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ABSTRACT

We bound the greatest common divisor of two coprime multivariable polynomials evaluated at
algebraic numbers, generalizing the work of Levin by thickening the group of S-units to allow
for points that are merely “close" to S-units. Our inequalities make progress towards conjectured
GCD inequalities of Silverman and towards Vojta’s conjecture for blowups. The proofs rely on
Schmidt’s Subspace Theorem.

As an application, we prove results on the greatest common divisors of terms from two
general linear recurrence sequences, extending the results of Levin, who considered the case
where the linear recurrences are simple. In particular, we improve on recent results of Grieve
and Wang for general linear recurrences, and bound the exceptional set to a logarithmic region.
An example shows that the logarithmic region is necessary.

On abelian surfaces which come from the Jacobians of hyperelliptic curves, we establish a
connection between GCD conjectures on the abelian surface and conjectures on the arithmetic
discriminant for quadratic points on the associated hyperelliptic curve. It predicts, in particular
situations, a stronger inequality than Vojta’s theorem on the arithmetic discriminant. We give

some examples of extreme values of the arithmetic discriminant.
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CHAPTER 1

INTRODUCTION

1.1 Diophantine approximation

Upper bounds for the greatest common divisor of integers of the form a”” — 1 and b" — 1 were first

studied by Bugeaud, Corvaja, and Zannier in [3], where they proved the following inequality:

Theorem 1.1.1 (Bugeaud, Corvaja, Zannier [3]). Let a, b be multiplicatively independent

integers, and let € > 0. Then, provided n sufficiently large, we have
logged(a™ = 1,b" — 1) < en.

Note that even though the statement is simple, the proof requires Schmidt’s Subspace The-
orem from Diophantine approximation. Actually, for most of the following works, it is the

fundamental ingredient in their proofs.

Corvaja, Zannier [5] and Hernandez, Luca [12] subsequently extended Theorem 1.1.1 to

S-unit integers:

Theorem 1.1.2 (Corvaja, Zannier [5] and Hernandez, Luca [12]). Let p1,..., p; € Z be prime

numbers and let S = {co, p1, ..., p:}. Then for every € > 0,
logged(u —1,v — 1) < e max{log |u|, log |v|}
Jor all but finitely many multiplicatively independent S-unit integers u,v € Z.

More generally, Corvaja and Zannier proved an inequality in the case of bivariate polynomi-

als.

Theorem 1.1.3 (Corvaja, Zannier [6]). Let ' ¢ G2,(Q) be a finitely generated group. Let

f(x,y),g(x,y) € Q[x,y] be nonconstant coprime polynomials such that not both of them



vanish at (0,0). For all € > 0, there exists a finite union Z of translates of proper algebraic

subgroups of G2, such that

log gcd(f(u,v), g(u,v)) < emax{h(u), h(v)}
forall (u,v) eI'\ Z.

Inrecent work of Levin [14], the following result was proven, giving an inequality for greatest
common divisors of polynomials evaluated at S-unit points, which is a higher-dimensional

version of Corvaja-Zannier’s theorem:

Theorem 1.1.4 (Levin [14]). Let n be a positive integer. Let T' ¢ G (Q) be a finitely generated
group. Let f(x1,...,xn), g(x1,...,X,) € Q[x1, .. .,xn] be non-constant coprime polynomials
such that not both of them vanish at (0,...,0). Let h(a) denote the (absolute logarithmic)
height of an algebraic number a. For all € > 0, there exists a finite union Z of translates of

proper algebraic subgroups of G}, such that

log ged(f(uy, ..., un),g(ui,...,uy)) < emax{h(uy),...,h(u,)}

forall (uy,...,uy) €T\ Z.

In particular, I" in Theorem 1.1.4 can be taken as the full set of n-tuples of S-units in a num-
ber field k, where S is a finite set places of k containing the archimedean places. In the above
statement, log gcd is the generalized logarithmic greatest common divisor, which is defined in

Section 2.5.

In a slightly different direction, Luca [15] extended Theorem 1.1.2 to rational numbers u and
v that are “close" to being an S-unit. Let u be a non-zero rational number, and § a fixed finite set
of primes. We may write « uniquely, up to a sign, in the form u = ug - ug, where ug is a rational

number in reduced form having both its numerator and denominator composed of primes in S,



and ug is a rational number in reduced form having both its numerator and denominator free of

primes from S. Luca proved the following:

Theorem 1.1.5 (Luca [15]). Let S be a finite set of places of Q. For € > 0, there exist three
positive constants K1, K», K3 depending on S and €, such that for any rational numbers u and v
satisfying

logged(u — 1,v — 1) > e max{h(u), h(v)},

one of the following three conditions holds:
(l) max{hrat(u)’ hral(v)} < Kly
(ii) u' = v/ with max{|i|,|j|} < K»,

(iii) max{hg(u), hs(v)} > K3é,
ax{@ h(y)
h(y)” h(x)

This shows the GCD of two rational integers u — 1 and v — 1 cannot be large unless u and

where hs(u) = h(ug), hyas (;—C) = } and h = max{h(u), h(v)}.

v are multiplicatively dependent or have large non-S height. One main theorem of this thesis
(Corollary 7.0.4) can also be viewed as a generalization of Theorem 1.1.4 along the lines of

Luca’s theorem. It is studied as follows.

We want to generalize Theorem 1.1.4 beyond the setting of S-units points. To achieve this
goal, we introduce the definition of almost S-units: Roughly speaking, an almost (S, §)-unit for
some set of places S in a number field k is an element u € k whose dominant part of its height

is due to an S-unit.

Definition 1.1.6. For a fixed 6 > 0 and a fixed set of places S, if u € k*, then we say u is an
almost (S, 6)-unit if

hg(u) = Z Ao (u) + A, (i) < 6h(u)

vesS



(see Section 2.1 for the definition of 1,). We denote the set of all almost (S, §)-units by kg_s.
More generally, let
G (k)s,s :={u € Gy, (k)|hg(u) < oh(w)},

where

hg(u) = Z A, (u) + 4, (&) .

veS

With Definition 1.1.6, we prove the following generalization of Theorem 1.1.4, which shows

that I" = (O )" may be “thickened" to Gy, (k)s, s for some positive ¢ (depending on €).

Theorem 1.1.7. (Corollary 7.0.7) Let n be a positive integer and k a number field, f(xi,...,Xy),
g(x1,...,x,) € k[x1,...,x,] be nonconstant coprime polynomials such that not both of them
vanish at (0, ...,0). Forall € > 0, there exists 6 > 0 and a proper Zariski closed subset Z of
G, such that:

logged(f(uy, ..., un),g(ui,...,uy)) < emax{h(uy),...,h(u,)}
forall (uy,...,u,) € Gl (k)ss\ Z.

By Theorem 5 of [8], we may further choose Z so that it is a (possibly infinite) union of
positive-dimensional torus cosets.

In fact, we prove the following refinement of Theorem 1.1.7.

Theorem 1.1.8. (Theorem 7.0.6) Let k be a number field and let S be a finite set of places of k
containing the archimedean places. Let f, g € k|x1,...,x,] be coprime polynomials that don’t

both vanish at the origin (0,...,0). Forall 0 < 6§ < 1, there exists a proper Zariski closed

subset Z of Gj), such that
n
log gcd(f(ur, ... un), g(ur, ... un)) < 051/22 h(u;)
i=1

forallu = (uy, ... ,u,) € G (k)ss\Z satisfying hg(u) < h(u), where C = 6(deg f +deg g)n>

s a constant.



Theorem 7.0.6 extends Levin’s Theorem 1.1.4 from integral points to rational points, and
may be viewed as progress towards Vojta’s conjecture for certain blown-up varieties. This The-
orem gives a GCD inequality of the form similar to what Vojta’s Conjecture predicts. Assuming
Vojta’s Conjecture, Silverman obtained an upper bound for the polynomial GCD in [18]. By
properly extending the notions from Q to a number field, we can compare Silverman’s conjec-
tural upper bound with our inequality. More precisely, in Remark 7.0.8 we discuss the relation
of Theorem 7.0.6 with conjectured inequalities of Silverman based on Vojta’s conjecture. We

also note work of Grieve [10] in this direction.

1.2 Linear recurrence sequences

On the other hand, Levin [14] also gave a classification (Theorem 1.2.2) of large GCDs among
terms from simple linear recurrence sequences (see also earlier work of Fuchs [9]). A primary
goal of our work is to study the case of general linear recurrences (i.e., without the assumption

that the linear recurrence is simple). In the case of binary linear recurrences, Luca [15] showed:

Theorem 1.2.1 (Luca [15]). Let a and b be non-zero integers which are multiplicatively inde-
pendent, and let f, g, fi and g be non-zero polynomials with integer coefficients. For every

positive integer n set
up = f(n)a" +g(n)
and

v = fi(n)b" + g1(n).

Then, for every fixed € > O there exists a positive constant C, > 0 depending on € and on the

givendata a, b, f, f1, g and gy, such that
log ged(uy, viy) < € max{m,n}

holds for all pairs of positive integers (m, n) with max{m,n} > C..



The essential assumption is that a and b are multiplicatively independent integers, which
gives a contradiction to condition (ii) of Theorem 1.1.5. Note that Theorem 1.2.1 is proved
without the assistance of Schmidt’s Subspace Theorem, so one should expect that a stronger
result can be proved with the Subspace Theorem applied to general linear recurrence sequences.
In fact, a recent result due to Grieve and Wang [11] on general linear recurrences generalized
Luca’s binary case, and recovered Levin’s result 1.2.2 at the same time. We will give an alter-

native proof of this theorem later.

Levin [14] applied Theorem 1.1.4 to terms from simple linear recurrence sequences, giving

a classification of when two such terms may have a large GCD.

Theorem 1.2.2 (Levin [14]). Let

N
F(m) = Z cial",
i=1

Gn) = ) d;p}.
j=1

define two algebraic simple linear recurrence sequences. Let k be a number field such that

ci.a,dj,Bj€kfori=1,...,s, j=1,...,1. Let My be the canonical set of places in k. Let

So ={v € My : max{|aily,...,|&lv, |Bilvs-- -, |Belv} < 1}.

Let € > 0. All but finitely many solutions (m, n) of the inequality

> —log” max{|F(m)l,,|G(n)],} > e max{m,n}
VEMk\S()

satisfy one of finitely many linear relations
(m,n) = (ajt+b;,cit+d;), teZ, i=1,...,r,

where a;, b;, c;, d; € Z, a;c; # 0, and the linear recurrences F(a; ® +b;) and G (c; ® +d;) have a

nontrivial common factor fori =1,...,r.



Grieve and Wang [11] have extended Theorem 1.2.2 to general linear recurrence sequences.

Theorem 1.2.3 (Grieve, Wang [11]). Let

Fim) =Y pim)a,
i=1

G(n) =) q;(mB},
=1

J

for n € N, be algebraic linear recurrence sequences, defined over a number field k, such that

their roots generate together a torsion-free multiplicative subgroup T of k™. Suppose that
max{laily, |B;lv} = 1,
forany v € My. Let € > 0 and consider the inequality
log gcd(F(n),G(n)) < e max{m,n} ()
for pairs of positive integers (m,n) € N2. The following two assertions hold true.

1. Consider the case that m = n. If the inequality (1) is valid for infinitely many positive

integers (n,n) € N2, then F and G have a non-trivial common factor.

2. Consider the case that m # n. If the inequality (1) is valid for infinitely many pairs of
positive integers (m,n) € N2, with m # n, then the roots of F and G are multiplicatively
dependent (see Def 8.0.7). Further, in this case, there exist finitely many pairs of integers

(a,b) € Z? such that

|ma + nb| = o(max{m, n}).

