation for 𝑇 is described in Appendix. 

Eq. (55) is the discretized form of Eq. (7), which is written as 

(𝐷𝑠
0𝑿∗)

𝑖+
1
2
 
 . [𝐷𝑠

0 (𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑿

∗))]
𝑖+
1
2

=
1

2
𝐷𝑡
+𝐷𝑡

−(𝐷𝑠
0𝑿𝑛  .𝐷𝑠

0𝑿𝑛)
𝑖+
1
2
− (𝐷𝑠

0𝑼𝑛 . 𝐷𝑠
0𝑼𝑛)

𝑖+
1
2
 

−  (𝐷𝑠
0𝑿∗)

𝑖+
1
2
 
 . [𝐷𝑠

0(𝑭𝑏
∗  −  𝑭𝑛)]

𝑖+
1
2
 ,              

 for 𝑖 = 0, 1, 2,   .  .  .  , 𝑁 − 1 .              

The term [𝐷𝑠
0 (𝐷𝑠(𝑇

𝑛+
1

2𝐷𝑠𝑿
∗))]

𝑖+
1

2

 can be discretized as 

[𝐷𝑠
0(𝐷𝑠(𝑇

𝑛+1/2𝐷𝑠𝑿
∗))]

𝑖+1/2
= 
(𝐷𝑠

0(𝑇𝑛+1/2𝐷𝑠
0𝑿∗))

𝑖+1
− (𝐷𝑠

0(𝑇𝑛+1/2𝐷𝑠
0𝑿∗))

𝑖

Δ𝑠
 

=  

𝑇
𝑖+
3
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑖+
3
2
− 2𝑇

𝑖+
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑖+
1
2
+ 𝑇

𝑖−
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑖−
1
2

Δ𝑠2
 

=  

𝑇
𝑖+
3
2

𝑛+
1
2[𝑿𝑖+2

∗ −𝑿𝑖+1
∗ ] − 2𝑇

𝑖+
1
2

𝑛+
1
2[𝑿𝑖+1

∗ − 𝑿𝑖
∗] + 𝑇

𝑖−
1
2

𝑛+
1
2[𝑿𝑖

∗ − 𝑿𝑖−1
∗ ]

Δ𝑠3
 

 

 

 

 

 

(57) 

here, 𝑫𝑠 is the first-order central difference operator defined as following, 

(𝐷𝑠
0𝑿)

𝑖+
1
2
 
=  
𝑿𝑖+1 − 𝑿𝑖 

Δ𝑠
 , 

(𝐷𝑠
0𝑿)

𝑖−
1
2
 
=  
𝑿𝑖 −𝑿𝑖−1 

Δ𝑠
 , 

(𝐷𝑠
0𝑿)

𝑖+
3
2
 
=  
𝑿𝑖+2 − 𝑿𝑖+1 

Δ𝑠
 , 

 

 

(58) 
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The RHS of Eq. (57) is derived by applying the following steps, 

(𝐷𝑠
0(𝑇𝑛+1/2𝐷𝑠

0𝑿∗))
𝑖+1
= 

𝑇
𝑖+
3
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑖+
3
2
− 𝑇

𝑖+
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑖+
1
2

Δ𝑠

=  

𝑇
𝑖+
3
2

𝑛+
1
2[𝑿𝑖+2

∗ −𝑿𝑖+1
∗ ] − 𝑇

𝑖+
1
2

𝑛+
1
2[𝑿𝑖+1

∗ −𝑿𝑖
∗]

Δ𝑠2
 

 

(𝐷𝑠
0(𝑇𝑛+1/2𝐷𝑠

0𝑿∗))
𝑖
=  

𝑇
𝑖+
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑖+
1
2
− 𝑇

𝑖−
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑖−
1
2

Δ𝑠

=  

𝑇
𝑖+
1
2

𝑛+
1
2[𝑿𝑖+1

∗ −𝑿𝑖
∗] − 𝑇

𝑖−
1
2

𝑛+
1
2[𝑿𝑖

∗ −𝑿𝑖−1
∗ ]

Δ𝑠2
 

 

 

 

 

 

 

 

 

(59) 

 

So, we can express the LHS of Eq. (55) as 

(𝐷𝑠
0𝑿∗)

𝑖+
1
2
 
 . [𝐷𝑠

0 (𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑿

∗))]
𝑖+
1
2

= (𝐷𝑠
0𝑿∗)

𝑖+
1
2
 
 .

𝑇
𝑖+
3
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑖+
3
2
− 2𝑇

𝑖+
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑖+
1
2
+ 𝑇

𝑖−
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑖−
1
2

Δ𝑠2

= 
1

Δ𝑠2
(𝑇
𝑖+
3
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑖+
1
2
 
 . (𝐷𝑠

0𝑿∗)
𝑖+
3
2
− 2𝑇

𝑖+
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑖+
1
2
 
 . (𝐷𝑠

0𝑿∗)
𝑖+
1
2

+ 𝑇
𝑖−
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑖+
1
2
 
 . (𝐷𝑠

0𝑿∗)
𝑖−
1
2
)

=
1

Δ𝑠3
(𝑇
𝑖+
3
2

𝑛+
1
2[𝑿𝑖+1

∗ − 𝑿𝑖
∗] . [𝑿𝑖+2

∗ − 𝑿𝑖+1
∗ ]

− 2𝑇
𝑖+
1
2

𝑛+
1
2[𝑿𝑖+1

∗ −𝑿𝑖
∗] . [𝑿𝑖+1

∗ − 𝑿𝑖
∗] + 𝑇

𝑖−
1
2

𝑛+
1
2[𝑿𝑖+1

∗ − 𝑿𝑖
∗] . [𝑿𝑖

∗ −𝑿𝑖−1
∗ ]) 

 

 

 

 

 

 

(60) 

At mixed end, 𝑖 = 0, where vertical forced oscillation and horizontal unconstrained condition is 

combined. Along the horizontal direction, the LHS of Eq. (55) is discretized as,  



 
22 

 

[𝐷𝑠
0(𝐷𝑠(𝑇

𝑛+1/2𝐷𝑠𝑋
∗))]

1/2
= 
(𝐷𝑠

0(𝑇𝑛+1/2𝐷𝑠
0𝑋∗))

1
− (𝐷𝑠

0(𝑇𝑛+1/2𝐷𝑠
0𝑋∗))

0

Δ𝑠
 

=  

𝑇3
2

𝑛+
1
2(𝐷𝑠

0𝑋∗)3
2
− 3𝑇1

2

𝑛+
1
2(𝐷𝑠

0𝑋∗)1
2

Δ𝑠2
 

=  

𝑇3
2

𝑛+
1
2[𝑋2

∗ − 𝑋1
∗] − 3𝑇1

2

𝑛+
1
2[𝑋1

∗ − 𝑋0
∗]

Δ𝑠3
 

 

 

 

 

 

(61) 

The RHS of Eq. (61) is derived by applying the following steps, 

(𝐷𝑠
0(𝑇𝑛+

1
2𝐷𝑠

0𝑋∗))
1
= 

𝑇3
2

𝑛+
1
2(𝐷𝑠

0𝑋∗)3
2
− 𝑇1

2

𝑛+
1
2(𝐷𝑠

0𝑋∗)1
2

Δ𝑠

=  

𝑇3
2

𝑛+
1
2[𝑋2

∗ − 𝑋1
∗] − 𝑇1

2

𝑛+
1
2[𝑋1

∗ − 𝑋0
∗]

Δ𝑠2
 , 

 

(𝐷𝑠
0(𝑇𝑛+1/2𝐷𝑠

0𝑋∗))
0
=  

𝑇1
2

𝑛+
1
2(𝐷𝑠

0𝑋∗)1
2
−  𝑇0

𝑛+
1
2(𝐷𝑠

0𝑋∗)0

Δ𝑠/2
=  

𝑇1
2

𝑛+
1
2(𝐷𝑠

0𝑋∗)1
2

Δ𝑠/2

=  

2𝑇1
2

𝑛+
1
2[𝑋1

∗ − 𝑋0
∗]

Δ𝑠2
 , 

 

 

 

 

 

 

 

 

(62) 

Along the vertical direction, the LHS of Eq. (55) is discretized as, 

[𝐷𝑠
0(𝐷𝑠(𝑇

𝑛+1/2𝐷𝑠𝑌
∗))]

1/2
= 
(𝐷𝑠

0(𝑇𝑛+1/2𝐷𝑠
0𝑌∗))

1
− (𝐷𝑠

0(𝑇𝑛+1/2𝐷𝑠
0𝑌∗))

0

Δ𝑠
 

=  

𝑇3
2

𝑛+
1
2(𝐷𝑠

0𝑌∗)3
2
− 𝑇1

2

𝑛+
1
2(𝐷𝑠

0𝑌∗)1
2

Δ𝑠2
+ 𝑅 

=  

𝑇3
2

𝑛+
1
2[𝑌2

∗ − 𝑌1
∗] − 𝑇1

2

𝑛+
1
2[𝑌1

∗ − 𝑌0
∗]

Δ𝑠3
+ 𝑅 , 

 

 

 

 

(63) 
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here 𝑅 = −
(𝐷𝑠
0(𝑇𝑛+1/2𝐷𝑠

0𝑌∗))
0

Δ𝑠
 , and the RHS of Eq. (63) is derived by applying the following steps, 

(𝐷𝑠
0(𝑇𝑛+

1
2𝐷𝑠

0𝑌∗))
1
=  

𝑇3
2

𝑛+
1
2(𝐷𝑠

0𝑌∗)3
2
− 𝑇1

2

𝑛+
1
2(𝐷𝑠

0𝑌∗)1
2

Δ𝑠

=  

𝑇3
2

𝑛+
1
2[𝑌2

∗ − 𝑌1
∗] − 𝑇1

2

𝑛+
1
2[𝑌1

∗ − 𝑌0
∗]

Δ𝑠2
 , 

[𝐷𝑠(𝑇𝐷𝑠𝑌)]0 =  [𝐷𝑠𝑠(𝛾𝐷𝑠𝑠𝑌)]0 + (𝐹(2))
0
−  𝛽𝐹𝑟 (

𝒈(2)

