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By way of analogy, an algebraic group is like a houseboat. A houseboat is both house
and boat, so construction involves solving engineering problems common to houses (e.g.
plumbing) and problems common to boats (e.g. floating). Additional complications emerge
from the interplay of the two structures — for instance, the presence of water may require
more safeguards in the electrical system.

An algebraic group is a mathematical object with two structures: it is both an algebraic
variety and a group. To study them, we use tools from from algebraic geometry and from
group theory, as well as tools related to the interplay between the two structures. Mathe-
maticians use group homomorphisms to describe relationships between different groups. To
study algebraic groups, we usually use algebraic group homomorphisms, group homomor-
phisms that are compatible with the algebraic structure. In the 1970’s, Armand Borel and
Jacques Tits discovered that sometimes the “algebraic” assumption is superfluous. They
proved that, in certain circumstances, an ordinary group homomorphism between two alge-
braic groups has to be almost algebraic.

After establishing their theorem, Borel and Tits conjectured that this was just one exam-
ple of a more general phenomenon. Since then, mathematicians have made partial progress
in confirming this, and this thesis extends that work by verifying the conjecture for a family
of algebraic groups called special unitary groups. We hope that the methods developed here

can later prove the conjecture for the larger family of quasi-split algebraic groups.
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Joshua Ruiter

We investigate two related problems involving abstract homomorphisms between the
groups of rational points of algebraic groups. First, we show that under appropriate as-
sumptions, abstract representations of quasi-split special unitary groups associated with
quadratic extensions of the field of definition have standard descriptions, i.e. can be factored
as a group homomorphism induced by a morphism of algebras, followed by a homomorphism
arising from a morphism of algebraic groups. This establishes a new case of a longstanding
conjecture of Borel and Tits. In the second part, we apply existing results on standard de-
scriptions for abstract representations of Chevalley groups to study some rigidity properties
of actions of elementary subgroups on algebraic varieties.

The thesis is organized as follows. To provide context for the study of abstract homo-
morphisms, in §1 we give a historical overview of key developments going back to Cartan’s
work on homomorphisms of Lie groups. In §2, we prove our rigidity result for special unitary
groups, using a strategy inspired by [Rapll] which depends crucially on the construction
of certain algebraic rings associated to abstract representations. In §3, we apply existing
rigidity statements for representations of elementary subgroups of Chevalley groups to study
rigidity properties of these groups acting on affine algebraic varieties and projective surfaces.
We discuss some open questions and plans for future work in §4. In the appendices, we
collect some relevant background material on algebraic rings, and also provide details on the

computations of commutator relations needed for the constructions in §2.
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Chapter 1

Rigidity

In this chapter, we provide historical background on rigidity for algebraic groups, starting
with Cartan’s rigidity result for Lie groups and leading into the Borel-Tits conjecture. We
discuss partial results towards the Borel-Tits conjecture, and outline how the current work
fits into and extends known results.

One of the earliest forms of rigidity is Cartan’s theorem regarding continuous group
homomorphisms between Lie groups. In general, a continuous map f : M — N between
smooth manifolds cannot be expected to be smooth. However, Cartan’s theorem says that if
M, N are Lie groups and f is a group homomorphism, then continuity implies smoothness?.
In other words, group homomorphisms between Lie groups are much more rigid that they
first appear.

Following Cartan, there was a considerable amount of work on rigidity properties of
classical groups, by people including Schreier and van der Waerden [SVdW28], Dieudonné
[Die80], and O’Meara [HO89]. However, all of these results were obtained in a somewhat ad
hoc manner. The first organized approach was taken by Steinberg in [Stel6], who systemat-

ically studied all simply-connected Chevalley groups over fields, culminating in the rigidity

result [Stel6, Theorem 30], which gives a structured factorization description for any abstract

1This goes back to [Car30] and [vN29], though Cartan’s statement is not in these terms. Cartan proved
the closed-subgroup theorem, of which this is a corollary. See [Leel3, Theorem 20.12] for the closed-subgroup
theorem, and [Leel3, Exercise 20-11(b)] for the corollary as stated here.



automorphism of the group of points of a Chevalley group over a perfect field. Later work
of Borel and Tits in [BT73] generalized Steinberg’s results and focused the subject around a
main conjecture. Before discussing this conjecture, we motivate the transition from Cartan’s
theorem to analogous statements about algebraic groups.

To translate Cartan’s theorem into a conjecture for algebraic groups, we first rephrase
it in more categorical terms: it is equivalent to the statement that the forgetful functor
LieGp — TopGp is full. We replace Lie groups with the category AffAlgGp,, of affine
algebraic groups over a field & (viewed as representable functors Alg;. — Gp, where Algy. is
the category of finitely generated commutative k-algebras), and replace topological groups
by the category Gp of abstract groups (groups with no additional structure). We replace

the forgetful functor LieGp — TopGp with the functor

P : AffAlgGpy, — Gp, G — G(k)

We think of this as a parallel to the forgetful functor in the sense that G(k) “forgets” the
algebraic group structure of G. Then Cartan’s theorem suggests the question: is P full? We

introduce some additional terminology to rephrase this more concretely.

Definition 1.0.1. Let G,G’ be algebraic k-groups. An abstract group homomorphism
p: G(k) — G'(k) is algebraic if there is a morphism of algebraic groups o : G — G’ such
that p coincides with the map induced by ¢ on k-points. In other words, p is algebraic if it

is in the image of the functor P : AffAlgGp;. — Gp.

In the analogy between algebraic groups and Lie groups, algebraic group homomorphisms
correspond to smooth group homomorphisms and abstract homomorphisms correspond to

continuous homomorphisms. Our earlier question of whether AffAlgGp; — Gp is full can



now be rephrased as: is every abstract group homomorphism p : G(k) — G’(k) algebraic?

Unfortunately, the answer is no. We give some counterexamples.

Example 1.0.2. Let k = C and G = G/ = G, be the additive group and let p: C — C be
complex conjugation. All algebraic group homomorphisms G, — G, are given by (linear)
polynomials, which p is not, so p is not algebraic. A similar counterexample is obtained by
replacing G, by G;,. More generally, let G = G’ be an algebraic subgroup of GL,, and let

p: G(C) — G(C) be complex conjugation on each matrix entry; this is not algebraic.

Example 1.0.3. Let k be a perfect field of characteristic p > 0, let G = G’ = G, and let
p:k — k,x — 21/ be the inverse of the Frobenius map. Then p : G4(k) — Gq(k) is not

algebraic.

Example 1.0.4. Let k be a field, and let G = G’ = GL,, over k. Let ¢ : k — k be a field
automorphism, which induces a map p : GL, (k) — GLy, (k) applying ¢ to each matrix entry.

If ¢ is not algebraic (as an abstract homomorphism G, — Gg), then p is also not algebraic.

As these examples demonstrate, field automorphisms are a major source of non-algebraic
homomorphisms between linear algebraic groups. However, the general philosophy of rigidity
is that maps arising from field automorphisms (and more generally, morphisms of algebras)
are essentially the only obstruction to an abstract homomorphism being algebraic.

To explain the source of this philosophy, we formulate one of the main results of the
landmark 1973 paper of Borel and Tits [BT73]. Let k, k' be infinite fields and let G, G’
be algebraic groups over k, k’ respectively. Suppose that G is absolutely almost simple k-
isotropic, and G’ is absolutely simple adjoint. Let G denote the elementary subgroup
of G(k), the group generated by the k-points of unipotent radicals of k-defined parabolic

subgroups, and let p : G — G’(k’) be an abstract homomorphism with Zariski-dense
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image. Then there exists a field embedding f : ¥ — k' and a morphism of algebraic groups
o0:G — G such that p = o o F|o+, where F : G(k) — G(K') is the group homomorphism

induced by f. We depict this in the following commutative diagram.

Gt P s G (K)

N A

G(K")
A factorization of p as above is called a standard description. Borel and Tits also ex-
tended of this result in [BT73, Theorem 8.16], where, roughly speaking, the hypothesis on
G’ is replaced by assuming that G’ is reductive. Borel and Tits also gave the following
example, which illustrates two aspects of the subject: (1) more abstract homomorphisms
may have standard descriptions if we allow morphisms of algebras rather than just field
embeddings, and (2) the image of a reductive group under an abstract homomorphism need

not be reductive.

Example 1.0.5. Fix an infinite field £ and let G C GL; be a simple linear algebraic k-
group, with Lie algebra g C M;,. Let 0 : £ — k be a nontrivial derivation, which induces
a map A : G(k) — G(k) by applying ¢ on each matrix entry?. Let G/ = gx G, using the

adjoint representation of G on g. Define

p:G(k) = G'(k) g <9_1 : A(Q)aﬂ)

More conceptually, p can be described in the following way which explicitly shows how p
factors as predicted by the result of Borel and Tits. Let A = k[¢] with £2 = 0, and note that

G(A) = G'(k) via the algebraic isomorphism

o GA) = (k) X +Yers (X—l Y, X>

2For concreteness, one can take G = SLp, g = slp, k = C(x), and § = % to be the differentiation
operator.



Define f : k — A by f(x) = x + 0(x)e, which induces F' : G(k) — G(A) by applying f to

each matrix entry. It is straightforward to verify p = o o F', i.e. p essentially arises from f.

G(k) & y G/ (k)
e
G(A)

To summarize, p is a non-algebraic morphism between groups of k-points which essentially

arises from a morphism of k-algebras f : k — k[e]. Also, p has Zariski-dense image in g x G.
In particular, even if G is semisimple, the Zariski closure of the image p(G(k)) = G’(k) is not
reductive (it has nontrivial unipotent radical g). So in general, the image of a reductive group
under an abstract morphism need not be reductive. Furthermore, the example demonstrates
that in order to obtain a standard description for an abstract homomorphism, it may not be
possible to factor using a map induced by a field embedding; it may be necessary to use a
map induced by a morphism of k-algebras as F' is in the example. This led them to formulate

the following conjecture [BT73, 8.19].

Conjecture 1.0.6 (BT). Let G and G’ be algebraic groups defined over infinite fields k
and k', respectively. If p: G(k) — G'(k') is any abstract homomorphism such that p(G™) is
Zariski-dense in G'(k'), then there exists a commutative finite-dimensional k'-algebra A and

a ring homomorphism f : k — A such that
p = 0 O TA/k/ (@) F

where F': G(k) — G 4(A) is induced by f, Y Ga(A) — RA/k/(GA)(kJ’) is the canonical

isomorphism, and o is a rational k'-morphism of RA/k’(GA) to G'.

In the conjecture, G4 is the group obtained by base change from k to A, and R4 Ji! is

the functor of Weil restriction of scalars. Generalizing our previous usage, if an abstract



homomorphism p : G(k) — G'(k’) admits a factorization as in (BT), we will say that p has
a standard description. We think of (BT) as a generalized, algebraic version of Cartan’s

theorem. Notably, it explains our previous counterexamples.

Example 1.0.7. We return to the setting of Example 1.0.2. Let £ = k' = C and G =
G’ € GLy, and let p : G(C) — G(C) be complex conjugation on each entry. Let A = C, let
f : C — C be complex conjugation, which induces F' = p : G(C) — G(C), and let o = Id.

This gives a (somewhat vacuous) standard description of p.

G(C) & > G'(C)
N 4&1
G(C)

Around the time Conjecture 1.0.6 was formulated, Tits sketched an argument in [Tit71,
§4] for the case k = k' = R. Later, Weisfeiler [Wei81] proved a case in which G is split by a
quadratic extension and p is an abstract isomorphism. Seitz [Sei97] obtained a result when
k is a perfect field of positive characteristic, and L. Lifschitz and A. Rapinchuk [LRO1] gave
(essentially) a proof of (BT) in the case where G is an absolutely simple, simply-connected
Chevalley group, chark = 0, and G’ has commutative unipotent radical. Note that using
the results of [CGP15, Chapter 9] (particularly Proposition 9.9.1), it is possible to give
counterexamples to (BT) over any field k of characteristic 2 such that [k : k%] = 2, using
perfect and k-simple groups, so we do not expect (BT) to hold over fields of characteristic 2.

Most recently, I. Rapinchuk obtained significant results towards (BT) in [Rap11], [Rap13],
and [Rap19], essentially resolving the conjecture for all split groups (avoiding characteristic
2 and 3), including results for groups over more general commutative rings. In [Rapll],
he introduced a method for studying abstract representations of the elementary subgroups

of simply-connected Chevalley groups over commutative rings based on the construction



and analysis of certain algebraic rings. These techniques led to a general result on abstract
representations that, in particular, yielded (BT) in the case where k is a field of characteristic
# 2 or 3, k' = K is an algebraically closed field of characteristic zero, and G is a split simply-
connected k-group. Subsequently, this approach was extended in [Rapl13] to confirm (BT)
for abstract representations of groups of the form SL, p, where D is a finite-dimensional
central division algebra over a field of characteristic zero. We refer the reader to [Rap15] for
a more extensive overview of work on (BT) and its connections to various classical forms of
rigidity.

Except for results concerning the groups SL;, p, essentially all existing progress on (BT)
has concerned split groups. Our main contribution is to extend the methods of [Rapll] to
prove (BT) for a class of quasi-split special unitary groups (see §2). The primary obstacle
in extending results to non-split groups is the fact that root spaces and root subgroups are
no longer necessarily 1-dimensional. In the split case, analysis of abstract representations is
aided by a construction involving SL;, going back to Kassabov and Sapir [KS09], where they
put an algebraic ring structure on the closure of the image (under an abstract representation)
of a 1-dimensional root subgroup. The generalization of this construction to more general
Chevalley groups is the heart of the strategy of [Rapll] to prove (BT) for those groups.
We have managed to extend this construction to a quasi-split group with 2-dimensional
(relative) root subgroups. We hope that eventually the method can be further extended to
more quasi-split groups.

Our second contribution to the study of rigidity of a more geometric nature. In §3, we
apply rigidity statements in the vein of (BT) from [Rapl9] to obtain rigidity statements for
elementary subgroups of Chevalley groups acting on varieties. We think of these results as

a kind of algebraic analog of the Zimmer program, where we replace diffeomorphism groups



of smooth manifolds by biregular or birational automorphism groups of varieties.



Chapter 2

Abstract homomorphisms of special

unitary groups

In this chapter, we prove that the conjecture of Borel and Tits holds for abstract represen-
tations of certain even-dimensional quasi-split special unitary groups, modulo an additional

technical hypothesis on a certain unipotent radical. The precise statement is as follows.

Theorem 2.0.1. Let L = k;(\/a) be a quadratic extension of a field k of characteristic zero,
and for n > 2, set G = SUg, (L, h) to be the special unitary group of a (skew-)hermitian
form h : L*" x L*™ — L of mazimal Witt index. Let K be an algebraically closed field of

characteristic zero and consider an abstract representation
p: G(k) = GLy(K).

Set H = m to be the Zariski closure of the image of p. Then if the unipotent radical
U = Ry(H) of H is commutative, there exists a commutative finite-dimensional K -algebra
A, a ring homomorphism [ : k — A with Zariski-dense image, and a morphism of algebraic
K-groups 0 : G(A) — H such that p = o o F, where F : G(k) — G(A) is the group

homomorphism induced by f.




In the statement of the theorem, we are using the functor of restriction of scalars to view
G(A) as an algebraic K-group. Namely, denoting by G4 the base change of G from k to A,
restriction of scalars gives a natural isomorphism 74,5 GA(A) = R /i (G4)(K). Since
A is a finite-dimensional K-algebra, R,/ (G 4)(K) is an affine algebraic K-group, and the
isomorphism 74 allows us to endow G(A) = G 4(A) with the structure of an algebraic
K-group. Note that the group H appearing in the theorem is connected by Lemma 2.5.1.
Also note that there is no meaningful difference between assuming h is hermitian or skew-
hermitian, see Remark 2.1.2.

The proof of Theorem 2.0.1 spans this chapter, and proceeds as follows. First, since
G = SUs, (L, h) is a simply-connected k-group with relative root system ®;. of type C,, it
follows that G contains a k-split simply connected k-group Gy = Spsy,, of type Cy, (see [BT65,
Théoreme 7.2 or [CGP15, Theorem C.2.30]). We describe one particular such split subgroup
in Definition 2.2.5. Given an abstract representation p : G(k) — GL;,(K), we consider the
restriction of p to G(k), and use the construction in [Rapll] to associate to P|G0(k;) an
algebraic ring A, as well as a ring homomorphism f : & — A with Zariski-dense image. Since
k and K are both fields of characteristic zero, A is a finite-dimensional K-algebra by [Rapll,
Lemma 2.13(ii), Proposition 2.14]. See Appendix A for results we use concerning algebraic
rings.

In the methodology of [Rapl1], the algebraic ring A plays a central role in proving that
p|G0(k) has a standard description. We show here that A also suffices for the analysis of
p. More precisely, following the general strategy of [Rapll] and [Rapl3|, we first show that
p lifts to a representation & : G(A) — GLy,(K), where G(A) is the generalized Steinberg
group introduced by Stavrova [Sta20] (which builds on an earlier construction of Deodhar

[Deo78]). Then, using the fact that the kernel of the canonical map G(A) — G(A) is central
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(which extends a result of Stavrova to the present situation), together with our assumption
that the unipotent radical R, (H) is commutative, we establish the existence of the required
algebraic representation o : G(A) — GLy, (K).

The structure of this chapter is as follows. We begin by describing the special unitary
groups SUs, (L, h) (§2.1), their elementary subgroups (§2.2), and associated Steinberg groups
(§2.3). Then in §2.4 we describe an algebraic ring A associated with an abstract representa-
tion of SUgy, (L, k), describe how it is a commutative finite-dimensional K-algebra as claimed
by the theorem, and show that p lifts to a representation o of é(A) Finally, in §2.5, we
descend ¢ to obtain the morphism ¢ and finish the proof of the theorem. The main results

of this chapter also appear in more condensed form in the paper [RR22].

2.1 Special unitary group

We define the special unitary group SUs, (L, h). Let k be a field of characteristic zero and
let L/k be a quadratic extension, so L = k(v/d) for some d € k. We set 7 : L — L to be the
nontrivial element of Gal(L/k) and note that for any commutative k-algebra R, the action
of 7 naturally extends to Ry, := R®;. L via the second factor. More precisely, given a simple

tensor a ® b € R ®;. L with a € R and b € L, T acts by
T(a®b) =a®7(b)

We write 7(z) = T for x € Ry. Next, fix an integer n > 2 and let V = L be a 2n-
dimensional L-vector space equipped with a (skew-)hermitian form h: V x V' — L, and
assume that h has maximal Witt index. Because of the Witt index assumption, with respect

to a suitable basis of V' the matrix of A is

11



Definition 2.1.1. With k, L, h as above, let G = SUs,,(L, h) be the isometry group of h.

Explicitly in terms of matrices, for a commutative k-algebra R, we have
G(R) ={X €SLop(Rr) | X"HX = H},

where for X = (a;;), we let X* = (@j;) denote the conjugate transpose matrix. Note in
particular that the group of k-points G(k) is a group of matrices with entries in L, not just
in k. For the rest of this chapter, G denotes the special unitary group SUsg,(L,h). The
choice of basis (or equivalently the choice of matrix representation for h) only affects G' up

to inner automorphism.

Remark 2.1.2. The special unitary groups considered here belong to a larger class of unitary
groups described in [Bor91, V.23.9] (also see [Mill7, Theorem 24.44, Remark 24.46] and
[PR94, Ch. 2, §2.3.3]). In a more general setting considered by Borel, L can be any division
algebra over k(v/d), 7 is an involution of the second kind on L, and the form A may have
arbitrary Witt index. As noted in [Bor91, V.23.8], “there is no essential difference” between
hermitian and skew-hermitian when dealing with an involution of the second kind, in the
sense that if the form A is 7-hermitian then a scalar multiple of A is 7-skew-hermitian. The
group G also belongs to the class of unitary groups studied by Hahn and O’Meara in [HO89,

Ch 5].