The proof of Theorem 1.2.3 in [11] is based on a “moving targets" version of Theorem 1.1.4.
We will give an alternative proof of Theorem 1.2.3 and also give a quantitative improvement

in which the error term o(max{m, n}) can be controlled as a constant multiple of log max{m, n}.



As an application of the polynomial GCD inequality, we state our main result on linear

recurrence sequences:

Theorem 1.2.4. Let

F(m) =" pi(ma}',
i=1

G(m) =) q;(mp,
j=1

define two algebraic linear recurrence sequences. Let k be a number field such that all coeffi-

cients of p; and q; and a;, Bj are ink, fori =1,...,s, j=1,...,t. Let

So = {v € My : max{|aily,...,|aslv, |Bilv,-- ., |B:]v} < 1}.

Then all but finitely many solutions (m, n) of the inequality:

Z —log™ max{|F (m)|y, |G(n)|,} < e max{m, n}
veM\Soy

are of the form:
(m,n) = (a;t,bjt) + (u1, n2), M1, 2 <logt, teN,i=1,...,r
with finitely many choices of nonzero integers (a;, b;) .
Moreover, if the roots of F and G are independent (see Def 8.0.7), then the solutions (m, n)
satisfy one of the finitely many linear relations:
(m,n) = (ajt +b;,cit+d;),teN,i=1,...,r
where a;, b;, c;, d; € N,a;c; # 0, and the linear recurrences F(a; ® +b;) and G(c; ® +d;) have a

nontrivial common factor fori = 1,...,r.

Example 1.2.5. Under the set up of Theorem 1.2.4, we give an example illustrating the necessity

of (u1, u2) in the statement:



Define the two linear recurrence sequences as: F(m) = mp™ + 1, G(n) = p" + 1, where p
is a prime. In the notations of Theorem 1.2.4, So = 0. Let € < log2. It is easily seen that for

(m,n) = (p*, p* + k), Yk € Zso, F(m) = pP"** + 1 = G(n), so the inequality
log ged{|F(m)|, |G (n)|} = log(p”"** + 1) > e(p* + k) = e max{m, n}

holds for infinitely many k and hence infinitely many (m,n). It is easily seen that such pairs
(m, n) do not lie on finitely many lines, but do lie in a logarithmic region around the line x =y,
i.e., for such pairs we may write (m,n) = (t,t) + (uy, u) with uy, up < logt in agreement with

Theorem 1.2.4.

1.3 Arithmetic discriminant

Vojta defined the arithmetic discriminant d, in the proofs of [23] and [21], and an alternative
definition is given in the other paper [22] under arithmetic geometry. In [23], he obtained a first
estimate of d,. Later, Vojta successfully proved the Vojta’s conjecture [24] replacing d(P), the

usual logarithmic discriminant, by d,(P) in the curve case.

Theorem 1.3.1 (Theorem 4.2.4). Let C be a curve over a numerb field k and let 1 : X — B
be a regular model, where B is the arithmetic curve corresponding to SpecOy. Fix an integer
v > 1, a real number € > 0, an effective divisor D on X with no multiple components, and a
divisor A on X which is ample on the generic fibre. Then for all points P € C(k) \ Supp(D)
with [k(P) : k] < v,

m(D,P)+ hg(P) <d,(P)+¢€hs(P)+0(1),
where the constant in O(1) depends on X, D, v, A and €.

The proof gives a deep and extraordinary construction, which somehow has the similar
flavor of the proof of Roth’s theorem. However this result is not applied widely and needs more

attention.



A follow up theorem, proven in [22], gives a finiteness statement for points of bounded

degree on curves.

Theorem 1.3.2. Let f : C — P! be a dominant morphism, let s € N, and let g be the genus of

C. Assume also that
g—1>(degf)(s—1).

Then the set

{P e C(k)|[k(P): k] <sandk(f(P))=k(P)}
is finite.
Using well-known upper bounds for the gonality of a curve, one immediately finds,

Corollary 1.3.3. If g > 6 then there exists a dominant morphism f : C — P! such that the set
{P e C(k)|[k(P): k] <2and k(f(P)) =k(P)}
is finite.
Song-Tucker [19] gave a general version of Theorem 1.3.2.

Proposition 1.3.4. Let C and C’ be curves of genus g and g’, respectively, defined over a number

eld k, let v be a positive integer, and let  : C — C’ be a dominant k-morphism. Assume that
p 8 P

g-1>(v+g —1)degf.

Then the set

{P € C(k)|[k(P) : K] = v and k(f(P)) = k(P)}
is finite.

As an application, they obtained a stronger Castelnuovo’s genus inequality under certain

conditions.

10



In here, we continue study the connection between the arithmetic discriminant and the GCD
conjecture, giving an equivalence of conjectures for quadratic points.

In later chapters, we will give the proofs of the main Diophantine approximation results and
the application to linear recurrence sequences, respectively. We will also develope the connection

between the GCD conjecture and the conjecture on arithmetic discriminant on quadratic points.

11



CHAPTER 2

ABSOLUTE VALUES AND HEIGHTS

2.1 Absolute values

Let k& be a number field, M} the set of places of k and Oy, the ring of integers of k. For v € My,
let k, denote the completion of k with respect to v. Throughout the thesis, we normalize the
absolute value | - |, corresponding to v € Mj as follows: If v is archimedean and o is the
corresponding embedding o : k — C, then for x € k*, |x|, = |o(x)|*®I/I&Q: if v is non-
archimedean corresponding to a prime ideal & in Oy which lies above a rational prime p, then
it is normalized so that |p|, = p~1k@l/I:Ql_ Tn this notation, we have the product formula:

l_[ |x|v:1

vEM)

for all x € k*.
Let S be a finite set of places in M. The ring of S-integers and the group of S-units are

denoted by Oy s and O , respectively.

2.2 Height functions on projective spaces

We will define height functions as in [13]. For a point P = (ag : a1 : -+ : an) € P"(k), we
define its height to be

h(P) = ) logmax{laoh,.. ., lal,}

veMy,

and for any x € k, its height A (x) is defined to be the height of the point (1 : x) in P! (k).

Lemma 2.2.1. We have the following properties of height functions:

1. The height h(P) is independent of the choice of homogeneous coordinates for P.

12



2. h(P) = O for all P € P"(k).
Proposition 2.2.2. The action of the Galois group on P"(Q) leaves the height invariant.

The following finiteness theorem is of fundamental importance for the application of height

functions in Diophantine geometry.

Theorem 2.2.3 (Northcott property). For any numbers B, D > 0, the set
{P e P"(QIh(P) < B.[Q(P): Q] < D}
is finite. In particular, for any fixed number field k, the set
{P € P"(k)|h(P) < B}

is finite.

2.3 Height functions on projective varieties

Weil’s “Height Machine" constructs a height function associated to every divisor on a projective

variety. These height functions satisfy the following properties.

Theorem 2.3.1. Let k be a number field. For every smooth projective variety V [k there exists
a map

hy : Div(V) — {functions V(k — R)}

with the following properties:

1. (Normalization) Let H C P" be a hyperplane, and let h(P) be the absolute logarithmic
height on P". Then

hen 1 (P) = h(P) + O(1)

for all P € P"(k).

13



. (Functoriality) Let ¢ : V — W be a morphism and let D € Div(W). Then
hy ¢p(P) = hw p(¢(P)) + O(1),
forall P € V(k)
. (Additivity) Let D, E € Div(V). Then
hy.p+e(P) = hy p(P) + hy (P) + O(1)
forall P € V(k).
. (Linear Equivalence) Let D, E € Div(V) with D linearly equivalent to E. Then
hv.p(P) = hy g(P) +O(1)
forall P € V(k).

. (Positivity) Let D € Div(V) be an effective divisor, and let B be the base locus of the

linear system |D|. Then

hy.p(P) 2 O(1)

forall P € (V\ B)(k).

. (Algebraic Equivalence) Let D, E € Div(V) with D ample and E algebraically equivalent

to 0. Then
hy g (P) _
PeV(R),hy.p(P)—co hy.p(P)

. (Finiteness) Let D € Div(V) be ample. Then for every finite extension k' [k and every
constant B, the set

{P € V(K')|hv.p(P) < B}
is finite.

. The height functions hy p are determined, up to O (1), by normalization, functoriality for

embeddings ¢ : V — P", and additivity.

14



2.4 Local height functions

We now define local height functions. Let V be a projective variety over a number field k.
Let D be a Cartier divisor on V and v € Mj. First we define the support of a Cartier divisor

D = (Ug, fo)aer to be
supp(D) := | J{x € Ualfo ¢ O},

where Oy, is the group of units in the local ring Oy .. For notation convenience, we write
Vp =V \ supp(D)

for the complement of the support of D. We would like to associate to each place v € My a
function

/lD,v : VD(kv) - R

so that the sum

for all points in Vp (k). Moreover, the local height functions should be additive in D. If D is a

prime divisor, then Ap ,, should be geometric in the following intuitive sense
Ap.y(P) = —log(v-adic distance from P to D).
To make things precise, we need some definitions. We define an My-constant to be a map
v: M, —> R

with the property that y(v) = O for all but finitely many v € M. We say that a real-valued

function ¢ on a subset Y of V(k) X My is My-bounded if there is an M}, constant y such that

lp(P,v)| < ¥(v)

for all (P,v) € Y. We will write O, (1) for an Mj-bounded function. We say a subset Y of

V (k) X M is affine My -bounded if there is an affine open subset V; of V with affine coordinates

15



X1,...,x, such that Y c Vi X M; and such that the function
Vo(k) x M, — R, P+ max |x;(P)|,,
1<i<n

is M-bounded on Y. We say the set Y is M-bounded if it is a finite union of affine M -bounded

sets. We are ready to state the local height machine. For v € My, let v(x) = —log |x|,.

Theorem 2.4.1. Let V /k be a smooth projective variety. For each D € Div(V) it is possible to

assign a function

Ap . U VD(kV) - R,
veMy

called the local height function with respect to D, such that the following properties hold:

1. (Normalization) Let f € k(V)* be a rational function on V, and let D = div(f) be the
divisor of f. Then the difference

Apy(P) —v(f(P))

is an My, bounded function on every My, bounded subset of Vp (k) X M.

2. (Additivity) For all Dy, D, € Div(V),
Apy+Dyw = Ay + Apyy + 0y (1).
3. (Functoriality) Let ¢ : V. — W be a morphism of smooth varieties. Then
Agpy =Apy o d+0,(1).
4. (Positivity) Let D > 0 be an effective divisor. Then
Ap,y = 0,(1).
5. (Local/Global Property) Let D € Div(V), and let hp be a Weil height attached to D. Then
hp(P)= Y Apy(P)+0(1)

vEM|,

forall P € Vp (k).

16



In particular, if D is a hypersurface in P" given by ahomogeneous polynomial F (xo, . . ., x,) =

0 of degree d, we have a choice of local height function

|| |PI{
Ap,y(P) =log max =log
v i=0,...,n |F(P)|v |F(P)|v

where P is written in coordinates (ag : --- : @,) € P"(k) \ Supp(D) and |P|, = max; |a;]|,.
For any x € k and v € My, we define the local height of x with respect to v to be 4,(x) =

log max{1, |x/|,}.

For a point P = (ay,--- ,a,) € G (k) and a place v € My, we define its height and local
height as h(P) = Z logmax{1, |ai]y,...,|a,|,} and A, (P) = logmax{1, |ai|,, ..., |aulv},

vEM|,
respectively.