𝑔
) + �̈�(𝑡) ,   

 

 

 

 

 

(64) 

where �̈�(𝑡) =  (
𝜕2𝑌

𝜕𝑡2
)
0

. This 𝑅 term is free of T and hence, is shifted to the RHS of Eq. (55) and is 

omitted in the LHS for the mixed end discretization. Then we get, 

(𝐷𝑠
0𝑿∗)1

2
 
 . [𝐷𝑠

0 (𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑿

∗))]
1
2

= 

=  
1

Δ𝑠2
(𝑇3
2

𝑛+
1
2[(𝐷𝑠

0𝑋∗)1
2
 
 (𝐷𝑠

0𝑋∗)3
2
+ (𝐷𝑠

0𝑌∗)1
2
 
 (𝐷𝑠

0𝑌∗)3
2
]

− 𝑇1
2

𝑛+
1
2[3(𝐷𝑠

0𝑋∗)1
2
 
 (𝐷𝑠

0𝑋∗)1
2
 + (𝐷𝑠

0𝑌∗)1
2
 
 (𝐷𝑠

0𝑌∗)1
2
])

=
1

Δ𝑠3
(𝑇3
2

𝑛+
1
2[(𝑋1

∗ − 𝑋0
∗)(𝑋2

∗ − 𝑋1
∗) + (𝑌1

∗ − 𝑌0
∗)(𝑌2

∗ − 𝑌1
∗)]

− 𝑇1
2

𝑛+
1
2[3(𝑋1

∗ − 𝑋0
∗)(𝑋1

∗ − 𝑋0
∗) + (𝑌1

∗ − 𝑌0
∗)(𝑌1

∗ − 𝑌0
∗)]) 

 

 

 

 

 

(65) 
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At free end, 𝑖 = 𝑁, 

[𝐷𝑠
0(𝐷𝑠(𝑇

𝑛+1/2𝐷𝑠𝑿
∗))]

𝑁−1/2
= 
(𝐷𝑠

0(𝑇𝑛+1/2𝐷𝑠
0𝑿∗))

𝑁
− (𝐷𝑠

0(𝑇𝑛+1/2𝐷𝑠
0𝑿∗))

𝑁−1

Δ𝑠
 

=  

−2𝑇
𝑁−
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑁−
1
2
− (𝑇

𝑁−
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑁−

1
2
− 𝑇

𝑁−
3
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑁−
3
2
)

Δ𝑠2

= 

𝑇
𝑁−

3
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑁−
3
2
− 3𝑇

𝑁−
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑁−
1
2

Δ𝑠2
 

=  

𝑇
𝑁−

3
2

𝑛+
1
2[𝑿𝑁−1

∗ −𝑿𝑁−2
∗ ] − 3𝑇

𝑁−
1
2

𝑛+
1
2[𝑿𝑁

∗ −𝑿𝑁−1
∗ ]

Δ𝑠3
 

 

 

 

 

 

 

(66) 

 

The RHS of Eq. (66) is derived by applying the following steps, 

   

(𝐷𝑠
0(𝑇𝑛+1/2𝐷𝑠

0𝑿∗))
𝑁
=  

𝑇𝑁
𝑛+
1
2(𝐷𝑠

0𝑿∗)𝑁 − 𝑇
𝑁−
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑁−

1
2

Δ𝑠
2

 =  −

𝑇
𝑁−

1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑁−
1
2

Δ𝑠
2

=  −

2𝑇
𝑁−
1
2

𝑛+
1
2[𝑿𝑁

∗ −𝑿𝑁−1
∗ ]

Δ𝑠2
 , 

 

(𝐷𝑠
0(𝑇𝑛+

1
2𝐷𝑠

0𝑋∗))
𝑁−1

=  

𝑇
𝑁−
1
2

𝑛+
1
2(𝐷𝑠

0𝑋∗)
𝑁−
1
2
− 𝑇

𝑁−
3
2

𝑛+
1
2(𝐷𝑠

0𝑋∗)
𝑁−
3
2

Δ𝑠

=  

𝑇
𝑁−

1
2

𝑛+
1
2[𝑋𝑁

∗ − 𝑋𝑁−1
∗ ] − 𝑇

𝑁−
3
2

𝑛+
1
2[𝑋𝑁−1

∗ − 𝑋𝑁−2
∗ ]

Δ𝑠2
 . 

 

 

 

 

 

 

 

 

(67) 
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The LHS of Eq. (55) becomes, 

(𝐷𝑠
0𝑿∗)

𝑁−
1
2
 
 . [𝐷𝑠

0 (𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑿

∗))]
𝑁−
1
2

=  (𝐷𝑠
0𝑿∗)

𝑁−
1
2
 
 .

𝑇
𝑁−
3
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑁−
3
2
− 3𝑇

𝑁−
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑁−

1
2

Δ𝑠2

=  

𝑇
𝑁−

3
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑁−
1
2
 
 . (𝐷𝑠

0𝑿∗)
𝑁−
3
2
− 3𝑇

𝑁−
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑁−

1
2
 
 . (𝐷𝑠

0𝑿∗)
𝑁−

1
2

Δ𝑠2

=  

𝑇
𝑁−

3
2

𝑛+
1
2[𝑿𝑁

∗ −𝑿𝑁−1
∗ ] . [𝑿𝑁−1

∗ − 𝑿𝑁−2
∗ ] − 3𝑇

𝑁−
1
2

𝑛+
1
2[𝑿𝑁

∗ − 𝑿𝑁−1
∗ ] . [𝑿𝑁

∗ − 𝑿𝑁−1
∗ ]

Δ𝑠3
 

 

 

 

 

 

 

(68) 

 

The bending for is determined by 

(𝑭𝑏)𝑖 = −[𝐷𝑠
+𝐷𝑠

−(𝛾𝐷𝑠𝑠𝑿)]𝑖 = −𝛾
(𝐷𝑠𝑠𝑿)𝑖+1 − 2(𝐷𝑠𝑠𝑿)𝑖 + (𝐷𝑠𝑠𝑿)𝑖−1

Δ𝑠2
 ,

for 𝑖 = 1, 2,   .  .  .  , 𝑁 − 1 and 𝛾 is constant ,   

 

(𝐹𝑏
(1))

0
= −𝛾

(𝐷𝑠𝑠𝑠𝑋)1 − (𝐷𝑠𝑠𝑠𝑋)0
Δ𝑠

=  
(𝐷𝑠𝑠𝑋)1 − (𝐷𝑠𝑠𝑋)0

Δ𝑠2
  , 

 

(𝐹𝑏
(2)
)
0
= −𝛾

(𝐷𝑠𝑠𝑠𝑌)1 − (𝐷𝑠𝑠𝑠𝑌)0
Δ𝑠

=  
(𝐷𝑠𝑠𝑌)2 − 2(𝐷𝑠𝑠𝑌)1 + (𝐷𝑠𝑠𝑌)0

Δ𝑠2
 , 

 

(𝑭𝑏)𝑁 = −𝛾
(𝐷𝑠𝑠𝑠𝑿)𝑁 − (𝐷𝑠𝑠𝑠𝑿)𝑁−1

Δ𝑠
=  𝛾

(𝐷𝑠𝑠𝑋)𝑁 − (𝐷𝑠𝑠𝑋)𝑁−1
Δ𝑠2

 , 

 

 

 

 

 

(69) 
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4.2 Discretization of governing equation and boundary conditions for the self-propelled fish-

like swimming filament with variable mass ratio and bending rigidity 

The governing equations for the motion of the flexible filament can be written in dimensionless 

form as, 

⇒
𝜕2𝑿

𝜕𝑡2
= 

1

𝛽(𝑠)
[
𝜕

𝜕𝑠
(𝑇(𝑠)

𝜕𝑿

𝜕𝑠
) −

𝜕2

𝜕𝑠2
(𝛾(𝑠)

𝜕2𝑿

𝜕𝑠2
) − 𝑭 ] 

 

𝜕𝑿

𝜕𝑠
.
𝜕𝑿

𝜕𝑠
= 1 , 

 

 

 

(70) 

where 𝛽(𝑠) and 𝛾(𝑠) are exponential decay functions of 𝑠, expressed as following, 

𝛽(𝑠) =  𝑎1𝑒
−𝑏1𝑠

𝑚
 

𝛾(𝑠) =  𝑎2𝑒
−𝑏2𝑠

𝑛
 

 

(71) 

The tension force is determined for our validation case in the same manner, by using the 

constraint of inextensibility constraint. The Poisson equation for 𝑇 can be derived as following, 

Differentiating (
𝜕𝑿

𝜕𝑠
⋅
𝜕𝑿

𝜕𝑠
) = 1, twice with respect to 𝑡, we get, 

 
𝜕2

𝜕𝑡2
(
𝜕𝑿

𝜕𝑠
⋅
𝜕𝑿

𝜕𝑠
) = 0 , 

⇒
𝜕

𝜕𝑡
[
𝜕

𝜕𝑡
(
𝜕𝑿

𝜕𝑠
⋅
𝜕𝑿

𝜕𝑠
)] = 0 

⇒ 2
𝜕

𝜕𝑡
[
𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑡
(
𝜕𝑿

𝜕𝑠
)] = 0 

⇒ 2 [
𝜕𝑿

𝜕𝑠
⋅
𝜕2

𝜕𝑡2
(
𝜕𝑿

𝜕𝑠
) +

𝜕

𝜕𝑡
(
𝜕𝑿

𝜕𝑠
) ⋅
𝜕

𝜕𝑡
(
𝜕𝑿

𝜕𝑠
) ] = 0 

⇒ 2
𝜕𝑿

𝜕𝑠
⋅
𝜕2

𝜕𝑡2
(
𝜕𝑿

𝜕𝑠
) + 2

𝜕

𝜕𝑡
(
𝜕𝑿

𝜕𝑠
) ⋅
𝜕

𝜕𝑡
(
𝜕𝑿

𝜕𝑠
) = 0 
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⇒ 2
𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑠
(
𝜕2𝑿

𝜕𝑡2
) + 2

𝜕2𝑿

𝜕𝑡𝜕𝑠
⋅
𝜕2𝑿

𝜕𝑡𝜕𝑠
= 0 

⇒ 2
𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑠
(
1

𝛽(𝑠)
(
𝜕

𝜕𝑠
(𝑇(𝑠)