12



Remark 2.1.3. G is a k-form of SLo,,. More precisely, G becomes isomorphic to SLg,, over
L, as we now describe. Let R be an L-algebra. Then we have the following sequence of

group homomorphisms, all of which are functorial in R.
SU(R) = SLan(Rr) = SLay (R*) — SLay(R)* — SLay(R)

The first map is inclusion, and the second is induced by the following isomorphism of L-

algebras with involution?.

Ry =~ R?

a®1+b®\/al—><a+b\/a,a—b\/3) a,be R

The third map takes matrices with ordered pair entries and turns it into an ordered pair
of matrices, and the final map is projection onto the first copy of SLo,(R). The entire

composition gives an isomorphism SUy, (R) = SLo, (R) which is functorial in R.

Let G be any quasi-split k-group and let L be a splitting field for G, then extend if
necessary so that L/k is Galois. Let S C T C G with S a maximal k-split torus and T
a maximal torus (which splits over L). Let ® = ®(G,T) be the absolute root system and
®,. = ®(G,S) be the relative root system, viewing ® as a subset of the character group
X*(T) and @, as a subset of the character group X*(S5). The natural restriction map
X*T) — X*(S) takes ® onto P, and the Galois group Gal(L/k) acts on ® by inducing
automorphisms of the associated Dynkin diagram, and restriction of characters from 7" to S

gives a bijection

{Gal(L/k)-orbits in ®} —— &,

1 The involution on R? is (x,y) = (y,z). In fact, this isomorphism the unique isomorphism Rj, = R2 of
L-algebras with involution, up to multiplying by the scalar —1.
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That is, two absolute roots in ® restrict to the same relative root if and only if they lie in

the same Gal(L/k)-orbit.
In the particular case of G = SUsg,, (L, h), ® is type Aoy, 1 and Py, is type Cy,. The Galois
group is Gal(L/k) = Z/27Z (1). The generator 7 acts as on the A,_; Dynkin diagram by

reflection across the central node. This reflection is depicted in Figure 1 below.

N>

Figure 2.1: The nontrivial automorphism of the Ag,,_1; Dynkin diagram

There are n orbits; one singleton orbit and (n — 1) orbits each containing two nodes. As
depicted below in Figure 2, the (n — 1) orbits with two nodes correspond to the (n—1) short

roots in a base for Cy, and the lone singleton orbit corresponds to the long root in a base

for C,,.
Ag,,_1 orbits Cn
)
~ 0t —O— OO0
\/

Figure 2.2: Orbits in Ag,,_1 corresponding to nodes in Cy

See §2.2 of [Deo78] and Table II of [Tit66] for more discussion on this correspondence for

general quasi-split groups.
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2.2 Elementary subgroup

We describe the elementary subgroup of SUy, (L, h), first by recalling some aspects of the
theory of elementary subgroups of isotropic reductive group schemes, developed by Petrov
and Stavrova [PS08]|. Suppose G is a reductive group scheme over a ring R that is isotropic
of rank > 1 (i.e. every semisimple normal R-subgroup of G contains a 1-dimensional split
R-torus). Then G contains a pair of opposite parabolic R-subgroups P and P~ that inter-
sect properly every semisimple normal R-subgroup of G (such subgroups are called strictly
parabolic). In [PS08], the corresponding elementary subgroup Ep(R) is then defined as the
subgroup of G(R) generated by Up(R) and Up_(R), where Up and U,_ are the unipotent
radicals of P and P~ respectively (note that when R = k is a field, then Ep(k) coincides
with the group G appearing in the Borel-Tits Conjecture 1.0.6). The main result of [PSOS]
(see also [Stal4, Theorem 2.4]) is that if for any maximal ideal m C R, the group Gp,, is
isotropic of rank > 2, then Ep(R) does not depend on the choice of a strictly parabolic
subgroup P. This assumption is automatically satisfied in all situations considered here, so
to simplify notations, we will denote the elementary subgroup simply by E(R).

The elementary subgroup is functorial in R (i.e. a ring homomorphism R; — Ro gives
rise to a group homomorphism F(R;) — E(R2)) and it is compatible with finite products
(i.e. E(Ryx---xRy)=E(R1)x---xE(Ry)). Furthermore, since G is a quasi-split simply-
connected k-group, this observation and [Sta20, Lemma 5.2] imply that G(R) = E(R) for
any ring R that is a finite product of local k-algebras. In particular G(k) = E(k), and
G(A) = E(A) where A is the ring constructed later in Proposition 2.4.6 (note that while A
may contain nontrivial idempotents, it is a product of local rings which do not).

In analogy with elementary subgroups of Chevalley groups, Petrov and Stavrova provide
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a description of F(R) in terms of generators that satisfy certain generalized Steinberg com-
mutator relations. The following statement collects the relevant parts of [PS08, Theorem 2]

and [Sta20, Lemma 2.14] in the case of G = SUy, (L, h) that will be needed for our analysis.

Theorem 2.2.1. Let G = SUs, (L, k), fix a maximal k-split torus S C G, and denote by
;. the corresponding relative root system (of type Cp,), viewed as a subset of the character
group X*(S). Then for every a € @y, there exists a vector k-group scheme Vg, and a closed

embedding of schemes Xq : Voo — G such that for any k-algebra R, we have the following:

(1) For any v,w € Vu(R),

Xa(v) - Xo(w) = Xa(v+w)

In particular, X4(0) = 1.
(2) For any s € S(R) and v € Vo (R),

s - Xa)-s71 =X, (a(s)v)

(8) (Steinberg commutator formula) For any o, € ®j such that o # £, and for all
u € Vo(R),v € V3(R),
Xo() Xs0)] =TI Xiaria( N (w,0)
i,j>1
iOH—]'BE(Dk
for some polynomial maps NZ.B : Va(R) x Vg(R) — Vjqqjp(R). The map ij‘.ﬁ is
homogeneous of degree i in the first variable and homogeneous of degree j in the second

variable.

(4) The elementary subgroup E(R) is generated by the elements X (v) for all a € @y, and

all v € Vo(R).
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Remark 2.2.2. We make some remarks on the theorem.

1. The more general formulas in [PS08, Theorem 2] and [Sta20, Lemma 2.14] include
complicated product terms in (1) and (2) above, but these terms are trivial in our case

because ®;. is reduced.

2. In view of the structure of the root system C,, the product on the right hand side
of (3) contains at most two terms with the possible values of ¢ and j lying in {1, 2}.
Moreover, when there are two terms, these commute with each other. In fact, all
nontrivial commutator relations in Theorem 2.2.1 (3) arise from a copy of Cy or Ao
sitting inside Cp. That is, if o, 8 € &, and a + 8 € P} so that the product on the
right side is nontrivial, then {ia +jBePL:i, g€ ZZO} sits inside a copy of Cy or Ag.

See Lemma B.1 for a more precise statement.

3. The dimension of V,, is the dimension of the relative root space associated to «. Thus
there are two possibilities, distinguished by the two root lengths in C;,: if « is a long
root, then Vi, = Gg, so that Vo (R) = R for any k-algebra R. If « is a short root,
then Vo 2= (G,)?, and we have Vo (R) = R®;, L = Ry (to make the identification

(Gq)?(R) = R? = Ry, we use the fact that k2 = L as a k-vector space).

For the calculations that we will carry out in subsequent sections, it will be useful to make
the statement of Theorem 2.2.1 more explicit, as follows. The full diagonal subgroup 7' C G
is a non-split maximal torus, which contains the maximal k-split subtorus S consisting of

elements of T fixed by conjugation.
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T(R)Z{ :SZ‘GRE

S(R) ={XeT(R): X=X} = s, € RX

Clearly T splits over L (this also follows from Remark 2.1.3). Let a; : T — Gy, be the
character which picks off the ith diagonal entry. We abuse notation slightly and denote
the restriction «;|g by «a; as well. The character group X*(S) is free abelian with basis
{a1,as,...,a9,-1}. A computation shows that the relative root spaces of G with respect

to S are
@) = {£20; i odd} U {£e; £ aj : i # j, both odd} 1<i4,5,<2n

Roots of the form +2q; are long, and roots of the form +a;+a; with i # j are short. The root
spaces for long roots are 1-dimensional, and root spaces for short roots are 2-dimensional.
Furthermore, the morphisms X, of Theorem 2.2.1 look as follows. For a ring R, we
denote by Ej;(r) € Moy (R) the matrix with z in the ij-th entry and 0 in all other entries.
Recall that for a k-algebra R, the conjugation map 7(z) = T extends to Ry. We denote

matrix transpose by X?. Then the root group morphisms for the long roots are

X2ai(R) : R — G(R) =14 Ei,i—&—l(x)

X 90;(R): R—= G(R) &~ Xoo,(2)' =1+ Ejyq(x),
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and for the short roots, the morphisms are
Xaj—a;(R): R, = G(R) w1+ Eij(2) — Ejy141(7)

X—o;+a;(R): R, = G(R) x> Xo;—a (2)! =1+ Eji(z) = Eij1,j11(T),
X_a;—aj(R): Ry = G(R) 2+ Xajra,;(2)' =1+ Ejpy y(@) + Eyyy (@),
where for a pair 7,5, we set i’ = min(4,j) and j/ = max(i, j). Note that the definition of
X—@#%’ is redundant (and consistent) with the definition of Xo%—aj‘ One can check by
direct calculation that the maps X, defined here have the properties asserted by Theorem

2.2.1. Immediately from the definitions, they have the additional property that negating a

root « corresponds to taking the matrix transpose of X (z).
X _o(z) = Xo(x)! Va € @y,

Example 2.2.3. We write out the maps X in the case n = 2.

1 v 1
1 v 1
XQOq (U) = 1 XfQOzl (U) = 1
1 1
1 1
1 1
X2a3 (U) = 1 v X—Qag (2}) = 1
1 v 1
1 v 1
1 1 —U
Xaq—ag (v) = 1 X _—aq+ag (v) = v 1
-0 1 1
1 v 1
1 1 v
Xa1+a3 (v) = 71 X—al—ag (v) = 1
1 v 1
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By direct calculation, we can obtain explicit formulas for the polynomial maps ij‘-ﬁ

appearing in Theorem 2.2.1. To formulate the result, given a k-algebra R, we let
Tr: R, —+ R ara+a

denote the extension of the usual trace map TrL/k : L — k to Ry. Also, for 6 = +1 and

v € Ry, we define

vy = (2.1)

The notation is chosen so that (v/d)s = dv/d. The following lemma makes use of this
notation to describe the maps N f;ﬁ arising in all nontrivial Steinberg commutator relations

for SUg, (L, h).

Lemma 2.2.4. Let o, § € O} be relative roots such that a+ 5 € Oy, and let u € Vo (R),v €

V3(R).

(1) Suppose a, 3 are both short and o+ ( is short. Then relabelling «, 5 if necessary we

have a = o; — a5, 8 = aj — ay for distinct indices 1, j, ¢, and

Nlalﬁ(u,v) = uv Nﬁa(v,u) = —uv

(2) Suppose «, B are both short and o + B is long. Then relabelling o, 5 if necessary we

have o = e(a; — ), B = w(; + ;) for some e = £1,w = +1, with i < j, and

Nlalﬁ(u,v) = wTr(u—guv) Nlﬁla(v,u) = —wTr(u_c)

(3) Suppose « is short and 3 long. Then we have a = eq; +wa; and 3 = —&2a; for some
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e=d4l,w==1andi # j, and

NSP(u,0) = —ewoutt NE (v, u) = ewvut
where
1 1<
Cz’j =
-1 >y

af

In particular, whenever it is defined, the map Ny s surjective.
Proof. See Appendix B, Lemma B.4. O

A key step in the proof of Theorem 2.0.1 involves restricting a given representation
p: G(k) = GLy,(K) to a split subgroup G(k) = Spg,(k), so we now describe one such split

subgroup explicitly.
Definition 2.2.5. Let H be the matrix from Definition 2.1.1. Let
Go(k) = G(k) N GLay (k) = {X € SLoy (k) | X'HX = H} = Spoy, (k)

Recall that if 8 € @}, is a short root, then Vg(k) = L = k@ kv/d. Our calculation then
shows that Gq(k) is the subgroup of G(k) = E(k) generated by the images of the maps
Xa(k) : Va(k) — G(k) for long roots o and by the images of the maps Xg(k) : Vg(k) — G(k)

restricted to the first component for long roots 5.

Definition 2.2.6. For later use, following Steinberg (see [Stel6, Ch. 3]) we define the

elements
Wa (V) = Xa() - X_al(—v™H) - Xa(v)

ha(v) = wa(v) - woé(l)_1
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for « € @, and v € V(k)*. Note that wq(1), ha(l) € Go(k). We also have the following

analog of Steinberg’s relation (R7),

wa(1) - Xp(v) - wa(1) ™" = Xy p(e0), (2.2)

where ¢(v) = £v41 (s0 that p? = Id) and wq 3 denotes the action of the corresponding Weyl
group element wy on the root 5. The element wq(v) normalizes the split torus S(k), and
we (v)? centralizes S(k), s0 wa (v) corresponds to an element of the Weyl group N (S)/Z(S) =
N(S)/T of order 2. In particular, wy (1) corresponds to the element of the Weyl group of
®;. which is reflection in the hyperplane orthogonal to a. In Appendix B, we do explicit
computations to verify a case of equation (2.2) on the level of the Steinberg group (see §2.3

for the definition of the Steinberg group).

Example 2.2.7. We write out the matrices wq(v) and hq(v) in the case n = 2.

—p~1 ’ ' vl
w30, (v) = . P20y (v) = 1
1 1
—1)71 Ufl
W_20, (v) = v 1 h—2a,(v) = ! 1
1 1
1 1
Woaq(v) = ( L v) hoag(v) = ( : v )
—1)_1 U_l
1 1
W_204(v) = ( ! vl) h—2a4(v) = ( ! o1 )
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Lemma 2.2.8. Let R be a k-algebra, let o € @, and let u,v € Vo(R)*. Then ho(v) is a
diagonal matriz with diagonal entries from {1, vil,Uil}, W (v) s @ monomial matrix with

nonzero entries from {ivil, iﬁil}, and
ha(@) ™t =ha(v™h)  ha(u) - ha(v) - ho(uww) ™t =1

Proof. Obvious for n = 2 by inspection of the tables in Example 2.2.7. The general n > 2
case reduces to the n = 2 case because hqy(v), wo (v) are contained in the subgroup generated
by Xa(v), X—q(v), which is contained in a copy of SUy(L,h) sitting inside SUsg, (L, h),
corresponding to a copy of Co sitting inside C,. The relations follow immediately from the

description of hq(v) as a diagonal matrix. O

The elements wq(v) correspond to similar elements described by Deodhar in [Deo78,

Lemma 1.3] and also more explicitly in §2.322. In particular, one can check that we(v) =

2There is potential for confusion between the notation here and in Deodhar — in his notation, wq (u) is
defined for nontrivial u € Uy/(k), but our wq (v) is defined for v € Vi (k). Since Xq : Vi (k) — Uq (k) is
an isomorphism, this is merely a notational difference.
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W—q (—U_l), or more explicitly,
Xa(v) - X—a (—v_l) Xa(v) = X_q (—v_1>  Xa(v) X—a (_U—1>

It follows from this and the uniqueness aspect of [Deo78, Lemma 1.3] that the element wq (v)

we have defined agrees with Deodhar’s definition of wq(v).

2.3 Steinberg group

Next we recall Stavrova’s generalization of the classical Steinberg group from [Sta20, Defi-
nition 3.1], noting that this is in turn inspired by a construction of Deodhar [Deo78, §1.9].
We establish a key centrality property for a unitary version of the group Ko from algebraic
K-theory (Proposition 2.3.2) which extends a centrality result of Stavrova [Sta20, Theorem
1.3]. Although Stavrova works in the general context of reductive group schemes, for the
sake of concreteness, we will restrict ourselves to the case G = SUs, (L, h).

As in the classical setting, for a k-algebra R, the generalized Steinberg group C~¥(R) is
the abstract group generated by symbols )?a(v), for « € ;. and v € V,(R), subject to
the relations (1) and (3) of Theorem 2.2.1 but replacing X, with X,. More precisely, it is

defined as follows.

Definition 2.3.1. Let R be a k-algebra. The Steinberg group é(R) is the group generated

by symbols )?Oé(v), for all &« € &, and all v € V,(R), subject to the relations
(R1) For a € @}, and v, w € V,(R),
Xa(v) - Xo(w) = Xo(v + w);

That is, X is a group homomorphism Vi, (R) — G(R).
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(R2) For a, 8 € ®y, such that a # +3, and for all u € Vi (R),v € V3(R),

[f(a(U),Xﬁ(U)}: H )?mw(N{?ﬁ(“’”))?
wz}r’]jl?é‘pk

where N Z.ﬁ are the same maps as in Theorem 2.2.1(3).

A morphism of k-algebras ¢ : R — R’ induces an additive group homomorphism ¢ : Vy,(R) —

Va(R) which then induces a group homomorphism
G(R) = G(R)  Xa(v),— Xa(8(v)).

This process of inducing maps on the Steinberg group is functorial in R. Furthermore, for

every k-algebra R, we have a natural surjective homomorphism
7r:G(R) = E(R), Xa(v)— Xa(v).

The kernel of 7p is a unitary analog of the group Ko(R) from classical algebraic K-theory.
The main result of this subsection is the following statement, which partially extends [Sta20,

Theorem 1.3].

Proposition 2.3.2. Suppose R is a k-algebra that is a finite product of local k-algebras.

Then ker 7g is a central subgroup of G(R).
Before proving this, we prove some lemmas.

Lemma 2.3.3. Any generator )N(a(v) of é(R) can be written as a product of generators
5(%.( i) with v; # a and some u; € V. (R). Furthermore, Xo(v) is contained in the com-
mutator subgroup [G(R), G(R)]. In particular, G(R) and E(R) are perfect groups, i.e. they

coincide with their commutator subgroups.

3See [LS11, Theorem 1] for a more general result on elementary subgroups of reductive groups being
perfect.
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Proof. First, suppose « is a long root. Then we can write o = 1 + o for appropriate short

roots 1 and g, and it follows from (R2) that

[)N('yl (u1), )N(WQ (UQ)} = X (‘valw2 (ut, u2)>

Since Nﬂlw is surjective (Lemma 2.2.4), we can find uy € Vi (R) and ug € Vi, (R) so that
Nﬂlw (u1,u9) = v, which yields our claim in this case.
Next, suppose « is short. Then we can write o = 1 + 72 for an appropriate long root

v1 and short root v9. Hence, by (R2) we have

[)?vl (u1), Xrq (UQ)] = Xao (Nﬂ”? (u1, UQ)> Xy 424 (N;%,YQ (ut, U2)>

Again by Lemma 2.2.4 we can choose uj,u9 so that Nﬂlw (u1,u9) = v. Multiplying both
sides by )?71+272 <N321’Y2 (uq, u2)> ~ then yields our first claim. Furthermore, since v{ + 279
is a long root, the preceding case shows that )?714_272 (vazﬂ2 (uq, uz)) - is contained in the
commutator subgroup, and hence so is X (v).