For a finite set of places S, we define the proximity function associated to D to be the

m(D, S, P) = ZAD,V(P).

ves
2.5 Generalized greatest common divisors

One can extend the notion of log gcd(a, b) to all algebraic numbers. Note that for a and b

integers, we calculate their greatest common divisor as:

log gcd(a, b) = Z min{ord,(a),ord,(b)}log p

p prime

= - Z log max{|al,, |b|,}

VGMQ’fm

= - Z log™ max{|al,, |b|,}

VEMQ’fm
where Mg gy is the set of nonarchimedean places of Q and log™ z = min{0, log z}. Similarly we
define log* z = max{0, log z}. With this observation, by adding contributions of archimedean

places, the generalized greatest common divisor is defined as:
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Definition 2.5.1. Let a,b € Q be two algebraic numbers, not both zero. We define the

generalized logarithmic greatest common divisors of a and b by

log ged(a, b) = = " log” max{lal,, [b],}

vEM

where k is any number field containing both a and b.

We will work with this generalized definition in the following chapters.
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CHAPTER 3

DIOPHANTINE APPROXIMATION

3.1 Roth’s theorem

The fundamental problem in Diophantine approximation is how closely an irrational number
can be approximated by a rational number. Precisely, let a € R be a given real number, and let

e > 0 be a given exponent. We ask whether or not the inequality

1
< —

qe

——a

‘ p
q

can have infinitely many solutions in rational numbers p/q € Q.
Dirichlet, in 1842, showed that we can find rational numbers that are fairly close to a given

real number.

Proposition 3.1.1 (Dirichlet). Let a € R with a ¢ Q. Then there are infinitely many rational

numbers p/q € Q satisfying

1
‘B—a S—z

q q

Next result, due to Liouville in 1844, gives an estimate in the other direction.

Proposition 3.1.2 (Liouville). Let a € Q be an algebraic number of degree d = [Q(a) : Q] > 2.

Fix a constant € > 0. Then there are only finitely many rational numbers p/q € Q satisfying

1
qd+e ’

q

<

‘ p

Later, Thue (1909) improved d to d/2 + 1, Siegel (1921) improved to 2Vd, Gelfand, Dyson
(1947) improved to V24, and finally Roth (1955) improved to 2. In fact, the exponent 2 + € is

essentially best possible since we already have Dirichlet’s result.
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Theorem 3.1.3 (Roth). For every algebraic number a and every € > 0, the inequality

et
q q

has only finitely many rational solutions p/q € Q.
A general formulation of Roth’s theorem is the following.

Theorem 3.1.4. Let k be a number field, let S C My be a finite set of places on k, and assume
that each place extends in some way to k. Let a € k and € > 0 be given. Then there are only
finitely many b € k satisfying the inequality

1

nmln{|b —Cllv, 1} < W

ves

As an application, we have Siegel’s famous theorem on integral points on curves [16]. Let
C be a geometrically irreducible affine curve over a number field £ and let S be a finite set of
places containing archimedean places. We assume that C is given as a closed subvariety of A}.

Let 7 : Co,¢ — C be the normalization of C and we extend the affine curve Cog to a smooth
projective curve C, which is unique up to isomorphism. The points in C \ Cuq are called the
points of C at co.

Then Siegel’s theorem on integral points on curves states:

Theorem 3.1.5 (Siegel). If C has genus g > 0 or C has at least three distinct points at oo, then

C has only finitely many S-integral points.

3.2 Wirsing’s theorem

Instead of taking the approximating elements from a fixed number field, another direction to
generalize Roth’s theorem is to consider approximation by algebraic numbers of bounded degree.
Toward this end, Wirsing [25] proved a generalization of Roth’s theorem, which we state in a

general form.
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Theorem 3.2.1 (Wirsing). Let S be a finite set of places of a number field k. Let Py, ...,P, €
P! (k) be distinct points and let D = Z?zl P;. Let € > 0 and let d be a positive integer. Then for

all but finitely many points P € P (k) \ SuppD satisfying [k(P) : k] < d, we have
m(D, S, P) < (2d + €)h(P).

Remark 3.2.2. When d = 1, Wirsing’s theorem recovers Roth’s theorem. It itself is also a
special case of Vojta’s inequality of arithmetic discriminant (Theorem 4.2.4), with g = 0 and v

arbitrary.

3.3 Schmidt’s subspace theorem

A powerful tool in Diophantine Approximation is the famous Schmidt’s Subspace Theorem,

which will be the primary tool used in the proofs of this thesis.

Theorem 3.3.1 (Schmidt’s Subspace Theorem). Let k be a number field and S C My, a finite
set of places, n € N and € > 0. Foreveryv € S, let {L;,...,L)} be a linearly independent set
of linear forms in the variables x, . . ., x, with coefficients in k. Then there are finitely many

hyperplanes Ty, . .., Ty of P} such that the set of solutions x = (xo : ... : x,) € P} (k) of

~ lxl,
;Slog!:lo Do > (n+1+e)h(x)+0(1)

is contained in Ty U - - - U T),. If we take D, to be the sum of divisors defined by L;, i =0,...,n
and let Kpn be the canonical divisor of P", then this inequality can be written as

D Ap, (%) + hicn (x) 2 €h(x) +O(1).

veS

If H is the hyperplane defined by L7, then the left-hand side of the inequality may be written
as Z Z Apy »(x) up to O(1).

veM; i=0

Remark 3.3.2. A direct application of the Subspace Theorem is the unit equation. We will give

a more general version of it later in 6.2.2.

21



CHAPTER 4

ARITHMETIC DISCRIMINANT

4.1 Arithmetic varieties

In this section, we will deal with arithmetic objects and we will follow Vojta’s [22] notations

under the general settings of Arakelov geometry.
Definition 4.1.1. An arithmetic variety X consists of the following:

1. The finite part is a reduced scheme Xp, which is projective and flat over SpecZ and whose

generic fibre is smooth. Write Xoo = Xfin Xspecz SpecC.
2. The arithmetic part of X consists of a smooth function
Ax =A: Xo X Xoo = Ry,
such that A(Py, P») = 0 if and only if P; = P,
A(Py, Py) = A(P2, Py),

and

A(Py, Py) >< |21(P1) — 21(P2) |2 + -+ - + |za(P1) = za(P2)|*

in a neighborhood of the diagonal, where z, ..., z, are local coordinates on some open

subset of X. Thus A will be called a distance function. We also require that the form
w :=did{A(P, P)

be a Kéhler form on X, (where d; and d{ apply only to the first coordinate). Moreover,

let

A(P,Q) =—-log A(P,Q),P # Q.
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A morphism f of arithmetic varieties is a morphism fq, of their finite parts. Arithmetic
curves and arithmetic surfaces are arithmetic varieties of relative dimension zero and one,
respectively.

For a number field k, let R be its ring of integers, and let B be the arithmetic scheme
with Bg, = SpecR and Ag(o,7) = 0if o = 7 and 1 otherwise, with 0,7 € B,. Note that
Bs = {0 : k — C}. We define the arithmetic curve corresponding to R as the arithmetic
curve obtained by using this choice of A. An arithmetic variety X over B is an arithmetic
variety X, together with a morphism 7 : X — B. For o : k — C, let X; = Xg, X C, so
that Xoo = [[,cp,, Xo. Also, we may refer to fibres of 7 ¢;, as (non-archimedean) fibres of 7.
More generally, one should view an arithmetic scheme as a scheme with an additional fibre
over the archimedean absolute value of Q. Therefore we inherit the notions of local rings and
(non-archimedean and generic) fibres from Xjy,.

We also have the arithmetic version of divisors and sheaves.

Definition 4.1.2. An arithmetic divisor D on X is a divisor D, on Xpy, together with a smooth
function gp : X \ |[Dw| — R, such that if for all open sets U C X on which Dy, := Dgy|y is

locally represented by a function f, the function

gp(P) +log|f(P)*, P ¢ Supp(D)
extends to a continuous function of P on all of U.
Definition 4.1.3. An invertible sheaf £ on X is an invertible sheaf L, on Xg,, provided with a

metric on Lo := Lgn|x,, compatible with the action of complex conjugation.

4.2 Arithmetic discriminants

Let P € X (k) be an algebraic point on a regular arithmetic surface X. Let F = k(P). Let B be
the arithmetic curve corresponding to Spec(OF), and let i : B — Ep be the prime horizontal

divisor corresponding to P.
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Definition 4.2.1. The arithmetic discriminant d,(P) of P on X is defined by the formula

deg i*QEP/B

4a(P) = —F g

An alternative characterization of d, is the following.

Definition 4.2.2. Let Ky, be a divisor corresponding to wy,p. Then we define

(Ep.Ep+ Kx/p)

P =g

Note that under this sense, we could write height functions as

(Ep-D)

SO TT

The arithmetic discriminant was initially defined in [23] or [21] using the alternative def-

inition. It is clear that in the function field case, d, is a function of the arithmetic genus

Pa(Ep):
2pa(Ep) =2

da(P) = [F: k]

- (2g(B) -2).
Compared to the discriminant defined in [20],

log|Dpjgl  deg Qnor(Ep)/B

AP ==ra] T e

where Nor(Ep) is the normalization of Ep. In the function field case, we have

2g(Nor(Ep)) —2
[F: k]

d(P) = - (2¢(B) - 2).

So the difference between d,(P) and d(P) is related to the difference between the arithmetic

and geometric genera. There are some elementary properties of d,.
Lemma 4.2.3. Let X, B, F defined as before. The following hold:

1. If X' is another model birational to X, and if P’ denotes the point in X'(k) corresponding
to P € X(k), then

da(P") = do(P) + O([F : Q)).
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2. If X' is the model obtained from X by a base change and desingularizing, if P’ is similarly

defined, and if the base change is linearly disjoint from F, then

dq(P") = do(P) + O([F : Q]).
3. If X =P, then

d,(P) = (2[F : k] = 2)h(P) + O(1).

4. If f + X — Y is a morphism of arithmetic surfaces over B, and if f|g, is generically

injective, then

ds(P) < dua(f(P)).

A celebrated result on the arithmetic discriminant by Vojta [24], which can be regarded as a

proven weak version of Vojta’s conjecture.

Theorem 4.2.4. Fix an integer v > 1, a real number € > 0, an effective divisor D on X with

no multiple components, and a divisor A on X which is ample on the generic fibre. Then for all

points P € C(k) \ Supp(D) with [k(P) : k] <,
m(D, P) + hg(P) < d,(P) +€hs(P) +0(1),

where the constant in O (1) depends on X, D, v, A and e.
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CHAPTER 5

TOOLS IN LINEAR RECURRENCE SEQUENCES

Here we give some basic definitions and results involving linear recurrence sequences.

Definition 5.0.1. A linear recurrence is a sequence a = (a(i)) of complex numbers satisfying a

homogeneous linear recurrence relation
a(i+n)=sai+n—-1)+---+s,1a(i+1)+s,a(i), i e N
with constant coefficients s; € C.
Definition 5.0.2. The polynomial
fFX)=X"—s; X" 1= 51 X — s,

associated to the relation in Definition 5.0.1 is called its characteristic polynomial and the roots

of this polynomial are said to be its roots.
Definition 5.0.3. A generalized power sum is a finite polynomial-exponential sum
m .
a(i) = Z Aj(i)a’, i eN
j=1
with polynomial coefficients A;(z) € C[z]. The ; are the roots of the sequence a(i).

It is a well-known fact that every linear recurrence sequence a(x) can be written in the
form of a generalized power sum and in fact these two forms are equivalent, see [7]. Through-

out this thesis, linear recurrence sequences are presented in the form of a generalized power sum.