𝜕𝑿

𝜕𝑠
) −

𝜕2

𝜕𝑠2
(𝛾(𝑠)

𝜕2𝑿

𝜕𝑠2
) − 𝑭) ) + 2

𝜕2𝑿

𝜕𝑡𝜕𝑠
⋅
𝜕2𝑿

𝜕𝑡𝜕𝑠
= 0 

⇒ 2
𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑠
(𝛽(𝑠)−1 (

𝜕

𝜕𝑠
(𝑇(𝑠)

𝜕𝑿

𝜕𝑠
)))+ 2

𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑠
(𝛽(𝑠)−1(𝑭𝑏 −  𝑭)) + 2

𝜕2𝑿

𝜕𝑡𝜕𝑠
⋅
𝜕2𝑿

𝜕𝑡𝜕𝑠
= 0 

where 𝑭𝑏 = −
𝜕2

𝜕𝑠2
(𝛾

𝜕2𝑿

𝜕𝑠2
). Since, 

𝜕2

𝜕𝑡2
(
𝜕𝑿

𝜕𝑠
⋅
𝜕𝑿

𝜕𝑠
) = 0, we can write,  

2
𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑠
(𝛽(𝑠)−1 (

𝜕

𝜕𝑠
(𝑇(𝑠)

𝜕𝑿

𝜕𝑠
)))+ 2

𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑠
(𝛽(𝑠)−1(𝑭𝑏 −  𝑭)) + 2

𝜕2𝑿

𝜕𝑡𝜕𝑠
⋅
𝜕2𝑿

𝜕𝑡𝜕𝑠

=
𝜕2

𝜕𝑡2
(
𝜕𝑿

𝜕𝑠
⋅
𝜕𝑿

𝜕𝑠
) 

⇒
𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑠
(𝛽(𝑠)−1 (

𝜕

𝜕𝑠
(𝑇(𝑠)

𝜕𝑿

𝜕𝑠
)))+ 

𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑠
(𝛽(𝑠)−1(𝑭𝑏 −  𝑭)) +

𝜕2𝑿

𝜕𝑡𝜕𝑠
⋅
𝜕2𝑿

𝜕𝑡𝜕𝑠

=
1

2

𝜕2

𝜕𝑡2
(
𝜕𝑿

𝜕𝑠
⋅
𝜕𝑿

𝜕𝑠
) 

 

 

Then the Poisson equation for 𝑇(𝑠) can be written as 

𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑠
(𝛽(𝑠)−1 (

𝜕

𝜕𝑠
(𝑇(𝑠)

𝜕𝑿

𝜕𝑠
))) 

=
1

2

𝜕2

𝜕𝑡2
(
𝜕𝑿

𝜕𝑠
⋅
𝜕𝑿

𝜕𝑠
) −

𝜕2𝑿

𝜕𝑡𝜕𝑠
⋅
𝜕2𝑿

𝜕𝑡𝜕𝑠
−
𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑠
(𝛽(𝑠)−1(𝑭𝑏 −  𝑭)) 

 

 

 

(72) 
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Now the LHS of Eq. (72) can be expanded as 

𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑠
(𝛽(𝑠)−1 (

𝜕

𝜕𝑠
(𝑇(𝑠)

𝜕𝑿

𝜕𝑠
))) =

𝜕𝑿

𝜕𝑠
⋅ (𝛽(𝑠)−1 (

𝜕2

𝜕𝑠2
(𝑇(𝑠)

𝜕𝑿

𝜕𝑠
))) 

+
𝜕𝑿

𝜕𝑠
⋅ (
𝜕

𝜕𝑠
(𝑇(𝑠)

𝜕𝑿

𝜕𝑠
))(

𝜕𝛽(𝑠)−1

𝜕𝑠
) , 

 

 

(73) 

 

which can be written in the discretized form as,  

(𝐷𝑠
0𝑿∗)

𝑖+
1
2
 
 . [𝐷𝑠

0 (𝛽(𝑠)−1𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑿

∗))]
𝑖+
1
2

 

= (𝐷𝑠
0𝑿∗)

𝑖+
1
2
 
 . [𝛽(𝑠)−1𝐷𝑠

0 (𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑿

∗)) + (𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑿

∗))𝐷𝑠
0(𝛽(𝑠)−1)]

𝑖+
1
2

 

 

 

(74) 

 

where the predicted position 𝑿∗ = 2𝑿𝑛 − 𝑿𝑛−1 was used. 

The term [𝛽(𝑠)−1𝐷𝑠
0 (𝐷𝑠(𝑇

𝑛+
1

2𝐷𝑠𝑿
∗))]

𝑖+
1

2

 can be discretized as 

[𝛽(𝑠)−1𝐷𝑠
0 (𝐷𝑠(𝑇

𝑛+
1
2𝐷𝑠𝑿

∗))]
𝑖+
1
2

= 𝛽(𝑠)
𝑖+
1
2

−1
(𝐷𝑠

0(𝑇𝑛+
1
2𝐷𝑠

0𝑿∗))
𝑖+1
− (𝐷𝑠

0(𝑇𝑛+
1
2𝐷𝑠

0𝑿∗))
𝑖

Δ𝑠
 

=  𝛽(𝑠)
𝑖+
1
2

−1

𝑇
𝑖+
3
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑖+
3
2
− 2𝑇

𝑖+
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑖+
1
2
+ 𝑇

𝑖−
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑖−
1
2

Δ𝑠2
 

=  𝛽(𝑠)
𝑖+
1
2

−1

𝑇
𝑖+
3
2

𝑛+
1
2[𝑿𝑖+2

∗ − 𝑿𝑖+1
∗ ] − 2𝑇

𝑖+
1
2

𝑛+
1
2[𝑿𝑖+1

∗ −𝑿𝑖
∗] + 𝑇

𝑖−
1
2

𝑛+
1
2[𝑿𝑖

∗ −𝑿𝑖−1
∗ ]

Δ𝑠3
 . 

 

 

 

 

 

 

 

(75) 
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The RHS of Eq. (75) is derived by applying the following steps, 

(𝐷𝑠
0(𝑇𝑛+1/2𝐷𝑠

0𝑿∗))
𝑖+1
= 

𝑇
𝑖+
3
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑖+
3
2
− 𝑇

𝑖+
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑖+
1
2

Δ𝑠

=  

𝑇
𝑖+
3
2

𝑛+
1
2[𝑿𝑖+2

∗ − 𝑿𝑖+1
∗ ] − 𝑇

𝑖+
1
2

𝑛+
1
2[𝑿𝑖+1

∗ − 𝑿𝑖
∗]

Δ𝑠2
 

(𝐷𝑠
0(𝑇𝑛+1/2𝐷𝑠

0𝑿∗))
𝑖
= 

𝑇
𝑖+
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑖+
1
2
− 𝑇

𝑖−
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑖−
1
2

Δ𝑠

=  

𝑇
𝑖+
1
2

𝑛+
1
2[𝑿𝑖+1

∗ −𝑿𝑖
∗] − 𝑇

𝑖−
1
2

𝑛+
1
2[𝑿𝑖

∗ −𝑿𝑖−1
∗ ]

Δ𝑠2
 

 

 

 

 

 

 

 

(76) 

Then the term [(𝐷𝑠(𝑇
𝑛+

1

2𝐷𝑠𝑿
∗))𝐷𝑠

0(𝛽(𝑠)−1)]
𝑖+
1

2

 can be discretized as 

[(𝐷𝑠
+(𝑇𝑛+

1
2𝐷𝑠

0𝑿∗))𝐷𝑠
0(𝛽(𝑠)−1)]

𝑖+
1
2

= 

(𝑇
𝑖+
3
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑖+
3
2
− 2𝑇

𝑖+
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑖+
1
2
+ 𝑇

𝑖−
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑖−
1
2
) (𝛽(𝑠)𝑖+1

−1 − 𝛽(𝑠)𝑖
−1)

2Δ𝑠2

=

(𝑇
𝑖+
3
2

𝑛+
1
2[𝑿𝑖+2

∗ −𝑿𝑖+1
∗ ] − 2𝑇

𝑖+
1
2

𝑛+
1
2[𝑿𝑖+1

∗ −𝑿𝑖
∗] + 𝑇

𝑖−
1
2

𝑛+
1
2[𝑿𝑖

∗ − 𝑿𝑖−1
∗ ]) (𝛽(𝑠)𝑖+1

−1 − 𝛽(𝑠)𝑖
−1)

2Δ𝑠3
 

 

 

 

 

 

 

(77) 

So the LHS of Eq. (74) can be expressed as 

(𝐷𝑠
0𝑿∗)

𝑖+
1
2
 
 . [𝛽(𝑠)−1𝐷𝑠

0 (𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑿

∗))]
𝑖+
1
2

  

= (𝐷𝑠
0𝑿∗)

𝑖+
1
2
 
 . [𝛽(𝑠)−1𝐷𝑠

0 (𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑿

∗)) + (𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑿

∗))𝐷𝑠
0(𝛽(𝑠)−1)]

𝑖+
1
2
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= 
1

Δ𝑠2
(𝑇

𝑖+
3
2

𝑛+
1
2 ((𝐷𝑠

0𝑿∗)
𝑖+
1
2
 
 . (𝐷𝑠

0𝑿∗)
𝑖+
3
2
) (
𝛽(𝑠)𝑖+1

−1

2
+ 𝛽(𝑠)

𝑖+
1
2

−1 −
𝛽(𝑠)𝑖

−1

2
) 

− 𝑇
𝑖+
1
2

𝑛+
1
2 ((𝐷𝑠

0𝑿∗)
𝑖+
1
2
 
 . (𝐷𝑠

0𝑿∗)
𝑖+
1
2
) (𝛽(𝑠)𝑖+1

−1 + 2𝛽(𝑠)
𝑖+
1
2

−1 − 𝛽(𝑠)𝑖
−1)

+ 𝑇
𝑖−
1
2

𝑛+
1
2 ((𝐷𝑠

0𝑿∗)
𝑖+
1
2
 
 . (𝐷𝑠

0𝑿∗)
𝑖−
1
2
) (
𝛽(𝑠)𝑖+1

−1

2
+ 𝛽(𝑠)