Thus, since all generators of G(R) are contained in [G(R), G(R)], it follows that G(R)

is perfect. Since the natural map 7 : G(R) — E(R) is surjective, we conclude that E(R) is

perfect as well. O

Lemma 2.3.4. The Steinberg group commutes with finite products. That is, for any k-

algebras Ry, ..., Ry, we have G(Ry X -+ x Rp) = G(Ry) x --- x G(Rp).

Proof. By induction, it suffices to show that G(A x B) = G(A) x G(B) for any k-algebras
A and B. We do this by mimicking an argument of Stein [Ste73, Lemma 2.12]; note that
our result is not a special case as Stein considers only split groups. First, we note that the

projections of A X B onto its components induce a surjective group homomorphism

p:G(Ax B) = G(A) x G(B),  Xa(v) = Xa(v1,v) — ()?a(m),)?a(vg))
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Next we define a map in the reverse direction by

s:G(A) x G(B) — G(A x B)

(XOé 'U1 a1> Ula

(1 Xo(v2) (0, v9)

(This defines s on a set of generators for G(A) x G(B), and we then extend it to the whole
group by multiplicativity.) It follows immediately from the definitions that po s and sop
are the respective identity maps on generating sets. Thus, it remains to show that s is a
homomorphism by verifying that s takes all the defining relations in G (A)x G (B) to relations

in G(A x B). We need to check that s preserves three kinds of relations:
(i) The defining relations of é(A) applied to the generators ()?a(vl), 1).
(ii) The defining relations of G(B) applied to the generators (1, )Za(vg))
(iii) [(Xa(a), 1) , (1,)’55(1;))} — 1 for all a, B € B, and all a € Va(A),b € Vy(B).
It is clear that s preserves (i) and (ii), so it remains to show that s preserves (iii). First
consider the case a # —f. Let a € Vo (A) and b € V3. Then

s [()?a(a),1) , (1,5(5(1)))} - [)"(’a(a,()),)?ﬂ(o,b)} = ] me( N2 ((a,0), (0, b)))

1,7>1
iOé—FjBE(I)k

Since NZ-O;-B is homogeneous of degree 7 in the first argument and of degree j in the second
argument, it is at least linear in each argument. So each term of N 55 ((a, 0), (0, b)) includes
a factor of (a,0)-(0,b) = (0,0) =0 € A x B. Hence N{;ﬁ((a, 0),(0,b)) = 0 and the product

is trivial, so s preserves (iii) when o # —f.
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Now consider relation (iii) with & = —f. For any b € B, by Lemma 2.3.3, the element

X _0(0,b) € G(0 x B) € G(A x B) can be written as a product

X_a(0,0) = H)%(O,ui)

where v; # —a for all 7, with each u; € B. Thus, we have

s [()N(a(a),1> , (1,X_a(b))] - [)Za(a,o),)?_a(o,b)] - [)N(a(a,O),H)N(%.(O,ui)

1
Since v; # —a, by the previous case, Xq(a,0) commutes with each factor )?72'(0’ u;). Con-
sequently, it commutes with the whole product, hence the last commutator vanishes. This

shows that s preserves (iii) when o = —, completing the proof. O

With the previous two lemmas in hand, we can proceed to the proof of Proposition 2.3.2.
Proof of Proposition 2.3.2. Suppose R = Ry X --- X Ry, where Ry,..., R, are local k-
algebras. Since the elementary subgroup and the Steinberg group both commute with finite

products (Lemma 2.3.4), it follows that

n
T
=1

and hence

n n
kermp = er”TRi C HG(RZ) = G(R).
=1 i=1

Applying [Sta20, Theorem 1.3] to each local factor R;, we see that ker R; 18 central in G (R;).
Consequently, ker 7 is central in G(R), as claimed. [
Our main application of Proposition 2.3.2 will be to the case where R = A is the algebra

obtained in Proposition 2.4.6. This application is used in Proposition 2.5.2.
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2.4 Algebraic ring associated to an abstract represen-

tation

With our descriptions of the elementary and Steinberg groups of SUs,, (L, h), we now embark
on the proof of Theorem 2.0.1, starting with the construction of A and f as in the statement
of the theorem. In this section, we describe an algebraic ring A associated to an abstract
represtation p : G(k) — GLy,(K), then show how p can be lifted to a representation o of
the Steinberg group é(A) These techniques go back to a construction of Kassabov and
Sapir [KS09], and more importantly extend the methods introduced in [Rapl1] and [Rap13]
to verify the Borel-Tits conjecure for split groups.

Let p: G(k) — GLy;,(K) be an abstract representation (with K an algebraically closed
field of characteristic zero). We set H = p(G(k)) to be the Zariski closure of the image of
p. Furthermore, we let pg: Go(k) — GLy,(K) denote the restriction p’GO(k) (see Definition
2.2.5). By [Rapll, Theorem 3.1], we can associate to pg an algebraic ring A, together with
a ring homomorphism f: k& — A with Zariski-dense image, as follows. Recall that if o € &,

is a long root, then Vi (k) = k, whereas if « is short, then Vi (k) = L = k @ kV/d.
Definition 2.4.1. For a € ®, define Ay = p(Xq(k)) and

Note that for a short, the root subgroup X, (Vs (k)) has dimension 2 (over k), and in this
case, Ay is the closure of the image of the 1-dimensional subgroup X (k) C Xa(Va(k)),

arising from the natural embedding k — L = Vi, (k).

As shown in [Rapll, Theorem 3.1], each A, has the structure of an algebraic ring (see

Appendix A for some background on algebraic rings) — we recall that the addition operation

29



is obtained simply by restricting matrix multiplication in H to A, whereas the multiplication
operation is defined using the Steinberg commutator relations. Moreover, for any «, 5 € 4.,
there exists an isomorphism 7,5: Aq — Ap of algebraic rings such that m,5 0 fo = fg
([Rapll, Lemma 3.3]). We denote this common algebraic ring by A, and, for each a € @y,
we fix an isomorphism of algebraic rings mo: A — Aq such that 7,4 0 7o = m3. So we have
a ring homomorphism f: k& — A with Zariski-dense image such that 7, o f = f, for all

a € . The following commutative diagram depicts the situation.

Also from [Rapll, Theorem 3.1], we have (injective) regular maps 9} : A — H satisfying

(wa o f)(u) = (pg o Xa)(u) for all u € k. In other words, the following diagram commutes.

Go( )

lf Po

—>H

The algebraic ring A plays a pivotal role in the proof of the main results of [Rapll], i.e
obtaining a standard description of pg. It turns out that A also suffices for the analysis
of the representation p. The precise statement that is needed in our context will be given
in Proposition 2.4.6 below. First, we make the following construction. Given a short root

a € Oy, let us define a subset By, C GLy,(K).

Bo = p <Xa (k\/ﬁ))
We also define the following map:

Jo : k — By, u»—>p(Xa(U\/E>>.
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Our next step is to give an isomorphism analogous to 7,4 to identify Ag and B, for some
relative roots a, 8. Rapinchuk constructs m,g in [Rapll, Lemma 3.3] as follows: for a

particular pair of roots «, 8 € Bg with a short, 5 long, and 8 — a € ®y, 7,4 is given by

ot~ [t (2] o

After translating through an identification By = Co, for such a pair «, [ as above, they
span a copy of Cy sitting inside ®;. consisting of the roots {ta, £5,+(5 — ), £(2ac — )},
where +a and £(5 — «) are short and the others are long. All of the Steinberg commutator

relations in the following lemma involve only this copy of Co inside &y..

Lemma 2.4.2. Tuke the short root a = a1 — ag and the long root § = —2as3. Then there is

an isomorphism of algebraic varieties w: By — Ag such that o go = fg.

Proof. We perform a similar computation to that in [Rapll, Lemma 3.3]. Define a regular

m(x) = {x,gﬂ—a (;—;ﬂ :

(Compare with equation (2.3).) Note that 2d is invertible as char k = 0. This commutator

map 7: By — H by

occurs inside GLy,(K) and multiplication is regular, so 7 is regular. By Lemma 2.2.4 (2),

we have Nﬁ’ﬂ_a(u,v} = — Tr(uv). Now let s € k. Then

70 gals) = [POXa (S\/Zz) poXpa (%)] =P {Xa (S\@ A-a (2%1)}

cro 35 (8 ) e (1 (3) o -

This shows that 7o gq = f3, and that m maps ga (k) into fg(k). Since 7 is regular, it follows

that m(Ba) C Ag. It remains to show that 7 is invertible. First, using Lemma 2.2.4 (3), we
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obtain

Nlﬂl’a_ﬁ(v,u) = —uv

N5

v, u) = vun

Let h = hgq_p(1/2) = haa,(1/2) be the element introduced in Definition 2.2.6 and define

v:Ag — Ba, v(y) = p(h) - [y,ga,g(—l)] : [y,ga,ﬂ(l)} ‘P(h)_l'

It is clear that v is a regular map; we claim it is an inverse for 7. Let ¢t € k. Using the

commutator relation in Theorem 2.2.1(3), we have
50 ()] a2 () s ()
= Xa (V) - Xgop( — ta).

Thus

| X5(t), Xa—g (~Vd) | - | X5(0), Xaup (ﬂ)}_l

50 (0) S o) 08) = (208)

We also have the relation

h-Xa(2v) b~ = X, (v)

for all v € L. Putting everything together, we obtain

vo falt) =p (h- [Xﬁ(t),xa,ﬁ (—ﬂ)} - [Xﬂ(t),Xa,B (\/Zz)]l - h—l)
— 0 (h X, <2t\/3) -h_1> = (Xa (t\/_>> = ga(t).
Thus, vom and 7ov are the respective identity maps on dense subsets of Ag and By. Since

they are regular, it follows that they are the respective identities on the whole space, so v is

the inverse of 7 as claimed. O
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Remark 2.4.3. Although we fixed the roots a and f in the preceding argument for the
sake of concreteness, essentially the same calculations can be carried for any short root «
and long root 8 such that o — /3 is a root (with appropriate modifications to the definitions
of m and v, depending on the signs arising in computing N1 and Ni9). We carry this out

in Lemma B.9.

Remark 2.4.4. In Appendix A, we describe an algebraic ring structure on Ba,—qg and

show that 7 is not just an isomorphism of varieties, but an isomorphism of algebraic rings.

Next, we make the following observation, which will streamline the proof of Proposition
2.4.6 by allowing us to consider just a single root of each length. In the statement, we refer
to the group schemes V,, introduced in Theorem 2.2.1. Given a k-algebra homomorphism
[k — A, we denote by Vo (f): Va(k) = Vo (A) the associated group homomorphism. Note
that if a is a long root, then V,(f) can be identified with f, and if « is short, then Vi, (f) is
the map a + bv/d — f(a) + f(b)v/d — in particular, if & and 3 have the same length, then

the homomorphisms Vo (f) and Vg(f) coincide.
Lemma 2.4.5. Let a, 8 € . be roots of the same length. Then

(1) There exists w € E(k) such that for allv € Vu(k), we have w- Xqo(v) -w™1 = Xg(pv),

where v = tv4q.

(2) Let f: k — A be a k-algebra homomorphism. Suppose there ezists a regular map
Yo Va(A) = H such that a0 Vo (f) = po Xo. Let w, be as in part (1), and define

Yp(v) = p(w) - Palpv) - plw) ™t
Then v g is regular and satisfes g o Vg(f) = po Xg.
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Proof. (1) It is well-known that the Weyl group W acts transitively on roots of the same
length, so there exists w € W such that wa = 5. Write w as a product of simple reflections,

W = Wy + + * Wry, for roots v; € & Using the relation (2.2), we have
-1
w%‘(l) - Xa(v) - w%.(l) = Xw%-oz(SOiU)

where ;v = tvyy. Let w = wy (1) - wy, (1) and ¢ = 1 - - - . Then repeatedly applying

the above relation yields

w - Xo(v) - w = Xwﬂ...wma(gol con) = X (pv) = Xg(pv)

Since each ; is a composition of negation and conjugation, pv = +v41.

(2) This is proved by a direct calculation using the result of part (1), the fact that p? = Id,

and the assumption that ¢ o Vo(f) = p o Xo. Namely, let v € Vg(A). Then

050 Va()(©) = p(w) - Ya (9 0 VE(N(®)) - plw) !
= p(w) - (Yo o Valf)(v)) - plw) !
= p(w) - (p o Xa(sov)) - p(w)
= p(w- Xalpv) - w)
= p(Xs(6™))

= po Xg(v)

We now come to one of the main statements of this section.

Proposition 2.4.6. Let G = SUsg,(L,h) and let p : G(k) — GL;,(K) be an abstract

representation, with K an algebraically closed field of characteristic zero. Set H = p(G(k)).
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There exists a finite-dimensional K -algebra A, a ring homomorphism f: k — A with Zariski-
dense image, and for each a € @y, a reqular map Vo : Vo(A) — H such that g 0 Vo (f) =
poXqy.

Va(k) =% G(k)

Valf )l lp

Vo(A) —2o s g

Proof. We take A and f: k — A to be the algebraic ring and ring homomorphism constructed
from the restriction P|G0(k) using [Rapll, Theorem 3.1], as described at the beginning of
this section. Recall that for each a € @, there is a regular map zﬂ}l : Aq — H, and an
isomorphism 74 : A — Ag such that 74 0 f = fo and ¥} o Vo(f)|r = p o Xalp. By Lemma
2.4.5, it suffices to construct 1 : Vo (A) — H satisfying ¢q 0 Vi (f) = po X, for a single root
of each length. If «r is a long root, then, since the corresponding root space is 1-dimensional,
we can simply set 1, = @Z)é

Now let us consider the short root &« = a; — a3. Then, taking § = —2a3, Lemma 2.4.2

yields an isomorphism of algebraic varieties 7: By — Ag such that Lo [ = ga. Define
wi:A%H, wgzLBOﬂ'iloWﬁ,

where mg: A — Ag is the previously fixed isomorphism satisfying fg = mgof, and tg: By —
H is the natural inclusion. Using the identification V(A) = A, ~ A% v = v + vovd —

(v1,v2), we define
Yo i ValA) = H, v =(v1,v2) = $4(01) - Y5 (v2).

Note that for any u € k, we have

(Waof)(u)=(pon tomgof)(u)=(pom "o fz)(u)

= (tp ° ga)(u) = (po Xa) (u\/8)
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Hence, for v = (v, v9) € Vio(k) = L = k ® kvV/d, we have

(Ya 0 Val) ) = va(f1), Fv2)) = (¥ho fo)) - (W3 o flv2)) =
= <p o on(”l)) . (po Xa (Ul\/a) ) =

=poX, <U1 + UQ\/E) = (po Xa)(v)
Thus, ¥ 0 Va(f) = po Xa, as needed. O

Remark 2.4.7. The algebraic ring A = Ag = B, above is a connected algebraic ring over
the algebraically closed field K of characteristic zero, so it is a finite-dimensional K-algebra
(see [Gre64, Proposition 5.1] or [Rapll, Lemma 2.13, Proposition 2.14], or Appendix A). By
[Rapll, Lemma 2.9], A is artinian so it is a finite product of local rings, and each of those
rings is a k-algebra. In particular, A is connected and satisfies the hypotheses of Proposition

2.3.2. This is a key input for Proposition 2.5.2.

Note that since f : k — A has Zariski-dense image in A, for any root a the map V,(f) :
Va(k) — Va(A) has Zariski-dense image in V,(A). If « is long this is vacuous, and if « is
short this just says that applying f to both components of k% has dense image in AZ2.

To conclude this section, we show the representation p can be lifted to a representation

& of the Steinberg group G (A). The precise statement is as follows.

Proposition 2.4.8. Let p: G(k) — GLj(K) be an abstract representation, with K an
algebraically closed field of characteristic zero. Set H = m, and let A, f,0q be as in
Proposition 2.4.6. Let F : G(k) — G(A) be the homomorphism induced by f and 7, : G(k) —
G(k) be the natural map. Then there exists a group homomorphism & : G(A) — H such
that 5o F = poT and o o )N(a = g for all o € ®y; i.e. 0 makes the following diagrams

commute.
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Proof. In order for the relation o o Xo = 1o to hold, we must define o on the generators of
G(A) by

5(Xa(®)) = valv).
To show that & is well defined, we need to verify that the relations (R1) and (R2) hold,
replacing )Afa with 1. For this, we imitate the proof of [Rapll, Proposition 4.2|, starting
with (R1). To make the notation less burdensome, let us set f = Vi (f). Let a,b € f(Va(k)),

and choose v, w € Vi (k) such that f(v) = @ and f(w) = b. Then

Yala) valb) = (Voo f) (v) - (v 0 F) () = (po Xa)(v) - (o Xa)(w)
= p(Xa(v) - Xa(w)) = (ro Xa) 0 +w) = (Yao f) (v +w)
= va () + F(w)) = vala+0)

Thus, we have two regular maps V,(A) x Vo (A) — H given by
(a,b) — o(a) - a(b) and (a,b) — 1o(a +b)

that agree on the Zariski-dense subset f(Va(k)) C Va(A). So, they must coincide on all of
Va(A). This verifies (R1). By a similar calculation, for any «, f € @, with a # £/, we have
two regular maps Vi (A) x V3(A) — H given by
(@.0) = [Ya(a). ()| and (@.0) = T wiarjs (N5 (@b)
a, ala), g an a, ia+j B\ Vi) a,
ij>0
that agree on the Zariski-dense subset f(Va(k)), and hence on all of V4(A). Thus, (R2)

holds as well. This shows that ¢ is well defined, and, by construction, satisfies ¢ o )?a = Yq

37



for all & € ®;. Finally, for any o € ®; and v € V,,(k), we have
0 F)(Xa(v)) = 7(Xa (F0) ) = va (f0)) = (po Xa)(v) = (pom) (Xa(v) ).

from which it follows that & o F = po 7. O

2.5 Rationality of o

We retain the notations of the previous section. Namely, we let G = SUs, (L, h), consider
an abstract representation p: G(k) — GLj,(K), with K an algebraically closed field of
characteristic zero, and set H = W By Proposition 2.4.6, one can associate to p an
algebraic ring A together with a ring homomorphism f: k& — A with Zariski-dense image.
Then in Proposition 2.4.8, we constructed a group homomorphism o : G (A) — H that lifts
p to a representation of the Steinberg group é(A) More precisely, the diagrams formed by

the solid arrows below commute.

(2.4)

(Here F' and F denote the group homomorphisms induced by f.) To complete the proof of
Theorem 2.0.1, it remains to show the existence, under the assumptions of the theorem, of a
morphism of algebraic groups o: G(A) — H as indicated in the diagram. Note that before
this section, we have not made use of the assumption that R, H is commutative; it appears
in Lemma 2.5.5. Before addressing the algebraicity of o, we show that H is connected and

perfect. In the following lemma, H° denotes the connected component of the identity of H.
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Lemma 2.5.1. The homomorphism o : CNJ(A) — H is surjective and the algebraic group H

is connected and perfect. That is, H = H° =0 (é(A)) = [H°,H°] = [H, H]|.

Proof. Let H C H be the (abstract) subgroup generated by the elements 1)y (v) =0 o )?a(v)
for all @ € &, and v € V(A), where ¥y : Vo (A) — H are the regular maps introduced in

Proposition 2.4.6.