The linear recurrence sequence a(i) is called degenerate if it has a pair of distinct roots

whose ratio is a root of unity. Otherwise, it is called non-degenerate.
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Fix a number field k. Let us define two linear recurrence sequences F(n) and G(n) by

generalized power sums

F(n) = Z Ai(n)a’!
i=1

!
G(n) = > Bi(n)B}
i=1
where A(n), B(n) are polynomials over k and ; and 8; are roots in k*. Let I" be the multiplicative
group generated by all @; and ; with a set of generators {u1, ..., u,}. Then we can write F'(n)
and G(n) as

F(n) = f(n,uf,...,u;

»Yr

G(n) =g(n,uf,...,uy)

where f and g are rational functions in xg, . . ., x, of the form:
f(xo, e Xy)
f(-xo"-"xr):ﬂ
-xl o o -x}"
_ 8(x0,...,x)
g(xo,...,x) = b
xl PR xr
with f , & polynomials, i.e., f, g € k[xo,x6 L . 1] are Laurent polynomials. In particular,
the ring of such Laurent polynomials is a localization of k[xo, ..., x,], so it is a UFD.

It is obvious that linear recurrence sequences are closed under term-wise sum and product
from the generalized power sum point of view, hence we can talk about the sum and product of
two recurrence sequences. Let Hr (k) be the ring of linear recurrence sequences whose coeffi-
cient polynomials are over k and roots belonging to a torsion-free multiplicative group I' C k*.
We say F(n),G(n) € Hr(k) are coprime if there does not exist a non-unit H(n) € Hr(k) such
that F(n) = H(n)Fy(n) and G(n) = H(n)Gy(n) with Fy(n), Go(n) € Hr(k). Recall that for
F(n),G(n) € Hr(k) and a choice of generators of the torsion-free group I', there are associated

Laurent polynomials f and g respectively; if two such recurrence sequences are coprime then
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the two associated Laurent polynomials are also coprime.

We also need a well-known theorem on the structure of the zeros of a linear recurrence:

Theorem 5.0.4 (Skolem-Mahler-Lech). The set of indices of the zeros of a linear recurrence
sequence comprises a finite set together with a finite number of arithmetic progressions. If the

linear recurrence sequence is nondegenerate, then there are only finitely many zeros.
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CHAPTER 6

ALMOST S-UNITS AND ALMOST S-UNIT EQUATIONS

6.1 Compatible definitions

The definition of almost S, d-units was already given as in Definition 1.1.6. Here are some

remarks about this definition and its properties.

Remark 6.1.1. Silverman has defined “quasi-S-integers" in [17]. For a number field k, a finite

set of places S and € > 0, the set of quasi-S-integers are defined as

Rs(e) :={x€k: Zmax{|x|v,0} > eh(x)}.

ves

Silverman’s notion of quasi-S-integers can be compared with our notion of almost (.S, )-units

as follows: if x € kg j_ then x € Rg(¢), and if x € Rg(€) then x € kgo_.

Remark 6.1.2. We note that k% , C Gy, (k)55 and when 6 = 0 we recover n-tuples of S-units,

G (k)50 = (O} "

Remark 6.1.3. We use projective height to define almost S-units in G/}, (k)s 5. In other references

standard height is frequently used, where for a point P = (xy,...,x,) € G (k)s.s,

hsiana(P) := Z h(xp).
i=1

Local heights are defined similarly as

n
/lstand,v(P) = Z /lv(xn)-
i=1

One can verify that if P € G (k) is an (S, d)-unit under the projective height, then it is an
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(S, nd)-unit under the standard height. Indeed, in this case we have

Z/lsmnd,v(P) + Astand, v (1/P) = Z(Zn: Ay (x;) + A, (1/x;))

veS vgS =1

< nZ/lV(P) +4,(1/P)

veS

< néh(P) < néhgana(P).

6.2 Almost S-unit equation theorem

Before the main proof, we need a generalized version of the unit equation.

Lemma 6.2.1. Let k be a number field and let S be a finite set of places of k containing all

archimedean places. Let 0 < 6 < 1/((n+ 1)(n+2)). Let y be the set of solutions of

X0+ +x,=1, (x0,...,%,) € kg;l,

such that no proper subsum of xo + - - - + x,, vanishes. Then y is a finite set.

Proof. Let (ao,...,ay,) be a solution in kggl andP=(aop:...:a,) € P". LetH;,i=0,...,n
be hyperplanes defined by x; = 0, H,4; be the hyperplane defined by xo + --- +x, = 0. Let
P’ = (ap,...,a,). Note that every coordinate of P’ is in kg s, and by easy calculations and

Remark 6.1.2, we know P’ € G'f! (k)s,(n+1)5- By triangle inequalities, for any v € My «,
1l = lao+---+ayly < (n+1) max|ail,,

and for v ¢ My

|1|v = |a0+"'+an y < miaxlai|v-
It follows that for all v € M,

h(P") = h(P) + O(1) and 4,(P’) = 1,(P) + O(1).
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Hence we get
n+l

DY (P 2 (n+2 = (n+ 1)(n+2)8)h(P) + O(1).

i=0 veS§
Applying the Subspace theorem, we have

n+2—(n+1)(n+2)6)h(P) < (n+1+e€)h(P)+0(1)

unless P lies in some certain proper linear subspaces of P". For a fixed 6 < 1/((n+ 1)(n + 2)),
taking € sufficiently small, the above implies such P is contained in a finite union of hyperplanes
in P". If n = 1, we are done. Otherwise, we proceed by induction as in the proof of the standard

unit equation [2, Theorem 7.4.2]. O

Corollary 6.2.2. Let0 <6 < 1/((n+1)(n+2)). Let x be the set of solutions of
xXo+--+x, =1

such that (xq,...,X,) € kggl. Then there is a finite set & C k™ such that every x € x has at

least one coordinate in F.

Proof. The proof follows from Lemma 6.2.1 and induction.

Lemma 6.2.1 and Corollary 6.2.2 together give the generalized unit equation for k% ¢, which

allows us to obtain finiteness of solutions in several of the following theorems.
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CHAPTER 7

PROOFS OF DIOPHANTINE APPROXIMATION THEOREMS

In this section, our main goal is to give the proof of Theorem 1.1.7.

In the following we will use the notation u and i for n-tuples (u1,...,u,) and (iy,...

respectively, with |i| = i +- - - +i, and denote by u! the multi-variable monomial u’i‘ e

m be a positive integer. For a subset T C k[x, ..., x,], we let
T, ={p € T|deg p < m},

and

Tim) = {p € T|p is homogeneous of degree m}.

For f,g € k[xy,...,x,], we let

(f.8)m) ={fp+gqldeg fp,deggq < m},

where deg denotes the (total) degrees of the polynomials.

Before the proof, we need a combinatorial lemma.

) ln)a

uﬁ{’ Let

Lemma 7.0.1. Let m be a positive integer. Let I = {i = (i, .. .,i,)} be the set of (n + 1)-tuples

in N"™Uspith ig + - - - +i, = m. Then
iel
where addition and scalar multiplication are coordinate-wise.

We also need Lemma 2.1 from [Corvaja et al.].
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Lemma 7.0.2. Let F\, F> € k[xg,...,x,]| be coprime homogeneous polynomials of degrees d
and dy, respectively. Let B C k|[xo, .. .,X,][m] be a set of monomials of degree m whose images

are linearly independent in k|[xo, ..., Xn](m1/(F1, F2)[m]- Then

. m+n m+n—d m+n-—ds m+n—d; —dy
Zordx.xjﬁ - - +
' n+1 n+1

2 n+1 n+1
xJeB

-2
Sdldz(m+n )

n-—1

fori=0,...,n.

Proof. Let S = k[xgp,...,x,]. Foranl € N and a graded module M over S, let dy(l) =
dimy M[;. Let I be an ideal generated by a homogeneous polynomial of degree i. By the

well-known theory of Hilbert polynomials, dg/; (1) = ds(l) — ds(I —i). In this case,

dim (S /(F1, F2)(17) = dsyr) (1) — dsyr) (I = db)

=ds(l) —ds(l — dy) — (ds(l = d2) — ds(l — dy - d2))
_(l+n l+n—-d; l+n—dp l+n—-dy—dp
o S I B )-

Leti € {0,...,n},let S’[l] be the image ofxfk[xo, oo o> Xl pm=1) I Sy / (F1, F2) ). Notice that

m m
> ordxi < > j(dimS),, ~dimS],, ) = > dimS] .

xieB Jj=1 j=1

and that dim S’[l < dim S,/ (F1, F2)[m-1], hence we have

ZordxixJ mz: dim S,/ (F1, F2)

xieB j=0
Using Pascal’s identity for binomial coefficients,

. m+n m+n—d; m+n-—d m+n—diy—ds
Zordx,st - - +
! n+1 n+1

a n+1 n+1
xJeB

-2
Sd]dz(m+n )

n-1
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Theorem 7.0.3. Let k be a number field and let S be a finite set of places of k containing the
archimedean places. Let f, g € k[x1,...,x,] be coprime polynomials. Forall 0 < § < 1, there
exists a proper Zariski closed subset Z of G, such that

- Z log_max{lf(ul’---aun)lv,lg(ul’---»un)lv} < C61/2 Z h(ui)

veMi\S 1<i<n

forallu = (uy,...,u,) € G" (k)ss \ Z, where C = 2(n>deg f + ndegg) is a constant.

Proof. This proof is modeled on the proof of Theorem 3.2 of [14].

Consider the ideal (f, g) C k[x1,...,x,]. We first assume that (f, g)(m) # k[x1, ..., Xu]m-
It follows that the k-vector space V,, = k[xi,...,Xu)m/(f,&)(m) is not trivial. Let u =
(uy,...,uy) € G (k)ss. Forv € S, we construct a basis B, for V,, as follows. Choose a mono-
mial X' € k[xq,...,X,]n so that [u''|, is minimal subject to the condition x! ¢ ( f, g)(m)- Sup-
pose now that x!, . . ., xI/ have been constructed and are linearly independent modulo ( £, 8)(m)»
but don’t span k[xi,...,x,],, modulo (f,g)m). Then we let X+t € k[x1,...,Xxn]m be a
monomial such that |uif+1 |, is minimal subject to the condition that xi ..., x+ are linearly
independent modulo ( f, g)(m). In this way, we construct a basis of V,,, with monomial represen-
tatives xi!, . .., X'V, where N’ = N, =dimV,,. Let I, = {i;,...,iy-}. We also choose a basis
&1, ..., ¢y of the vector space (f, g)(m), where N = N, = dim(f, g)(m). Now fori, [i| < m, we

have that
N/
X'+ Z Ci’lej € (f, g)(m)
Jj=1
for some choice of coefficients c;; € k. Then for each such i there is a linear form L. over k

such that

N/
L;((ﬁl, oL ON) =X+ Z Ci’le-".
J=1
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Note that {L](¢1,...,¢n) : [i| <m,i ¢ 1,}is abasis for (f,g)(m), and {L] : [i| <m,i¢ L} is
a set of N linearly independent forms in N variables. Let
P=¢(u) = (¢1(w),...,¢n(w) € k",
We may additionally assume that ¢(u) # 0 (by enlarging the set Z). From the triangle inequality
and the definition of X', . .., xV, for any i with [i| < m, i ¢ I,, we have the key inequality
log |} (P)], < log Ju'], + C,

where the constant C,, depends only on v € S and the set {iy, ...,iy/} (and not on u).