𝑖+
1
2

−1 −
𝛽(𝑠)𝑖

−1

2
)) 

=
1

Δ𝑠3
(𝑇

𝑖+
3
2

𝑛+
1
2([𝑿𝑖+1

∗ − 𝑿𝑖
∗] . [𝑿𝑖+2

∗ −𝑿𝑖+1
∗ ]) (

𝛽(𝑠)𝑖+1
−1

2
+ 𝛽(𝑠)

𝑖+
1
2

−1 −
𝛽(𝑠)𝑖

−1

2
) 

− 𝑇
𝑖+
1
2

𝑛+
1
2([𝑿𝑖+1

∗ −𝑿𝑖
∗] . [𝑿𝑖+1

∗ − 𝑿𝑖
∗]) (𝛽(𝑠)𝑖+1

−1 + 2𝛽(𝑠)
𝑖+
1
2

−1 − 𝛽(𝑠)𝑖
−1)

+ 𝑇
𝑖−
1
2

𝑛+
1
2([𝑿𝑖+1

∗ −𝑿𝑖
∗] . [𝑿𝑖

∗ −𝑿𝑖−1
∗ ]) (

𝛽(𝑠)𝑖+1
−1

2
+ 𝛽(𝑠)

𝑖+
1
2

−1 −
𝛽(𝑠)𝑖

−1

2
)) 

 

 

 

(78) 

 

At mixed end, 𝑖 = 0, discretization of the LHS of Eq. (74) can be written as,  

(𝐷𝑠
0𝑿∗)1

2
 
 . [𝐷𝑠

0 (𝛽(𝑠)−1𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑿

∗))]
1
2

 

=  (𝐷𝑠
0𝑿∗)1

2
 
 . [𝛽(𝑠)−1𝐷𝑠

0 (𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑿

∗)) + (𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑿

∗))𝐷𝑠
0(𝛽(𝑠)−1)]

1
2

 

 

 

(79) 

 

The RHS terms of (79) can be discretized horizontally as 

[𝛽(𝑠)−1𝐷𝑠
0 (𝐷𝑠(𝑇

𝑛+
1
2𝐷𝑠𝑋

∗))]
1
2

=  𝛽(𝑠)1
2

−1  

𝑇3
2

𝑛+
1
2(𝐷𝑠

0𝑋∗)3
2
− 3𝑇1

2

𝑛+
1
2(𝐷𝑠

0𝑋∗)1
2

Δ𝑠2
 

=  𝛽(𝑠)1
2

−1  

𝑇3
2

𝑛+
1
2[𝑋2

∗ − 𝑋1
∗] − 3𝑇1

2

𝑛+
1
2[𝑋1

∗ − 𝑋0
∗]

Δ𝑠3
 

  

 

 

 

(80) 
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[(𝐷𝑠
+(𝑇𝑛+

1
2𝐷𝑠

0𝑋∗))𝐷𝑠
0(𝛽(𝑠)−1)]

1
2

= 

2 (𝑇1
2

𝑛+
1
2(𝐷𝑠

0𝑋∗)1
2
− 𝑇0

𝑛+
1
2(𝐷𝑠

0𝑋∗)0) (𝛽(𝑠)1
−1 − 𝛽(𝑠)0

−1)

Δ𝑠2

= 

2 (𝑇1
2

𝑛+
1
2(𝐷𝑠

0𝑋∗)1
2
) (𝛽(𝑠)1

−1 − 𝛽(𝑠)0
−1)

Δ𝑠2

=

2(𝑇1
2

𝑛+
1
2[𝑋1

∗ − 𝑋0
∗]) (𝛽(𝑠)1

−1 − 𝛽(𝑠)0
−1)

Δ𝑠3
 

 

 

 

 

 

(81) 

 

By adding Eqs. (80) and (81), the following form can be written, 

 

[𝛽(𝑠)−1𝐷𝑠
0 (𝐷𝑠(𝑇

𝑛+
1
2𝐷𝑠𝑋

∗)) + (𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑋

∗))𝐷𝑠
0(𝛽(𝑠)−1)]

1
2

=
1

Δ𝑠2
(𝑇3

2

𝑛+
1
2 ((𝐷𝑠

0𝑋∗)3
2
) (𝛽(𝑠)1

2

−1)

− 𝑇1
2

𝑛+
1
2 ((𝐷𝑠

0𝑋∗)1
2
) (2𝛽(𝑠)0

−1 + 3𝛽(𝑠)
𝑖+
1
2

−1 − 2𝛽(𝑠)1
−1))

= 
1

Δ𝑠3
(𝑇3

2

𝑛+
1
2[𝑋𝑖+2

∗ − 𝑋𝑖+1
∗ ] (𝛽(𝑠)1

2

−1) 

− 𝑇1
2

𝑛+
1
2[𝑋𝑖+1

∗ − 𝑋𝑖
∗] (2𝛽(𝑠)0

−1 + 3𝛽(𝑠)
𝑖+
1
2

−1 − 2𝛽(𝑠)1
−1)) . 

 

 

 

 

 

(82) 
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Now the term [𝛽(𝑠)−1𝐷𝑠
0 (𝐷𝑠(𝑇

𝑛+
1

2𝐷𝑠𝑌
∗))]1

2

  can be discretized vertically as 

[𝛽(𝑠)−1𝐷𝑠
0 (𝐷𝑠(𝑇

𝑛+
1
2𝐷𝑠𝑌

∗))]
1
2

= 𝛽(𝑠)1
2

−1  
(𝐷𝑠

0(𝑇𝑛+1/2𝐷𝑠
0𝑌∗))

1
− (𝐷𝑠

0(𝑇𝑛+1/2𝐷𝑠
0𝑌∗))

0

Δ𝑠

=  𝛽(𝑠)1
2

−1

𝑇3
2

𝑛+
1
2(𝐷𝑠

0𝑌∗)3
2
− 𝑇1

2

𝑛+
1
2(𝐷𝑠

0𝑌∗)1
2

Δ𝑠2
+ 𝑅𝑠

= 𝛽(𝑠)1
2

−1  

𝑇3
2

𝑛+
1
2[𝑌2

∗ − 𝑌1
∗] − 𝑇1

2

𝑛+
1
2[𝑌1

∗ − 𝑌0
∗]

Δ𝑠3
 + 𝑅𝑠 , 

 

 

 

 

 

 

(83) 

here 𝑅𝑠 = −𝛽(𝑠)1
2

−1 (𝐷𝑠
0(𝑇𝑛+1/2𝐷𝑠

0𝑌∗))
0

Δ𝑠
 , and the RHS of Eq. (83) was obtained by applying 

 

(𝐷𝑠
0(𝑇𝑛+

1
2𝐷𝑠

0𝑌∗))
1
=  

𝑇3
2

𝑛+
1
2(𝐷𝑠

0𝑌∗)3
2
− 𝑇1

2

𝑛+
1
2(𝐷𝑠

0𝑌∗)1
2

Δ𝑠

=  

𝑇3
2

𝑛+
1
2[𝑌2

∗ − 𝑌1
∗] − 𝑇1

2

𝑛+
1
2[𝑌1

∗ − 𝑌0
∗]

Δ𝑠2
 , 

 

𝛽(𝑠)1
2

−1[𝐷𝑠(𝑇𝐷𝑠𝑌)]0 =  𝛽(𝑠)1
2

−1{[𝐷𝑠𝑠(𝛾𝐷𝑠𝑠𝑌)]0 + (𝐹(2))
0
+ �̈�(𝑡)}  ,   

 

 

 

 

(84) 

where �̈�(𝑡) =  (
𝜕2𝑌

𝜕𝑡2
)
0

. This 𝑅𝑠 term is free of T and hence, is shifted to the RHS and is omitted in 

the LHS for the mixed end discretization. And the term [(𝐷𝑠
+(𝑇𝑛+

1

2𝐷𝑠
0𝑌∗))𝐷𝑠

0(𝛽(𝑠)−1)]1
2

 can be 

discretized vertically as 
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[(𝐷𝑠
+(𝑇𝑛+

1
2𝐷𝑠

0𝑌∗))𝐷𝑠
0(𝛽(𝑠)−1)]

1
2

 

= 

2 (𝑇1
2

𝑛+
1
2(𝐷𝑠

0𝑌∗)1
2
− 𝑇0

𝑛+
1
2(𝐷𝑠

0𝑌∗)0) (𝛽(𝑠)1
−1 − 𝛽(𝑠)0

−1)

Δ𝑠2
 

= 

2 (𝑇1
2

𝑛+
1
2(𝐷𝑠

0𝑌∗)1
2
) (𝛽(𝑠)1

−1 − 𝛽(𝑠)0
−1)

Δ𝑠2
=

2(𝑇1
2

𝑛+
1
2[𝑌1

∗ − 𝑌0
∗]) (𝛽(𝑠)1

−1 − 𝛽(𝑠)0
−1)

Δ𝑠3
 

 

 

 

 

 

(85) 

 

By adding Eqs. (83) and (85), the following form can be written, 

[𝛽(𝑠)−1𝐷𝑠
0 (𝐷𝑠(𝑇

𝑛+
1
2𝐷𝑠𝑌

∗)) + (𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑌

∗))𝐷𝑠
0(𝛽(𝑠)−1)]

1
2

 

=
1

Δ𝑠2
(𝑇3

2

𝑛+
1
2 ((𝐷𝑠

0𝑌∗)3
2
) (𝛽(𝑠)1

2

−1)

− 𝑇1
2

𝑛+
1
2 ((𝐷𝑠

0𝑌∗)1
2
) (2𝛽(𝑠)0

−1 + 𝛽(𝑠)
𝑖+
1
2

−1 − 2𝛽(𝑠)1
−1)) 

=
1

Δ𝑠2
(𝑇3

2

𝑛+
1
2[𝑋𝑖+2

∗ − 𝑋𝑖+1
∗ ] (𝛽(𝑠)1

2

−1)

−  𝑇1
2

𝑛+
1
2[𝑋𝑖+1

∗ − 𝑋𝑖
∗] (2𝛽(𝑠)0

−1 + 𝛽(𝑠)
𝑖+
1
2

−1 − 2𝛽(𝑠)1
−1)) 