H = (Ya(v) v € Vy(A),a € Op)

Since, by definition, the X, (v) generate G(A), their images generate & (é(A)), so H =
5(G(A)). Now, A is connected by Remark 2.4.7, so Vi (A) is connected, and hence 1 (Vi (A))
is connected. Thus, it follows from [Bor91, Proposition 2.2] that #H is Zariski-closed and
connected, so X C H°. On the other hand, H contains p(E(k)), which is Zariski-dense in
H. So, H is Zariski-dense in H, and since H is closed, we see that H = H. This shows that
‘H = H = H°. Furthermore, by Lemma 2.3.3, é(A) is equal to its commutator subgroup, so

the same is true for H = 5(G(A)). O

In the remainder of the this section, we will complete the proof of Theorem 2.0.1 using
a strategy inspired by that of [Rapll, §5.6]. Namely, let Z(H) be the center of H, set
H = H/Z(H), and denote by v: H — H the corresponding quotient map. We first show
that & gives rise to a group homomorphism 7: G(A) — H satisfying @o7r4 = v o0&, and
verify that & is in fact a morphism of algebraic groups. Then, using the assumption that the
unipotent radical U = Ry, (H) is commutative (together with our standing hypothesis that

char K = 0), we lift 7 to the required morphism of algebraic groups o: G(A) — H.

Proposition 2.5.2. There exists a group homomorphism &: G(A) — H such that 5o, =

vod, where my: G(A) — G(A) is the canonical map.
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G(A) 4 GA)

)
|

—— H

Ql

Proof. First, it follows from Remark 2.4.7 that G(A) = E(A). Moreover, since 74 is sur-
jective, we have E(A) = G(A)/kermy. Now, according to Proposition 2.3.2, kermy is
central in G(A), and by Lemma 2.5.1, 5: G(A) — H is surjective. Consequently, we have
o(kermy) C Z(H), and hence & induces a map : G(A) — H on the quotients satisfying

gomy =voao. The following commutative diagram with exact rows depicts the situation.

1 —— kermq —— G(A) -2 GA) —— 1
Ni >

P

1 —— Z(H) < y H —Y—— H

~

~
—_

Next we show that 7 is algebraic.

Proposition 2.5.3. The group homomorphism &: G(A) — H from Proposition 2.5.2 is a

morphism of algebraic groups.

Proof. Using [Bor91, Proposition 2.2] or [Sta20, Lemma 2.14(iv)], we can write G(A) = E(A)

as a product

m
GA) = [ v =T] U
1=1

OéE‘I)k,

for some sequence of roots {a1,...,am} C Py, where Uy, = Xq, (Va,;(A)) is the root sub-

m

group associated with a € &, and each e; = £1. Let X = H Aq; be a product of copies of
=1

A indexed by the «;, and define a regular map s: X — G(A) by

s(ag, ..., am) = Xaq(ar)?l - Xay, (am)™.
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The maps X, are all regular, so s is regular. Let us also define a regular map X - H
by

t(a1,...,am) = Yaq (a1)°L - Yoy, (am)m,
where the t)q; are the morphisms from Proposition 2.4.6. Since each Yo, 1s regular, ' is
regular. Set ¢t = vot’. One easily checks that @os = t. In particular, for any 1,29 € X, the
condition s(x1) = s(xg) implies t(x1) = t(x2). So, by [Rapl3, Lemma 3.10], 7 is a rational
map. Hence, there is an open subset of G(A) on which @ is regular. Then, applying [Rap13,

Lemma 3.12], we conclude that @ is a morphism of algebraic groups. O

To conclude the argument, we will show that & can be lifted to a morphism o: G(A) — H.
For this, we first discuss several preliminary statements, which are analogues in the present
setting of results established in [Rapl1, §§5,6].

Let A be the algebraic ring associated with the representation p, and let J C A be
its Jacobson radical. As previously noted, A is a finite-dimensional K-algebra; in partic-
ular, A is artinian, and hence J¢ = {0} for some d > 1 (see [AM16, Proposition 8.4]).
Moreover, by the Wedderburn-Malcev theorem (see [Pie82, Theorem 11.6]), there exists a
semisimple subalgebra A C A such that A = A @ J as K-vector spaces and A = A/J as
K-algebras. We note that [Rap11, Proposition 2.20] implies that A ~ K x - --x K (r copies).
Since G' = SUy, (L, h) is K-isomorphic to SLg,,, it follows that G(A) is a connected, simply
connected, semisimple algebraic group. For the next statement, we consider the canonical

homomorphism A — A/J and set
G(A,J) =ker(G(A) = G(A/J))
to be the corresponding congruence subgroup. We then have the following.

Lemma 2.5.4. Retain the notation above.
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(1) The congruence subgroup G(A, J) is nilpotent.
(2) We have a Levi decomposition G(A) = G(A, J) x G(A).
Proof. (1) Fixing an embedding G(A) < GLo,(Ay), it is straightforward to show that
[G(A, J%),G(A, J")] € G(A, J*T)

for any a,b € Z>1. Since J is a nilpotent ideal, our claim follows.

(2) Using the fact that G(A) is perfect (see Lemma 2.3.3), this statement is proved by the

same argument as [Rapll, Proposition 6.5]. O

Next, we note the following analogue of [Rapl1, Proposition 5.5] — this result is proved
exactly as in that context, employing Lemma 2.5.1 in place of the corresponding statements
in loc. cit.. Following the discussion there, we say that H satisfies condition (Z) if
Z(H)NU = {e}. As previously noted, the following lemma is is the first and only place

where the assumption on the commutativity of the unipotent radical U = Ry, (H) is used.
Lemma 2.5.5. Let p, H be as above, and let U be the unipotent radical of H.
(1) If U = Ry(H) is commutative and char K = 0, then H satisfies (Z).

(2) If H satisfies (Z), then Z(H) is finite. If additionally char K = 0, then Z(H) is

contained in any Levi subgroup of H.

Proof. (1) Let H = U x S be a Levi decomposition of H. Since char K = 0, by [Bor91,
Remark I1.7.3] U = (K™,+) where m = dimU, and the action of S on U gives a ra-
tional representation of S on K. By Weyl’s Theorem, this representation is completely

reducible (see [Hum72, Theorem 6.3] and [Hum?75, Theorem 13.2], and note that these rely on
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char K = 0). Since H = [H, H| (Lemma 2.5.1) the representation cannot contain the trivial
representation, so U has no nonzero elements fixed by the S-action, so Z(H) N U = {e}.
(2) Consider the quotient H/U, which is a reductive algebraic group that coincides with
its commutator. So by [Bor91, Corollary 14.2], Z(H/U) is finite. Since Z(H)NU = {e}, the
restriction of the quotient map H — H/U is injective, so Z(H) is finite.
Now suppose char K = 0. Let S be a Levi subgroup of H,so H =U x S. Since Z(H) is
a finite abelian group, it is reductive, so some conjugate of it is contained in S (see [Mos56]).

Since Z(H) is central, it is itself contained in S. O

The next statement completes the proof of Theorem 2.0.1.

Theorem 2.5.6. Assume that U = Ry (H) is commutative and char K = 0. Then there
exists a morphism of algebraic groups o: G(A) — H making the diagram below (same as

2.4) commute.

Proof. (cf. [Rapl1, Proposition 6.6]) Let G(A) = G(A, J) x G(A) be the Levi decomposition

from Lemma 2.5.4, and set
U=5(G(A,]), S=5(GA), and §=(r'(9))°,

where v: H — H is the quotient map. Then H = Ux S and H = U x S are also Levi
decompositions. By Lemma 2.5.5, we have Z(H) C S. Consequently, S = S/Z(H) and the

restriction v|; : U — U is an isomorphism.
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Now, since the quotient map v: H — H is a central isogeny, and, as we observed above,
G(A) is simply connected, it follows from [BT72, Proposition 2.24(i)] that there exists a
morphism of algebraic groups og: G(A) — S such that v|goog = 6|G(Z)'

SCH

Define o7 = u|[}1 o <5|G(A,J)>- Then
o= (oy,05): G(A) - H

is a morphism of algebraic groups such that v oo = @. It remains to show that o makes the

diagram (2.4) commute. Define
X:GA) = H,  g=3(g)" - (goma)(g).

Since ¢ and o o m4 are group homomorphisms, so is y. Also, by Proposition 2.5.2, we have
Gormy = v oo, which yields voo omy = voag. Thus, the image of x is contained in
kerv = Z(H). Since é(A) coincides with its commutator subgroup, if the image is central
in H then we conclude that y is trivial, and hence com4 = . Finally, the equality co F' = p

follows from the commutativity of the rest of the diagram and the surjectivity of 7. O
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Chapter 3

Group actions on varieties

In this chapter, we discuss applications of rigidity statements for Chevalley groups to obtain
rigidity statements for actions of elementary groups on algebraic varieties. We think of this
as an algebraic analog of the Zimmer program (see [Fisll]). Throughout the chapter, K
will denote an algebraically closed field of characteristic zero, and all algebraic groups and
varieties will be assumed to be K-defined. As in the preceeding chapter, we take a classical
approach of identifying algebraic groups and varieties with their K-points. An overline
such as H denotes the Zariski closure of H. For a quasi-projective variety X, we denote
by Bir (X)) the group of birational morphisms X --+ X, and Aut (X) the subgroup of
biregular maps. For a K-algebra A, Aut (A) is its group of automorphisms. If X is affine,

the groups Aut(K[X]) and Aut(X) are naturally (anti-)isomorphic (see §3.1).

Definition 3.0.1. Let I' be an abstract group and X an affine variety. An abstract action
of I" on X is given by a group homomorphism p : G — Aut(X). Equivalently, there is a map

[' x X — X such that for every v € I', the map X — X,z + p(v)(z) is biregular.

Definition 3.0.2. Let G be an algebraic group and X an affine variety. An abstract action
of G on X is algebraic if the map G x X — X is a morphism of varieties (G x X is the

product Variety)l. An action is almost algebraic if G contains a finite-index subgroup A

It is tempting to characterize an algebraic action as one in which the associated group homomorphism
p: G — Aut(X) is algebraic, but this does not work because the automorphism group Aut(X) is “too big”
to be an algebraic group. Instead, Aut(X) has the structure of an ind-group, see [Sha81].
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such that p|A gives an algebraic action of A on X.

In this chapter, we study a different but related form of ridigity to that in Conjecture
1.0.6. We prove rigidity statements of the form: under some hypotheses, an abstract action
of I' on X agrees with an algebraic action of some algebraic group G on X, at least on
a finite-index subgroup A C T' and after passing through some abstract homomorphism
F : T' — G, which may or may not be an embedding. We obtain two main results of this
type, both of which rely critically on [Rapl9, Theorem 1.1], a rigidity result for Chevalley
groups over commutative rings in the spirit of the Borel-Tits conjecture.

We set some notation and terminology. Let ® be a reduced irreducible root system of
rank > 2 and let R be a commutative ring. The pair (®, R) is nice if 2 € R* whenever ®
contains a subsystem of type By and 2,3 € R* if ® is of type Gy. Let G be the corresponding
universal Chevalley-Demazure group scheme over Z, and let I' = G(R)™" be the elementary
subgroup of GG, the group generated by R-points of unipotent radicals of R-defined parabolic
subgroups. Let g : R — K be a ring homomorphism. A g-derivation is map 6 : R — K

such that for any a,b € R we have
d(a+b)=0d(a)+0(b) d(ab) = d(a)g(b) + g(a)i(b)

The set of all g-derivations is denoted Der?(R, K'), and has a natural K-vector space struc-
ture. We say that R has property (Dy,) if dimg Derd(R, K) < n for every ring homorphism

g: R— K. We focus on the case n = 1.

Example 3.0.3. A ring R of S-integers in a number field has (D7). See [Rapl9, Lemma

6.1] and [Rapl3, Lemma 4.7] for more general statements.

We recall and rephrase the notion of a standard description from §1. Let p : I' —

GLy,(K) be an abstract representation, where I' = G(R)" as above. We say p has a
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standard description if there exists a finite-dimensional commutative K-algebra A, a
ring homomorphism f : R — A with Zariski-dense image, a morphism of algebraic groups
o:G(A) = GL;,(K), and a finite-index subgroup A C I' such that p|p = (0 o F)|A, where
F : G(R) = G(A) is induced by f. Using this terminology, [Rap19, Theorem 1.1] says that
if G is the universal Chevalley group of a reduced irreducible root system ® of rank > 2, R
is a commutative ring with (D7), (®, R) is a nice pair, and I' = G(R)" then any abstract

homomorphism p : I' = GL;,(K) has a standard description.

3.1 Elementary groups acting on affine varieties

In this section we give two closely related rigidity results for elementary subgroups of Cheval-
ley groups acting on affine varieties. We begin by recalling the correspondence between
actions on a variety and on its coordinate ring. For an affine variety X defined over K,
there is a natural anti-automorphism 7y : Aut(X) = Aut(K[X]) which takes ¢ € Aut(X)
to ¢* € Aut(K[X]), where ¢*(f) = fo¢. Let I be a group acting on X viar : ' = Aut(X).

Note that r induces an action r* : T' — Aut(K[X]) of I on Aut(K[X]) characterized by

(e0f)e=1(r(1)2)

for all z € X and f € K[X]. That is, r* = nx or oinv, where inv is the inversion

map vy 7—1'

We will refer to r* as the associated action on K[X], or the coaction
induced by r. If we suppress r from the notation (as in e.g. Springer [Spr09, 2.3.5]) and
denote 7(7)x = vz and r*(y)x = v*, this can be rewritten as (v*f)(z) = f(y 'z). For
a comorphism ¢ € Aut(K[X]), denote the associated morphism by ¢ = n)_(l(w). Clearly
(¢*)Y = ¢ and (¢V)* = 1. Given an action p : ' — Aut(K[X]), we define p¥ = 77)_(1 opoinv
to obtain an action p¥ : I' = Aut(X), given explicitly by p"(v) = (p (7*1))\/. It is clear
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that (r*)¥ =r and (p¥)* = p.
For a group I' acting on a K-algebra A, we will say the action is locally finite-
dimensional if the orbit of any single element spans a finite-dimensional K-subspace of

A. Recall the following classical result (see [Spr09, Proposition 2.3.6] or [Bor91, Proposition

1.1.9]).

Proposition 3.1.1. If G is an affine algebraic group acting algebraically on an affine variety

X, the associated action on K[X] is locally finite-dimensional.

We think of the main rigidity statements from this section as a partial converses to this
statement. To formulate them, we set some notation. Let K be an algebraically closed field
of characteristic zero. Let ® be a reduced, irreducible root system of rank > 2 and G be the
corresponding universal Chevalley-Demazure group scheme over Z. Let R be a commutative
ring with (D7), such that (®, R) is a nice pair. Let I' = G(R)™ be the elementary subgroup

of G.

Theorem 3.1.2. Let K, P, G, R,T" be as above. Let X be an affine K-variety, and let I' act
abstractly on X viar : T' — Aut(X), such that the associated action on K[X] is locally finite-
dimensional. Then there exists an algebraic group G, an algebraic action 7 : G — Aut(X),
and a finite-index subgroup A C T' such that r|p = (7 o F)|a, where F : G(R) — G(A)
is an abstract group homomorphism arising from a ring homomorphism f : R — A with

Zariski-dense image.

Note that in the proof we will define G = F(I'), so the composition 7 o F' is well-defined.
Conceptually, the theorem describes how the abstract action of I' is rigidified by agreeing

with an algebraic action of G. More precisely, the equality r|o = (7 o F)|a says that the
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abstract action of I' on X agrees with the algebraic action of G on X, after passing through
F' and restricting to the finite-index subgroup A.

We explain how the theorem is a partial converse to Proposition 3.1.1. Suppose an
abstract group I' acts abstractly on an affine K-variety X via r, an algebraic group G
acts algebraically on X via 7, and there is a group homomorphism F' : I' — G such that
r|A = (FoF)|a for some finite-index subgroup A C I'. By Proposition 3.1.1, the coaction of G
on K[X] is locally finite-dimensional; we claim it follows that that the coaction of I' on K[X]
is also locally finite-dimensional. Indeed, fix a set {v1,...,7n} of left coset representatives

for A in T'. Then for any f € K[X] the orbit I'.f can be written

n n
D.f = J{rf v ewd}=J{r(nuo)f: 6 € A}
i=1 1=1
n n
=Ur0a) {r@f 0 e Ay = [ r(n) {F(F(9) f: 0 € A}

i=1 1=1
Observe that {7 (F'(6)) f: 6 € '} C {7(9)f : g € G} and the right hand set is finite-dimensional.
Thus the orbit I'.f is a finite union of translations (via K-linear automorphisms 7(v;)) of
these finite-dimensional subsets, so it is finite-dimensional.

Because of Example 3.0.3, Theorem 3.1.2 applies when R is a ring of S-integers in a

number field. However, we can also obtain this case more directly with stronger conclusions,

as detailed in the next theorem.

Theorem 3.1.3. Under the same hypotheses as Theorem 3.1.2, assume in addition that R is
a ring of S-integers in a number field. Then there exists an algebraic group G containing T,

an algebraic action v : G — Aut(X), and a finite-index subgroup A C T' such that 7|p = r|a-

The remainder of this section is occupied with proving Theorems 3.1.2 and 3.1.3. We

begin with some remarks and lemmas.
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Remark 3.1.4. Let A be a finitely generated K-algebra with a locally finite-dimensional
action of a group I'. Then A contains a finite-dimensional I'-invariant subspace V' which
generates A as a K-algebra. Concretely, take a finite generating set {f1,..., fn} of A and
let V' be the sum of the K-spans of the orbits of the f;. By assumption each orbit is finite-
dimensional, so V' has the desired properties. In particular, this implies that if X is an affine
variety and I" acts on X via r such that the coaction r* on K[X] is locally finite-dimensional,
then the image r*(I") C Aut(K[X]) is contained in GL(V'). As previously noted, Aut(X) and
Aut(K[X]) are not algebraic groups, but we avoid complications of ind-groups by ensuring

that everything happens inside the algebraic group GL(V).

Remark 3.1.5. Let [' be a group and V' a finite-dimensional K-vector space. In this
situation, an action of I' on V via p : I' — GL(V) is called a representation, and the
coaction is called the corepresentation. Every K-linear automorphism of V' extends uniquely
to a K-algebra automorphism of the symmetric algebra Sym(V'); this gives an embedding
GL(V) <= Aut(Sym(V')). Hence an abstract representation p : I' — GL(V') uniquely extends

to an abstract representation p : I' — Aut(Sym(V')) making the following diagram commute.

Aut(Sym(V'))

I —— GL(V)
Next we prove a lemma which establishes that the corepresentation of an algebraic repre-

sentation is algebraic.

Lemma 3.1.6. Let G be an algebraic group, V' a K-vector space of dimension d < oo, and
o:G — GL(V) an algebraic representation. Extend o to a representation o : G — Aut(B),
where B = Sym(V) = K[Y] and Y = A%l(. Then the associated representation oV : G —
Aut(Y) is algebraic.
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Proof. Remark 3.1.5 ensures that such an extension of o exists. Fix an isomorphism of

varieties ¢ : Y = ACIZ( — V', and consider the following diagram.

oV
GxY — Y

invx gbl l¢

GxV 25V

We have abused notation slightly by having o,V refer to maps G — GL(V),G — Aut(Y)

and also to the associated maps G x V — V,G xY — Y. For (g9,y) € G X Y we have

a(g (W) = (6V(9)" 6) = ¢ (¢"(9)(v))

so the diagram commutes. Since o is algebraic, G x V/ L Vis regular, so we have written
oV as the composition ¢ 1 oo o (inv X ¢) of three regular maps, so it is regular, i.e. G acts

algebraically on Y. O

Lemma 3.1.7. Let I' be an abstract group acting on affine varieties X,Y, and letf : X —'Y
be reqular. Then 0 is I'-equivariant if and only if the comorphism 0* is I'-equivariant. More
precisely, let I act on X via rx and on'Y wvia ry, and fir v € I'. Then one of the following

diagrams commutes if and only if the other also commutes.

x_0 . v KIX] 2 K[v]
rx (7 1)l lTY (1) % (v)l r ()
Y _0 .y K[X] 2 K[|

In the diagram on the right, 7‘}, ri’} are the respective coactions of rx,ry .
Proof. Straightforward calculation utilizing separatedness of X and Y. m

Remark 3.1.8. Suppose G is an algebraic group with an abstract subgroup H and H' is a

finite-index abstract subgroup of H. Then H (Zariski closure) is an algebraic subgroup of
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G, and H' is a finite-index? algebraic subgroup of H. Furthermore, if G is connected and

H=G, then H =G (use [Bor91, Proposition 1.1.2]).