We will apply the Subspace Theorem with the choice of linear forms L, |i| < m, i ¢ I,, for
each v € S. We want to estimate the sum

P,
2, 2, Tos iy

ves |i|<m,i¢l,

Towards this end, we estimate the sums

=3 loglLy(P)l and T > log|Pl,

ves lil<m,igl, veS [i|<m,igl,
separately.
We have
—Z Z log |L{ (P)], > —Z Z log |ul|, - CN
ves fij<m,igl, ves lij<m,igl,
where C = Z C,. By the product formula,
vesS

D loghully+ > loglul, = - log[uf], =0.

vesS veMi\S veMy
It follows that,
=3 togluily == > loglull, + > Y log ull,
veS [i|<m.i¢l, VeS |il<m ves iel,
=) D loglull+ 30 > loglul.
ves iel, veMp\S |li|l<m
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Letd; = deg f and d» = degg. By Lemma 7.0.2, we have

_Zzlog |ui|v < dldz(m:l_ill_z) Z h(u;),

ves iel, 1<i<n

we find that,

_Z Z 10g|L;}(P)|v Z—dldz(m:l_ill_z) Z h(u;) —CN

veS li|<m,i¢l, 1<i<n
+ Z Z log [u'],.
veM:\S lil<m

By Lemma 7.0.1,

> > loglully= > > loglul,
vEM\S li|<m li|l<m veMp\S
n+m

- m( Z > togluil,

veEM\S 1<i<n

m(”Z’")

1
LS s ()
n+ L m\si<ien Wi

So we estimate,

WD Y U (i I W R S YR WP Y

VveS i|<m.igl, 1<i<n veM\S 1<i<n
—CN.
On the other hand,
log|Pl, =N > log|Pl, = N(h(P) = ) log|Pl,).
veS |i|<m,i¢l, vesS veMp\S

Now since ¢; = fp; + gq;, deg fp;,deg gq; < m, we have forv € M; \ S,

log |gi(w)], =log|fpi(u) +gqi(w)],
< log max{|fpi(w)l,, |ggi(w)|y} + O, (1)
< log™ max{| fpi(w)ly. |ggi(w)|,} + ma,(w) + 0,(1)

< log™ max{|f(w)|y, |g(@)],} + mA, () + O, (1),
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where O, (1) = 0 for all but finitely many v.

Then forv € M; \ S,
log|P|, <log™ max{|f(w)|,, [g(w)],} + mA,(u) + C,.

Now we sum over v € M \ S to get:

D loglPly < > log max{|f (Wl lg@h}+m > Aw)+0(1).

VEMk\S VEMk\S vEMk\S

Then we find the estimate:
D D log|Ply =N(h(P)~ ) log” max{|f(w),, g(w),}
vesS [i|<m,igl, VEM\S

—m D W) +0().

veMp\S 1<i<n

One also has the easy estimate
h(P) < mh(u) +O(1).

Schmidt’s Subspace Theorem implies that there exists a finite union Z of proper subspaces

of kN such that

1Ol

log L)l < (N+1)h(Q)

ves [i|<m,igl,

forall Q € kN \ Z.

Using the above estimates, if P = ¢(u) ¢ Z, we find that up to an O(1),

N(h(P)— > logm max{|f (W, [g@h}-m > > Mu,-))

veMp\S veMi\S 1<i<n
m+n—2 m("") 1
—d\d h(u;) — & A |—] < (N+1)h(P)+CN.
") Y - Y S a2 < v na
1<i<n veMp\S 1<i<n
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Applying the estimate for 4 (P), combining terms, and dividing by N, we obtain up to an O(1),

— > logm max{lf W, [g@h}—m Y > Ay(wi) - % PINPIRE (l)

vEMi\S vEMi\S 1<i<n vEMi\S 1<i<n !
m +d1d2(m+}’l—2

< ~ 1) Z h(u;).

1<i<n

Since f and g are coprime, the ideal (f, g) defines a closed subset of A" of codimension
at least 2. Without loss of generality, assume d; > d;. By Lemma 7.0.2, we find that
N’ = (mr-:-n) _ (m+r;l—d1) _ ((m+r:l—d2) _ (m+n—ndl—d2)) < dldz (m;:—:z;Z) and that N = (m+n) N’ >

(™) = dida (" 2) We assume now m > dyn. Then we have the estimate

m+n m+n-—2 m+n\ didn(n—1)
(( n )_dldz( n—2 ))/( n )_1_(m+n)(m+n—1)

{_ didan(n—1)
- d%n2
| n—1 3 1
— n - n.
Therefore we have
B m+didy (™)
2, log” max{lf (W, [gh} < — 7= > h(u)
veEM\S / ( ) 1<i<n

+m Z Z/lv(ui)
veM\S 1<i<n
(’"+” /(n+1)
Ll Y Y Ay

veMp\S 1<i<n

One shall notice that
m+diday (") _ 2didon?
Un() S Tl

and that

m+n)

m(l’l

n+1
—<m
By Remark 6.1.3, hence the condition Z hs(u;) < no Z h(u;) is satisfied, we get
1<i<n 1<i<n

2

- 3% tog man(lf s} < (2 mn) 3 .

veMi\S 1<i<n
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2
Now letting m = {51—}Z|, it follows that

— > logm max{|f(Wly. |g(Wly} < 2(cdin® + dan)s"? Y h(ui).
veMi\S 1<i<n
We can see this choice of m satisfies the conditions m > din and m > max{d;,d,}. Now
letting C(n, d, d») = 2(d\n* + dan), we have
= > log” max{|f (Wl g} < C(n,d1,d2)6"? > h(u;)
veMi\S 1<i<n
as long as u does not lie in the proper closed subset coming from the exceptional set in the

application of the Subspace Theorem.

Finally, we note that the choice of linear forms in the application of Schmidt’s Subspace
Theorem depends not on u, but on the choice of the monomial bases B, v € S. Since for fixed m
there are only finitely many monomials of degree at most m, and hence only finitely many choices
for these bases, we see that for fixed m the given argument leads to only finitely many applications
of Schmidt’s Subspace Theorem (over all choices of u). Therefore there exists a proper Zariski

closed subset Z of GJ, such that the inequality is valid for all u = (uy,...,u,) € G, (k)ss \ Z.

Now consider the case when (f, g)(m) = k[x1,...,%,],». We can find polynomials f.g €

k[xi,...,x,] such that
ff+gg=1
with deg f,deg § < m. Hence for any v € M; and u € G (s)s,s, we have
L= |(ff+g&) W], < max{|f @[/ (Wl lg@]|gw)]}
< max{|f (W), lg(w)l,} max{| f(w)l],, |g(w)]}.

Then we have

max{|f (w1, lg(w)|,} = min{[1/f ()], [1/g(w]}.
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Applying —log™ on both sides and summing over v € My \ S, it follows that

= > g max{| (W), lg@],} < = Y log” min{|1/F(w)l,. [1/3(w)],}

VEMk\S VEMk\S

= - Z min{log |1/ f(u)],,log|1/g(u)|,,0}

VEMk\S

= Z max{log | f(u)|,, log |g(u)|,,0}.

VEMk\S

Now since deg f,deg & < m, together with Z hg(u;) <0 Z h(u;) (by Remark 6.1.3), we

. 1<i<n 1<i<n

obtain
= > log” max{|f (Wl |g(@ly} <mns > h(uy),
vEM\S 1<i<n
which is an even better estimate according to the proof of the first case. m|
€2
By letting 6 = , we obtain an immediate result:
4n?(n?deg f + ndegg)?

Corollary 7.0.4. Let k be a number field and let S be a finite set of places of k containing the
archimedean places. Let f, g € k[x1,...,x,] be coprime polynomials. For all € > 0, there
exist & > 0 and a proper Zariski closed subset Z of G, such that

- Z log™ max{|f(uy,...,un)lv,lg(u1,...,uy)ly} < emax{h(uy),...,h(u,)}
veMi\S

forallu = (uy,...,u,) € GJ,(k)ss \ Z.

The next theorem allows us to control the S-part of the greatest common divisor in Theorem

1.1.7.

Theorem 7.0.5. Let k be a number field and let S be a finite set of places of k containing the
archimedean places. Let f € k[x1,...,x,] be a polynomial of degree d that doesn’t vanish at
the origin (0,...,0). Forall 0 < 6 < 1, there exists a proper Zariski closed subset Z of G,

such that

= > 1og ™ If (ur. . un)ly < 4nds Y h(u;)

veS 1<i<n
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forallu = (uy,...,u,) € Gh(k)ss \ Z.

Proof. In the following proof we will not consider the points {(ui,...,u,) € G (k)ss :
f(uy,...,u,) =0}. Since this set can be covered by a proper Zariski closed subset, by taking it

into the exceptional set, we can ignore such points.

For a subset §’ of S, let Ry consist of the set of points (uy,...,u,) € G (k)ss such that
S'={veS:log|f(uy,...,u,)l, <0}
Then for (uy,...,u,) € Ry,

— log |f(l/l1, e ’Mn)|va Vv € S,,
1Og |f(ula .. ~’un)|v =

0, veS\S.

Letd =degf,m e Nand ¢ : P — PN, ¢ = (¢o,...,¢n), N = (”+,’1"d) — 1, be the
md-uple embedding of P" given by the set of monomials of degree md in k[xo,...,x,]. Let
F = ng(xl/xo, ..., Xy /x0) be the homogenization of f in k|[xo, ..., x,]. Let V,,4 be the vector
space of homogeneous polynomials of degree md, and let Mon,,; consist of the set of all mono-
mials in k[xo, . .., x,]| of degree md.

. Xi

1 _ ki

| and define B}, = 5 S FH.
Xo

Let B, be the set of all B]. Since f doesn’t vanish at the origin, xg appears with a nonzero

ord,, x'

Ifv € §’, we construct a basis for V,,; as follows. Let k; = {

coefficient in F, and thus it’s clear that B, is a basis for V,,4.

If v e S\ S, then we let B, = Mon,,y. Applying the Subspace Theorem on PV with

appropriate linear forms, we find that for a fixed € > 0

[ (P)]y
log < (N+1+e)h(p(P))
;Q;‘V 1Q(P)ly
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for all P € P"(k) \ Z, where Z = ¢~'(Z’) and Z’ is a finite union of hyperplanes in PV. From

the definition of B,, we can rewrite the left-hand side of above as

o 12, 1B V(P
2, 20 o T 22, 08 iy, < (VORGP

veS QeMon,,g4

Suppose now that (uj,...,u,) € R¢y and let P = [1 : uy : ... : u,] € P"(k). It follows
immediately that for Biv with k;d < ordexi < (ki+1)d,
|BL(P)|
- Z lOg |1—P)|v = —ki Z lOg |f(1/t1, e ,l/ln)lv.
ves’ X( v ves’
Letting I = ; ki,
B, (P)|
—ZZlogiv—v = —IZloglf(ul,...,un)lv
i ves’ |X (P)lv veS’

- _IZIOg_ IfQur, .o un)ly.

veS

By an easy calculation, we find that

1:1-m+((”’:d)_1)(m—1)+---+(("+(”;’1‘1)")_(“(”;‘2)”’)).1
:1+(n+d)+“.+(n+(m—1)d)

n n

. (n+(m— l)d)

n
Note that ¢ induces a natural map G", — G and ¢(G?”,(k)s.s) € G (k)s.s. Indeed,
2, loglo(P)ly= ) log max {IQ(P)ly}<md } logmax|ul,.
VEMk\S VEMk\S VEMk\S

Similarly, we have

1
< md Z log max |—
i u;
vEM\S

veMj \S v

Thus we have

DT AP + 4y (¢(P)) > md (/IV(P) + A, (%)) < mdSsh(P) < 6h(¢(P)).