 

 

 

 

 

 

 

(86) 

 

Then the LHS of Eq. (74) can be expressed as 

(𝐷𝑠
0𝑿∗)1

2
 
 . [𝐷𝑠

0 (𝛽(𝑠)−1𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑿

∗))]
1
2

 

= (𝐷𝑠
0𝑿∗)1

2
 
 . [𝛽(𝑠)−1𝐷𝑠

0 (𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑿

∗)) + (𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑿

∗))𝐷𝑠
0(𝛽(𝑠)−1)]

1
2
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=
1

Δ𝑠2
(𝑇3

2

𝑛+
1
2 ((𝐷𝑠

0𝑋∗)1
2
 
 (𝐷𝑠

0𝑋∗)3
2
+ (𝐷𝑠

0𝑌∗)1
2
 
 (𝐷𝑠

0𝑌∗)3
2
) (𝛽(𝑠)1

2

−1) 

− 𝑇1
2

𝑛+
1
2 (((𝐷𝑠

0𝑋∗)1
2
 
 (𝐷𝑠

0𝑋∗)1
2
 ) (2𝛽(𝑠)0

−1 + 3𝛽(𝑠)
𝑖+
1
2

−1 − 2𝛽(𝑠)1
−1)

+ ((𝐷𝑠
0𝑌∗)1

2
 
 (𝐷𝑠

0𝑌∗)1
2
 ) (2𝛽(𝑠)0

−1 + 𝛽(𝑠)
𝑖+
1
2

−1 − 2𝛽(𝑠)1
−1))) 

= 
1

Δ𝑠2
(𝑇3

2

𝑛+
1
2[(𝑋1

∗ − 𝑋0
∗)(𝑋2

∗ − 𝑋1
∗) + (𝑌1

∗ − 𝑌0
∗)(𝑌2

∗ − 𝑌1
∗)] (𝛽(𝑠)1

2

−1)  

− 𝑇1
2

𝑛+
1
2 ([(𝑋1

∗ − 𝑋0
∗)(𝑋1

∗ − 𝑋0
∗)] (2𝛽(𝑠)0

−1 + 3𝛽(𝑠)
𝑖+
1
2

−1 − 2𝛽(𝑠)1
−1)

+ [(𝑌1
∗ − 𝑌0

∗)(𝑌1
∗ − 𝑌0

∗)] (2𝛽(𝑠)0
−1 + 𝛽(𝑠)

𝑖+
1
2

−1 − 2𝛽(𝑠)1
−1))) 

 

 

 

 

(87) 

 

 

At free end, 𝑖 = 𝑁, discretization of the LHS of Eq. (74) can be written as,  

(𝐷𝑠
0𝑿∗)

𝑁−
1
2
 
 . [𝐷𝑠

0 (𝛽(𝑠)−1𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑿

∗))]
𝑁−

1
2

 

= (𝐷𝑠
0𝑿∗)

𝑁−
1
2
 
 . [𝛽(𝑠)−1𝐷𝑠

0 (𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑿

∗)) + (𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑿

∗))𝐷𝑠
0(𝛽(𝑠)−1)]

𝑁−
1
2

 

 

 

 

(88) 
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The RHS terms of Eq. (88) can be discretized as 

[𝛽(𝑠)−1𝐷𝑠
0 (𝐷𝑠(𝑇

𝑛+
1
2𝐷𝑠𝑿

∗))]
𝑁−
1
2

 

=  𝛽(𝑠)
𝑁−
1
2

−1
(𝐷𝑠

0(𝑇𝑛+1/2𝐷𝑠
0𝑿∗))

𝑁
− (𝐷𝑠

0(𝑇𝑛+1/2𝐷𝑠
0𝑿∗))

𝑁−1

Δ𝑠

=  𝛽(𝑠)
𝑁−
1
2

−1

−2𝑇
𝑁−
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑁−
1
2
− (𝑇

𝑁−
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑁−

1
2
− 𝑇

𝑁−
3
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑁−
3
2
)

Δ𝑠2

=  𝛽(𝑠)
𝑁−
1
2

−1  

𝑇
𝑁−

3
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)3
2
− 3𝑇

𝑁−
1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)1
2

Δ𝑠2
 

=  𝛽(𝑠)
𝑁−
1
2

−1  

𝑇
𝑁−

3
2

𝑛+
1
2[𝑿𝑁−1

∗ −𝑿𝑁−2
∗ ] − 3𝑇

𝑁−
1
2

𝑛+
1
2[𝑿𝑁

∗ −𝑿𝑁−1
∗ ]

Δ𝑠3
 

 

 

 

 

 

 

(89) 

 

[(𝐷𝑠
+(𝑇𝑛+

1
2𝐷𝑠

0𝑿∗))𝐷𝑠
0(𝛽(𝑠)−1)]

𝑁−
1
2

= 

2 (𝑇𝑁
𝑛+
1
2(𝐷𝑠

0𝑿∗)𝑁 − 𝑇
𝑁−

1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑁−

1
2
) (𝛽(𝑠)𝑁

−1 − 𝛽(𝑠)𝑁−1
−1 )

Δ𝑠2

= −

2(𝑇
𝑁−

1
2

𝑛+
1
2(𝐷𝑠

0𝑿∗)
𝑁−
1
2
) (𝛽(𝑠)𝑁

−1 − 𝛽(𝑠)𝑁−1
−1 )

Δ𝑠2

= −

2 (𝑇
𝑁−
1
2

𝑛+
1
2[𝑋𝑁

∗ − 𝑋𝑁−1
∗ ]) (𝛽(𝑠)𝑁

−1 − 𝛽(𝑠)𝑁−1
−1 )

Δ𝑠3
 

 

 

 

 

 

 

(90) 
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Then the LHS of Eq. (74) can be written as 

(𝐷𝑠
0𝑿∗)

𝑁−
1
2
 
 .  [𝛽−1𝐷𝑠

0 (𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑿

∗)) + (𝐷𝑠(𝑇
𝑛+
1
2𝐷𝑠𝑿

∗))𝐷𝑠
0(𝛽−1)]

𝑁−
1
2

 

= (𝐷𝑠
0𝑿∗)

𝑁−
1
2
 
 .
1

Δ𝑠2
(𝑇

𝑁−
3
2

𝑛+
1
2 ((𝐷𝑠

0𝑿∗)
𝑁−
3
2
) (𝛽

𝑁−
1
2

−1 )

− 𝑇
𝑁−

1
2

𝑛+
1
2 ((𝐷𝑠

0𝑿∗)
𝑁−
1
2
) (2𝛽𝑁

−1 + 3𝛽
𝑁−
1
2

−1 − 2𝛽𝑁−1
−1 )) 

= 
1

Δ𝑠2
(𝑇

𝑁−
3
2

𝑛+
1
2 (((𝐷𝑠

0𝑿∗)
𝑁−
1
2
) . ((𝐷𝑠

0𝑿∗)
𝑁−
3
2
))(𝛽

𝑁−
1
2

−1 ) 

− 𝑇
𝑁−

1
2

𝑛+
1
2 (((𝐷𝑠

0𝑿∗)
𝑁−
1
2
) . ((𝐷𝑠

0𝑿∗)
𝑁−
1
2
))(2𝛽𝑁

−1 + 3𝛽
𝑁−

1
2

−1 − 2𝛽𝑁−1
−1 )) 

=
1

Δ𝑠3
(𝑇

𝑁−
3
2

𝑛+
1
2[(𝑿1

∗ −𝑿0
∗) . (𝑿2

∗ −𝑿1
∗)] (𝛽

𝑁−
1
2

−1 ) 

− 𝑇
𝑁−

1
2

𝑛+
1
2[(𝑿1

∗ − 𝑿0
∗) . (𝑿1

∗ − 𝑿0
∗)] (2𝛽𝑁

−1 + 3𝛽
𝑁−
1
2

−1 − 2𝛽𝑁−1
−1 )) . 

 

 

 

 

 

 

 

 

 

(91) 

Now the 3rd term from RHS of Eq. (72) is 

𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑠
(𝛽(𝑠)−1(𝑭𝑏 −  𝑭)) =

𝜕𝑿

𝜕𝑠
⋅ (𝛽(𝑠)−1

𝜕

𝜕𝑠
(𝑭𝑏 − 𝑭) + (𝑭𝑏 − 𝑭)

𝜕𝛽(𝑠)−1

𝜕𝑆
) , 

(92) 

 

which can be discretized as 

(𝐷𝑠
0𝑿∗)

𝑖+
1
2
 
 .  [𝛽(𝑠)−1𝐷𝑠

0(𝑭𝑏 − 𝑭) + (𝑭𝑏 − 𝑭)𝐷𝑠
0(𝛽(𝑠)−1)]

𝑖+
1
2
 , (93) 
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The bending force 𝑭𝑏, where 𝛾(𝑠) is an exponential decay function of 𝑠, can be derived as 

(𝑭𝑏)𝑖 =  −
𝜕2

𝜕𝑠2
(𝛾(𝑠)

𝜕2𝑿

𝜕𝑠2
) = −

𝜕

𝜕𝑠
(
𝜕

𝜕𝑠
(𝛾(𝑠)

𝜕2𝑿

𝜕𝑠2
))

= −
𝜕

𝜕𝑠
(𝛾(𝑠)

𝜕3𝑿

𝜕𝑠3
+
𝜕𝛾(𝑠)

𝜕𝑠

𝜕2𝑿

𝜕𝑠2
)

= −
𝜕

𝜕𝑠
(𝛾(𝑠)

𝜕4𝑿

𝜕𝑠4
+
𝜕𝛾(𝑠)

𝜕𝑠

𝜕3𝑿

𝜕𝑠3
+
𝜕𝛾(𝑠)

𝜕𝑠

𝜕3𝑿

𝜕𝑠3
+
𝜕2𝛾(𝑠)

𝜕𝑠2
𝜕2𝑿

𝜕𝑠2
)

= −
𝜕

𝜕𝑠
(𝛾(𝑠)

𝜕4𝑿

𝜕𝑠4
+ 2

𝜕𝛾(𝑠)