We are now ready to prove Theorem 3.1.2. We start with an overview. First, we use
[Rapl9, Theorem 1.1] to obtain A, f, F, o, A as in the theorem, and define G = F(T). Then
we construct an algebraic action ¥ = ¢* : G — Aut(Y'), where Y = A%. Then we describe
a closed I'-equivariant embedding 6 : X — Y, and use it to show that r|o = (¥ o F)|a.

Finally, we show that 7 : G — Aut(Y) leaves X invariant, so that we can think of 7 as an

algebraic action 7 : G — Aut(X).

Proof. Let V' C K[X] be a finite-dimensional I-invariant K-subspace (Remark 3.1.4), let

d = dimg V, and let p be the restriction of the corepresentation r* to V.

p:T = GL(V)  p(y)=7"(7)

By [Rapl9, Theorem 1.1], p has a standard description. That is, there exists a finite-
dimensional K-algebra A, a ring homomorphism f : R — A with Zariski-dense image, an
algebraic representation o : G(A) — GL(V), and a finite-index subgroup A C I' such that
pla = (o0 F)|a, where F': G(R) — G(A) is the (abstract) homomorphism induced by f.

Define G = F(I') (Zariski closure) and p = o|g. The diagrams below depict the situation.

The left diagram is commutative, and the outer triangle of the right diagram commutes.

G(R) L G(A) —Z GL(V) G(R) —L G(A) —Z GL(V)
. F G / . \M
1 rla 1 pIa=(0oF)| A=(poF)|A

27 is the union (not necessarily disjoint) of closures of cosets of H' in H, so [F : F’} < [H : H’}.
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Let YV = A;l( and B = Sym(V) = K[Y]. Next we construct an algebraic action 7 : G —
Aut(Y). Using Remark 3.1.5, the abstract action p : I' — GL(V) and algebraic action

p:G — GL(V) extend to actions on B.

p:T — Aut(B)

p:G — Aut(B)
These actions on the coordinate ring B = K[Y| induce associated actions on Y.

pV T — Aut(Y)

(ﬁjv 1 G — Aut(Y)

We set 7 = (p)¥ : G — Aut(Y). Because p = o is algebraic, 7 is also algebraic by Lemma
3.1.6. Next we describe a I'-equivariant closed embedding 6 : X < Y. The inclusion V — B
induces a K-algebra homomorphism 6* : B — K[X] as follows. Fix a K-basis {t1,...,t4}

of V', and set 6* to be the map
Q*ZB%K[X] t; —

Since B is generated as a K-algebra by the ¢;, this defines a K-algebra homomorphism. We

claim that #* is I'-equivariant; that is, the follow diagram commutes for all v € T".

It is clear that this commutes starting with a generator t; € B, since by definition p(v) just
acts as 7*(y) on V', and then since all the maps in the diagram are K-algebra homomorphisms,
they agree on all of B. As 6* is a surjective K-algebra homomorphism K[Y] — K[X], it

is the comorphism of a closed embedding 6 : X < Y. Since 6* is [-equivariant, so is 6 by
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Lemma 3.1.7. Note that I' acts on #(X) C Y via p¥ = (r*)V = r, so after identifying X
with its image #(X) this is just the original action of ' on X via r. In particular, p¥ = r as
maps I' — Aut(X)3.

Next, we show that r|p = (7o F)|ao. We have p|po = (po F)|a, so taking coactions we
obtain r|p = pY|a = (po F)V|a. Working through the definitions and a short calculation

shows that for all v € I,y € Y, and a € K[Y],

o([Go F) 0] w) =a([Fo F) (1] W)

Since Y is separated, it follows that (po F)Y|a = (7o F)|a, so we obtain 7|p = (7o F)|a
as desired.

We are not quite done, because 7 maps G to Aut(Y'), not to Aut(X) as claimed. To
finish the proof, we need to show that G acting on Y via 7 leaves X invariant. Consider the

restriction of the action of G on Y using r to X.
GxX =Y  (g,2)—7(9)(2)

We need to verify that 7(g)(z) € X. We know that if g € F'(A) so that g = F(J) for some
d € A, then 7(g) = r(d), and when A acts on X via r, the image lands back in X. For a

fixed x € X, since G acts algebraically, we get a regular (hence continuous) map
ly :G—Y g—7(g)(x)

Note that G is connected by [Bor91, Proposition 1.2.2], and since [F(I') : F(A)] < [I": A] <

oo, it follows from Remark 3.1.8 that F/(A) is dense in G. Consider the image of G under

(. Since ly is continuous, (z(G) = {y (F(A)) = (;(F(A)). Then because A acting on X

3A potential point of confusion here is that ,0\/ can be either a map I' = Aut(X) or a map I' — Aut(Y).
These are really the same map; the alternative interpretations just come from the fact that I' leaves X
(identified with 0(X)) invariant inside Y.
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via 7o F' = r leaves X invariant, {(G) = £;(F(A)) C X = X. Thus G acting on Y via 7

leaves X invariant, so we can view 7 as a map G — Aut(X). O

Using a very similar argument, we now prove Theorem 3.1.3. The only significant differ-
ence is that we substitute the use of [Rap19, Theorem 1.1] by the refined statement [Rap13,
Proposition 5.1] which gives more detailed information about the algebraic ring A and ring
homomorphism f obtained in the standard description of p, coming from the fact that R is

a ring of S-integers.

Proof. Let V C K[X] be a finite-dimensional I-invariant subspace, let d = dimg V', and let
p be the restriction of the corepresentation r* to V. Fix a K-basis {t1,...,t;} of V, and
with it fix an isomorphism GL(V) = GL4(K) in the usual way, so we think of p as a map
' - GLy(K).

By [Rapl3, Proposition 5.1], p has a special standard description, where A is a product
of copies of K, and the ring homomorphism f : R — A has the form f = (f(l), e ,f(m))
with each f() : R — K is the restriction of a (distinct) embedding L < K, and we
have p|po = o|a where 0 : G(A) — GLy(K) is a morphism of algebraic groups and A
is a finite-index subgroup of I'. In particular, each f (9) s injective, so the induced map
F : G(R) — G(A) is injective, allowing us to identify I with its image in G(A). Let G =T
(technically F(T')), which is an algebraic subgroup of G(A) (Remark 3.1.8).

From this point, the same arguments as in the proof of Theorem 3.1.2 suffice to complete
the proof. We let Y = Aﬁl{ and B = Sym(V) = K[Y], and let 7 : G — Aut(Y) be the
coaction of o|g, which is algebraic because o is algebraic (Lemma 3.1.6). The obvious map
0* : B= K[Y]| — K[X] is a ['-equivariant surjection of K-algebras, so it is the comorphism

of a closed I'-equivariant embedding of affine varieties 6 : X — Y (Lemma 3.1.7). Then
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one can show that r|po = 7|a, and that 7 leaves (the image under 6 of) X invariant in
the same way as in the proof of Theorem 3.1.2, so ¥ can be viewed as an algebraic action

7:G — Aut(X). O

The following diagram depicts the situation of Theorem 3.1.3.

The upper and lower triangles obviously commute (simply function restriction), as does the
triangle involving 7|p and 7]o. The content of Theorem 3.1.3 is that the outer triangle
commutes, though we note that the theorem makes no claim regarding equality of 7|y and r

as maps on [', only that they agree on the subgroup A.

Example 3.1.9. We give a somewhat trivial example in which the locally finite-dimensional
hypothesis of Theorem 3.1.2 and Theorem 3.1.3 holds. Let X = A}( be the affine line, whose
coordinate ring is the polynomial ring in one variable K[z]. Any K-algebra automorphism
of K[z] is a linear transformation, i.e. of the form x — az + b for some nonzero a € K*
and some b € K. Hence for any abstract group I' acting on K[z|, the I'-orbits are finite-
dimensional. Then we can apply Theorem 3.1.3 with I' = SL,(Z) (n > 3) and conclude that
any action of SLy,(Z) on A}{ coincides on a finite-index subgroup A with an algebraic action

of an algebraic group G containing I'.

Remark 3.1.10. It was pointed out to us by Friedrich Knop that in general, an action of
any abstract group I' on an affine variety X which has locally finite-dimensional coaction is

close to being algebraic in the following sense. As in the arguments above, let V' C K[X] be
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a finite-dimensional T-invariant subspace which generates K[X] as an algebra, and consider
the corresponding closed embedding 6 : X < V*. Then G = {g € GL(V*) : g(X) = X} isa
Zariski-closed subgroup of GL(V*) acting algebraically on V*, leaving X invariant, and in

particular the action on X agrees with the original action of I" on X.

3.2 Elementary groups acting on projective surfaces

Let I" be an abstract group and X be a projective variety with Bir(X') the group of birational
automorphisms. In this section we study abstract homomorphisms a : I' — Bir(X). Because
an element of Bir(X) generally has an indeterminacy locus, such a map does not give a true
action of I' on X; nevertheless, in such a situation we say that I' acts birationally on X.
Let d > 2 be an integer which is not a perfect square. In [CdC19, Theorem 9.1], Cantat
and de Cornulier give a rigidity result for SLo <Z[\/c_i]> acting by birational maps on projec-
tive surfaces, showing that such an action is in some sense close to being an algebraic action

by biregular maps. More precisely, they prove that if

e [ is a finite-index subgroup of SLo (Z[\/c_ﬂ), and
e X is an irreducible projective surface over an algebraically closed field K, and

e o: ' — Bir(X) is an (abstract) group homomorphism with infinite image,

then char K = 0 and there exists a finite-index subgroup A C I' and a birational map

¢ :Y --» X such that
e YV is one of P2, the ruled surface F,,, or C' x P! for some curve C, and
e conj, maps «(I') into Aut(Y’), where conj,, is the group isomorphism
conj,, : Bir(X) = Bir(Y) v logogp
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e There is a (unique) algebraic homomorphism £ : G — Aut(Y') such that § o jja =
conj, oa|a, where G = SLg(K') x SLa(K) and j : SLy (Z[\/E]) — @ is the embedding
arising from the two distinct embeddings Q(v/d) < K. That is, the following diagram

commutes.
A—T

[e%

G
lﬂ (3.1)
a(T) — Aut(Y)

onjg,
We focus on the rigidity implications of the second and third points. The second says that,
after replacing X by a birational equivalent Y and conjugating by an appropriate ¢, the
(abstract) birational action of I" is actually an (abstract) biregular action. The third says
that this action by biregular maps is essentially algebraic, after passing to a finite index
subgroup A.

Cantant and de Cornulier’s proof has two main ingredients: [CdC19, Theorem 2] which
gives a criterion for the image of conj,, to land in Aut(Y’), and [CdC19, Lemma 9.2] which
is a ridigity statement based on Margulis’ superrigidity. More precisely, the criterion in
Theorem 2 is the so-called property (FW); for our purposes, it is sufficient that Kazhdan’s
property (T) implies property (FW) ([CdC19, Remark 3.2]). In this section, we prove a
result parallel to the above rigidity result. Our approach combines the (FW) criterion with
a more algebraic rigidity statement, namely [Rap19, Theorem 1.1].

We also replace the ring Z[v/d] with the class of rings R with property (D7) (note that
Z[\/d] is such a ring by Example 3.0.3), and replace the group SLo (Z[\/Zi]) with the elemen-
tary subgroup I' = G(R)™ of a universal Chevalley group with root system ® of rank > 2
(SLa(R) is the elementary subgroup of the Chevalley group SLg with root system & = Aj
of rank 1). Ours is not a generalization, since we assume char K = 0, and more importantly

we require rank® > 2 which excludes SLg. Our new result is as follows.
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Theorem 3.2.1. Let K, ®, R, G, T" be as in Theorem 3.1.2, and assume R is finitely generated
as a ring. Let X be an irreducible projective surface over K, and let o : ' — Bir(X) be an
abstract homomorphism with infinite image. Then there exists a birational map ¢ 1Y --+ X,
a finite-dimensional K-algebra A, a ring homomorphism f : R — A with Zariski-dense
image, a morphism of algebraic groups o : G(A) — GLy(K), and a finite-index subgroup

A C T such that
o Y is one of P2, the ruled surface Fp,, or C x P! for some curve C, and
e conj, maps a(I") into Aut(Y), and

e (conj,oa)|a = (0o F)|a, where F : G(R) — G(A) is induced by f : R — A. That 1s,
%) A A

the following diagram commutes (compare with diagram (3.1).).

A L » G(A)T

| |
a(l') —— Aut(Y) —— GLj(K)

conjso

Conceptually, I" acts abstractly on X by birational maps, but if we replace X with
a suitable birational equivalent Y, then the abstract action of I' on Y coincides with an
algebraic action of an algebraic group G, after restricting to a finite-index subgroup A and

passing through an abstract homomorphism F'.

Proof. Since R is finitely generated, I" has Kazhdan’s property (T) (by [EJZK17, Theorem
1.1]), so I" = «(T") also has (T), so I'' has (FW). Thus we can apply [CdC19, Theorem 2]
to I'" C Bir(X). This gives a birational map ¢ : Y --+ X where Y is one of P2 F,,,C x PL,
and conj, oa(I') C Aut(Y'). Because the possibilities for Y are sufficiently limited, Aut(Y)

is a linear algebraic K-group (see the discussion following [CdC19, Theorem 9.1]). Now we
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have an abstract group action

-1

r = conj,oa : I' = Aut(Y) yer(y) =9 Toaly) oy

Since Aut(Y') is linear, composing with an inclusion map we get a linear (abstract) repre-
sentation 7 : I' = GL,(K). Then using [Rap19, Theorem 1.1], r has a standard description,
so there is a finite dimensional K-algebra A, a ring homomorphism f : R — A with Zariski-
dense image, a morphism of algebraic groups o : G(A) — GLy,(K), and a finite-index
subgroup A C I' such that (conj,oa)[a = (¢ 0 F)|a, where F' : I' — G(A) is the map

induced by f. m

We depict the resulting equality of the previous result some commutative diagrams. Philo-

sophically, we would like to factor the abstract homomorphism « as a composition o o F'.

r 2 » Bir(X)

‘r

G(A)
However, we cannot quite do this. Instead, we pass to a birational equivalent Y via conju-

gation by ¢, and restrict to the finite-index subgroup A, extending the above picture.

a conjso
A < s T > Bir(X) % Aut(Y) —— GLj(K)
F| R" ..
: G(A) g

We can also depict this with the diagrams below. All arrows are group homomorphisms,

though only o is algebraic.



y T —L 5 G(A) —Z— GLp(K)

A <
£ conj@ I

—% Bir(X) — Bir(Y) +—— Aut(Y)
To emphasize, the composition (oo F')|a lands in the subgroup Aut(Y) C GL,(K), and the

composition r[p = (conj, oar)| also lands the subgroup Aut(Y) C Bir(Y), so the equality

r|a = (00 F)|a is an equality of maps A — Aut(Y).
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Chapter 4

Future directions

In this chapter, we discuss future directions for extending the methods of §2 and their
potential as related to the Borel-Tits conjecture. In particular, we hope that eventually our
techniques can resolve the Borel-Tits conjecture for all quasi-split groups of isotropic rank
> 2.

In §4.1, we discuss the history and generalizations of a foundational aspect of the methods
of §2, namely the construction of the algebraic ring A associated to an abstract representation
and its role in the analysis of the abstract representation. The main difficulty, we which have
resolved for the special unitary groups considered in §2, is how to handle multi-dimensional
root subgroups.

In §4.2, we revisit the ideas of §2.3, especially those related to centrality of the kernel
ker m4 and generalizations of Proposition 2.3.2. We describe an approach to establishing
rationality of o via different methods than that in §2.5. In particular, we bypass the technical
hypothesis on Ry (H) required for Lemma 2.5.5, but replace it by the conjectural hypothesis

that G (A) is generated by Steinberg symbols, so we also discuss reasons to expect that G (A)

is generated by symbols.

62



4.1 Algebraic rings associated to abstract representa-

tions

In this section, we discuss future research directions for algebraic rings associated to abstract
representations. In §2.4, we described an algebraic ring associated to an abstract represe-
tation p : SUgy (L, h)(k) — GLpu(K), essentially by imitating the methods of [Rapll] for
associating an algebraic ring to an abstract representation of a Chevalley group. We pro-
vide more historical background on this construction and discuss aspects of this construction
which may generalize to other groups.

The earliest form of this construction appeared in a 2009 note of Kassabov and Sapir
[KS09]. Let R be an associative ring with unity, and EL,,(R) the classical elementary sub-
group of GLy(R) with n > 3. Let p : EL,(R) — GLj,(K) be an abstract representation,
where K is an algebraically closed field. Let x;;(r) € ELy(R) be the elementary matrix
with r in the (4, j) entry, 1’s on the diagonal, and zeros elsewhere. Then consider the root
subgroup Ujg = 213(R), and let V = p(U;3) be the Zariski closure of p(U13). It is clear that

V' is an abelian group under matrix multiplication. Less obviously, one can put an algebraic

ring structure on V', with the multiplication defined by
. —1 -1
Up X U = |W23UIWog , W]2UW 19
where w9, wog are the following matrices representing elements of the Weyl group of GL;,(R)

(if n > 3 extend wig, we3 with 1’s on the diagonal as needed).

w12 =

oS = O
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Verifying that the multiplication as defined above gives a map V x V. — V utilizes the
Steinberg commutator relation [z12(r), z23(s)] = x13(rs) and additional relations describ-
ing how one can conjugate by w;; to move between root subgroups, such as the relation
wipw13(r)wpy = T3(r).

We summarize this construction more conceptually. Given an abstract representation
p of ELy,(R), consider the 1-parameter subgroup p(Uy3) inside GLy,(K). After taking the
Zariski closure to obtain V', we put an algebraic ring structure on V' in which addition is
matrix multiplication, and multiplication is obtained by the action of the Weyl group and
the Steinberg commutator relations.

Later, Igor Rapinchuk generalized this construction by replacing EL,(R) with the ele-
mentary subgroup of any simply-connected Chevalley group. Let ® be a reduced, irreducible
root system and G be the associated simply-connected Chevalley group, and let G C G(R)
be the elementary subgroup. Assume that (®, R) is a nice pair, and let p : Gt — GLj(K)
be an abstract representation. Then one can associate an algebraic ring to p in much the
same way as the construction of Kassabov and Sapir: choose a root al, take the root sub-
group U, C GT, and let A = p(Uy) be the Zariski closure of p(U,). As before, addition
in A is given by matrix multiplication in GL,(K). Then define multiplication in A using
Steinberg commutator relations and Weyl group conjugations in GT. If ® is a type A root
system, the same relations used by Kassabov and Sapir suffice. If ® is type B or C, the
assumption that (®, R) is a nice pair allows for use of 2 as a denominator in the relevant

calculations?, and similarly if ® is type Gy both 2 and 3 appear as denominators. After

analyzing abstract representations of split groups, Rapinchuk further extended this method

LThe construction appears to depend on an arbitrary choice of root «, but the symmetry of ® implies
that the computations should work equally well for any choice of root.

2Gee Equation 2.3 and the map 7 in Lemma 2.4.2 for an example of 2 appearing as a denominator.
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to analyze groups of the form SL,, p where D is a division algebra ([Rap13]), essentially
reusing the construction for type A root systems.