VEMk\S VEMk\S
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Now since ¢(P) € GY(k)s.s and min |¢;(P)|, < |Q(P)|, for all Q € Mon,,4, then
1

[¢(P)ly
log
VZ; Qe%‘nmd 1Q(P)]y
lp(P)y lp(P)y
= log - log
v;k QeMZmzmd |Q(P)|V VE%\S QEMZOnmd |Q(P)|v

=(N+Dh(p(P) - > D] log||g((l;))||v

VEMk\S QeMonya

> (N+ Dh@(P) = (N+D| ) loglé(Plv+ D) log| o

veEM\S

veEMp\S v)

> (N+1)(1-96)h(e(P)).

Therefore, we have

(N+1)(1=06)h($(P)) —IZIOg_ |fCur, .. un)ly < (N +1+€)h(4(P))

ves

for all (uy,...,u,) € Rs outside of some proper Zariski closed subset Z. It follows that for a

sufficiently small €

_Zlog_ |f(ur, ... un)]y < (N+1+¢€/d)

2L sh(o(P))
vEeS
V) an(p)
(n+(m—1)d) m

_(n+(m-1d+1)--- (n+md)

for all (uy,...,u,) € Ry outside of some proper Zariski closed subset Z. Choose m
{n —2ld 41

m + 1“, we have

n+(m-1)d+1 <ol
(m-1)d+1
(n+(m—-1)d+1)---(n+md)

hence (m=Dd+1) - (md) < 2. Also notice that m < 2n, we obtain

- Z log™ [£(u, ... un)ly < 20mdh(P) < 4ndSh(P) < 4nds Z h(u;)

veS 1<i<n
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for all (u1,...,u,) € Ry outside of some proper Zariski closed subset Z. In fact, since there
are only finitely many choices of the subset S’ C S, we find that the inequality holds for all

P € G, (k)ss \ Z, for some proper closed subset Z.

From Theorem 7.0.5, the immediate result combined with Theorem 7.0.3 is

Theorem 7.0.6. Let k be a number field and let S be a finite set of places of k containing the
archimedean places. Let f,g € k[x1,...,x,]| be polynomials that don’t both vanish at the origin

(0,...,0). Forall 0 < & < 1, there exists a proper Zariski closed subset Z of G, such that

- Z IOg_ max{lf(ul, e ’un)lv’ |g(u1, ey ”n)lv} < C(Sl/z Z h(ul)

vEMjy 1<i<n

forallu = (uy,...,u,) € G" (k)ss \ Z, where C = 6(deg f + deg g)n® is a constant.

Proof. With not loss of generality, assume deg f < degg and g doesn’t vanish at the origin.

Then applying Theorem 7.0.5 to g, on the right hand side we obtain

4nd deg g Z h(u;) < 4n(deg g + deg )6 Z h(u;).
1<i<n 1<i<n
Combining with the inequality from Theorem 7.0.3 finishes the proof. O

Now we are ready to show the desired result (Theorem 1.1.7):

Corollary 7.0.7. Let k be a number field and S a finite set of places of k containing the

archimedean places. Let f,g € k[xi,...,x,]| be polynomials that don’t both vanish at the
origin (0, ...,0). Forall € > 0, there exist a 6 > 0 and a proper Zariski closed subset Z c G,
such that:

- Z log™ max{|f(u1,...,un)lv,1g(u1, ..., un)ly} < emax h(u;)
veMy !

forall (uy,...,u,) € Gl (k)ss\ Z.
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2

€ , we obtain the inequality from Theorem 7.0.6. O

Proof. By letting 6 =
ro0f- By letting 6n3(deg f +degg)

As discussed in the following remark, under a normal crossings assumption, a result of

Silverman shows that Vojta’s conjecture predicts an improvement to Theorem 7.0.6.

Remark 7.0.8. From Theorem 2 in [18, Silverman], if we assume Vojta’s Conjecture is true,
there is an improvement of the inequality as in Theorem 7.0.3. Let k& be a number field. Fix
€ > 0. For f and g homogeneous coprime polynomials in k[xg,...,x,] andY = {f = g = 0}
that intersects the coordinate hyperplanes transversally, there is a proper closed subset Z such

that we have for all x € P"(k) \ Z,

log ged(f (%), g(x)) < emax{h(xo), ..., h(x,)} + 1:76 > hs(x)

1<i<n
where vy is a positive constant.

Suppose hg(x) < 0h(x). Using the estimate

2 hs(a) < nhs(),

1<i<n

we get

log ged(f(x), g(x)) < (e+ n(;e) Z h(x;) < (e+ 1+5y€)n Z h(x;).

1+
1<i<n 1<i<n
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14 THis

Lete = , we obtain a similar inequality as in Theorem 7.0.3,

2y
—1++/1+4y06 )
log ged(f(x), (%)) < * n > h(x)
2y . —1++T+4ys | 52,
T
=(=1++1+4y6 )(—+m) Z h(x;)
1<i<n

4y 1
S(—l+1+%);n Z h(x;)

1<i<n

=26n Z h(x;).

1<i<n
Thus, under a normal crossings assumption, Vojta’s conjecture predicts a linear dependence on
¢ in place of the square root dependence in Theorem 7.0.6 (note, however, that without a normal
crossings assumption, the dependence on the degree of f and g in Theorem 7.0.6 is necessary,

as can be seen by taking high powers of appropriate polynomials).

Example 7.0.9. In this example we show that the predicted linear dependence on ¢ is sharp
(if true). Let Q be the field of rationals and S = {p, oo} be a finite set of places in Mg. Let
0<d < 1. Letx =p™,u = p" for positive integers m and n such that P := (x, u(x+ 1)) satisfies
1/26h(P) < hs(P) < 6h(P). Let x1,x; be the coordinates in G2, then we take f = x; + 1,

g = x3. We make the estimate

log ged(f(P), g(P)) = = > log™ max{|x + 1], [u(x + )]y} = > log” max{|x + 1|y, lu(x + 1)],}
veS vesS

1
> Z/lv (m) = h(x+ 1)
veS

One shall also notice that for x € O o We have hg(P) = hg(x + 1) = h(x + 1). Then it follows

that

log ged(f(P),g(P)) = 1/26h(P).
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It’s easily seen that one may choose infinitely many appropriate x and u such that the set of
resulting points P forms a Zariski dense set in G2,. Therefore the dependence on ¢ has to be at

least linear.
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CHAPTER 8

PROOFS OF LINEAR RECURRENCE SEQUENCES THEOREMS

In this section our main goal is to give the proof of Theorem 1.2.4, which requires Corollary

7.0.4 from the previous section.

Lemma 8.0.1. Let
N
F(n)= )" pi(n)a
=0
define a nondegenerate algebraic linear recurrence sequence. Let | - | be an absolute value on

Q such that |a;| > 1 for somei. Let 0 < € < 1. Then
—log|F(n)| < en

for all but finitely many n € N.

Proof. Let k be anumber field and S a finite set of places of k such that p;(x) € k[x], a; € OZ’ g
i=0,...,s,and |- | restricted to k is equivalent to | - |, for some v € S (note that if | - | is trivial,
the lemma is obvious). The s = 0 case is trivial and so we may assume that s > 0. By taking
sufficiently large n, we can always assume that p;(n) don’t vanish simultaneously. It suffices to
prove that

—log|F(n)|, < €n

for all but finitely many n € N.

Let H; be the coordinate hyperplane in P* defined by x; = 0,7 =0,...,s. Let Hz be the

hyperplane in P* defined by xo + x1 + - - - + x; = 0. Note that the s + 2 hyperplanes Hy, . . ., Hyy1
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are in general position. Let

P=lay:--:a] € PP(k)
P,=[po(n)aj :---: ps(n)aj] €P’(k), n e N
0, =[po(n):---:ps(n)] € P°(k), neN.

Let & = max{1, 1(P)}. Then the Schmidt Subspace Theorem gives that for some finite union of

hyperplanes Z in P?,

s+1

D mus(Pa) < (s + 1+ €/ (41) h(Py) (+)

i=0
for all points P, € P*(k) \ Z. In fact, since F is nondegenerate, by the Skolem-Mahler-Lech
theorem, only finitely many points P, belong to the given hyperplanes in P*, and thus the
inequality holds for all but finitely many n. By taking n to be sufficiently large, we can assume

that h(Q,) < dh(P,) with § < , so that we assume P, € Gy, (k)ss. Since a; € O} ¢

€
4(s+1)h
forall i, my, s(P,) > (1 =8)h(P,),i=0,...,s. Note also that

n
1-¢

h(P,) < nh(P) +h(Q,) < h(P)

for all n sufficiently large. Substituting in (), we have

ne
2(1-6)

mp.., s(Pa) < (¢/(4h) + (s + 1)5)%}@) <

Note that 6 = < 1/2,so0owehave 1 —¢ > 1/2 and then

€ < 1
4(s+1)h ~ 4(s+1)
my,,, (Py) < en.
Pick a; with |a;|, > 1. Then
max log |pi(n)e;ly = log|p;(m)lvla;ly = log|p;(n)l,.
To give p(n) an estimate, we can take the inequality

log|pj(m)ly =z =h(p;(n)).
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Then it follows that
log|pj(n)], = —degpjlogn+0(1).

It follows that

max; |p;(n)a}|, > —log|F(n)], - C'l
; - 2 —log|F(n)], = C'logn
| Zico Pi(m)efly

for some constant C’. Together with mpy_,, s(P,) = An,,, v(Pn) + O(1), we have for all € > 0,

/lHH],v(Pn) = log

—log|F(n)|, < en+C’'logn+0O(1).
It follows that for all sufficiently large n,
—log|F(n)|, < en.
O

Now we can state Theorem 1.8 (i) of Grieve-Wang [11] on the greatest common divisor
between the terms of two linear recurrence sequences with the same index and give an alternative

proof:

Theorem 8.0.2. Let
F(m) =" pi(m)a)’
i=1

G(n) =) q;(np!
j=1

define two algebraic linear recurrence sequences, where p; and q; are polynomials. Let k be
a number field such that all coefficients of p; and q; and «;, B; are in k, fori = 1,...,s,

j=1,...,t. Let

So ={v € My : max{|aily,...,|a&slv, |Bilvs---,|Belv} < 1}.

Let € > 0. Then all but finitely many solutions | € N of the inequality

>, —log” max{|F(Dl, IG(D],} > el

VEMk\So
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lie in one of finitely many nontrivial arithmetic subprogressions:
ait+b;, teN,i=1,...,r

where a;, b; € N, a; # 0, and the linear recurrences F (a; #+b;) and G (a;e+b;) have a nontrivial
common factor fori = 1,...,r. Furthermore, if F and G are coprime and their roots generate

a torsion-free group, then there are only finitely many solutions to the inequality above.