𝜕𝑠

𝜕3𝑿

𝜕𝑠3
+
𝜕2𝛾(𝑠)

𝜕𝑠2
𝜕2𝑿

𝜕𝑠2
) , 

 

 

 

 

 

(94) 

which can be discretized as, 

(𝑭𝑏)𝑖 =  −[𝐷𝑠
+𝐷𝑠

−(𝛾𝐷𝑠𝑠𝑿)]𝑖    

= −𝛾𝑖 
(𝐷𝑠𝑠𝑿)𝑖+1 − 2(𝐷𝑠𝑠𝑿)𝑖 + (𝐷𝑠𝑠𝑿)𝑖−1

Δ𝑠2

− 2 [

(𝛾
𝑖+
1
2
 
− 𝛾

𝑖−
1
2
) ((𝐷𝑠𝑠𝑿)𝑖 − (𝐷𝑠𝑠𝑿)𝑖−1)

Δ𝑠2
]

− 
(𝛾𝑖+1 −  2𝛾𝑖 + 𝛾𝑖−1) (𝐷𝑠𝑠𝑿)𝑖

Δ𝑠2
 

 

 

 

(95) 

 

 

At mixed end, 𝑖 = 0 

(𝐹𝑏
(1))

0
= −𝛾0 

(𝐷𝑠𝑠𝑋)1 − (𝐷𝑠𝑠𝑋)0
Δ𝑠2

− 
(−𝛾3 +  4𝛾2 −  5𝛾1 +  2𝛾0) (𝐷𝑠𝑠𝑋)0

Δ𝑠2
 

 

(𝐹𝑏
(2))

0
= −𝛾0 

(𝐷𝑠𝑠𝑌)2−2(𝐷𝑠𝑠𝑌)1 + (𝐷𝑠𝑠𝑌)0
Δ𝑠2

− 2 [
(𝛾1 − 𝛾0) ((𝐷𝑠𝑠𝑌)1 − (𝐷𝑠𝑠𝑌)0)

Δ𝑠2
]

− 
(−𝛾3 +  4𝛾2 −  5𝛾1 +  2𝛾0) (𝐷𝑠𝑠𝑌)0

Δ𝑠2
 

 

 

 

 

(96) 
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At free end, 𝑖 = 𝑁 

(𝑭𝑏)𝑁 = −𝛾𝑁 
(𝐷𝑠𝑠𝑿)𝑁−1 − (𝐷𝑠𝑠𝑿)𝑁

Δ𝑠2
− 
(2𝛾𝑁 − 5𝛾𝑁−1 +  4𝛾𝑁−2 − 𝛾𝑁−3) (𝐷𝑠𝑠𝑿)𝑁

Δ𝑠2
 

 

(97) 

Now, from Eq. (70) the following discretized form can be obtained, 

𝑿𝑖
𝑛+1 − 2𝑿𝑖

𝑛 + 𝑿𝑖
𝑛−1

Δ𝑡2
 

= ([𝐷𝑠 (𝑇
𝑛+
1
2𝐷𝑠𝑿

𝑛+1)]
𝑖
+ (𝑭𝑏

∗ )𝑖 − (𝑭
𝑛)𝑖) 𝛽𝑖

−1 

=

(

 
 
𝑇
𝑖+
1
2

𝑛+
1
2(𝐷𝑠

0𝑿𝑛+1)
𝑖+
1
2
− 𝑇

𝑖−
1
2

𝑛+
1
2(𝐷𝑠

0𝑿𝑛+1)
𝑖−
1
2

Δ𝑠
+ (𝑭𝑏

∗ )𝑖 − (𝑭
𝑛)𝑖

)

 
 
 𝛽𝑖
−1 

=

(

 
 
𝑇
𝑖+
1
2

𝑛+
1
2(𝑿𝑖+1

𝑛+1 −𝑿𝑖
𝑛+1) − 𝑇

𝑖−
1
2

𝑛+
1
2(𝑿𝑖

𝑛+1 − 𝑿𝑖−1
𝑛+1)

Δ𝑠2
+ (𝑭𝑏

∗ )𝑖 − (𝑭
𝑛)𝑖

)

 
 
 𝛽𝑖
−1 , 

 

  for 𝑖 = 0, 1, 2,   .  .  .  , 𝑁 , 

 

 

 

 

 

 

 

 

(98) 

where the bending force, 𝑭𝑏
∗  is calculated explicitly as 𝑭𝑏

∗ = 𝑭𝑏(2𝑿
𝑛 −𝑿𝑛−1) . Then finally we 

can obtain 𝑿𝑛+1 from the following equation, 

 

− 𝑿𝑖+1
𝑛+1

(

 
 
𝑇
𝑖+
1
2

𝑛+
1
2

Δ𝑠2

)

 
 
+ 𝑿𝑖

𝑛+1

(

 
 𝛽𝑖
Δ𝑡2

+

𝑇
𝑖+
1
2

𝑛+
1
2

Δ𝑠2
+

𝑇
𝑖−
1
2

𝑛+
1
2

Δ𝑠2

)

 
 
− 𝑿𝑖−1

𝑛+1

(

 
 
𝑇
𝑖−
1
2

𝑛+
1
2

Δ𝑠2

)

 
 

= (2𝑿𝑖
𝑛 −𝑿𝑖

𝑛−1)
𝛽𝑖
Δ𝑡2

+ (𝑭𝑏
∗ )𝑖 − (𝑭

𝑛)𝑖 

 

 

 

(99) 

 



 
39 

 

5 Results and Discussion 

5.1 A pitching flexible filament with fixed leading edge 

The flexible deformation of a thin pitching filament was simulated in this case. A pitching motion, 

prescribed by 𝜃(𝑡) = 𝜃0𝑠𝑖𝑛(2𝜋𝑓𝑡), was applied on the leading edge, which was at the origin, of 

the flexible filament (shown in figure 5-1). Here 𝜃0 is the pitching amplitude and 𝑓 is the pitching 

frequency. The computational domain used in the simulation was [-2L,14L] × [-3L,3L], uniform 

Cartesian mesh grid was used, and the grid spacing was L/50. The time step was 0.001𝐿/𝑈 in the 

IB-LB solver and the results were compared to the DSD/SST solver by Xu et al. [74], where the 

time step was 1/(500𝑓). 

 

Figure 5-1: Sketch of a pitching flexible filament in a uniform flow 

 

The bending rigidities used in the simulation are 𝐾𝐵 = 0.125 and 𝐾𝐵 = 0.125. The stretching 

coefficient, 𝐾𝑠 = 500, Reynolds number, 𝑅𝑒 = 100, 𝑓∗ =
𝑓𝐿

𝑈
= 0.6, and 𝜃0 = 30° were taken as 

control parameters for this case. This case was earlier used to validate the code used for 

simulation, for fixed leading edge-flexible plate using IB-LB solver [74]. With minor modifications 

in the code, the present study also validated this case with IB-LB solver, before moving towards 

free swimming case. 
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(a) 

 

(b) 

 

(c) 

    

(d) 

  

(e) 

 

(f) 

 

(g) 

  

(h) 

  

Figure 5-2: (a) Drag coefficients, (c) lift coefficients, (e) X-coordinates and (g) Y-coordinates of a pitching filament 
for 𝐾𝐵 = 0.125, and  (b) drag coefficients, (d) lift coefficients, (f) X-coordinates and (h) Y-coordinates of the 

pitching filament for 𝐾𝐵 = 0.0625. 
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The results from DSD/SST method [74] are consistent with the IB-LBM. The simulations were 

continued until stability is obtained by the trailing node of the pitching filament. Results for 𝐾𝐵 =

0.125 were more consistent with maximum error margin of 3%, while results for 𝐾𝐵 = 0.0625 

had maximum error margins of around 11% for flapping amplitude. For average drag, the 

maximum error margin was 23% for 𝐾𝐵 = 0.125, and 28% for 𝐾𝐵 = 0.0625. The deformation 

patterns of the pitching filament are shown in figure 5-3. 

 

(a) 

 

(b) 

 

Figure 5-3: Flapping pattern of a pitching filament in a uniform flow for (a) 𝐾𝐵 = 0.125 and (b) 𝐾𝐵 = 0.0625. The 
patterns are plotted for 66 instants at rime interval of 0.125. 
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(a) 

 

(b) 

 

(c) 

 

(d) 

 

(e) 

 

(f) 

 

(g) 

 

(h) 

 

  

Figure 5-4: Vorticity fields at four different instants during a flapping cycle of a 2D pitching filament for 𝐾𝐵 = 0.125 
(left column) and 𝐾𝐵 = 0.125 (right column). The corresponding color bars are shown at the bottom of each 

column. 
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5.2 Single swimming filament with heaving motion 

A single filament was actuated by a sinusoidal heaving motion, without any pitching, at the 

leading edge (schematic is shown in figure 5-5). The movement along horizontal direction was 

unconstrained, while the vertical displacement was imposed at leading edge in the following 

forms respectively: 𝑦(𝑡) = 𝑦0 + 𝐴𝑐𝑜𝑠(2𝜋𝑓𝑡 + 𝜙), where 𝑦0 refers to the equilibrium lateral 

position of heaving motion, 𝐴 is the heaving amplitude, 𝑓 is the actuation frequency and 𝜙 is the 

phase angle. The governing equations for fluid flow can be written in the form of Eq. (6). In this 

particular case, 𝑅𝑒 is the flapping Reynolds number defined as 𝑅𝑒 = (𝑈ref𝐿)/𝜐. Here, 𝑈ref is the 

reference velocity, L is the length of the filament and 𝜐 is the kinematic viscosity of the fluid. The 

reference velocity is defined as 𝑈ref = 2𝜋𝜃0𝑓𝐿, bending coefficient, 𝐾𝐵 = 0.125 and stretching 

coefficient, 𝐾𝑠 = 500. The tension coefficient is calculated by a Poisson-type equation to apply 

inextensibility constraint. The simulation was modelled using IB-LB method. 

 

 

Figure 5-5: Sketch of a model for locomotion of a swimming filament with only heaving motion applied on the 
leading edge. 