Our main contribution in extending this construction is to consider abstract represen-
tations of a group with 2-dimensional root subgroups. In particular, we have analyzed
G = SUy, (L, h) which has a mix of 1-dimensional and 2-dimensional root subgroups, and
described how to associate an algebraic ring to an abstract representation of G(k). Our
construction is based on the following general idea: according to the structure theory of
reductive groups, a group G contains a split subgroup Gy whose root system has the same
type as the relative root system of G ([CGP15, Theorem C.2.30]). For our arguments, we
exhibited such a subgroup G(k) explicitly (2.2.5). Restricting an abstract representation
p: G(k) = GLjy,(K) to Go(k), we then associate an algebraic ring A to p|GO(k;) using the
construction summarized above. Through explicit computations, we are then able to in-
corporate the additional components in the 2-dimensional root subgroups into the picture,
which ultimately shows that A is sufficient for the analysis of the representation p on the
whole group G(k).

This strategy naturally leads to the following question, whose resolution will significantly
expand the scope of the techniques developed in this thesis: given a k-isotropic group G
of k-rank > 2 and an abstract representation p : G(k) — GLy,(K), can the additional
components in the root groups of dimension > 2 be incorporated in such a way that the
algebraic ring A constructed from the restriction p|G0(k) to a split subgroup suffice for the

analysis of p?
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4.2 Steinberg symbols

Let G = SUsg,(L,h) as in §2, and let R be a k-algebra. We discuss the Steinberg group
G(R) in more detail, particularly the canonical map g : G(R) — G(R) and its kernel.
We showed in Proposition 2.3.2 that under suitable hypotheses on R, the kernel is central
in é(R) Although the argument depended on certain specific features of the Steinberg
commutator relations of SUg), (L, h), we are confident that this argument can be carried out
in more generality, or at least in many other specific cases. In particular, we conjecture that
if G is an isotropic quasi-split reductive group with associated Steinberg group G (defined
by Stavrova [Sta20]), and R is a product of local rings, then ker 7 is central in G(R). We
anticipate this being relevant for future analysis of rigidity for other quasi-split groups.
Knowing that kermp is central was enough for §2, but we would like to understand
ker 7 in terms of generators. For split groups over fields, the answer is given by Matsumoto’s
theorem, which says that the kernel, known as Ko (R) in this context, is generated by symbols
with only a short list of relations needed to give a presentation. This generating set is critical
for the methods of [Rapll], [Rapl9] in verifying the Borel-Tits conjecture for split groups.
The work of Deodhar [Deo78] extends the ideas of Matsumoto’s theorem to quasi-split groups
over fields; that is, Deodhar shows that the general quasi-split version of ker mp is generated
by symbols for a field R. We believe methods of Deodhar may extend to show that ker 7p
is generated by symbols when G is quasi-split and R is a local ring (or product of local
rings). In particular, if Deodhar’s main result on generation of ker mp could be extended
from fields to products of local rings, then we could obtain Theorem 2.0.1 in a more direct
way, bypassing the hypothesis on commutativity of the unipotent radical. We describe this

more direct method in the remainder of this section.
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We begin by explicitly describing Steinberg symbols for SU9, (L, h). Let R be a k-algebra.
For a € @}, we have a vector k-group scheme Vi, so Vi (R) has the structure of an additive

group. Furthermore, we know the dimension is one for long roots and two for short roots.

Recall that L = k(v/d) and write V,(R) as

R « short
Va(R) =
R® RVd «long

This allows us to view Vg (R) as not just an additive group, but as ring. This agrees with
our previous identification of Vi (k) = k @ kv/d = L in the case where R = k and « is long.
Now that we have a ring structure on V(R), we can consider its group of units Vu(R)™,

and define
wa(v) = Xa(v) - X_q (—v_l) - Xa(v)
ha(v) = we(v) - wa(l)_1

for v € Vo (R)™. Note that Lemma 2.2.8 still applies to these more generally defined wq (v)

and hq(v) by the same arguments. We also generalize these elements to the Steinberg group

G(R) by setting
Ta(v) = Xa(v) - X—a (—fl) Xa()
ha(v) = Wa(v) - Wa (1)

Let 75 : G(R) — G(R) be the canonical map, and let o € ®y. It is clear that 7p (Wa(v)) =

we(v) and TR <}VLQ(U>> = hq(v). It is immediate from the definitions that
Ta) - Tal—v) =1 @) ' =dal—v)  ho(l)=1
Applying 7g, versions of the above equations also hold in G(R). Finally, we define

ca(u,v) = ﬁa(u) -ﬁa(v) ~Ea(uv)_1
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for u,v € Vo (R)*. The elements cq(u,v) are called Steinberg symbols. As an immediate
consequence of Lemma 2.2.8, ¢y (u,v) € ker . Our definition of Steinberg symbols agrees
with Deodhar’s description of elements bg(A, p) in [Deo78, §2.32]. One can also compare
with the unitary Steinberg symbols in Hahn and O’Meara in [HO89, §5.5A, §5.5F, §5.6A].
Deodhar [Deo78] shows that, in the case where R = k is a field (and G is any quasi-split
group), . : G(k) — G(k) is the universal central extension (Theorem 1.9) and the kernel
of 1 is generated by symbols cq(u,v) where « is a single fixed long root and u,v € k*
(Theorem 2.1). Also see [HO89, 5.6.4] for a result of similar flavor, regarding generation
of a unitary Steinberg group by unitary Steinberg symbols. This leads us to formulate the

following conjecture concerning the Steinberg group of SUy, (L, h).

Conjecture 4.2.1. Let R be a k-algebra which is a product of local rings (e.g. the ring A

from 2.4.6). Then kermg is generated by symbols cqo(u,v) for a € @ and u,v € Vo (R)™.

A stronger version of the conjecture might assert that ker 7wy is generated by symbols
co(u, v) for some particular fixed long root «, but this stronger statement is unnecessary for
our applications. More generally, one might conjecture that for G' a quasi-split group and R
as in the conjecture that ker 7 is generated by Steinberg symbols. In the remainder of this
section, we show how to obtain a similar result to Theorem 2.0.1 in which we remove the
technical hypothesis on commutativity of the unipotent radical R, (H) but replace it by the

assumption that ker mp is generated by symbols. The result is as follows.

Theorem 4.2.2. Let L = k(\/a) be a quadratic extension of a field k of characteristic zero,
and for n > 2, set G = SUs, (L, h) to be the special unitary group of a (skew-)hermitian

form h : L®" x L*™ — L of maximal Witt index. Let K be an algebraically closed field of
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characteristic zero and consider an abstract representation
p: G(k) = GLy(K).

Set H = p(G(k)) to be the Zariski closure of the image of p. If Conjecture 4.2.1 holds, then
there exists a commutative finite-dimensional K-algebra A, a ring homomorphism f : k — A
with Zariski-dense image, and a morphism of algebraic K-groups o : G(A) — H such that

p=o00oF, where F:G(k) — G(A) is the group homomorphism induced by f.

To prove Theorem 4.2.2, we reuse results used for Theorem 2.0.1 through the end of
§2.4. Then we use Conjecture 4.2.1 to descend o to a map on G(A). The arguments for
rationality of o are essentially the same as in Proposition 2.5.3. We recall the notation and
setup of §2.1-§2.4. We have the special unitary group G = SUs, (L, h) with root subgroup
maps X, an algebraically closed field K of characteristic zero, an abstract homomorphism
p: G(k) = GLy(K), and set H = p(G(k)). Associated to G is the Steinberg group G and its
generators X «(v). In Proposition 2.4.6, we constructed a K-algebra A, a ring homomorphism
f:k — A, and regular maps ¢ : Vo (A) — H, and in Proposition 2.4.8 we constructed a

group homomorphism & : G (A) — H making the following diagram commute.

F

hS)

G(k) —— G(k)
G(A) 9 . H

The map F is induced by f; explicitly F is given by Xo(v) — Xa(f(v)).

Lemma 4.2.3. Retain the notation above and let a,b € Vo (A)*. Then cq(a,b) € kerao.

Proof. As in the proof of Proposition 2.4.8, we denote Vo (f) = f. Consider u,v € Vi (k)*,

and write out ¢ (fu, fv) as a product of factors of the form Xo (fu) ,)?a (fv), then apply
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the definition of F' to obtain cq ( fu, fv) = F (cq(u,v)). Applying the commutative square

(4.1), we obtain
5(ca(fu, fv)) — %o ﬁ(ca(u,v)) — pomy (ca(u,v)> —p(1) =1
Thus ¢y, ( Fu, fv> € ker &. Now consider the regular map
0: Va(A) X Va(AX) = H  (a,b) — 5((;@(@,1)))

Since 6 vanishes on the dense open subset f(Vo(k)™) X f(Va(k)*) C Va(A)* x Vi(A)*
and is regular, € vanishes everywhere, hence o vanishes on symbols cq(a,b) for all a,b €

Va(AX). n

Note that the previous lemma does not depend on Conjecture 4.2.1. However, combined
with the conjecture, it allows us to prove the following, which we view as a unitary version

of [Rap13, Proposition 3.7].

Proposition 4.2.4. Retain the setup above, and assume Conjecture 4.2.1 holds. Then there

exists an abstract group homomorphism o : G(A) — H making the diagram commute.

Proof. By Lemma 4.2.3, 7 vanishes on unitary Steinberg symbols ¢, (u, v) and by Conjecture
4.2.1, these symbols generate G (A). So o vanishes on all of ker 7 4, and hence induces a map
on the quotient G(A)/kerm4 — H. Since 74 is surjective, the quotient is exactly G(A), and

we obtain the claimed map 0. Commutativity of the lower triangle is a consequence of the
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fact that the rest of the diagram commutes and that 7. is surjective, just as in the proof of

Theorem 2.5.6. [

To complete the proof of Theorem 4.2.2, we use similar arguments as in Proposition 2.5.3

to show that o is algebraic.

Proposition 4.2.5. The map o of Proposition 4.2.4 is a morphism of algebraic groups.

Proof. We write G(A) as a product of root subgroups

m
GA) =Ju
1=1
with e; = =1, and let
m
x=1J4
1=1

Then define s exactly as in Proposition 2.5.3, and define

t: X - H t(at,...,am) = aq(a1)?r Yoy, (am)™

where 1o, are the maps from Proposition 2.4.6. It is easy to verify that o os = t; then apply
[Rapll, Lemma 3.10] with Y = G(A), Z = H to conclude that o is rational. Finally, apply

[Rapll, Lemma 3.12] to conclude that o is a morphism of algebraic groups. O]
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Appendix A

Algebraic rings

In this appendix, we briefly summarize the theory of algebraic rings necessary for our analysis
in §2.4 and §2.5. We also include some material expanding the discussion of the algebraic
ring B, introduced in §2.4. Historically, algebraic rings were first studied systematically
by Greenberg [Gre64]. Much of the notation and terminology here draws from the later
development by I. Rapinchuk [Rap11, §2]. For this whole section, K denotes an algebraically
closed field.

An algebraic ring is an affine K-variety A with a ring structure, such that addition and
multiplication are regular maps!. In particular, (A,+) is a commutative algebraic group.
A homomorphism of algebraic rings is a ring homomorphism which is also a regular
morphism of varieties. If the source and target are algebraic rings with identity, we require

a homomorphism to send the identity to the identity.

Example A.1. Let B be a finite-dimensional K-algebra. Giving B the Zariski topology on
K™ (where n = dimg B), addition and multiplication in B are regular so B is an algebraic
ring. (One culmination of the theory is that in characteristic zero that all connected algebraic

rings are of this form.)

An algebraic ring is commutative if multiplication is commutative. When we want to

emphasize that a particular ring lacks an algebraic ring structure or we wish to temporarily

IThe affine assumption can be omitted, but this adds very little to the theory, since by [Rapll, Theorem
2.21] any irreducible variety with a regular ring structure must be affine.
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ignore the algebraic structure on a given algebraic ring, we will call it an abstract ring. By
[Rapll, Lemma 2.8], every commutative algebraic ring is semilocal as an abstract ring.

A commutative algebraic ring A is connected if it is connected as a variety?. By [Rapll,
Lemma 2.9], in a connected algebraic ring A, every right and left ideal is connected and
Zariski-closed, hence A is artinian as an abstract ring. We denote the connected component
of 0 € A by A°, and note that this is an ideal of A. Following [Rapll], we denote the

following property by (FG).
(FG) A° is finitely generated as an ideal of A

If A satisfies (F'G), then A° is an artinian algebraic ring with identity, and A decomposes as a
direct sum of algebraic rings A = A°@®C where C'is a finite ring isomorphic to A/A° ([Rapll,
Lemma 2.12]). We also have the following criterion not depending on the characteristic: if
R is an abstract Noetherian ring and f : R — A is an abstract ring homomorphism such
that f(R) = A, then A satisfies (FG). In the same situation, if R is not only a Noetherian
ring but an infinite field, then the finite ring C' in the decomposition of A must be trivial;
in other words, if R is an infinite field then A = A° is connected.

We also have a more general decomposition statement, not depending on (FG). Any
algebraic ring A is a direct sum A’ @ C, where A’ is an algebraic subring of A consisting
of all unipotent elements in (A, +) and C is a finite ring consisting of semisimple elements
([Rapll, Lemma 2.15]). In particular, this decomposition shows that if A is connected, it
consists entirely of unipotent elements.

We already mentioned the simplest examples of algebraic rings — finite dimensional K-

algebras with the usual Zariski topology on K'™. An algebraic ring A is said to come from

2Note that in some contexts, a ring A is called connected if spec A with the Zariski topology is connected,
or equivalently A contains no nontrivial idempotents. This notion of connectedness is not equivalent to the
one we use.
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an algebra if there exists a finite-dimensional K-algebra B and an isomorphism of algebraic
rings A = B. More generally, an algebraic ring A virtually comes from an algebra if
there is a finite-dimensional K-algebra B and a finite ring C such that A = B¢ C. If
char K = 0 (as always, algebraically closed), then every algebraic ring A virtually comes
from an algebra ([Rapll, Proposition 2.14]).

Let A be a connected algebraic ring over an algebraically closed field K of characteristic
zero, so A virtually comes from an algebra. Since A is connected, the finite ring summand

C' in the decomposition A = A’ @ C must be trivial, so in fact A comes from an algebra. In

other words, there is a equivalence of categories

Obj: connected algebraic rings over K Obj: finite-dimensional K-algebras

I

Mor: homomorphisms of algebraic rings Mor: K-algebra homomorphisms

This categorical description is due to Greenberg [Gre64, Proposition 5.1].

To finish this discussion, we mention another statement which uses an abstract ring
homomorphism f : R — A to gain information about A, coming from [Rapll, Lemma 3.2].
Let A be an affine variety with two regular maps a: Ax A — Aand p: A x A — U, such

that (A, «) is a commutative algebraic group. Let R be an abstract commutative unital ring

and f: R — A a map such that f(R) = A and

flti+t) =a(ft). f(t2)  F(tita) = u(F(0). £(82))

for all t1,to € R. In other words, f is an additive group homomorphism (R, +) — (A, a)
and a multiplicative map (R, x) — (A, u). If such f exists, then (A, a, ) is a commutative

algebraic ring with identity.
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Agreement of algebraic ring structures

In the remainder of this section, we return to the situation of §2.4, immediately following
Lemma 2.4.2. We describe an algebraic ring structure on Bo;—qq and verify that the map
7 from the lemma is an isomorphism of algebraic rings.

The setup is as follows: L/k = k(v/d)/k is a quadratic extension, G is the special unitary
group SUgy, (L, h) with relative root system ®;, = C;,, and p : G(k) — GL;,(K) is an abstract
representation with K algebraically closed of characteristic zero. Let H = W be the
Zariski closure. For a short root o € @y, the root space is Vo (k) = k? =2 k @ kv/d = L and

the root subgroup X (Ve (k)) is 2-dimensional (over k). We define
Bo = P(Xa(k\/f_l))

and a map g : k — Ba by ga(u) = p(Xa(uv/d)). We focus on the particular short root
a = a1 — a3 and denote B = B,,. Let § = —2as, and recall that in Lemma 2.4.2 we gave
an isomorphism of varieties 7 : B — Ag such that 7o go = fg. We wish to make B into
an algebraic ring. Addition in B is straightforward to define; it is just matrix multiplication

inside GL,,(K'). More precisely, define
add: Bx B— H add(z,y) = xy
where zy is matrix multiplication, and note that for all s,¢ € k we have

add (ga(s). ga (1)) = ga(s + 1)

Since g (k) is Zariski-dense in B, this shows that add(B x B) C B hence (B,add) is an

abelian algebraic group. It remains to describe multiplication in B. Let

1 1
h = hoa—p (5) h' = hoa—p (_ﬁ) w= w2a—ﬁ<1)
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For b € B, set
o =p(h) b p(h)~!
v = p(w) -V - plw) ™!

Then define

mult: Bx B— H  mult(a,b) = v( [a,0"])

where v = 771 is the inverse map of = from Lemma 2.4.2.

viAg =B, v(y)=ph)[y.90—s(-D] " [¥.9a_psD)] - p(h)~!

We claim that for all s,t € k,

mult (ga(b‘),ga(t)> = ga(st)

(A.1)

Assuming this holds, it follows that mult(gan (k) X ga(k)) C ga(k), and since gq (k) is Zariski-

dense in By, it further follows that mult(B x B) C B, so mult is a regular map B x B — B.

Then applying [Rapll, Lemma 3.2] to go : K — B makes (B,add, mult) into an algebraic

ring. So to complete the description of the algebraic ring structure on B, it suffices to verify

equation (A.1).

Let s,t € k and u,v € L. We want to simplify mult (ga(s),ga(t)) = 1/( [ga(s),ga(t)”] ),

so we begin with g4 (#)”. We have the following relation, which appeared in a less general

form in the proof of Lemma 2.4.2.
Paoa (1) - Xa(20) - hao_5(u) " = Xa(200)
In that lemma, we used the case u = 1 which gives

h-Xa(20) b~ = X, (v)

7



We will need this relation again, and also the case u = _%l which gives

2 )L x, [
B - X (t\/Ez) (1) —Xa< 2d> (A.3)
One particular instance of equation (2.2) is

w- Xo(v) - w ™t = X5 (-7) (A.4)

Combining equations (A.3) and (A.4), we obtain

ga(t)" = plw) - p(W) - p (Xa(tV/D)) - (W)™ - plaw) ™!
= p(w “h - Xa(t\/a) . (h/)_1 -w_l)

Our next goal is to simplify the commutator [ga(s), ga(t)”]. From Lemma 2.2.4 (2), we have

the commutator relation

[Xa(u), Xﬁ_a(v)} — Xj( = Tr(uv))
for u,v € L. Note that

tvd
Tr <S\/_’_ﬁ> = —st

[Xa (5\/21) Xj_a (-%)] = Xj(st) (A.5)
Using equation (A.5), we can simplify [ga(s), ga(t)"].
[9a(s), 9 (t)"] = [p (Xa (sx/g» P (Xﬁ—a (—%))]

p [Xa (S\/Zl) X5 q (—%)]

= p (Xa(st))
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Using the above expression for [ga(s), ga(t)"], we can write mult (ga(s), ga(t)) as

= V( [9a(5), ga(t)"] )

=v(p(Xp(s1) )

= p(h) - [p (Xp(st)) , ga—p(=D)] - [0 (Xp(51)) , ga—p(1)]
= (1)~ [0 (Xa(s1)) o (Xas (V)] - [0 (Xs(s0)) 0 (Xaos WD) o (57
- ,o(h- [Xﬂ(st),xa,ﬁ(—ﬁz)} : [Xﬂ(st),xaﬂ(\/ﬁ)]_l : h_1>

cp(h) ™!