Proof. We begin with a couple of convenient reductions. First, by considering finitely many
arithmetic progressions in /, we may reduce to the case where the combined roots of " and G
generate a torsion-free group I' of rank r (in particular, both F and G are nondegenerate). Let
S D S be a finite set of places of k, containing the archimedean places, such that all coefficients
of p; and g; and a;, 5; are in O,’;S foralli and j.
By Lemma 8.0.1,

> —tog” max{|F()l,, 1G]} < 51

— 2
veS\Soy
for all but finitely many / € N. Thus it suffices to prove the statement of the theorem with the

inequality:
>, ~log” max{IF()1,.IG(D)],} < el.
veEM\S
Let uy,...,u, be generators for I'. Let f,g € k[l,xy,... ,xr,xl_l, e ,xr_l] be the Laurent

polynomials corresponding to " and G. We may write

floxy, ... x) =x - x7 foll,x1, ..., %),

g(l,x1,...,x,) :xil cxlrgo(l,x1, ..., xy)

where iy,...,ir, j1,...,Jr € Z and fjy € k[, x1,...,x/], go € k[l,x1,...,x,] with x; £ Jfogo,

i=1,...,r. Let Fy and G be the linear recurrence sequences corresponding to fo and g,
respectively. Since uq,...,u, € Oz ¢ it follows that

> ~log"max{|F()],. IG(D),} = Y. ~log” max{|Fo(D)ly. IGo(D):}.

veMi\S vEM\S
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Then it suffices to prove the statement of the theorem with F and G replaced by Fy and G,
respectively. Note that since xi, . . ., x, are units in k[xy, ..., x.x7"',...,x; '], replacing F and
G by Fy and G has no effect on coprimality statements. Thus, we now assume that F' and G

correspond to polynomials f and g in k[/,xq,...,x,] .

Suppose now that F' and G are coprime (equivalently, f and g are coprime). Let
P, = (n,uf,...,u}).

Now for a fixed sufficiently small positive ¢ (coming from the proof of Corollary 7.0.4), take n
to be sufficiently large such that i(n) < 6n miin h(u;), and so P, € G'+(k)s.s.
By Corollary 7.0.4,
Z —log™ max{| f(Pn)lv, Ig(Pn)|v} < e max{h(ul),..., h(u;)}

vEM\S
for all P, € G'+'(k)s,s outside a proper Zariski closed set Z. Noting that f(P,) = F(n) and
g(Py) = G(n), and also that max{h(uf}),..., h(u;)} = nmax{h(uy), ..., h(u,)}, after possibly
shrinking €,we can write the above inequality as

D, ~log” max{IF(n)},.1G ()]} < en.
veEM\S

Cover the exceptional set Z by a hypersurface defined by a polynomial Exc(xy,...,x,+1) in
k[xi,...,Xxr+1] such that if P, € Z then Exc(P,) = 0. We can view Exc(P,) as terms of a
linear recurrence sequence E (n) with E non-degenerate. By the Skolem-Mahler-Lech theorem,

there are only finitely many zeros for E, which completes the proof.

Here we deal with a special case when m and n are algebraically related:

Lemma 8.0.3. Let
S
F(m) =" pi(m)a}"
i=1
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t
G(n) =) q;(np!
j=1
be two linear recurrence sequences over a number field k and S be a finite set of places in My

containing archimedean places and Sy, where Sy is defined as

So ={v € My : max{|aily, ..., |&slv, |B1lvs---»|Belv} < 1}.

Let C C A? be an affine irreducible plane curve over k. If there are infinitely many (m, n) € C(Z)

satisfying the inequality

> —log” max{|F(m)l,|G(n),} > € max{m, n}
VEMk\S

then C is a line over k. In particular, if m(t),n(t) € Z[t] are polynomials that are not linearly

related, then the inequality

Z —log™ max{[F (m(1))|,, |G (n(1))|,} > e max{m(z),n(r)}

VEMk\S

has only finitely many solutions t € Z.
Remark 8.0.4. Note that if C is a line, the solutions are easily classified using Theorem 8.0.2
The following lemma is a basic fact from linear algebra, we state it without a proof.

Lemma 8.0.5. Let {vy,...,v,} be a linearly independent subset of a normed vector space X.

Then there exists a constant ¢ > 0 such that for every set of scalars {a;, ..., a,}:
laivi+ -+ @pval 2 c(lar] + - + anl).

Let Tor(@*) denote the torsion subgroup of @* Since the height & gives @* / Tor(@*) the

structure of a normed vector space over Q as in Allcock and Vaaler [1], we immediately find:

Lemma 8.0.6. Let uy,...,u, be multiplicatively independent elements of @* Then there exists

a constant ¢ > 0 such that for all iy, .. .,i, € Z,

Al - ulr) > cmax |ij].
J
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We now prove Lemma 8.0.3.

Proof. Using the same reduction as in the proof of Theorem 8.0.2, we can assume that the roots
of F and G are S-units, and by considering finitely many congruence classes, we can assume
that the roots of F' and G generate a torsion free group. Let C be the affine curve defined by the
algebraic relation R(xy, x;) = 0, with R(x, x3) € k[x], x3] irreducible. If C is not geometrically
irreducible then C (k) (and hence C(2)) is finite, and so we further assume C is geometrically
irreducible. By Siegel’s Theorem, C(2Z) is finite unless C has genus 0 and C has two or fewer
distinct points at infinity, which we now assume. After replacing k by a suitable finite extension,
we can parametrize C by Laurent polynomials m(z),n(t) € k[z,1/t]. Assume that C is not a
line, or equivalently, that m(7) and n(z) do not satisfy a linear relation.

Let I" be the torsion free group generated by the roots of F' and G and let {u;,...,u,} be

generators of I'. Consider the points
Pr= a0,y

for t € k where, as we implicitly assume from now on, we have m(t), n(t) € Z. Then for some

Laurent polynomials

f(xl" . -,xr+l)’ g(xlaxr+2’ .. -ax2r+l) € k[XI, LR ’x2r+1ax1_1» .. -ax2_r1+1]a

we have F(m(t)) = f(P;) and G(n(t)) = g(P;). From the form of f and g, we may write

f('xl’ oo ,Xr+1) = xl21 o .'xi:_lc('xl)f_‘(xl5 LR ’xr+1),
(X1, Xr42, s Xopg1) = X0y ) e(x1) G (X1, X042, -+ 25 X2r41)
where iy, ...,ir, j1,...,jr € Z, f and g are coprime polynomials in k[x1, ..., x2.+1], and c(x})

is a Laurent polynomial in x;.
By elementary properties of heights, if m(¢),n(t) € Z, then h(t) < log max{|m(t)|, |n(?)|}

and h(P;) > max{|m(t)|, |n(¢)|}. It follows that for any § > 0, we have P, € G"*!(k)g_s for all
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but finitely many ¢ € k (with m(t),n(t) € Z). Then Corollary 7.0.4 applies to f and g and we
obtain that for any € > O there exists a proper Zariski closed subset Z ¢ G2*! such that

> =log max{| (P, |3(P)|v} < € max {(h@"D), h(u )}
vEMi\S i=1,..., r

for all points P; outside Z. By elementary estimates, for all but finitely many ¢ € &,

> —log” le(t)ly < h(e(r) < € max (A", h(u!")}.
veMp\S i=1,...,r

Using this inequality and that u;,...,u, € O, g, the inequality for f and g implies the

inequality for f and g:

D =logmmax{|f(P)ly, lg(P)Iv} < € max (@™, h ()}
vEM\S =Ly

for all points P; outside a proper Zariski closed subset Z ¢ G2*!. Setting (m, n) = (m(t), n(t)) €

C(Z), note that f(P;) = F(m), g(P;) = G(n), and
max{h(ul'),..., h(u), h(u}), ..., h(u;)} < max{m,n} max{h(uy),..., h(u,)}.
Then we can write the above inequality as

>, ~log” max{|F(m)|,.|G(n)],} < e max{m,n}.
veMi\S

It remains to show that there are only finitely many ¢ € k with m(t),n(t) € Z and P, € Z. Now
we cover Z by a hypersurface defined by an equation z(xi,...,x2,+1) = 0. Then every P; in Z

satisfies an equation

K
Z(Pt) — Z Pw(l,)u’i”(t)sl,w . MT(t)sr,wu’il(l)[l,w . u:l(t)tr,w — O,
w=1

where P,, € k[t],w =1, ..., K arenonzero polynomials and the integer tuples (S, - - - » Sr.vs F1.05
w=1,...,K, are distinct. If K = 1 then # must be one of the finitely many roots of the polyno-

mial P;(z). Otherwise, dividing by the first term we find

K ’ ’ ’ ’
Z QW(Z)MT(I)SI’W+n(I)l1’W - .urm(t)sr,w+n(t)trw -1, 8.1)
w=2
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where Q,,(¢),i =2, ..., K, are rational functions in ¢ and sl’.’w = Siw — Sil, tlf’w =tiw—ti].

Note that

h(Qy (1)) = (deg Q) (1) + O(1)

and by Lemma 8.0.6 (assuming m(t),n(t) € Z as usual)

h ( m(t)s}  An(0)t] um(l)s}ﬁw+n(t)t;’w

o ol ) > mlax{|m(t)sl'.’w + n(t)tf’w|}

max; h(m(1)s), +n()1].)

=e

> eh(t) max; deg(;nsl’.’w+nti"w)

> M)

since (s; .7 ) # (0,0) for some /, and in this case ms;  + nf;  must be nonconstant by our
assumption that m and n aren’t linearly related.

Since the terms in the sum in (8.1) are S-units outside the factors Q,,(¢), it follows from the
height estimates above and the almost S-unit equation (Corollary 6.2.2) that there exists a finite

set # C k such that every solution 7 € k to (8.1) (with m(¢),n(z) € Z) satisfies

m(t)sy At m(t)s;. ., +n(Ht]. ,

Qw(tu, " My, W e F

for some w. By the height estimates above,

m(l)s;’w+n(t)ti,w m(t)s;. ., +n(0)t

h(Qu (1) oMy (D),

and Northcott’s Theorem implies that there are only finitely many solutions ¢ € k with
m(t),n(t) € Z satisfying (8.1). It follows that there are only finitely many pairs (m,n) € C(Z)
satisfying the inequality of the theorem.

O

Definition 8.0.7. Let F' and G be two linear recurrence sequences. Suppose that the roots of
F and G generate multiplicative torsion-free groups of rank r and s, respectively. We say that
the roots of F" and G are multiplicatively independent if the combined roots generate a group of

rank r + 5. Otherwise, we say they are multiplicatively dependent.
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The following result is a generalization of Theorem 8.0.2 under a multiplicative independence

assumption, which was proved by Grieve-Wang [11]. Here we give an alternative proof:

Theorem 8.0.8. Let
F(m)= ) pi(m)a]"
i=1

G(n) = q;(n)p
J=1

define two algebraic linear recurrence sequences, where p; and q; are polynomials. Let k be
a number field such that all coefficients of p; and q; and «;, 5; are in k, fori = 1,...,s,

j=1,...,t. Let

So = {v € My : max{|aily,...,|aslv, |Bilv,---,|B:]v} < 1}.

Let € > 0. If we assume further the roots of F and G are independent, then all but finitely many

(m,n) € N? satisfy the inequality

Z —log™ max{|F(m)|y, |G(n)|,} < e max{m, n}.
veM\So

In particular, if So = 0, then all but finitely many (m, n) satisfy the inequality
log gcd(F(m),G(n)) < e max{m, n}
Proof. Notice that

Z —log™ max{|F(m)|y,|G(n)|,} < min{h(F(m)), h(G(n))}
veEM\S

< Kmin{m, n}

for some constant K. Hence for the inequality in the statement to be true, for a fixed € > 0,
K min{m,n} > e max{m,n}.

The combined roots of F and G generate a torsion-free group I" of rank r+s whose generators

are {uy,...,u;,vi,...,vs} Where uy,...,u, generate the roots @; and vy, ..., vy generate the
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roots ;. By the same reduction step in the previous proof, assume all the coeflicients of the
polynomials p; and g; and all of the roots of F' and G are S-units. We can also assume the
Laurent polynomials f and g corresponding to F' and G with respect to the roots uy, . .., u, and

Vi,...,Vs, respectively, are polynomials.