 

Table 5-1: Control Parameters for only heaving motion applied on the leading edge 

Control parameters Values 

Flapping Reynolds number (𝑅𝑒 = 𝑈ref𝐿/𝜐) 600 

Dimensionless heaving amplitude (𝐴/𝐿) 0.1 
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The swimming pattern for heaving only case with the described control parameters is shown in 

figure 5-6. 

 

Figure 5-6: Self-propelled swimming filament with oscillatory heaving motion applied on the leading edge. 

 

The computational domain used in the simulation was [-8L,8L] × [-3L,3L], uniform Cartesian mesh 

grid was used, and the grid spacing was L/25. 

(a) 

 

(b) 

 

Figure 5-7: Drag Coefficient (𝐶D) and lift coefficient (𝐶L) for a swimming filament with heaving motion applied on 
the leading edge. The results were obtained at three different grid resolutions (L/100, L/50 and L/25). 
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Figure 5-8: Y-coordinate of the trailing point of a swimming filament with heaving motion applied on the leading 
edge. The results were obtained at three different grid resolutions (L/100, L/50 and L/25). 
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(a) 

 

(b) 

 

(c) 

 

(d) 

 

(e) 

 

(f) 

 

 

Figure 5-9: Vorticity at six different instants during a period of 2D swimming filament with only heaving motion 
applied on the leading edge. The corresponding color bars are shown at the bottom of each column. 

 

The pressure on the surface was calculated at equidistant nodes on both sides. While calculating 

pressure, the upper surface was considered to be in the outward direction, and the lower surface 

was considered to be in the outward direction. Discreet marker can be used on the surface nodes, 

according to required node numbers, to obtain the surface pressure. The surface pressure on the 

leading edge, mid-point and trailing edge for a swimming filament with heaving motion applied 

on the leading edge is shown in figure 5-10. 
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(a) 

 

(b) 

 

 (c) 

 

Figure 5-10: Surface pressure on the swimming filament, with heaving motion applied on the head, at (a) leading 
edge, (b) trailing edge, and (c) middle point. 

 

The pressure on the upper and lower surface of the filament is sinusoidal and anti-symmetric. 

The surface pressure measured on nodes becomes smoother as they move towards the center 

of the filament length. 
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5.3 Single swimming filament with heaving and pitching motion 

A thin elastic filament was used to replicate undulatory motion of a fish. The swimmer was 

actuated by a sinusoidal heaving and pitching motion at the leading edge. The movement along 

horizontal direction was unconstrained, while the vertical displacement was imposed at leading 

edge in the following forms respectively: 𝑦(𝑡) = 𝑦0 + 𝐴𝑐𝑜𝑠(2𝜋𝑓𝑡) and 𝜃(𝑡) = 𝜃0𝑐𝑜𝑠(2𝜋𝑓𝑡 +

𝜙 − 𝜋/2), where 𝑦0 refers to the equilibrium lateral position of heaving motion, 𝐴 is the heaving 

amplitude and 𝜃0 is the pitching amplitude, 𝑓 is the actuation frequency and 𝜙 is the phase angle, 

𝑅𝑒 is the flapping Reynolds number defined as 𝑅𝑒 = (𝑈ref𝐿)/𝜐. Here, 𝑈ref is the reference 

velocity, L is the length of the filament and 𝜐 is the kinematic viscosity of the fluid. The reference 

velocity is related to flapping frequency by 𝑈ref = 2𝜋𝜃0𝑓𝐿, the bending coefficient, 𝐾𝐵 = 0.125 

and the stretching coefficient, 𝐾𝑠 = 500. The tension coefficient is calculated by a Poisson-type 

equation to apply inextensibility constraint. The simulation was modelled using IB-LB method. 

Table 5-2: Control Parameters for heaving and pitching motion applied on the leading edge 

Control parameters values 

Flapping Reynolds number (𝑅𝑒 = 𝑈ref𝐿/𝜐) 600 

Dimensionless heaving amplitude (𝐴/𝐿) 0.1 

Pitching amplitude (𝜃0) 5° 

Phase angle (𝜙) 𝜋/2 

 

The swimming pattern for only heaving case with the listed parameters is shown in figure 5-11. 

 

Figure 5-11: Self-propelled swimming filament with heaving and pitching motion applied on the leading edge. 
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The computational domain used in the simulation was [-8L,8L] × [-3L,3L], uniform Cartesian mesh 

grid was used, and the grid spacing was L/25. 

 

(a) 

 

(b) 

 

Figure 5-12: Drag Coefficient (𝐶D) and lift coefficient (𝐶L) for a swimming filament with heaving and pitching 
motion applied on the leading edge. The results were obtained at three different grid resolutions (L/100, L/50 and 

L/25). 

 

 

Figure 5-13: Y-coordinate of the trailing point of a swimming filament with heaving and pitching motion applied on 
the leading edge. The results were obtained at three different grid resolutions (L/100, L/50 and L/25). 
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(a) 

 

(b) 

 

(c) 

 

(d) 

 

(e) 

 

(f) 

 

 

Figure 5-14: Vorticity at six different instants during a period of 2D swimming filament with heaving and pitching 
motion applied on the leading edge. The corresponding color bars are shown at the bottom of each column. 
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The pressure on the surface was calculated at equidistant nodes on both sides. The surface 

pressure on the leading edge, middle-point and trailing edge for a swimming filament with 

heaving and pitching motion applied on the leading edge is shown in figure 5-15. 

(a) 

 

(b) 

 

  

(c) 

 

Figure 5-15: Surface pressure on the swimming filament, with heaving and pitching motion applied on the head, at 
(a) leading edge, (b) trailing edge, and (c) middle point. 
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The pressure on the upper and lower surface of the filament is observed as sinusoidal and anti-

symmetric. The pressure data was generated at multiple nodes and a smooth fitted graph can be 

used for optimization. 
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5.4 Self-propelled fish-like swimmer with variable mass ratio and bending rigidity 

The numerical algorithm described in Chapter 4 was validated by previously established results 

from the work of Dai et al. [72] on self-propelled fish like swimmers. A thin elastic filament was 

used to replicate undulatory motion of a fish. The swimmer was actuated by a sinusoidal heaving 

and pitching motion at the leading edge. The movement along horizontal direction was 

unconstrained, while the vertical displacement was imposed at leading edge in the following 

forms respectively: 𝑦(𝑡) = 𝑦0 + 𝐴𝑐𝑜𝑠(2𝜋𝑓𝑡 + 𝜙) and 𝜃(𝑡) = 𝜃0𝑐𝑜𝑠(2𝜋𝑓𝑡 + 𝜙 − 𝜋/2), where 

𝑦0 refers to the equilibrium lateral position of heaving motion, 𝐴 is the heaving amplitude and 𝜃0 

is the pitching amplitude, 𝑓 is the actuation frequency and 𝜙 is the phase angle. The governing 

equations for fluid flow can be written in the form of Eq. (6). In this particular case, 𝑅𝑒 is the 

flapping Reynolds number defined as 𝑅𝑒 = (𝑈ref𝐿)/𝜐. Here, 𝑈ref is the reference velocity, 𝐿 is 

the length of the filament and 𝜐 is the kinematic viscosity of the fluid. The reference velocity is 

defined as 𝑈ref = 2𝜋𝜃0𝑓𝐿. The governing equation for flexible filament motion is expressed in 

Eq. (71), where, 𝑿 denotes the position vector, 𝑠 denotes the Lagrangian coordinate, and 𝑭 refers 

to the Lagrangian forcing due to hydrodynamic interaction with fluid. The mass ratio 𝛽 and 

dimensionless bending rigidity 𝛾 are exponential decay function of 𝑠 (from leading edge to trailing 

edge), expressed in Eq. (72). The schematic of the computational model is shown in figure 5-16. 

 

Figure 5-16: Schematic for computational model with heaving and pitching imposed on the leading edge 

The swimming pattern on the filament model is obtained by solving the FSI problem numerically 

using LB-IBM. The control parameter values used in the simulation are listed in table 5-3 and the 

coefficients in the decay functions are listed on table 5-4. 
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Table 5-3: Control parameter values used in the simulation for self-propelled fish-like swimmer with variable mass 
ratio and bending rigidity 

Control parameters Values 

Flapping Reynolds number (𝑅𝑒 = 𝑈ref𝐿/𝜐) 600 

Dimensionless heaving amplitude (𝐴/𝐿) 0.005 

Pitching amplitude (𝜃0) 5° 

Phase angle (𝜙) 𝜋/2 

 

 

Table 5-4: Coefficients in the exponential decay functions of β(s) and γ(s) 

𝑎1 0.1 

𝑏1 3.0 

𝑚 2.0 

𝑎2 1.0 

𝑏2 9.0 

𝑛 2.0 

 

The detailed derivative and discretization are stated in Appendix C. The comparison of swimming 

patterns between a red nose tetra fish Hemigrammus bleheri [73], fish-like self-propelled 

swimmer by Dai et al. [72] and self-propelled swimming filament using LB-IBM method is shown 

in figure 5-17. 
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                                   (a) 

 

                                  (b) 

 

                                  (c) 

 

Figure 5-17: The comparison of swimming patterns between a red nose tetra fish Hemigrammus bleheri [73], fish-
like self-propelled swimmer by Dai et al. [72] and self-propelled swimming filament using LB-IBM method 

 

The computational domain used in the simulation was [-30L,30L] × [-6L,6L], uniform Cartesian 

mesh grid was used, and the grid spacing was L/50. In figure 5-17, the superimposed 

instantaneous middle-line locomotion is plotted. Here, the spatial envelop (thick black lines) are 

fitted with analytical function of 𝐴(𝑥) = 𝐴𝑟 𝑒𝑥𝑝[𝛼(𝑥 − 1)]. In (b), the kinematics are plotted for 
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16 instants at time interval 𝑇𝑓/16, where 𝑇𝑓 was referred to flapping period. In (c), the kinematic 

are plotted at time interval t/𝑇𝑟𝑒𝑓 = 0.125, where 𝑇𝑟𝑒𝑓 was reference time.  