The product of two commutators appearing in this expression simplifies via the following

relation from the proof of Lemma 2.4.2.
[Xﬁ(st),xa_ﬁ (—ﬂ)} : [Xﬁ(st),xa_ﬁ (\/Zz)] X, (257:\/3) (A.6)
Using equations (A.6) and (A.2) we can complete the calculation.
mult (ga(s), ga(t)) = p (b Xa(2stVd) - A7) = p(Xa(stv/d)) = ga(st)
This completes the description of the algebraic ring structure on B = B, = Bal—ag-

Remark A.2. In §2.4, we used the results of [Rapl1] for the split group Go(k) to put an
algebraic ring structure on Ag = A_Qal, and the ring structure on B, was not relevant
for any of the results of that section. However, this raises the natural question: what is
the relationship between the ring structures on Ag and By, in view of the isomorphism of
varieties in Lemma 2.4.27

Denote addition and multiplication in B, by 4+, X respectively and similarly denote

a Ba

the operations in Ag by +, x. We claim that 7 is, in fact, an isomorphism of algebraic

Ag A
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rings m : (Ba, +, X ) — (Aﬂ’ +, X ) Recall that for s,t € k,
Ba

Bq AB AB
9a(s) + galt) = gals +1) To(s) o+ Jo(t) = fpls +1)
@ B
ga(s) it 9a(t) = ga(st) I(s) Z} fp(t) = fa(st)

Also recall that 7(ga(s)) = f3(s) for all s € k. Consider the following two regular maps.

01: Ba X Bq — Ag o1(z,y) =7(z + y)
Ba
73+ Bo % Ba = Ag 72(0.9) = 7(2) + (0
B

Then

71 (90(),90(t)) = 7(ga(s) + ga(H) = 7(gals +1) = f(s +1

«

@@mmmm=w@w0%w@w0;m@%m@:mww>

Thus o1 and o9 coincide on gq (k) X go(k), which is a dense subset of By X By, so 01 = 03.

In other words, 7 is compatible with the addition operations. Similarly, consider regular

maps
01 : Ba X Ba — Ag 01(z,y) = m(z x y)
By
92 : Ba X Ba — Aﬁ 92<Iay) = 7T<$> ji( ﬂ-(y>
B
Then

01(9a(5): 90(1)) = 7(ga(s) X ga(t)) =7 (galst)) = fo(st)

Ba

03(9a(5). 9a() = 7(ga(s)) x 7(ga(®)) = f3(s)

% < f5(0) = flst)

Ag
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So 61,02 coincide on the dense subset go(k) X ga(k) C Ba X Bq and we conclude that
01 = 09, so 7 is compatible with the multiplication operations. Hence 7 is an isomorphism

of algebraic rings.
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Appendix B

Computations

This appendix contains various technical computations involving the group SUs, (L, h) and

its Steinberg group.

Commutator coefficients Ngﬁ (u,v)

This section contains the computations for Lemma 2.2.4. Throughout, ®;. is the root system
of type Cy, and R is a fixed k-algebra. Given two roots a, f € @}, following [PS08] we denote

by (a, B) the set of all roots consisting of positive integral linear combinations of a and f3.

(o, ) = {ia+jB € Py :4,j € L>p}

This set serves as the indexing set for the right hand side of the Steinberg commutator

relation given in Theorem 2.2.1(3), i.e. for a # £/,
[Xa(), X5)| = [T Xiasss (N (w.0)
(a,8)

We wish to describe the maps ij{ﬁ (u,v) as concretely as possible. First, we begin with a
lemma which completely describes the possibilities for («, 8) in the C;, root system. In any
reduced root system, (o, 3) = () if « = +03, so we ignore this case (the commutator formula

does not apply when o« = £ anyway).

Lemma B.1. Let «, 5 € &, and assume a # +[5.
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(1) If o, B are both long roots, then (a, 8) = 0.
(2) Suppose a, B are short roots.
(2a) If a+ 3 is a short root, then {a, B} = {a; — oj, oj — oy} for three distinct indices
v, 7, L.
(2b) If a + B is a long root, then {o, 8} = {e(a; + o), w(a; — o))} for some i < j
and signs € = +1,w = £1.
In particular, if « + 8 € @y, then (o, f) = {a+ (}.

(8) Suppose « is a short root and B a long root. The following are equivalent.

(3a) a+ B is a root.
(3b) a+ B is a short root.
(3c) 2a+ B is a root.

(3d) 2a+ B is a long root.

(3¢) (@, ) ={a+f,2a+ B}

(3f) a=ca; +wa; and B = —e2a; with i # j and independent signs e = £1,w = *1.

Proof.

(1) It’s clear that if a, 8 are long roots, then a+ /3 is not a root, nor is any linear combination
with larger coefficients.

(2) Part (a) is clear from structure of the type A, root system. For part (b), if two short
roots +a; £ a; and +ay, £ ay add up to a long root +2a,,, then there cannot be three
distinct indices, so {i,j} = {k, ¢} and then a # £f forces {a, 8} to be as claimed.

(3) The following implications are immediate.
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(3d) — (3f) =—= (3b)
1O\

(}C) — (}6) — (i)
To complete the equivalence it suffices to show (3a) = (3f) and (3¢) = (3f).
(3a) = (3f) We can write a = ca; +waj and = 02qy, with ¢ = +1,w = +1,§ = 1.
Since a + € @y, we must have k € {i,j}. The sign 0 must be —¢ or —w since otherwise
a+ B would have a 3ay, term, so relabelling if necessary we can make k = ¢ and = —<2¢;.
(3c) = (3f) Again write a = e + wa; and = §2ay. Since 2a + 3 € @, as before
k € {i,7}. Again 6 must be —e or —w, since otherwise 2« + 8 would have a 4q;, term, and

we can relabel to write «, 8 as claimed. O

Let a, 8 € @ and u € Vo (R),v € Vg(R). Lemma B.1 tells us what the commutator formula

looks like in all possible cases.

1. If a, B are both long, then [Xq(u), Xg(v)] = 1.
2. If «, 8 are both short and a + 8 € ®,, then
| Xa(w), Xg(0)] = Xas (NI} (0,0))
3. If a, B are different lengths, assume « is short by relabelling if necessary, and then
| Xa(w), Xs(0)] = Xaa (NI} (0,0)) - Xears (N5} (0,0))
Note that the two factors on the right hand side commute because (a+ 3,2a+ ) = (.

Lemma B.2. Let a, 3 € &, be short roots such that o + B € Py, and let u € Vo (R),v €

V3(R).

(1) Interchanging o, B changes N11 by a sign*. That is, Nﬁa(v,u) = —Nflﬁ(u,v).

L This interchange also reverses the order of the arguments, but eventually we show that N77 is symmetric
so this is irrelevant.
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(2) Negating both roots changes N11 by a sign. That is, Nﬂa’fﬂ(u,v) = —Nf‘lﬂ(u,v).

Proof.

(1) We compute the commutator of Xg(v) and Xq(u) two different ways.

[X5(0), Xa ()] = Xar (N} (0,0)

-1
[X5(0), Xa(w)] = [Xa(w), Xa0)] 7 = Xasp (MY @ 0)) = Xars( = N (w,0))
Since X4 g 1s injective, the claimed equality follows.

(2) Recall that X_o(u) = Xq(u)! by 2.2. We have the relation [z¢,5!] = [y~1, 271!, Now

we calculate the commutator of X_q(u) and X_g(v) in two different ways.

[X—a (), X_5(0)] = X_a_g( N7, (u,0)
(X a(u), X_g(v)] = [Xa(w)', X5(0)1] = [X5(0) 7", Xa(u) ™)'
= [X5(~0), Xal-u)]' = Xoa (N2 (-0, —u))’
= X_op(NY (0, —u))
By injectivity of X_o_ g, we get Nj;™ P (u,0) = N/ (=v, —u). Since Nij is linear in both
variables, NU(—v, —u) = NP (v, u), and from part (1) we have NU*(v,u) = =N (u, v).

Combining these we get the claimed equality. O

Lemma B.3. Let a,8 € ®p be roots with o short, B long, and o + € P, and let

u € Vo(R),v € V3(R).
1. Interchanging o, 8 changes N11 and Na1 by a sign.
Nﬁa(v,u) = —Nlalﬂ(u,v)
NIBQQ(U,U) = —N;{B(u,v)
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2. Negating both o, 8 changes N11 by a sign and does not change Naj.
N () = =Nf ()
Noy® ™ () = Ny (u, )
Proof.

(1) This is the same as the argument as for Lemma B.2(1). We compute the commutator of

Xa(u) and Xg(v) two different ways.
[Xa(), Xg(0)] = Xays (N () - X5 (N5 (u,))
-1
[Xa(u), X3(0)] = [X3(0), Xa(w)] ! = (Xaw(fvﬁ%,m) Xoays (fo(w)))

= Xoa+5 (Nf (v, u ) a+5< )
(- ) s -
= Xa+6<_ 1ﬁl (v, > X2a+,6’< )

So we conclude that

Xo+8 (Nf‘lﬂ(u, v)) - Xoa+8 <N§‘1B(u, v)) = XaJr@( — fo‘(v,u)) : X2a+5< - NfQ (v, u)>

We can rearrange this to

Xo+8 (Nlalﬁ(u, v) + Nlﬁla(v, u)) = X2a+5( — Nglﬂ(u, v) — Nga(v,u))
Since a +  and 2« + S are distinct roots, these lie in distinct root subgroups, so equality
is only possible if both are the identity. Since both X g, X9, g are injective, this implies
that both inputs are zero. Hence
Nﬁa(v,u) Nlalﬂ(u v)

Ngla(v,u) = —Nf‘zﬂ(u,v)
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(2) This is the same argument as for Lemma B.2(2). We compute the commutator of X_ (u)

and X_g(v) two different ways.

[X—a(u), X_g(v)] = X_q_ 5(]\71—1“7” (u, v)) X _ga_p (Nia’_ﬁ (u, u))

X alu), X_g(0)] = [Xal)', X50)] = [X50) " Xalw) ] = [Xs(-0), Xa(—u)]"
= (Rena (V)Xo (V) )
= Xoai3 (Nf;(—v, —u))t Xors (fo‘(—v, —u))t
= X_g0- B(Nm u)) s (VY (=0, =)

=X a- B(Nﬁ X 20— < 12( “7_“))

so we conclude
X N_aa_ﬂ . X N_Oéa_ﬁ
—a=p\ V11 (u,v) —2a—p\1V21 (u,v)
_ Ba Ba
= X p( N} (—0.—0)) - X gamp (N5 (—0, — )
By the same kind of argument in (1), we can conclude that the respective inputs are equal.
NP (u,0) = NP (=0, —u)
Nia’_ﬁ(u, v) = Nﬁa(—v, —u)

Finally, we do some rearranging using part (1), along with the fact that Nq; is linear in both

arguments while Ny is linear in the first argument and quadratic in the second.

Ny, v) = NP (v, —u) = N (0,0) = =N (u,0)

Ny ™ P, 0) = NI (=0, —u) = =NP& (v, u) = N3 (u, v)
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Lemma B.4 (Repeat of Lemma 2.2.4). Let o, € @}, be relative roots such that a+f € Oy,

and let u € Vo (R),v € Vg(R).

(1) Suppose «, 5 are both short and o+ [ is short. Then by Lemma B.1 (2a) we have

a=q; —aj, = a; — oy for distinct indices i, j, ¢ (relabelling o, 3 if necessary), and
Nflﬂ(u,v) = uv Nlﬁla(u,v) = —uv
(2) Suppose a, B are both short and « + B is long. Then by Lemma B.1 (2b), relabelling

a, B if necessary we have a = e(a; — a;), 8 = w(a; + aj) for some ¢ = £1,w = *1,

with © < 7, and
Nlalﬂ(u,v) = w Tr(u—guv) Nlﬂla(z;’u) = —wTr(u_cv)

(8) Suppose o is short and (3 long. Then by Lemma B.1 (3) we have o = ea; + wayj and

B = —e2q; for some e =41, w =41 and i # j, and

Nﬁﬁ(u, v) = Wl—c; ;U Nlﬁla(va u) = —Wll— ;v
Naﬁ(u V) = —ewvuu Nﬁa(v u) = ewvul
21 ) - 12 ) =
where
1 1< ]
Cij =
-1 1>

In particular, whenever it is defined, the map Nf‘{B 1§ surjective.

Proof.
(1) This is known from the classical Steinberg relations for type Ay,.
(2) The second equation follows from the first using Lemma B.2 (1), so we only need to prove

the formula for Nlalﬂ . By part (2) of the same lemma, it suffices to verify the formula for
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Nf‘lﬂ(u, v) in the two cases e =w = 1 and € = 1,w = —1. First we verify the case ¢ = w = 1.

By a direct computation (Example B.5) we verify that
[Xaz-—aj (w), Xaz-—f—aj (v)] = X2, (uv + uv)

SO Nlalﬂ(u, v) = uw 4+ uww = wTr(w) = wTr(u—ewv) as claimed in the first case. Now we

verify the case ¢ = 1,w = —1, again by direct computation verifying that
[oniJrOéj (U), X*aifaj (U)] = X*QO[Z' (—UU - m)

SO Nﬁﬁ(ua v) = —uv —uo = — Tr(uww) = w Tr(u—gu) as claimed.
(3) The strategy is similar to that in part (1). By Lemma B.3(2), it suffices to verify just

the formulas for Nlalﬂ and N;lﬁ in the following four cases.
(a) e=w=y¢j =1
(b) e=cjj=1landw=—1
(¢c) e=w=1and ¢;; = —1
(d) e=1and w=c¢;; = —1

Each of these cases is verified by direct computation. For example, case (a) requires verifying

that when ¢ < 7 we have
[XOé,L'-i-Oéj (u)a X—2Ozi (U)] = X—Ozi-f—aj (ﬂv) ’ X2Oéj(_UUE)
O

Example B.5. To illustrate, we work through one of the direct computations asserted in
part (2) of the previous lemma. We will verify the relation
[Xaz-—aj (w), Xaz-—f—aj (v)] = X2, (uv + uv)
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in the case ¢« < j. The relevant root subgroup maps are

Xai_aj (u) =1+ Ew(u) — Ej—|—1,i—|—1(ﬂ)

Xajta;(v) =1+ Ejji1(v) = Ejit1(0)

Using Xo(u)™' = Xo(—u), we expand the commutator bracket.

[Xaj—a; (1), Xa;+a;(v)] = (1 + Eij(u) — Ej+1,i+1(ﬂ)> : (1 + B jy1(v) — Ej,z‘+1(5))

(1= Ejj(u) + Ejr101@)) - (1= Ej j11(v) + Eji41(0)
( ) ( )

Recall the identity F;;(z)Ege(y) = 0pEi(zy) (671 is the Kronecker delta function). In

partilar, whenever j = k, the product vanishes. So when we distribute the products on the

right side, multiple terms vanish.

= (1 + Eijr1(v) = Eji1(0) + Ejj(u +W Eij(u)Eji41(0)

i1 (T WJr Eji1i® j,z‘+1(5)>'
: (1 Eijr1(v) + Ej i1 (v MJF Eij(u)Eji11(0)

Ej1,i11(W) — Eji1y 1) = By i@ j,i+1(7))

- <1+Ei,j+1( ) = Ejit1(0) + Ejj(u) — Ej i1 (uv) —Ej+1,i+1(ﬂ)>

: (1 — B j1(v) + Ejip1(0) — Eyj(u) + B j1(uv) + Ej+1,z'+1(ﬂ)>
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Then we distribute again, and again many terms vanish.

= (1= i1 (0) + By (0) = Byj(w) + By (w0) + Bj1,51(@)
+ Ei j11(v) ( MJrM—MJrMﬂL i1ir1(T )
i (0 (1—W+M—M+M+M
u)(1 = Ei et By i1 (7) = Eigh) + Bpoer ] + By re1())
B2 (u0) (1 = By et By irt0) — Bight) + By gortw) + By i1())
j+1,i+1(W (1 —W(/WM_WJFM M
=1 Ejj11(0) + Ejis1(0) — Ejj(u) + Ej i1 (u0) + Ejp1,i41(2)
+ Eiji1(v) + B j1(0) Ejp1,i1 (@) — Ejit1(0)

+ Bjj(u) + Eij(u)Ej i 41(0) — Ej i1 (uv) — Ejq141(0)

From here, it is just a matter of reorganizing the terms and recognizing various cancellations

in pairs.
~ Eier{0T Bt = Egt) + Ejip1(ud) +
+ B (0] + Ej i1 (V) — Ej (0]
+ Biftth) + Ejiortu) — B g r(un) -
=1+ Ei’lqu(ﬂv + uv)

= Xoq, (W + uv)
Thus we have the claimed equality.

[oni—aj (u), Xal'—i—aj (v)] = XQaZ' (uv + uv)
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Conjugation by w,(1)

As in §2, let L/k be a quadratic extension in characteristic zero, with nontrivial Galois

automorphism 7(z) = Z. We denote

Let R be a k-algebra, and denote R, = R ®;. L, and extend 7 to Ry, by acting on the L

part. Let ®; be the root system of type C;,, which we write as
O = {£B; £8;:1<4,j <n}\{0}
For a, B € @y, let
(a,8) ={ia+jB e :4,j € L>1}

We believe that the relation (2.2) from §2.2 should lift to the Steinberg group, and that this
should be possible to prove directly using the Steinberg relations and Lemma 2.2.4. However,

we have not yet worked this out. More precisely, our conjecture is the following.

Conjecture B.6. Let o, B € Oy such that a+ € ®y,. Let v € Vo (R). Then

%(1) - Xa(v) '@B(l)_l = )?wﬁa(SOU)
where ¢ : R — Ry, is a function of the form v — *v4q.

It is not clear exactly what relationship this bears to [Deo78, Proposition 1.11, Corollary
1.12]. Tt is possible we have misunderstood Deodhar, but Deodhar’s result does not appear
imply the above. Regardless, we have the following computation which covers at least one

case of the conjecture above. Note that in the situation of the next lemma, wga = a + S.
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Lemma B.7. Let o, f € &), with o short and 3 long, such that a+ 3 € ®p. Let v € Vo (R).

Then

T5(1) - Xa(v) - T5(1) " = Koy pl0)

where ¢ : Ry — Ry, s a function of the form v — fv4q.