Let f ,8 € k[x1,...,Xr45+2] be polynomials such that
f(xl, oo Xprsi2) = f(X1 e X4)

Q(Xl, cee ’xr+s+2) = g(xr+Za cee ’xr+s+2)-

Note that f and g are coprime since they involve disjoint sets of variables.

For m,n € N, let

_ m m n n
Pun=(mul',. . .,ul,n,vi,...,v5).

Let € > 0 and let § > 0 be the quantity from Corollary 7.0.4 for f, g, and €. After excluding

finitely many pairs (m, n), we can always assume that
h(m) + h(n) < 6(r + s +2) max{h(u;"), h(v})}.
i

Therefore P,,,, € G'+*2(k)ss. Applying Corollary 7.0.4,

m

Z —log™ max{|f (Pmn)lv, |8 (Pmn)lv} < emax{h(uf"), ..., (u"), R(}), ..., h(V})}
veMi\S

for all P,, € G/'**2(k)s;s outside a proper Zariski closed set Z c G/***2. Noting that

f(Puy) = F(m), §(Py,) = G(n), and
max  {h(u"), h(v’]-)} < max{n,m}1 max  {h(u;), h(v;)},

1<i<r,1<j<s <i<r,1<j<s

we can write the above inequality as

Y, —log” max{{F(m)|,.|G(m)],} < emax{n,m}.
VEMk\S
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As in the m = n case, we cover Z by a hypersurface defined by a polynomial equation:
Exc(xi,...,Xp4502) =0.

Hence all the points P, , in Z must satisfy the above equation. Therefore, if P, , € Z, after
combining the terms with the same exponents on uy,...,u,,vy,..., Vs, We obtain an equation

interms of m,n, uy,...,u;,vi,...,Vs:

w
m m n n msy,w msy Nty nts v _
Exc(m,u,...,u;",n,v{,...,vj) = E Pw(m,n)ul sty VT eyt =0,
w=1

where P,,(m, n) is anon-zero polynomial in m and n. It follows from Theorem 8.0.2 and Lemma
8.0.3 that after excluding finitely many pairs (m,n) we can assume that (m, n) is not a zero of

any of the polynomials P,,.

Dividing both sides by the negative of the first term,

msy,w msy, nty, ntg,
WPw(m,n)Ml w.._urlwv W__.ngw

1 K
=1.
; —Py(m,n)u] ™ T
P,(m,n
Let 0y (m.n) = 22 W), then
—Pi(m,n)

w
Z Qw(m, n)u’i”(sl,w_sl,l) . u:n(sr,w_sr,l)v’f(ll,w_tl,l) . v?(ls,w_ls,l) — l.
w=2

Letting s;’w = Siw = Sil tlf’w = tiw — ti,1, we have

Ul ms’ ms’. nt! nt’
1w raw 1w swo__
E Qy(m,n)u, ceuy My ey =11
w=2

with s; .  fixed and only depending on Exc.

As in the proof of Lemma 8.0.3, it follows from Lemma 8.0.6 that if min{m, n} is sufficiently
large, then Corollary 6.2.2 applies to the equation

’

w
ms’ ms’. nt nt!
I,w r,w 1,w sWo__
ZQW(m’n)ul ccc Uy V] Vg = 1’
w=2
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and we conclude that one of the summands on the left-hand side belongs to a finite set . But

since

’
ntl,w

1

ms

ms’ 4 ! .
B(Qu (im0 oo as min{m, n) — oo,

and min{m, n} — oo also means max{m,n} — co by the remarks at the beginning of the proof,

this implies that there are only finitely many possibilities for the pair (m, n). O

We now prove a result in the general case where the roots of F and G are not necessarily
independent. The following theorem gives an improvement to Theorem 1.8 (ii) of Grieve-Wang
[11], who proved a similar result but with log max{m, n} replaced by the weaker expression

o(max{m,n}).
Theorem 8.0.9. Let
F(m) = )" pi(m)a]’
i=1
G(n) =" q;(n)p}
j=1

define two distinct algebraic linear recurrence sequences, where p; and q; are polynomials. Let
k be a number field such that all coefficients of p; and q; and «;, Bj arein k, fori =1,...,s,

j=1,...,t. Let

So ={v € My : max{|ai|y,...,|al|v, |Bilvs-- -, |Belv} < 1}.

Then there are finitely many choices of nonzero integers (a;, b;, c;,d;), a;c; # 0 such that all

solutions (m,n) € N? of the inequality

D, ~log” max{|F(m)l. [G(n)],} > emax{m.n} (2)
veM\Soy

are of the form:

(m,n) = (a;jt + by, cit + d;) + (u1, w2), |u1l, |uz] <logt, teN, i=1,...,r.
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Proof. Now let {uy,...,u,} be a set of generators which generates the roots of F' and G and
assume that the u;’s are multiplicatively independent (as in the proof of Theorem 8.0.2). It follows
from the first part of the proof of Theorem 8.0.8 (using the points Py, , = (m, ul', ..., u}", n,u’f, ..., u;))
that all but finitely many pairs (m, n) that fail the above inequality either satisfy finitely many
linear relations (m, n) = (a;t+b;, c;t +d;) or satisfy an exponential-polynomial equation coming

from Schmidt’s Subspace Theorem:

w
MS1 wHnt] msy wHnty
E Py, (m, n)u, Ce U, =0,
w=1

where P,,(m,n) are non-zero polynomials in m and n. After ignoring finitely many arithmetic

progressions, we can assume that (m, n) is not a zero of any P,, by Lemma 8.0.3.

Dividing by the first term, we need to study the solutions (m, n) to the equation

w

ms’ _+nt’ ’ /
D Qo m I 2y (a)
=2

where Q,, = —P,,(m,n)/Py(m,n).
As in Theorem 8.0.8, we can estimate the non-S contribution to the height of each term in
(a) by
h(Qy,(m,n)) < R,, max{logm,logn} + O(1)
for some constant R,,. On the other hand, we have the estimate

1, s/ 4
R(Q (mynyud, "ty > max{(|ms), +nt], |} = Ry, log max{m, n} + O(1)

for some constant c,,.
In order to apply Corollary 6.2.2, we need each summand to be in kg5 for some 6 <

————. So it suffices t ire, f ,
W+ D) o it suffices to require, for every w

C, max{logm,logn} < max{|ms;,, +nt; |} (%)
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4R, ,W(W +1 o
where C,, = # For those (m, n) satisfying (%), we can apply Corollary 6.2.2 to
Cw

(A). But since

+nty ms!. ., +nt

B(Qu (e, "1 ) 00 s max{m, n} — oo,
this implies that there are only finitely many solutions (m, n) of
>, ~log” max{|F(m)l,. |G ()]} > emax{m.n)
veMi\So
satisfying ().
For pairs (m, n) not satisfying (¥), there exists some wg and iy such that (sl’.07W0, t;O,wo) *
(0,0) and

’ ’
; + nt; .
10,W0 10,W0 |

Cyw, max{logm,logn} > |ms
In fact, since as previously observed, min{m, n} > max{m, n} for solutions (m, n) to (A), we
may assume s; t; #0.

i0,W0 " 10,W0

Fix such a pair (m,n) and corresponding wo and iyp. Let a = &’ b=t and ¢t =

i0,wo’ i0,wo’

max { L%J , |_—§J} Replacing (a, b) by (—a, —b) if necessary, we may assume that a < 0 and
b > 0. We set uy =m — bt and up = n + at, so that (m,n) = (bt, —at) + (u1, u2). Then clearly

min{|u1l, |u2]} < max{lal, [b]} and so
max{|u1|, |u2|} < lap) + bus| = lam + bn| < max{logm,logn} < logt

as desired. m|
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CHAPTER 9

QUADRATIC POINTS ON ABELIAN SURFACES

Let C be a curve of genus 2 over a number field k, it is necessarily a hyperelliptic curve and we
denote its hyperelliptic involution by o. Let Py be a rational point on C, after possibly enlarging
the number field &, and consider the embedding j : C — J(C), P +— [P — Py], where [P — Py]
denote the divisor class of P — Py on C.

By Song-Tucker [19],

Theorem 9.0.1. For any € > 0, there exists a constant O(1) such that for all P € C(k) of

degree d over k with h°(C, P1Y + ... + Pldl) = 1, we have
dy(P) < hg(P)+ (2d =2+ €)h(P) + O(1),
where P! are the conjugates of P.

Let P be a quadratic point over k on C with 7 the nontrivial element of the Galois group of
k(P) over k, suppose that (P,7P) # (P,oP). Then P+ 7P + 2Py, hence dim |P + 7P| = 0.

The above theorem tells us
dy(P) < hg(P)+ 2+ e)h(P)+0(1) < (4+¢€)h(P).

On the other hand, we have

¢:C*— c? = Jj(C)

with the first map being the quotient by S, and the second map being the blow up along the point
0. In Silverman’s definition of generalized GCD [18], let X be a variety and Y a subvariety of
codimension at least 2, then let X be the blow up of X along Y and Y be the exceptional divisor.
Let P be the preimage of P in X. Then the generalized GCD of a point P € (X \ Y) with respect
toY is

hgcd(P;Y) = hf(,f/(ﬁ)-
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Followed by this definition, we can conjecture the GCD inequality on abelian surfaces, which is

a consequence of Vojta’s conjecture.

Conjecture 9.0.2. Let X be an abelian surface and A an ample divisor on X, then for P € X we
have

hgcd(P) < €hsa(P)+0(1)

for all points outside a Zariski closed proper subset Z of X.

It is well-known that all abelian varieties are quotients of Jacobian varieties, in particular,
almost all abelian surfaces come from J(C) of a curve C of genus 2. Then the question turns
to whether the above inequality holds on J(C). If we consider the rational points on J(C), and
they pull back to rational points on C® and all but finitely many pull back to quadratic points
on C2. By pulling everything back to C2, the conjecture is equivalent to the following inequality

on C, for {P € C|[k(P) : k] =2,0P # TP},
ha,(P) < €ha(P)+0(1)

where A, = {(P, o P)|P € C}. Note that we have the relation between arithmetic discriminant
and heights:
dy(P) = hg(P) + 4h(P) — hgpo(PH, PP £ O(1) (9.1)

where 0 is the theta divisor defined by ® = j(C) with jthemap j : C — J(C)viaP +— [P—Py].
Since

'O =A,+{Po} xC+Cx{Py}
then if one assumes Conjecture 9.0.2 is true, then
da(P) = 4h(P) — ha, (P, Py + O(1)
> 4h(P) —eh(P)+0(1)
> (4—-e€)h(P).

Hence in this case one should expect the conjecture
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Conjecture 9.0.3. Notations are as before. For all but finitely many quadratic points P with

(P,TP) # (P, 0 P), then if the GCD conjecture is true, we have
(4—-€)h(P) <d,(P) < (4+€)h(P).

Conjecture 9.0.3 is equivalent to Conjecture 9.0.2 in the case of Jacobians of genus two

Curves.

Remark 9.0.4. For the quadratic points P with (P, o P) = (P, 7P) (the quadratic points coming
from pulling back k-rational points via the hyperelliptic map ¢ : C — P'), the inequality of

Conjecture 9.0.3 does not hold. In fact, we can show that for such points
(6—€)h(P) <d,(P) < (6+¢€)h(P).

Consider ¢ X ¢ : C x C — P! x P'. Let Fy and F; be fibers of the two natural projections on
P! xP'. Indeed, since hge (P, P) = he(0) is constant for such points, this follows immediately

from (9.1).
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