 

(a) 

 

(b) 

 

Figure 5-18: (a) The time histories of instantaneous swimming speed of the central node of the filament, and (b) 
drag and lift coefficients of the swimming filament for control parameter and coefficients listed in Table 5-3 and 

Table 5-4. 

 

 

Table 5-5: Comparison between the kinematics of a red nose tetra fish Hemigrammus bleheri [73], fish-like self-
propelled swimmer by Dai et al. [72] and self-propelled swimming filament using LB-IBM method 

Kinematics Red nose tetra 

fish 

Dai et al. LB-IBM 

Tail Amplitude 𝐴 0.138 0.133 0.137 

Strouhal number 𝑆𝑡 0.503 0.325 0.500 

Dimensionless cruising speed 

𝑈𝑐 

0.473 0.740 0.475 
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(a) 

 

(b) 

 

(c) 

 

(d) 

 

(e) 

 

(f) 

 

(g) 

 

(h) 

 

  

Figure 5-19: Vorticity fields (left column) and pressure fields (right column) at four different instants during a 
period of a self-propelled fish-like swimmer. The corresponding color bars are shown at the bottom of each 

column. 
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The pressure on the surface was calculated at equidistant nodes on both sides. The surface 

pressure on the leading edge, middle point and trailing edge is shown in figure 5-20. 

(a) 

 

(b) 

 

 (c) 

 

Figure 5-20: Surface pressure on the filament at (a) leading edge, (b) trailing edge, and (c) middle point. 

 

The pressure on the upper and lower surface of the filament is anti-symmetric. The pressure on 

nodes around mid-region of the filament length is smoother than more fluctuating near the 

leading and trailing edges.  
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6 Conclusion 

This dissertation presents a numerical investigation of a freely swimming filament with actuating 

force applied on the leading edge. We focus on the detailed derivation and discretization of the 

governing equations and boundary conditions for flow and structural dynamics. A uniform 

Cartesian grid is used for fluid domain and a staggered grid is used in the Lagrangian coordinate 

system, where tension force is defined on the interfaces (half-grids) and other variables are 

defined on the nodes. The immersed boundary-lattice Boltzmann method (IB-LBM) is applied for 

solving the fluid-structural interaction problems. In the immersed boundary method, the 

structure is considered to be immersed into the fluid domain. A set of discreet markers were 

employed to express the immersed boundary geometry. The Lagrangian force is exerted on the 

neighboring fluid nodes as a body force, and thus the effects of the immersed boundary are 

accounted for.  The fluid body force density is calculated from the Lagrangian force density and 

a smoothed approximation of Dirac delta function, where the Lagrangian force is determined 

from the structural velocity and interpolated velocity flow field. In the lattice Boltzmann method, 

the fluid is modelled to be consisting of fictive particles, which consecutive collision and 

propagation processes over a discreet lattice structure. The discreet lattice Boltzmann equation 

of a single time relaxation (BGK) is used to solve the Navier-Stokes equations. The density 

distribution function is calculated from non-dimensional relaxation time, discreet velocity 

components and equilibrium distribution function, and then this term is used to solve for fluid 

density, velocity, and pressure. 

Oscillatory heaving and pitching motions are imposed at the leading edge of a thin flexible 

filament with prescribed control parameters. We investigated the flow physics and 

hydrodynamic coupling of the structure. Surface pressure on the filament is determined from the 

flow and structural dynamics. The swimming gaits of the filament is analyzed and different output 

parameters including drag and lift coefficients, X and Y- coordinate of the trailing edge, and 

cruising speed of the filament are determined. The results obtained in this study shows good 

correspondence with the relevant observations. The results are generated for different grid 

spacings, and they show consistency. 
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The presented study and pressure surface calculation scheme may be used in future with multiple 

obstacles in the domain. One or multiple bluff body structures may be positioned in the fluid 

domain and the change in swimming filament dynamics may be investigated. The position of the 

obstacle and the swimming angle of the filament, with respect to the bluff body structure, can 

be varied, and corresponding pressure data sets may be generated for control optimization. 

The present study may be remodeled with different control parameters. The Reynolds number 

may be varied, and the swimming patterns and flow physics may be investigated further. The 

results may be further analyzed with experimental results in future for different geometry 

considerations. The numerical simulation used in this study may be extended to 3-D geometry 

and D3Q19 model may be used in LBM instead of the present D2Q9 model. Instead of a thin 

filament, multiple side-by-side filaments may be modelled and surface pressure data for each 

filament may be generated for understanding the interaction among themselves. 

The algorithm used in the present study may be modified further for more accurate results. The 

major outcome of this study is to understand the hydrodynamic interaction between solid 

structure and fluid. Another major contribution of this study is the mathematical modelling of 

self-propelled free-swimming flexible filament and incorporating the calculation of surface 

pressure data at desired Lagrangian nodes, that may be significantly useful for future soft 

robotics applications. 
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APPENDIX 

 

Derivation of Poisson equation for 𝑻 

Eq. (7) can be derived from Eqs. (2) and (5) as following, 

(
𝜕𝑿

𝜕𝑠
⋅
𝜕𝑿

𝜕𝑠
) = 1 , 

Differentiating twice with respect to 𝑡, we get, 

 
𝜕2

𝜕𝑡2
(
𝜕𝑿

𝜕𝑠
⋅
𝜕𝑿

𝜕𝑠
) = 0 , 

Multiplying both sides with constant mass ratio 𝛽, 

⇒ 𝛽
𝜕2

𝜕𝑡2
(
𝜕𝑿

𝜕𝑠
⋅
𝜕𝑿

𝜕𝑠
) = 0 

⇒ 𝛽
𝜕

𝜕𝑡
[
𝜕

𝜕𝑡
(
𝜕𝑿

𝜕𝑠
⋅
𝜕𝑿

𝜕𝑠
)] = 0 

⇒ 2𝛽
𝜕

𝜕𝑡
[
𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑡
(
𝜕𝑿

𝜕𝑠
)] = 0 

⇒ 2𝛽 [
𝜕𝑿

𝜕𝑠
⋅
𝜕2

𝜕𝑡2
(
𝜕𝑿

𝜕𝑠
) +

𝜕

𝜕𝑡
(
𝜕𝑿

𝜕𝑠
) ⋅
𝜕

𝜕𝑡
(
𝜕𝑿

𝜕𝑠
) ] = 0 

⇒ 2
𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑠
(𝛽
𝜕2𝑿

𝜕𝑡2
) + 2𝛽

𝜕2𝑿

𝜕𝑡𝜕𝑠
⋅
𝜕2𝑿

𝜕𝑡𝜕𝑠
= 0 

⇒ 2
𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑠
(
𝜕

𝜕𝑠
(𝑇
𝜕𝑿

𝜕𝑠
) −

𝜕2

𝜕𝑠2
(𝛾
𝜕2𝑿

𝜕𝑠2
) + 𝛽𝐹𝑟

𝒈

𝑔
− 𝑭 ) + 2𝛽

𝜕2𝑿

𝜕𝑡𝜕𝑠
⋅
𝜕2𝑿

𝜕𝑡𝜕𝑠
= 0 

⇒ 2
𝜕𝑿

𝜕𝑠
⋅
𝜕2

𝜕𝑠2
(𝑇
𝜕𝑿

𝜕𝑠
) − 2

𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑠
(
𝜕2

𝜕𝑠2
(𝛾
𝜕2𝑿

𝜕𝑠2
)) + 2

𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑠
(𝛽𝐹𝑟

𝒈

𝑔
) − 2

𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑠
(𝑭)

+ 2𝛽
𝜕2𝑿

𝜕𝑡𝜕𝑠
⋅
𝜕2𝑿

𝜕𝑡𝜕𝑠
= 0 
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⇒ 2
𝜕𝑿

𝜕𝑠
⋅
𝜕2

𝜕𝑠2
(𝑇
𝜕𝑿

𝜕𝑠
) + 2𝛽

𝜕2𝑿

𝜕𝑡𝜕𝑠
⋅
𝜕2𝑿

𝜕𝑡𝜕𝑠
+ 2

𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑠
(𝑭𝑏 −  𝑭) = 0 , 

 

where 𝑭𝑏 = −
𝜕2

𝜕𝑠2
(𝛾

𝜕2𝑿

𝜕𝑠2
). Since, 

𝜕2

𝜕𝑡2
(
𝜕𝑿

𝜕𝑠
⋅
𝜕𝑿

𝜕𝑠
) = 0, we can write, 

 

2
𝜕𝑿

𝜕𝑠
⋅
𝜕2

𝜕𝑠2
(𝑇
𝜕𝑿

𝜕𝑠
) + 2𝛽

𝜕2𝑿

𝜕𝑡𝜕𝑠
⋅
𝜕2𝑿

𝜕𝑡𝜕𝑠
+ 2

𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑠
(𝑭𝑏 −  𝑭) =

𝜕2

𝜕𝑡2
(
𝜕𝑿

𝜕𝑠
⋅
𝜕𝑿

𝜕𝑠
) 

⇒
𝜕𝑿

𝜕𝑠
⋅
𝜕2

𝜕𝑠2
(𝑇
𝜕𝑿

𝜕𝑠
) + 𝛽

𝜕2𝑿

𝜕𝑡𝜕𝑠
⋅
𝜕2𝑿

𝜕𝑡𝜕𝑠
+
𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑠
(𝑭𝑏 −  𝑭) =

1

2

𝜕2

𝜕𝑡2
(
𝜕𝑿

𝜕𝑠
⋅
𝜕𝑿

𝜕𝑠
) 

⇒
𝜕𝑿

𝜕𝑠
⋅
𝜕2

𝜕𝑠2
(𝑇
𝜕𝑿

𝜕𝑠
) =

1

2

𝜕2

𝜕𝑡2
(
𝜕𝑿

𝜕𝑠
⋅
𝜕𝑿

𝜕𝑠
) − 𝛽

𝜕2𝑿

𝜕𝑡𝜕𝑠
⋅
𝜕2𝑿

𝜕𝑡𝜕𝑠
−
𝜕𝑿

𝜕𝑠
⋅
𝜕

𝜕𝑠
(𝑭𝑏 −  𝑭) , 

here the first term on the RHS is zero theoretically, but to correct numerical errors of the 

inextensibility constraint, this term is not dropped. 
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