Proof. This is simply a long calculation involving the Steinberg relations (R1), (R2) from
Definition 2.3.1, followed by application of Lemma 2.2.4. First, for o short and £ long with

a+pe Py,

(a,B) ={f +, B+ 2a}
(=8,8+a) ={a, +2a}
(o, B+ ) = {B + 2a}

We repeatedly apply (R1) and (R2) in a long calculation, the end result of which is

Wg(1) - Xa(v) - Wg(1) ! = Xg490(Ng + N7+ Ny +2Ns) - X5 (N5 + 2N7) - Xo(N3 + )

where N; are various commutator coefficients that arise along the way. To complete the

proof, we show that

Ng+ N7+ Ng+2No =0
N5+ 2Ny = vy

N3+v=0

Now we do the calculation. Let w = wg(1) and X = Xeo(v). First we expand the left hand

side.

wXw™h = Xg(1) - X _5(~1)- Xp(1) - Xa(v) - Xg(=1)- X_5(1) - Xp(-1)
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Apply the commutator formula for X 3(1) and Xo(v). There are two new terms because

(B,a) ={B+a,B+2a}.

wXw™t = X5(1) - X_g(-1) X5(1) - Ka(v) - X5(-1) - X_(1) - X5(-1)

Xp(1)- X _g(—1) - Xp40(N1) - Xg190(N2) - Xa(v) - Xp(1)

- Xp(—1)- X_5(1) - Xg(—1)

where

Nl = Nﬁia<1av)
Ny = N3 (1,v)

The adjacent factors )N(B(l) and )N(B(—l) cancel.

wXw ™t = Xg(1) - X_g(=1) - Xg40(N1) - Xg420(N2)

Xa(v)- X 5—1)- X_p(1) - Xp(-1)

Xp(1) - X_g(=1) - Xg1a(N) - Xgi2a(N2) - Xa(v) - X_5(1) - Xp(-1)

Apply the commutator formula for X_ 3(=1) and X 8+a(N1). There are two new terms

because (=3, 8+ a) = {a, f + 2a}.

wXw ! = Xﬂ(l) : )?75(_1) -)?5+Q(N1) 'XB+2a(N2) ‘Xa(v) ' )?'75(1) ')?5(_1)

X5(1) - Xa(N3) - Xg190(Na) - Xg10(N1) - X _5(—1)
- Xga(N2) - Xa(v) - X_g(1) - Xg(~1)

where

N3 = Nl_,iﬁ’ma(—l,f\fﬂ

Ny = Ny 5P (=1, 3y)

9
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Both —f and 3 + 2« are long roots so )?_3(—1) and )~(5+2a(N1) commute. Also —f + «a is

not a root, so )Z',ﬂ(—l) also commutes with X (v).

wXw = )?b’ﬂ) - Xa(N3) - )?ﬂ+2a(N4) ' )?54'“(]\[1)

X 5(-1) - Xpyaa(No) - Xa(v) - X_g(1) - Xp(—1)

= X5(1) - Xa(N3) - Xg400(N4) - Xgia(N1)

K20 (Vo) - Xa(v) - X(-1) - X_5(1) - Xp(-1)
The adjacent factors )N(_ﬁ(—l) and )Af_ﬁ(l) cancel.

wXw = Xﬁ(l) : )?a(N?)) : Xﬂ+2a<N4) ')Zﬁ+a(Nl)

 Xg19a(Ng) - Xa(v) - X_g(=B~X_5(1)- X5(-1)

= Xp5(1) - Xa(N3) - Xg190(N1) - Xg10(N1) - Xgy00(No) - Xa(v) - Xg(—1)

Since (f + 2a) + (8 + ) = 20 + 3a is not a root, the )~(5+Q(N1) and )?5+2a(N4) terms

commute.

wXw ™! = Xg(1) - Xa(N3) - Xp190(Na) - Xgia(N1) - Xgyoa(N2) - Xa(v) - Xg(=1)

= X3(1) - Xa(N3) - Xg1a(N1) - Xpr2a(N1) - Xgr2a(N2) - Xa(v) - Xg(=1)
We can combine the adjacent X B4+2q terms.

wXw = Xg5(1) - Xa(N3) - Xg4a(N1) - Xgio0(Ng) - Xgy90(Na2) - Xa(v) - Xg(—1)

= X5(1) - Xa(N3) - Xg40(N) - Xgy00(Na+ No) - Xa(v) - Xg(—1)

Apply the commutator formula for X 3(1) and Xo(N3). There are two factors introduced
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because (5,a) = {8+ a, f + 2a}.

wXw ™ = Xg(1) - Xa(N3) - Xg10(N1) - Xgi00(Ng + No) - Xa(v) - Xg(—1)
= Xj1a(N5) - Xg10a(Ne) - Xa(N3) - X5(1)

 Xg1a(N1) - Xgp0a(Ng+ No) - Xa(v) - Xg(~1)
where

N5 = Nf’la(l,N?))

Ng = Nﬁ’ga(LN?,)

Since 25 + « and 23 + 2« are not roots, )Z'ﬁ(l) commutes with )~(5+a(N1) and

X5190(Ng+ No).

wXw ™ = X5, 0(N5) - Xg100(Ng) - Xa(N3) - X 5(1)
Xg1a(N1) - Xgy0a(Ny+ Na) - Xa(v) - Xp(—1)
= X1 0(N5) - X5 20(Ne) - Xa(N3)

Xg1a(N1) - Xgroa(Ng+ No) - X5(1) - Xq(v) - Xg(~1)

Apply the commutator lemma again for X 3(1) and Xo(v). We get the same commutator

coefficients N7, N9 as before.
wXw ™ = X5, 0(N5) - Xg490(No) - Xa(N3g) - Xg4a(N)
- Xy 90(Ny + No) - Xg(1) - Xo(v) - Xg(—1)
= Xg1a(Ns) - Xg420(Ng) - Xa(N3) - Xg10(N1) - Xg126(Na + No)

X 1a(N1) - Xg100(Na) - Xa(v) - X5(1) - Xp(—1)
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Then the X 3 terms cancel.

wXw ™' = X5, 0(N5) - Xgy20(Ng) - Xa(N3) - Xg10(N1) - Xg190(Ng + No)
Xgra(N) - Xg10a(N2) - Xa(v) - X5(1)-X5(—1)
= Xﬁ—l—a(NS) ) )26—1—204(]\]6) ) XQ(NB) ) Xﬁ—i—a(Nl)

+ Xpgy20(Ny+ No) - Xgyo(N1) - Xgioa(N2) - Xa(v)
Since (8 + a) + (8 + 2a) = 2 4 3« is not a root, we can commute these terms.

wXw ™t = X5, 0(N5) - Xgy20(Ne) - Xa(N3) - Xgp0(N1)
) Xﬁ—&-Qa(Nll + Na) - )N(ﬁ—l—a(Nl) ) )}64—2@(*]\]2) ’ )Za(v)
= X310(N5) - X5194(Ne) - Xa(N3) - Xg4a(N1)

 Xg1a(N1) - X5 00(Ng+ No) - Xg190(N2) - Xa(v)

We can combine the adjacent X B+q terms. Similarly, we can combine the adjacent X B+2a

terms.

wXw ™t = X5, 0(N5) - Xg490(Ne) - Xa(N3) - Xgia(N1) - Xgia(N)
: )N(a(v)

= Xg1a(N5) - Xg120(N6) - Xa(N3) - Xgq(2N7) - - Xa(v)
Since (8 + 2a) + a = 8 + 3« is not a root, we can commute the last two terms.

wXw ™ = X5, o(N5) - Xp100(Ne) - Xa(N3) - Xg1a(2N1) - Xg 100 (Ng +2N2) - Xo(v)

= Xg1a(N5) - Xg190(Ne) - Xa(N3) - Xg40(2N1) - Xa(v) - Xgi00(Ng + 2N3)

Now (a,8 + @) = (B8 + 2a), so when we apply the commutator formula for X, (v) and
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X B+a(2N1) there is one new factor introduced.
wXw ™! = Xg.0(N5) - Xg120(Ne) - Xa(N3) - X 0(2N1) - Xa(v) - Xg90(Nyg + 2No)
= Xg1a(N5) - Xg120(Ne) - Xg190(N7) - Xg10(2N1) - Xa(N3)
- Xa(v) - Xgy90(Ng+ 2No)
where
N7 = N (g, 20)

We combine the adjacent X,, terms into a single term. Similarly, we combine the adjacent

)N(BJFQQ terms.
wXw™ = Xgyq(N5)- X ya(2N1)
Xa(N3) - Xa(v) - Xgroa(Ny +2Ny)
= Xg+a(Ns) - X 4a(2N1) - Xa(N3 +0) - Xg190(Na + 2No)
Since (5 4 a) + (8 + 2a) is not a root, we can commute these terms.
wXw ™t = X5, 0(N5) - Xgy20(No + N7) - Xg10(2N1) - Xa(N3 +v) - Xg104(Ng + 2No)
= Xg190(N6 + N7) - X4 0(N5) - Xg10(2N1) - Xa(N3 +0) - Xg 04 (Nyg +2N)
We combine the adjacent X B+q terms.
wXw™h = Xgy90(No + N1) - Xgia(Ns) - X0 (2N1) - Xa(Ns +0) - Xgiaa(Ny+2No)
= Xg120(No + N7) - X510 (N5 + 2N1) - Xo(N3 +0) - Xg,00(Nyg + 2No)

Since (f+2a)+a and (8+2a)+(8+a) are both not roots, we can move the )?5+2a(N4+2N2)

term on the far right through the two terms to its left.
wXw ™t = Xgy90(Ng + N7) - Xg1o(N5 +2N1) - Xa(N3 +v) - X500, (Ng + 2N)

= Xg 120N+ N7) - X500 (Ny+2No) - Xy (N5 + 2N7) - Xo(N3 + v)
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We combine the adjacent X B4+2q terms.

wXw = Xg,00(Ng + N7) - Xgy00(Ng + 2N2) - Xgy (N5 + 2N7) - Xo (N3 +v)

= Xg190(Ng + N7 + Ny +2N3) - X (N5 +2N7) - Xo (N3 +v)

In summary, we showed that

Wg(1) - Xa(v) - Wg(1) ! = Xgy90(Ng + N7+ Ny +2Ng) - X5 (N5 + 2N7) - Xo(N3 + )
To complete the proof, we need to show that

Ng + N7+ Ny + 2Ny =0
N5+ 2N7 = +v4q

N3+v=0
This is done in Lemma B.8 below. O

Lemma B.8. Let o, f € @ with a a short root and B a long root, such that o+ € ®.. Let
v € Vo(R) = Ry,. Using Lemma 2.2.4 as § = €20; and « = —ef3; + wpj using independent

signs €,w, and let ¢;; be as in Lemma 2.2.4. Then

Ny = Nﬁ’la(l,v) = —Wue,;

Ny = NE’;(LU) = —cwuT

N3 = Nl‘fﬁ”(—L Ny) = —v

Ny = Nl_’g’ﬂﬂy(—l, Ni) = —ewvv
N5 = NJ{'(1, N3) = wue;

N = N{'3 (1, N3) = —ewvt

N7 = N (N, 201) = dewns
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In particular,

Ng + N7+ Ny + 2Ny =0
Ny + 2Ny = —wvy € {+v, £7}

N3 4+v=0
Proof. Using Lemma 2.2.4 we can write the N1 through Ng in terms of €, w, d and vy.

Ny = Nlﬂ’la(l,v) = —wuy

Ny = N{i’;(l,v) = —ewvv
To calculate N3 and Ny, temporarily denote
fl=-p=c28 o =p+a=-8+Jp;
To calculate N3 and Ny using the corollary, we use the signs ¢/ = —¢,w’ = w,d = . We get

(N1)g = (—wvg)s = —wv

NN = (~wus)(—wvg) = v5T5 = T
! !
Ny = Ny PPH(=1,Np) = NP (<1, V1) = —w(=1)(~wv) = —w?v = —v

/! —
Ny = Ny JPT(—1, Ny = NP (=1, V) = =/ (1) N| N} = —ewvD
Now we calculate N5 and Ng.

N5 = NP1 (1, N3) = —w(N3)s = —w(~v)5 = wus

Ng = Nﬁéa(l, N3) = —ewN3N3 = —ew(—0v)(—0) = —ewvd
To calculate N7, we use Lemma 2.2.4. The roots in question are

a=—efi+wh  fH+a=ch+uwp;

100



To apply the lemma, we need to know which one of these roots has the form £(8; + Bj)
and which has the form +(3; — 3;), but these depend on whether ¢ = w or ¢ = —w. So we

consider these cases separately.

(Case 1, w=¢) Let a = B+ a=¢e(f; + B;) = (B + B;), and let 8 = a = —<(B; — B;) =
W'(B; — B;). So our signs are e = ¢ and W = —e. We still have § = § = 6. By Lemma

2.2.4 (2),
N7 = N{5P (N, 28N1) = NP (Ng, 28N1) = —N{'{ (N, 2N1) = & T ((Ng) sy - 201 )
=eTr ((—v)igg(; : (—2wv5)) =ewTr (21},51)5) = 2ew Tr(v) = dewvv
(Case 2, w = —¢) Let a = v = —e(B; + Bj) = /(B + B;) and let B =B+ o =e(B; — Bj) =
W'(B; — B;), so our signs are e/ = —¢ and W’ = e. We still use the same & = § = 6. By
Lemma 2.2.4 (2),
N7 = N{PO(Ng, 20) = NP (N5, 20) = —' Tr ((N?,)E/w/(;/ : 2N1>
=cTr ((—v)_€25 . (—2wv5)) = 2ew Tr (v_5v5> = 2ew Tr(vy) = dewvv

So in both cases we can write N7 as 4ewvv. This completes our calculation of the N values.

The relations follow immediately. ]

Generalization of Lemma 2.4.2

In Remark 2.4.3, we noted that the calculations in Lemma 2.4.2 can be done in slightly more

generality, so we do this here.

Lemma B.9. Let a, f € & with a short, B long, and such that B —a € ®. Then there is

an isomorphism of algebraic varieties w: Bo — Ag such that o go = fg.
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Proof. This is just a slight generalization of the computation for Lemma 2.4.2. By Lemma

2.2.4 (2), we can write @ and § — « as
a = e(a; — aj) B —a=w(o+aj)

for some signs ¢ = +1,w = £1 and indicies ¢, 7 with ¢ < j, and futhermore

a,B—a
Nll

(u,v) = wTr (u—guwv)

Now define 7 : B, — H by

1= [ ()

Note that 2d is invertible because char k = 0. This commutator occurs inside GLj,(K) and

multiplication is regular, so 7 is regular. Now let s € k. Then

m(9a(s)) = [p (Xa (sx/c_i)) P (Xﬁ—a (%E»] = ({Xa <8\/3> X5 (%)D
= (3 (37 (Vi S22 ) ) ) = 0 (3 (0 () = 0 (X306) = 1505

This shows that 7o gy = fg, and that m maps ga (k) into fg(k). Since 7 is regular, it follows
that m(Bq) C Ag. It remains to show that 7 is invertible (with regular inverse). By Lemma
2.2.4(3), we can write

/ / /
a—ﬁzeai/—l—waj/ B = —e2ay

for some signs ¢/ = +1,w’ = £1, and indices ¢/, j’, and furthermore

N

v,u) = —w/ufci,j,v 150 P(v,u) = woun

Let ¢ = —cy s and let h = hoq—p(1/2) be the element introduced in Definition 2.2.6. Then

define

viAg— Ba,  v(y) = plh) - [y, 90-3(—"O)] - [1 gap(@'e)] " p(h) 7,
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It is clear that v is a regular map; we claim it is an inverse for 7. Let s,t € k, and note that

(ﬂ) = ¢v/d. Using the commutator relation from Theorem 2.2.1, we have

[X50), Xo_g (V)] = Xa (NG (£5Vd) ) - Xou_s(N5* 7 (1,5V4) )
= Xa< — W't (5\/8)0) - Xoa—8 (slw/t <5\/E> @)
= a( — w/ctsx/c_l> . X2a—ﬁ< — 5’w'ts2d).

Specializing the above to the case s = —w’c and noting that (u/c)2 =1, we get
|X5(0), Xap (—w/eVd) | - [Xp(0), Xorp (w’cx@]_l

—Xa t\f MW —t\/_ a(2t\/c_l).

We also have the relation

h-Xa(20) b~ = X, (v)

for all v € L. Putting everything together, we obtain

v(fs(t)) = p (h- [Xﬁ(t),xa_ﬁ (—W’C\/E)] : [Xﬂ(t),xa_ﬁ (W’C\/Zz)] - h—l)
=p (h - Xa (2%/3) . h_1> =p <Xa (tﬂ)) = ga(t).

Thus, vom and 7ov are the respective identity maps on dense subsets of Ag and B,. Since
they are regular, it follows that they are the identity on the whole space, so v is the inverse

of 7 as claimed. O

Lemma 2.4.2 is the special case of Lemma B.9 where a« = a1 — a3 and 8 = —2a3. In this

case, the various signs and indices are

103



Appendix C

Logical dependency chart

In this appendix we depict logical dependencies among various lemmas, propositions, and
theorems from this document. Arrows in these diagrams do not indicate logical implication,
only that the proof of the target depends on the source. Key results from outside sources
are included as well.

Section 2.2 and Appendix B

Theorem 2 [PS08]
Relative root subschemes

|

Theorem 2.2.1
Relative root subgroups for SUs, (L, h)

|

Lemmas B.1, B.2, B.3, B.5
Various properties of maps Ngﬁ
Lemma 2.2.4/B.4

Explicit formula for Ngﬁ

— T

Lemma 2.3.3 Lemma 2.4.2
G(R) is perfect Bo = Ap
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Section 2.3

Theorem 1.3 [Sta20]
ker 7 4 is central for local A

|

Lemma 2.3.3 —— Lemma 2.3.4 —— Proposition 2.3.2

G (R) is perfect G respects products  kerm 4 is central for semilocal A

|

Proposition 2.5.2
Existence of &

105



Section 2.4
Lemma 2.2.4
Explicit formula for N gﬂ

|

Lemma 2.4.5 Lemma 2.4.2 Theorem 3.1 [Rapl1]
Reduction step By = Ag Algebraic ring associated to

an abstract representation
of a Chevalley group

—

Proposition 2.4.6
Existence of ¥q

|

Proposition 5.1 [Gre64]

Lemma 2.3.3 Proposition 2.4.8
G (R) is perfect Existence of Connected algebraic rings
in characteristic zero are
equivalent to algebras
Proposition 2.3.2 Lemma 2.5.1 Remark 2.4.7
ker m 4 is central H is connected Ais a K-algebra

Proposition 2.5.2
Existence of &

|

Proposition 2.5.3
o is algebraic
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Section 2.5

Proposition 2.4.6
Existence of 1q

~

Proposition 2.3.2 Lemma 2.5.1
ker 7 4 is central H is connected

Theorem 6.3 [Hum72] Lemma 2.3.3

Lemma 3.10 [Rap13]  Proposition 2.5.2
Weyl’s theorem G(R) is perfect

Lemma 3.12 [Rap13] Existence of &
Proposition 2.5.3 Lemma 2.5.5 Lemma 2.5.4
o is algebraic Property (Z) Levi decomposition

\ l / of G(A)

Theorem 2.0.1/2.5.6
(BT) conjecture
for SUs, (L, h)

Section 3.1
Proposition 5.1[Rap13]
(BT) conjecture for Remarks 3.1.4, 3.1.5, 3.1.8  Refined (BT) conjecture for
elementary groups Lemmas 3.1.6, 3.1.7 elementary groups
over rings of S-integers

over rings with (Dy)
gl | 7 . |

Theorem 3.1.2 Theorem 3.1.3
Rigidity for biregular action

Rigidity for biregular action
of elementary groups of elementary groups
over rings with (D7) over rings of S-integers
on affine varieties on affine varieties

Theorem 1.1 [Rapl9]
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Section 3.2

Theorem 2 [CdC19] Theorem 1.1 [EJZK17] Theorem 1.1 [Rap19]
Criterion for Elementary group has (BT) conjecture for
conj,(I') C Aut(Y) Kazhdan’s property (T) elementary groups

\ ‘/ over rings with (D1>

Theorem 3.2.1
Rigidity for birational action

of elementary groups
over rings with (Dy)
on projective surfaces

Section 4.2
Lemma 2.2.8 Proposition 2.4.8
Symbols in ker 74 Existence of
Conjecture 4.2.1 Lemma 4.2.3
ker m 4 generated by symbols Symbols in ker &
Lemma 3.10 [Rap13] Proposition 4.2.4
Lemma 3.12 [Rap13] Existence of o

\ l

Proposition 4.2.5
o is algebraic

|

Theorem 4.2.2
(BT) conjecture

for SUs, (L, h)
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